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Efficient Implementation of Ensemble-Based Methods in Data Assimilation

Elias David Nino Ruiz

(ABSTRACT)

Ensemble-based methods have gained widespread popularity in the field of data assimilation.
An ensemble of model realizations encapsulates information about the error correlations
driven by the physics and the dynamics of the numerical model. This information can be
used to obtain improved estimates of the state of non-linear dynamical systems such as the
atmosphere and/or the ocean. This work develops efficient ensemble-based methods for data
assimilation.

A major bottleneck in ensemble Kalman filter (EnKF) implementations is the solution of
a linear system at each analysis step. To alleviate it an EnKF implementation based on
an iterative Sherman Morrison formula is proposed. The rank deficiency of the ensemble
covariance matrix is exploited in order to efficiently compute the analysis increments during
the assimilation process. The computational effort of the proposed method is comparable
to those of the best EnKF implementations found in the current literature. The stability
analysis of the new algorithm is theoretically proven based on the positiveness of the data
error covariance matrix.

In order to improve the background error covariance matrices in ensemble-based data assim-
ilation we explore the use of shrinkage covariance matrix estimators from ensembles. The
resulting filter has attractive features in terms of both memory usage and computational
complexity. Numerical results show that it performs better that traditional EnKF formula-
tions.

In geophysical applications the correlations between errors corresponding to distant model
components decreases rapidly with the distance. We propose a new and efficient imple-
mentation of the EnKF based on a modified Cholesky decomposition for inverse covariance
matrix estimation. This approach exploits the conditional independence of background er-
rors between distant model components with regard to a predefined radius of influence.
Consequently, sparse estimators of the inverse background error covariance matrix can be
obtained. This implies huge memory savings during the assimilation process under realistic
weather forecast scenarios. Rigorous error bounds for the resulting estimator in the context
of data assimilation are theoretically proved. The conclusion is that the resulting estimator
converges to the true inverse background error covariance matrix when the ensemble size is
of the order of the logarithm of the number of model components.

We explore high-performance implementations of the proposed EnKF algorithms. When
the observational operator can be locally approximated for different regions of the domain,
efficient parallel implementations of the EnKF formulations presented in this dissertation
can be obtained. The parallel computation of the analysis increments is performed making



use of domain decomposition. Local analysis increments are computed on (possibly) different
processors. Once all local analysis increments have been computed they are mapped back
onto the global domain to recover the global analysis. Tests performed with an atmospheric
general circulation model at a T-63 resolution, and varying the number of processors from 96
to 2,048, reveal that the assimilation time can be decreased multiple fold for all the proposed
EnKF formulations.

Ensemble-based methods can be used to reformulate strong constraint four dimensional
variational data assimilation such as to avoid the construction of adjoint models, which
can be complicated for operational models. We propose a trust region approach based on
ensembles in which the analysis increments are computed onto the space of an ensemble
of snapshots. The quality of the resulting increments in the ensemble space is compared
against the gains in the full space. Decisions on whether accept or reject solutions rely on
trust region updating formulas. Results based on a atmospheric general circulation model
with a T-42 resolution reveal that this methodology can improve the analysis accuracy.

This work was supported in part by awards NSF CCF–1218454, AFOSR FA9550–12–1–
0293–DEF, and by the Computational Science Laboratory at Virginia Tech.
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Chapter 1

Introduction

State estimation of highly non-linear dynamical systems is of great importance many fields
of science. For instance, in weather forecasting, one wants to estimate the state of the
atmosphere in order to prevent natural disasters, to schedule agriculture processes, and to
avoid crosswinds in the aviation context. Along the years the scientific community has
developed numerical models which mimic the real behavior of complex systems such as the
ocean and/or the atmosphere. Typically, physics simplifications and dynamics reductions
are employed when numerical models are developed. The underlying equations are initial-
value problems where the exact initial conditions are unknown. Consequently, the forecast
of numerical models can poorly estimate the real state of a system for long simulations. This
problem can be mitigated by injecting observations from the real dynamics of the system
into the predictions of imperfect numerical models.

Data assimilation is the a process in which real noisy observations are incorporated into the
forecast of an imperfect numerical model in order to adjust the model trajectory according
to the real state of a system. In this context, errors in the forecast and the observations are
treated as random variables, typically with Gaussian distributions. In the general frame-
work, one assumes that noisy observations are provided with the corresponding data error
distributions, while the moments of the background error distribution associated with the
model state must be estimated. Background error estimation has been an active field in
the context of data assimilation for several decades. In practice an ensemble of model real-
izations can be used in order to estimate the moments of the underlying background error
distribution. The number of model realizations is constrained by computational resources;
typically this number does not exceed the hundreds, while the dimension of the state space is
in the order of millions. Consequently, the moments of the ensemble can poorly estimate the
unknown moments of the underlying error distribution, leading to poor forecasts of the sys-
tem of interest. The statistical literature seeks robust approaches in order to deal with this
situation, for instance, one can choose covariance matrix estimators with better asymptotic
properties than the ensemble covariance matrix. However, some existing estimators rely on

1



2

computing explicitly high-dimensional covariance matrices, while others depend on having
large numbers of samples with respect to the dimension of the probability distribution. Both
approaches are impractical for realistic weather forecast scenarios.

We have identified several opportunities to enhance the state of the art in ensemble-based
data assimilation methodologies. They are summarized below.

1. In sequential data assimilation methods such as the ensemble Kalman filter suffer from
sampling errors due to the dimension of the underlying background error distribution.
Several methodologies are proposed in the current literature in order to deal with this
situation. Localization methods are commonly used in practice. In this approach model
components are surrounded by local boxes that are assimilated independently. The size
of the local box has considerable impact on the quality of the analyses. Large local
boxes typically yield to poor analysis corrections. The size of the local box is driven
by two aspects, the correlations of observed components and the type of observational
operator. In operational data assimilation one can find data error correlations on large
sub-domain sizes. In such cases it is desirable to have local estimates of background
error correlations that are not sensitive to the size of the local box. The local analyses
should be inexpensive, and lead to an accurate global analysis. The new filters based
on shrinkage covariance matrix estimators and on modified Cholesky decomposition
are developed herein to achieve this purpose.

2. The data assimilation algorithms based on local approximations of the observational
operator and/or error correlations should be parallelizable. This is important not only
to speedup the assimilation process, but also to have enough memory to distribute en-
semble members and/or sub-domains across different processors. Our parallel method-
ologies developed herein address this point.

3. In strong-constraint four dimensional variational data assimilation implementations en-
sembles can be used to approximate local sub-spaces consistent with the background
error distribution. This avoids the need for adjoint models that are difficult to imple-
ment. The optimal analysis increments are recovered from the weights computed onto
the ensemble space. Current methodologies assume that the ensemble spaces capture
the dominant directions of background errors. We propose to use of the trust region
framework in order to corroborate that such assumption is true.

1.1 Research Objectives

The overall goal of this research is to push forward the state of the art in ensemble-based
data assimilation methodologies.

Since spurious correlations do impact the quality of the analyses we need better estimates
of the background error correlations. The first objective of this research is to develop an
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efficient implementation of the ensemble Kalman filter based on shrinkage covariance matrix
estimation.

One attractive feature of the ensemble covariance matrix is its flow-dependency that cap-
tures the dynamics of the model. Due to physical properties one expects a rapid decay of
background error correlations between spatially remote model variables such as tempera-
ture, specific humidity, and wind components. For low-rank ensemble covariance matrices
localization methods are used to mimic this decay. The modified Cholesky decomposition
exploits this kind of natural decorrelation and provides robust (asymptotically with regard
to the ensemble size) estimators of the inverse covariance matrix. Our second objective is
to develop an efficient implementation of the ensemble Kalman filter based on a modified
Cholesky decomposition for inverse covariance matrix estimation. Furthermore, we want to
study theoretically the asymptotic properties of the modified Cholesky decomposition for
inverse covariance matrix estimation in the context of ensemble-based assimilation.

Since the analysis must be computed efficiently, the third objective of this research is to
develop an efficient implementation of the ensemble Kalman filter based on an iterative
Sherman Morrison formula. This method bounds linearly the computational effort of the
analysis step in the ensemble Kalman filter formulation with regard to the model dimen-
sion. Furthermore, the iterative Sherman Morrison formula can be easily extended to other
ensemble-based formulations.

Whenever possible, parallel resources should be exploited for speeding up the computations
and for allowing large memory volumes to represent model realizations. Our fourth objec-
tive is to develop efficient parallel implementations of the ensemble Kalman filter based on
shrinkage covariance matrix estimation and on modified Cholesky decomposition for inverse
covariance matrix estimation.

The capabilities of ensemble-based methods can be extended to four dimensional approxi-
mations. Our last objective is to provide an efficient implementation of a four dimensional
ensemble Kalman smoother method based on a trust region framework.

1.2 Research Accomplishments

This research accomplishment of the current dissertation are highlighted next:

1. An ensemble Kalman filter based on an iterative Sherman Morrison formula is proposed
[NRSA14, NSA12]. The computational effort of this method is comparable to those of
the best EnKF implementations found in the literature. The stability of the method
is theoretically proved. No matrix decompositions are performed by this methodology,
unlike what is usually required by current implementations.

2. An ensemble Kalman filter formulation based on shrinkage covariance matrix estima-
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tion is proposed [NRS15]. The methodology exploits the rank deficiency of the sample
covariance matrix in order to obtain an estimator that is computationally and mem-
ory inexpensive. Several experiments reveal that this background estimator increases
the degrees of freedom of the ensemble consistently. The computational effort of this
method is linearly bounded with regard to the number of observed components and
the model dimension. When observational operators can be locally approximated the
use of parallel resources provides improvements to the method in terms of efficiency.

3. We exploit the (expected) natural decorrelation of errors in distant model components
for some model variables such as wind-components, specific humidity and tempera-
ture. We propose an efficient implementation of the ensemble Kalman filter based on
a modified Cholesky decomposition for inverse covariance matrix estimation [NRSD].
This estimator exploits the decorrelation of model components based on their physi-
cal distance. We prove theoretically the convergence of the estimator in the context
of data assimilation when background and observational errors are Gaussian. The
computational effort of this method is bounded linearly with respect to the model
dimension.

4. We also propose a four dimensional ensemble-based method in the trust region frame-
work [NRS16, NS15]. The method avoids the need for adjoint models, and offers an
efficient approach to compute the analysis increments in the ensemble space by com-
paring the improvement of the cost function in the ensemble and model spaces. The
computational effort is similar to those of the best ensemble four dimensional data
assimilation methods found in the literature, but it requires an additional model prop-
agation during the assimilation process.

1.3 Dissertation Layout

This dissertation consist of seven chapters, as summarized below.

In Chapter 2 the general theory of data assimilation is presented. Sequential and variational
methods from the literature are discussed. The ensemble Kalman filter formulation and its
variations are detailed. Efficient EnKF implementations are studied as well. Covariance
localization and domain localization are presented as alternatives to background covariance
matrix estimation. The impact of spurious correlations is introduced. The extension of
ensemble-based methods to the four dimensional case is discussed as well.

In Chapter 3 we propose an efficient implementation of the ensemble Kalman filter based
on iterative Sherman Morrison formula. It exploits the rank-deficiency of the ensemble
covariance matrix in order to bring an efficient implementation which scales linear with
regard to the number of observed components as well as the model dimension. The stability
analysis of the method is theoretically proven. The iterative Sherman Morrison formula does
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not depend on performing a matrix decomposition as is usually done in the context of other
efficient EnKF implementations found in the current literature.

In Chapter 4 we present efficient implementations of the ensemble Kalman filter based on
shrinkage covariance matrix estimation. The proposed method exploits the rank-deficiency
of the ensemble covariance matrix in order to estimate a well-conditioned background error
covariance matrix. The resulting estimator provides huge savings in terms of memory and
computational time. The new filtering method can be efficiently performed in parallel with
minimum latency when observational operators can be locally approximated.

In Chapter 5 an ensemble Kalman filter implementation based on a modified Cholesky de-
composition for inverse covariance matrix estimation is proposed in order to exploit the
natural decorrelation or errors in distant model components. The estimator is computed
based on the solution of inexpensive least square problems. The methodology exploits the
conditional independence of distant model components according to a given radius of influ-
ence. This results in sparse covariance matrix estimators of the inverse background error
covariance matrix. Even more, the full covariance matrix is not needed under this formula-
tion, only the Cholesky factor (a sparse lower triangular matrix) is. The convergence of the
estimator is theoretically proven in the context of data assimilation.

In Chapter 6 ensemble-based methods are extended to the context of strong constraint four
dimensional data assimilation. The proposed method is based on the trust region framework
in order to approximate the derivatives of the strong constraint 4D-Var in the ensemble
space. Under this formulation, the computation of adjoint models are not needed and even
more, the analysis increments computed in the ensemble space are tested against the actual
profit on the 4D-Var cost function in the model space.

In Chapter 7 the conclusions of this research and future directions are discussed.



Chapter 2

Ensemble Data Assimilation

Data assimilation is the process of estimating the state of a dynamical system at the current
time given a history of prior evolution and noisy observations of the state at previous times
[SC11]. Typically, A dynamical model encapsulating our knowledge of the physical laws
approximates the evolution of the dynamical system [CNF11]. Two families of methods,
statistical filters and variational, are widely used to solve data assimilation problems. Rep-
resentative methods of those classes are the Ensemble Kalman Filter (EnKF) and the Four-
Dimensional Variational Method (4D-Var), respectively. In EnKF an ensemble of model
runs is propagated in time; when data is available the filtering step generates an analysis
ensemble whose empirical mean is an estimator for the actual state of the system. Strong
constraint 4D-Var seeks an analysis initial state such that the corresponding forecast best
fits the observations within the assimilation window. It is well-accepted that both methods
face specific challenges in practical applications where the number of model components is
in the order of millions. For instance, ensemble-based filters suffer from statistical sampling
errors, while variational methods require adjoint models which are labor-intensive to develop
and computationally expensive to run.

Hybrid methods are a natural extension of ensemble-based methods into the context of 4D-
Var data assimilation in order to combine the strengths of EnKF and 4D-Var methods. A
decomposition of the background errors in components that are analyzed and components
that are ignored has been used to estimate posterior covariances [CMMS10], and the theo-
retical similarities between the two approaches have been used to construct look-ahead as-
similation techniques [SH13]. Other hybrid approaches are based on model reduction and/or
space reduction [CNF11, DPW04, SHC+13]. A discussion of model reduction techniques is
given in [Oli09].

This chapter is organized as follows, in section 2.1, ensemble-based methods in the context
of sequential data assimilation are discussed, their strengths and limitations are presented
as well, section 2.3 discusses the extension of ensemble-based methods to the context of four
dimensional variational data assimilation, current hybrid methodologies are discussed.

6
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2.1 Sequential data assimilation

Formaly, the goal of sequential data assimilation is to estimate the state x∗ ∈ Rn×1 of a dy-
namical system which (approximately) evolves according to some model operator [CJAS10a,
LS12, LS14]:

xk =Mtk−1→tk (xk−1) ∈ Rn×1, for x ∈ Rn×1, (2.1)

where, for instance, M can be a numerical model which mimics the dynamics of the ocean
and/or atmosphere, and k denotes time index. Likewise, n is the model dimension (i.e.,
number of model grid components). For Gaussian errors, the assimilation is based on a prior
estimation xbk ∈ Rn×1 of x∗:

xbk ∼ N (x∗k, Bk) ∈ Rn×1, (2.2a)

and the noisy observation (measurement) yk ∈ Rm×1:

yk ∼ N (H (x∗k) , Rk) , ∈ Rm×1, (2.2b)

where m is the number of observed components, H : Rn×1 → R
m×1 is the observational

operator, Rk ∈ Rm×m is the estimated data error covariance matrix and Bk ∈ Rn×n is the
unknown background error covariance matrix. Making use of Bayesian statistics and matrix
identities, the assimilation of the observation (2.2b) can be performed as follows:

xak = xbk + Bk ·HT
k ·
[
Hk ·Bk ·HT

k + Rk

]−1 ·
[
yk −Hk · xbk

]
∈ Rn×1, (2.3)

where H′ ≈ Hk ∈ Rm×n is the linearized observational operator about xbk, and xak ∈ Rn×1

is well-known as the analysis state. After the assimilation, the analysis state is propagated
until a new observation yk+1 is available,

xbk+1 =Mtk→tk+1
(xak) .

wherein a new background state xbk+1 is obtained. The assimilation process relies in the
estimation of the error distributions (2.2) Typically, observations are provided with estimates
of their underlying error distributions while background errors must be estimated [WH12].

2.2 Ensemble-based methods

According to equation (2.3) the variances of Bk in
[
Hk ·Bk ·HT

k + Rk

]
contribute to the

proper scaling of the innovations yk −Hk · xbk ∈ Rm×1 on the observed model components
(e.g., consider Rk and Bk diagonal) while, the background error correlations of Bk in Bk ·
HT
k ensures that, the unobserved model components are properly adjusted with respect to

the innovations on the observed model components. Thus, the successful assimilation of



8

the observation (2.2b) will rely, in part, on how well the background error statistics are
approximated. In the context of ensemble-based methods, an ensemble of model realizations

Xb =
[
xb[1], xb[2], . . . , xb[N ]

]
∈ Rn×N , (2.4)

is used in order to estimate the unknown moments of the background error distribution
[Bra11]:

xb ≈ xb =
1

N
·
N∑
i=1

xb[i] ∈ Rn×1, (2.5a)

and

B ≈ Pb = Sb · SbT ∈ Rn×n, (2.5b)

where N is the number of ensemble members, xb[i] ∈ Rn×1 is the i-th ensemble member, for
1 ≤ i ≤ N , xb ∈ Rn×1 is the background ensemble mean, Pb is the background ensemble
covariance matrix, and Sb ∈ Rn×N is the matrix of member deviations scaled by

√
N − 1

Sb =
1√

N − 1
·
[
Xb − xb · 1TN

]
∈ Rn×N , (2.5c)

For ease of notation we have omitted the time index superscripts. One attractive feature of
ensemble covariance matrices is that the estimated background error correlations are driven
by the dynamics of the numerical model (2.1). In operational data assimilation, the use of
ensemble-based methods have been motivated by several factors:

1. To reduce the computational effort of the conventional Kalman filter formulation in
large dimensions [HDM+13].

2. To obtain error estimates on the solutions obtained via the assimilation of observations
[HDM+13, SB08, KMN11]. This can be easily estimated by the sample covariance
matrix (2.5b)

3. To conduct sensitivity experiments at a low computational effort [MNBZ15, EYO15,
Tor10].

Well-known approximations in the context of ensemble-based methods are the ensemble
Kalman filter and the ensemble square root filter methods. Briefly, we discuss about them
in the next sections.
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2.2.1 The ensemble Kalman filter

The ensemble Kalman filter (EnKF) is a sequential Monte Carlo method for state and param-
eter estimation of highly non-linear models such as those found in atmospheric and oceanic
sciences [SO08b, Eve03, GMC+06]. The EnKF importance relies on its basic theoretical
formulation and relatively ease implementation [Eve03]. In the EnKF, given the background
ensemble (2.4) a posterior (analysis) ensemble can be built as follows:

Xa = Xb + Pb ·HT ·
[
R + H ·Pb ·HT

]−1 ·∆ ∈ Rn×N , (2.6a)

where:

∆ = Ys −H ·Xb ∈ Rm×N , (2.6b)

and the matrix of perturbed observations Ys ∈ Rm×N reads:

Ys =
[
y + ε[1], y + ε[2], . . . , y + ε[N ]

]
∈ Rm×N , (2.6c)

for 1 ≤ i ≤ N , with

ε[i] ∼ N (0, R) . (2.6d)

The analysis equation (2.6a) can be written as follows:

Xa = Xb + Sb ·VbT · ZXa ,

where Vb = H · Sb ∈ Rm×N and ZXa ∈ Rm×N can be obtained by solving the next linear
system: [

R + Vb ·VbT
]
· ZXa = ∆ ∈ Rm×N . (2.7)

The literature proposes many matrix-free methodologies in order to avoid the direct solution
of (2.7) A well-known approximation is proposed by Evensen in [Eve06]. The estimated data
error covariance matrix is approximated by the empirical covariance

R =
1

N − 1
· E · ET ,

where E ∈ Rm×m is the matrix holding samples from the data error distribution (2.6d):

E =
[
ε[1], ε[2], . . . , ε[N ]

]
∈ Rm×N ,

then, the linear system (2.7) can be re-written as follows:[
E · ET + Vb ·VbT

]
· ZXa = ∆ ∈ Rm×N .
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Consider the singular value decomposition (SVD) of Vb+ −2
√
N − 1 ·E = UVbE ·ΣVbE ·VVbE,

the solution of the linear system (2.7) can be approximated as follows:

ZSVD
Xa = UVbE ·ΣVbE ·ΣT

VbE ·UT
VbE ·∆ .

For the efficient computation of ZSVD
Xa , the matrix multiplications should be performed from

right to left. The leading-order complexity of the analysis making use of the SVD decompo-
sition reads:

O
(
n ·N2 +m ·N2 +m ·N2 +m ·N +m

)
. (2.8)

Yet another manner to approximate the solution of (2.7) is proposed by Madel in [Man06].
In this implementation, the data error covariance matrix is approximated by

R = (N − 1) · diag
(
E · ET

)
.

Consider

MPa = (N − 1) · I + VbT ·R−1 ·Vb ,

and its Cholesky factorization MPa = L̂Pa · L̂T
Pa ∈ RN×N , then, the linear system (2.7) can

be solved as follows:

ZChol
Xa = VbT ·R−1 ·

[
I−Vb · L̂−TPa · L̂−1

Pa ·VbT ·R−1 ·∆
]

where ZChol
Xa can be efficiently obtained when computations are performed from right to left.

Note that, since L̂−1
Pa ∈ RN×N is a lower triangular matrix, the direct inversion of L̂−1

Pa is not
needed and instead, forward and backward substitutions can be used in order to compute
ZChol

Xa . The overall computational effort of the analysis step becomes:

O
(
N3 + n ·N2 +m ·N2

)
.

2.2.2 Ensemble square root filters

The use of perturbed observations in (2.6c) during the assimilation provides asymptotically
correct analysis-error covariance estimates for large ensemble sizes and makes the formulation
of the EnKF statistically consistent [WT02]. However, it also has been shown that the
inclusion of perturbed observations introduces sampling errors during the computation of
the analysis corrections [JFW14, And12]

Ensemble square root filters are deterministic filters in which the use of synthetic data is
avoided during the assimilation process. The general idea is to apply an affine transformation
to the ensemble (2.4) in such way that, the resulting ensemble is similar to (2.6a). In this
context, we first compute the posterior mode of the error distribution:

xa = xb + Sb ·VbT ·
[
R + Vb ·VbT

]−1

·
[
y −H

(
xb
)]
, (2.9a)
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where we have let Vb = H · Sb ∈ Rm×N . The posterior ensemble is then built about (2.9a):

Xa = xa · 1TN + Sb · Γ ∈ Rn×N , (2.9b)

where Γ ∈ RN×N is known as the transformation matrix. The choice of Γ depends on
the square root filter implementation. For instance , in the traditional EnSRF formulation
[TAB+03], Γ is derived as follows, from the Kalman filter equations [Eve03], the relation
between the analysis covariance matrix Pa and the background covariance matrix Pb is
given by:

Pa =

[
I− Sb ·VbT ·

[
R + Vb ·VbT

]−1

·H
]
·Pb,

= Sb ·
[
I−VbT ·

[
R + Vb ·VbT

]−1

·Vb

]
· SbT ,

therefore, the matrix Γ sought satisfies:

Γ · ΓT = I−VbT ·
[
R + Vb ·VbT

]−1

·Vb ∈ RN×N . (2.10)

Making use of the matrix identity

I−VbT ·
[
R + Vb ·VbT

]−1

·Vb =
[
I + VbT ·R−1 ·Vb

]−1

,

and the singular value decomposition:

VbT ·R−1 ·Vb = UVb ·ΣVb ·VVb ,

the ensemble tranform Kalman filter (ETKF) proposes the next choice for Γ:

Γ = UVb · [I + ΣVb ]−1/2 ·UVb
T . (2.11)

2.2.3 Avoiding filter divergence

In operational data assimilation, the number of model components n is much larger than
the number of model realizations N (ensemble size) Typically, N ranges in the order of
hundreds while n does it in the order of millions. In general, the analysis corrections for the
n-th dimensional state are performed in a space with only N − 1 degrees of freedom. An
immediate consequence is the presence of spurious correlations in the ensemble covariance
matrix, for instance, figure 2.1 shows the effect of sampling errors in the ensemble covariance
matrix for the Lorenz 96 model [Lor05] making use of different ensemble sizes. Other ap-
proximations of background error covariance matrix are found in the literature, a traditional
approximation of B is the Hollingworth and Lonnberg method [HL86] in which the difference
between observations and background states are treated as a combination of background and
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observations errors. However, this method provides statistics of background errors in obser-
vation space, and requires dense observing networks. Another method has been proposed by
Benedetti and Fisher [BF07] based on forecast differences in which the spatial correlations of
background errors are assumed to be similar at 24 and 48 hours forecasts. This method can
be efficiently implemented in practice, however, it does not perform well in data-sparse re-
gions, and the statistics provided are a mixture of analysis and background errors. A general
manner to reduce the impact of spurious correlations is found in the context of localization
methods. Two well-known approximations are proposed in the literature: covariance matrix
localization and domain localization.
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(c) Pb, N = 105

Figure 2.1: Background error estimation via the ensemble covariance matrix Pb for different
ensemble sizes N . The number of model components in the Lorenz 96 model [Lor05] is
n = 40.

Covariance matrix localization artificially reduces correlations between distant model com-
ponents via a Schur product with a localization matrix Π ∈ Rn×n:

P̂b = Π ◦Pb ∈ Rn×n
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and then Pb is replaced by P̂b ∈ Rn×n in the EnKF analysis equation (2.6a). The entries
of Π decrease with the distance between model components depending on the radius of
influence ζ:

{Π}i,j = exp

(
−π (mi, mj)

f(ζ)

)
, for 1 ≤ i ≤ j ≤ n , (2.12)

where π (mi, mj) represents the physical distance between the model components mi and
mj while, f(ζ) is a function of ζ (e.g., f(ζ) = 2 · ζ2). The exponential decay allows to reduce
the impact of innovations between distant model components. The use of covariance matrix
localization alleviates the impact of sampling errors. However, the explicit computation
of Π (and even Pb) is prohibitive owing to numerical model dimensions. Thus, domain
localization methods [Bue11, Kep00] are commonly used in the context of operational data
assimilation. One of the best EnKF implementations based on domain localization is the
local ensemble transform Kalman filter (LETKF) [OHS+04b]. In the LETKF the analysis
increments are computed in the space spanned by the ensemble perturbations Ub ∈ Rn×N ,
where

Ub = Xb − xb · 1TN ∈ Rn×N . (2.13a)

An approximation of the analysis covariance matrix in this space reads:

P̂a =
[
(N − 1) · I + QT ·R−1 ·Q

]−1 ∈ RN×N , (2.13b)

where Q = H ·Ub ∈ Rm×N and I is the identity matrix consistent with the dimension. The
analysis increments in the subspace are:

wa = P̂a ·QT ·R−1 ·
[
y −H(xb)

]
∈ RN×1, (2.13c)

from which an estimation of the analysis mean in the model space can be obtained:

xa = xb + Ub ·wa ∈ Rn×1. (2.13d)

Finally, the analysis ensemble reads:

xa = xa · 1TN + Ub ·
[
(N − 1) · P̂a

]1/2

∈ Rn×N . (2.13e)

The domain localization in the LETKF is performed as follows: each model component is
surrounded by a local box of radius ζ. Within each local domain the analysis equations
(2.13) are applied, and therefore a local analysis component is obtained. All local analysis
components are mapped back onto the model space to obtain the global analysis state. Local
boxes for different radii are shown in Figure 2.2. Note that, the LETKF implementations does
not require any background error covariance model, and even more, since computations are
performed onto a small space, the analysis increments can be efficiently computed. However,
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with non-local satellite observations, the effective box sizes become large and therefore,
affordable ensemble sizes implies poor analysis resolution and hence accuracy. Recall that,
the local sample covariance matrix (2.5b) is utilized as the covariance estimator of the local
B. This can perform well when small radii ζ are considered during the assimilation step.
Nevertheless, for large values of ζ, the analysis corrections can be impacted by spurious
correlations since the local sample covariance matrix can be rank deficient. Consequently,
the local analysis increments can perform poorly. The same situation can happen when
block-correlations in the estimated data error covariance matrix are of large sizes.

