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I. ~ INTRODUCTION

Preventlve maintenance 1s of paramount 1mportance 1n many

"ﬂvsystems.r A well de31gned well engineered thoroughly tested systemfiiﬁj&f’*c"

yshould never fail in operation. But experlence speaks otherw1se..A'?"

ifiThe failure of a system at any time is 1nopportune.. But at certaln ,1yf

:Qrtimes it is def1n1tely catastrophice, The failure of the system
'i,affects not only the engineer and the manufacturer qu1te often the

"ffuser of the system bears the heav1est consequences.. The failure of }[}

“"?a system should be avoided._ Preventlve maintenance 1s planned

”'”l{fmaintenance. Its purpose is to minimize the probability of system

‘3;}equipment is in excess of ten tlmes the original cost and that a

-~ failure.
Q‘Preventive maintEnance;does not‘eliminate;all'system‘failures}.‘1f

C It will become‘clear later on that with any realistic'preventiye

lhﬁmaintenance there will always be some probability that the equipmentjfgfﬁ‘,ﬁerV .

”t‘ will fa11 prior to. its scheduled inspection time.u.Therefore, the

“fmain concern is when preventive maintenance should be scheduled in j»ﬂfi"

order to reduce the number»of failures;v Thisrinvolves considerationflﬁﬁ SISO

.. of the cOSt of,downtime’and maintenance services;

A good maintenance policy contributes a great deal 1n reducing ff7fi*f

”uthe costs incurred due to random system fallure.‘ The government.haSj;_ e

“A“¢found that in some 1nstances the cost of malntenance for unreliable

‘good maintenance program reduces this expense considerably (l)
. Do Vi .

|/.




. “been essentlally of one unit system. The'purpose of this research“is7;:quv

"if. failures. A system has q 1dent1ca1 components and 1t falls when

>‘In.1ndustry the scheduling of the frequency of preventive main-'fifwr
tenance has been prlmarily based on experience or convenience;illhe?i}fhjgﬂ»ff'5'
'Vischedules commonlyuinvolvetp'hhffi“' | 5 R
| ‘fl Inspection on a daily or. weehly basis.;,:f’f;

:':2¢- Cleaning, adJusting and repairing on a biweekly or -

E monthly basis;.r
".3;‘f0verhauling semi—annually'or annually;"

'.fIf preventive maintenance 1s to be economically advantageous, then it

h-*smust be scheduled at a time such that the probabillty of system failure SR
’?~_is.low. The cost of system failure is exhorbitantly high.

Quite a few models have been developed for preventive maintenance.f*ﬂ~¥~'

"Initially, preventive malntenance pOllCleS were developed w1thout con-iyﬂ ;f,f?i;

81derat10n of the deterioration of the system. Some‘papers.publlshedvgﬁlj}“

o recently have rectified thlS 31tuation. yBut the‘models developedfhave»;-H37

1

"hQ:to progress one more step—-to consider deterioration as Well as. multiplefii“ B

1‘k (k < q) components fail,» ThlS research aims at developing an algo—
“ff:rlthm for a two-phase strategy of scheduling malntenance. When the

'”__system is. in a trans1ent state there w111 be frequent 1nSpection.(oi':“

".ffBut when the system has reached steady state,,there w1ll be less fre-vpgfl'”

ohf*quent 1nspection untll the system fails.f The criterion for scheduling 1ﬁ."‘

e {greater than the critical number of units. jgw‘"?ﬁ

fmaintenance would be the critical number of units., Maintenance will

:‘\be scheduled 1f the number of component failures is equal to or :
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) Procedure
The componentbdeterlorates with the passage of time. ”It is~not
p0551ble to con31der every p01nt on the deterioratlon curve (Flg. l)
| Therefore, the 11fe of the component ls d1v1dedb1nto a suffic1ent
.number of states to descrlbe the deterioration curve.l This chaln of

" states is represented by S S

l’ . 2 I.Dv. h' Sl,

" sents the’new component. Sn’ the final state, represents ‘the component,t

the initial state,,repre-'pitt.

li:failure; A component subjected to normal deterloratlon passes through-ffffd:
"vthis seduence of states.u H0wever, if tOo much’deterioratlon occurs,
- fallure can . occur from any state of the component.“From'one time_ fo
‘ hperlod to another it can make only one of the follow;ng three transi— i
: ;tions:‘ | P |
| gl;;iRemain inhthe'same state’;HTheecompOnent does notydf; -
,deterlorate suff1ciently to change its’state.v
‘3"26"Change to the next. succeedlng state - The component
‘deteriorates SUfficlently to‘changelto the nextf
lsucceedingvstate;‘h
3. :Fail'completelyeelThe‘component becomes.inoperable;"“'
-Prohabilitiesdare assoclated Withfeach:of the aboye three’!”'

