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Model Abstraction in Dynamical Systems: Application to Mobile Robot
Control

Patricia Mellodge

(ABSTRACT)

To reduce complexity of system analysis and control design, simplified models that capture
the behavior of interest in the original system can be obtained. These simplified models,
called abstractions, can be analyzed more easily than the original complex model. Hierarchies
of consistent abstractions can significantly reduce the complexity in determining the reacha-
bility properties of nonlinear systems. Such consistent hierarchies of reachability-preserving
nonlinear abstractions are considered for the robotic car. Not only can these abstractions
be analyzed with respect to some behavior of interest, they can also be used to transfer
control design for the complex model to the simplified model. In this work, the abstraction
is applied to the car/unicycle system. Working towards control design, it is seen that there
are certain classes of trajectories that exist in the rolling disk system that cannot be achieved
by the robotic car. In order to account for these cases, the new concepts of traceability and
e-traceability are introduced.

This work also studies the relationship between the evolution of uncertain initial conditions
in abstracted control systems. It is shown that a control system abstraction can capture
the time evolution of the uncertainty in the original system by an appropriate choice of
control input. Abstracted control systems with stochastic initial conditions show the same
behavior as systems with deterministic initial conditions. A conservation law is applied to
the probability density function (pdf) requiring that the area under it be unity. Application
of the convservation law results in a partial differential equation known as the Liouville
equation, for which a closed form solution is known. The solution provides the time evolution
of the initial pdf which can be followed by the abstracted system.
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Chapter 1

Introduction

The subject of this dissertation is model abstraction of dynamical systems. This work
is an extension of the author’s Master’s thesis, “Feedback Control for a Path Following
Robotic Car” [37]. The thesis described work done in the Flexible Low-cost Automated
Scaled Highway (FLASH) laboratory at the Virginia Tech Transportation Institute (VITI).
It gave details of the path following lateral controller implemented on the FLASH car. A
MATLAB simulation environment was described that was used to test the controllers and
the implementation of the lateral controller in hardware was discussed.

The primary goal of the work embodied in this dissertation is to design a controller for
the mobile robotic car using abstraction. Abstraction provides a means to represent the
dynamics of a system using a simpler model while retaining important characteristics of the
original system. A second goal of this work is to study the propagation of uncertain initial
conditions in the framework of abstraction. The summation of this work is presented in this
document. It includes the following:

e An overview of the history and current research in mobile robotic control design.

e A mathematical review that provides the tools used in this research area.

The development of the robotic car model and both controllers used in the new control
design.

A review of abstraction and an extension of these ideas into new system relationship
characterizations called traceability and e-traceability.

A framework for designing controllers based on abstraction.

An open-loop control design with simulation results.

An investigation of system abstraction with uncertain initial conditions.
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Portions of this dissertation were published in the McGraw-Hill book Mobile Robotic Car
Design by Kachroo and Mellodge, copyright 2004. Wherever figures and text from the book
are used in this document, the materials are cited as [25].

1.1 Motivation

One of the major motivations for studying mobile robotic cars is to automate the driving
task. In 2003, there were 6,328,000 police-reported motor vehicle traffic crashes, in which
38,252 involved fatalities and 1,925,000 involved injury [43]. There is evidence to show that
many automobile crashes are the result of driver distraction or fatigue. According to a
2002 survey conducted by the Gallup Organization [18], the majority of drivers engage in
potentially distracting behaviors, such as talking with other passengers, changing the radio
station, using a cell phone, eating or drinking, etc. The survey also showed that 37% of
drivers have fallen asleep while operating their vehicles. Alleviating humans from having to
control all aspects of driving may reduce fatalities and injuries on the highways.

Automobile manufacturers have developed and are continuing to develop systems for cars
that alleviate the driver’s need to monitor and control all aspects of the vehicle. Such
systems include antilock braking systems, traction control, and cruise control. As each of
these features was introduced, the burden of controlling the vehicle was placed less on the
human driver and more on the car’s control system. A completely autonomous vehicle is one
in which a computer performs all the tasks that the human driver would normally perform.
Ultimately, this would mean getting in a car, entering the destination into a computer, and
enabling the system. From there, the car would take over and drive to the destination with
no human input. The car would be able to sense its environment and make steering and
speed changes as necessary.

Another reason to automate cars is to alleviate congestion on the highways. A method
called " platooning” allows cars to drive at highway speeds while only a few feet apart. Since
the electronics on the car can respond faster than a human, cars would be able to drive
much closer together. This allows much more efficient use of the existing highways in a safe
manner.

The control of mobile robotic cars also has applications in areas where humans can or should
not go. For example, robots could be used to navigate other planets. It is safer and less
expensive to send a relatively small mobile robot to the harsh environment of Mars than
develop transport and living quarters for several astronauts. Similarly, mobile robots could
be used to enter burning buildings to locate someone or something, navigate battlefields to
search for mines, or seek out and deactivate bombs.

The applications can be expanded if one views the system not as a robotic car, but rather as
a more general system. If the unimportant details of the car are abstracted out and only the
essential details are encompassed in the model, then the robotic car is a nonholonomic system.
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Other examples of nonholonomic systems are underwater vehicles, walking robots, robotic
hand manipulators, and airplanes. Since all of these systems share certain characteristics,
the results of studying nonholonomic systems can be applied to all of these different systems.

1.2 Previous Research

1.2.1 Modeling

Before one can control a system, a model is needed. Robotics researchers have taken two
different approaches to modeling mobile robots: kinematic and dynamic. In a kinematic
model, only the movement of the vehicle is considered and it is derived using the nonholo-
nomic constraints inherent in the vehicle. These constraints are derived in detail in Chapter
3. As will be shown, the kinematic model is fairly easy to derive and is simple in form, owing
to its popularity. However, this model fails to account for acceleration and can differ greatly
from the actual movement when the vehicle’s handling limits are approached. Because of its
simplicity, many researchers use the kinematic model and place the emphasis on designing
robust controllers. In [3], the relationship between the robot’s rigid motion and the wheel’s
steering and drive rates are derived. The results in [33] address the more general system of
two constrained rigid rolling bodies.

On the other hand, dynamic modeling accounts for the properties of the vehicle related to
its acceleration, such as mass, center of gravity, etc. This type of modeling is much more
true to the actual behavior of the vehicle, but the resulting system representation is much
more complicated. See [26] and [24], for example.

The model used throughout this work is the kinematic model. This approach is justified
by the decoupled architecture described in Chapter 3 in which the vehicle dynamics are
accounted for by a controller operating at a lower level.

1.2.2 Nonholonomic Motion Planning and Control

The goal of motion planning is to find a path for a robot to follow through an environment
containing obstacles. See [10] for an overview. A major area of research utilizing kinematic
modeling is nonholonomic motion planning. This type of motion planning is an extension of
the ”"Piano Movers’ Problem” in which the obstacle positions are known, but the dynamic
constraints of the system are ignored [34]. Nonholonomic motion planning accounts for the
velocity constraints during the design process.

One of the first important results in nonholonomic motion planning, due to Brockett [9], gives
necessary conditions for a system to have smooth stabilizing inputs. Applying this condition
to the car, there does not exist a smooth time-invariant input to stabilize the robotic car
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to a point. Later, Murray and Sastry developed an approach extending Brockett’s optimal
control results [8] using sinusoids for steering systems in a canonical form called chained
form [41].

There are several researchers who have contributed to the study of nonholonomic motion
planning and control. Brockett and Sussmann have done much work to establish the con-
trollability of systems using geometric techniques. For example, see [9], [8], [7], [57], [58],
and [56]. Later, Bellaiche and Laumond applied these results to robotic cars with n trailers
[6][5]. Laumond [30] established the controllability of the n-body system. Samson, De Luca,
and Oriolo derived feedback control laws for the car with n trailers. Samson [53] utilized
chained form to design a time-varying feedback controller, while Oriolo and De Luca [46]
employed feedback linearization to create a stabilizing controller for trajectory tracking and
point regulation. In [35], several controllers are presented to perform trajectory tracking,
path following, and point-to-point stabilization. An comprehensive overview of nonholo-
nomic robotic motion planning and control is given in [31].

Recently, the concept of abstraction has appeared in the literature as a means of creating
control system hierarchies. For example, see [48] and [49]. The hierarchical structure is
created by grouping states into equivalence classes. This approach seeks to capture the
important characteristics of a system using a simpler (abstracted) system. Of particular
importance is controllability. In [48], conditions are given for controllability to propagate
between a complex system and its abstraction. This topic is addressed in detail in Chapter
5.

1.2.3 Other Control Approaches

Several researchers have developed controllers for nonholonomic mobile robots using various
design techniques. A few of the techniques are Lyapunov-based design, neural networks,
wavelet networks, backstepping, and sliding mode control. In [2], the state variables were
chosen so that a simple quadratic function served as a Lyapunov function that led to a
feedback control law for path following. A neural network controller is given in [13] in which
the network learns the dynamics of the robot online. Another online adaptive controller
using wavelet networks is proposed in [55] to account for dynamics not modeled in the kine-
matic model. In [32], a controller is developed using backstepping and LaSalle’s invariance
principle. A sliding mode controller is presented in [63] to perform trajectory tracking.

1.3 Contributions of this Work

This work has two main contributions:

e The concept of abstraction is used to design a controller for a system based on an
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abstraction of its model. This concept is applied to the car/unicycle system and
it shown that previous characterizations of abstraction do not fully capture certain
behaviors that must be understood for control design.

Abstraction of systems with uncertain initial conditions is studied in detail and it is
shown that a commutative relationship exists between the systems. This shows that
abstraction can be extended to the stochastic setting.

1.4 Organization of this Work

This

dissertation is organized as follows:

Chapter 2 gives mathematical background necessary for understanding control theory
in a geometric context. It begins by describing the ideas such as manifolds, tangent
vectors, and vector fields, and important results such as Frobenius’ Theorem. It then
discusses control system properties, nonholonomic systems, and chained form.

Chapter 3 describes the kinematic modeling of the car-like robot. Several different
models are derived and a controller from [35] is presented. Also, a curvature estimation
scheme to be used by the controller is provided. Simulation results are given for both
the controller and the curvature estimation.

Chapter 4 gives another model for the car-like robot with an attached camera. A
controller based on this model is presented from [36] and simulation results are given.

Chapter 5 reviews the concept of consistent abstraction from [48] and introduces the
new concepts called traceability and e-traceability. These concepts are applied to the
car-like robot by using the unicycle model as an abstraction to show shortcomings in
previously defined notions of abstraction. A comparison between these new concepts
and previous characterizations is given.

Chapter 6 provides a framework for control design using abstraction. The mathematical
details are given for general control systems and they are applied to the car/unicycle
example.

Chapter 7 develops an open-loop control scheme based on abstraction. The model for
the unicycle is used as a tracking reference for the car-like robot. An optimal control
algorithm is developed and simulation results are given.

Chapter 8 shows that given a system and its abstraction, the evolution of uncertain
initial conditions in the original system is matched by the evolution of the uncertainty
in the abstracted system. These ideas rely on the convservation law which results in a
partial differential equation known as the Liouville equation, for which a closed form
solution is known.
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e Chapter 9 concludes this dissertation and provides directions for future work.



Chapter 2

Mathematical Preliminaries

This chapter provides background information on material that will be used throughout this
work. Material covered includes the differential geometric or coordinate-free description of
control systems, control system properties, nonholonomic systems, and chained forms.

2.1 Differential Geometric Description of Systems

The concepts of differential geometry are very important to the field of nonlinear control
theory. General nonlinear systems may exist on manifolds other than R™ and their local
behavior may be very different from their global behavior. This phenomenon is in contrast
to linear systems existing in R™ whose global behavior is identical to the local behavior about
a point.

As an example, consider the Mobius strip shown in Figure 2.1. Locally, the surface looks like
a plane, but it is obviously not a plane when the entire surface is viewed in three dimensions.
Given a vector v at any point, the vector maintains the same orientation as it travels a short
distance on the curve c¢. However, if the vector travels along ¢ around the entire strip, its
orientation has changed when it returns to the original point, as shown by v’. The local
behavior did not give any indication that the vector would reverse its direction. In this case,
the local behavior is not a accurate predictor of the global behavior.

This section introduces the concepts of differential geometry. It provides the basic definitions
and terminology used in this area. The material in this section is treated in the context of
dynamical control systems in [22] and [45] and from a topological point of view in [39].

Definition 2.1 Topological Space: A topological space is a set X together with T, a
collection of subsets of X, that satisfies the following:

1. T contains @ and X.
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V

Figure 2.1: A vector traveling along a curve on a Md&bius strip.

2. The union of any collection of sets in T is in T .

3. The intersection of a finite collection of sets in T isin T .

The topological space is denoted by (X, 7). Often the topological space is simply refered to
as X when the topology 7 is apparent. The sets in 7 are called open. For any x € X, an
open set containing x is called a neighborhood of x.

Two immediate topologies on a set X are the discrete topology, in which all subsets of X
are open, and the trivial topology, in which only @) and X are open. Most useful topologies
fall somewhere between these two extremes.

Topologies on X can be described by a basis, a collection of sets B C 7, such that every
open set can be written as the union of elements of B. However, the representation of open
sets need not be unique.

The familiar concept of continuity can be defined topologically, without the use of a metric.
The following definition relates open sets in the range of a function with open sets in its
domain.

Definition 2.2 Continuity: Let X and Y be topological spaces and suppose f : X — Y.
Then f is continuous if for every open set O CY, f~1 is an open set in X.

The existence of functions between topological spaces that preserve open sets is important
to the study of topology. Such spaces, called homeomorphic, are topologically equivalent,
and such functions are called homeomorphisms. The precise definition is as follows.
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Definition 2.3 Homeomorphism: Two topological spaces, X andY , are said to be home-
omorphic if there exists a function f: X — Y that is continuous and bijective (i.e., one-to-
one and onto) and whose inverse f~1 is continuous. The function f is called a homeomor-
phism.

Next we define a particular type of topological space that is well-behaved and eliminates a
certain class of unusual spaces that are not useful in studying physical systems. The concept
of a Hausdorff space is important because it ensures that the limit of a sequence of points,
if it exists, is unique.

Definition 2.4 Hausdorff Space: A topological space is called a Hausdorff space if, given
two distinct points in the space, x1 and x4, there exist open sets O1 and O such that x; € O,

To € 02, and OlﬂOg == 0

The most familiar example of a Hausdorff space is likely the set of real numbers, R. Almost as
familiar are the Cartesian products of real numbers: R? = R xR (the plane), R = RxR xR
(the cube), etc. However, a space can be the Cartesian product of sets other than the real
numbers. For example, consider the space consisting of the points (1, 65) where both #; and
05 range from 0 to 27. Such a space can be represented by a sphere, as shown in Figure 2.2.
While a sphere is not a plane, if a very small area of the sphere is viewed, it is very similar
to a plane. This relationship between the small section of the sphere and the plane is the
idea behind manifolds.

Definition 2.5 Manifold: A set M is called a manifold if it is a Hausdorff space with a
countable basis such that for any p € M, there exists a neighborhood of p that is homeomor-
phic to an open set in R™. The dimension of M is n.

A manifold is said to be connected if it is not the union of two disjoint open sets.

Manifolds can be characterized by coordinate charts. If U is an open subset of manifold M
and ¢ is a homeomorphism between U and an open set in R”, then the pair (U, ¢) is called
a coordinate chart on M. Often ¢ is represented by an n-vector, (¢1, ..., ¢,). If p € U, then
the vector (¢1(p), ..., dn(p)) represents the local coordinates of p. This is demonstrated in
Figure 2.2 which shows that a sphere can be locally represented by a plane.

Since these ideas will be applied to dynamical systems, differentiability on a manifold needs
to be considered. The homeomorphisms play an important role because they allow the
system characteristics (such as differentiation) to be studied in the local coordinates in R"
rather than the more complex manifold.

Coordinate charts (U, ¢) and (V%) are said to be C*°-compatible if either of the following
conditions holds:
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AY) T

Figure 2.2: The local representation of an open set on a sphere by a plane.

.UNV=0.

2. UNV # @ and the transformation given by 1o¢~! has a C* inverse! given by ¢o~1.

The relationship between the coordinate charts is shown in Figure 2.3.

Definition 2.6 C*-atlas: A collection of coordinate charts U = (Uy, Pa)aca on manifold
M s called a C*-atlas if the members of U are pairwise C*°-compatible and UyeaUy = M.
Furthermore, U 1is called complete if it is the largest such atlas.

Definition 2.7 Smooth Manzifold: A smooth manifold is a manifold that has a complete
C*-atlas.

Example 2.8 Consider the manifold shown in Figure 2.4 given by M = R x S!, i.e., the
set of points (x,0) where x € R and 0 € [0,27|. For any point p = (xo,6), define the open
set containing p by

U,,:{(x,e)\|x—x0| <1and |0 — 6| <%}

Then define the homeomorphism ¢, : U, — R? by
¢p(@,0) = (z,0 — o).

Let U = {(Up, ¢p) : p € M}. It is clear that M = UpepU,. For points in overlapping open
sets, pr = (z1,61) and py = (x2,02), the inverse mapping ¢p, o 511 is C° because for any
pomt (ya Oé) € ¢p2(Up2)7

¢p2 © ;11(9706) = ¢p2(y705 + 61) = (y,Oé + 91 — 92)

'A function is C* if partial derivatives of k orders exist and are continuous.
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gy yod!

SRn

N

Figure 2.3: C*°-compatible coordinate charts (U, ¢) and (V, ).

Thus the coordinate charts in U are C*-compatible and U is a C*-atlas. Denote by U*
the set of all coordinate charts that are C*°-compatible with elements of U. Then U* is a
complete C*-atlas on M.

By extending this example to manifolds such as R x R x St and R x R x St x S!, it is shown
that the manifolds on which the unicycle and car models for the robot reside are smooth
manifolds. Therefore, the theory developed for smooth manifolds in this chapter are valid for
the models given in Chapter 3. From this point forward, it will be assumed that manifolds
are smooth.

Diffeomorphisms are the next concept to be introduced. These are similar to coordinate

,,,,,,,,,,,,,,,,,,,,

M
U, P \\
0 & | a

Figure 2.4: The manifold for Example 2.8.
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transformations and are useful in the study of nonlinear systems. For example, diffeomor-
phisms are used for feedback linearization.

Definition 2.9 Diffeomorphism: A map f : M — N between smooth manifolds is a
diffeomorphism if f is bijective and both f and f~1 are smooth.

The rank of f : M — N at a point p € M is given by the rank of the Jacobian matrix
evaluated at © = ¢(p) as follows

ox1 Ozn
rank,(f) = : D (2.1)
8$1 Oxn

The rank is independent of the choice of local coordinates. If for all p € M, rank,(f) =
dim(M), then f is an immersion. If for all p € M, rank,(f) = dim(N), then f is a
submersion.

In the following definition, the set of all smooth real-valued functions in a neighborhood of
p € M is denoted by C*(p).

Definition 2.10 Tangent Vector: A tangent vector at p € M is a map X, : C*(p) — R
that satisfies the following for all A,y € C*®(p) and o, 5 € R:

1. Linearity: X,(aX + py) = aX,(A\) + 8X,(7),

2. Product Rule: X,(Ay) = X,(A\)v(p) + Ap) X, (7).
The tangent space to p at M, denoted by T, M, is the set of all tangent vectors at p. The
tangent bundle of M is defined as T'M = UpenT, M.

