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Ali Yeilaghi Tamijani

Abstract

The Element Free Galerkin (EFG) method, which isedaon the Moving Least Squares (MLS)
approximation, is developed here for vibration,bung and static analysis of homogenous and FGNepla
with curvilinear stiffeners. Numerical results ftifferent stiffeners configurations and boundargpditions
are presented. All results are verified using tbenmercial finite element software ANSY%nd other
available results in literature.

In addition, the vibration analysis of plates withrvilinear stiffeners is carried out using Ritzthra.

A 24 by 28 in. curvilinear stiffened panel was maeld from 2219-T851 aluminum for experimental
validation of the Ritz and meshfree methods ofafilon mode shape predictions. Results were obtdored
this panel mounted vertically to a steel clampingcket using acoustic excitation and a laser vilatem
Experimental results appear to correlate well with meshfree and Ritz method results.

In reality, many engineering structures are subptd random pressure loads in nature and cannot be
assumed to be deterministic. Typical engineeringicsires include buildings and towers, offshore
structures, vehicles and ships, are subjectedrtdora pressure. The vibrations induced from gustidpa
engine noise, and other auxiliary electrical system also produce noise inside aircraft. Consetyyexit
flight vehicles operate in random vibration envirent. These random loads can be modeled by using
their statistical properties. The dynamical resgsnsf the structures which are subjected to random
excitations are very complicated. To investigatErtdynamic responses under random loads, the neeshf
method is developed for random vibration analy$isuovilinearly-stiffened plates .

Since extensive efforts have been devoted to ghalpuckling and vibration analysis of stiffenechgla
to maximize their natural frequencies and critimatkling loads, these structures are subjected-pdane
loading while the vibration analysis is considerbd.these cases the natural frequencies calculayed
neglecting the in-plane compression are usually pvedicted. In order to have more accurate results
might be necessary to take into account the effe€ts-plane load since it can change the natural
frequency of plate considerably. To provide a betiew of the free vibration behavior of the platéh
curvilinear stiffeners subjected to axial/biaxialshear stresses several numerical examples aliedtu

The FEM analysis of curvilinearly stiffened plagsequite computationally expensive, and the meshfree

method seems to be a proper substitution to retheeCPU time. However it will still require many



simulations. Because of the number of simulatiorsy rhe required in the solution of an engineering
optimization problem, many researchers have triedirtd approaches and techniques in optimization
which can reduce the number of function evaluatibmshese problems, surrogate models for anabysis
optimization can be very efficient. The basic ideaurrogate model is to reduce computational eost
giving a better understanding of the influence lé tdesign variables on the different objectives and
constrains. To use the advantage of both meshfegbat and surrogate model in reducing CPU time, the
meshfree method is used to generate the samples@rid combination of Kriging (a surrogate modek) a
Genetic Algorithms is used for design of curvilingatiffened plate. The meshfree and kriging resahd
CPU time were compared with those obtained uEiB§3PanelOnpt
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1 Introduction

1.1 Motivation

The aerospace industry continuously looks for reduthe weight of flight vehicle structures. Thése
an unending quest for both materials and fabrioatéchniques that can yield structures that arfet-tg
weight yet are robust, durable, damage toleramt,camrosion resistant. Historically, stiffened pianeave
been used in many engineering applicatiang, in aerospace industries, the wings or fuselagarof
aircraft, in ship industries, the hull and the deaid in construction industries, the bridges arfdhofre
structures, to improve the stiffness of a structufgle keeping the weight within allowable limits.
Researchers in flight vehicle structures also regoffig. 1-1) that the use of unitized structgrexpected
to grow exponentially by the year 2020 [1]. Unitizetructures have several benefits including reduce
weight by joint elimination techniques, such astéy or adhesive bonds between a panel and anstiffe
provide stiffeners that are of varying thicknessight, material, and even curvilinear if the loaathpso
demands for an optimal desigre. to achieve a composites-like capability to tadodesign to operational
needs, can directly connect the fabrication todatteial CAD design thus reducing the fabricatioretiamd
cost, and have structures that can be both muttiftimal and can be functionally graded dependingnup
the materials deposited.

These structures usually consist of a base strieind local reinforcement elements called “stiffehe
to improve the static and dynamic characteristiche base structure. The stiffeners are designeddet
the strength or stiffness requirements of a pddicsituation. An economical design is achievedtigh a
proper selection of the plate size and the stiffasime and shape while reducing the overall paregii.

With the advances being made in manufacturing t@olgy, it is now possible to manufacture panels
with arbitrary curvilinear stiffeners. The fabrimat techniquesg.g. Electron Beam Free Form Fabrication
(EBF3)) capability in the manufacturing resultedaimew design flexibility toward unitized structsrdy
using the fabrication techniques, the unitizedatmes can be formed by adding or building up niates
opposed to taking the material away as in machining

To realize this vision of wide-spread use of umeiizstructures requires the development of a
Computational Design Environment (CDE) and knowkedfj fundamental issues of panel fabrication and
others namely, optimization, computational struatunechanics including rapid mesh generation as the
stiffener shape and location changes. Designipgrel with curvilinear stiffeners of varying phyasiand
geometric properties is a computationally intensigaek and requires techniques that are capable of
determining global optimization. There is an aiddial requirement that the constraints used indésgn

be as realistic as determined by an original dircraanufacturer and that designs obtained using
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computational means be experimentally validatedy @men, would the aerospace industry use such a
Computational Design Environment (CDE).

Recently, Kapaniat al. [2] presented some numerical results for optimhesign of curvilinearly-
stiffened panels, Fig. 1-2. They have developedntegrated approach and framework in the MATLAB
environment to achieve optimal designs of EBFJestdd panels under various practical requirements t
reduce the structural weight subjected to bucklamgl stress constraintefc. The codes for several
capabilities, such as NURBS (for geometric modelSTMESH (for mesh generation), 3D display (for
visualization of the stiffened panel), and NASTRAA! finite element commercial sofware), are taken as
subroutines or subprograms. Kapaetaal. demonstrated the feasibility and advantages efpitoposed
technique for the flat panel with straight and dimear blade stiffeners of various layouts andpgsato do
trade studies under static in-plane/out-plane Isatigected to buckling and stress displacementtints.
The weight reduction was the first option for thesigin objective. Later, they developed and evatliate
new response surface approach to find minimal weigtdoing sizing and placement optimization. Sjzin
optimization is done by NASTRAN and placement ojtation by Response Surface approach. The final
goal was to implement the unified automatic placetnaed size optimization of both planar and cuneér
stiffened panels. It was shown in their paper tishg curvilinear stiffeners, in some cases, mayl o
better designs than using straight stiffeners.

The experience towards CPU time of re-meshing afehawhen the location of stiffeners’ shape
changes, shows that one way to reduce the compaier is using of meshless approach in modeling
unitized structures. Unlike the meshing procesh&FEM, in the meshless methods, there is no okad
mesh; the method discretizes the domain of a pnohlsing a set of scattered points, Fig. 1-3. Thenma
advantage of this formulation is that the stiffenean be placed anywhere within the plate and tizeyl
not necessarily follow the nodal lines for the plathis liberates the user from the rigors of pdow a
nodal line along every stiffener and the mesh aivis can be chosen according to the resolutiontgoug
This feature results in the placement and shapa efiffener changing without remeshing the entire
domain, which can decrease the CPU time and behangficial for performing optimization studies. By
using Meshless method, there is no need of convityctor interpolation, different curves can be dder
stiffener and there is no concern of distorted mé&stis capability makes the meshless methods to be
flexible in many features, such as for a sharp damnproblem, crack growth with arbitrary and coexpl
paths, and nonlinear problems. In these casesgelsrwhich are used in FEM can encounter diffieslti

In the conducted research, the Element Free GaléB&G) method, which is based on the Moving
Least Squares (MLS) approximation, is developedvibration, random vibration, buckling and static
analysis of plate with curvilinear stiffeners. Thigst Order Shear Deformation Theory (FSDT) wasduse
for modeling the plate and stiffener. Numericalutesfor different stiffeners configurations andulbdary
conditions are presented. All results are verifisihg the commercial finite element software ANSYS

Excellent agreement is seen in all cases. A comparof the present formulations with other avagabl



results for stiffened plates is also made. The fneslapproach yields highly accurate results ferglates
with curvilinear stiffeners.

In addition, the vibration analysis of plates witlrvilinear stiffeners is carried out using Ritzth.

The Chebyshev polynomial functions are used ad#isec functions in the Ritz method. The major wéhrt
this work is concerned with modeling the curvilingtiffeners and comparing the results with experital
data. In the present method, the geometric pragseui curvilinear stiffeners can be modified withou
changing the plate geometric properties. In theelbged formulations, both eccentric and concentric
stiffeners were studied. Natural frequencies andlenshapes for plate with straight and curvilinear
stiffeners were compared with the results availablthe literature and those obtained using AN3Y/S
good agreement was seen. A 24 by 28 in. curvilirmdfened panel was machined from 2219-T851
aluminum for experimental validation of the Ritzdameshfree methods of vibration mode shape
predictions. Results were obtained for this paneumted vertically to a steel clamping bracket using
acoustic excitation and a laser vibrometer. Expenital results appear to correlate well with the hifree
and Ritz method results.

In reality, many engineering structures are subpktd random pressure loads in nature and cannot be
assumed to be deterministic quit often. Typical ieegring structures include buildings and towers,
offshore structures, vehicles and ships, are stégjeio random pressure. The vibrations induced fgost
loads, engine noise, and other auxiliary electrisgbtem can also produce noise inside aircraft.
Consequently, all flight vehicles operate in randeitoration environment. These random loads can be
modeled by using their statistical properties. @igamical responses of the structures which arpsign
to random excitations are very complicated. To stigate their dynamic responses under random loads,
the meshfree method is developed for random vilmadnalysis of curvilinearly-stiffened plates. TMe&S
approximation is used to construct the cross salegénsity of the nodal force vector. The direainptex
matrix inversion method and normal mode method ased to compute the spectral density of
displacement.

To study the accuracy of the developed formulatfon random vibration, several examples of
unstiffened and stiffened plate under white noied gt noise with different boundary conditions are
presented. The results obtained by the presenbagiprare compared with those available in thedlitee.
Also the meshless results of spectral density spldcement and stress for curvilinearly-stiffenéatep
under white noise are compared with those obtaiséty ANSYS, commercially available finite element
software. The meshfree results appear to corr@latewith other results. In order to study the fstifers
configuration effect on the spectral density oflg&fon and stress, four models including platehwit
straight, inclined and curvilinear stiffeners haween considered and the results are compared. &lso
number of numerical examples are presented to shewnfluence of various parameters such as stffen
stiffness ratio, stiffener curvature and in-plarempression on the random response of the plate with

curvilinear stiffeners.



Since extensive efforts have been devoted to ghelpuckling and vibration analysis of stiffenech@la
to maximize their natural frequencies and critimatkling loads, these structures are subjected-pdane
loading while the vibration analysis is considerbu.these cases the natural frequencies calculayed
neglecting the in-plane compression are usuallypreelicted. In order to have more accurate results
might be necessary to take into account the effafciis-plane load since the in-plane load can clkathg
natural frequency of plate considerably. To prowadeetter view of the free vibration behavior of fhlate
with curvilinear stiffeners subjected to axial/li@xor shear stresses several numerical examples ar
studied. In these set of examples, various plgte@gatios, cross sectional area ratios of tHtesér to
that of the plate and bending stiffness ratioshef stiffener to that of the plate for the platehadne, two
and four stiffeners are studied. It is shown that in-plane load can change the natural frequendyira
some cases the corresponding mode shape of tfemetifplate significantly.

As it was discussed before, since the FEM analysizurvilinearly stiffened plate is quite expensive
the meshfree method is chosen as the analyzedtmeehe CPU time. However it will still require ma
simulations and are computationally expensive. His tproblem, surrogate models for analysis and
optimization can be very efficient. The basic ideaurrogate model is to reduce computational eost
giving a better understanding of the influence toé design variables on the different objectives and
constrains. Because of the number of simulationy be required in the solution of an engineering
optimization problem which can be computationallypensive, many researchers have tried to find
approaches and techniques in optimization whichrednce the number of function evaluations. Mathero
[3] brought the word “kriging" into Anglo-Saxon niing terminology for the first time, and he namedhit
honor of South African mining engineer Danie Krigavfirst reported this method in his Master's thesi
The Kriging method [4] is a method of spatial potidin that is based on minimizing the mean errathef
weighting sum of the sampling values. To use theathge of both meshfree method and surrogate model
in reducing CPU time, the meshfree method is usedenherate the sample points and combination of
Kriging and Genetic Algorithms (GA), is used forsign of curvilinearly stiffened plate. To study the

accuracy of the predicted response by Kriging ctless-validation error is computed.

1.2 Vibration of Stiffened Plate

A number of analytical and numerical models for éimalysis of the stiffened plates have been regorte
in the literature. Earlier researchers simulatetfesied plates with grillage models [5] or orthgiio
models [6]. A more accurate model is achieved lpregenting the plate and stiffeners separately and
imposing appropriate continuity between them. Olserd Hazell [7] presented a theoretical and
experimental comparison study on the vibrationstiffened plates. The finite element method anéa r
time laser holography were used for the theoretjmadictions and the experimental verifications,

respectively.



e  Finite Element Method

Bhimaraddiet al.[8] developed a finite element model for the aseyof orthogonally stiffened shells
of revolution. They used shell and curved beam efem in their model. These two elements were
isoparametric elements in which the effects of sldeformation and rotary inertia effects were tak&n
account. A finite element model was introduced tioe free vibration analysis of stiffened plates by
Holopainen [9]. The main advantage of this plateedieg element as compared with the other finite
element models, is that this element is free frbeas locking. A stiffened plate element for thelgsia of
laminated stiffened plates has been developed byafuand Mukhopadhyay [10]. The stiffened plate
element includes the effects of transverse shda.element has no restrictions on the mesh diviaiah
can include any number of stiffeners.

Gangadhara Prusty and Satsangi [11] presented atalysis of stiffened shells. The shell is anaedyz
using an eight-noded isoparametric element andstiffener element is considered as a three-noded
isoparametric curved beam element and the stiffnestsix is calculated using the standard princiés
finite element analysis. Also a new four-nodedfstiéd plate bending element was proposed by Badk a
Mukhopadhyay [12] for the analysis of both unstiféd and stiffened plates. This element was detiyed
combining the four-noded rectangular plane strémment having 8 degrees of freedom with the sintples
rectangular plate bending element having 12 degrefgeedom. One of the advantages of their apprégc
that the orientation and the position of the stiffies inside the plate element are without anyiotistn and

hence need not necessarily be positioned betwedesno

* RitzMethod

The Ritz method was also used for solving freeatibn of stiffened plate. Cheat al [13] used Ritz
method with B-splines as the trial functions. Ieithresearch, the spline compound strip methoduwsesl.
The spline compound strip method can be considasea special form of the finite element method. The
free vibration analysis of intermediate stiffenftd] and inclined stiffeners [15] is studied by wiet al.
The Mindlin theory was incorporated to derive thenfulation; the transverse shear deformation is
included in their formulation. Liewet al.[14], [15] used the Ritz method with a set of dienpolynomials
and their approach was able to enforce the diffeggometric boundary conditions of various plates
considered.

Smith et al. [16] used the Rayleigh Ritz method, with a polym@nbased displacement function, to
study the buckling behavior of rectangular plafésey studied different aspect ratios and combimnatiof
clamped, simply- supported and free edges. Thelsiaapd classical orthogonal polynomials are used in
the Ritz method. The orthogonal polynomials werel§iishev, Hermite, Legendre and Laguerre. They
showed that orthogonal polynomials have better eayence characteristics in plate buckling problants
the simple polynomial is the preferred displacemtmiction for unilateral plate analysis due to its

simplicity and computational speed for iterativéution procedures.



Differential Quadrature (DQ) method proposed byifBahet al [17] has been used in the area of plate
analysis and a large number of publications cafobed in the literature. Zeng and Bert [18] studikd
free vibration of eccentrically stiffened platesusing DQ. The DQ is a numerical technique fori@hiand
boundary value problems. It is based on the appration of a function and hence its partial derivedi
with respect to the space variables, within a domiay a linear sum of function values at all disergrid
points.

The Discrete Singular Convolution (DSC) method waseloped by Wei and his associates [19] and
was implemented to analyze the free vibration pfaie. The DSC algorithm is based on the distrdouti
and wavelet theories. Numerical solutions to thiéedintial equations are formulated via the singula
kernels of data type. The DSC is able to predighHiequencies of plates (Zhao al [20]); however the
versatility and applicability of the DSC method fapre complicated structures have not been reported

As it has been mentioned earlier, many methodotodiave been implemented for various free
vibration stiffened plate problems. These methodtude analytical and numerical techniques, sudheas

Ritz method, differential quadrature method, firstep method, and the finite element method.

*  Meshfree Method

In recent decades, meshless methods have attnaicteld attention due to the need of no elements for
interpolation purposes. Belytschkt al [21] developed Element Free Galerkin (EFG) methand used it
to model the elasticity and heat conduction proklelfioving Least Square (MLS) is used to constraet t
shape function. Belytschket al introduced a background cell structure to fintegnation by numerical
quadrature and Lagrange multipliers is used toreefessential boundary conditions.

Krysl and Belytschko [22] developed meshless apgrdar the analysis of the arbitrary Kirchhoff
shells by the Element Free Galerkin (EFG) methda 3hell theory used was geometrically exact that ¢
be applied to deep shells. The method is based @ning Least Squares approximation. The Element Free
Galerkin (EFG) method is almost identical to thenantional finite element method, as both of them a
based on the Galerkin formulation, and employ léctrpolation to approximate the trial functiofihe
key differences lie in the interpolation methodgegration schemes and in the enforcement of dakent
boundary conditions. Belytschlet al [23] also studied different features of the kémethods, Moving
Least Square methods (MLS), and partition of unigthods. It was shown that these methods can have
similar features; especially the MLS method, iftagr conditions are imposed, can be similar tokibxamel
method. Two kinds of meshless methods, collocatiethods and Galerkin methods were also considered
by using the MLS and partition of unity methods aadhvergence of these methods for various strugture
were studied.

Penget al.[24], [25] used Element Free Galerkin (EFG) mdtfar the static and dynamic analysis of
plate with straight stiffeners ix andy directions. It has been shown in their paper byatising the EFG
method they avoided the need for remeshing thairecwsith FEM because the stiffeners need to beeplac

along the mesh lines and the change of the stiffieosition leads to remeshing of the entire platadin.
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The Moving Least Square (MLS) is a method of retmigting continuous functions from a set of data.
Researchers have applied the MLS technique inrthlysis of solid mechanics problems by developimgy t
meshfree method (Pengt al. [24]). Recently, the MLS data interpolation tecjug was utilized to
establish the Ritz method for the vibration anaysf plate by Zhou and Zheng [26]. The geometric
boundary conditions of the plate can be enforceduiih a point substitution technique. They studresd
convergence, the influence of the MLS mesh size,MiL.S support radius and the number of Gaussian
integration points.

One of the main issues in numerical analysis isGR& time and it is obvious that remeshing (e.g. in
shape optimization) will increase it. Bobaru andkierjee [27] studied the shape optimization offthet
using Element Free Galerkin (EFG) method and tlseilt® were compared with the FEM, BEM and
Boundary Counter Method (BCM). They showed that ¢hst of remeshing, which is required in many
shape optimizations using FEM or BEM, can be elated by using EFG method.

» Random Vibration of Stiffened Plate

In reality, many engineering structures are subptd random pressure loads in nature and cannot be
assumed to be deterministic quit often. Typical ieeering structures, include buildings and towers,
offshore structures, vehicles and ships, are stégjeo random pressure. The vibrations induced fgost
loads, engine noise, and other auxiliary electrisgbtem can also produce noise inside aircraft.
Consequently, all flight vehicles operate in randeiforation environment. These random loads can be
modeled by using their statistical properties. @iiamical responses of the structures which arestdn
to random excitations are very complicated. To stigate their dynamic responses under random loads,
different approaches have been introduced.

Olson and Lindberg [28] studied the random respaisiategrally stiffened plates. They used finite
element method to model the structure. A particatafiguration of a five-bay panel with length tadii
ratio of 5 to 2 was taken as an example in theidyst A triangular plate bending elements and beam
bending and torsional elements were used to mbéeplate and stiffeners, respectively. First, @laad
Lindberg compared the natural frequencies and spording mode shapes of the stiffened panel using
finite element method with those predicted expentakly. Then they compared the results of the p&mel
the jet noise excitation with the experimental hessuThe method was based on the standard modal
superposition approach using the mode shapes eldt&iom finite element solution. To obtain the ramd
response of a stiffened panel, the consistentefigtement method is applied in their research for
calculating the cross spectral density. To simplify integrations involved in the cross spectraisitg of
the generalized forces, Olson and Lindberg appratech the cross spectral density over each element b
using a polynomial in the local coordinates.

Dey [29] also applied the finite element methodotitain the response of a structure subjected to
random loads. The author used two well known methditect complex matrix inversion method and

normal mode method, to obtain the response of tstres. In both methods, Dey assumed that the same
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random pressure is acting over the whole contmigugéirea with full correlation. This assumption aial
the lumping of pressure around a node to form aah@mrce spectral density matrix. This method was
illustrated using a truss, a beam and a plate eleme

Yang and Kapania [30] used the finite element me:tieostudy the random response of a cooling tower.
The authors employed the displacement shape fursctid a 48 degree-of-freedom shell element to form
the cross spectral density of the nodal force vedibe shape functions were also used to reprebent
cross spectral density at an arbitrary pair of olocated within two different elements. The Garss
quadrature was used for the integrations involwedhie cross spectral density instead of assuming a
polynomial form for cross spectral density [28].

Mukherjee and Mukhopadhyay [31] studied the randebmation analysis of stiffened plates using
finite element method. In their formulation, théfeher need not necessarily be connected betwaen t
nodes and it can be located anywhere within theepdéement. The element is isoparametric quadratic,
which has advantages such as accommodating irrelgolendaries, laminated materials and accounting fo
shear deformations, which extends its applicabibtpoth thin and thick plates. The Gaussian queadgas
used for the integration of force cross spectraisitg matrix. Mukherjee and Mukhopadhyay obtairiesl t
random response for straight, curved and skeventfl plates subjected to white noise and jet noise.

Lyrintzis and Vaicaitis [32] developed an analytisalution to predict dynamic response and noise
transmission of discretely stiffened, multilayeredmposite panels. They obtained the sound pressure
levels in the interior of the enclosure by couplithg acoustic field to the sidewall vibrations bkt
stiffened structure.

In most of the research that has been mentiondigredhree approaches have been employed to find
the integrations involved in the cross spectralsitgna) Gaussian quadrature to evaluate double, de
approximate the cross spectral density over eaahesits by using a linear function and c) assumiettiea
same random pressure is acting over the whole ibatitrg area with full correlation. Liet al [33]
suggested an efficient formulation of consistemidman loads. They approximated the cross spectral
density by interpolating the cross spectral densftpodal points to approximate the continuous eand
pressure field. They applied this method to beam plate element to find the random response of
structures under white noise and jet noise.

Dogan [34] studied the linear and nonlinear vilmagi of antisymmetric angle-ply laminated plates
subjected to random loads. In their research rangosssure is simulated by using the Monte Carlo
method. The author obtained the spectral dendiigiinear and nonlinear responses. It was showhttie
linear approach overestimates the displacemettifw-random inputs.

Joshiet al. [35] studied the optimal design of curvilineasiyffened plate subjected to a point
excitation. In their research, the objective fuoistivas the radiated acoustic power and the constnais
the total mass of structure. The authors considéredhape and sizing optimization to reduce theated
acoustic power. They used MD NASTRANa commercial software, to obtain the structuesponse,

Rayleigh integral to find the acoustic and VisuallfQa commercial software, to find the optimal design



It was shown that by optimizing the curvilineaffstiers size and shape, an overall reduction a2dblin

radiated acoustic power can be achieved.

» Stiffened Functionally Graded Plate

Recently, a new class of materials known as “Fonelly Graded Materials” (FGMs) has been
introduced to the literature. The concept of fumudlly-graded materials was first suggested byoaigiof
Japanese scientists in 1984 to address the needggpéssive environment of thermal shock. The
Functionally Graded Material (FGM) is usually mddem a mixture of ceramic and metal. The metal rich
part can increase mechanical properties, such wghbtess and the ceramic rich side can increase the
thermal resistance. Due to these properties, thetifinally-graded material can have a superioistasce
to interfacial failure and may be used in variotimiures in high speed aircraft and space vehicles
applications as a thermal barrier.

Reddyet al [36] and [37] studied the static and dynamic oase of the functionally-graded material
plates and shells. In both papers the propertiegded in the thickness direction according wolame
fraction power-law distribution.

Yang and Shen [38] studied the free vibration oM-@ate which the material properties are assumed
to be temperature dependent, and graded in thé&n#sgs direction according to a volume fraction
exponent. They used one dimensional differentighdgature and the Galerkin procedure, and mode
superposition method to solve the free vibratioobpgm and transient problem, respectively. The FGM
plate is assumed to be initially stressed, anditffieence of the magnitude of the stress on natural
frequency was studied in their paper.

Qian et al [39] applied the Meshless Local Petrov-Galerkiptmod to study the free and forced
vibration problem of thick FGM plate based on higheder shear and normal deformable plate thedng. T
plate material is assumed to be made of two isatromterials with properties varying in the thickae
direction.

Zhaoet al [40] developed an element-free kp-Ritz methodetasn the first-order shear deformation
plate theory for free vibration analysis of funciély-graded plates. The displacements are appieidn
using kernel particle functions. They studied th#uences of the boundary conditions, volume fiacti
exponent, and length-to-thickness ratio on theueagy of FGM plates.

He et al [41] presented a finite element formulation ftbea the classical laminated plate theory for
the shape and vibration control of the functiongitgded material (FGM) plates with integrated
piezoelectric sensors and actuators. They stutieéhfluence of the volume fraction exponent ondtaic
and dynamic response of FGM plate. They also shathegassive and active control of FGM plate using
piezoelectric layers.

Sheng and Wang [42] studied the buckling and vidmadf functionally-graded cylindrical shells with
ring-stiffener using Ritz method. The temperatuigridbution is found by solving the heat conduction

equation across the shell thickness. The effethafmal loading on the critical buckling load aratural
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frequency of functionally-graded cylindrical shellsth ring-stiffener was studied in their resear¢hey
also investigated the effects of stiffener's numhed size on natural frequency of functionally-gmd
cylindrical shells.

