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Nonlinear wave interactions in supersonic wind-generated waves
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A nonlinear analysis is presented for the case of second-harmonic resonant interactions on the
interface of a liquid film and a supersonic gas stream. The analysis takes into account the effects of
the gas viscosity and mean profiles. Moreover, the extent of the gas disturbance layer is not
restricted to the region in which the mean profiles are linear. Self-sustained oscillations are
calculated for low and intermediate liquid Reynolds numbers. The present solution is compared
with available experimental data. The predicted and observed wave amplitudes, wavenumbers,
and frequencies are in good agreement for intermediate liquid Reynolds numbers. The calculated

amplitudes overpredict the observed values by about a factor of three for low liquid Reynolds

numbers.

I. INTRODUCTION

Information concerning the behavior of liquid films in-
teracting with high-speed air streams has application to a
number of different technological areas. Transpiration cool-
ing of high-speed vehicles,* steam-turbine blade erosion,>*
magnetohydrodynamic power generators, and leading-
edge cleansing devices for airfoils with laminar flow control
are a few areas that have received recent attention. Essential
to studies of these different flow environments is the under-
standing of the stability characteristics of the liquid film. If
the liquid is unstable, small drops will be entrained into the
gas stream. In this case, the evaporative cooling protection is
lost for transpiration systems,’ but the erosion of steam-tur-
bine blades is minimized.> If the liquid is stable, finite-ampli-
tude waves appear on its surface, and information concern-
ing the wave amplitude and the wavelength is important for
the development of modified heat and mass transfer models.

Experiments have shown that under certain liquid con-
ditions, the liquid film is stable when the gas flow is super-
sonic,>® whereas the film may be either stable or unstable if
the gas flow is subsonic.>” When the surface of the film is
disturbed, a number of stabilizing and destabilizing mechan-
isms come into play. A survey of these mechanisms and their
application to the liquid film problem is given in Refs. 1, 5,
and 6.

Linear stability theories predict that liquid films adja-
cent to supersonic streams are much more unstable than lig-
uid films adjacent to subsonic streams, in disagreement with
the experimental observations of Saric e al.> and Wurz.®
However, the experimental observations can be explained
qualitatively by using nonlinear theories.

Nayfeh and Saric® analyzed the nonlinear stability of a
quiescent viscous liquid film parallel to an inviscid com-
pressible gas for small liquid Reynolds numbers within the
long-wave approximation. In the subsonic case, they found
that unstable linear disturbances continue to be unstable in
the nonlinear case; thus conditions exist for liquid entrain-
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ment by the gas, in qualitative agreement with the experi-
mental observations. In the supersonic case, they found that
stable linear disturbances dampen faster while unstable lin-
ear disturbances do not grow indefinitely but become steady
periodic waves. Thus, conditions for entrainment do not ex-
ist in this case, in qualitative agreement with the experimen-
tal observations. In a later study, Nayfeh and Saric® removed
the initial quiescent liquid assumption of their previous
study by taking the liquid velocity profile into account.

Bordner and Nayfeh'” refined the previous nonlinear
stability models by relaxing the restriction on the magnitude
of the liquid Reynolds number and by including the effects of
the gas viscosity and velocity profile in calculating the pres-
sure and shear perturbations exerted by the gas on the lig-
uid/gas interface. Saric ef al.? used the same model for the
case of a turbulent gas boundary layer and showed that, in
spite of all the improvements, the quantitative agreement
with the available experimental data is still poor. The present
study removes the assumption made by Bordner and Nay-
feh'® that the disturbance lies in the region in which the
mean profiles are linear. Moreover, the linear dispersion re-
lation (generated numerically) shows that resonance condi-
tions exist in the lower range of wave numbers which include
the experimentally observed ones. Based on this observation,
amodel is developed that accounts for second-harmonic res-
onant interactions, and the results are compared with avail-
able experimental data.

ii. PROBLEM FORMULATION

Since the experimental results show that the liquid sur-
face velocities and the wave speeds are very small compared
with the gas freestream velocity, the liquid surface can be
assumed to be stationary in calculating the pressure and
shear perturbations exerted by the gas on the gas/liquid in-
terface. Moreover, since the gas Reynolds number based on
the observed wavelengths is large, the mean flow can be as-
sumed to be parallel.

