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CHAPTER 1
INTRODUCTION

In recent years, statistical theory has become widely used
in the study of reliability. Reliability can be defined as the
probability of a component (or system) performing its purpose ade-
quately under the design conditions for the period of time intended.
Since the reliability function is actually a probability, it has

a mathematical representation given by
R(t) =Pr [T > t],

where T is the time to failure of the system. Inherent in this
definition is the concept of failure, which is that the system fails
to perform its intended function under design conditions. A key
phrase is "under design conditions." Hence, a system that encounters
conditions outside tolerance limits of the design conditions cannot
properly be considered a failure when it does not function adequately.
Reliability is not something which has just recently been intro-
duced; however, greater emphasis has been placed on it since World
War II as a consequence of technological demands. It has been shown
that the exponential distribution can be used to describe failures
in electronic equipment; the normal distribution can be used to
describe failure experience with mechanical equipment; and the
Weibull distribution can be used to describe fatigue life in materials,
vacuum tube failures, and ball-bearing failures. Thus, before the
reliability of a system can be found we must assume, or be able to

develop, an underlying failure distribution which will describe the



length of life of the system. It should be obvious that the modes
of possible failure will affect the form of the failure distribution.
Keeping this in mind, but without further consideration, let f(x;8),
where 6 is a d-dimensional parameter vector, represent the failure
distribution. The probelm is to find suitable estimators of the
parameter vector 6 and the reliability function R(t) by drawing
inferences from a sample of units whose lifetimes are described by
£(x;8).

These randomly selected items are then subjected to a life
test which simulates actual design conditions until all or a pre-
assigned fraction of them have failed. Suppose We'decide to choose
a sample of size n and terminate the test after r(r g_n) items
have failed as opposed to choosing a sample of size r and waiting
for all r units to fail. The test involving r failures out of n
has an average waiting time to completion less than the test in-
volving r failures out of r. This fact should be obvious since
an extremely long lived item might be included in our sample of
size r, but we would not have to wait for this particular item
to fail in our sample of size n. Thus, it would be advantageous
to terminate the life test after r out of n units have failed.

If X X2’ o o ey Xr represent the times of failure, then X. < X, <

1’ 1—-"2

. e j_Xr. This ordered nature of the data is characteristic of
life testiﬁg.
In this study, we will use the truncated Weibull probability

distribution as f(x;6). Thus



P
éei xp-l exp —:—-,(O<C_<_x,0<6,p)
f(x;0,0) =
0 elsewhere (1.1)

where "a" is the normalizing constant, 6 is the scale parameter,

p is the shape parameter, and "c¢" is the point of truncation. Two
types of estimators for the parameter 6 and the reliability function
R(t) will be found when the parameter p is assumed to be known. In
Chapter II we shall develop the Bayes estimators and in Chapter III
the minimum variance unbiased estimators (MVUE) are developed. A
Bayesian analysis implies use of a priori information about 6, which
is considered to behave as a random variable, and the use of Bayes'
theorem. The general uniform distribution, the exponential distri-
bution, and the inverted gamma distribution are the prior probability
density functions examined.

Finally, in Chapter IV the Bayes estimators of © and the reli-
ability function are compared by Monte Carlo simulation with the

corresponding minimum variance unbiased estimators.

Also the Bayes estimators obtained using equation (1.1) as
our life testing model will be compared with the Bayesian results

of Canavos and Tsokos [5]. Their model was of the form

_ =0 °

1
T)p- 0 ’

-g (x- exp (0<1t<x,0<6,p)
f(x3;6,p,1) =

0 elsewhere (1.2)

where 1 is the so called "guaranteed time" parameter; that is,

failure will not occur before time T. In these comparisons, the



point ¢ in the present model will be defined as the point of guar-
anteed time 1 as defined in the probability density function (1.2).
From a practical point of view, it is desirable to consider the
truncated model over the guaranteed time model since, in practice,
failures will naturally occur before time T contrary to theoretical
expectations. Furthermore, the system is operating from time zero,
not from time 1. Hence, if one must guarantee that a system will
not fail before time © = t' > 0, it would seem more practicable to
approach the problem as follows: (i) to begin with a distribution
having guaranteed time v = 0; (ii) truncate this distribution at
the desired point ¢ = 1'; and (iii) normalize the rémaining prob-
ability so that the basic properties of a probability density
function still hold. The proposed results of this procedure are

shown graphically in Figure 1 below. Idealistically, the first

two steps would be sufficient since we would have a system that could

not fail before time t1' but that actually began operating at zero
y beg g

1

time. However, the integral from 1' to « would not be equal to

one; hence, the third step will be applicable.
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CHAPTER II
BAYESIAN ANALYSIS OF RELIABILITY

2.1 INTRODUCTION

This chapter is concerned with a Bayesian analysis of the scale
parameter § in the singly truncated Weibull distribution, while
the shape parameter p is considered a known fixed quantity. Hence,

the life testing model is given by the probability density function

5 X exp -‘% » (0<c<x, 0<686,0)

f(X;e, p) =

0 elsewhere . (2.1.1)

where a is the normalizing constant (obviously, a function of the
point of truncation c). As implied, the scale parameter is not
just an unknown fixed parameter but behaves as a random variable.

Suitable prior densities of © which we shall examine are:

1) the general uniform probability density function given by

b-1
(b-1) (aB)
» (020<6<B)
e (Pl b1y

g(65a,B)
0 elsewhere (2.1.2)

which reduces to the uniform desity on [a,B] when b = 0,

(ii) the exponential probability density function given by

1 8
3 eXp [- T] , (0<8, 0<A)

g(B31) =
0 elsewhere (2.1.3)



and

(iii) the inverted gamma probability density function given by

u r()\) exp [- %-] ’ (Of_e’ 0<u,>\)
g(e;UQA) =

0 elsewhere (2.1.4)

In addition to the Bayesian estimation of the scale parameter
6, the corresponding reliability function shall be obtained for the

above mentioned prior probability density functions.

2.2 PRELIMINARY RESULTS

In order to ensure that the singly truncated Weibull distribution
given by equation (2.1.1) is a valid probability density function,

we need to obtain the normalization constant. That is,

8
8

o
f(x3;08,p)dx = a -g xp_l exp [; %—] dx = 1

c

0

p p-1
If we let y = %—, then dy = E% dx and upon substitution in the above

integral we have

P
a S exp [-yldy = a exp [— %-] = 1 .

p

|0

Thus, we obtain a = exp [%C]



Consequently, we may rewrite the singly truncated Weibull model as

6 -1 [ p]
. = gl o x _X
£(x30,p) exp [6.] 5 exp 5
or
- P_.pP
% x° 1 exp [— X ec ], (0<c<x, 0<8,p)
f(x;e,p) =

0 elsewhere . (2.2.1)

Its reliability at some mission time t, which we will designate

as the exact reliability function, is obtained as follows:

R(t) = 1- F(X;e, p)
= Pr [X _>_t]
_ p_.0
=S _g_xolexp [_Q&S_CJ_] dx
¢ p_.p
= exp [— 15—%2—1] R (O<c<x, 0<B,p) . (2.2.2)

2.3 MAIN RESULTS

The method we shall use when 0 is a random variable is to consider
a random sample of n items from a large population whose life-times
are characterized by equation (2.2.1). The n items are then subjected
to a life test which is terminated after a predetermined r < n number
of failures have occurred.

Let x = (xl, X ey xr) denote the observed ordered life-times

29
of the test items. The joint probability of observing r failures at

times X1, +e+, X and (n-r) items which have not failed by time x
‘ r



is given by

! -
1(x;8,p) = '(—n{’r—)-,- £(x136,0) ... £(x_50,0) [1-F(xr;e,p)]n r
r PP o o NTF
! - -
= ?§§?77 I {ig xf—l exp |- (Xi ¢ )} '{;xp - (xr )
ti=1 6 )
r r ] PP P
n! g -1 . ) (xi-c )+(n-1) (x°-c®)
(n-1)! *i SXP {7141 r
0 i=1
0
(2.3.1)
v o_p L. |
Let § = 2 (x,-c) + (n-r) (xp—cp)and T =1 x? ,
r .t i r r i
i=1 i=1
then equation (2.3.1) may be written as
1(x30,0) = —D e T - S (2.3.2)
X350, 0 (n-1)! er r exp _61;_ . . 3.

Now, we shall assume a prior density for O, say g(p), and apply
Bayes' theorem to obtain the posterior density of 0, according to the

following formula;

h(e;x) = 1(x30,p) " g(6)
1(x30,0) " g(o)de

, (p€domain g(p)).

all ¢

2.3.1 General Uniform Prior Probability Density Function

Applying Bayes' theorem when the prior density of 0 is given
by the general uniform probability density function, (2.1.2), we

obtain the posterior density of O to be
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h(9;x) = 1(x;0,0) - g(8;%,8)
B
S 1(x;6,0) * g(8;a,8) d6

a
_nl_ g exp[, Sr} (b-1) (o)™
= - i ¢ | - -
(n-1r)! f T ¢ gb (Bb l—ub 1)
B
YR IS I ¢SS DYCT:) LA
(n-1)! r r %P 8 : b ( b-1 b—l)
& 0 6 \B - a
1 _ 5%
= eb+r exp 0 |
8 - , (0<a<6<B).
S lb exp |:- Se ] ao (2.3.1.1)
+r -
6 I
a
Sr —Sr
Let y= — or dy =—; df
6 e2

in the denominator of expression (2.3.1.1). Hence, the integral

becomes

S
X
-1 B
Srb+r—l yb+r—2 exp[-y] dy. (2.3.1.2)
S
X
o

Using the incomplete gamma function
f
n-1
Y(n,f) = g y exp [-y] dy (2.3.1.3)
o

the integral (2.3.1.2) further reduces to a constant times the difference

of two incomplete gamma functions;that is,
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S

_r

B Sr Sr

-1 . y(b+r—l)—1 exp[-yldy = y(b+r—l;a— )'Y(b+r—1,§—

btr-l bFr-1
S S
r r

S

_r

o

Thus, the posterior density of O for the uniform prior is

g b+r-1 S
r ex __r
b+r P 3]

h(6;x) = S S
(b+r-1, == ) - y(b+r-1, —=
YT YAbTETLs g (2.3.1.4)

(0<a<p<B).

