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(ABSTRACT)

In this disertation class groups and unit groups of number fields with elementary Galois
groups of order 4 and 8 are considered. In chapter 3 we consider bicyclic biquadratic
extensions K /k and give a method for determining the structure of the 2-class group of
K. In chapters 4 and 5 this method is applied to real and imaginary bicyclic biquadratic
extensions of Q. In chapter 6 a method for determining the unit group of an imaginary
octic field is given. In the final chapter all imaginary octic fields of class number less than

or equal to 16 or prime class number are determined.
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Chapter 1

INTRODUCTION

The algebraic integers in a number field form a ring. If K is an algebraic number field
and R is its ring of integers we will say that ideals A and B of R are related if and only
if aA = BB for some a,3 € R. Under this equivalence relation the classes form a group
known as the class group of K. The order of the class group is the class number of K. This
dissertation examines class groups of number fields of degree 4 and 8 having elementary
Galois group.

If k is a number field of odd class number and K/k is a bicyclic biquadratic extension,
then the odd part of the class group of K is easily shown to be the direct product of the
class groups of its subfields. However, the 2-class group of K is more difficult to determine.
Lemmermeyer [13] and Kubota [11] give results relating the 2-class group of K to the 2-class
groups of its subfields, but neither fully determine the 2-class group. In our recent work [14]
we developed a method for determing the 2-class group of K when £ = Q. In chapter 2 this
method is extended to any field k£ of odd class number. Two applications of this method
are given. In chapter 3, the real bicyclic biquadratic extensions of Q having cyclic 2-class
group are characterized. In chapter 4 it is shown that every abelian group of exponent 2 or

4 occurs as the 2-class group of some imaginary bicyclic biquadratic extension of Q.



In chapters 5 and 6 imaginary octic fields K having elementary Galois group are consid-
ered. The class number of K is the product of the class numbers of its quadratic subfields
times a unit index divided by 32. In chapter 5 a method is given for computing the unit
index. In chapter 6 all octic fields K having class number less than or equal to 16 or prime
class number are given. Using the technique of chapter 2 the class group of each field is

computed.



Chapter 2

NOTATION

The following notation will be used for the remainder of this dissertation.
k : A number field having odd class number.
K : A bicyclic biquadratic extension of k.
Ky, K9, K3 : The subfields of K of degree 2 over k.

H,H,, Hy, H3 : The 2-Sylow subgroups of the ideal class groups of K, K1, K and K3, re-

spectively.
H;: The group of quadratic character values on H;.

S: The subgroup of H 1 X H 2 X ﬁg consisting of those character values which are consistent

on each pair of Hy, H; and Hs.
S : The subgroup of H; x H, x Hs with character group S.
6 : The homomorphism Hy x Hy X H3 — H defined by 8(Cy,Cs,C3) = C1C:Cs.
ker : The kernel of 6.

Hp : The image of 6.



t: The positive integer determined such that 2¢ is the product of the ramification indices

of all primes, including infinite primes, for the extension K /k.

t; : The number of primes, including infinite primes, ramified in the extension K;/k for

t=1,2,3.
R, : The rank of H; x Hy X Hs.
R, : The rank of H.
7 : The number of divisors of 2 in k¥ which are totally ramified in K.

(I,q,7): An element of Hy X Hy X H3 determined by the ideal classes of prime divisors of

l,qand 7 in K1, K; and K3, respectively.
% : The isomorphism from the multiplicative group {£1} to the additive group Z,.
A : The ideal class determined by the ideal A.
(2) : The Kronecker symbol using the convention (%) = (%) for all odd positive integers.
E__: The unit group of the field _.

The following notation applies only when K is an imaginary octic field of type (2,2,2).

ki,...,k7: The quadratic subfields of K with k{, k2 and ks real.
hi,...,h7: The class numbers of ky,..., k7, respectively.

di,...,d7 : Positive squarefree integers with k; = Q(+/d;) for i = 1,2,3, k; = Q(v/—d;) for

t=4,...,7and dy < dy < d3.



Ko = Q(+/dy,/d3) : The maximal real subfield of K.
€; : The fundamental unit of k; for z = 1,2, 3.

Ti, Si,a; : Integers such that ¢; = 5+—;,;f£ with a; = 0 or 1.

E* : The subgroup of Ex generated by the units of the proper subfields of K.
W : The roots of unity in K.

7
Wo : The roots of unity in H Ey,.

=1

7
@ : The index [Ek : H E,].
=1

3
Qo : The index [Ek, : H E,].
=1

Q1 : The index [Ex : WEK,].
Q2 : The index [W : Wy).

A; : The absolute value of a nontrivial principal divisor of k; when Ne; = +1. If possible

take A; = 2. If Neg; = —1 take A; = 1.

A : The semigroup generated by the principal divisors A;, Ay and Az modulo square fac-

tors.
D : The set {d4,d5,d6,d7}.

t' : The positive integer determined such that 2!’ is the product of the ramification indices

of all rational primes for the extension K/Q.



t; : The number of rational primes which ramify in the extension k;/Q.

w: The integer determined such that 2¥ is the 2-class number of K.

We say that the prime 2 is maximally ramified in K if it ramifies in six quadratic subfields.



Chapter 3

CLASS GROUP STRUCTURE OF BICYCLIC
BIQUADRATIC EXTENSIONS

The structure of the odd part of the class group of K is easily shown to be the direct
product of the class groups of its subfields. While the structure of H depends on the
structures of Hy, H; and Hs, the relation is more complicated. In this chapter we describe

a method for determining H.

2! i+1 .
S2§ﬂker ~ H? for any integer

Theorem 1 The homomorphism 6 induces an isomorphism

12> 0.

Proof Let (C¥,C%,C%) € §? with (C1,C3,Cs) € S. Since the characters on C; in

~

H; are consistent with one another for 7 = 1,2, 3, there is a prime p of k which satisfies
these character values. Now p splits completely in K and has a prime divisor Py such that
P; = PN K; = PyP; where (p) = PyP{P,P; in K. Note that (P2, PZ,P2) € §2' with P;
and C; being in the same genus of K;. Now

PE B BY) = BEBE Y = (BB = (B = B e 1
Since 73,'C’1-_ ! is in the principal genus of K, P;C ; 1= B? for some class B; of K;. Hence

(PiCTY, PyCy Y, PaCs ) = (B2, B, BY),



SO

B2B2B? = (PyP,P3)(C1C2C3) ! = BA(C1C2C5) 7

Therefore

(B1BBs)**' = P2 (c2 ¢y ey

and C¥C2C2 e H*,
Conversely, let C ¥ e g¥* and Py € C be a prime ideal of degree 1 and index 1
over k. Let P,‘ = Po ﬂK,‘ for 1 = 1,2,3. Then Pl = PoP],P;) = P0P2 and P3 = POP3

where Po Nk = (p) = PoPAP,P;s. Now (731,732,753) € S and PP Ps = 133 = (2. Thus

P2P2 P2 = P2H = ¢ Therefore SZ'Sr:;er ~ g2

The characters on H; must be normalized so that every unit of £ belongs to the principal
character system. The number of normalizations that occur for the extension K;/k is 7,
where 2™ is the number of different unnormalized character values generated by the units
of k . Also, the number of normalizations that occur for the extension K/k is 5, where

27 different character values are generated by the units of k£ in the direct product of the

unnormalized characters of K;/k, for i = 1,2, 3. [§]
Lemma 2 The order of § is 2127,

Proof Each divisor of 2 in k£, which ramifies in K, determines either two or one independent
characters according as it is totally ramified or not. The other primes of ¥ which ramify in

K each determine one character. These t characters must satisfy H x=+41,fori=1,2,3,
Xeﬁi



and any two product conditions determine the third. Normalization of characters imposes

n more conditions on the characters. Therefore S has 2=2-7 elements.

Corollary 3 If k = Q then

2t=2  if K is real and no prime congruent to 3 modulo 4 ramifies in K,
5] =
2t=3  otherwise.

Proof If K is real and no prime congruent to 3 modulo 4 ramifies in K, then = 0.

Otherwise n = 1.
Lemma 4 The order of S is ﬁlﬁ?}ﬂgl

Proof The order of ﬁl X ﬁg X ]?13 is 2F= and the same number of classes of H; x Hy X H3

belong to each character value of H 1 X H 2 X fAI3.

3
Lemma 5 The numbert is given by t, +t3+1t3 = 2t— 1. Moreover, R, = Z(ti —1n)—3=

=1

3
2—71-3-) 7
=1

Proof Each divisor of 2 in k£ which ramifies in K, ramifies in either two or three intermediate
fields. All other primes of £ which ramify in K ramify in two intermediate fields. Thus

t1 + t2 +t3 = 2t — 7. The rank of H; is t; — n; — 1, so the expression for R, follows.

For an extension K /k where k has odd class number, Lemmermeyer [13] shows that

|ker| = L H:((I’?)[E“:Eﬂ, where v = 1if K = k( /e, /p) for units ¢,p of k and v = 0

otherwise; e(p) is the ramification index in K/k of a prime ideal p in k; E) is the group of



units in Ej which are norm residues in K/k and ¢(K) = [Ex : Ek, Fx,FEx,). For k = Q,

Lemmermeyer’s result reduces to the following Theorem of Kubota [11]:

4

2t/q(K) if K is real and 5 =0,

|ker| = J 2t-1/g(K) ifKisrealand p=1,

| 2t-2/q(K) if K is imaginary.
For the remainder of this chapter let k¥ = Q. In this case we will show that the rank of

H is given by the rank of a Z;-matrix.

Theorem 6 The rank of H is given by

t—2 if K is real and =0,
Rz———logz[Hleszng-ker]+

t —3 otherwise.

2t=2 if K is real and =0,
Proof From Kubota [11], H? C Hg and [H : Hy| = Thus

2t=3  otherwise.

R, = log,[H : H?]

log,[H : Ho] + log,[Hp : H?]

t—2 if Kisrealand n =0,
log,[Ho : H?] +

t —3 otherwise.

Now Ho/H? ~ %M and S/SNker~ S -ker/ker so [Ho: H?] = [Hy x Hy X Hs3 :

S - ker].

Corollary 7 If K is real and n = 0 thent — 2 < Ry < R,. Otherwiset —3 < Ry < R,,.

10



Proof It is immediate from Theorem 6 that R, > t—2if K is real and = 0 and Ry > t—3

otherwise. Now

. |H1 X Hz X H3|
[H1XH2XH3.S ker] |S||ker| |Sﬂk€1‘|
|Hi x Hy x H3|  |Hy X Hy x Hj =_2_E
< K Hy xHy x H 5 5]
2

2Ra /9t=2  if K is real and 5 = 0,
2fa [9t=3  otherwise.

It now follows from Theorem 6 that R, < R,.

Theorem 8 Let m denote the rank of§ . ker. Then

t—2 if K is real and n =0,
Ry = R,—m+

t—3 otherwise.

3 3t—5 if Kisreal and n=0,
= remeYw
i=1

3t— 6 otherwise.

Proof Let ¢ : Hy X Hy X Hz — ﬁl X ﬁz X fIg be the mapping determined by taking a

class C; of H; to its character system in H;. Then felr’;ﬁg:gﬁ ~ ﬁfpgl;‘;;})ﬁ But ¢(S-ker) =
&(S) - p(ker) = S - ker. Moreover, ker¢ is the direct product of the 2-Sylow subgroups of
the principal genera of Ky, K3 and K3 which is clearly contained in S. Thus El’fg—}]]cif—H‘i ~

HixHyxHy ’;’z XHas The result now follows from Lemma 5 and Theorem 6.
-ker

In order to determine R; we must be able to find a set of generators for ker. If p
is a rational prime which ramifies in K then either (p,p,1),(p,1,p) or (1,p,p) is in ker

according as p ramifies in K; and K3, Ky and K3 or K; and K3. Elements of this form

11



generate ker unless K is real, n = 0 and Ne¢; = +1 for some . In this case there is an

additional generator determined by weak ambiguous classes.

