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(ABSTRACT)

An attractive square-well is incorporated into the Enskog equation, in order to
model the kinetic theory of a moderately dense gas with intermolecular potential.
The existence of solutions to the Cauchy problem in L!. global in time and for

arbitrary initial data. is proved.

A simple derivation of the square-well kinetic equation is given. Lewis’s method is
used, which starts from the Liouville equation of statistical mechanics. Then various
svmmetries of the collisional integrals are established. An H-theorem for entropy,
mass, and momentum conservation is obtained, as well as an energy estimate, and

key gain-loss estimates.



Approximate equations for the square-well kinetic equation are constructed that
preserve symmetries of the collisional integral. Existence of nonnegative solutions
of the approximate equations and weak compactness are obtained. The velocity
averaging lemma of Golse is then a principal tool in demonstrating the convergence
of the approximate solutions to a solution of the renormalized square well kinetic
equation. The existence of weak solution of the imtial value problem for the square-

well kinetic equation is thus proved.
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§I. Introduction

Although the Boltzmann equation has been a mainstay of kinetic theory for more
than a century, it is properly the description of a rarefied gas, yielding only the
transport coefficients of an ideal gas. Enskog, in 1921, first attempted to model
more correctly moderately dense gases, taking into account the dimensions of the
gas molecules. The Enskog equation, in various modified and revised versions (to
correct hydrodynamics), has been remarkably successful in describing the one-particle
distribution function for real gases.

A drawback to Enskog theory is that the Enskog equation, unlike the Boltzmann
equation. includes no intermolecular potential, describing purely the elastic collision
of hard spheres. In recent years G. Stell, H. van Beijeren and others in the physics
community [1-4] have proposed a variety of kinetic reference theories which would
better describe gases in the moderately dense regime, by incorporating long range
interactions into the Enskog description. The most direct fashion to accomplish this
is to include a binary intermolecular potential at the Liousville level and follow the
Enskog derivation, thus obtaining an Enskog-like equation or system of equations.
Several such models have been proposed in the literature[2-8], but to date no results
were available on the Cauchy problem for such models.

Herein we obtain the first such results for an Enskog equation with an intermolec-
ular potential. We have chosen to study the solution of the initial value problem for
the square-well kinetic equation with an attractive square well potential added to the
hard core repulsion.

The square well potential,

o, O<zr<a
p(z)=¢ —<, a<z<Ra (1.1)
0, z 2 Ra,



must be introduced at the Liousville level. The result is an Enskog equation with four
types of collisions [1] (see figure 1.1): collisions at the hard core; collisions entering
the square well; collisions leaving the square well; and bound state collisions.

We shall see in the next section that we are led thus to consider the Cauchy

problem in ((0,20) x R3 x R3):

[g avﬁﬂmaﬁ:
= a? m&bLﬁﬁ&ﬁW&ﬁﬁWkﬂ+wﬂ@ﬂﬁ@&ﬂﬂm+aa@¢)
— g(F1, 71 — an) f(Fy, 01, 1) f (7, — a. 5y, 1))
+ R%a Z/Ra dv2/ dod - po(c - p)[g(71.71 + Rad|n) f(F1.07,t) f(F1 + Rad, vy, t)]
— g(71,71 — Rad|n) f(71, 01,t) f(71 — Rad,va,t)]
+ R%a? /R d%/pd&‘&‘-ﬁ&(&-ﬁ— V4e)[g(F1, 71 — Radn) f(71, 0, t) f(71 — Rad, o™ t)
— (71,7 + RaG|n) f(7, 51,1) f (71 + Rad. Ty, t)]
+R“‘a?/mdaz/ydﬁa-ﬁe(a-ma(\/ﬂ—a.m
x [g(71, 71 — RaGn) f(7, 41, 8) (7 — Rad, ¥, ¢)
— g(F1, 71 + Rad|n) f(F1,71.t) f(Fy + Rad. .1)]

= E(f,f)=Cg+Cy+Cs + Cy (1.2)

with initial condition
f(71 Ul fO(rlavl) (1-3)

where p = 0, — 7y, 0(z) = 1 for = > 0. 8(z) = 0 for = < 0, Cg is the first term
on the right side of (1.2) and C;, (¢ = 2.3,4) are second, third and forth terms,
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respectively. Here.

W =0 455
1 .
B =0+ 557 PG5 +4d7)
e 1—‘ bad — g -
5 =5+ 2FHF - (G5 - ad)
Y e (1.4)
Uy =0y — 0GP
D L
¥ =0, - =5{F - p—[(5- )’ + 4¢]?}
—, - 1~ - - - 1
5 =5 - 257 - (5" - 4dh)
G = (01,02,03),16] = 1 and n(F,t, f) = [p f(F,7,t)dv. We assume g(/.7) =

9(71,7In) = g(n(7y.t, f),n(F1,t, f)) > 0for 0 < f € L (R*x R®) and g(u,v). p.v €
R is uniformly bounded, symmetic under the interchange of p and v, continuous

about u and v. We also suppose that the initial value f; > 0 satisfies the bound

//(1 + 172 + 15" + |log fol) fo(71, 51)dFrdiy < co < 00 (1.5)
Rixs?
This corresponds to bounded total mass, energy and entropy, and vanishing behaviour
as ;] — 0o.

In recent years. the study of the initial value problem for Boltzmann and Enskog
equations .has made great advancement. For the case of local in time solutions, M.
Lachowicz obtained the existence of solutons of the initial value problem for the
Enskog equation[9]. In whole space R?, G. Toscani and N. Bellomo showed global
existence in the case of near vacuum for the Enskog-Boltzmann equation[10]. Under
the assumption of the initial value going to zero fast enough at infinity and the
mean path being sufficiently large, .J. Polewczak[11] proved the existence of a classical
solution of the Enskog equation in all R®, which is global in time. For the space
inhomogeneous Enskog equation. and collision factor ¢ = 1, C. Cercignani[12] proved
existence of a global solution with the initial data in a weighted L'. In [13-20], L.
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Arkeryd, C. Cercignani, J. Polewczak, M.J. Esteban, B. Perthame, N. Bellomo, A.
Palczewski, G. Toscani and Y. Shizuta, under various assumptions about small initial
data, local in time and spatial homogeneity, obtained existence of solutions of initial
value problems for Boltzmann and Enskog equations.

For arbitrary initial data in L' for the Boltzmann equation, R.J. DiPerna and
P.L. Lions[21] successfully employed a compactness lemma[22] in the proof of global
existence for the Cauchy problem. For the Enskog equation J. Polewczak [23] ex-
tended their argument in solving the initial value problem for a special case of g. For
collisional factor ¢ = 1, L. Arkeryd and C. Cercignani[24] added a full scattering term
with parameter § — 0 to the truncated collisional operator, thereby obtaining global
existence.

In Section 2 we employ Lewis’s method[25] to derive the square-well kinetic equa-
tion. Our aim is only laid on the derivation of the equation. In Section 3 we will
give symmetries, bounds and estimates related to the Enskog-Square well collision
operator. In the following section we will state precisely the notions of solution for
the initial value problem. Section 5 will be concerned with solutions of approximating
equations. Finally, in the last two sections we provide an existence theorem for the

initial value problem.



§II. Derivation of the square-well kinetic equation

In order to study the square-well kinetic equation, we start from its statistical
mechanics derivation. We first derive Boltzmann and Enskog equations. Then the
square-well kinetic equation can be obtained as a generalization.

Let us first look at a derivation of the Boltzmann equation. We know that a
system of V classical identical interacting particles of mass m confined to a box of
volume V' can be described by the Hamiltonian

N N
Hy = {5+ U (@)} + 3 65(17% = 7). (2.1)

i=1 i<j
¢:;(|7: — 7|) indicates that the particles interact through central forces, and U28°*
enforces that particles are confined to the box. For the description of classical many
body dynamics, we also want to know what is the specification of the number of
member systems in the element of phase space 7; — 7; + dr;, p; — p; + dp;,2 = 1,2, ...
We introduce a density in phase space Dy(zy,...,zN,t),(z; = (7}, 5i)), such that
Dx(zy,....zN,t)dz,...dzy is the probability of finding system in the state: particle ¢
inz; — r;+dZ;,1 =1,..., N, at time t. Dy is symmetric in the variables (zy, ..., zy),
normalized by the condition f Dydz,...dzny = 1, and is the solution of an initial value

problem for the Liousville equation

| 9

EZDN(.'L'l,...,.T:N,t) = {HN,DN(:L‘l,...,:I)N)} (22)

The Liousville equation describes the time evolution of Dy, which relates the theory

to macroscopic phenomena, where

N
Hy 9Dy OHy 8D .
(Hn, D} = 3 (G = 5 7 ) (23)

1=1

The solution of the Liousville equation is equivalent to the solution of an n-body
problem, but where n is very large, the initial conditions are, in general, unknown,
and therefore the solution of (2.2) is not practical.
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In order to circumvent these difficulties, one introduces the N s-particle distribu-

5

tion functions [25]
FSN(.'E-I, s T t) = Vs/dws+1...dwNDN(x1,....J:N,t)

s=0,1,2 ... (2.4)

which satisfies fdxl...dxstN = V'* a normalization condition, because f dNrD_\v(‘vN, t) =

1. We note F¥ = 1.

From (2.2), using the symmetry of Dy and taking the thermodynamic limit .V —
00,V — 00, N/V = n = constant, one obtains the BBGKY hierarchy[25]

0 s s ~ 9 0 s
an(x 1) = {H,, Fy(z°,8)} + n/dle ; a—ﬁ_‘ﬁiﬂ—l ’ 8—13}'FS+1(33 1), (2.5)
where Hy, = > 01 2=+ 300 . 04, ¢ij = o(|7i — 75]) and Fy = limy oo FN,

We will utilize the integral form of (2.5)[25]:

e o)

Fo(e?t+7) Z /d$s+1 dstZ _J)iT(]+S)F+s( z¥1),  (2.6)

=1
where TV F, ., = Fk+5(5(1+s) i+s g) LT ity e .S(_IT):z:k_(_s,t) and SY) = exp m{H;, },
St(") is the flow operator of the n-particle mechanical system, {z}, ...,z } = St("){xl, ey
means that if {z,...,z,} is the state at ¢ = 0, then {z],...,z,} is the state at time ¢.

The BBGKY hierarchy connects the evolution of an s-particle distribution func-
tion, Fj, to the distribution function Fy,; of s + 1 particles. In order to solve Fj,
distribution functions of all order and streaming operators S(_’T) must be known. In
general, they are difficult to determine. However many physical quantities of greatest
interest can be expressed in terms of the first and second order distribution functions.
In the following, we will see that a low/moderate density assumption can decouple
the system and lead to the derivation of kinetic equations for the distribution function

Fy .

Zn}



From (2.6), for s = 1, we get

Fi(e,t+71)— T( L Fi(x,t)

=n / d‘Tz[TSZT)FZ(.El, Ty, t) - TSIT)F:z(.‘El,.’IZz, t)]

+n2/d9:2d:1:3[ TOFy(a®,t) = T Fy(2°,t) + = Lrw Fy(z®,8)] + ...

2 -T

(2.7)

We can make the replacement r; — Sp)xl = (r1 + ‘r%,ﬁl), let z; be replaced by

1 . . o -
st )z;, while dz; remain unchanged. Then (2.7) becomes

Fy(SWMzy,t +7) = Fi(z1,1)

—n / dzo{ S Fy(SWzy, SWzy 1) — Fa(z1, 22,1)}

1
+ —Tl2/d&EzdIIJ;}{S(_S)Fg(S‘S.I)JE],55.1)1'2,S‘,(,l)llfg,,t)

[

—2F5(SP8W ey, SWzy), 25, ,t) + Fy(2®, )} + ...

Also,

F1(57(_1)$1,t+ 7') - Fl(.Tl,t)

T d o - -
=/ dsd—Fl(Tl'i'iPhPl,t'f'S)
0

d
dw/ Fl(71+

0
[dt Vl]/ dsFl(S x1,t+5)

0

p17p17t + w “["‘ 3)|w—0

9 P 5
[dt + ; Vl} Fi(r1, p1.t),
where F} (7, p1,t) = -}fOT dsFl(Sgl)xl,t-}- s).

We obtain from (2.8) thus

d =L
[dt+p—1 1]F1(7'17P17t)=

/ da{SPF(SMzy, Wz, t) — Fy(a?,t))

7



1 2
+Tn_/d$2d$3{‘9(—3T)F3(‘9£1)4’31-59)'172,59)1?37?5)
_ZFS( e [ lth( )‘L"] L3, )+F3(£3t)}+ . (210)

We can choose n or 7 such that the ternary and higher-order terms will be very small,
and Fy(z1,t) = F(z1,t). We define the correlation function

Fz(.lfl,l'),t)
Fl (Z1, )Fl(xz’ )

(2.11)

_(]2(-131, L2, t)

and introduce the notation SZ Fy(SWzy, Wz, t) = Fy(a), z4,t), where (z},2}) =
SEZ (57 sy, sU 1:2) can be related to (z1, z2) from the knowledge of the potential.
Finally, after neglecting small corrections, we obtain

9  m

— + — - V] Fi(zy,t
T[dt + m 1] 1($1 )
= n/d:z:z[gz(z'l, zy, ) F1(z], t) Fi(zh, t) — g2(z1, 22, t) Fi(z1, t) Fi(z2, 1))

(2.12)

Looking at the above integral term, we see that for given 71, py, 7 and fixed p3,
nonzero contributions for the above integral arise for those 7, such that
S(_Q,?(Sg)l‘l, Sﬁl)x-z) # (z1, ;). Hence, we only need consider three cases: S induces
(71, 72) into, out of, or through the interaction region.

Consider, (see Figure 2.1) R, = 571)7"2 - s = Ro + =pa1, where Pz =Py — P,
and (1) if Ro- Py >0, then Ry < R4, where R, is the range of the potential; and if
(ii) Ro- Pn <0, then R, > (R% — (Ro - £4)*)Y/? and either R, < Ry or R, - Py > 0

and R, > R,. After neglecting some small contributions, assuming gs(zq,z;) = 1

0
/m:/mf dz, (2.13)
B Py

we obtain the Boltzmann equation

0
ot

and using

+ Vn]F(T‘hPh )=



m

2 P) - — —_ - —
= /dpz/ d@/ dbb 1 Py, ) F(F, ph, t) — F (71, pr, £) F (71, 2, t) )
(2.14)

For the Enskog equation, the hard-core potential

() oo, r<o=~R,
olr) = 0, r>¢c

can be treated as the limit of the sequence ¢;(r) = (£)?, j — oo, hence, part A and
C in Figure 2.1 have zero probability of occurrence. Nonzero collisional contributions
arise from those 7, which, for fixed 7, p; and p,, satisfy St )Fz(S xl,S(l)xz,t) #
Fy(xq,22,t) in the limit j — oo, then 7 — 0, (see Figure 2.2). As j — oo, F, =
0 on the set A, and Sﬁz)Fz(Sﬁl)xl, m:z:;,t) = 0 on the set B for = — 0. So,
for the hard sphere potential, in the limit 7 — 0%, the contributing regions be-
come hemispherical skins near each interaction sphere surface, shown in Figure 2.3.
The collision surface element is 02%]&‘- ﬁ21|d3(7' — 0). We assume Fy(zq,2,,t) =
92(71, 72, 8) Fi (21, t) Fi (3, t).

