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III. NOMENCLATURE 

The notations used in this thesis are summarised belov: 

S;nnbol per1p1t1on Unite ., Unit o£ toroe 

L Unit or length 

T Unit or time 

w Strain energy tunoticm F'L/L3 
T13 or T'13 Components ot stress F/L2 

8ij or •'13 Components ot strain L/L 

Cijkl General elastic constants F/L2 

b13 Independent elastic constants r/L2 

aw Partial derivative of the strain -8813 
energy tunction vith respect to the 

canponenta or strain F/L2 

xi or x•1 .A set ot rectangular carte1ian 

coordinate• L 

1t or I\ A set ot direoticm tor a 

vector in the~ coordinate a7atem L/L 

813 Direction cosines ot Xs_ relative 

to xi L/L 
E3 T3/e33, Young's modulus in the 

x3 direction r/L2 

Ei Tu(9u • T,z'e22 F/L2 

<IJ. TJ./28J.2, ahear modulus F/L2 



§Ymbol Definition Unite 

G3 T2y2e23 • TJ./2e13 F/L2 

dl - 9:ii/e33 , Poisson'• ratio L/L 

02 -82/9n L/L 

03 - e3/9n I/L 
xi Body forces F/t3 

ui Displacement of a particle in the 

x1 d1rect1on L 

p Mees density per unit volume n2/L4 

~.j Denotes differentiation or the 

displacement ~1th respect to xj 

Tij,j Denotes differentiation ot the 

canponants or stress T1j vffli'":respect 

to the xj 

vi Velocities ot propagation L/T 

E'33 T'3/9 '33 F/L2 

~·12 T'i/2••12 F/L2 

0113 T'1/2e'13 F/L2 

G'23 T'2/2•'23 F/L2 
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IV. INTRODUCTION 

The theory or .aves is one or the most universal tielde ot 

mechanics. Wave meohanice deals with solids, liquids, gases, electricit),1 

electronics, end heat tlow. One or the major fields 1n vaTe mechanics 

or solids is seismology. 

Seismology treats ot those solids canpoaing the earth. such 

solids are definitely not ieotropio and it is the purpose of this 

thesis to advance the theory for wave propagation 1n ncm-iaotropio 

solids. Some ot the earth's crust, being or a stratified nature, may 

be considered as axially symmetric media, and that is why that type or 
media baa been chosen tor investigation tor this theaia. 

In a review or the literature, it was found that the theory 

ot elastic waves 1n isotropic solids is well established and is used 

extensively. Sometimes the simple theor., is used to approximate the 

theory tor nan-isotropic media because the exact the01'1 ia not known and 

the results are satisfactory or because it is much easier to use. 

Ver, little was found in the field tor non-isotropic media, 

so it seems worthwhile here to investigate some or the phrs1oal properties 

for a general axially symmetrlo medium. 

Thus, the purpose or this thesis is to investigate the pro-

perties and wave velooi ties tor an axially symmetric medium. 
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V. SYNOPSIS 

The investigaticm consists of four perts. In the first pert, 

the physical properties ot the medium are defined. Then the stress-

strain relations for the case under consideration ere obtained from the 

general case. This is done by imposing the comi tion of =symmetry on the 

strain energy tunctim. 

Next the measurable constants are round 1n terms or the natural 

ccnstants. This is done by applying simple extensions and shears to 

the materiel. After the meaeurable constants are determined in terms or 
the natural cmstants', then the relationehip is inverted end the natural 

constants are found in tenns or the measurable constants. Some elastic 

constants ere then determined for an arbitrary direction, ea it is not 

likely that the etreseea will always be imposed along an axis ot eymmetry. 

Following this major part, the equations of moticm tor a 

vibrating medium are determined in terms or the nstural constants by 

substituting the stress-etrain relations. This is veey straighttorward, 

but must be done. 