(a) ζ = 1 (b) ζ = 2 (c) ζ = 3

Figure 2.2: Local domains for different radii of influence ζ. The red dot is the model
component to be assimilated, blue components are within the scope of ζ, and black model
components are unused during the local assimilation process.

2.3 Four dimensional ensemble data assimilation

Ensemble-based methods can provide flow-dependent error estimates of the background er-
rors (with the Monte Carlo methods), but it does not have the ability to assimilate the
observation data available at distributed times.

4D-Var considers cost functions of the form

J (x0) =
1

2

∥∥x0 − xb0
∥∥2

B−1
0︸ ︷︷ ︸

J b(x)

+
1

2

M∑
k=0

‖yk −H (xk)‖2
R−1
k︸ ︷︷ ︸

J o(x)

, (2.14)

where J b(x) and J o(x) are known as the background and observation cost functions, re-
spectively. Likewise M is the number of observations within the assimilation window, and
at time tk, for 0 ≤ k ≤ M , yk denotes the observation, and Rk is the estimated data error
covariance matrix. The cost function (2.14) is the negative logarithms of the a posteriori
probability density when all the data and background errors are normally distributed. The
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maximum likelihood estimate of the initial state is then obtained by minimizing the cost
function, i.e., the analysis step is computed by solving the optimization problem

xa0 = arg min
x0

J (x0) subject to xk =Mtk−1→tk (xk−1) , (2.15)

for 1 ≤ k ≤ M . The formulation of (2.14) allows 4D-Var to assimilate data which appears
at different observation times.

The computation of the gradient (2.14) with respect to the control variable x0 ∈ Rn×1

requires one forward and one adjoint model integration. The construction of an adjoint
model for real, large forecast models is an extremely labor-intensive process. In order to
avoid the implementation of adjoint models four dimensional ensemble Kalman filter methods
(4D-EnKF) [ZZ11] have been recently proposed. They naturally propagate flow dependent
background covariance matrices via ensembles [HS00, Lor03, SHC+13, CCFT13]. Numerical
experiments show robust performance with a small number of ensemble members [YMW+13,
THL+13]. Moreover, the solution (2.15) can be treated as the new background state in (2.14),
which provides a better solution [CCF+13].

4D-EnKF based methods are defined as follows. The initial ensemble

Xb
0 =

[
x
b[1]
0 , x

b[2]
0 , . . . , x

b[N ]
0

]
∈ Rn×N , (2.16)

is propagated in time and M + 1 snapshots of each background ensemble member state at
time moments t0, t1, . . . , tM along the trajectory are stored

Xs =


x
b[1]
0 x

b[2]
0 . . . x

b[N ]
0

x
b[1]
1 x

b[2]
1 . . . x

b[N ]
1

...
...

. . .
...

x
b[1]
M x

b[2]
M . . . x

b[N ]
M

 ∈ R(n·(M+1))×N . (2.17)

Each entry of the background ensemble matrix Xs is an n-dimensional vector x
b[i]
k which

represents the state of ensemble member i at time tk. The i-th column of Xs contains all
the snapshots of the i-th ensemble member, and the k-th row of blocks corresponds to all
ensemble member states at tk.

Consider now a trajectory of the model. The state xk at tk is approximated by a linear
combination of the anomalies (deviations from the mean)

xk = xbk +
N∑
i=1

αi ·
(
x
b[i]
k − xk

)
︸ ︷︷ ︸

ψ
(i)
k

= xbk + Ψk ·α , (2.18)
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where

xbk =
1

N
·
N∑
i=1

x
b[i]
k ∈ Rn×1 ,

Ψk =
[
ψ

[1]
k ,ψ

[2]
k , . . . ,ψ

[N ]
k

]
∈ Rn×N , (2.19)

and the time-independent weight vector

α = [α1, α2, . . . , αN ]T ∈ RN×1 ,

contains the coordinates of xk in the ensemble space.

By replacing (2.18) in (2.14) and linearizing the observation operator H′k ≈ Hk about xbk,
the 4D-Var cost function (2.14) can be written in the ensemble space as follows:

Jens(α) =
1

2

∥∥db −Ψ0 ·α
∥∥2

B−1
0

+
1

2

M∑
k=0

‖dok −Qk ·α‖2
R−1
k

(2.20)

where db = xb0−xb0 ∈ Rn×1 and dok = yk−Hk ·xbk ∈ Rm×1 are the innovation vectors on the
background and observations, respectively, and Qk = Hk ·Ψk ∈ Rm×N .

The optimal solution in the ensemble space

α∗ = arg min
α

Jens(α) ∈ RN×1 , (2.21)

provides an approximation of the analysis trajectory started from (2.15) through the relation

xak = xbk + Ψk ·α∗ ∈ Rn×1 . (2.22)

The derivatives of (2.20) are

∇αJens(α) =

[
ΨT

0 ·B−1
0 ·Ψ0 +

M∑
k=0

QT
k ·Rk ·Qk

]
·α (2.23a)

−
[
ΨT

0 ·B−1
0 · db +

M∑
k=0

QT
k ·R−1

k · dk
]
∈ RN×1 ,

∇2
α,αJens(α) = ΨT

0 ·B−1
0 ·Ψ0 +

M∑
k=0

QT
k ·Rk ·Qk ∈ RN×N , (2.23b)

and the solution of the quadratic minimization problem (2.21) is

α∗ = ∇2
α,αJens(α)−1 ·

[
Ψ0

T ·B−1
0 · db +

M∑
k=0

QT
k ·R−1

k · dk
]
.
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Since xak in (2.22) represents an approximated solution rather than an exact solution, the ini-
tial analysis xa0 is only recovered and propagated in time in order to obtain an approximation
of the optimal trajectory of (2.14).

Equivalent bases for the range of Ψk can be utilized to formulate the subspace approximation
(2.18). For instance, the proper orthogonal decomposition (POD) [TXD08] is widely used
to obtain a basis that captures most of the variance of the snapshot (2.17). Consider the
matrix of snapshots deviations

δXs =
1√
N

[
Ψ0

T ,Ψ1
T , . . . ,ΨM

T
]T ∈ R(n·(M+1))×N ,

and its singular value decomposition (SVD)

δXs = UδXs ·ΣδXs ·VδXs ∈ R(n·(M+1))×N ,

where UδXs ∈ R(n·(M+1))×(n·(M+1)) and VδXs ∈ RN×N are the right and left singular vectors,
respectively, and ΣδXs = diag (σ1, σ2, . . . , σN) ∈ R(n·(M+1))×N is a diagonal matrix whose
diagonal entries are the singular values with σ1 ≥ σ2 ≥ . . . ≥ σN . Since

δXsT · δXs = VδXs ·Σ2
δXs ·VT

δXs ∈ RN×N ,

the POD basis vectors can be computed as

Φk = Ψk ·VδXs ·Σ−1/2
δXs ∈ Rn×N , (2.24)

and therefore, equivalent to (2.21), xk can be expressed as follows:

xk = xbk +
r∑
i=1

βi ·
(

Ψk · vi√
σi

)
= xk + Φr

k · β ,

where we have chosen the columns of Σ to be orthonormal, Φr
k holds the first r basis vectors,

β = [β1, β2, . . . , βr]
T ∈ Rr×1 is the vector of weights to be determined, and r can be computed

as follows

r = arg min
p

{
p, I(p) :

∑p
i=1 σi∑N
i=1 σi

> γ : γ ∈ (0, 1)

}
. (2.25)

Note that, the parameter γ provides how much variance (sometimes called kinetic energy)
we want to retain in the POD bases, commonly the values of γ ranges in (0.9 , 0.95). It is
well known that POD bases are the most efficient among all possible linear combinations
in the sense, for a given number r of basis vectors, POD decomposition captures the most
possible variance [HH01, HH02]. In addition, POD bases reduce the equation (2.20) to

J pod
ens (β) =

1

2
·N · ‖β‖2 +

1

2
·
M∑
k=0

‖dok − Zk · β‖2
R−1
k
, (2.26)
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whose first and second derivatives are

∇βJ pod
ens (β) =

[
N · I +

M∑
k=0

ZT
k ·R−1

k · Zk

]
· β

−
M∑
k=0

ZT
k ·R−1

k · dok ∈ Rr×1 ,

∇2
β,βJ pod

ens (β) = N · I +
M∑
k=0

ZT
k ·R−1

k · Zk ∈ Rr×r ,

where Zk = Hk · Φk and I is the identity matrix consistent with the dimension. Thus, an
equivalent problem to (2.21) is

β∗ = arg min
β
J pod

ens (β) ∈ Rr×1 , (2.28)

whose solution reads:

β∗ = ∇2
β,βJ pod

ens (β)−1 ·
[

M∑
k=0

Zk
T ·R−1

k · dok

]
. (2.29)

Data assimilation methods that make use of the POD basis (such as, for example, POD-4D-
EnKF [TXD08]) are defined as follows:

1. Ensemble generation. The initial ensemble (2.16) is built centered at xb
0 with co-

variance matrix B0. The ensemble members are propagated and M + 1 snapshots of
each member are saved.

2. Basis computation. The POD basis (2.24) are computed and r vectors are selected
according to (2.25).

3. Compute reduced-space solution. Compute the optimal weights solution(2.29).

4. Compute full-space initial condition. Let xa
0 = xb0 + Φr

0 · β∗.

5. Propagate analysis. xbk =Mtk−1→tk(x
a
k−1) for 1 ≤ k ≤M .

According to Tian [TXD08] the POD bases capture not only the spatial structure of the
state but also its temporal evolution.

The optimal solution of the POD-4D-EnKF provides an approximation of the analysis (2.15).
The process can be continued in an iterative fashion in order to improve the analysis; the
solution of one iteration becomes the new background state for the next iteration. The idea of
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using a sequence of minimizations of the surrogates (2.20) or (2.26) in order to approach the
minimum of (2.14) has been explored in the derivative-free optimization literature [CSV09].

A rigorous implementation has been recently proposed by Gratton et al. [GLS14]. The
method is called Iterative Subspace Minimization (ISM) and solves iteratively the problem
(2.14) via the projection of the full space onto the space spanned by the POD bases. The
ISM method is defined as follows:

1. Initialization. Let x
(0)
0 ← x0 (the initial background) and j ← 0.

2. Ensemble generation. The initial ensemble (2.16) is built centered at x
(j)
0 with

covariance matrix B0. The ensemble members are propagated and M + 1 snapshots
are saved.

3. Basis computation. The POD basis (2.24) are computed and r vectors are selected
according to (2.25).

4. Suproblem solution. The optimization problem (2.28) is partially solved making use
of the Coordinate Search Method (CSM) [CV07, CRV10], from which we obtain β∗.

5. Solution update. Set x
(j+1)
0 ← x

(j)
0 + Φr

0 · β∗, j ← j + 1, and go to Step 2.

The ISM method solves the optimization subproblem (2.26) via the CSM approach which
does not make use of derivative information, and therefore no optimality conditions are
checked. Other methods can be used at this step. For instance, one can employ the analytical
solution (2.28), which guarantees to obtain the local minimizer of each subproblem and
reduce the total number of outer iterations and function evaluations.



Chapter 3

An Ensemble Kalman Filter Based on
an Iterative Sherman Morrison
Formula

In this chapter, we present a practical implementation of the ensemble Kalman (EnKF) filter
based on an iterative Sherman-Morrison formula. The new direct method exploits the special
structure of the ensemble-estimated error covariance matrices in order to efficiently solve the
linear systems involved in the analysis step of the EnKF. The computational complexity
of the proposed implementation is equivalent to that of the best EnKF implementations
available in the literature when the number of observations is much larger than the number of
ensemble members, as typically is case in practice. Moreover, the proposed method provides
the best theoretical complexity when is compared to generic formulations of matrix inversion
based on the Sherman Morrison formula. The stability analysis of the proposed method is
carried out and a pivoting strategy is discussed in order to reduce the accumulation of round-
off errors without increasing the computational effort. A parallel implementation is discussed
as well. Computational experiments carried out using an oceanic quasi-geostrophic model
reveal that the proposed algorithm yields the same accuracy as other EnKF implementations,
but scales better with regard to the number of observations.

The chapter is structured as follows. Section 3.1 presents the novel implementation of the
EnKF based on iterative Sherman-Morrison formula, in which the special structure of the
measurements error covariance matrix is exploited. Computational cost and stability analy-
ses are carried out for this approach, and pivoting and parallelization ideas are discussed. Sec-
tion 3.2 reports numerical results of the proposed algorithm applied to the quasi-geostrophic
model. Conclusions are drawn in Section 3.3.

20
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3.1 Iterative Implementation of the EnKF Analysis Step

We make the assumptions [TAB+03, Man06] that, in practice:

1. The data error covariance matrix R has a simple structure (e.g., is block diagonal).

2. The observation operator H is sparse or can be applied efficiently.

3. The variables m and n are very large.

4. In many real applications of the EnKF m � N , and the number of variables ranges
between O (107) and O (109).

Taking into in account the previous assumptions, we now derive the implementation of the
EnKF. Recall the matrix of member deviations Sb ∈ Rn×N :

Sb =
1√

N − 1
·
[
Xb − xb · 1TN

]
∈ Rn×N . (3.1)

The linear system to solve during the assimilation step of the EnKF reads:[
R + Vb ·VbT

]
· ZXa = ∆ ∈ Rm×N (3.2)

where Vb = H · Sb ∈ Rm×N and the innovation vector is given by ∆ = y · 1TN + E−H ·Xb,
E =

[
ε[1], ε[2], . . . , ε[N ]

]
∈ Rm×N with

ε[i] ∼ N (0, R) , 1 ≤ i ≤ N .

Denote by W ∈ Rm×m the matrix of scaling weights:

W = R + Vb ·VbT = R +
N∑
i=1

vb[i] · vb[i]T

where vb[i] ∈ Rm×1 denotes the i-th column of matrix Vb. Note that, W can be computed
recursively via the sequence of matrices W(k) ∈ Rm×m with W(0) = R,

W(k) = W(k−1) + vb[k] · vb[k]T, 1 ≤ k ≤ N. (3.3)

By replacing equation (3.3) in (3.2) we obtain:[
W(N−1) + vb[N ] · vb[N ]T

]
· ZXa = ∆ , for 1 ≤ j ≤ N . (3.4)

The linear system (3.4) can be solved making use of the Sherman Morrison formula [Fra08][
A + u · vT

]−1
= A−1 − 1

1 + vT ·A−1 · u ·A
−1 · u · vT ·A−1
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with A = W(N), v = u = vb[N ], the solution of (3.4) can be obtained for each right hand-side
∆[j], for 1 ≤ j ≤ N , as follows:

W
(N)[j]
Z = W

(N−1)[j]
Z − 1

γ(N)
·U(N−1)[N ]

Z ·
[
vb[N ]T ·W(N−1)[j]

Z

]
(3.5)

where W
(N)[j]
Z ∈ Rm×1 denotes the solution of the linear system for the j-th right-hand side

(the j-th column of matrix W
(N)
Z ). More general, we can refer to W

(N)
Z as the solution of

the linear system (3.4), for instance, W
(N)
Z = ZδXa . Likewise, γ(N) = 1 + vb[N ]T ·U(N−1)[N ]

and [
W(N−2) + vb[N−1] · vb[N−1]T

]
·W(N−1)[j]

Z = ∆[j] (3.6a)[
W(N−2) + vb[N−1] · vb[N−1]T

]
·U(N−1)[N ]

Z = vb[N ] (3.6b)

the same idea applied to (3.4) can be used in order to solve the linear systems (3.6), for
(3.6a) we have

W
(N−1)[j]
Z = W

(N−2)[j]
Z − 1

γ(N−1)
·U(N−2)[N−1]

Z ·
[
vb[N−1]T ·W(N−2)[j]

Z

]
while for (3.6b) we have

U
(N−1)[N ]
Z = U

(N−2)[N ]
Z − 1

γ(N−1)
·U(N−2)[N−1]

Z ·
[
vb[N−1]T ·U(N−2)[N ]

Z

]
where γ(N−1) = 1 + vb[N−1]T ·U(N−2)[N−1][

W(N−3) + vb[N−2] · vb[N−2]T
]
·W(N−2)[j]

Z = ∆[j] (3.7a)[
W(N−3) + vb[N−2] · vb[N−2]T

]
·U(N−2)[N ]

Z = vb[N ] (3.7b)[
W(N−3) + vb[N−2] · vb[N−2]T

]
·U(N−2)[N−1]

Z = vb[N−1] . (3.7c)

Again, the linear systems (3.7) can be solved as follows:

W
(N−2)[j]
Z = W

(N−3)[j]
Z − 1

γ(N−2)
·U(N−3)[N−2]

Z ·
[
vb[N−2]T ·W(N−3)[j]

Z

]
,

U
(N−2)[N ]
Z = U

(N−3)[N ]
Z − 1

γ(N−2)
·U(N−3)[N−2]

Z ·
[
vb[N−2]T ·U(N−3)[N ]

Z

]
,

U
(N−2)[N−1]
Z = U

(N−3)[N−1]
Z − 1

γ(N−2)
·U(N−3)[N−2]

Z ·
[
vb[N−2]T ·U(N−3)[N−1]

Z

]
.

Note that, the computation of W
(k)[j]
Z depends on W

(k−1)[j]
Z and U

(k)[k−1]
Z . This recursive

dependencies can be seen as follows,

W
(k)[j]
Z = f

(
W

(k−1)[j]
Z , U

(k)[k−1]
Z

)
, for 1 ≤ k, j ≤ N (3.8a)
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similarly,

U
(k)[i]
Z = f

(
U

(k−1)[i]
Z , U

(k)[k−1]
Z

)
, for 1 ≤ k < N and 1 ≤ i < k . (3.8b)

In both cases, the recursions end with the solution of the trivial systems involving W(0) = R:

W(0) ·W(0)[j]
Z = ∆[j], for 1 ≤ j ≤ N,

and

W(0) ·U(0)[i]
Z = vb[i], for 1 ≤ i ≤ N .

From the previous analysis we derive a recursive Sherman-Morrison formula as follows. De-
fine

fS (x, k) =


z = R−1 · x , k = 0 ,

f = fS (x, k − 1) ;

g = fS
(
vb[k], k − 1

)
, 1 ≤ k ≤ N ,

z = f − 1
γ(k)
· g ·

[
vb[k]T · f

]
;

(3.9)

where γ(k) = 1+vb[k]T ·g. The solution of the linear system (3.4) can be obtained as follows:

ZRSMF
Xa =

[
fS

(
∆[1], N

)
, fS

(
∆[2], N

)
, . . . , fS

(
∆[N ], N

)]
(3.10)

The recursive the computations performed by (3.9) can be represented as a tree in which the
solution z ∈ Rm×1 of each node depends on the computations of its left (f ∈ Rm×1) and right
(g ∈ Rm×1) children (i.e., on the solutions of two linear systems). Figure 3.1 illustrates the
derivation of linear systems in order to solve W(N) · ZXa = ∆[j] for N = 3 and 1 ≤ j ≤ N .
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W(3)−1 ·∆[j]

W(2)−1 ·∆[j]

W(1)−1 ·∆[j]

R−1 ·∆[j] R−1 · vb[1]

W(1)−1 · vb[2]

R−1 · vb[2] R−1 · vb[1]

W(2)−1 · vb[3]

W(1)−1 · vb[3]

R−1 · vb[3] R−1 · vb[1]

W(1)−1 · vb[2]

R−1 · vb[2] R−1 · vb[1]

Figure 3.1: The recursive Sherman-Morrison formula (3.9) applied to solve the linear system
W(N) · ZXa = ∆[j] for N = 3 and 1 ≤ j ≤ N .

W(3)−1 ·∆[j]

W(2)−1 ·∆[j]

W(1)−1 ·∆[j]

R−1 ·∆[j] R−1 · vb[1]

W(1)−1 · vb[2]

R−1 · vb[2] R−1 · vb[1]

W(2)−1 · vb[3]

W(1)−1 · vb[3]

R−1 · vb[3] R−1 · vb[1]

W(1)−1 · vb[2]

R−1 · vb[2] R−1 · vb[1]

Figure 3.2: The recursive Sherman-Morrison formula (3.9) applied to solve the linear system
W(N) · ZXa = ∆[j] for N = 3 and 1 ≤ j ≤ N . Red nodes represent repeated computations.

We see that (3.9) solves multiple times identical linear systems. For instance, the repeated
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computations performed in order to solve W(3) · ZXa = ∆ ∈ Rm×3 are represented in
Figure 3.2 as dashed nodes. There, for instance, the linear system R · g = vb[1] is solved
four times in the last level. The total number of linear systems to solve is O

(
N · 2N

)
,

i.e., it increases exponentially with regard to the number of ensemble members if identical
computations are not avoided. Next subsection discusses how to achieve this and obtain an
efficient implementation of the recursive Sherman-Morrison formula.

3.1.1 An iterative Sherman-Morrison formula for matrix inversion

In order to avoid identical computations in Figure 3.1 we can solve the linear systems from
the last level of the tree up to the root level. The key idea is to compute only once the
common computations per level. From equations (3.8), at stage k, U

(k, k−1)
Z is a common

computation for (3.8b) and (3.8a).

We denote by U ∈ Rm×N and Z ∈ Rm×N the matrices holding partial results of the com-
putations with regard to Vb and ∆, respectively. Then, level 0 can be computed as follows:

Z(0)[j] = R−1 ·∆[j] (3.11a)

U(0)[j] = R−1 · vb[j] (3.11b)

and level 1 ≤ k ≤ N

θ(k) =
[
1 + vb[k]T ·U(k−1,k)

]−1

·U(k−1,k) , (3.12a)

Z(k)[j] = Z(k−1)[j] − θ(k) ·
[
vb[k]T · Z(k)[j]

]
, for 1 ≤ j ≤ N , (3.12b)

U(k)[i] = U(k−1)[i] − θ(k) ·
[
vb[k]T ·U(k)[i]

]
, for k + 1 ≤ i ≤ N , (3.12c)

where the solution of (3.4) for the j-th right-hand side is given by Z(N)[j], for 1 ≤ j ≤ N ,
or more general Z(N) = ZδXa . Note that, at iteration k, θ(k) holds the pivot computation
U

(k−1)[k]
Z in (3.8). Moreover, the columns 1 ≤ i ≤ i of matrix U(k,i) are not updated since

they are not required for the next computations. Note that, the solution of linear system
(3.4) is a function of three parameters:

ZXa = f ∗S
(
R, Vb, ∆

)
. (3.13)

The computations performed by this iteration in order to solve W(N) · ZXa = ∆ for N = 3

and d ∈
{

∆[1], ∆[2], ∆[3]
}

, d ∈ Rm×1 are shown in Figure 3.3.
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W(3)−1 ·∆[j]

W(2)−1 ·∆[j]

W(1)−1 ·∆[j]

R−1 ·∆[j] R−1 · vb[1]

W(1)−1 · vb[2]

R−1 · vb[2]

W(2)−1 · vb[3]

W(1)−1 · vb[3]

R−1 · vb[3]

Figure 3.3: Necessary computations for the solution of W(3) · ZXa = ∆[j] ∈ Rm×3 using the
iterative Sherman-Morrison formula. This iterative version avoids all redundant computa-
tions.

Some key features of the iteration are highlighted next.

• The number of iterations is N .

• At level 0 matrices Z(0)[j] and U(0)[j] are computed according to (3.11). Notice, these
computations does not imply a significant computational effort since they depend on
the inverse of R.

• The matrix α(k) ∈ Rm×m is never stored in memory. It can be represented implicitly
by the matrices R and Vb. This implicit representation realizes considerable memory
savings, especially when m� N .

• At iteration k, only the vectors U(k)[i] with k < i ≤ N are updated.

We now use the iterative Sherman-Morrison formula in the analysis step to obtain an efficient
implementation of the Ensemble Kalman filter (SMEnKF). This filter is as follows:

Xa = Xb + Sb ·VbT · ZISMF
Xa ∈ Rn×N ,
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where

ZISMF
Xa = f ∗S

(
R, Vb, ∆

)
.

Since the matrix R has a simple structure its inverse is easy to obtain. Hence, under
the assumptions done (R is easy to decompose), the computation of Z(0)[j] and U(0)[j], for
1 ≤ j ≤ N , can be performed with no more than O (N2 ·m) long operations.

3.1.2 Computational complexity

In the complexity analysis of the iterative Sherman-Morrison formula we count only the long
operations (multiplications and divisions). Moreover, as discussed before, we make the as-
sumptions presented in [TAB+03, Man06], namely, the data error covariance matrix R ∈m×m
is inexpensive to decompose, and the observation operator H can be applied efficiently to
any vector. We now analyze each each step of the iterative Sherman-Morrison formula when
R is diagonal, the extension to nondiagonal data error covariance matrices is inmediate.

In the first step (3.11) each row i of matrices ∆ ∈ Rm×N and Vb ∈ Rm×N is divided by the
corresponding component {R}i,i ∈ Rm in order to obtain Z(0)[j] and U(0)[j], for 1 ≤ j ≤ N ,
respectively. This yields to m ·N number of long operation for each matrix, therefore:

Tstep 1 (N, m) = O (2 ·m ·N) . (3.14)

In the second step (3.12) we compute the vector θ(k) ∈ Rm, and the vectors Z(k)[j] and U(k)[j],
for 1 ≤ j ≤ N . The number of long operations for each of one are as follows:

θ(k) =

m︷ ︸︸ ︷
U(k−1,k) · 1

1 + vb[k]T ·U(k−1)[k]︸ ︷︷ ︸
m

,

Z(k)[j] = Z(k−1)[j] −

N ·m︷ ︸︸ ︷
θ(k) ·

[
vb[k]T · Z(k−1)[j]︸ ︷︷ ︸

N ·m

]
, for 1 ≤ j ≤ N,

U(k)[i] = U(k−1)[i] −

N ·m︷ ︸︸ ︷
θ(k) ·

[
vb[k]T ·U(k−1)[i]︸ ︷︷ ︸

N ·m

]
, for k + 1 ≤ i ≤ N,

Since the second step (3.12) is performed N times, the number of long operations can be
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expressed as:

Tstep 2 (N ,m) =
N∑
k=1

2 ·m︸︷︷︸
θ(k)

+ 2 ·m ·N︸ ︷︷ ︸
Z(k)[j]

+

U(k)[j]︷ ︸︸ ︷
k−1∑
j=1

(2 ·m)


= 2 ·N ·m+ 2 ·N2 ·m+

N∑
k=1

(k − 1) · 2 ·m

= 3 ·N2 ·m+N ·m. (3.15)

Consequently, from (3.14)–(3.15), we have

TISMF (N, m) = 2 ·m ·N︸ ︷︷ ︸
step 1

+ 3 ·N2 ·m+N ·m︸ ︷︷ ︸
step 2

= 3 · (N2 ·m+N ·m) ,

which yields a complexity of

O
(
N2 ·m

)
. (3.16)

Note that when R is not diagonal, under the assumptions done, the computations (3.11) of
Z(0,j) and U(0,j), for 1 ≤ j ≤ N , can be efficiently performed in O (m ·N2) long operations;
the overall effort becomes 3 · (N2 ·m + N2 ·m). This leads to the same complexity (3.16)
for R diagonal, block diagonal, or in general easy to decompose.

The overall complexity of the analysis step for the SMEnKF

Xa = Xb + Sb ·

O(N2·m)︷ ︸︸ ︷
VbT · ZISMF

Xa︸ ︷︷ ︸
O(N2·m)︸ ︷︷ ︸

O(N2·n)

is:

O
(
N2 ·m+N2 · n

)
, (3.17)

The complexity of the SMEnKF is equivalent to the upper bounds os the methods described
in [TAB+03], as detailed in the Table 3.1. The term N3 does not appear in the upper-bound
of the proposed method even when R is not diagonal. This implies that SMEnKF scales
better than the other approaches when the size of the ensemble is increased.
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Table 3.1: Summary of computational costs of the analysis steps for several ensemble filters.
The costs are functions of the ensemble sizeN , number of observationsm and state dimension
n.