From region A we get
—_ — 1 — = — — - — - -
"/dP2/ dG0*—|G - Pnlga(7y, 71 + 03, 8) Fy(7, 51, 1) Fu(Fy + 0, By, B).
. ’]521>0 m
From region B we get
—n/dp2/ dg'o? —“7 P21|92(7‘1,7‘1 + &', t) Fy (71, p1, ) Fu (71 + 05, s 1),
s P"71<0
Changing 6" — —&, we get
— + — - V4| Fi (7, p1, t
- T 1 F1(71, P, t)

-..

:n/dﬁg/- d&'az&' %{gg(ﬁ,'l?l+0'5",t)F1(7—“1,}71,t)F1(7-"1+0'5:,ﬁ-’2,t)
7-P21 >0



— g-z(’l-"l,'l-'t[ - UE,t)Fl(Fl,ﬁl,t)Fl(Fl - U&‘,ﬁlt)} (215)

Here, 7, = p1 + (G - Py1) and p, = p, — &(§ - Pn).
In the following, we consider the square well potential. We only need check four
regions(see Figure 2.4):

Region A:
iy = R2a* 1| By, - 5dG,
m
(wlax'l) = (‘Fh];lvf‘l + Ra_E,ﬁg),
(27,1,23/2) = (Fl?I;tIA7Fl + Ra_&'?ﬁ?)a
where (54, 74) = (71 + A5, i — AFY), with Ap* = 15{G- By — (G- B ) +4em)/?).
Region B, C: same as for Enskog equation.
Region D:
for By, - & < —(4em)V/?)
dfy = R*a®—| Py, - #')d5,
m
(wl>$‘2) = (Fhﬁ‘l’f‘l + R(Z+5l,ﬁz),
(21, 23) = (71, %, 71 + Ra™ 3, p3),
and for —(4em)/? < ﬁ21 -0’ <0,

(xllvzlz) = (Fl’ﬁil)ﬂ_"l + Ra+5l’P_g))

where (p},55) = (p1 + AP, pr — AP°), with Ap® = 36{F - P» — ((5- P)? — dem)V/2).

Changing & — -0, after neglecting some small corrections and rearranging
terms, we get the square-well kinetic equation (1.2), which will be studied in this

thesis.
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We may consider the square-shoulder kinetic equation. The square shoulder po-
tential is given by
x, 0<r<a
pr)=<{¢€¢ a<zr<Ra (2.16)
0, z> Ra.

Similar to the case of the square well potential, we can derive the square-shoulder

kinetic equation:

L% + alv,-l] flri, 5, ) =
a? /1;3 dvs /52 doc - pb(G - p)g(71, ™1 + atd|n) (71,07, ) f(r1 + ad, U5, t)
— g(F1, 7 — a*&|n) f(Fy, 0, 1) f(Fy — a&, T2, 1))
+ R /R d, /ﬂ 455 - (7 - P)g(Fs, 7 — Ra*&n)f(71, 57 8)f (71 — Rad, 7. 1)]
S
— g(71, 71 + Ra~|n) f(F1, 51, ) f(71 + Ra&, vy, t)]
+ R2a? / v, / déc - po(G - p— V4e)
R3 S2
x [g(71, 7 + Ra~&|n) f(71, 5", ¢) (7 + Rad, & 1)
— g(71, 71 = Ra*d|n) f(7, ¥, 1) f(71 — Rad, vy, t)]
+R2a2/R difz/ d33 - p9(3 - §)0(Vae — & - p)
s s

x [g(71, 71 + Ra‘&’|n)f(f'1,6';,t)f(f'1 — Rad, vy,t)

— g(F1, 7 — Ra*&n) f(71, 01, 1) f(Fy — Raé, oy, t)]. (2.17)

11



§III. Estimation of the collisional integral

(3.1). Some properties about the change of variables
In the following, we will study some properties about the changes of variables.

which will be utilized in dealing with collisional integrals.

(a) (v1,02) = (¥, 93)

From (1.4), we get the Jacobian of the transform: (9y,7;) — (¢].0})

RN
a(ﬁlv -.'2)
[1 =001 —010, —0103 0101 0102 0103
— 090 1l —oyoy —0903 0901 020 0903
_ —0307 —0309 1 — 0303 0307 0309 0303
- 01071 g109 g103 —0101 — 0102 —0103
0201 T209 0203 — 0201 1 - T909 —0203
L 0301 0307 0303  —0307 —0302 1 —0303]
1 0 0 g101 0102 0103 |
01 0 0901 0909 0203
|10 0 1 0301 0309 0303
11 0 0 1—-0y00 —0y0y —0103
0 1 0 =—oyoq 1—o0y0, —0y03
_0 0 1 —0301 —030% 1 — 0303 |
r2 0 0 1 0 0 7
0 2 0 0 1 0
0 0 2 0 0 1
=10 0 0 3— 0101 —010; —0,03
0 0 0 =—oyoy % — 090, —0,03
_0 0 0 —0301 —0302 ';' — 0303
%— Jg101 —0107 —0103 1
=8 —0201 %——0’-‘30’2 —0303 28(—5) = —1. (31)
—0301 —0302 % — 0303

Hence, dv,dv; = dv}dv). For the transform (v, v7) — (], 7}), we also have

12



Similarly, 0, — ¥,.

(U1, 72) = (

(0)

We have

v + 60 -

vy, Uy)

(Uy — Uy) + 65 -

(3, — 01) + 65

1
dvy = dvy + cr{a dp——[(a P)? + 4€732(G - p)F - dp),

1
dvy = dvy — =&
2 2 )

[um—

.)L

4

G-dp— ={(F-P)? + 4¢” (- p)G - dp)}.

(3.3)

Letting a; = 1—[(&-p)?+4€]"2(&- ), we get the Jacobian of the transform (7y, 7;) —

(07, 03):

(1 — %alalo'l
—%alaga'l
—50,10'30'1
%(110'10'1
241090,

L %‘110'301

OO - O O

(W7, V) _
(71, U2)
—%alo'la-z —%alalars %alalal %ala'lo'g
1 - %(110'20'2 —%G,]O'za'g %(740'20'1 %(I]O’QU-Z
—%(110'30'2 1-— %(210'30'3 %alago'l %(110’30‘2
%(110'10'2 %alala'g 1 - %alo'lal —%alo'la-z
1a1040; 2410903 —tayoy01 1= 3a1000,
,-;-(110'30’2 %a10'30'3 —%a10'30'1 —%alo'go‘-z
0 0 -;-alalal %alalaz, %(110'10'3
1 0 %(11020'1 %0,10'20'2 %(7.10'20'3
0 1 %010'30'1 %010'30'2 %(110'30'3
0 0 1-3a0107 —ia10000 —ia10v03
1 0 —'%(11020'1 11— %(110'20'2 —%(110'20'3
0 1 —3ai030 —3010303  —1a10303 |
1 00 laooy 3610103 3010103
01 0 %ala;,al %(110'20'2 -i- 103073
0 0 1 %040'30'1 %(110'30"2 %010'30'3
0 0 0 1 — Q10101 — Q10107 —a10103
0 0 0 =—ayo900 1 —ayoy09 —ai04503
0 0 0 —a10301 —Q10309 —Qa10303 |

13
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%01020'3

%(110'30'3
"%0.10'10'3
"%(110'20'3

1
1-— 72'(110'30'3J




-

=l-a=1-[1=(G-p)+4€ (G p) = [(¢ p)* + 1€ 73(3 - J). (3.4)

Therefore,
(G - p)dvydvy = (G - p”)dvy dvy, (3.5)
because
=Ty~ 0 == {(F- D)~ [(F-P)* +4e]7}
and G-p'=G-F—(5-P)+[(F P +4eF =[(G-p)* + 4] (3.6)

Similar to part (a), we have for - 5> 0

B =5~ 235 B - (75 - 40})

2
3= 35(F §) - (5 ) ~4dlF)
=5~ 5O1(F P~ (5P + 408} — SF{((F -9 + 4t — (3 5)" + e — 4d]F)
= 7). (3.8)

(C) (61’5'2) - (5’;”’1}’;”

We have

(5 p)? — 4e]~72(G - )G - df},

[T

45" = i, + %&{5. d —

<

14



i . v . . 1., . i o g .
vy = diy — 56{7 - d _3[(0']7)2—46] 29(5 - )7 - dp)}. (3.9)
Letting ay = 1-[(& - p)? — 46]_% (&-p). we get the Jacobian of the transform (v7, 7;) —

=111 Y .
(o7, 05 -

(7. ts)
(3.10)
Hence,
(¢ - p)dthdv, = (G - p"')dv} dvy, (3.11)
because
5" = (5 - 4q, (3.12)

where p” = 0} — ¥]". Similarly, we have, when (0h,72) — (97,75 ), 9 — ¥ and

(3.2). Symmetries of the collisional integral
Let - be a measurable function on R? x R*x R. and 0 < f € Co(R® x R® x RY).

Using symmetry arguments and appropriate change of variables, we have

// o(71, 50, )C(f. f)di1ddy =

R3xR3
= —az/dﬂdﬁ'l /dﬁ;/d&'(&'-ﬁje(&’-ﬁjg(ﬂ,ﬁ — ad|n(f))
X f(Fly 171’ t)f(Fl - (l&, 6‘2’ t)g‘o(f‘la ala t)
+ a’/dﬂdﬁl/d%/d&(&‘-ﬁw(&’-ﬁ)g(ﬁ,ﬁ + adin(f))

x f(F1,07,t) f(71 + ad, v, t)e(T1, U7, 1) (3.13)
The second term becomes

a""/dr”ldﬁ’]dﬁ’g/d&’(&'-p’)()(&’-ﬁ')g(ﬂ,r"l—a(?|n(f))f(ﬂ,Ul,t)f(v‘-’l—a&*,ﬁg,t)cp(ﬁ,13‘;,1,‘)
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—_

by the changes of variable (¥;, 02} — (97, U%) with dv,dv, = dv1d0; and 6-p= —&- 7.

So, changing ¢ — —&, we get

/ / Py B ) Cal f. f)dis ity =
R3xR3
_ —a2/41F1d61d62/d5(5~;7)9(&‘-13’)57(7"-’1,7"1 — a&n(f))

—

X f(Flaal-t)f(Fl - a&', 627t)[99(ﬁvl71?t) - 99(7'1v77;7t)]'

(3.14)
Under the changes v; — vy, vy — 0,0 — —&, we get
// (1, U1, ) CEe(f, f)drido, =
R3XR3
= ——az/dﬂd{)’ldﬁ'g / dé(& - p)o(& - p)g(71,71 + ad|n(f))
x f(71, U2, 1) f(71 + ad, 01, ) [0(71, U2, t) — (71, Ty, t)]- (3.15)

By the transform 7; — r; — a&. the above term becomes

/ ,‘P(Flv t717 t)C'E(fv f)dfldf)'l =
R3XR3

= —a [ drdsidn, [ 435 P0G Pl - o, Fln( 1)

X f(r?la{)’lvt)f(ﬁ - (15:, 6z,t)[99(;1 - aE, 6277%) - 5‘9(7?1 - ao, Uzvt)]'

Finally. combining (3.14),(3.16). and using the symmetry of g, we obtain

/ ‘5&‘(7-"1,171,75)03(‘/{, f)drldﬁ’l =

R3xR3

1. o - - L. . o . . o .
= —;aZ/d7'1dv1dvg/da(a PO - p)g(r1, 71 — ad|n( f)) f(r1, 01, t) f(F1 — ad, U2, t)

x[p(F1, U1, t) — (71, 01, 1) + (71 — ad, T2, t) — (71 — ad, Ty, t)].

16



In the same way,

/ / A7 0, )Clf, ), iy =

R3xR3

1, . e
= —;R%f/dﬁdﬁld@/da(a-me(&-me(\/fe—amg(m,m + Raé|n) f (74, 01, t)

Xf(l—"] + Rad, ﬁl’ t)[(p(fl’ 615 t) + 59(7-'1 + R(l,(}', ’U-z,t) - (‘P(T-‘lv 6{) t) - ‘19(7_’1 + Rao_:’ 17"277:)]'
(3.18)

Next, we consider the terms Cy(f, f) and Cs(f, f).

// o (71, 0, ) Col £, f)diy, diy =

R3x R
- R2a2/dﬁd{)} /a’z?z /d&’(&’-ﬁ)ﬁ(c‘r’ﬁ')g(f"l,ﬂ — Rad|n(f))
x f(r1,v1,t)f(ry — Raé&, vy, t)(71, 01, t)
+ R2a2/dﬂdv1dv2/d&'(&'-ﬁ)0(&’ - P)g(71, 71 + Radln(f))
x f(71,07,t)f(7) + Rad, vy, t)o(Fy, Uy, t). (3.19)
By the changes of variables (01, v,) — (07, }) with & - p"doydv, = & - pdv1dv,, we

have, noting that (& - p) — 0(& - p— V4e),
.R2a2 / dF, d, d7, / d3(d - p)0(d - p)g(t1,7™1 + Rad|n(f))
x f(71,07,t) f(71 + Ravy, t)o(F1, 01, t)
_ R%? / 4, d, d7, / d3(3 - )05 - 5 — VE)g(F, 71 + Radn(f))
x f(71, 71, 8) f (71 + Raé, s, t)o(71, 7, 1). (3.20)

For the term Cs(f, f),

99(7?17 513 t)CB(fv f)drldﬁl
R3xR3
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= —R’az/dﬁdﬁld@/d&’(ﬁ-ﬁ)ﬂ(&-ﬁ— Ve)g(7y, 7 + Rad|n(f)) f(7, o1, t)
X fLFl + R(L&., FZ-t)V;(rl* 5‘1>t)
+ Rza‘Z/dmadaz/da—'(a.p“)a(a.ﬁ_ Vie)g(71, 7 — Raén(f))

x J(7y, 5,6 f (i — Rad, 5, t)a (i, i, t). (3.21)

By changing variables (9, v,) — (07", v%') with & - p""do0)"dey’ = (& - p)dv)dv,, noting

that 8(&-p — Vde) — 8(& - p), we get
R2a2/d7:‘1(igld62 /d&'(&' - PYO(F - p — Vde)g(F1, 71 — Rad|n(f))
X f(”—“la 1-;"1”3 t).f(Fl - R(l&, 6;”7 t)‘P(ﬁ,T_fl’ t)
= R2a2/d7"1dﬁ'1d172/d&'(&’-;3')0(&'-17)9(7"1,1’} — Raé&|n(f))

X f(T-"], 1717 t)f(Fl — R(l(}" 1;2, t)gO("I_"l, 'l-):’z,, t) (322)

So,
//(Cz + Cg)(p('f_"l,'l-)‘l,t)d',—"ldgl

R3x 82
=R [ dndinic, [ 457 P0G Dol - Radln()
X f(F1,v1,8) f(71 = Rad, ¥y, t) (71, 01, 1) — (71, 77, 1)]
—R%a? / 7, dy dv, / A5 (G - P)O(G - p— V4e)g(7y, 71 + Rad|n(f))
X f(71, 01, t) f(71 + Rad, Ua, t)[(T1, U1, t) — (71,07, t)]. (3.23)

By the change of variables v — 0,7, — ¥; and & — —&, noting 0y — ¥y, 0y — v}/,

//(Cz + Cg)(,’)df"ld'ljl =

R3x 52

= —R2a2/df"ldﬁldﬁ‘-z/d&’(&’-ﬁ)e(&’-;zS')g(F‘l,r”l + Ra&|n(f))

we obtain
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Xf(F]. l—;lat)f(Fl + R(l&, 617t)[¢(7—"17621 t) - 99(7_:1’ 1_);/1 f)]
—Rzaz/dﬁdﬁldﬁz/da G- p)0(& - p— V4ie)g(7, 7 — Rad|n(f))
FFr T ) F(F, — Rad, T, (P ) — 9l 57 0], (3.24)

e change of variables 7y — ry — Rad, 71 — 7 + Rad, respectively, in the above
By the change of bles 7 1 — Rac, 7 1 , TeSp g

two terms,

/ (Cz + 03)(,9(7—"1, 51, t)dFldgl =

R3xS2

— R*? /df'ldﬁldz')}/d&'(é" -p)0(& - p)g(r1, 71 — Rad|n(f))
X f(F1 — Ra&, ¥y, t) f(F1. 0. t)[@(F, — Ra&, s, t) — (7, — Rad, o7, 1)]
- Rza'Z/dadf,daz /d&(& -p)0(F - B — V4e)g(Fy, 7 + Rad|n(f))

x f(F1,01,t) f(71 + Rad. 0a, t)[0(71 + Rad, v, t) — o(T1 + Rad, vy, t)].