yevents. These are called as’ tran31t10n probab111ties or deterlora—‘ia -

B tlon probabil1t1es 81nce a tran31tion of the component takes place

'“,7from one state.touanother._ It 1s convenlent to arrange the various

v,trans1tlon probabllities 1n a form of a square matrix, called a j

*»stochastlc matrlx or tran31tion matrix.~;j°"""
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*:f~Deteriorationfin one time period'isvnot'sufficient.for the_b.h
componentﬂto change through,two states.'vIn anytoneptime period,the
{thfcomponentvcan‘existlln any ‘one of the S |

l’ S2 ;.;7Sn‘states;‘ This -

"rsystem can be represented by a Markov Process.:

Therefore, failure is an extreme event., The failure probabili-:l'fil

"fhutles are calculated from the dlstributions of the strength and the i

stress., ‘These dlstributlons can be represented asymptotically by the o

'f7double exponential‘dlstributlons.‘ A component can fall because it

':"f'has 1ow strength or it is subjected to- high stress or both. The

7“.ff;strength of a component w1ll be greater than the load applled to it

;?f_values L

haffor onlyna finite tlmef The strength is generally decreas1ng due to
‘~adeterioratiOn; A component which 1is subjected to a series of load

1 2}..0 L there will be a largest value. If fallure is o

"h?l to. be avoided the strength of the component must be greater than thlS

HVriglargest load at the 1nstant of occurrence of this event. S

Historical :

‘ The mathematlcal theory of rellability has grown out of the

E -;demands of modern technology and particularly out of the experiences.‘

e in World War II w1th complex military systems.t One of the first areas .



. of reliability&to.befapproached“with‘any mathematical’sOphistication,rfppf'_

"?iwas the area of machine maintenance (Khintechine 1932, and C Palm

f5,j'l947) ' The techniques used to solve these problems grew out Of ‘the -

c successful experiences of A K. Erlang, C. Palm, and others in solving_n»i
.ftelephone trucking problems.:'

In the late l930‘s the subJect of fatigue life in materials and

”the related subject of extreme value theory were studied by W. Weibull"'

‘%}g“ﬁ.j1939 Gumbel 1939, and Epstein 1948 among others.- Gumbel's book (8) m;:ﬁ’;”"

v‘x,:1958 supplies data to 1llustrate the wuse of each of the extreme value“ﬁﬂ'

’w;;(asymptotic) distributions to represent 1ifetimes.

Richard Barlow and Larry Hunter (2) consider two. types of pre—'f"°:“

G ventive maintenance pOllCleS. Policy I—-Preventive maintenance is

'ldone after to hours of continuing operation Without failure. If

-

o f‘system_fails before to hours, perform maintenance at the time of

'rfailure.'~Policy'lI—-Preventive maintenance is done on the system,',;

:fifg after it has been operating ! hours regardless of the number of -

:'thlntervening failuresa After each failure only minimal repair is done.i""dwvﬂ

"if:Alan J. Truelove (13) discusses the system availability and preventivelh.*

“fmaintenance.v He uses Policy I of Richard Barlow and Larry Hunter
ﬁzi’for preventive maintenance.vi',s

C Derman and J Sacks (6) discuss the problem of choosing an

B 5‘optimal replacement rule for deteriorating equipment. They_assumsdx~fv:;ﬁ“*

f*vthat the amount of deterioration is observableoj"'

Richard Barlow and Larry Hunter (3) consider a. one unit systemr‘ S

'f}‘The system can eX1St in two states--the on state and the off' 'ggﬁf'g,:~-“n?"




state. - They have deveioped the mathematical analysis relevant for
the reliability of this éystem.

Morton Klein (11) and Cyrus Derman (5) consider the deterioration
of the system as é Markov Chain. They have used linear programming
formulation.

In 1965, Barlow, Proschan, and Hunter (1) published a text on
reliability. ‘In this text they have applied mathematical formulation
fo preventive maintenance. . They have discussed replacement policies,
rehewal theory and the application of several distributions.

A complete exposition of the theory of Markov Prqcesses is in a-
text by Howard (10).