This representation can be associated with the familiar notion of a tangent space as the
n-dimensional plane tangent to M at p, as shown in Figure 2.5. Since M is n-dimensional,

a tangent vector at p can be decomposed into n tangent vectors, (%) A (%) by
P "/p

(822-)13 W= {3(%5‘1)} =o(p) (22)

This view provides a more intuitive characterization of tangent vectors as follows. Given

p € M and coordinate chart (U, ¢), the tangent vectors (8%1) s s (%) form a basis for
P "/ p

T,M. In other words, the tangent vector X, can be represented by

S ”

defining
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Figure 2.5: The geometric interpretation of a tangent space.

where the «;’s are real numbers. Thus,

Xp(A) = iai (g;i)p. (2.4)

i=1

In the case that M = R", p = (21, ..., x,), and ¢(p) = p, this reduces to

0=, (g;)p. (2.5)

=1

Thus the value X,(\) can be interpreted as the derivative of the smooth function A in the
direction of X,.

Definition 2.11 Vector Field: A wvector field on n-dimensional manifold M at p is a
mapping f : M — T,M. Furthermore, f is a smooth vector field if there exists a coordinate
chart (U, ¢) about p and R-valued functions, f,..., fn on U, such that

flg) = kzi;fm) (%) (26)

forallq e U.
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Figure 2.6: Vector fields on a manifold.

The vector field is a map that associates a tangent vector with each point of M, as shown
in Figure 2.6. If a point continuously moves in the direction of a vector field for an interval
of time, the resulting collection of points is an integral curve defined formally as follows.

Definition 2.12 Integral Curve: Given a vector field f on M, a smooth curve c :
(t1,t2) — M is called an integral curve if

c(t) = f(c(t)) (2.7)

for allt € (t1,ts).

An integral curve on M is a curve that follows a given vector field at each point. This
behavior is illustrated in Figure 2.7.

Definition 2.13 Lie Algebra: A vector space V' together with the binary operation |-, -] :
V xV — V is called a Lie algebra if |-,-] satisfies the following for all v,w,z € V and
a, B eR.

1. Bilinearity: [av + fw, z| = afv, 2] + Blw, z].
2. Anti-symmetry: [v,w] = —[w,v].

3. Jacobi-identity: [v, [w, z]] + [w, [z,v]] + [z, [v,w]] = 0.

The derivative of a smooth function A in the direction of the vector field f is given by

LiA(p) = (f(p))(N) (2.8)

and is the definition of a Lie derivative.
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flo(t) o0

c(to)

Figure 2.7: An integral curve on manifold M.

2
Example 2.14 Consider the vector field f : R* — R? given by f(x1,12) = [ ;hjxl } and
1+ 22
the smooth function X given by \(z1, ) = 2?2 + x5 + 10. Then
) ) 21 + Ty
. D D
For the point (z1,x9) = (2,1), f(2,1) = 5 and LiA(2,1) = [4 2] 5| = 26. These

values indicate that the slope of the tangent of A at the point (2,1) in the direction { g } 18
26 (see Figure 2.8).

Given two vector fields, f and g, a new vector field can be defined by

([£5 91(2))(A) = (LyLyA)(p) = (Lo L A)(p) (2.10)

and [f, g] is called the Lie bracket of f and g. A vector space with the Lie bracket as the
binary operation is a Lie algebra. Denote by V*°(M) the space of C* vector fields on M.
Together with the Lie bracket operation, V*°(M) is an algebra.

Example 2.15 Consider the vector fields on R? given by f = { Smxxl@ } and g = [ %1 }
2
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150 —

100 —

50 —

Figure 2.8: The interpretation of the Lie derivative.

Then the Lie bracket is given by

[f.9] = Vagf—Vfg (2.11)
_ 10 sin x1xo | x2c08T1T9  T1 COST1Tg T
R e R R Y B
_ Sin x1x9 — T1X9 COS T1 T2
_ [ mmemn | 219

Definition 2.16 Distribution: A distribution on M is a mapping A : M — TM that
assigns to each p € M a subspace of the tangent space T,M. Furthermore, A is called a
smooth distribution if for every p € M there exists a neighborhood U and a collection of
smooth vector fields f;, i = 1...m, such that for all ¢ € U

A(g) = span(fi(q)|i=1,....m) (2.14)

The dimension of A(q) is m.

A distribution A is called involutive if, given any two vector fields f, g € A, the Lie bracket
[f,g] is also in A.
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A distribution A defined on an open set U is called nonsingular if there exists some integer
m such that for all p € U
dim(A(p)) = m. (2.15)

A nonsingular r-dimensional distribution A, defined on an open subset U of R", is called
completely integrable if for each p € U there exists a neighborhood U, of p and n — r real-
valued smooth functions, Ay, ..., \,,_,, on U such that

span(dAy, ..., dA,—) = {w € (R")"| <w,v>=0forallv € A(p)}. (2.16)

In this definition, (R™)* is the dual space of R™, i.e., the space of all bounded linear functionals
mapping R™ to the complex numbers. Also, v = [v; vy v,]T, w = [wyws---w,], and
<w,v >= Y " w;v;. The righthand side of (2.16) is called the annilhilator and is denoted
by A*L.

Given a distribution A, the filtration generated by A is a sequence (Aq, As,...) where

A = A
A1 = A;+span{[f,g]|f € A1, g€ A;} (2.17)

The following theorem is a fundamental result which relates to, among other things, the
existence of solutions of partial differential equations and the controllability of a system. It
gives conditions for a system to be broken down into reachable and unreachable parts, an
important step in determining the controllability of a system. The proof can be found in
[22].

Theorem 2.17 Frobenius: A nonsingular distribution is completely integrable if and only
if it is involutive.

The following example, from [54], shows how Frobenius’ Theorem can be used to determine
the existence of solutions to a set of partial differential equations.

Example 2.18 Consider the following partial differential equations.

Oh oh
drg— — — =0 2.18
3 3x1 (91'2 ( )
Ooh 9 Oh Oh
_ — 329)— + 20— =0 2.19
X1 o + (xg xZ)aﬁEQ + xgal'g ( )
The vector fields are given by
4x3 -
f=1|-1]andg= | 23 —3x, |. (2.20)
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Then A = span(f, g) and

—1 0 0 41‘3 0 0 4 —I1 —12$3
[figl=1] 0 =3 23 1| =1000]|a3-3x|= 3. (221)
0 0 2 0 0 00 2x3 0

This calculation shows that [f,g] = —3f, so that [f,g] € A and r = 2. Thus A is involutive
and, by Frobenius’ Theorem, completely integrable. Since n —r = 1, there exists a single
real-valued smooth function h such that

% () = 0 (2.22)
%g(x) = 0. (2.23)

The ideas in this section are important in the study of control systems of the form = =
f(t,z(t),u(t)). It is often the case that the control system’s state vector is not in R"™ but
rather in a more general manifold. The vector fields of the system are given by f(t, z(t), u(t))
and the integral curves define the trajectories of the system. The tools in this section provide
a means to study the system’s global behavior, the most important of which is controllability.

2.2 Control System Properties

In the study of control systems, controllability is particularly important. Often, the first
step in control design is to determine which states are controllable. If none of the states are
controllable, then no controller can be designed to achieve the desired result. If only some of
the states are controllable, then all may not be lost since the control objective may involve
only those states.

We are generally concerned with systems of the form

x(t) = f(t,x(t),u(t)) (2.24)

where z(t) = [21(t), ..., z,(t)]T € M is the state vector of the system on some manifold M,
T1,..., T, are the state variables (or states), and u(t) = [uy(t), ..., u,,(t)]* € U, is the control
input to the system that belongs to some set of admissible control inputs U. This is the
most general form of a dynamic system since it is both time-varying and nonlinear.

Definition 2.19 Controllability: The system given by (2.24) is controllable at xy € M if,
given xy € M, there exists some u(t) € U and finite T such that x(0) = x¢ and x(T) = xj,.
The system is controllable if it is controllable at every xq € M.
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In other words, a system is controllable if there exists an input that can move the system
between any two points in finite time.

For linear time-invariant systems of the form
x(t) = Az(t) + Bu(t) (2.25)

where z(t) € R", u(t) € R™, Ais an n x n matrix, and B is an n X m matrix, controllability
can be determined by the familiar rank condition as follows.

Theorem 2.20 The system given in (2.25) is controllable if and only if
rank(B AB A*B --- A" 'B) =n. (2.26)

The idea behind the proof is that a linear system is controllable if it can be driven to zero
from any initial state in finite time. When the solution to (2.25) is obtained and set to zero,
it can be expressed as
L'y
{=|BABA’B --- A"'B] | : (2.27)
Iy
where ¢ is arbitrary and I'y,...,I',, are obtained using the Cayley-Hamilton expansion of

eAT=1 " Since the solution to this matrix equation must exist for any &, then [B AB A%B ... A" D]
is required to have full rank. Complete details of this proof can be found in [4].

The following example from [4] illustrates controllability analysis for a linear system.

Example 2.21 Consider the circuit shown in Figure 2.9. The state variables are vg, the
voltage across the capacitor, and iy, the current through the inductor. The input to the
system 1s vs. The state equations are given by

v (t) —0 & ve(t) G

; = . + | BC | vs(t). 2.28

{ZL(t)} [ 0w ] v (2:28)

The rank condition is then equivalent to checking the determinant of the controllability ma-
triz. ) ) )
@ T R2C? 1+ c | — 1 _ 1
Z - RLC R2LC2 L2C
When the determinant is nonzero, the rank of the matriz is 2. So the system is controllable
for R # %

|B AB| =

(2.29)

Now consider the more general smooth affine nonlinear systems of the form

B(t) = f(@)+ Y gile)u; (2.30)
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Figure 2.9: An example of a controllable linear system.

where

contains f, g1, ..., Gm-

Before investigating the controllability of this system, the weaker notion of accessibility is
discussed.

Let RY (z) be the reachable set from xq in time T > 0 defined as follows.

RY(z¢) = {x € M |there exists u € U such that 2(0) = o,
z(t) € Viforallt € [0,7], and z(T) = x} (2.32)

Definition 2.22 Locally Accessible: The system given by (2.24) is locally accessible at
xo if for all neighborhoods V' of xo and all T > 0, RL(zy) contains an open subset of M. If
the system is locally accessible at xy for all xqg € M, then it is called locally accessible.

Denote by C the smallest subalgebra of VV°° that contains f, g1, ..., g,». This subalgebra C
is known as the accessibility algebra. Every vector field in C can be represented by a linear
combination of iterated Lie brackets of the form

[ Xk, [(Xk—1, [, [Xo, Xq].-]]] (2.33)
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where k =1,2,... and X; € {f, g1, ..., gm } for i € [1, k]. Also, denote by C(z) the span of all
vector fields in C.

The local accessibility of the system in (2.30) can be determined by the dimension of C(z)
as given by the following theorem. This theorem, whose proof is given in [45], is known as
the accessibility rank condition. In effect, the theorem states that if there are n independent
vector fields in C, then the system can locally move in all directions on M.

Theorem 2.23 If dim(C(z)) = n for every x € M, then (2.30) is locally accessible.

The next theorem, also proven in [45], provides a useful characterization of controllability of
a driftless system in terms of C'(z). It takes the result of the previous theorem and extends
it to give sufficient conditions for a system to be controllable. The additional requirement
is that the vector fields be symmetric, i.e., if u is an admissible control input, then so too is
—U.

Theorem 2.24 Suppose f = 0 in (2.30) and X € F implies that —X € F. Then if
dim(C(z)) =n for all x € M and M is connected, then (2.30) is controllable.

An equivalent statement of the above theorem is Chow’s Theorem. It states the controlla-
bility result explicitly in terms of the Lie brackets of the vector fields. A proof is given in
[6].

Theorem 2.25 Chow’s Theorem: Suppose (2.30) is a symmetric control system with
f =0 and M s a connected manifold. If for each p € M the vector fields g1, g2, ..., gm and
their iterated Lie brackets span T,M, then the system is controllable.

The condition that the vector fields and their iterated Lie brackets span the tangent space
is known as Chow’s Condition or the Lie Algebra Rank Condition (LARC). An application
of Chow’s theorem is given in the following example. The model used in the example for a
unicycle as described in the next chapter.

Example 2.26 Consider the following driftless system.

T COS T3 0
To | = | sinas |up+ | 0 | uy (2.34)
I3 0 1

where |11, T2, 23]7 is in the connected set R x R x [0, 27] and uy,us € R. The controllability
of this system s determined by checking the rank of the matrix

(91 92 91, 92] -] (2.35)
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where _
CoS T3 0
gr=| sinxg |, =10 |. (2.36)
0 1
The Lie bracket (g1, g2] is given by
0 0 —sinxg | 0 sin a3
[91,92) = Vgog1 —Vgigao=—] 0 0 cosws 0| =] —coszs |. (2.37)
00 o0 |1 0

Since (g1, g2] is independent of g1 and go, the dimension of [g1 g2 [91,92]] is 3. Thus the
system 1s controllable.

2.3 Nonholonomic Systems

Nonholonomic systems are important in the study of robotics. Most robotic systems ex-
hibit nonholonomic behavior under normal operating conditions and this behavior leads to
simplified models to which the theory developed in the previous sections readily applies.

As described in [61], the study of nonholonomic systems has its origins in the study of classical
mechanics. While such systems were studied by Euler, a clear understanding of nonholonomic
system structures in the context of mechanics was obtained by Hertz in the 1890s. The theory
of nonholonomic systems has connections with other areas as well: electromechanics, as
studied by Maxwell; thermodynamics, as studied by Gibbs and Caratheodory; and quantum
mechanics, as studied by Dirac.

The word holonomic, from the Greek words 6Aog, meaning “entire,” and ropos, meaning
“law,” was coined by Hertz and means “universal,” or “integrable.” Nonholonomic therefore
means “nonintegrable.”

For a mechanical system, we can consider two kinds of constraints: geometric and kinematic.
Geometric constraints are position restrictions while kinematic constraints are velocity re-
strictions. Geometric constraints always impose velocity constraints on a system, but the
converse is not true [44].

As an example, consider a simple planar robotic arm as shown in Figure 2.10. The position
of the end of the arm is given by (z,y). Assuming the arm is rigid, it has some fixed length
[. Then the geometric constraint is given by x? + y* = [?>. This constraint leads directly to
velocity restrictions since the endpoint cannot move in the direction of v, but must move in
the direction of w. The kinematic constraints can then be expressed as follows.

i+10sinf = 0 (2.38)
y—10cosf = 0 (2.39)
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\6

Figure 2.10: The geometric and kinematic constraints of a robotic arm.

Now consider a unicycle, as shown in Figure 2.11, moving in the (z, y)-plane with the no-slip
condition, i.e., the unicycle can only move in the direction of rolling. This condition means
that there can be no velocity in the direction of w and so it must all be in the direction of
v. So the following kinematic constraint must be satified at all times.

Zsinf — ycosf = 0. (2.40)
Or equivalently,
T
[ sinf@ —cosf 0 ] y | =0 (2.41)
0

However, this kinematic constraint does not lead to position constraints on the unicycle
system. We know intuitively that the unicycle can go to any point in the plane?. For example,
in Figure 2.12 the unicycle is able to move from position A to position B even though its
movement is restricted in that direction. For instance, it can simply move forward, rotate,
move backward, and rotate again to achieve position B.

If we describe the system using generalized coordinates (qy, ..., ¢,), then the geometric con-
straints can be expressed by

fl(qla"'7qn7t) = O

fulaissqnit) = 0. (2.42)

2That is, in the absence of obstacles. If obstacles are present, they introduce geometric constraints that
are not imposed by the kinematic constraints.
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Figure 2.11: The unicycle moving in a plane.

position A |

position B

24

Figure 2.12: The unicycle can move from position A to position B even though its velocity

is restricted.
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The kinematic constraints are of the form

fl(q17"‘JQ717q.17‘“7Q7Z7t) = 0

fm(QD"'aQHaqlw'WCjn?t) = 0. (243)

A specific type of kinematic constraint is the Pfaffian constraint that can be expressed as
C(q)¢ = 0, where ¢ is a vector of generalized coordinates and C/(q) is the Pfaffian constraint
matrix. The size of the Pfaffian constraint matrix is m x n, where m is the number of
kinematic constraint equations and n is the size of the state space. The constraints in (2.41)
are of this form. The nullspace of the matrix C(q) gives the admissible velocities of the
system.

If the differential equations in (2.43) are integrable, then then kinematic constraints are said
to be integrable. Otherwise they are nonintegrable. Kinematic constraints that are integrable
can be reduced to geometric constraints. For example, in the case of the robotic arm above,
the position constraints could be obtained by integration of the velocity restrictions.

Kinematic constraints that are nonintegrable are not in general equivalent to geometric con-
straints. This behavior is illustrated by the unicycle. The velocity restrictions cannot be
integrated into position restrictions. While it may not be obvious that (2.41) is not inte-
grable, intuitively we know that there are no geometric constraints. Therefore the kinematic
constraints must be nonintegrable.

A nonholonomic system is one in which the kinematic constraints are nonintegrable and
cannot be reduced to geometric constraints. In other words, a nonholonomic system is one in
which the movement is restricted locally, but not globally. Usually, nonintegrable kinematic
constraints are present when a system has fewer control inputs than states. In particular,
it is necessary that all of the kinematic constraints are nonintegrable. A constraint may be
nonintegrable on its own, but when taken together with the others, it may become integrable.

Controllability and nonholonomy are closely related. If a system with kinematic constraints
is controllable, then it is nonholonomic. This is because controllability implies that the
system can attain any position in its state space. In general, it is easier to determine
whether a system is controllable than it is to determine whether its kinematic constraints
are nonintegrable.

The degree of nonholonomy at a point, d,, is the minimum length of the Lie bracket required
to span the tangent space at that point. The degree of nonholonomy for the system, d,
is the upper bound of degrees of nonholonomy for each point of the system’s space, i.e.,
d = sup,ey; dp. Equivalently, the degree of nonholonomy is the smallest integer & such that

Example 2.27 Consider again the unicycle system given in (2.34). For the given g, and
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92,

Ay = span{gl,gg}
dim(Al) = 2 (2.44)

and since (g1, g2] is not in A,

Ay = Span{gtha[gth]}
dim(Ag) = 3. (2.45)

For k > 2, dim(Ag) = 3 because dim(Ag) < dim(Agy1) < 3. Therefore the degree of
nonholonomy for the unicycle is 2.

2.4 Chained Form

There is an important class of nonholonomic systems that can be converted into a canonical
form known as chained form. As is the case with many other canonical forms, the control-
lability of chained form systems has been shown and controllers have been developed. For
example, see [53] and [40].

The (2,n) single-chain form has two inputs and n states and is given by [41]

Zt‘l = U

.TQ = U2

T3 = Touy

I.'n = Tp-1U7. (246)

It can be shown that that all Lie brackets of length n — 2 or greater are zero. This property
is known as nilpotency. For the case where n = 3, the chained system reduces to

I.'l = U
[ii'g = U3
I.'g = TUj.

The controllability of this system is determined by checking the rank of the matrix

[91 92 [91,92] -] (2.47)
where
1 0
Gi=1|0|,90=]1 (2.48)
i) 0
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Since

0

[91,92] = | O (2.49)
1

is linearly independent of g; and g, for all values of x, the rank of the matrix is 3 and the
system is controllable.

