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Symbol Definition

F Unit of force

L Unit of length

T Unit of time

W Strain energy function

Tij or T'ij Components of stress

84 or °'ij Components of strain

cijkl General elastic constants

by g Independent elastic constants

%5:1 Partial derivative of the strain
energy function with respect to the
camponents of strain |

x, or x'1 A set of rectangular cartesian
coordinates

1 or m, A set of direction cosines for a
vector in the x, coordinate syatem

84 Direction cosines of x{ relative
to x;

E, T33/633, Young's modulus in the
x4 direction

B /e = Too/e2

G Tyo/26,,, shear modulus

IIT, NOMENCLATURE
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The notations used in this thesis are surmarized below:

Units

L/L

F/12

F/12



U,

14,4

B3
'
0'13

1
G'ag

-

D ti
T2y/2e23 = T1y/2e)3
- on/e”, Poisson's ratio
- e/
- o3/
Body forces
Displacement of a particle in the
xy direction
Mass density per unit volume
Denotes differentiation of the
displacement with respect to :l:.1
Denotes differentiation of the
camponents of stress '1‘1 j with respect
to the x

3
Velocities of propagation

ey

‘1"12/20'12
'1"13/2»'13
T' 920" 3

Units
F/12
L/L
L/L

F/L3

FIR/L4

L/T
F/12

F/L

F/1?
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V. INTRODUCTION

The theory of .aves is one of the most universal fields of
mechanics. Wave mechanics deals with solids, liquids, gases, electricity,
electronics, and heat flow. One of the major fields in wave mechanics
of solids is seismalogy.

Seismology treats of those solids composing the earth. Such
solids are definitely not isotropic and it is the purpose of this
thesis to advance the theory for wave propagation in non-isotropiec
solids. Some of the earth's crust, being of a stratified nature, may
be considered as axially symmetric media, and that is why that type of
media has been chosen for investigation for this thesis.

In a review of the literature, it was found that the theory
of elastic waves in isotropic solids i1s well established and is used
extensively. Sometimes the simple theory is used to spproximate the
theory for non-isotropic media because the exact theory is not lmown and
the results are satisfactory or because it is much easier to use.

Very little was found in the field for noneisotropic media,
so it seems worthwhile here to investigate some of the physicel properties
for a general axially symetric medium.

Thus, the purpose of this thesis is to investigate the pro-
perties and wave velocities for an exially symmetric medium.
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V.__SYNOPSIS
The investigation comsists of four parts. In the first part,

the physical properties of the medium are defined. Then the stress=
strain relations for the case under consideration are obtained from the
general case, This is done by imposing the condition of symmetry on the
strain energy functiom.

Next the measurable constants are found in terms of the natural
constants. This is done by applying simple extensions and shears to
the material. After the measurable constants are determined in terms of
the natural constants, then the relationship is inverted snd the natural
constants are found in terms of the measurable constants. Some elastic
constants are then determined for an arbitrary direction, as it is not
likely that the stresses will always be imposed along an axis of symmetry.

Following this major part, the equations of motion for a
vibrating medium are determined in terms of the natural constants by
substituting the stress-strain relations. This is very straightforward,
but must be dome.

The final step is made by finding the velocities of propagation
of the waves by using the equations of motion. This is done by assuming
e solution and substituting into the equations of motion. From these.
equations, a ocubic equation defining the three principal velocities arises.
The solution of this cubic equation is the culmination of this investi-

gation.



VI, GATJOR

Axigl symmetry can easily be defined with the aid of a
coordinate system. Using a set of rectangular cartesian coordinates,
Xy9 end letting X3 be the exis of symmetry, then the ) plane is
a plane of symmetry. (See Figure 1).

Definitions

&n axially symmetric medium is one such that an

arbitrary rotation of the X) axes about x5 produces no

change in the stress-strain reletions, implying isotropy

in the Xy = X, plane and all parallel planes.

This dafinitich will be used to derive the particular stress-
strain relations desired.

