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One problem 1n using the involute sYstem ot gearin1 is 
the poss1b1l1tY ot interference between the tip ot the gnr 

tooth and tho tlank ot the pinion tooth when the number ot 
teeth in the pinion is reduced below the minimum allowable 
tor that aYstem ot 1e.erin&, (e.g. 12 teeth tor 2; degree 

full depth teeth, 1~ teeth for 20 degree stub teeth, 18 teeth 
tor 20 decree full depth teeth, and 32 teeth tor 14! degree 

tull depth teeth). Other problems which can occur when 
using standard involute spur gears include poor contact ratio 
(average number of teeth in contact) and inadequate strength 
ot the pinion teeth. There 11lso exists the problem of using 
standard cutters to cut gears tor application to nonstandard 

center distances. 
In the case ot interference between tbe tip of the 1eer 

tooth and tbe flank ct the pinion tooth there exists a well 
established relationship to give the mathemat1cellY correct 
value that the cutter should be withdrawn (or in some cases 
moved inwerd) so that the addendum line ot the bob Just 
pesses through the interference point of the pinion (the 

point at which the line ot •ction is tangent to the base 
circle ot the pinion). This equation will be given 1n a 
later section along with the rules for its application to 
problems 1nvolv1na interference between the tip of the a•r 
tooth and the tlank ot the pinion tooth. 

1 
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A tYpioal problem which a mechanical designer might 

encounter concerns the design of a set of spur gears tor a 

predetermined center distance which is not one ot the values 

obtained bY dividing the sum of the number of pinion and gear 

teeth bY two times one of the standard diametral pitches, 

(e.g. 12, 14, 16, 18, 20, etc.). The design of these geers 

can be accomplished by determining th(: value that a standard 

cutter should be moved in or withdrawn from its normal cutting 

position such that when the pinion and gear are cut, theY will 

operate at the required center distance when meshed together. 

The design problem, however, is trYing to establish what 

values ot hob (cutter) offset should be used to cut the 

pinion and the gear so that the standard cutter maY be used. 

Several authors have shown the der1 va tion for a me the-

ma tica llY correct relationship which will give the JiY.m ot the 

hob offsets for the pinion -.nd the gear. The maJor problem 

is that there is no second tnQthemetical expression wherebY 

it is possible to solve explicitly for either the hob offset 

ot the pinion or the hob offset of the &ear. 
AccordinglY, the object of this investigation was to 

develop a method tor determining the hob offset of the pinion 

and of the gear so that the gears would operate properlY at 

the required predetermined center distance. A secondsrY 

object of this investigation was to develop a series ot 

design charts for determining hob offset values that could 
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be uaed with relative 88Se and would cover a wide range ot 
pN>blems. An a·ttempt also was mtade at developing e series 

ot equations so that it would be possible to solve expl1c1tlY 

tor either the hob offset of the pinion or the hob ottset ot 
the gear. 



II. JtlVIEW Q[ %Hi LITERATYJ{E 

Several authors have discussed the generation of non-
standard gears with standard hobs. Spotts• (1) and 

Hirschhorn•s (;) texts contain briet discussions ot nonstand-
ard gears. Steeds (2) and Mabie and Ocvirk (~) each devoted 
a full chapter to the design ot gears tor operation at non-
standard center distances in their texts. Kinsmen's (3) 

ent1~e doctoral thesis is concerned with the design ot 
nonstandard geers. 

Bach ot the above authors shows the derivation tor 
obtaining the sum (e1 + e2) ot the hob ottaets required tor 
cutting a set of geQrs to operate at a nonstandard center 
distance • 

.ManY of these authors have given guidelines about a 

second equation relating e1 and e2 so that it would be 
possible to solve explicitly for the bob offset ot the pinion 
or the hob ottset or the gear. Steeds (2) states that an 
arbitrary relationship between the quantities e1 and e2 is 
to let e1 = ke2 where k is en erbitrarT constant. The value 
ot k used should be chosen so as to reduce the undercutting 
of the teeth ot the pinion to a minimum when the number ot 
teeth in the pinion is small compared to that ot the gear. 

K1nemet1callY, Kinsman (3) states, it makes no difference 
how the value of total hob offset e1 + e2 is divided into 
e1 (hob offset of pinion) and e2 (hob offset ot the gear), 
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as long es the tvo values ere selected such that undercutting 
(removal or 1nterter1ng metal trom the flank ot the pinion 
tooth bY the cutter) and pointinr (w1thdr•v1ng the bob a 
distance such thet the tooth becomes ~o1nted) is avoided, it 
possible. Prom a strength st•ndpoint, Kinsman st•tes that 
the following should be consideredi a.) select values ot 
e1 and e2 so that neither the pinion teeth nor the &Mr teeth 
,re pointed or undercut. b.) The corrected Lewis form factors 
(e purelY geometrical property of the size and sbl.lpe ot the 
tooth) tor the pinion and the aear must be adequate. c.) It 
a and bare unsatistactorY, cheese e1 end e2 so that the 
pitch point bisects the path ct contact. 

Mabie end ccvirk (~) indicate that otten e1 •nd e2 are 
assumed to varY inverselY with the number ot teeth 1n order 
to insure a strong pinion. It e1 and e2 are ne1etive, •1 and 
e2 should vary directly with the number of teeth. Thia is 
the usual practice followed in the United States. 

Hirschhorn (5) states that, in Britain, the tollowin1 
cutter-setting correotions have been adopted bY the mejoritY 
of aear manufacturers as standard practice. It N1 + R2 60 
teeth then 

whichever is the gretter and 
N1 + N2 60 then 

e : 2 It 
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•1 •~(JO• N1) 

and e2 • (JO • R2) 

chooa1na the one that f•vors the pinion the moat. 
Some literature that will be pertinent to the results 

ot thia 1nveat11ation, but not directly re1tted to nonatanderd 
&Mra, vaa •lao reviewed. Thia literature deela pri•r111 
with the static 4etlect1ona in spur anr teeth. 

An experimental 1nveat1aat1on waa performed bY Furrow (8) 
on the et•tic deflection ot standard spur 1eer teeth loaded 
at anY point alone the line ot action. In his work, Furrow 

' 
proposed• apecit1c •nner 1n which to appl.Y the equation• 
ot T1moshenko end Baud (6), whose approech w•• baaed on 
replac1n1 the geer tooth with a tapered cantilever beam. A 
paper bY Furrow and Mable (9) 1ivea • renew ot the results 
ot Furrow's experiment.al won along with 1ntor•t1on conoern-
in& the computer proeraa used to appl.T T1moabenko and S.ud • a 
equation tor the detleot1on ot eear teeth. Mention auat also 
be •de ot Caldwell (?), who derived the necesaarY equations 
tor determining the value ot the anale ot application ot the 
load at anY point alone the line ot action. 



III. llfYQLYD §fPR PIAB ffllOBY 

This section will review some 1mport•nt det1n1t1ona •nd 
some ot the besio k1ne•t1c equations which describe the 
action ot a spur gear. The rMder is probabl.Y' well informed 
on the basic concepts ot gear deai&n and 1eer nomenclature. 
However, some ot the basic concepts will be reviewed brietJ.Y, 
primar11Y to acqW11nt the rNder with the nomenclature used 
here. 

A .IJ2lit .1.11.t is one having teeth parallel to the exia 
ot the gear. The nomenclature is shown in Figure 1. 

The diametral pitch P 1s defined•• the ratio ot the 
number ot teeth to the number of inches ot pitch diameter. 

The diametr•l pitch equals the number ot gear teeth to each 
inch ot pitch diameter. 

Referring to Figures 1 and 2, the base pitch, which 
remains the same tor both• standard and a nonstandard 1ear 

is &1Ven bY 

21tR 
p : .:.:.:.:.:l2 = '"' AAI I 

b R p 

The diametral pitch ot a standard geer 1s aiven bY 

}) = L 
2R 

The standard c1~cui.r pitch 1s &iven bY 

7 

(1) 

(2) 

(J) 
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' 
,..,._-········-··1····-. _______ -J 
', ; 

I , 
L ______ Gi reular P 1 tch ( p) 

FIGU.ttS 1. NON.©'iGLATlJRE OF GEAH TS~TH 
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The thickness ot the standard gear tooth is equal to one-halt 
ot the standard circular pitch. 

(4) 

A 1tandard JUll.t 1s one where the ratio of the number ot 
teeth to pitch diameter is one or the standard values ot 
di•metral pitch. The term standard gear also means the tooth 
thickness must be equal to the tooth space, which equals 
one-halt ot the circular pitch. 

For the purpose ot this thesis, a nonstandtEA .I.It.£ is 
defined as an involute geer whose teeth are not ot standard 
thickness. TlMlt is, on the standard pitch circle ot the gear, 
defined bY the reletionship that its radius is equal to the 
number ot teeth 1n the gear divided bY twice the diametral 
pitch, the arc tooth thickness is J121 equal to one-halt of 
the circular pitch. 

With reterence to Figure 2, the following quantities can 
be defined: 

Standard center distance with zero btilcklash 
N1 + N2 

C = B1 + R2 = 2P 

Nonstandard center distance 

c•: R' + B• = C cos! 
1 2 cos 0• 

(5) 

(6) 

where the operating pressure angle~• is established calY 
after the pinion and the gear have been meshed together. 
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Base circle radii 

Rb1 = R1 cos~= R1 cos 0' 
¾2 = R2 cos 0 = R2 cos 0' 

Standard cutting pitch radii 
n, 

R =-1 ~? 
N 

R = ;,2 
2 2P 

Operatina pitch circle r,ad11 
N 1 

Ri = (N • N) c• 
1 2 

N 
R' = ( 6, ) c• 

2 N1 + N2 

Standard outside rad11 

Standard dedendum red11 

(7) 

(8) 

(9) 

( 10) 

(11) 

( 12) 

(13) 

( 15) 

( 16) 

The thickness at anY point on the involute surtece ot 
the tooth can be found if the th1clmesa at some other point 
is known by the tollowing equation: 

tA 
t 8 = 2fta (2i" + inv 0A - inv 0B) 

A 
(1?) 
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where the involute ot an angle is detined as 

inv ~A= tan 0A - ~A (18) 

Figure 3 shows a portion ot a rack that could be used 

in the cutting ot both standard and nonstandard gears. When 

cutting a standard gear the hob offset e is ~ero, and, there-

fore, the cutting pitch line and standard pitch line are 

identical. The thickness ot the gear tooth on the standard 

pitch line 1s given bY Equation(~). It it is desired to cut 

a nonstandard gear, a standard rack can be used to cut the 

geer bY withdrawing or retracting the rack a distance e. 

From Figure J it is noted that the standard pitch line and 

the cutting pitch line are then no longer the same. The 

reason tor this is that the standard pitch line ot the rack 
is no longer tangent to the cutting pitch circle ot the gear; 

therefore, the standard pitch line cannot serve as the cutting 

pitch line. A new line on the rack must be established which 
is tangent to the cutting pitch circle of the gea.r as is 

required for generating the gear. It should also be noted 
that the cutting pressure angle~ of the rack 1s constant and 
does not change. It is onlY after two gears have been meshed 

together that the operating pressure angle 0' is established. 

The thickness on the cutting pitch circle c•n now be seen to 

be given bY: 

t = 2e tan 0 + p/2 (19) 
where e is positive if the rack 1s withdrawn and negative if 

the rack is pushed into the gear blank. 



l 
I ! 

e tan~ 1-r-

FIGU.18 3. 

.... 
. l.v 



It the rack 1s witbdr•vn Just enoueh so that the addendum 
line pesses through the 1nterterence point (point 11 on naure 
2) ot the pinion, it 1• possible to develop en equation ao 
that the hob ottset • oen be determined so that the addendua 
line passea throuah the 1nterfei-ence point E1 (See Mabie and 
ocvirk (4) p. 128 tor complete deJ>1vet1on). Thie equation 
is tound to be:. 

e = l (k - I a1n2 fl) p 2 (20) 

It must be empb11siaed that Equation (20) 1a good onlY it the 
rack addendum passes through the interference point &1 ot the 
pinion. 