Analysis method Computational cost
Direct [TAB+03] O (N2 ·m+N3 +N2 · n)
Serial [AC07]1 O (N ·m+N ·m · n)
ETKF [And01] O (N2 ·m+N3 +N2 · n)
EAKF [And01] O (N2 ·m+N3 +N2 · n)
SMEnKF O (N2 ·m+N2 · n)

Maponi [Map07] proposed a general approach based on the Sherman Morrison formula to
solve linear systems. The application of this generic algorithm to (3.4) leads to an increased
computational cost as the special structure of the system (and special structure of R) are
not exploited. The generic algorithm applied to EnKF analysis

W(N) · ZXa = ∆ ∈ Rm , for 1 ≤ i ≤ N , (3.18)

uses the decomposition [Map07, Remark 1]:

W(N) = W(0) +
m∑
i=1

u[i] · u[i]T ,

where W(0) = diag
(
R + Vb ·VbT

)
and W(N)−W(0) =

∑m
i=1 u[i] ·u[i]T . Thus, according to

[Map07, Corollary 4], the linear system (3.4) can be solved with

O
(
N ·m3

)
.

long computations. Therefore the computational cost of the analysis step is:

O
(
N ·m3 +N · n

)
, (3.19)

which is larger than the computational cost of the SMEnKF when m � N . Moreover,
according to [Map07, Theorem 3], when m� N , the solution of linear system (3.18) can be
computed with no more than O (N2 ·m+N2) long operations. The resulting computational
cost of the analysis step is:

O
(
N3 ·m+N3 +N · n

)
,

which is similar to the computational costs of the ETKF and EAKF methods when m� N .
In addition, Maponi’s algorithm requires the explicit representation in memory of the matrix
W(N), which, in practice, can be large. In contradistinction, W(N) is not required explicitly
in memory by our iterative Sherman Morrison formula.
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Lastly, in [Map07, Section 2] the author shows that the intermediate matrices W(k) in his
method can be singular. In order to deal with this, Maponi proposes in [Map07, Algorithm
4] a method which makes use of partial pivoting in order to avoid singular matrices in W(k).
The stability conditions are discussed in [Map07, Theorem 12] where the author shows that
[Map07, Algorithm 4] can be carried out since (in our notation)

I + VbTR−1Vb︸ ︷︷ ︸
RN×N

= R−1 ·W(N)︸ ︷︷ ︸
Rm×m

, (3.20)

is always positive definite, where the identity matrix I is consistent with the dimension.
Note that (3.20) holds only for N = m in [Map07]. Recent EnKF implementations based of
Maponi’s method [GM12] do not consider any stability conditions. In the next section we
perform a stability analysis of the proposed iterative Sherman Morrison formula.

3.1.3 Stability Analysis

The solution of the linear system (3.4) by the iterative Sherman Morrison formula yields the

next sequence of matrices during the computation of W(N)−1
:

W(0)−1
= R−1

W(1)−1
= W(0)−1 − 1

γ(1)
·U(0)[1] ·

[
vb[1]T ·W(0)−1

]
W(2)−1

= W(1)−1 − 1

γ(2)
·U(1)[2] ·

[
vb[2]T ·W(1)−1

]
... =

...

W(k)−1
= W(k−1)−1 − 1

γ(k)
·U(k−1)[k] ·

[
vb[k]T ·W(k−1)−1

]
where γ(k) = 1 + vb[k]T ·U(k−1)[k], for 1 ≤ k ≤ N . The following situations may affect the
proposed method:

1. If any step produces γ(k) = 0, then subsequent steps cannot proceed.

2. Round-off errors can be considerably amplified if γ(k) ≈ 0 (numerical instability).

3. If any matrix W(k) in the sequence:{
W(0),W(1), . . . ,W(N)

}
,

is singular, the algorithm cannot proceed.

We now show that the positive definiteness of the covariance matrix R is a sufficient in order
to guarantee the stability of the iterative Sherman Morrison formula.
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Theorem 1. Assume that R is positive definite with %T ·R · % ≥ α · ‖%‖2 for any % ∈ Rm.
Then all matrices W(k) are positive definite with %T ·W(k) · % ≥ α · ‖%‖2 for any ξ ∈ Rm.

Proof. First, W(0) = R is positive definite. Next, we proceed by finite induction and assume
that W(k−1) is positive definite with %T ·W(k−1) · % ≥ α · ‖%‖2. From (3.3) we have that:

W(k) = W(k−1) + vb[k] · vb[k]T ,

and therefore W(k) is also positive definite:

%T ·W(k) · % = %T ·W(k−1) · %︸ ︷︷ ︸
≥α ‖%‖2

+
[
%T · vb[k]

]2︸ ︷︷ ︸
≥0

≥ α · ‖%‖2 ∀% ∈ Rm .

Theorem 2. Assume that R is positive definite. The sequence of values γ(k) generated by
the algorithm are strictly greater than one for all 1 ≤ k ≤ N .

Proof. By the iterative Sherman Morrison formula, the common computations U(k−1,k) are
given by:

U(0)[1] = R−1 · vb[1] = α(0)−1 · vb[1]

U(1)[2] =

[
I− 1

γ(1)
·U(0)[1] · vb[1]

]
·W(0)−1 · vb[2]︸ ︷︷ ︸

W(1)

... =
...

U(k)[k+1] =

[
I− 1

γ(k)
·U(k−1)[k] · vb[k]

]
·W(k)−1 · vb[k+1]︸ ︷︷ ︸

W(k)

Since W(k−1) is positive definite we have:

γ(k) = 1 + vb[k]T ·U(k−1)[k] = 1 + vb[k]T ·W(k−1) · vb[k]︸ ︷︷ ︸
>0

> 1 ,

consequently γ(k) > 1 for all 1 ≤ k ≤ N − 1.

Theorem 1 leads directly to the following

Theorem 3. Assume that R is positive definite. At iteration k, the linear system:

W(k) · Z(k)[j] = ∆[j] , for 1 ≤ j ≤ Nens,

has a unique solution, for 1 ≤ k ≤ N .
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3.1.4 Pivoting

Theorem 2 shows that γ(k) values cannot be near zero. Due to this, we expect that the
round-off errors will not increase considerably during an iteration of the iterative Sherman
Morrison formula since:

1

γ(k)
∈ (0 , 1) .

The following pivoting strategy can be (optionally) applied in order to further decrease round-
off error accumulation. Formally, at iteration k, prior the matrix computations (3.12), we
look for a column index ik such that:

ik = arg max
i

{∣∣∣1 + vb[i]
T ·U(k)[i]

∣∣∣ , k ≤ i ≤ N
}
, (3.21)

and then, the columns k and ik are interchanged in matrices Vb and U(k).

The iterative Sherman Morrison formula with pivoting gives the next computational cost:

TPIV
SMF (N,m) = 3 · (N2 ·m+N ·m)︸ ︷︷ ︸

TNmSMF

+
N∑
k=1

k∑
i=1

m︸ ︷︷ ︸
(3.21)︸ ︷︷ ︸

Pivoting

,

=
7

2
·
(
N2 ·m+N ·m

)
which yields to:

TPIV
SMF (N,m) ∈ O

(
N2 ·m

)
,

from which we can conclude that seeking the maximum value of γ(k) according to (3.21)
does not increase the computational cost of the iterative Sherman Morrison formula. Conse-
quently, the overall complexity in the analysis step of SMEnKF remains bounded by (3.17).

3.2 Experimental Results

In this section several computation tests are conducted in order to assess the accuracy
and running time of the SMEnKF. The results are compared against the efficient EnKF
implementations presented in section 2.2.1.



33

3.2.1 Experimental setting

The SMEnKF as well as the EnKF implementations based on Cholesky (EnKFCH) and SVD
(EnKFSVD) are coded in Fortran 90. The LAPACK and BLAS libraries [ABD+90] are uti-
lized in order to obtain efficient implementations of the Cholesky and SVD decompositions,
as well as of other computations in SMEnKF as follows:

• The matrix W(N) ∈ Rm×m is built using DSYRK function as follows:

W(N) = α ·Vb ·VbT + β ·R ∈ Rm×m ,

with α = (N − 1)−1 and β = 1.

• The functions DPOTRF and DPOTRI are used to compute the Cholesky decomposi-
tion of matrix W. Only the upper triangular of W(N) is stored.

• The SVD decomposition is performed by the DGESVD function. Only the first N pair
of eigenvectors/values are computed. The right eigenvectors are not computed since
they are not required.

• In the SMEnKF, the update

Z(k)[j] = Z(k−1)[j] − α · x · yT , for 1 ≤ j ≤ N,

is performed making use of the DGER function with α = γ(k)−1
, x = U(k−1)[k], and

y = vb[k]T · Z(k−1)[j]. U(k) is updated in a similar way.

In order to measure the quality of the solutions we employ the following performance metrics.
The Elapsed Time (ET) measures the overall simulation time for a method ∗. This metric
is defined as

ET(∗) = Forecast∗ + Analysis∗ (3.22)

where Forecast∗ and Analysis∗ are the overall running times for the forecast and analysis
steps respectively.

The Root Mean Square Error (RMSE) is defined as

ε (∗) = RMSE =

√√√√ 1

Nsteps

·
(

Nsteps∑
t=1

RSE2
t

)

where Nsteps is the number of time steps and RSEt is the Root Square Error at time t defined
as follows:

RSEt = ‖x∗t − xat ‖2
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where x∗ is the reference vector state at time t, and xat is the analysis ensemble mean at time
t. As can be seen the RMSE measures in average the distance between a reference solution
(x∗) and the given solution (xa).

The EnKF implementations are tested using a quasi-geostrophic (QG) model [CB94, SO08c]
which defines the model operator (M) in the EnKF experiments. To compare the perfor-
mance of different EnKF implementations we measure the elapsed times and the accuracy
of analyses for different values of m and N .

3.2.2 Quasi-geostrophic model

The Earth’s ocean has a complex flow system influenced by the rotation of the Earth, the
density stratification due to temperature and salinity, as well as other factors. QG is a
simple model which mimics the behavior of the ocean. It is defined by the following partial
differential equations [CB94, SO08c]:

∂ω

∂t
+ rn · J(ψ, ω) + β · ∂ψ

∂x
= −rb · ψ + rh · ω − rg ·∆2ψ

+ sin (2πy)︸ ︷︷ ︸
External Force

(3.23)

where ψ is the stream function, ω is the vorticity, and ∆ is the Laplacian operator

∆ =
∂2

∂x2
+

∂2

∂y2
,

F is the Froud number, rn represents the Rossby number, rb is the bottom friction, rh is
the horizontal friction and rg is the biharmonic horizontal friction and x and y represent the
horizontal and vertical spatial coordinates. Note that the stream function and the potential
vorticity are related via the Laplacian operator ω = ∆ψ. This elliptic property reflects
the assumption that the flow is geostrophically balanced in the horizontal direction, and
hydrostatically balanced in the vertical direction.

The QG experiment studies the behavior of EnKF implementations when m � N as is
usually the case in practice. We consider three different grids, denoted QD1×D2 , where
the number of horizontal and vertical grid points in space are D1 and D2, respectively.
Specifically, we employ in experiments Q33×33 (small instance), Q65×65 (medium instance)
and Q129×129 (large instance). The horizontal and vertical dimensions of the grid are denoted
by Lx and Ly respectively. For all the instances the parameters rb = 10−6, rh = 10−7,
rg = 2−12, β = 1.0 and r = 10−5 are fixed. The other parameters values are summarized in
Table 3.2.
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Table 3.2: Parameter values for the QG model instances considered. Lx and Ly represent
the horizontal and vertical grid sizes, and N and M are the number of horizontal and vertical
grid points, respectively.

Instance Lx Ly D1 D2

Q33×33 0.4 0.4 33 33
Q65×65 1.0 1.0 65 65
Q129×129 1.0 1.0 129 129

The experimental settings are described below.

• There are 1200 time steps, each of one representing 1.27 days in the ocean.

• The vorticity of the ocean at each grid point provides a component of the vector state.

• The computation of the stream function is done through the solution of the Helmholtz
equation [OL99].

• Homogeneous Dirichlet boundary conditions are assumed. Due to this, the boundaries
of the grid are not mapped into the state vector, and n = (D1 − 2) · (D2 − 2).

• The initial ensemble members are

xbi = x∗ + εB
i ·
(

1

n
·

n∑
k=1

|x∗k|
)

︸ ︷︷ ︸
C

∈ Rn×1 ,

for 1 ≤ i ≤ N, where εB is drawn from a normal distribution with zero mean and
covariance matrix B0 = σ2

B · I ∈ Rn×n. For testing purposes, three values are assumed
for the standard deviation of background errors σB ∈ {0.05, 0.1, 0.15}.

• The number of observation per simulation, for each size (n) of the model state , is
defined as follows:

m = p · n,

where p is the percentage of components observed from the model state. We consider
p ∈ {50%, 70%, 90%}. The observed areas for each value of p are shown in Figure 3.4.

• Measurements are taken every 10 time units and they are constructed as follows:

yi = H · x∗ + εi ∈ Rm×1

where εi ∈ N (0,R) with R = σ2
O · I ∈ Rm×m, and σO = 0.01.
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• For the time evolution of the model, zero boundary conditions are assumed and the
boundaries are not included onto the ensemble representation. Due to this, the dimen-
sion of the vector state n = (N− 2) · (M− 2).

• For each instance we consider simulations with N ∈ {20, 60, 100} ensemble members.
The number of ensemble members is one to two orders of magnitude smaller than the
total number of observations.
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(a) p = 50%
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(b) p = 70%
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(c) p = 90%

Figure 3.4: Observed components in the model state for different values of p

The RSME values for analysis errors for the Q33×33, Q65×65 and Q129×129 instances are shown
in Tables 3.6, 3.7, and 3.8, respectively. The results depend on the number of ensemble
members (N), the number of observations (m), and the deviation of the initial ensemble
mean (σB). The RSME quantifies errors in the stream function ψ. In terms of accuracy
there is no significant difference between different EnKF implementations. As expected,
when the error in the initial ensemble is increased, the accuracy in the analysis decreases.
The error does not show an exponential growth, even when the number of components in
the model state (n) is much larger than the number of ensemble members (e.g., for the
Q129×129 instance). When the number of ensemble members is increased, the analysis error



37

is decreased. This is illustrated by the snapshots of the Q33×33 simulation over 1200 time
steps presented in Figure 3.5. There, we can clearly see that the ensemble of size 100 provides
a better estimation (xa) to the true state of the model (x∗) than the ensembles of sizes 20
and 60. Additionally, the number of observations plays an important role in the estimation
of the true model state when the size of the vector state is much larger than the number of
ensemble members.

The ET values for the Q33×33, Q65×65 and Q129×129 instances are shown in Tables 3.6, 3.7 and
3.8, respectively. The time is expressed in seconds (s) if it is below 30 minutes, and otherwise
is expressed in minutes (min) and hours (h). The EnKCH shows good performance when the
number of observations is small. From Table 3.3 (the blocks where the number of observations
are 480, 672 and 864) we see that the EnKFCH performance is more sensitive to the number
of observations than to the number of ensemble members. Due to this, small increments in
the number of observed components increases considerably the elapsed time of this method.
This EnKF implementation is not suitable for a large number of observations. For instance,
the elapsed time for the Q129×129 instance is not presented since each simulation takes more
than 4 days in order to be completed. Thus, in practice, this method is prohibitive.

The EnKFSVD shows a good performance for the Q33×33 and Q65×65 instances. We note
that, for those instances, when the number of ensemble members is the largest tested (N =
100), the EnKFSVD performs relatively better than the SMEnKF implementation. We say
relatively because the difference is just given by seconds. This is expected since both methods
provide similar computational complexities. However, it is possible that these two methods
scale different with regard to the dimension of the model, the number of observations and
the size of the ensemble.

The SMEnKF is sensible to the number of ensemble members when the condition m �
N is not fully satisfied. For instance, consider the instances Q33×33 and Q65×65. There,
the SMEnKF performs well when the number of observations and ensemble members are
relatively close. This obeys to the computational efforts described in the Table 3.1. We note
that the term N3 does not appear in the computational cost of the proposed implementation
but it appears on the EnKFSVD bound (2.8).

O
(
n ·N2 +m ·N2 +m ·N +m

)
.

Thus, when the number of observations is not much greater than the number of ensemble
members, the SMEnKF provides better performance than the EnKFSVD. However, for those
scenarios, when the size of the ensemble is increased and the number of observations is hold,
the SMEnKF performance is altered considerably. Recall that, the computational effort of
the iterative Sherman Morrison formula is given by O (N2 ·m), therefore we can expect low
performances when m is not much greater than N . On the other hand, when the number
of observations is several order of magnitude larger than the number of ensemble members
(i.e. in QG129×129 is approximately 2), the SMEnKF provides the best performance. For
instance, in some cases, the SMEnKF is 2.12 min faster than the EnKFSVD. This magnitude
is large enough considering the size of the model and the similar theoretical complexity for
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both methods. Then, even when both methods provide the same theoretical computational
cost, they do not scale similar, the SMEnKF is less sensitive to increments in the number of
observations than the EnKFSVD when m� N , which is the relevant case in practice. Thus,
the results of this test leads to conclude that the SMEnKF is not sensitive to the increase
in the number of observations when this is considerably larger than the number of ensemble
members, making it attractive for implementation with large-scale observational systems.

Table 3.5: Computational times for several EnKF implementations applied to the Q129×129

instance. Different numbers of ensemble members and numbers of observations are consid-
ered.

N m σB SMEnKF EnKFSVD

20

8064
0.05 239.4 s 286.4 s
0.10 244.4 s 293.1 s
0.15 241.8 s 287.9 s

11290
0.05 247.0 s 289.6 s
0.10 248.7 s 287.7 s
0.15 248.0 s 301.0 s

14516
0.05 251.9 s 295.0 s
0.10 254.3 s 291.0 s
0.15 254.8 s 290.8 s

60

8064
0.05 669.9 s 713.0 s
0.10 692.4 s 718.5 s
0.15 694.3 s 725.7 s

11290
0.05 724.3 s 775.0 s
0.10 749.2 s 777.9 s
0.15 745.1 s 776.7 s

14516
0.05 797.1 s 843.6 s
0.10 792.1 s 845.4 s
0.15 776.1 s 836.5 s

100

8064
0.05 1252.2 s 1338.7 s
0.10 1223.5 s 1300.7 s
0.15 1238.7 s 1301.5 s

11290
0.05 1410.7 s 1441.7 s
0.10 1285.9 s 1418.0 s
0.15 1387.5 s 1419.9 s

14516
0.05 1508.4 s 1595.5 s
0.10 1500.8 s 1563.9 s
0.15 1501.3 s 1556.2 s
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Table 3.3: Computational times for several EnKF implementations applied to the Q33×33

instance. Different numbers of ensemble members and numbers of observations are consid-
ered.

N m σB SMEnKF EnKFCH EnKFSVD

20

480
0.05 15.2 s 33.4 s 17.2 s
0.10 15.4 s 32.8 s 17.4 s
0.15 15.3 s 33.1 s 17.2 s

672
0.05 15.6 s 61.9 s 17.0 s
0.10 15.4 s 62.9 s 17.6 s
0.15 15.5 s 62.1 s 17.2 s

864
0.05 15.9 s 113.7 s 17.7 s
0.10 15.8 s 116.3 s 17.4 s
0.15 16.0 s 118.4 s 17.7 s

60

480
0.05 40.4 s 57.8 s 40.9 s
0.10 40.5 s 57.5 s 41.5 s
0.15 40.2 s 57.8 s 41.3 s

672
0.05 42.3 s 90.3 s 43.4 s
0.10 42.6 s 89.8 s 43.1 s
0.15 42.7 s 90.3 s 43.1 s

864
0.05 44.3 s 150.6 s 44.4 s
0.10 44.4 s 156.7 s 44.2 s
0.15 44.5 s 154.3 s 44.3 s

100

480
0.05 70.0 s 83.2 s 69.1 s
0.10 70.1 s 83.2 s 68.7 s
0.15 70.1 s 83.4 s 68.6 s

672
0.05 75.5 s 118.9 s 72.5 s
0.10 75.5 s 119.5 s 72.7 s
0.15 75.5 s 120.1 s 72.5 s

864
0.05 80.9 s 209.1 s 76.7 s
0.10 80.9 s 212.7 s 77.1 s
0.15 81.0 s 202.6 s 76.6 s
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Table 3.4: Computational times for several EnKF implementations applied to the Q65×65

instance. Different numbers of ensemble members and numbers of observations are consid-
ered.

N m σB SMEnKF EnKFCH EnKFSVD

20

1984
0.05 60.0 s 44.9 min 68.9 s
0.10 60.2 s 33.4 min 67.9 s
0.15 60.7 s 45.4 min 68.5 s

2778
0.05 61.5 s 1.8 h 67.8 s
0.10 61.3 s 1.3 h 70.2 s
0.15 61.0 s 1.4 h 68.5 s

3572
0.05 62.4 s 3.8 h 70.3 s
0.10 62.1 s 3.3 h 71.0 s
0.15 62.1 s 3.0 h 70.4 s

60

1984
0.05 161.4 s 45.0 min 168.3 s
0.10 161.2 s 55.3 min 166.5 s
0.15 162.3 s 51.9 min 167.8 s

2778
0.05 170.4 s 2.4 h 172.8 s
0.10 170.2 s 1.9 h 175.4 s
0.15 169.9 s 2.5 h 174.6 s

3572
0.05 179.2 s 4.1 h 180.7 s
0.10 178.2 s 2.9 h 181.5 s
0.15 177.5 s 4.3 h 179.9 s

100

1984
0.05 281.8 s 52.4 min 279.3 s
0.10 281.5 s 40.1 min 280.4 s
0.15 280.8 s 58.4 min 280.5 s

2778
0.05 303.2 s 1.7 h 295.6 s
0.10 303.4 s 1.7 h 294.8 s
0.15 303.3 s 2.9 h 295.5 s

3572
0.05 327.9 s 4.8 h 313.4 s
0.10 327.2 s 4.0 h 313.4 s
0.15 327.3 s 5.1 h 315.7 s
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Table 3.6: Analysis RMSE for different EnKF implementations applied to the Q33×33 in-
stance. All methods give similar results. When the number of ensemble and/or observations
is increased, the analysis accuracy is improved.

N m σB SMEnKF EnKFCH EnKFSVD

20

480
0.05 1.71× 10−4 1.71× 10−4 1.71× 10−4

0.10 3.42× 10−4 3.42× 10−4 3.42× 10−4

0.15 5.13× 10−4 5.13× 10−4 5.13× 10−4

672
0.05 1.68× 10−4 1.68× 10−4 1.68× 10−4

0.10 3.37× 10−4 3.37× 10−4 3.37× 10−4

0.15 0.106× 10−4 0.11× 10−4 0.11× 10−4

864
0.05 1.68× 10−4 1.68× 10−4 1.68× 10−4

0.10 3.37× 10−4 3.37× 10−4 3.37× 10−4

0.15 0.106× 10−4 0.11× 10−4 0.11× 10−4

60

480
0.05 1.71× 10−4 1.71× 10−4 1.71× 10−4

0.10 3.43× 10−4 3.43× 10−4 3.43× 10−4

0.15 5.14× 10−4 5.14× 10−4 5.14× 10−4

672
0.05 1.64× 10−4 1.64× 10−4 1.64× 10−4

0.10 3.29× 10−4 3.29× 10−4 3.29× 10−4

0.15 4.94× 10−4 4.94× 10−4 4.94× 10−4

864
0.05 1.64× 10−4 1.64× 10−4 1.64× 10−4

0.10 3.29× 10−4 3.29× 10−4 3.29× 10−4

0.15 4.94× 10−4 4.94× 10−4 4.94× 10−4

100

480
0.05 1.62× 10−4 1.62× 10−4 1.62× 10−4

0.10 3.23× 10−4 3.23× 10−4 3.23× 10−4

0.15 4.84× 10−4 4.84× 10−4 4.84× 10−4

672
0.05 1.54× 10−4 1.54× 10−4 1.54× 10−4

0.10 3.10× 10−4 3.10× 10−4 3.10× 10−4

0.15 4.66× 10−4 4.66× 10−4 4.66× 10−4

864
0.05 1.44× 10−4 1.44× 10−4 1.44× 10−4

0.10 2.90× 10−4 2.90× 10−4 2.90× 10−4

0.15 4.35× 10−4 4.35× 10−4 4.35× 10−4



42

Table 3.7: Analysis RMSE for different EnKF implementations applied to the Q65×65 in-
stance. All methods give similar results.

N m σB SMEnKF EnKFCH EnKFSVD

20

1984
0.05 2.38× 10−4 2.38× 10−4 2.38× 10−4

0.10 4.77× 10−4 4.77× 10−4 4.77× 10−4

0.15 7.16× 10−4 7.16× 10−4 7.16× 10−4

2778
0.05 2.38× 10−4 2.38× 10−4 2.38× 10−4

0.10 4.777× 10−4 4.77× 10−4 4.77× 10−4

0.15 7.15× 10−4 7.15× 10−4 7.15× 10−4

3572
0.05 2.38× 10−4 2.38× 10−4 2.38× 10−4

0.10 4.77× 10−4 4.77× 10−4 4.77× 10−4

0.15 7.15× 10−4 7.15× 10−4 7.15× 10−4

60

1984
0.05 2.34× 10−4 2.34× 10−4 2.34× 10−4

0.10 4.69× 10−4 4.69× 10−4 4.69× 10−4

0.15 7.04× 10−4 7.04× 10−4 7.04× 10−4

2778
0.05 2.34× 10−4 2.34× 10−4 2.34× 10−4

0.10 4.68× 10−4 4.68× 10−4 4.68× 10−4

0.15 7.03× 10−4 7.03× 10−4 7.03× 10−4

3572
0.05 2.34× 10−4 2.34× 10−4 2.34× 10−4

0.10 4.68× 10−4 4.68× 10−4 4.68× 10−4

0.15 7.03× 10−4 7.03× 10−4 7.03× 10−4

100

1984
0.05 2.37× 10−4 2.37× 10−4 2.37× 10−4

0.10 4.74× 10−4 4.74× 10−4 4.74× 10−4

0.15 7.10× 10−4 7.10× 10−4 7.10× 10−4

2778
0.05 2.34× 10−4 2.34× 10−4 2.34× 10−4

0.10 4.68× 10−4 4.68× 10−4 4.68× 10−4

0.15 7.02× 10−4 7.02× 10−4 7.02× 10−4

3572
0.05 2.32× 10−4 2.32× 10−4 2.32× 10−4

0.10 4.64× 10−4 4.64× 10−4 4.64× 10−4

0.15 6.97× 10−4 6.97× 10−4 6.97× 10−4



43

x∗k xak, N = 20 xak, N = 60 xak, N = 100
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Figure 3.5: Snapshots of the Q33×33 simulation for N = 20,60 and 100 members, at the time
steps t = 0, 239, 478, 717, 956 and 1195 (out of 1200). As expected, when the number of
ensemble members is increased the estimation of the true state (x∗) is improved (the RMSE
is decreased).
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Table 3.8: Analysis RMSE for different EnKF implementations applied to the Q129×129

instance. All methods give similar results.

N m σB SMEnFK EnKFSVD

20

8064
0.05 9.92× 10−5 9.92× 10−5

0.10 1.98× 10−4 1.98× 10−4

0.15 2.97× 10−4 2.97× 10−4

11290
0.05 9.90× 10−5 9.90× 10−5

0.10 1.97× 10−4 1.97× 10−4

0.15 2.96× 10−4 2.96× 10−4

14516
0.05 9.87× 10−5 9.87× 10−5

0.10 1.97× 10−4 1.97× 10−4

0.15 2.96× 10−4 2.96× 10−4

60

8064
0.05 9.74× 10−5 9.74× 10−5

0.10 1.94× 10−4 1.94× 10−4

0.15 2.92× 10−4 2.92× 10−4

11290
0.05 9.63× 10−5 9.63× 10−5

0.10 1.92× 10−4 1.92× 10−4

0.15 2.89× 10−4 2.89× 10−4

14516
0.05 9.67× 10−5 9.67× 10−5

0.10 1.93× 10−4 1.93× 10−4

0.15 2.90× 10−4 2.90× 10−4

100

8064
0.05 9.56× 10−5 9.56× 10−5

0.10 1.91× 10−4 1.91× 10−4

0.15 2.87× 10−4 2.87× 10−4

11290
0.05 9.49× 10−5 9.49× 10−5

0.10 1.89× 10−4 1.89× 10−4

0.15 2.84× 10−4 2.84× 10−4

14516
0.05 9.47× 10−5 9.47× 10−5

0.10 1.89× 10−4 1.89× 10−4

0.15 2.84× 10−4 2.84× 10−4

3.3 Conclusions

This chapter discusses an implementation of the EnKF based on an iterative application of
the Sherman-Morrison formula. The algorithm exploits the special structure of the back-
ground error covariance matrix projected onto the observation space. The computational
complexity of the new approach is equivalent to that of the best EnKF formulations avail-
able in the literature. A sufficient condition for the stability of the proposed method is the
non-singularity of the data error covariance matrix, which is typically the case in practicee.
In addition, a pivoting strategy is developed in order to reduce round-off error propagation
without increasing the computational effort of the proposed method. The computational
cost of this algorithm provides a better theoretical performance than other generic formula-
tions of matrix inversion based on the Sherman Morrison formula available in the literature.
To assess the accuracy and performance of the proposed implementation a tests have been
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carried out using a quasi-geostrophic model. All EnKF implementations tested (EnKFCH,
EnKFSVD, SMEnKF) provide virtually identical analyses. However, the proposed Sherman-
Morrison approach scales better than the others with regard to the number of observations.
The parallel version of the new algorithm has a theoretical complexity that grows only lin-
early with the number of observations, and is therefore well suited for implementation in
large scale data assimilation systems.