P. M. Ghare and D. J. Guarino (7) developed a model for schedul-
ing preventive maintenance. They consideréd the deterioration of the

system. Their system had twelve presses,
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II. THE MATHEMATICAL MODEL

List of Symbols

measure of concentration around the mode of the

‘double exponeﬁtial distribution

instantaneous strength

original strength

- constant of the'deterioration function

' inspéctioﬁ'period :

numbef of cqmbonents for system failure

mode of the doﬁble exponential distfibution |
nuﬁbér‘of components in the systemt
probability of failure |

prdbability of changing from state i to state j
transiﬁioﬁ matrix |

number of states

= states of the component

time taken to reduce the‘original strength b,
to strength bn |

return péripd

critical numbér of units

system sﬁatus vector

Euler's constant = 0.57722

. Failure is an Extreme Event

Birnbaum (4) describes the missilevreliébility'as follows:
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; ;If structural components . of a mechanlsm are mass produced
. the, strength at failure Y of each s1ngle component may be.
' con31dered a random variable.  The ‘component ‘is 1nstalled
in an assembly and exposed to a stress which: reaches its:
maximum value X, again a random varlable. If Y <X, then
the component will fall in use.

A component can fall becuase it has 1ow strength or it is’ sub- "

‘fJected to h1gh stress or both. From thlS 1t is ev1dent that fallure

"rjfls an extreme event. Hav1land (9) has shown that extreme values fromi»
o a large class of probab111ty dlstr1but10ns can be represented asympto-

’fftlcally by the’ double exponentlal dlstr1but10n° The»cumulatlve dlsff;iiv;gxﬁlv'

o _e-a(x - m) TR
‘f,trlbutlon is glven by F(X) E _’. R ThlS is called double W

:iexponent1al because it has an exponentlal of an exponentlal
The strength of a.component ls notba constant w1th respect to
'fo”time, It decreases w1th respect to tlme._ ThlS is called deter10ra~:‘
wﬁ?tlon.. Hav1land (9) has shown that in the case of the flow of materlals

?'between the obJect and the env1ronment the instantaneous strength at

tlme t iS given by

f;flogé'b;'é'logé°bdﬁé‘ct

- where vbn" 'instantaneousfstrengtht"
_b6i= original strength.
c=a constant RS

time

t
]

Stress is not a function of time.z Therefore, a tlme w1ll come f’

"‘when the strength will be less than the stress.- When that occurs,

failure results. Consequently,»fallure is a functlon of t1me.vaMore7jl “Jl'

b.fffrispecifically, 1t 1s a "bathtub" functlon (Fig..Z)



11

This curve (Fig. 2) can be divided into thrée distinct
regions:

- 1. The regioﬁ of early failures ("infant‘mortalitY").
The failure rate is initially high because the weak
- components are weeded out.

2. ‘The region of chanée or random failures. The failure

rate is practically constant.

3;, The region of wear-out failures. The failure rate

increases slowly as the coﬁponents reach the end bf
"~ their useful life.

It is assumed that in a given time period one of the following

events can take place for an operating component:
" 1. Failure - Theicomponent fails;

2. Deterioration - The unit changes state.

3. Nothing - It remains in the samé state.

4, Improvement due to preventive maintenance.

The component that hadifailed in the pfevibus time period can
remain in either the failure state or become operable‘due to corrective
maintenance. |

As mentioned in Chapter I, the life span of the component can be
divided into a number of states. When the component ié new, it is in
state S.. When it has failed it is in state S, . It can exist in any

1 h

one of the states from state Sl to state Sh. Between states Sl and
Sh it is in a process of deterioration. When maintenance is done on
the components, corrective maintenance is done on the components that

have failed. These components move from state Sy, to Sl' Preventive
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”ff}’maintenance 1s done on the functioning components.f Therefore,ritris> o

"?Fhassumed that the state of the component 1mproves by a certain number

f7of states.‘

Computation of Tran51t10n Probabilities ‘

The probabllity of fallure 1s obtalned from the cumulative dis-:°

vpgz:f;htribution of the load and the cumulative distrlbution of the strength

“v.of the component., As stated earlier, 1t has been experimentally found S

. ‘that 1f a group of 31m11ar components are tested for strength the,f,cad"

nuﬁuden51ty function is given by

‘j’”,;v Ll a (x l;iﬁrﬁfff*f},.:f B R ICELE L
‘f(xé)'=vaé'e7gs(§A,__m') -e Sl B ";?:(2;1);_ijﬁ_:””