For future notation, we shall denote y*(n,f) = Y(n;%) - y(n;%).
The Bayes estimator of g with respect to squared error loss is

given by the posterior mean

B
O = Efo|x] = S 6h(6;x)d6
a
B
b+r-1
S S
= L S ox _ _r| de
v (btr-1,8 ) -1 P 5
a

A similar integration approach yields

5 o . Y*(b+r-2,5r)
Br yx(btr-1,5,)

(2.3.1.5)

The variance of OB is obtained by evaluating
var [o4|x] = E[@2L§] - {E[0]x]} 2

2

8
o3
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b+r-1 8
S S -
= L —L __ exp| =E| a6 -82
v*(b+r-1,5_) btr-2 R B
e
Therefore,
2
~ * - * - - * -
Var [OB|§J - Sr2 . y*(b+r l’Sr) y*(b+r 3’Sr) [y*(b+r Z,Sr)] )

[v*(orr-1,5 )12
(2.3.1.6)

The Bayes estimator of the exact reliability function, given by

equation (2.2.2), with respect to squared error loss is given by

B
R(t)B = E[R(t)L§] = g R(t) h(6;x) d 6
o .
g Ptr-1 B (s +t"-)
= L Ll e |- =T 4
Y*(b+r—l,Sr) S eb+r' P ]
a
Srb-hﬂ-l y*(b+r—1,S£+tp—cp)
= _ ) * -
(Sr+tp_cp)b+r 1 Y* (b+r l,Sr)

tP-cP 1=b-r v* (b+r-1,S_+t°-c°)
1 + 5 . r

r Y*(b+r—l,Sr)

(2.3.1.7)

The variance of the Bayesian estimator ﬁ(t)B of reliability is

determined as follows:

Var [R(t)glx] = ER*(0)|x] - {(E[R(t)|x])”
8
= S Rz(t) h(e;x) do - ﬁz(t)B
* g
g Prr-l (s_+2t°-2c°
r r

82
= - de- R (t
y*(b+r—l,Sr) eb+r =P 6 o (B)g



Ly 20P=eP) | 1P K Gre1 52e0m200) 22
Sr Y*(b+r-l,Sr) B
H
ence, ~ . Lebor
Var[R(t)Bli{.] = . 2 1+ %LS':E")_ Y*(b+r-l,sr+2tp—2(:o)
[y*(b+r-l,Sr)] L r
- 2(1-b-r)
£P—cP 2
. y*(b-r—l,Sr) - |1+ 3 [y*(b+r-l,sr+tp~cp)]
r

(2.3.1.8)

The general uniform probability density function restricts

the domain of @ to an interval [a,B], but it might be the case that

the experimenter lacks sufficient knowledge of the prior density to

define o and B .

Therefore, he may choose to let b

0 and (a,B) -

(0,») in the general uniform probability density, in which case the

random variable O has a diffuse prior over the non-negative real line.

Under these conditions, formulas corresponding to equations (2.3.1.4) -

(2.3.1.8) are developed as follows:

exp E

S b+r-1
r

g b+r

h(8;x)

*(b+r-1,S )

Y r

S b+r-1 [

X ex -
g b+r P

S

:

Sr
— b+r-2
g a ’
S

r

B

exp [-y] dy

» (0 <a<6<p)
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Assuming b = 0 and (a,B) = (0,®) then

h(8;x) gt *P |” T

)

-2
S y exp [-y] dy
0

r-1 S
= S exp - X '
3 0 ) (2.3.1.4")
6% r(r-1)
Similarly,
6. = g . Yr(b+r-2,5)
B r v*(b+r-1,5 )
é N Sr T'(r-2)
B I'(r-1)
S
- r
r-2 , r>2 (2.3.1.5")
and
2
. e e i )
Var [ [x] = Sr2 _ y*(b4r-1,8p) y*(b4r-3,8;) - [y*(b+r-2,8))]

[y*(b+r—l,Sr)]2

~ _ 2
var (G ) - 5,2 LT M=) 2 [1G=2)]

[(r-1)]°
= Sz
EE*“ ’ r>3 . (2.3.1.6")
(r-2)“(r-3)
Also,
F tP=cP | 17P7F *(b+r-1,5_+t°-c°)
R(t), =| 1+ —— LY »S,

r Y*(b+r-l,Sr)
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N £P_cP 1-r
R(E), |1+ ——— , (2.3.1.7")
B S
r
and
1-b-r
> _ 1 Z(tp-Cp) o_ 0
Var [R(t)B[§j = [y*(b+r-l,Sr)% 1+ Sr v (b+r l,Sr+2t 2¢9)

- [ * (br-1,5 +e e )]
r

R o pyi-t p_.p(2(1-1)
Var [R(t)Blz{_] ->{l + Z‘(LS—Q)} - |11+ tS < .
t t (2.3.1.8")

2.3.2 Exponential Prior Probability Density Function -

L 0_op]2(1-b-1)
Fotr-1,8 ) - | 1+ ==

In this section we shall consider the prior density of @ to be
the exponential probability density function, (2.1.3).

Applying Bayes' theorem we obtain

]

h(g;x) 1(x30,p) * 8(83))

S 1(x36,p) * g(6351)de
0]

[ VRS B IR R A
= (n-r)! 4gr r P I 0 A P A
¢ r i S
nl Y r| . 1 _ b
S(n—r)! o Tr exp 5 A exp [ A] deg

s (0<6 ,0<) ).

(2.3.2.1)



If the substitutions y = 6 , f =

16

2

% , @ = ASy and v + 1 = r are made

in the denominator of equation (2.3.2.1), the integral can be recognized

as a modified Bessel function Kv(af) of the third kind of order v as

given by Erd€lyi, et. al. [8].

o

Using the relation

2
v 1 f a f
Kv(af) =L a S —}',-’\FF]. exp - (—g—-’- ES’——) dy, (2.3.2.2)
0
the denominator of equation (2.3.2.1) becomes
(. . 2K ( x )
-|&t iy = - b
g oF1 ©XP ( 7y + 2) dy r-1{2V A
r-l .
0

(ASr)T

Hence, on the basis of experimentation the density of ¢ is

-1

exp [—

, (0<6,0<)).

]

Sr
5 .
)

r Sy
20 Kr—l (2 / X_')

The Bayes estimator of
6, = E[o|x] =
r-1
) (s )72
( S
2Kr-—l 2 A
= vxsr

(2.3.2.3)

6 is the posterior mean, given by

(o]

g eh(6;x) d6

(2.3.2.4)
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and the variance of @B is given by

Var [éBLK] = E[OZLE] - {E[GLE]}Z
2 2
- go 6° h(e;x)de - o
r-1
(Xsr)

o — 8
D
e
I\

SACEY

Thus, we have

Var [éB_Li] = - <2J_s._) (2

x rlwr) |

(2.3.2.5)

Again, the Bayes estimator of the exact reliabllity function is

given by
R, = ERM[x] = | RO nesw e
o (0]
r-1
== P_.P
(ASy) 2 1 _ Sr+t°+_e_ do
r °¥P 8 A

Similarly, the variance of R(t)B

(2.3.2.6)

is obtained by evaluating

var[R(o);]x) = EIRZ () [x] - {EIR(D) 2]}
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= R2(t) h(8;x)d6 - R2(t)B
r-1
2 ; 0 .0
, ~ .
_oOs) N Y i | I T e
( 5 ) oT P 8 y
2Kr-l 2 e o)

1-r ( ,Sr+2t —2cp )
2(tP-c”) Kr—l 2 _

2 X ~o
= +
l Sr . ( Jsr ) R (t)B .
- Kr—l 2 2
Therefore,
_:1:. p_ o)
Var[ﬁ(t) |x] = 1 g 1+ 2(tp-cp) 2 K ) S +2t"-2¢c )
B K @J—E) S r-1 h\
r-1 A r
5 2
o o |VT K & Syt e )
-1+ E=s r-1 X
K 2 ) —
= x (2.3.2.7)

2.3.3 Inverted Gamma Prior Probability Density Function

The last prior density of © which we shall consider is the
inverted gamma probability density function, (2.1.4). The posterior

density of O is expressed by

h(8;x) = 1(x30,0) ° g(B35u,1)

( 16x50,0) + go3u,1) a8
0
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A+1
- - (£ _ -
n! pr Sr _g)____ u
= Taot r r P |T g | v TR e oy
? n! of Sr- (E)A+l i U-
T exp |- — ) exp |- = (d6
n-r)! .r r 8 - 6
0 ( ) L u r°()) i ]
- -
1 . ) Sr+ u)
B er-+>\+l XP 6
= - ,  (0<8,0<u,2).
e [
TS S exp - 0 de (2.3.3.1)
0 6 i i
Sr+ U S +u
Using the substitution y = 5 or dy = —-—E—E do in the
0

denominator of equation (2.3.3.1), the integral becomes

(o]

A .
- r+) y L exp [yl ay = TERD N
(Sr+u) (Sr+u)r+ ‘

o]

Thus, the posterior density of 0O, when the prior density is the

inverted gamma, is

r+) S+,

(Sr+p) .
6r+)\+1 (et ) exp |- 5 > (0<6,0<p, A).

h(g;x) =

(2.3.3.2)

Simplifying the above expression we have

(S +U) r+ 31
r

S +yu
h(g;x) = d exp [—(—g—)]
(Sr+“) r(r+))
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which is recognized as another inverted gamma probability density
function g(6; (Sy+u), (r+1)). Hence, we have the property of closure
under sampling.

The posterior mean is

6, = Elo]x] = g 8h(63x) d 6
(0]
(s ) A ( Sr+“)
= T(r+)) g  FP T T d?®
0o
Sr+u
= m—- N r+ A > 1 (2-3.303)

while the variance of the Bayes estimator of 6 is

Var[@Blgg] = E[Ozlz] - {E[O|3<_]} 2
= Sez h(G;E) de - 9B2
0 (o]
_ (s +) A S_+u .
e —L_ . exp |-|Z—] a0 -2
T (rt+ 1) o T rh-l P 8 B
Thus, 2
(Sr+u)
Var [9B|§] (r+A—1)2(r+A—2) s, THA>2. (2.3.3.4)

Finally, we shall obtain the Bayes estimate of the exact re-

liability function, (2.2.2), and its variance. That is,

R (), = E[R(D)[x] = S R(t) h(g;x) d 6
(o)
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= (2.3.3.5)
{ tp_cp] T+) ’
1+

and

Var [R(t)y|x] = E[R*(0)|x] - (E[R(t)|x]}?

(s

S R(t) h(o5x) do - RO(t),
(o]

r+) B 050
(sr+u) S 1 e |- (Sr+u+2t 2c

I (r+)) r+)+1 0

"

) de - IAK?'(t)B

1 - 1 .
T+
2 (tP=cP) PP [2(xHX)

_— 1+
Sr+ u Sr+ u

(2.3.3.6)

2.4 SUMMARY
In Chapter IV, the Bayesian estimators of 6 and the reliability

function will be compared through a computer simulation with the
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corresponding MVUE which will be obtained in the next chapter.

The Bayesian estimators will also be compared with those obtained
by Canavos and Tsokos [5] as discussed in the introduction. Their
results using formula (1.2) as the underlying life testing model
are listed below.

The exact reliability is given by

(Y
R(t) = exp {— (E——'(;—’——)-} , ©<t<x,0<8,o0).
(2.4.1)

For the general uniform prior probability density function:

N ' y*(b+r—2,S;)
b5 = S 7 Y*(o+r-1,57) (2.4.2)
and
1-b-r p
* -1.8" -
(t-1)° y*(b+r 18] + (t-1)")

R(t)p =) 1+ st " Y*+r-1,5])

(2.4.3)

For the exponential prior probability density function:

g (05)

6, = |28’ . .
B r . (2 ,_S_r_) | (2.4.4)
r-1 A

and
1-r S'+(t-1)
A e A izl
R(t), = [1+(———————t T)J 2 y r-1 X

NESy
K 2 —_—
r-1 Al o@.s.5)

For the inverted gamma prior probability density function:

1
+
o Sru

- 2.4.6
% = o1 v TrAd ¢ )
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and

1

(t_T)p T+ . (2.4.7)
1+ S'+
r
r

I Gm0f + (o) (x -0
i=1

ﬁ(c)B

In all cases, S;



CHAPTER III

MINIMUM VARIANCE UNBIASED ESTIMATOR OF RELIABILITY

3.1 INTRODUCTION

In this chapter we shall be concerned with the derivation of
the "best'" estimator of reliability for the singly truncated Weibull

distribution given by

- o_p
f(x30,0) = |6 #7 exp |- L)‘{"ei‘)“ »  (0O<c<x, 0<6,p)
sV = —_—
0 elsewhere (3.1.1)

The estimator is 'best'" in the sense that it is maximum like-
lihood, unbiased, minimum variance, efficient, and sufficient.
The Rao-Blackwell and Lehmann-Scheffé theorems will be used to find
the minimum variance unbiased estimator (MVUE) of reliability.
Barton [2] has considered the binomial, the poisson, and the normal
probability density functions as the underlying life testing model
and derived the MVUE of reliability., Pﬁgh [13] has considered the
one parameter exponential probability distribution, while Laurent [11]
and Tate [16] have considered the two parameter case. Tate [16] has
also considered cases of the gamma and Weibull probability distri-
butions. Basu [3] has derived the MVUE for the gamma, censored one

and two parameter exponential, and the censored Weibull distributions.