Finally. combining (3.23)and (3.25), we obtain,

// (7. 51, 1)(C + Ca) iy =

R3xS2

1 _, .
- ;)—Rzaz/dv”ldffldﬁz/d&‘(&‘-;T)H(E-mg(v’-’l,ﬁ — Ra&n(f))f (7, 51, ) f(71 — Ra, ¥y, 1)
Ir‘l:(’?h 13"17 t) + ‘ro(f:l - R(L&, E‘bt) - "P(Flv 5’;/’ t) - (19(7_’1 - Ra&? t_)';,, t)]
Rla‘z/dﬂdﬁld@/da(a-ma(a-;7— Vae)g(Fy, 7 + Radn(f)) (71, T, t)

f(71 + Rad,0,,t)[o(71, U1, t) + (71 + Ra&, U, t) — @(71, 07, t) — o(F1 + Rad, vy, t)].

o~ X

X

(3.26)
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Combining (3.17), (3.18) and (3.26), we have

J[ et B, i -

R3xR3

L, o . . ..
- 5@ /dndvldvz/da(o p)0(G - P)g(F1. 71 — adin(f)) f(71, U1, t) f(71 — ad, Ty, t)
X [(19(7'1151)7:) - P(Fl' {)‘;7t) + ﬁD(FI - (15:, 2_).‘27t) - W(Fl - (l&,?};,t)]

éRzaz/dFldﬁldﬁz/d&(&‘ -p)8(& - P)0(V4e — & - p)g(71, 7y + Rad|n) f(71, Ty, t)

x f(71 + Ra&, oy, t)[o(71, 1, t) + 2(71 + Rad, vy, t) — @(71, %, t) — o(F1 + Rad, 7y, 1))
%R2a2 / 7, do, do, / d3(G - p)0(G - P)g(71, 71 — Rad|n(f))f (71, 01, t) f(F1 — Rad. Ty, 1)

x [@(71,0,t) + @(71 — Rad, Uz, t) — (1, 57, ) — (71 — Rad, 0y, t)]

— —R% /drldvldv /d&(&‘ . P)0(G - F— Vie)g(F, 7y + Rad|n(f)f(F1, 51, t)

=1

X f(T-"l + Ra&', 'L—)'-z, t)[(,:’(f_"l, 171, t) + 99(7—"1 + Ra&, 1?2, t) - (10(7—"1, f);_’,, t) - SO(FI + Ra(—f Uy, t)]
(3.27)
Equation (3.27) plays an important role in our proof of existence.

(3.3). H-Theorem
For the remainder of section III, we shall consider f a nonnegative solution of the

kinetic equation (1.2), which may be written

[
(0]
p—

d d - Q
Ef—af-{-vrvlf—E(f,f)- (3.
Formally, taking the derivative of flog f, we have

d d d d
Eg(flogf) = 10gfaf+ Ef = (1 +108f)zf

= E(f, /)1 +log f). (3.29)
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In (3.27), letting < = 1, we can easily get

/ E(f, f)drids, = 0. (3.30)

Rex 52

Now, letting ¢ = log f, consider the integral

E(f, f)log fdF dv;. (3.31)
R3x 52
First, we check the integral
/ (C2 4+ C3 + Cy) log fdrydvy. (3.32)
R3xS?

We get, from (3.18) and (3.26), setting ¢ = log f,

/(Cl + 03 + 04) log fd":‘ld'ﬁl =

R3xR3

— %R2a2/dfldt71dﬁz/d0‘ G- p)0(& - p)O(Vie — (6 - p))g(F1. 7 + Rad|n(f))

( ) f (71 + Rad', 0. 1)

, U1, t
1, 01, t) f(71 + Rad', 05, t)

X f(f"l,l?],t)f(f"] + Ra&', 173t) 10g

A

I ., .
~ SR / dry. dv,dv, / d3(7 - p)0(F - P)g(7,. 7, — Rad)

(71,91, ) f(Fy — Rad, 0. )
f(71, 57,t) f(Fi — RaG, vy.)

p) — Vie)g(F, 7 + Rad)

&H

X f(7, 1, 8)f(7, — Ra&, 7y, t) log

Ql

1 ..
_ 3Rza2/dﬁd51d62/d0(0 po(( -

x f(r1,v1,t) ("1 + Rad, vs,t) log 1{((7-,7.11 1;,1, ;;E: n RZ; glzu t))
» U1

(3.33)
Applving the inequality —z log ;’5 < y —z to the integrands of the above integrals. we

obtain the estimate

/ (Cz + Cg + C4) lOg fdfl d’l_/"l S

R3xR3
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< —éR’azde1d61d62/d&(c’r’-ﬁ)e(&‘-ﬁ)e(\/@— (3 - p))g(71, 71 + Rad)
X [f(F1. 01 0) (7 + Rad. 5y, t) — f(F, T, t) f(F1 + Ra&. T, t)]
- éRzaz/df’ldi"ldﬁz/d&’(&-;7)9(&’-;3’)g(7"’1,f'1 — Rad|n(f))
x [f(7, 71,1) f(71 = Ra&, 0y, t) — f(Fr.v" 1) f(71 — RaG. 5%, t)]
—%Rza')/dﬁdz?ldﬁ’z/da(a PO((& - p) — Vie)g(7, 7 + Rad)

X [f(rlv'(-)’l t)f(rl + R(l&‘, 1727t) - f(,l’i’l,ﬁ’;”’ )f(’l + Ra&' 17;”’ )]
(3.34)

We note, by the change of variables (77, 7;) — (77,

o

)7 G — —O—:v

1 .
532(12/(1;1(151452/da(a.mo(a-me(ﬁz—(5-;3'))

X g(Fs, 7o + Rad) (7, 7, 8) f(7s + R, 7 1)
= %R‘Za‘-’/dadadaz/dax&-ﬁ)e((;-ma(\/@— (G- P))

x g(71,M — Ra&|n(f))f(71,1,) f(71 — Ra&, vy, ). (3.35)

In a similar way, by the change of variables, (v, v;) — (v}, v}), we have

242 / 47, di, do, / d3 (¢ - p)9(& - p)
x g(F1, 71 — Rad(n(f))f(r1, ¥).£)f (71 — Rad,vy,1)
= %Rzaz/dﬁd{;}dﬁz/d&’(&’-ﬁ)a((&'-ﬁ) — V4e)
X g(7, 7 — Rad|n(f)) f(7y, 51, t) f(F1 — Rad, by, t), (3.36)

and by the change of variables, (v, 7,) — (77", 7'),

x g(F, 7 + Rad)f(7, 7, )f(71 + Rad, 7}, t)
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= éRzaz/dﬁdadv-z/d&’(&’-pw(&’-;5’)
X g(Flvf.l + Raa:)f(”—"lvglv t)f(fl + Raé’, ’U?v t)' (‘337)

Because (G - p) — 0((5 - p) — Vi) = 0(G - p)8(V'4e — (G - p)), from (3.34)- (3.37), we
find that

/ (Cy + C5 + Cy)log fdrydv; < 0. (3.38)
R3xR3
Let us compute [[ Cg(f.f)log fdridv;. We have, applying the inequality
R3xR3

—Ilogi Sy—lf’

/ Ce(f, f) log fdF,d, =
R3xR3 '

= —é—aQ/dvldvldv / & -p)8(c - p)g(t1,71 — a&ln(f)) f(71, 01, 1) f(7Fy — a&, U, 1)

5 &
(71 “17 ) (
(71

ad, Uz, t)
x log =
fr oLt f ad, vy, t)
< % /drldvldm/d (&-p)8(c - p)g(T1,71 — a&ln(f))
x [f(7, 01, 8) f (71 = aG. Ty, t) — f(F1,01,1) f(71 — ad, ¥3, 1))
1, = g g — = -~ - = - ~ — - =
< 5@ / d7‘1dvldU2/da(a -p)0(7 - p)g(t1, 71 — a&|n(f)) f(F1, 70, t) f(7 — ad, v}, t)
]~ B - - — -y - - —_ - - — - - -
= 3a‘/d7'1dv1d1,*2/da(0' -p)8(& - p)g(T1, 71 + ad|n(f)) f(T1, U1, t) f(F1 + ad, va, ).
=1I(t.f)’ (3.39)

The expression [(t) was defined first by Jacek Polewczak[23] for the Enskog equation.
In the above argument, we used the change ¢ — —&. So, we can define a Liapunov
functional (“H-function”) as follows:
¢
= / f(F],l_)’lt) log f(T—"l,T-)‘l,t)dT-"ldgl - / [(s,f)ds, (340)
R3xR3 °

which satisfies

=2 <o. (3.41)



From the above discussion, we can also define

Lu(t) = %R‘Za?/dﬂdad@/da(a—’-p*)a(a-p*)a(&—(3.137)

x g(71,71 — Rad|n(f)) (i1, 01,t) f(71 — Rad, vy, 1)

+ éRzaz/dﬁdaldaz/da(a-me((& - p) — Vie)
X g(Fs, 7y — RaG|n(f)) (7, 5, ) (7 — Rad, b, )

+ 2R / 4, didv, / i3 - P)8(3 - )
X g(1, 71 + Ra&) f(7r, 5, t) (7 + Raé. s, 1)

+sa? / 4, d, di, / 435 - 5)8(G - 7)
X g(Fs, 71 + aBln(f)) (7. 1, 8) (7 + aF, B t). (3.42)

In this case, (3.41) with I(¢, f) replaced by I,u(t) still holds. When discussing the

solutions of approximation equations, we will find that this is a natural choice.

(3.4). Conservation properties and bounded energy estimation

Letting v = 1,v in (3.27), we can get easily

// f(71, 01, t)drdy = / So(71, v1)dry1dv; mass conservation,
R3xR3 R3x$?
: (3.43)
// v f (71, Uy, t)drdvy = // Uy fo(7h, U1 )drydoy momentum conservation,
R3xR3 R3x §2
(3.44)
In [23] Polewczak introduced the boundedness assumption
sup 7g(7,0) < M, < oo, (3.45)

1,020
for some constant M,, on the geometric factor g. This assumption allows for control
of the energy and gain-loss estimations, which will be presented shortly. Since it is
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believed that for any real gas g(r,0) — o0 as 7,0 — n, the close packing density,

(3.45) amounts to a cutoff condition, which would be taken, presumably, at densities

higher than n.. Throughout, we will adopt the cutoff (3.45), where M, is some

constant.

By multiplying (3.28) by 9%, formally integrating over (7y,7;) € R®> x R*, and

using (3.27), (3.29) and (3.30) with ¢ = 0%, noting
0+ Uy = UF + 0,
O T = 0T 4 T+ 26,

" —; —~;
77+ Ty = U+ U7 — 2e.

we have
-//%f'l,vh )dridvy =
R3xR3
- [[ #Bu. e
R3xR3

= eR%a? / dF, d7,d7 / d3(3 - p)O(3 - )
x g(Fy 71 — RaGn(f)) f(F, 51, ) f(71 — Ra&, T, 1)
— R’ / dF,d5,d7, / d3 (3 - PG - ) — VIe)
x g(71,71 + Rad|n(f)) f(71,01,8) f(F1 + Rad, va, t)
< eRZaZ/dﬂdz‘)’ldJQ /d&’(&‘ 507 - p)
x g(Fo, 71 — Ra&n(f)) f(F, 1, ) f(71 — Ra&,, 1)
gm%/ﬁmm/MMHW)
x 91,7 — Ra&)f(71, 81,8) f(Fy — Ra&, 1)
< eRa? / 47, 47, d, f d5(1+ 7 + 1+ 32)
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x g(71, 71 — Ra&) f(71. 71, 1) f(7) — Ra&, vy, 1)
= eR%a? / dF\ dir, d, / dGg(F. 7 — Ra&|n(f))f(7y, 7, t) f(F1 — Rad, v, t)

+ %ERZGZ / A A, 4 / AGTEf(7y, 51, 8)g(Fr. 7y — Radn(f))f(71 — Ra, vy, )
+ %eRzaz / dFy Ao, dvy / dGT2f (7 — Rag.vs, t)g(71, 7 — Ra&[n(f))f(7, 1, 1)

S 1\,1(1"[97 fo) + A’Q(JM!J) // l?lzf(Fl,gl,t)dFldgl, (347)
R3xR3
according to mass conservation and the inequality (3,45), where K and K are some
constants.
Let h(t ff vi f(ry, U1, t)drdoy, so
R3xR3

%h(t) < K + Ksh(t),

d—dt [h(t)e"Kzt} < Kle'K”,

t
h(t)e‘Kzt _ h(O) < KI/ -—I\zsds _ __(1 —th),
0

1 \’1
]\’o

h(t) < h(0)eX2t 4 = (ef2t - 1). (3.48)

So, when t € [0,T],
T2 f (7, Ty, t)dFydoy

R3xR3

efeT // s fo(71, 1) drﬂu«{—%( KT _ 1)

R3xR3

= C(T, fo. M,). (3.49)
From (3.27), we have

d o o A - e
d_t// f(71, 01, )| — oyt [*drydo,

R3xR?
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1 .
=3 // / 7 iy d, / 46(7 - P)B(G - Plg(Fy, 7 — ad)

X f(7, 0y, ) f(Fy — ad, U2, t)[2a(5 - plt

- %R)a2 /// dﬂdﬁ‘ldﬁz/d&’(ﬁ-;T)H(E-p‘)g(f‘l,ﬁ — Rad)

x f(71,51,t) f(71 — Ra&,By,t){—2et® + Ra((F - ) — [(F - §)* + 4e]7)t}

- _le?a*2 /// dv’-}dﬁldﬁl/d&(&‘-ﬁ)e(&’-ﬁ— Vie)g(i, 71 + Rad)

x f(7,01,1) f(F1 + RaG, vy, t){2et* — Ra((G - p) — [(5'@2—46]%)t}

-—RZ 2///d71dv1dv2/do(a PO(Vie — & - p)g(7, 7, + Rad)

x f(™,01,t) f(7F1 + Rad, Uy, t){—2Ra(5 - p)t}.
Using (3.45), we get

sup / |7 — U1t| f(ry, 0y, t)drdoy, < C(T, foafw )s
tEOT

which results in

sup / 712 £ (7, B, t)dFydoy < C(T, fo. My).
te[0.7]
R¥xR?