Chapter 4

An Ensemble Kalman Filter
Implementation Based on Shrinkage
Covariance Matrix Estimation

This chapter develops efficient ensemble Kalman filter (EnKF) implementations based on
shrinkage covariance estimation. The forecast ensemble members at each step are used
to estimate the background error covariance matrix via the Rao-Blackwell Ledoit and Wolf
estimator, which has been specifically developed to approximate high-dimensional covariance
matrices using a small number of samples. Two implementations are considered: in the EnKF
Full-Space (EnKF-FS) approach the assimilation process is performed in the model space,
while the EnKF Reduce-Space (EnKF-RS) formulation performs the analysis in the subspace
spanned by the ensemble members. In the context of EnKF-RS, additional samples are taken
from the normal distribution described by the background ensemble mean and the estimated
background covariance matrix, in order to increase the size of the ensemble and reduce the
sampling error of the filter. This increase in the size of the ensemble is obtained without
running the forward model. After the assimilation step, the additional samples are discarded
and only the model-based ensemble members are propagated further. Methodologies to
reduce the impact of spurious correlations and under-estimation of sample variances in the
context of the EnKF-FS and EnKF-RS implementations are discussed. An adjoint-free four
dimensional extension of EnKF-RS is also discussed. Numerical experiments carried out
with the Lorenz-96 model and a quasi-geostrophic model show that the use of shrinkage
covariance matrix estimation can mitigate the impact of spurious correlations during the
assimilation process.

This chapter is organized as follows. Section 4.1 reviews shrinkage covariance estimation
methods. In section 4.2 the two novel implementations of the ensemble Kalman filter based
on shrinkage covariance estimation are proposed. Experimental results making use of a
quasi-geostrophic model are given in section 4.4. Section 6.4 summarizes the conclusions of

46
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this work.

4.1 Shrinkage covariance matrix estimation

Many problems in science and engineering require an estimate of a covariance matrix and/or
its inverse, where the matrix dimension n is large compared to the sample size N . Different
applications ranging from variational [CJAS10b, HEE01] to sequential [CEK+13, Zup09]
data assimilation rely on accurately estimated covariance matrices.

Let

S =
[
s[1], s[2], . . . , s[N ]

]
∈ Rn×N , (4.1)

be a sample of independent identical distributed n-dimensional Gaussian vectors

s[i] ∼ N (0, Q) ∈ Rn×1.

A common approach is to estimate Q ∈ Rn×n by the sample covariance matrix Cs

Cs =
1

N − 1
·
N∑
i=1

s[i] · s[i]T ∈ Rn×n . (4.2)

Cs is the maximum likelihood estimator when it is invertible [LW04]. However, under the
condition n� N , this is not the case. The simpler thing to do in order to deal with the rank-
deficiency of Cs is to impose some structure (i.e., localization in ensemble-based methods).
However, in the absence of prior information about the true structure of Q, Cs will poorly
describe the correlations between different components of the samples (4.1). In order to
improve estimation of covariance matrices many methods have been proposed in the literature
based on tapering procedures [CZZ10, CWM12], minimizing the log-determinant divergence
[RWRY11], and greedy methods [JJR12]. Another class of well-conditioned estimators is
based on shrinkage approximations [Far78, DMUN13, CM14, Par14, BP14, FS11]. These
approximations express the estimated covariance matrix as a weighted average of some target
matrix T ∈ Rn×n and the empirical covariance matrix (4.2). To better understand this
assume that the components of s[i] are uncorrelated for 1 ≤ i ≤ N . A simple estimate of Q
is given by

T =
tr (Cs)

n
· I ,

where I is the identity matrix in the n-dimensional space. Note that this structure will
reduce the variance but will increase the bias when the diagonal assumption is not fulfilled.
A reasonable trade-off is achieved by the shrinkage of Cs towards T and provides the followng
class of estimators

Ĉ = λ ·T + (1− λ) ·Cs ∈ Rn×n , (4.3)
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where λ ∈ [0, 1]. The problem is then reduced to find an optimal value for λ in which the
squared loss

λ∗ = arg min
λ

E
[∥∥∥Ĉ−Q

∥∥∥2

F

]
(4.4)

is minimized, where ‖•‖F denotes the Frobenius norm. There are many shrinkage based es-
timators derived from the minimization of (4.4) subject to (4.3). We restrict our exploration
to three well-accepted methods: the Ledoit and Wolf estimator [LW04], the Rao-Blackwell
Ledoit and Wolf estimator [CWEH10] and the oracle approximating shrinkage estimator
[CWEH10, CWH11].

The distribution-free Ledoit and Wolf (LW) estimator [LW04] has been proven more accurate
than the sample covariance matrix and some estimators proposed in finite sample decision
theory. Moreover, it is better conditioned than the true covariance matrix [LW04]. The
optimal λ value proposed by this estimator is

λlw = min

 ∑N
i=1

∥∥Cs − si · sTi
∥∥2

F

N2 ·
[
tr (C2

s)− tr2(Cs)
n

] , 1

 (4.5)

and the LW estimator Ĉlw is obtained by using λlw in (4.3).

The Rao-Blackwell Ledoit and Wolf (RBLW) estimator [CWH11, CWEH10] provably im-
proves the LW method in a square loss sense under Gaussian assumptions. The motivation
of this estimator is that, under Gaussian assumptions, all the information required in order
to get a well-conditioned estimate of Q is contained in Cs. The proposed value for λ is

λrblw = min

 N−2
n
· tr (C2

s) + tr2 (Cs)

(N + 2) ·
[
tr (C2

s)− tr2(Cs)
n

] , 1

 (4.6)

and the corresponding estimator Ĉrblw is obtained by replacing (4.6) in the equation (4.3).
In addition, in [CWH11, Theorem 2], it is proven that

E
[∥∥∥Ĉrblw −Q

∥∥∥2

F

]
≤ E

[∥∥∥Ĉlw −Q
∥∥∥2

F

]
,

which rigorously shows the RBLW estimator to be a better approximation of Q than the
LW estimator under the Gaussian assumption.

All the estimators presented in this section provide well-conditioned approximations to the
unknown covariance matrix Q. We center our attention on the RBLW estimator since in
high dimensional problems, such those found in data assimilation, this estimator can be
implemented easily, and under the Gaussian assumption it provides better approximations
than the LW estimator.
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4.2 Ensemble Filters Based on Shrinkage Covariance

Estimators

In this section, we propose two efficient implementations of the EnKF based on the RBLW
estimator (4.6). Note that, the information contained in the sample covariance matrix (2.5b)

Pb = Sb · SbT , (4.7a)

with

Sb =
1√

N − 1

[
·Xb − xb · 1TN

]
∈ Rn×N , (4.7b)

is more than only background errors

Pb = B + M ∈ Rn×n ,

where M ∈ Rn×n is the covariance of model errors. Errors coming from different sources
are assumed to be uncorrelated. We seek to exploit the information brought by ensemble
members and use the RBLW covariance estimator (4.6) to build a covariance matrix that
better represent error correlations. The standard form of this estimator depends on the
explicit representation of Pb. The efficient implementation for high-dimensional covariance
matrices presented in section 4.2.1 avoids the explicit computation of Pb. Section 4.2.2
discusses two EnKF implementations based on the RBLW estimator. Section 4.2.3 develops
an efficient sampling method in high dimensions for drawing samples from the prior error
distribution based on the RBLW estimate. Finally, section 4.2.5 discusses the similarities
and differences between the two proposed implementations.

4.2.1 RBLW estimator for covariance matrices in high-dimensions

Consider the sample covariance matrix (4.7a). In the context of data assimilation the RBLW
estimator (4.3),(4.6) reads

B̂ = λB̂ · µB · I + (1− λB̂) ·Pb ∈ Rn×n , (4.8a)

where

µB̂ =
tr
(
Pb
)

n
, (4.8b)

λB = min

 N−2
n
· tr
([

Pb
]2)

+ tr2
(
Pb
)

(N + 2) ·
[
tr
(

[Pb]2
)
− tr2(Pb)

n

] , 1

 . (4.8c)
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Since the dimension of the model state is high (n ∼ O (107)), the direct computation of (4.8a)
is impractical as it requires the explicit representation of the sample covariance matrix Pb.
An alternative manner to compute tr

(
Pb
)

and tr
(
[Pb]2

)
is proposed. Consider the eigenvalue

decomposition of Pb

Pb = UPb ·ΣPb ·UT
Pb ∈ Rn×n , (4.9)

where ΣPb ∈ Rn×n is a diagonal matrix whose diagonal components σi, for 1 ≤ i ≤ n, are the
eigenvalues of Pb and UPb ∈ Rn×n is a set of orthogonal basis vectors spanning the ensemble

space (since Pb is rank deficient). By definition tr
(
Pb
)

=
∑n

i=1 σi and tr
([

Pb
]2)

=
∑n

i=1 σ
2
i .

Since there are only N − 1 eigenvalues different from zero we obtain:

tr
(
Pb
)

=
N−1∑
i=1

σi , tr
([

Pb
]2)

=
N−1∑
i=1

σ2
i ,

and the computations in the set of equations (4.8) can be efficiently performed whenever the
firstN−1 eigenvalues of Pb can be easily obtained. Consider the singular value decomposition
(SVD) of the matrix of member deviations (4.7b)

Sb = USb · Σ̂Sb ·VT
Sb ∈ Rn×N , (4.10)

where Σ̂Sb ∈ Rn×N is a diagonal matrix holding the singular values σ̂i of S, for 1 ≤ i ≤ N .
Likewise, US ∈ Rn×n and VSb ∈ RN×N are the left and right singular vectors, respectively.

Since Pb = Sb · SbT we have ΣPb = Σ̂S · Σ̂
T

S and

tr
(
Pb
)

=
N−1∑
i=1

σi =
N−1∑
i=1

σ̂i
2,

tr
([

Pb
]2)

=
N−1∑
i=1

σ2
i =

N−1∑
i=1

σ̂i
4.

The computational effort of the SVD decomposition (4.10) is O (N2 · n). The traces in (4.8)
can be computing without calculating the sample covariance matrix Pb by making use of
the inexpensive SVD decomposition of S. None of the singular vector of S are required, but
only the singular values σ̂i, for 1 ≤ i ≤ N − 1. The parameter values in (4.8) are computed
as follows:

µB̂ =

∑N−1
i=1 σ̂i

2

n
, (4.11a)

λB = min

 N−2
n
·∑N−1

i=1 σ̂i
4 +

[∑N−1
i=1 σ̂i

2
]2

(N + 2) ·
[∑N−1

i=1 σ̂i
4 − [

∑N−1
i=1 σ̂i

2]
2

n

] , 1

 . (4.11b)
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With ϕ = µB̂ · λB̂ and δ = 1− λB̂ the estimated covariance matrix (4.8) is

B̂ = ϕ · I + δ · S · ST ∈ Rn×n . (4.12)

Clearly, B̂ is a full rank estimator:

B̂ = ϕ · I + δ · S · ST = ϕ · I + US · [δ · ΣPb ] ·UT
S

= US · [ϕ · I + δ ·ΣPb ] ·UT
S ,

since ϕ · I + δ ·ΣPb ∈ Rn×n is always positive definite:

det
(
B̂
)

= det
(
ϕ · I + δ ·ΣPb ∈ Rn×n)

= ϕn−N+1 ·
[
N−1∏
i=1

(
δ · σ2

i + ϕ
)]

> 0 .

When the model is described in terms of multiple variables with (possibly) different magni-
tudes, the target matrix can be calculated making use of traces of sub-matrices. For instance,
consider a model with two variables v1 and v2, grid resolution [

√
d×
√
d], and number of sam-

ples (ensemble members) equal to s. The estimated sample covariance matrix of background
errors is:

Pb
u1,u2

=

[
Pb
u1

Su1 · STu2
Su1 · STu2 Pb

u2

]
∈ R2d×2d (4.13)

where Su1 ∈ Rd×s and Su2 ∈ Rd×s are the matrix of member deviations for the variable
u1 and u2, respectively. Likewise, Pb

u1
∈ Rd×d and Pb

u2
∈ Rd×d are the sample covariance

matrices of background errors for the variables u1 and u2, respectively. The target matrix
reads:

Tu1,u2 =

 tr(Pbu1)
d
· Id×d 0d×d

0d×d
tr(Pbu2)

d
· Id×d

 ∈ R2d×2d .

4.2.2 EnKF implementations based on the RBLW estimator

By replacing the estimated error covariance matrix (4.12) by the ensemble covariance matrix
in the EnKF formulation (2.6a), the EnKF analysis in matrix form becomes

Xa = Xb + B̂ ·HT ·
[
R + H · B̂ ·HT

]−1

·∆ ∈ Rn×N , (4.14)

where the matrix of innovations ∆ ∈ Rm×N reads:

∆ = y · 1TN + G−H ·Xb ∈ Rm×N , (4.15)
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with the i-th column of G ∈ Rm×N being a sample from the data error distribution

ε[i] ∼ N (0, R) , for 1 ≤ i ≤ N.

We have

Xa = Xb +
(
ϕ · I + δ · S · ST

)
·HT

·
(
R + H ·

(
ϕ · I + δ · S · ST

)
·HT

)−1 ·D
Xa = Xb + E ·Π · ZB̂ + ϕ ·HT · ZB̂, (4.16)

where

E =
√
δ · S ∈ Rn×N , (4.17a)

Π = H · E ∈ Rm×N , (4.17b)

and ZB̂ ∈ Rm×N is given by the solution of the linear system(
Γ + Π ·ΠT

)
· ZB = D , (4.17c)

Γ = R + ϕ ·H ·HT ∈ Rm×m.

When H possesses a simple structure (e.g., indexes to observed components from vector
states) the matrix Γ also has a simple structure (since in practice R is block diagonal). The
linear system (4.17c) can be efficiently solved via the iterative Sherman Morrison formula
(ISFM) [NRSA14] with no more than O (N2 ·m) computations. To summarize the above
discussion, the implementation of the ensemble Kalman filter based on the RBWL estimator
with the assimilation performed on the model space (EnKF-FS) consists of the following
steps:

1. Estimate the matrix of member deviations Sb (4.7b) based on the samples xb[i], for
1 ≤ i ≤ N .

2. Compute the singular values of Sb.

3. Calculate µB̂ and λB̂ according to (4.11a) and (4.11b), respectively. Set ϕ = µB̂ · λB̂
and δ = 1− λB̂.

4. Compute the innovation matrix ∆ according to (4.15).

5. Compute the set of matrices (4.17).

6. Perform the assimilation (4.16).

7. Propagate the ensemble members

x
b[i]
next =Mtcurrent→tnext

(
x
a[i]
current

)
,

until the next assimilation step, for 1 ≤ i ≤ N .
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Another efficient implementation of the filter based on the RBLW estimator can be obtained
via the three-dimensional variational (3D-Var) cost function in the ensemble space. Intu-
itively, the analysis state xa ∈ Rn×1 lives in the space spanned by the ensemble members:

xa ∈ span
{
xb[1], xb[2], . . . , xb[N ]

}
. (4.18)

Any vector x ∈ Rn×1 in this space can be written as:

x = xb + Ub ·α , (4.19)

where the set of basis vectors Ub ∈ Rn×N is given by:

Ub = Xb − xb · 1TN ,

and α ∈ RN×1 is the vector of weights in redundant coordinates. Recall the 3D-Var cost
function:

J 3d (x) =
1

2
·
∥∥x− xb

∥∥2

B−1 +
1

2
· ‖y −H · x‖2

R−1 . (4.20)

Replacing (4.19) in (4.20) leads to the 3D-Var formulation in the ensemble space:

J 3d
ens (α) =

1

2
·
∥∥Ub ·α

∥∥2

B−1 +
1

2
· ‖d−Q ·α‖2

R−1 , (4.21)

where d = y−H ·x ∈ Rm×N is the innovation vector and Q = H ·Ub ∈ Rm×N . This formula
can be used to obtain the optimal value of α for each ensemble member by maximizing its
posterior probability for a given perturbed observation ys[i] = y + ε[i], for 1 ≤ i ≤ N . The
3D-Var cost function with the RBLW estimator reads:

J 3d
rblw (λ) =

1

2
·
∥∥Ub · λ

∥∥2

B̂−1 +
1

2
· ‖∆−Q · λ‖2

R−1 (4.22)

and the optimal set of weights λ∗ ∈ RN×N is obtained by minimizing the cost function
(4.22):

λ∗ = arg min
λ

J 3d
rblw (λ) . (4.23)

The resulting analysis ensemble reads:

Xa = Xb + Ub · λ∗ ∈ Rn×N .

When H is linear, the close form solution for λ∗ can be written as follows:

λ∗ =
[
UbT · ZB̂U + QT ·R−1 ·Q

]−1

·
[
QT ·R−1 ·D

]
, (4.24)

where ZB̂U ∈ Rn×N is the solution of the linear system B̂ ·ZB̂U = Ub which can be efficiently
solved, again, by making use of the ISMF in no more than O (n ·N2) long computations.
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Typically, in reduced space approximations, the quality of the analysis depends on the num-
ber of directions (degrees of freedom) in which the analysis state is sought. From a statistical
point of view, a large number of degrees of freedom provides a better representation of the
background error distribution, and therefore the impact of sampling errors is reduced. Each
degree of freedom added to (4.18) depends on a full model propagation. In practice, the
number of model realizations is small given the computational effort to propagate them in
time. Since we have a well-conditioned estimator of the background error covariance ma-
trix, a better representation of the background uncertainty can be obtained by taking K
additional samples from the estimated normal distribution:

x̃bi ∼ N
(
xb, B̂

)
∈ Rn×1 , 1 ≤ i ≤ K. (4.25)

This yields a new ensemble formed of two kinds of members, real and synthetic. The real
members {xbi}Ni=1 are obtained by model propagation of the previous analysis ensemble. The
synthetic members {x̃bi}Ki=1 are syntheticly built by taking samples from the distribution
(4.25) and do not require additional model runs.

The synthetic increase in the size of the ensemble is therefore a relatively inexpensive modal-
ity to bring in additional degrees of freedom in the solution of the optimization problem
(4.22). Figure 4.1 exemplifies the effect of additional members using two-dimensional pro-
jections of ensemble member states from the Lorenz-96 model. Figure 4.1a shows the ap-
proximated background error distribution for the 5-th model component based on 20 real
members. Figure 4.1b shows the distribution when synthetic members are added to the back-
ground ensemble, resulting in a better representation of the background error and therefore
a decrease in the sampling error.
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Figure 4.1: Error distribution for different values of K using histograms for the 5-th model
component of ensemble members from the Lorenz-96 model.
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The analysis state is now computed in the subspace spanned by both real and synthetic
members:

xa ∈ range
{

X̃b
}
, (4.26)

where the extended ensemble reads:

X̃b =
[
xb[1], . . . , xb[N ], x̃b[1], . . . , x̃b[K]

]
∈ Rn×K .

with K = N +K. A new set of basis vectors is built as follows:

Ũ =
[
xb[1] − xb, . . . , xb[N ] − xb, x̃b[1] − xb, . . . , x̃b[K] − xb

]
∈ Rn×K ,

where xb is the background ensemble mean. Similar to (4.22), the 3D-Var cost function
based on the RBLW estimator with real and synthetic members reads:

J̃ 3d
ens

(
λ̃
)

=
1

2
·
∥∥∥Ũ · λ̃∥∥∥2

B̂−1
+

1

2
·
∥∥∥D− Q̃ · λ̃

∥∥∥2

R−1
, (4.27)

where λ̃ ∈ RK×N is the matrix of weights whose i-th column represents the coordinates of
the i-th ensemble member in the space (4.26), for 1 ≤ i ≤ K, and Q̃ = H · Ũ ∈ Rm×K . The
resulting 3D-Var optimization problem

λ̃
∗

= arg min
λ̃

Jens

(
λ̃
)
, (4.28)

has the solution

λ̃
∗

=
[
ŨT · ZB̂Ũ + Q̃T ·R−1 · Q̃

]−1

· Q̃T ·R−1 ·D ∈ RK×N , (4.29)

where ZB̂U = B̂−1 · Ũ ∈ Rn×K . The resulting analysis ensemble is

Xa = Xb + Ũ · λ̃∗ ∈ Rn×N . (4.30)

To summarize, the implementation of the EnKF based on the RBLW estimator with the
assimilation performed in the reduced space (4.26) (EnKF-RS) consists of the following
steps:

1. Estimate the matrix of member deviations Sb (4.7b) based on the samples xb[i], for
1 ≤ i ≤ N .

2. Compute the singular values of Sb.

3. Calculate µB̂ and λB̂ according to (4.11a) and (4.11b), respectively. Set ϕ = µB̂ · λB̂
and δ = 1− λB̂.
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4. Compute the innovation matrix ∆ according to (4.15).

5. Draw K synthetic members according to (4.25).

6. Compute the matrix of optimal weights (4.29).

7. Perform the assimilation (4.30).

8. Remove the synthetic members.

9. Propagate the physical ensemble members to the next assimilation step:

x
b[i]
next =Mtcurrent→tnext

(
x
a[i]
current

)
, 1 ≤ i ≤ N.

Even if the synthetic members (4.25) are used in the covariance approximation for the anal-
ysis step, according to (4.29) only the states of real members are adjusted. After the as-
similation step the synthetic members are discarded and only the real members form the
analysis ensemble. This strategy does not increase the number of ensemble members to be
propagated by model runs (and therefore, the computational effort). When more compu-
tational resources become available, or when some real members are lost due to hardware
failures, selected synthetic members can be updated and propagated as well. In this case
they become real members during the next assimilation step. Moreover, some real members
can be replaced by synthetic members in order to refresh the ensemble directions, e.g., such
as to prevent filter divergence. This can be done as well by replacing analysis members by
samples from the distribution:

x ∼ N
(
xa, Â

)
, (4.31)

where xa ∈ Rn×1 is the empirical mean of the analysis ensemble and Â ∈ Rn×n is the
RBLW estimator of the posterior ensemble. Other methodologies based on adding synthetic
members in order to mitigate the impact of sampling errors can be found in the literature.
One of them is the Adaptative ensemble Kalman filter (AEnKF) [SHCS10] in which, after
each analysis step, a new member is added to the ensemble:

xe = xa + ζ · δx∗ ∈ Rn,

where δx∗ ∈ Rn×1 is the optimal increment for x = xb + δx in (4.20) and can be written as
follows [Lor86]:

δx∗ = CB ·HT ·
[
R ·H ·CB ·HT

]
· z,

where z = y − H · xa ∈ Rm×1, CB ∈ Rn×n is an approximation of the background error
covariance matrix B, and ζ ∈ R is a tunable parameter: larger values of ζ shift the mean
of the new ensemble toward a state that fits the observations. Alternatively, a set of new
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members can be added from partial solutions of the 3D-Var optimization problem, i.e., first
conjugate directions. Samples can be taken from the posterior distribution as well by making
use of a pseudo-square root of the posterior sample covariance matrix. Then, a second order
sampling procedure is used in order to build the synthetic members. The new directions
are propagated making use of the fully non-linear model and therefore, in order to avoid
increments in the computational effort of AEnKF, some real members must be replaced
prior the model propagation. There are some clear differences between the EnKF-RS and
AEnKF formulations: AEnKF samples the analysis distribution in order to refresh the set of
directions of the ensemble and converge to directions where the states best fit observations;
EnKF-RS samples the background distribution in order to increase the degrees of freedom
of the ensemble space and therefore, to mitigate the effects of under-sampling during the
assimilation process. EnKF-RS can also sample the analysis in order to refresh the set of
directions, however, this is not the main purpose of sampling in the EnKF-RS formulation.
Moreover, the sampling procedure in EnKF-RS is based on the well-conditioned background
error covariance matrix estimator [LW04], while the approximation used in the AEnKF
context is a pseudo-square root rank-deficient approximation. Unlike AEnKF, there is no
need to tune parameters in the EnKF-RS formulation, a highly desirable feature for real
applications.

4.2.3 Sampling in high-dimensions based on the RBLW estimator

Both implementations discussed in Section 4.2.2 use samples from the distribution (4.25).
Such samples can be generated as follows:

x̃bi = xb + B̂1/2 · νi = xb +
(
ϕ · I + δ · Sb · SbT

)1/2

· νi (4.32)

for 1 ≤ i ≤ K, where νi ∼ N (0, I). However, this computation requires the explicit

representation in memory of the estimated error covariance matrix B̂, which is prohibitive
for high-resolution models. Moreover, the square root matrix B̂1/2 is required making the
use of (4.32) impractical.

We need an equivalent strategy to obtain the samples (4.25) that requires a reasonable

computational effort and does not use a full representation of the covariance matrix B̂.
Toward this end consider the random vectors

ν1
i ∼ N (0, I) ∈ Rn×1 ,

ν2
i ∼ N (0, I) ∈ RN×1 ,

and let

Cov
(
ν1
i , ν

2
i

)
= ν1

i · ν2
i
T

= 0 ,

Cov
(
ν2
i , ν

1
i

)
= ν2

i · ν1
i
T

= 0 .
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We make the following substitution in (4.32)

B̂1/2 · νi ∼
√
ϕ · ν1

i +
√
δ · S · ν2

i .

This does not change the statistics since

E
[(√

ϕ · I · ν1
i +
√
δ · Sb · ν2

i

)
·
(√

ϕ · I · ν1
i +
√
δ · Sb · ν2

i

)T]
= ϕ · ν1

i · ν1
i
T︸ ︷︷ ︸

Cov(ν1
i ,ν

1
i )=I

+
√
ϕ · δ · ν1

i · ν2
i
T︸ ︷︷ ︸

Cov(ν1
i ,ν

2
i )=0

+
√
ϕ · δ · ν2

i · ν1
i
T︸ ︷︷ ︸

Cov(ν2
i ,ν

1
i )=0

+δ · Sb · ν2
i · ν2

i
T︸ ︷︷ ︸

Cov(ν2
i ,ν

2
i )=I

·SbT = ϕ · I + δ · Sb · SbT

= B̂ .

The synthetic ensemble members are obtained as follows:

x̃bi = xb +
√
ϕ · I · ν1

i +
√
δ · S · ν2

i , i = 1, . . . , K. (4.33)

The components of the random variables ν1
i and ν2

i are drawn independently from the
standard normal distribution N (0, 1). For large model resolutions the components of the
random vectors can be prepared independently taking advantage of parallel computations.
Moreover, the random vectors ν1

i and ν2
i can be sampled prior the assimilation process in

an off-line computation.

The estimated error covariance matrix is never represented explicitly in memory. Instead,
the estimator B̂ is represented via the triplet

B̂ ≡ [ϕ, µ, S] .

which contains two scalars and one matrix of dimension n × N . In addition, the scalars ϕ
and µ are computed making use only of the matrix S. This data is sufficient for sampling
from the distribution (4.25).

4.2.4 Covariance inflation, localization and four dimensional for-
mulation

There are techniques from the current literature that can be easily incorporated into our
proposed implementations of the EnKF in order to provide better analysis corrections during
the assimilation process. In this section we address covariance inflation, localization, and
extension to four-dimensional variational (4D-Var) framework.
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Localization

Localization methods can be used in the context of the EnKF-FS and EnKF-RS implemen-
tations in order to mitigate the impact of spurious correlations. Direct covariance matrix
localization is not possible in our context since it require the explicit computation of B̂, but
one can still performing local analyses. Similar to the EnKF formulations [OHS+04b, Kep00],
we choose a sub-domain of radius ζ around each model component and then, making use
of the surrounding components, local background errors covariance matrices B̂ζ ∈ Rnζ×nζ

are estimated, where nζ is the number of components in the local domain. The assimilation
process is carried out using only the observed components within the radius of influence ζ.
An attractive feature of local analysis is that, typically, the sub-domain dimension is smaller
than the ensemble size, and the local filter effectively uses N > n. This situation allows for
new target matrices Tζ ∈ Rnr×nζ in the formulation of B̂ζ . The structure of Tζ can be based
on our knowledge about how the dynamics of the numerical model drive the background er-
ror correlations. Note that matrix computations in the sub-domain are inexpensive, and
therefore other shrinkage covariance estimators such as those presented in Section (4.1) can
be used as well.