3.2 PRELIMINARY RESULTS

The method used to derive our MVUE of reliability will be

discussed. From a population with probability density function

24
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f(w;p), where ¢ is a d-dimensional parameter vector, we select a
random sample of size n. These n items, say y = (wl, oo Wn)’

are then placed on a life test which is terminated after a pre-
determined r <n number of failures have occurred. Let x = (xl,

ceny xr) be the corresponding order statistics where Xy is the life
time of the ith item. Suppose that x is divided into two independent
components, ¢ and n, of sizes one and (r-1), respectively. Let any
one of these xi's be ¢ and the remaining (r-1) xi's comprise

n= (nl, cons nr—l) and let v= (v, ..., V}_l) be its corresponding
order statistic. Consider a complete sufficient statistic é, assuming
one exists, with probability density h(é) for estimating 6. If

é* is the MVUE of 6 from n, we can find the joint probability density
function of £ and 6*. Then we may obtain thé joint density of ¢

and 8 from which the conditional distribution g(glé) is obtained.

Therefore, by the Rao-Blackwell and Lehmann-Schaffé theorems [9],

the unique MVUE of the reliability function R(t) is given by

(o]

Re() = E[1.(0)] 6] = | g(e]o) de ,
t

where It(g) is an unbiased estimator of R(t) and It(') is the
indicator function of the set [t,~]. It should be noted that if
no complete sufficient statistic for 6 exists, then the estimator
of reliability will not be unique; however, this procedure can be

used provided 6 is a sufficient statistic.
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3.3 MAIN RESULTS

In this section we shall find the MVUE of reliability for the
probability distribution given in (2.3.1). Ignoring the permutation

coefficient of the joint probability of x ey X, we obtain the

1’
likelihood function given by

r
- Z (xi-cp)+(n—r)(xi—cp;l

r{ r
L(esx) =2~ 1 «x p-1 exp{ - i=1
— r i
0 =1 0 J

(3.3.1)
If the shape parameter p is assumed to be known, the maximum like-
lihood estimator an of 0 is found by taking the natural logarithm

of equation (3.3.1), and then the partial derivative with respect

to 6. This yields

r .
InL(6;x) = rlnp - rlne + (p-1) ) 1Inx,
i=1 '
r
-1 z (xp—cp) + (n—r)(xp—cp)
6 i r
i=1
and
3 1nL(8;x) - 1 r 0 0
-—__._...—_86 = —-é— + 6—2 12;1 ()(Di"c ) + (n"r) (X‘;-C )

(3.3.2)

Equating expression (3.3.2) to zero and solving for 6 we obtain

~ n T
- = p__p _ p_.P
) 6ML iZl(xi c’) + (n r)(xr ct)

(3.3.3)
r

Applying the Neyman factorization criterion, 5 is shown to be a

sufficient statistic as follows:
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r r p=-1 1 exp S <
£(x;6,0) =f{(a-r)! ° iﬁl 1 } I k

To obtain the probability distribution of 6 we will utilize

the following transformation:

vy = e
p_.pP
o KPP Y, = X.-X,_
Yy = Xp7X) i i Ti-1 i=1, r
. or X =c
o
L PP
R |
The inverse transformations are given by
o oL
g (yy) = x; = (yytedo -1 i o\L
: g () =x, =[] y+")o
-1 o 0\ * k=1
g (vy) = x, = (yyty+ )
or
o o1
g (yr) =x_ = (yr+ cee + yl+c )P

The Jacobian of the

transformation and its determinate are given by

— -]
-1 ~1 -1
g (yl) og (yl) g (yl)
ayl ay2 ayr
-1
og (yz)
ayl .
J =
- R |
9g “(y,) og (yr>
ay]- L] L] L] . ayr
N _
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1
1 pyo =1
5 (yl+c o 0 e 0

1.,

L (g 4y +c®) Ly +y -*'cp)l'-l 0
o) 271 e ) Yoy P ot

1 1
1 py= -1 1 py= "1 1 py= -1
p(yr+...+yl+c )p p(yr+...+y1+c )p . e e . p(yr...+yl+c )p
L _
and
1-p 1-p 1-p
_ 1 [N P\ oy
[3] = = G+ o Gyty ™) o L Lt ety e

P
Hence, the joint distribution of the yi's is given by
-1 -1
2(yps +ees ¥,30) = £(g8 T (y)s cees 8 (5 )30,0) [T

n! r o -9—-1 0 .Q__'l 0 p-1
= (n-r)! o (yl+c ) o (y2+yl+c Yo eeny e Ay ey o T

l'.'
r L
2 ( k+c") e -cp) + (n-r)Gyr+---yl+cp) p 'Cé)

¢ €Xp -
r i 6
1 z z yk+(n—r)(y +. +yl)
n! - i=1l k=1
Y exp (-
= (n-r)! ) J
) ! 1 yl+(y1+y2)+...+(yl+...+yr)+(n-r)(yl+..+yr)
T ()t gr S¥P<T 0
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Therefore,
r
1 z (n-i+l)y
! 1 - =
_ ; @i+) | ety
(3.3.4)

Consequently the yl's are mutually independent and (n-i+l) Yio
(i=1,...,r), have common exponential distributions. Furthermore,

let u, = (n—i+1)yi , then

r T A
z u, = Z (x,°-c?) + (n—r)(xp—cp) =rp or 6 =u.
. i i T
i=1 i=1
Hence, we can consider that we have a random sample (ul, eeey ur)
from an exponential distribution. Since 6 can be thought of as the
mean of a sample of size r from an exponential distribution, E%Q

has a xz distribution with 2r degrees of freedom and 6 has the

distribution

h(6;8,r) = T) (e) ) exp 3 , (8 >0).
(3.3.5)
2 2re 1,20~ x2o
If we let ¥~ = —/ or g (X°) =6 = XL
6 2r
-1, 2
dg "(x°) _ _»6

and ax = 7 then

-1, 2
n(x%;2t) = h(g L) ;0,1) ig———zg)‘—)—
dx
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2,r-1 2] 6

_ r (X ) ex - _X__ . —

8T (r) ,E-1 P 2 2r

2r
_ 1 o2y 2t X
= 57 - exp (- 7 ,
—E-P(EE)
2 2
2r8

which verifies that e has a chi-squared distribution with 2r
degrees of freedom.

The characteristic function of the exponential probability
density function is

Q- iec)'l .

6, ()

Thus,

]
=R
-©-

§~ () @ = a-2 o~
e .

~

and the distribution of 6 is uniquely determined to be a gamma
probability density function, given by equation (3.3.5), with
parameters %- and r.

Since the gamma density is complete, the maximum likelihood

estimator is a complete sufficient statistic. The mean and variance
' 2
of the gamma distributed random variable are 6 and Q;’ respectively.

A

Therefore, © is unbiased, efficient, and minimum variance since the

Cramer-Rao lower bound (CRLB) which is derived below, is 93,
r

1

. [aln f(zs;e,p)]2
06

CRLB =
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_ 1
r r

E [j A '35}
- 1

[ r2 rzéz 2r étl

gl 27

9 9 )

- 1

r2 r2 62 2 2r26

A Y )

) 9 )
_ e

r L ]

Our best estimate of 6 from n is given by

sl o _p ol
X 121 (vi -c") + (n—r+1)(vr_l-c ) Z oy
6* = — - = i=l = —_—
r-1 r-1 o
(3.3.6)

where o, = (n-i+1)(vip-v2_1), wo=c, i=1l,...,r-1. The probability
"N

distribution of 6* is also a gamma density with parameters ;%T

and r-1. That is,
r-1 -
h*(é*;e,r) = ??%:I) (E%l) (8"‘)r—2 exp [— .ﬁEI%lﬂf} ,(8*>0)
(3.3.7)
while the probability distribution of € is given by equation (3.1.1).

Hence, the bivariate distribution of & and 0% is

q* (8% ,E50,0,T) = £(£36,0) * h*(8%;0,r)

-1 ~ o%+£P P
1 g (r-=1 r p-1 r-2 _|(x=1)6*+£"-c ]
T(r-1) 6 ( 8 ) 3 (6%) e"p{[ 8 } ’

(c<E, 0<0%, 0<0,p).

(3.3.8)
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Clearly (r-1) 6% = r o- (1) (=) = (P=cP) + (n-rl) (V_ )

A

- ~ p p p
and mL(3) = g% = TO - (n-t) (xf-c®) - (P-%) + (n-t+1) (v__,=c")
r-1

A

0 - (a-1) (X=c?) - (€°-c?) + (-rr) (v)_ Py > 0.
r-1

Also, since 6* > O then

Solving this expression for £ we obtain
1
£< 1o - (@-r) (x=cP) + (a-r+1) (v0_j-cP) + °1° .
Let this expression be denoted by .

The joint probability density function of £ and 6 is given by

-
~ 1 A dm ~(6)
Q(esg;e’psr) = q*(m 1(6)35;63991') doé
= — 2 P [ro-(n-r) (xP-cP)= (£P=cP)+ (n-r+1) (v _ —c )] "
= T(z-1) © 13 r n-r xr c c n-r vr_l-c

[Fé-(n—r)(xs-cp)+(n-r+l)(v:_i-cpﬂ s (cx<E<s, Ofé, 0<6,p)
] (3.3.9)

oexp -

The conditional distribution of & given 6 , where qg(e;e,p,r) is the

marginal density for 6 obtained from q(6,&;98,p,r), is given by

o 9(8,58,0,1)
8|0 = qg(e;e.p.r)
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-1 . .
P(;‘l)‘%r 2 [re-(n'r)(X:'Cp)-(ip-cp)+(n—r+l)(Vﬁll‘cg)]

] i ré—(n—r)(xi—cp)+(n—r+l)(vg_l‘cp)]
exp 5 ]

r-1

2

r(r) %T [ré—(n—r)(xi-cp)+(n-r+1)(Vrgl_cp)]

. exp {-_ {ré—(n-r)(xg-cp)+(n-r+l)(vi_l—cpilg
0 j

(£-1)pg? "M [x6- (1) (x=c®) = (6P~ )+ (n-r+1) (v0_ -cP) 177

, (c<£<6,0<p).
r-1

[ré—(n-r)(xg—cp)+(n-r+1)(vg_l-cp)]
(3.3.10)

Therefore, the minimum variance unbiased estimator of reliability is

obtained below.

§
R*(t) = g g(alé)da .
t

If we let z(§) = r o- (n—r)(xélc‘ﬁ-( chP)+(n-r+l)(vg_l—cp) and

dz = -pgPdg, then
z (§)
RE(E) = -l » 2" 4z
[re—(n—r)(xg-cp)+(n-r+l)(vg_l—cp)] 2 @)
r-1

[£6-(n-1) (x2=c)= (t°=cP )+ (n-r+1) (vO_; =)
r-1

[ré—(n—r)(xg-cp)+(n-r+l)(vg_l-cp)]

(tp_cp) r-1
=1 - r6-(n-1r) (xP-cP)+(n-r+1) (v0_ =cP)

(c<t<d).