. ‘where as_#,measure”of concentration around.the mode = . . oo

S

< random'Variable SR

5
L

s'b mode of the dlstrlbution

'f.The cumulative distribution 1s given by

>h:-a (x_ ;.ms)¥?“

'itE(x’)";:éée‘ ?’,S.~*f'l”51f:'ld‘”h. | f:(zfé)‘ }Q_;”_ew

2

:5§f¢The E(x), a, and m are derived 1n Appendix I, The Cumulative distribu#f':

'ij_:tlon is plotted in Flg.33} This is a difficult curve to work Wlth._:’

ﬁp"paper has been de51gned such that the cumulative distrlbution of the

‘df.double exponential distribution 1s represented by means of a straight

“'1u:11ne on thls paper (Fig. 4) ‘ The strength of the component deteriorates.;:
'ﬁﬁw1th~the passage_of'time@. ThlS ‘causes & reduction in the mode m.S which e

Jiy??'is'giveniby"

'y = Euler's constant
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For decreasing values of the mode parallel‘straight 1iﬁes éré
obtained. |

 The cumulative distribution of the extreme value of the load
is given by

-a_ (x. ~ m )
F(XL) =e & LT T | (2.4)

A straight line is obtained if the load and F(XL) is plotted on the
extreme value paper.

From the inﬁersection of the load line and the strength line the
probability of.failure p is obtained with a certain return peribd
(Fig. 5). The return period'ié the mean time to failure. The return

period T is given by

(2.5)

The time to failure is assumed to have an exponential distribution.
From this assumption the probability of failure during one time period

is calculated as

=3

1
o

Prob[Failure] '%-e‘ dx

= 1 = e--]'/T

(2.6)
The probability of deterioration is obtained from the classical
equation of deterioration [p. 24 of (9)]. The validity of this equa-

tion has been experimentally determined.:

lbgé b0 - 1oge bnv'

n v c

10ge bobm 10ge bn + 1

1T c



:§~:Probab111ty of deterloration is glven by
vt_PrOb[DGPErioratlonJ %-(l - probabllity of failure) ‘ (2;7) L};yf .

The Probablllty of Remainlng 1n the Same State B

Tb? The probab111t1es of the transitlon matr1x are condltional proba-i"7
“'.:5fTbillt1es. The sum of the three probabilities is equal to one because

'ﬁﬁithese three describe the probablllties of all the pos31ble events. e

:?;Hence, the probability of remaining in the same state is given by

a'ﬂ Prob[Remain 1n the same state]

) l - Prob[Failure]'— Prob[Deterioration] "t:y'i(z.Sj;;fd

'A} Markov Process

A Markov Process is embedded 1n the maintenance process. The '
‘”ff‘status of the system at any given tlme can’ be represented by the

:ﬂr“rstatus vector-V; Any element vl of the status vector V represents the“’l"“

'*,,_probability that a component ex1sts in state i at that time.. P 1s thehf*

‘“fhtrans1t10n matrix w1th each element expressing the probability of the '

"T‘COmponent maklng a transition from one spec1f1c state to another.,.?




The. s1ze of the matrlx is determlned by the number of states 1n whlchft

thejamponent caneex1st. The tran31t10n over one t1me perlod can be R

’If the process starts w1th the system 1n status v ,”after;transitionsrff‘

’f.through T t1me perlods the status of the system would become V

1‘1;The number of fallures after r time perlods is glven by the 1ast elementyhgfﬁz“

k‘f of V mult1p11ed by the total number of components. If the number of

'zfsfallures 1s equal to or greater than the cr1t1cal number of fallures §y~*7fu’fp

'-ffthen maintenance‘will beéperfOrmed.’fThe cost of3doingtmaintenance is I

'anequal to the cost of correctlve malntenance x number of components that
i';;have failed + cost of preventivelmaintenanceix operable components +‘
niacost of 1nspect10n; In1t1ally, when the system is in- the tran31ent
tﬁ;ﬂstate, there w1ll be more frequency inSpectlons.v But when the system ?
kf}has reached steadyvstate, there w1ll be less frequent 1nspect10n.‘ Thlsib
'f;is called the two—phase strateéy.i*f;H | | | ‘

| The next chapter descr1bes an‘algorithm for calculatlng the statusf

' svector and the cost equatlon.ff




‘Problem

ITI. THE ALGORITHM

A system has ¢ components. It fails when k componehts fail.

The objective is to determine the two-phase strategy for scheduling

maintenance and the critical number of units.