Covariance inflation

While localization methods reduce the impact of spurious correlations, covariance inflation
mitigates the impact of under-estimation of sample variances [AA99]. The ensemble members
are inflated about the ensemble mean xb by a factor of ρ ∈ R, e.g., before the assimilation
process:

Xb[inf ] = xb · 1TN + ρ ·
[
Xb − xb · 1TN

]
∈ Rn×N .

It can be seen that inflating each deviation by a factor of ρ has the following effect on B̂:

B̂[inf] = ϕ · I +
[
δ · ρ2

]
· S · ST .

When the inflation is performed after the assimilation process the current B̂ does not change.

Four dimensional EnKF-RS

When observations are available at multiple times, {yk}Mk=0 where M + 1 is the total number
of observation times, the EnKF-RS can be easily extended to incorporate all of them at once
into the assimilation process. This is done via the four dimensional variational (4D-Var) cost
function [Lor86] in the ensemble space:

J 4d
ens (β) =

1

2
· ‖U0 · β‖2

B̂−1
0

+
1

2
·
M∑
k=0

‖∆k −Qk · β‖2
R−1
k
, (4.34)
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where β ∈ RN×N is the matrix of weights in redundant coordinates that need to be de-
termined. At time tk, 0 ≤ k ≤ M , Uk = Xb

k − xbk · 1TN ∈ Rn×N is the set of basis
vectors, Xb

k ∈ Rn×N is the ensemble of model runs, xbk ∈ Rn×1 is the ensemble mean,
Qk = Hk · Uk ∈ Rm×N , Hk is the observational operator, ∆k ∈ Rm×N is the innovation
matrix:

Dk = Ys
k −Hk ·Xb

k ∈ Rm×N ,

whose columns include perturbed observations:

y
s[i]
k ∼ N (yk, Rk) , 1 ≤ i ≤ N,

and Rk ∈ Rm×m is the data error covariance matrix. The optimal matrix of weights β∗ ∈
R
N×N is obtained via the minimization of the cost function (4.34):

β∗ = arg min
β

J 4d
ens (β) . (4.35)

When {Hk}Mk=0 are linear operators, the solution of (4.35) reads:

β∗ =

[
UT

0 · B̂−1
0 ·U0 +

M∑
k=0

QT
k ·R−1

k ·Qk

]−1

·
[

M∑
k=0

QT
k ·R−1

k ·Dk

]
. (4.36)

The 4D-EnKF-RS analysis state at time tk reads:

Xa
k = Xb

k + Uk · β∗ , 0 ≤ k ≤M. (4.37)

Since (4.37) represents an approximated solution, after the initial ensemble mean xa0 is recov-
ered it is propagated forward in time to obtain an approximation of the optimal trajectory:

xak =Mtk−1→tk
(
xak−1

)
, for 1 ≤ k ≤M .

A very attractive property of this extension is that it is adjoint-free. Moreover, the com-
putational effort of the assimilation process is O (n ·N2) computations which is equivalent
to the computational cost of EnKF for a single assimilation step. Note that, the ideas of
local analyses can be easily extended to this 4D-EnKF-RS formulation. Local observations
belonging to different observation times are assimilated via (4.36). Similar to the sequential
case, all the local analysis components are mapped to the global domain in order to build the
global analysis solution. Similarly, EnKF-FS can be extended to incorporate observations
at different times, however, the adjoint model is needed.

4.2.5 Comparison of EnKF-FS and EnKF-RS versions of the filter

Although both EnKF-FS and EnKF-RS methods are based on the EnKF equations and
RBLW estimator, their underlying theoretical properties are slightly different. To facili-
tate the comparison of the two proposed implementations we bring the EnKF-FS analysis
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equation (4.14) to the form (4.30):

Xa = Xb + B̂1/2 ·αB̂ ∈ Rn×N , (4.38)

where the weights αB̂ ∈ Rn×N are given by

αB̂ = B̂1/2 ·HT
[
R + H · B̂ ·HT

]−1

·∆ ∈ Rn×N .

It is readily apparent from equations (4.38) and (4.30) that EnKF-FS and EnKF-RS imple-
mentations differ in the number of degrees of freedom used in the assimilation process. In the
EnKF-FS approach the columns of B̂1/2 serve as the basis set for generating an ensemble of
background deviations. Since the estimated background error covariance matrix is full-rank
the optimal solution is searched in the full space:

xa ∈ span
{
b[1],b[2], . . . ,b[n]

}
(4.39)

where b[i] ∈ Rn×1, for 1 ≤ i ≤ n, is the i-th column of B̂1/2. For this reason, the use of
synthetic members in the EnFK-FS formulation can be avoided.

The matrix identity[
B̂−1 + HT ·R−1 ·H

]−1

·HT ·R−1 ≡ B̂ ·HT ·
[
R + H · B̂ ·HT

]−1

together with (4.38) reveal that the weighted covariance matrix of the EnKF-FS implemen-
tation

W = B̂−1 + HT ·R−1 ·H ∈ Rn×n , (4.40)

is related to the weighted covariance matrix of the EnKF-RS method by the relation

Wens = ŨT ·W · Ũ ∈ RK×K . (4.41)

Therefore when the size of the ensemble K is increased (by adding real or synthetic members)
more information from the matrix W is captured by its projection onto the K-dimensional
space. Note that when K → n and Ũ is orthonormal we have that Wens → W. Conse-
quently, the number of synthetic members will play an important role in the performance of
the EnKF-RS implementation.

4.3 Parallel Implementation

Following the idea of the LETKF, we can make use of local assimilation methods in order
to perform the assimilation process in parallel. Basically, we rely on the assumption that
the observational operator can be locally approximated, of course when this is not the case,
other alternatives should be sought. The parallel computations can be performed as follows:
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1. Denote the number of local model components by

nlocal =
n

z
(4.42)

where z is the number of available processors. Boundary information for each sub-
domain is collected for the assimilation process.

2. For all sub-domains, compute the local innovations ∆local ∈ Rmlocal×N , where mlocal is
the number of local observed components.

3. For all sub-domains, estimate the local background error covariance matrix B̂local ∈
R
nlocal×nlocal .

4. Perform the local assimilations:

Xa
local = Xb

local + B̂local ·
[
Rlocal + HT

local · B̂local ·Hlocal

]−1

·∆local

5. Map the local analysis sub-domains to the global domain.

Note that, this approximation can be used when, for instance, block of correlations in R
are of small size. We name this parallel approximation the parallel ensemble Kalman filter
based on shrinkage covariance matrix estimation (EnKF-SC) Note that, the general idea is
based on the EnKF-FS formulation. A similar approach can be proposed for the EnKF-RS.

4.4 Experimental Results

In this section, we study the performance of the proposed EnKF implementations. Two set
of experiments are performed in order to assess the accuracy of the EnKF-FS and EnKF-
RS methods. The first set of experiments address the impact of synthetic members on the
accuracy of the EnKF-RS. In this initial set, the Lorenz-96 model is used as the forward model
operator and a full observational network is considered with perfect observational operator.
The last set of experiments address the impact of B̂ in the accuracy of the proposed methods.
In this case, the experiments are performed making use of a quasi-geostrophic model and,
three sparse observational networks are used with, again, perfect observational operators.
In general, the misestimation of background error correlations under sparse observational
networks yields to improper innovations on (distant) unobserved model components. Thus,
since no representativeness errors have place under both experimental settings, the quality
of the analysis corrections will depend on how well B is estimated.

The root mean square error (RMSE) is used

RMSE =

[
1

M
·
M∑
k=1

∥∥xak − xref
k

∥∥2

]1/2

,
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as a metric of performance in terms of accuracy, where xak and xref
k are the analysis and ref-

erence solution at time tk, respectively. The accuracy of the proposed methods is contrasted
against that for the LETK implementation. In all the experiments, the covariance inflation
factor is 1.04.

4.4.1 The impact of synthetic members in the EnKF-RS formula-
tion

The Lorenz-96 model [Lor05] is described by the following set of ordinary differential equa-
tions:

dxj
dt

=


(x2 − xn−1) · xn − x1 + F for j = 1

(xj+1 − xj−2) · xj−1 − xj + F for 2 ≤ j ≤ n− 1

(x1 − xn−2) · xn−1 − xn + F for j = n

(4.43)

where xj, for 1 ≤ j ≤ n, represent the spatial coordinates. This model has been heuris-
tically formulated in order to account for properties of global atmospheric models such as
the advection, dissipation and forcing. The model (4.43) exhibits extended chaos when the
external force F is 8. For this reason, the model is adequate to perform basic studies of
predictability. We follow the experimental settings of Hunt et al in [OHS+04b]. One time
unit (0.01) in the Lorenz-96 model represent one hour in the atmosphere. The number of
components in the vector state n is 40. All model components are observed m = n. Obser-
vational errors are uncorrelated with equal variances of 0.012. Observations are taken every
200 time units (∼ 8 days) during a time period of 200 days. No representativeness errors are
present in the preparation of the observations and therefore, we expect the misspecification
of background error correlations to be the main source of error in the computation of the
analysis innovations (and therefore, analysis states) Details regarding the construction of the
reference solution, background state and initial background ensemble member are provided
next:

1. The reference solution is computed numerically, this is, at some time t−3 a random
initial condition is built and then propagated forward in time from t−3 to t−2 making
use of the ode45 method. The final state in the numerical integration provides the
initial reference solution xref−2 .

2. The background state is computed as follows: at time t−2, the perturbed background

solution x̂ref−2 ∈ Rn×1 is built:

x̂ref−2 = xref−2 + πb ◦ xref−2 ∈ Rn×1, with πb ∼ N (0n, 0.15 · I) ,

and then, it is propagated forward in time from t−2 to t−1 from which the background
state xb−1 ∈ Rn×1 is obtained. This model propagation attenuates the random noise
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added to x̂ref−2 and makes the background state xb−1 consistent with the physics of
the model (4.43).

3. The initial ensemble at time t0 is built by forward propagations of perturbed back-
ground states at time t−1: for each ensemble member a perturbed background state is
built:

x̂b[i]−1 = xb−1 + πb ◦ xb−1 ∈ Rn×1, with πb ∼ N (0n, 0.15 · I) ,

for 1 ≤ i ≤ N , and then it is propagated forward in time until time t0:

x
b[i]
0 =Mt−1→t0

(
x̂b[i]−1

)
,

again, this model propagation ensures that the ensemble members are consistent with
the physics of the model (4.43).

4. The reference and background solutions xref−2 and xb−1, respectively, are propagated

forward in time until t0 from which the initial reference solution xref0 and initial back-
ground state xb0 are obtained.

Initially, the EnKF-FS, the EnKF-RS and the LETKF implementations are tested under
different ensemble sizes N and radii of influence ζ. The ensemble sizes ranges in [10, 40]
while r does that in [1, 15]. For each pair, (N, r) the same initial ensemble and observations
are used across all the EnKF implementations. The number of synthetic members for EnKF-
RS is zero (K = 0). The results are shown in the figure 4.2. Figure 4.2a shows that, for the
LETKF implementation, the quality of the analysis innovations are strictly related to the
radius sizes. Even for large ensemble sizes, the analysis means poorly estimates the reference
solutions. Mainly, this occurs because the analysis innovations are considerably affected by
spurious correlations when the radius of influence is large (i.e., 13). This is not surprising
since the background error covariance matrix estimator in the context of LETKF is the
ensemble covariance matrix Pb. In figure 4.2b, the RMSE values for the EnKF-RS increases
toward zones where N is small and r is large. However, modest ensemble sizes (i.e., N = 20)
allows the use of large r with no significant impact in the quality of the analysis innovations.
It can be easily seen from figures 4.2a and 4.2b that a better estimation of the background
error correlations provides analysis innovations which are not highly affected by sampling
errors (spurious correlations) For instance, the EnKF-RS analysis approximations are better
than those obtained by the LETKF wherein the sample covariance matrix is used. On the
other hand, the quality of the analysis innovations of the EnKF-FS implementation are not
subject to the value of ζ, as can be seen in figure 4.2c. Again, this reveals the importance
of B̂ as the estimator of B: spurious correlations does not affect the quality of the analysis
even for large radius sizes.
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Figure 4.2: Error distribution for different values of K using histograms for the 5-th model
component of ensemble members from the Lorenz-96 model.

Notice, the EnKF-FS implementation outperforms the LETKF and the EnKF-RS methods
in terms of accuracy. For instance, the RMSE values for the EnKF-FS ranges in∼ [0.28, 0.30]
while the RMSE values for the EnKF-RS and the LETKF implementations range in ∼ [2, 20]
and ∼ [5, 25], respectively. The small variations in the context of EnKF-FS depends on the
numerical computation of the singular values required in (4.11) during the assimilation step.
As we mentioned before, LETKF is outperformed since it uses the ensemble covariance
matrix in order to approximate B. On the other hand, even though the EnKF-RS and the
EnKF-FS implementations make use of the same B̂ estimator, when no synthetic members
are used, the EnKF-RS implementation projects B̂ onto the ensemble space in order to
compute the optimal analysis increments (perturbations) Thus, while the assimilation step
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of the EnKF-FS is performed onto the model space, the EnKF-RS does that in a reduce
space whose dimension is much lower than the model space dimension. This explains why
the EnKF-FS implementation outperforms to the EnKF-RS method. As we discussed in
section 4.2.2, for the EnKF-RS method, it is possible to increase the sub-space size in which
the assimilation is performed by the use of synthetic members. Notice, by increasing the sub-
space size more information of B̂ can be projected and therefore, more information about the
background error correlations can be captured in such sub-space. To assess the importance of
synthetic members in the context of EnKF-RS, three more sets of experiments are performed.
In the first set of experiments, we avoid the use of localization in order to show how the use
of synthetic members can mitigate the impact of sampling errors and therefore, the impact of
spurious correlations. We vary the number of ensemble members (real members) in [10, 40]
and we let the number of synthetic members K to range in [5, 50]. Figure 4.3a shows the
RMSE values for different combinations of N and K. Note that, the quality of the results
when the ensemble size is N = 40 (40 model propagations) and K = 5 synthetic members
are used is lower than those obtained by making use of N = 10 real members (only 10 model
propagations) and K = 50 synthetic ones (which do not require model propagations) The
importance of synthetic members can be explained as follows: synthetic members provide
useful directions consistent with the background error statistics. Thus, the set of relevant
directions in which the analysis state is sought can be increased without the use of the forward
model. However, in practice, domain localization (or decomposition) is needed in order to
perform the assimilation owing to current operational model resolutions. In our second set
of experiments, we explore the behaviour of the EnKF-RS for N = 10 model propagations
(real members) and different localizations radii r in [1, 15]. We vary the number of synthetic
members from 5 to 25. As can be seen in figure 4.3b, for 25 synthetic members, the size
of the radius of influence does not affect the analysis innovations. Even more, the RMSE
values in figure 4.3b are comparable to those shown in figure 4.2b wherein real members are
used in order to increase the degrees of freedom of the sub-space. Thus, we can mitigate the
impact of large radius of influences (spurious correlations) by making use of small number
of real members and large number of synthetic ones. In the last set of experiments, we fix
the number of synthetic members to 20 and the radii of influences are ranged in [1, 15]. The
number of real members is varied from 10 to 40. The RMSE values for this test case are
shown in figure 4.3c. The results reveal that a fixed number of synthetic members improve
considerably the analysis innovations in the context of EnKF-RS. Notice, the RMSE values
range in ∼ [1, 6] while when no synthetic members are used, the RMSE values range in
∼ [2, 10] (figure 4.2b)
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Figure 4.3: Contour of RMSE values of the EnKF-RS formulation for different configurations:
in figure 4.3a, the assimilation is performed in the global domain for different values of N
and K, likewise, figures 4.3b and 4.3c correspond to local analyses for fixed values of N and
K, respectively.

4.4.2 The importance of B̂ in the assimilation process

The oceans form a complex flow system influenced by the rotation of the Earth, the density
stratification due to temperature and salinity, as well as other factors. The quasi-geostrophic
(QG) model is a simple approximation of the real behaviour of the ocean. It is defined by
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the following partial differential equation [SO08a]:

ωt + k · J (ω, ψ) + ψx = −µ ·∆3ψ + 2 · π · sin (2 · π · y) (4.44)

in Ω ∈ [0, 1]× [0, 1], where x and y represent the zonal and meridional space components,
ω is the vorticity, ψ is the stream function, J (ψ, ω) = ψx · ωy − ψy · ωx is the Jacobian of
two fields and ∆ is the Laplacian operator. The coefficients k = 10−5 and µ = 2× 10−11 are
associated with the advection term and the biharmonic zonal friction, respectively. Moreover,
the vorticity is related to the stream function by the elliptical equation: ∆ψ = ω. The
interior of the domain Ω is covered by a computational grid of resolution [129× 129]. Since
homogeneous boundary conditions are assumed, the total number of components in the
model state is n = 16129. The initial reference solution, the initial background state and
the initial background ensemble are built similarly to those in the Lorenz 96 experiments.
We just changed the initial perturbation to 5% the reference vorticity for the perturbed
background state and 5% the background state for the perturbed initial ensemble. The
number of ensemble members is N = 80 for all the configurations. Observational errors are
uncorrelated with variances [0.001]2. Observations are taken every 10 time units. The time
discretization of the model (4.44) uses of a fourth order Runge-Kutta method. The time step
size is 1.27 (units) which represent one hour in the ocean. The integration is performed for
250 hours. Three observational networks are used for the experiments: H[1], H[2] and H[3]

are sparse observational errors in which 12%, 6% and 4% of the global model components are
observed, respectively. Again, we make use of perfect observational operators and therefore,
we expect the main source of error to come from the misspecification of background error
correlations. We denote by p the percentage of components observed from the model state.
In the context of EnKF-RS, we let the number of synthetic members to be K = 10.

(a) p ∼ 12% (b) p ∼ 6% (c) p ∼ 4%

Figure 4.4: Sparse observational networks. Dark regions represent unobserved components.
p denotes the approximated number of observed components from the global domain.

The RMSE values and CPU-times in seconds (s) are reported in the Table 4.1 for different
values of p, radius of influence ζ and EnKF implementations. In general, for small radius of
influences and dense observational networks the solutions of the EnKF implementations are



69

comparable in most of the assimilations steps. However, for sparse observational networks
and large radii of influences, the solutions provided by the EnKF-FS approximation outper-
forms those obtained by the EnKF-RS and the LETKF implementations. As we mentioned
before, the background error correlations are well-represented by B̂ and therefore, when
sparse observational networks are considered, the unobserved components are properly ad-
justed with regard to the observed ones via the background error correlations in B̂. Figure
4.5 shows the RMSE values across different observational times. In general, the EnKF-RS
and the EnKF-FS provide analysis solutions which are more accurate than those obtained
via the LETKF. Recall that, since the ensemble covariance matrix is sensitive to spurious
correlations mainly owing to its rank-deficiency, the impact of observed components over
unobserved ones is misspecified in Pb. Thus, when the radius of influence is sufficiently
large, spurious correlations affect the analysis innovation in the LETKF context. On the
other hand, based on the results, we can infer that the impact of spurious correlations in the
EnKF context can be mitigated by making use of the shrinkage covariance matrix estimator
of background errors B̂ as is proposed in the EnKF-FS and the EnKF-FS implementations.
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Table 4.1: RMSE and CPU-time (s) for the EnKF-FS, EnKF-RS and LETKF implementa-
tions applied to the quasi-geostrophic model.

p ζ Method RMSE CPU-time (s)

12 %

1
LETKF 4.279 28.094

EnKF-FS 4.248 61.410
EnKF-RS 4.246 26.657

2
LETKF 4.187 29.063

EnKF-FS 3.951 54.823
EnKF-RS 3.954 35.178

3
LETKF 4.348 35.951

EnKF-FS 4.066 76.593
EnKF-RS 4.062 56.038

4
LETKF 4.841 39.613

EnKF-FS 4.173 104.796
EnKF-RS 4.172 91.290

6 %

3
LETKF 5.248 37.189

EnKF-FS 4.939 76.427
EnKF-RS 4.934 55.019

4
LETKF 5.600 40.469

EnKF-FS 4.995 101.034
EnKF-RS 4.986 89.788

5
LETKF 6.783 41.850

EnKF-FS 5.096 111.560
EnKF-RS 6.359 81.814

4 %

3
LETKF 6.526 37.207

EnKF-FS 6.453 80.791
EnKF-RS 6.479 55.045

4
LETKF 6.948 42.981

EnKF-FS 6.370 100.360
EnKF-RS 6.396 90.959

5
LETKF 7.176 43.344

EnKF-FS 6.386 108.724
EnKF-RS 7.032 81.077
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(a) p ∼ 12%, ζ = 1 (b) p ∼ 12%, ζ = 2 (c) p ∼ 12%, ζ = 3

(d) p ∼ 12%, ζ = 4 (e) p ∼ 6%, ζ = 3 (f) p ∼ 6%, ζ = 4

(g) p ∼ 6%, ζ = 5 (h) p ∼ 4%, ζ = 4 (i) p ∼ 4%, ζ = 5

Figure 4.5: Plots of RMSE values of the EnKF-FS, the EnKF-RS and the LETKF imple-
mentations for different values of p and radius sizes ζ.

4.4.3 Parallel EnKF implementation

The proposed parallel implementation of the EnKF based on shrinkage covariance matrix
estimation (EnKF-SC) is compared against the well-known LETKF formulation [OHS+08,
OHS+04b] in terms of accuracy and parallel performance. The tests are performed on the
super computer Blueridge cluster at the university of Virginia Tech. BlueRidge is a 408-node
Cray CS-300 cluster. Each node is outfitted with two octa-core Intel Sandy Bridge CPUs
and 64 GB of memory, for a total of 6528 cores and 27.3 TB of memory systemwide. The
Atmospheric Global Circulation Model better known as SPEEDY is used for the simulation
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[Mol03a]. The variables to be assimilated are the wind components u and v, the temperature
T and the specific humidity sh. Thus, the vector state is formed by 4 model variables
x = [u, v, T, sh]T . There are eight layers for each model variable with resolution T-63
(192 × 96) for a total number of model components n = 589, 824. The reference solution
is built after a model propagation over one year. From here, an initial perturbation of 5%
on the reference solution and three months of model propagation provide the background
state. Similarly, the initial ensemble is built over perturbations on the background state and
long model propagations. The total number of ensemble members for all the experiments is
N = 94. The methods are coded making use of FORTRAN 90 and 77, the linear algebra
computations are performed making use of BLAS and LAPACK functions. The parallel
computations are performed making use of MPI. Observational errors are assumed to be
uncorrelated and Normal distributed with variances 0.012. No representativeness errors are
considered in the simulated data therefore, we expect the missestimation of background errors
to be the main source of errors in the analysis corrections. The simulation is performed over
a period of 24 days. Observations are taken every two days (48 hours) We consider the
Root Mean Square Error (RMSE) in order to measure the accuracy of the analysis solutions
provided by the EnKF-SC and the LETKF.

The results in the Tables in the Tables 4.2 and 4.3 reveal that, the use of shrinkage covariance
matrix estimation can mitigate the impact of spurious correlations. Note that, the accuracy
of the EnKF-SC method in some cases is up to one order of magnitude with regard to the
LETKF accuracy. In figure 4.6 the impact of spurious correlations affect the performance
of the LETKF while, the background error correlations estimated via the RBLW estimator
provide good analysis increments in the context of EnKF-SC. Snapshots of the analysis states
after the first assimilation are shown in figures 4.7 and 4.8 for the meridional and the zonal
wind components. Furthermore, we show in figure 4.9 the RMSE values for the compared
implementations by varying the number of processors from 96 (6 computing nodes) to 2,048
(128 computing nodes) Note that, the results of the EnKF-SC slightly vary for different
number of processors. This is expected since the EnKF-SC is a stochastic filter which
makes use of synthetic data in orer to perform the assimilation. The local synthetic data
depends on the processors id and therefore, for different number of processors (sub-domains)
the results will present small variations. However, as can be seen, across different number
of processors, the results of the EnKF-SC implementation tend to look similar. On the
other hand, the results of LETKF does not change when the number of sub-domains is
varied since that is a deterministic filter. Figure 4.10 shows the computational time of the
compared implementations for different number of processors. Clearly, the use of domain
decomposition reduces the elapsed time of the EnKF-SC implementation.
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(a) r = 3 and p = 12% (b) r = 5 and p = 6%

(c) r = 4 and p = 12%

Figure 4.6: RMSE of the LETKF and EnKF-SC implementations for different model vari-
ables, radii of influence and observational networks.
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Table 4.2: RMSE values of the EnKF-SC and the LETKF analyses for the wind-components
from the SPEEDY model.

Variable (units) ζ p EnKF-SC LETKF

Zonal Wind Component (u), (m/s)

1
12% 4.872× 102 5.471× 102

6% 1.228× 103 1.168× 103

4% 1.766× 103 1.737× 103

2
12% 3.330× 102 1.275× 103

6% 5.705× 102 7.591× 102

4% 8.444× 102 8.569× 102

3
12% 3.186× 102 1.661× 103

6% 4.854× 102 1.237× 103

4% 6.750× 102 9.997× 102

4
12% 3.161× 102 1.752× 103

6% 4.729× 102 1.608× 103

4% 6.261× 102 1.258× 103

5
12% 3.334× 102 1.862× 103

6% 4.730× 102 1.983× 103

4% 6.148× 102 1.602× 103

Meridional Wind Component (v) (m/s)

1
12% 4.214× 102 4.496× 102

6% 1.218× 103 1.158× 103

4% 1.775× 103 1.749× 103

2
12% 2.559× 102 7.285× 102

6% 4.727× 102 5.520× 102

4% 7.416× 102 7.420× 102

3
12% 2.464× 102 9.510× 102

6% 3.845× 102 8.334× 102

4% 5.616× 102 7.455× 102

4
12% 2.513× 102 1.048× 103

6% 3.787× 102 1.146× 103

4% 5.189× 102 9.026× 102

5
12% 2.729× 102 1.101× 103

6% 3.871× 102 1.575× 103

4% 5.139× 102 1.102× 103
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Table 4.3: RMSE values of the EnKF-SC and the LETKF analyses for the Temperature and
the Specific Humidity from the SPEEDY model.

Variable (units) ζ p EnKF-SC LETKF

Temperature (K)

1
12% 3.854× 102 6.033× 102

6% 6.063× 102 6.704× 102

4% 7.847× 102 8.073× 102

2
12% 3.068× 102 6.693× 102

6% 3.830× 102 5.556× 102

4% 4.678× 102 5.529× 102

3
12% 2.728× 102 1.217× 103

6% 3.308× 102 6.458× 102

4% 3.966× 102 6.073× 102

4
12% 2.576× 102 1.817× 103

6% 3.097× 102 1.030× 103

4% 3.664× 102 7.464× 102

5
12% 2.561× 102 1.600× 103

6% 3.015× 102 1.473× 103

4% 3.511× 102 1.172× 103

Specific Humidity (g/Kg)

1
12% 9.998× 101 9.026× 101

6% 1.634× 102 1.449× 102

4% 2.063× 102 1.941× 102

2
12% 8.081× 101 1.125× 102

6% 1.082× 102 1.137× 102

4% 1.393× 102 1.321× 102

3
12% 7.751× 101 1.341× 102

6% 9.813× 101 1.418× 102

4% 1.222× 102 1.458× 102

4
12% 7.762× 101 1.640× 102

6% 9.692× 101 1.652× 102

4% 1.167× 102 1.739× 102

5
12% 8.094× 101 2.078× 102

6% 9.775× 101 1.950× 102

4% 1.158× 102 2.068× 102
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(a) Reference (b) Background

(c) EnKF-SC (d) LETKF

Figure 4.7: Snapshots of the reference solution, background state and analyses fields from
the EnKF-SC and LETKF for the 5th layer of the meridional wind component (v). The
percentage of observed component from the model state is p ∼ 4%.