The final step made by finding the velocities or propagation 

ot the waves by using the equations or motion. This is daie by assuming 

a solution and substituting into the equations of motion. From these. 

equations, a aubio equation defining the three principal velocities arises. 

The solution of this cubic equation is the culmination ot this investi-

gation. 



VI. INVESTIGATION 
A. The Stress-Strain Relations For AP Axially S;rpmetric Medium 

Axial Q'Jlllletry can easily be detined vi th the aid of a 

coordinate system. Using a eet or rectangular oertesien ooordinstes, 

~• and letting x3 be the axis ot symmetr.,, then the:;_ - plane ie 

a plane or symmetry. (See Figure 1). 

Definitions 

m axially -,,nmetrio medium ie one euoh that an 

arbitrary rotation ot the X1 axes about X3 produces no 
change in the stress-strain relations, implying isotropy 

in the:;_ - plane and all parallel planes. 

This definition will be used to derive the particular s:tress-

strein relations deBired. 

From the theory of elasticity, 
aw 

Tij • eeij 

where 2W • Cijkl e1j •kl• 

Due to symmetry in the stress end strain oomponects and in 

the constants themselves, the eighty-one elastic constants, Cijkl' may 

be reduced to twenty-one which cover all oases. These tventy-ane will 

be included in bij where 1 end j range over the values (1,j • 1,2, ••• ,6.). 
Using the tventy-one oonstanta, leaves the strain energy tunction in the 

torm, 
2 

2W • bJJ. 8ll + 2b:J.2 811 822 + 2bi) 8n 8 33 + 2'hu 811 823 

+ 2bl5 8 11 8 .31 + 2b16 811 812 
2 

+b22 8 22 + 2b23 822 833 + 2h24 822 8 23 + 2b25 822 831 

+ 2b26 822 812 
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2 

+ b 33 e 33 + 2b34 e3.3 e23 + 2b35 e3.3 9 31 + 2b36 e.33 el2 

+ b44 e~.3 +_ 2b45 e23 e31 + 2b/J, e23 el2 
2 . 

+ b55 e31 + 2bS6 e31 el2 
+ b , e2 66 12 
This is the general strain-energy tunction fran which the 

atreaa-etrain relations will arise. The number or elaatio oonstants in 

(A-.3) may_ be reduoed 1>7· imposing the definition ot axial 8)'11Detr;y. The 

first step then is to rotate the~ and~ axes 180 degrees about~• 

The following relations between the old end new strain components vill 

then exists 

ell. •e ll. 

812 • 1812 

•22 • 'e22 

913 • - 'e13 

W must be the same tunctian of e13 and •e1f Therefore, to find the torm 

ot the tunotiont •e13 must be substituted into w. The result is shown 

belows 

- 2bis '8n 18.31 21>i6 '9n '812 
+ b22 1 -~ + 2b23 '_e22 'e33 - 2b24 'e22 1 e23 - 2b25 '•22 1 e.31 

+ 2b26 'e22 '•12 

+ b.33 •e~.3 - 2b.34 1833 'e23 - 2b 35 183.3 'e.31·• b.36 'e.3.3 1812 

+ b44 1~.3 + 2b45 'e2.3 19.31 - 2bl.6 192.3 1812 
2 

+ b55 ••.31 - 2bS6 '•.31 1812 

+ b66 •~ 



Figure 1 

x3 - axis or symetl'1 

x1 - - plane or symmetry 

Load 

Figure 3 

Load 1n X1 direction 
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Leed 

Figure 2 

Load in~ diract1on 

Figure 4. 