© 1982 American Institute of Physics 16524
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A. Equations for the liquid phase

Since the experimental results show that there is a range
of conditions under which stable two-dimensional waves ex-
ist, in this paper we are concerned with these two-dimension-
al waves. A schematic of the flow is depicted in Fig. 1. The
liquid is assumed to have a uniform density p and viscosity f.

We introduce dimensionless variables as follows: The
streamwise direction X is made dimensionless by using the
wave number & of an assumed sinusoidal disturbance, while
the normal direction j and liquid depth h are made dimen-
sionless by using the mean depth A, Flow quantities are
made dimensionless by using interface conditions denoted
by the subscript /. In addition, each of the flow velocities and
pressure is resolved into a basic state and a disturbance com-
ponent. Thus, we let

t=ait, x=ax, y=jy/h,
h=h/shg, Ug + u = i/iy,
v="/ail,, po+p=p/pil,

where
a=ahy, uo=1e/i;, po=Ppo/Pu;-

For the basic state, we have

uy=y, Po=po,/pi;+G(y—1), (1)
where G = gh,/ii? is the inverse of the Froude number.

We also introduce a dimensionless stream function
¥ix,p,t) defined by u = ¢, v = — . The governing equa-
tions for the disturbance stream function, with a linear basic-
state velocity profile, give

¢yyyy =aR [¢yyt +(y+ ¢y)¢xyy
+ @R [V + (Y + 8 Wrnx

- ¢x 'pyyy] - zaz'/’xxyy

- ¢'x ¢ny] - a‘lﬁm y

{2)
where R = hyii 1P/ is the liquid Reynolds number. The no-
slip and no-penetration boundary conditions at the solid sur-
face give

=0 and ¢, =0 at y=0. {3)
The kinematic boundary condition at the interface is

h,+k+9)h +9¢,=0 at y=h. 4)

FIG. 1. Flow configuration. Basic state and disturbance.
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The balance of normal and tangential stresses at the interface
yields

A ath l—azhi 2a
—=Gh-1 +———————— y ————— 4 —
aR ( ) a*h? ¢y 1+ah? R
2 X —
X('/’yy—a'l’xx)m t y=h, (5)
1—a2h§
=¥, — ’¥..) e
2 X _-
- I/’xy 1 azhi at y"'h’ (6)
where
W=—..TS—
Phoit;
aRf . _ 27ohs )
= — _, 7
R (. _ 1—h?
l’=?‘:;(’r(h)—7'o "2)’ (8)
P4 1+hs

with 7, being the surface tension and W being the inverse of
the Weber number. The pressure and shear perturbation
parameters A and y are obtained from the solution of the
gas-phase problem.

B. Equations for the gas phase

All lengths in the gas problem are made dimensionless
by using the wavenumber & of an assumed sinusoidal surface
disturbance. All flow quantities are made dimensionless by
using the freestream conditions denoted by the subscript «.
Thus, we let

x=ak, Y=a(j—h), h=h/h,,
u=1i/n,, v=>0b/d,, p=p/p, ,
p=p/b i, T=T/T,, p=ili, .