Birman and Byrd [43] studied the stability and frélerations of rectangular functionally-graded pane
reinforced by a system of parallel stringers. Tfmynd the closed-form solution of the problem farge
aspect ratio panels with simply-supported long sdgebitrary boundary conditions along the shogesd
and arbitrary spacing between the stringers anaiihes sections of individual stringers. They dtaand
the optimized size of stringers and their spacorghie buckling loads or fundamental frequencies.

Najafizadehet al [44] derived a closed form solution for the @dti buckling load of functionally-
graded cylindrical shells stiffened by rings andnsgfers. They studied the effects of the volumetfoam
exponent and the thickness of shell on the critmatkling load. Cheret al [45] also studied the free
vibration and buckling of FGM plates subjected teplane loads based on higher-order deformation
theory. The initial stresses are assumed to bembication of a uniaxial extensional stress and & pu
bending stress. In their study, the effect of vaufraction on vibration and buckling was examined.
Malekzadehet al. ( [46], [47]) studied the three dimensional freébration of FGM annular plates under
thermal environment and FGM plates on elastic fatiods. They used differential quadrature method
(DQM) to solve the thermoelastic equilibrium eqoai and equations of motion. The results for
convergence behavior, the effects of the temperatise, the geometrical parameters, material graded
index, coefficients of elastic foundations and baany conditions on the frequency parameters are

presented in their papers.

1.3 Buckling of Stiffened Plate

The study of stability of stiffened plates has agdistory. The wide-spread application of stifféne
plates has resulted in different methods for perfog an appropriate structural analysis of thes¢egl A
large number of studies on bending, buckling angdration of stiffened panels are available in the

literature.

*  Semi-Analytical Method

Timoshenko and Gere [48] presented numerical téfblelsuckling loads of rectangular plates stiffened
by longitudinal and transverse ribs. The effeceofentricity of the stiffeners on the stress-stragirix
was introduced by modifying the second moment ehaf the stiffener by Seide [4%olakowski [50]
presented a semi-analytical method for the bucldinglysis including modal interaction of prismatlate
structures using trigonometric series. A semi-aiady model for global buckling and postbuckling
analysis of stiffened panels was proposed by Bykéitral. [51]. In their research, the loads were biaxial

inplane compression or tension, shear and lateedspre. By using the principle of virtual work and
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assuming deflections in the form of trigonometriendtion series, they solved the buckling and
postbuckling analysis of stiffened panels. Pertiiobamethods were used for solving the nonlinear
algebraic equilibrium equations which are generatethe principle of virtual work.

Brubak, Hellesland, and Steen [52] presented a-apatytical model for buckling strength analysfs o
stiffened plates with arbitrarily oriented stiffese By using the proposed model, stiffened platéh wi
different boundary conditions can be modeled. I dtrain energy formulations, which are considéned
their research, the coupling terms between benaimgmembrane components for the plate and stifener
were ignored. Later, Bedair [53] discussed thatesithere are other several papers on the buckling o
stiffened plates available in the literature, Brkited al. should have compared the efficiency of their
formulations to some of these methods, since tte dlaimed that their's is an efficient method. Als
Bedair discussed that the authors ignored the ibaitibn of torsional rigidity of the stiffeners itheir
formulations and pointed out that Brubetkal. should have mentioned that this assumption is/alid for
the stiffeners with closed sections. The lack afisg the assumptions relating the displacementhef
stiffeners to the midplane displacements of theeplnoring the coupling terms between bending and
membrane components for the plate and stiffenedlscamparing the computer speed of their solution to
the ANSYS were also discussed by Bedair.

*  Finite Element Method

Several finite element models are developed toyamabuckling of a stiffened plate. Shastry,
Venkateswara Rao, and Reddy [54] studied finieeneint model for the plate and stiffener and apptied
to the stability analysis of stiffened plates sobge to arbitrary inplane loading. Mukhopadhyay and
Mukherjee [55] applied the finite element model fbhe buckling analysis of the stiffened plates. The
stiffened plate was modeled by using isoparaméteicding element. In their formulation, the stiffene
nodes need not to be necessarily connected to tfabe plate and they can be located anywhereiwith
the plate element. The element developed by Muktiiogey and Mukherjee is an isoparametric quadratic
element and has the advantages that it can repriesgular boundaries, laminated plates and caowatt
for shear deformations.

Biswal and Ghosh [56] developed a four-noded repitar element with seven degrees of freedom at
each node for a laminated plate. They used a higittear shear deformation theory which can expla@ t
parabolic distribution of transverse shear stresseisthe nonlinearity of the inplane displacement®ss
the thickness. The stiffness of the stiffener feoted at all four nodes of the plate element hicl it is

located. However, in Biswal and Ghosh'’s paper stiféener element can be placed parallel to ¥her y

directions only. The stiffness matrix of a stiffenplate element consists of the contributions ef plate
and that of the stiffeners. A nine-noded plate eletrand a three-noded stiffener element were dpedlo
by Sadek and Tawfik [57] to model the stiffenednpmsite plates. The model is based on a higherorde
shear deformation theory which is derived out ofpewer series expansion of the mid-surface

displacements. The model is applicable for both enaéély thick and thin stiffened composite plat@g.
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using the transformation matrix, the stiffener ropgarameters transform to the plate nodal parameter
Consequently, the stiffeners can be positioned aeya within the plate element along lines of camsta

natural coordinates and need not necessarily lmeglan the plate nodes.

* RitzMethod

Guot and Lindner [58] developed a material and getdmnonlinear spline strip method to analyze the
stiffened panels subjected to axial compressioryThentioned that since the collapse of stiffenaaep
made of thin steel plates is often caused by itfiteraction between the local buckling ok tplate
and stiffeners and the overall buckling dfe twhole stiffened panel, they studied the elgststic
interaction behavior of the stiffened paneltdkhoff hypothesis was used to model both the @at:
the beam. The residual stresses and initial ge@rietperfections are considered and their effectshe
ultimate strength of the stiffened panel were cderssd.

Kapania and Li [59], [60] studied the geometricalact finite strain curved twisted beam theoryhwit
large displacements/rotations and extended usirtbomormal frames and the rigid cross-section
assumption. Except for the rigid cross-section mggion, no further approximations were made in the
formulations. All reference frames are orthonorraatl therefore the geometric aspects become more
direct. They used the principle of virtual workderive the equations for initially curved/twisteeams by
considering the first Piola-Kirchhoff stresses. Tieveloped formulation can be used for 3-D natural
curved/twisted slender beams with finite straind amtations. Several examples for slender beamscase
were presented to test the developed element fatimonl Since the initial curvature correction teisn
considered by Kapania and Li, especially when Itergr dynamic responses are concerned, their

formulation may give more accurate results.

*  Meshfree Method

To avoid meshing, a tedious and time consumingraffé a domain using finite elements, meshless
methods are increasingly being used to solve pnoble solid mechanics. In the meshfree methods, the
displacement approximation is defined based on taokgarticles in the influence domain. Various
approaches have been proposed in the literature. divthese approaches are the Element Free Galerkin
(EFG) [22]using Moving Least Square (MLS) and the Meshlessal Betrov-Galerkin (MLPG) [61] using
MLS or Symmetric Smoothed Particle HydrodynamicSH8) [62].

Atluri and Zhu [61] proposed a Meshless local Petgalerkin (MLPG) method, which is a truly
meshless method. Remarkable successes of MLPG dhétinee been reported in solving convection
diffusion problems, fracture mechanics problems glate bending problems.

Batra and Zhang [62] proposed a new and simplentquk called the Symmetric Smoothed Particle
Hydrodynamics (SSPH) method to construct basistioms for meshless methods that use only locations
of particles. The idea is based on approximatingvdgves of a function without differentiating thmasis

functions. By using Taylor series the function eated to neighboring nodes. In this method, the
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restrictions on the choice of the kernel functioa fewer than those for other SPH methods. Consgigue

it is possible to use a wider class of kernel fiomg. They used their proposed basis functions for
constructing the strong and a weak form of equatianequilibrium for a 2D elastic problem. Lieat al.

[63] emploed a meshfree Galerkin method for thetelanalysis of stiffened and un-stiffened folgdates
under partial in-plane edge loads. The developeahdtations are based on first-order shear deformatio
theory (FSDT). They compared their results thodaiobd using ANSYS.

» Effect of In-Plane Load on Natural Frequency and Modeshapes

Smithet al [64] presented analytical and experimental tesuh the resonant frequencies of vibration
of damped stiffened and un-stiffened plate. Thea# of point masses and in-plane loading werdedud
in their research. Kielb and Han [65] developedatical solutions for the natural frequency and enod
shape of a rectangular plate subjected to in-pleytgostatic forces for different aspect ratios, tdary
conditions and load magnitudes. They showed thats@ome combinations of aspect ratio, boundary
conditions and edge loads, the unloaded fundamemidk shape and the mode shape of plate subjected t
in-plane loads are completely different.

Attaf and Hollaway [66] studied vibration analysisun-stiffened and stiffened composite platese Th
effect of in-plane load was considered in the fertpy response. They discussed the dynamic respdnse
rectangular composite plates subjected to statptane compressive loads. The finite element methasi
used to predict the dynamic behavior and criticackting loads of in-plane loaded plates. The
experimental technique was implemented to verify dmalytical analysis; however, the plates were not
loaded to their critical load values.

Srivastaveet al. [67] solved the vibration analysis of rectangudtiffened plates subjected to in-plane
partial edge load. They used finite element formoia to solve the buckling load and frequency
parameters in various modes with different boundamyditions, aspect ratios and various parameters o
stiffened plates. The nine-noded isoparametric tpimdelement was used to model the plate. In their
formulation, the stiffener may lie anywhere wittdrplate element. Srivastaea al. [68] also solved the
same problem for the stiffened plates with cutcutigjected to uni-axial in-plane uniform edge logdat
the plate boundaries using the finite element nktAdey presented the effects of size and location
cutouts, aspect ratios of the plate and cutouferiht boundary conditions and stiffener parameters
buckling and vibration characteristics of rectamgdtiffened plates with cutouts. It is mentionadheir
papers that the developed element can be appliadtaicture having irregular boundaries such agecu

boundaries.
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1.4 Optimization Using Surrogate Model

For shape and size optimization of curvilinearfstiérs, the optimization scheme needs to explare th
design variable space. One major issue in thislpnolis the long running time of the analysis. Sitioe
Finite Element Method (FEM) analysis of curvilingastiffened plate is quite expensive, the meshfree
method is chosen as the analyzer to reduce the @R Since the remeshing is avoided in meshfree
methods, they are faster than FEM when the stiffshape changes while plate width and height ap¢ ke
unchanged. This gives a great capability in redytie CPU time during optimization process.

Because of the number of simulations may be reduirehe solution of an engineering optimization
problem which can be computationally expensive, ynasearchers have tried to find approaches and
techniques in optimization which can reduce the lnemnof function evaluations. Work by Schmit and
Farshi [69], for example looked at various appmmadion concepts to improve the efficiency of stouat
optimization. They considered the number of indeleaih design variables to reduce it by employing
design variable linking, the number of constraiotseduce it by considering only critical and neatical
constraints, and the number of structural analyseseduced by employing first order Taylor series
expansion. It was shown in their research thatgusaiprocal variables also can improve the qualitthe
linear approximations for displacement and strespanse.

In a design process, it frequently occurs thatabjective function or constraints are not expreseea
closed-form equation. In these cases, having alsiagproximate function (called a surrogate mouél)
save computational time and could be used by aaloptimizer. Some of these surrogate models are
shown on the left side of Fig. 1-4. Also some papulobal optimizers that are being used in stmattu
shape and size optimization are shown on the siglet of Fig. 1-4.

Jones [70] presented a categorization of variqusaaches for using response surfaces for global
optimization. For each method an example were ptedeto highlight the advantages and disadvantages
and show the failure modes of each method, whichetimmes is not very obvious. In his research, the
response surfaces were categorized as the nopétaéng and interpolating response surfaces. & wa
reported that non-interpolating surfaces, suchitsdf quadratic surfaces, are not reliable becdhse
surface may not sufficiently capture the shapehaf tunction. For example, it was shown that with
quadratic surface, which is a non-interpolatingfaee, adding additional points would not necesgaril
result in a more accurate surface, however in esttfor interpolating surface, like natural cubdines,
adding new points will improve the accuracy.

Simpsonet al. [71] compared second-order response surface agthdk for approximating non
random, deterministic computer analyses. They agdioth methods to do the multidisciplinary design
an aerospike nozzle. They performed error analygiaphical comparison, and optimization, using
response surface and kriging. It was shown that bogéthods can predict well and kriging are slightly

better than response surface. It was also reptitdfor aerospike nozzle optimization, responséase

14



requires fewer analysis and gradient calls tharnktiggng which can be due to the fact that secorako
response surface is a simple second-order polyhavhigreas the kriging is more complex.

Neural networks can be also thought as anotherofi@eveloping response surface. Carpepteal.

[72] used neural networks and polynomial approxiomet to develop response surfaces and compared the
performance of two approximations based on the murobfunction evaluations that each one requites.
was reported in their research that neural netwoaksbe very accurate at sample points, and higfuer
approximation can be obtained by simply includingren nodes. However, they also reported some
disadvantages of neural networks versus polynoraggdonse surface. One is the training of the natshw
could be very lengthy and cause the computatiarstlia learning.

The response surfaces generated by using krigidgnearal networks were also compared by Saétta
al. [73]. It was shown in their paper that neuralameks results are closer to the exact results Kniying
results. However, it was also reported that thénoph solution of the estimated function using thigikg
method is closer to the original than that obtaibgdising neural networks approximation. They régmbr
that it might be due to the fact that the approxeddunction using neural networks generates thpamse
surface by minimizing the sum of the approximatorors at the sample points; however kriging getesra
the response surface by minimizing the averagersagreor at each region. They also described atsirai
optimization method by using kriging estimation aadgradient optimization and applied it to the
eigenfrequency optimization of a stiffened cylinder

Queipoet al [74] discussed the issues that arise in theogate based analysis and optimization such
as the design of experiments, surrogate selectidrvalidation, sensitivity analysis, and how todrorate
surrogates in optimization efforts when constraiate present. They presented both parametric (e.g.,
polynomial regression, kriging) and non-parame{gay. radial basis functions) surrogate models. The
parametric models assume that the global functiforah of the relationship between the responsethed
design variables is known, while the non-paramatnies use different types of simple, local models i
different regions of the data to build up an ovenabdel. Queipcet al. also presented the multi-objective
optimal design of a liquid rocket injector to iltuate the issues and usefulness of surrogate mdéalels
multi-objective optimization.

Building the review conducted by Queipbal., Forrester and Keane [75] took a more in depdik lat
the range of surrogate modeling methods and irridéria and presented the advantages and disadyest
of each method. They discussed in their paper gugnomial models can model simple problem in few
dimensions. Moving Least Square (MLS) can be a gagtbgate model for more complex analysis, but is
still limited to lower dimensions, fixed bases RddBasis Functions (RBFs) are suitable for higher-
dimensional, but simple analysis, and kriging aathmetric RBFs, because of the expense of traioiny,
be used for relatively low dimensional problemswéger kriging and parametric RBFs have the potentia
to provide more accurate predictions.

Sakataet al. [76] applied the kriging estimation and gradiemtthod to the size optimization of a

stiffened plate. They compared their results witbse obtained using neural networks approximation.
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their research the eigenfrequency of stiffenedepiat maximized while the mass of structure is kept
constant. They reported the effectiveness of tigirig and optimization algorithm using gradient hret.
Continuing on curvilinearly stiffened panel, Gurand Kapania [77] developed a framework
(EBF3PanelOpt for design optimization of unitized structuresRYTHON programming environment.
The finite element commercial software, MD.PATRAN@id MD.NASTRAN®, were used to
parametrically create and analyze a detailed fielement model of curvilinearly stiffened plate and
VisualDOC®, an optimization commercial software,swesed to find the optimal design. While optimizing
the mass of the stiffened panel, constraints wéaeed on critical buckling load, von Mises stressl a
crippling. The optimization included the shape adlas sizing design variables. With tE8F3PanelOpt
environment Joshi et al. [35] and Dang et al.] Et8died the optimization of stiffened panels ¢dasng

various responses, such as structural acousticdandge tolerance.

Unitized Structures Utilization

In-plane load

Fig. 1-2 A curved panel with arbitrarily oriented stiffeners and its finite element mesh [2]
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Meshfree Model
Plate nodes Stiffener nodes

Fig. 1-3 A meshfree model of panel with curvilineastiffeners
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Fig. 1-4 Using surrogate models and global optimize in design
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2 Vibration of Curvilinearly Stiffened Plate Using Element Free
Galerkin Method

2.1 Introduction

The Element Free Galerkin (EFG) method, which isedaon the Moving Least Squares (MLS)
approximation, is developed for vibration analysfsunitized structures, e.g. a plate with curviline
stiffeners. The plate and stiffeners are modeledguthe First Order Shear Deformation Theory (FSDT)
and Timoshenko beam theory, respectively. The Mplieast Squares approximation does not satisfy the
delta function property. Consequently, an approtiomamethod, e.g. the well-known penalty method,
must be used for imposing essential boundary camdit A key benefit of using EFG for vibration aysb
of stiffened panel is that the locations and cumeg of the stiffeners can be changed without nyodif
the plate nodes. Numerical results for differerffesters configurations and boundary conditions are
presented. All results are verified using the comuiaé finite element software ANSYS Excellent
agreement is seen in all cases. A comparison optbgent formulations with other available restdis
stiffened plates is also made. The meshfree apprgeids highly accurate results for the plateshwit

curvilinear stiffeners.

2.2 Formulation of the Problem

e Strain and Kinetic Energies of the Plate and Stiffener

Based on the first order shear deformation thg@8j, the displacement field of a plate is expresss:
U (XY, z9=y (% yd+ & (xy)
Vy(X YV, z 9=y (X yd+ 2, (xy} (2-1)
W, (%Y, z9=w (xy)d

where UX ,V,,and V,, are the displacement components alongxhey and Z directions, respectively,

y y

¢px and ¢py are the rotations with respect to tlyeand x axis, up ’Vp and Wp are the midplane
o (] 0

displacements anf) indicates the plate (Fig. 2-1). The strains asdedi with these displacement

components are [79]
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(2-2)

(2-3)

where hp is the thickness of the plat;s the area of the platg, is Young’s modulusy is the Poisson’s

5
ratio and KG is the shear correction factor (It is takenkag = 6 ). The strain and kinetic energies of the

plate can be written as [79]:

1
U, —Eisp DpspdA

1. . )
T, :EjAu;mpupdA
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where the dot represents the differentiation watspect to time, anmp is

hy, 0 0 0 O

0O h 0 0 O

h3
_ 0O 0 -2 o0 o
m, = Pp 12
h3
0O 0 0 -2 o
12

wherepp is the density of plate material.

¢py/

Fig. 2-1 Directions of the generalized displacemenbf the plate

x

'L_/

R s a

Fig. 2-2 Local and global coordinate systems for cuilinear stiffener
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Line [ in a three dimensional global coordinate systémy and Z is shown in Fig. 2-2. The local
coordinates ar¢, n and b in tangential, normal and binormal directions pesgtively. R is the radius of
curvature, and the curvature is in the—Yy plane, consequentl) is in Zdirection. @ is the angle
between thd and X axes. The lind" can be defined by:

X=X({)
y=y({)

in which X and y are global coordinates ar@ is the natural coordinate for parameterizing theveuas

(2-6)

can be seen in Fig. 2-3. ThetJ which is the Jacobian of the transformation, feyefined as [80]:

(a) (b)
Fig. 2-3 (a) Curved stiffener inx—y plane; (b) Its transformed plane.

detd = (3" + (G0 @)

The curvature [80]:

dx d*y dy&>§

1_'ddd¢? d¢dg? (2:8)
R (detd ¥

1
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— n
6
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Ugnl>

Fig. 2-4 Directions of the generalized displacemenbf the stiffener
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The strain vector can be written as [80]

1 d 1

T = 0 0 0
detJ dJ R
, Lo 1do 0 o |(u
y R detd df v
£ = ’ = 0 0 1 1d 6: = LU 2-9
s yn - detJdZ t (~ =sYs ( )
Ky 6,
Kn detd dZ R Yo
0 0 211 d
i R detJ d

where u.. vV, and W, are the reference plane (which in this researghidsed in the mid-plane of the

plate) displacements along tiie N and b directions, respectively anﬁt and Gn are the rotations with

respect to thd) andt -axis (Fig. 2-4). The displacement fields in termshe global coordinate system are
(Fig. 2-2)

4] [cosr s 0 0 0%
V,| |-sina cosr O 0 0V
u=:4+=| 0 0 comr sim g, =Ny (2-10)
4, 0 0 -simr cozr Q|4
wj | 0 0 0 0 1 g
where uSo' V% and WSO are the reference plane displacements alongXhey and Z directions,

respectively anc¢sx and ¢sy are the rotations with respect to theand X axis. By using Eq. (2-9), the

strain in global coordinate system can be written a
& =LAu, (2-11)
The matrix Ls is defined by Eq. (2-9). The strain energy canléfned as:

U, = ;ﬁlgz D, detdd (2-12)

where the generalized stiffener stress strain médrian isotropic material is:
[EA, O 0 EAS 0 |
0 G.A, 0 0 G.,AS
0 0 G.A 0 0 (2-13)
E.AS 0 0 El, 0
0 GAS 0 0 G|

In the above equatiofs is Young’'s modulus@s is shear’s modulusAs = bshc, wherebS and hs

are the width and height of stiffener, is the stifrs cross-sectional aredjis the centroidal distance of the
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stiffener to plate midsurface),Ah = knAS and Ab = kb AS where kn and kb are the shear correction

factors and,BY1 and Ab are the shear arealsn is the second moment of the stiffener cross sectiea

1
aboutn-axis, and J, is torsional constant of stiffener which an appnoaie J; = éhsbg is used. For

o o _ _1 .3 ~_hy h
concentric stiffener and eccentric stiffener we éag =0, In —:I_—sthS and S = 7+ES
Iy = Sb i+ AS? i ineti i

n-— TZ dlg SS , respectively. The kinetic energy can be written a
T = ; 1L(A0)T m(Au,)detddd (2-14)
where
A 0 AS 0 O]
0 A 0 AS O
m=p/AS 0O I, 0 O (2-15)
0 AS 0 I,+1 0
| 0 0 0 0 A |

where ps is the density of stiffener material arig is the second moment of the stiffener cross section

area about-axis.

e Description of the MLS Approximation

In the following section, we provide a brief deption of the MLS approximation and also introduce

the notation and some definitions. Consider a soiaio QX, the neighborhood of a poinX and denoted

as the domain of definition of the MLS approximatir the trial function atX , which is located in the

problem domainQ). To approximate the distribution of functidh in Q, ., over a number of local nodes,
the Moving Least Squares approximmﬂ(X) of u; UxJQ,, can be defined by:

u"(X) = p' (X)a(X) Ox0Q, (2-16)
where pT(x) :[pl(x) _____ pm(x)] is a complete monomial basis of order m; a@dX) is a vector

containing coefficientsaj (X) which are functions of the space coordinaje¢s=[x yj . In this research

the quadratic basispT =[1, %, XZ] in 1 D, m=3, and pT =[1, %, X, XYy, );] in 2 D, m=6 is
used.

The unknown coefficientaj (X) are obtained by the minimization of a weighted m‘m:Lz norm:
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I(X) = ZwX)(PT (X)a(X) ~6)? (2-17)
where W(Xi) is the weight function that is associated with Blad w(X)=0 outside QX, n is the

number of nodes i), and l]i are the nodal parameters. In this research theespleight function is

used:

1-6 @7+s (¢ F-3 (F ocq <

W(X;) = d; =|X = X] (2-18)

0 d =
where rl is the size of the support for the weight functigmg( Xi)’ and it determines the size of the

support for nodexi. If the domain of influence is a circId?i, is the radius of the circle, and if the domain
of influence is rectangular the weight function cdme written in the tensor product form
w( Xi) =W )f) W Y) [23], andl’i can bedx anddy; , the lengths of the rectangular support inXlaad
y directions (see Fig. 2-5). The minimization §{x) in Eq. (2-17) with respect t@(X) leads to the
following system of linear equations for the deteration of a( X ):

A(X)a(X) =B(X)a (2-19)

where

A(X):%w(mm 5( %

(2-20)
B(X)=[WX) %) .. vX)KX]I
Substituting Eq. (2-19) in Eq. (2-16):
u = i N(X)U (2-21)
i=1
where the shape functioNli (X) is defined as :
Ni(X):ilg(X)( AN X & X); (2-22)
=

» Discrete Equations of the EFG Method

In order to obtain the discrete equations of th&mBRethod, the equations are rewritten by using MLS

basis function. As can be seen in Fig. 2-5, thestp of weights for plate’s nodes and stiffenertgles
are rectangular@,) and one dimensional domaitfp, respectivelydx anddy; are the lengths of the
rectangular support in theandy directions. By using the shape function that hesnbintroduced in Eq.

(2-22), up and U the plate and stiffener displacements vectopeetively, can be prescribed as:
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uP:NDa-D
us:Nsés
dsz[us]. Vsl ¢s>§. ¢sgt W!;

O =lUp Vi Poa Pop Wa

u

(2-23)
sN VsN ¢ st¢ syN WLTN

T
upn Vpn ¢ pxn ¢ pyn W;]n

where Np and N, are the shape functions (Eq. (2-22)) related topflate and stiffener, respectively.