Arbi tral'1 axes• 
xJ - directi011 or propagaticn 
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Since hu.. oannot • - bu except that bl4 • o, b14 must • 0 and 

similarly tor 

bu • blS • b24 • b2S • b34 • b35 • b 46 • bS6 • O (A-6) 

The number of constants mq be reduced further by rotating 

the Xi and axe1 90 degree1 about The rel.etima then beoomea 

9n • 1822 822 • '8il. 833 • 1833 

8l,2 • - 1812 823 • 1813 813 • - '•23 (A-7) 

Subati tuting (A-7) into (A-5) discloses thats 

bii • b22f bi3 • b23I b16 • - b26 

Continu1ng, the next rotation 11 of 45 degreea and the 

relatima between the canponante area 

29n. '81.l. 2"3.2 + '822 
2•22 • '8n - 2 '912 + 1822 

833 • 1833 
2812 • - '•n + '•22 

ff 813 • '813 + 1823 

ff 823 • - '9J.3 + 1823 

When (A-8) and (.l-9) ere 1ubatituted into (.A-5), then it is 

tamd that 11_6 • 01 b66 • 2(bu, - bi2) • (A-10) 

Using (A-6), (A-8) and ( A-10) in (A-3), gives the strain 

energy tunotion 1n its final form vi:th only five independent c011atant1 

lert. Now: 
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2W • "ii (~ + 2~ + e~) + 2l>i2 (9u •22 - ~) 

+ 2hi3 933 (9n + 822) + b33 •~3 + b44 (~3 + •:3>• (A-ll) 

To prove that this ia the f'inal torm, it ia cml.7 required that 

the X':1. and~ axes be rotated through an arbitrar., angle about the x3 
&Xia and thus show that there ia no further reduotian in the number or 
independent canatanta. For this rotation, the direction cosines become 

au. 822. COi 8' 812 D - 821. 9 I 833. 1 I 

813. 831. 823. 832. 0 

The between the components are towd by uaing 

81j • 81mm 8m1 8nj (A-l2) 
For this arbitrary rotation, the relations between the 

ccmponents are 

•n • '8n coa2e + 2 1912 o o 001 & + •e22 ain2o 

•22 • 1 "n ain2e - 2 1 •12 ain 8 cos 8 + 1 •22 ooa2 8 

833 • 1833 
9i2 • - '9n sin 9 00a 9 + •9i2(c0a2e • ain2e) + •e22 sin 9 ooe 9 

(A-13) · 

Substituting (A-13). into (A-ll) and expanding, it follows that 

2W • ¾ / '8n •e22(ooa4 8 + sin-'e) + 2 '•n •e22 ain'-9 ooa'-f> J 
+ b [ ,..2 cor/t 9 + •~ a1nl+ 9 + •~ 11n4 9 11 J.l. 11 22 

+ • •~ coa4e + 2 '•h ain2 & doa2 e + 2' e22 a1n2e coa2 8 J 



-14-
+2bi1 [ 4 •~ coa2 e ain2e + '8b (ooa2e - ain2e)2 J 
- 2bi2 f 4 •e~ coa2e ain2e + ••~ (ooa2e - ain2e)2 j 
+ bu { 4 '8il. '912 ooa3e 1in e + 2 'ell • e22 coa2e sin2e 

+ 4 1 e 'e coa 8 ain3 & - 4 • e • e coa3 & sin e 22 12 22 12 

+ 2 1e •e ain2& cos2e - 4 •e •e... cos e ain3 e 22 11 12 ll 

- 4 18:i.i I e22 ain2 9 coa29 + 4 1 ell • a12 sin3e oos9 

- 4 •e11 •e12 sin & coa3 e + 4 'e22 'e12 sin 9 oos3 e 

- 4 'e22 '812 ain3 e 008 e J 
+ b12 f 2 '8h ein2e oos2 8 + 2 •~2 ain2 & coa2 9 

+ 4 'e • e cos e sin3 e - 4 'e I a12 cos3 e sin 9 11 12 11 

+ 4 •e22 '8J.2 sin 8 cos3 9 - 4 •a22 •e12 ein3 8 coa 9 

- 2 •~ ain2 e ooa2 e - 2 •e222 ain2 e oos2 e 

- 4 'e 'e a1n3 & 001 9 + 4 'e 'e12 sin 9 aos3 e 
ll 12 ll 

- 4 •e22 '8:t.2 sin e coa3 e + 4 re22 '812 sin3 e cos e J 
+ 2bi:3 •e33 ( '9n + •e22 ) + b33 •e~3 + b44 ( •~3 + •e~3). (A-14) 

which reduces to (.A-ll). 