In terms of these dimensionless quantities, the equations de-
scribing the gas motion are

(pul +(poly =0, %)
pus, +putiy + Py
= ([l — )], + iy +0]5} 90)

puv, + puvy +py

=——{[#(uy +v)]. + [Bloy —)],}, (90)
puT, +poTy = (y — )02 (upx+vpy+R—¢)
G
1
T s 9d
PrR, + (uTy)y] (9d)
‘}’1‘4“;7 p=pT, (9e)
where 7 is the gas specific heat ratio,
D =pu[2; + %)+ (uy + 0, —3u, + 0y, (99)
Ci -2
Ro=P=l=  ppGof=  p_ e gy
ajii, Kk (r—1)C,T,
Lekoudis et a/. 1525



The dependence of viscosity on the temperature is assumed
to be given by Sutherland’s law

u=TYT+b)", (10)

where b is a dimensionless constant. At the interface, the
condition that the velocity components vanish yields

u=v=0 at Y=alh-1). (11a)
For an adiabatic flow,

B—T—:O at Y=ah-—1). (11b)

ay

The final boundary condition is the upstream vanishing of
disturbances.

The basic state is assumed to be a laminar boundary-
layer flow. The solution for this basic state is obtained nu-
merically by solving the boundary-layer equations. The
compressible boundary layer equations for two-dimensional
laminar flow of the gas can be written in the form'!

Y

i(cl dUO)—}—(czf -ﬂdy)ﬂzo, (12)
dy dy o Tp dy

where the coefficients ¢, and ¢, are functions of the variable
viscosity inside the shear layer, T, is the mean temperature,
related to the mean velocity with Crocco’s relation, and U, is
the mean velocity in the streamwise direction. A standard
tridiagonal inversion subroutine with iterative updating of
the dependent variables is used to solve this equation. De-
tailed conditions of the gas flow are given in Ref. 2. No re-
sults are presented in this paper for the case of turbulent gas
flow.

lIl. LINEAR STABILITY ANALYSIS

Next we analyze the linear stability of the liquid film.
We shall assume infinitesimal disturbance at the liquid inter-
face in the form of a traveling wave; i.e.,

h=1+7n,, ng,=Aexplix—ct)], A<l. (13)
The solution of Eq. (2) is assumed in the form
b=y . (14)

The position of the interface is atY = a7,; or equivalently at
y =1 + n,. The boundary conditions are transferred to the

26 -
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FIG. 2. The variation of the phase speed ¢, with the wavenumber a.
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mean interface y = 1 (or ¥ = 0) by expanding them in Taylor
series. Substituting Eq. (14) into Egs. (2)-(6) and keeping only
linear terms in the disturbance quantities, we obtain the fol-
lowing equations governing the liquid problem:

$"—2°" +a'd=iaR(y—c)p" —a’$), (15a)
¢0)=0, ¢'(0)=0, (15b)
c=144(1), (15¢)
6" — 3% =iA +iaR[a*W -G —(c— )¢’ — & ]
at yp=1, (15d)
6" +ap=y at y=1, (15¢)
where we have assumed

Av=An, xi=xm. (16)

Equation (15a) is the Orr—Sommerfeld equation for a linear
basic-state velocity profile while, together with the boundary
conditions, forms an eigenvalue problem for the complex
wavespeed ¢. The pressure and shear perturbation coeffi-
cients A and j are determined from the analysis of the gas
phase. Details of the gas problem and its solution are given
by Lekoudis e al.'> From the solution of the gas problem, we
calculate the coefficients A and §. The Orr-Sommerfeld
equation is transformed into a system of four first-order
equations and then solved numerically.

Figure 2 shows the variation of the wavespeed with
wavenumber. It shows that one can find waves having com-
mensurable wavenumbers and at the same time having iden-
tical (or almost identical) phase speeds. Hence, resonance
conditions (interaction of harmonics) exist, and energy can
be transferred between the interacting harmonics. The low-
est-order interaction, and the easiest to analyze, is the sec-
ond-harmonic resonant case. The experiments of Saric ez al.2
show, for the case of a turbulent gas, two dominant frequen-
cies at each liquid Reynolds number. Probably the same situ-
ation occurs for the case of a laminar gas, but since the fre-

10 8 g
!
+~ 1 ]
i B
- a
; 10 ! 1 : ,1‘ -
- 11 1 T T
U A 1 T
: Ny \VRr ;
2 T,
b4
8 M\
@ i |
w
z .
o 10
a.
0! L
10 0° 10 104

FREQUENCY (Hz)

FIG. 3. Power spectral density versus frequency of the liquid surface eleva-
tion for a turbulent boundary layer. Liquid Reynolds number is 5.7.
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quencies are much lower, they could not be accurately
measured. Figure 3, from Saric ez al.?, shows that although
the spectrum is continuous, the energy is concentrated
around two frequencies which are in the ratio of 2 to 1. Thus,
we proceed to analyze the case of the second-harmonic reso-
nant interactions.