Lemma 9 Suppose K is real and 7 = 0. Then there ezist ideals A; of K; such that A; is
an ambiguous class and A1 A3;As = () for some o € K with NK/Q(a) < 0. Futhermore,

g,' is a weak ambiguous class for each i with Ne; = +1.

Proof The existence of ideals Ay, A2 and A3 such that /L is ambiguous and A; A3A3 = (),

for some a with Ng/q(a) < 0, is proven in Lemmas 14 and 15 of [11]. Suppose Ne; =

+1 and let o; be the automorphism of K fixing K;. Then Aj™7? = Alg},;’:ﬁﬁ?,):ﬁ,l =
1 2 3

o 1409 _
1¥o; ,1+0; ;1407 —
Al A2 AS

(p1) for some p; € K with Ng,,q(p1) < 0. Therefore A; is not an
ambiguous ideal, so A; must be a weak ambiguous class.

Now m is the rank of a Zy-matrix M whose rows correspond to generators of S - ker by
means of the isomorphism .

Example Let K; = Q(+/Igrs), K2 = Q(1/Iq) and K3 = Q(/rs) with[=¢=3 (mod 4)

and r =s=1 (mod 4). The table of consistent characters is:

12



Here § is generated by (0,1,1,0,1,1) and ker is generated by {({,1,1), (¢,1,1), (r,1,7)}.

Thus
( 1 1 1

v(r)  w(l) o
$(0)  P(® 0
(O E) vE@

where the first row corresponds to the generator of S and the last three rows correspond to

generators of ker. We have deleted one character from each subfield since the product of
the characters for a quadratic field is +1. The first two columns correspond to characters
for Ky, determined by r and s, and the last column to a character for K3, determined by

r. Now R, =3 andt=4so Ry =4 —m.

13



Chapter 4

REAL BICYCLIC BIQUADRATIC FIELDS OF

2-RANK 1

The real bicyclic biquadratic fields having odd class number have been determined by

Hasse [6] using the class number formula. As an application of the techniques developed in

chapter 3 we will determine all such fields having 2-class group of rank one.

Theorem 10 The real bicyclic biquadratic fields whose class groups have 2-rank one are
listed below. In each case Hy X Hy X H3 =~ Zaa X Zy X +++ X Z3 for some a > 1 and H ~
Zya-1,Z9a or Zyat1. In the following table [ay,aqz,as] followed by [b1,bs,...,by,] indicates
that Q(\/a1),Q(\/az) and Q(/a3) are the quadratic subfields of K and by,b,,...,b, are
congruence conditions modulo 4 on the prime divisors of a1,a, and a3 listed in alphabetical
order. Here l,q,7 and s are distinct primes. The second column gives further conditions
that must be satisfied and the third column gives the 2-class group of K.

L. [ig,1,q]
[1 or 2,1]

2. [lg,1,q]
[1,3]

3. [lgr,lq,r]
[1or2,1,10r 2]

hy>2

NEl =N62=—1 and

(5)=®=-1

Ney = —1,Ney = +1 and either
hy =2 and (%) =-1or

hy =2and (1) = -1 or

he > 2 and (%) =(1)=-1

14

Z2a-l

Z2a—1

Z2a+1

Z2a+1



4. [lqr,lq, 7]
[2 or 3,3,1 or 2]

5. [lgr,lq,7]
[3,3,3]

6. [lgr,lq,7]
1,3,3]

7. [lgr,lq,7]
[1, 1,3]

8. [lgr,lq,r]
[3,1,1]

9. [lgr,lq,7]
[1, 3, 2]

10.[lgqr,lq, 7]
[2,1,3]

11.[lgr,lq, 7]
(2,3,3]

12.[lq,lr, q7]
[1or2,10r2,10r2]

Ney=+4+1,Negyg = -1,
h1 =4 and (%) # (9)

Ney=Ney = +1, (1) # (9)

and either hy =4 and hy = 2

or hy >4 and hy =2

I
(%) =+lor (£) =+1
(

D= =-1or
=) =-1or
®=(})=-1

(2) = —1 and either

(})=-1or (=1

Ney = Neg = Nes and at
least two of (é) , (%) and
(1) equal —1

N€1 = +1,N€2=N63= -1

15

Zaa

ZLaa

Z2a—1

Zaa

Z2a+l Zf q(K) =2
Zga if q(K)=1

Z2a+1 ’lf Q(K) =2
Zy if q(K)=1
Zaa

Z2a+1 lf q(K) =2
Z2a ’lf q(K) =1

Z2a

Z2a+1



13.[lg,lr, q7]

[1’ 373]

14.[lq,lr, qr]

[1,1,3]

15.(1q,1r, qr]

[2,1,3]

16.[lgrs,lq, 73]

[2 or 3,3,3,3]

17.[lgrs,lg,rs]

[2 0r3,3,1,1 or 2]

18.[lgrs, lgr, s]

[2 0or 3,3,1,1 or 2]

19.[lgrs, lqr, s]

with hy = 2 and either
(%) =-lor (%) =-1,
or hy > 2 and (%) =(1)=-1

N€1 =N€2 = +1,N€3: —1,

(2) = -1 and either hy = 2 and
hy>2o0r hy >2and hg =2

(@)=t (92

é = +1 and either
% =()=-1or
Y=(@)=-1or
®=()=-1

16

Zgat1

Zza+1 tf q(]() =2
Z2a lf q(K) = 1

Zyat1 if q(K) =2
Zaa if g(K)=1

Zgat1 1f q(K)=2
Zaa if q(K)=1

Zga if ¢(K)=2
Zga if q(K)=1

Z2a+l lf q(K) =4
Zye if q(K)=2

Zaa

Z20+1 if q([{) = 2
Zza ’Lf q(IXy) =1

Zgarr if q(K) =2
Zye if q(K)=1

Zyat1 if q(K) =2



[2’3,371] (%) =-1lor (Z =-1 Z2° lf Q(K) =1

20.[lqr,lgs, 73] %) =-1or (ﬁ) =-1 Zaa
[1or2,20r3,3,20r 3]
21.[lgr,lgs, 73] (%) = (ﬁ) = —1 and either Zyatr 1f q(K)=2
[20r 3,3,1,1 or 2] (I)=+4+1lor (1) =+1 Zaaif q(K)=1
(5) =1, (‘) — +1 and either Zgatr if (K)=2
(#)=-1or (3)=-1 Zya if (K)=1
(%) = +1, (ﬁ) = —1 and either Zyatr 1f q(K) =2
(I)=-1lor (£)=-1 Zya if q(K)=1
%) = (é) = +1 and at least Zyat1 1f ¢(K)=2
twoof (%),(%) and (%) equal —1  Zya if q(K)=1

Proof Since ker is elementary and H1X2XHs ~ [ is a subgroup of H, it follows that

ker
if H is cyclic then at most one factor of Hy X Hy X Hs has order greater than 2. It
follows from Corollary 7 that if H is cyclic then ¢ < 4 and ¢t = 4 only if » = 1. The
above list follows from a careful analysis of cases. For example, when d; = lqr,d; = lgs
and d3 = rs, with/ = 2o0r3 (mod4),¢q=3 (mod4),r =1 (mod4)and s =1

lg r ‘lq s ‘ r s R
or 2 (mod 4) the table of consistent characters is: + +|+ +|+ +. HereS

is generated by (1,1,1,1,1,1) and ker is generated by (/,1,1),(¢,q,1) and (r,1,7). Thus
1 1 1

e e(d)
M=1 v @ o
(@) 0w

for K, determined by r, and the last two columns correspond to characters for K5 and K3,

where the first column corresponds to a character

determined by s. By Theorem 8, Ry = 4 — m. If (%) = (é) = —1 then M reduces to

17



0 0 1
w%g) wzg) g so Ry = 1if either () = +1or (%) = +1. If (%) = (%) = +1
1+4(%) 0 0
1 1 1
then M reduces to v(%) () 0 so Ry = 1 if at least two of (%), (2) and
v(E@ 0 %)
0 1 1
(r) equal —1. If (1) = —1 and (1) = 41 then M reduces to 1 0 0 so
s T s 0 ¢(%) 0
0 0 ¥()
Ry = 1if either (4) = -1 or (}) = -1. If (%) = +1 and (ﬁ) = —1 then M reduces to
1 0 1
0o 1 0 so Ry = 1 if either (1) = —1 or (£) = —1. That H ~ Zat1 or Zza
$(§) 0 0 ’ " ’ ' C o
0 0 ¥(5)

according as g(K) = 2 or 1 follows from the class number formula h = %q(K )h1hohs. The

remaining cases are done similarly.

18



Chapter 5

GROUPS OCCURING AS CLASS GROUPS OF
IMAGINARY BICYCLIC BIQUADRATIC
FIELDS

In this section we will show that every abelian group of exponent 2 or 4 occurs as the
2-class group of some imaginary bicyclic biquadratic field. Several technical lemmas preceed
the main result.

For any n X n Zy—matrix A, let A(¢y,...,1) denote the matrix obtained by adding 1 to
the i;i; entry of A for, j = 1,...,k. Define C; = (1) and for n > 1 define C,, = (¢;;) to be
the n X n Zy—matrix given by: ¢pp = 1,¢i541 = ciy1i=1fore=1,...,n—1and ¢;; =0

otherwise.

Lemma 11 The following hold for each n:
1. detC, =1,
2. detCyn(1,2,...,3k) =1,
3. det Cn(1,2,...,3k+1) =0,

4. detCr(1,2,...,3k +2) =1,

19



5. detCp(1,2,...,3k,3k +2) = 1.

Proof Now det(C; = detCy; = 1 and expanding about row 1 of C,, and then about
column 1 of the resulting minor we see that detC, = detC,_;. Thus det(C,, = 1 for
each n. It is easily verified that det C1(1) = det Cy(1) = det C3(1) = 0, det C3(1,2) =
det C3(1,2) = 1 and det C3(1,2,3) = 0. Expanding about row 1 of C,(1,...,7) and then
about column 1 of the resulting 1-2 minor we see that det C,(1) = det C,_y1 + det Cp—2
and det Cp(1,...,9) =det Cp_y(1,...,i — 1)+ det Cp_a(1,...,¢—2) for s > 2. Thus (2),(3)
and (4) hold. Now det C2(2) = detC3(2) = detC4(2) = 1. Expanding about row 1
of Cn(1,...,3k,3k + 2) and then about column 1 of the resulting 1-2 minor we see that
det Cp,(2) = det Cr,—z = 1 and det Cp(1,...,3k,3k+ 2) = det Cpma(1,...,3k — 1,3k + 1) +
det Cn_o(1,...,3k—=2,3k) for k > 1. Repeating this for C,,_1(1,...,3k—1,3k+1) we see that
detCp—1(1,...,3k—1,3k+1) = det Cp—2(1,...,3k—2,3k)+det Cp,—3(1,...,3k— 3,3k - 1).
Therefore det C,(1,...,3k,3k + 2) = det C,—3(1,...,3k — 3,3k — 1) and (5) holds.

For n > 2 let A, be the n X n Z;—matrix defined by A, = C,(1).
Lemma 12 The following hold for each n :

1. det An(1,...,3k) =0,

2. det An(1,...,3k+1) =1,

3. det An(1,...,3k+2) =1,

4. det A,(1,...,3k— 1,3k +1) = 1.