B. The Measurable FJ.a1tio Constants Ip Terma or The Natural Copste,nts 

The first step here ia to find the stress-strain relations for 

the axially symmetric medium. This is done by using (A-ll) in (A-1) 

and it turns out that: 



Tu• 1>i.i 8iJ. + 822 + bi.3 933' 
T22 • l>u 9iJ. + bll 822 + 1\3 9331 

T33 • l>i3 8iJ. + bl3 822 + b33 933' 
T12 • 2(bll • bl2 ) e12 , 

T23 • b44 823' and 

Tl.3 • b44 •13 (B-1) 

The next step ia to use these atreas-atrain relations to f'im 

the meaaurable ocmatanta in terma ot the natural omstents. These 

measurable a.laetio constants are the Young's moduli end Poisson's ratios. 

Finding the Young'• modulus tor the z, direction ia done by taking the 

x3 axis to be the axis ot qnmetry and applying a aimpl.e tensile load 

in the x, direction. (See Figure 2). Let all the other stresses be 

zero. That is 

T33 • T33 I T13 • o, 1 r j r 3 

Imposing condition (B-2) on (B-1) gives 

1>iJ. 9n + bl2 e22 + 1>i3 e33 • O 

~ell+ bll 822 + bi3 833 • O 

(B-2) 

11_3 8u + bl3 822 + b33 833 • T.33 (B•.3) 

Sol.Ting (B-3) tor E3 • T'Jt•'3'J gives 

1; • b33 (bu + bl2 ) • 2 ~3 /(bll + b12)• (B-4) 

.And solving (B-3) 

"J. • -~ • b-j(bll + b12) 
8 33 13' 
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Similarl;r. applying a simple tension teet along the~ axia (see 

Figure 3) gives 

bii 9iJ. + 'bi2 "22 + bi3 833 • Tll' 

bl.2 9ll + bll 822 + b13 833 • O, am 
1\3 811 + bl3 822 + b33 833 • o. 

Solving (B-6) 

E:i_ • Tuf"n • ~)1 = :..: ) (2 t.213 • bll b.3.3 - b12 b.3.3 ) 
13 ll 33 

(B-7) 

Using the stress etrain relaticma tor the shear ompcmenta 

of stress gives rise to the following: 

(B-10) 

(B-11) 

Thus the measurable constants are given in terms ot the natural 

ocmatanta. These constants are collected below tor oonvanienoe. 
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Table 1 - The Meawrable Elastic Constanta 

(B•7) 

(B-10) 

(B..J.l.) 

(B-5) 

(B-9) 

(B-12) t (B-13), and (B-U.), vbich are sane interesting 

relatione, may be noted here. They are obtained in the fol.lowing 

manner. (B-5) and (B-9) are substituted into (B-7), getting 
cs • ..! Bi. (B-12) 
d.3 

Now, dividing (B•7) by (B-10) gives 

(B•l.3) 



To give the atrese-etrain relaticma a tull meaning, the 

natural ccastants are needed in terms or the measurable constants. 

Therefore, the mdeting mat be inverted. 

Some of the will be ahovn to add olarit;y and cont1Du1ty. 

Adding (B-10) am (B-5) to remove bi2 give• 

2bu•~ •~ 
°i 

(B-15) 

When (B-10), (B-5), (B-15), and (B-12) are eubsti tuted into 

(B-16) 

(B-17) 

11 the result Upon subet1tait1ng (B-14),. (B..S), and (B-16) into (B-4). 