V. SECOND-HARMONIC RESONANT INTERACTIONS

The present analysis uses the gas model of Lekoudis et
al.'? which does not restrict the extent of the disturbance
layer to regions close to the wall in which the mean profiles
are linear. The liquid analysis is an extension of the solution
of the second-harmonic resonance of a gas over an initially
quiescent liquid given by Nayfeh."

We shall assume a small, but finite-amplitude distur-
bance of the liquid surface. Defining the parameter € as the
ratio of the wave amplitude to the mean depth, we let

¢=€¢1+€2¢2+0(63)’ (17a)

h=1+en, + €+ 0(€), (17b)
=Ll +ep)+ 0, (170
A=€A, +EA,+0(€), (17d)
X=€i+€x,+0E), (17¢)
Q=gq,+€aq, + €ag, + 0 (€), (18)

where e<1 and @ stands for any of the gas flow quantities «,
v, p, T, P, and u. The subscript O refers to the basic-state
quantities. The boundary conditions at y=a,
[Y = a(h — 1)}, are again transferred to y =1, (¥ =0), by
expanding them in Taylor series and keeping terms up to
O (€%). For temporal stability, we use the method of multiple
scales' and introduce the slow time scale ¢, = et in addition
to the fast scale ¢, = t. With this technique, one can deter-
mine the equations describing the time evolution of the am-
plitudes and phases of the waves. These equations can be
used to determine periodic motion and their stability. On the
other hand, the method of strained coordinates'® (Stokes’
method] yields only the periodic motions and one has to use a
variational approach to study their stability.

Substituting Egs. (17) and (18) into Egs. (2}-(6) and Eqgs.
(9)—(11), expanding for small € and collecting the coeflicients
of € and €2, we obtain two sets of equations and boundary
conditions governing the first-order (linear) quantities (den-
oted by the subscript 1) and the second-order (nonlinear)
quantities (denoted by the subscript 2).

A. First-order problem

The results of Sec. III show that for the wavenumbers of
interest and for any pair of wavenumbers with a two to one
ratio, the complex wavespeeds ¢, and c,, of the two harmon-
ics, have the following properties:

Refc, —c;) =Ofe), Imic,)=0(e), Imlc;)=0Of(e).

Thus, a near second-harmonic resonant condition exists. To
determine a uniform expansion, we use the method of multi-
ple scales'* and include both the fundamental and its first
harmonic in the solution of the first-order problem; i.e., we
let
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7 = i A, (t)exp(id,,) + c.c., (19)

Y, = 2 A, (6P, ( y)explib,,) + c.c., (20)
where

6, =mix —c,t,) . (21)

The 6, are fast varying phases and the 4,, are slowly vary-
ing amplitudes.

Substituting Egs. (19) and (20) into the first-order liquid
problem, we obtain
dw(lm) 4
—— Y Bw(=0 for i=1,.4, (22a)

ji=1

w‘,’;"—w""’ 0 at y=0, (22b)

5+ AT + Ppwly = imA ™ 4 imaR (ma*W — G)

at y=1, (22¢)
Wi+ i =y at y=1, {22d)

where the ﬂ,,- and ¥ are given in Appendix A, A, and y, are
determined from the gas analysis and defined in Appendix
C, and

W = G W=

w(;?)=¢:m, w[nt::)__ém .