Assumptions

1.

If a decision is made to do maintenance, corrective main-

'tenance_is done on the components that have failed and

preventive maintenance is done on the functioning components.
Due to preventive maintenance the life of the component
increases by five states.

Maintenance cost includesthe cost of preventive maintenance,

cost of corrective maintenance, cost of inspection and

cost of risk if the system were to fail.

 Components can fail due to 'm' types of failures. But

~ when the component fails, it is assumed that the component

5.

are in state'S

has failed due to onlonne type of failure. In this model

only one type of failure is considered. This can beveasily

expanded to 'm' types of failures.

_ System status vector is assumed such that all the components

l; i.e., they are all new.

It is assuméd_that the life of the component can be

divided into forty states.

19
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Input data requlred for thlS model 1s the minimum strength values[E"'“ B

Qof the components and the max1mum 1oad values to whlch the components -

_:are subJected. These observatlons can be arranged in the form of a f}»ﬂyﬁ;

,f;frequency histogram.v From thlS frequency hlstogram the parameters a”{”?;?'
”f}f??and m' of the double exponent1al dlstrlbution can be calculated. Theffldd.*”"

:ﬂjprocedure for obtalnlng the max1mum 11ke11hood estlmate 1s shown in

‘vappendlx II. As no real world data was avallable for the purpose of

dhrplllustratlon, 81mulated data was: generated u51ng a random number genera-g'v
'f;tor. In actual appllcatlon, however, the frequency histogram of mlni- if[“ L

Nfgfmum strength or max1mum load values would have to be used. In the

o f[same fashlon the constant of the deterloratlon equatlon was assumed to

'"ﬁrbe known;: In practlce these would have to be estlmated from the obser-‘_j7¢3'

“‘vationsvof the deterlorationgandtthe'strength,ofvthe componentiij,fjf;fsT”

Data Collectlon and Analy31s

‘,]Collect the strength data of the components or. make

Jt‘f:observations of the strengths of the components.,
iiLEstlmate the parameters‘f: (measurevof concentratlon hf
faround the mode) and 'm' (mode) of the double—exponential
I;,Edlstrlbutlon for the strength.‘ . o
5;:Collect the load data of the components‘or make ffgtbd

b_lfobservatlons of the loading condltlon of the components.:

Ev'f,i.Estimate the parameters 'a' and "m' of the double—ln°-“1f

'"if-exponentlal distrlbutlon fof”the 1oad
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Formulation of the Model

Plot a graph of load (xL) versus F(xL) on the extreme
value paper-called load line.

Determine the numbef of states. There should be suffi-
cient number of stafes to describe the deterioration |
function. - The strengths of the component in two con-

secutive states should differ by a constant value (6).

bO = the strength of the component in state Si
b0 : , '
bl = b0 - 7; the strength of the component in state SZ‘
kbo
bk = bo - —6—-the strength of the component in state
Sk + 1

Obtain the mode for every mean instantaneous strength.

m=E@ -L

Plot strength (xs) versus 1 —'F(xé)'on the extreme value

paper-called strength line.

Obtain strength lines for each and every mode (Fig. 6).

Obtain the point of intersection of the strength line

with the load line. There will be as many points of

intersection as there are modes. Each point of interf

section corresponds to one state.

Obtain the return function for each point of intersection

- 1. . o . '
1-F)' ' '

Obtain the probability of failure during one time period

for each state.



”‘fy‘i6;f_Est1mate the system status vector (V )
17.

f;h18af10bta1n the probability of failure for the system for‘__e;fﬂf;

ﬁf;;Obtaln the probability of deterioration which is equalfew

") to —-[1 -‘Prob(Failure)]
'U’Form the tran31tion matrix (P)

Compute-V : p V until all the components fail.

' '.hevery.time;period.

B 13{’fEstimate‘the yarious costs évThe‘COSt'of_preventive‘main-sil

B

fQ:Obtain the probability of remaining 1n the same state.f»ﬁhb.aﬁ”;;*

tenance, cost of corrective maintenance, and the cost of

“inspection.

 Optimization -

Total system cOst fUnction of two decisiOn’yariables.inSpection

uf“period (d) and the critical number of ‘units (u) Optimiiation.consists

;: of m1n1mum total system cost subJect to the constraint that there be »fn;:,f

i system failure w1th acceptable probability of failure., Since d and ‘?' ,ﬂ'“

N

Uy are 1nteger values the total cost function is described only on the

ﬁffgdiscrete grid p01nts of the two dimen51ona1 (d, u) space. The OPtlmal'iiﬁ‘y
could-be obtained by complete enumeration;‘however, it wouldpalmost_;“{:yx,
")”1always be prohibitively costly.:

Vfﬁvtechnique has to- be adopted.