By eubatituting (B-17) into (B-15), it is tound that 

bu • ?l (l • «!J. ~2> (B-18) 
1 • "2 • dl o3 

Ueing this reeult, (B-1.8)• in (B-10) givee 

bl2 • Gl (d2 + dl d3) (B•l9) 

1 • o2 - 01 d3 

Finally aubatitutihg (B-17) into (B•l6) giTea 
b • dl Ci (1. 02) (l - d2) 

33 d3 (1 - cs2 - 201 cs3) (B-20) 

For ocmvenience, the natural constants are tabulated heres 



Table 2 - The Natural EJ.gstig cmstanw 

(B-19) 

(B-17) 

(B-21) 

~• The Mensurable Elastic Constanta For An Arbitrary Direotian. 

The measurable elastic conatanta given above can CJDly be 

used when the stresses ere in the direction of the three axes-• Theretore, 

the various Young's moduli and shearing moduli vill be found tor the 

case when the direction is arbitrary. 

Finding these constants for an arbitra1"7 direction will require 

the stress end strain components for an arbitra1"7 direction. The 

easiest way to get these components is to take a new set of rectangular 

oarteaian coo~inetes x! such that the x• 2 end x 1 3 are rotated about x{ 
through sane arbitrary angle. (See Figure 4) • The direction numbers 

then tor this case era 8u II lJ a22 • a33 •½•and~• a13 • a21 • a31 • o, 

and 8 • • 8 • 1 There vill be no loea in generall ty by letting 
23 32 3• 

X:1. and Xj_ coincide due to the nature ot the medium. 



To obtain the relatianahips, the following fol"llllllae are 

requirech 

(C-1) 

(C-2) 

(C-3) 

First, a shearing modulue relating in12 and e12 v1ll be tound. 

Let T•12 have a value and all other r13 • o. Using (C-1), the stress 

components are 

T, • T' 1 • 12 3 (C-4) 

Using (B-1) and (B-21),· the tolloving ralationa ari1e1 

Frcm (C-3) comes the relationship 

812. •12 12 + •13 13• 

Substitution or (C-5) into (C-6), give• 
2 2 + . . 02 12 + <;, 1l 

012 T'12 CJ:i. 03 

(C-5) 

Continuing in this direction, let Ti) have a value and other T1j • o. 
Similarl71 

(C-8) 



Let T1 have a value and other T1 • o, then from (C-1) and (B-1), 
23 ij 

T22 • - 2 T2•~ 12 1~ • b e + b e + b e 
.;, .7 12 11 11 22 13 33 

T'!.13 • 2 T2•3 1 1 • b e + b e + b e .;, 2 3 13 11 13 22 33 33 
2 2 

T23 • T'23 (l2 - l3) • 2 03 823 

e.32 • - e22 12 13 • e23 1~ + •23 1~ + e33 12 13 (C-9) 

let A • h]_]. 1>J2 bi,3 

bJ.2 bu l>J.3 
1i.3 b13 b33 

B • biJ. 0 bl3 

1>i2 -2T23 12 13 l>i3 
I 

1,_3 2T23 12 13 b.33 

C • bu_ bi2 0 

b12 bll -2T 1 1 1 23 2 3 
1,_3 '1_3 2T23 12 13 

Let it be noted here that the tint three equations or (C-9) are 

aimultaneoua equations in -ii, e22 , and e33• Then ".l" ia aimpl.y the 

determinant ot the ooettioiente or the 9n, e22, and e33 in these equations. 
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"B" am "C" are formed from "A" b7 replacing the second and third colwms 

respectively vi.th the ccnatant terms. The solutions to the equation• ere 

obtained by Creaar•e Rule. 