F11ure 4 shows two aeara 1n mesh which bllve been cut 
with hob ottaets e1 and e2 respectivel.Y. An equation will 
now be derived from Mabie and ocv1rk (4) which will aive the 
sum, e1 + e2 , ot the nttset. The tundament•l lew of 
cnrin& st• tea: 

W2 N1 

If Equation (12) 1s divided bY Equation (11)1 

Therefore 

UJ2 N1 R1 
(21) 
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From Figure 4, f3ssuming nc bocl~losh 

-2_'fl_R __ 1 = 2 'ft R? 
t' + t' = ,. 

1 2 N1 n2 

From Equation (1?): 
t1 

t• = 2R' (-;--R + inv 0 - inv 0') 
1 1 ' 1 

i t ' :: 2R' ( 2R + in V 0 - in V f25' ) 
2 2 2 

Subst1tut1n& these into Equ•t1on (22): 

t, t~ 
2R' (- + in v 0 - inv • ) + 2R • (28 + in v , - 1n v 0' ) 

1 2R1 2 2 

and dividing bY 2R1: t R' t 
er.+ 1nv 0 - inv 0') + :2. (..:2... + 

1 R' 2R 
1 2 

t R' t 
1 ...2 ., 1l' o:r~ + :-+ 

1 R1 2R2 N1 

Subst1tut1n1 Equation 

R• 
c-2 + 1) (1nv 0' - inv 0) R1 

(21) into this Yields 

t H t 11' N~ ½• .::2..:.2... =-+ (_.+ 1) (1nv0' -1nvf6) 
1 N1 21f2 N1 N1 

From Equations(~ end 10): 

N1 2R1 = ;- •nd 282 = p 

Thereto re, 
t p tr 
..:.i:.. + ___2.__ = !. + 
"1 W:, !'11 

N + N 
2 ' 1 (inv 0' - inv (6) 1, 

(22) 
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Mult1plY1n1 bY N1/f 

Prom Bquetion (19) 

t 1 • 2e1 ten iJ + p/2 

t 2 = 2e2 tan iJ + p/2 

Substituting these into Equation (23): 

1T N1 + N 
2(e, + •2> tan 0 + p :: y- + P 2 (1nv 0• - inv 0) 

Substituting Equation (J) into the last result and aimplitYing 

• + 9 = 
1
0f1 + N2) (inv ID' - inv 0) 

1 2 2P tan iJ 

which is the desired result. 
In Clv&pter II, the tollowina guideline was su11ested tor 

use with Equation (2it): If e1 + e2 is positive, let e1 and 
e2 varY inverselY with the number ot teeth; it necetive, let 
e1 and e2 varY directlY with the number ot teeth. In equation 
form: 

!J. :: !!.2 
•2 N1 ~or pos1 ti ve A C 

Letting • = e ... . 
T 1 2 

(25) 

• = (e - 8 1) N 1 T 1 

N !!a • (1 + :.:.2) = 
1 "1 

9T N 1 



or 

8 1(N1 + N2) = 8 T12 

.. , el. • 1 2 
8 1 + 8 2 N, + N2 

end similarlY, 

or 

e = 1 

e1(N1 + N2) = eTN1 

8 1 ::: __ N_1_ 
•1 + •2 N1 + N2 

Hi 

(26) 

(27) 

Equations (26) and (27) will be useful tor compering the 
results ot this investigation with the suggested guideline 
to obtain e1 or e2 trom Equation (21+). 

Three other equations that will be needed in the 
derivations to follow are the equations tor the outside 
radii, dedendum circle radii, and the equation tor the depth 
of cut. (The development ot these equations cen be tound 
in Mabie and Ocvirk (lt) pp. 131-2.) The equtttions tor the 
outside radii ere es follows 

R' • c• - R - e + k o1 2 2 F 
(28) 
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R' = c• - R - e + k 02 1 1 P 

and the equation tor the depth ot cut is 

h = R' + R' - c• + c t 01 02 
where c 1s the clearance. 

(29) 

(JO) 

The equations for the dedendum circle red11 are as follows 

R' = R' - h d1 o1 t 

R' = R• - h d2 o2 t 

(31) 

(.32) 

The derivation tor the length ot action and contact retio 
will be developed tor a pair ot nonstend•rd gears 1n mesh. In 
Figure 5, E1 qnd E2 are the points ot tangencY ot the line of 
action •nd bese c1roles. Point A is the beginning ot contact, 
defined•• the point at which the addendum circle of the driven 
gear intersects the line ot action. i'oint B is the end of 
contact, defined es the point at which the addendum circle ot 
the driver intersects the line of ection. z• 1s the nonstandard 
lenath of action and 1a eXpressed as 

z• =AB= E1B + E2A - E1E2 

but Clt1B) 2 + (Rbl) 2 • (R~1) 2 

(E2A)2 + (Rb2)2 = (R~2)2 

E1E2 = R1 sin 0' + R2 sin t• = c• sin f• 
Therefore 
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From the definition of base p1toh 11ven bY Equation (1), 

it 1a now possible to define the cont.lot ratio tor nonstandard 
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Consider• spur gear tooth as shovn in Figure 6 tor 
which the following esaumpt1ona are made. 

1. The tooth material is homogeneous and isotropic. 
2. The tooth is rigidlY supported at the dedendum circle. 
J. Tr11nsverse planes betore bending remain transverse 

planes attar bending; no werpin& takes place. 
4. The load is gradua llY applied 1n the X•Y plfane such 

that no twisting of the tooth occurs. 
S. The component ot the tooth load parallel to the 

tooth 11xis, F v' will be neglected. 
The elementerY bending stress equation tor a streight 

beam hav1n& e const•nt, prisatic, cross section is 

It will be assumed thet the tooth is a cantilever beam and 
that the above equation holds. The uswal banding stress 
tormula for geer teeth is 

(35) 

In Equation (3;}, Y is the Levis factor which can be 
found in tables (1), bis the tace width, pis the circular 
pitch, and Fb is the bending load. These tables, however, 
onlY apply to standard aears. Values or the Lewis tactor 

22 
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i<1l GUHE 6. SPUR GEAR TOOTH 



tor nonatand•rd geers &re not readilY avq1lable. The onlY 
place mention is mede of nonstanderd Lewis taotors is in 

~insmen•s thesis CJ), but these apply onlY if the load is 
applied e distance 1/P trom the tooth t1p. The Levis tactor 
ia a purelY geometric property dependina on the size and 
shape ot the tooth. 

The actual angle ot load appl1oat1on,J?,, at the tooth 
tip will be developed t1rst and then the stress equ.at1ons 
will be derived. It will be assumed that the entire load is 
carried bY • single pair of teeth and that the load ia acting 
through the corner or most unfavorable point on the tooth 
11s shown 1n Figures? and H. 

Figure? shows the case of two nonstandard gears in 
mesh at the particulAr p!Ulse when the gear tip is in contact 
with the fl•nk ot the pinion. It is necessary to determine 
the angle j3 A2, since, in the stress equation, the bendinc 

moment c•used bY the tangential loed •t the tip of the cnr 

tooth is wanted. 
The angle A02E2 as shown in Figure 7 is 

~A2 = cos-1(Rb/R~2) 

The involute ot this angle is 

1nv(~A2) = tan(~~2) -
The angle between the geer teeth centerline and R~2 at 

point A 1s 

(36) 
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Zl 

but 

Therefore o<A2 • .1 + 1nv 0 - 1nv ,, 2R2 A2 

vhere 

1s the thiclmess ot the gear tooth on its outtina pitch circle, 
R2 the atenderd pitch redius ot the 1eer, t the cutt1na 
pressure angle, end e2 the bob ottaet ot the gear. 
The angle between Pn and Ft tor the c•r et point A 1a 

PA2 = "A2 -o<A2 (JS) 

F11ure 8 shovs the case ot tvo nonstanderd 1•r• in mesh 
at the perticulalr phase when the pinion tip is in cont•ct vith 
the tlank ot the gear. For this case it 1s neceaaerY to f1nd 
the •n&l• ,B81 in order to calculate the ben.d1n& .:>ment caused 
by the ten1ent1al load at the tip of the pinion tooth. 

The anal• B01E1 •• shown 1n F11ure 8 1• 

t 81 = cos-1(Rb1/R~1) 

The involute of th1• enale is 

1nv<,81 > = tanc,B,> - ,B, 
The encl• between the pinion tooth centerline end R~1 at 
point Bis 

o( Bl = tfl!~ 2 

(39) 



t 
Therefore O(B1 = 1 + 1nv i' - inv 0' 2R1 B1 (40) 

where 

is the thickness ot the pinion tooth on its cutting pitch 
circle, R1 the standard pitch radius of the pinion, 0 the 
cutt1n& pressure angle, and e1 the hob ottset ot the pinion. 
The angle between Fn and Pt tor the pinion at point Bis 

/3 B1 ::: ~B1 - O(B1 (41) 

The derivation tor the length and thickness ot the 
cantilever beam used to approximate the gear can be developed 
along with the bending stress eqwation. Two cases must be 
considered. Case 1 will involve Figure 9 which shows the 
b•se circle radius as less th.an or equal to the dedendum 
circle radius. For this condition the entire tooth has an 
involute protile. Case 2 involves Figure 10 which shows 
the base circle as being greater than the dedendum circle 
redius. For this condition the tooth protile is involute 
from the addendum circle to the b•se circle, end from the 
base circle to dedendum circle the profile is that of a 
radial straight line drawn from the gear center. 
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BY Bqwation (19) 

t • 2• tan J + p/2 

Since the involute profile 10•• to the dedendum circle 

R coa fJ • B4 coa fJd 

Therefore fd • cos-1<,fh coa ~) 
d 

•nd 1nv(t4) • ten(fd) - 'a 
BY lquet1on ( 17) 

t 4 • 2B4<h + inv fJ - 1nv fJ4) 
From tri1onometr1 

Q • t4/Rd 

or 

Also b = 2Rd sin(Q/2) 

The tooth thickness et the tip ot the tooth 1• 

which 1• equal to the arc length s1. The base circle ndius 

is aiven bY 

Rb• R• ooa f' • R~ cos fJT 



Therefore 0T • coa-1<f cos 0') 
0 

Let c1 = 12'r 

C2 = inv 0T = tan C1 - C1 
BY Equetion (1'7) 

t' = 2R' <h + 1nv 0 - inv 0') 

($0) 

( 51) 

(52) 

Substituting Equations (51 and 52) into Equet1on (48) gives 

tT = 2R~<h + 1nv 0 - C2) 

Then the arc l!lngle O(T is 

s t 
O{T = .::.t = ..:I F R' 0 0 

which on substitution ot tT is 

o(T = 2<ta + inv 0 • C2) 

Det1n1n& c4 = R~ 
and c; = inv 0 

Theretore XT = R~ cos 0C1.'1'2 

or XT = c4 cos<½a + C5 - C2) 

where t 1a eiven by Equ•t1on (19) 

The lencth ot the cantilever beam is 

d m XT - Xd 

As mentioned before, the bending stress equation is 

(5J) 

(51+) 

(5'6) 



3.3 

where 

C:: th 

end substituting intc the stress equation 

5 = 6c2l'n cos1:, 

bh2 

where the •nile f3 is defined bY either Eqwat1on (38) or bY 

Equation (41). 

CA§I 2 
Fo.~ Rb:;:,,, R~ 

From Equation ( 1?) 

but 9Jb a 0 

Therefore tb = 2¾ (~ + inv 0) 

BY trigonometry 

or 

where t is given bY Equation (19). 

Also 

< 58) 

(60) 



The bending stress equation is 

where 

s = 1m 
I 

M = ( F n cos /3 ) d 

and substitutine 1n the •bove equation 

s = 

(61) 

(62) 

(57) 

which is the seme result obtained 1n case 1 w1 th ''d'! •nd tth11 

defined ditterentlY'. The •nil• /3 is defined bY e1 ther 

Equation (38) or bY Equation (41) and Xr bY Equation (;5). 
Comparing Equation (35) with Equation (57) shows that 

Fb = Fn cos/3 • 1\ 

and .Yp = 6d 

This shows th•t Equetion (57) includes the Lewis tector and 
also considers the an1le ot l04ld eppl1cat1on which Equation 
(35) neglects. Note: The face width b does not change. 
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Equ.et1on (S7) vas modified to 

(63) 

so that the loed •nd t•c• width would not heve to be oonaidered 
1n the c•lculations. A co111puter proerem w•a written so ttu.t 
• secondary relationship involving e1 and e2 could be deter-
mined on the beaia ot approximatelY eqwal tooth bendin1 stress 
with the load applied et the tip. 