In [40], sufficient conditions are given for the conversion of a system into chained form. Later
in Chapter 3, the transformations will be given to convert the unicycle and car models into
chained form. Controllers are developed using this form.



Chapter 3

Kinematic Modeling and Control

This chapter describes the kinematic modeling of a car-like mobile robot. Kinematic mod-
eling is often used because of its simplicity and accuracy in predicting the car’s behavior
under normal driving conditions. This type of modeling uses the nonholonomic constraints
of the system as described in Section 2.3.

After the modeling is discussed, the control design from [35] is described. This controller
uses the path’s curvature as a parameter. Since the curvature must be determined, two
estimation methods are described and simulation results are presented.

3.1 Modeling Approach

The control of a mobile robot can be viewed as a hierarchical system of three controllers:
the motion planner, the motion controller (i.e., point-to-point stabilizer, path follower, or
trajectory tracker), and the actuator driver. This structure is illustrated in Figure 3.1.

At the highest level is the motion planner. At this level, it is determined what path and
what velocity profile the robot is to follow. At least part of this motion planning must be
done off-line to determine the ultimate goal of the robot’s motion. In this case, the path to
follow and velocity are determined beforehand (e.g., a line to follow is painted on the road
and the robot must maintain a safe speed at all times). However, on-line motion planners
are available so that the robot can modify its movement based upon changing environmental
factors. See [29] for example.

Once the mobile robot knows where it must go, the controller at the next level takes on
the task of making it get there. At this level, the actual position and velocity of the robot
are measured and compared to the desired position and velocity (as determined by the
motion planner). Based on the errors between the actual and desired states, the controller
determines what steering or velocity inputs are necessary to achieve the desired position and
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Figure 3.1: The control hierarchy of a mobile robot. [25]
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velocity.

At the lowest level are the actuator drivers. These controllers receive as input steering
and velocity commands from the previous level controller and determine what inputs to the
motors are necessary to achieve the desired position or rotational speed. In other words, the
inputs are the desired steering angle and velocity from the motion controller. The actual
steering angle and wheel speed are measured and compared with the desired values. This
controller then determines the necessary motor and servo signals to achieve the desired
values.

Because of this control structure, the different levels of controllers can be decoupled and de-
signed separately. In this work, the design of the motion controller is studied. In particular,
the path following problem is addressed. (The different types of motion controllers are de-
scribed in Section 3.3.) Often, the mobile robot models used for the motion controller design
are kinematic. Only the movement of the robot is modeled and the dynamic effects, such as
mass or center of gravity, are not. The models used for the actuator drivers are dynamic as
in [38]. The hierarchical structure allows for the robot dynamics to be compensated for at
the lowest level.

3.2 Kinematic Modeling

There are two basic approaches to modeling a robotic car: kinematic and dynamic. A
kinematic model assumes a no-slip condition on the wheels and considers only the movement
of the vehicle. Acceleration is not accounted for in this model and it is assumed that changes
in the velocity and steering angle are instantaneous. Under many conditions (such as on dry
roads and when the car is being driven within its handling limits) these assumptions are
valid and the kinematic model’s behavior closely matches the actual car.

Dynamic modeling takes into account the forces acting on the vehicle. This model can be
constructed using the no-slip condition [38] or allowing wheel slip [26]. In either case, the
acceleration of the car is considered. In the case of [38], the design is used with the motion
controller in the hierarchy described above and serves as the actuator controller. In [26], the
model is used for traction control, where the objective is to steer the car on slippery surfaces
or to achieve maximum acceleration (or deceleration).

The model used throughout this work is a kinematic model. This type of model allows for
the decoupling of vehicle dynamics from its movement. Therefore, the vehicle’s dynamic
properties, such as mass, center of gravity, etc. do not enter into the equations. To derive
this model, the nonholonomic constraints of the system are utilized.
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Figure 3.2: The velocity constraints on a rolling wheel with no slippage.

3.2.1 Nonholonomic Contraints

As described in the previous chapter, if a system has restrictions in its velocity, but those
restrictions do not cause restrictions in its positioning, the system is said to be nonholonom-
ically constrained. Viewed another way, the system’s local movement is restricted, but not
its global movement. Mathematically, this means that the velocity constraints cannot be
integrated to give position constraints.

A familiar example of a nonholonomic system is demonstrated by a parallel parking maneu-
ver. When a driver arrives next to a parking space, he cannot simply slide his car sideways
into the spot. The car is not capable of sliding sideways and this is the velocity restriction.
However, by moving the car forwards and backwards and turning the wheels, the car can
be placed in the parking space. Ignoring the restrictions caused by external objects, the car
can be located at any position with any orientation, despite lack of sideways movement.

The nonholonomic constraints of each wheel of the mobile robot are shown in Figure 3.2.
The wheel’s velocity is in the direction of rolling. There is no velocity in the perpendicular
direction. This model assumes that there is no wheel slippage.

3.2.2 Frames of Reference

Before developing the models used for the mobile robot, it is appropriate to define the
framework to be used throughout this work. In the following sections, two different frames
of reference are used in describing the model: the global frame, F,;, and the mobile robot
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Figure 3.3: Top view of the global and mobile robot frames. [25]

frame, F,,.

A top view the the mobile robot is given in Figure 3.3. The global frame, F}, is fixed and
the mobile robot frame, F,, is attached to the robot and moves about in the global frame’s
(x,y) plane. The orientation of F,, is such that the linear velocity of the robot is along the
T,-axis. It is assumed that the robot’s environment is such that there is no movement in
the z-direction and that the z-axis and z,,-axis remain parallel at all times.

3.2.3 Unicycle Model

The simplest kinematic model for a mobile robot is given by the unicycle model, as shown
in Figure 3.4. In this model, the z,,-axis goes through the point where the unicycle makes
contact with the ground. Applying the nonholonomic constraints to the unicycle gives the
following model:

T vcosf
y | = | vsind (3.1)
0 w

The inputs to the system are v and w. The linear velocity, v, is in the direction of the x,,-axis
and w is the steering input that controls the angular velocity. In Section 2.2, it was shown
using the Lie Algebra Rank Condition that the unicycle is controllable.
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Figure 3.4: The model for the unicycle. (a) Top view. (b) Side view.

3.2.4 Global Coordinate Model

The exact position and orientation of the car in the global coordinate system can be described
by four variables, as shown in Figure 3.5. The (x,y) coordinates give the location of the
center of the rear axle. The car’s angle with respect to the z-axis is given by 6. The steering
wheel’s angle with respect to the car’s longitudinal axis is given by ¢.

From the constraints shown in Figure 3.2, the instantaneous velocity of the car in the x and
y directions is given as

vy cos 0 (3.2)

= 9p;sinf

where vy is the linear velocity of the rear wheels.

The location of the center of the front axle (z1,y;) is given by

r1 = x+lcost
y1 = y+Isind (3.5)
and the velocity is given by
iy = @—10sin.

i = y+160cosh

Applying the no-slippage constraint to the front wheels gives

g1 cos(0 + ¢) = & sin(0 + ¢). (3.8)
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Figure 3.5: The global coordinate system for the car. [25]

Inserting (3.6) and (3.7) into (3.8) and solving for 6 yields

.t
f = a?d)vl. (3.9)

The complete kinematic model is then given as

T cos 0

) sin 6 0

Sl =1 tme vt o | v (3.10)
4 7

é 0 1

where v; is the linear velocity of the rear wheels and v is the angular velocity of the steering
wheels.

Using the Lie Algebra Rank Condition, it can be shown that the robotic car is controllable.
The vector fields f; and f5 are given by

cos 0

sin 6
fi= tan ¢ and  fo =

l
0

(3.11)

_— o O O
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The Lie brackets [f1, fo] and [fi, [f1, f2]] are given by

—sinf

0 lcos? ¢
0 (30529
[f1, fo] = -1 and [fu, [f1, fol] = lCOS ¢ 1. (3.12)
lcos? ¢
0 0

The remaining Lie brackets are found to be [0 00 0]7. Upon computation we see that the
rank of the matrix [fi, fo, [f1, fo], [f1. [f1, f2]]] is 4 except when ¢ = £m/2. Thus the car is
controllable away from those steering angles.

3.2.5 Path Coordinate Model

While the global model is useful for performing simulations, its use for path following is
limited in practice. Often in the hardware implementation, the sensors cannot detect the
car’s location with respect to some global coordinates. The sensors can only detect the
car’s location with respect to the desired path. Therefore, a more useful model is one that
describes the car’s behavior in terms of the path coordinates.

The path coordinates are shown in Figure 3.6. The perpendicular distance between the rear
axle and the path is given by d. The angle between the car and the tangent to the path is
0, = 0 — 0,. The distance traveled along the path starting at some arbitrary initial position
is given by s, the arc lengh.

According to [53], if it is assumed that the path to be followed is smooth and its curva-
ture, denoted by c¢(s), is differentiable, then the system can be transformed into the path
coordinate model. The curvature is defined as

db,
=", 3.13
cls) = 5 (3.13)
From this definition, 0, is given to be
0, = c(s)s. (3.14)
The velocity along the path is _
$ =y cos b, + 0,d (3.15)

and the velocity perpendicular to the path is

d = vy sin 6. (3.16)
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Figure 3.6: The path coordinates for the car. [25]

Combining (3.14), (3.15), (3.16), and the definintion of 6,, the car’s kinematic model in
terms of the path coordinates is given by [35]:

: cos 6y
S, 1—dc(s) 0
d sin 6 0
é tang c(sg cos 0, v + 0 V2 (317)
p l 1—dc(s)
¢ 0 1
where ¢(s) is the path’s curvature and is defined as
do
c(s) = d—st (3.18)

3.3 Control Design

There are three possible tasks that the car can perform: point-to-point stabilization, path
following, and trajectory tracking. Point-to-point stabilization requires that the car move
from point A to point B with no restrictions on its movement between those two points. With
path following, the car must move along a geometric path. Trajectory tracking is similar to
path following, except the car must follow a path at a given speed. The objective for the
controller in this section is path following. The car must sense its position with respect to
the path and return to the path if it is off course.
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3.3.1 Chained Form

Before developing the controller for the model given in (3.17), the system is converted into
chained form. As described in Section 2.4, the (2,n) single-chain form has the following
structure:

.fkl = U

Zt‘g = U3

T3 = Ty

jﬁ'n = Tp-1U71. (319)

Although the system has two inputs, u; and us, this model can be considered single input if
uy is known a priori.

For the car model with four states, the (2,4) chained form becomes

I.'l = U

Ty = Up

I.'g = XUy

jﬁ'4 = XT3Ux. (320)

The states are given as

xry = S
1+sin®6, (1—de(s))’tan¢
= —(s)dtanf, —c(s)(1 —d :
T2 c(s)dtan 0, — c(s)( c(s)) cos? 6, * [ cos3 b,
ry = (1—dc(s))tan 6,
o4 (3.21)

where ¢(s) is the path’s curvature and ¢/(s) denotes the derivative of ¢ with respect to s.

The inputs are defined as follows:

1 —dc(s)
v = ———uy
cos 0,
Vo = ag(u2—a1u1) (322)

where vy is the linear velocity of the rear wheels, v, is the angular velocity of the steering
wheels, and

Ory 01 Oy [tan (1 — de(s))
= 224 Z2(1—de(s)) tand -
o = gyt g L de))tandy + 5 | — o e(s)
3 2
y = oS Opeos o (3.23)

(1 —dc(s))* -
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3.3.2 Derivation

With the system in chained form, a controller that performs path following can be developed.
In this form, path following equates to stabilizing x5, x3, x4 in (3.20) to zero. The input
scaling controller from [35] is given here.

First the variables are redefined as follows:

X = (X15 X2, X3, X4) = (21, T4, T3, T2). (3.24)

So the chained form system is then

X1 = u
X2 0 u O X2 0
X3 = 0 O Uy X3 -+ 0 U2. (325)
X4 0 0 O X4 1

This system can be transformed into a linear time-invariant system if u;(¢) is bounded and
strictly positive (or negative) because such restrictions on u; would make y; monotonically
increasing (or decreasing) with time. So differentiation with respect to time can be replaced
by

d dy, d d
()= 22" () = — (). 3.26
FO =L —u () (3.26)
Dividing by |uq| gives
L9 ()~ sign(u) == () (3.27)
’ul‘dt s ' dx1 ' '

Then differentiating twice using this form of differentiation, the system can be represented
by
d3y u

) 2 . 2
= —= 3.28
sign(u1) X s1gn(ul)u1 ( )

and a stabilizing controller is given by
ua(X2, X3, Xa) = —wisign(ur)[k1xa + kasign(ui)xs + ksxa- (3.29)

As stated in [35], the system (3.25) is controllable if u; (¢) is a ” piecewise continuous, bounded,
and strictly positive (or negative)” function. With u; known a priori, us is left as the only
input to the system. The controller for uy (with the appropriate restrictions on u;) becomes

Ug = —lﬁ]ul(tﬂxg — kgul(t)X:g — kg‘ul(t)|X4 (330)
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3.4 Curvature Estimation

The model for the car and the resulting controller given in the previous section require
knowledge of the path’s curvature. This section describes methods for estimating the path’s
curvature.

Except for ¢(s), all of the variables in (3.17) are known or can be measured by sensors on
the car. The feedback control algorithm based on this model must know the curvature to
calculate the desired inputs v; and vy. The problem then is to determine the curvature of
the path based on the known or measured variables.

The task of curvature estimation is simplified if constraints are placed on the path. One such
constraint is that the path be continuous. Another is that the path be either straight or a
curve of known constant radius. A sample path showing these constraints is shown in Figure
3.7. This sample path is made up of straight sections and curves of two different radii. The
resulting curvature profile is shown in Fig 3.8.

Recall from (3.18) that the curvature, ¢(s), is defined as

do
c(s) = d—st

Therefore, if the path is turning left, ¢(s) is positive and if the path is turning right, c(s)
is negative. The magnitude of ¢(s) is &, where R is the radius of the circle describing the

R’
curve.

As a result of these constraints, the curvature of the path as a function of distance is dis-
continuous and piecewise constant. The derivative of ¢(s) with respect to distance is zero,
except for those points where the curvature changes. At those points, the derivative is not
defined. Therefore, the following assuption is made

with ¢/(s) denoting the derivative of ¢ with respect to s. The derivatives are taken to be zero
and points where the curvature changes are treated as disturbances.

If the curvature values are known a priori, the estimation result can be used to select the
actual value. In other words, the calculated curvature need not be used for ¢(s) in the state
equations and controller. Rather, the actual curvature value can be selected based on the
outcome of the estimation.

With the path configuration constraints defined, two methods of curvature estimation are
now presented.



Patricia Mellodge Chapter 3. Modeling and Control 40

s=0

Figure 3.7: A sample path showing the constraints. [25]
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Figure 3.8: The curvature of the path in Figure 3.7 with respect to the path length s. [25]
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3.5 Estimation Methods

3.5.1 Estimation Based on the Steering Angle ¢

The first method of estimating c(s) is based solely on the steering angle, ¢. At steady state,
the car’s steering wheels turn with the curves of the path. This method simply estimates
the curvature using the steering wheels” angle.

If the front wheels are fixed at a certain angle, the car will describe a circle of a certain radius.
Using (3.10), a MATLAB simulation was used to find the radius, R, described for several

values of ¢. It was found that the relationship between the circle’s curvature, c(s) = %, and
¢ was nearly a straight line. So the relationship between ¢(s) and ¢ was approximated to be
c(s) =a+ [¢ (3.31)

where o and (8 were determined using the method of least squares to fit a line to the data.
The sign of ¢(s) is the same as ¢.

To make this method more robust to noise, the value of ¢ used in (3.31) can be averaged
over several sample periods. By averaging ¢, this method provides a good estimate even if
the car is oscillating about the desired path. However, (3.31) will work only if the car is
generally following the desired path.

3.5.2 Estimation Based on the Vehicle Kinematics

The second method of estimating the curvature is based on the vehicle kinematics. If all the
variables in (3.17) are known or can be measured, the equation can be solved for ¢(s).

The third equation in (3.17) is

vitang  wvic(s) cosb,

0, = : 3.32
P l 1 —dc(s) (3:32)
This equation can be rearranged as
dt . t .
c(s) |vy cosb, + ndtang Op,d| = vtang 6, (3.33)

l l

which is linearly parameterizable in ¢(s). This equation can be rewritten in the following
form:
Yy =wa (3.34)
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where
t
y = A ?nd)—ep (3.35)
dt
w = vlcosep—l—vl land)—epd (3.36
a = ¢(s) (3.37)

Knowing w and y, a can be obtained using a least squares estimator. We want to find the
a that minimizes J where

J :/o (y — wa)>dr. (3.38)

{ /O t der} a= /0 t wydr. (3.39)

Differentiating gives an update equation for a:

Making g—‘é = 0 gives

a = —Puwe (3.40)
where
1
fo w2dr
e = wa—y (3.42)

and w is defined in (3.36).

We can make the equation for P iterative by using the following update equation:
P = —P%u? (3.43)

where P is initialized to some large value.

3.6 Simulation Results

This section provides simulation results for the controller in (3.29) under varying conditions.
The performance of the estimators is discussed and comparisons between them are made.
The path used is shown in Figure 3.9, and its curvature profile is shown in Figure 3.10. This
controller was tested using both the actual and the discretized errors.
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Figure 3.9: The path used for simulation. [25]
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Figure 3.10: The curvature profile of the path shown in Fig 3.9. [25]
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Figure 3.11: The states, x2, x3, and x4, resulting from using the actual errors and curvature.
[25]

3.6.1 Control Using the Actual Curvature

First, the actual curvature was used in the controller. The desired path is shown in Figure
3.9. The curvature can be determined to be 1 or 0. Figs. 3.11-3.13 show the results of
applying this controller. The car’s path speed, uy, was held constant at 1.5 m/s. The gains
used were ki = A3, ko = 302, and k3 = 3\, with \ = 8.

There are two important things to note about the performance of this controller. The first
is that, even though u; is constant, v; does not remain constant. The control input wu; is
transformed into v; by taking into account the car’s state and also the curvature. The result
is that the car slows down in the curve.

The second thing to note is that there are spikes in the steering control input, us. These
result from the spikes that are present in z5. These spikes occur exactly where the path
changes curvature. At these points, the curvature is not differentiable. However, in the
implementation, the derivatives of curvature are set to zero. The discrepancy is seen here as
a disturbance in the system.

Next, the same controller was used with the discretized errors. This simulates the errors
obtained on the actual car using an array of discrete sensors. It was assumed that there
were twelve sensors spaced 0.2 inches apart. The same gains and initial conditions were used



Patricia Mellodge Chapter 3. Modeling and Control 45

25 &0
3 40
20
14 m
a
! 20
045 -40
a 1 2 3 1 1 2 3
15
10
14 5
= =
a
-5
1.45
-10
a 1 2 3 1] 1 2 3
tirne (s) time (=)

Figure 3.12: The control inputs, v; and ve, resulting from using the actual errors and curva-
ture. [25]
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Figure 3.13: The heading angle, 0,, and steering angle, ¢, resulting from using the actual
errors and curvature. [25]
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Figure 3.14: The states, xs, x3, and x4, resulting from using the discretized errors. [25]

as above. Figs. 3.14-3.16 show the results of discretization. Again, the actual curvature is
used.

As is to be expected, using the discretized errors caused the control input, and thus the
steering angle ¢, to become much choppier. This resulted in a less smooth trajectory being
traversed by the car.