Then 622 • B/A1 • 33 • c/.l. 
Substituting for e22 end e23 end e23 in (C-9) • gives 

( 2 2)2 2 2 _,L = .. 12 - 13 +4 .12 13 41>n 2bi2 + 2bi3 
0 1 T' G A 23 23 3 2bi2 + 2bi3 bu+ 2b13 + b33 

Finally, let T33 have a value and all other Tij • o. 
TU• 0 
T • T' 12 
22 33 3 

T • T' 12 
33 33 2 

T • - T' l l 
23 33 2 3 

•' • e 12 + e 12 
33 22 3 33 2 

(C•lO) 

Performing operation• Bimilar. to those above and remembering 

the 4ef1nition ot ".4" 
l •' 14 2 14 

- • .:JJ •? (bi1 b33 - b13)+ -A2 (bi1 + b12) 
E33 T.33 

(C-ll) 

Collecting these elastic constants tor arbitrar,y directions givess 
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Table 3. The Measurable Elastic Constante 

For An A;rbi trotr Directiqi, 

4b11 2bl2 + 2bl:3 

(C-11) 

(C-7) 

(C-8) 

2°hJ.2 + 2b13 bu+ 2l>J.3 + b33 

p. The Veloo1;ties of PJ:oagptiop 
Getting the equations or motion for the disturbed medium is 

the first step towards getting the velocities or propagation. The 

equations or motion come from the equilibrium equations ot elaetioi ty 

(D-1) 

(C-10) 

with the inertia force added. To include the inertia force, simply add 
o2 u 

-P O tJ.i , the mass times the acceleration ot the particle. Neglecting 

_ the body roroea, x1, gives 
o2 ui 

Tij,j • p O t 2 (D-2) 



Thie is a mixed equatiein or stresses end displacements. Thia 

equation far this investigation tells more when it ia expressed ex-

clusive~ in terms of dieplaceent, ao it v1ll be expresaed that vay. 

By detiniticn, 

1 e~ eij • - (- + ). 
2 IXj lzt 

(D-3) 

b44 a2u2 b1.4 o2u3 
+ T ex32 + T a~ex3 

(D-5) 

,2u, b/.4 a2u1 b44 a2u, 
p ~•2 as,._2 oz,_ox3 2 

b1.4 0~ b44 o2u3 
1722 2 D~X.3 2 



-2s-
e2u1 o2u2 e2u3 

+ b13 DX:J.Dx3 +1,J D~DX, + b33 

Now that the equations or motion are in terms or displacement 

only, they can be used 1n the investigation ot sane or the phenanena ot 

wave propagation. The first case that will be studied is that ot a 

plane vave whose front is parallel to the ',. - planes that is, ttisut (x3-Vt) 

where V is the velocity ot propagat.ton ot the wave. SUbstituting into 

(D-4), (D-5), and (D-6), gives 

D2Ui • b 
2p u 

3 

ex3 
e2ul 
e~2 

Du 
How differentiate with respect to the corrdinltes. that is -1 • 

o~ e~ - 0~ 

p ~•b33;:¥ ot.2-~ ox3 

This def'ines the velocity or dilatation in the x3 direction, 

P v2 • b33 

(D-7) 

(D-9) 

Before timing the velocities tor the rotary wave, note here that the 

ccaponenta ot i,,tation are giTen b7 
2m.. ,Du3 Du2) 
--i. \ -- • a~ ex3 

ou1 _ ou3 
2t1?l • <ex3 ox1>• 
2m. • (eu2 _ eu1) • 
-~ ex1 e~ (D-10) 



Then 

P v2 • a3 tor °1 
P v2 • o3 tor °2 

vhen the wave is initiated in the~ direction. 

(D-ll) 

(D-12) 

When the case tor a plane vave perpendicular to the 2:1, axi1 

1• investigated, it ie found by a similar analysis that the following 

relations hold. The velocity ot the dilator., vave is defined by 

Pv2 -b11• 

Taking the curl tor th11 set ot equations ot motion, gives 

P v2 • Gi tor a, 
P v2 • a3 tor °2 

vhen the wave is initiated in the;_ directicm. 