’

(3.3.11)
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3.4 SUMMARY

The MVUE of the scale parameter 6 in the singly truncated
Weibull life testing model and the corresponding reliability function
have been obtained. In Chapter IV, the expressions derived for the
MVUE of 6 and the reliability function will be coﬁpared with the

results of Chapter II by means of Monte Carlo simulation.



CHAPTER IV

MONTE CARLO SIMULATION

4.1 DESCRIPTION OF PROGRAM

For each prior density of O, a separate computer program is used
in order to compare the Bayesian estimate and minimum variance unbiased
estimate (MVUE) of 6 and the reliability function. The number of exper-
iments used in each computation varies as a function of computer time
required and cost. When the uniform prior density function is used,
we consider 600 repetitions; when the exponential p?ior density func-
tion is used, we consider 2,000 repetitions; and when the inverted
gamma prior density function is used, we consider 4,000 repetitions.

In all cases, we use a complete sample size 10; that is, n = r = 10.
For each experiment, 10 random lifetimes from the truncated Weibull
life testing model (c = 1.0 units) and a single value of 6 from its
prior distribution are generated. Using these values, the Bayes
estimate and the MVUE of 6 are calculated. The random lifetimes are
also used to compute the Bayes estimate of 6 for the Weibull model
with guaranteed time t = 1.0 units. The exact reliability function,
its Bayes estimates (both models), and its MVUE are obtained for values
of t between T and 20 units in increment of 0.1 units or until the
exact reliability falls below 0.005. Whenever this occurs, a new ex-
periment is begun. Other quantities obtained for each experiment are
the squared error loss for all three estimates of 6 and of the reli-

ability function; the average squared error loss of the reliability

35
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estimates; the accumulated average squared error loss of the reliabil-
ity estimates for all previous repetitions; and finally, the ratio of

the accumulated averages for the Bayes estimate (truncated model) and

the MVUE.

At the conclusion of all experiments, the averages are calculated
for the generated values of 6, the MVUE of 6, and both Bayes estimates
of 6.

In the evaluation of the incomplete gamma function, the trapezoidal

rule was used as an approximation to the integral [14].

4.2 LIST OF IMPORTANT VARIABLES USED IN PROGRAMS

The following list of variables are common to all programs. It
should be noted that where two names are given for the same function,
the first refers to the truncated Weibull model, while the second refers
to the guaranteed time Weibull model.

C - truncation point as defined in equation (1.1)
CB, CBl1 - Bayes estimates of 8

GAM - shape parameter in both models

NUM - number of experiments simulated

ORDER - subroutine to find the nth order statistic

PCB, PCBl - accumulated average squared error loss of all experiments
for Bayes estimates of reliability

PMV - accumulated average squared error loss of all experiments for
MVUE of reliability

R - sample size, number of lifetimes simulated

RANDU - subroutine to generate random numbers
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RECB, RECB1 - Bayes estimates of reliability
RELMV - MVUE of reliability

RMS - ratio of PCB to PMV

SCB, SCBl - averages of Bayes estimates of 6

SEB, SEBl1 - accumulated squared error of all experiments loss for
Bayes estimates of ©

SEMV - accumulated squared error loss of all experiments for MVUE of 8
STHETA - average of the generated values of 6

SXMV - average of the MVUE of 6

TAU - guaranteed time as defined in equation (1.2)

THETA - generated value of 6 from its prior distribution

TREL, TREL1 - exact reliabilities

XMSCB, XMSCBl - average of the accumulated squared error loss for each
experiment for Bayes estimates of reliability

XMSMV - average of the accumulated squared error loss for each experi-
ment for the MVUE of reliability

XMV - MVUE of ©
YFL - random number [0,1]

th R
2MAX - n~ order statistic
The variables below are used in the programs as stated.
ALPHA - lower limit o in the uniform prior distribution
BETA - upper limit B in the uniform prior distribution

INTEGR - subroutine which evaluates the incomplete gamma function in
the uniform prior program

BESK - subroutine which evaluates the modified Bessel function K (af)
of the third kind of order v in the exponential prior program

BNOT - function to generate values of 86 according to the inverted
gamma prior distribution with pu = 20 and A = 2
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CLM - parameter A in the exponential prior and the inverted gamma prior
distributions

CMU - parameter u in the inverted gamma prior distribution

ITR2 - subroutine which converges to a value of 6 according to BNOT

4.3 RESULTS

The following results were obtained when the Monte Carlo simu-
lation described in section 4.1 was used. Tables I - V are for the
general uniform prior probability density function with b = 0 and
[a,B] = [10,30]. Tables VI - X are for the exponential prior probabil-
ity density function with A = 20, and Tables XI - XV are for the in-

verted gamma prior probability density function with py = 20 and A = 2.
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TABLE 1

RESULTS OF EXPERIMENT i FOR UNIFORWM
PRIOR PROBABILITY DENSITY FUNCTION

THETA= 0.10398578t (2
XMV= 0,56361113E 11
CB= 0.12413623F (2
CBl= U 11B867T59E 2

PMV= (,6514716%F~-02
PLCB= Ue15064445E--(2
PCBLl= Ue88498532E-03
RMS= {142212371%E OC

TIME TREL RECB RELMY
TRELY RECB1

1o GOONO 1. 00000 1 BO0DN 1 U0D00

1. 50000 ) 4901899 {1e92089 ie 87558

1.99999 e BLS551 {le 82S83 e 14567
Ue9iB831 J€1759

24 49958 e 69739 De73318 6611587
UeB82565 HeB4263

299997 159078 DeB3611 He4B8114
(le 731606 Ue 715658

349957 {e49027 le54261 e 36575
163345 66555

3 G9996 fle 39893 Je45553 Da26T741
eD3661 Je 57448

& o 49995 e31854 37673 fie LETS5
He%4537 e 48715

4999994 Ne2497E Ge30UTLE e X2872
De362306 De&ll625

549993 1619240 De 24714 CellBU2C
Ue28934 Je 33346

599993 Jelb&b569 Ledl9635 fe14B82E
e 22686 Le 26584

He 49992 1e10:849 elB54l6 Do UZT40
e 17475 021495

6699991 Ue2T94% e 41969 e 11442

Te4S9G0 Ue5731 He118197 Heli}696
De 019255 Cel3128
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TABLE 11

RESULTS OF EXPERIMENT 150 FCR UNIFCRWM
PRIOR PROBABILITY DENSITY FUNCTIODN

THET A= 0,184%0112E ¢
XMV= G,21021262E ©
CB= (21641083F
CBl= Ue19078877C ©

PMV= 0,15700598F 01
-3969107SE
044232581 SE
RMS= 0425279975E

e
FAM I S R AN S Y

TIME

TREL
TRELL

RELMV

1.00000
1. 50000
1.99999
2449998
299957
3049997
3,99996
4445955
4099954
5.49993
595993
be 43692
6.99991

Te49990

4775
P.98349
DeB88547
(e 94735
UeBLO653
189785
De 74379

Ue8388¢

{le 66974
Ue 17354
Te59642
(e T404
052852
634648
Ue% 5833
e 56502
(39577
Do 9786
{e33848
De3420
Te286T6
Le37494
Ue2&073
T2 320068
De20029

27167

Maﬁlﬁﬁé
UaB24327
UeHB4 84
De 16811
83463
LTHOLY
i.?iéé?

1. 00000

e T7597
0.72011
Do 66324
0eb0629
0.5500G7
Ue4953¢

De&258




RESULTS OF EXPERIMENT

THETA= (.29648621F
XMV= (e l3201384F
CB= 0164914684
CBi= 0..14488698E
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TABLE I1I

06 FOR UNIFORW
PRICR PROBABILITY DENSITY FUNCTION

PMV= 0,3171BO25E
PCB= Do T7483273E
PCBi= e B8597123¢&E

RMS= 0,2442877SE 04

TIME

TREL
TRELL

RELMV

1. 00000
l.é@ﬁﬁ%
1.99999
2049998
2.%9997
3449997
3.599%6
4.45995
4,99994
5449953
5499993
6449592
6299951

To 45651

(e GEGET
e92698
196683
e 88126
93501
De83144
laB89621
Do T77880
HeB521i3
Lo 124648
1 e H6EI 5T
Ca 75297
Gebi&T8
e TUIAS
e DHUGE
UeB4T29
Ue 50885
0059436
45887
(eB2%228
Dehl142
et G198
e G684
e%b365

Lo BE460
eF2962
D 78538
e B4 BE

e T0362

D2789862
e b2241
HeTUETT
He 54413
Geb2637
DaaTLB2
54564
LetlZT4%
Do B0
e %148
3981

Da28700
Pe 33410
Le 2 TT34%
De L9791
Da2 2194
De L6257
e L8560

1 D0G00
9453272
e BTS89Z
DeBUTLY
Te?3013
e 653137
(057317
De4S T4
De#hZE7%
Ce35B%12
01429850

eZ4433
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TABLE 1V

RESULTS OF EXPERIMENT 450 FOR UNIFCRWM
PRICR PRUBABILITY

THETA= 0,21821091E 02
XMV= 1414495C85% (2
CB= 0o17425247: 02
CBil= 0.15082579E ©2

DENSITY FUNCTION

PMV= [e4€T23614F 01
PCB= (0611509G3TE U1
PCBl= 0e012843418E 1
RMS= 0.24632162F 00

TIME TREL RECE RELMV
TREL1 RECB1

1. 0O000 1 20QGT 1. 0B000D 100000

1.50000 195554 {94089 395537
{le 9859¢C 197853

1e99989¢ (e 902007 87132 e SOL40
9.95521 °§.93198

26 459S8 {e8421°C Ue 79546 (e 84050
De91274 (e 86929

2495997 (aTTBLT D T16T9 e 772172
e 86166 e 79622

3.49997 o T1200 De 63816 {lg TEE9C
e BI44T BeT1746

398666 Ue 64538 Je 56185 DNe63791
DeT4332 (e 63688

46495995 57975 )« 48955 e56541
lebB8011 Ne55T60

4,99994 515629 Je 42244 De 50279
D e01647 JeaB8197

Se 459932 fe45593 He36124 fe#%3Cil
155378 Cel166

599953 D a39934 030631 le37C24
(49317 Ce34774

6649992 N34 T0C De25T770 fle3238(

6.99991 029919 De21521 He27321

: o381 46 Ue24075

T 49990 Ne 25601 17850 Dol 27172
33146 (e 19764




RESULTS OF EXPERIMENT suu
PRIOR PROBABILITY

THET A=
XMy=
CB=

T

Uel367C0506E €
He55528851F 1
1e12387120E (€
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ABLE V