(23)
Similarly, the solution of the first-order gas problem is
written in the form

2
filkyt) =3 A, () f " 0)expli6,,), (24)
m=1
where the vector f, has the components
du aT,
fnz(un’ - s Uy !pn’Tn '_'_)' (25)
dy dy
Substituting Egs. (24) into the first-order problem, we obtain
drim 6
f - Y affP=0 for i=1,.6, (26a)
dy j=1
‘1’?)=_u(l)’ l’;'= f(l'g)z_T(,)’ (26b)

where the a,; are defined in Appendix B.

B. Second-order problem

Substituting the first-order (linear) solution into the sec-
ond-order (nonlinear} problem leads to an inhomogeneous
set of equations and boundary conditions. Since the homo-
geneous part of these equations is the same as the first-order
problem, the first-order problem has a solution if, and only
if, a solvability condition is satisfied (i.e., secular terms are
eliminated). We note that since the fundamental and its har-
monic travel with approximately the same phase speed, all
terms proportional to exp[i(@, — 8,)] and exp(28,) as well as
those proportional to exp(i8,) and exp(i6,) produce secular
terms.

To determine the solvability conditions, we seek a parti-
cular solution for the second-order problem in the form

Lekoudis et a/. 1527



2
7= Y B,explif,)+cc., (27)

¢2 = Z] Bm(y)¢2m exp(iam) =+ c.c. (28)

Substituting Eqs. (27) and (28) into the second-order equa-
tions and equating the coefficients of exp(i6,, ) on both sides,
we obtain
im)
dwzx _ i B(M)w'{",j — M(iM) ,
ji=1 ’
w‘z,’ =wfP=0 at y=0,

W) - ATl 4 i

=imA {" + imaR [(ma’W — G 1B, + M, (29¢)
Wiy + wsy =0+ MY at y=1, (29d)
w§y = (c,, — 1)B,, + M (29)

where the w,,, are defined in Eq. (23) and the M, are inhomo-
geneities which are functions of the first-order problem and
defined in Appendix A along with the 8; and y,.

Similarly, we seek a particular solution for the second-
order gas problem in the form

fo= 3 fi(Y)expli6,,), (30)

m=1

=14, (29a)

(29b)

at y=1,

where the vector £, is defined in Eq. (25). Substituting Eqs.
(29) into the second-order gas problem, we obtain
iy 3

% _ Z (mbf(Mi_N(m) (31)
=1

where the @ are defined in Appendix B and the N{™ are
functions of the first-order gas problem and defined in Ap-
pendix C. It follows from Eqs. (11) that the wall boundary
conditions can be rewritten as

f= —B,u;+Ni™ at ¥Y=0, (32a)
fim=_N{ at ¥Y=0, (32b)
fS=—B, Ty +N§" at Y=0, (32¢)

Moreover, it follows from Eqgs. (5) and (6) that the second-
order pressure and shear perturbation parameters A and y
can be rewritten as

— 2(ma)*10{0) Fim ima®

imA = o 4 N
2 R; ¢
= 5(my'l'n) 5(Mflrn) (MI , (33)
X(m) a:u()(o) flm) abluo (O)I"O(O)f(m) + N(lr:n]
¢ R ¢ Rg
—_ r(rnf(M) + ,.(Mf(rn) (M) . (34)
C. Solvability condition

To determine the solvability condition of the second-
order problem, we multiply Eq. (29a) by the functions
wim i=12,.4 Eq (31) by the functions
F™, j=1,2,..6, where the W, and F,, are defined below,
add the results, and then integrate by parts in the corre-
sponding intervals to transfer the derivatives from w;, and f;
to W, and F;. The result is
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'; wi W™ | o f l (dW""’ 2 B "'"W}"")w‘z'f" dy
I Witadll
_J (dF (m) 4 i a(;rz)F}m))f(z’;" dY
=
MWdy+Z " NF, dy. (35)

l—l 0 i=1

We choose the W{™ and the F f—"” to be solutions of the ad-
joint homogeneous problem:

dWw-! 4
+ 3 BrWM=0, i=12,.4, (36)
ji=1
dF(m) 6
+ 3 aPFm =0, i=12,.6, (37)
i=1
W‘;"’ =W{=0 at y=0, (38a)
W —yowi =0 at y=1, (38b)
(€ — D™ + [0 —c,) — AT S WS
+ [imaR (m*a*W — G)
= 8™y + (L — e, ) ] W
+ugF{"+ ToFM=0 at y=1 and Y=0
(38¢)
F{—pmpim=0 at y=1 and Y=0, (38d)
Ff,"" - 6‘4”"W‘4"" =0 at y=1 and Y=0, (38¢)
FE'=0 at ¥=0, (38
FM"cw as Y—ow. (38g)

With this choice for the W™ and F{™, Eq. (35) yields
the following solvability condition:

1 6 =)
MPwindy + | NmEmdy

i=14J0 i=1+J0

+ [ w i — wiN

— NEFP + (AW — PN

WY — AW — WM

+ WM + N

+ WM+ Ny o1 v—0=0. (39)

Substituting for the M, and N, from Appendices A and C

into Eq. (39), substituting for 7,, #,, and f {7 from Egs. (19),
(20), and (24) into the resulting equation, and rearranging, we
obtain

% + EA,A, expli Re(f, — 26,) + 2 Im(ca)ty] =0, (40)
1
dd; 2 -
2 + E,A?% exp[ — i Re{f, — 26,) 4+ 2 Im(c, — ¢,)t]
l
(41)

where E, and E, are defined in Appendix A and Re and Im
denote the real and imaginary parts, respectively. Letting

A% =A, (t))exp[m Im(c,, )] , (42)
I =2¢""Relc, — ¢y) » (43)
L.ekoudis et al. 1528



E, =2, explir,), A} =la, expliB,), (44)
and separating real and imaginary parts in Egs. (40) and (41},
we obtain

%“Im(cl)“l+§10102008(ﬂ2—231+T|+Ftl)=0’
! (45)
‘iifl +&aysin(B, 2B, + 7, + 1)) =0, (46)
1
gx;t,_z_zlm(cz)az+§zaf cos(—f+2B,+7,—I't) =0,
! (47)
0,202 4 ¢t sinl— B, + 28, +m— ) =0, 48)
1

These equations govern the time modulation of the ampli-
tudes and the phases of the interacting harmonics.

Wenote that because of the form of the interface bound-
ary conditions, the adjoint problem is coupled to the liquid
motion, in contrast with the eigensolution in which the gas
problem is decoupled from the liquid problem. A discussion
of this is given in Ref. 14. The solution of the adjoint problem
also provides a check on the eigenvalues determined from
the solution of the first-order problem. It should be men-
tioned that the discontinuity between the curves shown in
Figs. 5-7 is due to the change in the water/glycerin mixture
that alters the liquid surface velocity and depth. Thus the
nondimensionalizing parameters change. Details about the
liquid flow conditions can be found in Ref, 2,

The numerical solutions of the first-order gas problem
given by Eq. (26) and the adjoint problem given by Egs. {37)-
(38) encountered computational difficulties characteristic of
solutions of the Orr-Sommerfeld equation when the Reyn-
olds number is large. Therefore, these calculations were car-
ried out using a special computer code'” utilizing superposi-
tion and a modified Gram-Schmidt orthonormalization
procedure in order to minimize parasitic error growth in the
solutions.
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FIG. 4. Predicted variation of the harmonic amplitudes with wavenumbers.
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V. RESULTS AND DISCUSSIONS

The solutions of the first-order problem and its adjoint
provide the coefficients &, {,, 7,, and 7, of Eqs. (45){48).
This system and the initial values for the wave amplitudes
constitute an initial value problem for a, and a,. Since these
initial conditions are unknown and since we are examining
self-sustained oscillations and the experiments indicate sta-
ble finite-amplitude waves, it is of interest to look at the
steady-state solutions of Egs. (45){48).