77

(a) Reference (b) Background

(c) EnKF-SC (d) LETKF

Figure 4.8: Snapshots of the reference solution, background state and analyses fields from the
EnKF-SC and LETKF for the 2th layer of the zonal wind component (u). The percentage
of observed component from the model state is p ∼ 4%.
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Figure 4.9: RMSE values for different number of processors (sub-domains) for the EnKF-SC
and the LETKF implementations. The number of computing nodes (x 16 processors) is next
to each label.
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Figure 4.10: Computational time for the EnKF-SC and the LETKF implementations for
different number of computing nodes (16 x processors) and p ∼ 4%.
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4.5 Conclusions

This chapter develops two new implementations of the ensemble Kalman filter (EnKF) based
on shrinkage covariance estimation. The background error covariance matrices used in anal-
ysis are obtained via the Rao-Blackwell Ledoit and Wolf estimator, which has been proved
optimal in the estimation of high-dimensional covariance matrices from a small number of
samples. This covariance matrix together with the ensemble mean are the parameters of the
estimated normal background error distribution. Two implementations are proposed: EnKF
Full-Space (EnKF-FS) performs the analysis in the model space, while EnKF Reduce-Space
(EnKF-RS) computes the analysis state in the space spanned by the ensemble members.
In the EnKF-RS context, additional samples from the estimated normal background error
distribution distribution are taken in order to decrease the sampling error, and to increase
the number of degrees of freedom in the assimilation. Covariance localization and covariance
inflation are discussed in the context of the proposed methods. Even more, an adjoint-free
four dimensional approximation is proposed for the EnKF-RS method. Besides, the parallel
implementation EnKF-SC based on the full space approach EnKF-FS is presented. Three
sets of experiments are carried out in order to assess the accuracy of the proposed EnKF
implementations: in the first set of experiments, the Lorenz-96 model is used. The results
reveals that the use of synthetic members can mitigate the impact of spurious correlations in
the EnKF-RS context. In addition, the quality of the analysis innovations can be improved
by increasing the number of synthetic members which do not require the use of the forward
model operator. The solutions obtained by the EnKF-RS with small ensemble sizes (model
propagations) and large synthetic members are of similar quality as those obtained by the
LETKF with large ensemble sizes. Since the total compute time is dominated by the multiple
model runs, considerable savings are expected from reducing the number of real ensemble
members without deteriorating the quality of the results. In the second set of experiments,
a quasi-geostrophic model is used. The results shows that the new implementations perform
better than the widely popular local ensemble transform Kalman filter. The accuracy of the
EnKF implementations is strictly related to the quality of the background error estimation
since no representativeness errors are considered in the preparation of the synthetic data for
the experiments. In the last set of experiments, an atmospheric general circulation model
is used and the EnKF-SC is tested. The results reveal that domain decomposition can be
used in order to reduce the computational time of the analysis step without compromising
the quality of the results by the local approximations. In general, the experimental results
support the idea that shrinkage covariance matrix estimation can be exploited in order to
reduce the impact of spurious correlations in the context of data assimilation.



Chapter 5

An Ensemble Kalman Filter
Implementation Based on Modified
Cholesky Decomposition

5.1 Introduction

This chapter develops an efficient implementation of the ensemble Kalman filter based on a
modified Cholesky decomposition for inverse covariance matrix estimation. This implemen-
tation is named EnKF-MC. Background errors corresponding to distant model components
with respect to some radius of influence are assumed to be conditionally independent. This
allows to obtain sparse estimators of the inverse background error covariance matrix. The
computational effort of the proposed method is discussed and different formulations based on
varios matrix identities are provided. Furthermore, an asymptotic proof of convergence with
regard to the ensemble size is presented. In order to assess the performance and the accuracy
of the proposed method, experiments are performed making use of the Atmospheric General
Circulation Model SPEEDY. The results are compared against those obtained using the lo-
cal ensemble transform Kalman filter (LETKF). Tests are performed for dense observations
(100% and 50% of the model components are observed) as well as for sparse observations
(only 12%, 6%, and 4% of model components are observed). The results reveal that the
use of modified Cholesky for inverse covariance matrix estimation can reduce the impact of
spurious correlations during the assimilation cycle, i.e., the results of the proposed method
are of better quality than those obtained via the LETKF in terms of root mean square error.

This paper is organized as follows. In Section 5.2 the modified Cholesky decomposition is
introduced. Section 5.3 discusses the proposed ensemble Kalman filter based on a modified
Cholesky decomposition for inverse covariance matrix estimation; a theoretical convergence
of the estimator in the context of data assimilation as well as its computational effort are

80
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discussed. Section 5.4 presents numerical experiments using the Atmospheric General Cir-
culation Model SPEEDY; the results of the new filter are compared against those obtained
by the local ensemble transform Kalman filter. Future work is discussed in Section 5.4.5 and
conclusions are drawn in Section 5.5.

5.2 Modified Cholesky decomposition for inverse co-

variance matrix estimation

Consider a sample of N Gaussian random vectors:

S =
[
s[1], s[2], . . . , s[N ]

]
∈ Rn×N ,

with statistical moments:

s[j] ∼ N (0n, Q) , for 1 ≤ j ≤ N,

where s[j] ∈ Ren×1 denotes the j-th sample. Denote by x[i] ∈ RN×1 the vector holding the i-
th component across all the samples (the i-th row of S, transposed). The modified Cholesky
decomposition arises from regressing each component on his predecessors [BL08] according
to some component ordering:

x[i] =
i−1∑
j=1

x[j] · βi,j + ε[i] ∈ RN×1, 2 ≤ i ≤ n, (5.1)

where x[j] is the j-th model component which precedes x[i] for 1 ≤ j ≤ i− 1, ε[1] = x[1], and
ε[i] ∈ RN×1 is the error in the i-th component regression for i ≥ 2. Likewise, the coefficients
βi,j in (5.1) can be computed by solving the optimization problem:

β[i] = arg min
β

∥∥x[i] − Z[i] · β
∥∥2

2
(5.2)

where

Z[i] =
[
x[1], x[2], . . . , x[i−1]

]T ∈ R(i−1)×N , 2 ≤ i ≤ n,

β[i] = [βi,1, βi,2, . . . , βi,i−1]T ∈ R(i−1)×1.

The regression coefficients form the lower triangular matrix

{
T̂
}
i,j

=


−βi,j for 1 ≤ j < i,

1 for j = i,

0 for j > i,

1 ≤ i ≤ n, (5.3a)
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where
{
T̂
}
i,j

denotes the (i, j)-th component of matrix T̂ ∈ Rn×n. The empirical variances

v̂ar of the residuals ε[i] form the diagonal matrix:

D̂ = diag
1≤i≤n

(
v̂ar(ε[i])

)
= diag

1≤i≤n

(
1

N − 1

N∑
j=1

{
ε[i]

}2

j

)
∈ Rn×n . (5.3b)

where
{

D̂
}

1,1
= v̂ar

(
x[1]

)
. Then an estimate of Q−1 can be computed as follows:

Q̂−1 = T̂T · D̂−1 · T̂ ∈ Rn×n, (5.4a)

or, by basic matrix algebra identities the estimate of Q reads:

Q̂ = T̂−1 · D̂ · T̂−T ∈ Rn×n . (5.4b)

Note that the structure of Q̂−1 is strictly related to the structure of T̂. This can be exploited
in order to obtain sparse estimators of Q−1 by imposing that some entries of T̂ are zero. This
is important for high dimensional probability distributions where the explicit computation
of Q̂ or Q̂−1 is prohibitive. The zero components in T̂ can be justified as follows: when
two components are conditionally independent their corresponding entry in Q̂−1 is zero. In
the context of data assimilation, the conditional independence of background errors between
different model components can be achieved by making use of domain localization. We can
consider zero correlations between background errors corresponding to model components
located at distances that exceed a radius of influence ζ. In the next section we present
an ensemble Kalman filter implementation based on modified Cholesky decomposition for
inverse covariance matrix estimation.

5.3 Ensemble Kalman Filter Based On Modified Cholesky

Decomposition

In this section we discuss the new ensemble Kalman filter based on modified Cholesky de-
composition for inverse covariance matrix estimation ( EnKF-MC).

5.3.1 Estimation of the inverse background covariance

The columns of matrix (2.13a)

Ub =
[
ub[1], ub[2], . . . , ub[N ]

]
∈ Rn×N

can be seen as samples of the (approximately normal) distribution:

xb[j] − xb = ub[j] ∼ N (0, B) , for 1 ≤ j ≤ N ,
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and therefore, if we let x[i] ∈ RN×1 in (5.1) to be the vector formed by the i-th row of matrix
(2.13a), for 1 ≤ i ≤ n, according to equations (5.4), an estimate of the inverse background
error covariance matrix reads:

B−1 ≈ B̂−1 = T̂T · D̂−1 · T̂ ∈ Rn×n, (5.5a)

and therefore:

B ≈ B̂ = T̂−1 · D̂ · T̂−T ∈ Rn×n . (5.5b)

As we mentioned before, the structure of B̂−1 depends on that of T̂. If we assume that
the correlations between model components are local, and there are no correlations outside
a radius of influence ζ, we obtain lower-triangular sparse estimators of T̂. Consequently,
the resulting B̂−1 will also be sparse, and B̂ will be localized. Since the regression (5.1) is
performed only on the predecessors of each model component, an ordering (labeling) must

be set on the model components prior the computation of T̂. Since we work with gridded
models we consider column-major and row-major orders. They are illustrated in Figure 5.1
for a two-dimensional domain. Figure 5.2 shows the local domain and the predecessors of
the model component 6 when column-major order is utilized.

(a) Column-major order (b) Row-major order

Figure 5.1: Row-major and column-major ordering for a 4× 4 domain. The total number of
model components is 16.
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(a) In blue, local box for the model com-
ponent 6 when ζ = 2.

(b) In blue, predecessors of the model
component 6 for ζ = 2.

Figure 5.2: Local model components (local box) and local predecessors for the model com-
ponent 6 when ζ = 2. Column-major ordering is utilized to label the model components.

The estimation of B̂−1 proceeds as follows:

1. Form the matrix Z[i] ∈ Rpi×N with the predecessors of the i-th model component:

Z[i] =
[
x[q(i,1)], x[q(i,2)], . . . , x[q(i,pi)]

]T ∈ Rpi×N , (5.6)

where x[e] is the e-th row of matrix (2.13a), pi is the number of predecessors of com-
ponent i, and 1 ≤ q(i, j) ≤ n is the index of the j-th predecessor of the i-th model
component.

2. For the i-th model components the regression coefficients are obtained as follows:

x[i] =

pi∑
j=1

βi,j · x[q(i,j)] + ε[i] ∈ RN×1 .

For 2 ≤ i ≤ n, compute β[i] = [βi,1, βi,2, . . . , βi,pi ] ∈ Rpi×1 by solving the optimization
problem (5.2) with Z[i] given by (5.6).

3. Build the matrices{
T̂
}
i,q(i,j)

= −βi,j for 1 ≤ j ≤ pi, 1 < i ≤ n ;
{
T̂
}
i,i

= 1,

and D̂ according to equation (5.3b). Note that the number of non-zero elements in the

i-th row of T̂ equals the number of predecessors pi.

Note that the solution of the optimization problem (5.2) can be obtained as follows:

β[i] =
[
Z[i] · Z[i]

T
]−1 · Z[i] · x[i] (5.7)
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and since the ensemble size can be smaller than the number of model components, Z[i] ·
Z[i]

T ∈ Rpi×pi can be rank deficient. To overcome this situation, regularization of the
zero singular values of Z[i] · Z[i]

T can be used. One possibility is Tikhonov regularization
[GHO99, KHE07, Mai94]:

β[i] = arg min
β

{∥∥x[i] − Z[i] · β
∥∥2

2
+ λ2 · ‖β‖2

2

}
(5.8)

where λ ∈ R. In our context the best choice for λ relies on prior knowledge of the back-
ground and the observational errors [Neu88]. Another approach to regularization is to use a
truncated singular value decomposition (SVD) of Z[i]:

Z[i] = UZ[i] ·ΣZ[i] ·VZ[i]
T ∈ Rpi×N ,

where UZ[i] ∈ Rpi×pi and VZ[i] ∈ RN×N are the right and the left singular vectors of Z[i],
respectively. Likewise, ΣZ[i] ∈ Rpi×N is a diagonal matrix whose diagonal entries are the
singular values of Z[i] in descending order. The solution of (5.2) can be computed as follows
[JB00, Huf91, Han90]:

β[i] =

ki∑
j=1

1

τj
· uZ[i]

j · vZ[i]

j

T
· x[i] with

τj
τmax

≥ σr, (5.9)

where τj is the j-th singular value with corresponding right and left singular vectors u
Z[i]

j ∈
R
pi×1 and v

Z[i]

j ∈ Rpi×1, respectively, σr ∈ (0, 1) is a predefined threshold, and τmax =
max {τ1, τ2, . . . , τN−1}. Since small singular values are more sensitive to the noise in x[i],
the threshold τj > τmax · σr seeks to neglect their contributions.

5.3.2 Formulation of EnKF-MC

Once B̂−1 is estimated, the EnKF based on modified Cholesky decomposition (EnKF-MC)
computes the analysis using Kalman’s formula:

xa = xb + Â ·HT ·R−1 ·∆ ∈ Rn×N , (5.10a)

where Â ∈ Rn×n is the estimated analysis covariance matrix

Â =
[
B̂−1 + HT ·R−1 ·H

]−1

,

and ∆ ∈ Rm×N is the innovation matrix on the perturbed observations Ys ∈ Rm×N , ∆ =
Ys −H ·Xb ∈ Rm×N .
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Computationally-friendlier alternatives to (5.10c) can be obtained by making use of elemen-
tary matrix identities:

xa = Â ·
[
B̂−1 · xb + HT ·R−1 ·Ys

]
∈ Rn×N , (5.10b)

xa = xb + T̂−1 · D̂1/2 ·VT
B̂
·
[
R + VB̂ ·VT

B̂

]−1 ·∆, (5.10c)

VB̂ = H · T̂−1 · D̂1/2 ∈ Rn×m,

where Ys are the perturbed observations. The formulation (5.10c) is well-known as the EnKF
dual formulation, (5.10b) is known as the EnKF primal formulation, and the equation (5.10a)
is the incremental form of the primal formulation. In the next subsection, we discuss the
computational effort of the EnKF-MC implementations (5.10).

5.3.3 Computational effort of EnKF-MC implementations

The computational cost of the different EnKF-MC implementations depend, in general, on
the model state dimension n, the number of observed components m, the radius of influence
ζ, and the ensemble size N . Typically [TAB+03] the data error covariance matrix R has
a simple structure (e.g., block diagonal), the ensemble size is much smaller than the model
dimension (n � N), and the observation operator H is sparse or can be applied efficiently.
We analyze the computational effort of the formulation (5.10a); similar analyses can be
carried out for the other formulations. The incremental formulation can be written as follows:

xa = xb + δXa ,

where the analysis increments δXa ∈ Rn×N are given by the solution of the linear system:[
B̂−1 + RH ·RT

H

]
· δXa = ∆H .

with RH = HT · R−1/2 ∈ Rn×m, ∆H = HT · R−1 ·∆ ∈ Rn×N . This linear system can be
solved making use of the iterative Sherman Morrison formula [NRSA14] as follows:

1. Compute:

W
(0)[i]
Z =

[
T̂T ·D−1 · T̂

]−1

·∆[i]
H, for 1 ≤ i ≤ N, (5.11a)

W
(0)[j]
U =

[
T̂T ·D−1 · T̂

]−1

·R[j]
H , for 1 ≤ j ≤ m. (5.11b)

where ∆
[i]
H ∈ Rn×1 and R

[j]
H ∈ Rn×1 denote the i and j columns of matrices ∆H

and RH, respectively. Since T̂ is a sparse unitary lower triangular matrix, the direct
solution of the linear system (5.11) can be obtained by making use of forward and
backward substitutions. Hence, this step can be performed with:

O (nnz · n ·N + nnz · n ·m) (5.12)
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long computations, where nnz denotes the maximum number of non-zero elements
across all rows of T̂, this is

nnz = max {p1, p2, . . . , pn}

where pi is the number of predecessors of model component i, for 1 ≤ i ≤ n.

2. For 1 ≤ i ≤ m compute:

h(i) =
1

γ(i)
·W(i−1)[i]

U , with γ(i) =
[
1 + R

[i]
H

T ·W(i−1)[i]
U

]−1

,

W
(i)[j]
Z = W

(i−1)[j]
Z − h(i) ·

[
R

[i]
H

T ·W(i−1)[j]
Z

]
, for 1 ≤ j ≤ N ,

W
(i)[k]
U = W

(i−1)[k]
U − h(i) ·

[
R

[i]
H

T ·W(i−1)[k]
U

]
, for i+ 1 ≤ k ≤ m.

Note that, at each step, h(i) can be computed with n long computations, while WZ

and WU can be obtained with n ·N and n ·m long computations, respectively. This
leads to the next bound for the number of long computations:

O
(
m · n+m · n ·N +m2 · n

)
.

Hence, the computational effort involved during the assimilation step of formulation (5.10a)
can be bounded by:

O
(
m · n+m · n ·N +m2 · n+ nnz · n ·N + nnz · n ·m

)
,

which is linear with respect to the number of model components. For dense observational
networks, when local observational operators can be approximated, domain decomposition
can be exploited in order to reduce the computational effort during the assimilation cycle.
This can be done as follows:

1. The domain is split in certain number of sub-domains (typically matching a given
number of processors).

2. Background error correlations are estimated locally.

3. The assimilation is performed on each local domain.

4. The analysis sub-domains are mapped back onto the model domain from which the
global analysis state is obtained.

Figure 5.3 shows the global domain splitting for different sub-domain sizes. In Figure 5.3c
the boundary information needed during the assimilation step for two particular sub-domains
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is shown in dashed blue lines. Note that each sub-domain can be assimilated independently.
Note that we only use domain decomposition in order to reduce the computational effort of
the proposed implementation (and its derivations) and not in order to reduce the impact of
spurious correlations.

(a) Number of sub-domains 12 (b) Number of sub-domains 80

(c) Number of sub-domains 16.

Figure 5.3: Global domain splitting in different sub-domain sizes. Blue local boxes reflects
the boundary information utilized in order to perform local data assimilation.

5.3.4 Convergence of the covariance inverse estimator

In this section we prove the convergence of the B̂−1 estimator in the context of data assimi-
lation.



89

(a) Exact B−1 ≈ Pb−1
for N = 105 (b) T, B−1 = TT ·D−1 ·T

(c) Localized ensemble estimate P̂b
−1

(d) TL, P̂b
−1

= TT
L ·DL ·TL

(e) Cholesky estimate B̂−1 (f) T̂, B̂−1 = T̂T · D̂−1 · T̂

Figure 5.4: Decay of correlations in the Cholesky factors for different approximations of B−1.
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We consider a two-dimensional square domain with s× s grid points. Our proof below can
be extended immediately to non-square domains, as well as to three-dimensional domains.
In our domain each space point is described by two indices (i, j), a zonal component i and
a meridional component j, for 1 ≤ i, j ≤ s. A particular case for s = 4 is shown in Figure
5.5a. We make use of row-major order in order to map model grid components to the one
dimensional “index space”:

k = f(i, j) = (j − 1) · s+ i, for 1 ≤ k ≤ n.

where here, n = s2. For a particular grid component (i, j), the resulting k = f(i, j) denotes

the row index in B̂−1. The results of labeling each model component in this manner can be
seen in Figure 5.1b.

(a) Grid components (i, j) (b) Index space f(i, j)

Figure 5.5: Grid distribution of model components and corresponding index terms in B̂−1.

To start our proof, the inverse of the (exact) background error covariance matrix B−1 and

of the its estimator B̂−1 can be written as

B̂−1 =
[
I− Ĉ

]T
· D̂−1 ·

[
I− Ĉ

]
∈ Rn×n (5.13a)

and

B−1 = [I−C]T ·D−1 · [I−C] ∈ Rn×n, (5.13b)

respectively, where Ĉ = I − T̂ ∈ Rn×n and C = I − T ∈ Rn×n. Moreover, D and D̂ are
diagonal matrices:

D = diag
{
d2

1, d
2
2, . . . , d

2
n

}
D̂ = diag

{
d̂2

1, d̂
2
2, . . . , d̂

2
n

}
where {D}i,i = d2

i and
{

D̂
}
i,i

= d̂2
i , for 1 ≤ i ≤ n. In what follows we denote by ĉ{j} ∈ Rn×1

and c{j} ∈ Rn×1 the j-th columns of matrices Ĉ and C, respectively, for 1 ≤ j ≤ n.



91

Definition 5.3.1 (Class of matrices under consideration.). We consider the class of covari-
ance matrices matrices with correlations decreasing quickly:

U−1 (ε0, C, α) =

{
B : 0 < ε0 ≤ λmin (B) ≤ λmax (B) ≤ ε−1

0 , (5.14a)

max
k

n∑
`=1

∣∣∣γk,` · {T}k,`∣∣∣ ≤ C · ζ−α, for ζ ≤ s− 1

}

where B−1 = TT D−1 T, α is the decay rate (related to the dynamics of the numerical
model),

γk(i,j),`(p,q) =


0 j − ζ ≤ q ≤ j − 1 and i− ζ ≤ p ≤ i+ ζ

0 q = j and i− ζ ≤ p ≤ i

1 otherwise

,

and the grid components (i, j) and (p, q), for 1 ≤ i, j, p, q ≤ s are related to the (k(i,j), `(p,q))
matrix entry by k(i,j) = f(i, j) and ` = f(p, q).

Theorem 4 (Error in the covariance inverse estimation). Uniformly for B ∈ U−1 (ε0, C, α),

if ζ ≈ [N−1 · log n]
−1/2(α+1)

and N−1 · log n = o(1),

∥∥∥B̂−1 −B−1
∥∥∥
∞

= O
([

log(n)

N

]α(α+1)/2
)

(5.14b)

where ‖·‖∞ denotes the infinity norm (matrix or vector)

In order to prove Theorem 4, we need the following result.

Lemma 5. Under the conditions of Theorem 4, uniformly on U−1

max
{∥∥ĉ{j} − c{j}

∥∥
∞ : 1 ≤ j ≤ n

}
= O

(
N−1/2 log1/2 n

)
, (5.15a)

max
{∣∣∣d̂2

j − d2
j

∣∣∣ : 1 ≤ j ≤ n
}

= O
([
N−1 log n

]α/(2(α+1))
)
, (5.15b)

and

‖C‖∞ =
∥∥D−1

∥∥
∞ = O (1) . (5.15c)

The proof of Lemma 5 is based on the following results of Bickel and Levina in [BL08].
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Lemma 6. [[BL08, Lemma A.2]] Let ν [k] ∼ N (0, B) and λmax (B) ≤ ε−1
0 < ∞, for 1 ≤

k ≤ N . Then, if {B}i,j denotes the (i, j)-th component of B, for 1 ≤ i ≤ j ≤ n,

Prob

[
N∑
k=1

[{
ν [k]
}
i
·
{
ν [k]
}
j
− {B}i,j

]
≥ N · ν

]
(5.16)

≤ C1 · exp
(
−C2 ·N · ν2

)
,

for |ν| ≤ δ, where
{
ν [k]
}
i

is the i-th component of the sample ν [k], for 1 ≤ k ≤ N , and
1 ≤ i ≤ n. Likewise, C1, C2 and δ depend on ε0 only.

Proof of Lemma 5. In what follows we denote by var and v̂ar denote the true and the
empirical covariances, respectively. In the context of EnKF we have that var

(
Ub
)

= B.

Recall that

v̂ar
(
Ub
)

= Pb =
1

N − 1
·Ub ·UbT =

1

N − 1
·
N∑
k=1

ub[k] · ub[k]T ,

and therefore

{
v̂ar

(
Ub
)}

i,j
=

1

N − 1
·
N∑
k=1

{
ub[k]

}
i
·
{
ub[k]

}
j
.

For ν > 0,
{
ν [k]
}
i
·
{
ν [k]
}
j
− {B}i,j ≥ N · ν implies

{
ν [k]
}
i
·
{
ν [k]
}
j
− {B}i,j ≥ (N − 1) · ν,

and therefore by Lemma 6 we have:∥∥var
(
Ub
)
− v̂ar

(
Ub
)∥∥
∞ = O

(
N−1/2 · log1/2 n

)
, (5.17a)

since the entries of var
(
Ub
)
− v̂ar

(
Ub
)

can be bounded by:

∣∣∣{var
(
Ub
)
− v̂ar

(
Ub
)}

i,j

∣∣∣ ≤ N−1 ·
N∑
k=1

∣∣∣{ub[k]
}
i
·
{
ub[k]

}
j
− {B}i,j

∣∣∣ .
Lemma 6 ensures that:

Prob

[
max
i,j

∣∣∣∣∣N−1 ·
N∑
k=1

{
ub[k]

}
i
·
{
ub[k]

}
j
− {B}i,j

∣∣∣∣∣ ≥ ν

]
≤ C1 · n2 · exp

(
−C2 ·N · ν2

)
,

for |ν| ≤ δ. Let ν =
(

logn2

N ·C2

)1/2

·M , for M arbitrary.
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Since Z[i] stores the columns of Ub corresponding to the predecessors of model component
i, an immediate consequence of (5.17a) is

max
i

∥∥var
(
Z[i]

)
− v̂ar

(
Z[i]

)∥∥
∞ = O

(
N−1/2 · log1/2 n

)
. (5.17b)

Also, ∥∥B−1
∥∥
∞ =

∥∥∥var
(
Ub
)−1
∥∥∥
∞
≤ ε−1

0 .

According to equation (5.7),{
c[i]
}
j

=
{

var
(
Z[i]

)−1 · Z[i] · x[i]

}
j
,{

ĉ[i]
}
j

=
{

v̂ar
(
Z[i]

)−1 · Z[i] · x[i]

}
j
,

therefore:

max
k

∣∣{c[i]
}
k
−
{
ĉ[i]
}
k

∣∣
= max

k

∣∣∣{var
(
Z[i]

)−1 · Z[i] · x[i]

}
k
−
{

v̂ar
(
Z[i]

)−1 · Z[i] · x[i]

}
k

∣∣∣ (5.18)

= max
k

∣∣∣{[var
(
Z[i]

)−1 − v̂ar
(
Z[i]

)−1
]
· Z[i] · x[i]

}
k

∣∣∣
= O

(
N−1/2 · log1/2 n

)
(5.19)

from which (5.15a) follows. Note that:

x[i] =
n∑
j=1

γ̃i,j ·
{
ĉ[i]
}
j
· x[j] + ε̂[i]

⇔ v̂ar
(
x[i]

)
= v̂ar

(
n∑
j=1

γ̃i,j ·
{
ĉ[i]
}
j
· x[j] + ε̂[i]

)

⇔ v̂ar
(
x[i]

)
= v̂ar

(
n∑
j=1

γ̃i,j ·
{
ĉ[i]
}
j
· x[j]

)
+ v̂ar

(
ε̂[i]
)

⇔ d̂2
i = v̂ar

(
x[i]

)
− v̂ar

(
n∑
j=1

γ̃i,j ·
{
ĉ[i]
}
j
· x[j]

)
,

and similarly

d2
i = var

(
x[i]

)
− var

(
n∑
j=1

γ̃i,j ·
{
c[i]
}
j
· x[j]

)
.
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The claim (5.15b) and the first part of (5.15c) follow from (5.17a), (5.17b) and (5.19). Since∣∣∣d̂2
i − d2

i

∣∣∣ ≤ ∣∣var
(
x[i]

)
− v̂ar

(
x[i]

)∣∣
+

∣∣∣∣∣v̂ar

(
n∑
j=1

γ̃i,j ·
[{

ĉ[i]
}
j
−
{
c[i]
}
j

]
· x[j]

)∣∣∣∣∣ (5.20)

+

∣∣∣∣∣v̂ar

(
n∑
j=1

γ̃i,j ·
{
ĉ[i]
}
j
· x[j]

)
− var

(
n∑
j=1

γ̃i,j ·
{
ĉ[i]
}
j
· x[j]

)∣∣∣∣∣
where γ̃i,j = 1− γi,j. By Lemma 6 the maximum over i of the first term is:

max
i

∣∣var
(
x[i]

)
− v̂ar

(
x[i]

)∣∣ = O
(
N−1/2 · log1/2 n

)
.

The second term can be bounded as follows:∣∣∣∣∣
n∑
j=1

γ̃2
i,j ·
[{

ĉ[i]
}
j
−
{
c[i]
}
j

]2

· v̂ar
(
x[j]

)∣∣∣∣∣
≤

n∑
j=1

γ̃2
i,j ·
[{

ĉ[i]
}
j
−
{
c[i]
}
j

]2

·
∣∣v̂ar

(
x[j]

)∣∣
≤ max

k

[{
ĉ[i]
}
k
−
{
c[i]
}
k

]2 ·max
i

∣∣v̂ar
(
x[i]

)∣∣ · n∑
j=1

γ̃2
i,j

= O
(
ζ2 ·N−1 · log n

)
= O

([
N−1 · log n

]α/2·(α+1)
)

by (5.15a) and ‖B‖ ≤ ε−1
0 . Recall that ζ = [N−1 · log n]

1/2·(α+1)
and even more, note that:

n∑
j=1

γ̃2
i,j =

[ζ + 1]2

2
=
ζ2

2
+ ζ +

1

2
= O

(
ζ2
)
.