Therefore,‘a‘two-dimensional”Search, PR

A suggested method would be to use a

foSimplical Method by E. P Box and Wllson or a Multivariable Dichotomouspbf

ke Elimination by.Wilde.

In thlS thesis only a few acceptable policies

»have been 111ustrated in order to conserve computer time.,

| f‘zo

Repeat step 17 but this time perform 1nspect10n and do,

malntenance if necessary.

Use the probabilitles obtained



.hi;ln step 18 to flnd the probablllty of system fallure

rf;ﬂas the mean of the p01sson dlstrlbutlon.k Compute the

’hix cost of preventlve malntenance + 1nspect10n cost.E':
f21;:}Repeat step 20 for each comblnatlon of d and u requlred -
hf}by the chosen search technlque until a global mlnlmum 1s

"”i dbtalned

'}before the next 1nspect10n. Assumef'“

gefmalntenanCe;COSt.v_Malntenancejcosti='number.6f1unitsi

tjﬂ;unlts requlred for system'failurel
days requlred for system fallure

5failed7x cost Of;COrrective,meintenancei+5remaining units




'1V. THE PROGRAM FOR THE MODEL

Thefmajoruportion of'thefcalculations required in theﬁdetermi;gf”'ﬁ,n"
fIfﬂnation:of:the°optimum schedule‘inyOIVes“matrik multiplication{~fBecauseviy i

{ffof the accuracy requlred in the mathematlcal manlpulatlon,va computer fﬂj?

: ;fprogram Was used to perform the optlmlzatlon of the model The pro-ﬁf.{"
o gram is presented in Appendlx III. The computer program for the modeljl_fi%s"i:"

3 f@nfcontalns three parts.

Hi]ﬁ;Generate data and estlmate‘the‘parameters‘of the double-jsl‘
Iﬁgiexponentlal dlstrlbutlon.bitft e L
v}:Obtaln the fallure probabllltles of the system per t1me o
":iiperlod. e o

IObtaln the two phase strategy for scheduling malntenancev@f§7’;f

"‘,’:and the critlcal number of units. i"

AL Estlmatlon of the Parameters L

Thls performs steps l to 4 of the algorlthm.z A’random'numbera“

':%generator is used to generate numbers between 0 and 1. US1ng the pro—jff{*p o

'"~;;n_perty of the cumulative dlstrlbutlon that 0 < F(x) < 1 the random ,jfvv,f

Qe-a(x - m) : SR

»,jﬁvarlable X 1s generated from F(x) e L, The random varlable -

'_j:wxvls,used to generate‘the estlmators m #I%§;9ge,9;£%;5 and a= -
R R SRS A SRS S Cooan o ggmaxd o

ot ;zxi_;—f.i.Nzej?*i

“A ’A-

\“iBr Fallure Probabilltles

This performs steps 5 to 18 of the algorlthm. Thisjpiogram?hasﬁji";,f;

"Jkthree parts.,
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_'Maln program - Th1s program obtalns the probablllty of

“»vifailure for every state per t1me perlod The orlginal

“5ff'strength of the component 1s assumed as 19 un1ts whlle the s

’w”i::max1mum load is as 4 unlts, glVlng a factor of safety of

334,7 The 11fe of the component is. d1v1ded 1nto 40 states. ngndffft'”

,f;The probablllty of fallure for each state is obtalned by

"fQu31ng Eqs. 2. 2 2 3 2 4 2 5 2 6

tifit[i?;ptf%1;231i5ubrout1ne GOHOME - Thls program performs the necessary

':»g7computat10ns to obtaln the :ﬁllure probabllltles. Total

]number of components is assumed as 60. The system falls "‘"

bht7when 19 components fall. The cycle is of 300 days duratlon;fiff““

'“HMThe probablllty of deterloratlon is. obtalned by Eq. 2. 7.-_h¢jfr R
'thhe probablllty of remalnlng in the same state 1s obtalned
"f;]ffby Eq. 2. 8° It forms the transltlon matrix and assumes the’ai