Again, by use of the inequality (3.41), we obtain

t
/f(Fl,l_)‘l,t)logf(fol,al,t)d”?ldgl—/ ](wa)dT
0

R3xR3
< / fols, 1) log folF, 7)|dF: iy
R3xR3

and

/ F(7, 0,1) log f+(7y, 1, 0)didy <
R3xR3

t
< / / SR, 0, 1) log £~(71, 51, ¢)diydy, + / I(r, f)dr
R3xR3 0
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+ / fo(ﬁ,ffl)llog fo(Fl,Jl)|dT_'.1d’l71. (352)

R3xR3

By an argument similar to the proof of (3.47), (3.48), we have, for 0 <t < T,
I(t, f) < C(T, fo, Mg). (3.53)

For the first term of the right hand side in (3.52), because —z logz < yr+exp(—y—1)

if z,y > 0, we get

// f]og f—d'l—"ldf’.l
R3xR3

=[] GURE+ R + eop— i - 15 - D)drds,
R3xR®
< C(T, fo, M), (3.54)

for t € [0,T]. Note, the last inequality is the result of (1.5), (3.49), and (3.50).

Therefore, for ¢ € [0,T],

// f(Fl s 61, t) log f+(F1, 17], t)d'Fld'l.J’l < C(T, fo, 1‘/19) (355)
R3xR3
So, we obtain, for ¢t € [0, T,

/ / (72 0,0)) log £(7y, 51, 8)|dFdiy < C(T, fo, M,). (3.56)

R3xR3
Together, these estimates gives the bound

sup // f(Fl,El,t)(l + l'l-"ll2 + |'l71‘2 + IlOg f(f],'l_)’l,t)DdFldl-)’l
telO'TI]WxRi’

< C(T, fo, M,) < oo. (3.57)



(3.5). The gain—loss estimation

A key ingredient in applying a weak compactness argument to the kinetic equation
is the so—called gain-loss estimation. For each M > 1, partitioning the space R> x S*

as {(1,.5) 1y S M}U {(¥,,5) : v > M}, for

N GHAV GERLA)
f(Fl,l—;l,t)f(F1 + a&',ﬁ-z,t)’

we can estimate

CE(t, ) <Ma? / / 45, (G - P85 - F)g(F, 7 + aG)

R3x 52
X f(Fl361’t)f(Fl + (15"3 {;‘Z) t)
+ log M aE'(f)’ (308)
CF (¢, f) <MR*a? / / A%, d3(G - §)O(G - §)(5y, 2)g(F, 7 + Rad)
R3x 5?2
X f(Fly 617 t)f(Fl + Ra&‘y 627 t)
‘ 1
- logMa2(f)’ (3.59)
CS(t, f) SMR‘Za?//daz d3(G - P)O(G -  — VAe)g(7y, 7 — Rad)
R3x 52
X f(Fl, 617 t)f<Fl - Rao_:a 62:t)
1
+ 3.6
) (3.60)
CHt, f) gMR%?//dﬁ; d3(& - p)0(V'de — G - p)g(F1, 7, — Rad)
R3x 52
x f(7,01,t) (71 — Rad, vy, t)
1 .
h 10g lw a4(f)7 (3’61)

where

as(f) = / [ 154590 (7,7 + 0
R3xS2
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HGRA t)f(f‘l +ad, Bt)

xf(f’l,ﬂ,t)f(ﬁqta&',ﬁ'g,t)ilogf(” Tt f (7 + ad, . )
y Y1 2

a(f) = R2a2//d172 d3(G - P0G - p)g(F. 7, + Rad)

R3xS2

1, 07 ) f (7 5.0yt
< (75, OF (7 + Rad, 7.1) | log A AT+ Fiad o)

f(7l’ l—;l- )f(’?l + Ra&’i“zt)
= 32“2//% A5 (G- p)6(G - P~ Vde)g(F1, 71 — Rad)

R3xS2

J(F, 3.4 [ — Rad. 1)
(1, v1,t) f(™1 — Rad, ta. 1)

f) = Rza'z//dﬁz d&(¢ - p)0(V4e — & - P)8(G - p)g(7y, 7 — Rad)

R3x 52

x f(r1,v7,t)f(71 — Rad, vy . t) | log

f(r1,01,t) f(¥1 — Ra t)l
f(7,01,t) f(71 — Rad, vy, 1)

Next, let 3;(f) (¢ = E,2,3,4) be the integrand in o;(f) with |log(...)| replaced by

g,
g,

Sils

x f(71, 3, 8) f(71 — Rad, 1) | log

log(...). According to the discussion of the H-theorem in Section 3 and equality (3.27),
we obtain, by changing variables (0, 70,) — (9},7}),6 — —&,and (7y,0,) — (7, 0})

and (U, v2) — (07, 0%'), respectively, for any T > 0,

//flogfdf‘ldﬁ’l-//fologfodv"‘ld{fl:

R3xR3 R3xR3

=3 [ [ ][] [st0r+ 500+ s5) + 3300 a1 a5, s

R3xR3xR3x 52

(3.62)

Since z(logy —logz) <y—z<y+z, fory,z > 0,

///// max(—PBg(f).0) dvy di, d5 diy ds <

0T]xR3xR3vaxS2

! ///// a2 47, i, G 47y ds(3 - PO(G - g, s + adln(f)

[0.T]x R3xR3x R3x §2
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X [f(l-'l z}'l,t)f(ﬂ + ad. th) + f(T-"]. l?;t)f('l—"l + (10_:. {"g.t)]. (363)

Paralleling the method by which we obtained the inequality (3.49), we have
///// [—3e(f)]T 40, dF, dG dFy ds < C(T. fo, M,). (3.64)
[0.T)x R¥x R® x R3x 52
Similarly, we can get, for z = 2.3.4
///// [—3:( )] dv, dT,y dF dFy ds < C(T. fo, M,). (3.65)
[0.T]xR3*xR3®x R3 x 52
The proof of (3.65) will be given in the following. We have

/_// max(—pz(f),0)drdv; <

[0.T)xR3xR3

< R%*a? /// dr,d, // dv,dd (5 - p)0(G - p)g(T1,71 + Rad|n(f))

[0.T)x R®x R3 R3x5?
X[f(’)'—"l,l-)‘;’ f(r1+R(LO' )+f(7'1,1,1 )f(n-{-Raa’ v, t)]

< R*q? ///// dtdi,dv, dv,d3(F - p)8(& - P)g(71. 71 + Rad|n(f))

[0.T]xR3x R®x R3x S2
x f(r1,0].t)f(71 + Ra&,vy,t) + C(T, fo. M,).
Under the change of variable: ¢y — v)',0, — Uy', we get 0] — 0,05 — Uy,

moreover,

d0,dvy(& - p) (G-5>0)
— (75 —4e)}(F - )y ey (5 3"
= (5 §")di 5 (G 5N )
= (3 P dE(F 77 (F - 5)
= (& - §")d¥,d7,
= (- p)? — 4e)2db,d7,
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S (5: : ]-)‘)(1’1—9'1(17{"2.

Hence.

/// max(—3,(f), 0)drydvydt

{0.T]xR®x R3

< R*¢ / / / / / dtdr,d5,d5,d5(G - 9)8(G - P)g(7, 71 + Rad|n(f))

[0,T]xR3xR3x R3x 5?2

X f(Fl’ 1717 t)f(rl + Ra&v -"2- t) + C(Ta an -V[g)

S C(T, fo, A’[g).
For 3;. we get

[0,T)xR3x R3

< R%a? /// 47, dvy // diyd3 (3 - P)O(G - f — VEe)g(71, 7 — Rad|n(f))
[0,T]xR3xR3 R3x 52

x [f(7, 07, 0) (71 — Rad, ¥y 1) + f(71, 01, 8) f(7y — Rad, vy, 1)]

< R** / / / / / dtdrydt,dv,dG (G - P)O(G - F — V4e)g(7, 71 — Rad|n(f))

[0,T]xR3x R3 x R3 xs2
x f(F1,07,t) f(F1 — Rad, vy, t) + C(T, fo, M,).

Under the change of variable: v, — oY, 7, — U}, we get 0}" — v, Uy — Uy, and

d7,d, (5 - P) (59> Vie)

— (3 P)* +4€)5 (- ) T dvy (5 ")
_ (G- +4e7
T @D

- P)? + 13)2d7,dv,

0, d5y(F - p)

[
)

IN
w

- P) + V4e)ds,dv,.
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Hence,

/// max(—733( f), 0)drdv,dt

[0,T]xR3x R3

< R*q? // /// dtdi,dv,dv,d5 (5 - ) + V4€)0(F - Plg(71, 71 — Rad|n(f))
[0.T]x R*x R3x R3x §2

x f(ry,01,t) f(I — Ra&,vy,t) + C(T, fo, M,)

< C(T, fo, My).
Similar to the case of 3;(f), we have

/// max(—34(f), 0)dtdr dvy < C(T, fo. My).
[0.T)xR3x R3
Using the boundedness of [ flog f. we get,

///// | = B:(f)| d5: ds d3 dit ds < C(T, fo, M,). i = E,2,3.4

[0,TIxR3x R® x R® x 52

(3.66)

At last, we can obtain

/// ds dity diyou(f) < C(T, fo, M,) i=E.2.3,4 . (3.67)

[0.T|xR3x R?

(3.67) is useful when we show weak compactness of collision integrals.
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(ii)

(iii)

§IV. Equivalent Forms of Solution

Now, we define precisely some notions of solution of the kinetic equation[21].
A nonnegative function f € L} (R* x R?® x (0,T)) is a mild solution of equation

(1.2) if, for each 0 < T < 20, CE(t, f)(7.7,") (¢ = E,2,3.4) € L'(0,T) ae. in

(F,7) € R® x R? and satisfies

f*(7, if.t)—f#(r,v,s)=/tE(f,f)#(F,f)',3)ds, 0<s<t<T (4.1)

where
R 5,8) = f(7, 7+ 1, 1) (42)
A nonnegative f € L, (R*x R*x(0,T)) is a renormalized solution of the equation
(1.2) if
Ii—fc;—f(f) CIL (B x B x(0,T), i=E?234 (4.3)
and
D log(1 + ) + 7 = log(1 + f) = = E(/. (4.4
5t 8 T 5 % Sl '

in D/(R® x R® x (0, T)).
For i = E,2.3,4, let F*(F,5,t) = fot LI (f)*#(F,v,s)ds, where L} is defined by
Co(f)=fLI(f). ULI(f) e LL(R*x R®*x (0,T)) for any T > 0, then f satisfies

loc

the exponential multiplier form (1.2) if

fE(F,T.t) — f*(F, 7, s) exp {— Z(F;#(t) - F,-#(s))} =

i=F

= / dr )y CH(r. ))*(7.7,7)exp {— > (FF() - F,-#(r))}

=5 =K

(4.5)

for any 0 < s < ¢t < T and a.e. in (7,7) € R* x R3.

In order to get familiar with some equivalent relationships among the solutions

defined above, in the following, we give some lemmas and explain them in detail.
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Theorem 4.1. (see Theorem A in ref.[21]) Let f,h € L}, .(R>x R* x R) and assume
that

Tf=0f+7-Vif=h in D(R*xR*xR) (4.6)
Then, for almost all 7,5 € R3, f#(F,v,t) is absolutely continuous with respect to t,
r# (7, v,t) € L}, (R) and

loc

fE(ty) = fF(t) = /tz h#(s)ds,  forallt;, t, € R. (4.7)

t
Conversely, if f,h € L} _(R3x R®x R) are such that, for almost all ¥, v € R3, f#(r,v,1)

loc
is absolutely continuous with respect to t, h*(7,v,t) € L. (R) and (4.7) holds then
(4.6) holds.
Proof: Multiplying (4.6) by (7 — tv, #)((t) where v € D(R® x R®),{ € D(R) we

find immediately

—/ dt // drdvoy (r — tv, 0)¢'(t) f = / dt/ drdvp(r — tv, 0)((t)h, (4.8)
R R3x R3 R R3xR3
and changing variables (7,7,t) — (7 + tv, 7,t), we deduce
[ arsutr o [ acor + o) =o. (4.9)
R3xR3 R

Therefore, using the fact that C! functions with compact support span a separable
dense subspace, we see that for almost all 7,v € R3

[ acort +cor) =o (4.10)

R
for all ¢ € C'(R) with compact support. Now, in the distribution sense, we have

(F#) - h* = 0.

Conversely, one deduced from (4.7) taking t; = ¢,t, = t + &, dividing by & and
passing to the limit as A — 04 in the sense of distributions,
of*
ot

One recovers easily (4.6) by multiplying smooth test function at both sides and chang-

=h* in  D'(R*x R*xR) (4.11)

ing variables.
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Lemma 4.2. Assuming € ''(0,00),[3'(t)| < 155 If

09 +5 Vs =SB ) (4.12)

holds in the sense of distributions and CZ(f, f) € L}, then f solves (1.2) in the sense

loc

of distributions.

Proof: It suffices to take 3s(f) = 3 log(1 + §f) and observe that by (4.12) we have

0 1

(5 + 5 VB = g7 B, (413)
We note, for any ¢ € D,
WO+ T VAR = [ B P (1.14)
/ a v 1"') § - / 1 + 6f ) ) 3 .
3 9 15 V) = ! E * 4.15
[5G +5-Varv = [ B P, (4.15)
hence, letting § — 0% and passing to the limit in the sense of distributions, we get
[ i +-90 = [ B0, (4.16)
i.e.,
a ,
[uog+svar=[eunw. (117)

Lemma 4.3. If f € L},_solves (1.2) in the sense of distributions with CE(f, f) € L},
then f is a solution of (1.2) in the renormalized sense. If f is a solution of (1.2) in

renormalized sense then (4.12) holds in the sense of distributions.
Proof: Assume ¢ € L}, (R® X R® x (0,00)) and T € L},.(R* x R® x (0,00), using
Theorem 4.1, for almost all 7,7 € R®, we see ¢# (7, 7,t) is absolutely continuous with

respect to t. We observe that for all Lipschitz maps 3

Ble)*(t) — B(w)*(s)
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- [T o (13)
Hence
T3(p) € Liys  THe)=F(@)Te ae (4.19)

If fe L, solves (1.2) with CE(f, f) € L}og in the sense of distributions, then letting

g(f) =log(1 + f), we have

E(f, f) a.e. in the sense of distributions, (4.20)

This implies that f is a solution of (1.2) in the renormalized sense.