The pro1r•m which was written beaed all celculat1ons on 
the tollowin& •••umptions: pressure angle I• 20 de1rees, 
di•metral pitch P = 1, full depth 1ears (k • 1), and coarse 
pitch (clearance c = 0.2;0/P tor P = 1 to 19.99). Values tor 
the cbanae 1n center distance t,. C were used •• input. These 
values varied •• follows, l1 C = o.o;o inches to 1.600 inches 
in steps ot 0.02; inches and AC = -o.o;o inches to -0.999 
inches 1n steps ot -0.02; inches. N1 was held constant. 12 
varied trom 12 = 18 to N2 • 1JO teeth in steps ot one so that 
• least squ.e:re anal.Ya1s could be applied to the reaultas 
e1/(e1 + e

2

) ve.raua N:((N

1 

+ N

2

). 

Figure 11 shows• verY simple tlow diagram which showa 
the pri•rY logic ot the program. A complete 11at1n1 ot the 
program can be tound 1n Appendix A. The pro1ra11 ia written 
in double precision and required approximatelY seven hours to 
calculate the results tor all ot the veluea of AC used. 
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' ... . t .. . 
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I 
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I 1"1 
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NO 
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L . -- .. . - ... . 
·····-•-··-----_J ··--·•·-··---•·-··· 

Pr.int o_ut put __ 

, YES >-----, 
I 
' Find coefficients of equation 

y = A + Bx 
•• - • • -T - ·•c_ __ ___ . . . .... ______ .. J 

... ________ ,_... ·····----·-·---···---__ J____ ,, 
'"-,,Printed and p11;.'1.ched card out out.,/ ····----·------· - .. ,, "· ----- r . ----- . ----- - ---- •-- ...... 

·· ------ ·rJext .Ac·] L........... --

Pl GURS 11 . FLOW DI AGRAM 



B. Rita ind B•aylts 
A sample set ot data is shown in Tables 1, 2, and 3 

which has been taken trom the computer printout. Figures 12 
throu1b show the plots ot hob ottset ratio tor the c•ses 
where the hob is withdrawn a dist«nce (+AC) from the ae•r 
blenk end Figures 2; through J2 show the plots of bob ottset 
ratio tor the case where the hob is pushed a diatence (-AC) 
into the geer blank. 

These plots are onlY valid tor a cutting pressure angle 
ot 0 = 20 degrees, full depth gears (k = 1), and coarse 
pitch. Although these plots were plotted tor date based on 
a diametral pitch of one end tor N1 = 18 teeth, theY are good 
tor •nY pitch, as the stress is independent ot the pitch. 
when H1 takes on other values, a verY sli&ht er?"Or (leas then 
4j) is introduced. This was determined by running the ain 

program with other velues ot N1 and com.parin& the results of 
the ratio e1/(e1 + e2) to N/CN1 + N2). 

Figure 18 shows the plot tor ~c = o.~7; vhioh corresponds 
to the data in Tebles 1, 2, and J. It is seen thtlt as N2 
increases, so does the value of e1• In other words, es the 
ratio ot Nz'(N1 + N2) increases so does the value ot the 
ratio e1/(e1 + e2). A review ot Equet1on (26) will show that 
this is the same trend that this relationship suggests. It 
Equation (26) were plotted, it would be seen that this 
equation is a straight line with a slope ot 45°. A review 
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'i'ABLE 1. EQUAL STRr:ss, N2 ::: 1b TO 55 
N1 ·- H~ 0 .;:: 20° p = 1 AC = 0.875 

N,., e1 e2 m sb _!J_ 
c:'. p F e1 + e2 n 

1t: • 507 • 507 .; : ~e 2.654 .500 
19 • 514 .496 2.6j6 .509 
20 .52..> .465 1. 24 2.619 • 519 
C'.1 • 5.)0 .471+ 1. 25 2.602 • 52b 
') r, • 5Jt. .464 1.26 2. 585 -5~7 ,:;;..:;'. 

2j 545· .453 1.27 2.568 . 5 6 . , 
24 • 5 5j .. 44j 1. 27 2.552 • 555 
25 • 560 • 4-jj 1. 2E: 2. 535 .564 
26 • 5Gb .. 423 1.2s 2. 518 • 57 j 
27 • 576 . 41 .5 1 • 25· 2.502 • 5b2 
2b • 5tJ .404 1. j( 2.486 . 591 
29 .5s1 • 3911 1 0 j(I 2.471 .600 
.}0 -596 .Jt6 1 • .50 2.458 .607 
J1 .602 .J79 1. j'1 2.446 .614 
j2 .608 .J71 1 • j ·1 2.l+.)5 • 621 
.)j • 61 2 .j64 1.32 2.425 .627 
;14 • 61 ,l • J5c 1 • .) 2 2.415 .6jj 
35 • G2;1 • J51 1. 3;2 1t 2. 406 .6.)9 

..)6 • 6:26 .J46 l • jj 2.j98 .644 

.J7 .. 6.:,0 .341 1.jj 2.j90 .649 
j ,'-< .6jJ .j.35 1 .,j3 2.j8j .654 . .., 
·a .6.57 .jJO 1.jJ ,.., ''"75 .65Si ..) .::: . .) 

40 • 61+1 .324 1.J4 2.j68 .664 
L.i-1 • 61+4 .j20 1.jl+ c:. j62 .666 
42 .646 .j15 1.JL 2.355 .67j 
43 .. 6~1 .j11 1.J4 2.j49 .. 677 
4lt .654 .J06 1 • .J5 2.j44 .6~1 
1+5 • 6 1::;7 .j02 1.J5 2.jJ8 .665 
46 • 6 :>9 • 29S L35 2.333 .6H:i 
1.,7 .662 . 295 1.J5 2 • .52b .692 
lrn • f.,6 5 • 290 1.J5 2.J23 .696 
4S .667 • 2b7 1. Jo 2.J19 6(.,(. . ., -,,, 

5C • 66<,;, • 204 1 .. j6 2.j1l,. .702 
51 • 67 2 • 2t<O 1.J6 2 .. j09 ,J.706 
52 • 6'; l+ • 27r' 1. j6 ' 2.305 .709 
5.J .677 • 274 1. J6 2.301 • 712 
54 .6?9 • 271 1 • 36 2~297 • 715 I 

?5 • 601 ,... ,,,- r'l 1.j6 2.294 .71b • .:'.0/ 

' c:.c::c7c1 B I'\ Cr,r-1n)t • s;. -· •·- V. '. / I l • 
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TABLE 2. EQUAL STRESS, N2 = 56 TC 93 

N1 = 1b 0 :;; 20° p = 1 AC = 0.875 

rr..., e . e,.. m .§..t2 e1 
,:; 1 .::: p F e1 + e2 n 

56 • 6b2 . 265 1 .j7 2.290 .720 
57 .6b4 • 262 ;.37 2. 2t7 .723 
5u .667 • 259 1.j7 2.283 .726 
n:.. .6b6 • 257 1.37 2. 2ci0 .720 ") ,I 

60 .690 . 254 1 . j'7 2. 277 .731 
61 • 6<; 1 .252 1 .J7 2. 274 -7JJ 
62 .694 • 2~-9 1 .37 2. 270 .736 
63 .695 • 247 1.J7 2.268 .73b 
64 .696 . 245 1.j7 2.265 .740 
65 .697 • 24j 1.J8 2.262 .742 
66. .700 . 240 1.JE 2.259 .745 
67 • 701 • 2J7 1.J6 2.254 .747 
6b .702 . 2J5 1.38 2.25 .749 
6';, .704 .2jJ 1.J8 2.2a2 . 751 
'lO .705 . 2j 1 1...)8 2.2 9 .753 
'j1 • '707 . 229 1.38 2.244 .755 
,-,,-, .7ob • 227 1 • j8 2.24 .757 I c'. 

7J .709 .225 1. J8 2.242 .759 
74 .711 . 22j 1 • .}8 2.240 • 761 

75 .711 .222 1.3b 2.238 .762 
7t) • '71 j • 220 1 . j'5 2. 2j6 .764 
'l7 .714 . 21 b 1 • Jb 2. 234 .766 
n>-1 .716· • 216 1.j8 2.232 .76<3 ( V 

?'? .716 • 21 5 1.J9 2.231 .769 
co .717 • 21 j 1 :•o 2.228 .771 • .:; ,I 

c1 .719 • 211 1.j9 2.226 .77~ 
b2 .719 . 210 1.j9 2.225 .77 
d.) . 7 21 . 208 1. J9 2. 22j .776 ,c,4 .7 22 . 206 ,1. 39 2. 221 .776 ,_, 
• i:: • 725 • 205 1.39 2.220 .779 b .I 
()6 .724 • 20j 1.39 2.218 .781 
t:7 • 7 25 • 202 1.39 2. 217 .702 
be .726 .'200 1. j9 2.21a .7b4 
89 .727 .19S 1.J9 2. 21 .7b5 
90 '72•:, 9,.., 1.39 2. 212 .7b7 . \,~ e I / 

S; 1 .729 .196 1 • .59 2. 211 .7b6 
(;2 • 7 J 1 .194 1. 39 2.209 .790 
S,.5 . 7 J 1 .193 1.j9 2.208 .791 

A ·- 0.05670 t) 
J.1 ::: 0 (.;:r117M/ }1 , • I.' ( l 
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TABLE J. EQUAL STRESS, N2 .:: 94 TC 130 

N1 .:;. 1 C' 0 = 20G p = 1 AC = 0.875 

e 
N2 "=1 e2 m t° . 1· 

p e, + e2 n 

Si4 . 7 .:;2 .192 1.39 2.207 .792 
)5 .73j .190 ... j9 2.205 .794 
l f.. .7j4 • ·1 a9 1.j9 2.204 .795 ,, .., 
';7 .7j5 . 18t 1.39 2.203 .?96 
~b .7 36 , . 186 1.39 2. 201 . .79~ 
~'1 .7j7 • 1 aa 1 .j9 2.200 .79~ 

100 .• 7 J7 • 18 1.39 2.19-s, .800 
101 .738 .1 a3 1.j9 2.198 .801 
102 -7~9 . 181 1.39 2.196 .so~·-
10j • .7 0 . 180 1.40 2.,9e .Bo 

· 104 • ?41 • 179 -1.40 2.19 .805 
105 .-741 • 178 f .40 2.193 .806 
106 .742 .177 1.40 2.192 .807 

, 107 .743 • 176 1.40 2.191 .aoe 
1 Od .744 . , ,a 1.40 2.189 .810 
109 .745 . 17 1.40 2.188 .811 
110 .746 .1.73 1.40 2. 187 . .812 
1 1 1 .746 • .17 2 1 .40 2.186 .81J 

11 2 .747 . 171 1.40 2. 18e· .814 
11-' .743 • 170 1.40 2. 18 .815 

• 111+ .740 .169 1 .40 2.184 .816 
11 5 -7~9 • 168 ·1 .40 2.183 .817 
116 .750 • 16'7 1.40 2.182 .818 
117 .?50 • 166. 1.40 • 2. 1 81 .019 
11 d • 751 . 165 1 .40 2.180 .820 
119 .752 · .164 . 1 .40 2.179 .-821 
120 .752 .163 1 .40 2.178 .822 
1 21 • 7 5.5 .162 1.40 2.177 .823 
122 n,...4 • 161 i.40 2.176 .• 824 •t? , 2j - . 'I 54 .160 1.40 2.17~ .€25 
124 .755 . 159 1.40 2.17 ~826 
125 

, 
1.40 2.174 .826 .755 . 159 126 • 755 .158 1 .40 2.17 3 .827 

127 .756 .157 1.40 2.172 .828 
128. . -7~7 . 156 1 .40' 2~172 .829 
129· • 7 58 . 1 55 1 .40 2. 171 .Juo 
iJO • 7 5t5 • i 54 1.40 2.170 . 8J1. 

; 

A = 0.0567C B;; 0.87774 



8 .... 