‘ythYstem state vector. It*ObtalnS?thefexpectedfnumber-qf

‘luc;f:fallures per t1me perlod. Ty

3 fSubroutine MATPRO - ThlS program performs matrlx multlpll-‘
;_catlon, ‘Thls.subroutlnerperformsvthe actual_matrin,multleﬁnff
";plication“of'theftransitionfmatriksandftheﬁsystem{stateff_"

"vector‘V,f*"'

ﬁ;}C;i Optlmum Schedule

Th1s performs steps 19 to 21 of the algorlthm. This‘partuof;,;}?slf'

.;the program has 4 sectlons.thf

1 Maln program - It conducts a search for the comblnatlonva"“” o

of the perlod of 1nspect10n and the critlcal number of

"”,-gunits.; Computes the total cost for the optlmal combinatlon;jifh"
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2.‘ Subroutine FINSUB - This is the main program of B(1l)..
3. Subroutine GOHOME - This program is essentially the same as
B(2) but with the following additions: The probability
of failure of the system per time period as obtained in‘B. ‘
It obtains the probability of the system failure before
the nextbinspection. The program also performs the calcu-
lation for 6btaining‘the tdtal cost of maintenance for
évery combinatioﬁ of the»inspection, period and the critipal
Aﬁmber of-units. Perfbrms the maintenance work, i.e.,

changes the system state vector when maintenance is done.

4, Subroutine.MATPRO - Same program as in B(3);  "

Numerical>Values Used invthe Prograﬁ
Number of cdmponents in the system =‘60
System féils-if 8 components fail
Number of days in the cycle = 300 ';

Number of states of the component'= 40

Load Data -

) = e_e-aL(xL - mL)

0.5

a,

L

4.0

Strength Data

PG = e e ")

a = 0.5
s

1oge b“= 1oge bo'— ct
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’ Soﬁév'
e,;éost‘Data‘f,fj'
;i‘Costvofddoing'preventiye_maintenance =>$75/componentf_i
‘;.Costhoffdoing;correctivéamaintenance = $lCO/componentf
;lCostrof'inspection_'”‘ = $200 -
‘:t.Cost of:system failure_ = infinite d,

Results from the'Model

From the results of the model the follow1ng good p011c1es

Pollcy I

T were obtalned
T— Inspect every 5 days and ‘the critical number of unltsva:'

is 4. The flrst malntenance w111 be performed on’

the 70th day; Aftervthat maintenance will be per—

ik formed on every'55th day.‘ The probablllty of - system

Policy II -

"fallure w111 be .004 and the total cost of malntenanceii_f*ir77_

.and 1nspect10n w111 be-$26-800; The two-phase~1nspec~'h

tion pollcy would be to 1nspect every 5 days till the"

i A70th day. Then perform 1nspect10n on_evervaSth day ;,ﬁ"'

till the system fails. ' When the system fails revert'”

 back to inspectionleyery 5 days.

Inspect everyhﬁ”days and the critical number of units-’

*is’5. The flrst malntenance w111 be performed on the E

76th day. After that malntenance w1ll be performed ;

‘on-every 56th.day;’ The probablllty of system fallure

w111 be 019 and the total cost of malntenance and



inspection will be $23,100. The tWo#phase inspection'5'
policy would be to imspect evéry 4 days till the 76th
day. Then perform inspection on every 56th day till

the system fails. When the system fails revert baék

 to inspection every 4 days.

Policy III -

Inspect every 3 days and the critical number of units
is 6. The first maintenance will be performéd on the
8lst day. After that maintenance will be performed.on-

every 57th day.‘ The probability of system failure will

be .08 and the total cost of maintenance and inspection

vwill'be $24,800. The‘two~phasé inspection policy would

be to inspect every 3 days till the 81st,day.‘ Then
perform inspection on every 57th day till the system
fails. When thé system fails revert back ﬁo inspection

every 3 days.’
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APPENDIX I

Mean of a Double Exponential Distribution

- =a(x = m)

F(x) = e ©
' o —a(x - m) a(x - m)
f(x) = 3FG) ae © e
D 3 . :
£(x) ; aéfa(xv- m)efé’a(x -m)

To obtain the characteristic function

let

 when

‘But

_a(x = m) _e-a(g'- m)

: d#(t) = a_mfm ethe e dx
z = —-a(x - m):
dz = -adx
am - 2z
X = ——
: a
X = o ‘z=—oo
K = =00 Z = . o
o 1D, E
.dz(t) = -mf_ ejt a e?e™® dz
_ e —a?
= eqtm _wfco e ga Ze? "¢ dz
.t'
. 1-L 2
= e--ltm S eZ a e e dz
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D find the moment generating function