FCR UNIFCRWM
DENSITY FUNCTION

2 PMV=
pCe=
2 PCRl=

e 62628T84E U1
De15407624F O1
Do 171530€3E €1

CBil= 0.118860G42E 02 RMS= (e24697222E OO0
TIME TREL RECSH RELMV
TRELY RECB1
1.00000 1.00000 %o 0001 1. 0C000
| 1.00000 100000
150000 0e92995 0e92077 0.88818
097774 UeST387
1.55999 G e84831 1482956 0476258
0e92946 94 S1759
2449998 0e76022 72278 0e632361
(086439 (484263
2099997 0e6700S Je 63560 0450546
04768847 075657
3.49997 058147 3654201 039612
0e 70659 e 66554
3499996 0e%9708 Ue454ET 0429741
(e62282 057446
4449695 0e41887 0e37604 0e21518
054045 048714
4499994 0a34811 0e30649 0014961
Be%6201 Ue%0623
5449993 0428545 0424647 0409560
0038932 033344
5499993 0423103 0e15572 e 06320
(1432356 0426962
6o 49992 e L8462 Uel5358 Def¥3800
026531 0e21493
6099991 0e14571 0411917 0el:2149
0e21473 Dal6503
7049990 0.11362 0e05151 0.01132
0417160 De13124

STHETA=
SXMV=
SCB=
SCBi=

0e19930624E 02
ve2l12122€ (2
14203082001 02
LCelBL4UTLTE 02
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TAELE VI

RESULTS CF EXPERIMENT
PRICR FRUBABILITY CENSITY FUNCTICN

I FOR £XPONENTIAL

THETA= Ue62774811E (2 PMV= € o543212732E~-02
XMV= (o €GE€54388E (2 PLB= 019221543 E~03
CB= Ue€1€62SEUEE (2 PCBi= Le613G24311E~-0C2
CBl= U.56364273E (2 RMS= Lel2B3TE4LEL~LL
TIME TREL RELMY
TREL1
1.00000C le CCUULT 100000
1.0000C
1.5000¢ Ce98432 UeSEEEE
{55511 LeS941L77
199956 La56481 LeSELTS Ue5T421
Le98420 (58119
2045998 UeS42U4 Le93720 {e95T35
UeGEBTE {eSCZES
255557 {91651 Ue90971 LeS2E2T
3045557 L«B88B6Z Le875E4 {91723
Ue92718 Ue31395
35985 ¢ {e8588L Je84803 UabiS445
Ce90202 UeBE4ET
4445565 Ue82T37 81470 LCe8TL1T
Ce8745¢ Ca8E22¢E
%4999G4 LHa7546% LeTBUZG Le8445E
T 84522 Le81929
Pe458S2 LeTE10E Ue 74455 Ue81787
UeB81430 LeT841c
599593 UeT2682 UeTL92Y LedSL 24
Cel18B21i4 Le 74795
6e49952 Ue69218 CelT242 LeTEiEE
UeT490G5 UeTL117
€+55991 Ue65T41 Ue€37€C LeT32E8%
De7i533 DelT4U4
Te4SS%0 Lebl2T4 Leb3243 CedTlU350
fet8i24 Je€3654




RESULTS CF EXPERIMENT
PRICR PRCBABILITY
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TAELE VII

THETA= (.20€1E812%E ¢
XMV= ©.30331583EF ¢
CB= C.3€947231E ¢
CBi= U,20835247Et ©

TIME TREL
TRELL
1.00000 100000
1.0000C
1.5000C (a61795
UeBO121
1.5995¢ 33590
Ce€l15€2
249958 Uel6l235
Ue38145
24599517 UeUTU31
Ce206ECL
3e499¢7 Oel32745
‘ Lel5695
395956 CeG0970G

Cel04325

1
i
1

i

50U FCR EXPUNENTIAL
DENSITY FUNCTIOCN

PMV= (e4ST046%5E (1
PCB= UeZ22415871F €1
PCB1l= U.73B7072¢E (1
RMS= (e4T710SSTZE (O

N —————— . - o S - . T~ . - . " - - -

leCULLC
(e 142S7
Ue EGEES
e51819
{eB5C26S
Ue3425¢€
Le3blt4
Ue2l138
0e20165
Uel3363
i}. 1{&4805
CelEUZZ
Celi5203

leGCUC
UeTEE4]
UeLT4EL
Le3ES3¢
Ce2434(
Uel39i5

UoLT182
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TAELE VIII

RESULTS OF EXPERIMENT 10UC FCOR EXPONENTIAL
PRICR FPRCBABILITY

THETA= 0.17963058E (2
XMV= 0.14913827E 2
CB= 0.16705353F (2
CBi= U.13408147E Lz

CDENSITY FUNCTION

PMV= LoSES4441¢E U1
PCE= Uo%48502378EF Ui
PCBi= Ue1ZU5S3&2k (2
RMS= Ue4S01S81SE (u

TIME TREL RECE RELMYV
TRELL RECBI

1. COUCE 1o UCUOC LeUUUOU 100000
1. 00CCE 1. 000CE

1.50000 UeS462¢ LeS2EES {eCEESE
{e98301 LeS74%8

16558¢ eb8232 JeEE3L4 LeSL4T5
Le9458% UeS2ild

24559G¢E {eELLES UefbB322 UeB4584
{88502 Cal45E2

299997 Le 73738 Ueluici Lel&227
(1o 83455 (el6T62

3645657 e 66180 LCeGZULE (e 11562
UeT6TT74 { <6899

36 9TGGE Le58744 VeH421l Dot 443
{69744 e 5543

44495995 U e51569 GeaeS5i4 UeSEN2T
{le8260C7 Je51L03

4455554 oht 795 Cod(iSGE Ue£1E265
{J «55564 Ueh2358

Se 455962 (e38515 Ue34146 Ueb5273
Cod8TT7 Ue2é342

5e55953 Ue32789 Lel8T7T4 e2GZ2E
Ce423TC Ue3U128

€ e49992 UelTE4E Le2&UEE {22787
Le3643¢C Uel&T2S

£659959C1 LCe2308E elSSST {a28705
Ce3i01zZ {e2Uils

Te4S5SSL lelS10€ Uel&511 Uelbile
Lel26148 ve 4232

——— " ———— ——




TABLE 1IX

RESULTS CF EXPERIMENT L1500 FOR EXFONENTIZL
PRICR PRCBABILITY DENSITY FUNCTION

THETA= (eS537S29SE €C
XMV= (.56882071E GO

CB= 0.70745683E G

CBi= 0e20020i0SE OC

PMV= (o 15348S47E (2
PCE= U.T583342€E 01
PCBI= Us21850SSEE (2
RMS= Ue4S4062T2E CU

TIME TREL RECE
TRELL RECEL
1e0U0CE 100600 1 GCLCT
LUty 1euluvl
1e50UCT {e3533x Le232379
Cel2420 Gell5cU
1.686%% (el 9462 UedaSlid
{e3504% Jeldlzo9
Z2e45GSE {e1i96¢€ Celli027
Uel2384 UeULL69

o — -

1 CCGOL
Ue2t(i46
UellZ2224

UeliL12E




RESULTS CF EXPERIMENT 2000

TABLE X
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FOR EXPONENTIAL

PRICR PROBABILITY DeNSITY FUNCTICN

PM V=

THETA= O413210464E (2 UeZUE16TTIEE (2
XMV= 0,18322215iE (2 PLB= U0 1023236(E (2
CB= U.20108%948E 2 PCBI= {1o2GEL2485E U2
CBl= C.1€UIESTEE L2 RME= (o4C€31375E ((C
TIME TREL RECE RELMV
TRELIL RECEL
1.0000C 1.0000U 1o LGUGE leLCCLC
1.0000¢ 1,L00CTC
1.50000 { 2927164 Je947328 laSELEL
CeGT687 JeG16(6 '
199999 UeB434¢ UeBEEU4L {eCizEl
Ue927T10 Ge93369
Ze4G9SE CeT7525% fetlt4s feELELZ
Ce88001 e872¢€2
259997 L o66081 Uel44632 Ue15%61
CeTE1ST {eBL147
3645997 LCe5TUS5S LetT201 CaT277¢C
Ueb9810L e 124719
3959686 Ue4 8512 CeCliLEl Ue£T1425
Cebi2b4 LUeb%€33
4e455G5 Ce4l637 Ue53167 Celilh7
Ca5280TC JeEES05
4459554 L e3385¢E LebbT26 UeS4T7S
Ce&tSTE {45518
549953 CedT325 Ce#llies Lo &S
Ce37675 Ue42633
599993 Ce21953 Ue35240 UehsET0
Ce3110¢ Le3834¢
6449992 Cel 7407 Ue30291 D
(el5323 (e30T709
695961 Lel3626 LCe2ZET0 Ue22271
620352 Ue25734
Te 45550 Uel(532 Ue21B78 (e21588
{el613E Uezl4l3
STHETA= L, 198Z2600E €2
SXMV= €o19973343E 02
SCB= D41SEEEZ4EE ©2
SCBi= (.16663483L Uz
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TABLE XI

RESULTS OF EXPERIMENT i FOR INVERTED
GaMMA PRICR PROBABILITY DENSITY FUNCTICN

THETA= (.58990660E 01

0e12011658F (2
0.127378T0E G2
0e978227T1E 01

PMV= {,60961861E-01
PCB= ,33924337F-01
PCBi= DN.13713542E-0C1
RMS= 01.55648458E {0

CBl=

TIME

TREL
TRELL

RECB
RECBL

RELMV

1. 00DGD
150000
199999
2049958
299997
349957
3999986
4o 49995
4299994
5e 499532
599993
6249992
£e99991

Te 49950

1 G000
1 GOOOE
{84517
{e 94916
(68301
0 eB4407T
$e52977
71338
Da30544
e 57651
1 2B465
U e T16
lea19792
32378
fe12311
(24027
(e{IBH69
BelbTHE
05473
11236
.033352
L7318
601994
eldbb 20
Neill152
Do02830
TeB3647F
{la01683

100000
1. 00000
la91882
De96631
De 82607
De83495
072851
Je8Ui242
De63142
Deb69981
053871
De59565
{(e453038
Ue#S611
De37612
De4(1525
Ue30854
De32532
Ce 25039
fe25711
Ue2020121
U 20038
Jelg026
Del5423
(12663
Uell740
De9934
Ue UEBSED

100000
De94l06
fe BEETH
De 79000
eT0T28
Ue62252
fe54136
Ne4€275
(e 38635
De32225%
e2€231
le20ST6
felE4hbE

Del2672
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TABLE XII

RESULTS OF EXPERIMENT 1000 FOR INVERTELD
GAMMA PRICR PROBABILITY DENSITY FUNCTION

THETA= (.2800EE35E 42
XMV= D,16T734589E 12
CB= (.,17031448F 02
CBi= 0413422120t 02

PMV= 0,10281204E (2
PCB= 0.50544624E €1
PCBl= UsT18420%4F 01
RMS= (1.491621€1E CO

TIME TREL RECB RELMYV
TRELL RECB1

1l.00000 1 UDLG0 1. 00OGC
1..00000

1e 50GEC {e9651% faSE627
1298907 $e97533

159999 De92284 e 86659 1090332
{96493 {e92221

249998 (1287476 {78846 Oe843261
De93134 HeB5144

299997 DeB82251 Ja 70785 De17524
eB9048 OeT7C13

3649987 e T6T48 De62776 DeT7121i2
o 8440 € e HBLLO

399998 DeTi084 85047 (eb&3GE
Ge 19366 £e59757

4 H9995 {la 65395 De4T771 Ue 57622
C e 14057 De51431

4e 39594 L 59748 Ue%1U60 51019

: Lo 68600 Cet3664

549993 De54232 34979 Deh4892

5495983 (e%B912 1629554 e 28726
457653 De30347

6o %9992 Ue&53841 Ce24T783 Ne33185
£5233¢ e 24855

b0 599G {1 39059 a200637 fe28112
T 7197 De20U230

T249930 fle34593 Cel7074 le 22833
De&2304 16298
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TABLE XIII