From the theory of elasticity,
oW

Tij - F;;j (a=1)
where 2V = cijkl eij L (A=2)

Due to symmetry in the stress and strain components and in
the constants themselves, the eighty-one slastic constants, C“u, may
be reduced to twenty~-one which cover all cases. These twenty-cme will

be included in b,, where 1 and j range over the values (1,] = 1,2,ee0,6)e

i3
Using the twenty-ocne constants, leaves the strain energy function in the

fom’

2
20 = by €] + 20y ey) e + My3 ey €33+ 2by; €y o3
’22"15 1 °n * %P1 %11 %12

’b22 022 + Lilb23 e22 933 + 2b24 922 023 + 2b25 022 031

* 2byg e, 0,



«10-

*B33e3y% By eg eyt Bygeyiey s By eyey,

* by 033+ Pys 03 03+ 2byg 8y 0y

+ bgg 03 + Wy e @,

+ beg 3, (a=3)

This is the general strain-energy function from which the
stress~-strain relations will arise. The number of elastic constants in
(A=3) may be reduced by imposing the definition of axial symmetry. The
first step then is to rotate the x and X, axes 180 degrees about Xyo
The following relations between the cld and new strain components will

then exists
= - = !
°;1 = e 0 " ey, °33 % "33
®12 = 'e1 3 * - '°13 63 = = ‘ey5 (a=4)
W must be the same function of o, j and '01 5° Therefore, to find the form

of the funotion, ! must be substituted into W The result is shown

o4
belows
2= bll "il + 2b12 "11 '022 . 2b13 '°11 '033 - 2b14 '.11 '.23_
= 2by5 'eyy 'egy ¢ 2byg 'eyy 'epp
+ by, 'e3y + By, 'eyn '033 = 2by, feny 'ey3 = 2bys ey, ey
*+ 2oy ey, ‘e
* byy 1635 _ 2by, "e3; Teyy = 2b 35'833 ley) + by legs le,
+ by, 1633+ g teyy tey) = 2byg Teyy teyy
+ byg te3) = g "oy 'ey

*+ beg '°§2 (a~5)
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Since bu cemnot = - bu except that bu = 0, b14 must'- 0 and
similarly for
byy = P15 " by = Bog = Dy, mDyg =Dy =bge =0 (A-6)
The number of constants may be reduced further by rotating
the x; and x, axes 90 degrees about X3s The relations then beccmes
1 "= ‘e 2 * ‘o °33 " 'e33
2" "0 3"y 3" " "% (a=7)
Substituting (A=7) into (A=5) discloses thats

b1y " Db By3 = byzp byg = =Dy
by =0 § by, =Dbp b =0 (a~8)

Contimuing, the next rotation is of 45 degrees and the
relations between the components ares

201y = 'epy * 28y, * Tey

2000 = topy = 20z * 'y

033 * 033

20, = =0 * Tey,
VZ'e)y = Tey5 + Yoy
/-2_923 8 - l.13 + lg23 (A-9)
When (2A=8) and (A~9) are substituted into (A=5), then it is

fond that byg = 0f by, = 2(byy = by,)e (2-10)

Using (A=6), (A=8) end (4a=10) in (A-3), glives the strain
energy function in its final form with only five independent constants

left. Now:
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20w by () ¢ 263, ¢ o) ¢ 2y, (g 0 - o)
* By e (o ¢ 0p) + by 6y ¢ by, (6130 &3, (4-10)

To prove that this is the final form, it is cnly required that

the X and X, axes be rotated through an arbitrary angle about the x3
axis and thus show that there is no further reduction in the number of

independent constants. For this rotation, the direction cosines become
an-aaacosegalzﬂ-azl-ainesa”-l;
a13-a31-a23-a32-0

The relations between the componente are foumd by using

=@ (A=12)

]
°ij m mt anj
For this arbitrary rotation, the relations between the

camponents are
= "11 coaze + 2'912 8in 0 0 cos © + '922 ainzo

= '°11 .mze - 2'012 8in 6 cos 6 + '922 cos2 e

"33
- sin @ cos ® + 'e,_(c0s%® = 8in0) + ‘e sin 6 cos @
12 ‘n 12 22

cos 6 + 'e__ sin O

°13 " '°13 23
o, = ='6), 8in 9A + 'e,q cos © (A-13) -
- Substituting (A-13) into (A-ll) and expanding, it fonowa that
W= 2b12; Yoy '022(0031’ 0+ sinl‘O) +2 %, e, 81n%0 003203
+ bll I'e%l coe © + '0‘12_1 sin’ 6 + '052 ain"‘ 4