The third term can be bounded similarly. Thus (5.15b) follows. Furthermore,

d2
i = var

(
x[i] −

n∑
j=1

γ̃i,j ·
{
ĉ[i]
}
j
· x[j]

)
≥ ε0 ·

(
1 +

n∑
i=1

[
ĉ

[i]
j

]2
)
≥ ε0 ,

and the lemma follows.

We now are ready to prove Theorem 4.
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Proof of Theorem 4. We need only check that:∥∥∥B̂−1 −B−1
∥∥∥
∞

= O
(
N−1/2 · log1/2 (n)

)
(5.21a)

and ∥∥B−1 − Φζ

(
B−1

)∥∥
∞ = O

(
ζ−α
)

(5.21b)

where the entries of Φζ (B−1) are given by:{
Φζ

(
B−1

)}
k,`

= δk,` ·
{
B−1

}
k,`
, for 1 ≤ k, ` ≤ n (5.21c)

where k = f(i, j) and ` = f(q, p) for 1 ≤ i, j, p, q ≤ s, and

δk,` =

{
1 j − ζ ≤ q ≤ j + ζ and i− ζ ≤ p ≤ i+ ζ

0 otherwise

We first prove (5.21a). By definition,

B̂−1 −B−1 = T̂T · D̂−1 · T̂−TT ·D−1 ·T. (5.22)

Applying the standard inequality:∥∥∥TT ·D−1 ·T− T̂T · D̂−1 · T̂T
∥∥∥ ≤ ∥∥∥TT − T̂T

∥∥∥ · ∥∥∥D̂∥∥∥ · ∥∥∥T̂∥∥∥
+

∥∥∥D− D̂
∥∥∥ · ∥∥∥T̂T

∥∥∥ · ∥∥∥T̂∥∥∥
+

∥∥∥T− T̂
∥∥∥ · ∥∥∥T̂∥∥∥ · ∥∥∥D̂∥∥∥

+
∥∥∥T̂∥∥∥ · ∥∥∥D− D̂

∥∥∥ · ∥∥∥T̂T −TT
∥∥∥

+
∥∥∥D̂∥∥∥ · ∥∥∥T− T̂

∥∥∥ · ∥∥∥T̂T −TT
∥∥∥

+
∥∥∥T̂T

∥∥∥ · ∥∥∥D− D̂
∥∥∥ · ∥∥∥T̂−T

∥∥∥
+

∥∥∥D− D̂
∥∥∥ · ∥∥∥T− T̂

∥∥∥ · ∥∥∥TT − T̂T
∥∥∥

all previous terms can be bounded making use of Lemma 5 and therefore, (5.21a) follows.
Likewise, for (5.21b), we need to note that for any matrix M,∥∥∥M ·MT − Φζ (M) · Φζ (M)T

∥∥∥
∞
≤ 2 · ‖M‖∞ ·

∥∥Φζ (M)−M−1
∥∥
∞

+ ‖Φζ (M)−M‖2
∞

and by letting M = TT ·D−1/2, the theorem follows from Definition 5.3.1.
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5.4 Numerical Experiments

In this section we study the performance of the proposed EnKF-MC implementation. The ex-
periments are performed using the atmospheric general circulation model SPEEDY [Mol03b,
KMB06a]. SPEEDY is a hydrostatic, spectral coordinate, spectral transform model in the
vorticity-divergence form, with semi-implicit treatment of gravity waves. The number of
layers in the SPEEDY model is 8 and the T-63 model resolution (192× 96 grids) is used for
the horizontal space discretization of each layer. Four model variables are part of the assim-
ilation process: the temperature (K), the zonal and the meridional wind components (m/s),
and the specific humidity (g/kg). The total number of model components is n = 589, 824.
The number of ensemble members is N = 94 for all the scenarios. The model state space is
approximately 6,274 times larger than the number of ensemble members (n� N). The tests
are performed on the super computer Blueridge cluster at the university of Virginia Tech.
BlueRidge is a 408-node Cray CS-300 cluster. Each node is outfitted with two octa-core
Intel Sandy Bridge CPUs and 64 GB of memory, for a total of 6528 cores and 27.3 TB of
memory systemwide.

Starting with the state of the system xref
−3 at time t−3, the model solution xref

−3 is propagated
in time over one year:

xref
−2 =Mt−3→t−2

(
xref
−3

)
.

The reference solution xref
−2 is used to build a perturbed background solution:

x̂b−2 = xref
−2 + εb−2, εb−2 ∼ N

(
0n, diag

i

{
(0.05 {xref

−2}i)2
})

. (5.23)

The perturbed background solution is propagated over another year to obtain the background
solution at time t−1:

xb−1 =Mt−2→t−1

(
x̂b−2

)
. (5.24)

This model propagation attenuates the random noise introduced in (5.23) and makes the
background state (5.24) consistent with the physics of the SPEEDY model. Then, the
background state (5.24) is utilized in order to build an ensemble of perturbed background
states:

x̂
b[i]
−1 = xb−1 + εb−1, εb−1 ∼ N

(
0n, diag

i

{
(0.05 {xb−1}i)2

})
, 1 ≤ i ≤ N, (5.25)

from which, after three months of model propagation, the initial ensemble is obtained at
time t0:

x
b[i]
0 =Mt−1→t0

(
x̂
b[i]
−1

)
.
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Again, the model propagation of the perturbed ensemble ensures that the ensemble members
are consistent with the physics of the numerical model.

The experiments are performed over a period of 24 days, where observations are taken every
2 days (M = 12). At time k synthetic observations are built as follows:

yk = Hk · xref
k + εk, εk ∼ N (0m, Rk) , Rk = diagi

{
(0.01 {Hk xref

k }i)2
}
.

The observation operators Hk are fixed throughout the time interval. We perform experi-
ments with several operators characterized by different proportions p of observed components
from the model state xref

k (m ≈ p ·n). We consider four different values for p: 0.50, 0.12, 0.06
and 0.04 which represent 50%, 12 %, 6 % and 4 % of the total number of model components,
respectively. Some of the observational networks used during the experiments are shown
in Figure 5.6 with their corresponding percentage of observed components from the model
state.

The analyses of the EnKF-MC are compared against those obtained making use of the
LETKF implementation proposed by Hunt et al in [OHS+04b, OHS+04a, OHS+08] . The
analysis accuracy is measured by the root mean square error (RMSE)

RMSE =

√√√√ 1

M
·
M∑
k=1

[
xref
k − xa

k

]T · [xref
k − xa

k

]
(5.26)

where xref ∈ Rn×1 and xa
k ∈ Rn×1 are the reference and the analysis solutions at time k,

respectively, and M is the number of assimilation times.

The threshold used in (5.9) during the computation of B̂−1 is σr = 0.10. During the assimi-
lation steps, the data error covariance matrices Rk are used (no representativeness errors are
involved during the assimilations) and therefore. The different EnKF implementations are
performed making use of FORTRAN and specialized libraries such as BLAS and LAPACK
are used in order to perform the algebraic computations.

(a) p = 12% (b) p = 4%

Figure 5.6: Observational networks for different values of p. Dark dots denote the location
of the observed components. The observed model variables are the zonal and the meridional
wind components, the specific humidity, and the temperature.
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5.4.1 Results with dense observation networks

We first consider dense observational networks in which 100% and 50% of the model com-
ponents are observed. We vary the radius of influence ζ from 1 to 5 grid points.

Figure 5.7 shows the RMSE values for the LETKF and EnKF-MC analyses for different
values of ζ for the specific humidity when 50% of model components are observed. When the
radius of influence is increased the quality of the LETKF results degrades due to spurious
correlations. This is expected since the local estimation of correlations in the context of
LETKF is the sample covariance matrix. For instance, for a radius of influence of 1, the
total number of local components for each local box is 36 which matches the dimension of
the local background error distribution. Now, when we compare it against the ensemble size
(96 ensemble members), sufficient degrees of freedom (95 degrees of freedom) are available
in order to estimate the local background error distribution onto the ensemble space, and
consequently all directions of the local probability error distribution are accounted during
the estimation and posterior assimilation. On the other hand, when the radius of influence
is 5, the local box sizes have dimension 484 (model components) which is approximately 5
times larger than the ensemble size. Thus, when the analysis increments are computed onto
the ensemble space, just part of the local background error distribution is accounted during
the assimilation. Consequently, the larger the local box, the more local background error
information cannot be represented in the ensemble space.

Figure 5.7 shows that EnKF-MC analyses improve with increasing radius of influence ζ.
Since a dense observational network is considered during the assimilation, when the radius
of influence is increased, a better estimation of the state of the system is obtained by the
EnKF-MC. This can be seen clearly in Figure 5.8, where the RMSE values within the
assimilation window are shown for the LETKF and the EnKF-MC solutions for the specific
humidity variable and different values of ζ and p. The quality of the EnKF-MC analysis for
ζ = 5 is better than that of the LETKF with ζ = 1. Likewise, when a full observational
network is considered (p = 100%), the proposed implementation outperforms the LETKF
implementation. EnKF-MC is able to exploit the large amount of information contained in
dense observational networks by properly estimating the local background error correlations.
The RMSE values for all model variables and different values for ζ and p are summarized in
Table 5.1.
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(a) ζ = 1. (b) ζ = 2.

(c) ζ = 3. (d) ζ = 4.

(e) ζ = 5.

Figure 5.7: RMSE of specific humidity analyses with a dense observational network. When
the radius of influence ζ is increased the performance of LETKF degrades.
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(b) p = 50%.

Figure 5.8: Analysis RMSE for the specific humidity variable. The RMSE values of the as-
similation window are shown for different values of ζ and percentage of observed components
p. When the local domain sizes are increased the accuracy of the LETKF analysis degrades,
while the accuracy of EnKF-MC analysis improves.
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Table 5.1: RMSE values for the EnKF-MC and the LETKF analyses with the SPEEDY
model and for different values for ζ and p. Dense observational networks are considered in
this experimental setting.

Variable (units) ζ p EnKF-MC LETKF

Zonal Wind Component (u), (m/s)

1
100% 6.012× 101 6.394× 101

50% 4.264× 102 9.825× 102

2
100% 6.078× 101 6.820× 101

50% 2.255× 102 1.330× 103

3
100% 6.080× 101 7.969× 101

50% 2.341× 102 1.124× 103

4
100% 6.088× 101 9.687× 101

50% 2.418× 102 1.072× 103

5
100% 6.092× 101 1.190× 102

50% 2.673× 102 1.017× 103

Meridional Wind Component (v) (m/s)

1
100% 3.031× 101 6.418× 101

50% 2.632× 102 3.247× 102

2
100% 3.046× 101 6.597× 101

50% 1.641× 102 4.138× 102

3
100% 3.047× 101 7.565× 101

50% 1.964× 102 4.418× 102

4
100% 3.052× 101 9.332× 101

50% 2.084× 102 4.832× 102

5
100% 3.054× 101 1.151× 102

50% 2.428× 102 5.029× 102

Temperature (K)

1
100% 9.404× 102 5.078× 102

50% 6.644× 102 7.059× 102

2
100% 9.416× 102 4.112× 102

50% 6.129× 102 1.138× 103

3
100% 9.425× 102 3.447× 102

50% 5.815× 102 1.389× 103

4
100% 9.432× 102 2.939× 102

50% 5.585× 102 1.355× 103

5
100% 9.432× 102 2.554× 102

50% 5.500× 102 1.104× 103

Specific Humidity (g/Kg)

1
100% 1.733× 101 5.427× 101

50% 8.680× 101 7.602× 101

2
100% 1.712× 101 5.669× 101

50% 8.204× 101 1.045× 102

3
100% 1.705× 101 6.630× 101

50% 8.089× 101 1.298× 102

4
100% 1.699× 101 7.344× 101

50% 7.525× 101 1.431× 102

5
100% 1.694× 101 7.617× 101

50% 7.642× 101 1.458× 102
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5.4.2 Results with sparse observation networks

For sparse observational networks, in general, the results obtained by the EnKF-MC are
more accurate than those obtained by the LETKF, as reported in the Tables 5.2 and 5.3.
We vary the values of ζ from 1 to 5. Three sparse observational networks with p = 12%,
6%, and 4%, respectively are considered.

Figure 5.9 shows the RMSE values of the specific humidity analyses for different radii of
influence and 4% of the model components being observed. The best performance of the
LETKF analyses is obtained when the radius of influence is set to 2. Note that for ζ = 1
the LETKF performs poorly, which is expected since during the assimilation most of model
components will not have observations in their local boxes. For ζ ≥ 3 the effects of spurious
correlations degrade the quality of the LETKF analysis. On the other hand, the background
error correlations estimated by the modified Cholesky decomposition allows the EnKF-MC
formulation to obtain good analyses even for largest radius of influence ζ = 5.

Figure 5.10 shows the RMSE values of the LETKF and the EnKF-MC implementations for
different radii of influences and two sparse observational networks. Clearly, when the radius
of influence is increased, in the LETKF context, the analysis corrections are impacted by
spurious correlations. On the other hand, the quality of the results in the EnKF-MC case
is considerably better. When data errors components are uncorrelated ζ can be seen as a
free parameter and the choice can be based on the “optimal performance of the filter”. For
the largest radius of influence ζ = 5 the RMSE values of the ENKF-MC and the LETKF
implementations differ by one order of magnitude.

Figure 5.11 reports the RMSE values for the zonal and the meridional wind component anal-
yses, and for different values of p and ζ. As can be seen, the estimation of background errors
via B̂ can reduce the impact of spurious correlations; the RMSE values of the EnKF-MC
analyses remain small at all assimilation times, from which we infer that the background error
correlations are properly estimated. On the other hand, the impact of spurious correlations
is evident in the context of LETKF. Since most of the model components are unobserved,
the background error correlations drive the quality of the analysis, and spurious correlations
lead to a poor performance of the filter at many assimilation times.
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(a) ζ = 1. (b) ζ = 2.

(c) ζ = 3. (d) ζ = 4.

(e) ζ = 5.

Figure 5.9: RMSE of specific humidity analyses with a sparse observational network (p ∼ 4%)
and different values of ζ.
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(b) p = 4%.

Figure 5.10: Analysis RMSE for the specific humidity variable with sparse observation net-
works. RMSE values are shown for different values of ζ and percentage of observed compo-
nents p.

Figures 5.12 and 5.13 provide snapshots of the meridional and the zonal wind components,
respectively, at the first assimilation time. For this particular case the percentage of observed
model components is p = 4%. At this step, only the initial observation has been assimilated
in order to compute the analysis corrections by the EnKF-MC and the LETKF methods.
The background solution contains erroneous waves for the zonal and the meridional wind
components. For instance, for the u model variable, such waves are clearly present near
the poles. After the first assimilation step, the LETKF analysis solution dissipates the
erroneous waves but, the numerical values of the wind components are slightly greater than
those of the reference solutions. This numerical difference increases at later times due to the
highly-nonlinear dynamics of SPEEDY, as can bee seen in Figure 5.11. On the other hand,
the EnKF-MC implementation recovers the reference shape, and the analysis values of the
numerical model components are close to that of the reference solution. This shows again
that the use of the modified Cholesky decomposition as the estimator of the background
error correlations can mitigate the impact of spurious error correlations.
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Table 5.2: RMSE values of the wind-components for the EnKF-MC and LETKF making use
of the SPEEDY model.

Variable (units) ζ p EnKF-MC LETKF

Zonal Wind Component (u), (m/s)

1
12% 5.514× 102 5.471× 102

6% 6.972× 102 1.168× 103

4% 9.393× 102 1.737× 103

2
12% 4.187× 102 1.275× 103

6% 6.090× 102 7.591× 102

4% 7.853× 102 8.569× 102

3
12% 4.388× 102 1.661× 103

6% 6.146× 102 1.237× 103

4% 7.438× 102 9.997× 102

4
12% 4.323× 102 1.752× 103

6% 5.990× 102 1.608× 103

4% 7.124× 102 1.258× 103

5
12% 4.456× 102 1.862× 103

6% 6.106× 102 1.983× 103

4% 7.160× 102 1.602× 103

Meridional Wind Component (v) (m/s)

1
12% 3.540× 102 4.496× 102

6% 5.165× 102 1.158× 103

4% 7.770× 102 1.749× 103

2
12% 3.009× 102 7.285× 102

6% 4.605× 102 5.520× 102

4% 6.217× 102 7.420× 102

3
12% 3.172× 102 9.510× 102

6% 4.735× 102 8.334× 102

4% 6.014× 102 7.455× 102

4
12% 3.399× 102 1.048× 103

6% 4.812× 102 1.146× 103

4% 5.913× 102 9.026× 102

5
12% 3.626× 102 1.101× 103

6% 5.107× 102 1.575× 103

4% 6.122× 102 1.102× 103
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Table 5.3: RMSE values for the EnKF-MC and LETKF making use of the SPEEDY model.

Variable (units) ζ p EnKF-MC LETKF

Temperature (K)

1
12% 6.054× 102 6.033× 102

6% 5.692× 102 6.704× 102

4% 6.522× 102 8.073× 102

2
12% 5.680× 102 6.693× 102

6% 5.193× 102 5.556× 102

4% 5.299× 102 5.529× 102

3
12% 5.279× 102 1.217× 103

6% 4.982× 102 6.458× 102

4% 4.926× 102 6.073× 102

4
12% 5.023× 102 1.817× 103

6% 4.757× 102 1.030× 103

4% 4.766× 102 7.464× 102

5
12% 4.898× 102 1.600× 103

6% 4.644× 102 1.473× 103

4% 4.684× 102 1.172× 103

Specific Humidity (g/Kg)

1
12% 9.862× 101 9.026× 101

6% 1.133× 102 1.449× 102

4% 1.405× 102 1.941× 102

2
12% 1.029× 102 1.125× 102

6% 1.146× 102 1.137× 102

4% 1.270× 102 1.321× 102

3
12% 1.068× 102 1.341× 102

6% 1.205× 102 1.418× 102

4% 1.317× 102 1.458× 102

4
12% 1.065× 102 1.640× 102

6% 1.246× 102 1.652× 102

4% 1.324× 102 1.739× 102

5
12% 1.089× 102 2.078× 102

6% 1.301× 102 1.950× 102

4% 1.373× 102 2.068× 102
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(a) ζ = 3 and p = 12%
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(b) ζ = 4 and p = 12%

Figure 5.11: RMSE of the LETKF and EnKF-MC implementations for different model
variables, radii of influence and observational networks.
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(a) Reference (b) Background

(c) EnKF-MC (d) LETKF

Figure 5.12: Snapshots of the reference solution, background state, and analysis fields from
the EnKF-MC and LETKF for the fifth layer of the meridional wind component (v).
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(a) Reference (b) Background

(c) EnKF-MC (d) LETKF

Figure 5.13: Snapshots of the reference solution, background state, and analysis fields from
the EnKF-MC and LETKF for the second layer of the zonal wind component (u).

5.4.3 Parallel performance

We compare the elapsed times of both implementations when the number of processors (sub-
domains) are increased. We vary the number of computing nodes from 6 (96 processors) to
128 (2,048 processors) We let the radius of influence r = 5 and an observational network
with p = 4%. The elapsed times for different numbers of computing nodes for the EnKF-MC
and LETKF are shown in figure 5.14. As is expected, the elapsed time of the LETKF is
lesser than that in the EnKF-MC formulation since no covariance estimation is performed.
Nevertheless, the difference between the elapsed times is in the order of seconds which is is
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even more irrelevant when the EnKF-MC results are more accurate than those obtained by
the LETKF.
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Figure 5.14: Elapsed times of the EnKF-MC and LETKF for different number of computing
nodes (x 16 processors).

An important concern to address in the EnKF-MC formulation is how its accuracy is im-
pacted when the number of processors (sub-domains) is increased. As we mentioned before,
the model domain is decomposed in order to speedup computations but not for increasing
the accuracy of the method (i.e., the impact of spurious correlations can be small for small
sub-domain sizes) Two main reasons are that we have a well-conditioned estimated of B−1

and even more, the conditional independence of model components makes the sub-domain
size to have no impact in the accuracy of the EnKF-MC. As can be seen in figure 5.15, for
some model variables and values of r and p, the EnKF-MC provides almost the same accurate
results among all configurations. The small variations in the RMSE values of the EnKF-MC
obey to the synthetic data built at different processors during the assimilation step. For
instance, the random number generators used in the experiments depends on the processors
id and therefore, the exact synthetic data is not replicated when the number of processors
is changed. In the LETKF context we obtain the exact same results for all configurations
since it is a deterministic filter and even more, the assimilation is performed for each grid
point in the sub-domain. The relations between the accuracy of the methods and the radii
CPU-time for 96 and 768 processors are shown in figures 5.16 and 5.17, respectively. Based
on the results, the accuracy of the EnKF-MC formulation can be improved by increasing the
radius of influence ζ. This will demand more computational time which can be mitigated by
increasing the number of processors during the assimilation process.
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Figure 5.15: RMSE of the LETKF and EnKF-MC implementations for different model
variables and number of computing nodes. The number of computing nodes is next to the
method name.
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(a) p ∼ 50% (b) p ∼ 50%

(c) p ∼ 4% (d) p ∼ 4%

Figure 5.16: Relation between CPU-time and accuracy of the compared EnKF implementa-
tions for different radii of influence when the number of computing nodes is 6 (96 processors)
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(a) p ∼ 50% (b) p ∼ 50%

(c) p ∼ 4% (d) p ∼ 4%

Figure 5.17: Relation between CPU-time and accuracy of the compared EnKF implementa-
tions for different radii of influence when the number of computing nodes is 48 (768 proces-
sors)

5.4.4 Statistics of the ensemble

In this section, we briefly discuss the spread of the ensemble making use of rank histograms.
Of course, we do not claim this to be a verification procedure but, it provides useful insights
about the dispersion of the members and the level of uncertainty about the ensemble mean.
The plots are based on the 5-th numerical layer of the atmosphere. We collect information
across all model variables and the plots are shown in figures 5.18, 5.21, 5.19, and 5.20. Based
on the results, the proposed implementation seems to be lesser sensitive to the intrinsic need
of inflation than the LETKF formulation. For instance, after the assimilation, the ensemble
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members from the EnKF-MC are spread almost uniformly across different observation times.
On the other hand, the spread in the context of the LETKF is impacted by the constant
inflation factor used during the experiments (1.04) In practice, the inflation factor is set
up according to historical information and/or heuristically with regard to some properties
of the dynamics of the numerical model. This implies that, the dispersion of the LETKF
members after the analysis will rely in how-well we estimate the optimal inflation factor for
such filter. In operational data assimilation, an answer to this question can be hard to find.
We think that inflation methodologies such as adaptive inflation can lead to better spread
of the ensemble members in the context of the LETKF. For the proposed method, based on
the experimental results, such methodology is not needed.

(a) EnKF-MC (b) LETKF

Figure 5.18: Rank-histograms for the Specific Humidity model variable. The information is
collected from the 5-th model layer.
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(a) EnKF-MC (b) LETKF

Figure 5.19: Rank-histograms for the Zonal Wind Component model variable. The informa-
tion is collected from the 5-th model layer.

(a) EnKF-MC (b) LETKF

Figure 5.20: Rank-histograms for the Meridional Wind Component model variable. The
information is collected from the 5-th model layer.
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(a) EnKF-MC (b) LETKF

Figure 5.21: Rank-histograms for the Temperature model variable. The information is
collected from the 5-th model layer.

5.4.5 The impact of SVD truncation threshold

An important question arising from this research is the number of singular values/vectors
to be used in (5.9). To study this question we use the same experimental setting and the
sparse observational network where only 4% of the model components are observed. We
apply EnKF-MC algorithm and truncate the summation (5.9) based on different thresholds
σr.

The results are reported in Figure 5.22. Different thresholds lead to different levels of ac-
curacy for the EnKF-MC analyses. There is no unique value of σr that provides the best
ensemble trajectory in general; for instance, the best performance at the beginning of the
assimilation window is obtained for σr = 0.05, but, at the end the best solution is obtained
with σr = 0.2. This indicates that the results can be improved when σr is dynamically
and optimally chosen. Note that, on average, the results obtained by the EnKF-MC with
σr ∈ {0.15, 0.20, 0.25} are much better than those when σr = 0.10 (and therefore much
better than the results obtained by the LETKF). In Figure 5.23 snapshots of the specific
humidity for different σr are shown. It can be seen that the spurious errors can be quickly
decreased when σr is chosen accordingly.

In order to understand the optimal truncation level note that the summation (5.9) can be
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written as follows:

β[i] =
N∑
j=1

αj · uZ[i]

j , (5.27)

αj =
1

τj
· vZ[i]

j

T
· x[i] =

1

τj
· vZ[i]

j

T
·
[
x̃[i] + θ[i]

]
=

1

τj
· vZ[i]

j

T
· x̃[i]︸ ︷︷ ︸

Uncorrupted data

+
1

τj
· vZ[i]

j

T
· θ[i]︸ ︷︷ ︸

Error

where x̃[i] is the perfect data (x[i] = x̃[i] + θ[i]). The components with small singular values
τj will amplify the error more. The threshold should be large enough to include useful
information from x̃[i], but small enough in order to prune out the components with large
error amplification. We expect that model components with large variances will need more
basis vectors from (5.9) than those with lesser variance. An upper bound for the number of
basis vectors (and therefore the threshold σr) can be obtained by inspection of the values
αj in (5.27). Figure 5.24 shows the weights αj for different singular values for the 500-th
model component of the SPEEDY model. The large zig-zag behaviors are evidence of error
amplifications and therefore, we can truncate the summation (5.27) before this pattern starts
to take place in the values of αj.
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Figure 5.22: RMSE for the SPEEDY analyses obtained using different SVD truncation levels
based on the σr values.
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(a) Reference (b) σr = 0.05

(c) σr = 0.10 (d) σr = 0.15

(e) σr = 0.20 (f) σr = 0.30

Figure 5.23: Snapshots at the final assimilation time (day 22) of the EnKF-MC analysis
making use of different thresholds σr for ζ = 5 and p = 4%.
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Figure 5.24: The effect of θ on the weights αj for some model component i of the SPEEDY
model when ζ = 5 and p = 4%.

5.5 Conclusions

This chapter develops an efficient implementation of the ensemble Kalman filter, named
EnKF-MC, that is based on a modified Cholesky decomposition to estimate the inverse
background covariance matrix. This new approach has several advantages over classical
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formulations. First, a predefined sparsity structure can be built into the factors of the inverse
covariance. This reflects the fact that if two distant model components are uncorrelated then
the corresponding entry in the inverse covariance matrix is zero; the only nonzero entries in
the Cholesky factors correspond to components of the model that are located in each other’s
proximity. Therefore, imposing a sparsity structure on the inverse background covariance
matrix is a form of covariance localization. Second, the formulation allows for a rigorous
theoretical analysis; we prove the convergence of the covariance estimator for a number of
ensemble members that is proportional to the logarithm of the number of states of the model
therefore, when N ≈ log n, the background error correlations can be well-estimated making
use of the modified Cholesky decomposition.

We discuss different implementations of the new EnKF-MC, and asses their computational
effort. We show that domain decomposition can be used in order to decrease even more the
computational effort of the proposed implementation. Numerical experiments are carried out
using the Atmospheric General Circulation Model SPEEDY reveal that the analyses obtained
by EnKF-MC are better than those of the LETKF in the root mean square sense when sparse
observations are used in the analysis. For dense observation grids the EnKF-MC solutions
are improved when the radius of influence increases, while the opposite holds true for LETKF
analyses. (We stress the fact that these conclusions are true for our implementation of the
basic LETKF; other implementations may incorporate advances that could make the filter
perform considerably better). The use of modified Cholesky decomposition can mitigate the
impact of spurious correlation during the assimilation of observations.