20



Proof Now det A3(1) = det A3(1,2) = 1. For n > 3, a12 and ag; are the only nonzero en-
tries in row 1 and column 1 of A,(1,...,¢), respectively. Thus, deleting the first two rows and
first two columns of A,(1,...,7) we see that det A (1) = det C\,_2 and det A,(1,...,7) =
det Cp—2(1,...,i—2) for ¢ > 2. The result now follows from Lemma 11.

For n = 3m,m > 2, define B, = (b;;) to be the n X n Zy—matrix given by: b1y =
a12+ 1,b21 = @21 + 1,b1a = @14+ 1,b41 = ag1 + 1,b22 = @22 + 1,b44 = aga + 1 and b;; = a;;

otherwise.

Lemma 13 For each n, det B,(1,...,n) = 1.

Proof Note that b4 and b4; are the only nonzero entries in row 1 and column 1 of

B,(1,...,n), respectively. Thus B,(1,...,n) can be reduced to the matrix

0001
B 0 0010 ‘
( 0 Coa(l,...,n—4) ) where B = 01 1 1 The result now follows from
1 010

Lemma 11.
Let p1,...,ps be primes with p; =3 (mod4)and p; =1 (mod 4),i# 1. For1<i<

s—1let yi:’/’(ff)-

Lemma 14 The 2-rank of the class group of Q(\/—p1 -+ ps—1,/Ps) 15 (25—3) —(y1+---+

ys—l)-

Proof Let Ky = Q(v/-p1--ps—1), K2 = Q(/ps) and K3 = Q(v/=p1---ps). For 1 <

s—1
Li<s—1l,i#jletz;; =19 (f};—) and z; = Zz',-j. Since ker is generated by {(pi, 1, p;)|i =
i=1
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1,...,8—1},

( 1 0 0 1 0 0 1 \
0 1 0 0 1 0 1
M = 0 0 1 0 0 1 1
Z11 T2 v Trs—2 TuntYr T2 o T1s-2 Z1s-1
\ T1s—1 T2s5-1 *°* Ts—2s-1 Tl s—1 Tops—1 *°* Ts—25-1 Ts—1s-1TYs /
. s=1
where the first s — 2 rows correspond to generators of S. Since Z z;; = 0 for each i, M
i=1
reduces to
( 10 0 1 0 0 1 \
01 0 0 1 0 1
00 1 0 O 1 1
00 0 yu O 0 0
00 ««- 0 0 0 -+ 0 ysq )

The result now follows from Theorem 8.

For the field Q(y/=p1 - ps—1,+/Ps), if H1 X Hz X H3 is elementary then it follows from

Corollary 7 and the class number formula that s — 2 < Ry < 25 — 4.
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Lemma 15 For any s > 3,3 # 4 and for any | with s — 2 <1 < 2s — 4 there ezist primes

D1, ..., Ds such that Hy X HyX H3 is elementary and the 2-class group of Q(\/=p1 -+ *Ps—1,+/Ps)

has rank 1. If s = 4 then there exist primes such that the rank is 3 or 4.

Proof Choose pi,...,ps—1 such that for 2 # j, ¢ (’1};) equals the ¢j—entry of A,_;. The
first row of A,_; is the sum of rows 2 through s — 1 and these rows are clearly independent,

so A,_1 has rank s — 2. Thus H; is elementary. Now the character table for K3 corresponds

yp 0 -~ 0
0 Y2 0
to A;_1+ . ) . . By Lemma 12,if 1 < w < s—2 then ps can be chosen
0 -+ 0 ysq
so that Hj3 is elementary and exactly w of yy,...,¥ys—1 are equal to 1. It also follows from
Lemma 12 that if s 21 (mod 3) and p; is chosen such that y; =...= y,—1 = 1, then H;

is elementary.
If s=1 (mod 3),s # 4 choose py,...,ps—1 such that 9 (%) equals the ij—entry of
B;_1. The rows of B;_; are dependent, but after adding row 1 to row 4 and deleting row

2 we are left with s — 2 independent rows. Thus H; is elementary. The character table for

i 0 -+ 0
0 vy

Hj3 corresponds to B,_1 + . . . . By Lemma 13, p,; can be chosen so that
0 -+ 0 ysq

Hj is elementary and y; = ... = ys—1 = 1. The result now follows from Lemma 14.

With K as in the previous lemma and s = 4 the character system of K must be one of

the following;:

|p1 P2 p3 'p1 P2 P3 'p1 P2 Ps
npn|+ - - ni - + - |- - +
p|l- + - p2l+ - - p|l- + -
p3|— — + p3|— — + 3|+ - -
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A case by case analysis shows that there is no choice of py such that H3 is elementary and
Ry, =2.

Now let py,...,ps be primes with py = ... = p,_2 =1 (mod 4) and ps;_1 = p; = 3
(mod 4). Choose py,...,ps—1 so tht 3 (%) equals he 7j—entry of A;,_,, for 7,5 < s—1. For

t=1,...,8— 2, let y,-:zp(p—‘).

Ps

Lemma 16 The rank of the 2-class group of Q(\/—p1...Ps—1,+/Ps—1Ps) i5 25 — 5 — (y1 +

[l
o
(e}
(e
(el
o
o=

ot pans).
Proof The kernel is generated by {(p:,1,pi)|1 <4 < s—2} and (ps—1,1,1) so
/1 00 0 --- 00 1 0 0 - 0 \
010 0 --- 00 0 1 0 - 0
M=|0000 01 0 0 0 1
110 0 00 14+4p»m 1 O 0
1 01 0 00 1 y2 1 0
010 1 00 1 ys 0
000 O -- 0 0 0 0 14 ys—2
\0 00 0 ---01 0 0 O 0
where the first s — 2 rows correspond to generators of S. Now M reduces to
(10 ---001 0 0 --- 0
o01.-00o0 1 0 --- 0
00 01 0 0 O 1
0 0 00 0 0 O 1
00 00 pn 0 O 0
00 00 0 y O 0
Ys—2 )
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The result now follows from Theorem 8.

For the field Q(y/—p1 - -ps_1,\/ps_1ps), if Hy x Hy x H3 is elementary then it follows

from Corollary 7 and the class number formula that s — 2 < Ry < 2s - 5.

Lemma 17 For any s > 3 and for any |l with s — 2 < 1 < 2s — 5 there exist primes

P1y. -+ Ps Such that Hy x Hy X Hs is elementary and the rank of the 2-class group of

Q(v/=P1+ Ps—1,/Ps-1Ps) 15 L.

Proof Since A,_; hasrank s—2, H; is elementary. The character table for K3 corresponds

U1 0 e 0
0 Y2 0

to A,_2 + . . . . It follows from the proof of Lemma 11 that for
0 0 - yYs—2

0<w<s—3,if wofy,...,ys—3 are equal to 1 then y,.5 can be chosen such that Hj is

elementary. The result now follows from Lemma 16.

Theorem 18 FEvery abelian group of exponent 2 or 4 occurs as the 2-class group of some

imaginary bicyclic biquadratic field.

Proof The result follows immediately from Lemmas 15 and 17 except for the group Z4x Z4.
In that case let K = Q(/—p1p2ps,+/P1) With py = po = p3 =3 (mod4) and py = 1
(mod 4). Choose py,...,ps such that (z%) = +1 and (%) =—-1for¢:=1,2,3,57=2,3,4,
(¢4,7) # (1,3) and ¢ < j. Then Hy x H; X Hj is elementary and H ~ Z4 X Z4, since the

matrix M has rank 5.
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Chapter 6

UNIT GROUPS OF OCTIC FIELDS

For this chapter let K be an imaginary octic field of type (2,2,2). An easy group
theoretic argument shows that Q = QoQ1@2. Now according to Kuroda [12], Qo = 1,2 or
4 and Q, = 1 or 2 according as v/—1,v2 € K or not. By Theorem 4.12 of Washington [23],
@1 =1 or 2 since K is a CM-field. In this section we give conditions for determining Q;.

Let ( = % be a primitive eighth root of unity.
Lemma 19 Ife € Ex — E* then one of the following must hold:
1. €% = 15 with Nez = +1,
2. €2 = —gye3 or €% = 1e9e3 with Neg = Neg = +1,
3. €2 = —g16963 or € = 1616963 with Ney = Neg = Nes,
4. et = Ceé”eém or e? = Celséﬂe;ﬂ with Nea = Neg = +1.

Proof Since [Ex : WEK,] < 2, €2 = we for some w € W and ¢ € Ex,. We may assume
that w is an eighth root of unity since any root of unity of odd order in K is a square. Thus
e? = welebes with a,b € {0,1} or €? = welebel/? with a,b € {0,1,1,3}.

Suppose €? = wes and note that w # +1 since e g E*. If d3 = 2 and w = { choose an
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automorphism o of K with o(1) = ¢ and 6(v/2) = —v/2. Then (e2)!117 = —1el?? = | = W2
so e!t? = tw contradicting that w is not in the fixed field of 0. Thus either d3 # 2 or w
is not a primitive eighth root of unity, so there is an automorphism 7 of K with 7(w) =@
and 7(y/d3) = —v/ds. Now (e?)1*7 = = N(e3. If N(e3 = —1 then ¢ = +el*7 is fixed
by 7, a contradiction. Thus Neg = +1. If w = { choose an automorphism p with p(¢) = ¢,
p(V2) = —v/2 and p(v/d3) = —/d3. Then (€2)'*t? = —. contradicting that ¢ is not in the
fixed field of p. Therefore w = «.

Now suppose €2 = wezes. If w = (, choose an automorphism o with o(:) = ¢, 0(v/2) =
—v/2 and o(v/d3) = v/d3. Then (€?)!*° = +ie2 contradicting that ¢ is not in the fixed
field of 0. Thus w # ¢ so there is an automorphism 7 with 7(w) = @, 7(v/d3) = v/d3 and
7(V/d3) = —/d3. Now (e2)1+7 = e2elt™ = e2Ne3 = +ed. If (e2)'+7 = —e3 then e'*7 = +ie
contradicting that ¢ is not in the fixed field of 7. Thus Ne3z = +1 and similarly, Ney = +1.

2

Now supose e* = wejeges. If w = ( take d2 = 2 and let 7 be an automorphism

with 7(¢) = ¢, 7(v/2) = —v/2 and 7(/d1) = Vdi. Then ()7 = —ied(ee3)'t” =
Lelecl,,” = 4.2, contradicting that ¢ is not in the fixed field of 7. Thus w # ( so there is
an automorphism ¢ with o(w) = @, a(/dy) = —/dy, 0(/d3) = —/d; and o(\/d3) = \/d;.
Now (%)% = (e162)177¢2 and ¢ is not in the fixed field of 0 so Ne; = Ney. Similarly,
Ney = Negso Ney = Neg = Nes.