RESULTS CF EXPERIMENT 2000 FOR
GAMMA PRICR PROBABILITY DENSITY FUNCTION

THETA= 0 o3347€608F (2
XMV= (21887573 02
CB= 0421715973k 42
CBl= UL18015991EF 02

INVERTED

PMV= 0,1693248(E (2
PCB= (1,95528460F U1
PCBi= 061380523¢E €2
RMS= 014479260 27TE GO

TIME TREL RECE RELMV
TRELL RECBI

1. 00000 1 UCORU 100000 100000

1500600 U a97079 1495148 HeGEL36
(e 95085 098156

199999 93503 Te89365 1662557
C«97057 De94139

2049998 Ce 89409 DeB2961 Ue 88512
094222 088690

299997 JeB4&918 JeT76199 fe82630
(e 90751 UeB2273

3449997 {e80139 Ue59203 Je7842¢%
DeB6TTT Ne75271

2. 9999¢ Le 75168 062458 DeT30LT
HeB82419 Ce 68000

4449995 e TOD93 He55812 e6T48%
CeTT778L De 64723

%4999G4 264991 (e#5479 (o136
D e72956 1e53648

5045953 59932 Je43541 Ue56434
{68030 46930

599993 654972 38051 De510i52
L6307 Ce&6T9

643992 De5N0162 (33038 DekSES0
He58168 D 034961

6099991 He#%5541 De28514 De4LETE
De53355 fe29811

Te 49990 Ve4ll42 Oe24470 De36170
fle4868¢E Ne 25235




RESULTS OF EXPERIMENT 30060 FOR
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TABLE XIV

INVERTED

GAMMA PRICR PROBABILITY DENSITY FUNCTICN

THETA= 0. 106480
XMV= 0.49T75%15

JE 02

CB= 0,63417406F (1
CBi= U.48877382¢ (1

PMV= (1, 29934T0EE (2
PCB= (.141440602E 02
PCBI= UL,2046T7T28E 02
RMS= (47251511t OC

TIME

TREL
TRELY

RECE
RECE1

RELMV

1.00000
1e 50000
1.99999
2049958
2.59997
3.49997
3.99995
4449965
4.99994
5449993
5499993
6e 49992
6499991

Te 43990

GO0

100000
e BLOTC
(a9T7140
(.802896
{e 91004
LeT0237
82877
e 59695
713618
Gea9721
Le63518
D624
54325
(32587
Geb4B24%9
D.e2566%9
Le 36970
Uel98TE
(a295651
e15134
Ge23360
edl336
fel8088
JeliB35&
137732
De160EHL
10316

100000
OeB8441D
(e 93380
e BLE2
e53368
D ebH5623
Je 3400
Det9457
D e29768
e 36224
Ge2l427
Je25560)
UelB51158
UelTHT6
e ill481
Ge11635
e TLE3
DDTHTS
eli4B30
Deli4 847
Ge03233
o D3055
{12143
01903
Delil412
001175

1. 00000
e 87690
CaT4U43
feb0258
Dot T254&
De3566¢€
UedBEDT
17555
Dellg97
UeliT484
Uel4442
De 02467
Del1268

Ue 0595
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GAMMA PRIOR PROBABILITY
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TABLE XV

3

bOFD

R

INVERTED

ENSITY FUNCTICN

THETA= 063712034 {1 PHMV= 0,40233185¢ €2
XM= G, T3502607F 41 PCB= 11, 18%214%4F (2
CB= U.85002365F 01 PCB1= (.2755715%E €2
CBAI= DL,658567136F L1 RMS= (47028567t 00
TIME TREL RECH RELMY
TJRELL RECB1
1o OGUGRD L GOUOBC 1 BODGH 100000
1 DOVO0 1. G000
1o 50000 185578 (88103 UeGid22
1.599%9% (e 70258 L 15187 e BLEQUD
Ne85474 UeEB4768
20499358 155530 (eb2401 UeT0S926
Ge 73147 e 72107
2299957 Be423588 (50531 (e 60UZ27%
{. 6{}{}53 ﬁ.ﬁBQBﬁ -
3.499%7 Te312432 Ueh34 Ca 50027
D a4 T464 D 46527
359996 (o236 031105 DetIB24
De36206 De35648
44 H9995 115456 23762 De22014
e 26705 De2660i6
4099934 Del0392 {el78786 fle 248326
De19075 Tel94312
5499632 (e 36788 %oiﬁ??@ Ce1B439
1ei3211
5699993 D.34311 123297
Lo 4GHG2 Ga02665 Q¢Q7€72 UalS427
De05802 06772
695991 Ja 01604 {35093 Da D045
D o3368% Ua114628
T+499%94 O «ND940 Q03640 Ge34188
Ca012278 1033145

STHETA= (.193€0504E

SXMV= 0 4,19039554E €2
(e 1912€251E
0160324225E C2

SCB=
SCBi=

02

Gz
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4.4 CONCLUSION

Whenever evidence exists that the parameter g in the underlying
life testing model behaves as a random variable, this calls for
knowing or deriving the distribution of O, say g(6) and using it in
conjunction with Bayes theorem.

If a priori information about ¢ is available then, we would
expect the squared error loss to be decreased by using a Bayes es-
timate of reliability as opposed to a minimum variance unbiased
estimate. This can be seen in the preceeding tables upon examining
the RMS values, which is the ratio of the accumulated average square -
error loss of the Bayes estimate to that of the minimum variance
unbiased estimate. Furthermore, as the number of experiments increase,
we notice that for each prior distribution tﬁe RMS converges to some
number less than one. This is consistent in estimation as we will
approach the true state of nature as the number of experiments
increase.

For the value of the shape parémeter p used the Bayes estimates
of exact reliability are closer than the corresponding MVUE, as
expected. Also, the estimates using the Weibull probability density
function with guaranteed time T are consisténtly higher than the

truncated estimates.
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DIMENSICN TREL(ZOU) 2 TRELI(SOO) 9 RECE (3T ),
IRECBI(ZOO) JRELMV(Z0C) y TIM(Z00) 9 Z(L0) 9 ITAB(S)
DATA KRy NUMy SSRySTHETASSXMV 9 SCB9SSR1L,

1SCRL9SEB9SEMVPCB.PMV,y SERL o PCBL 9sKOUNT/

2 1096009128040  /

CATA  IX9GAMsC / €53, 1o7y ie [/

DATA TTAB /% 1 1,0 1T 9,0 ITI%,* IV ",1
KCT= 1

R=KR

KCUN= KR-1
KCUNI= i-KR
BIP=NUM
TAU=C
RXM=]o /GAM
CCAM=CH2CGAM
ALPHA=14
BETA=30,

DIF= BETA - ALPHA

DO JN=14NUNM

GENERATE UNIFORM RANDCM NUMBER (4U4l)

CALL RANDULIX,IY,YFL)

iX=1Y

CALCULATE VALUE OF THETA FRUM UNIFORM™ PRIOR
THETA=ALPHA + YFL#®LDIF

STHETA = STHETA + THETA

D0 2 1=14KR

GENERATE UNIFORM RANDDNM NUMBER (D41)

CALL RANDU(IXy1IY,aYFL)

IX=1y

COMPUTE VALUES COF LIFETIMES FRUM TRUNCATECD
WEIBULL DISTRIBUTION

Z{1)={(LGAM — THETA & ALUG{1., — YFL) ) 24 RXM
SRi={.

DO 2 I=14KR

SR= SR + (Z{1)&% GAM -~ (GAM)

SRi=SRL +( Z(I) - TAU) =% CAM

SSR=S5R+3R

SER1I=SSR1 + SR1

CALCULATE MVUE OF THEETA

XMy=5R / R

SXMY=SXMV + XMV

KJd=1

CALL INTEGR(SR ,ALPHA,BETA,SNUM 4SDEN sKJsKR)
CALL INTEGR({SR1,ALPHA$BETA,SNUMZ24SDENZKJI9KR)
CALCULATE BAYES ESTIMATE OF THET2
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CB =5R % SNUM / SDEN

CRI=8RY % SNUMZ / SCENZ

SCB =5C8 + (B

SCRI=SCBL + CBI

COMPUTE SQUARE ERRCR LOSS FOR ESTIMATES OF THETA
SERB =SFR 4+ {(THETA - CRB) &%2

CBI=SEBL + (THETA - (B1)

SEMY=SEMY + (THETA « XMV)
GENERATE UNIFDRM RANDUM NUMP
CALL RANDU(CIXyIY,YFL)

IX=1Y
KDEL= 10 %YFL + 1.
RANDOMLY DELETE ONE LIFETIME
ZIKDEL)=C»

CALL CRDFRUZ JKRyeZMAX )
TRI= IMAX®% GAM - (GAM
SRTR= SR + TR1

XMEMY=0,

XMSCB
XMSCRI=U.
TIiME= TAY
L=0C

L=L+1
TIF(L)=TINE

IF{L.EQeL) 6T 1O 7

TRELN= TIMERZGAM - CGAM
TRELNI= (TIME - TAU) & CGAWM
COMPUTE TRUE RELIABILITY AND MVUE CF RELIABILITY
TRELI(L )= EXP( —~TRELN /7 THETR)

TRELI{L)= EXP( —~TRELNI / THETA)

RELMVIL)Y= {Jle— TRELN / SRTR) =% KCCA

CALCULATE BAYES ESTIMATE OF RELIABILITY

Ti=5R + TRELN

Tii= SRi + TRELNI
T2= (i, + TRELN / SR) #4 KCONI

Téi= (1. +# TRELNL / SRL) @ KCONAL

KJ=2

CALL INTEGRIUTE +ALPEASBETA2,DUMMYSNUMI ,KJsKR)
CALL INTEGR{TLI JALPHASBETASDUMMYsSNUNMLL 9KJ9KR)
RECE(L)= T2 £ SNUMLI / SCEN

RECRI(L)= T21 % SKNUMLI / SDENZ

GO 70 8

TREL (L)=1.

TRELI(L)Y=1.

RELMY (L)=1,

RECEB (L)=1e

R {41)
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160

120

140

60

RECEI{L)=1.