Chapter 6

A Derivative-Free Trust Region
Framework for Variational Data
Assimilation

This chapter develops a hybrid ensemble-variational approach for solving data assimilation
problems. The method, called TR-4D-EnKF, is based on a trust region framework and
consists of three computational steps. First an ensemble of model runs is propagated for-
ward in time and snapshots of the state are stored. Next, a sequence of basis vectors is
built and a low-dimensional representation of the data assimilation system is obtained by
projecting the model state onto the space spanned by the ensemble perturbations. Finally,
the low-dimensional optimization problem is solved in the reduced-space using a trust region
approach; the size of the trust region is updated according to the relative decrease of the
reduced order surrogate cost function. The analysis state is projected back onto the full
space, and the process is repeated with the current analysis serving as a new background.
A heuristic approach based on the trust region size is proposed in order to adjust the back-
ground error statistics from one iteration to the next. Experimental simulations are carried
out using the Atmospheric General Circulation Model (SPEEDY). The results show that
TR-4D-EnKF is an efficient computational approach, and is more accurate than the current
state of the art 4D-EnKF implementations such as the POD-4D-EnKF and the Iterative
Subspace Minimization methods.

The chapter is organized as follows. Section 6.1 develops the novel derivative free TR-4D-
EnkF method. Aspects regarding the computational effort of the TR-4D-EnKF are discussed
in Section 6.2. Numerical results using the Lorenz-96 and the quasi-geostrophic models are
reported in Section 6.3, and conclusions are presented in Section 6.4.

122
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6.1 The TR-4D-EnKF method

In this section we develop a Trust Region 4D-EnKF (TR-4D-EnKF) approach to data assim-
ilation. We start with a general overview of the method and then present the computational
algorithm in detail.

The initial solution and background covariance matrix in the model space are given by the
initial approximation of the background x

(0)
0 = xb

0 and error covariance matrix B
(0)
0 = B0,

respectively. The initial ensemble is drawn from N
(
x

(0)
0 ,B

(0)
0

)
,

Xb
0 =

[
x
b[1]
0 , x

b[2]
0 , . . . , x

b[N ]
0

]
∈ Rn×N , (6.1)

The ensemble members are propagated in time and M + 1 snapshots are stored

Xs =


x
b[1]
0 x

b[2]
0 . . . x

b[N ]
0

x
b[1]
1 x

b[2]
1 . . . x

b[N ]
1

...
...

. . .
...

x
b[1]
M x

b[2]
M . . . x

b[N ]
M

 ∈ R(n·(M+1))×N . (6.2)

We initialize the vector of weights to α = 0N and j = 0. Recall the strong 4D-Var optimiza-
tion problem:

xa0 = arg min
x0

J (x0) subject to xk =Mtk−1→tk (xk−1) , (6.3)

where J (x0) is given in (2.14). In order to solve the numerical optimization problem (6.3) we
build a quadratic model for the cost function (2.14). The standard approach makes use of the
full space gradient, and possibly Hessian, of (2.14). We seek to avoid the implementation of a
full adjoint model to compute exact derivatives. The idea is to approximate the derivatives
of J (x0) by the ensemble space derivatives (2.23a) and Hessian (2.23b). The resulting
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quadratic model is:

Q(j) (sα) = Jens(α+ sα)

=
1

2
·
∥∥db −Ψ0 · (α+ sα)

∥∥2

B−1
0

+
1

2

M∑
k=0

‖do
k −Qk · (α+ sα)‖2

R−1
k

=
1

2
·
∥∥db −Ψ0 ·α

∥∥2

B−1
0

+
1

2

M∑
k=0

‖do
k −Qk ·α‖2

R−1
k︸ ︷︷ ︸

Jens(α)

+

{[
ΨT

0 ·B−1
0 ·Ψ0 +

M∑
k=0

QT
k ·R−1

k ·Qk

]
·α− c

}T

· sα︸ ︷︷ ︸
∇Jens(α)T ·sα

+
1

2
sα

T

[
ΨT

0 ·B−1
0 ·Ψ0 +

M∑
k=0

QT
k ·R−1

k ·Qk

]
sα︸ ︷︷ ︸

1
2
sαT∇2Jens(α)sα

,

where c = Ψ0
T ·B−1

0 · db +
∑M

k=0 QT
k ·R−1

k · dk ∈ RN×1. This can be rewritten as

Q(j)(sα) = Jens(α) + sα
T∇αJens(α) +

1

2
sα

T∇2
α,αJens(α)sα . (6.4)

The optimal step sα
∗ in the ensemble space is given by the solution of the constrained

optimization sub-problem

sα
∗ = arg min

sα

Q[j](sα) , (6.5a)

subject to ‖Ψ0 · (α+ sα) ‖ ≤ ∆(j) . (6.5b)

The trust region constraint is formulated such as to use the trust region radius ∆(j) from
the full model space.

The solution of (6.5) provides the following trial point in the ensemble space

α
′
= α+ sα

∗ ,

which corresponds to the following state in the model space

x
′

0 = x
(j)
0 + Ψ0 ·

αtrial︷ ︸︸ ︷
(α+ sα

∗)︸ ︷︷ ︸
δx∗

. (6.6a)

The problem (6.5) is solved using Lagrangian multipliers. The first and second derivatives
of the model (6.4) are

∇Q(j)(sα) = ∇Jens(α) +∇2Jens(α) · sα ∈ RN×1 ,
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and
∇2Q(j)(sα) = ∇2Jens(α) ∈ RN×N ,

respectively. The trust region constraint (6.5b) can be written as

‖α+ sα‖2
P −∆(j)2

+ ς2 = 0 ,

where ς ∈ R is a slack variable and P = Ψ0
T ·Ψ0 ∈ RN×N . Consider the Lagrangian

L (sα, λ, ς) = Q(sα) + λ ·
[
‖α+ sα‖2

P −∆[j]2 + ς2
]
, (6.8)

The constrained problem (6.5) becomes the unconstrained optimization problem

sα
∗ = arg min

sα

L (sα, λ, ς) . (6.9)

The stationarity conditions for (6.8) read:

∇L (sα, λ, ς) =

Lsα (sα, λ, ς)
Lλ (sα, λ, ς)
Lς (sα, λ, ς)

 = 0 ,

where

Lsα (sα, λ, ς) = ∇Q (sα) + 2λP · (α+ sα) = 0 ∈ RN ,

Lλ (sα, λ, ς) = ‖α+ sα‖2
P −∆[j]2 + ς2 = 0 ∈ R ,

Lς (sα, λ, ς) = 2 · λ · ς = 0 ∈ R ,

which provides all the information needed to solve (6.9). Note that, when the full step is
taken in the ensemble space ∥∥∥Ψ0 ·α

′
∥∥∥ ≤ ∆(j) ,

the exact solution (2.21) can be employed. Then, M + 1 snapshots of the full model solution
started from x

′
0 (6.6a) are stored. The following ratio is computed:

ρ(j) =
J
(
x(j)
)
− J

(
x
′)

Q (0N)−Q (sα∗)
=
J
(
x[j]
)
− J

(
x
′)

Jens (α)− Jens (α′)
. (6.10)

Based on the ρ(j) value, the next updates are made for the solution in the model space

x(j+1) :=

{
x(j) for ρ(j) ≤ η,

x
′

otherwise,
(6.11)
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and for the TR radius size

∆(j+1) :=


∆(j) · γdec for ρ(j) < θ1,

∆(j) for θ1 ≤ ρ(j) < θ2 or ρ(j) > 1,

min
(
∆(j) · γinc, ∆max

)
for θ2 ≤ ρ(j) ≤ 1.

(6.12)

The current solution becomes the new background and therefore, a new ensemble of full
model solutions is generated, snapshots are taken, a new set of basis vectors is built, and
the overall process is repeated.

Since a partial assimilation of observations has been carried out the uncertainty associated
with the new background is changed. As an analogy, in the EnKF the spread of the ensemble
members around the background is decreased after the analysis step. Consequently, before
generating a new ensemble, we want to adjust the spread of the background errors. This is
done according to the heuristic formula

B
(j+1)
0 := λB(∆) ·B(j)

0 , (6.13)

where λB (∆) is a function of the current TR radius size. Note that the TR radius is large
when the decrease of the current (quadratic) model is a good predictor of the full model
function decrease. In our context, if the dynamics of the full (nonlinear) model is well
represented by the ensemble, the prediction done using the quadratic model Q(sα) is close
to the actual reduction of the cost function J (x) and the TR radius is increased. In this
case, we want the λB (∆) value to be small in order to decrease the uncertainty of the new
ensemble around xb

0. Vice versa, a small TR radius indicates that the current set of basis
vectors does not represent well the dynamics of the model. The current assimilation step
is not expected to decrease uncertainty; to keep the same uncertainty level for the next
ensemble generation we need λB (∆) ≈ 1. Both cases are captured by the following heuristic
function

λB (∆) =
∆max

∆max + ∆
,

which provides an inverse relation between the TR radius and the spread of the ensemble
members. Other functions can be considered as well. In summary, when the TR radius is
large the confidence in the current solution is increased

lim
∆→∆max

λB =
∆max

2 ·∆max

=
1

2
.

On the other hand, when the TR size is small, the current level of background uncertainty
remains unchanged for the new ensemble generation

lim
∆→0

λB =
∆max

∆max

= 1 .
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The effects of the scaling of B0 on the new background ensemble are shown in the Figure
6.1 for a 2D example. The choice λB = 1 keeps the uncertainty unchanged (Figure 6.1a),
while λB = 1/2 shrinks the spread by half (Figure 6.1b).
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Figure 6.1: Impact of the scaling of B0 on the spread of the newly generated ensemble.

The outline of the TR-4D-EnKF method is shown below.

1. Initialization. The TR parameters are initialized. x
(0)
0 := xb0, B

(0)
0 = B0, α = 0N

and j = 0.

2. Ensemble generation. The initial ensemble is drawn from a distribution with mean
x

(j)
0 and background error covariance matrix B

(j)
0 . M snapshots for each ensemble

member are stored (2.17) and the basis functions (2.19) are computed.

3. Model construction. Build the quadratic model (6.4).

4. Optimization problem. Solve the optimization sub-problem (6.5) and compute α
′

and x
′
0.

5. Ratio of prediction. Run the full model to obtain M snapshots of the solution
started from x

′
0 and compute the ratio ρ(j) (6.10).

6. Solution and TR size update. Update the solution in the model space and the TR
radius according to (6.11) and (6.12), respectively.
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7. Background update. Set α := 0N , scale the covariance matrix (6.13), j ← j + 1,
and go to Step 2.

The iteration stopping criterion for the TR-4D-EnKF implementation can be based on the
total number of iterations, on the trace of B

(j)
0 , or on the trust region radius ∆(j).

6.2 Computational effort

In this section, we briefly discus the computational effort of the proposed implementation in
terms of memory storage and number of long computations. We assume the estimated data
error covariance matrix R ∈ Rm×m to be (block) diagonal. Even more, the observational
operator H : Rm → R

N can be efficiently applied, for instance, it chooses the components
from the vector state to be observed and therefore, long computations are not required.

As is usual in 4D-EnKF implementations, the TR-4D-EnKF requires the storage of an en-
semble of snapshots and a set of basis vectors, both of size n · M · N . Even more, the
snapshots of the ensemble mean and the trial point in model space are needed as well, each
one of size n ·M . Likewise, the size of the observations in the assimilation windows reads
m ·M . Thus, the total amount of the data to be stored per iteration by the TR-4D-EnKF
reads

DTR−4D−EnKF = 2 · n ·M ·N + 2 · n ·M +m ·M,

since the storage of the trial point (vector of weights in the ensemble space) is irrelevant,
it has been omitted in the above equation. The main difference between the TR-4D-EnKF
and the ISM lies in the computation of the trial point (and its snapshots). Thus, the total
amount of data per iteration for the ISM method reads:

DISM = DTR−4D−EnKF − n ·M = 2 · n ·M ·N + n ·M +m ·M,

which is equivalent to the data size of the POD-4D-EnKF (one iteration of ISM).

In the context of computations, TR-4D-EnKF generates a set of basis vectors from the en-
semble in O (n ·N) long computations. The computation of the optimal step is bounded
by O (K ·N3), where K depends on the optimization method used. The function evalu-
ations can be efficiently performed with no more than O (n · SB−1 +m · SR−1) multiplica-
tions, where SB−1 and SR−1 depend on the level of sparsity of the matrices B−1 and R−1,
respectively. Based on this analysis the number of long computations per iteration for the
TR-4D-EnKF reads:

LCTR−4D−EnKF ∈ O
(
n ·N +K ·N3 + n · SB−1 +m · SR−1

)
.

Likewise, the optimal step of the ISM can be computed in O (N3) since no optimization
problem (i.e., there is no quadratic model) is used, the other computations are similar to
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those of the TR-4D-EnKF. Hence, the computations per iteration performed by the ISM
method reads:

LCISM ∈ O
(
n ·N +N3 + n · SB−1 +m · SR−1

)
,

which is equivalent to the total number of computations for the POD-4D-EnKF. Although
the computational efforts of the compared methods seems to be similar, the TR-4D-EnKF
requires an additional model propagation per iteration in order to compute the trial point
and its snapshots.

Now we are ready to test our implementation and compare it with other 4D-EnKF imple-
mentations discussed in Section 2.3.

6.3 Numerical experiments

In this section we study the accuracy and performance of the TR-4D-EnKF approach. The
proposed implementation is compared with the 4D-EnKF implementations discussed in Sec-
tion 2.3: POD and ISM, using the Atmospheric General Circulation Model (AGCM), better
known as SPEEDY [Mol03a, KM03, BKKM04, KMB06b, KMK+12], by the International
Centre for Theoretical Physics (ICTP) in Trieste, Italy. The ICTP AGCM is based on a
spectral dynamical core developed at the Geophysical Fluid Dynamics Laboratory (GFDL)
[HS94] at the Princeton Univeristy Forrestal Campus in Princeton, USA. All the physics
are developed on the sphere concisely, the Earth. It is a hydrostatic, σ-coordinate, spectral-
transform model in the vorticity-divergence form described by Bourke [Bou74], with semi-
implicit treatment of gravity waves. The basic prognostic variables are shown in the Table
6.1.

Table 6.1: Pronostic variables in the SPEEDY model.

Variable Symbol Number of Layers
Vorticity Ω 8
Divergence χ 8
Pressure ψ 8
Specific Humidity Λ 8
Temperature τ 1

The number of longitudinal and latitudinal points are 96 and 48, respectively. The longitu-
dinal values ranges evenly in [0, 96] while the latitudinal values ranges evenly in [0, 48]. This
provides a total number of 4096 points per layer. Each layer is mapped to the vector state
which provides a total number of n = 152064 components. Only 50% of the components are
observed at each layer, this corresponds to 2048 components per layer and a total number
of m = 67584 components being observed in the system.
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The metrics used in the tests are the CPU time (which is reported per iteration) and the
root mean square error

RMSE =

√√√√ 1

M
·
M∑
k=0

(x∗k − xa
k)
T · (x∗k − xa

k) ,

which provides the average of the squared root differences between the reference solution x∗

and the analysis xa over the observation times.

Some details regarding the numerical implementation of the data assimilation methods:

• Three computational languages are used to carried out the different steps of the com-
pared methods: C, FORTRAN and MATLAB.

• The forecast step of the ensemble members is performed in C language making use of
MPI. Each ensemble member is independently propagated in time.

• The number of ensemble members matches the number of processors.

• The initial conditions of the ensemble are coded in FORTRAN 77.

• The assimilation step is carried out in MATLAB.

• The communication between different programming languages is performed in the data
level via NetCDF files.

• The main core of the program is written in bash language which integrates the different
components of the data assimilation process.

• A two day assimilation window is set-up with observations taken evenly each 3 hours.

Other parameters of the numerical simulation are described below.

• Starting in rest, the ICTP AGMC model is propagated in time for three months, after
that, we assume the final state to be the true initial condition xtrue

0 for our testing.



131

1

0.5

0

-0.5

-11

0.5

0

-0.5

-1

-0.5

0

0.5

1

-1

(a) H1

1

0.5

0

-0.5

-11

0.5

0

-0.5

-1

-0.5

0

0.5

1

-1

(b) H2

1

0.5

0

-0.5

-11

0.5

0

-0.5

-1

-0.5

0

0.5

1

-1

(c) H3

1

0.5

0

-0.5

-11

0.5

0

-0.5

-1

-0.5

0

0.5

1

-1

(d) H4

Figure 6.2: Linear observation operators. The dark areas correspond to observed compo-
nents.

• Four linear observation operators on the Earth are considered, they are evenly and
sequentially distributed over the assimilation window. This mimics, for instance, the
use of different sets of sensors at different times in the ocean. The observational
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operators are shown in figure 6.2.

• The initial background state is a sample from the distribution:

xb ∼ N
(
xtrue, B0

)
,

where B0 = (0.05)2 · In×n. Similarly, the initial ensemble are samples drawn from the
distribution

xb(i) ∼ N
(
xb, B0

)
,

for 1 ≤ i ≤ N .

• Four ensemble sizes N are considered: 10, 20, 40 and 80.

• Data errors are normally distributed with parameters

ε ∼ N (0m, R)

with R = (0.01)2 · Im×m.

• Five iterations are considered for the ISM and TR-4D-EnKF implementations. This is
more than reasonable, in practice, we are not able to propagate the model many times.

• The parameters for the TR-4D-EnKF optimization are γinc = 1.4, γdec = 0.5, ∆max =
100, ∆0 = 0.1, η = 0.1, θ1 = 0.25 and θ2 = 0.75.

The RMSE and the elapsed times are presented in the Tables 6.2 and 6.3, respectively.
Notice, all the 4D-EnKF methods presented in this paper are able to improve the background
initial condition xb0 in terms of RMSE. This behaviour holds even in difficult scenarios such
as small ensemble sizes (i.e., N = 10), high dimensional vector states and only 50% of
observed components from the dynamical system. Notice, the POD-4D-EnKF outperforms,
in average, the accuracy of the background state by one order of magnitude. The improving
is more notorious when the dimension of the ensemble is increased. This obeys to a better
representation of the background error statistics onto the space spanned by the ensemble
perturbations. As is expected, the more ensemble members, the lesser sampling errors are
involved in the assimilation step. Likewise, the ISM method provides very good results with
just five iterations and within a reasonable computational effort. The results are much better
than the ones obtained via POD-4D-EnKF (equivalent to a single iteration of the ISM). This
justifies the iterative refinement of solutions in the context of reduce space approaches. The
proposed TR-4D-EnKF outperforms the initial solution in the context of RMSE and after five
iterations, the RMSE values look similar to those obtained via the ISM. The figures 6.3 and
6.4 show the estimated state obtained by each method for the vorticity and the temperature
at the Earth’s surface. There is no doubt that the initial background state xb0 provides a
poor estimation of the vorticity and temperature at the Earth’s surface. On the contrary,
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Table 6.2: Root mean square error for different ensemble sizes and data assimilation methods.
The notation reads x(y) = x× 10y.

N Method Ω χ ψ Λ τ
N/A Background 1.64(−3) 1.62(−3) 5.58(2) 2.08(3) 1.05(2)

10
POD-4D-EnKF 9.89(−4) 9.79(−4) 3.29(2) 1.23(3) 6.33(1)

ISM 5.70(−4) 5.56(−4) 1.82(2) 6.83(2) 3.70(1)
TR-4D-EnKF 5.66(−4) 5.53(−4) 1.81(2) 6.79(2) 3.66(1)

20
POD-4D-EnKF 9.07(−4) 8.91(−4) 2.97(2) 1.11(3) 5.92(1)

ISM 4.07(−4) 4.02(−4) 1.29(2) 4.88(2) 2.67(1)
TR-4D-EnKF 4.07(−4) 4.02(−4) 1.29(2) 4.87(2) 2.67(1)

40
POD-4D-EnKF 8.88(−4) 8.80(−4) 2.88(2) 1.07(3) 5.65(1)

ISM 3.03(−4) 3.10(−4) 9.79(2) 3.69(2) 2.07(1)
TR-4D-EnKF 2.93(−4) 3.02(−4) 9.47(2) 3.56(2) 2.01(1)

80
POD-4D-EnKF 7.99(−4) 8.14(−4) 2.67(2) 9.98(2) 5.11(1)

ISM 2.31(−4) 2.43(−4) 7.49(2) 2.83(2) 1.59(1)
TR-4D-EnKF 2.11(−4) 2.29(−4) 6.99(2) 2.65(2) 1.46(1)

the solutions obtained by the POD-4D-EnKF seems to be relatively “close” to the true state
of the system. However, the ISM provides a much better approximation than the POD-
4D-EnKF. Likewise, the TR-4D-EnKF approximation is similar to the ISM one. Figure 6.5
provides the time evolution of the errors for the vorticity field among the 8 layers. Note that,
the RMSE values in time of the ISM and TR-4D-EnKF are relatively close under the RMSE
metric. However, figure 6.6 shows a different perspective of this two methods. We report
the background and POD-4D-EnKF solutions for comparison purposes since those methods
does not require iterations. Note that, in all the cases, the TR-4D-EnKF method performs
better than the ISM in the first three iterations. The performance is much better when large
ensemble sizes are used in the assimilation window. Note that, the accuracy obtained by five
iterations of the ISM is equivalent to that obtained by two iterations of the TR-4D-EnKF.
In practice, this is extremely important since model propagation is a labor-intensive process
and therefore, the lesser number of times the model is propagated, the better. This implies
we are able to obtain good approximations with lesser number of iterations making use of
the TR-4D-EnKF than the ISM. This gap between the two methods can be explained in
terms of the initial background distribution at each iteration: the TR-4D-EnKF decreases
the uncertainty according to trust region sizes, when a good representation of the background
error statistics (ensemble members) is contained in the ensemble, the next iteration of the
TR-4D-EnKF method will solve an optimization problem where the uncertainty around the
initial condition has been decreased. This is not the case of the ISM method where the same
uncertainty is hold among all the iterations.
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(a) True State

(b) Background (c) POD-4D-EnKF

(d) ISM (e) TR-4D-EnKF

Figure 6.3: Initial vorticities at the Earth’s surface from the analysis states xa0 for the different
compared data assimilation methods. After five iterations, the iterative methods ISM and
TR-4D-EnKF provide the most accurate results among the compared implementations.
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(a) True State

(b) Background (c) POD-4D-EnKF

(d) ISM (e) TR-4D-EnKF

Figure 6.4: Estimated initial states (xa0) for the temperature at the Earth’s surface for the
Background, POD-4D-EnKF, ISM and TR-4D-EnKF. After five iterations, the iterative
methods ISM and TR-4D-EnKF provide the most accurate results among the compared
implementations.



136

Time

0 5 10 15 20

R
o

o
t 

M
e

a
n

 S
q

u
a

re
 E

rr
o

r

×10
-6

0

1

2

3

4

5

6

(a) N = 10

Time

0 5 10 15 20

R
o

o
t 

M
e

a
n

 S
q

u
a

re
 E

rr
o

r

×10
-6

0

1

2

3

4

5

6

(b) N = 20

Time

0 5 10 15 20

R
o

o
t 

M
e

a
n

 S
q

u
a

re
 E

rr
o

r

×10
-6

0

1

2

3

4

5

6

(c) N = 40
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(d) N = 80

Figure 6.5: RMSE among observational times of the background state (�), POD-4D-EnKF
(�), ISM (N) and TR-4D-EnKF (•) implementations for different ensemble sizes (N). The
most accurate results are obtained by the iterative methods. The analyses reported for the
iterative methods are obtained after five iterations.
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(c) N = 40
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(d) N = 80

Figure 6.6: RMSE among iterations of the background state (�), POD-4D-EnKF (�), ISM
(N) and TR-4D-EnKF (•) implementations for different ensemble sizes (N). Since the POD-
4D-EnKF is equivalent to one ISM iteration, its RMSE holds constant after the first iteration
(for comparison purposes). The background is constant over all the iterations since it is the
best estimation prior any measurement.

6.4 Conclusions

This chapter discuss the TR-4D-EnKF formulation, an ensemble-based 4D-Var data assimi-
lation method based on the trust region framework. The proposed implementation projects
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Table 6.3: Assimilation times for the compared 4D-EnKF implementations.

N Method Assimilation Time

10
POD-4D-EnKF ∼ 10 seconds

ISM ∼ 55 seconds
TR-4D-EnKF ∼ 1 minute

20
POD-4D-EnKF ∼ 12 seconds

ISM ∼ 1 minute
TR-4D-EnKF ∼ 1 minute

40
POD-4D-EnKF ∼ 20 seconds

ISM ∼ 1.5 minutes
TR-4D-EnKF ∼ 1.9 minutes

80
POD-4D-EnKF ∼ 1 minute

ISM ∼ 4 minutes
TR-4D-EnKF ∼ 5 minutes

the model space onto the space spanned by the deviations of the ensemble members from
the mean, as is typically done in 4D-EnKF implementations. A small optimization problem
is solved in the ensemble space. At each iteration a new ensemble-based surrogate model of
the 4D-Var cost function is constructed, and the convergence is controlled by the trust region
method. The trust region radius connects the optimal solution found in the ensemble space
with the corresponding solution in the full model space. Moreover, the evolution of error
statistics throughout iterations are captured by an empirical relation that uses the changes
in trust region radius as a proxy for uncertainty decrease. Experimental results shows that
the proposed implementation provide more accurate results than some of the best 4D-EnKF
implementations available in the literature within a reasonable computational effort and a
lesser number of iterations.



Chapter 7

Conclusions and Future Research
Directions

This dissertation proposes efficient implementations of ensemble-based methods in data as-
similation. Our formulations exploit the flow-dependency and the rank-deficiency properties
of the ensemble covariance matrix, features that encapsulate the most important information
needed to estimate the true background error correlations.

The iterative Sherman Morrison formula (ISMF) uses the fact that the ensemble covariance
matrix is of rank at most O (102) in order to obtain an efficient implementation of the
ensemble Kalman filter (EnKF). The computational effort of this method is bounded linearly
with respect to the number of observations and the model dimension. The numerical stability
of the iterative Sherman Morrison formula is guaranteed if the data error covariance matrix
is positive definite. The computational effort of the ISMF is equivalent to those of the best
EnKF implementations found in the literature. A future direction is to solve the different
linear systems (involved in a step of the method) simultaneously on different processors.
If the number of ensemble members matches the number of processors only linear terms
(including the ensemble size) will bound the computational complexity of the method.

We proposed efficient EnKF implementations based on well-conditioned shrinkage estimates
of background error covariance matrices. The resulting estimators in this context can be
represented by two scalars and the matrix of member deviations of ensemble members. The
computational effort involved in the analysis step is equivalent to that of the traditional
EnKF where background errors are estimated via the ensemble covariance matrix. Since we
have a well-conditioned estimator, samples from the prior error distribution can be taken in
order to reduce the impact of sampling errors during the assimilation process. Numerical
experiments reveal that the use of synthetic samples improves the accuracy of the proposed
filters. The assimilation of observed components can be performed in parallel, using domain
decomposition, without degrading the accuracy of the proposed methods.

139
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The EnKF based on modified Cholesky (EnKF-MC) decomposition for inverse covariance
matrix estimation exploits the localized nature of error correlations in order to compute
sparse estimates of the inverse background error covariance matrix. A rigorous proof of
convergence is provided for this estimator in the context of ensemble-based data assimilation
is given. The estimate of the inverse background covariance matrix will converge to the true
covariance when the ratio between the logarithm of the number of model components and
the ensemble size is bounded by a constant. Experimental results reveal that the use of
modified Cholesky in data assimilation can reduce the impact of spurious correlations. Even
more, domain decomposition can be used in order to speed up the analysis using parallel
computations without impacting the accuracy of the method. In future work the factorization
provided by the modified Cholesky decomposition will be updated in order to account for
the information coming from the observations. This will be achieved using rank-one updates
with the resulting matrix being an approximation of the square root of the inverse analysis
covariance matrix. This square root can be used to compute the posterior model of the error
distribution and then to generate a posterior ensemble.

Strong constraint four dimensional variational assimilation (4D-Var) uses adjoint models to
solve an optimization problem that computes the mode of the initial posterior distribution
such as to best fit the observations within an assimilation window. In practice adjoint mod-
els are difficult to implement and maintain for real forecast models, and implementations
are highly sensitive to human errors. An ensemble of model trajectories encapsulates in-
formation about error correlations at different times. Snapshots of ensemble trajectories at
observation times can be used in order to obtain approximations of the analysis trajectory
in the ensemble space. Since the approximate analysis is sensitive to sampling errors (e.g.,
the size of the sub-spaces is several times smaller than the underlying background error
distribution), we formulate an ensemble 4D-Var implementation based on the trust region
method (TR-4D-EnKF). The proposed implementation links the uncertainty in the ensemble
with the trust region size. Experimental results reveal that the use of our proposed imple-
mentation decreases the error in the analysis estimation faster than other efficient 4D-EnKF
formulations found in the current literature.
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