Now suppose e? = wsi‘ageéﬂ with a,b € {0,1,1,3}. Let o be an automorphism with

’ 29
o(Vd3) = Vds, o(\/dy) = —/d1, o(/d3) = —/d3 and o(¢) = — if € K. Now e* =
w2e?ces with w? = —1 or ¢ so (e!)'+7 = (e]19)/(elt)*e2 with j,k € {1,2}. Thus
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(et = +ei. If (e?)!+° = —2 then (e?)1*9 = tie3 contradicting that ¢ is not in the
fixed field of 0. Thus (e*)!t? = ¢2 and (e?)'*t° = 4e3. This implies that \/Fe; is in a
biquadratic subfield of K and it follows from [12] that Neg = +1. Now let F; and F, be

the imaginary biquadratic subfields of K containing v/d3. Then
Ni/ri(€)* = Ni/r (w)Niyr (1) Ny my (62) (£€3) = wies

and
Ni/ry(€)’ = Ng/py (W) Nk, (€1)* Nk, (€2)° (£e3) = waes

where w; and wy are roots of unity in F; and Fj,respectively. Since both F; and F; have unit
index 2, Fy = k3(¢) and Fy = k3(v/=2). Thus K = k3(¢,v2) = Q(¢,V2,+/d3). Moreover,
we may assume that k; = Q(v/2) so Ne; = —1. Since e? = 8%836-}3/2 has no solutions in
K, it follows that w = (. Let 7 be the automorphism with 7(¢) = —, 7(v/2) = V2 and
T(V/d3) = —/d3. Then (e})!*7 = e?9(ele, 12 )H+7 = w3e?? for some root of unity ws in
the fixed field of 7. If follows from [12] that a € Z. If b = 0 then Ng/p(€)® = (—1)%s3
and NK/F2(€)2 = —(—1)%3 so \fe3 € F} or \/e3 € F,. This contradicts that F; and F;
are imaginary. If b = 1 let p be the automorphism with p(¢) = ¢, p(v/2) = —v/2 and
p(v/d3) = —\/dz. Then (€)1 = —1(—1)%2(e2*?)1/2 = 4162 which is impossible since ¢ is

not in the fixed field of p. Hence b € {},3}. Since Ng/k,(€)? = ei%eZbes = e30e2-1gpey =

2b—1

(e%e5% )%eze3 where 2b — 1 is and even integer, it follows that ,/z1e; € Ko. It follows from

[12] that Neo = +1. From symmetry in €2 and €3 it follows that 2 is a principal divisor of

2
k. Thus €3 = 2a? for some o € k3. Hence if €2 = we$ 63/2 /2 then (\/%a) = wsleéﬂsé/z
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so we may take b = %

Corollary 20 If e = ws‘{sgeé/z has a solution in K then /-1 € K, ko = Q(y/m) and

k3 = Q(v2m) with m =3 (mod 4). Moreover, 2 is a principal divisor in both ky and k3.

Proof As shown in the above proof, Ko = Q(v/2,/m) with ky = Q(v/m). By symmetry
in k and k3 we may assume that m is odd. Since 2 is a principal divisor in k; it follows
that m =3 (mod 4). Also, w = { so /-1 € K.

In the following lemmas we describe a method for computing units of the form ¢/ieqe3
and y/uelezes. Let dy = 2,dy = m =3 (mod4), K = Ko(¢) and suppose that 2 is a

principal divisor in both ky and k3. Write ¢2 = 7 + s4/m and €3 = u + vv/2m.

Lemma 21 There exist integrs a,b,c and d such that \/e; = “4@'23@ and /€3 = V2 +
dym. Ifm=7 (mod8) thent+1=a% r—1=mb%u+1=4c? and u— 1 = 2md? and
ifm=3 (mod8)thent—1=2a% r+1=mb? u—1=4c? and u+1 = 2md?. Moreover,

b and d are both odd.

Proof Since Ney = Nez = +1 it follows that /g2 = "2(T+1);”2(T-1) and /g3 =

Y 2(u+1); Veluzl) Clearly u is odd since u? — 2mr? = 1. Since 2 is a principal divisor of ko,

2(r+1)=2a%? and 2(r F 1) = 2mb? for some a,b € Z. Thusr+1=a? and r F1 = mb?. It
follows that r is even, for otherwise r+1=r—1=0 (mod 4). Therefore, \/€3 = ﬂ@;@
and /3 = ¢v2 + dy/m with {r + 1,7 — 1} = {a?,mb?} and {u+ 1,u — 1} = {4¢?,2md?}.
Suppose 7+ 1 = a? and u — 1 = 4c%. Then r+u = mb? + 2md?, r + u + 2 = a2 + 2md? and

T+ u—2=4c®+ mb? Thus a® =2 (mod m) and 4¢? = -2 (mod m) so (“2) = -1

e

29



(mod m), contradicting that m =3 (mod 4). The case r — 1 = a® and u + 1 = 4¢? yields
a similar contradiction. Therefore, either r +1 = a2 and u+ 1 = 4c2orr—1 = a? and
u—1 = 4c?. Now ris even and r + 1 = mb? so b must be odd. Also d must be odd, for
otherwise u + 1 = u—1=0 (mod 4). Suppose 7+ 1 = a? and m =3 (mod 8). Then
r—1=mb?=3 (mod8)soa’®=r+1=5 (mod8), which is impossible. Therefore
r—1=a’ifm=3 (mod8)andsimilarly r+1=a?2if m=7 (mod 8).

Now define o = mbd + (ac + 1)v2, B = mbd + (ac — 1)V/2, p; = 2mbd + 2a — 4c,
p2 = 2mbd — 2a + 4c, p3 = 2mbd + 2a + 4c, py = 2mbd — 2a — 4¢c, y1 = —2mbd + 4ac +
2a + 4¢c + 4, 9 = —2mbd + 4ac — 2a — 4c + 4, v3 = —2mbd + 4ac + 2a — 4¢c — 4 and

v4 = —2mbd + 4ac — 2a + 4¢c — 4 with a,b,c and d as in Lemma 21.

Lemma 22 Ifm =3 (mod 8) then {/zze5 = 2(1+:)(1— ¢ +V2)(Va+B) = %Q(\/fﬂ—i-
Pz + B3 + y/pi and {ficteses = 11+ )(1 -1+ VE)(Va +vB). m=7 (mod8)
then yE3es = L2 /er(\Jaci ! +1/Ber") = SR VE(VAT + /T2 + /T + v/Ta) and iErEs =
L140)(1—+v2)(yfaer +1/Ber?). Here we take /=2 = 1 and fiy/e = L(1-+v/2).
Proof It follows from Lemma 21 that /e3¢5 = %(2ac + mbdv/2 + 2bcy/m + ad\/Q_m) and

Ngo/ki (V/€263) = +1. Thus

Yeqgs = % (\/2ac + 2 + mbdv2 + \/2ac - 24 mbd\/i)

? (\/mbd + (ac + 1)\/5 + \/mbd + (ac— 1)\/5)

?(\/5 +VB).

Note that (mbd)? = 2a%c? + 2 — a? — 4c? or (mbd)? = 2a%¢? + 2 + a? + 4¢? according as
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m=7 (mod8)orm=3 (mod8). From this it follows that

—(a+2c)? if m=7 (mod8)
N(a) =

(a—2¢)? if m=3 (mod38)

and
—(a—2¢)? if m=7 (mod8)
N(B) =
(a4+2¢)? if m=3 (mod8).

Thus N(;%5;) = N(a—f2—c) =+1ifm=3 (mod 8),so0

[« _1 2mbd+2a-—4c+ 2mbd — 2a + 4¢
a—2c 2 a—2c¢ a—2c

and
B _1 2mbd+2a+4c+ 2mbd — 2a — 4c

a+2c 2 a+ 2c a+2¢ )
Therefore

Va = %(\/med+ 2a — 4c + V2mbd — 2a + 4c)

1
= (V)

and

\/E = %(\/med+ 2a+4c+\/2mbd—2a—4c)
1
= 5(VPs+/pa)-

Ifm=7 (mod 8)then ael_l = (—mbd+2(ac+1))+(mbd—(ac+ 1))\/§ and N(;—i%) = 41.

[ ael? 1 —2mbd+4ac+2a+4c+4+ —2mbd + 4ac — 2a — 4c + 4
a+2 2 a+ 2¢ a+ 2¢
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so \Jaert = (/71 + /72)- Similarly 1/Ber! = 1(,/73 + +/72). The expressions for {/iez¢3
and {/ieleqe3 are immediate.

Corollary 23 If m|(ac+1) or m|(ac—1) then either {/ieqe3 € K or {ficleses € K accord-

ingasm =7 (mod8) orm=3 (mod8). Conversely, if {/iese3 € K or %6%8263 eEK

then m|(ac + 1) or m|(ac —1).
Proof If m =7 (mod 8) then

a’c? -1 = a%? -2 + 2¢2 -1

= cAa*-2)+22-1

u—1

2

= Ar-1)+

= mb?c? + md>

Similarly, a%c? — 1 = mb?c? — md? if m =3 (mod 8). Now let p be a prime with p fm,

p|bd and p|(ac + 1) and note that p # 2 since bd is odd. Since a%c? — 1 = mb?c? £ md? it

follows that p|b and p|d. Thus p?|(ac + 1). Suppose that p‘|b, p'|d and p*|(ac + 1). Now
2.2

”;T‘l = mcz(z%)2 - m(%)2 so if p|“7f;'-',l and p|§f—,- then p2|“7f;|;—1 and pﬂ%. Thus the highest

power of p dividing gcd(bd,ac + 1) must be even. The same argument holds for bd and

ac—1. Now suppose that m|(ac+1) or m|(ac—1). By Lemma 22 it will suffice to show that

Veaert,\/Bert € K or /a,\/B € K according as m =7 (mod 8) or m = 3 (mod 8).

The argument above shows that a = mia?7 -+ . 7S¢ and B = m1~iB27P1 ... 7Ptk where
a1,p1 € Z, T,...,7, (resp. Ti,...,7; ) are nonconjugate primes in Z[v/2] and i = 0 or 1
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according as m|(ac + 1) or m|(ac — 1). As in the proof of Lemma 22,

—(ac+2)? if m=7 (mod 8)

N(a) =
(a—2¢)? if m=3 (modS8)
and
—(a—2c)? if m=7 (mod8)
N(B) =
(a+2c¢)? if m=3 (mod38).
It follows that cy,...,cs,b1,...,b; are even and j and k are both odd or even according as

m=7 (mod8)orm=3 (mod8). Therefore, \/ae;',1/Be;* € Kif m =7 (mod 8)
and /a,\/B € Kif m =3 (mod 8). Suppose m = p;---p, with p;---py|(ac + 1) and

Py+1 -+ pz|(ac — 1) for some y < z. Then as above, a = p; - - -pyairy ~-7r§3£{ and 8 =

py+1---p,,ﬁfrlbl ---Ttb‘slf with ¢1,...,¢5,b1,...,bt even. Now . /pr--"Py,\/Py+1 " Pc ¢ K
so it follows that v/a, /B, /acr?,/8e7" ¢ K if j and k are odd and va,vB ¢ K if j
and k are even. Note that if j and k are even and ,/aey,/Bez € K then (/ne; € K for
some positive integer n. Thus ky(\/n€;r) = Ko, so ne; = mz? for some z € ky. Thus

—n? = m2N(z)? > 0, a contradiction.

Corollary 24 If m is prime then either #/ie,e3 € K or {/ie2e0e3 € K.

Proof Asin Corollary 23, a?c? — 1 = mb%c? £ md? so m|(ac + 1) or m|(ac — 1).

IfNSl :N82 = N83: —1 define

21 = (r1+42%)(rg + 2%2)(rs + 2%0),

22 (r1 4 2%)(rg + 2°20)(r3 — 2%%),
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z3 = (r1+42%)(ry —2%2)(rs — 2%4) and

24 (11— 2%1¢)(rg + 2%20)(r3 + 2%%0).