If f is a solution of (1.2) in the renormalized sense, one has, noting that g’ £ =

{FNA+NHA+ )T E} and F(F)(1 + f) € L™,

TB(f)=8(HTf=3(f) _f E(f,f)=B(fE(S. ]) (4.21)
in the sense of distributions.
Lemma 4.4. Let F# (7,7,1) fo (7,v,0)do , 1= E,2,3,4, and assume that

for any R,T < oo, Li(f) € LY(Br x Bg x (0,T)).Then f is a mild solution of (1.2)

if and only if it is a solution of the exponential multiplier form of (1.2).

FEF B, 8) = fH(F s) expl= Y (FF(t) = F¥(s)] =

-

i=FK
= [ S CrUHE T bl SRR - FADde, (22
S i=E i=F



- —

for any 0 < s < t < oc, a.e. T,U.

Proof: We observe that if L;(f) € L}.(R* x R® x (0,T)), then F; € L} (R® x R® x
(0,7)), and for any v € D,

— F¥(¢
/ / lim £ )y (7 5, 42 )drdidt, (4.23)

t2—>t1 tz -t

t2 - - - did — ]
Li(r+ 00,7, “, U, ty)drdv)d
=/ fim Ju U LT+ 00 8,007 5, t)dds)ds (4.24)

ty—t) ty — 1

TF;=L; D'(R*x R*x(0,T)). (4.26)

Therefore,

Due to the Theorem 4.1, F{* is absolutely continuous w.r.t. ¢ for almost all 7,7 € R>.
So, the remaining part of the proof is easy. Indeed, we see

4

() exp(3 FA(5,1) =
i=F
= - exp( ZF# 1)) + f#(7, utexp(ZF (7,0,t)) - ZL#
i=FE 1=FE
=Y (CHNH* = CT(H*) exp(d_ FEF5.0) + Y Cr(f)*exp(d_ F¥(7,5,1))
1=K 1=K 1=K i=E

4

=) CH*(F 5,1)) exp(Y_ FFH(F,5,1))

i=F i=F
for almost all 7, 7.

Conversely, if the exponential multiplier form (4.22) holds for f, then

4
fEexp() | FF(7,5,1))

i=F
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is absolutely continuous w.r.t. t, so the absolutely continuity of Fi#(f', U,t)) implies

the absolutely continuity of f#, hence, from (4.22), we get
Tf=E(f.f) in D(R*xR*x(0,T)).

Lemma 4.5. f is a renormalized solution of (1.2) if and only if it is a mild solution

of (1.2) and —H_—f €L, i1=FE234

Proof: If f is a solution of (1.2) in the renormalized sense, then, by Theorem 4.1 and
Lemma 4.3, for almost 7,7 € R?, and for all § > 0, g¥ = 3 log(1 + & f#) is absolutely
continuous w.r.t. ¢, and -Tf#— € L. (0,00). Since f# = exp(¢¥) — 1, f# is also
absolutely continuous w.r.t. t and thus CE(f. f)# € L}, (0, c0) for almost all 7, 7. In

addition, for all t > s > 0,

t

1 ,
# _# - # - = o
g7 (t) — 9} (s)._'/; ———1+6f#E(f,f) do, a.e. T,U (4.27)

and we conclude by letting § — 0 and using lebesque’s lemma.
Conversely, if f is a mild solution then f# is absolutely continuous w.r.t. ¢ for

almost all 7,7 € R®, and so is g#* = log(1 + f#). Furthermore, we have, for all

t>s>0,
t
gt () — g% (s) = /s 7 +1f# E(f, f)*do, a.e. T,U. (4.28)
Therefore, if 1+fff) € L},,, we conclude that f is a solution of (1.2) in the renormalized

sense using Theorem 4.1.
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§V. Approximate solutions

(5.1). Construction of approximate equations
let X, W, be symmetric about z and y.and continuous in (z,y) € R x R® such
that 3 5 R
4y <n°
Xo(z.y) =Wyo(z,y)=< 0 2 +y* > (n+1)? (5.1)
§(z* +y*) otherwise

for some 0 < 8(z) < 1.

Lemma 5.1. For the correlation function g(u.v), there exists a sequence {gi} such
that

(i) For each k > 1, gi(p,v) >0 for 0 < f € LY(R® x R®), gx(p,v) Is symmetric
under the interchange of u,v € R, and jointlv continuous;

(ii) For any compact set K C R?, as k — >, gk(p,v) — g(p,v), uniformly:

(iii) There is a constant C} such that
|9k (11, v1) = grlppz, v2)| < Cillpr — pal + |11 — v2) (5.2)

Proof: Let g, : R x R — R be continuous and symmetric under interchange of z;
and z,, with . ‘
g(xl’xZ)v ‘z’"l-+‘1"§§ (k+1)zv
=10, s ad > (k42 (53)
continuous, otherwise.

then, for integer k > 1, z € R? define

gi(z) = /Rz ge(z = y)ow(y) dy
=/ 9c(y)aw(z —y) dy
R2

where ai(z) = k*a(kz) and

L Cepllaf -1, Jaf <1
afz) = 0, lz| > 1.
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with fR2 z)dr = 1. Check

) =g(e) = [ (gile =) - s(aonlu)iy

when z € some compact set A C By, = {(z1, 1) : 23473 < ki }, due to supp ar(y) C

By(y), x —y. 7 € Bigr1 = {(z1.22) : z? + 22 < (ko + 1)%}. So, when k > kq.
92) = 9(0)| < [ k(e = 9) = glelen(v)iy
R2

- / 190z — 3) — g(2)ox(y)dy
R2

< max l9(z —y) — g( i/ ak(y
x,x—yEBkoHv”y”S‘}E
< max l9(z —y) -

z.2-y€Brg+1,lllI<E

We see that, as £ — oo, gr(z) — g(z), uniformly in K, hence, gx(z) — g(z) for any
r € R%

Because gi(z) = [p 9i(z — y)ak(y) dy and supp(gx) is compact, hence, there
exists a Cx > 0 such that max |0gg(u, v)| < Cr < co. Therefore, we get (5.2).

Next, let us define CE(t,0)(i = E,2,3,4), forp a nonnegative measurable func-
tion on R x R® x RL , as
Ctultrp) = @ [[ 4nds(@ - P0G - AWaldt, Bhon7rs 7 + o1n(e)

. R3xS2
X Xn(Fl,Fl + 0,5")99(7—'.1, 27;7 t)‘P(rl + (15:, l-;;a t)

1 Lo e 1 " - oo
x [1+ —/ o (71, 0, 1) [T ] 7ML + _/ (1 + a, by, t)|do] ™

Cgn(t, ) = a’ // dv,dd (6 - P)0(F - PYW,(v1, Ua)gn (71,71 — adn(y))

R3x$?

X Xn(’l—"l,f"l — 015:)99(7—“1, 171’75)99(7?1 - 416:, 62’ t)
1 L e L 2 ad a1
x [1+ f/ o (71, 1, t) 0] 7M1 + _/ e (7 — a6, 51, 1)|d5i] ™
n Jrs n Jgrs3

Ciltip) = a* [[ d5.d5(6 - OG- AWal&t, Ba(7i 7 + Ranlo)

R3x 82
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X Xn(Fl’ Fl + R(LO_:)(,O('Fl v"{')go(v“l + R(l&, l?;l,t)
1 — — - 1—- 1 - - = - 11—
x [1+ —/ 071, B, 1) [de] 71 + "/ |o(7 + Raé. 0. t)|dvy] ™!
n JRs3 n JRrs

Cr(t. 2) = R // 45,05 (5 - )07 - F)Wa (51, 2) g (7, 7 — Radn())
R3x 52

X Xn (71,7 — Rad)p(7. 01, t)@(7y — Ra&, ¥a,t)
1 (o= = . 1 . . L

x [1+ —/ (71, U1, 8)|dTy] 7M1 4 = lo(7, — Rad, oy, t)|dw ]~
n JR3 n JRr3

Ct(t.2) = R*a? // d5,d3 (3 - P)O((F - P) — VAe)W, (T, 7)) gn(F1, 71 — Rad|n(p))
R3x 5?2
X Xn(T_"l, 7_‘1 — Ra&’)go(f]. ‘l_).;”, t)ga(f'l - R(I,é", 'l—);”, t)

1 nd -— -— — 1 — - —_ —
x[1+= / |o(71, 91, t)|do ] 7ML + = / (7 — Rad, vy, t)|din] ™!
n R3 n R3

Cinlt,¢) = R*a? // di,d3(G - P)O((G - P) — VAe)Wa(B1, 52)ga (71, 71 + Rad|n(e))
R3x 52
X Xo(7, 71 + Rad) (71, 71, )07y + Rad, B, 1)

1 1 - - - ]— 1 — — — -
x [1+ —/ |o(F1, 01, 8)|doy 7 1 + = lo(71 + Raé, vy, t)|dy] ™!
n /g3 n Jgs

cmmm=Wﬁ[ﬂmwwﬁwamwﬁiﬁammm%@Mprﬁwww)
R3xS$?
X X, (F1,71 — Rad)p(r1, 01, t)o(f1 — Rad, Uy, 1)

1 . e 1 - - =1-
(12 [ e 0+ [ el - Radn. s
n Jr3 n JRrs

Cr(t,) = R%ﬁ/ d7,d3(5 - P)O(F - p)O(Vhe — (& - ) Wi (1, T2)gn(F1, 71 + Rad|n(p))
R3xS?

X Xn(Fl, T—"] + Ra&’)cp(ﬂ, 61, t)(p(;"l =+ R(IO_", 52, t)

1 - e - 1= l — -+ - ] — [
X [1 + —/ i‘P(’"hUl,t){d’«‘l] 1[1 + - |99(7'1 + RaU,Ulat)ld%] ! ('3-'0)
n Jrs n JRs

Let us consider the truncated kinetic equation

8 n - d n : —
djz; + v —a{:— = En(t,f") = ; [C,-;(t,fn) - Cin(tv fn)]
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fn(f"l:ﬁ.l‘tzo) :fg(Flaﬁl) (56)
where

n rn 1 1 : 1 =12
o =Jo T ;eXP("E"_’V - _Z-M ). (5.7)

Here, f~5‘ = fat * x for x € C° with compact support, and

min{fo(r,v).n}, for |r|> < n? |v]? < n? 3
fcut(r7v70) = . (0.8)
0, otherwise
We note
J[ @ranso - R+ i+ 5 — o (5.9)
R3x 52
and
/ dids fI|log f < C, (5.10)
R3x 52

where C is a constant independent of n.
By directly computing, we obtain,
Lemma 5.2. Fori: = E,2,3,4,any T > 0, and ¢ € L'(R®> x R®) for almost all
te (0,T),
[zt < ¢ [let, 0140 (5.11)
These C,, are independent of .

Lemma 5.3. for i = E,2,3,4, and T > 0. and » € L'(R?® x R®) for almost all

te(0,T),

”C;z(tW)”LW(R*"st) < Cn”‘P”Lw(RSst), (5.12a)
and for ¢ = 2,3,

IC5(E @) lLomoxre) < Callllzo(roxms)- (5.12b)

These C,, are independent of ¢ .

Proof: For C

m

(t,¢), the proof is immediate by (3.45). By the method first intro-
duced by Carlemann (p.32 of ref.[26]), for C (¢, ), we have
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Ci(p,9) = R*a* / / Aty (5 - PYO(G - YW (T7, 50)gn (71, 7y + Rad|n(p))
R3x 52
x X, (71,71 + Rad)p (7, 0 )0 (7 + Rad, vy, 1)

1 - o 1 - - - oo
f= o [ et sl 1 2 [ el + Rad 5, ) a5
R3

S

n R3
<R [[ do- 9O HWAE, T)on( s + Radn()
R3x 52

X X, (71,71 + Rad)e(r1, 07 )e(1 + Rad, vy, t).

Let & = (I,m,n) where
[ =sinfcosgp

m = sinfsinp
n = cosf

Let do, = sin 8dfdy be the surface element. Hence

CT.(p,9) < R*a® // (G- DYO(G - PYWu(TY, 50)gu (71, 71 + Rad|n(p))

R3x 52
X X (71,71 + Rad)e(1, 07 )p(71 + Rad, vy, t) sin 8d0dodve, dva,dva.

We define

M, = é-cos2 A
1 ow .
M, = -2-[cos 0@_0 +sindB] A
oW
M; = i cos 9—(—)— A
2 O

M, = —%sin@cosgocos@A

&
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i
Ms = l[cos@cosgoB—smOcoscpav | A
2 o6
1 ow
Mg = E[-—smOsmc,oB—-schosgo 50 —1]A
1

M7 = -3 sinfsinpcosf A
oW
Mg = =[cosfsinpB — sm@smcpdde 14

My =

l\.alv-—‘l\alv—A

—[sinf cosp B —smHsmtpd 50 — A

where W = (& - p) = l(var — v1z) + m(v2y — v1y) + n(v2: — v1;) and [ = sin @ cos p,

m = sinfsinp, n = cos . We note

1 - 1
vy = viz + 3cos0(cr-ﬁ) — EcosoB

1 1
Vyp = Usg — ssinﬂcos o(6-p)+ ;sin()cos oB

L 1
Uy = Vzy — 5 sinfsin (- p) + ;Z—Sin(‘)sin B, (5.14)
and
(= 5) - (7 - 51) = —,
s0,

O(v1zs V1yr Uiz, Voss V3y)
O(V2z;s Vay, U2z, 0. ©)
_ O(vi, + vy, vi, + vy, V1L, VY, V)
B 0(vaz, V2y, V22,0, )
I(vY, viz, v3y)

0( V2z, Y 4 )
IW] 1”2 M 3
1‘44 IW5 M 6

M, Mg M,
1 cos § sindB 0
= -A3cosf|—sinfcose cosfcoseB —sinfsinpB
8 —sinfsing cosfsinpB  sinfcospB

= %AS'B2 sin 8 cos 8

45



1 (5'17) 370 = 2 :
=—(1— =)°[(6 - P)* + 4e]sinf cosd.
1= B VU 4 4
(5.15)
Similarly, we can get
d n , "t , /I/_‘ /)/I , //1/ =, _
(dle Uty D1 ,v; Vay) = %(1 - b 2Pl(G - 5)* — 4e€]sinfcosh. (5.16)
(7—'21:71}23/7”2:’ 7‘1‘9) 8 [(0‘ };)2 — 4e ]
So,
. L '
O(v2zy V2y, v2z, 0.0) B[(5-p)? — 4¢J (5.17)
O(v1, viy: V1%, Vip, V5y)  sinfcos 8((G - p) — 4€]z — (G- p))?
B(U'Za:s‘v‘.?y,v‘z.m B’Lp) = 8[(&13)2 + 46]% (518)

O]y, 1y, 012y V3, V5y)  sinfcos B((G - §)? + 4e]z — (G- §))?
—_—
The integral area for dvj dvy, is on the plane Ey g through which the vector v vy

perpendicularly passes at the point:

('U _ v]z vll‘ Ui’y — U1y V. — vlz U1z 6)
A A R T A R N G AT

Let q be any point of the plane Ej g, one has (see Figure 5.1)
dvy,dvy, = |cosf|do,.
Having these preparations, we may obtain

CL.(¢,0)| < Ch / 0u (P71 + Radln()) (7, o0, 1) d"
RS

7 . 2. M2 1
< / o(ry + Rad,q,t) W, 8_|‘(‘7 17)”(0' 115') +_’4e]2 o
Eoy oy ([(F-p)*+ 4€]z — (- p))?