2 2 2 2 ' 2
4'922 cos‘B + 2'011 8in“ © dog< © + 2 022 .mze cos 6}



.
+2byq [L 'aiz cos? © 8in%e + 'oiz (cos?e - ain20)23
- 2b, { A "?.2 cos%8 sine + 'oiz (cose - 81!129)23
*+ by {I. 'ey; 'eq, cos>® 8in © + 2 ‘e, 'e,, cos20 eine

' ' 38 3
+ / 022 012 cos © sin 9 4'922 '012 cos” © gin 8

+ 2'922 'en 81020 cos<0 - 4 '912 '°11 cos © sin3 ¢
-/ 'eu '922 sin? © cos0 + 4 'en ’012 ain30 cos®

-[.'o

11 ‘012 sin @ cos3 © + 4 '022 'e.. ein & cos3 @

12
=4 'ey, 'e, sin’ @ coe O}
+ by, {2 '€ 81n? coe2 6 + 2 'e2, 8in? B cos? ©

' ' 3 -/ ' 3
+ A en elzcosesin 6 -4 en elzooa © sin ©

' ' 36 . ' 3
+ 4 022 012 8in 6 cos” @ - 4 '022 912 sin” 6 cos @
-2 2 29 . 2 2
2 e'i’l 8in” © cos* © - 2 '9%2 8in< © cos~ ©

-/ 'en '012 ain3 © cos 6 + 4 'en '012 sin © 0033 (*)

-4 '922 '°12 sin © cosB e+ '022 '012 ain3 ® cos 9}

* 2yy ey (tey + feyy )+ by tefy + by (tely 4 D) (A-LL)

which reduces to (A=1l1).

The first step here is to find the stress-strain relations for
the axially symmetric medium. This is done by using (A=11l) in (A-l)
and it turns out that:
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Tn-bllon+h12322¢b13,33.
To2 " D1z oy * Py 0 * By3 65y
T33.bl3°11’b13 °22’b33 €339
leuz(bn-blz)e ,

T3 ™ Py %30 o4

T13 " Py %3 (B-1)

The next step is to use these stress-strain relations to find
the measurable constants in terms of the natural constants. These
measurable elastic constants are the Young's moduli and Poisson's ratios.
Finding the Young's modulus for the x; direction is done by taking the
X, axis to be the axis of symmetry and applying a simple tensile load
in the Xy direction. (See Figure 2). Let all the other stresses be
gero. That is

T33"T33IT13"°ail‘Ji‘3 (B=2)
Imposing condition (B=2) on (B=1l) gives

By %1 * Py 2 * Py3 8337 0

P12 %1 * Pyy O * P13 0530

P13 %11 * P13 %2 * P33 %33 " Ta (B-3)
Solving (B-3) for Ey = Ty,/e,, gives

Ey = byy (byy ¢ byy ) = 2b35 /(byy + byy).e (B-4)
And solving (B-3)

‘1"":;l 'bn/(bn+b12) (B-5)

®33
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Similarly, applying a simple tension test along the x, axis (see
Figure 3) gives

By o) * Pyp @p * i3 832 Ty,

blz 011 + bll ‘22 + b13 933 = 0, a!ﬂ
P13 811 * Py3 %p * Py3 033 = O (8-6)
Solving (B=6)
(by7 = by, ) '
E) = T /e, = (2b2, =b,. b, =b.. b, )
(b13 - bll b”) 13 11 "33 12 "33

2 _ 42
L ekt L (8-7)

2
b3~ byy by3)

b, b, = b2

o, = = °22/°]_1 s _13._23_._.%2 (B=8)
by P33 = P35

63__"33/611.1,2(1: -b.) (8-9)
(b5 = by by5)

Using the stress strain relations for the shear camponents

of stress gives rise to the following:

Typ = 2(byy = by,) e,

T.
Bea” (b1 = bg) = 0 | (510
T23 = P4y %23
T, b
m
Py " E % (p-12)

Thus the measurable constants are given in terms of the natural

constants. These constants are collected below for convenience.
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Table 1 = The Measurable Elastic Constants