Lemma 25 If Ney = Neg = Neg = —1 then

1 4
VErE2E3 = ZV22‘“1““2‘“3 Z \/ Re zj + |z].
i=1

Proof Now N;(u.g;) = +1 so

1
Vi =5 (\/21—%(2% +rj) /2 (2% - w)) :

Thus
VEi = %\/ﬁ(\/rj + 2%+ \/Tj = 2%.).
Note that
|2;] = \/(Ti" + 22a1)(7r3 4 2%01)(r] + 2293) = 5159834/M1M2M3
and
Re \/z; = Mcos arg2(zj) = M\/%(}T;T] +1)= V %(Re zj + |Zj|;-
Therefore

1 4

J=1

1 4
= g\/23—ﬂl—‘12—aa Y 2Re /7

j=1
. 4

_ ZWZ Re z; + |z
j:l

Theorem 26 If Ne; = +1 for some i then [Ex : WEk,] = 2 if and only if one of the

following holds:
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1. V/-1¢ K and AND #0.

2. V/-1€K,/-2¢ K and2AND # 0.

3. vV-1€K,v/-2€ K ,dy =Ay=A3=2,d; =3 (mod 4) and either dz|(ac+ 1) or

da|(ac—1).

If Ney, = Neg = Neg = —1 then [Ex : WEg,] = 2 if and only if /-1 ¢ K and

201-92793(Re 2, + |z|) € D fori = 1,2,3,4.

Proof Suppose Ne; = +1 for some i. If /=1 ¢ K and AN D # ( then \/—e‘feggg €
Ex — WEK, for some a,b,c € {0,1} not all zero. If /=1 € K,/-2¢ K and 2AND #
then y/ielebe§ € Ex — WEg, for some a,b,c € {0,1}. if /-1,/-2 € K, d; = Ay =
Az = 2,d3 =3 (mod 4) and either da|(ac + 1) or d3|(ac — 1) then Corollary 23 shows
that either /ieqe3 € Ex — WE, or W € Ex — WEg,. Thus if (1),(2) or (3)
hold then [Ex : WEk,] = 2. Conversely, if [Ex : WEEg,| = 2 then either [Ex : E*] = 2
or [E* : WEgk,] = 2. If [E* : WEg,] = 2, then an imaginary biquadratic subfield of
K contains a unit not in WEg,. Thus either /-1 ¢ K and \/=¢; is in a biquadratic

subfield for some j or -1 € K, /-2 ¢ K and ,/i€; is in a biquadratic subfield. Moreover,

Nej=+land AND # 0. If [Ex : E*] = 2, then by Lemma 18 either \/—8%5353, \/Legsgsg,

Yi€ze3 or ¢/ieeqe3 must be in Ex — E*. If \/—5‘1‘5353 € Ex — E* then /-1 ¢ K, for
otherwise \/—5%6353 = L\/si‘egsg € E*. That AN D # § follows since \/& = wy/A; + 21/ o

for some w,z € Q. If \/iedebes € Ex — E* then it follows from the above expression

for \/¢; that v/=1 € K and 2A N D # 0, However /=2 ¢ K since \/ietcbes ¢ E*.
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If Yiee3 € Ex — E* or {/ic2eqe3 € Ex — E* then it follows from Corollary 20 that
V=1,vV2 € K,di = Ay = A; = 2 and d; = 3 (mod 4). Corollary 23 shows that
dy|(ac + 1) or dy|(ac — 1). If Ney = Neg = Neg = —1 the result follows from Lemmas 19

and 25.
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Chapter 7

OCTIC FIELDS OF SMALL CLASS NUMBER

In this chapter we determine all imaginary octic fields of type (2,2,2) having class
number less than or equal to 16 or prime class number. For each of these fields we determine
the structure of its class group.

For this section K will be an imaginary octic field of type (2,2,2) with imaginary
quadratic subfields numbered so that hy < hs < hg < h;7. Recall that ker refers to the
kernel of the mapping 6 : Hy x Hy X H3 — H. The following lemma is used in determining

ker.

Lemma 27 Let M = L(y/m) be a quadratic extension of L and let A be an ideal of M
which is ambiguous for M/L. If A is a principal ideal of M then either A = (\/mp8) for
some (3 € L or there is a unit e of M, with Npyp(e) = +1, such that (1+e) = A(B) for

some (3 € L.

Proof Let o be a generator of the Galois group of M/L and let A = (). Then A = (a?) so
o = ea’ for some unit e of M. Now e = o' =7 so Npy/r(e) = €17 = (! ~7)*7 = al=7" = 1.
If e = —1 then (/m)° = —y/m so (ﬁ)a = ﬁ = f € L. Suppose e # —1. Then

(1+e)"e:e+ee":1+esoe:(1—1:':7:ior (L)a:%. Thus (%) =p€L,so



(1+¢€) = (a)(B) = A(B).

Lemma 28 Let M/L be a quadratic extension and let has and hy be the class numbers of

M and L, respectively. Then hpy > %hL.

Proof Let Fjs and F, be the Hilbert class fields of M and L, respectively. Then M Fy, C Fig

and har = [Far : M] > [MFp : M] = hr[MFy : Fi] > jhy.

Lemma 29 Let K be an octic field with imaginary quadratic subfields k; and k;. Then

h > }Ehihj-

Proof This follows from Lemma 28 and the class number formula for imaginary biquadratic

fields.

Lemma 30 Let K be an octic field such that h < 16 or h = p for an odd prime p. If

h7 2 16 then h4,h5,h6 S 4.

Proof By Lemma 29, h > Lhihy for i = 4,5,6, 50 if h < 16 and h7 > 16 then hg < 4. If
h = p > 16 then it follows from Lemma 28 that 4 is the highest power of 2 dividing any
h;. Thus if h; > 16 then h7; must be divisible by p. Since only one h; is divisible by p, it
follows that h; < 4.

Recall that ¢} denotes the number of rational primes which ramify in the extension k;/Q
and ¢’ denotes the integer such that 2! is the product of the ramification indices of all
rational primes for the extension K/Q. Also, w denotes the integer such that 2% is the

2-class number of K.

38



Lemma 31 If 2 is mazimally ramified in K then t’ < M‘;l—7. Otherwise t' < y—'sl—5.

Proof The 2-class number of k; is greater than or equal to 242 or 24~! according as
k; is real or imaginary. Each odd rational prime which ramifies in K ramifies in exactly
four quadratic subfields and 2 ramifies in either four or six quadratic subfields. Thus

7
th = 4t' — 2 or 4t’ according as 2 is maximally ramified or not. According to Wada [22],

i=1

7
h = %thi so we have

=1

. 24'=17 if 2 is maximally ramified,

h 22 Zi:l té_ls =

! .
24t-15  gtherwise.

The result now follows.

Since an imaginary octic field of type (2,2,2) is completely determined by three imagi-
nary quadratic fields, we will consider the following set of fields. Let F be the set of octic
fields determined by choosing three imaginary quadratic fields Fy, F; and F3 with class

numbers hp, = 27 k%, and h’F', odd, subject to the following conditions:
1. F; belongs to the set of fields known to have class number less than 16.
2. hp Wb, < 8.
3. it fat+ f3<6.

4. If hip, bl b, > 1 then 25+5hip bl A < 20.

Theorem 32 If K is an octic field with h < 16 or h = p for an odd prime p then K € F.
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Proof Lemma 29 shows that either h7 > 16 and hy, hs, hg < 4 or hy, hs, hg, h7 < 16. Now
all imaginary quadratic fields of class number less than or equal to 4 are known [1, 15, 18, 19].
Moreover, there is at most one imaginary quadratic field of class number less than 16 which
is unknown [10]. Thus K is determined by three fields Fj, F; and F3 known to have class
number less than 16. Let F; be the fourth imaginary quadratic subfield. It follows from
that class number formula that A% k% b, < 16. However, if A%, hip b, = 9,11,13 or 15
then hp, = 1,2 or 4 and we may take h'F1 =1and h}‘_'z = 1 or 3. Thus replacing F5 with Fj
we have h},] h’F2 }3 < 8. It also follows from the class number formula that Fy, F5 and F3
can be chosen so that f; + fo + f3 < 6. Now suppose hf hf b, > 1. Since Al A b, < 8
we may assume that h'Fl = hf, = 1 and hf;, = 3,5 or 7. Note that if h = 3,5 or 7 then
K is generated by three fields Fy, F, and F3 with hp,hr,, hp, < 4. Hence we may assume
that h = 6,9,10,12,14 or 15. If h = 9 or 15 then A , = 3 or 5 and 2fi+fi=2 divides h for
any ¢,j = 1,2,3. Thus f; + f; <2 and 2/+/ihl A hY: < 20.If h = 6,10 or 14 then hp, is
a power of 2. We may assume hf, > 8, for otherwise K is generated by three fields of class
number less than or equal to 4. But 2/i+/4-2 divides h, fori = 1,2,3,s0 hp; = hp, = 1 and
hp, = 3,5 0r 7. Thus 2f"+fih},~1 b, b, < 20 for any ¢,j = 1,2,3. If h = 12 then as above
we may assume that hp, = 2° for some a < 3. But then 2/i*! divides A for any i = 1,2,3.

Thus fl,fz,f3 < 1 and 2f‘+fjh%-l h%bh%'s < 12.

Corollary 33 Let K be and octic field with h < 16 or h = p for an odd prime p. Then K
is determined by imaginary quadratic fields Fy, F; and F3 satisfying one of the following:
1. hFl 7hF2,hF3 <4,
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2. hg, = 5,6 or 10 and hp, < hp, <2,
3. hgy =7 or 12 and hp, = hg, =1,
4. hp, =8 and hp hp, = 2¢ with 0 < i < 3.

Proof If h < 8 or if his prime then K is determined by fields with hg,, hE,, hr, < 4. Thus
we may assume that h = 9,10,12,14,15 or 16. By Theorem 32, hr, < 16 for ¢ = 1,2,3 and

T W, b, <850 hp, = 5,6,7,8,10 or 12. If hp, = 8 then hp, hp, = 2° with 0 < ¢ < 3 since
fi+fa+f3<6. Ifhp, =5,6,7,80r 10 then the conditions on hr, and hp, follow from the

inequality 2fit/i R, kg, g, < 20.

Lemma 34 Let K be an octic field with h < 16 or h = p for an odd prime p. Suppose
K s determined by imaginary quadratic fields Fy, F, and F3 satisfying the conditions of
Corollary 33 and hp, < hg, < hp,. If hp,hp, > 4 then Fy is a known field of class number

less than or equal to 16 or discFy > 4000000.

Proof It follows from Lemma 29 and the class number formula that if Ag, kg, > 4 then

hg, <16. That Fy is a known field or discFy > 4000000 follows from Buell [3].

Lemma 35 If K is an octic field with h < 16 or h = p for an odd prime p then t’' <5 and

t' = 5 only if 2 is mazimally ramified and h = 8 or 16.
Proof This is immediate from Lemma 31.