AC = .050 
6C = .075 
6:; ::: • 1 oc 
6C ::.: • 1_ 25 
6(; = • 1 50 

~....,.:;---------------------------------------. 
. 9:J .55 -~ -~ .ro -~ .oo . es . 90 

N 210\J 1•N 2) 

FIGURE \2. HOB OFFSET RAT I 0 



8 . .... 
6C ::: .175 
.t.C = . 200 
6C = .225 
6C = • 250 
6C = • ?75 

i---1'-----------...-------------,,...---------. 
.50 .55 . -~ -~ .ro -~ .m . 85 . 90 

N 21(1\J l+N 2) 

FIGURE 13 HOB OFFSET RATIO 



8 . -
.6.C = .jOO 
.6.C = ._;25 
6C = .J50 
6C = .j75 
6C = .1+00 

~-I'-----------~--.....------------------. .so .55 . 60 . 65 . 70 . 75 . 80 . 85 . 90 
N21(N i•N2) 

FIGURE 14 HOB OFFSET RATIO 



8 . -

i~------------------------------
.50 .55 .~ .ro -~ .oo . 85 . 90 

N 21 (1\J l +N 2) 

FIGURE 15 HOB OFFSET RAT r-o 



8 . ... 
AC:: .55C--------
AC::: .575-------~_, 

. AC = .600-------1-_,__...,r 
L\C = .f25....: ___________ .,___.___ 
AC = .f50-· -

~~---------------------------. 
. SD . $ -~ .ro -~ .m . 9S . 90 

N 21lN 1•N2l 

FIGURE \b HOB OFFSET RATIO 



8 . -
AC= .E75----------,;,r 
AC = .7oe----------,.-~ 
AC = • 725--------__,,..~,.__,;:;r 
AC = . 7 58-----------,a"'-:7"'--r--:7' 
AC = . 77 5 -------7'-'7"'--;;,t"--;,A--::,.,, 

j_...., ________________ ~----------
.SJ .55 --~ - -~ .m -~ 

N21lN1+N2> 
. 80 

FIGURE \7 HOB OFFSET RATIO 



8 . .... 

.6C ::: .eoa---
6 c = .825--
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ot Figures (12) to (24) shows that the slopes are not 45° and 
that these curves •re dependent on the value ot /:lC used. In 

some cases it can be seen that the curve becomes a straight 
horizontal line with the ratio e1/(e1 + e2) = 1 which indi-

cates that the bob should onlY be pulled out on the pinion 
blank to increase the thickness of the teeth •nd therefore, 
to 1ncre•se their strength. 

A review of Figures 2; through 32 for values ot (-6C) 

show that as the r•tio of N1/(N1 + N2) decreases (increasing 
N2) the value or e1/(e1 + e2) decreases (decrMs1ng e1). A 
review ot Equation (2?) will show that this is the same trend 
as this relationship suggests. It Equation (27) were plotted, 
a straight line with a slope of 4;° would be obtained. Figures 
25 throlll:h 32 do net show this to be the case QS theY are 
dependent on the value ot -AC. It can '!lso he seen thtlt the 
retie e1/Ce1 e2) is zero ever e good portion ot the ratio 
N1/(N1 + N2) indicating that the hob should be pushed into 
the gear blenk to thin the teeth end decrease their strength, 

thus melrin& the pinion and gear more nearlY eqwa l on • 
strength basis. 

As mentioned previouslY, an ettempt was made et devel-
oping• series of equations so that it would be possible to 
solve explicitly for either the hob offset or the pinion or 
the hob cftset of the gear. Tables 4 and 5 show the vslues 

ot the coefficients A •nd B tor the linear equation 
Y = A + Bx 



AC 

L'i. 050 
0.075 
0.100 
0.125 
o. 1 50 
C.1'/5 
c.200 
0.225 
(1. 250 
o. 275 
0.JOC 
O.j25 
C.J5O 
O.j75 o.4oo 
0.425 
0.1+50 
, , l .• 7 c.:: "'. • .I 
0.500 
c.525 
0.550 
o. 575 
0.600 
o.625 
0.650 
0.675 
0.700 
c:.725 
0.750 
0.'7'15 
G.bOO 
0.b25 
O. 0 50 
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TAJLE 4. E~UATICN CCEF'FICIEN7S AC = O. 50 TO O. 050 

cl + 

A 

USE GRAViI 

B 

• 

1 • 2e839 
1 • 207 .)C 
1.13142 
1.06101 
0.9~61j 
0.9j470 



64 

TABLE 5. B~UATICN CCEFFICIENTS /lG = 0.t75 TO 1.600 

AC A B 

0.675 0.05670 0.87774 
0.900 0.08442 0.82366 
o.~25 o. 10974 0.77382 
0.950 0.1 J30½· 0.72733 
0.975 0.15537 o.68J04-
1 .ooo 0.17579 0.6417 :S 
1.025 0.19458 0.60353 
1 .050 o. 212J5 o. 5672:) 
1 .075 0.22871 0.53332 
1.100 o. 24l·td6 o.aoo29 
1.125 0.25966 o. 6923 
1. 1 50 o. 27403 o.43987 
1. 17 5 o. 28814 o.1+1103 
1. 200 0.30260 0.38229 
1. 225 0.31601 0.35521 
1. 250 0.32921 0.32888 
1.275 0.34170 0.30376 
1.300 0._j5J99 o. 27934 
1. J25 O.J6566 0.25590 
1 .350 0.37738 o. 23283 
1 •J75 0.jt!t57' o. 2·1068 
1 .400 0.39953 0.10904 
1.425 o.1+0988 0.16d53 
1 .450 o.42003 0.14t47 
1.475 o.42981 o. 1 290S, 
1. 500 o.4391+5 .0.11012 
1. 525 0 • 4ltt566 0.091b9 
1. 550 o.45765 o.071t11 
1. 575 o.46613 0.05718 
1 .600 o.47518 o.0396~ 
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corresponding to the range of velues ot + AC studied. These 
coeft1c1ents were onlY obtained tor positive values ot Ile. 
It is recommended thet the plots ot e1/Ce1 + e2) vs. 
N/CN1 + N2) be used it available rather than the above 
equation es the curves are not exectlY linear. 

A review ot Tables 1, 2, end J shows that the contact 
ratio varies tl"Om • low of 1 • 2J to • b1&h ot 1. l+O. These 

values ot contact ratio •re on the lov side. A cont•ct 
ratio ot 1.40 is &enerallY reoo•ended as• practical minimum 
with 1.20 tor extreme oases. With modem manutacturin1 
methods, however, the author teels that tho degree ot machining 
acourecY required tor these low contact ratios can be eesilY 
obtained to secure qUiet runninc. 

The computer program shown in Appendix A can be MsilY 
modified so that it can be set up on a time shar1n& computer 
terminal. The proaram can be changed so that N1, N2, P and 
C • or 6 C can be read 1n and the ve lues of e1 and e2 deter-
mined. A program of this tYpe would be a oons1dereble aid 

to the des1aner ot nonstandard &Mrs. The program can also 
be easilY modified to handle tine pitch ,eera without• 
arMt de•l ot trouble. 

c. 4PPt1cations 
Two example problems will be worked to demonatnte the 

use ot the Hob Ottaet Ratio charta. inmple 1 will cover 
the case 1n which the hob is pulled out ot the 1ear blenk 
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and Example 2 will cover the case 1n which the hob is fed 
into the gesr blank. 

iii:tVif li l 
g1yen: A pinion and geer ot 20 and JO teeth, respectivelY, 

are to be cut bY • 5-pitch, 20 degree full-depth 
hob to operate on a center distance ot ,. 25 inches 

w1th no backlash. 

fiegyiflSJ: The v•lue of e1 •nd e2 to give teeth of the proper 

thickness. 

Splytiop: 
N1 + N 

':) ,,n l" Stenderd center disblnce C = 2p = 2 ; 5~ 

C:: 5.00 in. 

Cperating pressure angle cos~•= _cc• cos 0 = .i&.... cos 20° 5.25 
i,. = 26.50° 

Change 1n center distance VC = C • - C = ;. 25 - 5.0 
vc = +0.250 in. 

In ot>der to determine which chart to use, V C must 
be multiplied by the diametral pitch P since the charts 

are based on P = 1. 
AC = V C x P = O. 250 x 5 
ll C = 1 • 25 in. 

This value ot AC = 1. 25 indicates that Figure 21 

should be used with 

.... N2 =· 3Q. = 
N 1 -t N 2 e.O + 30 0.60 



Therefore trom Figure 21 
•1 

e + e = o.54J 
1 2 

Calculating the VQlua of e1 + e2 trom Equation (24) 

(N1 + N2) (inv ~' - inv ~) 
e1 + •2 = ------------2P ten 0 

e 1 + e 2 ::. 0. 2907 3 in. 

Combining these results 

e1 = 0.543 (e1 e2) = O.54J x 0.29073 

e1 = o.1;787 in. 

and e2 = (e1 + e2) - e1 = 0.29073 - 0.15787 

If the necessary equst1ons are solved, the tollowing 

results will be obtained: 

Rb1 Rd1 

~ 2 = .. h 291 in. 



d1 = o.1t22 in. 
d2 = o.1t18 in. 

h1 = o.1t5a 1n. 
h2 = o.1t62 in. 

13, = 3l+.J2° 
/32 = 31.11° 
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These results show that the pinion and gear are 
approxiutelY equal in strength. In tact, for this 
perticular problem the pinion is stronger than the gear. 

Q1v,o: A pinion end aear ot 35 and 1t1t teeth, respectivelY, 
are to be cut bY a 10 diemetral pitch, 20 degree 
full depth hob to operete on a center distance or 
3.90 inches with no backlash. 

Reqyired: The value of e1 and e2 to give teeth ot proper 
thickness. 
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= Nl. + N2 = Standard center distance C 2P 2 x 1~ 

C = J.95 in. 

Operating pressure angle cos 0' =f,. coat'= J:~g cos 20° 

iJ' = 17.87° 
Change 1n center distance VC = c• - C = 3.90 - J.95 

v c = -o.o; 1n. 

In order to determine which chllrt to use, V C must 

be 11Ultiplied bY the diemetral pitch P sinca the oherts 
are based on P = 1. 

6. C ::: V C X P = -0. 05 x 10 

b.c = -o. 50 1n. 

This value or AC = -o. 50 indioa tea trua t Figure 2tl 

should be used with 

n, = t;1.; .lS ; = o.a..>+3 
N1 + N2 + 3 

Theretore trom Figure 28 

e 
• 1 = o.J6 

e1 + e2 

Calculating the value or e1 + e2 from Equation (2~) 
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= ,1s + ~4l ,1nx 12,az - 1.DY 20> 
2 x 10 :x tan 20 

e1 + e2 = -0.047496 in. 
Combining these results 

e1 = O.J6(e1 • e2) = 0.36 x -0.047496 

e1 = -0.017098 in. 
and e 2 = (e1 + e2) - e1 = -0.047496+ 

e2 -0.030397 in. 
It the necessarY equations are solved, the following 

results will be obtained: 

Rb1 "> Rd1 

Xr1 = 1.a.30 in. 



s b r = 37.458 
n 

These results show thet the pinion and gear are 
approximately equal 1n strength. For this particular 
problem the stress in the pinion is S.42 percent 1reeter 
than the stress in the 1ear. 



The primary purpose ot this chapter is to &ive a surnmerY 
ot two other ,attempts made durini the course ot this 1nvest1-
get1on at developing a method tor determining the hob oftset. 

The tirst attempt involved determining a relationship 
relating e1 and e2 b•sed on maximum contact ratio Mp• Equation 
(3~) gives the formula tor the contact ratio for nonstandard 
gears. A computer progr•m was written so that e seoondarY 
rel•t1onsh1p involving e1 and e2 could be determined on the 
b•sis ot rmtximum const~nt rqtio corresponding to a pair ot 
geers 1n mesh at~ given c•. 