(D-13) 

(D-14) 

The final case to be investigated is that tor a wave initially 

plane, propagated in an arbitrary directian. This ma,: be dme it the 

vave oonaidered 111 10 tar trom its point ot inception that its cunature 

111 very small. It is aa8\Ulled that the wave fotm is a trigonometric 

tuncticm ot the form Ui • ms, A 001 f (~ 12 + x3 13 - Vt) where 111:s, 11 

the unit vector in the direction of displacement. A is the ampl.1 tude 

ot the wave and }.. 11 the wave length. Due to the anal 9J111Dl8tr.,, &DJ' 



arbitral')' direction ia defined by the angle between the direction ot 

propagation and the x1 - plane. (See Figure 4). That ia, the 

direoticm ia a function or one angle only and therefore 12 + 12 • 1. 
_ 2 3 

Thia shows there ia no loss 1n generality by assuming this rorm. 
Substituting into (D-3), (D-4) and (D-5) and clearing 

-i_ P v2 • (bu, - bi2) llJ. + 1~ llJ. (D-15) 

-2 2 . b44 2 
p v- • bll 12 bl) 12 13 ., T 13 

b44 
+ T ¼ 13 113 (D-16) 

(D-17) 

Now tor~ to have a value, other than sero, the determinant ot their 

ooetticienta must vaniab. 

vhich is quadratic in P v2-. Using the quadratic tonmla, gi vea 

• 0 

(D-18) 



2P v2 • bll + G3 1; + G3 1~ + b33 1; 

t./ (bil 1~ + o3 1~ - o3 1~ - b11 1;)2 + 4(b13 + o3)2 1~ 1~ (D-19) 

To check this vith the cases for known direction ot propagation, let 

13 • 1, ¼ • o. 
2 P v1 • o3 tor the rotary vave 
2 P v2 • o3 tor the rotary wave 

P v32 • b33 tor the dilato17 wave. 

Now let 13 • o, 12 • 1. 

P v12 • tor the rotary wave 

P v2 2 • bii tor the dilatory wave 

P V 32 • tor the rotary wave. (D-21) 

Nov that the velocities or propagation have been tound, next 

the relations that must exist between the mi will be found. SUbsti tuting 

the value for P v12 into (D-15), (D-16), and (D-17) gives 

ODlJ.•0 

(bJ.J. - G1) + (bi3 + G3) ½ l.3 m3 • 0 
( ) 2 2 2 2) bi3 + G.3 12 l3~+(G.312 - G3 l3 + b.33 l3 - <ii 12 m3 • O 

For~ and~ to have a value other than zero, the determinant 

or their coefficients muat vanish. Putting ever;ything in terms ot bij 

and checking this condition, shows 

1; (b41. - b41. 3i - 21u_ Ji + 2112 + 2b33 ~) 

- (2113 + b'4)2 1i lj ; 0 

(D-22) 

as all these quantities are independent and arbitrary. Due to 1Di • 1, 



then (l)Dl;J. • 1 as (l)lll;z • (l)m3 • o. 
Working in a similar taahion and substituting tor P ard 

ri (2) P 3 respectively, it is f'owd that • 0 

(2) (2) o3 1~ + blJ 1~ - bll 1~ - a3 lj 
111:z I m3 • 2(b13 + G3 )12 13 

- (D-2.3) 

+ (bi_1 ~+a3 1~ - a3 1~ - b33 1~)2+4(b13 + o3)2 1~ 1~ 
2(b13 + q3) 12 13 

(l)~• <2>11:t., and(.3)Dii are the ~t vectors correaponding, respectively 

to v1, v2, and v3• 

Bov tor convenience, theee velocities ere tabulated belows 

Table 4. Velocities tor 13- • 1 

- rotary wave 

- rotary vave 

dilatory vave 
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Table 5. Velocities for¼• l 

p V12 • Gi - rotary 'WSVEI 

pv2 
2 • bu - dilatory wave 

pv2 
3 • 03 - rotary wave (D-21) 

Table 6. Velocities tor arbitra2: directions 

(D-19) 