Theorem 36 The imaginary octic fields of type (2,2,2) having class number less than or

equal to 16 or prime class number are listed below. In addition, the class group of each field
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is given. The first two columns give the class number and conductor of K. The next three
columns give three imaginary quadratic fields which generate K. The last column gives the

class group of K when necessary.
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168 -3
204 -1
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260
264
264
264
280
280
280
280
280
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312
312
312
340
380
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440
444
456
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760
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760
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1281
1608
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2211
2937
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344
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572
705
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-67
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255
276
312
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520
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609
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741
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868
1064
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1947
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2408
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3052
3608
3729

-3
-2
-7
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-1
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-1
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-11
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-119
-47
-47
-163
-123
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-19
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-35
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860
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168
168
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264
264
264
264
264
264
280
280
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312
312
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408
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-97
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14 (8)
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440
440
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520
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616
616
660
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660
728
740
780
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840
840
840
840
840
840
840
840
840
840
840
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-35
-35
-15
-21
-21
-7

-21
-15
-21
-35
-22
-22
-87
-19
-57
-13
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-22
-15
-33
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-15
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-14
-37
-13
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-35
-35
-42
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1292
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1463
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1560
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1752
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-7
-3
-3
-1
-1
-5
-7
-3
-1
-1
-11
-3
-2
-7
-3
-5
-1
-3
-1
-7
-5
-1
-10
-2
-1
-1
-1
-3
-7
-5

-15

-17
-15
-10
-11
-15
-35
-15
-3

-21
-7

-11
-7

-11
-15
-3

-21
-11
-19
-6

-15
-13

-42
-15
-35
-73
-46
-46
-21
-51
-51
-43
-19
-91
-21
-13
-21
-91
-19
-15
-35
-97
-19
-22
-11
-15
-91
-91
-115
-115
-51
-51
-19
-11
-35
-130
-130
-57
-37
-22
-219
-51
-35

(2,4)
(2,4)
(2,4)
(2,2,2)
(8)

(8)
(2,4)
(8)
(2,4)
(8)

(8)
(24)
(2,4)
(2,4)
(2,4)
(2,2,2)
(2,4)
(2,4)
(2,4)
(2,4)
(2,2,2)
(2:4)
(2,2,2)
(2,2,2)
(2,2,2)
(2,4)
(2,2,2)
(2,4)
(2,4)
(2,4)
(8)
(2,2,2)
(2,2,2)
(2,4)
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(2,2,2)
(8)

(8)
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1848 -6
1848 -3
1924 -1
1995 -7
1995 -3
2024 -1
2145 -3
2184 -6
2220 -3
2220 -1
2236 -1
2244 -1
2280 -6
2280 -3
2380 -5
2380 -1
2415 -7
2415 -3
2508 -11
2508 -3
2508 -1
2508 -1
2660 -5
2860 -5
3003 -3
3080 -11
3417 -3
3640 -2
3740 -5
3913 -7
4836 -3
5005 -11
5016 -6
5060 -5
5320 -7
5548 -1
5720 -2
6545 -11
6916 -13
9291 -3
10659 -19

-7

-7

-13
-15
-19
-22
-11
-7

-5

-15
-13
-33
-15
-19
-35
-7

-15
-35
-19
-33
-19
-11
-19
-11
-11
-22
-51
-35
-11
-43
-13
-35
-19
-11
-19
-19
-11
-35
-19
-19
-51

-11
-22
-37
-19
-35
-46
-195
-78
-37
-37
-43
-51
-19
-30
-85
-85
-115
-115
-33
-57
-33
-87
-35
-13
-91
-35
-67
-91
-85
-91
-93
-91
-22
-115
-70
-73
-130
-187
-91
-163
-187

(2,4)
(2,4)
(8)
(2,2,2)
(QJLQ)
(8)
(2,2,2)
(2,2,2)
(2,2,2)
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8 12529 -11
8 21027 -3
9 348 -1
9 424 -1
9 472 -1
9 T4 -2
9 86 -1
9 99%6 -1
9 1005 -3
9 1340 -1
9 1416 -3
9 1419 -3
9 1668 -1
9 1708 -1
9 1892 -1
9 1976 -2
9 2387 -7
9 2680 -2
9 2728 -2
9 3224 -2
9 3304 -2
9 3652 -1
9 3892 -1
9 4396 -1
9 4587 -3
9 4588 -1
9 4648 -2
9 4708 -1
9 5192 -11
9 5656 -2
9 6963 -3
9 7172 -1
9 7657 -19
9 7912 -2
9 8241 -3
9 9416 -11
9 14003 -11
10 429 -3
10 455 -7
10 476 -1
10 564 -1

-67
-43
-3
-2
-2
-3
-2
-3
-15
-5
-6
-11
-3
-7
-11
-19
-11
-10
-11
-26
-7
-11
-7
-7
-11
-31
-7
-11
-22
-7
-11
-11
-31
-23
-67
-22
-19
-11
-35
-7
-3

-187
-163
-29
-53
-39
-31
-107
-83
-67
-67
-59
-43
-139
-61
-43
-26
-31
-67
-31
-31
-59
-83
-139
-157
-139
-37
-83
-107
-59
-202
-211
-163
-247
-43
-123
-107
-67
-39
-91
-17
-47

(8)

(8)

(3,3)
(3,3)
(3,3)
(3,3)
(3,3)
(3,3)
(9)

(9)

(3,3)
(3,3)
(3,3)
(3,3)
(3,3)
(3,3)
(3,3)
(9)

(3,3)
(3,3)
(3,3)
(3,3)
(3,3)
(3,3)
(3,3)
(3,3)
(3,3)
(3,3)
(3,3)
(3,3)
(3,3)
(9)

(3,3)
(3,3)
(9)

(3,3)
(9)

10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
10
11
11
11
11
11
11
11
11
12
12
12
12
12
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595
615
795
952
987
1128
1659
2072
2136
2163
2261
2408
2409
2451
2585
2632
2667
3212
3423
4323
4539
6104
6232
7189
9417
12556
13737
32763
1869
3484
3912
6364
11481
14344
18361
43684
248
312
312
312
435

-35
-15
-15
-7
-7
-3
-7
-7
-6
-7
-19
-14
-11
-19
-47

-7
-11

-11
-51
-7

-19
-79

-43
-19
-67
-7

-13
-6

-37
-43
-22

-67
-2
-6
-6
-3
-15

-119
-123
-159
-34
-47
-47
-79
-74
-267
-103
-119
-43
-219
-43
-85
-47
-127
-73
-163
-131
-267
-218
-82
-91
-219
-73
-723
-163
-267
-67
-163
-43
-267
-163
-427
-163
-31
-13
-26
-26
-87

(3,4)
(3,2,2)
(3,2,2)
(3,2,2)
(3:4)
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12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12

440
440
440
440
440
456
456
644
680
696
696
696
696
728
728
728
732
744
744
744
744
760
760
760
885
888
888
984
1023
1032
1060
1064
1144
1144
1144
1180
1196
1356
1416
1416
1416

-11
-2
-1

-1
-1
-2
-2
-2

-22

-13
-11
-13

-13
-3
-6
-3
-3

-55
-22
-11
-11
-22
-38
-38
-23
-34
-29
-38
-58
-58
-91
-13
-91
-61
-93
-31
-31
-93
-19
-38
-38
-59
-37
-37
-123
-31
-43
-53
-38
-22
-13
-22
-39
-23
-113
-59
-118
-59

(3,4)
(3,2,2)
(3,2,2)
(3,2,2)
(3,2,2)
(3,2,2)
(3a2a2)
(3:4)
(3.4)
(3.2,2)
(3:4)
(3:4)
(3,4)
(3:4)
(3,2,2)
(3,2,2)
(3,4)
(3,2,2)
(3,4)
(3,2,2)
(3,2,2)
(3,2,2)
(3,2,2)
(3,2,2)
(3,4)
(3.2,2)
(3,2,2)
(3:4)
(3,4)
(3,2,2)
(3,4)
(3,2,2)
(3,2,2)
(3,4)
(3:4)
(3,4)
(3,4)
(3,4)
(3,2,2)
(3,2,2)
(3:4)

12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12
12

48

1416
1484
1608
1644
1720
1720
1804
1876
2065
2093
2185
2332
2356
2360
2552
2680
2680
2712
2728
2739
2968
3256
3256
3336
3363
3723
3752
3784
3784
3796
4664
4712
4947
5908
5992
6744
6792
6923
7257
7368
7756

-1
-1
-2
-1

-1
-1
-1
-7
-7
-19
-1
-1
-2
-11
-2
-1
-2
-11
-3
-2
-2
-1
-2
-3
-3
-2
-2
-2
-1
-2
-2
-3
-1
-2
-2
-2
-7
-3
-2
-1

-6
-7
-6
-3

-10
-11
-7

-35
-23
-23
-11
-19
-10
-22
-5

-10
-3

-22
-11
-7

-11
-22

-19
-51

-22
-11
-13
-11
-19
-51

-7
-3
-3
-23
-59
-3
-7

-118
-53
-67
-137
-43
-43
-41
-67
-59
-91
-95
-53
-31
-59
-29
-67
-67
-226
-31
-83
-106
-37
-37
-139
-59
-219
-67
-43
-43
-73
-106
-31
-291
-211
-107
-562
-283

-123
-307
=277



12
12
12
12
12
12
12
12
12
13
13
13
13
13
14
14
14
14
14
14
14
14
14
14
14
14
14
14
14
14
14
14
14
15
15
15
15
15
15
15
15

7923
8308
8344
8968
9916
10209
11649
17347
20504
4408
8313
9976
28036
30481
852
1065
1420
1435
1496
1533
1704
2044
2485
4921
5467
6248
8492
9709
10947
19497
23048
31089
34067
488
636
664
872
940
957
1048
1144

-3
-1

-2
-1
-3
-3
-11
-2
-2
-3
-2
-1
-11
-1
-3
-1

-11
-3
-3
-1

-7
-7
-11
-1

-3
-3
-2
-3
-11
-1
-1
-1
-1
-1
-3
-1
-2

19 -139 (3,4)
31 -67 (3,4)
7298 (3,4)
19 -59  (3,4)
37 67 (34)
-83 -123 (34)
11 -1059 (3,4)
19 -83  (3,4)
11 -466 (3,4)
19 -58
51 -163
43 -58
43 -163
-163 -187
3 1
15 .11
5 -7l
-35 -287
22 -187
7 -219
6 -7l
7 -T3
-35 -71
19 -259
11 .71
22 .71
11 -193
19 -511
-123 -267
67 -291
43 -67
43 -723
19 -163
2 61
3 -53
2 .83
2 -109
5 -47
11 -87
2 131
11 -26

15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
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1236
1245
1272
1276
1432
1545
1572
1652
1660
1688
1748
1992
2060
2068
2121
2148
2424
2445
2472
2532
2596
2717
2905
3260
3268
3320
3404
3496
3605
3619
3684
3784
4120
4296
4433
4548
4697
4731
5064
5068
5332

-1
-3
-2
-1
-1

-1
-1
-1

-1
-3
-1
-1
-3
-1
-2
-3
-2
-1
-1
-11
-7
-1
-1

-1
-2
-7
-7
-1
-11
-2
-3
-11
-1
-7
-3

-1
1

-3
-15
-3
-11
-2
-15
-3

-5
-2
-19
-6
-5
-11
-7
-3

-15
-3

-11
-19
-35

-19
-10
-23
-19
-35
-11
-3

-22
-10
-6

-31
-3

-11
-19

-7
-31

-103
-83
-106
-29
-179
-103
-131
-59
-83
-211
-23
-83
-103
-47
-303
-179
-202
-163
-103
-211
-59
-143
-83
-163
-43
-83
-37
-23
-103
-47
-307
-43
-103
-179
-143
-379
-427
-83
-211
-181



15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
15
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16

5405
5705
7089
7304
7611
7689
7924
9273
9331
9339
10564
11528
12328
12331
13237
15752
16683
18568
20009
21508
22161
24497
25993
328
408
408
408
408
408
408
520
520
552
552
552
552
552
552
584
616
616

-23
-7
-3
-11

-3
-1

-7
-3
-1
-11

-11
-7
-11
-3
-11
-11
-1
-3
-11
-11
-1
-17
-3
-2
-2
-1
-1
-5
-2
-3
-2

-1
-1
-1
-1
-11
-2

-47
-35
-51
-22
-43
-11
-7
-11
-31
-11
-19
-22
-23
-19
-31
-22
-67
-22
-107
-19
-83
-131
-139
-2
-34
-6
-6