A semple set or dat8 is shown in Table 6 for two values 
ot N1 and varYing values or N2 with the change 1n center 
distance 6.C = 0.8?5. The following conclusion can be drawn 

bY comparing the results ot Teble 6 to Equetion (26): 
Equation (26) 1nd1c•tes that for• given N1 , e1 shculd increase 
•s n2 increases. When the selection ot e1 is based on maximum 
cont.at ratio, e1 decreases and becomes zero tor increasing 
values ot n2 with a given N1• Eqwation (26) suggests favoring 

the pinion, wherns the mAXimum contact ratio method suggests 
tavorin1 the gear. For gears that tnnsmit power, selecting 
e1 and e2 so es to t•vor the gear would be a m1skke since 
the strength of the stronger gear tooth would be further 
increased over that of the pinion tooth. It was tor this 
reeson th•t the contact methcd appro~ch was abandoned QB not 
suitable. 

72 
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TABLE 6. CONTACT RATIO 
p = 1 AC = 0.E75 

IT C' 0' e1 e2 e1 + e2 m '2 p 
18 18.875 26.35 • 507 • 507 1.014 1. 2:?6 
20 19. b7 5 26.06 .433 . 574 1.007 1. 211-5 
30 l t<-- - 24.95 • 147 .bj5 .982 1 .J?9 2 t •. 75 
35 Z1 .375. 21+.51+ .039 C -,4 .973 1.J6~ • .,, j 
4o ")Q 8r; 5 ' 24.19 0 .965 .965 1. j9 c,;. / • I 

130 74.875 121.71:, 0 .912 .912 1.60J 

N1 ::: 25 

N,.., C' 0' e1 e2 e1 + e2 m 
.::. p 

25 25.875 2l ,..,b .489 .489 .978 1.343 +•I . 
30 2B.375 '.?4.4o .359 . 611 .970 1 .376 
4c ) 3 -~,, c' ?J 70 .153 .BOJ -9~6 1 .432 ..J •_,i./ ·- . , 
50 e'b. .375 2j.j~ .009 .937 .9 6 1.479 
55 0.875 ;;3. 1 0 .'f42 .942 1 .499 

1j0 28. :27 2 21.69 0 -~11 ,211 1. 641 



The second atte!npt involved ~•l~ting e and e based on 
1 2 

equal detlection ot the pinion tooth and ot the gear tooth 
at the operating pitch point. Equation (86) gives the 
formula for the deflection ot an approximated gear tooth (as 

shown in Ficure 33) due to bending •nd shea~ •& Qev~lvped bY 
Timcshenko and Baud (6). 

c __ 4_Fn cosfJ. r. 3 1_7 
0 - __ .,Eb - L J<ff;;> ~J - f) <f - 1) + ln(a/.lJI 

+ .li\)f l ~,O sl I (86) 

The derivstion or the necessary equations needed to solve 
Equation (86) are given in hppendix a. Appendix B also 
contains a tlov chert tor the aomputer program that ves 
vritten so that a secondarY relQtionship involving e1 Qfld e2 
could be determined on the basis of 8pprox1matelY equal 
detlection of the pinion tooth and ot the gear tooth at the 
opereting pitch point. 

A tYpicG l set or data is shown in Tables ? , 6, end 9 
whi~h has h~en tG~en from the computer ~rogr~m printout tor 

a change in center distance ~C = 0.8?5. At tirst, it 

appeared that the detlsct1.on method was th~ best method tor 

arriving at a seconderY eqwat1on so that e1 •nd e2 could be 
solved. After further thought and anelYsis of the data, 

however, it was decided that this method had the following 
disqdvantages: For a positive value ot llC, Equation (.26) 
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TABLE 7. EQUAL DEFLECTION, lJ ::; 
2 I 

18 TO 55 
N1 = 1e: 0::; 20° µ:: 0.J0J l' ; 1 6C = 0.875 

·• 
N2 e1 e2 m .IE.b e1 

p F e1 + e2 n 

18 . 507 .507 1. 23 1.787 ·ao 19 .495 . 515 1. 24 1. 791 • 9 
20 .4b4 • 523 1. 24 1.795 .431 
21 .473 .,31 1. 25 1 • 79';; .471 
22 .46j c:30 1. 26 1 • .'305 .462 • .) 

23 .lf.~2 .546 1. 27 1.b10 .453 
24 .4 3 c.~5 1. 28 1. d1 5 .445 . .) .., 
25 .434 • 559 1. 29 1. 820 .437 
26 .1+25 .566 1. 29 1.b25 .429 
27 .416 . 57 J 1.j0 1.LlJ0 .421 
2d .408 • 57E:: 1 • j 1 1. 8..)5 .414 
29 .½·01 5t,4 1 . J 1 1.840 .407 • u 
30 . ..)9J • 569 1.32 1.b45 .400 
j1 • ..)t5 • 595 1.33 1.849 .393 
j2 •.)76 . 601 1 • ..)j 1. 854 .386 
3' . j'/1 .606 1.34 1.549 .380 
j~ .J65 .610 1.34 1 .854 .374 
35 • 358 .615 1.35 1 .859 .36~ 

..)6 .J~2 .620 1 . ..)6 1.872 .362 
37 .J 6 .624 1. _j6 1.876 .357 
38 .J41 .628 1 .j7 1.881 .J52 
J9 .335 .632 1. 37 1. 834 .j46 
40 .329 .6~6 1.38 1.869 .J41 
41 .324 .6 0 1.38 1.893 .336 
42 • .320 .643 1.j8 1.897 ·, ' ') 

• ..)j'" 
43 .314 .647 1.39 1.901 .J27 
44 .309 . 651 1.39 1.904 .J22 
45 . .305 .654 1.40 1 .908 .316 
46 .301 .657 1 .4-0 1.912 .314 
47 · .296 .660 1 .41 1.915 .310 
48 .292 .663 1 .41 1. 918 .306 
49 .288 .666 1. 41 1.922 .302 
50 . 284 • .669 1.42 1 .925 .298 
51 .280 .6?2 1.42 1 .928 .294 
52 .277 .674 1 .4J 1 .9J1 .291 
5e • 273 .677 • 1 .43 1.935. .284 
5 . 269 .679 1.43 1.938 . 28 
55 .265 • 683 . 1 .44 1.941 .280 

A= 0.74593 b = -0.24468 C:;; -0.49436 
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TABLE 8. EQaAL DEFLECTICN, N == 2 56 TC 93 

N == 1d 0 ;:; 20° Jl = O.JOj p ::::: 1 AC = 0.875 1 

r; 2 e1 €2 m SEb e1 
p e1 -t- e2 

56 .262 .685 1 .4~- 1.944 .277 
57 • 259 .6b7 1.44 1.946 . 274 
56 . 256 . 689 1.44 1.949 . 271 
59 • 252 .692 1.1+5 1 .952 . 267 
60 .250 .6~4 1.45 1. 955 • 265 
61 • 21+7 .696 1.45 1 .957 .262 
62 .244 .69b 1.46 'i.960 .259 
6j . 241 .700 1.46 1.962 . 256 
64 ,.., '!,.' .70~ 1.46 1.965 • 253 • c::.'..)U 

65 .236 • 70, 1 .47 1.967 • 24h'1 
66 • 233 .706 1 .47 1.970 • 2 8 
67 • 230 .709 1 .47 1. 972 .245 
68 • 228 .710 1. 47 1.974 • 24J 
65 .225 .712 1 .48 1.976 • 240 
70 • 22j • 71 l1- 1 4 Q, 1.979 • 2Jf3 . ..., 

71 • 221 .715 1. 48 1.981 • 2j6 
72 • 21 b .717 1. 4t; 1.983 • 233 
7J • 216 .719 1 .49 1.985 • 231 
'74 • 21 t1 .720 1 .49 1. 9b7 • 229 I 

75 • 21 2 . 721 1 •1+9 1.989 • 227 
76 • 201 • 723 1.49 1.9s1 . 225 
77 • 20f: .724 1 .49 1. 993 • 223 
7g .206 .726 1. 50 1.9<;5 • 221 
79 .204 .727 1. 50 1.997 • 219 
eo • 202 .729 1. 50 1. 95·9 • 217 
tJ 1 • 200 .730 1. 50 2.000 • 215 
b2 .198 • 7 J1 , . 51 2.002 • 213 
d~ .196 .73~· 1. 51 2.004 • 211 
b t .194 .73 1.51 2.006 .209 
b5 .192 .736 1 • 51 2.007 .207 
b6 • 191 .736 1. 51 2.009 • 206 
f:7 .189 -73t' 1.51 2.011 • 204 
bb • 1 ti7 .739 1. 52 2.012 • 202 
89 • 1 p 5 -7~1 1.5? 2.014 .200 
90 • 1 SL • '/Lt 1 1. 52 2.016 .19~. 
'i 1 • 1 2 .743 1.52 2.017 .197 
92 .1t1 .744 1.52 2.019 .196 
~3 .179 .745 , . 5J 2.020 .194 

A :;::: "' r,4c::'oj· B -0. ?41.-68 ,., :::. -o.49436 V • { .,/ / - .., 
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100 
101 
102 
1 Oj 
104 
105 
106 
107 
1 Qf: 
109 
110 
111 

11 2 
113 
114 
11 5 
1H: 
117 
11 H 
119 
120 
1 21 
122 
123 
124 
1 25 
126 
127 
12b 
129 
130 

77 

T ·\bLE 9. E~~UAL DEFLECTICT?, N 2 = 94 TO 130 

N1 = 1~ 0 = 20° p = 0.303 F = 1 ~C = 0.875 

.170 
• 176 
• 17 5 
• 17..:; 
.17 2 
.170 
.1 F9 
.168 
.167 
.166 
.164 
.163 
• 162 
. 161 
.160 
• 1 58 
.157 
.1 56 

• 1 55 
• , 54 
.153 
.152 
.150 
• 149 
.148 
.11.+7 
.146 
.145 
.144 
• 11+3 
• 142 
.142 
• 141 
.140 
• , J9 
• , 39 
• , 38 

0 7 l i::-o· A == • +..,.,,j 

'.11 
p 

E = -0. 2~468 

SEb 
F n 

2.022 
2.02j 
2.c25 
2.026 
2.028 
2.029 
2.0JO 
2.032 
2.0jJ 
2.034 
2.036 
2.037 
"l OJR ,. . ... 
2.039 
2.041 
2.042 . 
2.043 
2.044 
2.045 
2.046 
2.047 
2. Olt9 
2.050 
2.051 
2.052 
2.05J 
2.054 
?.055 
2.056 
2.057 
2.058 
2.059 
2.060 
2.061 
2.062 
2.063 
2.064 

C:::: -0.49436 

.193 
• 191 
.190 
.168 
.187 
.1 t 5 
.184 
.183 
• 1 t 1 
• 1 f!O 
.179 
.177 
.176 
.17 
. 17 + 
.172 
• 171 
.170 

.169 

.168 

.167 

.166 

.164 

.16J 

.162 

.161 

.160 
• , 59 
• , 58 
.157 
.156 
.15? 
• , 54 
.153 
.152 
.152 
.1 51 



1nd1cetes thetas N2 increases, e1 should incrnse as should 
the ratio e1/(e1 + e2). An examination of the data in 
Tables?, 8, and 9 shows that just the opposite is true when 
the reletionship between e1 and e2 is based on equal defleotim. 

At first, it was felt that perhaps the guideline given 
bY EqUGt.1on (26) was 1n error. The reasoning behind the 
guideline given bY Equation (26) was to tavor the pinion as 
far es strength is concerned bY increasing the thickness of 
the pinion tooth. This led to the question "Does equel 
deflection ot the teeth at the operating pitch point neoess-
arilY mean that the &Mrs are ot equal strength?n To 
determine the answer, a simple stress analYsis was made ot 
gears hYpothet1callY out using the hob offsets e1 and e2 
indicated in Tables 7, 8, and 9. The tormule used tor this 
purpose is the one used to calculate the bending stress of 
the tooth. 

8 = i (J5) bYp 
Kinsman (.3) hes developed a series of charts that give the 
Lewis tector es• function ot the values ot e1 &nd e2 with 

the load applied a distance 1/P trom the end ot the tooth. 
It w11s •ssumed that the distance 1/t' pleced th• loed approxi-
matelY •t the operating pitch point. With this asawnpt1on, 
and knowing the values ot e1 and e2, the Lewis factor tor 
the pinion and gear were found from Xinsman•s charts. The 
stresses ot the pinion and the eear were calculated tor a 
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number ot hYpotbetioal geer meshes. It was tound thet the 
stress in the pinion was JO to 80 percent greater than that 
in the gear, 1nd1o•t1n1 that the pinion wes weaker. 