__ 2 2 2 2 2 
2P v2 • bu 12 + G3 13 03 + b33 13 

+/(bu 1~ + o3 l~ - o3 l~ • b33 1;)2+4(b13 + 03)21~; 
2· .2 2 2 2 

2P V3 • biJ. 12 + 03 13 + 03 12 + b33 13 

-I (bll 1; + 03 l~ - o, 1~ • b3.3 1;>2 +4(bl3 + 03)2 1~ 1; 
' (j) 

Table 7. Relations between the m1 ror 
the various velocities 

(1)1\ I (lt~ I (l)m, • l: 0: 0 

(2)m-. : (2)m... : (2)m • 0 : {o 12 + b 12 • b 12 • 0 12 
-.1. · " .3 3 2 33 3 - ll 2 3 3 

- J (bn, l~ + G.3 13 - G.3 - b).3 1~)2+4(bl) + o3)2 1~ l~J 

l 2Ct;.3 + 0.3) 12 13 J 
(J)m. : {))m... s (.3)m... • 0 : (o 12 + b 12 b 12 G -12 

··.1 ~;e: ., 3 2 33 3 - 11 2 - 3 3 

+ J (bi,11~ + 1~ - G3 1~ - b33 1;)2+4(b13 + 03)2 l~ l~J 

1 l 2Cb13 + G.3) 12 13/ 
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VII. DISCUSSION OF RE.5ULTS NW PRACTICAL APPLICATIONS 

The reeults presented here give the exact theory tor an 

axially symmetric medium. Due to the form ot the solution, containing 

cmly 12 and 13, it will be a little more difficult to vork with than it 

it ccntained 1i• ¾• and 13• The solution is just as correct aa it the 

most general case uaing all three di reotion cosines tor the axiall.7 

aymm.etric case were used. Thia f'orm ot the solution then vill require 

more understanding on the part of a1J10ne who uses it because the problem 

muat be changed to tit the form used here. 

F.ach topic ia fairly cauplete in itself and is of eome use 

that way. The tiret topic gives an insight into some or the properties 

ot non-isotropic media tor those interested. 

The aecom topic ia ot interest to the elaatioian vho ia cm-

cerned anly vith stress and strain of' bodies statically loaded. As 

stated before, 1011a engineering materials are axially qmmetrlc. The 

material presented here will be or help in obtaining caaplete solutions 

to the multitude of' unaolved problems or axially aymmetric elasticit:,. 

The velocities or propagation in tex,na or the elastic con1tanta 

and the ela1tic cmstants in terms of' the velocities will be most usef\ll 

to the aeiamologiat. If he the properties of the earth, he can 

locate the origin or terrestial disturbances b7 the differenoea in 

velocities. The seismologist b7 measuring the velocities of propagation 

trom a known source can measure the properties of inaccessible media. 

Likewise, the materials technician in the laboratory can investigate 

the properties of materials with this theory. 



In addition, the work done here will be a help in extending 

the theory ot re.f'lection ct vevea trom straight and curvillnear 

boundariea tor an axially symmetric medium. 
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VIII. CONCLUSIONS 

From the author's experience here, it seems that the 

consideration of a more general medium would become intolerably 

complicated. A solution was sought tor the case here containing all 

three direction cosines, but w11 never obtained. Of ocurae in the 

investigation, it was discovered that using the two direction cosines 

would IIU.ffioe. The only apparent solution to the cubic equation 

involving all three direction cosines seemed to be by the cubic tormula. 

This would eeem to indicate that tor any medium not axially 

the only re8Ul ta to be obtained from the cubic equation would be by the 

formula. This thought practically exoludee any further wrk in that 

direction. 

111 an aid in the inveatigatiai, the author made a munericsl 

analysis, vhich presented no difficulty even vhen all three direction 

cosines were used. It is concluded here then that any vork done on a 

more general medium 1hould be done on a numerical basis or vi th eome 

simplifying assumptiana. 
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