Mx&) LS DTG LR
-

dx(=jt) =
M (t)= eJmt(_J) f°° X—t/a e-x dx.
X : o
= emt ./'0o x—t/a e ® dx
o 3
_ : aMx(t) o
To obtain the mean —at—l——- U
S t=0
oaM_ (&) - mt :
g{ o pe™t Nl t/a X gx - & 5 t/a o Xlogx dx
'_t,--.bo o a o ) :
v Pu‘tting t = 0 we obtain
=m SO e ¥ dx --% e é-x_logx dx
=m + E‘-
) Since ‘ - ‘ ,j.oo e—x‘ logx dx = -y



APPENDIX II

Estimation of Parameters 'a' and 'm' of the

Double Exponential Distribution

' Likelihood function is given by

| e _-a(x, - m)
wf(xi,m,a) = tae a(xi m)e ¢ o
i ' i '

Taking logarithms we get

. —a(x, - m)
L(e) = log{nae_a(xi mmge n T b

,—a(xi —‘m)}

"
R

{loga - a(x, - m) - e
. i
i=1. o :

differentiating w.r.t. 'm' and setting the equation to zero

N , ' o
3Lm) _ Z 0+ a- ae—a(xi - m)) =0
m  g= L
"Na=a Ze_a(xi -,m)
N = o@M pomaX;
am _ __ N
-ax,
e
am = 1og‘ N__
e . —axi
m = l-1og N__
a " ®e _ —axi

a4
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To obtain the estimator of 'a'

" Differentiating the logarithm equation w.r.t. 'a' and setting the

equation to zero

3L (a) '_ 1;

. Gy -my oo
oa i=1 .

- v N )
(Xi - m) + I (Xi - m)e

i=1 S i=1

alxg = my g

’ \, a | -axi _
 (xi.-‘m) + e R (xi - m)e =0

 But | o ‘ | Q3M N

am

N .
b Z(xi '--v‘rn)e_aXl =0

(x, - m) + e
i=1

N - =—axi
z (xi - m)e

-axi i=1
e

N - o

o [=

_;xi - m) +

z

-axi .,
e xi

=

..‘Nm =‘0'
-axi ‘
e

=0 ™=

’._l

He

L =—axi .
e xi.

. He
™M ZN M=
]_l
o

=
]
=
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APPENDIX III

The Computer Program

The program for the algorithm described in Chapter III was

written in Fortran IV language for an IBM 360. The variables used

in the computer program are as follows:

AS

AL

DETER
ENF

IP
NDAYS
ONENIN
OPNM
PRISK
PROB

PSF

TMAT
TN

 TCM

Measure of concentration around. the mode for stfength
distribution

Measure of concentration around the mode for load
distfibution

Constant ¢ of the deterioration function

Expected number of failures |

Inspection period

Total number of tiﬁe'periods

Number of components. for system failure

Critical number of units

Probability of failure for a cOmbonent at each state .
Probability of failuréxfor the system per time period
Probability of failure for the system before next

inspection

~Instantaneous strength

Transition matrix

Total number of components in the system

‘Total cost of maintenance and inspection

37
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VT '7"";Systém stétus_vector
XML ‘Mode for the load distribution

WMS Mode for the strength distribution
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THE PROGRAM FOR ESTIMATION OF THE PARAMETERS
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THE PROGRAM FOR FAILURE PROBABILITIES PER TIME PERIOD
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THE PROGRAM FOR OPTIMUM SCHEDULE
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AN ALGORITHM FOR A TWO-PHASE

dVSTRATEGY FOR PREVENTIVE MAINTENANCE
‘Deepak Panjabi =

Abstract

The prlmary obJect of thls research was to develop a two—phase '

'strategy for preventive maintenance and the critical number of units.:nl‘

'“Maintenance is. done if the number of failures is equal to or greater f"'

than the critical number of units.-

The system under cons1deration had q components; The system»‘f

s failed when K (k < q) components or more falled This system when

‘fsubJected to preventlve maintenance can be described by a Markov

"varocess. The tran51tion probabllitles of the Markov Process were

‘obtained from the dlstrlbutlons of the strength and stress of the

components.  The underlining distributlons were assumed to be doublef*
;exponential. Varlous combinations of the inspectlon.perlod and the i:;

”;.bcrltical number. of unlts were used to/obtaln the global minlmum.d'v

d“Theccriterla_werejthat‘the,SYStem should»notefail and minlmum costﬁﬂc
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