This method is not considered suitable tor power 1ear1n& 
because of the grut difterenc• in strength caused bY the 
fact that the thickness ot the gear tooth is incrnsed 1nateed 
ot that of the pinion tooth. Thia method aY, however, have 
considerable application in the precision gear tield where 
power transmission 1a not the mein concem and loeds ere low. 



VI. QQIPL.Q§IQN§ 

The tollovinc conclusions concerning the method tor 
determinin1 the hob ottset ot the pinion and ot the gear 
can be reached as a result of this investigation: 

•• The eqW1tion needed so that e1 and e2 can be 
determined expllc1tlY should be based on approx1matel.Y 
equal bending tooth stresses ot the pinion and ot the 1ear 
with the load epplied at the tip. 

b. The separation of e1 + e2 into values of e1 and e2 
should not be biased on maximum contact ratio or on equal 
tooth deflections at the operet1ng pitch point tor power 
gearina applications. 

c. Figures 12 through 3~ can be used aa an efficient 
method for obtaining the equation needed to solve tor the 
hob offset of the pinion e1 and the hob offset of the 
1ear e 2. 
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VII. RECQMMBffPATIQJS 

The tollovin1 recoaend•tiona are made with reapeot 
to tul'ther work 1n determinin& the bob offset ot the pinion 
and ot the gear required tor the a•rs to operate propel)' 

at the required center distance. 
•• Develop• method ot t1nd1n& e1 and e2 baaed on 

equal streaa tor tine pitch &Nra that wlll not reault 1n 
i.rae volumes ot output due to the tact that pltoh 
muat be included. 

b. Develop a chart or table 11v1n1 the Levie factor 
tor nonstandard 1ears •••function ot e1 and e2 with the 
load applied at the tip. 

c. Run an 1nveati1at1on to determine 1t t1nd1n& e1 and 
e2 1-sed on equal deflection• 1a a suitable method when the 
sear set is tor precision 1eerin1 application. 

d. B.xpand the plots given 1n Ctwpter IV to include the 
stress factor and contact ratio•• a function ot the velocit1 
ratio. 
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APPENDIX A 

Computer Proar•m tor Deterllinln1 Bob 
Ottaet Baaed on Equal Stren1th 



a; 

IMPLICIT REAL*8(A-H,O-Z) 
RfAL*8 1NVOC,INVOO,K,Nl,N2,L,Ll, 

Sl RFAO(S,52) DC 
52 FORMAT (D7.5) 

XYZ=0.000 
IF(DC.EQ.XVlt GO TO 9 
RT0-=57.2957795130824 
Pl=3.14159265358979 
SX=O. 000 
SY=0.000 
SXV=0.000 
SXSQ=O.ODO 
GfAP DAT A 
Nl=lB.OffO 
N2=18.000 
EN1=19~000 
FN2= 131.000 
P=l.000 
DELC=OC IP 
K=l.ODO 
CLEARANCE FOR COARSE PITCH GEARS 
Cl=0.25000/P 
CUTTING PRESSURE ANGLE RADIANS 
OC=?0.000/RTO 
INVOC=OTAN(OC)-OC 
C5=tNVOC 
BEAM DATA 
POt=0.30300 
FN=l .000 
B=l.000 
CUTTING PRESSURE ANGLE DEGREES 
A=OC*RTO 

I 

LP=P 
WRITE l6,2q) 

29 FORMAT (1Hl,1X//////////,6X,63HBASEO ON APPROXIMATELY EQUAL BEAM T 
100TH STRESS AT SEAM BASE FOR) 

WRITE (6,30) 
30 FORMAT (8X,57HPINION AND GEAR WlTH LOAD APPLlEO AT THE Tl~ OF THE 

lTOOTH/////) 
WRITE (6,11) LP,A 

31 fORMAT (22X,4HP = ,tl,18X,4HO = ,F5.2//) 
WR1Tf (6,32) POl,OFLC 

32 FORMAT (22X,6HPO( = ,F5.3,14X,4HC = ,F5.3) 
7 L~l=Nl 

LK=lOOl 
I J=l 

7()0 CONT tNUE 
M=l 
WR I TE ( 6 , 3 4 ) l N 1 

34 FORMAT (1Hl,41X,5HN1 = ,11//l 
WRITE (6,35) 
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35 FORMAT (11X,2HN2,6X,2HC',7X,2H0•,7X,2HEl,8X,2HE2,7X,5HEl+E2,7Xt2HM 
1P,3X,11H~VSTRESS*B/FN/) 

STD CENTER DISTANCE 
400 C=(Nl+N2l/(2.000*P) 

NONSTANDARD CENTER DISTANCE 
CN=C+DFLC 
OPERATING PRESSURE ANGLf RADIANS 
OO=OARCOS((C/CNl*OCOS(OC)) 
INVOO=DTA~COC)-00 
OPERATING PRESSURE ANGLE OEGREES 
F-=OO*RTO 
CUTTING PITCH RAD{U5 
R l=N 1/( 2 .ODO*P) 
R2=N2/(2.000*P) 
STANDARD C[RCULAR PITCH 
CP=P t /P 
OPERATING PITCH RADIUS 
RJO=(Nl/(Nl+N2t)*CN 
R20=IN2/(Nl+N2)l*CN 
BASE ClRCLE RADlUS 
RBl=Rl*OCOS(OCl 
R82==R2*0CCS ( OC t 
BASE PITCH 
PB=2.000*P l*RBI/Nl 
VALUE OF El-+F? 
ET=( C N 1 +N2 l *( INV00-1 NVOC)) /( z. 000* P*OTAN(OC) f 
DIMENSION STSA2(1001),STSB1(1001),AMP(l001l,El(l00lt,E2(1001) 

·otMENSICN ZZ(l001J,Y(l001J,X(l001J,XY(lOOll,XSQ(fOOl> • -
DIMENSION AX(l001),AY(l001) 
DO 10 t=l,LI< 
J=I-1 
W=J/1000.000 
El(l)=W*ET 
E2( I)=( l.000-W)•El 
NONSTO OUTSIDE RADIUS 
R01N=CN-RJ-E2(1)+K/P 
R02N=CN-Rl-El(Il+K/P 
DEPTH OF CUT 
HT=R01N+R02N-CN+CL 
NONSTO OEDFNDUM CIRCLE RADIUS 
RDlN=POlt\-HT 
PD2~=R02N-HT 
NONSTO LENGTH OF ACTION 
ZN=OSORl ( ( R ClN**2 )-R 81 **2) +DSQRT ( (R 02N**2 )-R~2**2 )~C N*OS I N{Od) 
THICKNESS OF TOOTH ON CUTTING PITCH CIRCLE 
Tl=2.0DO*Fl(l)*DTAN(OC)+CP/2.0DO 
T2=2.000*E2(1)*DTAN(OC)+CP/2.0DO 
POlNT RON GtAR NO 1 
PHBl=DARCOS(R81/R01Nt 
VPHBl=OTANCPHBll-PHBl 
ALBl=(Tl/(?..OOO*Rl))+INVOC-VPHBl 



87 

B TB I=PH8l;_ALBI 
POINT A ·ON GEAR NO 2 
PHA2=DARCOS{RB2/R02N) 
A21NV=DTAN(PHA2)-PHA2 
ALA2=(T2/(2.000*R2)l+INVOC-A21NV 
BTA7=PHA2-ALA2 
COORDINATES XT ANO YT OF TOOTH T£P T 
Cl l=OARCOS( ( RlO/ROlN)*OCOS(OO)) - ·-- -· .. 
Cl2=0ARCOS((R20/R02N)*DCOS(OO)) 
C21=DTAN(Cll )-Cl 1 
C22=DTAN(Cl2)-Cl2 
C4l=R01N 
C42=P02N 
YTl=C4l•DSIN( (Tl/(2.000*Rl D+C5-C.2t • 
YT?=C4?*0SIN((T2/(2.0DO*R2))+c5-C2?.) 
XT1=C41*DCOS((Tl/(2.000*Rl))+C5-C21) 
XT2=C42*0COS((T2/(2.000*R2))+C5-C22) 
{F(RBl.GT.RDlN) GO TO 699 
IF(RBl.LE.ROlN) GO TO 701 
FOR BASE RADIUS GREATER THAN OEDENOUM RADIUS 

69q THETA1=2.000*((Tl/(2.000*Rl))+INVOC) 
Hl=2 .ooo•Ro lN*OSt N( THETA 112. 000) 
XOl =ROl N*OCOS ( THET Al /2 .000) 
Dl=XTl-XDl 
GO TO 702 
FOP BASE R:AOIUS LESS THAN OR EQUAL TO DEOENDUM RADIUS 

'. 701 OOl=OARCOS( (Rl/RDlN)*OCOS(OC) J 
OOtNVl= OT AN ( 001 )-001 
THETA1=2.0DO*((Tl/(2.000*Rl))+lNVOC-OOl~Vl) 
Hl=2.0DO*RDlN*OStN( THETAl/2.000), 
XOl=ROlN*OCOS(THETAl/2.000) 
Ol=XTl-XOl 

.702 CONTINUE 
IF(R82.G~.R02N) GO TO 703 
IF(RB2.LE.R02N) GO TO 704 
FOR BASE RAOT-US GREATER THAN OEDENDUM RADIUS,_ 

703 THETA2=2.000*((T2/(2.000*R2))+1NVOC} 
H2=2.000+RD2N*DSIN(THETA2/2.000) 
X02=RO?.N*OCOS(THETA2/2.000) 
D 2= XT 2-X02 , 1• • 

GO TO 705 
FOP BASE RADIUS LESS THA~ OR EQUAL TO OEOENOOM RADIUS 

• 704 002=DARCOS ( ( R2 /R02N) *DCOS( OC) ) 
OOINV2= OT ANf 002 )-002 
THfTA2=2.0DO*((T2/(2.000*R2J)+lNVOC-OOINV2) 
H2~2.000~RD2M*DSfN{THETA2/2.000)-
XD2=R02N*DCOS <THETA2/2 .ODO) 
D2=XT2-X02 

705 CONTINUE 
<;TRESS AT BEAJ4 TOOTH BASE WITH LOAD AT TOOTH TIP 
STSB 1f I)=-( 6. OOO*FN*OCOSI 8 TBl) *DU/ ( B*Hl **2) . ·-··-· ----··-····--·· ----· • •• • ··-· ·-··· 
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STSA2{1)*{6.000*FN*OCOS(RTA2)*02)/(B*H2**2) 
ZZ(IJ=OABS(STSA2(Il-STSBl(I)) 
CONTACT RATTO 
AMP (I).= ZN/ PB 

10 CONTINUE 
lX= l l ( 1) 
DO qq t=l,LK 
IF(lX-7Z(I)) 9q,q7,97 

97 It= ( 
lX=llfl t 

qq CONTINUE 
AV=(STSA.?(Ilt+STSBl(IIJ)/2.00~ 
lf\J2=N2 
KK=Il-1 
AX(IJ)=N2/(Nl+N2) 
AY(IJ}=KK/1000.000 
WRITE (6,36J l1'12,CN,F,El(tl),E2(1I) ,FT,AMP(ll),AV,AY(IJ) 

36 FORMAT (lOX,13,3X,F7.3,3X,F6.3,3X,F7.5,3X,F7.5,3X,F7.5,3X,F7.5,3X, 
1F8.5,10X,F6.4) 

IF( tJ.NE.5) GO TO 500 
PQR=0.'5000 
IF(AY(5).LT.PQR) GO TO 9 

51.)0 N2=N2+1 .ODO 
IF{N2.EQ.EN2) GO TO 8 
lJ=IJ+l 
M=M+l 
LK=KK+l5 
IF{LK.GT.1001) GO TO 313 
GO TO 314 

313 LK=l001 
314 CONTINUE 

IF(M.EQ.51l GO TO 700 
GO TO 400 

8 CONTINUE 
IJ=l 
no 1s t=1,113 
X(tJ)=AX(I) 
Y(IJ)=AY(I) 
XV( IJ)=V(IJ)*X( IJl 
XSQ( I.Jl=X( IJ >**2 
SX=SX+X(IJ) 
SV=SY+Y(IJ> 
SXY=SXY+XY ( IJ) 
SXSQ=SXSQ+XSQ{IJ) 
I J= IJ+l 