2, -v2)
(;13 = byy by5) ’ e
(b, b..+b _b. _ = 2b2 )
el 337 12 P33 7 <9
G = by =Dy (B~10)
b
Aream o
byp byg = b
o, = 22 (B-8)
by by3 = b2,
o = :213 (byp = byy) (B=9)
13 ~ P11 B33

(B=12), (B-13), and (B=l4), which are some interesting
relations, may be noted here. They are obtained in the following
manner. (B=5) snd (B~9) are substituted into (B=7), getting

Byl g (B-12)
3

Now, dividing (B=7) by (B=10) gives

E =0 (1« °2) (B«13)

Brd Geo)g (5-14)
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To give the stress-strain relations a full meaning, the
natural constants are needed in terms of the measurable constants.
Therefore, the existing relations must be inverted.
Some of the steps will be shown to add clarity and continuity,
Adding (B~10) and (B=5) to remove by, gives

by =22 o 6 (B=15)
9

When (B=10), (B=5), (B=15), and (B-12) are substituted into
(B~7)

b

b33 P13 2 985
is the result,

(1+0,)

b13 (1 - 0y = 20y 63) (B-17)

1s the result upon substituting (B~l4), (B=5), and (B=16) into (B«i).
By substituting (B«17) into (B-15), it is found that

by - 3!._(.1__11_32. (B-18)
l =~ -0y = °1 o4

Using this result, (B-18), in (B=10) gives

b, = & (9, + 9 9,) (B-19)
l - 6, = ¢ 93
Finally substitutihg (B=17) into (B=16) gives
01 1+9,) (=0 ) _
by = = 2261 03) (B-20)

For convenience, the natural constants are tabulated heres
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. Gy (1=~ 9 oz) (528)

b
ll - K
1 02 2 dl 03

b EL(",?. + 9 a3)

12°71- 9 =2 0 g (B=19)
91 1+ "g
b13 l - o - 201 3 (B-17)

-0101(1’52) (1 -0)
33 d3 (1 =0y =20 05)

(B~20)

bu =2 G, (B=21)

C. The Measursble Elastic Constants For An Arbitrary Direction.

The measurable elastic constants given above can cnly be
used when the stresses are in the direction of the three axes. Therefore,
the various Young's moduli and shearing moduli will be found for the
case when the direction is arbitrary.

Finding these constants for an arbitrary direction will require
the stress and stfain components for an arbitrary direction. The
easiest way to get these components is to take a new set of rectangular

- cartesian coordinates xi such that the x'2 end x'_ are rotated about xi

3
through some arbitrary angle. (See Figure 4)s The direction numbers

then for this case are 8y, 1 a8y *© 844 a 12, and 8, = a13 a21 = 331
and 83 ™ - 8, = 13. There will be no loss in generality by letting

x and xi coincide due to the nature of the medium.

ao’
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To obtain the relationships, the following formlas are
requireds
= 1 -
Tm Tij ain ajn, (c 1)

Tm ot cmkl ‘kl' and (C-2)

®13  ®m 84p 84y (c-3)

First, a shearing modulus relating 'Biz and e! will be found.

12
Let T'12 have a value and all other Tij = 0, Using (C-l1), the stress
components are
12 12 12 and
T13 - T]'.Z 3 (C=4)

Using (B=1) and (B=21), the following relations arises

]
'1'12 12 2 01 012

' - -’
'1'12 13 2 03 €5 (C=5)

From (C=3) comes the relationship

12 - 12 12 + .13 130 (0-6)
Substitution of (C-S) into (C=6), gives

- 212 _2..].’2_&_2_ (c7)
12 T2

Contimuing in this direction, let ‘l‘i3 have a value and other 'ri 3 = 0.