< Cullpllim [ onlFisfis + adlnle))ol, 7,0 a5
R

x/ w, BIE PG -7+ 4
ser (G PP+ 4eF = (G- PP

= Cu il / 4a(Fs 1 + Radln(o))ol(7, 57, ) di!
RS

q

q
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< G ol (5.19)

Hence,

1CH.(t )l Lo(rexrs) < Cull@llLe(roxrs)- (5.20)

By the same method, we can get for : = 3,
HC;;L(t, cp)HLoo(Rsxgs) < CnH‘P”Lw(R3xR3)- (5.21)

(5.2). Lipschitz condition of approximate equations

Lemma 5.4. For each T > 0, there is a constant C,, such that

‘/ kanv)—ait¢wﬁﬂﬁfSQK[/hp—¢Mﬁdﬁ

R3xR? R3xR3
/ ICE (1, 0) = CE(t, )|dFdi: < Cn / / o — |dF i (5.22)
R3xR® R3x RS

hold for all nonnegative @, € L*(R* x R®), where C,, are independent of ¢, . (5.22)

is just a Lipschitz condition.

Proof: We only check CF, , since for the other terms, our argument is the same. Set

z1 = ga(71, 71 + ad|n(p))
Iy = (1‘9(7-‘1’5’;17:)
r3 = @(7 + ad, ¥y, 1)

1 - - -
zo=1+1 / (i, 1, )5,
n R3

—~
(&3
o
[N

N—

]‘ -— - o ol
s =1+ —/ lo(71 + ad, 0y, t)|dvy
n Jgrs3
and, by the change of function, ¢ — v, define y;, : =1,2,3,4,5. We compute

T1ZT2Z3 Y1Y2Y3
T4Ts Y4Ys

= ($4x5y4y5)"1[:r1:1:2x3y4y5 - y1y293$4$5]
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= (z4Tsyays) " (21 — y1)TaTayays + Y1(T2 — y2)Tayays + yava(Ls — Ya)yays
+y192y3(ya — 24)Ys + Y1y2y3za(ys — Z5)] (5.24)

Now, it is easy to get the inequality (5.22) by using (3.45) and the expressions (5.1)-

5.5). For example, the term corresponding to the first term above 1s

//// X”"V |W|d71dU1dU2d0’
R3xR3xR3x $?

.(Jn(n(h ©), n(7y + ad, p)) = gu (071, ¥), n(71 + ad, ¥))]p(71, 7. t)p (71 + ad, v}, 1)
[L+ In(FL )]l + LIn(7 + ad, ¢)]

<c, / / (7, i1, €) — (i, Br, £)|dydi.
R3x R3

(5.3). Existence and nonnegativity of approximate solutions

We give a standard result from semigroup theory[27]. Here X is a Banach space.

Theorem 5.5. For any T > 0,let f : [0,T] x X — X be continuous in t € [0,T]
and uniformly Lipschitz continuous (with constant L) on X. If —A is the infinitesimal
generator of a Cy semigroup T'(t), t > 0 on X, then for every ug € X, the initial value

problem

du(t)
dt
u(0) = uo (5.25)

+ Au(t) = f(t,u(t)).  t>0

has a unique mild solution u € C([0,T]: X).

Note that A = —v; - V7 is a generator of a Cy semigroup T'(¢) in L1(R® x R3),
where T(t)f(7,7,8) = f(F—5%,7,t). Introducing f#(F,5,t) = f(7+3t,5,1), equation
(5.6) has the following mild form:

¢
=0 +/0 en(s, fu)¥ds (5.26)
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Theorem 5.6. For each natural number n and for any T > 0. the approximation

equation (5.6) has a unique mild solution in C({0.T], LY(R?® x R?)).
Proof: Based on (5.22) and the above theorem. the proof is easy.
Lemma 5.7. The approximation solution is nonnegative.

Proof: For 0 <t < T,define

LE () = a? / / 45,05 (G - P)O(G - YW (Br, 53)ga(Fos 7 — adln) Xo(Fos 7 — ad)

R3x 52

1 1
x fulfi = a8, B, )1+ —N(, O]+ ~N(7 = ad)]”

LT (f.) = R*a? // d7,d5 (G - p)8(& - )W, (V1, Ta)gn(T1, 71 — Ra&|n) X, (71,71 — Rad)
R3xS52
1 1.
X fulFy — Ra&, vy, t)[1 + ;N(Fl,t)]“[l + —N(7; — Rad 1))
n
L} (f.) = R%*a® / / d5,d3 (3 - P)O((F - P) — Vde)W, (1, T2)gn(Fy. 71 + Rad|n)
R3x 52
B B 1. . 1. . o
X X, (1,71 + Rad) fr(r] + Rad. vy, t)[1 + ;L’V(l'l,t)]—l[l + ;.\/(7'1 + Rad,t)]™!
LI (f.) = R*® // dt,d&(5 - P)O(F - P)0(V4e — (& - P)) Wiy, T2)gn(F1, 71 + Rad|n)
R3xS2

1 I .. . -
X Xn(Fl, 7:'1 + RaE‘)fn(Fl + RaE, ‘l_)’g, t)[]. + ;A’V(Fl,t)]‘l[l + ";.\"(7‘1 + Raa,t)] !
(5.27)

Let F*(F th" Sfo) (7, U, 7)dr, then the functions f, satisfv.for0 < s <t < T,
0 n

n

4
fEF. o) — fH(F.5, .s)exp{——z *(t) — F(s) } -
1=F
4
/ i f)E (o, T)ew{ > (FEw) - Eﬁ(r))}dr (5.28)
$ i=E =F
Consider the equation
4
R(F+t0,0,t) = exp[— Z FZ ()] - f2(7,7)
i=E
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4
/ exp[— Z 2O+ > FRs Z C(r.W)*(F, 7, 7)dr (5.29)
0 =F

We see that CX(7,h) > 0, if A > 0 and that f, is the solution of (5.29), for ¢t € [0,T].

mn

Because L} (f,) is bounded due to condition (3.45), we have. for 0 <t < T. there is

n

a C,(T), such that

4
0 < exp[— Z FE( Z ( (T). (5.30)
1=1

1=1

So. by (5.22), f, is the unique solution of (5.29). But for 0 <t < T, we can construct

the following convergent iteration scheme in L':
h1 =0

h;(7 4 tv,7,t) = exp[— Z |- f3(7,0)

4

+/0 exp[—Z;Fi Z o z (7, R ) dr

1=1 =1
(5.31)
for j = 1,2,.... It follows that Ay > hy > 0, and by induction, {%,} is a non-negative
increasing sequence, hence b = lim;_.. h; > 0. As f, is the unique solution, it follows
that h=f, >0for0 <t <T.

Following DiPerna and Lions’ work [21], we can show that

Lemma 5.8. Fort e [0,T],

v 1 . 1 ..
[T 0, t) > ﬁexp(—Cnt—SlF—tﬂz—zz—]ﬁ']z) =g, a.e. in (F,0) € R3x R>. (5.32)
n 2

Proof: We note, C;,(t, fn) < 2C.f, on R® x R3 x R, for some constant C, [ the

=3

same constant appearing in (5.32)]. We can see that

doff + 7 % +Cafa 20 in R x R*x [0,T). (5-33)
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One may see directly for g,,

% +7. % +Cohgn =0 ink® x R® x [0,T]. (5.34)
ot Oz

Let y = fn — gn. Since y(0) = f,(7.7,0) — g,(7,7.0) > 0 for ¢ in some neighborhood
of ¢t = 0, we have
dy

—J{ Z —Cny = 10g Yy Z —Cnt + CO (‘3‘35)

or

y > Cre . (5.36)

Hence, the inequality (5.32) is proved. This fact is used to show that f, log f, € L!.
As for the Enskog equation, symmetries of the collision integrals lead to identities

for

/ / (7. 51, 8)Con(f, f)d, i,
R3xR3

for i = E,2,3,4 and © a measurable function on R* x R*> x R}, . Indeed, construction
of the approximate equations (note the various arguments of W, ) has been arranged
so that these symmetries can be exploited even though energy conservation fails. e.g.,

U7 + U3 # (97)% + (09)%. One result is the estimate

//(CEn + C2n + C3n + C4n) log fn. _<_

R3xR3

1.
< s / dry do, d, / d5(G - P)O(G - P)gn (71, 71 — aB) W (1, ) Xu (71, 71 — )

&

X [fu(F1, 01, ) fu(71 — ad, U5, t) — fo(F1, 01, t) fu(F1 — @&, 07, t)]
_ %R%Z/dﬁdadaz/d&(&'-me(a.me(\/ﬂ— G- 5)
X ga(F1, 71 + Rad) W (1, 5) X (7, 7 + RaG)
X (o8, 0) fo(Fo + Ra, 0. 1) — fu(F, T ) fu(Fs + RaG, 50 1)]
- %Rzaz / 47 di / d3(5 - P0G - P)gn(F1, 7o — RaG) W (31, 5) Xo (71, 71 — Rad)
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X [ falF1, 01.8) ful71 — Rad, Ta.t) — fu(Fi, 0] t) fu(F — Rad, T5. t)]
—3) / 11dv1du/do(&'-ﬁiﬁ(‘\&’~m — V4e)

X gn(71, 71 + Ra&)W, (1, 02) X\ (71,71 + Rad)

X [fu(71,01,8) frl 7y + Rad, T t) — fo(71, 07 1) fu(71 + Rad, 0y . t)].

Therefore, defining

t

2(t) =
a? / 47, d7, diFy /d&‘(& - D)O(G - D)gn(Tr, 71 + &) fulF1y 51, ) ful 7L + aF, T2y 1)
+ RZaZ/dFIdadz?z/d&(é’ - D6(F - DYV — (5 - P))
X gn (71,71 — Rad) fu(71. 01, t) fu(1 — Rad, v, 1)
+ R2a2/dﬂdz}}d5‘2/do‘r’(&’ - P)O((& - P) — Vi)
X gn(T1, 71 — Rad) fu (7. 01, 1) fu(7) — RaG. 0y, t)

242 / d7, 7, dv, / d&(7 - pV8(G - p)

X gn (71,71 + Rad) fr(71. 01, t) fu(71 + Rad, vy, t),

2]

we can define the Liapunov functional (H-function)

t
Hn(t) = // fn(ﬁ,ffl.t) lngn(Fa,'l}’l,t)dFld'l_)‘l —/ ]n(S)dS
0

R3x .82
which satisfies

dH,
<0.
dt <0

(5.4). Compactness of approximate solutions

As we note that the estimates (3.58)-(3.67) carry over in an obvious fashion to

the approximate equations, we have
sup / [T 0, ) (1|71 + [0 + | log fu(7, 0, t))drdo < C(T, fo. M,) < oo. (5.39)
telf0,T]
R3xR3
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In the following, we show that sequence {f, } is weakly compact in L'(R*x R*x (0.T))

for all T > 0. We state

Lemma. (Dunford-Pettis Theorem 4.21.2, p. 274 of [28]) If X = L'(Q,d,p) for p
a positive Radon measure on a locally compact space Q, then {f,};° C X is weakly
compact if and only if

() Ifull £ M < o, ¥n;

(i) Ye > 0, 36 > 0 such that [, |f.|dp < € for all B C Q with u(B) < 6.

(111) Ve > 0, 3 compact set K such that

| Vlda <. v
Q\K

Lemma 5.9. .The sequence {f,} is weakly compact in the case of (5.39).

Proof: (i) is obvious
For (ii) we note that for any measurable set B C R®> x R3 and any real K > 1, if

A is defined by A = {(z,y) € R* x R?|f, < K}, then

// fﬂf‘dz‘;’:/ fndv"’df)’—%-// fndf’dﬁ’g/ frdrdv+ / log ——drdv
B BnA BnAc BnA BnA¢ og K

By taking K large enough, we observe that for all € > 0 there exists ¢ > 0 such that
fB | fnldFdT < € for all B with u(B) < 6.

Finally, to see (iii), let Br = {(z,y) € R?> x R?|z* + y* < R?} and estimate
2
// fudids < / il i + O gz < = / Full7? + |517)dda.
A Bh R3xR3

Thus, (iil) is proved.



§VI. Some Results Due to Weak Limit

In the following, we first give a compactness lemma due to Golse et al.[22]. When
we study velocity average convergence of approximate solution and collision kernels

which plays an important role in our proof.
(6.1). Compactness lemma

Golse Lemma. (see Theorem 54 in ref. [22]) Suppose fn, 9. € L}, .(R*x R*x (0,T))

satisfy
_Bfu . Ofa
B R

inD'(R*x R*x (0,T)), and for each compact set K C R*x R®x (0,T), the sequences

Tfa

(.} and {g.} are weakly compact in L'(R® x R® x (0,T)) and L'(K), respectively.
Then for all o € L®(R® x R x (0,T)). the set { [ ¢fu d} = {[rs 0T~ gnd} is
compact in L'(R?* x (0,T)).
Lemma 6.1. (see Theorem 4.21.10, p. 279 of ref.[28]) Assuming that g, and h,, are
measurable on £ = R* x R® x (0,T), one has
(1) [shngn — J5 hg if go — g weakly in L', sup||hy||1r < o0, and h, — h a.e.
(i) [ghngn — Js hg if hy — h weakly in L, g:?i g strongly in L', and SUP,5q || hn | Lo
0.
(6.2). Wéak convergence of approximate solutions
In the sections above we have already proved that the approximation solution
sequence {f,} is weakly compact in L'(R® x R3 x (0,T)) for all T > 0. We may
assume, without lost of generality, f, — f weakly in L'(R® x R3 x (0,T)), for some
function 0 < f € L'(R® x R® x (0, T)).

Proposition 6.2. For any T > 0,

sup //[1 F I+ 7 + |log fILf(F,5,¢) dFdi < C(T) < o0 (6.1)
R3xR3

te[0,T] s
X
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Theorem 6.3. [28-29] Let X be a Banach space, g : M C X — Ry U {+x}, be a
convex function on the weakly closed convex set M. Then. on the set M, lower weak

semicontinuity of g is equivalent to lower semicontinuity.

Lemma 6.4. Let M = {0< fe L\R*x B®): [[ f(7 o)l +|7] +|)drd7 < C}.
R3xR3
Then, M is a weak closed convex subset in L'(R® x R?).

Proof: Suppose f, — f weakly, and let v = X such that S is compact. It is easy

to see

/ £l + |71+ [7])pdidi
R3xR3

~ [[ s+ 7+ oppdris < c
R3xR3

Because S is an arbitrary compact set, we can get
// (1 + 7] + [9))dids < C
R3xR3
So, f € M, and the lemma, is proved.