3.6.2 Control Using the ¢ Estimator

Next, the simulation was run using the ¢ estimator, as described in Section 3.5.1. The
curvature was calculated using (3.31) with @ = —0.1599 and § = 4.8975. For filtering, ¢
was averaged over 10 sample periods. A threshold of 0.5 was used so that if the calculated
curvature was less than 0.5, a ¢(s) value of 0 was used. Otherwise a ¢(s) value of 1 was used.

The car was placed on the path so that ¢, was initially nonzero. This initial condition
resulted in some transients while the car centered itself on the path. The estimate of the
curvature is shown in Figure 3.17a. The value used for ¢(s) is shown as the solid line in
Figure 3.17b. Because of the transients, this situation caused c(s) to erroneously have a
value of 1 well before the car reached the curve. This method gave a more accurate c(s)
during steady-state, showing only a slight delay. The results of control algorithm are shown
in Figs. 3.18-3.20.
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Figure 3.15: The control inputs, v; and vy, resulting from using the discretized errors. [25]
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Figure 3.16: The heading angle, 6,, and the steering angle, ¢, resulting from using the
discretized errors. [25]
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Figure 3.17: The curvature estimated using only the steering angle, ¢, with 6, initially
nonzero. [25]
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Figure 3.18: The car’s states resulting from the using the ¢ estimator. [25]
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Figure 3.20: The heading angle, 6,, and steering angle, ¢, resulting from using the ¢ estima-

tor. [25]
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In Figure 3.19, spikes are seen in the steering input on the straight portion of the path.
Comparing this result with Figure 3.17 provides an explanation for this steering behavior.
The ¢ estimator produced a false curvature while it was on the straightaway due to transients
while the car corrected itself. This error in the curvature estimation results in two spikes in
the steering input u;, as seen in Figure 3.19. The two spikes occur in u; as it is starting out
because the curvature is incorrectly estimated to be 1. The first spike occurs at the 0 to 1
transition, while the second occurs at the 1 to 0 transition. After the initial transients, this
controller’s performance was similar to the above controller with which the actual curvature
was used.

3.6.3 Control Using the Model Estimator

Next, the simulation was run using the model estimate method described in Section 3.5.2.
This method used the same initial conditions as the ¢ estimate method.

As with the ¢ estimate method, this method was also tested with a nonzero ¢,. After
applying the update equation, (3.40), a was thresholded. If it was greater than 0.5, it was
set to 1. If it was less than 0.5, a was set to 0. The curvature value for ¢(s) was then a.
The resulting curvature is shown in Figure 3.21. This method performed very well. The
estimated curvature matched the actual curvature going from the straightaway to the curve.
Coming out of the curve, there was only a slight delay before the estimator determined the
correct value for c(s).

As a result of the accurate curvature estimation, there is very little difference between the
controller’s performance using the actual curvature or the estimated curvature. The results
are shown in Figs. 3.22-3.24.

This chapter presented kinematic models for the car-like robot: the unicycle model, the
global coordinate model, and the path coordinate model. The next chapter presents another
model in which the robot has a camera attached.
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Figure 3.22: The car’s states resulting from the using the model estimator. [25]
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Figure 3.24: The heading angle, ¢,, and steering angle, ¢, resulting from using the model
estimator. [25]



Chapter 4

Vision Based Modeling and Control

4.1 Image Dynamic Modeling

Much of the work that has been done in the area of vision based control uses the image
to obtain information about the car’s location. For example, see [20], [21], and [59]. Often
the car’s position, angle, etc. are extracted from the image data. The idea of the model
presented here (from [36]) is to bypass the extraction phase and use parameters directly
measurable from the image to control the car.

In this chapter, it is assumed that there is a camera mounted rigidly on the car. The camera
frame, F,, is attached to the mobile robot as shown in Figure 4.1. This frame is chosen so
that the origins of F), and F, are the same and that the y,,-axis lies along the y.axis. The
camera is mounted at height h above the (z,y) plane. If, on the actual robot, the origins
do not coincide, then a point in the actual camera frame can be transformed into F, by a
simple translation. Also, it is assumed that the camera is tilted downward so that «, the
angle between the x.-axis and x,,-axis, is positive. It is assumed that h and « are known
fixed values. Throughout this chapter, points in the car’s frame are denoted by (., Ym, 2m)
and points in the camera’s frame are denoted by (2., ye, 2¢).

4.1.1 Ground Curves

In the previous chapter, to convert the kinematic model into path coordinate form it was
assumed that the ground curve was smooth and its curvature differentiable. In this section,
a precise statement of the conditions for the ground curve are given so that a transformation
between the ground and image plane can be developed and the image dynamics studied.

The ground curve that the mobile robot is to follow will be denoted by I'. If some assumptions
are made about the ground curve, the analysis of these curves can be made easier. The

23
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ym,’yc
xm
Ja

= = ————

Figure 4.1: The camera frame of reference. [25]

assumptions are as follows:

1. T is analytic
2. I' can be parameterized by z. in the camera coordinates

3. 9L =0

1. T is analytic.
A curve is analytic at a point of I' if it can be represented by a Taylor series with some
radius of convergence. This implies the existence and continuity of all derivatives of T'.

2. T can be parameterized by z..

By this assumption, given any z., the corresponding vy, is unique. If the y. coordinate were
not unique, then there would be more than one possible path to follow. Thus a higher level
decision would need to be made to determine in which direction to proceed.

3. &L —o.
oz
This is a formal statement of the previous assumption that the robot’s environment is such

that there is no movement in the z-direction and that the z-axis and z,,-axis remain parallel
at all times.

The path coordinate model derived in the previous chapter is valid using these restrictions.
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Figure 4.2: Representation of point P on the ground curve in the camera coordinates. [25]

This is because the transformation from global to path coordinates only require that the
path be smooth and its curvature differentiable.

4.1.2 Image Dynamics

This section describes the relationship between the ground curve and the curve in the image
plane and the dynamics of the image curve, as given in [36]. The coordinate notation has
been modified to be consistent with the previous chapter.

By the second assumption made about the ground curve above, the points of I' can be
parameterized by z.. Thus at any time ¢, a point on the ground curve, P, can be specified
in the camera frame by (v,(2c, 1), 2, V2(2c,t)). An explicit expression can be derived for
Ve (2e, t). From Figure 4.2, it can be seen that

h Ze  h+z.cosa

t) = = 4.1
Yalze,?) sin «v + tan o sin « (4.1)

If z. is a fixed point in the camera frame, the time evolution of the system can be characterized
by v, (zc, t) since 7, is not a function of time.

The ground curve can be represented in the image plane by its orthographic projection,
(7y(2e, 1), 2¢), and also by its perspective projection, given by

Y(zt) = f% (4.2)

Z(th) = f% (43)
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where f is the focal length of the camera. Inserting (4.1) into (4.2) and (4.3) gives

Yy(Ze, t) sina

Y(et) = [0 ecosa (4.4)
¢S
Z(20t) = fﬁ. (4.5)
At any time ¢, the derivative of Z with respect to z. is given by
et e w0

Since it is assumed that a € (0,%), if 2. # —% then Z is a smooth function of z. and

2 a’
% is invertible. By the inverse function theorem [52], the mapping of z. to Z is one-to-
one in a neighborhood of P. Thus the image curve can be parameterized by Z and points

of T' can be represented in the perspective projection by (Ay(Z,t), Z).

Since the ground curve is analytic and parameterized by z., v, is an analytic function of z,
and Ay is an analytic function of Z. Then both «, and Ay are infinitely differentiable and,
at any z., can be uniquely determined by the values of their derivatives at z.. Then the
orthographic projection of I can be represented by

§iv1 = %, (i=0,1,...)
fi = (fl?fZa"'?fi)T
§ = &% (4.7)

Similarly the perspective projection of I' can be represented by

Iy (Z,t)

Ci+1 = T’ (ZZO,L...)
Ci = (ClaCQ?"'aCi)T
¢ = ¢ (4.8)

The two systems of equations, (4.7) and (4.8) are linearly related. If one set of coefficients
is known, the other can be found through multiplication by a nonsingular lower triangular
matrix. (The complete proof of this statement using mathematical induction is given in
[36].) Thus, (; is a function of &, &, ..., & in general.

The 3x3 matrix relating ¢* and & can be found as follows. By definintions (4.7) and (4.8),

51 = Dy (49)
G = Av. (4.10)
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Plugging (4.4) into (4.10) gives
fsina

G &1 (4.11)

h+ z.cos «

The relation between & and (5 can be found by differentiating (; with respect to z.:
¢ 0z  9G
°0z, 0z,

(4.12)

Substituting (4.11) into this equation and solving for (» gives the result in terms of & and

&2

CoS «v h + z.cos «
Co=— . &1+ — &, (4.13)
a linear combination of & and &s.
Similarly, (3 is determined to be
(h+ 2. cosa)?
= 4.14
G fh?sina (4.14)

Representing the above equations in matrix form gives the relationship between £* and (3:

fsina
3 h+z€ézsogla h+z0cos ] 0 3
¢ = — e o 0 . £°. (4.15)
0 0 (h+2c cos )

fh2sina

In hardware implementation, the camera has a finite focal length so the measurements from
the image will be the ( coefficients, the perspective projection. However, the control laws
and analysis to follow are done using the orthographic projection coefficients, £. Because of
their equivalence from the above result, the properties of the orthographic projection system
also hold for the perspective projection system.

The change in the arc length of a curve is given by [28]

§'(20) = \/(Z—Z)Q +14 (Z’:)Q (4.16)

The curvature of a ground curve was defined by (3.13) as

c(s) = Cfi—it (4.17)

This result only holds for planar curves. In the global frame, the I' is planar. However
in the camera frame, I' moves in all three coordinates. For a curve in R?, the curvature
(parameterized by z.) is defined as

c(2e)

_ |
| ds

I xI)
= PGP e
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where T is the tangent vector of I' at z.. Since the derivatives of I" are given by

T
I(z) = (%,1,00*504) (4.19)
2 T
I"(z) = (%Zy,o,o) (4.20)

then (4.18) becomes

Veot? a + 1 (%235’)

3
Oy 2 2
<_8zc) + 1+ cot“ o

Another important result from [36] concerns a special case of analytic ground curves: linear

curvature curves. By definintion of linear curvature, the change in curvature with respect to
the arc length is constant but not zero. Let k = ¢/(s). Since ¢/(s) = E,Ej‘%, rearranging and
83%
0z3

(4.21)

c(z.) =

results in

solving for

k(1+cot? a+£2)3
Py g, visme 908
= 4 =

923 1+ cot?a + &

(4.22)

This result shows that for i > 4, &; is a function of only &, &, and &3. So all of the information
for a linear curvature analytic ground curve is captured in &3.

As stated above, the dynamics of the image curve can be reduced to the dynamics of 7, (., t)
since -, is only a function of z.. So as the mobile robot moves, (,(zc, ), zc, 7z(2)) changes
with the rotational velocity w and linear velocity v. The movement of a point in the camera
frame due to the robot’s linear velocity is given by

Yy 0
Ze | = | sina | v. (4.23)
Ve COS (v

Yy Ty 0
Ze | == | 2 | X | wcosa (4.24)
Ve Ve —wsin

where (0, w cos o, —wsin )7 is the vector along the axis of rotation with length w. Thus,

Yy = —(zesina+ v, cosa)w (4.25)

2, = —(vsina —ywsina). (4.26)
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Using the fact that,

_ aﬁ)/y(zcat) + 3”yy(zc,t)z

- . 4.27
7@/ at azc ( )
the dynamics of a point in the image plane are
0 t 0 0
%‘3’) = (a—zz sin a) v— (sijlca + hcot a + 7, azz sin a) w. (4.28)

Thus &, is given by (4.28). Differentiating twice with respect to z. gives the image plane
dynamics for a linear curvature curve:

€ = fu+ fu (4.29)
where

&1&sina + hecot o + 2=

sin «

= - flfzasina—l—fgsina—i—siia (4.30)
1€y sin a + 3E563 sin «
& sina
f23 = &sina | . (4.31)
&ysin

This system can be converted into chained form using the following transformations.

T = &
B & cscd o
= k(csc? a+ &3)3
_ csc a §263
7= G k(csc? oo+ £2)?
Lo —kesca(esc? o+ £2)3 +3cs02a§2§§u & .
k(csc? a+ €3)* 'oesca
Y, —kcsca(csc2a+§§)3u 3esc? a €oés(esc? a + &2 +§3)u B csc? o+ &2 +§3u
k(csc? o+ £3)* ! k(csc? o+ £2)* ' csc o 2

(4.32)

4.2 Unicycle Controller

For the system given by (4.29), if the robot is tracking the desired curve, then the lateral
deviation of the wheel from the curve should be zero and the robot should be moving in the
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same direction as the ground curve’s tangent. Mathematically this is expressed as

ze=—hcosa — 0

0. (4.33)

7@/(267 t)
Oy(ze, )
T ’zcth Ccos

Thus the controller should stabilize & and & to zero.

Combining (4.33) with (4.29) and solving for w gives the angular velocity when the mobile
robot is tracking the desired curve:

w = (&sin® a)v. (4.34)
The control law from [36] is given by
w = &sin®avg 4 sin® a &g + K&
v = g+ SiIl2 (e} 51(51 + 53)1)0 - vagsign(& + 53) (435)

If K, and K, are positive, (4.35) is a stable controller for system (4.29) about {; = & =0
given the desired linear velocity vy. This can be shown using the Lyapunov stability theorem
on the partial system (&;,&)? with the Lyapunov function defined as

V=¢£4¢. (4.36)
Then differentiation gives

K&
sin o

V= — K, sin« f;l — & sina [(Ku& + & sin® av,) + K, sign(&; + &)] (&1 + &3). (4.37)

If & and & are small enough, then

| K & + &sin® avg| < K, (4.38)
making
. K&
v Bl (4.39)
sin a

So by Lyapunov’s stability theorem, (4.29) with the controller given by (4.35) is stable about
&1 =6 =0.

4.3 Simulation Results

This section provides simulation results for the controller in (4.35) for the case where the
ground curve has constant curvature (¢(s) = 0) and linear curvature (¢(s) is a nonzero
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Figure 4.4: The spiral path to be followed by the unicycle.
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Figure 4.5: The inputs for the circular path.

constant). The ground curves to be followed by the unicycle are shown in Figs. 4.3 and
4.4. For the circular path, the radius of curvature was 3. For the spiral path, the radius of
curvature was given by %, where s € [1,2]. In both cases, the values K, = 200, K, = 10,

and o = Z were used and the initial position was given by ¢ = 3, yo = 0.1, and 6y = 100°.

The results of applying the controller to the unicycle on the circular path are shown in Figs.
4.5, 4.6, and 4.7. As can be seen in Figure 4.6, the controller drives & and &, to zero, which
indicates tracking. The value of &5 settles at 0.5, which results from the unicycle being
aligned with the path’s tangent.

The results of applying the controller to the unicycle on the spiral path are shown in Figs.
4.8, 4.9, and 4.10. As with the circular path, the controller drives &; and &; to zero, indicating
that the unicycle is tracking the path. The value of &3, however, is increasing linearly. This
indicates that the unicycle is aligned with the path, whose curvature in increasing linearly.

The controller design given in this chapter is for the unicycle. However, the goal is to design
a controller for the car. The next chapter investigates the relationship between the unicycle
and the car in terms of abstraction, a concept that allows dynamical systems such as the car
to be represented by simpler systems such as the unicycle.
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Figure 4.6: The states for the circular path.

Figure 4.7: The unicycle’s path following the circular path.
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Figure 4.8: The inputs for the spiral path.
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Figure 4.9: The states for the spiral path.
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Figure 4.10: The unicycle’s path following the spiral path.

65



Chapter 5

Abstraction

This chapter reviews the concept of abstracted control systems and introduces the new con-
cepts of traceability, e-traceability, and e-consistency. Abstracted systems are simplifications
of more complex dynamical systems that retain some important information, such as control-
lability, about the original system. The notions of traceability, e-traceability, e-consistency
deal with the relationship between two dynamical systems. This chapter discusses these
concepts and applies them to the robotic car and unicycle systems. It starts with a review
of several concepts used in the definition of abstraction. A full discussion of these concepts
can be found in [48].

5.1 Preliminary Definitions

Abstracted control systems deals with relationships between systems. It is necessary to have
a transformation from one system to the other that is well-defined. The following definition
from [1] ensures that for any vector field X, the tangent map T®(X (p)) is well-defined for
all p e M.

Definition 5.1 ®-Related Vector Fields: Let ® : M — N be a smooth map and let X
and Y be vector fields on M and N, respectively. Then X and Y are ®-related if for all
peM

To(X(p)) = Y(2(p))- (5.1)

If ®: M — N is a smooth surjection', then for any vector field X, T®(X) is well-defined
on N only if
T, ®(X (1)) = T, ®(X (p2)) (5.2)

LA mapping ® : M — N is surjective if for every ¢ € N there exists a point p € M such that ®(p) = q.
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Y(®(p))

Figure 5.1: The relationship between vector fields in M and N. The vector fields X and Y
are O-related if T®(X (p)) = Y(®(p)).

whenever ®(p;) = ®(p,) for any py, p € M. Figure 5.1 shows the relationship between vector
fields in manifolds M and N. The vector fields X and Y are ®-related if T®(X (p)) = Y (P(p))
for all p € M.

It is useful to view ®-relatedness of vector fields in terms of their integral curves. The
condition on the integral curves of two ®-related vector fields is given by the following
theorem from [1].

Theorem 5.2 Suppose X andY are vector fields on M and N respectively and let ® : M —
N be a smooth map, then X andY are ®-related if and only if for every integral curve ¢ on
M, ®oc s an integral curve on N.

Next the concept of ®-relatedness of vector fields is extended to control systems. In order to
have a coordinate free and general description of control systems, the concept of fiber bundles
is used. Let us consider nonlinear control systems described by the ordinary differential
equations

#(t) = f(x(t), u(t)) (5:3)
where z(t) € R™ denotes the state of the system and u(t) € R™ denotes the control input.

The control system in (5.3) can be described using the commutative diagram in Figure 5.2
[45]. In the figure,

m(z) = (x,%). (5.4)

This control system representation can be generalized from the above local description to
a global one on a manifold M as shown in Figure 5.3 [45]. The components of the control
system can be described as follows.
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R’ xR" (1)
(x(@),u(?))

Figure 5.2: Local description of a control system. Adapted from [45].

M the state space manifold

T.:B—M a fiber bundle

7 1(z) the state dependent input spaces where x € M
TM the tangent space of M

7' TM — M the canonical projection of TM on M
F:B —TM the system dynamics

In other words, for any point (z,u) in B, F(x,u) = (z, f(x,u)) where f(x,u) is the velocity
vector at the point x € M. Using the local coordinates of the manifolds, this representation
is exactly the same as given above.

The fiber bundle 7 : B — M is often simply M x U for some input space U. However,
this is generally not the case because the input space may be dependent on the state. The
use of product M x U is then insufficient to describe the space. The product space can be
generalized into the form of a fiber bundle, defined as follows.

Definition 5.3 Fiber Bundles: (B, M,n,U,{O;}icr) is called a fiber bundle if the follow-
ing holds.

i. B is a smooth manifold called the total space.
i1. M is a smooth manifold called the base space.
1. U is a smooth manifold called the standard fiber.