Substituting Eq. (2-23) in Egs. (2-2) and (2-11):

E,=Bo
p p~p (2-24)
& =B/,
where the B matrices used or defining the strainterims of nodal displacements are:
FON. -
-2 0 0 0 0
0X
ON;
o —>* o 0 0
oy
ONy; ON; 0 0 0
dy 0x
0 0O N, O X
[B.] = N, (2-25)
pi
0 0 0 N, ——
oy
ON
0 o ™ 0
0x
ON;
0 0 o —> o0
oy
0 ONy ON;
i oy 0x
1 dNg Ny 0 0 0 i
detd d¢ R
_& 1 sti 0 0
R detd d7
1 dN,
B = 0 0 N —— 5l -
[BJ]; o dotl @ (2-26)
detd d{ R
0 o Nao o 1odNg g
L R detd & ]
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Plate nodes

(o] (o] [o]
dyi. —
(] c (&)
[ ]
| dx
D [ © 0
Stiffener nodes
(o] ] (o]
(o] o] o
<

(o] (o] o] (o] (@] o (o]

Fig. 2-5 Plate and stiffener nodes for a plate witk curvilinear stiffener

e Transformation Equations

Two approaches for employing the displacement cdilmifity conditions at the contact surface
between the plate and the stiffener have been texpan the literature. In the first approach [6tje
reference axis of the stiffener is considered enrtbutral axis of the stiffener and the stressrstraatrix
(Eg. (2-13)) is calculated based on this assumpgnusing this approacts, the distance between the
neutral axis of the plate to the neutral axis d #tiffener, as can be seen in Fig. 2-6, can chémge
transformation matrix, which transforms the nodeap#eters of the stiffener to the node parametetbeof
plate. In the second approach [19], which is usethe current research, the reference plane of the

stiffener is placed in the mid-plane of the pla@ensider nodd of stiffener, located a()(i , yi), see in

Fig. 2-5. For this node, the displacement compdtibat the contact surface between the plate dwed t

stiffener impose that:

Up (X, %, Z)‘z =u(x Y jzﬂ})/z

=h/2
Vp(xi’ ¥ Z)‘z:hp/z = g( XV jz:m/z (2-27)

W, (%, %)= W (%, Y)
By using Eq. (2-1), Eq. (2-27) can be written as
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Up, (%, ¥) =1 (%, y)
Vo, (X5 %) =\ (X, Y)

W, (%, %) =

w (%, Y) (2-28)

¢px(xi’ yl) = ¢sx(xi1 y|)
Doy (Xis %) = Py (%, %)

b

Stiffener Neutral axis of the stiffener
S Neutral axis of the plate
/ n
Plate

Fig. 2-6 The cross section of plate and stiffener

The square domain related to this nod€iswhich includes plate’s nodes. The one dimensional domain

related to this node iﬁi which contains stiffener$l nodes. The domain and nodes are shown in Fig. 2-5.

By using the discrete equations and the shapeifunscthat have been introduced in Eq. (2-23), Ee28§)

is rewritten as
n N
IZ::1N pl ()ﬂ ’yi )qul = JZ::leJ ()ﬂ
n N
§: N pl()g !)ﬁ )cspvl = §: Ns.] ()ﬁ
1=1 J=1

n N
ZNpI ()g 'yi)dpwl = Z NSJ ()g
=1 J=1

M=

1N pl (%, Vi )5p¢x|

|
|Z::1N pl (%Y, )5p¢y|

Rewriting Eq. (2-29) in matrix form

S o

’yi)a-qu I = l""yn
1yi)5SVJ \J :]-,,N
+ Y1) (2-29)

N
= JZ::leJ (%Y, )5s¢x3

N
= JZ::leJ (Y )5s¢yJ
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T,0s, =T,,0

su9su = TpuOpu
To9s =T,0,,

ToOsw = TouOpw (2-30)
T90x =T ppxOppx

TS¢ y55¢y = mya—mﬁy

The transformation matrices can be written as:

Noi(%, V1) N y) oo Npa(%, %)
Tou = : : :
N (X Yn) NpaOs Ya) -0 Npn(Xys W) (2-31)
N1 (%, V1) Nep (X, Y1) o Nony (%, Y1)
T, = : : :
Ng (%o Yn)  Nea(dnoYn) - Noy(dns Yn)
From Eg. (2-30), we get:
a-su Tpuépu
5sv - T : Tpvdpv
Osw = Tow TpuOpw (2-32)
Oepx = Topx TipxOppx
55¢y =T y_Tp¢y5p¢y

All the nodal displacementsd;’u, qu, ...) vectors for the stiffener and for the plate @& written in

one vector, respectively. The transformation matelating the stiffener nodal displacements andplage

nodal displacements can be defined as:

o, =T,0 (2-33)

spp

in which Tspis the 5N x5n matrix which transforms the node parameters ofdfiffener to the node

parameters of the plate.

» Enforcement of Essential Boundary Conditions

As in the standard FEM, the EFG method uses thd faren of the problem to describe the equations
of motion. The essential boundary conditions amanted for by means of a penalty method. By ugieg
principle of minimum potential energy, the Lagrargican be defined:

L=T,+T,-U,~Ug+ [ u fdr-

o [(-9T(ry d (2-34)
I 2 Iy
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Tractions are prescribed

Plate Nodes rt

(o) [¢] [e] o o [¢] o

o o° ®o e © o o o

o o o o * o o o

. ¢ Stiffener Nodes
[e] o [¢] [¢] [e] Oe o
° ‘//

L]

o (o) [¢] [e] o o [e]

.
[¢] [e] [e] [e] o [e] [¢]

/
rU

Displacements are prescribed

Fig. 2-7 The prescribed boundaries of the plate whta curvilinear stiffener

The boundary conditions are shown in Fig. 2-7; @hdnd f are prescribed displacement and traction

on the boundaries.

An important consideration for using the penaltytimoe is the choice of an appropriate penalty

parameterap. We should note that the penalty terms will notyoaffect the diagonal entries of the

system stiffness matrix but also the off diagondties of the system matrix. The system stiffnesdrix
may become ill conditioned when the off diagonaties are multiplied by a very large number. Hetiee

main issue in using the penalty method is propensimg of penalty parameter. From the literatuxéerg

[81], the penalty parametea(p) can be chosen a@o3 —107) x E, where E is the Young's modulus of

the material under consideration.

» Derivation of the Stiffness and Mass Matrices and the Force Vector

In the formulation of linear Element Free Galerkiethod, it is assumed that deformations remain
small so that linear relations can be used to smmtethe strain as a function of the displacemiaerdsbody.
The emphasis of the present work is on developifiggraulation for the vibration analysis of the fifed
plates. Strain and kinetic energy expressions wereved. Then, by using transformation equation. (Eq
(2-33)), transform the node parameters of theestdf to the node parameters of the plate, by censwl
their positions within the plate. Consequently, theplacements are expressed only in terms of lide p

nodes degrees of freedom. In implementing the EleGad, first the basis function was defined. Asds
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mentioned, in this research, Moving Least SquawisS) basis function is used. The size of support fo
weight function should be large enough to providifficient number of nodes in the domain of deidmi
of the MLS to warrant a reasonable accuracy. Asdleas reported by Zhu and Atluri [81], while usthg
MLS basis, the shape functions and their derivativecome strongly nonpolynomial. Consequently, the
Gauss quadrature method in such a case may gelatavely large error. After finding the basis ftion
and defining the shape function by consideringrtbées, the background cell, as can be seen ir2Fg.
should be defined for integration. It should beedothat the background cells are independent of the
structure’s nodes and domain of influence. Fromath@ve discussion, it is clear that the EFG methmes
not need elements, but it does need a cell strittuevaluate integrals.

By substituting Egs. (2-23) and (2-24) in Eq. (2-4)

— 1 T T
Uy =39, [B, D,BydAS,
1 (2-35)
— L AT T ;
T, =59 IN;m, N dAS,
also first transform the displacements of the etiéfr to the displacements of the plate by subistiUEq.

(2-33) in Eqgs. (2-23) and (2-24) then substitutimg results in the Egs. (2-12) and (2-14)

1
Us=> S T[N\ By DB detddd T, 0,

N (2-36)
.= ST A NI mNAdetddl T, 5,
According to the Hamilton’s principle:
t2 —
thl Ldt=0 (2-37)

where L is the Lagrangian function of stiffened plate atldand t2 are the arbitrary time limits. By
substituting Eqgs. (2-35) and (2-36) in (2-34) amelnt substitute it in Eq. (2-37), the mathematicatied for

the stiffened plate is found to be

trl : 1
5t1[§5;(£NrT)mprdA" TIA N MmN g g 55T§§(£ B, D, B, dA

(2-38)
To[LATBIDBAdet I Tba § NN @Y sa [ Noud[ N fd) dtC
ru ru rl
Taking the variation of the above equation willulegn equations of motion
(M, +M,)8, +(K, +K,)o, =F (2-39)

where M or Mg, Kp, K and F are:
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- T r
Kp_inDpodAmprj N[ N d”

u

Ke =Ta[,ATBID B Adet I T,

M, :£N;mprdA (2-40)
sp.
- (NT T
F —rj N, fdr +aprj N,udr

t u

Mg =TS ATNIMNAdet I T,

The damping matrix is assumed to be given as:
C:aR(Mp+MS)+bR(Kp+ K) (2-41)

wherear andbg are Rayleigh’s coefficients.

Cell
1 1 1 1 | 1
1 1 1 1 | 1
N [N (PPN (P [ R AN R
1 1 1 1 1 1
[ L L B 4 1 1
SN I P [ [ A A P N
1 1 1 1 | 1
[ L AR 1 1
JDZad | RN (N (U S A I (R
1 1 1 1 1 |
1 © ¢® ° ¢ o ¢ 1 1
___l L I__l _J__J___
. . 1 1 1 1 1 1
Domain of influence 1 1 1 1 |
S S
| 1 1 1 1 |
| 1 1 1 1
-——t-—-t-—"t=-—"t=-=-"
1 1 1
1 1 1

Fig. 2-8 Domain of influence and background cell stictures

2.3 Results and Discussion

To check the accuracy of the present meshless fatimn and behavior of the stiffened plate under
various circumstances, a number of numerical exasate given. The size of rectangular support domai
is discussed in details by Pergal [24], [25] for buckling and free vibration agsis of plate with
straight stiffeners ix andy directions. It is suggested in these referencasdatisfactory convergence and
computational cost can be achieved by using théngcéactor Oma=dx/dp and dy.=dyi/dp, d, : the
distance between neighboring nodes) in the ran@4ofin this research, the rectangular supportaioris
considered and the scaling factor is 4 in botindy directions.In order to evaluatetegrations involved
in stiffness and mass matrices over each cell, guergnce suggests that 16 integration points ih eatt

can be sufficient to obtain accurate results wéthtively less computational cost.
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» A Simply-Supported Plate with a Single Stiffener

E=207x10 Pa

p=7830kg /nt

40Cmrr Stiffenel v=0.3

t =6.33nm

h, =22.22mm

+ I b, =12.7mm
60Cmmr

Fig. 2-9 A stiffened plate with single stiffener

Free vibration of a rectangular plate simply-supgaron all four edges and with one central stiffene
as shown in Fig. 2-9, has been considered. Platestiffiener properties are also given in this feguChen
et al. [13] solved this problem by using Ritz-Galerkirettmod with B-spline as trial functions. In their
paper, the results are compared with results gbyenther different researchers. However, in thaidg,
the formulation is restricted to stiffeners thag ptaced irx or y direction. Bhimaraddet al.[8] studied the
same problem by using the finite element model.yTleed shell element and beam element for modeling
the plate and stiffener, respectively. In theireaash, the effect of shear deformation and rotagytia was
taken in to account.

Zeng and Bert [18] have also studied this probl€hey used Differential Quadrature (DQ) method for
solving the problem. In addition to the meshfre¢hud, the problem is also modeled in ANSYS/ using
600 SHELL63 elements for modeling the plate anBEAM 188 elements for modeling the stiffener. In
the meshless code@4x16 uniform locations are considered for modeling ph&te and 16 locations of
nodes are considered for modeling the stiffenebl@a-1 shows the first ten natural frequenciesalt be
seen that there is a good agreement between thigsrethe present meshfree analysis and thosiabie
in the literature and those obtained by using AN&YBhe mode shapes of the stiffened plate which are
calculated by using the present code and ANSYE shown in Fig. 2-10. The results are in good
agreement.

The accuracy of the present meshfree formulationbsaevaluated by considering the convergence. In
this method, it is mentioned that there is no nefechatching the nodes of a stiffener and the naddke
plate. The relative difference in the results giw®nthis code with respect to a meshfree schemie wit
30 x 20 nodes for the plate and 20 nodes for the stifferecalculated. Also, a convergence study for the
ANSYS® results has been carried out. The relative diffezeof the ANSYS is with respect t@gC x 2
nodes and is the distance between two nodes in meshfreeANBIYS®, respectively. As can be seen in
Fig. 2-11, convergence occurred for all four ndtdireaquencies; however, contrary to the intuititie
relative difference of the fourth natural frequensyess than the third natural frequency. By carig
two figures, it can be observed that for the higinequencies, meshfree results converge faster ttean
FEM.
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Table 2-1 Ten Natural frequencies (Hz) for simply-gpported plate with single stiffener

Ritz(B-splines) FEM — DQ )\ qyc®

Mode [13] 8] [18] Meshfree
1 245 247 252 251 247
2 277 274 275 273 273
3 511 513 523 512 506
4 - - - 559 557
5 - - - 575 565
6 - - - 778 777
7 - - - 1028 1014
8 - - - 1039 1018
9 - - - 1060 1036
10 - - - 1094 1081

AN

05 -04 -03 -02 -01 0 01 02 03 04 05

(a)

05 -04 03 -02-01 0 01 02 03 04 05 A -44 -19 .06 32 57

(b)

Fig. 2-10 The mode shapes obtained for a stiffengdate using a meshfree method (left) and ANSYS
a commercial available software (right) (a) The Fih mode shape (b) The Tenth mode shape
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Fig. 2-11 Relative difference in natural frequencis for the four modes (a) Meshfree (b) ANSY%

» PlateHaving Two Stiffeners and Clamped On All Sides

The double stiffeners plate with all edges clamped|yzed by Olson and Hazell [7] theoreticallgdan
experimentally, by Cheet al. [13] using the Ritz method, by Holopainen [9]ngsithe finite element
model, by Bhimaraddgt al. [8] implement finite element method by using shell Aedm element and by

Zeng and Bert [18] using DQ, is selected as tleerst example.

34



L =20&.2mn

| | E=68.7x 10 Pa
7 |/ p=282%g /n?
L = 20Z.2mm v=0.3
t=1.27mm
Stiffenel
| b, =2.29mm

Fig. 2-12 A square plate with double stiffeners

The geometry and material properties of the plaie stiffeners § = 67.73mm) are shown in Fig.
2-12. The first ten natural frequencies are denmatesd in Table 2-2. It can be seen that the resdilthe
present analysis and those that can be found iliténature and also those obtained by ANS¥e close.
When using ANSY%, 1225 SHELL63 elements were used for modeling plate and 70 BEAM188
elements were used for modeling each stiffener.nk@shfree domain 8x18 nodes were considered for
the plate and 18 nodes were considered for edtbngi. The fifth and tenth mode shapes of thdestdd
plate which is obtained by ANSYSind the developed meshless code are shown i2-aig.

In Fig. 2-14, the effect of location of the stifeas is studied. It can be seen that as the distagioeeen
the two stiffeners decreases, the ratio of natinegjuency (the natural frequency of stiffened platehe
corresponding natural frequency of unstiffenedg)léitst increases and then decreases. As a sichplek,
one can see that as the distance of the stiffeen the nearby edge becomes zero, the fundamental

frequency of the stiffened plate approaches théte@tlamped unstiffened plate.
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Meshfree
@
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7 625 35 175 0 175 35 526 7 T oem 2P L M o B g M e

Fig. 2-13 The mode shapes obtained for a plate witlvo stiffeners, using a meshfree method (left)
and ANSYS®, a commercial available software (right)(a) The fifth mode shape (b) The tenth mode
shape

Table 2-2 Ten Natural frequencies (Hz) for clampegblate with double stiffeners

Mode Experimental Theoretical Ritz(B-splines) FEM FEM DQANSYS®Meshfree

[7] [7] [13] o1 [8] [18]

1 909 965 978 943 911 915909 909

2 1204 1282 1283 1237 119824z 1209 1201

3 1319 1364 1371 1331 129B34< 1296 1301

4 1506 1418 1435 1361 1400414 1360 1380

5 1560 1602 1592 1561 1512 - 1530 1543
6 1693 1757 1719 1706 1648 - 1680 1693
7 1807 1854 1861 1808 1763 - 1776 1795
8 1962 2015 1997 1962 1908 - 1931 1984
9 2052 2109 2055 2057 1989 - 2023 2016
10 2097 2253 2459 2163 - - 2090 2072
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Fig. 2-14 The effect of stiffeners position on theatural frequency of stiffened plate

* A Simply-Supported Plate with Arbitrarily Inclined Stiffeners

20z2mm E =68.7Gpa

0 =283kg /n?
v=0.3

/ t=1.27mm

20z.2mm

Eccentric stiffener
Stiffenel 15Cmm —

N\

15&.5mmr Concentric stiffener

h, =17.8mm
b, =2.29mnr

Fig. 2-15 A square plate with two arbitrary orientated stiffeners

In order to validate the applicability of the prged EFG formulation for the analysis of plates with
arbitrary orientated stiffeners, a new exampleuggested. This example studies the free vibratioa o

simply-supported plate with stiffeners placed diiteairy orientations. Both the concentric and etgen

37



stiffener configurations are studied. The dimensiand material properties of the panel are predente
Fig. 2-15. For comparison purposes, the compldféers¢d plate was modeled in ANSYSwith an
irregular mesh composed of 1600 SHELL63 elementsnimdeling the plate and 80 BEAM188 elements
for modeling the stiffeners. The meshless schencbasen to bd8x18 nodes for the plate and 40 nodes
for the stiffeners. It is important to note that, ANSYS®, the mesh is determined by the position and
orientation of the stiffener within the plate whikimits the flexibility of the plate mesh. In Tab&3, the
natural frequencies for the eccentric and conaeimdlined stiffeners are given. Also the mode gsapan

be observed in Fig. 2-16. As can be seen in TakBe & close agreement of results using the present
formulation and ANSYS has been achieved for all the natural frequendéso by comparison of the
results of eccentric and concentric inclined stiffes, it can be concluded that considering theredcay
affects some modes considerably, but it does filieince some other modes very much. The reasdmais t
in some of the modes the stiffener deforms onlghtly. Hence, the inclusion of eccentricity doeg no
influence these modes appreciably. This fact candeel to place the stiffeners in a way to impacti@so

with specific frequencies (e.g. for desired dynare&gponse under known excitation frequencies).

Table 2-3 Ten Natural frequencies (Hz) for simply-spported plate with inclined stiffeners

Eccentric stiffeners Concentric stiffeners
Mode ANSYS®  MeshfreeANSYS®  Meshfree

1 565 561 401 409

2 577 578 562 561

3 946 951 767 770

4 1035 1037 1019 1025
5 1169 1170 1058 1057
6 1397 1371 1393 1396
7 1506 1492 1406 1400
8 1562 1530 1491 1489
9 1639 1634 1573 1564
10 1658 1656 1708 1706

A Simply-Supported Plate with a Curvilinear Stiffener

The free vibration analysis of a simply-supportéatgowith a curvilinear stiffener is considered. @w
stiffener configurations are considered. The geoymatd the material properties are shown in Fig.72-
The natural frequencies of plate with stiffenerr& shown in Table 2-4. In order to check the acoyud
the present formulation, analysis has been cawigdusing the present formulation and also usirgy th
ANSYS® software. In the meshfree methd§x18 nodes are used for the plate and 24 nodes arefarsed
the stiffener. In the ANSY3 modeling, 2120 SHELL63 elements were used for plate and 50
BEAM188 elements were used for the curvilinearfatiér. In Table 2-4, a good agreement of results is
observed between the ANSY%ind the present EFG solution. The fifth and tenibde shapes of the
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stiffened plate which are given by meshfree and X8%are shown in Fig. 2-18t was found that the
ANSYS® results were all in excellent agreement with thespnt predictionslt is also of interest to
compare the CPU time of ANS?Snd meshfree method. As can be seen in TableANSYS® is 20%
more efficient in terms of CPU time than the mesbfcode. However it can be observed in Table 2-5,
which shows the natural frequencies of plate wififiemer 2, that as the stiffener shape changesewthate
geometry properties are kept unchanged, the meshfrde is 40% more efficient in terms of CPU time
than ANSYS.

-6 -47 -34 -21 -08 05 18 3.1 44 57 7 -4.81 161 159 4.79 7.99

(b)

Fig. 2-16 The mode shapes obtained for a plate withclined stiffeners using a meshfree method (left)
and ANSYS®, a commercial available software (right) (a) Theifth mode shape (b) The tenth mode
shape
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| 0.606¢m

0.711zm

(D y=120.6-15x)"+0.05
(2) y=-30(0.1-0.35x)* + 0.4

E=73x10 Pa
p=283%kg /n?
v=0.33
t=6.25mm

h, =22.4mm
b, =4.06mm

Fig. 2-17 A curvilinearly-stiffened plate

-08 -065 -05 -035 -0.2 -005 01 025 04 055 0.7

-1 -0.82 -0.64 -046 -0.28 -0.1 008 026 044 062 08

(@)

(b)

Fig. 2-18 The mode shapes obtained for a plate witlhcurvilinear stiffener using a meshfree method
(left) and ANSYS®, a commercial available software (right) (a) Theifth mode shape (b) The tenth

mode shape
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Table 2-4 Ten Natural frequencies (Hz) for simply-spported plate with a curvilinear stiffener
(Stiffener 1)

Mode ANSYS Meshfree

1 84 83
2 183 175
3 213 217
4 316 319
5 347 327
6 417 421
7 485 489
8 536 521
9 567 561
10 662 661
CPU Time* 1.0 1.2

*Time is normalized.

Table 2-5 Ten Natural frequencies (Hz) for simply-spported plate with a curvilinear stiffener
(Stiffener 2)

Mode ANSYS Meshfree

1 83 85
2 190 184
3 229 241
4 316 314
5 331 327
6 454 457
7 485 500
8 538 526
9 558 561
10 688 680

CPU Time* 1.4 1.0
*Time is normalized.

*  Frequency Response of a Plate with Curvilinear Stiffeners

In this section, the harmonic response of a platie gurvilinear stiffeners is considered. The geoye
of the stiffeners is defined in Fig. 2-17. Harmoeiitation P :‘ He‘W‘ ( ‘P‘ =10kN / nf ) is imposed on
the plate along the transverse direction to sthéyharmonic response. The frequency of excitatovers
the first nine mode shapes. The aim is to seeleffieet of curvilinear stiffeners on the harmorésponse.

The damping ratio for this particular example is 2%d the mass of the plate is 7.69kg. The mass of

curvilinear stiffener can be defined by:
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m, =] pAdl (2-42)

The total mass of the plate with one stiffener amal stiffeners is 7.91kg and 8.16kg, respectivaly.
can be seen, the stiffener does not change the oh#iss structure considerably. However, as casden
in Fig. 2-19, adding stiffeners can increase thenaéfrequencies of structure and also it can else the
average deflection of the stiffened plate. It cancbncluded that the stiffener contributes to tfiffness

matrix significantly. By using the contribution tife stiffener to the stiffness matrix, a desiregelef the

1.0
natural frequency and the peak of average deflecfi ve = *ZW? n: number of nodes)
\niz

corresponding to a given excitation frequency carathieved by adjusting the curvature and the ilmtat

of one or more stiffeners.

0
10 ¢ ‘ ‘
—Unstiffened Plate
S a4 --One Stiffener
7:’10 2 Two Stiffeners
= |
8107
qq—) L
D -
© i
G_) ) L
10"
10’5: | | | | | ]
0 100 200 300 400 500 600

Excitation Frequency (Hz)

Fig. 2-19 Effects of the stiffener on the harmonicesponses

2.4 Functionally Graded Stiffened Plate

For an FGM plate of uniform thickness, Fig. 2-2@g properties of the plate are assumed to vary only
through the thickness. The variation of the elasticdulus, density and Poisson ratio of the plate is

assumed to be in terms of power law distribute@gias [37]:
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=(E- Ern)( hp) + Er

p = (P~ ,Om)( hp
z+I'1p

2h

'+ 0 m (2-43)

= (Ve —Up)( )" +un,

where Ep’ pp and Up are the elastic modulus, density, and poison mattithe pIate,EC, pc

and UC are the elastic modulus, density, and poison @ttithe ceramic, Em’ pm and Um are the

elastic modulus, density, and poison ratio of tletakh andh is the volume fraction exponent.

r W

U

g
LT
i

gDy / Ceramic surface
— ] h

Maetal surface

Fig. 2-20 Directions of the generalized displacem&nof the plate

»  Comparison Study

In order to verify the presented Element Free Galemodel, the results of unstiffened FGM plate are
compared with those available in the literaturevarous cases. Het al [41] developed a finite element
model based on the Classical Laminated Plate Th@&itf?T) for the shape and vibration control of FGM
plates with piezoelectric sensors and actuators.ififfuence of the constituent volume fraction o6A1-
4V/aluminum oxide was also studied for the staBflettion, natural frequency and dynamic resporise o
the FGM plate. Zhaet al [40] developed the element-free kp-Ritz methmdtiie free vibration of FGM
plate with arbitrary boundary conditions. They ekaad the influences of the boundary conditionsuxc
fraction exponent, and length-to- thickness ratiotlee natural frequencies of FGM plate. Four typks
functionally-graded material, Al/AD;, Al/ZrO,, Ti—6Al-4V/Aluminum oxide, and SUS30448i, were

studied in their research. In this section, theultesfor three types of functionally-graded materia
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Al/Al ,05, Al/ZrO,, and Ti—-6Al-4V/Aluminum oxide are chosen and tlesults for various constituent
volume fractions and boundary conditions are coexgpavith those reported by Zhatv al [40] and Heet
al. [41].

For the first example, a square simply-supporteteptonsists of Aluminum (Al) and Alumina ¢8lk),
studied earlier by Zhaet al [40], is considered. The properties of AlumingAt) and Alumina (ALO3)
are presented in Table 2-6. A total of 289 nodesused to model the plate. The results of the F&ep

with the length-to-thickness ratioa/l) 5 and 10 for different volume fractions are shawimable 2-7. In

this table, @ represents the frequency paramei@ ¥ wh ,OC/EC ). The maximum difference between

the results is 1.7%. Table 2-8 compares the finstrtatural frequencies of the plate with volumetfoan
exponentsi=1 and 2000, with the results presented by Zbial [40] and Heet al [41]. The plate is a
square with the length set at 0.4m and the FGMrlafe¢hickness 5mm. The FGM plate consists of Ti—
6Al-4V and Aluminum oxide, their properties are winan Table 2-6. As can be observed in Table 218, t
present results agree well with results availatblie literature.