15 CGNTINUE 
AN= 113. ODO 
R~={SXV-(~X*SY)/AN)/(SXSQ-(SX**2)/AN) 
YBAR= SY /AN 
X ~AR= SX / A"'. 
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Al=YOAR-RM*XBAR 
HRTTE(6,54) Al,RM,OELC,AI,BM 

54 FOR~AT (1Hl,lOX,4HA = ,Fg.5//,11X,4HB = ,F9.5//,11X,5H C = ,F9.5// 
l,llX,27HEJ/(El+E2)=A+B*(N2/(Nl+N2J)//,11X,llHEl/(El+F2)=,F9.5,1H+, 
2F9.5,11H*N?/(Nl+N2)) 

WPITEC7,?7~) AI,B~,OELC 
875 FORMAT (3F9.5) 

WPtTf-(7,876) (AX(IJ),IJ=l,113) 
376 FOP~AT ( lOF7.4) 

WRITE(7,877) (AY(IJ),IJ=l,113) 
877 ~OPMAT (10F6.3) 

Nl=Nl+l.000 
IF(Nl.EQ.fNl) GD TO 51 
N2=Nl 
GO TO 7 

9 STOP 
END 
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APPENDIX B 

Hob Offset Based on Equal Detlect1on 



In epplYing the results ot Furrow's (8) investigation 
to nonstandard gears, it wes decided to use Ful"l'Ov's method 
ot approxim.tin& the gear tooth bY construotin& • plane 
surtace through the tooth tip and the operating pitch point 
es shown 1n Figure 33. The dimensions ot the beam cen then 
be derived in terms ot know or assumed gear parameters. The 
thickness on the cutting pitch circle is given bY 

t = 2e tan 0 + p/2 

and the thickness on the operating pitch circle ia 

t • = 2R • < ½fi + in v 0 - 1n v 0 • ) 

which is equal to the ero length s1". 
The arc anale o<p is 

o(p = = f, 
Upon substitution oft• 

~p = 2c½fi + inv 15 - inv 0') 

The cord lencth Cp 1a 
Cp = 2R• sin («p/2) 

o:r Cp = 2R' sinC½fi + inv 0 - inv 0') 

They coordinate of the operating pitch point is then 

Yp :: Cp/2 

or YP = R' sin(.l.. + 1nv 0 - inv 0') 2R 

( 19) 

(64) 



----------L 

a 

0 

----
1/ 

,_...~---------------Xp 

Xi>2--~-_;----~---~ 

ftGUU 33 TAPBR. BUM MODKL 
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The x coordinQte of the oper1ting pitch point is 

Xp = R' cos (°'p/2) 

or Xp = R' cos(h + inv .0 - inv .0') 

where t 1s given bY Equation (19). 

The tooth thickness •t the tip ot the tooth 1s 

tT = 2R~(~~• + inv .0' - inv .0T) (48) 

which 1s equal to the •re length ST. The base circle radius 
is given by 

Rb= R1 cos 0' = R~ cos .0T 

Therefore, .0T = c0s-1(,f, cos 0') 
0 

Let C1 = 0T 
C2 = 1nv .0T = tan C1 - C1 

BY Equation (17) 

t• = 2R'(-h + 1nv .0 - inv .0') 

Substituting Equetions (51 and 52) into Equation (48) 

tT = 2R~<h + 1nv .0 - C2) 

Then the arc angle « T is 

s t 
c<.T =?, = i 

0 0 

which on substitution of tT is 

°"T = 2(~ + inv .0 - C2) 

(50) 

(51) 

(52) 



The ccrJ length at the tooth tip is given bY 

CT= 2R~ sin (~T/2) 

or CT = 2R~ sin <½it inv 0 - C2) 

Defining c4 = R' 
0 

end C5 = inv 0 
CT can be expressed es 

CT = 2C1+ sin <h + CS' - C2) 

The Y coordinate ot the tooth tip is then 

YT= t CT 

or YT= Cl+ sin ch+ C5 - C2) 

(66) 

(67) 

(68) 

The x coordin•te tor the line~ can now be developed. From 
analYtic geometry 

Defining the slope of line J as m; 
? - y 

... - f I 
Qi - x..r -

which on substitution into Kquation (6~) gives 

Y = -mX + YT + mXT 

Therefore, Y = -mX + b (70) 



9S 

Letting X = XP2 end Y = Yp2 Equation (70) becomes 

But 

and X .ll 
P2 II 

Lett1n& X = Xp1 and Y = YP1 Equation (70) then becomes 

YP1 • -~1 + b 
From r11ure 33 

x2 + y2 = 8 ,2 
P1 P1 d 

(b) 

Squ.rina Equation (a) •nd substituting into Equ•t1on (b) 

and solving tcr Xp1, the tollowin1 results, 

2mb + - 1+(1 + m2) (b2 - RJ2) 
Xi>,== 2 

2( 1 + ID ) 

(?2) 

(7.3) 

The Y coordinate ot point 1·1 1• now given bY Equation (a) 

YP1 • --'p, + b (71+) 

Knowing the x ooordin•t•s ot P2 and P1, the beam lencth can 
be defined as 

(75') 

From Fiaure JJ it is seen that 

YP1 = i Ho 

or 



The engle 11s defined as 

T -1 Hn 
= s:in <w> 

d 
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(??) 

Therefore, the x distance from the origin Oto the point P1 is 

= R' cos (1') 
d 

(78) 

x0P1 is equal to ~ 1 and is shown here because it was used 

in the computer program. 

Figure 34 shows two nonstandard gears 1n mesh at the 

inst•nt when the teeth are in contact with each other at the 

operating pitch point. 

The angle between o1P and the pinion tooth centerline is 

t1/2 
°'a'P1 ::: -

Ri 

t 
where t' - 2R 1 (...L + inv 0 - inv ID') -1 1 2R1 

and t1 = 2e1 tan 0 + p/2 

t 
Therefore "tf 1 = _J_ + 1nv 0 - inv 0' (79) 

2R1 

The distance along the pinion tooth centerline of the tooth 
tc a point on the centerline corresponding to the operating 

pitch point is (see distance hp, Figure 33) 

The angle between the normal and tangential load for the 

pinion 1s 

(80) 

(81) 
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FIGURE 34 • 
MESH AT OPERATING Pl 'r~~H POINT 



The angle between O;/' and the tooth centerline ot the 
gear 1a 

where 
t 

t 2 = 2R2C2j2 + inv 0 - inv (/J') 

and t 2 = 2e2 tan 0 + p/2 

t 
Theretore ~p2 = i; .., inv 0 - 1nv (/J' (82) 

The distance along the gear tooth centerline ot the tooth to 
a po1nt on the centerline corresponding to the operating 
pitch point is (see distance 1,), Figure 33) 

hl 2 :i: R~2 - R2 cos (~p2) (63) 

The angle between the normal and t•naenti•l lo•d is 

f3p2:: (/J' - ~P2 (84) 

The distance "a 0 shown 1n Figure jJ can no" be defined as 

where hp is given bY either Equeticn (80) er Equtation (BJ). 
Timoshenko and Baud's (6) equation tor the deflection 

of an Gpproximated gear tooth (es sho'-'ll 1n Figure 33) due to 
bending and sheer can be shown to be 

c __ l+F n cos /3 ) ..L_ .3 _L "'""J 
o Eb L J(~) [!<3 - t> <t - l) + 1ncaru 

+ (1 +,A-) CL - tl ( (86) 
H0( 1 + a/L) J 



where bis the face width and )J. 1s Poisson's rat1o. 

A computer program was written which would determine the 

VQlue of e1 and e2 to give equal or nearlY equ8l to~th 

deflections measured at the operating pitch circle. The 

program was written for coarse pitch gears with ,a cutting 

pressure angle 0 of 20 degrees. A d1ametral pitch P of 1 

was ,ssumed since the deflection is independent of the 

pitch. Poisson's ratio was taken as 0.303. 
Figure 35 shows~ flow chart giving the pr1marY logic 

of the program. The program is also listed. 
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' ·- ... ·-· ·-·· -· ·-·--·-·--· ; 
·-···----·· ....... ~~l~i:/ 

; Calciil~-te gear·•-r)ar:-iiriefer·s· whfch .. 
were needed and which were not 

'.?ependent on e1 -~d e2• 
I 

-JCa1Cu18t8 ~1 + e2 = • eT·I 
-· -·· -·· -· -- .. 1 . ·--- . . 

J 

-~2~J~. '·~--~-~~-: .... ~·t ...... . 
' I 
I 

r,:;··-··•-·- ·····-· ... - . ·-···--·····-·-·-·- j . -···· .. • ··-··-···----- ··-·· --······ 
1Calculate necessary data for --·· ·· ----·-1 
LSUbsti tuti:(:into .. _~tion .. (86) .• j fstore-c~lated 

./ ··-, \gear deflection 
N..Q -<,,,., IS ~-._Y.ES:._1 1along with e 2 and 

··--{ ... = 109,1,,,,,,.... j !the calculated 
'---,,,.,-_,.,. !pinion de flee tion 

____ !along with e1 • JCompare gea·r deflection and . '-----~-··--·--··--
i Pinion deflection and find which1 
iset were eoual or approximately-~-----~ I • , 
1equal. ! 
• - •••••• "'Prlcnttf]illi/ ~=~:::::: ~· --~ -··--7 

---·· .-·~·-··- ~tore: 

--··--------_NO __ -<_ • • ~s ·~ Y~~Ll 
-~2 - 1 • 

·--·-·-···-··· ... ·-···-···· ·········~·-----//··-·--- ·-·--J ·-·-··. 

Find coefficients of equation ! 

y = A + Bx + Cx2 :ot·· ··- - - ---····----· 
... .. I . . . . . . ' 

"<j>rinted and--pun}hed carcf"-output:/7 
'··•--.-,-•-··---· ··•-· ····-···--···-··'T---··-·--··--···--

1 .............. ·---

B"IGUHE 35. FLOW DIAGHAM 
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fMPLICIT REAL*8(A-H,O-Z) 
REAL INVOC,K,Nl,N2,INVOO,L,Ll,L2 
EQU .f\T I ON FOR, BFNO ING ANO SHE AR DE F-L EC TI ON 
FNCT(BTPT,Hn,L,APT)=((4.UOu*FN•DCOS(BTPTt)/(E*B))*((3.~DG*((l/HO)* 

l*3)J*(0.50DC*{3.0DC-APT/L)*((APT/Lt-l.lO~)+OLOG(1.000/(APT/l)))+(( 
7. { 1 • 0 00 + P O I ) * ( L - A PT ) ) / ( HO * ( l • U DC + AP T IL ) ) ) ) 

51 REA0(5,52) DC 
52 FORMAT (07.5) 

xvz =o.c,oo 
IF(DC.EO.XVZ) GO TO 9 
RTD=57.295779513~824 
PI= 3.141592 6'535 8979 
SX=0.000 
SY=0.000 
SXY=O.OOC 
SXSO=iJ.3 00 
GEAR DATA 
Nl=lS.000 
N2=18.0DC 
EN l= 19. ')00 
ENZ= 131. ODO 
P-=l.000 
OELC=OC/P 
K=l.000 
CLEARANCE FOR COARSE PlTCH GEARS 
CL=0.25000/P 
CUTTING PRESSURE ANGLE RADIANS 
OC =20.000/RTO 
INVOC=DTAN(OC)-OC 
C5=1 NVOC 
EH::AM DATA 
POI=0.30300 
1-N=l.ODO 
d-=l .000 
c = 1. OO{l 
CUTTING PRESSURE ANGLE DEGREES 
A =OC* RTO 
LP=P 
WR IfE (6,291 

29 FORMAT ilHl ,1X//////////,11X,53HBASED ON APPROXIMATELY EQUAL DEFLE 
lCTIUN OF THf PINION) 

WRITE (6,30) 
3~ FORMAT (22X,31HAND THE GEAR AT THE PITCH POINT/////) 

wR I T E ( 6 , 3 l ) l P , A 
31 FORMAT (22X,4HP = ,Il,18X,4HO = ,FS.2//) 