. m™: B — M is a surjective submersion?.

2A smooth map 7 : B — M is a submersion if the rank of the Jacobian of 7 at every point in B is equal
to the dimension of M.
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Figure 5.3: Global description of a control system. Adapted from [45].

v. {O;}ier is an open cover for M such that for every i € I, there exists a diffeomorphism
U, . 7 YO0;) — O x U such that 7, 0 ¥; = 7, where 7, is the projection from O; x U
to Oz

The submanifold 7—!(p) is called the fiber at p € M. Figure 5.4 illustrates the relationships
of a fiber bundle [45].

Definition 5.4 Control Systems: A control system S = (B, F) consists of the following.

1. A fiber bundle w: B — M called the control bundle.

2. A smooth map F' : B — T M which is fiber preserving.

A map is fiber preserving if 7o F' = 7, where ' : TM — M is the tangent bundle projection.
Figure 5.3 illustrates globally the relationships of a control system and Figure 5.2 shows the
local relationships for an n-dimensional system with m inputs.

Definition 5.5 Trajectories of Control Systems: Let [ C R. A smooth curve ¢ : I —
M is called the trajectory of the control system (B, F) if there exists a curve ¢® : I — B
such that w(c?) = c and d(t) = F(cP(t)).

In local coordinates, this definition translates into the well-known concept of trajectories in
a control system given by & = f(x,u,t). Locally, a trajectory is a curve z(t) for which there
exists an input w(t) such that (t) = (x(t), u(t),t).
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Figure 5.4: Fiber bundle. Adapted from [45].

Definition 5.6 ®-Related Control Systems: Let ® : M — N be a smooth map and
let Syp = (By, Fu) and Sy = (Bn, Fiv) be two control systems with wy @ By — M and
nn : By — N. Then control systems Sy; and Sy are ®-related if

T® o Fy(my (p)) € Fiv(my' (®(p))) (5.5)

forallp e M.

It follows from the definition of ®-related control systems that any trajectory in Sj;, when
mapped to N pointwise through &, gives a trajectory that can be obtained by a control
input in Sy. This extension to trajectories is formalized in the following theorem from [48].

Theorem 5.7 Trajectories of ®-Related Control Systems: Let ® : M — N be a
smooth map and let Syy = (Byr, Fyr) and Sy = (By, Fx) be two control systems. Then Sy
and Sy are ®-related if and only if for every trajectory cpy : I — M, ® o cpy is a trajectory

OfSN.

The following example, motivated by the double integrator example in [48], illustrates con-
cept of ®-related control systems in higher dimensions.

Example 5.8 Consider the control system, Sy, given by

Zt‘l )
Zt‘g = I3 (56)
.ftg u
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where M = R3 and u € R. Let ® be the projection map defined by ®(zy, s, x3) = (1, 72).
Define the control system, Sy, to be
T N )
afg

where N = R? and v € R. Let p = (w1, 12, 23) be a point in M. Then vector fields in Sy
mapped from vector fields in Sy are found by the following process.

p=(r1,%2,73) €E M
Uy
(21, 29, x3,u) € By
I Fu
(21, 22, T3, [X2, 23, u]") € TM
| T®
(:1:1, To, X2, xg]T) cTN

Similarly, vector fields in Sy originating from ®(p) are found as follows.
p=(11,72,73) € M

U
(x1,229) € N
Yy
(r1,x9,v) € By
I Fy
(:1:1, Tg, [T, U]T) e TN

Setting v = x3 generates the corresponding vector field in N. Because of the freedom in the
control input v, Sy can generate any vector field that is mapped from Sy, as illustrated in
Figure 5.5. So it follows that T® o Fy(my/ (p)) € Fn(my' (®(p))) and control systems Sy
and Sy are ®-related because v € R.

In addition to constructing abstractions it is also desirable to propagate properties between
systems. In particular the property of controllability is reviewed here. The following defini-
tions of reachability are utilized towards that end.



Patricia Mellodge Chapter 5. Abstraction 72

Figure 5.5: The mapping of vector fields in Sy, to Sy.

Definition 5.9 Reachability: Let S = (B, F') be a control system on a manifold M. Given
a point p € M, the reachable set in time t € I C R is defined as

Reach(p, S) = {p’ € M | there exists ¢ : I — M such that
c(ty) = pand c(ty) = p', for t1,t, € I}. (5.8)

Furthermore, reachability of a set can be defined for A C M as
Reach(A, S) = U Reach(p, S). (5.9)

peEA
Using the concept of reachability, controllability can be restated as follows.

Definition 5.10 Controllability: A control system S = (B, F') is controllable if for every
p € M, Reach(p, S) = M.

One of the important results from [48] is the following theorem that provides a condition for
an abstracted system Sy to be controllable.

Theorem 5.11 Reachability for ®-Related Systems: Consider two control systems
Sy = (Bu, Far) and Sy = (B, Fiv) which are ®-related with respect to some surjective
submersion ® : M — N. Then for allp € M,

®(Reach(p, Sar)) € Reach(®(p), Sy). (5.10)
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Thus it follows that if Sj; is controllable then Sy is controllable.

5.2 Consistent Control System Abstractions

Theorem 5.11 allows us to propagate controllability from the original system to abstracted
system. But it is of more interest to study the propagation of controllability in the reverse
direction. If the relationship is known, then the controllability of the original system can
be determined from that of abstracted one. The definitions and theorems presented in this
section are from [48] and are needed to study the propagation of controllability in the reverse
direction. The complete proofs to these theorems are given in [48].

Definition 5.12 Implementability: Let ® : M — N be a smooth surjection. A control
system Sy = (B, Fyr) is implementable by control system Sy = (By, Fy) if whenever
there exists a trajectory in Sy connecting q1,qo € N, then there exist points p; € ®1(qy)
and py € ®71(q) and a trajectory in Sy connecting them.

Implementability ensures the existence of trajectories in the original system for every tra-
jectory in the abstracted system. It is dependent upon particular elements chosen from
the equivalence classes in original system corresponding to elements of abstracted one. Im-
plementability does not guarantee the existence of trajectories between all elements of the
equivalence classes.

Theorem 5.13 Implementability Condition: Let  : M — N be a smooth surjection.
A control system Sy = (B, Far) is implementable by control system Sy = (Bn, Fn) if
and only if for all ¢ € N, Reach(q, Sy) € ®(Reach(®~1(q), Syr)). For implementability of
b-related systems, the inclusion becomes equality.

We have seen that implementability depends upon a particular element chosen from an
equivalence class. In order to propagate controllability from the abstracted system to the
original system, this dependence must be removed. To remove the dependence, the concept
of consistency, as defined below, is used.

Definition 5.14 Consistency: Let ® : M — N be a smooth surjection. A control system
Sy = (B, Fi) is consistent with respect to ® whenever the following holds. If there exists
a trajectory in Sy connecting py,pa € M, then for all p} € @ 1(®(p1)) and py € D71 (P(p2))
there exists a trajectory in Sy connecting py to ph.
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As with implementability, a condition for consistency can be stated in terms of reachability.

Theorem 5.15 Consistency Condition: Let ® : M — N be a smooth surjection. A
control system Sy = (B, Far) is consistent with respect to ® if and only if for allp € M,
Reach(p, Sy) = @7 (@(Reach(2~(2(p)), Su)))-

When implementability and consistency are combined, it provides a powerful result for con-
trollability in reverse direction. This is given in the following theorem.

Theorem 5.16 Controllability Equivalence: Let & : M — N be a smooth surjection
and suppose control systems Sy = (B, Far) and Sy = (Bn, Fx) are ®-related. Further-
more, suppose that Sy is implementable by Sy and Sy is consistent with respect to . Then
Sn 1s controllable if and only if Sy is controllable.

5.3 Application to the Robotic Car and Unicycle

In this section we apply the notion of ®-relatedness to the car-like robot with respect to
some aggregation map . Consider the robotic car to be the complex control system. We
want to find ® such that the abstracted system is a unicycle. The car kinematic model was
given in Section 3.2.4 as

T cosf 0
U sin 0 0
. = an V1 + (%) (511)
01| e 0
1) 0 1
and the unicycle model was given in Section 3.2.3 by
T cos 6 0
y|=|snf |[v+ |0 |w. (5.12)
0 0 1

Proposition 5.17 The car and unicycle are ®-related control systems with ® defined for
each (z,y,0,0) € M by

q)(l',y,6‘7¢) = (a:,y,@). (513)

Proof: Consider any point (zg, ¥, 0o, ¢o) € M. Then

71-]T/[l (*T()u Yo, 607 ¢0) = ((‘IO; Yo, 607 d)O)u (Ub UQ)). (514)

Thus, )
T® o FM(’/Til(x(b Yo, 00) ¢0)) = ((x(b Yo, 60)7 (i.(b 907 60)) (515)
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For any v; and vs, letting v = v; and w = 6o gives

(1’0790,90) = (CUu,yu,eu) € FN(WK/l(q)(IBo;yo,@o, ¢0)))- (5-16)

So
T® o Fy(my (20, %0, 0o, $0)) S Fn(my' (B(0, Yo, 0o, ¢0)))- (5.17)
[ |

Proposition 5.18 The car is consistent with respect to the ® given by (5.13).

Proof: Let py = (21, 41,01, ¢1) and py = (22, ya, B2, P2) be two points in M with a trajectory
in Sy; connecting them. Let v, (t) and 0,(t) be the control inputs defined for 0 < ¢ < T that
generate that trajectory. Then for any ¢, ¢3 € (—m/2,7/2), the points p| = (z1,y1, 01, ¢o)
and ply = (w9, Ya, 02, ¢3) are in @1 (®(p;)) and ®~1(P(py)) respectively. For any p} and ph,
define the control inputs by:

0 tel0,1)
0 te[T+1,T+2]

¢1— ¢y te]0,1)

O3 — o telT+1,T+2
These control inputs generate trajectories between p} and pj. [ |

Proposition 5.19 The unicycle is implementable by the car.

Proof: ~ Consider any two points (x1,y1,01), (z2,92,02) € N with a trajectory between
them. The points (z1,y1,601,0), (22, Y2, 02,0) € M are in &' (z1,y1,61) and &~ (x2,s, 02)
respectively. Since the car is controllable, there is a trajectory in S); connecting the two
points. |

5.4 Traceable Control Systems

The ideas of abstraction must be extended in order to design a controller in the simpler
abstracted system and then transform the inputs back to the original system. In doing
this, one must ensure that the transformed inputs cause the original system to behave as
desired. The results from [48] reviewed in Section 5.2 give conditions (implementability
and consistency) for the equivalence of controllability between a control system and its
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abstraction. Knowing this, however, is not enough to guarantee the existence of an input
transformation that makes the original system track the abstracted system. The concepts of
implementability and consistency, while important in determining the equivalence of the two
systems, do not solve the control design problem. In particular, the following possibilities
must be addressed:

1. Do there exist inputs in the abstracted system for which the transformation is not
defined?

2. Do there exist inputs in the abstracted system whose transformation gives inputs in
the original system defining a trajectory that does not correspond to the trajectory in
the abstracted system?

In the case of the car/unicycle example, the conditions of implementability and consistency
are met. However, there is an important aspect of the car/unicycle system that is not
captured by these conditions. Given inputs for the unicycle, v(t) and w(t), t € [0, ¢y], the
input transformation given by

vi(t) = w(t) . '
i = 090 = i(0(0)

v2(t) + 1Pw?(t)

is well defined if v(t) # 0 and w(t) # 0 for all ¢, and both v and w are differentiable.
This transformation should provide the corresponding car trajectory if the initial conditions
match, i.e., z(0) = z,(0), y(0) = 5.,(0), 6(0) = 6,(0), and ¢(0) = tan~! (lw(0)/v(0)).
However, if v = 0 and w is constant, then the resulting car inputs are v; = 0 and vy = 0,
and the initial steering angle is ¢(0) = /2. In this case, the transformation is well defined
but the car’s initial condition lies at a point of singularity and the resulting trajectory fails
to follow the unicycle trajectory (the car does not move while the unicycle is rotating). In
fact, the derivative of € becomes oo - 0 and thus is indeterminate. This shows that there are
surfaces in the car’s manifold, defined by & = ¢ = 0 and 0 # 0 to which vector fields cannot
be tangential. The surface S in Figure 5.6 demonstrates this idea. Vector fields can point
onto and out of such a surface (f; and f5), but not along it (f3), i.e., the car can travel to
the surface and away from it, but not on it.

(5.20)

The car/unicycle example gives evidence that point #2 stated above is a real possibility
in an actual system. This phenomena happens because the car’s steering angle cannot be
7 /2. However, there do exist car inputs that result in the car’s trajectory being arbitrarily
close to the rotating unicycle. This condition is called e-traceability. In the case of the car
example, if the initial steering angle is chosen close to 7/2 and held fixed while choosing
vi(t) = 10,(t)/ tan ¢(0), then the angular velocity of the car, @, is finite and matches the
unicycle angular velocity exactly, as long as the initial conditions match. In terms of Figure
5.6, the unicycle can travel along the surface S while the car cannot. However, the car can
reach S and remain arbitrarily close to it.
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Figure 5.6: A surface in the car’s manifold.

The importance of this example can be seen in the context of motion planning, where the
controller is designed for the unicycle and then must be transformed by (5.20) into the car’s
inputs. Suppose the path shown in Figure 5.7 is given for the car to follow. This path is
smooth everywhere except at point py. If a controller for the unicycle is designed to follow
this path, the unicycle will stop and rotate when it arrives at p,. However, as discussed
above, the car cannot do this maneuver. The car’s inputs can be determined everywhere,
except at pp, using the transformation given in (5.20). If the car inputs are determined
offline, then an optimal trajectory about py can be calculated.

As an example, consider the cost function given by

ty
7= [ [ (000 = 0 + 9l0) = 0)) + a0~ 007 dt (521
0

where w; and wy are weights determining the relative importance of each error term. For
a smooth path, the transformation (5.20) minimizes J since x, y, and 6 match z,, y,, and
0, respectively. For the nonsmooth trajectory in Figure 5.7, no car inputs exist to minimize
J, but J can be made arbitrarily small since the unicycle is e-traceable by the car. Two
possible car trajectories, I'y and I's, are shown in Figure 5.8 that depend on the weights in
(5.21) and the maximum allowed value for J.

In the case of feedback control, where both the unicycle inputs and transformation to the
car inputs are calculated online, a priori knowledge of the point py is not available. The
usefulness of e-traceability is seen when the car reaches py and the unicycle begins to rotate.
We know from the above discussion that the input transformation does not give the desired
results. However, at pg, the car can follow the rotating unicycle arbitrarily closely. One
approach to determining the car inputs at pg is to allow the unicycle to finish its rotation
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Dy

X

Figure 5.7: A unicycle path that the car cannot follow.

X

Figure 5.8: I'; and I'y are possible paths that the car can follow.

78
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and then calculate v; and vy so that the car describes a small circle starting at py and ending
with x, y, and # matching z,, y,, and 6,. Another approach is to drive the car so that its
angle matches the unicycle’s angle throughout the rotation, resulting in an offset between the
car’s (z,y) position and the unicycle’s (x,,y,) position which then must be corrected. The
choice of which approach to follow depends on the specifications of the particular problem.
For example, is it more important that the car’s angle match the unicycle’s or can the angle
error grow as long as the car’s position remains close the to unicycle’s? The answer to this
question will determine the values for w; and wy in (5.21) and the resulting car inputs.

With this motivation, the following definitions are presented to precisely formulate the exis-
tence of these trajectories.

Definition 5.20 Traceability: Consider ®-related control systems Sy = (B, Far) and
Sy = (Bn, Fy) and a smooth surjection ® : M — N. Then Sy is traceable by Sy if and
only if for every trajectory cy of Sy there exists a trajectory in Sy, car : I — M, such that
D(cp(t)) = en(t) forallt € 1.

Traceability is a stronger condition than implementability since traceability requires that
there exists a trajectory in S, for which the entire trajectory maps to the trajectory in Sy.
Implementability only requires that there exists a trajectory in Sy, for which its endpoints
map to the endpoints of the trajectory in Sy. Any control system, Sy, that is traceable
by Sy is implementable by Sy;. However, the converse does not hold. The unicycle is an
example of a system that is implementable by the car, but not traceable. However, as the
above development shows, the unicycle is almost traceable by the car. This gives rise to
the idea of e-traceability. But first we define the distance between trajectories and give an
example.

Definition 5.21 Distance Between Trajectories: Let Sy = (By, Fy) be a control
system defined on Riemannian manifold (N, g) with metric tensor g = (g;;) and let ¢1, ¢y :
I — N be trajectories in Sy. Then the distance between ¢y and cy is defined by the Poincare
distance
dp(cy, ) = sup inf d(ci(t), ca(T)) (5.22)
te] TEL
The distance between points d(-,-), which is invariant with respect to changes in coordinate

systems, is given as
1/2

deidz; |7 (5.23)

b
d(q1,q2) = iﬂf/a 9i g a

where (x1,...,x,) are the local coordinates and the infimum is taken over all curves ~y(t) in
N such that y(a) = q1 and v(b) = ¢a.

For the following development, car trajectories will be denoted by X (¢) = (z(t), y(t),0(t), ¢(t))
and unicycle trajectories by Y (t) = (2,(t), yu(t),04(t)). The following proposition shows
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that for a unicycle trajectory, cy, that has no corresponding car trajectory, cp;, with
en(t) = ®(cpr(t)), there does exist a car trajectory with ®(cp/(t)) arbitrarily close to ey (t).

Proposition 5.22 Given a unicycle trajectory Y (t) = (o, 3, 0,(t)), where o and 3 are con-
stants (i.e., &, = U, = 0), and given any € > 0, there exists a car trajectory X (t) such that

dp(Y(t) — ®(X (1)) <e.

Proof:  Consider any € > 0. Choose the car’s initial conditions as z(0) = a, y(0) = 5,
6(0) = 6,(0), and ¢(0) € (—7/2,7/2) so that tan (0) > 2l/e. Let v1(t) = 16,(t)/ tan ¢(0)
and ve(t) = 0. The car’s resulting trajectory X () is

x(t) = a+ tan 6(0) sin 6,,(t) (5.24)
y(t) = B+ tanif)(O) (1 —cosf,(t)) (5.25)
0(t) = 0.(t) (5.26)
o(t) = ¢(0). (5.27)
By choice of ¢, |x(t) —x,(t)| < € and |y(t) —y.(t)| < e for all t. Hence dp(Y (t)—P(X(t))) < €

|
The concept of trajectories in Sy, that map arbitrarily close to those in Sy is formalized in
the following definition of e-traceability.

Definition 5.23 e-Traceability: Let Sy; = (B, Far) and Sy = (By, Fy) be ®-related
control systems and let ® : M — N be a smooth surjection. Then Sy is e-traceable by Sy if
giwen € > 0 and a trajectory cy : I — N then there exists a trajectory cpr : I — M such that
dp(CN — q)(CM)) < €.

An immediate consequence of this definition is that Sy is e-traceable by Sy, for e = 0 if and
only if Sy is traceable by Sy;. Let cy be a trajectory in N. When ¢ = 0, the definition
for traceable is satisfied since there exists a trajectory ¢y in M with dp(®(car) — en) = 0.
By definition of the distance in N, it is necessary that ®(cyp;) = cy. Furthermore, if Sy is
traceable by Sy, then there exists a trajectory ¢y with ®(cpr) = cn. Thus dp(P(cp) —cn) =
0.