Zhaoet al. [40] also examined the natural frequencies oMR®@ates consisting of four types of FGM
material, AI/ALOs;, Al/ZrO,, Ti—6Al—-4V/Aluminum oxide, and SUS30448l,. In this section, two material
systems are chosen, Alb&); and Al/ZrQ, and the results are compared with those preséytthaoet al
[40]. The properties of these materials are giverdable 2-6. The volume fractions between 0 to ) a
chosen. Three different boundary conditions, afjesdsimply-supported (SSSS), cantilever (CFFF)aind
edges clamped (CCCC), are chosen. The plate isarescthe thickness of the plateshi0.01mand the
length-to-thickness ratios is 10. Table 2-9 showesfirst four frequency parameters with variousunod

fraction exponents for the Al/ADs plates. The frequency parameter is defined as:

Q=wa’/hfp./E, (2-44)

As can be seen in Table 2-9, there is a good agneebetween the results obtained by the presented
code and Zhaet al. [40] for three boundary conditions. Also, it che observed, for all boundary
conditions, the frequency parameters decreasdwasmtume fraction exponent increases. This vanmait
due to the change of FGM volume fraction which iedeled by varying the value of the power law
exponenn in Eq. (2-43). As is clear from Eq. (2-43), whée power law exponent is set to zero, the FGM
plate consists only of the ceramic material, whhlumina in this work. Whem tends to infinity, the
FGM plate consists only of the metal, which is dlwm here.

Table 2-10 shows the first four frequency paransetdrthe plates made of Al/ZsOSimilar trends,
which were seen in Table 2-10, are also observethé&SSSS, CFFF and CCCC boundary conditions.

* FGM Plateswith Curvilinear Stiffeners

The geometric properties of the plate and stiffers@e shown in Fig. 2-21. The plate was clamped at
one end during testing to a steel bracket bolted heavy steel frame table. Notches at either énhbi®

boundary condition were designed to mechanicalpszte the main plate from the clamped extra nadteri
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In this research the plate is assumed to consisi/d@fO,, which their properties are shown in Table 2-6.
The stiffeners are also made of 2rO

The first ten frequency parameters for various r@uraction exponents between 0 to 10 are presented
in Table 2-11. As is expected, all frequency patanseare decreased by increasing the volume fractio
exponent.

Effect of Stiffener Stiffness Ratio
The ratio of the cross-sectional area of the stdfeto that of the plate is defined by

o= bshs/ ahpwhere bs and hsare the width and the height of the stiffener. Taigo of the bending

stiffness of the stiffener to that of the plataléefined byy: ES| S/aD whereE, |, a andD are elastic

modulus of stiffener, second moment of the stiffec@ss section area, width of the plate and flakur
rigidity of the plate.
A comparison of the first frequency parameter & timstiffened plate, stiffened plate when stiffener

rigidity stiffness is 2, and stiffened plate whéiffener rigidity stiffness is 5, is shown in Fig-22, where
Q, is the frequency parameter for0. It can be seen that for all three cases, theuéecy parameter

decreases by increasing the volume fraction expgorédso it can be observed that adding stiffenexs ¢
increase the frequency parameter. From Fig. 2t28,5een that the effect of volume fraction exptran
frequency parameter for unstiffened plate is mb@ntthat for the stiffened plate. This is becaume t
stiffness of structure increases due to stiffentrs; stiffness may be thus influenced less by tGdF
plates’ volume fraction exponents.

As can be seen in Fig. 2-23 and Fig. 2-24, sintilands are also observed for the second and third

frequency parameters.

0.6096m

|8 '\
0.7112m | |13.99%13.7mm| E

4.06 x14.24mm

A D

clamped edge

A(0.134,0) B(0.262,0.278) C(0.134,0.711)
D(0.475,0) E(0.348,0278) F(0.475,0.711)

Fig. 2-21 Cantilever Curvilinearly-stiffened plate
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Effect of Number of Stiffeners
Here consideration is given to the effect of numtfestiffeners on the frequency parameters of FGM

plates. The same plate as above, in this exampthdsen, but now different number of curvilinear
stiffeners is considered. The plate with one, tthoee, and four curvilinear stiffeners are showrFig,
2-25. The plate is assumed to consist of Al/ZrORhwheir properties shown in Table 2-6. The stiffes
are also made of ZrO2. The variation of the firsgfiency parameters with the volume fraction expt:e
for different number of stiffeners is shown in F2r26. The frequencies for all number of stiffeners
decreases as the volume fraction exponent increageke this trend is becoming gentler for volume
fraction exponents higher than 2. This is expecbatause the plate has a smaller stiffness forgeda
volume fraction exponent. As can be seen in Fig7 2nd Fig. 2-28, the same pattern can be obséoved

the second and third frequency parameters.

Table 2-6 Properties of the FGM components [Zhaet al. [40]], used under fair use guidelines, 2011

Material Properties
E (N/nf) v P (kgin?)
Aluminum (Al) 70x 10 0.3 2707
Alumina (AI203)|  380x 10 0.3 3800
Zirconia (ZrO2) | 151x 10 0.3 3000
Ti—6Al-4V 105.7x 16 0.298 4429
Aluminum oxide| 320.21x 10 0.26 3750
o=0.1
1
0.95
- 09
g -o-Unstiffened Plate
S osst -y
+y=5
0.8
O'750 2 4 6 8 10
n

Fig. 2-22 First frequency parameter vs. the volumé&action exponents
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Table 2-7 The frequency parameters @) for square FGM plates with varying volume fractions

a/h=5
n=0 n=0.5 n=1 n=4 n=10
Present Code 0.2089 0.1786 0.1614 0.1379 0.1305
Zhaoet al. [40] 0.2055 0.1757] 0.158Y 0.1346 0.1284
a/h=10
n=0 n=0.5 n=1 n=4 n=10
Present Code 0.0576 0.0489 0.0441 0.0882 0.0365
Zhaoet al.[40] 0.0567 0.0482] 0.043% 0.0316 0.03%9

6=0.1
1 ‘
-e-Unstiffened Plate
0.95 =2
-y=5
o 09
G
S 085
0.8r
0.75

Fig. 2-23 Second frequency parameter vs. the volunfi&ction exponents

Table 2-8 The first ten natural frequencies (Hz) oFGM plates

n=0 n=2000
Modd Zhaoet al.| Heetal. Zhaoet al.| Heet al.

[40] [41] Present Codge [40] [41] Present Code
1 144.66 145.04 143.23 268.92 271.2B 270.9L
2 360.53 362.61 358.78 669.4 678.0p 678.68
3 360.53 362.61 358.78 669.4 678.0p 678.68
4 569.89 580.18 572.61 1052.49 10849 10831
5 720.57 725.22 718.18 1338.52 1356.11 13586
6 720.57 725.22 718.18 1338.52 1356.11 1358
7 919.74 942.79 930.24 1695.23 1763 1759.p
8 919.74 942.79 930.24 1695.23 1763 1759.p
9 1225.72 1233.00 1220.40 2280.95 2305|4 2308|4
10 1225.72 1233.00 1220.40 2280.98 2305|4 2308|4
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0=0.1

-o-Unstiffened Plate

0.95" W=l
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075,

Fig. 2-24 Third frequency parameter vs. the voluméraction exponents

Table 2-9 The first four frequency parameters of sgare Al/Al,O; FGM plates

SSSS

Zhaoet al.[40] Present Code

Mode 1 2 3 4 1 2 3 4

n=0 5.6763 | 13.537( 13.5370 | 20.6330 5.7623 13.7330 13.7320.0660

n=0.5 | 4.8209 11.539¢ 11.5390 [ 17.639Q0 4.892§ 11.70%0 11.7(%6.0010

n=1 43474 | 10.4160 10.4160 | 15.936d 4.4124 10.5670 10.5616.2650
n=2 3.9474 | 9.4435 9.4435| 14.4310 4.0075 9.5851 9.58517380
n=>5 3.7218 | 8.8448 8.8448| 13.4430 3.7806 8.9869 8.986R7500
n=8 3.6410 [ 8.6264] 8.6264| 13.0830 3.6993 8.7689 8.7/6829350
n=10 | 3.5923 | 8.5037] 8.5037| 12.8840 3.65(01 8.6453 8.64537420
CFFF
Mode 1 2 3 4 1 2 3 4
n=0 1.0298 | 2.3907| 6.0047 7.6356 1.0380 2.44p1 6.0[/7&155.
n=0.5 | 0.8728 | 2.0313 5.1061 5.803p 0.8797 2.07B4 5.167%033.
n=1 0.7867 | 1.8324] 4.6048 5.460p 0.7929 1.87p8 4.66151725.
n=2 0.7150 | 1.6639] 4.1769 49331l 0.7207 1.69P1 4.280343%.
n=5 0.6768 | 1.5678 3.9273 42625 0.6833 1.60[12 3.9802713.
n=8 0.6633 | 1.5332 3.8382 3.9916 0.6687 1.56p8 3.8909993.
n=10 | 0.6547 | 15125 3.7861 3.885Pp 0.66Q1  1.5447 3.8383B931.
CCcCC
Mode 1 2 3 4 1 2 3 4

n=0 9.6329 | 18.313() 18.3130 | 25.4990 9.8135 18.70%0 18.7026.1850

n=0.5 | 8.2388 15.742¢ 15.7420 | 21.979Q 8.385] 16.0590 16.0$9@.5440

n=1 7.4533 14.265¢ 14.2650 | 19.9350 7.5833 14.5490 14.5490.4440
n=2 6.7629 12.924¢ 12.9240 | 18.0420 6.8829 13.1870 13.1876.5130
n=5 6.3060 11.946¢ 11.9460 | 16.597Q 6.4297 12.2170 12.2170.0680
n==8 6.1314 11.567¢ 11.5670 | 16.037 6.256§ 11.8430 11.8436.2430
n=10 | 6.0375 11.377¢ 11.3770 | 15.763Q0 6.162¢ 11.6520 11.6$26.8140
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Table 2-10 The first four frequency parameters of guare Al/ZrO , FGM plates

SSSS
Zhaoet al.[40] Present Code
Mode 1 2 3 4 1 2 3 4
n=0 5.6763 | 13.537( 13.5370 | 20.6330 5.7627 13.73§0 13.7380.0660
n=0.5 | 5.1105 12.207¢ 12.2070 | 18.6300 5.1869 12.3840 12.3840.0130

n=1 48713 11.633¢ 11.6330 | 17.7480 4.944 11.8020 11.8(28.1160
n=2 4.6977 11.199¢ 11.1990 | 17.0630 4.7693 11.3660 11.366@.4250
n=5 4.5549 10.828¢ 10.8280 | 16.4620 4.625¢ 10.9970 10.9976.8250
n=8 44741 10.632¢ 10.6320 | 16.1570 4.5437 10.7980 10.7986.5150
n=10 | 4.4323 10.533¢ 10.5330 [ 16.0080 4.5017 10.691’0 10.6976.3620
CFFF
Mode 1 2 3 4 1 2 3 4
n=0 1.0299 | 2.3908] 6.0046 7.6356 1.0380 2.44Dp1 6.0[/7&158.
n=0.5 | 0.9263 | 2.1528 5.4090 6.0506 0.9336 2.1971 5.4[73D618.
n=1 0.8832 | 2.0521] 5.1549 5.760#4 0.89Q1 2.09¢4 5.20717708.
n=2 0.8526 [ 1.9787| 4.9675 5.443p 0.8593 2.01p7 5.0p881535.
n=5 0.8280 | 1.9181f 4.8115 5.095p 0.8346  1.95B0 4.8[729.045.
n=8 0.8135| 1.8839] 4.7255 49709 0.8200 1.92B2 4.78610797.
n=10 | 0.8058 | 1.8663] 4.6816 49245 0.8133 1.90p2 4.7419332.
CCcCC
Mode 1 2 3 4 1 2 3 4

n=0 9.6354 | 18.3050 18.3050 [ 25.5060 9.813% 18.70%0 18.7(326.1850

n=0.5 | 8.7011 16.567¢ 16.5670 | 23.1110 8.8576 16.9170 16.9126.7100
1 8.2925 15.783¢ 15.7830 | 22.0140 8.4427 16.1190 16.1190.5870

n=2 7.9756 15.147¢ 15.1470 | 21.0990 8.123H 15.4790 15.4720.6650

n=>5 7.6959 14.563¢ 145630 | 20.2470 7.8449 14.8990 14.8990.7600

n=38

n

7.5521 14.282¢ 14.2820 | 19.849Q0 7.699§ 14.6140 14.6120.2540
=10 | 7.4815 14.149¢ 14.1490 | 19.666(Q 7.6454 14.5400 14.5400.3420

Table 2-11 First ten frequency parameters of curvihearly-stiffened plate vs. the volume fraction

Mode n=0 [n=0.5 n=1 n=2 n=5 n=38 n=10
1 1.018 | 0.95606 0.93137 [ 0.91571 0.9082B 0.904%8 0.90P45
2 2.4154 | 2.212§ 2.1289 2.0706 2.0276 2.0028 1.9896
3 5.7555| 5.2927  5.0983 4963l 4.8647 4.8069 4.7754
4 8.0324 | 7.2961 6.99 6.775¢4 6.6103 6.51B9 6.4p27
5 8.2114 | 7.495] 7.2027 7.002l 6.8571 6.7744 6.7304
6 14.326| 12.978 12.42 12.02p 11.728 11.552 11459
7 17.159| 15.552 14.881 14.40P 14.041 13.8§26 13712
8 1755 [ 16.191 15.617 15.214  14.922 14.766 14666
9 19.498 | 17.579 16.783 16.22p 15.778 15.314 15)374
10 26.055| 23.528§ 22.478 21,737 21.1%2 20.409 20627
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Fig, 2-25 Plate with one, two, three and four curnlinear stiffeners
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Fig. 2-26 First frequency parameter vs. the volumé&action exponent for plate with different number

of curvilinear stiffeners (NS: Number of Stiffenerg
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Fig. 2-27 Second frequency parameter vs. the volunfi&ction exponent for plate with different

number of curvilinear stiffeners (NS: Number of Stifeners)
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Fig. 2-28 Third frequency parameter vs. the voluméraction exponent for plate with different

number of curvilinear stiffeners (NS: Number of Stifeners)

2.5 Conclusions

The Element Free Galerkin method has been suctlgsséed for vibration analysis of the plate with
straight, arbitrary oriented as well as curvilinséiffeners. By employing the displacement compiittjb

conditions at the contact surface between the platkthe stiffener, the displacement field of ttifemer
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is expressed in terms of the displacements of e pThe essential boundary conditions are impbsed
using the penalty method. Numerical examples witferent boundary conditions and different stiffene
location and curvature have been solved to vetify fieasibility of the presented meshless method for
solving the problems, and the results show thaattwiracy is comparable with that of the other wdsh
Because there is no mesh in the meshless methoahstruct the shape function, the formulation alow
the positioning of stiffener anywhere within thatg which gives a greater flexibility in the choikthe
number of nodes used both for representing the plavell as the stiffeners. This capability cambed in

the topological placement of stiffeners using EF€thnod, by updating the stiffness and mass mato€tes

stiffeners while the stiffness and mass matricggate are kept unchanged.
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3 Free Vibration Analysis of Curvilinearly-Stiffened Plates Using

Chebyshev Ritz and Experimental Validation

3.1 Introduction

Ritz method is applied while stiffeners are consideas discrete elements. The First Order Shear
Deformation Theory (FSDT) is used to represent plete and stiffener. The Chebyshev polynomial
functions are used as the basic functions in the mRéethod. The major part of this work is concernith
modeling the curvilinear stiffeners and comparihg tesults with experimental data. By considerimg t
curvilinear stiffeners, the curvature, the contimsiosariation in orientation, can be used in cofitrgl
different mode shapes in addition to the associfiexgliencies. It can provide a mechanism to palysive
control the dynamic response under certain exoitatiln the present method, the geometric propedtie
curvilinear stiffeners can be modified without chary the plate geometric properties. In the devedop
formulations, both eccentric and concentric stiffienwere studied. Natural frequencies and modeeshap
for plate with straight and curvilinear stiffenevere compared with the results available in trerditure. A
good agreement was seen. A 24 byi@8curvilinear stiffened panel was machined from 2Z8%1
aluminum for experimental validation of the Ritzdameshfree method of vibration mode shape
predictions. Results were obtained for this paneumted vertically to a steel clamping bracket using
acoustic excitation and a laser vibrometer. Expenital results appear to correlate well with theoabt

predictions.

3.2 Mathematical Formulation for Stiffened Plate

In the present formulation, it is assumed thatdeformations remain small so that linear relatioas
be used to represent the strain in the plate aadstiffeners. The emphasis of the present worknis o
developing a Ritz method based on Chebyshev polialsnfor the analysis of an isotropic plate with
curvilinear stiffeners. Using the Ritz method arelveloping the equations for the plate and stiffener
separately will give us the capability to evaludtee mass and stiffness matrices of the stiffener

independently of those of the plate.
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»  Strain and Kinetic Energy of the Plate

Based on FSDT, the in-plane and transverse displacts in the plate are assumed in the following
form:
U, (X% y,29= (XY}
V(X Y, 29= (XY ) (3-1)
Wo (XY, 2 9= w(X ¥
here ¢px’ and gppy are the rotations normal to the midsurface abbetytandx axes, respectively, and
Wp implies the transverse displacement of a poitihénmidsurface.
For free vibration of the plate with curvilineaiffgners, one has
B(%,Y,1) =4, (%,y) &
@ (X, .=, (x,y) & (3-2)
W, (X, ¥, 1) = WX y) &
where @, (X, Y). ¢y(X,y) and W(X,y) are the amplitude ofg (X, Y, t). %(Y,V, t) and
Wp (7(, j/, t), respectively. AlsoQV is the natural frequency of the structure. Form displacement

field, defined in Eq. (3-1), strain components éeéined as:

1 o 12
aox
ypxz 0 1 Ei
b dy
Veyz Y1(g,
3 |10 0 0
Ep =9 Kpx 1= 5& ¢y (3-3)
K w
i 0 li 0
Koxy bay
10 10
bdy adx |
The strain and kinetic energies of the plate candspectively, expressed as [15]
1a 109, 108, , 109, 09,
U,== D= +(——) +2u(——>—)+
P Zjo I;[ ((a 67<) (btfy) ab o x cTy)
1-v 10¢, 109y, 10w, » 10W, 5
X4 +KgGh +———) + (¢, +-—) )] abdxa (3-4)
> boy T 67() )+ KeGhy (94 a(Tx) (@, b(ﬂ) )] )

Ty :;pwzfcly jé[ hpW2 +112hp3(¢f+¢;7)] abdxdy
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where D, K, G, E, hp ,aand b are the flexural rigidity, shear correction factshear modulus,

elastic modulus, thickness, width and height offitage, respectively.

y
bTw P
n.~
t Hn
X
(@) (b)
{
7=0 ¢=1
()

Fig. 3-1 (a) Local and global coordinate systemsifethe curvilinear stiffener (b) Directions of the

generalized displacements of the stiffener (c) Theansformed plane of curvilinear stiffener

Strain and Kinetic Energy of the Stiffener

The arbitrary shape of the curvilinear stiffenemiapped to a region [0, 1] in thé coordinate (Fig.

3-1c) with the help of]i shape functions [80]:

X = gm )%

- (3-5)
y= leﬂi ((9)]

where (X , yi) are the coordinates of tité point on the curvilinear stiffener in thé — 'y plane,npis the

number of points an(f is the natural coordinate for parameterization ted turve (Fig. 3-1c). The
stiffener strain vector is [80]:

d
yn=dlsé+9t ;
S({) = [§ detJd]
Kt:%.Fi d)>( ny (3-6)
ds R detJ=\/(a)2+(iF)2
dé, 6, d¢ dg
Ky=—"——
ds R
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heredetJis the Jacobian of the transformation &id the radius of curvature (Fig. 3-1@., Hn and W,

which are the rotations about norma) &nd tangentialt) directions, respectively, and the deflection glon
binormal direction l§), are shown in Fig. 3-1b. Using Eq. (3-5), theatioins and deflection can be
expressed as:

8 =6.(x({),y())

G, = 6,(X({), (<)) (3-7)

W = We(X({), W)

The strain and kinetic energy of the stiffener bardefined as

1 dw, 2 dg . 2 &G 6 2
Ug =Z[ [CALB+—) +GI(— " =H+ El (—L+-1) ] d
s =l IGALO - )7 H+GI L =0T+ Bl (= 4]

T= peP AN+ 102+(1,+1)8 Ads

where A, A I, Jg, G, E, and h.are the shear area, area, second moment of tfienstifcross

(3-8)

section area about the reference axis, torsioiffiess of the stiffener (using St Venant’s tors@mmstant),
shear modulus, elastic modulus and thickness fédsér, respectively.

As a general case, a curved stiffener having edceptwith respect to the midplane of the platada
placed anywhere on the plate, is considered asrshiowrig. 3-1a. Since the stiffener is curvilineds,
direction changes from point to point, and hendecal axis {) is considered along the tangent to the
stiffener at the Gaussian integration point, makinganglex with the global axisX) (Fig. 3-1a), which is
defined by:

q cor sir Q|@,
U =16, =| —sina coxxr Qi@ =AU (3-9)
W 0 0 1llw

where/\ is the coordinate transformation matrix.

» Parameterization of Deflections and Rotations

It is known that a choice of admissible functioss&ry important to the accuracy and efficiencyhaf
solutions obtained by the Ritz method; there anersé types of functions such as beam characteristi
functions, simple polynomials, orthogonal chardstir polynomials which were employed when dealing
with free vibration problems successfully [82],83], [84]. In this research, a set of Chebyshev
polynomials is selected for the Ritz method. Eaththe displacement and rotations functions can be

written as double series of Chebyshev polynomialRiptied by boundary functions:
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P,

P (X, y) = 2 Z Cnd xm % Y)

m:

Ke)

ﬁ

wxmn(xi y) = wbx(jg 7y) Xn{ix) Yr(iy
Z_ 2 Godl ymd X W A XY D XIS 310)
N ¢mn(x1 y) = ¢b(7(1 7y) Xm(ix) Yn(iy

k)
o

9y (X,y)

kel
ﬁ

W(X,y) = Z Z & mn( %)

where Cmn' dmn and € are the unknown coefficients anfd; and (| (s=1,2 and 3) are the degrees
of the Chebyshev polynomials in th¢ and y directions, respectivelyxm(T() and Yn(y) are one
dimensional Chebyshev ponnomieﬂIB()()
P(x)=cos[(i—-1)arccosf )]i= 1, 2, ;. x=X,Y (3-11)
Also, wa(X,y), (//by(i, y) and ¢b (X,y) are polynomial expressions describing the boundary

conditions that are functions of the plate geomeitng kinematics. The non-dimensionalized boundary

polynomial expressions for a rectangular plate wihying boundary conditions are [Liest al. [14]]:
o - 4 I
Yox(X, ), Wy (X, V) and @y (X V)= ][ T (%)) (3-12)
=1

where |'J. is the boundary equation of tfth supporting edge anﬂzj , depending on the support edge
condition, is shown in Table 3-1.

Table 3-1 Plate boundary equations

¢x ¢y w

If the jth edge is free; or simplyIf the jth edge is free; or simply ) )
=0 _ o _ o If the jth edge is free
supported in thg direction supported in the direction

If the jth edge is clamped; or simplylf the jth edge is clamped; or simplylf the jth edge is clamped;

supported in the direction supported in thg direction or simply supported

* Natural Frequencies and Mode Shapes of the Plate with Curvilinear Stiffener

The LagrangiarlL of the stiffened plate is defined as:
L=T,+T,-U,-U, (3-13)
By substituting Eq. (3-10) in Eq. (3-4)
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N
UP_EC [5]oBp D, Bpabdxdy C - ;3
_1 o vt ;
T, —szc [oloNgm, Ny abdxdyC | e
[ L2
hy
12
vh? h
12 12
b = EM h2(1-0)
- 24
1-v
0 0 0 Ko™~
0o 0 0 0 K1Y
L 2
where Bp, Np, Dp and mIO are :
_}awxmn 0 }awxmn
a o0x b dy
(8], 10y 104 s
P Jmn b dy a 0%
0 0 0
lﬂan Sym
[(NoJw=| O @ym
0 0 &m

By using Eg. (3-9) and (3-10), Eq. (3-8) can bettemi as

(//Xm n

0

10¢mn
a ox

U, = ;CTj(l) B! DB detJi C

T, = ;aJZCT [o NI mNdet Jd ¢

where B,: Ng: D, and My are:
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10¢mn
b dy |

(3-14)

(3-15)

(3-16)



El sym L, sym
D;,=| 0 GJ , m=pJ 0 I+1,
0 0 GA 0 0 A
Yymn€OST Y oSir 0
[Ng] . =| ¥ msing ¢, comr 0
0 0 fm

Bl]mn B12mn 0
[Bs]mn = BZlmn BZZmn 0
B31rnn BSZmn B33mn

By = img;m”cosaz + i(uf%‘/m” cogrsing - si;awxmn e
Biomn =;alg;’(m”sina cosr +ia[/jym” m?+ Dy

By = —:lal’g:(m”sma cor - 29%xmn i 2 —%l[/xmn

Boomn 16[/;;"‘” cosa’® +i al/;)y/m” cosr simr - Inaz/Jymn

Bs1mn = & xmnCOSY By2i=¢/ ymnSinay

Bsamn -1a§;‘”cosa + a;’;{“” siny

Minimization of the maximum strain and kimetenergies of the stiffened plate with respe
the Conne dmn and emn leads to a set of linear eigenvalue equationg, [[1b]:
((Kp+K)-aP(M,+MY)C=0 (3-18)
where the plate and stiffener stiffneské[g and KS) and mass (] o andM S) matrices are:
Kp = JéféB; D, Bpabdxdy
M, = [o[sNpmy N, abdxa:
K, = J,Bt DB detJ&’
My = o NI m N det &

(3-19)
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3.3 Convergence and Comparison Studies

As is known, the Ritz method can provide accuratet®ns. However, its convergence depends on the
choice of global admissible functions. The natdratjuencies obtained by the Ritz method converge as
upper bounds to the exact values. These upper bestichates could be improved by increasing the
number of terms in functions. Using different kinofsfunctions can increase or decrease the number o
terms for which the results converge. To illustihte versatility of the current method, numericedraples
have been performed by using Matfam order to decide upon the number ofmterto be used in
the assumed expansion, the convergence ofsthations with increasing numbers of terimsing
used in the assumed approximations was examiioe the natural frequency parameters of the
stiffened plate. As expected, it is seen that thevergence using the present approximate method is
monotonic. The results are provided for the platth wtraight and curvilinear stiffeners with difést
boundary conditions. The validity of the formulatits shown by comparing the results with the abddla

results in the literature.