Similarlys
2 2 ‘
1l . 201'3 . 03 130 +GGl 12 (c-8)
3 3 173

]
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Let T;B have a value and other Tij s 0, then from (C-~l) and (B=l),

=0 = Py 0 * by 0t By5 ey,
T e-27T 1

22" "2 51,1 =, ey 0y 0 t b3,
T,..,22T 1 1 =

3 237273 " P13 * P13 % ' P30,

2 2
T,." T'z3 (12 - 13) - 2 03 023

' B e - 2 2 -
e32 ey 1, 13 °,s 13 ‘e, 1+ €5 1,1, | (c=9)

let A = [y by, Dy3
b1 by by3
by3 b3 byg

B= |b, 0 b3

bp =2Ty3 1,1 By,
1

b3 2Ty 1, 1, byq

C= [by b, O

-’ ]
by by 2,11
b3 b3 2T 1, 1,

Let it be noted here that the first three equations of (C=9) are
simultanecus equations in €19 0 and 053¢ Then "A" is simply the
determinant of the coefficients of the 9119 ©500 and 033 in these equatiomms.
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"B" and "C" are formed from "A" by replacing the second and third columns
respectively with the constant terms. The soclutions to the equations are
obtained by Cramer's Rule.

Then e,, = B/Ag 0, = c/A.
Substituting for e,, and ® and ®3 in (C=9), gives

1 _ 2y (15-19%w2518 [ay 2by, + 2by4
G, T G A
23 23 3 2695 ¢ 2by3 byy + D33 * by3l  (ca10)
Finally, let '1‘5 3 have & value and all other '1'i 3 = 0,
T, =0 2
T =T 1
2 3 3
=T Y
T33 " T3 %
T e-Tt 11
23 337273

e! msg 1+ 9¢ 12
33 2 3 3 2

Performing operations similar to those above and remembering

the definition of "A"

4 4
1 e} 1l 2 1
E—.—-ﬁj -12 (by; b33 -b13)+_zz_ﬁl (byy + byp)
3 33
-21%1°
2.0 b, (c-11)

Collecting these elastic constants for arbitrary directions gives:
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Table 3. The Measurable Elastic Constants

For An Arbitrary Direction,

4 4
1 2 1l
g =2 iy by b3 ) 02 G (b 4Dy
13
12 12
-2 '21}" Q b, (C-11)
1 LG22 12
== Cc=7
. Gy, % G (e
1 G 12 + G ].2
4,23 12 C-8
453 Gy Gy (c-8)
2 .22
(1, -1%)
A2 3 L4122 b + 2b
02'3 G3 273 11 12 13 (c-10)
A 2bjp + 2013 byy + 2by3 + by

Ds _The Velocities of Propaggtion

Goetting the equations of motion for the disturbed medium is
the first step towards getting the velocities of propagation. The
equations of motion come from the equilibrium equations of elastiocity

'.l‘“.J + x, = 0 (D=1)

with the inertia force added. To include the inertia force, eimply edd
82 u
-P a—a; » the mass times the acceleration of the particle. Neglecting

the body forces, xi, gives

7 . a ___za2u1 (D-2)
13, P 8¢ B
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This is a mixed equaticn of stresses and displacements. This
equation for this investigation tells more when it is expressed ex-
clusively in terms of displacement, so it will be expressed that way.

By definition.

13 © 2 (a -3) (D=3)

xj 3!’.
Substituting (D-3) into (B-l) end this into (D=-2), gives

ey .f': %y

bxszl b13813831
0% 0
*(bn"blz)rxz'%’(bu b2) L
02 L b
ax3 0:1023 (D=4)

p-g-z-(bn bu):—;ﬂ;;’(bn bm)—;l%-

-

b12 oxloxz et °*z * b13°x2u3

2
b“ b“ 2

2 0x,° 2 oxxy (>-5)

82u; .bu. 2y . by 83
PIE "2 mpx, 2 ax”

L b %, L bu 2%u,
2 dxpxy, 2 dx2




~25-

02111 02u2 02\13
* b13 oxdx, *P13 dxdx; ¢ Py 0xg (p-6)

Now that the equations of motion are in terms of displacement
only, they can be used in the investigation of some of the phenomena of
wvave propagation. The first case that will be studied is that of a
plane wave whose front is parallel to the X, - x, planej that is, uivui(xa-Vt)
vhere V is the velocity of propagation of the wave. Substituting into

(D-4), (D=5), and (D=6), gives

2p f-;l-b“

I

3
52u 62
2p o—t!z ) b“ ax3
% 2
p 3_2 =) 0_2 (D=7)
o8 33 ax2

du
Now differentiate with respect to the corrdinates, that is 5;:_' .
o2u )