COMPUTT SQUARE ERRCR LCSS FOR ESTIMATES
OF RELIABILITY

XMSMY= XMSMV + (TREL(L) = RELMV(L))#®2
XMS5CB= XMSCB + {(TREL{L) - RECB(L))=%2
XMSCBL= XMSCBY + (TR&L&(L) “RtCSJ(L))

IF(TREL{L) LT, 35 2URe TIME oCE. f*.) GS T4 4
TIME = ( LoUE o0 & TIME + 1.UE 59 ) / 1.0F 60
GO TC 6

AlL=L

XMSMV= XMSMV / AL
XMSCB= XMSCB / AL
MSCB1= XMSCB1 / AL
PCB= PCB + XMSCB
PCBl= PCBL + XMSCR1
PMV= PMV + XMSMV
RMS= PCB / PMV
IF( JNeEQel o0ORe JNoFQs KOUNT) GO TO 10
GO TO 1
WRITE(E,110) ITAB(KCT) 4 JN
FORMAT (V3v//777 33X TABLE'3A4//17Xs ¥ RESULTS 7,
1Y0F EXPERIMENTYyI4,% FOR UNIFORMY/1GX,* PRICR 1,

ZYPROBABILITY DENSITY FUNCTION'//)

WRITE(S9100) THETAZPMV XMY 3yPLELSEMV L ESPCET,
ISR 9 SEBSCBIL 9yRMS SR 5 SEBY \
FORMATL14X g YTHETA= Y4 E1Se By EXy 'PMV= 015, 8/16X,
IIXMV=Y g B i, 89S X g "PLR=Y g F1 58951 Xy SENY=T,
2&3508/37X,'CB=',EI§.S,43,'PCBl=',fR§.€1£9X1'SR='Q
BE G e By DK g VoL R= Yy FiS 818Xy RI=YyF 15,y 85X,y
LIRME=0 a5, B4 28XV SRIL=V,4FE1 B8 QXg‘Q§8*~ 2E15.8)
16T=67

IFIL oLTe 67 ) 167 = L

WRITE(S3120) {TIMUI)aTREL(I) $RECBUIISRELMVII),
TTRELI(I)SRECBI(I) 9 I=1491€7,45)

FORMAT (/14X s45(2=2)/

3 IEX VTIMETy BX,%TRELY, EBX,YRECBY, B8X,
P2YRELMYY/2TXGYTRELI Yy TXgYRECBIV/ 14X 945( =)/ (101Xy
3 AF12.5/22X42F12.5))

WEITE(&y 140

FORMATU( 1L 4Xe45("~7))

KOUNT = KOUNT + 154

KCT= KCT + J

CONTINUE

S558= SSR / BIP

S5Ri= SSRY /J BIP

STHETA= STHETA /7 BIP
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SXMyV= SXMV / BIP

SCB= SCB / BIP

SCBi= SCBL / BIP

WRITE(64130) STHETASXMV,SCBeSSRySTELSSSRE

120 FORMAT(//Z26X 9 VSTHETA=Y yF1 5, 8/28X Y SXMV=Y4,F15,8/

129K 9 S 0B= Y3 E 1089 4UXg VSSR=V,ELB,E/Z2EX,VSCBI=1,
2&33.5’,3{?)(, 'SSRI:‘ 35}505)

5T0P

END

SUBRUUTINE ORDERU(Z yKR 4ZMAX)
FINDS LAST CRDER STATISTIC OF THE SEMPLE Z
DIMENSION Z(1i0)
IMAX=7(1)
DO 1 I=2,4KR
1 ZMAX=AMAXI(ZMAX,Z2(1))
RETURN
chND

SUBRCUTINE INTEGR{SRyALPHA,BETASSHUMySDENKJI9KR)

INTEGRATION CF THE INCOMPLETE GAMMA FUNCTICN

USING THE TRAPEZOIDAL RULE

X= SR / BETA

XN= 45,

H= (SR / ALPHA - X)/ XN

NX=XN ~ie

SNUM=L,.

SDEN=T o

KR2= KR - 2

KR3= KR - 3

DO 1 I=14.KX

Xi=1

IF (KJeEQe 2) 6L TO I

SNUN=SNUM + 2,FEXP(=(X+ HEXT)Ix(X+ HIXI) 4% KR3
1 SDEN=SDEN 4 Z2o7EXP(—(X+ HEXI))=(X+ EHFXI) 34 KRZ

IF (KJoEQe 2) GO TC 2

SNUM=, BxH&(SNUM + EXP(-X)5=X %% KR3 +
1T EXP{=(X+ HEXN))IZ(X+ HIXN) KR3 )

2 SDEN=, 5%HE{SDEN + EXP(-X)=X %& KRZ +
I EXP(=(X+ HEXN))Z( X+ HEXN) =% KRZ )

RETURN
END
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DIMENSION TREL(ZOD) STRELL(SUGO) S RECB (30D ),
IRECBI(300) JRELMV(ZCL) g TIMIZDD) o Z(10) o ITABL(S)
DATA KRy NUMy SER9 STHETA)SXMVy SCBH S8Ry
LSCBL 9SEB9SEMVIPCByPMV,5ERTL 3 PCBL yKOUNT/

2 109200091 2%0e 90 /

CATA  IXyGAMaC /5427818y  1aTye lei /
DATA ITAB /7 'WI "' VII ",'VITI%,%1IX '4'X '
KCi= 1§

R=KR

KCON= KR=-1

BIP=NUM

TAU=C

RXM=1,/GAM

CGAM=C®&GAM

CLM=20,

COCON= (1ls=R)/2Z2.

Ni= KR-1

NZ= KR-2Z

D0 1 JUN=14NUN

GENERATE UNIFORM RANDCM NUMBER (041)
CALL RANDULIXsIY,YFL)

IX=1Y

CALCULATE VALUE OF THETA FROM EXPONENTIAL PRIOR
THETA= —CLM% ALCG(i.-YFL)

STHETA = STHETA + THETA

DU 2 I=1.KR

GENERATE UNIFORM RANDUNM NUMBER (D431)
CALL RANDU(IXyIYyYFL)

IX=1Y

COMPUTE VALUES OF LIFETIMES FROM TRUNCATED
WEIBULL DISTRIBUTIOCN

ZUIY)={CGAM ~ THETA 4 ALCG{l, = YFL) ) =50 RXM
SR=lle

DO 3 1I=1,.KR

SR= SR 4+ (Z{I)&% GAM — LGAM)

SRI=SRL +( Z{1) - TAU) =% CGAM
SSR=S55R+5R

SSRI=5SR1 + SR}

CALCULATE MVUF COF THETA

XMy=SR [/ R

SAMV=SXMV + XMV

ARG = 2.,%5QRTL SR / CLM )

ARGI= 2,%5QRT( SR1 / CLM )

CALL BESK(ARG 4sNZy BNUM 5IER)

IFLIER oNEs 1) GC TC 999
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CALL BESK{ARG oN1, BDEN ,IER)

IF(IER .NE. ©) GO TO 99

CALL BESK(ARGL,NZ, BNUNI,IER)

IF(IER oNE. €) GU TO $99

CALL BESK(ARGl4Ni, BDENI,IER)

IF(IER 4NE, ©) 60 TC $99

CALCULATE BAYES ESTIMATE OF THETA

CB= SQRT( CLM#SR ) % ENUM / BDEN

CB1= SQRT( CLM # SRI ) ¥ BNUML / BDENI

SCB =SCB + CB

SCB1=SCBL + CBi ,
COMPUTE SQUARE ERRCR LOSS FOR ESTIMATES OF THETS
SEB =SEB  + (THETA - CB)
SEBL=SEB1 + (THETA - C(B1)
SEMV=SEMV + (THETA — XMV)
GENERATE UNIFORM RANDOM NUMBER (0,1)
CALL RANDU(IXs1Y,YFL)

IX=1Y

KDEL= 10.%YFL + le

RANDOMLY DELETE ONE LIFETIME
Z(KDEL)=0.

CALL CRDER(Z yKR,ZMAX )

TR1= ZMAX#% GAM — CGAWM

SRTR= SR + TRI

XMSMV=11,

2
2

XMSCRI=0,

TIME= TAU

L=0

L=L+1

TIM{L)=TIME

IF{L.EQ.1) GO TO 7

TRELN= TIMEHREGAM - CCGAM

TRELNI= (TIME -~ TAU) =% GAM

COMPUTE TRUE RELIABILITY AND MVUE OF RELIABILITY
TREL({L)= EXP{ -TRELN / THETA)

TRELI(L)= EXP{ —~TRELNL / THETA)
RELMVIL)= (lLe— TRELN / SRTR) @ KCON
CALCULATE BAYES ESTIMATE OF RELIABILITY
Ti=SR + TRELN

Tii= SRL + TRELNZ

ARGZ = 2o # SQRT(TI /7 CLM )

ARGZ1= Ze 9 SQRT(Ti1 /7 CLM)

CALL BESKUARGZ oNLENUMZ,IER)