* A Platewith a Single Stiffener

The problem which is selected as the first exartphaalidate the present method is a square plate wi
a centrally placed stiffener as shown in Fig. Bath plate and stiffener are made of the samedpatr
material with y =0.3. This problem is previously reported by Liest al. [14]. They studied the
application of Ritz method for this problem by wgisimple polynomials. The results presented by Leeéw
al. were obtained for eccentric stiffener. In ordemiake comparison, this problem was analyzed for an

eccentric stiffener using Chebyshev polynomialse frequency parameter is defined as:

A = (ab?/ %) [ph, /D (3-20)
In this example, the plate witia/b:l, hp/b: 0.05, bs/b:0,05 and hs/hp:1,5 are

considered. The results for the simply-supportedi @damped on all edges, as shown in Table 3-2, show
that acceptable convergence has been achievetiddirst six frequencies. Also the results are dod
agreement with the previously published resultse Tonvergence of all six natural frequencies inl@ab
3-2 indicates the suitability of the Chebyshev pelyials as the basis functions in the Ritz analgtithe

stiffened plate.

* A Platewith Two Stiffeners

As shown in Fig. 3-3, a plate, simply-supportedatinedges, with cross stiffeners is considered. The
natural frequencies are compared with those of Lé¢wal [15]. They developed Ritz method by using

simple polynomials based on Mindlin-Engesser moddle convergence of the first six frequency
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parameters for the plates with differeafb and hp/b ratios are presented in Table 3-3. it can be seen

that the solutions generated in both studies atose agreement. The same convergence trend as sho

in Table 3-2 has been observed when more stiffarersised in the computation.

a

Stiffenel

11
1

Sectiol 1-1

Fig. 3-2 A Plate with central stiffener

Table 3-2 Frequency parameters for a square plateith a central stiffener

Clamped plate (CCCC)

Simple polynomials (Lievet al

Chebyshev

Mode [14]) polynomials
10 12 13 14 10 12 13 14

1 4.674 4.654 4.640 4.639 4.643 4629 4.629 4.616
2 7.139 7.138 7.138 7.138 7.025 7.025 7.025 7.025
3 9.758 9.678 9.669 9.628 9.640 9.594 9.594  9.555
4 10.401 10.399 10.398 10.398  10.258 10.258 10,258.258

5 11.967 11.964 11.960 11.960 11.947 11.943 11,98B.940

6 15.422 15.417 15.416 15.414  15.240 15.239 15/2B9.239

Simply-supported plate
(SSSS)
Mode Simple polynomials (Lievet Chebyshev
al. [14]) polynomials
10 12 13 14 10 12 13 14

1 2.391 2.389 2.388 2.388 2.384 2.383 2.383 2.381
2 4.948 4.948 4.948 4.948 4.897 4897 4.897 4.897
3 6.851 6.822 6.822 6.801 6.798 6.775 6.473  6.757
4 7.866 7.865 7.864 7.864 7.791 7791 7.191 7.791
5 9.107 9.105 9.104 9.104 9.091 9.089 9.089 9.088
6 12.482 12.397 12.334 12.338  12.312 12.263 12,257.229
"The degree of polynomial considered in the expansio
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Table 3-3 Frequency parameters for a rectangular glte with cross stiffeners

a/b=1 hp/b:0.05 b,/b=0.01 hy/h,=1.5
M Simple polynomials (Lievet al Chebyshev
ode :
[15]) polynomials
10 12 13 14 10 12 13 14
1 2.463 2.460 2.458 2.458 2.456 2452 2450 2450
2 5.915 5.907 5.906 5.896 5.890 5878 5.875 5.868
3 5.916 5.908 5.908 5.897 5.890 5878 5.875 5.868
4 9.323 9.290 9.256 9.255 9.241 9.199 9.187 9.167
5 10.213 10.201 10.194 10.193 10.194 10.182 10,170.175
6 11.930 11.870 11.840 11.840 11.833 11.780 11,75B.740
a/b=2 hp/b:0.00J b,/b=0.01 hs/hp:l.S
M Simple polynomials (Lievet Chebyshev
ode :
al. [15]) polynomials
10 12 13 14 10 12 13 14
1 1.463 1.461 1.459 1.459 1.458 1.456 1.455 1.455
2 2.563 2.558 2.558 2.557 2.555 2.55%2 2.851 2550
3 4.322 4.309 4.302 4.302 4.296 4287 4.282  4.282
4 4.930 4.922 4.922 4.906 4.909 4895 4.890 4.886
5 5.903 5.877 5.850 5.850 5.843 5814 5.814 5.796
6 6.582 6.543 6.543 6.524 6.523 6.498 6.494 6.483
"The degree of polynomial considered in the expansio
a
Sectiol 1-1
bS
Stiffenel b ) IIhSTtJ I
: " RTL

Fig. 3-3 A plate with cross stiffeners

* APlatewith Multiple Stiffeners

The plate with multiple stiffeners, simply-suppalten all edges, is analyzed for free vibrations (se

Fig. 3-4). The convergence and comparison studly different values of the plate aspect raa'pb and

that of hp/b are tabulated in Table 3-4. The natural frequeneesexpected, converge from above and

reach acceptable upper bound values. As noted Triohes 2, 3 and 4, the convergence of the orthdgona
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polynomials is superior to that of the simple palgmals. The procedure presented here can be used to
generate very accurate results for the naturalufegies of rectangular plates with various types of
boundary conditions and curvilinear stiffeners.

a

Sectiol 1-1
b,

o
b hsT_
hy 11

h T

Y3

Fig. 3-4 A plate with multiple stiffeners

Table 3-4 Frequency parameters for a rectangular @ite with multiple stiffeners

a/b=1 hp/b:0.0S b,/b=0.01 hs/hp:1.5
M Simple polynomials (Lievet al Chebyshev
ode :
[15]) polynomials
10 12 13 14 10 12 13 14
1 2.545 2.542 2.540 2.540 2.539 2537 2836 2.%35
2 5.923 5.909 5.909 5.903 5.900 5888 5.884 5.878
3 5.924 5.910 5.910 5.904 5.900 5888 5.884 5.878
4 9.327 9.289 9.273 9.273 9.257 9.217 9.204 9.186
5 9.777 9.771 9.763 9.763 9.767 9.758 9.754  9.752
6 12.370 12.320 12.280 12.280 12.293 12.230 12/2D2.192
a/b=2 h, /b=0.001 b,/b=0.01 hy/h,=1.5
M Simple polynomials (Lievet al Chebyshev
ode :
[15]) polynomials
10 12 13 14 10 12 13 14
1 1.521 1.519 1.518 1.518 1.518 1517 18516 1.516
2 2.563 2.561 2.561 2.558 2.558 2,555 28554 2552
3 4.143 4.136 4.131 4.131 4.139 4128 4.123 4.123
4 4.909 4918 4918 4.909 4915 4900 4895 4.889
5 5.910 5.877 5.860 5.860 5.856 5.827 5.827 5.808
6 6.572 6.531 6.531 6.521 6.536 6.498 6.493 6.482
"The degree of polynomial considered in the expansio
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3.4 Experimental Design

Experimental work was used to validate the abitifyRitz and meshfree. methods to realistically
predict natural frequencies and mode shapes ofiliqwar-stiffened plates. A design for a 24 by a8
plate with two curvilinear stiffeners was chosear esting the plate was bolted to a steel brattketeate
a clamped condition on one end, while the remairithges were allowed to remain free. The VirginiahTe
Department of Aerospace and Ocean Engineering (ASIE)ctures and Engineering Lab’s single point
Polytec laser vibrometer was used to sense vilragieponse of the plate to acoustic excitation.Lislatt

and STAR Moddl [85] were used for data collection and data asisjyespectively.

» Experiment Models and Equipment

A 24 by 28in. curvilinear-stiffened plate was fabricated froml22- T851 Aluminum in the AOE
Machine Shop. The geometric and material properf#] of the plate are shown in Fig. 3-5. The glat
had thickness near a quarter of an inch, and iclhtishaped curvilinear stiffeners, each about loalké
inch tall and one eighth inch wide. The plate wlasnped at one end during testing to a steel braudéezd
to a heavy steel frame table. Notches at either ehdhis boundary condition were designed to
mechanically separate the main plate from the céhgxtra material. Also, the stiffeners of thistplaere
shortened by approximately one half inch on eithrat and beveled at either end at an angle of 3kdeg
‘ 24in.

(o F | E =10600ksi
£=0.103b/in’
v=0.33

B \ hp =0.246n.
28n. /
0.157x 0.53h 0.160x 0.56M

A D

clamped edg

A(5.275,0.000 B(10.314,10.94f  C(5.275,28.00C
D(18.701,0.00 E(13.701,10.945 F(18.701,28.00C

Fig. 3-5 Curvilinear-stiffened plate bolted to mouning bracket for experimental testing.

Electronic interfaces were handled with a dSpac€ Eentroller Board. An analog signal was sent
from a PC through a generic Crown signal amplifiera Cerwin-Vega! 3-in-1 public address speaker
which was used for excitation. Single point measwets were taken by a Polytec OFV-505 Laser
Vibrometer, which was positioned using Newport #inenotion stages. The analog signal from the

Vibrometer was sent through a Multimetrics, Inc.-4%01 high-pass filter before being converted to a
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digital signal and stored in the same PC as ab®teough MatLaB and dSpace Control Desk, the
experiment was controlled, including signal creatistage motion and positioning, data collectiome- p

processing and storage. The lab setup can be séag.i3-6. The experimental procedure is detdiletie

following section.

Fig. 3-6 Laser vibrometer and support equipment irplace for testing, photo taken by author, 2011.

»  Experimental Procedure

A MatLab® Graphical User Interface (GUI) was created to @uate the experiment and control each of
the components linked through the dSpace contratchdA 24 by 24 point square grid withirl spacing
was used to locate the laser at each measuremieit pbe 23 by 23n. measured area of the plate was
determined by the limitations of the linear mot&tages length. Once the vibrometer was positiotied,
plate was excited by 3 sign pulse waves in thegdh¢p 300 Hz. The recorded response for eacheof th
five excitation iterations was averaged. The FregyeResponse Function (FRF) was calculated from the
averaged response information for each point aacedtin local memory until all measurements were
complete. After all the measurements were takeall dhe 576 points, they were written in Univergde
Format (UFF) and saved to the hard drive of a PC.

Following the initial measurements, experimentaticas completed by post-analysis done with STAR
Modal® software. A model was created to mimic the grisnefasurement points discussed above. Once the

correct relationships between the measurementguias established, the UFF file containing the RRE
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loaded and assigned to the model. With this inféiona STAR graphically constructs the plate viboati
shape at each frequency within the measurementrapedJse of curve fitting is necessary to identtig
frequencies of the modal peaks in the FRF. Thesguéincies and the corresponding mode shapes are the

experimental natural frequencies and mode shapébrattion and are presented in the next section.

* Resultsand Discussion

The analytic predictions and experimental resutstiie vibration mode shapes and frequencies of the
curvilinear-stiffened plate are presented in Figf.3n the Ritz method Chebyshev polynomials up to
fourteenth order are used and in the meshfg®x 22 particles and 60 particles are considered for the
plate and stiffeners, respectively. The mode shap€gy. 3-7 are ordered numerically with respecthe
corresponding frequency in Hz. All of the mode sfsmpre presented with the clamped side at therbotto
of the curvilinear-stiffened rectangle. Althougretbxperimental plate was 24 by 28 in. and the &isaly
plates were also dimensioned to represent the saeae only a 23 by 23 in. area was picked to reptes
each mode shape in Fig. 3-7. This is to repre$en®B8 by 23 in. area that was measured experinhgnial
reduced area was measured from the full plate dieto movement limitations of the linear actuation
stages. Rather than reposition the stages ancagube results, a 23 by 23 in. area was picketercenter
of the plate to represent the plate response. fnemesults, this area appears to be sufficiener&l the
mode shapes correspond well with the appropriate &id meshfree predictions with a few discrepancie
These discrepancies and other interesting chaistaterare noted in the following section.

It can be noted that the analytical frequenciesewsonsistently predicted to be higher than the
experimental results shown. The discrepancy vabietiveen 5% and 12% for all of the experimental
modes that were successfully documented from tperarental results. The lone mode shape which was
not predicted with error in this range was the fameéntal mode. The larger error present in the #naly
prediction of this mode can be attributed to itsakion below the lower limit of the operating rargfehe
speaker used for excitation, which was 25 Hz. A8oce this discrepancy is fairly uniform, perhaps
estimation method for reducing this error or thaseacould be found and removed although that cause
unknown at this time.

It is also of interest to compare the CPU timehs Ritz and meshfree methods. The algorithms for
both methods are coded in MatLab® and run on a samputer and it is found that the meshfree code is
15% more efficient in terms of CPU time than thézRiode. However it should be noted that the Ritz

method code is simpler, more understandable andrdasiebug than the meshfree code.
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First mode = 13.34 Meshfree| First mode =13.18 Ritz Method | First mode = 8.98 Experimental

Second mode = 29.80 'Meshfree| Second mode =29.68 |Ritz Method| Second mode=26.91 |Experimental

Pl A A 8
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Third mode = 79.96

Meshfree| Third mode = 80.34 Ritz Method | Third mode = 70.81 Experimental

Fourth mode = 108.85

'Meshfree| Fourth mode=109.18 |Ritz Method| Fourth mode =103.34 |Experimental

i I
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Fifth mode = 111.05 [Meshfree] Fifth mode=111.17  [Ritz Method |

ixth mode=178.15  [Experimenal
Sixth mode = 193.43 [Meshfree] Sixthmode=192.50  [Ritz Method] " ™°4¢ e

) b V¢

Fifthmode=N/A  [Experimental]

Mode not identified
experimentally

Fig. 3-7 Comparison of analytic and experimental mde shapes
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The fifth mode is indeed missing from the experitaknesults. Noting that the frequency difference
between the fourth and fifth modes is less thamrtgnt, a likely cause is that the amplitude offthath
mode response is higher in magnitude. For the gipetithat these measurements were taken with, the
fourth mode response may mask the fifth mode.

Some other discrepancies in the results are asafsll The experimentally found second mode has the
same general shape as the two analytic predictiouats the resulting shape is symmetric rather than
asymmetric with respect to the free corners. Alsinpattern is seen in the third mode where the §ide
displacements in the experimental result are athan same direction, whereas the analytic modeeshap
feature opposite displacement directions on thécatifree sides than the horizontal free sideoAls the
fifth mode, the maximum displacement region in ¢kater is split into a “U”-shaped region by a mexdiu
amplitude region. Finally, this same phenomen@résent in the sixth mode.

It is believed that any other imperfections or asygtries are present only due to material and plate
imperfections inherent in any real plate. Furthemmthe boundary conditions at the clamped edgenmoty
be perfectly clamped. This can explain a lower gakhf the natural frequencies obtained in the
experimental results. Overall, the experimentabjgtéons appear to correlate well with the meshfred

Ritz analytic predictions for a plate with curvidiar stiffeners.

3.5 Conclusions

The formulation of plate with curvilinear stifferseusing Ritz method based on First Order Shear
Deformation Theory (FSDT) is presented. The Chebygtolynomials are used in the Ritz method. Since
the stiffness and mass matrices of the stiffenetk glee obtained by superimposing the stiffnessraasss
matrices of the plate and stiffeners, for modifythg stiffener geometric the plate geometry doéseed
to be changed. The boundary conditions are impbgedsing a set opolynomials which gives us the
capability to impose different kinds of boundarynddions. The developed formulation can be appied
arbitrary curvilinear stiffeners. The accuracy bk tpresent formulation was verified through several
comparisons with other results available in therditure. The numerical examples indicate that using
Chebyshev polynomials up to fourteenth order asbémes functions in the Ritz method can estimage th
first six natural frequencies with a good convergenFrom the experimental studies, the following
conclusions can be made. A 23 by i&3 experimentally measured area of a 24 byirR8curvilinear-
stiffened plate seems to validate the analyticatjmtions accomplished using Ritz and meshfree oasth
Overall, the frequencies are over-predicted, bt geemingly consistent manner (experimental 1= suné
lower than the analytical results) that would swgyge relationship (e.g. the clamped edge not being
perfectly clamped) could be established for théediince between analytic and experimental freqesnci

The fifth mode was not found experimentally, malstlly due to its proximity to the stronger fourttode.
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Other discrepancies were either minor shape or stmyndifferences. Overall the experiment resulense

to correspond well to the predictions, both in telwhmode shape and placement in the frequencyidoma
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4 Buckling and Static Analysis of Curvilinearly Stiffened Plates Using
Meshfree Method

4.1 Introduction

In this section, the Element Free Galerkin (EFG)hmoeé is employed for buckling and static analydis o
stiffened plates. The formulation allows the plaeamof any number of arbitrarily curvilinear stifiers
within a plate. The First Order Shear Deformatidredry (FSDT) is used to model the behavior of the
plate and the stiffener. Moving Least Squares (Mlapproximation is used to construct the shape
functions. One of the major difficulties in the ilementation of some meshfree methods is the impasit
of essential boundary conditions as the approxonatido not pass through the nodal parameter vdiues.
this research, the penalty method is used forfgatisthe boundary conditions. A meshfree methasbér
the user from providing a nodal line on the plateng every stiffener. This is very beneficial for
performing optimization studies. Several numergemples using both straight and curvilinear stiéis
are obtained and compared with those availabl@énliterature and those obtained using AN8YShis

demonstrates the validity of the presented approach

4.2 Formulation of the Problem

» Potential Energy of the Plate

For the buckling analysis, the bending moments ldpeel due to the action of inplane loads are
considered. Thus the nonlinear terms in straintdégment relations are considered. Inplane displacgs
have not been taken into account for the formatifbgeometric stiffness matrices, as they wouldease
the complexity of the formulation without any sifjcant improvement in results [55]. The nonlineamts

in the plate strain terms are [55]
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whereW is the displacement components along thelirections, ¢px and ¢py are the rotations with

(4-1)

respect to they and X axis andp indicates the plate. Eq. (4-1) can be written as

1
Ecp :E[Ap][ H F]{ 8,\}p (4-2)
where
LU za¢px 0 z% 0 !
0X 0x 0Xx 01 sym
ow o¢ 0¢ 0 0 z
=0 — 0 R P H,l= 4-3
[#] dy ary Zay | Pl 0 0 2 @9
ow  dw Za¢px Za¢py _’0¢py 76¢px 0 000 z
| 0y OX ay ax  dy Lax_ 0000 O
and
-
- alV alv a¢px a¢py a¢py a¢px (4-4)
Nlox dy ax  dy  dx  dy
The potential of the membrane forces in the platgiven by:
— T
W, = _\£ Ecpl apdV (4-5)
where
JX
Tep =19y (4-6)
Ty
It can be shown that the potential of the membfaree can be written as [87]:
__ 1.7

where
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By substituting Eq. (4-9) in (4-7)

» Potential Energy of a Stiffener

The nonlinear part of the stiffener strain is:

. 1d1vz+f 1 dg,
G ol detd d det) o7

&\, ?
R{
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(4-8)

(4-9)

(4-10)

2
J (4-112)
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Fig. 4-1 (a) Local and global coordinate systemsifaurvilinear stiffener (b) Directions of the

generalized displacements of the stiffener (c) Theansformed plane of curvilinear stiffener
wheredetJis the Jacobian of the transformatidR({’) is radius of curvature (Fig. 4-1a) arﬁ is the

natural coordinate for parameterizing the curve.(Bi1c), which they are described in [BQ,, 9n and

W, which are the rotations and deflection, are shimwiig. 4-1b. Eq. (4-11) can be written as

o = I AITHE € e @12
where
1 d 1 dé 6 1 dé o ! sym
-1 aw it 4 n n__ "t = -
[AS]_[detJ d¢ Z[ detd df ¥ R()] Z(det\] d R{ M (Hd (()) (Z) , (4-13)
and
0 o
1 d 1 o 4
= -— - - 8.'=L ’< -
£Ns detJ d( R(Z) n Né‘l_ (4 14)
11 d
| R(() detdd ]

The potential of the membrane forces in the stdfaa given by:
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W, =-[eco dV (4-15)
\%

whereO’t is the axial stress of the stiffener. It can bevainthat [87]

1
W, = - L END & ndetdd (4-16)
where
gA 0 0
o.=| 0 agl, O (4-17)

0 0 gl,
In the above equation/\ is the cross sectional areal%': second moment of the stiffener cross section

area about the reference axis. The displacemdds fie terms of global coordinate system are:

u) [cosr s 0 0 0%
Vp| |-sinacosr O 0 0Y%
u=:4¢=| 0 0 comr sim (¢, =Ny (4-18)
G, 0 0 -simr cozr 0|4y,
wj | 0 0 0 0 J:V\é]
where uso, VSO and WS0 are the midplane displacements along e Y and Z directions,

respectively,¢sx and ¢sy are the rotations with respect to theand X axis, respectively andr is the

angle between the and X axes (Fig. 4-1a). Eqgs. (4-14) and (4-18), theirsraglobal coordinate system

can be written as:

00 0 1 dNg|
det d¢
1 dN, N.:
Ens =B [Byd = @T; 7Rs' 0 (4-19)
b0 Ne 1 dNg
i R detd & ]

Substituting Eq. (4-19) in (4-16), the potentiatlsé membrane forces of a stiffener can be writien

lgra
W, =~2 8. [LAT Bl B detdd 5 (4-20)

The stiffener particles parameters can be preseasedhe plate particles parameters by using a
transformation matrix.

0, =TgP, (4-21)
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» Derivation of the Stiffness Matrices and the Force Vector for Static Analysis

In the formulation of linear Element Free Galerkitethod for static analysis, it is assumed that
deformations remain small so that linear relaticas be used to represent the strain in a body. The
emphasis of this section is on developing a fortiaafor the static analysis of the stiffened p&at8ince

the nonlinear part of strain is neglected in tlatictanalysis, the total potential energy can baiteen as:

a

MNg=U,+U -~ Ju' fdr+ 2" [(uU-0)T (-7 o (4-22)
|—u

rt
By substituting the strain energy of plate andfestiér in Eq. (4-22) and using the variation of the

potential energy[] st)’ the mathematical model for the static analysffeged plate is found to be

1 1
A9 (5 | BID,B,dA+ T0j" AT Bl D,BAdet I T3

(4-23)
T T T -
aprj Np dir)é'p—aprj Npud' —rj Np fd’))=0
Solving the above equation will result in equilibn equation
(Kp * KS)Jp =F
(4-24)

F =rj N, fdr +aprj Npud™

» Derivation of the Geometric Stiffness Matrices for Buckling Analysis
For conducting the buckling analysis, the nonlirteams in the strain will be considered. The eaqumti
for the stability problem can be obtained by definthe total potential energy as:

— ap T _
I‘IG—Up+US+Wp+WS+?j(u— 0 (-9 d (4-25)
r

u

By using the variation of the potential ener(ﬂ&)

1 1
(9, (G B, D, B dA+ T [ AT Bl DBAdet I Tga § N N @)-
A Mo (4-26)
[ BNo ,BrpdA- ToL, AT Byg B\Adet I T za [ Nud))=0
A My
The above equation will give the linear eigenvalugblem
Kp+Ks_/]b(KGp+KG9:0 (4-27)

whereK . and KGp are the assembled geometric stiffness matricestiffeners and plate, respectively:

— T
Kop = ] Bleg oBrgdA

(4-29
1
Kas = Top ;A" BRg B \AdetId T
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4.3 Results and Discussion

To demonstrate the versatility and to validate tirethod, buckling analysis of several plates with
different stiffeners, both straight and curvilineare carried out and the results are compared thith
existing ones or with those obtained using ANSY8&pmmercially available software. Generally spegkin
this method is applicable to plates with differéimds of stiffeners. The selected examples are for
comparison purpose only and do not represent thedpabilities of the proposed method. A rectaagul
domain is considered and the scaling factor oh4adthx andy directions, for all examples is used (see
[24] for details). D evaluate the integrals in all equations over eath the Gauss integration rule with 16

integration points in each cell are used.

* A Simply-Supported Plate with a Single Stiffener

\

y Stiffene

Fig. 4-2 Plate with a single stiffener

First, the buckling analysis of a series rectangplate simply supported on all four edges and wiik
central stiffener has been considered as showigirdF2. The plate is under uniaxial inplane corspren
in the x direction. The results are compared with thosdlase in Timoshenko and Gere [77] [48].
Mukhopadhyay and Mukherjee [55plved this problem by using isoparametric stifbqeate bending
element. In their research, the stiffener can tstipped anywhere within the plate element. Theepénd
the stiffener are made of the same material, witisg®n’s ratioy = 0.3. The buckling parameter is

defined as:
g, b’h,
7D

whered, andD are the critical stress and the flexural rigidifytlee plate. The ratio of the cross sectional

p) (4-29)

area of the stiffener to that of the plate is dedifby ) = bS hs/ bhpwhere bS and hsare the width and
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the height of the stiffener. The ratio of the bewdstiffness of the stiffener to that of the plstelefined by

y = El S/ bD.
0.4
—Present code
--ANSYS
0.3F |

Relative error %
()
b

0.17

S 8 7 6 5 4 3 2 1 0
h x10°

Fig. 4-3 Relative error in buckling parameter usingmeshfree and ANSY$

The accuracy of the present code is evaluated hgidering the relative error and investigating the
convergence. In ANSYSthe nodes of stiffener should match the nodeslatephowever, as has been
mentioned before, in a meshfree method, there iseol of having the particles of a stiffener armséhof
the plate to coincide. The relative error in thsuits given by this code with respect to a meshf®me
with 24x 24 particles for the plate and 24 particles for thifemers is calculated. Also, convergence for
the ANSYS results has been carried out. The relative erfahe ANSYS’ is with respect to24x 24
nodes and is the distance between two particles and nodesdshfree and ANSYS respectively. For
comparison, the numerically obtained convergena®ecof meshfree and ANSYSare compared and
plotted in Fig. 4-3. From this figure, it can beesethat the meshfree method has a better rate of
convergence. Also the accuracy of meshfree, asbeaobserved from the same figure, is slightly bette
than ANSYS.

Table 4-1 shows the buckling parameter comparet thi¢ other results which are available in the

literature (aspect rat(ta/ b) =1, GJ/ DQ = (). It can be seen that there is a good agreemeweba

the results of the present analysis and thosecirabe found in the literature. It is observed frihis table
that )/ has an important effect on the buckling of th#ested plate.