With e-traceability, we have a weaker condition on the relationship between the ®-related
systems Sy, and Sy than implementability gives. While implementability requires that there
exist a trajectory in Sy, that maps the endpoints of a given trajectory in Sy, e-traceability
requires that there exist a trajectory in Sj; that can map arbitrarily close to the given
trajectory in Sy. If Sy is e-traceable by S);, a condition stronger than consistency is
needed for controllability to propagate between the two systems. A restriction is placed on
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the system to require that if there are converging sequences of trajectories in Sy then a
corresponding trajectory exists in Sj;. This leads to the following definition of e-consistency
stated precisely below.

Definition 5.24 e-Consistency: Let Sy = (B, Far) be a control system on M and let
O : M — N be a smooth surjection. Then Sy is e-consistent with respect to ® whenever the
following holds. If for any py,ps € M there exist sequences py, and py, in M such that

1. there exist trajectories connecting ®(p1,) and ®(py,) for all n and

2. ©(p1,) — @(p1) and ®(pa,) — P(p2),

then there is a trajectory connecting p1 and ps.

Unlike consistency, which requires that trajectories exist between all members of ®~(®(p;))
and ®~1(®(p,)) based on the existence of only one trajectory, e-consistency gives the condi-
tion for a trajectory to exist between p; and py. Consistency does not involve trajectories
in Sy, but for e-consistency, the existence of a single trajectory relies upon a sequence of
trajectories in Sy whose endpoints map arbitrarily close to ®(p;) and ®(p,). The following
example shows that Sj; can be e-consistent with respect to ® even if it is not controllable.

Example 5.25 Consider the system in Sy given by
I.'l . u
2]+

iy =0 (5.29)

and the system in Sy given by

with the ®-map given by ®(x1,x2) = x3. For py = (x1,) and py = (2], 5), let p1, = «
and pa, = B for all n. If a = B, then there exist trajectories in Sy connecting ®(py,) and
®(ps,) for all n and a trajectory in Sy connecting py and ps. However, if a # 3, there is
no trajectory in Sy; connecting p1 and py and no trajectories in Sy connecting ®(py,) and

¢(p2n)~

Controllability of Sy, is thus not a necessary condition for e-consistency. However, the
following corollary shows that ®-relatedness between S); and Sy and controllability of Sy,
are sufficient conditions for Sy, to be e-consistent with respect to ®.

Corollary 5.26 Consider control systems Sy = (By, Far) and Sy = (By, Fy) which are
®-related with respect to smooth surjection ® : M — N. If Sy is controllable, then Sy is
e-consistent with respect to .
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Proof: ~ Consider any pi,ps € M. Let p;, = p; and py, = po for all n. Since Sy, is
controllable, there exist trajectories connecting p;, and po, for all n. Denote each such
trajectory by ¢y Then ®(cyy) is also a trajectory in Sy. The sequences py, and po, satisfy
the conditions of Definition 5.24. |

Thus it follows that the car is e-consistent with respect to the ® mapping defined by (5.13).

As with implementability and consistency, the relationship between e-traceability and e-
consistency provide a means to propagate controllability between control systems Sj; and
Sn.

Theorem 5.27 Controllability Equivalence: Consider control systems Sy = (Byr, Fr)
and Sy = (By, Fy) which are ®-related with respect to smooth surjection ® : M — N.
Assume that Sy is e-traceable by Sy and Sy is e-consistent with respect to ®. Then Sy is
controllable if and only if Sy is controllable.

Proof: 1t Sy is controllable then Sy is controllable since the control systems are ®-related.
Now assume Sy is controllable and consider any points py,ps € M. Because Sy is control-
lable, there is a trajectory cy connecting ®(p;) and ®(ps). Then for each n, e-traceability
gives a sequence of trajectories cyy, such that dp(cy — P (ca,)) < 1/n. Denote the endpoints
of each ¢y, by p1, and p,,. These endpoints provide sequences in M with ®(py,) — ®(p1)
and ®(ps,) — P(p2). Because Sy is controllable, there exist trajectories connecting ®(p;, )
and ®(py,) for all n. Since Sy is e-consistent, there is a trajectory connecting p; and ps.
Thus S/ is controllable. [ |

With these notions defined, there is now a framework in which to approach the control design
for the car. In the following chapters, control design using abstraction is investigated in detail
and applied to the car/robot system. The current chapter concludes with a comparison
between traceability and differential flatness, an equivalence relationship between systems.

5.5 Traceability and Differential Flatness

The notion of differential flatness was developed in a series of papers by Fliess et al [14][15][16].
Differential flatness can be summarized by the following characteristics:

e Differential flatness deals with equivalence of systems.

e The meaning of equivalence is that there is a local one-to-one correspondence between
trajectories of different systems and that the variables of one system can be expressed
as a function of the variables of the other and a finite number of their derivatives.

e Differential flatness borrows the notion of Lie-Béacklund isomorphism from physics.
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e The size of the state space is not preserved and system complexity may be reduced.
e The number of inputs is invariant.

e A system is differentially flat if it is Lie-Bécklund equivalent to a trivial system (a
system without dynamics).

The following is a summary of ideas put forth in [16]. The notion of differential flatness was
motivated by dynamic feedback linearization. Given a nonlinear system

T = f(z,u) (5.30)

where z € R" and u € R™, the goal of dynamic feedback linearization is to find a dynamic
compensator of the form

= a(z,w,v) (5.31)
u = ofr,w,v) (5.32)
= ¢(z,w) (5.33)
with w € R? and v € R™ such that
2= Az+ Bv (5.34)

where z € R""9. Although flatness is closely related to dynamic feedback linearization,
it is a distinct system property with other applications (e.g., motion planning, tracking).
The system (5.30) is said to be differentially flat if there exists a finite set of differentially
independent variables y = (y1,. .., ym) (called the linearizing or flat outputs) such that

1. These y;’s are functions of the system variables and a finite number of their derivatives.

2. Any system variable is a function of the y;’s and a finite number of their derivatives.

In other words, if (5.30) is differentially flat, then there exist m flat outputs with

y = h(x,ul,...,ug’gl),...,um,...,uggm)) (5.35)
= 91(?!1,---,y§al),--->ym>---,y7(§m)) (536)
uo= gy By, (5.37)

From a differential geometric point of view, the vector field f in (5.30) can be seen as
a countably infinite set of vector fields parameterized by u. A trajectory in the system,
typically determined by x(0) and w(t) for ¢t € [0,T], can instead be represented by a single
infinite dimensional point & = (2(0),u(0),u(0),i(0),...,ut(0),...). A “prolongation” of
f is given by

F&) = (f(x,u),u,i,...) (5.38)
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where £ € X xU xR and RY? = R,,, xR, x---. Then the system (5.30) can be represented
by .

£=F(©). (5.39)
Using this notation, a classic system is defined in [16] by the pair (X x U x R, F), with
F being a smooth vector field on X x U x R, A trivial system is defined by (RS, F,)
where the coordinates are y = (y1,...,%y) and its derivatives y() = (y%l), ey y,(ﬁ)), y® =
(yf), - ,yf,%)). The vector field is

™ 4@

@) = (y,y W, y@ ), (5.40)

Fo(y,y
a chain of m independent integrators.

An equivalence relation between systems is informally described as an invertible transforma-
tion exchanging trajectories of systems. For ®-related vector fields F' and G, the relation

00

G(®(§)) = rg

(€)F(&) (5.41)
implies that ®(£(¢)) is a trajectory. The transformation ® is called an endogenous transfor-
mation if it has a smooth inverse.

Formally, two systems are differentially equivalent at a pair of points (p, q) if there exists a
smooth mapping ¢ from a neighborhood of p to a neighborhood of ¢ that is an endogenous
transformation. Using this definition, differential flatness can be defined as follows: A control
system is differentially flat about p if it is equivalent to a trivial system in a neighborhood of
p. If this definition is satisfied for all points in the state space, then the system is differentially
flat. This idea can be extended to the time-varying case if endogenous transformations are
replaced with Lie-Backlund isomorphisms. In such a case, the system is called orbitally flat.

In summary, differentially flat systems are equivalent to systems without dynamics (trivial
systems) through an endogenous transformation. The flat outputs contain all of the dynamic
information about a system and the system states and inputs can be found algebraically as
a function of flat outputs and their derivatives.

Differential flatness has application to motion planning and tracking. This can easily be seen
in the example of the car with n trailers. The system is shown in Figure 5.9[50] and the
dynamics are given by

I.'() = UjCOSs ‘90
yo = U sin 80
¢ = up
. Uq
0y = —tan

1—1
91‘ = d_o (J];[ COS(ejfl — 9])> sin(ej,l — 9]) fori = 1, .., n (542)
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\

Figure 5.9: The car with n trailers. Adapted from [50].

where xg, Yo € R is the position of the car, and u;, us € R are the inputs. The flat outputs
are x, and y,, the position of the last trailer given by

Ty = To— Z dz COS ‘91 (543)
i=1

Yn = Yo— Z d;sinb;. (5.44)
i=1

Thus, the flat outputs are a function of the states only. It has been shown [50] that given
the trajectory of x,(t) and y,(t), the inputs wu;(t) and us can be found explicitly.

Differential flatness provides a characterization of system equivalence that is different from
e-traceability in two ways. First, differential flatness relies upon a local one-to-one corre-
spondence between trajectories of system. Second, differential flatness requires that the
number of inputs be the same for each system. The concept of e-traceability does not have
these requirements. Here an example is provided of an underwater vehicle abstracted to a
rolling disk. In this case, the rolling disk is not traceable by the underwater vehicle, but it
is e-traceable, and the number of inputs is not invariant.
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Consider the nonholonomic model of an underwater vehicle [42]

x [ cosfcosy | 0 0 0
(] cos f sin ¢ 0 0 0
z —sin 6 0 0 0
o |~ 0 VE g Y=t sin ¢ tan ¢ Wy T cos ¢ tan @ w.  (5.45)
9 0 0 cos ¢ — sin ¢
| ] i 0 | | 0 | sinpsecd | | cos¢secl |

where z, y, and z are the Cartesian coordinates and ¢, 8, and ¥ are the Euler angles about
the (vehicle) z, y, and z-axes, respectively. The inputs to the system are v, the linear velocity
along the vehicle’s z-axis, and w,, w,, and w,, the rotational velocities about the vehicle axes.
Note that there is a singularity at 6 = 7.

This model can be modified to represent an underwater vehicle whose angular velocities
cannot be controlled directly. Suppose the vehicle’s yaw and pitch are controlled by rudders
with angles 3; and (3, located at —/; and —ly in the vehicle frame. Then w, = 0, w, =
v(tan B)/ly, and w, = —v(tan B1)/l;. The resulting model is

B o 07 [o]
g —sin 6 0 0
Z' 0 i tan Bs tan (51 0 0
o | _|tn (Sm e COWT) N L I (5.46)
9_ n cos d)% 4 sin d)% v 0 w1 0 wWo. .
g sec 6 (sin ¢% — cos ¢tazﬂ1 (1] 8
1
L _ i 0 | | ] | |

If the ®-mapping is defined by
q)($7y727 ¢70777Z)751752) - ($797¢)7 (547)

then this gives the projection of the underwater vehicle onto the x, y plane, whose dynamics
are

T cos 0
y | =| sy [v,+ | 0| wy (5.48)
(0 0 1

where v, = vcosf and w, = secf[(sin ¢)(tan F2)/ly — (cos ¢)(tan ;) /l1]. If v, and w, are
independent inputs, then these dynamics match the rolling disk.

The pair of systems (5.46) and (5.48) exhibit a relationship similar to the car and rolling
disk. The rolling disk is not traceable by (5.46) because of the rolling disk’s ability to rotate.
The rolling disk is e-traceable by (5.46) because the latter can turn in an arbitrarily small
circle. However, the number of inputs in each system does not match. In this case, the
framework of differential flatness cannot be used.



Chapter 6

Control Design

This chapter focuses on control design using abstraction. Given a system and its abstraction,
as defined in the previous chapter, a method is presented for transforming a controller in the
abstracted system back to the original system. Conditions for the existence and uniqueness
of transformation are provided and the relationship with traceability is given. Finally, if such
a transformation does not exist, the existence of an arbitrarily close solution is investigated
and its relationship to e-traceability is studied.

6.1 Problem Statement

Let ® : M — N be a smooth mapping and let Sy, = (By, Fiy) and Sy = (B, Fiv) be two
®-related control systems. It will be assumed that for some fixed time ¢, the state of Sy, is
given as p € M and the control input for Sy is known. The point ®(p) € N and the control
input in Sy, v € Uy uniquely define a vector field Y (®(p),v) € To(,)N.

The goal for the control design is as follows. Find an input for Sy, u = u(p,v) € Uy for which
the corresponding tangent vector X (p,u) € T,M maps to T, N such that T®(X (p,u)) =
Y (®(p),v). In other words, choose an input for the original system so that the resulting
tangent vector matches the tangent vector in the abstracted system when mapped through
T®. This guarantees that the movement on N can be followed by the original system on M.

6.2 Existence and Uniqueness of the Input Transfor-

mation
For any p € M, its local representation is given as x = (xy, ..., z,) € R". Furthermore, ®(p)
is represented as a m-dimensional vector y = (y1,...,¥yn) € R™. The dynamics of Sy, and

87
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Sy are locally given by

= F(z,u) (6.1)
= Gly,v)
where u = (uq,...,u) and v = (vy,...,vx). It is necessary to find u so that
TO(F(x,0)) = Gly,v) (63

or in expanded form

T (F(zx,u)) = Gi(y,v)
TOy(F(z,u)) = Gaoy,v)

TO,(F(x,u)) = Gu(y,v). (6.4)

Since z is fixed, the left side of (6.4) is only a function of v and the right side of (6.4) is a
vector of m numbers b = (by,...,b,)" = (G1(y,v),...,Gn(y,v))’. So there is a mapping
(different for each x) h : Uy — To@)N with h(u) = (hi(u), . .., hy(u))? such that

hl (u) = b1
hg (U) = bg
B (w) : b (6.5)

Three possibilities exist for finding a solution to these m algebraic equations:

1. w exists and is unique
2. u exists and is not unique

3. u does not exist

For the general case, a solution exists if A is onto. A unique solution exists if i is one-to-one
and onto.

6.2.1 Special Case

The solution to a set of nonlinear algebraic equations can be difficult to find and a general
solution method does not exist. Also, the condition that A be onto is excessive since there is
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only a single tangent vector that must be mapped to for each p € M. If the class of control
systems in limited to those that are linear in u (or affine), the system (6.1) is of the form

I
= Fy(z) + Y Fy(z)u;. (6.6)
i=1
Then since T®(f(z,u)) = 2 f(z,u) is a linear map,

T (Fa(x) + Z Fb(x)uz> =TP(F,(x)) + Z TO(Fy, (z))u; (6.7)

i=1
and

l
Z Tq)(sz(x))ul = G(ya U) - Tq)(Fa(x)) (68)

In this case, (6.5) is of the form X
h(u) =b (6.9)

where b = [G1(y,v) — T®1(F,(x)),...,Cm(y,v) — T®p(F,(x))]”. This is a set of linear
algebraic equations and the mapping h becomes a linear transformation. Solutions to linear
equations are a well-studied phenomenon in linear algebra and they are known to exist
if h has certain properties. The following two theorems are key results from [17] identify
conditions for which the necessary input u exists and for which it is unique.

Theorem 6.1 Existence of Solutions [17]: Let V and W be vector spaces and let h :
V — W be a linear transformation. If rank(h) = dim(W), then h is onto.

This theorem applies to the above problem if the input space U, is a vector space, i.e.,
for any valid system inputs u; and us, au; + Sus is also a valid system input for any real
numbers o and 3. Also, from Definition 2.10, it is known that T,V is a vector space. This
theorem states that if the dimension of range space of h (rank of h) is m, then h is onto and
a u exists to satisfy (6.9).

Theorem 6.2 Uniqueness of Solutions [17]: Let V and W be vector spaces and let
h:V — W be a linear transformation. Then h is one-to-one if and only if N(h) = {0}.

In this theorem, N(h) denotes the null space of h, the set {u € Uy : h(u) = 0}. The
solution, if it exists, is unique if u = 0 is the only point that h maps to the 0 tangent vector
in Tq>(p)N.

These two theorems can be combined to provide a sufficient condition for existence and
uniqueness of the solution.
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Theorem 6.3 Let V and W be vector spaces and let h : V- — W be a linear transformation.
Then the inverse transformation h™' : W — V emists if rank(h) = dim(W) and N(h) = {0}.

Since h is a linear transformation, it can be represented by an m x [ matrix A. Then (6.9)
becomes

ai;p -0 ay Uy b1
= : (6.10)
Am1 - Gl Uuj bm
or in more compact form
Au =0. (6.11)

For affine systems, the problem is reduced to identifying certain properties of A. Thus, the
above theorems can be transformed into statements about A.

Theorem 6.4 Let Au = b be a system of linear equations. Then the system has at least one
solution if and only if rank(A) = rank(A|b). Furthermore, the solution is unique if and only
if rank(A) = [.

Here rank() indicates the number of independent rows and columns. It is sufficient, but not
necessary, for the transformation A to be onto, so Theorem 6.1 provides extra restrictions on
the system. Theorem 6.4 gives exact conditions (necessary and sufficient) for the existence
of the solution by incorporating into b the specific tangent vector to which h must map. If
the augmented matrix (A[b) only adds a dependent column to A, then a solution exists and
if, in addition, the m x [ matrix has rank [, then the solution is unique. This rank condition
implies that if m < [, the solution cannot be unique. In such a case, more independent rows
must be added to (6.10) if a unique solution is desired. These additional rows place more
restrictions on v and may be derived from optimal control criteria for the system.

6.3 Application to the Car/Unicycle System

From the previous chapter, it is known that there exists a unicycle trajectory (rotation) that
no car trajectory can map to through ®. In this section, this relationship is investigated in
terms of the above results. The mapping from the car’s input space to the unicycle’s tangent
space is studied in this context.

Given the car’s state, (z,y,0,¢), the unicycle’s state is (z,y,6). Also, the uncycle’s inputs,
v and w are known. The relationship between the tangent vectors that must be satisfied is

cosf O vcosf
sinf 0 { t } = | vsinf |. (6.12)
tang U2 w

l
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The matrix representation of the transformation h is then

cosf 0

A= sinf 0 |. (6.13)
tallrl¢ 0

The rank of A is one since the right column is all zeros. Augmenting this matrix with the
unicycle tangent vector gives

cos) 0 wvcosf
(A]b) = | sinf 0 wvsinf |. (6.14)

tan ¢
; 0 w

To satisfy Theorem 6.4, the rightmost column must be all zeros or a multiple of the first
column. Thus, a solution exists in two cases: (1) v and w are both zero or (2) (tan¢)v/l = w.
In either case, the solution is not unique since the matrix is not full rank.

For the rotating unicycle trajectory, v = 0 and w = k # 0, the resulting augmented matrix

cos@ 0 0
(Alb) = | sinf 0 O (6.15)
tan ¢ 0 k

l

has rank 2. Thus, no solution exists. However, if given the freedom to choose the point
in the car’s state space in the equivalence class that maps to the unicycle’s state, the car’s
tangent vector can be chosen close to that for the unicycle. Choose x, y, and 6 to match
the unicycle’s and for any € > 0, choose ¢ so that tan¢ = 2[/e and let u; = lw/tan ¢ and
uy = 0. Then

cosf 0 " cosf 0 w 67“’(:08(9
sing 0 { ! } = | sinf 0 { 2 ]: “sinf (6.16)
tan¢> O U/Q 2 O 0 w

l €

whose vector components are within € of [0 0 w]?. Since ¢ was arbitrary, the car’s tangent
vector can be made arbitrarily close to the unicycle’s.