-6
-3
-10
-10
-6
-6

-6
-3
-2
-2

-14

-115
-163
-139
-83

-39

-699
-283
-843
-43

-283
-139
-131
-67

-59

-427
-179
-83

-211
-187
-283
-267
-187
-187

-91

(2,2,4)
(4,4)
(4,4)
(2,8)
(2,8)
(2,8)
(4,4)
(2,8)
(2,8)
(2,8)
(4,4)
(4,4)
(2,8)
(2,8)
(2,8)
(2,8)
(4,4)
(2,8)

16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16

50

616
616
616
616
660
660
660
660
660
663
630
680
680
744
744
760
760
(ks
780
780
780
780
780
820
840
840
840
840
840
884
888
915
924
924
924
984
1020
1020
1045
1092
1092

-2 -11
-1 -14
-1 -11
-1 -2
-11 -33
-5 -15
-3 -3
-1 -15
-1 -3
-3 -39
-2 -10
-2 -5
-1 -10
-2 -3
-1 -6
-5 -10
-1 -2
-3 -7
-9 -15
-5 -13
-3 -13
-1 -5
-1 -3
-1 -5
-7 -14
-6 -14
-6 -14
-3 -14
-3 -14
-1 -13
-2 -6
-3 -15
-3 -11
-3 -7
-1 -21
-1 -6
-5 -15
-3 -15
-11 -19
-13 -39
-7 -13

-14
-22
-14
=77
-85
-55
-33
-33
-55
-51
-17
-34
-34
-62
-62
-95
-95
-111
-65
-15
-15
-39
-65
-41
-15
-30
-15
-30
-15
-17
-37
-183
-21
-33
-33
-82
-17
-17
-55
-91
-21

(272’4)
(4,4)
(2,8)



16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16

1092
1092
1092
1128
1128
1140
1140
1140
1140
1155
1155
1160
1240
1240
1320
1320
1320
1320
1320
1320
1320
1320
1365
1365
1380
1380
1380
1380
1416
1416
1428
1428
1428
1496
1496
1496
1540
1540
1540
1540
1540

-3
-1
-1
-3
-1

-3
-1
-1
-15
-3
-2

-1
-10
-10
-6

-3
-3
-2
-2
-15

-3
-3
-1
-1
-3
-1

-3
-1
-11
-2
-1
-7
-5
-5
-1
-1

-21
-21
-7
-6
-2
-15
-5
-15
-5
-35
-7
-9
-10
-2
-15
-11
-15
-11
-22
-15
-10
-3
-35
-35
-15
-5
-15
-9
-6
-2
-17
-7
-17
-17
-17
-22
-35
-35
-11
-7
-5

-39
-39
-39
-141
-141
-57
-19
-19
-57
-59
-95
-58
-155
-155
-55
-15
-22
-30
-30
-66
-66
-55
-39
-39
-69
-69
-69
-69
-177
-177
-21
-17
-21
-22
-22
-34
-77
-35
-35
-55
=77

(2,2,4)
(2,8)
(2,8)
(2,8)
(4,4)
(2,2,4)
(2,8)
(2,8)
(2,8)
(2,8)
(2,8)
(2,2,4)
(44)
(4,4)
(2,8)
(2,8)
(2,8)
(4,44)
(2,8)
(2,8)
(2,2,4)
(2,8)
(2,8)
(2,8)
(2,8)
(2,8)
(2,8)
(2,8)
(16)
(2,8)
(2,8)
(2,8)
(4,4)
(444)
(4,/4)
(2,8)
(2,2,4)
(2,8)
(2,8)
(2,8)
(2,8)

16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16

51

1560
1560
1560
1596
1596
1596
1608
1624
1624
1640
1704
1716
1716
1716
1740
1785
1820
1820
1820
1848
1848
1848
1848
1860
1860
1860
1860
1880
1932
1932
2040
2040
2072
2072
2145
2145
2184
2184
2244
2244
2244

3 -10
2 15
2 10
7 -19
3 -19
37

1 -6

1 -4
1 -7

2 .10
2 -3

11 -13
3 -1
1 -13
5 -15
3 =35
7 -13
5 -7

1 =35
7 -1
6  -14
3 11
3 -1
3 15
3 5

1 15
1 5

2 -5

3 21
17

15 -30
10 -15
2 .14
92 7

15 -55
11 -15
3 -4
2 -39
11 -33
A1 17
3 33

-39
-39
-39
-21
-21
-57
-67
-58
-58
-82
-142
-33
-13
-33
-145
-51
-35
-65
-65
-42
-22
-42
-14
-93
-93
-93
-93
-94
-69
-69
-51
-34
-37
-37
-195
-39
-78
-42
-187
-33
-51

(2,8)
(2,8)

(2,8)
(2,8)
(2,8)
(2,8)
(2,8)



16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16

2244
2244
2244
2280
2280
2280
2316
2328
2380
2380
2380
2392
2408
2460
2580
2580
2584
2604
2604
2604
2604
2760
2760
2760
2760
2760
2760
2805
2820
2840
2856
2856
2860
2860
2964
3003
3036
3036
3045
3080
3080

-3
-1
-1
-10
-3

-10

-15
-3
-2

-7
-1
-1
-13
-7
-3
-1

-10
-7

-17
-11
-3
-15
-10
-15
-3
-6
-17
-7
-17
-13
-14
-5
-5
-15
-19
-21
-7
-21
-7
-15
-15
-30
-10
-15

-51
-5

-34
-14
-13
-11
-19
-11
-11
-33
-15
-11
-22

-33
-51
-187
-19
-19
-19
-193
-291
-35
-17
-35
-46

-123

-203

(2,8)
(2:8)
(2:8)
(2,2,4)
(2,2,4)
(2,2,4)
(2,2,4)
(2,8)
(2,8)
(2,8)
(4,4)
(4,4)
(2,2,4)
(2,2,4)
(44)
(2,8)
(2,8)
(2,2,4)
(2,8)
(2.8)
(2,8)
(2,2,4)
(2,8)
(2,8)
(2,8)
(2,8)
(2,8)
(2,8)
(2,8)
(4,4)
(2,8)
(2,2,4)
(2,8)
(2’2’4)
(2,8)
(2,8)
(2,8)
(2,8)
(2,2,4)
(2,2,4)
(2,8)

16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
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3180
3192
3192
3220
3220
3224
3315
3432
3480
3480
3612
3640
3740
3784
3795
3864
3864
3864
3864
3885
4004
4020
4020
4161
4305
4305
4488
4488
4488
4488
4488
4488
4515
4515
4760
4760
4836
4872
4935
4935
4972

-5

-3
-7
-2
-1
-3
-7
-3
-1

-15
-19
-7

-35
-7

-13
-51
-22
-10
-15
-21
-10
-95
-22
-11
-42
-42
-7

-3

-15
-13
-5

-15
-19
-15
-35
-22
-11
-22
-51
-11

-15
-35
-10
-34
-39
-42
-15
-35
-11

-265
-42
-19
-115
-115
-62
-195
-39
-58
-58
-43
-01
-85
-43
-115
-322
-138
-138
-322
-259
-77
-67
-67
-219
-123
-123
-51
-102
-102
-66
-51
-187
-43
-43
-34
-35
-93
-58
-235
-235
-113



16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16

5005
5016
5016
5016
5060
5160
5160
5160
5180
5187
5313
5320
5336
5340
5412
5412
5640
5640
5720
5740
5852
5896
6020
6028
6045
6405
6440
6440
6545
6580
7035
7752
7755
7788
8008
8060
8463
8855
9944

10184 -2 -19

10659

-7 -85 -91
-2 -19 -66
-2 -11  -114
-2 -3 -418
-1 -55  -115
-10 -15 -43
-3 -10 -43
-2 -15 -43
-5 -35 -37
-3 -19 -91
-3 -11  -483
-14  -19 -35
-1 -46 -58
-3 -5 -267
-3 -33 -123
-1 -11  -123
-3 -10 -235
-2 -15 -235
-10  -55 -130
-5 -35 -205
-1 -19 -77
-1 -22  -67
-5 -35 -43
-1 -11  -137
-3 -155 -195
-7 -15  -427
-7 -10 -115
-2 -35 -115
-7 -85 -187
-5 -35 -235
-3 -35 -67
-6 -19 -102
-3 -11  -235
-3 -33  -177
-2 -11 91
-3 -13 -155
-3 -91 -403
-11 -35 -115
-2 -11 -226
-67
-11 -51 -323

(2,8)
(2,2,4)
(2’2’4)
(2,2,4)
(2,8)
(2,8)
(2,8)
(2,8)
(2.8)
(2,2,4)
(28)
(2,8)
(2,8)
(2,2,4)
(2,8)
(2,8)
(28)
(2,8)
(2,8)
(2,2,4)
(2,8)
(2,8)
(2,8)
(2,8)
(2,8)
(2,2,4)
(2,2,4)
(2.8)
(2,8)
(2,2,4)
(2,8)

(2,2,4)
(2,8)
(2,8)
(2,8)
(2,2,4)
(2,8)
(2,8)
(16)
(28)

16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
16
17
17

53

10659 -3
11284 -7
11284 -1
11480 -2
13160 -7
13160 -2
13468 -13
14105 -35
15544 -2
15652 -13
16120 -2
16215 -3
19684 -19
20049 -3
22204 -7
53599 -19
8476 -1
14833 -7

-187 -323
-13  -217
-91 -217
-35 -82

-10 -235
-35 -235
-37 91

-91 -155
-58 -67

-43 -91

-130 -155
-115 -235
-37 -133
-123 -163
-13  -427
-91 -403
-13 -163
-91 -163

(28)
(2,8)
(2:8)
(2,2,4)
(2,8)
(2,8)
(28)
(2,8)
(16)
(2,8)
(2,8)
(2,8)
(2,8)
(16)
(2,8)
(2,8)



Proof There are 8265 fields satisfying the conditions of Corollary 33, Lemma 34 and
Lemma 35. The class number of each field was computed yielding the list below. The struc-
ture of the 2-class group of each field was determined using one of the following methods.

If K contains a biquadratic subfield K; such that a prime divisor of K; ramifies in K
then H contains a subgroup isomorphic to H;. If H and H; have the same order then the
structure of His determined.

If K contains a biquadratic subfield K; of odd class number, then the number of am-
biguous classes for the extension K/K; determines the 2-rank of H. This determines the
structure of H unless h = 16 and R, = 2.

If the kernel of the mapping @ can be determined then the techniques of section 1 can be
used. For example, let k = Q(v/217) and K = k(+/—35,1/65). Here h = 16 and | ker| = 2.
Let Ky = k(v/=35), K3 = k(v/65) and K3 = k(+/—91). Then H; ~ Z4 and Hy ~ H3 ~ Z,.

The table of consistent characters is:

PPy, 5|5 P13, P13, | Py P, Pi3, P13,
+ o+ o+ + +

where Py3, and Py3, are divisors of 13 in k and Py, and P, are infinite primes of k. Here

the characters for each field have been normalized. Since 7 is a principal divisor in Q( V217 ),

(5,1,1) is in the kernel of the mapping ¢/(Q(v/—35)) X el(Q(v/217)) x cl(Q(v/=155)) — Hj.

Since 155 is a principal divisor in Q(\/M) and 31 is a principal divisor in Q(\/m),

(1,1,5) is in the kernel of the mapping c/(Q(v/217)) x cl(Q(v/65)) x cl(Q(v/14105)) — H,.
13

Hence the divisor of 5 in K is principal as is the divisor of 5 in K,. Since (g) = —1 the

divisors of 13 belong to the nonprincipal genus of K. Since N(162 + 11v/217) = —13 the
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divisors of 13 belong to the nonprincipal genus of K3. Let C be a class of order 4 in Ky. Then
ker = {(1,1,1),(1, P13, P13,)} and §? = {(1,1,1),(C?1,1)}. Thus H* ~ S%2/S%Nker ~ Z,
so H ~ Z, X Zg.