In the next step, the static analysis of the singplgported square plate with one stiffener at dreaer
as shown in Fig. 4-4, is considered. The plataubjested to a uniformly distributed load of 1.0.pEhe
elastic modulii of both the plate and stiffener emitls are same,7x 1Fpsi. The Poisson ratio for both is
0.3.
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Table 4-1 The buckling parameters for rectangular sffened plates with varying stiffener rigidity

y=5
, Mukhopadhya
o T|moshenk(3 and MSkhe%{eg Meshfree
and Gere [71] [55]
0.05 12 11.72 11.71
0.1 11.1 10.93 10.94
0.2 9.72 9.7 9.61
y=10

5 Timoshenko| Mukhopadhyay
and Gere [71] and Mukherjee| Meshfree

[48] [55]
0.05 16 16 15.85
0.1 16 16 15.86
0.2 15.8 15.44 15.37
y =15

5 Timoshenko| Mukhopadhyay
and Gere [71] and Mukherjee| Meshfree

[48] [55]
0.05 16 16 15.86
0.1 16 16 15.86
0.2 16 16 15.87
T Sectiol 1—10'3]”]'
T
O 0.1in.
1.0in. 1
I 1 15.01in.
AY
© X 10, |

Fig. 4-4 Simply supported square plate stiffened c#rally by one stiffener.

This example was solved by Pegigal. [24]. They solved the problem by using EFG, howereheir
formulation the stiffeners must be xor y directions. This problem also has been solved dysBw and
Ibrahimkhail [88] and McBean [89]sing the FEMIn the present formulation, since the stiffenera ca
posses any direction or curvature, it has moreadegof freedom than what Peeigal. [24] considered in
their formulation. The results for eccentricallydaconcentrically stiffened plate are provided ig.#-5.

As can be seen in this figure, the results areedosvhat are available in the literature.
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e A Simply-Supported Plate with Two Stiffeners

A plate with two stiffeners and all edges simplypgarted analyzed by Timoshenko and Gere [77] and
by Penget al. [25] is selected as the second example. The geproétthe plate and the stiffeners are

shown in Fig. 4-6. The plate is under uniaxial am@ compression along thelirection. Parametric studies

were conducted for plate aspect rati(@/b). The buckling parameters obtained using meshfoee f

0 =005 and y=10/3 are compared with other results in Fig. 4-7. As banseen in this figure, the

results are in good agreement with other availeddalts.

The static analysis of the plate with orthogon#feners has been conducted by considering th
stiffeners in both concentric and eccentrinfiguration. The geometric and material propertethe
stiffeners and the plate are shown in Fig. 4-8. Plate is subjected to a uniformly distributed loafd
10.0psi. The boundary conditions are taken to bwlsi supported. Penet al. [24] solved this problem
using EFG by considering straight stiffeners in sher y directions. The problem was also solved by
Rossow and Ibrahimkhail [88] and Chd8@]. The deflection along=7.5n. for concentric stiffeners and
x=15n. for eccentric stiffeners are shown in Fig. 4-9séA\the moment Mx for concentric and eccentric
stiffeners alongy=30in. are demonstrated in this figure. The deflectiod amoment agree closely with
other available results. As can be seen, the agmee between the two sets of results foe th
concentric stiffeners is closer than that focestric stiffeners. This difference arises due he t
differences between the plate and beam deform#tieories, the method used in considering the etiect
stiffener eccentricity in the stiffness matrix, atlte differences in the shape functions used in the

mentioned references and in this research.
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Fig. 4-5 (a) Deflection along centerlinexc0.5 in) (b) Deflection along centerliney=0.5 in) of the

0.5 in) (d) Deflection along centerline

concentrically stiffened plate (c) Deflection alongenterline
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Fig. 4-6 A square plate with double stiffeners
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Fig. 4-7 Buckling parameter of plate stiffened bywo stiffeners for different plate aspect ratios
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Fig. 4-8 Rectangular plate stiffened by two stiffears
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7.5n. (b) Moment Mx at y=30in.: Plate under distributed load is stiffened

Fig. 4-9 (a) Deflection atx

15n. (b) Moment Mx at y=30in.: Plate under distributed

by concentric stiffeners (c) Deflection ak

load is stiffened by eccentric stiffeners
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012m

E=69x 10 Pa
012m v=03
t=1.2mm
y \ /
Stiffener
X

Fig. 4-10 A square plate with inclined stiffeners

* A Simply-Supported Plate Having Two I nclined Stiffeners

In this example, an eigenvalue analysis for deteimgi buckling load is performed for the plate with
inclined stiffeners subjected to biaxial compressito check the accuracy of the present meshfree code,
results for inclined stiffeners are compared whbse obtained using ANSYSFrom the ANSYS library,
2250 SHELL63 and 100 BEAM188 are chosen for modetime plate and stiffeners, respectively. The
geometric and material properties of the stiffepkede are demonstrated in Fig. 4-10. In the meshfoele,
22x 22 particles and 60 particles are considered forpllage and stiffeners, respectively. The buckling

parameters obtained fad = (0.1 and y:lO related to eccentric and concentric stiffenerscukate

estimates of buckling parameters are achievedladesults are presented in Fig. 4-11.

In Fig. 4-12, deflections and bending moments pet length are plotted along the centerline of the
same plate when subjected to the distributed |datOkPa. Both concentric and eccentric stiffeners a
considered in this example. Excellent agreemenbggerved. As might be expected, the eccentricesigif

can decrease both the stresses and the defleftiba plate.

* A Simply-Supported Plate with a Curvilinear Stiffener

The next example considered in this study is thbikty of a square plate with curvilinear stiffene

subjected to biaxial compression. The stiffenerfigomation, plate geometry and material properaes
described in Fig. 4-13¢=0.1 and V= 10). For comparison purposes, the complete stiffeplat: was

modeled in ANSY$ with an irregular mesh composed of 2850 SHELL&SreInts for modeling the plate
and 60 BEAM188 elements for modeling each stiffeMadeling a plate stiffened by curvilinear stifega

in ANSYS® needs a significant care in defining the stiffepeometry, since the stiffener elements must be
placed along the mesh lines. In the meshfree fatiom, 24x 24 particles and 40 particles are used to
discretize the plate and the stiffener, respectiviel Fig. 4-14, it is clear that there is a goggezment

between the buckling parameters for a stiffenedpsubjected to biaxial compression. The bucklirgge
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shapes obtained using the meshfree approach atarsim the buckling mode shapes obtained using
ANSYS®.

For static analysis, the simply supported platehwdtrvilinear stiffener, subjected to 10kPa, is
considered. The deflection results obtained usieghfree, as can be seen in Fig. 4-15, agree vitdll w
those calculated using ANSYSIn ANSYS”, the curvilinear stiffener is modeled by straigeam element
and the stiffener nodes follow the plate nodesoAll® MLS shape function used in EFG method enadble
to predict more accurate results. The differencethi@ moment results, especially for the eccentric

stiffeners, may be due to the above reasons.

Buckling parameter = 9.7¢ | Meshfree Buckling parameter =9.87 ANSYS

(@)

Buckling parameter = 10.3t | Meshfree Buckling parameter = 10.5¢ ANSYS

(b)

Fig. 4-11 Buckling mode shape for a plate with inghed stiffeners in biaxial compression using a
meshfree method (left) and ANSY$, a commercial available software (right) (a) The encentric

stiffeners (b) The eccentric stiffeners
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Fig. 4-12 (a) Deflection ak=0.06m (b) Moment Mx aty=0.06m: Plate under distributed load is
stiffened by inclined concentric stiffeners (c) Dééction at x=0.06m (b) Moment Mx aty=0.06m: Plate

under distributed load is stiffened by inclined ecentric stiffeners
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012m

E =69x 10 Pa
y =11(0.2-4x)? +0.03 p =2823kg /nt
012m v=0.3
t=1.2nm

y \

Stiffener

X

Fig. 4-13 A square plate with curvilinear stiffener

Buckling parameter = 4.5¢ ANSYS

Buckling parameter = 4.6¢ Meshfree

Meshfree Buckling parameter =5.01 ANSYS

Buckling parameter = 5 1C

(b)
Fig. 4-14 Buckling mode shape for a plate with cuilinear stiffener in biaxial compression using a
meshfree method (left) and ANSY$, a commercial available software (right) (a) The encentric

stiffeners (b) The eccentric stiffeners
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»  Simply-Supported Plates with Different Stiffener Configurations

Square simply-supported plates with different stiffr configurations are considered (Fig. 4-16) .next
The plate is under a biaxial compressions and thtenmal and the geometric properties are same as in
previous example. Three stiffener configurations eonsidered in this example; straight, inclined an
curvilinear. In previous examples, the results floese three configurations are compared with other
methods. As we are interested in a high bucklingupater while having a low total mass, in this egban
using the meshfree method, both the buckling patenm@nd the masses of the ustiffened and thersif

plates are compared. As can be seen in Table Be2cdrvilinear stiffener can increase the buckling

A

Ao = .
parameter {Stiffened " unstiffened ; 1y _ 4 =x0/) while the total mass increases by a relativelylsm

A

unstiffened

. -m....
amount {nSt'ﬁe”Ed unstiffened ; 55— 1004). As can be seen in Table 4-2, ANSYiS more efficient
Mnstiffened

in terms of CPU time than the meshfree code foffitlse analysis. However it can be observed thahas
stiffener shape changes while plate geometry ptigseare kept unchanged, the meshfree code is more
efficient in terms of CPU time than ANSYSThe final optimal design can be found by usingrojzation
tools. As the stiffener configuration changes, fitate particles’ locations in optimization’ processed not

to be modified. This gives a great capability idueing the CPU time during optimization process.

:

Yy Yy Stiffener

y=-5.5¢%+ 0.7x+ 0.0:

\ /—\\

X X
© (d)

Fig. 4-16 (a) Unstiffened plate (b) Plate with stright stiffener (c) Plate with inclined stiffener (d

Plate with curvilinear stiffener
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Table 4-2 Mass and buckling parameter of unstiffeng and stiffened plates

. Plate with Plate with Plate with
Unstiffened . , o .
plate (a) straight stiffener |n_cI|ned cqrvmnear
(b) stiffener (c) stiffener (d)
Mass (kg) 0.0488 0.0537 0.0557 0.0540
Buckling
parameter 1.98 5.07 5.05 5.25
(Meshfree)
Buckling
parameter 1.98 5.06 5.01 5.16
(ANSYS)
Time (Meshfree) 1.6 1 1.1 1.1
Time (ANSYS) 1.3 1.4 1.5 1.6
" Time is normalized.
y=5.5x° — 0.7+ 0.0
@
\./ mass (kg) 0.0592
Stlﬁ:ener\ Buckling parameter 9.63

R

y=-5.5x* + 0.7+ 0.0:

X

In addition to changing the location or curvatufestiffener, adding another stiffener can incretmse
buckling parameter to a desire level while keepihg mass as minimum as possible. The buckling
parameter and the mass of the plate with two stfife are shown in Fig. 4-17. By comparing Fig. 4ahd
Table 4-2, it can be seen that the buckling parametreases significantly by adding the secorftestr.

Consequently, the developed method can give thethsecapability of changing the location, orieitat

Fig. 4-17 Plate with two curvilinear stiffeners

curvature and number of stiffeners to find the Hingkparameter while the plate particles do notngea

4.4 Conclusion

The main objective of this study is to develop ashfiee approach to analyze plates with arbitrary
curvilinear stiffeners, and compare the accuracth whe results available in the literature. In G

method, employing the MLS basis functions, becaitle actual nodal values differ from the nodal
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parameters used in the MLS basis functions, boynctamditions cannot be imposed directly. The pgnalt
method is used in this research to satisfy the darynconditions. In this research linear buckling atatic
analysis are considerethe stiffener cross section is assumed to be synuratout the stiffener binormal
axis; however the formulation accepts eccentric emracentric stiffeners. Accurate numerical resalts
obtained which not only are close to the resulwilable in the literature but also to ANSY$esults. In
engineering design of stiffened plates, changirg dhiffener properties and monitoring the strudtura
behavior is one of the most important objects. EMFModifying the stiffener location or curvature wad
lead to remeshing of the both plate and the stffenHowever in the present meshless formulation,

because no mesh is required, remeshing the etitictigre is avoided.
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5 A Chebyshev Ritz Approach to Buckling and Vibrationof

Curvilinearly-Stiffened Plate

5.1 Introduction

In this section, the free vibration of plates withrvilinear stiffeners subjected to in-plane loagia
studied. The First Order Shear Deformation The®&ST) is used to model both the plate and stiffener
The transverse deflection and rotations of theepkatid stiffener are expressed in terms of Chebyshev
polynomials. The stiffness and geometric stiffnesgrices of the curvilinearly-stiffened plate akdained
by superimposing the strain energy and potentidhefmembrane force for both the curvilinear stiffies
and the plate. Results are computed for unstiffeaed stiffened plate with straight and curvilinear
stiffeners using different boundary conditions. ®itect of in-plane loading, increasing from zeoothe
buckling load, on the natural frequencies is stiidigeveral numerical examples are compared with the
other results available in the literature and mmeshfresults, illustrating the accuracy of the pmese
approach. It is also shown that the in-plane loanl lead to a significant change in the naturajuescy
and also in some cases the corresponding mode sludipglate with curvilinear stiffeners. Numerical
results are presented for a range of plate asposy bending stiffness ratios of the stiffenethat of the
plate and area ratios of the stiffener to thathe plate. The effect of these parameters on theralat
frequencies of the plate with different number ofvilinear stiffeners under in-plane loads is stadiFor
studying the influence of the in-plane load on ratfrequency, both axial/biaxial and shear in-plémads
are considered. Numerical results show that theatidn behavior of stiffened plate in the preseatmn-
plane loads is influenced by different parameteichsas the plate aspect ratio, the stiffener s, the

stiffener stiffness ratio and the number of stiféfenin the panel.

5.2 Curvilinear Stiffened Plate Formulation

The configuration of a rectangular plate is showirig. 5-1 (a).The plate has lengthwidth b and has

a uniform thicknesk,. The potential of the in-plane load&) acting on the plate can be expressed as:
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Paboxdy 12 abox dy 12 abd x

where ¢x’ and ¢y are the rotations normal to the mid-surface ablo&ly andx axes, respectively, and
W is transverse displacement of a point in the midage in thez direction; Oy and O'y are axial

stresses in thex and y directions, respectively, an(U'Xy is shear stress in thg-y plane; and

D, KG, G, E and @ are the flexural rigidity, shear correction factsnear modulus, elastic modulus

and natural frequency of the plate, respectivelisoAnon-dimensionalized and y are defined as

X = )g/ aandy = y/ b, respectively.
The rotations and displacement functions, usingb@éieev polynomials, and multiplied by a boundary
function that ensures the displacement and rotat@mnponents satisfy the essential geometric boyndar

conditions of the plate, are given as:

5KV = 3 Codl s %)
oo W% V) =W (% 9) Xl R YY)

,(X,y)= mio go Aol ymd % Vs W g XY= o XY X R Y (5-2)

o Ban(% V) = B (% V) X X YV

WX Y=Y Y el XY

m=0nr=0

here Cmn' dmn and € are the unknown coefficients arpS and Os (s=1,2 and 3) are the highest
degrees of the Chebyshev polynomials in eand Yy directions, respectively. Alsq//bx(xy),
(,[/by(i,y) and ¢b(i,y) are polynomial expressions describing the boundamyditions that are

functions of the plate geometry and kinematics.sehere defined by Lieet al. [14].
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Fig. 5-1 (a) Directions of the generalized displaogents of the plate (b) Local and global coordinate
systems for the curvilinear stiffener (c) Directiors of the generalized displacements of the stiffenéd)
The transformed plane of curvilinear stiffener
The curvilinear stiffener is shown in Fig. 5-1(b)he curvilinear stiffener is mapped to natural
coordinate ¢ ) extending from ( =0)to (Z =1) in one direction as illustrated in Fig. 5-1(d).

The potential of the membrane force acting in tininear stiffener is defined as:

Io I a( A° s) + 'n(de“’gF? de 0,2‘)]0' (5-3)

whereO’t is the tangential stress in the curvilinear stiéfie
The Lagrangian of the curvilinear stiffened plate i
L:Tp+TS—Up—US—Wp—WE (5-4)
The governing equation for the free vibration & tturvilinear stiffeners, subjected to in-planedicay

using the Lagrangian equation can be obtained as:
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[(Ky+Kg) = (Kgp+ Kl —afM +M1=0 (5-5)
Kp, KGp andM b are the elastic stiffness, geometric stiffness amass matrices of plate and

KS, KGs andM . are the elastic stiffness, geometric stiffness amabs matrices of stiffener. The

integrations in elastic stiffness, geometric sea and mass matrices are carried out by usinGahssian
quadrature, and Gauss points are also used toaggaheq , the angle between titeand X axes (please
see Fig. 5-1).

As can be seen in Eq. (5-5), the total structuiffness decreases as the in-plane compressive load
increases, resulting in a reduction in natural dexgy. The relationship between the in-plane load a

natural frequencies is discussed in details im#r section.

5.3 Convergence and Validation

For obtaining the exact solution of Eq. (11) infinseries should be considered. Depending upon the
accuracy required, the upper limit of the summat®riruncated at a finite number. The convergence
properties of the numerical solutions according the order of approximation in the Chebyshev
polynomials as applied to our problem are examihek. Numerical examples on buckling analysis of
stiffened plates are solved in this section by gighe Ritz method. In order to verify the presesgutts,
they are compared with those available in theditee for various cases with straight stiffenerksoAin
order to illustrate the applicability of th€hebyshev Ritz method in analyzing the curvdihe

stiffened plate, the results are compared withehaktained using meshfree method.

* A Simply-Supported Plate with a Single Stiffener

For the first example, the buckling analysis ofesies rectangular plate simply-supported on alf fou
edges and with one central stiffener is considéfégl 5-2). The plate is under axial compressiothiax
direction. This problem was investigated by Timadteeand Gere [77] using the classical plate théory
the out-of-plane displacement. Also, Mukhopadhyad &ukherjee [55] solved the same problem by
using finite element method based on First Ordera&Deformation Theory (FSDT). In their researble, t
stiffener can be positioned anywhere within thegkement. The plate and the stiffener are madbeof

same material, with Poisson’s ratio= 0.3. The buckling load parameter is defined as:
2
1= ogahy
cr ITZD

whered, andD are the critical stress and the flexural rigidifytlee plate. The ratio of the cross sectional

(5-6)

area of the stiffener to that of the plate is dediby ) = bS hs/ ahpwhere bS and hsare the width and
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the height of the stiffener. The ratio of the bewdstiffness of the stiffener to that of the plstelefined by
y=E..aD.

In the Ritz method, it is important to have the wengence studies to estimate the order of polynlomia

which is required for the numerical solution. Theneergence studies have been carried out for gkl

analysis for stiffened plate with variou® and ysubjected to axial compression. Table 4-1 shows th

convergence of the present method results witreasing the order of approximation. As it was expect
the convergence is monotonic. Also as can be sedhei Table 4-1, the convergence property of the

developed formulations for the buckling load iswhdo be very satisfactory.

* A Simply-Supported Plate Having Two I nclined Stiffeners

The buckling analysis of a simply-supported squplae with inclined stiffeners §=0.1 and

y =10) subjected to in-plane biaxial compression is wered. Both the concentric and eccentric

stiffener configurations are studied (Fig. 5-3).eThuckling parameters and mode shapes obtained usin
Ritz method are presented with meshfree methodtsesu Fig. 5-4 for both eccentric and concentric
stiffeners. It was seen in Table 4-1 that the azd#p convergence has been achieved for the bgcklin
parameter by using fourteenth-order Chebyshev pofyal. Consequently, in the Ritz method fourteenth-
order Chebyshev polynomial is used for modelingplage with inclined stiffeners. In the meshfreelep
24x 24 particles and 70 particles are considered for plate and stiffeners, respectively. Excellent

agreement between the two methods’ results catdereed in Fig. 5-4.

* A Simply-Supported Plate with a Curvilinear Stiffener

The buckling analysis of a simply supported squuaie with curvilinear stiffener subjected to irapé
biaxial loading is studied in this example. Théfstier configuration is described in Fig. 5-5. Thekling

parameters obtained f@¥ = 0.1 and y =10 related to eccentric and concentric stiffeners.deonparison

purposes, the complete stiffened plate was modelgidg meshfree formulation. In the meshfree
formulation, 24x 24 particles and 40 particles are used to discrétieglate and the stiffener. Also, in the
Ritz method, fourteenth-order Chebyshev polynorisialsed to model the plate with a curvilinear stifr.
The mode shapes with corresponding buckling parmaibtained by meshfree and Ritz methods are

presented in Fig. 5-6. The figure shows a goodeagest between the results obtained by the two mdstho
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Stiffene

Concentric stiffener

Fig. 5-2 Plate with a single stiffener

Table 5-1 The buckling parameters for rectangular sffened plates with varying stiffener rigidity

y=5
. Mukhopadhya Chebyshev Ritz method
5 Tg?‘%sgi?é(o and h{ISLZI;heri(eé Meshfreg 8 >:II_O 12 14
[48]
0.05 12 11.72 11.71( 11.85 11.80 11[78 11
0.1 11.1 10.93 10.94| 11.05 11.02 1100 10}
0.2 9.72 9.7 9.61 9.67 965 9.64 9.6
y=1C
5 Timoshenko| Mukhopadhyay Chebyshev Ritz method
and Gere | and Mukherjeg Meshfre
48] 5] ‘ 8 | 10 | 12 | 14
0.05 16 16 15.85| 15.9p15.95| 15.95( 15.95
0.1 16 16 15.86| 15.9515.95( 15.95| 15.95
0.2 15.8 15.44 15.37| 15.9715.50| 15.46| 15.44
y =15
5 Timoshenko| Mukhopadhyay Chebyshev Ritz method
and Gere | and Mukherjee Meshfre
48] 5] ’ 8 | 10 | 12 14
0.05 16 16 15.86 1595 15.985.95( 15.95
0.1 16 16 15.86 1595 15.9895.95| 15.95
0.2 16 16 16.87 15.9% 15.9895.95| 15.95

"The highest degree of Chebyshev polynomials coresidia the expansion.
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L

T
hy hy

_—)H(_bs

Concentric stiffener

v=0.3

Fig. 5-3 A square plate with inclined stiffeners

Buckling parameter = 9.8¢

Meshfree

Buckling parameter = 10.3¢

Meshfree

Buckling parameter = 9.9C

Ritz Method

Buckling parameter = 10.3¢

Ritz Method

Fig. 5-4 Buckling mode shape for a plate with indied stiffeners in biaxial compression using a
meshfree method (left) and Ritz method (right) (a)flhe concentric stiffeners (b) The eccentric

stiffeners
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| I Eccentric stiffener

L
T
y = 1.X0.2-4x)*+0.03 h h,
b S h
Concentric stiffener
y \ hS 1 IJ'_
Stiffener Th
X g o p
v=0.3 s
Fig. 5-5 A square plate with curvilinear stiffener
Buckling parameter = 3.6( Meshfree Buckling parameter = 3.61 |Ritz Method

Buckling parameter = 4.8¢ Meshfree Buckling parameter = 4.9C | Ritz Method

(b)

Fig. 5-6 Buckling mode shape for a plate with cunlinear stiffener in biaxial compression using a

meshfree method (left) and Ritz method (right) (a)flhe concentric stiffener (b) The eccentric stiffene
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Fig. 5-7 Plate geometry and boundary conditions

5.4 Plates Subjected to Biaxial In-Plane Loading

Plates subjected to biaxial in-plane load are amrsid in this example. The Poisson ratio is 0.3tasd
types of boundary conditions are imposed on thteplésee Fig. 5-7). Both compression and tensiadslo
are considered in this example. In case of in-pamapressive load, first the critical buckling paeder is
calculated and then a fraction of this criticaldda applied to study the free vibration respor&ece the
nonlinear analysis was not considered, the comijore$sad is restricted to less than critical bueglioads

to avoid the post-buckling. The natural frequenagapeter and in-plane load parameter are defined as
Ay = (ab®)?(phy/ D)
A = zapazhp 7
D
where @ and O'apare natural frequency and applied in-plane strespectively.

Natural frequency parameter for different in-pldoad, aspect ratios and boundary conditions are
obtained and compared with the results of Kielb Hiad [65]. Kielb and Han solved the same problgm b
using the classical plate theory. In the Ritz mdthourteenth-order Chebyshev polynomial is usdte T
variation of frequency parameter with in-plane Igastameter is shown in Fig. 5-8. It can be seenttiea
results are in good agreement with the previoushliphed results. As can be seen in Fig. 5-8, ipjyéapg
a compression load idirection, the natural frequency decreases arapplying tension load it increases.
It should be noted that the natural frequency patamvaries linearly with the buckling parametettiis

figure.
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Fig. 5-8 Frequency versus in-plane load parameteof (a) all edges simply supported plates and (b)

two edges clamped and two edges simply supportedapgs (b)

5.5 Curvilinear Stiffened Plate subjected to in-plane dading

In this section, plates with one, two and four dingar stiffeners are considered. The plates are
subjected to in-plane shear or axial/biaxial corapian. The behavior of stiffened plate subjectethto
plane load is studied for different cross secticar@a ratios of the stiffener to that of the pldtending
stiffness ratios of the stiffener to that of thatpl and plate aspect ratios. The in-plane compressid
shear load may have two main effects on the frbeatibn of the stiffened plate: it can change thtaural
frequency and it may change the corresponding nsbdee. In all cases, both effects are studied and a
expected, it will be shown that the increase in mitage of the in-plane loads reduces the natural
frequency, which will become zero when the in-pldo&d is equal to the critical buckling load of the

stiffened plate.

= Platewith a curvilinear stiffener

A plate, simply supported on all edges, with a dumear stiffener, as shown in Fig. 5-9, is consake
in this section. The plate is subjected to axiapleme compression. To find the behavior of cuneir
stiffened plates under in-plane compressive logdiagous plate aspect ratios and stiffener pararaetre
considered.

The stiffened square plate with one curvilineaffestier is chosen to study the variation of firsturfo

frequencies with ratios of in-plane load paramemnr) to the buckling load parametey]cff). The results
for 6=0.1 and y =5 are shown in Fig. 5-10. It can be seen in thisirkgthat as the in-plane load

increases, the natural frequencies, for all modesrease. Also the mode shapes for two valueseof th

applied load ﬂb =0 and ,]b = 0.75,]”) are shown in this figure and it is observed tigre is not a

significant change in the first mode shape. As shdaw Fig. 5-10, the relationship between the first
frequency parameter and in-plane load parameterear; however it does not happen for the sectimr]

and fourth frequency parameter. Since the first ensdape does not change with the in-plane load
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parameter, the relationship between the first feegy parameter and in-plane load parameter is &gbec
to be linear. However, due to the intersection keetwthe second and third mode, as can be seew.in Fi
5-10, the second mode switches to the third modetenthird mode switches to the second mode.