6.4 Connection with Traceability

Traceability and the existence of the bijection h for each point in the original system are
closely related, but are not equivalent characterizations of the relationship between control
systems. Traceability guarantees the existence of at least one trajectory in the original system
that maps to each trajectory in the abstracted system. On the other hand, the existence
of the bijection h for each point in the original system guarantees that it can match any
instantaneous movement of the abstracted system.
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Traceability does not imply the existence of an input transformation for every point in M.
Suppose the some p € M is given and consider any trajectory cy(t) of Sy passing through
®(p). Traceability would guarantee that there is a trajectory cys(t) with ®(cps(t)) = en(t),
but cj; does not necessarily pass through p. So there may not be a u that forces the tangent
vector at p to map to the tangent vector at ®(p).

There are certain circumstances for which the converse is true, but extra conditions on ®
are required. This circumstance is formulated in the following theorem.

Theorem 6.5 Sufficient Condition for Traceability: Let ® : M — N be a smooth
surjection and let Sy and Sy be P-related control systems. Furthermore, let ® be locally
invertible with smooth inverse. If for every p € M the mapping h : Uyy — TN defined by
(6.5) has a unique solution, then Sy is traceable by Syy.

Proof: Let cy(t) be any trajectory of Sy for ¢ € I and consider any ¢. There exists a unique
u and a point x such that
O(z) = en(t) (6.17)

and
TO(F(x,u)) = y(t) (6.18)

where F' denotes the local dynamics of Sy;. There also exist neighborhoods of x and cy(t),
denoted by Wy, and Wy, respectively, in which ® is invertible and the local dynamics of Sy,
and Sy are F' and G, respectively. Let U : Wy — Wy, be the smooth inverse mapping of
®. Define TV to be the map that associates F(&,4) with cj(t) for cy(f) € Wy. Then, by
Theorem 5.7, W(cy(f)) is a trajectory in Sy. |

The idea behind abstraction is to model a system using a simpler model. The simpler
model is created using the smooth map ® and its push forward map T'®. Because the model
becomes simpler, and in general lower dimensional, some information is lost in this mapping.
To obtain complete information about the original system from the abstracted system, there
must be additional restrictions on the ® mapping. These restrictions are, in part seen in the
above theorem, that the ® mapping must be invertible in some way.

If the system is not traceable or if the input transformation does not exist, control design can
be done in such a way that the original system approximates trajectories in the abstracted
system. In the next chapter, open-loop control design is investigated using the car/unicycle
system with a unicycle trajectory that the car cannot achieve.



Chapter 7

Open-Loop Control Design

As discussed in the Chapter 5, the car and uncycle have very close relationship that allows
controllability to propagate between the two systems. However, it was shown that the uniycle
is not traceable by the car. This means that there exists a unicycle trajectory that does not
the ®-mapping of any car trajectory. The particular trajectory that causes problems is that
of the rotating unicycle and addressing this problem in the open-loop setting is the focus of
this chapter.

In this chapter, an open-loop optimal control algorithm is presented that utilizes the e-
traceability of the unicycle by the car. The algorithm is developed and simulation results
are given for different initial car inputs. Their results are compared.

7.1 Input Transformation

Based on kinematic models for the car (3.10) and unicycle (3.1), an input transformation
can be found to convert v(t) and w(t) into vy (t) and vy(t). By setting 6,(t) and 0(t) equal,
we obtain

tan o(t
w(t) = ;b( >vl(t). (7.1)
Letting vy (t) = v(t) and assuming v(t) # 0 for all £, this equation can be solved for ¢ to give
lw(t
P(t) = tan™! w(t) (7.2)

u(t)
To find vs, differentiate ¢ with respect to time to get the transformation between the unicycle
inputs and the car inputs

vi(t) = o(t)
_ He)w(®) — o(@)w(t)]
valt) = V() + Pw?(t) (7.3)

93
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If the initial conditions of the car match those of the unicycle, x(0) = z,(0), y(0) = y,(0),
6(0) = 6,(0), and an additional condition is met for the initial steering angle, ¢(0) =
tan™! [lw(0)/v(0)], then the input transformation given in (7.3) will cause the car’s trajectory
to match the unicycle’s. In other words,

for all ¢ for which the unicycle trajectory is defined.

It is immediately obvious that the tranformation (7.3) will fail if either v or w is not differ-
entiable or if both v(t) and w(t) are zero for any ¢. In these cases, the transformation is not
well defined. However, there is an instance in which the transformation is well defined, but
the resulting car inputs do not cause the car to track the unicycle. When v = 0 and w # 0,
the unicycle is rotating about its axis. It is not possible for the car to perform this maneuver
and the transformation results in both car inputs being zero. It is this latter situation that
is the focus of this chapter.

7.2 Open-Loop Optimal Control

For the following development, it is assumed that the unicycle inputs, v;(t) and vy(t), are
given for ¢ € [0,¢f] and the resulting trajectory is specified by z,(t), y.(t), and 6,(t). The
cost function is given by

ty

T=5 [ Ton ) = 6u(0) + wa (fe(t) = () + o) = wa®P)] @t (T.0)
0

where the weights, wy,wy € [0,1] with w; + wy = 1, determine the relative importance of

the translational and orientation errors.

As stated above, we are concerned with the situation in which the unicycle is rotating, but
has no linear motion. In this section we develop an open-loop optimal control scheme to
handle this case. In particular, the unicycle trajectory that the car must follow, shown in
Figure 7.1, starts at the origin and includes a sharp turn. This trajectory is generated by
the unicycle inputs

vs t€0,1)

’Ul(t) = 0 t e [ts, ts + tt) (75)
Vg t e [ts + tt, 2t5 + tt]
0 tel0,t,)

’Ug(t) = w te [ts, ts + tt) (76)

0 tets+t,2ts+ 1
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Figure 7.1: The unicycle trajectory for the car to follow.

where v, and t, determine the length of the straight portion and w and t¢; determine the
angle of the turn.

Given the cost function (7.4), we can define the Hamiltonian as

H o= 2 000) — 0. + g ([r(t) — a0 + [(0) — 0]

2
+p1(t)v1(t) cos O(t) + pa(t)vy(t) sin O(t) + ps(t)vy(t) tan;b(t) + pa(t)ve(t). (7.7)

If we denote [z y 6 ¢]T by X and [p1 p2 ps3 pa)T by p, then the necessary conditions for
optimal control are given by [27]

I
Xy = G- | e (79
(1)
e
-k ___H__ w2y*t_yut
PO = 70x =7 | wn [0(0) — (0] pi(0)ei (1) sin 6 (1) + pi(2)oi () cos 0°(t) | (T
(e ()=
_ OH [ pi(t)cos0*(t) + ps(t) sin 0% (t) + p(t) 22
° = %~ ’ ' )

where the * denotes the optimal values.
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an_l leu (tf) '
vi(ty)
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NN
—_ = =
[\

[

—_
~J N
~— ~— ~— ~— ~— ~— ~—

~—~ o~ —~ —~ —~
—_ = =
D

(7.18)

These boundary conditions were chosen so that before and after this maneuver, the transfor-
mation (7.3) can be used to determine the car’s inputs from the unicycle’s. However, these
equations are difficult to solve simultaneously, so the following steepest descent algorithm,
adapted from [27], was used to find an approximate solution.

1. Choose an initial vy (t) and va(t).

2. Using the initial conditions (7.11)-(7.14), integrate the car dynamics (3.10) to obtain
the car’s trajectory x(t), y(t), 0(t), and ¢(t) for ¢t € [0, ¢/].

3. Using the boundary condition p(tf) = 0 and (7.9), backward integrate to obtain the

Y
pi's.

4. Calculate the cost using (7.4).

5. If the cost is higher than some predetermined threshold, update the inputs according

to

(i+1)

Uy

(i+1)

Uy

where 7 is the step size constant.

Steps 2-5 are repeated until the value of the cost function is sufficiently low.

o _ OH
! 01}1
_ @ __OH
2 T(%g

(7.19)

(7.20)

This algorithm finds the costates (p;’s) by forcing their final values to zero. However, the
boundary condition on the final states, z(ts),y(ts),0(ts), ¢(tf), is not enforced. As a result,
the car’s final state is allowed to deviate from the unicycle’s final state.
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Figure 7.2: The car follows an inscribed circle based on its maximum steering angle.

The success of this algorithm depends on the initial input. Two initial inputs were used that
were considered to be near the optimum. One input had the car follow an inscribed circle
as shown in Figure 7.2, deviating from the unicycle trajectory before the turning point was
reached. The other input caused the car to follow the unicycle trajectory until the turning
point at which time the car followed two sequential arcs before joining the unicycle trajectory
after the turn. An example of this path is shown in Figure 7.3.

The first trajectory was created by determining the two points at which the inscribed circle
touched the unicycle trajectory. This is shown in Figure 7.4 for the general case of any angle
«. The radius of the circle depends on the car’s maximum steering angle (in radians) and

the wheelbase length:

r= b (7.21)

B ta’n ¢max '

The distance d; from where the circle touches the unicycle trajectory to the turning point

is given by
r

(7.22)

dy = .
"7 tan 5
The car follows the unicycle trajectory until it reaches the first intersection point, whose

x-coordinate is given by
T = Uty — d. (7.23)

Then the car must follow the arc defined by 3 for the same amount of time that the unicycle
traveled distance dy, turned, and traveled distance d; again. Thus the car’s linear velocity
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The car follows two circles based on its maximum steering angle.

J

Figure 7.4: The intersection of the inscribed circle with the unicycle’s trajectory.
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during this time is

S
where
s = rp (7.25)
g = m—« (7.26)
2d
tarc ! + tt (727)
The car control inputs that generate this trajectory are
Vs t€|0,t.)
Ul (t) = Uliurn t 6 [t07 tC + tarc) (7.28)
Vs te [tc + tafrca tf]
0 t €10,t.)
U27721az t — tc
ve(t) = 0 t € (teyte + tare) (7.29)
_1)22m,a1 t=t.+ ture
0 t € (te + tare, tf]
where t. = ‘5— and UQ’”#” is the input that causes the wheels to instantaneously turn through

(z)maz

2

For the second initial trajectory, the car followed the unicycle until the turning point. Then
the car made two turns, following two arcs determined by the car’s maximum steering angle.
The construction of the two arcs is shown in Figure 7.5. The distance dy between the
intersection of each circle with the unicycle’s trajectory is given by

dy = rsina + v/3 — cos? a + 2 cos a. (7.30)

The angles, 31 and 5, that define the two arcs, s; and sg, are

- o+ tan-! V3 — cos2a + 2cosa _ V3 —cos2a + 2cosa (7.31)
(1 — cosa)(cos ) COoS (v
3 — cos? 2
By = tan~? {\/ cosTat COSOJ:| . (7.32)
1 —cosa
The car follows the unicycle trajectory until the turn, whose z-coordinate is given by
Ty = Ugls. (7.33)

As before, the car must travel the distance s; + s5 in the same time it takes the unicycle to
complete the turn and travel distance dy. The car’s velocity during this time is

S

Ultu'f‘ns -

(7.34)

tturns
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Figure 7.5: The method of sequential circles for the car to follow the unicycle’s trajectory.

where s = T(ﬁl + 52) and Liurns = b + g_j

The car inputs that result in this trajectory are

Vs t€[0,ts)

v o= Vlgyrns T € [ts, s + tiurns) (7.35)
Vs t e [ts + trurns, tf]
0 t€0,ts)
e =t
0 te (ts,ts+11)

Vo = V2,00 t= ts + tl (736)
0 tE (ts+ti,ts+ 1 +1to)
Pmer =t 4t + 1

\0 te(t5+t1+t2,tf]
where t = 70t ims and ty = F52tiuems.

7.3 Simulation

The optimal control algorithm described in the previous section was simulated in MATLAB.
First, the starting trajectories were generated and the cost function was calculated for various
weights and maximum steering angles. The results are shown in Table 7.1.

The MATLAB simulation was run for three different initial inputs: the two described in the
previous section and one that causes the car to drive on a straight trajectory
vi(t) = o(t) (7.37)
ve(t) = 0. (7.38)
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Table 7.1: The value of the cost function J for various weights and maximum steering angles.

Omaz | W1 =0, wy=1 | w; =ws =05 | wy =1, wy =0
2 0.0774 0.1006 0.1238
1 0.2100 0.2771 0.3441
3 0.4022 0.5070 0.6119
5 0.5837 0.7507 0.9178

Table 7.2: The value of the cost function J for the different initial inputs.

Initial Input w =0,ws=1|w =wy=05]w =1, w,=0
Inscribed Circle 0.1329 0.1089 0.0127
Sequential Circles | 0.4383 0.3419 0.0253
Straight Trajectory | 0.5125 1.2395 0.0767

In all cases the car’s initial conditions were z(0) = z,(0), y(0) = y,(0), 6(0) = 6,(0), and

#(0) = tan™! <l1‘;’((00))). The car constants [ and ¢,,q, were set to 0.1 and 7 respectively. The
step size 7 was 0.01, the sampling time 7" was 0.01, and the maximum value for v, was
100000. The simulation was run for 1000 iterations or until the change in the cost function
J was less than 0.0001, whichever occurred first. The results are summarized in Tables 7.2

and 7.3.

In all three cases, the lowest cost and the fastest convergence were obtained with w; = 1 and
wy = 0, i.e., when only the orientation error was considered. For the initial straight trajectory
when the x, y-error was included in the cost function, the algorithm did not converge in 1000
steps. The inscribed circle converged to its result the fastest and had the overall lowest cost.
The final trajectory and inputs for this case are shown in Figures 7.6 and 7.7. The final
position of the car does not match that of the unicycle exactly. This was the case for all
of the trajectories resulting from the optimal control algorithm. Because the final costates
(pi’s) were forced to zero, the boundary conditions for the car’s final state (7.15)-(7.18) were

Table 7.3: The number of iterations for the different initial inputs.

Initial Input w =0ws=1|w =wy=05]w =1, w,=0
Inscribed Circle 307 182 142
Sequential Circles | 772 427 294
Straight Trajectory | 1001 1001 612
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Figure 7.6: The trajectory resulting from the initial inscribed circle with w; = 1 and ws = 0.

not enforced.
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Figure 7.7: The car’s inputs resulting from the initial inscribed circle with w; = 1 and
Wo = 0.



Chapter 8

Uncertainty Propagation in
Abstracted Systems

In this chapter, it is shown that given a system and its abstraction, the evolution of uncertain
initial conditions in the original system is, in some sense, matched by the evolution of the
uncertainty in the abstracted system. In other words, it is shown that the concept of ®-
related vector fields extends to the case of stochastic initial conditions where the probability
density function (pdf) for the initial conditions is known. In the deterministic case, the ®
mapping commutes with the system dynamics. In this chapter, it is shown that in the case of
stochastic initial conditions, the induced mapping, ®,q¢, commutes with the evolution of the
pdf according to the Liouville equation. It is also shown that a control system abstraction
can capture the time evolution of the uncertainty in the original system by an appropriate
choice of control input. Application of the convservation law results in a partial differential
equation known as the Liouville equation, for which a closed form solution is known. The
solution provides the time evolution of the initial pdf which can be followed by the abstracted
system.

The propagation of uncertain initial conditions in dynamical systems has been studied in
different contexts using various approaches. Monte Carlo methods [51] can be used to track
the trajectories of a specific realization of the initial condition to generate the probability
distributions after any time. However, this method is computationally expensive since simu-
lations must be run millions of times to achieve a distribution. Polynomical chaos expansion
is a method that requires less computation than Monte Carlo, but results in an approxi-
mation of the distribution. Using polynomial chaos, the random variable is expressed as a
summation of weighted basis polynomials. These basis polynomials can be chosen to achieve
the fastest convergence based on the type of uncertainty [62]. This method has been used to
study stability of systems with uncertain parameters [19]. Another method of studying the
propagation of uncertain initial conditions has been to use conservation concepts to find an
exact expression (via the Liouville equation) for the time evolution of the uncertainty [11].
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Trajectory in Trajectory in
original system ®(p(t)) abstracted system

/\
p(t) q(t)

Dynamics on M Dynamics on N

Do \_/ o
Initial point in Initial point in

original system P (po) abstracted system

Figure 8.1: The relationship between ®-related systems with known initial conditions.

Recently, the notions of abstraction and stochastic behavior have been combined. These
ideas have been studied in the context of stochastic hybrid systems in [23] and [47]. In
[60], equivalence is defined between systems where dynamics themselves contain stochastic
elements rather than the states or parameters.

In this chapter, it is assumed that the system dynamics are deterministic while only the initial
conditions are stochastic. Furthermore, it is assumed that the pdf of the initial condition is
known and that this pdf evolves in time according to the Liouville equation. Our goal is to
show that the solution to the Liouville equation and the induced mapping, denoted by ®,q4¢,
commute. This result is similar to that for for the deterministic case. The ®-relationship for
systems with known initial conditions is shown in Figure 8.1 and for systems with stochastic
initial conditions is shown in Figure 8.2.

It is intuitively clear that the commutative relationship is true if one considers the Monte
Carlo approach to the problem. Suppose the original system has dynamics defined on mani-
fold M and it is P-related to a system defined on manifold N. Choosing initial conditions in
the original system according to its distribution, by following the dynamics on M for some
time t and then ®-mapping the endpoint of the trajectory to the abstracted system, produces
q € N at time t. If the initial point on M were first mapped to N and the dynamics on N
followed, the same ¢ at time ¢ would result. This behavior is due to the ®-relatedness of the
two systems in the deterministic setting. Repeating this procedure many times by choosing
initial conditions that follow its distribution, the resulting distribution for ¢ at time ¢ is inde-
pendent of which operation is performed first. In this chapter, it is shown that this intuitive
notion is correct by using the Liouville equation as a way to propagate the distribution of



Patricia Mellodge Chapter 8. Uncertainty Propagation in Abstracted Systems 106

Evolution of pdf o ¢ Evolution of pdf in
in original system pt (Par(p:1) abstracted system
/\L
pu (P, t) p(q;1)

Solution to Solution to
Liouville equation Liouville equation
on M on N
fru(p) fn(q)
Initial pdf in — Initial pdf in
original system Dpar(far(p)) abstracted system

Figure 8.2: The relationship between ®-related systems with uncertain initial conditions.

the initial condition though the dynamics of the system.

8.1 The Liouville Equation and its Solution

In this section reviews the Liouville equation and its solution as found in [12]. It should be
noted that the notions of systems, probability distributions, and ®-relatedness are coordinate-
free. That is, they are defined with respect to points on a manifold, independent of the local
description of those points. Throughout this paper, the derivations are given using local
representations of the systems and probability distributions. The results, however, remain
valid for any choice of coordinates and are thus independent of these representations.

8.1.1 Derivation of the Liouville Equation

Consider the autonomous system given by
T = F(x) (8.1)
where x = (21, ...,x,).