WRl TE (6 ,32l POI ,DELC 
32 FORMAT (22X,6HPOI ,F5.3,l4X,4Ht = ,F5.31 

7 LNl =Nl 
LK=lOOl 
I J= 1 

7'10 CONT I NUE 



M=l 
WR[TE (6,34t LNl 

34 FORMAT (1Hl,43~,5HN1 = ,13//) 
WR I TE ( 6 , 3 5 f 
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3 5 FOR MAT ( 11 X , 2 H N 2 , 6 X , 2H C • , 7 X , 2 HO • , 7 X , 2 HE l , 13 X , 2 HE 2 , 7 X , 5 HE 1 +E 2 , 7 X , 2 HM 
1P,3X,13HE*R*AVOBSP/FN/t • 

STD CENTER DISTANCE 
400 C=(Nl+N2)/C2.000*P> 

NONSTANDARD CENTER DISTANCE 
CN=C+OELC 
OPERATING PRESSURE ANGLE RADIANS 
OO=DARCOS( (C/CN )*OCOS(()C)) 
INVOO=DTAN(OOl-00 
OPERATING PRESSURE ANGLE OEGREES 
F=OO•RTO 
CIJTTING PITCH RADIUS 
Rl=Nl/C2.0DG*P) 
R2= N2 / ( 2 • 0 DC *P) 
STANDARD CIRCULAR PITCH 
CP=PI/P 
OPERATING PITCH RADIUS 
R l O = ( Nl / f Nl + N2 ) ) * C N 
R20=(N2/(Nl+N2))*CN 
BASE CIRCLE RAOIUS 
RBl=Rl*OCOS(OC) 
RR2=R2*DC05(0C) 
RASE PITCH 
PB=2.000*Pl*R81/Nl 
VALUE OF El+E2 
FT =I ( Nl + N2 t * ( I NV00-1 NVOC)) / (2 .O O(l*P~OT AN( OC)) 
DIMENSION DBSP1(1001),DBSP2(1001),AMP(l001),El(l001),E2(1001) 
DIMENSION l7(10Ul),Y(l0Ql),X(l001),XY(l0~1J,XSO(l00l) 
DI MENS ION AX ( 10() l) ,AV ( 1001) 
00 l O I =l, LK 
J=l-1 
W=J/1000.0DO 
E 1( It =W*E T 
E2( I t=(l.Of>O-W)*ET 
NONSTO OUTSIDE RADIUS 
R01N=CN-R2-E2(1)+K/P 
R02N=CN-Rl-El(I)+K/P 
DEPTH OF CUT 
HT=R01N+R02N-CN+CL 
NONSTO DEDENDUM CIRCLE RADIUS 
ROlN=ROlN-HT 
~02 N=R02 N-HT 
NONSTD LENGTH OF ACTION . m:;.QS Q~T U ~Ql_N !..*-?l~B !;l[* 2 J +D SORT ( (RO 2N**2) -R B2*t: 2) -CN*DS IN ( 00) . C tv\ t ,- J 
.. A2==PARC0S (RB2/ RLJ2N) ···--·- _ _ • 
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't-fHlCKN~S$ 1'ff=~100TH ON CUTTING PITCH CIRCl.E 
T1=2.000*cl{ I •*DTAN{OC)+CP/2.0Dt' 
T.?=2.:')00*E?. ( l}*l)TAN(UC)+CP/2.·'m 
POINT PON GEAR NO 1 
AL Pl =Tl/ (2 .o OO*R l) + I NVOC- INVOO 
HPl =ROl N-Rl O*DCOS (AL Pl) 
BTPl=OO-AlPl 
POINT PON GEAR NO 2 

ALP2=T2/(2.tOU*P2 )+INVOC-INVOO 
HP 2=R02,N-R20*DCOS ( Al P2) 
BT P2 =OO-ALP2 
COORDINATE~ XP AND VP OF PITCH ruINT p 
YPl=RlO*DSIN(Tl/(2.000*Rl)+INVOC-INVOO) 
YP2=R20*0SI N ( T2 / (2 .u Oti*R2) + I NVOC-I NVflO, 
XP 1 =R lO•OCOS (Tl/ ( 2. OD~!*R l) + I NVOC-1 !\JVOQ) 
X P2 =R20* DCOS ( T 2 / ( 2 .() 0(1 *R2) + I NVOC-INVOfJ) 
COORDINATES XT AND YT OF TOOTH TIP T 
Cll=OARCOS((RlO/ROlN)*DCOS(UOt) 
Cl2=DARCOS((R20/R02N)*OCOS(OO)) 
C2l=OTAN(Cll)-Cll / 
C22=DTANCC12 )-Cl2 
C4l=R01N 
C42=R02N 
YTl=C4l*DSlN(Tl/(2.0Du*Rl)+C5-C21) 
YT2=C42*DSIN(T2/(2.0DC*R2)+C5-C22) 
XTl=C4l•DCOS( Tl /(2.CO(;*Rl )+C5-C21) 
XT2=C42*0COS(T2/C2.0DO*R2)+C5-C22) 
COORDINATES XP2 ANO YPZ OF POINT P2 
SLPl=(YPl-YTll/(XPl-XTl) 
SLP2=(YP2-YT2)/(XP2-XT2) 
Bl=YTl-SLPl*XTl 
B2=YT 2-SL P 2* XTZ 
X P2 1 =-81 /SL Pl 
X PZ 2=-82 / SLP2 
COORDINATES XPl AND YPl OF POINT Pl 
X P 1 l = ( ( - 2 • 0 DO *SL P l * B 1 ) + 0 SQRT ( I ( 2 • n DO* SL P 1 * B 1 ) * * 2 ) -4. C> D , >* ( 1 • 0 DO+ SL P 

11**2)*((81**2)-ROlN**2)))/(2.0DO*(l.nOO+SLP1**2)) 
XP12=((-2.000*SLP2*B2)+0SQRT(((2.0DO*SLP2•82l**2)-4.0DO*Cl.ODO+SLP 

12 **2) * ( ( B2** 2) -RD 2N**2 > ) ) / ( 2 • f!OO* f 1.oon +SL P 2 **2) ) 
YPll=SLPl•XPll+Bl 
VPl2=SLP2*XPl2+B2 
TAPER BEAM LENGTH LENGTH l 
Ll=XP21-XP11 
L2=XP22-XP12 
VA LUE OF HO 
H111=2 .ODO*YPl 1 
H02=2.000*YP12 
ANGLE TAU 
TAUl=DARS IN(HOl/(2.uDO*RDlN)) 
TAU2 =OARS IN( HD2/ ( 2 •') o:,*RD2 N)) 
DISTANCE FROM GEAR CENTER TO PO[NT Pl 



XOPll=ROl~•OCOS(TAUl) 
XO P 12 =RO 2 DC OS ( T AU2 ) 
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DISTANCE 'A' TO POINT P AND B ~EASUREO FRUM APEX 
APl=ll+XOPll-ROlN+HPl 
AP2 =l2+ XOPl 2-R02 N+HP2 
BENDING AND SHEAR DEFLECTION 
O~SPl(l)=FNCT(RTPl,HOl,Ll,APl) 
DBSP2(1)=FNCT(BTP2,HU2,L2,AP?) 
Zl( I >=DABS( DflSPl ( I I-DBSP2( I) I 
CONTACT RAT I 0 
A'-1P ( I )=ZN/.P8 

li.J CONTINUE 
lX=ZZ(l) 
DO 99 I=l,ll< 
IF(ZX-ZZ(I)) q9,q7,97 

97 11=1 
ZX=ZZ(I) 

99 CONTINUE 
AV=(OBSPl(II)+OBSP2(11)1/2.uOO 
LN2=N2 
KK=I I-1 
AX(IJt=N2/(Nl+N2t 
A Y ( I J t = K K / l CU u • C 00 . 
WR. I T .- ( 6 , 3 6 ) L N2 , C N , F , E l ( 1 I ) , E 2 ( I I ) , ET , A MP ( I I t , ArV , A Y ( I J ) 

36 FORMAT (lOX,13,3X,F7.3,3X,F6.3,3X,F7.5,3X,F7.5,3X,F7.5,3X,F7.5,3X, 
1F8.5,10X,F6.4) 

N2=N2+1.00r..,, 
IF(N2.EQ.EN2) GO TO 8 
IJ=IJ+l 
M=M+l 
LK=KK+l5 
IF(M.fQ.51) GO TO 710 
GO TO 400 

8 CONTINUE 
I J:::l 
00 15 1=2,113 
X( IJ )=AX (I) 
V ( I J) = ( A V ( I ) -AV ( l ) ) / ( AX ( I ) - AX ( l ) ) 
XV ( I J l =Y ( t.J ) * X ( I J t 
XSO( IJl=Xf IJ)**2 
SX=SX+X{ JJt 
SY=SV+Y( [J) 
SXV=SXY+XYf IJ • 
SXSQ=SXSQ+XSW(IJ) 
IJ=IJ+l 

15 CONTI NIJE. 
AN=l12.000 
C=(SXY-{SX*SY)/AN)/(SXSQ-(SX**2)/AN) 
VBAR=SY/AN 
XBAR=SX/AN 
WA=YBAR-C*XB~R 



G=WA-C*A X(l ) 
H=AV(l)-G*AX(lt-(C*AX(l)**2) 
WRITEC6,54) H,G,C,H,G,C 

10; 

54 FORMAT (1Hl,10X,4HA = ,F9.5//,11X,4HB = ,fg.5//,11X,4HC = ,F9.5//, 
lllX,43HEl/(El+E2)=A+B*N2/(Nl+N2)+C*(N2/(Nl+N2)**2)//,llX,llHEl/(El 
2+E2)=,F8.5,1X,F8.5,llH*N2/(Nl+N2t,F8.5,15H*(N2/(Nl+~2)**2) 

WRtTEt7,875) H,G,C,OE(C. 
875 FORMAT (4F8.5) 

WRI TE(7,876) (AX( IJ) ,IJ=l ,113) 
876 FORMAT ( 10F7.4) 

W~ITEC7,877t fAV(IJt,IJ=l,113) 
877 FORMAT (10F6.3t 

Nl =Nl+ 1. OOi) 
IF(Nl.EQ.ENl) GO TO 51 
N2=Nl 
GO TO 7 

9 STOP 
fND 



A SIMPLIFIID Mh'THOD FOR UETEBMlllWG HOB OPPSft VALUES 

IR THE DESIGN OF NONSTANDARD SPUR OEAIW 
(Edvard James Walah II) 

Abstract 

A tYpioal problem which • daai&ner mieht 

encounter concerna the design ot a aet ot apUl" gNra tor • 

predetermined center diatence which 1• not considered 

atand•rd•, The design ot th••• gears can be accoapl1ahe4 bY 

deterllin1n& the value that a at•ndard cutter can be moved 1n 
or w1_thdrevn f"roa 1 ta nor• l cut tin& poai tion auch ,11a, when 

the pinion ed 1•r are cut, the.1 vlll operate at the required 

oenter distance when meshed toaether. !he deaicn p7~blem1 

bovev81', 1• trYinl to establiab vbat values of cutter offset 

should be uaed ,o out the pinion and the a••r ao t!Mt the 

standard cutter •Y be uaed. 
Several •uthora bAlve ahovn the derivation tor • •the-

•tioallY correct relationship vhioh will 11ve the .11&11 of 

the bob otfaeta tor the pinion and the gear. The •Jor 
problem 1• that there ia no second •themetloal expresaion 
vherebY it 1• poaa1ble to solve ezp11c1tlY tor e1'1ler the 
hob ottaet ot tbe pinion or the hob ottaet ot tbe anr. 

Aooordln&lY', the object ot th1a 1nve•t1gat1on v•• to 
develop• uthod tor determ1n1na the hob ottaet of the 

pinion •nd ot the 1•r so that the a•r• would oper•t• 
properly at tbe required predetermined center diatanoe. 



The tollow1n& reault can be reeohed trom this 1nvest1&•• 
t1on, The equation needed so that the hob ottseta, e1 •nd e2, 
oan be deterllined- uplic1tlY should be baaed on approx1•i•1Y 
equel bend1ng tooth stresses ot the pinion and ot the geer 
with the load applied at the tip of the tooth. 
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