2u
P 5 = by a__g'de (D-8)

This defines the velocity of dilatation in the X4 direction,

PV =d
= by, (p=9)
Before finding the velocities for the rotary wave, note here that the

components of rotation are given by

= Ian - 22
aﬁ “0;22 GX3).
duy _ du
2w, = ('o—,é' e_xf)'
oupy dm
2, = (=— = =—). (D=10)

0:1 ax2
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Performing the above indicated pperations, gives

8° 03 0%uy,3
2 TE o=ty ";;Bt-
2p ?'?-:%‘2- b“a—:%éz . (p-11)
Then
PVR = 03 for o
P v2 = 6 for w, (>-12)

when the wave is initiated in the X3 direction.

When the case for a plane wave perpendicular to the Y axis
is investigated, it is found by a similar analysis that the following
relations holde The velocity of the dilatory wave is defined by

2 o
Pv bll’ (D=13)
Taking the curl for this set of equations of motion, gives
P V2 =G for
PV = Gy for w, (D=14)

when the wave is initiated in the x direction.

The final case to be investigated is that for a wave initially
plane, propagated in an arbitrary direction. 'fhis may be dene if the
wvave considered is so far from its point of inception that its curvature
is very small. It is assumed that the wave form is a trigonometric
function of the form u, = my 4 cos ?(xz 1, + X3 13 = Vt) vhere my is
the unit vector in the direction of displacement. A is the amplitude
of the wave and A 1s the wave length. Due to the exial symmetry, any
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arbitrary direction is defined by the angle between the direction of
propegation and the xj = x, plane. (See Figure 4). That is, the

direction is a function of one angle only and therefore lg + 1§ -1,

This shows there is no loss in generality by assuming this form.
Substituting into (D-3), (D-4) and (D-5) and clearing

b
H’Vz'(bn‘blz)lg‘l"‘{ulgnl (D-15)
2 Y4 2

mPVieby Lmebyllyny e 5T I,

D

2 1,1, (p-16)

bu. i
n3pv2-._.§. 213 m; ¢ == B myeb,1, 1,

Now for my to have a value, other than gero, the determinant of their

coefficients must vanish,

ol1+01-9v2 0 0
0 bu12+01-9v2 (b13003)1213
2
o (byy + G 1, 1, 0129b3313-pv2
2 2
Therefore P.Vi - 01 12 . 03 .'l.3 and
222

(bu12+G312-9v2)(03120b331§-9v2)-(b13 6,) =0

vhich 1s quadratic in P V2. Using the quadratic formula, gives

(D-18)
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. 2 2 2 2
2P v2 byy 13+ G315+ G 15 + by, 17

s 2 2 2)2 2 32 32
tV (v, 22+ 0513 = 6, 13 = by 19)% + 4(by5 + 6)° 1213 (p-19)

To check this with the cases for known direction of propagation, let
131, 1, =0,
P v12 = 03 for the rotary wave
P v22 = 03 for the rotary wave
P v32 = by, for the dilatory vave. (D~20)

Now let 13 =0, 1L,=1.

P 712 = Gy for the rotary wave
p v22 = bll for the dilatory wave

p V32 = G; for the rotary wave, (D=21)

Now that the velocities of propagation have been found, next
the relations that must exist between the o, will be found. Substituting

the value for p vl2 into (D-15), (D=16), and (D=17) gives

Om =0
(m-01)1§n2+(b13*63)1213m3-o
(bys + Gp) 1 2y my + (6325 = 0315 + 3325 - 6 B)my = 0 (0-22)

For m, and oy to havp a value other than zero, the determinant
of their coefficients must vanish. Putting everything in terms of bi j
end checking this condition, shows
2 2 2 2 2 2
Py 1y (b 5 by, 13 =20y 1 ¢ 2y, 1 ¢ 20g5 1)

- 24242
(2, +b,,)2 1212 § 0
as all these quantities are independent and arbitrary, Due tomy my =1,
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(l)ml'-l as m2- ) -0.
Working in a similar fashion and substituting for P V: and