In some cases, by changing the plate aspect stftener bending stiffness ratio, in-plane loading
condition or by adding stiffeners, the relationshgiween the frequency parameter and the in-plaae |

parameter might become nonlinear.

Effect of Plate Aspect Ratio:
To provide a better view of the behavior of théfetied plate for various plate aspect ratios, fifects

of the in-plane load on the first frequency parameare studied for four plate aspect ratios

(b/a: 0.25, 0.5, 0.75,) and results obtained are shown in Fig. 5-11.rbleoto study the effect of

aspect ratiolf/a) of a stiffened plate on its free vibration belwavinder axial in-plane load, the height (b)
of the plate is varied while the other parametérstiffened plate are kept unchanged. As is expkdtee
natural frequency and buckling load are both ingireawhen the plate aspect ratio is decreasirapgears
that reducing the plate aspect ratio changes tlhéamship between the frequency parameter andnthe
plane load parameter. As can be seen in Fig. Bhglfrequency parameter decreases linearly by asarg

the in-plane load parameter for all plate aspetibsaexcept forb/a: 0.25. The mode shape for
b/a: 0.25 at )|b =0 and )|b =0.75}, are both shown in Fig. 5-11, WheylnCr is the critical buckling
load parameter fob/a: 0.25. Since the mode shape varies drastically yal)th the deviation from

linearity 0f)|nversus /]b becomes significant.

Effect of Stiffener Area Ratio:
The effect of stiffener area on the natural freqyefor simply-supported square curvilinear stiffédne

plates for the same in-plane load as describedeaboy examined here. Except for the stiffener atsmr
parameters of stiffened plate are kept unchangkd. study on the natural frequency has been done for

various stiffener area ratiog)(= 0.5, 0.1, 0.) and the results are shown in Fig. 5-12(a). As lwauseen

in this figure, the frequency parameters decreas@ @ increased. However, it is seen that the bugklin
load parameters do not change as much as the fregparameters change. The variation in the area of
stiffener can have an effect on the stiffness, gagdmstiffness and mass matrices of a stiffenae fiesults
imply that when the area is increased, the massixreffect increases more than the geometric st
matrix effect and because of it, the frequency m&tar decreases more than the buckling paramelss. A

it is observed in Fig. 5-12(a) that the predictegjfiency parameters for different stiffener ardmsa

change linearly with the in-plane load parameter.

Effect of Stiffener Stiffness Ratio:
A square curvilinear stiffened plate with all edgémply supported is analyzed with various stiffene
stiffness ratios while other corresponding paransetge similar to the previous example. The tomion

stiffness of the stiffener is neglected and therat the bending stiffness)() has been varied from 5 to 15.
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The effect of bending stiffness rigidity of theffethed plates having fixed stiffener area raigp= 0.1) on
the frequency parameters is shown in Fig. 5-12B)can be seen in this figure, the frequency patame
and the buckling load parameter increases by isorgahe stiffener bending stiffness while its aigea
fixed which implies that the structure is becomimmgre stable as the stiffener stiffness ratio ineesa
When the area of the stiffener is assumed to bstant) the mass of the stiffener will be constartt by
increasing the second moment of the stiffener ceession area, the stiffener will be more stiff whhi

results in a higher natural frequency. Also, itididdoe noted that the relationship betwe,enn and ,1b is,

for all cases, linear.

a
| |
F
Concentric stiffene
L IL
b : b T
’/\—.h\ ! I<_bs ’
Aq bC
\' Stiffener
o X
v=0.3

A(0,0.03) B(0.06,0.05  C(0.12,0.03

Fig. 5-9 Plate with one curvilinear stiffener
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Fig. 5-10 Variation of first four frequency parameters of plate with one curvilinear stiffener (9 = 0.1

and ) = 5) vs. in-plane load (axial compression) parameter,{bcr =6.61

® =5 5=0.1

0.4 -+b/a=0.25) =33935.65) _=102.29
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Fig. 5-11 Variation of first frequency parameters 6 plate with one curvilinear stiffener (9 = 0.1 and

y = 5) for different plate aspect ratios vs. in-plane lad (axial compression) parameter
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Fig. 5-12 Variation of first frequency parameters 6. in-plane load (axial compression) parameter for

(a) different stiffener cross sectional area ratio§d) (b) different stiffener bending stiffness ratios
y)

= Platewith two curvilinear stiffeners

In the following section, numerical results for eency parameters for curvilinear stiffened plate,
simply supported on all edges, are studied. Thie @ad stiffener geometry is shown in Fig. 5-13e Tin
plane load in this example is biaxial compressiowx andy directions. The effects of plate aspect ratio

(b/ a), stiffeners area ratiod) and stiffeners stiffness ratigA) on the vibration performance of stiffened

plate under in-plane load are studied.
As a first case, the effect of in-plane loads igBtigated for a square plate with two stiffenénghis

case, the stiffeners area ratid) and stiffeners rigidity ratio ¥) are 0.1 and 5, respectively. The
frequency parameter,]{l) of the first four modes for various ratios ofpfane load parametep]g) to the
buckling load parameter/](:r) are plotted in Fig. 5-14. As can be seen in figsre, the frequency

parameter related to the first mode decreasesrljnedth the increasing of in-plane load paramety.
comparing Fig. 5-14 with Fig. 5-11, it is observélsht in addition to the frequency parameter
corresponding to the first mode, frequency parareetelated to the second, third and fourth modes
decrease almost linearly with an increase in thplame load parameter. However, in Fig. 5-11, which
shows a different mode shape behavior with resqgettte in-plane load for the plate with one cunglar

stiffener under axial in-plane load, the relatidpstheviates from a linear variation betweﬁ}rr]\ and /]b for

higher modes. The mode shape corresponding toirgtenftural frequency for two in-plane load values

(/]b =0 and /]b = 0-75’]cr) are shown in Fig. 5-14. As expected, the mode@ehare very close in this

example.
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Effect of Plate Aspect Ratio:
As a second case, numerical results for frequercgrpeters are presented for a simply supported

curvilinear stiffened plate with various aspectast The aspect ratio is an important geometriaipater

in the design of curvilinear stiffened plates arah cchange the natural frequency and buckling load
significantly. In this example, stiffened platestiwiaspect ratios of between 0.25 and 1 were selecte
While varying the aspect ratio, the other stiffeapd plate geometries were kept constant. In digqolar
case, the stiffener area ratid ) is 0.1 and the stiffener stiffness ratip’) is 5. The frequency parameters
versus in-plane load parameters are shown in Fib.5The results presented in Fig. 5-15 show that a
increase in the aspect ratio of a plate, result iaduction in the natural frequency and buckloey of

stiffened plate. Also, it is observed that the tieteship between the frequency parame;qerq)(and the in-

plane load parameter/]g) is very close to linear for all values of platgact ratio. The mode shape for

b/a: 0.5 at /]b =0 and /]b =0.751,, are presented in Fig. 5-15, whe}}%r is the critical buckling
load parameter fob/az 0.5. As can be seen, the mode shape does not varidecatsly with /]b in this

particular example. It is also observed in Fig.15f@r one curvilinear stiffener and in Fig. 5-15 two
curvilinear stiffeners that the frequency paransetee found to increase, for all cases, with highanber

of stiffeners. Also, by comparing these two figyreésan be concluded that the relationship betwﬂgn
and )|b is not always nonlinear for some aspect ratios iamepends on the other parameters like the

number of stiffeners and in-plane loads.

Effect of Stiffener Area Ratio:
The variation of the frequency parameters with eespo the in-plane load is studied here for vasiou

stiffener area ratios{=0.5, 0.1, 0.) while keeping the bending stiffness rigidity dfet stiffener
unchanged | = 5). The effect of stiffener area ratios on the fregy parameter is presented in Fig. 5-16

(a). It is evident from this figure that raisingethktiffener area ratio increases stiffeners’ maagiramore
than stiffeners’ geometric stiffness matrix. Herige natural frequency is reduced more than the limgck
load. Due to this effect, the frequency parametéhe stiffened plate under the in-plane load dases less
than the frequency parameter of the stiffened platesubject to in-plane load. This effect can bsesved

more clearly for the plate with two curvilinearffgners (Fig. 5-16 (a)) than the plate with onevdimear

stiffener (Fig. 5-12(a)). From Fig. 5-16 (a), itfaund thatAnvaries linearly With/]b for all stiffener area

ratios.

Effect of Stiffener Stiffness Ratio:
The effect of stiffener stiffness rigidity ratig/) can be evaluated by keeping the stiffener artéia ra

unchanged § = 0.1). In this case, since the flexural rigidit§ the stiffener is increased, the natural

frequency and buckling load is increased as shawirig. 5-16 (b). Again, it can be seen that the

relationship between frequency paramep@nr)(and in-plane load parameteﬂg) is linear for all values of
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the stiffener stiffness rigidity ratiosj().The diagram showing the frequency parameter fatepwith a

curvilinear stiffener for various stiffener stiffe® rigidity ratios was previously presented in FEel2(b).
By comparing Fig. 5-12(b) and Fig. 5-16 (b), it damfound that the amount of the increase in fraque
parameter for plate with two stiffeners is morenthate with one stiffener. In other words, raisihg

stiffness rigidity ratios f/) for two stiffeners can make the stiffened platehave better vibration

performance than plate with one stiffeners.

Concentric stiffene
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A(0,0.03) B(0.06,0.05  C(0.12,0.03
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Fig. 5-13 Plate with two curvilinear stiffeners
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Fig. 5-14 Variation of first four frequency parameters of plate with two curvilinear stiffeners

(6=0.1and y =5) vs. in-plane load (biaxial compression) parameter
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Fig. 5-15 Variation of first frequency parameters 6 plate with two curvilinear stiffeners (6 =0.1

and ) = 5) for different plate aspect ratios vs. in-planedad (biaxial compression) parameter
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Fig. 5-16 Variation of first frequency parameters ¢ plate with two curvilinear stiffeners vs. in-plane
load (biaxial compression) parameter for (a) diffeent stiffeners cross sectional area ratios() (b)

different stiffeners bending stiffness ratios §/)

= Platewith four curvilinear stiffeners under biaxial Compression
The objectives in considering a plate with fouffstiers are: a) to study the behaviour of platénwit

higher number of stiffeners and b) to compare tidopmance of this structure with the plate witre ar
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two curvilinear stiffeners. Specific attention isven to the influence of stiffener parameters oe th
vibration performance of stiffened plate under iaA@ load. It will be shown in the following disimen
that in addition to the plate aspect ratio and loaadition, the number of stiffener and stiffenargmeters
can also change the relationship between the frexyuparameter and the in-plane load parameter. The
stiffened plate is simply supported along all idges and is subjected to in-plane compression. The
stiffener geometric properties are shown in Fid.75-As can be seen in this figure, stiffeners aranged
symmetric with respect to the plate midlinexiandy directions.

To investigate the effect of in-plane load on dif# modes, a square plate with four curvilinear

stiffeners is considered. The stiffeners area @iy and stiffeners rigidity ratio ') are assumed to be 0.1

and 5, respectively. The variation of the frequepasameter of the stiffened plate for the firstrfawndes
versus in-plane load parameter is shown in Fig8 54k can be seen in this figure, the frequencypater
for the first three modes varies linearly with tireplane load parameter. Also, the mode shapes

corresponding to the first natural frequency faaded (,]b = 0.75,]”) and unloadedjb =) stiffened

plate are shown in Fig. 5-18. Since the plate isasg and also the stiffeners are arranged to bensyric,
see Fig. 5-18, the second and third natural frecjesrare found to be the same.
Effect of Plate Aspect Ratio:

The behavior of the curvilinear stiffened plate twiispect ratios in the rangg25<b/a< 1is
studied here. The results are carried out assuthiaiy except for the plate aspect ratio, all stiéfieand
plate geometric properties were kept unchangedhithcase, the stiffener area ratid Y is 0.1 and the
stiffener stiffness ratio ') is 5. The variation of frequency parameter witiplane load for plate having
four stiffeners is shown in Fig. 5-19. It is obssivthat the variations are linear for all aspetibsa The
figure also indicates that, in general, a decrediqdate aspect ratio increases the stiffened glatatural
frequency and the buckling load.

Effect of Stiffener Area Ratio:

Now, by fixing both the stiffener stiffness ratig/(=5) and the plate aspect ratip [ a=1), the
effect of the stiffener area rati@)() is studied. It can be observed in Fig. 5-20 thatfrequency parameter
variations for four stiffeners are similar to thiatp with one stiffener and two stiffeners as showfig.

5-12(a) and Fig. 5-16(a). In all of these figurédscan be seen thaﬂnchanges linearly with/]b.

Consequently, it can be concluded that changingstiffener area ratiod) while the stiffener stiffness

ratio (J/) is fixed will result in a linear relationship lwﬁenjn and /]bfor a plate with various number of
stiffeners under axial/biaxial compressive load.

Effect of Stiffener Stiffness Ratio:
Parametric studies are also conducted for varittfereer stiffness ratio J/) to find the behavior of

frequency parameter as the in-plane load varies.pléite aspect ratio and the stiffener area ratikept 1

and 0.1, respectively. In contrast with plate watte stiffener and two stiffeners, it can be obsgineFig.
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5-21 that the relationship between frequency patamand in-plane load parameter is not linear for
Jy/ =15. Hence, it is evident from Fig. 5-12, Fig. 5-16ldfig. 5-21 that the stiffener stiffness ratip’Y

can have different effect on the frequency parantetbavior with in-plane load parameter dependingnu

the number of stiffeners. The free vibration modape of Ioaded,(b = 0_75acr) and unloaded,(b =0)

stiffened plate is also presented in Fig. 5-21.eXpected, the mode shape changed by applying the in

plane compression.

= Platewith four curvilinear stiffeners under shear load

The second loading case considered in this seiditire uniformly distributed shear loads appliezhal
the middle plane on all edges. The plate is simsplyported on all edges and is stiffened by fodfesters
(Fig. 5-17). For studying the vibration behaviortloé curvilinear stiffened plate under shear loadsious
values for different parameters such as the plafec ratio b/ a), stiffeners’ area ratio d) and

stiffeners’ rigidity ratio (J/) are considered.

Effect of Plate Aspect Ratio:
In order to obtain the influence of the plate aspatio on the relationship of the natural frequeand

buckling load, the stiffeners area rati@ ) and stiffeners rigidity ratio ¥) are fixed to be 5 and 0.1,
respectively. The results of variation of frequempeyameters with in-plane load parameter are shown
Fig. 5-22. The results indicate that, as expecladjer the aspect ratio, the smaller the critidetas

buckling loads. As can be seen in Fig. 5-15, thatimship betweer)ab and /]n for stiffened plate under

biaxial compression is close to being linear fdraglpect ratios, however, as presented in Fig.,382
relationship for stiffened plate under shear lagdar all cases, nonlinear. Hence, it can be cated that
in addition to the plate aspect ratio, number iffesters and the stiffeners’ rigidity ratio, thealh condition

can also change the variation;bg with )|n. The mode shapes for two load cases, Ioaq%d:(o_75)|cr)
and unloaded,|b =0), are shown in Fig. 5-22. It can be seen thaintbde shapes are different for these
two load cases.

Effect of Stiffener Area Ratio:
To evaluate the effects of stiffener area ratid) (on the curvilinear stiffened plate, the stiffexer

rigidity ratio ()/=5) and plate aspect ratifp { @ =1) are fixed. The results for differedd are presented in
Fig. 5-23 (a). As it was seen before, althoughfteguency parameter is decreased considerablyibipga

0, the buckling load did not change.

Effect of Stiffener Stiffness Ratio:
Finally, the variation of frequency parameter withplane shear load is studied for various stiffene

rigidity ratios ()/) while keeping the stiffener area ratidd € 0.1) constant. It can be observed in Fig.

5-23(b) that by increasing the stiffeners rigidigitio, both buckling and natural frequency are éased.

Also, it can be seen that the relationship betw;}gsland /]n, for all cases, is nonlinear. It can be concluded
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from present results that the relationship betwé&eguency parameter and shear load parameter is

nonlinear for different parameters.

a

Concentric stiffene

b Ec} B hs I IT

- ~— = h

Stiffene
X D
v=0.3

A(0,0.03) B(0.06,0.05  C(0.12,0.03
D(0.030, E(0.05,0.06  F(0.03,0.12

Fig. 5-17 Plate with four curvilinear stiffeners
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Fig. 5-18 Variation of first four frequency parameters of plate with four curvilinear stiffeners vs. n-

plane load (biaxial compression) parameter
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Fig. 5-19 Variation of first frequency parameters 6 plate with four curvilinear stiffeners (9 =0.1

and ) = 5) for different plate aspect ratios vs. in-plane lad (biaxial compression) parameter
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Fig. 5-20 Variation of first frequency parameters 6 plate with four curvilinear stiffeners ( )y = 5) vs.

in-plane load (biaxial compression) parameter for dferent stiffeners cross sectional area ratiosd)
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Fig. 5-21 Variation of first frequency parameters é plate with four curvilinear stiffeners (& = 0.1)

vs. in-plane load (biaxial compression) parameteroir different stiffeners bending stiffness ratios (/)
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Fig. 5-22 Variation of first frequency parameters & plate with four curvilinear stiffeners (d =0.1

and ) = 5) for different plate aspect ratios vs. in-plane lad (shear load) parameter
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Fig. 5-23 Variation of first frequency parameters ¢ plate with four curvilinear stiffeners vs. in-plane
load (shear load) parameter for (a) different stifeners cross sectional area ratios)) (b) different

stiffeners bending stiffness ratios /)

5.6 Conclusions

The Ritz method using Chebyshev polynomials is kgesl for the buckling analysis of curvilinearly-
stiffened plate. The results of presented methedcampared with those available in the literatigevall
as our earlier meshfree method. The good agreeetiween different sets of results was observed.

The vibration behavior of curvilinear stiffened {@aubjected to in-plane load is studied. It wasash
that the relationship between the natural frequgramameter and in-plane load parameter is a fumaifo
the number of stiffeners, the in-plane load cooditithe plate aspect ratio and the stiffener stfgnratio.
The influence of these parameters on the vibradiwth buckling behavior is investigated. It is shawat
increasing the stiffener area ratio does not chahgecritical buckling load considerably; howevecan
alter the natural frequency of a stiffened platlsoAit was observed that variation in the stiffestfness
ratio can make the relationship between frequerazgrmpeter and load parameter nonlinear. The stidfene
plate under various in-plane load cases was comsldé was presented that for shear load, theueqy
parameter changes nonlinearly with in-plane shest parameter for different set of aspect ratiteser
area ratios and stiffener stiffness ratios.

The mode shapes for loaded and unloaded stiffetedd pre presented. It is observed that when the

frequency parameter changes nonlinearly with thplane load parameter, the mode shape can change
significantly.
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6 Random Response Analysis of Curvilinearly-StiffenedPlate Using

Element Free Galerkin Method

6.1 Introduction

An Element Free Galerkin (EFG) formulation is prase for studying the random response of
curvilinearly-stiffened plates. The structure isbjgeted to stationary random stochastic loadinge Th
random loads are assumed as stationary in timedrube nonhomogeneous in space. The spectral ylensit
of the nodal force vector is formulated using tiephcement shape functions. The direct complexirmat
inversion method and modal superposition methoduaesl to obtain the random response of structures.
The spectral density of displacement for un-stéi@mplate under white noise and plate with straight
stiffeners subjected to jet noise are compared thitse available in the literature. The power gpéct
density of displacement and stress of curvilineatiffened plate under white noise are also vetifising
the commercial finite element software ANSY % xcellent agreement is seen in all cases. Thectetff

stiffener configuration, stiffness and curvature amplane load on spectral density is also inges&d.

6.2 Theoretical Formulations

The equation of motion for a curvilinearly-stiffehplate can be expressed in matrix form as:
(MI{a} +[C{d +[ K{g ={ f
[M]=[M ] +[M{] (6-1)
[KI=[Kgl H K] 4 K 1 Kds

where[Kp], [KG;J and[ M F] are the elastic stiffness, geometric stiffness mads matrices of plate,
[KS], [KGJ anc[ M l are the elastic stiffness, geometric stiffness miads matrices of stiffener, and

[C] is damping matrix.{ f} is the time-dependent nodal forcing vector a{u} is the nodal

displacement vector

To obtain the spectral density of displacemenst tine admittance matri{ (¢J)] needs to be calculated.

The admittance matrix can be found using the dimmiplex matrix inversion method or modal

superposition method.
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* Direct Complex Matrix Inversion Method
Taking the Fourier transform of Eq. (6-1)
(-af[M] +iafC] +[ K]) {U} ={ F} (6-2)
hereV is the excitation frequency, ar{cU} and{ F} are the Fourier transforms {U} and{ f}.

{U} can be obtained by using the admittance matrix

[H()] =(~aM] +idC] +[K]) ~*
Hij(w) -+ Hy(w)

[H(w)] = (©3)

Hy(w) - Hpp(@)
wheren is the number of degrees of freedom. This apfréas@pplicable for non-proportional damping;
however due to the need of matrix inversion at esigp of the frequency, it requires a very high
computation time. An alternative method, which agomatrix inversion but is just applicable for sfiec

form of damping which uncouples the equation ofiomgtis modal superposition method.

*  Modal Superposition Method

In the modal superposition method, first the frdzation problem in which there is no damping skloul

be solved:
(K] -fIMD{X,} =0 (6-4)
By solving the above eigenvalue equation, the ahfiiequencies (A)r ) and mode shape{sxr} can
be found. Using the transformation matrix containthe modal vectors as its columrg/ ), the nodal

displacemen{ u} can be transformed to the generalized nodal diephen{q} :

[Wl={{X4 - {X} - { X}

(6-5)

{u} =l¥i{n}

wherenmis the number of eigenvectors. By consideringptaportional damping and using Eg. (6-5), Eq.

(6-1) can be written as

A, +2{.qn +efn=Q r=1,2,.0m (6-6)

here Qr, Zr and Q) are the modal forces, modal viscous damping factansl natural frequency,

respectivelyTaking Fourier transform of E¢6-6) for unit impulse applied for all degrees of frerdo
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7= (- +i2¢, @+ Y H{X ) =H @)%} 6-7)

By substituting Eq. (6-7) in Eq. (6-3he admittance matrix can be written as

[H(] =[@Al H &t T

. 6-8
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Fig. 6-1 Background cell structures
»  Response Cross-Spectral Density
The response at the poirf a structure due to a force applied at ppiat(Fig. 6-1)
0
u ()= [ B @) § (t-r)dn ©9)
—00

The cross spectral density matrix for displacemétan ergodic process can be written as [91]
Sy (@) =[HII S H Q] (6-10)

where [Ser (@] is the cross spectral density matrix of the gdimraforce and[H(a)] is the
complex conjugate ofH ()] . For a homogeneous pressure cross spectral deihsiiy be assumed to be

fully correlated over the contributing area. Howef@ nonhomogeneous pressure cross spectral gensit
double area integrals in Eq. (6-10) need to beuavatl [31].

The relationship between the nodal displacemerdsstrasses can be written as:

{a} =[D][B[{u} (6-11)

By using Eq. (6-10) and (6-11), the cross specdkeakity matrix for stress can be obtained:
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[Soo (@] =[ ][ B[ Su(@][ &'[ 2 (6-12)

6.3 Numerical Results

Numerical results have been obtained for unstiffpdate under white noise, plate with straight
stiffeners under jet noise, and plate with curelin stiffeners under white noise and jet noise. For
unstiffened plate, both the direct complex matnixeirsion method and the normal mode approach &k us
and it is shown that the results agree well. Fiffesied plate, the normal mode approach is appied
obtain the admittance. The results for unstiffntegpand plate with straight stiffeners are comgawéth
other available results in the literature. Also theults of curvilinearly-stiffened plate are comgzhwith
ANSYS® results. For all examples in this reseatuh proportional damping is considered, however by

using the direct complex matrix inversion method,also are able to apply the non-proportional dampi

e Simply-Supported Square Plate under White Noise

The plate is excited by white noise. The pressokeep spectral density is

S

p = 0 for|al>a, (6-13)

1 OJ? Sina)cre—ia)r d':{ 1 fOf‘dch
T_, T

where W, is the cut-off frequency. In this example, thedam force acting on the area is assumed to be

fully correlated. The plate is square and simplygsrted on all edges. The plate geometric and mahter
properties are given in Fig. 6-2. The random respda computed by applying the direct complex matri
inversion method and the normal mode approach ubliegigenvalues and eigenvectors of the undamped
system. First the nodal force spectral densityosyputed and then the displacement spectral deissity
obtained by substituting the nodal force spectesisity in Eq. (6-10). The ten lowest modes are idensd

and the eigenvalues and eigenvectors for those snade used in Eq. (6-8) to find the admittance. A
11x 11 uniform locations are considered for modeling legte.

The power spectral density for displacement atereott plate is presented in Table 6-1. The resarks
compared with those of [29], [31] and [33]. Amdoe seen, there is a good agreement betweeesthiésr
obtained by the proposed method and others’ reslifts non-dimensional displacement spectral density
for the centre of plate versus non-dimensionaltaton frequency is presented in Fig. 6-3 alonghwiite
results reported by Liat al. [33].

Because the present direct method and normal medeoch yielded the same results, for the stiffened
plate only the normal mode method, which is mofiiefit than direct method, is applied to calcultte

random response.
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Table 6-1 Comparison of PSD for displacement at oger of plate at cv = 0and w = 20

w=0
DeY .[29] Dey [.29] Mukherjee and L";;;t]al' LILESZt]aI' Present code Present code
(Finite | (Analytical | Mukhopadhyay ; (Direct
] (Lumped- | (Consistent- (Normal Mode)
Element) | Solution) [31] Load) Load) Method)
1.56x 10° | 1.71x 10° 1.69x 10° 1.61x10° | 1.75x10° | 1.67x10° 1.67x 10°
w=20
1.54x 10° | 1.73x10° | 1.66x 10° NA NA 1.61x 10° 1.61x 10°
a=1l D=1
b b=1 v=03
p=1
Structural damping 0
a
Fig. 6-2 Simply-supported square plate
10_25
g —Present code
-3
10

--Liu et al[33]

60
W

120

80

100

Fig. 6-3 Displacement spectral density at centre qilate




* Platewith Straight Stiffenersunder Jet Noise

As was mentioned, the developed method has théyatnl accommodate for plate with straight or
curvilinear stiffeners. The response of the stiéigénplate subjected to jet noise excitation, whish i
described by Olson and Lindberg [28] and Mukhegad Mukhopadhyay [31], is considered here. The

cross spectral density function for the pressurgj

. 4500 77{4506 + 80002 &’ ] o-0.05%|-0.087y/-iex/ 1400C
pp

[45007 + (- 8000§ |[4506+ @+ 8000) ] (6-14)

where p, is the mean square pressure, which is assumedetaobstant over the plate area,

c)rad / sec; is the excitation frequency, anand y are X — X; and Y; =Y, respectively

(Shown in Fig. 6-1). Since the cross spectral dgrisinot homogenous, the double area integraEgn
(6-10) are evaluated by using the Gauss quadratetbod. The geometry and material properties of the
plate and stiffeners are given in Fig. 6-4. Theela clamped on all edges.