For the case of phase-modulated waves, the steady-
state amplitudes are given by

Im(c,) —§ia,co8(B, —2B8,+I't, +7,)=0 (49a)
21Im(c,)a, — &,a} cos| — B, + 2B, — Ity +7,)=0  (49b)
Ia, + §,al sin(—B,+ 28, —I't, + 7))

+26,a} sin(B, — 2B, + I't, +7,)=0 (49c)
B, — 2B, + I't, = const. (494)

Equations (49) have been solved by using a standard New-
ton—Raphson iteration scheme. In the case of a laminar
boundary layer one needs computing times the order of 60
minutes on an IBM 370/158 computer to span the range of
wavenumbers from O to 0.5 in steps of 0.05. In the case of a
turbulent gas boundary layer, the computation time in-
creases to 10 hours because of hundreds of needed orthonor-
malizations across the boundary layer. In this case, we as-
sume that the disturbance field is uncorrelated with the
turbulent fluctuations'? to O (¢€?).

Figure 4 shows the variation of the steady-state ampli-
tudes with wavenumber for a liquid Reynolds of 3.0. The
predicted wave amplitudes are the order of the observed
ones. This constitutes an improvement over the previous
nonlinear results which overpredict the maximum ampli-
tudes by an order of magnitude.'® For the case of high
wavenumbers, the second harmonic is highly attenuated and
the iteration scheme fails to converge.

Figure 5 compares the predicted and observed r.m.s.
wave amplitudes. The agreement is good for the 40/60 wa-
ter/glycerin mixture. Moreover, the results show that the
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FIG. 5. Comparison of predicted and observed r.m.s. wave amplitudes.
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wave amplitude decreases as the liquid Reynolds number
increases. This implies that the effect of the second-harmon-
ic resonance is less important at the higher liquid Reynolds
numbers. The present model is an improvement over the
models of Refs. 1, 2, and 10. However, the solution is still
useful only in the intermediate range of Reynolds numbers
as was the model of Ref. 10. This limitation is due to the fact
that the wave speed approaches unity as the liquid Reynolds
number becomes large and therefore, more than two waves
can strongly interact.”'! At large Reynolds numbers, the
calculated amplitudes are unrealistic because they are bigger
than the mean liquid depth. Consequently, the present mod-
el is inadequate for large liquid Reynolds numbers.

For the case of low Reynolds number, the results over-
predict the amplitudes by a factor of about 3. It should be
mentioned that the experiments with a turbulent boundary
layer do not show a second frequency for this range of Reyn-
olds numbers.

The experiments show that, although there is 2 domi-
nant frequency at each Reynolds number, and in some cases,
a dominant fundamental and second harmonic, the spec-
trum contains also the higher harmonics. Moreover, the re-
sults of the linear solution indicate the possibility of the in-
teraction of the fundamental frequency with its second and
third harmonics, as can be seen in Fig. 2. Therefore, the
range of validity of the present model could be extended by
adding more harmonics to the solution. However, the alge-
braic labor would increase considerably because of complex-
ities in the gas problem.

Figures 6 and 7 compare the predicted and observed
frequencies and wavenumbers. These results show that the
present model constitutes an improvement over the previous
models.>'® Additional solutions of the system were not
found despite a numerical search with different initial
guesses. The steady-state amplitudes calculated using this
model suggest that, for the intermediate range of liquid-
Reynolds numbers, the observed waves are a result of this
type of interaction. For the higher liquid-Reynolds numbers
more harmonics are probably needed to predict the ampli-
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FIG. 6. Comparison of predicted and observed frequencies. (The different
symbols denote different glycerin/water mixtures: B75%, O 60%, & 0%.)
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tudes.