Proof of Proposition 6.2: By Fatou’s lemma, for any bounded measurable set

FEC R® x R3,

/ /(1 + 72 + [9)3) f(F, 0, t) dF dT < C(T) a.e.int €1[0,T] (6.2)
E
Since the F is arbitrary, we have

//(1 P+ [T F(F,5,8)dFdi < C(T)  ae.inte[0,T]  (6.3)

R3xXR3

Next, we want to prove

//fuogfldmag C(T)  ae intc(0.T] (6.4)

R3xR3

[%]]
(1}



Since zlog z is convex, lower weak semicontinuity of f, log f, is equivalent to lower
semicontinuity on weakly closed convex sets. Hence, we assume f,, converges strongly

o fin L'(R® x R3). Because of (5.39) and (6.3), we can also assume that
L+ 7+ = A+ A+ 1) in LY(R® x R®). (6.5)
Since f, log™ fu < (1 + |F] + [0]) fo + exp(=1 = |0] = |7]),
fulog™ fu— flog™ f (6.6)

in LI(R‘? X R3). Hence

hmmf//fnlog fndrdo <.sup//f,,logfnd7"d17+ //flog'fdf’dff (6.7)
n—00 n>1

R3xR? R3xR3 R3xR?

By Fatou’s lemma, [ [ flog* fdrdv < liminf, .o [ [ f.logt f,dFdv, and one

R3xR3 R3xR3
has
//fllogf!df’dﬁ'g C(T) ae.intel0,T] (6.8)
R3xR3

So, combining (6.2) and (6.8), it follows that, for any T > 0,

sup // 1+ 7% + |52 + | log fIf (7,7, ) dFdF < C(T) < oo (6.1)

te[0,T]
R3xR?

In order to apply the compactness lemma to the square-well kinetic equation, we

need to prove

Proposition 6.5. For each§ > 0 and R > 0, the sequence {CE(¢, )/ (1+6 )}, (3 =
E,2,3,4) is weakly compact in L'(R* x Brx (0,T)), where Br = {v € R*: |v] < R}.

Proof: For any § > 0,

2. (5 - : R af 7 T ) (7 — ad, @
1+5fna (0' ﬁ) (U ﬁ)gn(rlv’l aa'”(fvz))fn(rl’vlat)fd(” a07v27t) (69)

S C(O)M, fo(iy — ad, Ta, ) (|71 + |T2])
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where M) =  sup  g(z,y). Heunce, if the right side is weakly compact, the left side
(z.y)ER3XR3

is weakly compact in L' ( R*x Bpx(0,T)x R3x 5?), where we consider (7}, v}, t, 0, 5) €
(R* x Br x (0,T) x R3 x S?).

Let us check the conditions of the Dunford—Pettis Theorem.

(1) is obvious.

(i1) Let Ay = {(r,v1,t,02,0) : U, < K}. One has, for any measurable set
B, C R?*x BRx (0,T) x R? x §%,

/////f"(ﬂ_aa’ﬁlvt)(|51|+Iﬁzl)dﬁd{z‘l dt dv, d&
B,
B,
+/////fn(r1_a&,az,t)|l72|dﬁd51dtdgzd6_’

BinA,;

+ / / / / / [l — aF, Tyt )|v2|lvzl i dh 5

Bina? (6.10)
Choosing K large enough, letting the measure of B; be small enough and using
the inequality (5.39) .we get (ii).
(iii) Let Bl = {(#1,02,t, 02, ) : [71| + |91] + |T2] < R} and note

///// A(T1 — a&, 0y, t)(|0y] + |U3]) 7y dT; dt dv,y d& <

(R*xRL x(0,T)xR3x S2)NBLF

///// fn(a-ag,az,t)(mu|52|)"'1|+'j;+'”‘2'dfqdaldtd@da

R3xRLx(0,T)x R3x 52

(6.11)

Thus (iii) is satisfled. Therefore, f,(71 — ad,va,t)(|Uh] + |U2]) is weakly compact in
LY(R®* x Br x (0,T) x R* x S?). Moreover, because of (6.9), one concludes that the
sequence composed of the left side of (6.9) is weakly compact. Since the operator
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ffﬁﬂ(&'-ﬁ) - dU, d7 is a bounded operator from L'(R?® x Br x (0,T) x R?> x §?) to
IZJI)E;%3 X Br x (0,T)), we obtain. for any § > 0 and R > 0. Cz, (¢, fn)/(1 + 6f,) is
weakly compact in L'(R? x Bgr x (0,T)).

Similarly, we can obtain C_(¢. f.)/(1 +6f.) (2 = 2,3,4) is weakly compact in
LY(R®*x Brx(0,T)). Also, we see that the gain-loss estimation (3.58)-(3.61), together
with bound (3.67) implies that for any § > 0 and R > 0 the sequence {CF(¢, f)/(1+
§f)}, (i = E,2.3,4), is weakly compact in L'(R® x Bg x (0,T)). Indeed, by (3.58)-
(3.61). {CE(t, f)/(1=8fu)} (i = £.2.3,4), is bounded in L'(R® x Bg x (0.T)), and

for any measurable sets S C R* x R® x (0,T) and for all R > 0,

J[] darasa

R3xR3x(0,T)

Cit(fr, fa)(Xs + X 4apr)

C(T, fo, ./1’[9)
log M

o 1 -

R3xR3x(0,T)

Hence, as R — oo and the measure of S goes to 0,

sup /// drdvdt
n>1

R3xR3x

,-t(fn, fa)(Xs + Xjmpqaesr) — 0.

(6.3). Velocity average convergence of approximate solutions

In the remainer of this thesis, we shall exploit Golse lemma to obtain veloc-
ity average convergence of approximate solutions and collision kernels, then extend
DiPerna and Lions’s arguments{21] to prove existence of solution of the square-well

kinetic equation.

Proposition 6.6. For each ¢ with (14 |7|* + [01]%)"'p € L=®(R®* x R®x (0,T)) and

0 <k <2, one has

/fnpdﬁ’é/ fodv (6.12)
R3 R3



asn — oo In L'Y(R? x (0,T)). and for any R > 0,
LE(fa) = LT(S) (6.13)
in LY(R® x Bg x (0,T)).
Proof: we define. for § > 0,
;1 ) -~
fo= glog(l + 6 fn)- (6.14)

Since 0 < f8 < f,. {8}, is weakly compact in L'(R® x R® x (0,T)). We observe

that f¢ satisfies

0 L 0. 1 . -
G g = T b ) DR X B x(0,00). (619)

Golse lemma implies that for all » € L®(R® x R? x (0,T)), after passing to a subse-

quence if necessary.

/ ffodv — fﬂ,gdv in L*(R® x (0.7)) (6.16)

n—=oo

where f¢ is the weak limit of {2} in L}(R® x R® x (0,T)).
Let us write. for any ¢ € L®(R® x R x (0.7))

| fio= [ (Gufhedss [ (5= Pedrs [ fods @17
R3 R3 R3 R3

Then we will obtain

f,lgo dv — fgodv in LYR® x (0.7)) (6.18)
if we can show that
sup sup ”fn it f HLI RsxRa) — 0. (619)
n>1 t€f0.7T] —0t
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It is obvious from the lower weak semicontinuity of the norm and (6.19).
If = FPllmsxrsxory < T i liminf || fo — fullz:rexre) — 0 (6.20)
telo,

Now, we prove (6.19), obviously,

log(1 4+ 6fn)

5, ) X{fnSR}] + faX{sazry.  (6.21)

0 S fn - %log(l +6fn) _<._ fn [(1 -

: o ) s—o+ :
Since [(1 — ﬁj.jff—’)x{,nsm] =% 0 uniformly, and

sup sup //fnx{,-nzm df'dﬁjq—» 0, (6.22)

n2>1 t€f0,T]
R3xR?

we can get (6.19) easily. From the proof of (6.8), ¢ in (6.18) can be replaced by any

@ such that
(14 7+ 519 € L2(B x B x (0.T)), (6.23)

where 0 < k < 2.

Now, let us prove that, for : = F,2,3.4,

LE(fa) — LT(f)  in LY(R® x Br x (0,T)), (6.24)
where
// U, da (& - p)O(G - p)g(71,71 — ad|n)h(F) — a&, Vs, t) (6.25)
L} (h) = Rzaz//dviz da (5 - p)0(d - p)g(ri.7 — Rad&|n)h(iy — Rad, vy, 1) (6.26)
R3x 52
L3 (h) = R / / 45, d&(G - p)O(G - p — VIe)g(71, 7y + RaG|n)h(7, + Raé. 7y, 1)
R3x 52 (6.27)
Li(h) = R2a2/ / dv, dd(a - p)o(a - P)O(Vie— & - P)g(r1,71 + Rad|n)h(Fy + Rad, Vs, t)
R3x 82
(6.28)
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First. we have, by (6.18), (6.23) and the boundedness of the operator [8(c - p) - d&,
52

which is a bounded operator from L'(R® x Bgr x (0,T) x S?) to L'(R®* x Br x (0.7)),
az/ / dv, dé(c - p)0(G - p)g(T1. 11 — ad|n) fro(F1 — ad, Ty, t)
R3x 52
is compact in L'(R* x Bg x (0.T)). Without loss of generality. we assume
a2/ / dv, d3(G - §)0(5 - p)g(1, ™1 — a&in) fo(Fy — ad,Us. t) — g7 (6.29)
R3x 52 ‘
in L'(R3 x Br x (0,T)) for some measurable function g; in L'(R® x Bg x (0,T)).
On the other hand, using the same argument as for the left side sequence in (6.9),

one obtains

a2/ / dv, dd(6 - §)6(F - P)g(F1,71 — ad|n) fo(F1 — ad, Vs, t) — LE(f)  (6.30)

n—oo

R3 x 52

weakly in L!(R® x Bg x (0,T)). Now, (6.29) and (6.30) implies

az//dﬁ'-z d3(G - §)0(F - P)g(F, 7 — aGn) fu(Fy — a&, T, t) — LE(S)  (6.31)

n—oo

R3xS?
in LY(R3 x Bgr x (0,T)). Therefore, changing g(7;,7 — a& to g, W, X, with no

complication, we claim that

LT (fa) f— LE(S) in L'(R®> x Br x (0,T)). (6.32)
Similarly, we have

L) = LH(f)  in [N x Brx (0.T)) (6.33)

for : = 2,3, 4.

(6.4). Velocity average convergence of collision kernels

One may now show
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Proposition 6.7. For all R > 0 and all 0 < p € L®(R® x R*> x (0,T)).

[ caueds — [ cEpedr (6.34)
R3

n—x [p3

in measure on Br x (0,T). In addition. CZ(f)(7,-,t) € LY(R2) a.e. in (Ft) €
R®x (0,T) and

mc;(f) € L®((0.T); L'(R® x Bg))

Proof: We first check (6.34) for Cg, (f.). Notice that (6.13) and (6.23) also imply
that

fatbn dv — fv v in LY(R® x (0,T)) (6.35)

R3 n—oo

for ¥, — 1 a.e. in (7,0,t) € R®* x R® x (0.T), and

n
I ' < oc. (6.36)
w21 |1+ [Vl || oo (roxc RO x(0,7Y)
Because
/ fatn dv = full 4+ 7] ) dv +/ fatb dv, (6.37)
R3

by using (6.36), (6.18), (6.23) and the weak compactness of f,(1 + |T1}). we can
complete the proof of (6.35).
Next, because of (6.18) and (6.24), the sequence

1 +
{ 1+ LE(fn)LEn(fn)}

with Lg(f.) = R{xfs? (1 +|7,]) fu(F — ad, Uy, t) dG dvy converges to mLE(f) point-
wise a.e. in (7, 0,t) € R* x R3 x (0,T). Thus. for any ¢ € L*(R? x R* x (0.T)), the
convergence (6.35) with

1
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implies that

1 1

o7 [ Colfedt — e | Cp(f)pdd 6.38
1+ Le(fa) Jpe Cealfnle Y L+ Lg(f) Jps (e dt ( )

in L'(R? x (0,T)). Because

WLe(fu) = Le(f)ilLrexo.m

//dndtl// (1 + |%a]) fu(F1 + a&, s, t dvzda—/ (1 + |G]) f(F1 + ad. Vs, t)d02d5|

Roxs2 R3x 52
//d?ldtlfda/ (L4130 falF + 08,5005 = [ (1+ G5 + 0,5 1))
R3
/da // / (1 4+ |82|) fu(F1 + a&, Ty, t)dTy — /(1 + |U]) f(71 + ad. 0y, t)dv,|dr dt
R3x(0,T)
/dor // / (1 4+ |52]) ful71, Ua, t)dTy — / (1 + |Ta|) f(Fy, 2, t)dTy|dFF, di
R3x(0,T)
-0 (6.39)

by (6.35), therefore,

Le(fa) — Le(f), a.e. r, U1, t. (6.40)

Because
_ 1 1
Cplf)pdd — s | Calfledy 6.33
1 + LE(fn) R3 E(f )‘P v n—00 1 LE(f) R3 E(f)(p v ( )

in L'(R?® x (0,T)), we have, for any R > 0

1 1

7 L5000 Jee Cg(fa)pdi —

e T+ La(f) Jo Ce(f)pdv (6.41)

a.e in BR x (0,T), which implies

1+ Le(h) gy [, Cotmeds = [ Catneas (542
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a.e. in BR x (0,T). So. after passing to a subsequence of {f,}, one gets

Cg(fa)pdi — [ Cg(f)pdv (6.43)

R3 n—+00 Rs

in measure on Bg x (0,T). This completes the proof of (6.34) for Cz(f.).

-

By the change of the variables (v7,7;) < (0}, 73) and & — —&, one has

/soC;(f,L)da:/ ﬁl(//a25~ﬁ'9(&'~13')g(7"1,7'—a&']n)fn(r—aé’,ﬁfz,t)
R3 R3

R3x 52

X @(r, v}.1) db &) di. (6.44)

Thus, the proof of (6.34) for C£(f,) will be reduced to the case of (6.34) for Cz(f,)

if
// Yo - pO(& - p)g(71, 71 — ad|n) fu(F1 — a&, Dy, t) dG dv,
R3x52
— //E - pp(71, 0, )g(7, 71 — adn) f(7y — ad, Ty, t)8(6 - p) d& dv,
R3x5? (6.45)

in L1(R3 x BE x (0,T)).
But the convergence in (6.45) is obtained easily by using arguments very similar
to those in the proof of (6.24).

Finally, the convergence in L'(R? x (0,T)) of (6.38) and the finiteness of Lg(f)

a.e. in (7, t) imply that CE(f)(7,-,t) € L'(R3) a.e. in (r,t) € R® x (0,T). Since
f >0, we have
1
L CF() € L7((0,T) L (R x Ba)) (6.45)
Note
1 . o . . . . .
03 () = e [[ 0.d(G 99 Dol — sl (7 — a5 ).

R3x 52
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e/ B /14

For CZ, i = 2,3.4, by using the changes of (&, %) — (¢, &) and (01, %2) — (07", 73"),

1)

similarly, we can show the analogous resnlts. In those cases,

Ly(f.) = / / (1 4|3 ful7 — Rad, s, t) d5 dvy (6.47)
R3x5?

Ly(f) = //(1 + %)) fu(F1 + Rad, Ty, t) dG di (6.48)
R3x 52

L4(fn)=//(1+|17-2|)fn(7“1+Ra&’, Uy, t) A5 diy (6.49)
R3x S?



§VII. Existence of Mild Solutions

In this section, we first prove two inequalities, and then we will demonstrate the

existence of mild solutions of (1.2).