There are seven fields of class number 16 for which the above method cannot be used

to determine the structure of . We now consider each of these fields.

1. K = Q(v=11,v/=13,v/=77)
Let k = Q(V7), Ky = k(v/=11), Ky = k(+/143) and K3 = k(+/=13). Then H, ~ Z,
and Hy ~ Hz ~ Z,. In Ky, (3) = P3,P3,P3,P3, and Ps, generates a class of order 4.
Also (13) = P13, P13, and Pi3, generates a class of order 2 since N(2145+/77) = 13214
and the divisor of 14 becomes principal in K. The units of K having relative norm
1 to K are generated by —1,¢e2 and €3. Now (1 + €2) = Py, P2, P13, Pi3, in K where
(2) = (P, P2,)? and (13) = (P13, Pi3,)?. Note that Py, Py, = (3 + +/7 is principal
in K;. Also (1+ e3) = (166)(6931 + 202v/1001) = (166)(v/7)(v/—11) in K;. The
unit -1 = \/J% and (\/ﬁ) = Py3, P13, in K. Thus by Lemma 27, if P;3, becomes
principal in K then (a)P1s, = (P13, P13,)%(8) for some a, 3, € K;. Considering powers
of Pi3, we see that a must be even. Thus (a)Pi13, = (P13,P13,)¥%(B) or (a)Pi3, =
(13)*/%(B3), a contradiction since Py3, # (1) in K. Now §2 = {(1, 1,1),(Pys,,1,1)}

and (Pi3,,1,1) & ker so S?/S*Nker ~ Z; and H ~ Z; X Zs.

2. K =Q(v-3,V/-17,/-33)

Let k = Q(v/=3), K1 = k(v/11), K3 = k(v/51) and K3 = k(v/561). Then H; ~ Hs ~
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Z3 and Hy ~ Z4In K, (3) = (P5,Ps,)? and Ps, generates a class of order 4. Also
(11) = P11,P11, and Py, generates a class of order 2 since N(15 + V-17) = 1122
and the divisor of 2 becomes principal in K3. The units of K having relative norm
1 to K, are generated by —1,; and \/e3. Now (1 —¢1) = (3)(3+V11) ~ (3 +

V11) = Py, Py, in K, but Py Py, = (7T++/51) ~ 1in K,. Also (14 /—¢3) =

(_7”7\/——1”;"/——%“@) (5 — 3v/—17) ~ P3, Py1, where (3) = (P3, P3,)? and (11) =
(Pi1,Pu1,)? in K. The unit —1 = 4L and (v11) = Py, Py, in K. Thus by Lemma
27, if P11, becomes principal in K, then (a)P11, = (P, P11, )*(Pi1, Pa1, )¥(8) for some
o, € K,. By considering powers of Pj;, and Pj;, we see that a + b and b must
be even, so a is even. Thus Py1;, ~ P§ Pl‘zl";bPlbl2 ~ Pi‘l/fpl(‘llj'b)n’]?{’lz ~ 'Pff:b/z'Pf{z
so (1) ~ P (P11, P11,)Y? ~ P 1(11)%/2 ~ Pi['. But Py, has order 2 and a — 1

is odd, a contradiction. Therefore P;;, does not become principal in K. Now §? =

{(1,1,1),(1,P11,,1)} and (1,P11,,1) & ker so S2/S? Nker ~ Zy and H =~ Zy X Zg.

. K = Q(v-3,v-5,V/-141)

Let k = Q(v/=3), K1 = k(v/15), K5 = k(v/47) and K3 = k(+/705). Then Hy ~ H3 ~
Zy and Hy ~ Z4. In Ky, (5) = Ps,Ps, and Ps, generates a class of order 2 since
N(3 + +/=141) = 526 and the divisor of 6 becomes principal. The units of K having
relative norm 1 to K are generated by —1,¢; and e3. Now (1 4+ ;) = (5+ V15) =
Py, P, P5, Ps, in K where (2) = (P2, P,)? and (5) = (Ps, P5,)?. Note that Py, Py, ~ 1
in K,. Also (1 + ¢e3) = (58)(4089 + 154+/705) ~ (v/=3)(v/47) ~ 1 in K;. The unit

-1= J\/E_is and (v/—-5) = Ps, Ps,. Thus by Lemma 27, if Ps, becomes principal in
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K then (a)Ps, = (Ps, Ps,)*(8) for some o, 3 € K2. By considering powers of P, we
see that a is even. Thus (a)Ps, = (5)*/%(8), a contradiction since Ps, »# 1 in K.
Therefore Ps, does not become principal in K. Now $% = {(1,1,1),(1,Ps,,1)} and

(1,Ps,,1) & ker so §%2/5%Nker ~ Z; and H ~ Z; x Zs.

. K = Q(v-3,V-5,V/-69)

Let k = Q(v23), K1 = k(v/=3), Ky = k(+/15) and K3 = k(v/=5). Then Hy ~ Z,
and Hy ~ H3 ~ Z;. In Ky, (5) = Ps, Ps, and Ps, generates a class of order 2 since
N(9 + v/=69) = 526 and the divisor of 6 becomes principal. The units of K having
relative norm 1 to K; are generated by —1,¢; and €3. Now (14 ¢1) = Py, P2, P5, Ps,
in K where (2) = (P, P2,)? and (5) = (Ps, Ps,)?. Note that Py, P2, ~ 1 in K;. Also
(1+ e3) = (14)(483 + 26v/345) ~ (V=3)(v23) ~ 1 in Ky. The unit -1 = =
and (v/=5) = Ps, Ps, in K. Thus by Lemma 27, if P5, becomes principal in K,
then (a)Ps, = (Ps, Ps,)*(B) for some a,3 € K;. Considering powers of Ps, we see

that a is even. Thus (a)Ps, = (5)%/%(8), a contradiction since Ps, £ 1 in K;. Now

§? ={(1,1,1),(Ps,,1,1)} and (Ps,,1,1) & ker so §%/S?Nker ~ Z, and H ~ Z, x Zg.

. K = Q(v-3,v~5,V/-33)

Let k = Q(v/=3),K, = k(v/11),K, = k(+/15) and K3 = k(+/165). Then H; ~
Hy ~ Zy and Hs ~ Z4. In K3, (2) = Py, P2, and P2, generates a class of order 2
since N (ﬁ@) = 45 and the divisor of 5 becomes principal. The units of K having

relative norm 1 to K3 are generated by —1,¢; and €. Now (14¢2) = Pp, P, Py, P13, in
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K where (2) = (Py, P5,)? and (11) = (Pyy, P11,)?. Note that Py, Py, = 14Y188
in K3. Also (1 +¢3) = Py, P, Ps, Ps, in K where (5) = (Ps, Ps,)2. But Ps, Ps, ~ 1
in K3. The unit -1 = f\/E_is and (v/-5) = Ps,Ps, ~ 1 in K3. Thus by Lemma
27, if Py, becomes principal in K then (a)Pz, = (P, P2,)*(B3) for some o, € Ks.
By considering powers of P;, we see that a is even. Thus (a)Py, = (2)*/2(8), a
contradiction since Py, ¢ 1 in K3. Therefore P, does not become principal in

K. Now §% = {(1,1,1),(1,1,P,)} and (1,1,P,,) & ker so S2/S?N ker ~ Z, and

H2Z2XZ8.

6. K = Q(v~5,v-11,v/-35)
Let k = Q(v/7), K1—k(v/=5), Ky = k(+/55) and K3 = k(v/—11). Then H; ~ Hy ~ Z,
and H3 ~ Z4. In K3, (3) = P3,P3,P3,P3,. Now N(2++/=77) = 3* so 3 generates
a class of order 4 in Q(v/—77). But 3 is principal in k so P3 = P3P, generates a

class of order 2 in K3. The units of K having relative norm 1 to K3 are generated

by —1,e; and \/=¢3. Now (1 + ¢1) = 3(3+ V7)) ~ 1in K3. Also (1 ++/—¢3) =

(ST/=E=T=VSs) (1=vEL) o Py Py, Py, in K where (2) = (Py, Py,)? and (5) =

(Ps, P5;)?. Note that Py, P, = 3+ v7) ~ (1) in K3. The unit —1 = % and
(vV/—5) = Ps, Ps,. Thus it follows from Lemma 27 that P; does not become principal
in K. Now §% = {(1,1,1),(1,1, P5)} and (1,1, P3) & ker so §2/5% N ker ~ Z, and

HﬁZgXZs.

7. K = Q(v-1,v-6,v/-34)
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Let k = Q(v/—1), K1 = k(v6), K2 = k(v/34) and K3 = k(v/51). Then Hy ~ Z, Hy ~
Zy X Zy and Hz ~ Z3 X Z;. In K3, (5) = Ps5,Ps5,Ps,;Ps,. Now K; contains the
quadratic subfield Q(v/—34) which has class group Z,. Its Hilbert class field contains
the subfield Q(+/—2,V/17) in which the divisors of 5 are inert. Hence they gain
degree 4 in the Hilbert class field of Q(v/—34). Since 5 splits completely in K, and
the Hilbert class field of Q(+/—34) is contained in the Hilbert class field of Ko, the
divisors of 5 in K, gain degree at least 4 in the Hilbert class field of K3. Since

Hy; ~ Zy X Z4, the divisors of 5 in K, belong to classes of order 4. We will show

that P? becomes principal in K. Let a = 16+3‘/3_4+27\@+2\/ﬁ = 16+3‘/54+;/§(7+‘/3_4)

and let Ps = (5,2 + v/34) be a divisor of 5 in Q(v/34). Then @ = 0 (mod Ps).
Now N(a) = =50 so (a) = P2Ps = PyPs,Ps, where P; is a divisor of 2 in K.
Also P ~ (Ps,Ps,)* ~ PZ ~ (1) so P ~ PZ. Thus (PyPs,Ps,)* ~ (1). Suppose
PoPs, Ps, ~ (1) in K,. Since this ideal is ambiguous over Q(\/?ﬂ) there must be a
unit e of K, of relative norm 1 such that P,Ps, Ps, = (78) with 8 € Q(v/34) and
41=? = e. The group of units of relative norm 1 for K,/Q(+/34) is generated by ¢
and this gives v = 1 + ¢. But (7)? = (2) = (6 + v/34)%, so (7) = (6 + V34 in K.
Thus PyPs, Ps, ~ (1) in Q(v/34), a contradiction,since P, is not an ideal of Q(v/34).

Therefore P,Ps, Ps, is not principal in K. By considering genera of K2/Q(¢) we have
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the following distribution:

|2 17y 17,
+ + 4+
I+ |+ - =
2+ |- + -
2-9|- - +

Thus P, Ps, Ps, is a nonprincipal class in the principal genus so PyPs, Ps, ~ Pgl. Thus
PZ becomes principal in K. Now §2? = {(1,1,1),(1,P2,1)} and (1,PZ,1) € ker so
52/S2Nker ~ 1. Thus H has no classes of order 8. From Lemmermeyer [13] it follows
that the kernel has order 8 so Hy x H, x Hz/ker has order 8. Since (1,PZ,1) € ker
this factor group has no elements of order 4, so is Z3 X Z3 X Z,. Hence the rank of H

is at least 3. But S/S N ker has an element of order 2 so H ~ Z3 X Zy X Zj.
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