IFUIER oNEe ) GU TC 96¢

CALL BESKUARGZI14NiyENUMZI,IER)
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IF(IER oNEe O) B0 TC $82
TZ={is + TRELN /7 SR) &% CCON
T“&- {io. + TRELNML /SR1) #¥ CCON
~~~~~ ECB(L)= T2 & BNUMZ / BDEN
R_CSE(L)— T21 % BNUNZLI /7 BDENL
GO TC 8
7 TREL {L)=l.
TRELI(L)=1.
RELMV (L)=1l,
RECB (L)=1,
RECBI{L)=1.
COMPUTE SQUARE ERRCR LOSS FOR ESTIMATES
OF RELIABILITY
B XMSMVY= XMSMV + (TREL(L) - RELMVIL))==p
XMECE= XMSCB + (TRELI{L) -~ RECB(L) )==2
XMSCBI= XMSCBI + (TRELI(L) =~RECBI(L))u=2
TF{TREL{L)aLTs o015 L00Re TIME LGE» 2“.) GO TO ¢
TIME = ( 1,0F 60 & TIME + 1,UF 59 ) / 1l.0FE 60
GO TC 6
9 AL=L
XMSMy= XMSMV / AL
XMSCE= XMSCB /7 AL
XMSCBI= XMSCBY /7 AL
PCB= PCB + XMSCB
PLEL= PCRT + XMSCBL
PMy= PMY + XMEMY
RMS= PCR / PMV
IFL JNeEQel o0Rs JNLEQe KOUNT) GU TO 10
GO TO 1
T WRITE(S1340) ITAB(KCTY 4 JN

L0 FORMAT (Y3 /7777 22X "TABLE Y9 A&//14Xe " RESULTS Y,

1Y OF EXPERIMENTYZ15,% FOR EXPONENTIALY/L 8X,
2% PRIOR PROBABILITY DENSITY FUNCTION'//)
WRITE(E410) THETASPMV XMV ZPCRsSEMV LBy PCRY,,
ISR 4 SEBSLBLIRME5ySR1,SEBY

10O FORMAT U R4X s YTHET A= VG E1E By EXy YPMV= 4015, 8/16X,
LVXMV=Y g 5, B 95X g "PUR=Y g Fi 5, 8951 Xy SENY=Y,

2&35.8/%?X1‘CB 19E15.8, éX,'PCB}"'g¢?5;69?9X,'SR='

BEEEaS,jX,'SFB YoELB, ﬁl“éX,'CBi VaE 20895,

LR ME= riboB, QX,'Qki ’E15.8'4XQ’SEEQ='1&i§ag)
Ié7=é?
IF(L oLTs &7 ) 167 = L

WRITE(E9120) (TIM(I)TREL(I) JRECBLI)HRELMVI(I),

ITRELIAI)SRECBI(I )y I=1410745)

120 FORMAT (/14X 945(V-1)/
i IEXe VTIMETY, BX,YTRELYy EXHVRECBYy 88X,

?
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ZYRELMVI/2TX9 " TRELL Yy TXy 'RECBIV/14X45( =) /(10X
3 4FL2e5/22X92F1205))
WRITE(64150)
150 FURMAT(L4Xe45('=1))
KOUNT = KOUNT + 540
KCT= KCT + 1
1 CONTINUE
SSR= SSR / BIP
SSRi= SSR1 / BIP
STHETA= STHETA / BIP
SXMy= SXMV / BIP
SCB= SCB / BIP
SCBi= SCB1 / BIP
WRITE(69130) STHETASXMVySCBeSSReSCET 4S3SR1
130 FORMAT (/726X 'STHETA=Y3E158/28X9 'SXMV=1,E15,8/
120Xy "SCB=Y 9 E15oBehU X9 "SSR=Y 4y E15,8/2EX9'SCRE=Y,
2ELE By 29Xy VSSRI="4E15.8)
GG TC 25
959 WRITE(&9140) IER
140 FORMAY (/' IER=',17)
5 570°P
END

SUBRCUTINE CORDER(Z4KR4ZMAX)
FINDS LAST ORDER STATISTIC OF THE SAMPLE Z
DIMENSICN Z(10)
IMAX=Z2(1)
DO 1 I=Z4KR
1 IMAX=ANMAXI (ZMAX,Z(1))
RETURN
END
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DIMERSICON TREL(ZOU) STRELL(BUD ) S RECE (30D ),
IRECBI(ZOU) SRELMYLZDD) o TIMIZUO Y 9 Z{A 0 ) o I TAB(E)
COMNMON YFL,OMU

EXTERNAL BNCY

DATA KRyNUMy SERy STHETA 9 SXMV s SCB4SSR1,
AISCEL9SFRySEMVEPLRyPMY,SERY JPCB T $KOUNT Y/

2 10940001 2%, 90 /

DATA ITAB /7 "XI v, 3X01 v, 'XITI%, X1V t,'Xy ¢
KCT= 1

R=KR

KCON= KR=-1

BIP=NUM

TAU=C

RAXM=1a/GAM

COAM=C2GAM

Ab=o?

El=elE~4

EZ=e 1E~8

ABP=1300

DEL=s5

CMU=20.

CLM=2,

KRi= KR + IFIX{CLM)

M=50

COON= B + CLM -1,

DO 1 JN=14NUM

GENERATE UNIFORM RANDDM NUMBER (U41)

CALL RANDULIX,IY.YFL)

IX=1Y .

COMPUTE VALUE OF THEETA FROM INVERTELD GAMMA PRICR
CALL ITRZIYTEMyAA2BP ¢ DELyBNUT9EL9EZ9 My ICCLE)
IFLICODEWLNESLTG)Y GO TO %

THETA=YTEM

STHETA = STHETA 4+ THETA

DO 2 I=1,KR

GENERATE UNIFORM RANDCUNM NUMBER {(041)

CALL RANDULIXyIYsYFL)

iX=1Yy ,

COMPUTE VALUES CF LIFETIMES FROM TRUNCATED
WETBULL DISTRIBUTION

Z{I)={CGAM — THETA # RALOG(1. — YFL) ) %5 RXM
SR=l,

SR1=0.

DO 3 1=1,KR
SR= SR 4 (Z(I)#% GAM — CGAM)
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3 SRLI=SRL +( Z{I) - TAU) %¥& CAM

SSR=S5R+SR

SSRI=5SR1 + SRi

CALCULATE MVUE OF THETA

XMV=382 / R

SXNY=5XMV + XMV

XZ = SR + CMU

XZi= SRI + CMU

CALCULATE BAYES ESTIMATE OF THETA

CB= XZ / CCLON

CBi= XZ1i / CCON

SCBR =5SC8B + CB

SCB1=5SC8% + CBI

COMPUTE SQUARE ERRCR LOSS FOR ESTIMATES OF THETA
SEB =3EB 4+ {(THETA - CB) =k

SEBI=SERL + (THETA - C(CB1)
SEMV=SEMV + (THETA = XMVY)
CENERATE UNIFORM RANDCM NUMBER (041)
CALL RANDULIX.1Y,YFL)

IX=1Y

KDEL= 10 .%YFL + 1.

RANCOMLY DELETE UNE LIFETINME

Z{KDEL )=,

CALL CRDER{(Z ,KR,ZF&X )

TRI= ZIMAX®S GAM - (GAWM

SRTR= SQ + TR1

TiNE= TQU
L=0

5 L=L+1

TIM(L)=TIME

IF(L.EQe1) GU TO 7

TRELN= TIME®<GAM - CGAM

TRELNL= (TIME -~ TaU) #3% CAM

COMPUTE TRUE RELIABILITY AND MVUE CF RELIABILITY

TREL(L)= EXP{ ~TRELN / THETA)

TRELI(L)= EXP( ~-TRELNL / THETA)

RELMVIL)= (ie— TRELN / SRTR) %% KCIN

CALCULATE BAYES ESTIMATE OF RELIABILITY
RECBIL)= 1es / (la + TRELN / XZ) #¥% KEK1
RECBI(L)= Le /171. + TRELNL /XZ1) =% KR1
GC 70 8

TREL (L)=l,

TRELI(L)=1
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RELMV (L)=1,

RECB (L)=l.

RECBI(L)=1.

COMPUTE SQUAREC ERRCR LCSS FOR ESTIMATES
OF RELIABILITY

8 XMSMY= XMSMV + (TREL(L) — RELMV(L))##2
XMIC8= XNMSCB + (TREL(L) - RECB(L))}#u2
XMSCBi= XMSCBI + (3Q Li{L) =RECBI{L)) ==
IFLTRELIL) S LT. 3 TIME oGEa Z20s) 63 T0 %
TIME = ( 1.8 &7 e 4 1eUE B9 ) /J 1.0UE 60
GO TO 6

2 AL=L

XMEMY= XMEMY /J AL
XMSCB= XMSCB /7 AL
XMSCRBi= XMSCRL / AL
PCR= PCR + XMSCR
PCBL= PLBL + XMSCRY
PMV= PMV + XMIMV
RMS= PCB / PMV
IFL JNotGal #0Rs JNoEQs KOUNT) GO TC 10
G0 TO 1
10 WRITELS9110) ITAB(KCTY) 4 JN
140 FORMAT (Y00 /7777 33X YTABLE Y,A4/71EXeY RESULTS Y,
LY OF CXPERIMENTYZ15,% FOR INVERTED V/16X,
2% GAMMA PRICR P?SBABILITY DENSITY FULNCTION'Z/)
WRITE(S9100) THETAPMV XMV ZPLBsSEMYSCEyPLRY,
1SR 9 SEBJUBL gRMS SR g 8EBY
100 FORMATUIAXs YTHETA= ¥, E 00,8y 5Xg YPHMV=Y ,F 15, 8/16Xy
LIXMY=Y 3 E 05, 895 Xe " PUE=Y 415, 8451 X 5ENY=T,
2ELBe Bl LT X VLBV g E S 894Xy 'PLBL=Y4C B4 84925 XY 5R=V,
A1 5,895 Xy YSEB=Y,E] Jnﬁ/iﬁXy'ﬁB@='1*? 259 5 Xy
AIRME= gL i B, B9 28X gt SRI=Y yEIB, 894 X9 " SERI=T 4L 508)
167=67
IF(L oLlTe &7 ) 1867 = L
WRITE(64120) (TIM{I)yTREL{I) HJRECEB(I)SRELMVLI),
ITRELI(I)SRECRI(I) 9 I=1416T745)
%x“ FmRMAT {/714X85(0=2)/
‘§X7’TIM£'1 BX"TR L'g 8X1'Rtﬁﬂ" ?Xy
?’QﬁLﬁV'/7?Xy'TR{Li" TXy YRECBIV/ 14X 445 =)/ (00X,
3 4F1Zo8/22X92F1265))
WRITE(L,140)
140 FORMATU(L4Xe45(%=-1))
KOUNT = KOUNT + 10400
KCT= KCT + 1%
i CONTINUE
SSR= SSR / BIP
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SSRi= SSRi / BIP

STHETA= STHETA / BIP

SXMy= SXMV / BIP

SCB= 5CB / BIP

SCei= 5CBY / BIP

WRITE(E69120) STHETA,SXMV,SCBySSRySCEIHSSRE
FORMAT(//26X 9" STHETA=? yE15.8/28X9"SXMV="4£15,8/
129Xy *SCB=Y3ELDe 8940 Xy *SSR=V 4 ETIDLB/LEXS'SCBI=",
ZELS58929Xe "SSRI=1,£15,8)

STOP

END

SUBROUTINE ITRZ (XeAWByDELTXsFOFX,
i E19EZ4MAXTI, ICQODE)
X=A

KX=il

LX=0

IF (DELTX)1i14.083,1702

IF (8= A ) 113,113,112
I =4

IF (FOFX({A))1 2,43
XBi=X

IF(LXJNELU)GD TO 10071
X =X+DELTX
IF{X=BYLQCU0 10001004

X=B

LX=1

IF {FOFX(X))igZe4
XB=X
X=X=DELTX/{2%%(I+1))
I=1+41

IF{MAXILTLI)GO TO 444
IF (FOFX{X))&9247
L=1
XX=XR
GO TO 18
=2
XX=X8B1
GO TO 18
XBi=X
IF(KXe NELUYGE TO 1001
X= X#4DELTX
IFI{X-B)iO024100241003
X=B
KX=1
IF{FOFXIX) )5 42432
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B XB=X
X=X=DELTX/ {29901+ ))
a8 I=1+1
IF(MAXILLT1)G0 TO 444
IF(FOFX{X) By 2,495
g L=3
XX=XB
GO TO 18
8 L =%
XX=XB1
18 IF (ABSI{X)~E1)34436437
A7 IF {ABS{{XX=XI/X)=FEL)242417
36 IF (ABS(IXX=X)=E2)242917
17 GO TO (8144981 45),1L
21 XBi =X
X=X+DELTX/ {2 %5 {1+1))
GO TC (99944 999845 ) L
1311 ICODE =2
GO 7O 79
113 1CCDE =4
GO To 7%
1001 ICCDE =3
G0 TO 79
&by JCODE= 3
GO TC 79
2 ICCDE =0
TS CUONTINUE
RETURN
END

FUNCTICON BNOT(YTEM)

COMMON YFL,CMU

BNOT=(1 +CMU/YTEM)SEXP(~CMU/YTENM)=YFL
RETURN

END

SUBRCUTINE CORDER(Z4KR,ZMAX)

FINDS LAST ORDER STATISTIC OF THE SAMFLE Z
DIMENSTION Z(10)

IMAX=7(1)

PO 1 I=Z4KR

ITMAX=AMAXT (ZMAX,2(1))

RETURN

END
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BAYES AND MINIMUM VARIANCE UNBIASED
ESTIMATORS OF RELIABILITY USING THE
TRUNCATED WEIBULL LIFE TESTING MODEL

Thomas W. Jones

Abstract

In recent years, statistical theory has become widely used in
the study of reliability. 1In this study, we shall consider two
types of estimators, namely, the Bayes and minimum variance un-
biased estimators for the scale parameter 6 in the truncated
Weibull life testing model when the shape parameter p is assumed
known. In addition, we shall estimate the corresponding reliability
function of the above estimators. The first type of estimator of
6 and the reliability function we will consider is the Bayes es-
timator using the general uniform, exponential, and inverted gamma
distributions as prior probability demsity functions for the par-
ameter 9. We shall also derive the minimum variance unbiased
estimator (MVUE).

For each prior probability density function, the Bayes estimator
is compared with the MVUE by Monte Carlo simulation. Also, the
Bayes estimators for a given prior density of 6 are compared with
the results of Canavos and Tsokos [5]. Their model was the Weibull

probability density function with guaranteed time T.



	0001
	0002
	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021
	0022
	0023
	0024
	0025
	0026
	0027
	0028
	0029
	0030
	0031
	0032
	0033
	0034
	0035
	0036
	0037
	0038
	0039
	0040
	0041
	0042
	0043
	0044
	0045
	0046
	0047
	0048
	0049
	0050
	0051
	0052
	0053
	0054
	0055
	0056
	0057
	0058
	0059
	0060
	0061
	0062
	0063
	0064
	0065
	0066
	0067
	0068
	0069
	0070
	0071
	0072
	0073
	0074
	0075
	0076
	0077
	0078
	0079