Suppose that the initial condition, z(0), is unknown, but its statisical properties are known
through its pdf, f(z). Denote the time evolution of the pdf by p(x,t), where p(x,0) = f(x).
Since p(z,t) must be a pdf, it is known that p(z,t) > 0 for all x and ¢ and that its integral
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over the entire state space must be unity for every t. Viewing this distribution as a mass
to be conserved, the Eulerian approach from fluid dynamics can be employed to derive the
continuity equation for p(z,t) given the dynamics F(z). That is, for an infinitesimal area
of the state space, the net flow leaving the volume must equal the change in volume under
p(z,t) (see Figure 8.3 for the one dimensional case). If the flow in and flow out are denoted
by ¢in and g, respectively, then

dp(x,t)
ot

The flow entering the left side of Az is p(z,t)F(x) and the flow leaving the right side of Az
is p(z + Az, t)F(x + Ax). Substituting into (8.2) yields

Op(x,t)
A
o 7

Az = Gin — Gout- (82)

= p(x,t)F(x) — p(x + Az, t)F(x + Az). (8.3)

Dividing by Ax and taking the limit gives the Liouville equation in one dimension

) t 0 ) F
ple.t) _Olpla, ()] -
ot ox
For higher dimensions, the net flow leaving a volume is given by the divergence of the flow,
resulting in the general equation,

Doy gl )R] =0 55

where F;(z) is the ith component of F(x).

A more complete discussion of this derivation can be found in [12].

8.1.2 Solution to the Liouville Equation
In this section, the Liouville equation is solved to provide an explicit expression for p(z,t).
First, notation similar to that used in [11] is introduced.

For the system (8.1), let the initial condition be denoted by =. That is, = = 2(0). Assuming
that the solution to (8.1) exists and is unique, then there is a unique = corresponding to

every z(t). Thus,
= =2(z,1). (8.6)

Expanding (8.5) yields

8pa:t iF 8pa:t Z ax _o (8.7)
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p(x,t)
\\
I - X
Gin = p(z,t)F(2) As Qour = p(x + Az, t)F(x + Ax)

Figure 8.3: The area under p(z,t) must be conserved. The change in shaded area is equal
to the difference between the flow into and out of the area Aw.

The first two terms on the left side of (8.7) express the full derivative of p(z,t) with respect
to t. Using the definition,

8.8

Z o 8.8)

then (8.7) can be rewritten as
dp(z, t)
dt

Separating variables and integrating gives

/p(%t) 1 ( )
dp(x, 1) / U(x 8.10
0(2(0),0) p(r,7)

It is important to note that, although x is a function of ¢ in terms of the system dynamics,
x and t are independent when evaluating p(x,t). Using the fact that Z(x,¢) is the initial
condition of the system associated with x and ¢, and that p(z(0),0) = f(Z(x,t)), the solution
to the Liouville equation is

= —pla, t)i(2). (8.9)

plat) = F(Ele ) e |- [ w(a(r)) a (8.11)

where Z(7) denotes the trajectory starting at =(x,t) at time zero and ending at x at time ¢.

This solution leads to some results relating the transformation from x to = with the diver-
gence of the vector field ¢(x). Since the area under the pdf is conserved, then

plx,t)dxy - - -dx, = f(E(x,t))d=; - - - d=,. (8.12)
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By the change of variables theorem, the areas dz - - - dx,, and d=; - - - d=,, are related by the
determinant of the Jacobian of the transformation from x to =, i.e.,

ox

d=y - -d=,. 8.13
| dz (3.13)

dzy---dx, =

Substituting this expression into (8.12) gives

-1

ox

ol t) | ox
EEE= S
Then by (8.11), t )
exp {/0 W(z(T)) dT:| = a—; . (8.15)

8.2 Definition of the ¢,;; Mapping

Before extending the solution of the Liouville equation to ®-related systems, the definition
of ®,4¢ is provided. This is the mapping of the pdf in the original system to the abstracted
one, as shown in Figure 8.2.

Assume that the systems

r = F(z) 8.16
= G(y) 8.17
are ®-related systems such that
y = o(x) (8.18)
and
Gly) = TO(F () (8.19)

with z = (z1,...,2,) € R", y = (y1,...,ym) € R™ and m < n. The system in (8.16) is
the original system and its abstraction is given by (8.17). Since ® provides a static map
from R™ to R™, a pdf in for the initial condition of the original system can be mapped to
one for the initial condition of the abstracted system. Thus, given a pdf in R", fy(x), the
corresponding pdf in R™ is

fry) = Ppar(fx(7)) (8.20)
dm

where

D(y) ={z:P1(z) <wy1,..., Pn(x) < ym}. (8.22)
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As noted in the previous section, the notions of systems, probability distributions, and ®-
relatedness are coordinate free. Although described above in terms of local coordinates
(1,...,2,) and (y1, ..., Ym), Ppar is a global mapping between probability distributions on
two different manifolds. Given a pdf defined on the original system’s state manifold, ®pq4¢
gives the corresponding pdf on the abstracted state manifold. The mapping between pdf’s
is induced by ®, the mapping between points.

8.3 Example of $-Related Linear Systems

In this section, an example is given to illustrate the steps in Figure 8.2. Although this
example uses a very simple system, it helps to determine the derivation steps for the more
general case.

Consider the system

i‘l = axr

with 21,29 € R. Let ® : R? - R, with ®(zy,z9) = z;. Then
.fkl = axri. (824)

An abstraction of (8.23) is given by
y=ay (8.25)

with y € R. The systems (8.23) and (8.25) are ®-related since (8.25) captures the behavior
in (8.24). Note that the divergences of vector fields in each system are constant and are
given by
vx(r) = a+b (8.26)
br(y) = a (8.27)

Let =, = (2,,,Z4,) be the initial condition associated with the point (z1,x2) at time ¢ and
=, be that associated with y at time ¢.

Given the initial pdf for the original system, fx(x1,z3), the corresponding initial pdf for the
abstracted system is

d
fy(y) = d_// fx(xl,.fﬂg)d.fﬂld.fﬂg (828)
Y {(@1,22):®(21,22) <y}

d [> [
= d_y/ / fx(.fﬂl,xg)d.fﬂldl’g. (829)
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The time evolution of (8.29) is given by the solution to the Liouville equation

A t) = fy(Ey(0,1) exp {— /Otam] (8.30)

d S Ey(yvt) ¢
= = / / fx(x1,29) doy day | €7 (8.31)
=Y J—o0o J -0

— (/: Fx(E,(y, 1), 22) dxg) e, (8.32)

The step from (8.31) to (8.32) is an application of Leibnitz’s rule. The time evolution of
fx(x1,22) is given by the solution to the Liouville equation

t

px(xy,20,t) = fx(Es (21, 22,1), Es, (21, 22,t)) exp |:—/((Z+b)d7’:| (8.33)
0

- fX(EiBl(xl?ant)7E$2(x17$27t)) 6_(a+b)t' (834)

Mapping (8.34) through @4 gives

d [ [Y
pY(yat) = d_y / / pX(.Tl,.Z'Q,t) d;ljl d;]jQ (835)
d ;? ;O = = —(a+b)t
- d_y fX(‘:‘ﬁl(xbeat)w:‘xQ(xl,-TQ,t))6 dgjl dng (836)
d o Ey(y’t) _ _ ax _ _
= d_y/ / fx(Zay (71, 29, 1), Zay (1, 72, 1)) e—(atb)t 5= d=,, d=,,.(8.37)

The closed form solution for the original system is given by
zi(t) | [ e® 0 =
[xg(t) } - { 0 e S (8.38)
So the determinant of the Jacobian is

ox
0=,

Substituting for the Jacobian and applying Leibnitz’s rule gives

= elath)t, (8.39)

d oo Ey(yvt) _ _ _ _
py(y,t) - d_y / / fX(::m(Ilax%t)7:$2(x17x27t)) d:$1 d:iBQ (840)

o _ _ o=,(y,t) _
= / fX(:y(y,t),:$2($1,$2,t))% d:;p2- (841)

From the closed form solution of the abstracted system, the initial condition can be expressed
as
=, (y,t) =e "y (8.42)
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20 O time

Figure 8.4: The time evolution of the pdf py (y,t) with initial Gaussian distribution.

so that

aEy(y>t) —at
_— = @ . 4
o e (8.43)

The time evolution of the pdf is then

PY(y, t) = (/OO fX (Ey(y7 t)v ELBQ ($1, Za, t)) dECB2) e_at‘ (844)

Thus, the expression for py (y,t) given by (8.32) is equivalent to (8.44). This shows that
the solution to the Liouville equation commutes with the mapping ®,q¢. Figure 8.4 shows
py (y,t) for a = —1 and Gaussian initial pdf with g = 15 and ¢ = 1. It can be seen in the
figure that as time progresses, the mean and variance approach zero since all realizations
of the initial condition go to zero. In the limit, the distribution becomes the unit impulse
function, reflecting the fact all realizations go to zero and the state is known with certainty.

8.4 Autonomous P-Related Systems

Consider the general case of ®-related systems, described locally as

= F(x) (8.45)
= G(y) (8.46)

with z € R", y € R™, and
y = P(2) 8.47)
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where T'® is the induced mapping between vector fields. As before, the initial condition
associated with x at time ¢ is 2, = (Z,,,...,Z,;,) and that associated with y at time ¢ is
Ey = (Ey,.--,Zy,). Let fx(x) be the initial pdf associated with z. Then fy (y) is given by
(8.21)

fr(y) = d "

- fx(x)dzy---dx,. 8.49
Y1+ dym Jp(y) x(z)dm ( )

The solution to the Liouville equation starting with fy(y) is

print) = FrE e~ [ t ()] (8.50)
_ (clEylé-—n-ldEym /D o fX(a:)darl---dxn> exp {— /0 t%(g(f))df} (8.51)

am / o |~
N (. fx(a)day - da,
(d:yl s d:ym D(Zy(y,t))

o=,
Now, the solution to the Liouville equation in the original system is

(8.52)

pxle) = Sx(Eato ) e |- [ t ux(aln)ar] (5.53)

Mapping (8.53) through @4 gives

dm
py(y,t) = 7/ px(z,t)dxy - dx, (8.54)
dyi -+ dym Jpe)
dm t
= fx(Ez(x,t)) exp {—/ wx(i’(T))dT:| dzy---dx,. (8.55)
yl ... dym D(y) O

Then performing a change of variables on (8.55) and using (8.15) gives

dm
oyt) = — / Fe(E,) A2, - dE,, (8.56)
( dyy - - dyYm JpE,m.0) (
dy ! dm /
v _ Fx(E2) dBy, - - d=s,. (8.57)
o=, d=,, ---d=,,, D(E, (1:1))

The expression (8.57) matches that of p(z,t) in (8.52). Thus for the general case, the solution
to the Liouville equation commutes with the ®,4¢ mapping.

8.5 The Liouville Equation for Control Systems

In the rest of this chapter, the ideas of the previous sections are extended to show that for ®-
related control systems, the abstracted system can capture the evolution of the uncertainty in
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Evolution of pdf DLae(px (z,t,u(-))) Evolution of pdf in
in original system —— abstracted system
pX(x,t,u(-)) pY(yvtav('))
Solution to Solution to
Liouville equation Liouville equation
in original system in abstracted system
fx() fr(y)
Initial pdf in - @ Initial pdf in
original system Dpar(fx(2)) abstracted system

Figure 8.5: The relationship between ®-related control systems with uncertain initial condi-
tions.

the original system by an appropriate choice of control input. The relationship for ®-related
control systems with deterministic initial conditions is similar to that for the autonomous
case, as shown in Figure 8.1. For stochastic initial conditions in ®-related control system,
the local relationship is shown in Figure 8.5.

First, the Liouville equation for control systems is described and its solution derived. Let
Sx be a control system described locally by

#(t) = F(z(t), u(t)) (8.58)

where x = (z1,...,x,) and u is the control input. In this context, the time evolution of the
pdf is a function of the control input. Given a point x and time ¢, the initial condition = can
be found only if the control input u(-) is known for all [0,¢]. In such a case, the system can
be considered an autonomous system and the backward dynamics of (8.58) can be solved to
find Z. Thus,

E=Z(x,t,u(-)) (8.59)

and the Liouville equation becomes

Op(x,t ul)) | Olp(x, b, u()) F(z, u(t))]
ot ox

—0. (8.60)

The solution to the Liouville equation can be found by utilizing the method of characteristics
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as in [12] by letting

L= glau) (8.61)
dt
o= 1 (8.62)
du
= =0 (8.63)

The partial differential equation (8.60) becomes the ordinary differential equation

Clp(.%, 2 u())

ds = —1/)(x,u(t))p(x,t,u(-)) (864)

where
v(ru(®) =3 %j(t” (8.65)

and Fj(x,u(t)) is the ith component of F(x,u(t)). The solution to (8.60) is

pla,t,u(-) = f(E(z,t,u(-))) exp {—/0 P(@(7), u(r)) dr (8.66)

where #(7) denotes the trajectory starting at =(z,t,u(-)) at time zero and ending at x at
time t. This solution is similar to that for the autonomous system, except that it shows
explicitly the dependence of the pdf’s evolution on the control input and that u(-) must be
known for [0, ¢].

8.6 ®-Related Control Systems

In this section, the ideas of the previous sections are combined to show that the ®,4 mapping
commutes, in some sense, with the solution to the Liouville equation for control systems.
When an initial pdf for Sx is mapped through ®,4¢, it then evolves according to the Liouville
equation in a way that depends on the control input v. When the initial pdf evolves in Sy
and then is mapped through ®,4, the resulting expression can be obtained by a specific v
and thus can be obtained by the solution to the Liouville equation in the abstracted system.

Suppose Sx and Sy are ®-related control systems described locally by

— F(z,u) (8.67)
— G(y,v) (8.68)
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where x = (21,...,2,) € R" and y = (y1,...,Ym) € R™. The divergences vector fields for
each system are given by

uxtru() = Yo 2l (869

=1

i) = Y 20t (.70

Furthermore, let the initial condition z(0) be uncertain with pdf fx(z) and let u(-) be known.
Using the notation of Section 8.5, given points x and y at some time ¢, the initial conditions
for each system are functions of their respective control inputs. That is,

oz, t,u(r)) (8.71)
y(y,t,0()) (8.72)

—_
—
—x

Y

[11 [1]

—_
—
—

where u(-) and v(-) must be known for [0, ¢].

Given an initial pdf for the original system, fx(z), using (8.21) and mapping through @,
provides the corresponding pdf for the abstracted system

dm
fr(y) = dyr -y

fx(x)dzy---dx,. 8.73
g o x(7)dr; (8.73)

This pdf propagates according to

py (y, t,0(-) = fr (Ey(y, £, v(:))) exp [—/0 W(@?(TW(T))CZT] (8.74)

am L
P / fx(@)dar - da, exp{—/ Uy (§(), o(r)) dr |(8.75)
=y1 " Y=ym JD(Ey (ytv(+)) 0

dm /
S fx(@)day - - da,. (10
dyr -+ dYm J Dz, (y,600)) ol 1

This evolution of the pdf depends on the control input v(-), which can be chosen freely.

On the other hand, the initial pdf fx(z) evolves as

px (@t u(-)) = fx(Za (2, ul-))) exp {—/O wx(fc(T)w(T))dT} : (8.77)

Mapping this evolution through ®,4 yields

el ) = ddimdym [, oot utde e, (5.78)

dym/ Ix(Ea(z, t,u(-))) exp [ /¢X )d7:| dxy -+ - dx,. (8.79)
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Figure 8.6: The relationship between the endpoints of trajectories of Sx and Sy.

Note that this expression (8.79) does not depend on v as an independent variable. Performing
a change of variables on (8.79) gives

dm /
oy (y,t) = ——— =) dZ,, - d=,, 8.80
it = g | (D) (8.80)

where

D(E)={ze X :0(x) <Z,,...,0n() <Z,, } (8.81)
The region of integration D(Z,) is taken over values of =, related to y, as shown in Figure
8.6. Given the endpoint y at time ¢, the initial condition =, does not depend on v, but is
found through ®. A trajectory exists connecting =, to y in Figure 8.6. Because the control
systems are ®-related, for each realization of the initial condition xy at time zero, there exists
a control input for Sy that depends on the control input u(-), such that y(t) = ®(x(t)) for
all t. That is,

v =v(xg, u(-),"). (8.82)

The existence of this control input is guaranteed by Theorem 5.7. Thus, the control input v
is not an independent variable as it is in (8.76). Rather, v depends explicitly on the initial
condition =, (x,t,u(-)) and the control input u(-). That is

v=0v(E.(z, t,u(-)),u(-),-). (8.83)

By choosing the appropriate v in (8.76), the expression in (8.80) can be obtained. This rela-
tionship is similar to the deterministic case where the control input in the abstracted system
can follow any ®-mapped trajectory in the original system. The ®,q-mapped “trajectory”
of the pdf can be tracked using a feasible control input in the abstracted system.



Chapter 9

Conclusion

This work has investigated abstraction of dynamical systems. Abstraction deals with the
representation of a system using a simpler model which captures the important behavior of
the original system. The motivating example throughout this work was the robotic car.

After a review of the mathematical preliminaries in Chapter 2, details of the robotic car
modeling and one particular controller were reviewed in Chapter 3. Also in that chapter,
results of a curvature estimator implemented for the author’s Master’s thesis were given. In
Chapter 4, another controller was reviewed. This controller was designed for the unicycle
rather than the car, and so must be converted in some way before being implemented on
the car. This conversion was the motivation for studying abstraction and working on the
problem: Can the controller designed for the unicycle be converted to one for the car?

The following chapters address this problem. In Chapter 5, abstraction concepts defined by
previous authors were reviewed and shown to apply to the car/unicycle example. However,
previous definitions didn’t completely characterize the relationship between the car and
unicycle, so traceability and e-traceability were defined as new concepts to provide a more
complete characterization. Chapters 6 and 7 applied these abstraction concepts to the control
design problem.

The final chapter extended abstraction into the stochastic framework. If the initial condition
for a system is uncertain, while the dynamics are still deterministic, how do the uncertainties
propagate in the abstracted system? Does the concept of abstraction still apply to these
systems? Intuitively, the results would seem to carry over to systems with uncertain initial
conditions. Chapter 8 showed that abstraction results do indeed still apply.

The contributions of this dissertation can be summarized as follows:

e The concept of abstraction is used to design a controller for a system based on an
abstraction of its model. This concept is applied to the car/unicycle system and
it shows that previous characterizations of abstraction do not fully capture certain

118
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behaviors that must be understood for control design.

e Abstraction of systems with uncertain initial conditions is studied in detail and it is
shown that a commutative relationship exists between the systems. This shows that
abstraction can be extended to the stochastic setting.

Abstraction of dynamical systems is a relatively new field of study and there are many
relationships yet to be discovered. Two main areas that can be studied are the extension of
abstraction to infinite dimensional systems and to stochastic systems.

For infinite dimensional systems, those systems modeled using partial differential equations
(PDEs), can multiple PDEs be abstracted into one? Can a PDE be abstracted into an
ordinary differential equation? It remains to be seen if the results studied here are applicable
to such systems and whether the ideas must be modified to fit into the infinite dimensional
framework.

For stochastic systems, can abstraction be extended to the case where the system dynamics
themselves are uncertain? In such a situation, the Liouville equation becomes generalized
to the Fokker-Plank equation and a diffusion term is introduced. Future work in this area
includes studying system abstractions in which the dynamics and system parameters are
stochastic.
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