2
p V% respectively, it is found that ¢ )m1 =0

2 2 -b.. 12 - g 12
(2) (2) J313%Bs5515-by 135 -0Gy13
m 3 g = 2(b13 + 63 )12 13
2212 2 92 42
/ (byy 15 + 65 15 - 85 13 - by, 15)%4A(by5 + C;)2 17 15
2“13 023) 12 15 (p-23)
2
"2 2(*’13 + 03) 1 13

246 22 -0 22 -b.. 12)2 212 12
Lo 2 0528 - 028 - vy B2usiry; 4 092 22 12
2(by3 + G3) 12 1

(l)mi. (2)111. and(3 )"’i are the unit vectors corresponding, respectively
to Vl, VZ’ and VB.
Now for convenience, these velocities are tabulated belows

Table 4« Velocities for 13 s ]

P Vlz = Gy - rotary wave
p 722 = Gy - rotary wave

p v32 - b33 - dilatory vave (D=20)
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Table 5. Velocitlies for 12 = )

P V12 = 6 =~ rotary vave
P V22 = b1y - dilatory wave
P v32 = Gy - rotary wave (D=21)
Table 6. Velocities for arbitrary directions
PV =g 1§ + 0, 1‘; (D=19)
= 2 2 2 2
2V = by 35+ 0515+ 6325 by 25
2 2 2 2,2.2
Aoy G+ 0315 - 0y 2 - by 13240, + 0202
s -
ZPVBIbu'lg-"0312*031.2*‘1331%
2 2 2 2 42 42
fb 15+ Gy 15 = Gy 17 = by, 3)+4(b13+03) 17 15
Table 7. Relations between the (j)mi for
the various velocities
(1)m1 : (1xm2 3 (1)m3 =13:0:0
(2) . (2 () 2 2 2 2

(3)

W3

'f(bnlg”’slz"‘s
¢ {2(by3+ 63 1,1,
@y, , @

2
13}

2 42

2, 2 2
my = 0 ¢ {6323 + byy 35 - by, 13 - 6313

oV oy B v 0335 -0
t {2y + 05) 1,353

2
15 - b33 15)%4(by3 + 09)° 15 13
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VII. DISCUSSION OF RESULTS CTICAL APPLICATIO

The results presented here give the exact theory for an
axially symmetric medium. Due to the form of the solution, containing
only 1, and 13, it will be a little more difficult to work with than if
it contained 11. 12, and 13. The solution is just as correct as if the
most general case using all three direction cosines for the axially
symmetric case were usede This form of the soclution then will require
more understanding on the part of anyone who uses it because the problem
must be changed to fit the form used here. .

Each topic is fairly complete in itself and is of some use
that way. The first topic gives an insight into some of the properties
of non=-isotropic media for those interested.

The second topic is of interest to the olaatit;ian who is con=-
cerned only with stress and strain of bodies statically loaded. As
stated before, some engineering materiels are axially symmetric. The
material presented here will be of help in obteining complete solutions
to the multitude of unsoclved problems of axially symmetric elasticity.

The velocities of propagation in terms of the elastic constants
and the elastic constants in terms of the velocities will be most useful
to the seismologist. If he knows the properties of the earth, he can
locate the origin of terrestial disturbances by the differences in
velocities. The seismologist by measuring the velocities of propagation
from a known source cen measure the properties of inaccessible medis.

Likewise, the materials technician in the laboratory can investigate

the properties of materiasls with this theory.



In addition, the work done here will be a help in extending
the theory of reflection of waves from straight and curvilinear
boundaries for an axially symmetric medium.



From the author's experience here, it seems that the
consideration of a more general medium would beccme intolerably
complicated. A solution was sought for the case here containing all
three direction cosines, but was never obtained. Of ococurse in the
investigation, it was discovered that using the two direction cosines
would suffice. The only apparent sclution to the cubic equation
involving all three direction cosines seemed to be by the cubic formula.
This would seem to indicate that for any medium not axially symmetrio,
the only results to be obtained from the cubic equation would be by the
formula. This thought practically excludes any further work in that
direction.

As an aid in the investigation, the author made a mumerical
analysis, wvhich presented no difficulty even when all three direction
cosines were used. It is concluded here then that any work done on a

more general medium should be done on a numerical basis or with some

simplifying assumptions.
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