Lemma 7.1. Forall0 <s<t<T,

f#(7,5,t) — f*(7,7,) exp {— > (FF) - E#(s))} >

i=F

/ dTY‘c+ (1, f)*(F, & T)exp{ Z(F#(t)—ﬂ#(r))} (7.1)

=F

ae. in (F,7) € R® x R®, where F¥*(7,5,t) = [, L¥(f)(F,¥,7)dr.

Proof: We already have, for any 0 < s < ¢ < T and a.e. in (7,7) € R® x R,

f#(’—"’ 6’ t) - ff("-‘" 67 3) eXp {—Z(Fiﬁ:(t) - th(s))} =

i=E

/erC’ 7, ) ¥ (7 vr)exp{ Z( ) - F¥(r ))}

=E

—
=1
o

R

Since

// / fn T‘],'U], )dT—‘} L ( )#(Fl,ﬁl,t)dr\dﬁﬁl
0

/ // |LE (f)* = LE(f)*|drdi, (7.3)

we see that the sequence F*(75,t) = fo L} (f,)#(F,v,7)dr converges to

m

¢
F¥(r,v,1) = / LH(fY*(7,5,7) dr
0

in C([0,T], L}, .(R?® x R®)). Because
1
exp {—— Z( - F# } <1 (7.4)
1=K
and

exp {— Z(Fﬁ(t} — Fz(s))} — exp {—— . (R#(t) — F;#(s))} (7.3)



in L} .(R® x R®), uniformly in 0 < s <t < T, in order to prove (7.1), it is enough to
show that for all 0 < = € L®(R* x R?* x [0,T] x [0,T1]),

//// ( V’_‘m )(7’5’T)exp{—g(Fi#(t)_‘Fi#(T))} dr) dF d5 ds dt

R3xR3

T
< liminf/ / //(pZ(F, U,s,t)drdv ds dt, (7.8)
‘71-—*00 0 0

R3xR3

where Z(7,3,5,1) = [ oLy CHULH(F, 5,7 exp {~ TLp(FE() — FE() } dr

By a change of integration variables, we have

/] ( / (73 r)em{ g(ﬂf(t)-—ﬂf(r))} dr> dr do

R3xR3
t
=///(p( vﬂvl,stz CH(f) (7 + 01 (t = 7), 71, t)
? R3xR3
4
X exp {— Z(F‘in(f.l + {)‘l(t - T)7613t) - En(F17 617 T))} dFl d{;l dr
1=F
/ // (7 — or, v,s,tZC+ [)Go(7, %, 7,t) dF di dr (7.7)
R3xR3 i=E

where

Gn(7, 0, 7,t) = exp {-—— Z(Fm(f"+ (t — 7),7,t) — Fin(7, ¥, T))} , (7.8)

i—E
0<G, <1, and G, — G pointwise a.e. in 7, v, 7,t with

G(r,7,7,t) = exp { Z(F,-(F—f- (t —7),7,t) — Fi(7, 7, 7'))} . (7.9)
i=F

We consider the sequence f£ = min{f,, R} for 0 < R < co. Since f < f,., {fF
is weakly compact in L}(R3 x R® x (0,T)). Then, since 0 < f, — fE < foX{ta>R)

p(fa > R) = [[ dfidi < [ L2didv < & [[ f.dFd¥ and {f,} is weakly compact, one
/n2R
has

sup sup
n2>1 t€[0,T]

| fo = Ll s gy 720 (7.10)
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Let f® be the weak limit of the sequence { f*}. From the lower weak semicontinuity
of the norm and (7.10), with the same argument as in {6.20) and (6.23), we have that

[|f — R [l (RexR3x(0.1)) < 1 sup liminf || f, — ffHLx(Rsst)-—)O (7.11)
te(0.T) ">

ie fR P fin L=((0,T); L'(R® x R®)), where fF is the weak limit of the sequence

{f'l? *
Define

an(fn) = a"’/ / dv, do (& - p)0(7 - pP)wr(Ty. U2)ga (71, 71 + adn)
R3xS$?

x Xp(F1, 7 + ad) fR(R, 7.8) ful(FL + ad. vl 8) (7.12)

ng(fn) = R2(lz/ / dv, d5 (G - p)0( - P wr(V7, U3 )gn(T1, ™1 + Rad|n) Xg(71, 71 + Rad)
R3x 52

X R(TI,Ll )fn(Fl—i-Ra&'.z}'g,t) (713)

CR(f.) = R*a? / / 47, d3 (5 - p)0(G - F — Vae)wr(T)", 52" )gn(F1, 71 — Rad|n)
R3x 82

x Xg(71, 7 — Ra&) fR(F,. 57 t) ful — Rad, 57 1) (7.14)

CR(f) = Rzaz//dzb d&(G - p)O(G - P)O(Vie — G - Pywr(Ty. T2)gn (71, 71 — adn)
R3xS2
X XR(71> r = ao) (rlavlv )fn( (15", v/)t) (715)

Similarly, define C’;R(f) with f®in CE(f,) replaced by fF.
We claim that for a fixed R < 00,0 <s<t<T,and 0 < p € L®(R* x R* x

(0,T) x (0,T)) with & = (7 — ¥y7,v1,5,t), one has for 1 = £.2,3,4,

t t
lim/ //@Cﬁ(fn)GndFdUl dr=/ //@C‘f(f)GdFdz‘;’l dr (7.16)

R3xR3 R3x R3

Indeed, the change of variables (7y,v;) — (0},7%) and & — =&, (¥y,0;) — (07,7%)
and (97, 7,) — (0}, 04'), respectively, combined with similar arguments as in the proof
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of (6.24), leads to the following convergence for 0 < s <t < T

a2/ / dv, d5(d - p)0(G - P)wr(V1. Trign(T1, 71 — adin) Xr(T1, 71 — ad)

R3xS?

X fu(7 — ad. Uy, t) G (7. Tl s, t)p(F — 977 17, 8, 1)

X f(71 — ad. vy, t)G(T1, v1. 8, t)p(7) — U317 01, 8, ) (7.17)

R*a? / / A5, d3 (5 - P)O(G - P)wr(T1, Ta)gn (71, 7y — Ra&n) Xr(F1, 7 — Rad)

R3x 52
an(F— Raé", l_/"z,t)Gn(F. 5‘;” S,t)(,O(F— 51/1_. l-;;l,s,t)

. R / / 45, d3 (5 - 7)0(5 - PYwr(Fr. 7)g(Fr, 7y — Ra|n) Xa(F, 7 — Rad)

n—0o0
R3xS$?

X f(F — Rag. vy, t)G(F,v)", s, t)o(F — 0y’ 7. 77", 5, 1) (7.18)

R%ﬁ/ / 45, d3 (5 - P)O(F - p— Vae)wr(T. T2)gn(7y, 7y + Ra : n) Xp(F1, 7 + Rad)

R3x 52

X fu(T1 + RaG. Uy, t)Gr(T1, 0y . 8, )(F1 — 0] 7. 07", s, 1)

— Rzaz//dﬁ’z d3(3-p)8(G- F— Vde)wnr( Ty, Ta)g(1, 71 + Rad : n) Xr(F1, 7y + Rad)

R3x 352

X f(F1 + Rad, vy, t)G(T1, vy, s, t)p(r — vf'7. 17", s, 1) (7.19)

RZaZ//d@ d3(&-p)0(5-P)0(Vie—G-P)wr( Ty, 72)gn(F1, 71 + Ra&|n) X p(Fy, 7y + Rad)

R3x$2

X fn(F1 + RaG. 0y, t)Gn(T1. 0. 8, t)(Fy — 017 07, 8, 1)

— R%a? / / 47, d3(5-p)0(5-P)0(NV 4e—& P)wr(Ty, 2)g(F1. F1+ Rad|n) Xr(71, 71 + Ra&)

n—~oo
R3xS?

X f(71 + Rag. vy, t)G(F, T, s, t)(F1 — 017 vy, 8, 1) (7.20)
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in L'(R® x R® x (s,t)). Since ff — fR weakly in L'(R® x R® x (0,T)), we obtain
the limit in (7.16) from (ii) of the Lemma 6.1.

Forafixed R<owand 0<s<t<T,1=F. 23,4

t
1iminf/ //@C;L(fn)(?n dr, dvy dt

R3xR3

t
> lim / //@CﬁGn dry dvy dt

R3xR3

t
= / / / GCR( NG dFy dvy dr (7.21)

R3xR3

t
R / / / SCH(F)G dF, di, dr, (7.22)

R3xR3
since fR T f and C’F(f) T C*(f) pointwise a.e. as R T co, the monotone convergence

theorem, integration with respect to ¢ and s, and Fatou’s lemma complete the proof

of (7.6) by combining the four terms related to : = E, 2,3, 4.
Lemma 7.2. For any T > 0 and a.e. in (7.7) € R® x R?, C*(f) € L'(0,T).

Proof: Obviously,

4

> FAT)

i=F

T
/ C+(f)* ds < exp
0 .

/0 ¥ exp {— >_FHT) - Fﬂs))}
= (7.23)

But F#(s) < F*(t) ae. in (7,0) € R®x R® and for 0 < s <t < T. Since
F*(T) € L'(R® x Br x (0,T)) for any R > 0. inequality (7.1) completes the proof.
lemma 7.3. For all 0 < s <t < T and a.e. in (7,9) € R® x R3, f satisfies the

inequality

f#(r,v,t) = f#(r,v,5) < /t ZC,-(f)#(F, v.7)dr. (7.24)

S

Proof: We have already seen that for all 0 < s < ¢ < T and a.e. in (7, 7) € R® x B3,
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£ satisfies

(7 o om oF ' n(fn) f * 25
FE(F 50— (7,5, —/SZQHMJ - =] ,,xfn)) (7.25)

1=K

Using (6.24) and (ii) of lemma (7.2). the weak convergence of f° to f° and the
weak convergence of C7(f,)/(1 +6éf,) and A = f,/(1 + 8f,) to some CE and h°,
respectively, we obtain for 0 < s <t < T and a.e. in (¥,?0) € R® x R®,
(T = f#(F, / — K#FLE(f)#]| dr, (7.26)
s t_E
By (6.19),(6.20) and (6.23), f*#* converges to f# in L!( R*x R?) uniformly in ¢t € [0, T].
Now, since

0<z -

< 0zR+ 2X(:>R)

and {f,} is weakly compact, one also has, due to the lower weak semicontinuity of
the norm,
:SEPT] 1f =2, (ROXR) S szlp;]hg&lf £~ hi“Ll(Rast) =0 (7.27)
Furthermore, % T f as § | 0%, and (7.24) follows from (7.26) by letting § — 07
and using the monotone convergence theorem, if it can be shown that Cf < CF(f)
a.e. in (F,AU,t) € R?> x R? x (0,T). The proof follows from (6.34). Indeed, after
passing to a subsequence if necessary. one has, for 0 < ¥ € L*°(R?* x B3 x (0,T)), in
the case that C;” were replaced by C7,

fR3 C;(ﬂ;)? dv fRs (f)p dv;
L+ Li(fn)  n—oo 1+L (f)

a.e. in (r,v,t) € R* x R* x (0,T). Since

fRS Ciﬁ(fn)“rg dv
1 + Li(fn)

[N
oo
=

< [lell=(rexrR3x(0,T)) W;/ (14 |v|)fudv (7.
R3
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+ (¢ Vo dy . . .
the sequence {f""l—iz((}'));d} is weakly compact in L'(R> x (0,7)). Therefore,

/// 1+L drdvldz‘

R3xR3x(0,T)

< liminf /// 1;_"L”j‘: 47 d7 dt

R® xR3x(O T)
c,o -
d dv dt. .29
_//_/ 1+ L " (7.29)
R3xR3x(0,T)
Since 0 < ¢ € L>(R® x R* x (0,T)) is arbitrary,
N +
;. o) .

L+ Li(f) = 1+ Li(f)
a.e. in (r,v,t) € R* x R* x (0,T). Hence, Ct < C*(f). a.e. in (r,v,t) € R* x R® x
(0,T). This completes the proof of (7.24).

We note that by (7.23), CF(f)* € L'(0,T), a.e. in (r,v) € R®* x R®. Thus (7.24)
implies that C7(f)* € LY(0,T), a.e. in (7,%) € R® x R®.

We now come to the main result of this paper. The square-well kinetic equation
(1.2) with initial condition f, satisfying (1.5) has a mild solution in L'(R® x R3 x
0,T)) for all T > 0.

Theorem 7.4. The weak limit f of the sequence {f,} is a mild solution of (1.2)
satisfying

//(1+|F1|2—+-|171|2+llogf])f(Fl,z‘fl,t)dﬂdﬁl§C’<oc, 0<t<T. (7.35)
R3xS?

Proof: We shall show that the weak limit f of the sequence {f,} is a mild solution
of (1.2). From the equality F*(r,v.t) = [ L¥(f)#(7,7,7)dr, one has F¥(t) is

absolutely continuous for almost all 7, 7. and

S LH* aeint (7.31)



By (7.1) and (7.24), f* is absolutely continuous in ¢ for almost all 7, 7. Therefore,
f#*exp{3 L F#} is absolutely continuous in ¢ for almost all 7, 7. (7.1) implies that
d : . !
S Fexp(d_FFY 2 ) CrNFep{) FF}  aeint, (7.32)
i=E i=E i=E
for almost all 7, v. Thus.
if# > i:CA(f)# a.e.in t (7.33)
dt B 1=£ l
and

(@) - f#(s) > / ZC,'(f)# dr  for0<s<t (7.34)
S i=E

for almost all 7, 7.

Now (7.24) and (7.34) complete the proof of the theorem.

We conclude with some observations on extensions of these results. First, let us
note that the arguments presented herein apply as well to the Cauchy problem for
the square shoulder kinetic equation. defined by the intermolecular potential (2.16)
with € > 0, and given explicitly by (2.17). Indeed, some of the complications related
to non-conservation of energy are simpler in this case.

It is also clear that for a step function potential (piecewise constant), the argu-
ments and the results herein can also be extended. In this manner, one might consider
a plecewise constant approximation to a realistic (finite range) van der Waals force.

For the case of a piecewise step function potential, the kinetic equation becomes
—af+” v f—E(ff)+§nQ(ff) (7.35)
V1o 7 fry y N y “ee

where FE is the Enskog term, and Q;, : = 1,2, ..., n, is either a square-well term or a
square-shoulder term. Our previous arguments show that, under the same assump-
tions as for the square-well or square-shoulder kinetic equation, there exists a mild
solution for the piecewise step potential equation (7.35).
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[t would be interesting to know if the existence of solutions to the Cauchy problem
can be proved for the square well kinetic equation under the assumption g = 1.
Although this is the dilute gas limit. it is also the first term in the Mayer series
expansion for the correlation function g. Unfortunately. we do not know at this time

how to treat the case g = 1.
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Fig. 1.1 Collision Configuration for the Square Well Potential

1 Hard core collision
2 Entering collision
3 Escaping collision

4 Bound state collision



Fig. 2.1 Configuration Space for a Binary Collision



Fig. 2.2 Precollision Configuration for

the Repulsive Power Law Potential

Fig. 2.3 Geometry of Precollision Configuration

in Hard-Sphere Limit
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Fig. 2.4 Geometry of Precollision Configuration

for the Square Well Potential
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