The natural frequencies of the stiffened plateshi@vn in Table 6-2. It can be seen that the result
of the present method, those available in thedlitee and those obtained by ANSY&re all close to each
other. In ANSY$, 1000 SHELL63 elements were used for modelingotate and 20 BEAM188 elements
were used for modeling each stiffener. For the freshmodeling,40x 16 particles were considered for
the plate and 16 particles were considered for exctine stiffeners. For calculating the displacetmen
spectral density, first the admittance matrix isagied using the normal mode approach. Forty mades
considered to find the admittance and displacesgattral density.

The obtained spectral density of deflection atdéeter of bay 1, bay 2, and bay 3 using meshfree
method are compared with those reported by OlsdrLamdberg [28] and Mukherjee and Mukhopadhyay
[31] in Fig. 6-5, Fig. 6-6, Fig. 6-7, respectivel@lson and Lindberg [28] and Mukherjee and
Mukhopadhyay [31] employed 80 and 14 modes, raébmby, to obtain the random response of structure.

21in.
| |
4.2n.
8in.
- \
0.25x 0.5n
t=0.05n. v=0.3
E=10 pSi { =0.002

£ =0.000262b secin’
Fig. 6-4 A clamped plate with straight stiffeners
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Table 6-2 Natural frequencies (Hz) of stiffened pasl

Mode Olson atgg]Lindberg Olson ?gg]Lindberg Muhlfﬁggsgﬁia?/m[jsu Present codd  ANSYS
1 609 623 619 597 585
2 634 630 629 611 600
3 651 638 629 629 618
4 669 673 659 646 637
5 682 673 660 648 640
6 897 915 898 876 856
7 910 920 901 876 860
8 917 917 905 878 865
9 928 928 910 880 871
10 945 945 910 880 871
11 1175 1175 1160 1267 1250
12 1245 1245 1263 1269 1251
13 1330 1330 1270 1271 1253
14 1429 1429 1265 1272 1255

PSD of displacement at center of bay 1
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Fig. 6-5 Spectral density of displacement at centeaf bay 1

122




PSD of displacement at center of bay 2
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Fig. 6-6 Spectral density of displacement at centaf bay 2

PSD of displacement at center of bay 3
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Fig. 6-7 Spectral density of displacement at centeaf bay 3

* Platewith Curvilinear Stiffeners
A 24 by 28in. curvilinear stiffened panel was machined from 2Z8%1 aluminum for experimental
validation of the Ritz and meshfree methods. Expernital results appeared to agree well with the fresh

and Ritz method results.
Here the same curvilinearly-stiffened plate andra@wy conditions (Fig. 6-8) are considered. The

stiffened plate is excited by white noise. The pues power spectral density is defined in Eq. (B-18
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check the accuracy of the present meshfree cosleltsdor curvilinearly-stiffened plate under whiteise
are compared with those obtainesing ANSYS®. From the ANSYS$ library, 1256 SHELL63 and 60
BEAM188 are chosen for modeling the plate and esiifs, respectively. In the meshfree co@@x 2C
particles and 50 particles are considered for the@and stiffeners, respectively.

The modal approach is adopted by using the first teode shapes obtained from meshfree and
ANSYS®. The spectral density of the deflection at thenp@ obtained using meshfree, as can be seen in
Fig. 6-9, agree well with those calculated usingS™M$®. The spectral density of the stress at the poiist Q
shown in Fig. 6-10, which is close to the resuliaged using ANSY3

! 0.607m !
c F E=73x10Pa
p=283%g /n?

0.71In / ? \ v=0.33

399x137mn{ 44 0ex1424mn] T=6.25mMmm
B E

¢{=0.02
A D
clamped edg
A(0.134,0.000 B(0.262,0.278 C(0.134,0.711
D(0.475,0.000 E(0.348,0.278 F(0.475,0.711

Q(0.304,0.356

Fig. 6-8 Curvilinearly-stiffened plate

* Cantilever Plateswith Different Stiffener Configurations

The behavior of the unstiffened plate and stiffepdate with different stiffener configurations is
studied here. Three stiffener configurations areswmered in this example; straight, inclined and
curvilinear, as can be seen in Fig. 6-11. In thevious example, the spectral density of the defiaobf
curvilinearly-stiffened plate is calculated. Thengacurvilinearly-stiffened plate is considered taes fiourth

model. As we are interested to obtain low spedsalsity while keeping the mass constant, the agerag

1

n

spectral density of deflectiorsav‘3 = |= Z ﬁui , N: number of nodes) is carried out assuming that the
i=1

total mass of structures are kept unchangedalsis assumed that the structure is under jet moisigation

which is given as:
— —iax/ 340
Spp= 15 € /340) (6-15)

Deflection spectral densities were obtained using (B-10) by considering the first 10 modes. The

spectral density of stress is also calculated u@rtR). The average spectral density of the defiecand
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stress for different models are shown in Fig. 6ab@ Fig. 6-13, respectively. It can be observed ta

spectral density of deflection and stress can grghanging the stiffeners’ configuration while tfugal
mass is kept unchanged. The final optimal designbeafound by using optimization tools.

—Present code

--ANSYS

140 160 180 200

10'18 I | | | I I
0 20 40 60 80 100 120
o (Hz)

Fig. 6-9 Spectral density of displacement at poir®

—Present code
--ANSYS

180 200

140 160

3 ' 1 1 1 1 1 1
40 60 80 100 120
o (Hz)

Fig. 6-10 Spectral density of stress at point Q
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Model 1 Model 2

Model 3 Model 4

Fig. 6-11 Unstiffened and stiffened plate with stright, inclined and curvilinear stiffeners

—Model 1
---Model 2
---Model 3
~Model 4

10 0 20 40 60 80 100 120 140 160 180 200

o (Hz)

Fig. 6-12 Average spectral density of displacemenf unstiffened and stiffened plates
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Fig. 6-13 Average spectral density of stress of uiiffened and stiffened plates

»  Effect of Stiffener Stiffness Ratio

The effect of stiffener stiffness on spectral dgnsf deflection of a simply-supported square plaitn
a curvilinear stiffener subjected to jet noise amsidered. The properties of the plate and théegtf are
shown in Fig. 6-14. The configuration of stifferisrdetermined by using three points. The startind a
ending points are shown in Fig. 6-14, and the thotht was calculated by using curvature. In thiareple
the radius of curvature iR = 0.23m.

For simplicity and generality, cross sectional ar@#o and bending stiffness ratio of the stiffeaes

introduced. The ratio of the cross sectional aréahe stiffener to that of the plate is defined by

0= bshs/ ahp Wherebs, hS a and hp are the width of the stiffener, height of thefstifer, width of
the plate and thickness of the plate, respectivighg ratio of the bending stiffness of the stiffietethat of
the plate is defined b)y: Es|s/aD where Es’ |S and D are the elastic modulus of the stiffener,

second moment of the stiffener cross section aia iespect to the stiffener neutral axis and fteku
rigidity of the plate, respectively.

The Root Mean Square (RMS) of average spectralityesfsdeflection obtained fop = 0.1 related to
eccentric curvilinear stiffener. The Root Mean 3gu@&MS) of average spectral density of deflectan

be defined as:
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R(Swo) =w2—fwl [ Sude) 19

To provide a better view of the behavior of thdfestied plate for various stiffener stiffness ratiog
effect of bending stiffness rigidity of the stiffedi plates having fixed stiffener area ratid £ 0.1) on the
RMS of spectral density of deflection is shown ig.F6-15. As it expected, the RMS of spectral dignsi
deflection increases when the stiffener stiffned®1is increasing. Since the stiffener area riatiiixed, the
mass of stiffener does not change (The stiffenessng0.8kg for all cases).

o Effect of Stiffener Curvature

The effect of stiffener curvature on the RMS of cfp density of deflection for simply-supported

square curvilinear stiffened plate wigh=0.1 and y =5, subjected to jet noise, is examined here. The

results presented in Fig. 6-16 imply that increggime curvature may decrease the deflection; homieve

will always increase the mass of stiffener. Theropt curvature can be found by using optimizatioois.

» Effect of Axial Compression

In the following section, the behavior of curvilarestiffened plated = 0.1, y= 5andR=0.23m),

simply supported on all edges, under axial in-planenpressive loading are studied. The structure is
subjected to jet noise excitation and the RMS efttl density of deflection for various ratiosifplane
load is plotted in Fig. 6-17P, in this figure is the buckling load of curvilindasstiffened plate. As
expected, it is shown in Fig. 6-17 that an incréasthe in-plane axial compression, results inraraéase

in the RMS of spectral density of deflection offstied plate.

| 0.6m N

T E=73%x10°Pa
cl P= 2837kg / m’
v=033
R f=625mm
=0.02
0.6m A é’
1 B

A(0.0,0.4) C(0.6,0.5)

Fig. 6-14 Simply-supported plate with one curvilinar stiffener
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Fig. 6-15 Variation of r.m.s of spectral density ofieflection of curvilinearly-stiffened plate (0 = 0.1)

vs. stiffeners bending stiffness ratios f)
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Fig. 6-16 Variation of r.m.s of spectral density ofieflection of curvilinearly-stiffened plate (yy = 5

and 0 = 0.1) vs. curvature of stiffener (K)
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Fig. 6-17 Variation of r.m.s of spectral density ofleflection of curvilinearly-stiffened plate (0 = 0.1

and ) = 5) vs. in-plane load (axial compression)

6.4 Conclusions

This section presents a meshfree formulation fdcutating the random response of curvilinearly-
stiffened plate. The random load is stationaryiinet but can be homogeneous or nonhomogeneous in
space. Examples are given for unstiffened plate @late with straight and curvilinear stiffeners.eTh
results of developed method for unstiffened plaité plate with straight stiffeners under white drrjeise
are compared with those available in the literatdteo the spectral density of deflection for clingarly-
stiffened plate is compared with those obtainedgiiNSYS’. A good agreement was seen in all cases.

Different stiffeners configuration’s spectral ddies were compared and it was shown that changing
the stiffeners’ configuration while keeping theaomass constant would change the spectral deaokity
deflection and stress. However the final optimaigie can only be found by using optimization tools.

Also, a detailed study of random response of cunedrly-stiffened plate under jet noise is perfodme
It was shown that by using the stiffness and cumeabf a stiffener, the spectral density of deftattcan
be impacted. The influence of the in-plane compoessn the random vibration behavior of stiffendate

is also investigated.
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7  Optimization of Curvilinearly Stiffened Plate Using Meshfree

Method and Kriging Estimation

7.1 Introduction

As discussed earlier, since the FEM analysis ofilinearly stiffened plate is quite expensive, the
meshfree method is chosen as the analyzer to ratiecEPU time. However it will still require many
simulations. In the optimization of curvilinearlyifiened problem, surrogate models for analysis and
optimization can be very efficient. As is discussede of the powerful and popular surrogate models
structures and structural dynamics is kriging apipnation. To use the advantage of both meshfre&odet
and a surrogate model in reducing CPU time of ogttion, the meshfree method is used to generate th
sample points and the combination of kriging andéie Algorithms (GA) is then used for design of
curvilinearly stiffened plate. In this researchtiopzation process is decomposed into two parts,fitst
part involves calculation of the best stiffenervauthat would give the maximum buckling load, ahd t
second step involves a sizing optimization whilegiag the stiffener curve constant to minimize rneess
and satisfy the buckling constrain. The meshfreklaiging results and CPU time are compared witiséh
obtained using MD.PATRAR| MD.NASTRAN®, and kriging, as well aEBF3PanelOptThe readers are
referred to the paper by Gurav and Kapania [77f&gails of theeBF3PanelOpframework.

7.2 Kriging Approximation

In the following section, we provide a brief deption of the kriging approximation and also introdu
the notation and some definitions (Please see fitQhore details). kriging is a method that intedgte a

set of scattered data using a linear combinatiqggobfnomial terms and special ‘basis function’ term
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y( =1 (Ya+ A3
T
f=[H(® ... fie ()] (1)
_ T
a=[a .. a]
where fT (X)g_ and Z(x) are a linear regression and a random process vidicéntered around
one of the sampled points. Let us assume that we thaample points. Eq. (7-1), the predictor at a new

point X[| can be written as [70]:
m N n
V(><D)=_Zlfi(><)a+_21¢,-(>9- x) b (7-2)
1= ]=

There are different choices for the basis func(i@), e.g. linear, cubic, spline, Gaussian, spheacal

etc. One of the most popular choices is Gaussiachwhe also used in our research:

#(2) =exp (—éazz) 73

whereHZ| H is the Euclidean norng, is dimension ok, and parametét is assumed to satisf@ >0.As
can be seen in Eq. (7-3), the function is 1 Wbe%: Xj , it tends to zero WheH‘XD— Xj H _, 00, and

The Hl parameter controls how fast the function moves.

By using the kriging approximation we can also fihd predicted mean squared error [92]:
_1 T

0 FT (x)} (%

(7-4)
F(X R r’(x)

MSE(Y( %) =01~ (3} 7 ( a]{
where 0'2 is the process variandg,is the matrix of correlation between random vddalF is the random

response vector, amcdenotes the vector of correlations Ef(xD) and F ()(i )

7.3 Optimization Using Kriging

The design optimization of curvilinearly stiffenpthte is obtained using kriging method. The geoynetr
of the structure is defined by the cross sectidirakensions of the plate and stiffeners and the eslodiphe
stiffener curves. The optimization is carried qutwo stages. In the first stage, the most effectiiffener
curves are obtained in the shape variable subdpaselving a bound unconstrained optimization peabl

for maximization of the buckling eigenvalue. Onhetstiffener curve shape variables are allowed to
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change, while the stiffener and plate cross sestame held constant. In the second stage, therstiff
shape is kept constant, and the cross-sectionatrdiions are obtained for minimum mass subject to
constraint on buckling eigenvalue.

Previous work on unitized structures by Kapagtial [15-17] dealt with size and shape optimization of
curvilinear stiffeners using MD.PATRAN MD.NASTRAN®, and VisualDOE. They developed a
framework, EBF3PanelOpt for creating interfaces between parametric modelFEA, and Optimizer.
Although the framework was well developed for vadaanalysis, such us buckling, static, acoustid, an
damage tolerance analysis, it was computationajhemesive.

The work in this research is an effort to optimthe curvilinearly stiffened plate in less CPU time.
There are thirteen design variables in this problasnlisted in Table 7-1 and shown in Fig. 7-1. Tiveav
approaches are introduced toward optimal size daghes of stiffeners for minimum mass design of a
stiffened panel under buckling constraint. The tfimpproach, by using MD.PATRAN and
MD.NASTRAN?®, kriging method is developed to fit a responsdaser for mass and buckling estimation
of curvilinearly stiffened plate. In the second eggzh, sample points are obtained by using meshfree

method and kriging response is developed for magdackling eigenvalue.

Table 7-1 Description of the thirteen design variales

Variable No. | Meaning Lower Limit | Upper limit
1 Starting point of first stiffener 0 1

2 Shape parametex)(for first stiffener 0 1

3 Shape parametey)(for first stiffener 0 1

4 Ending point of first stiffener 0 1

5 Starting point of second stiffener 0 1

6 Shape parametex)(for second stiffener 0 1

7 Shape parametey)(for second stiffener 0 1

8 Ending point of second stiffener 0 1
9&10 Height of Stiffener 1 and 2 20 cm 60 cm
11,12 & 13 Thickness of Stiffener 1, 2 and Panel mra 6 mm
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Ending point
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Flate thickness

Ll—l

i

(e.y)

Stiffener height — [«— Stiffener thickness

g
Starting point

Fig. 7-1 Description of the design variables

e Two-Step Optimization Technique

Because of the noisy response surface, the opftiimizprocess was divided into two steps. In thst fir
step, the size and thickness of the plate andtiffeners are kept fixed and the variables deseglthe
shape of stiffeners are taken as the design vasata build a kriging model and to find the optimum
combination of those variables to maximize the tingkusing the genetic algorithm. In the secong ste
the size and thickness of the plate and the séffemre considered as the design variables, thme sbfa
stiffeners are kept unchanged, and minimum magge&uio constraint on buckling eigenvalue is oledin

In order to develop the kriging response for butklparameter, a set of sample points (training) sets
are created using a random statistical data sagdichnique called the Latin Hypercube Sampling$).H
With these sample points, the kriging responseistucted. Then the mean square of estimated earor
be calculated at different points in the trainiegss As will be discussed in greater detail ldbgrusing the
estimated errors, new set of sample points fronptegious sample points and the design pointsithae
large estimated error can be created. Using this set of sample points the kriging response is
reconstructed. This process is continued till arddsaccuracy is obtained. After developing thegikg
model, GA optimization technique is applied to fimdet of optimum design variables. The generaseh

of kriging based design optimization as used ia gaper is shown in Fig. 7-2.

Find mean square of

Caleulate function for L_ofe~ 1 csion of kriging || estimated error (MSE) [ Ml POINS USiNg L s construction of kriging |-

each sampling point by using kriging MSE
If necessary
Optimization using l -
Genetic A Igorithm Model validation |
(GA)

Fig. 7-2 Framework for kriging based design optimiation
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» Enhanced Kriging Model with Additional Design Points

Since having a large number of sample points teldgvan accurate kriging model is costly, and it is
unlikely that the kriging model, will, initially, & sufficiently accurate by using a limited numbgsample
points, we need to develop an algorithm to usentiremum number of sample points while having the
desired accuracy. After building the preliminarjgkng response by using the initial sample poinésmay
wish to enhance the model accuracy by applyingreesef infill points. The success of constructed
response using the infill points depends on thidl itriteria. The infill points are typically chogeeither in
areas where the response is found to be inacoiegdéoration) or where the surrogate model suggésts
the optimal design may be found (exploitation).e&ploring the design space, the response surfacbeca
modified to predict the complex behavior of theetfunction, and by exploiting the surrogate modiel t
attractive areas of objective space can be imprdsknow that to exploit the surrogate beforedasign
space has been explored sufficiently may resuthénwrong global optimum, while over explorationais
waste of resources. Therefore providing a usefw teaachieve the balance between exploration and
exploitation is required.

As mentioned before, one of the kriging model’'sdeas, which makes it a popular surrogate model, is
its statistical interpretation. This interpretatioot only allows us to predict the function, bugahbllows us
to find the possible error in the predictor. Thaitability of predicted function and estimated erio
kriging can help us in achieving a balance betwesgploration and exploitation. One way of balancing

exploitation of the predicted functiorf/(x) and exploration using Mean Square Error (MSE)ais t

minimize a statistical lower bound [75]
LB(X) = Y( X - Ag X -
s(x) =y MSK'Y ¥

whereA is a constant that controls the exploitation arplaation balance. From the literature review
[75], A=5 may be a proper choice

In the statistical lower bound approach, the addél points are chosen where the minimums of
statistical lower bound occur. In order to tess thpproach, a simply-supported rectangular platbasen.
The baseline panel configuration, loading, and nelteproperties, provided by Lockheed Martin
Aeronautics Company (Lockheed Martin), are showrFig. 7-3 and the material properties used for
analysis of this panel are given in Table 7-2. Khiging response for buckling parameter versugistar
point of curvilinearly stiffener is shown in Fig:-4 As can be seen in Fig. 7-4, in addition to khiging
predictor and FEM response, the estimated erralds presented. The estimated error is zero at the
sampled points, indicating that the predicted fiomcand FEM analysis match. As we go further frdma t

sampled point, the more uncertain the predictedtfon is, and the higher is the estimated error.
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In Fig. 7-5, this approach is evaluated and asbeaseen the quality of objective function is imprdv

at the end of each iteration.

Fig. 7-3 Panel dimensions and loading conditions

Table 7-2 Material properties of curvilinearly stiffened plate

Modulus of Elasticity 73x10 Pa

Density 2795kg/n?

Poisson’s Ratio 0.33
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Fig. 7-4 The kriging predictor and estimated error
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Fig. 7-5 Iterations of enhanced kriging model

* Reciprocal Variable

As mentioned in introduction, Schmit and Farshi9][®oked at various approximation concepts to
improve the efficiency of structural optimizatiddne of those concepts was reciprocal variablestamas
shown that it can improve the quality of the displment and stress response. By looking through the
buckling equations for curvilinearly stiffened patit can be seen that the buckling eigenvalue is
proportional to the square of thickness of plddg, (so the buckling parameter (1/buckling eigenvpise
inversely proportional to the square of thicknekplate. Let the square of thickness of plate biendd as

a design variable. By using the fact that for Iieauckling problem, the buckling parameter isersely

proportional tah,, the reciprocal design variable can be defined as:
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- 2
B=1/h> (7-6)

The kriging response for buckling parameter veriskness of plate is shown in Fig. 7-6 for two
choices of design variables. As can be seen infitjise, the kriging prediction with reciprocal dgs
variable is closer to the FEM results. In the correesearch the quality of kriging approximation is

enhanced by using the reciprocal design variable.
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-1 L 1 ,.,‘_ -------------- |
2 3 _ 5 6 7 8
Thickness of Plate < 10°
Fig. 7-6 The kriging predictor using reciprocal vaiiable
7.4 Results

Numerical results have been obtained for optimiwatof plate with curvilinear stiffeners. The
presented results compare minimum mass designs froee different optimization approaches. The
performance and optimal results obtained using MORAN®, MD.NASTRAN®, and VisualDOE,
MD.PATRAN®, MD.NASTRAN®, kriging and GA, and meshfree, kriging and GA atenpared. All
optimizations for mass minimization have constiaion buckling eigenvalue. All FEM analyses are
performed with NASTRAN using CTRIA3 shell finiteeghent. The curvilinearly stiffened plate geometry
and mesh are regenerated for each design poingsamaluring optimization. The details of this apgsb
can be found in the paper by Gurav and Kapanig. [##e meshfree analyses are performed using ttie co
developed by author.

A simply supported rectangular plate of size 0.4862.5080 m, as is shown in Fig. 7-3, and material
properties listed in Table 7-2 is studied under lbiod shear and compression with dominant
compression, Ny=2009.7kN/m and Nxy=462 kN/m. Th&mpm masses for each approach are listed in

Table 7-3, and the stiffener configurations frontheapproach are shown in Fig. 7-7. Comparing the
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performance of each method show that the meshfréging and GA is able to almost obtain the same
configuration and optimal mass in far less CPU tiBye using the meshfree method we could improve the

CPU time of each analysis and by using the sureogetdel we could reduce the number of iterations.

Fig. 7-7 Comparison of optimum stiffener configuratons obtained using three approaches

Table 7-3 Optimum mass obtained using three approhes

EBF3PanelOpt Nastran+Kriging Meshfree+Kriging

Mass (kg) | Buckling Mass (kg) Buckling Mass (kg) Buckling
2.02 1.00 2.08 1.02 2.09 1.01
10500 iterations (9hr) 3800 iterations (5hr) 3800 iterations (2hr)

7.5 Conclusion

Since the FEM analysis of curvilinearly stiffenethtp is quite expensive, the meshfree method is
chosen as the analyzer to reduce the CPU time. tHawewill still require many simulations. Becausk
the number of simulations may be required in tHat&m of an engineering optimization problem, many
researchers have tried to find approaches anditee®in optimization which can reduce the numider o
function evaluations. In these problems, surrogatelels for analysis and optimization can be very
efficient. The basic idea in surrogate model isreéduce the computational cost and giving a better
understanding of the influence of the design vdembn the different objectives and constrainsuse the
advantage of both meshfree method and surrogatelntodeducing CPU time, the meshfree method is
used to generate the sample points and combinatiniging (a surrogate model) and Genetic Algarith
is used for design of curvilinearly stiffened plaféne meshfree and kriging results and CPU timeewer
compared with those obtained usiBBF3PanelOnpt
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8 Future Research

In the conducted research, the Element Free GaldEd#G) and Ritz methods were developed for
vibration, random vibration, buckling and staticabsis of plate with curvilinear stiffeners. The ima
advantage of meshfree formulations is that théestdrs can be placed anywhere within the platetlaeyg
need not necessarily follow the nodal lines forplage. This feature resulted in the placementsirape of
a stiffener changing without re-meshing the endioenain, which can be very beneficial for performing
optimization studies. To use the advantage of hmtkhfree method and surrogate model in reducing CPU
time, the meshfree method was used to generatathple points and combination of Kriging and Geneti
Algorithms (GA), is used for design of curvilineadtiffened plate.

As it was mentioned in the thesis, the stiffenerssrsection is assumed to be symmetric about the
stiffener binormal axis and the stiffener is assdrweremain perpendicular to the plate during defidron.
Developing the equations for the stiffener with ymeetric cross section is necessary for analyzidg “
stiffener.

Also it is mentioned that in this research thedineuckling and static analysis of curvilinearliffened
plate are considered. In many engineering apptinati the structure may experience the nonlinearity.
Investigating nonlinearity in both the deformati@nd material is very important and can be the sl
future research.

The nonlinear random vibration of structures is afiethe serious problems facing designers and
engineers. Developing an Element Free Galerkin ditation using von Karman plate theory for the
analysis of random response of curvilinearly stiffd plate could be an extension to the currentireke

Changing the shape and size of curvilinear stifferean passively control natural frequencies, mode
shapes, mechanical and thermal stresses and acbebtivior of structure. In addition to the mengidn
capability of curvilinear stiffeners, the potentédficiency gains of adaptive structures can be aksed to
control the behavior of unitized structure. Adaptstructures typically comprise unconventional male
(e.g., piezoelectrics, shape memory alloys or pelgn electroactive polymers) that respond to
environmental and/or artificially imposed fields the proposed research, the placement of piezdelec
stiffener can be investigated using the meshfrethodeand discrete optimization formulation (e.gn€téc
Algorithm (GA)), to determine the location of pietectric sensor and actuator for damage deteatidine

structure.
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