The present nonlinear analysis is capable of predicting
part of the experimental observations. Including the third
harmonic in the analysis may extend the validity of the anal-
ysis to higher liquid-Reynolds numbers. However, the alge-
braic labor and the computational time involved would in-
crease considerably. Also, three-dimensional effects need to
be considered. A simple analysis with a linear model would
determine if conditions for strong nonlinear wave-wave in-
teractions are present. Furthermore, the effects of mass
transfer at the interface need to be ascertained. Although the
mass transfer slightly affects the eigenvalues® for the prob-
lem of slag deposition in an MDH generator, it may have a
non-negligible effect on the nonlinear problem through
changes in the eigenfunctions.
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APPENDIX A
B =B =B87=0, B‘{’;’= (A1)
B =B8%=B8%=0 W=1, (A2)
ﬁ('ﬂ)= (M)_B(M)z(), (3?2)= (A3)
W= —(maf'[ma+iR(y—c )] m=0, (Ad4)
BY =(ma)[2ma +iR(y —c,)], BE =0 (A5)
‘W'=imaR, ¥} = —3(ma)*+imaR(c, —1), (A6)
5 = (ma), (A7)
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a
m _ Y r __ 2 2
M5 - ax [ 2a (¢1yy a ¢lxx)171x
- (ply + Zazwlxyy)ﬂl] at y= 1 ’ (AIO)
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(A11)
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FIG. 7. Comparison of predicted and observed wavenumbers. (The differ-
ent symbols denote different glycerin/water mixtures: B 75%, O 60%, A
0%.)
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APPENDIX B

adi=aP=aR =aP=a?=0, aP=1, (B1)
) =m? 4 imRg, alP=alp) =0,

afy = —(m*/3yM’, +imR;,

o =m¥/3, al=0, (B2)
al= —im, af=aP=0, o= —imyM? ,

o =im, af =0, (B3)
AW =0, alf = —im/[Rs + @4i/3myM2 ],
@uy=(—m?—imRg)/[Rg + (4i/3) myM% ],

[m] _ a[’gl — 0 a(;g) = gIWI/(RG -+ g"n‘)’A{2 ) ’ (B4)
al=a =l =aP =alP =0, aP=1, (B5)
al'=af=all =0, a% = —imRPriy - 1)M?2 ,
i =imRgPr+m?, alp'=0. (BS)
APPENDIX C

2
imAt =~ HAmAWAO) iy IO iy o)
Rg ¢
o 041l0) iy @BAU5(00l0)
! #l0) im) Ol (C2)
chG Cng
where b, =/to[%To_l —{To+ b)_l]'
N{"=N{ =0, (©3)
Ny = DM pa  2bs o im
Ho Ho 3

+ (@R g /uo){ (o1 +P0“1)“lx + (p1yg +Pou3y)‘)1

— (1/140) [ﬂl(“lyy + §#1xx + :I;ley)

+lu'|x(§u1x _%UIY)+#1Y(uIY+le)]} 4 (C4)
NP= — a[plxul +p,u1x +plyv1

+ UlYpl + (uO/TO)(pITl)x] ’ (C5)
N{
N(”" 4
= [L( w4 230 e N""') + 26,47,
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+§(ufx + UTy) _g(ulx + vfy)
2
- gulxvly + (ulY + le) ] ]

+(1/RGPr)(p’lex +,ulTIxx +,u!YTlY +/‘1T,YY))
(€7
N{'= —alu pn, +4ug7) at ¥Y=0, (C8)
NP = —av ¥ at Y=0, (C9)
Ny = — a(T yM+3T¢nt), at Y=0, (C10)
_ Ao pI
{m) __ Q0 (m) —
NG = TR, Ny +a(p r R (u U xy ZUlYY))
o2 24,
+vy) -y
3R (,u Y) R, Y
2407 x 2 )
+ R, (#y +le)+7zzul(uon1x) atY=0
(C11)
. b.u’ an
N = T2, — 72 AL
11 R, ¥+ Ro 1 Re
X[ Hott yy + Holv xy +u y) +pug +H iy
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(C12)
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APPENDIX D
B 1
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