A UNIFYING FRAMEWORK FOR INTERPOLATORY £,-OPTIMAL
REDUCED-ORDER MODELING*
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Abstract. We develop a unifying framework for interpolatory L2-optimal reduced-order model-
ing for a wide classes of problems ranging from stationary models to parametric dynamical systems.
We first show that the framework naturally covers the well-known interpolatory necessary conditions
for Ha-optimal model order reduction and leads to the interpolatory conditions for Ha ® L2-optimal
model order reduction of multi-input/multi-output parametric dynamical systems. Moreover, we
derive novel interpolatory optimality conditions for rational discrete least-squares minimization and
for L-optimal model order reduction of a class of parametric stationary models. We show that
bitangential Hermite interpolation appears as the main tool for optimality across different domains.
The theoretical results are illustrated on two numerical examples.
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1. Introduction. Interpolatory methods have been one of the most commonly
used model order reduction (MOR) techniques, see, e.g., [3,6,13]. For Hs-optimal
MOR of linear time-invariant (LTT) dynamical systems, the necessary optimality con-
ditions are known and appear in the form of (bitangential) Hermite interpolation of
the underlying transfer function [2,29,30,36]. These interpolatory optimality condi-
tions have formed the foundation of various algorithms and have been extended to
different settings; see, e.g., [1,8,9,15,25,26,31,32]. But in various other important
settings, such as in the optimal approximation of stationary problems and discrete
least-squares (LS) rational fitting, it is not yet established whether the optimality re-
quires interpolation (as in the Ha-case) and if so, what those interpolation conditions
are. For instance, reduced basis methods use a greedy selection of sampling (interpo-
lation) points to match the solution at these points [34,40]. Is there an underlying
framework for interpolatory optimality conditions?

The authors recently developed a data-driven framework for L£o-optimal reduced-
order modeling of parametric systems [38]. In this paper, we show how [38] provides
a unifying framework for interpolatory optimal approximation both for dynamical
systems and stationary problems. We prove that bitangential Hermite interpolation
is the necessary condition for optimality not only for approximation of LTI systems
in the Ho norm, but also in many other prominent cases, thus extending the optimal
interpolation theory to a broader class of problems.

First we recall the Lo-optimal reduced-order modeling problem discussed in [38]:
Consider a parameter-to-output mapping

(1.1) y: P — Crexm
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where P C C" and ni,no,np are positive integers. Assume that evaluating y(p)
is expensive. Thus the goal is to construct a high-fidelity reduced-order mapping
(approximation) y: P — C"™*™which is much cheaper to evaluate than y. Inspired
by the structures arising in projection-based (parametric) MOR, [38] constructs a
structured reduced-order model (ROM)

(1.2a) A(p)z(p) = B(p),
(1.2b) 7(p) =C

with a parameter-separable form
4z R R % R 9 R
(13)  Alp) =) a@i(pAs Blp)=>_ Bi(p)Bj; Cp)=> Ak(p)Ch,
i=1 j=1 k=1

where Z(p) € C" is the reduced state, y(p) € C™ *"™ is the approximate output, .Z(p) €
C7, B(p) € C™*™, C(p) € C™*", &, Bj,7k: P — C, A; € R"™*", B; € R"™*™, and
Gk € R™*". Note that when the reduced-order dimension r is small, evaluating the
structured ROM, i.e., evaluating y(p), is cheap. In [38], we showed that the structure
of the ROM in (1.2)—(1.3) covers a wide range of problems including (parametric)
LTT systems and models arising from discretization of stationary parametric partial
differential equations. We revisit some concrete choices of @;, 8;, Vi later in the paper.
In [38], we developed numerical algorithms to construct the ROM (1.2) in a purely
data-driven fashion and called it a data-driven ROM. In this paper, we simply call it
a structured reduced-order model (StROM).

In order to judge the quality of a ROM, one needs an error measure. In [38], we
constructed the StROM to minimize the squared Ly error

(1.4) T (8B, C) = = l2,cp0 = [ I9(6) =561} o)

and derived the gradients of J with respect to the SSROM matrices A\i, Ej, 6k These
gradient formulae, which we also recall in Section 2, were then used in developing an
optimization-based reduced-order modeling algorithm.

Starting with the formulation of [38], our goals here are to develop a unifying
framework for interpolatory Ls-optimal reduced-order modeling that covers both sta-
tionary and dynamical problems and to prove that bitangential Hermite interpolation
is the necessary conditions for optimality in a much broader classes of problems than
previously studied. More specifically, our main contributions are as follows:

1. We show that the existing interpolatory optimality conditions for approxi-
mating LTT systems is a special case of our formulation and directly follows
from it (Subsection 3.1).

2. We derive interpolatory optimality conditions for approximating parametric
LTT systems (Subsection 3.2).

3. We derive interpolatory optimality conditions for rational discrete LS measure
(Section 4).

4. We derive interpolatory optimality conditions for approximation of paramet-
ric stationary problems (Section 5).

The rest of paper is organized as follows. In Section 2, we recall some of the
main results from [38] and give the necessary optimality conditions, which we use
repeatedly throughout the paper. In Section 3, we show applications to LTI systems,
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both parametric and non-parametric, using the continuous, Lebesgue measure. We
consider the discrete LS measure in Section 4, where we derive interpolatory conditions
for the LS problem. In Section 5, we consider a class of stationary parametric systems
and derive interpolatory conditions for the Lo-optimal ROMs. Conclusions are given
in Section 6.

2. Mathematical Preliminaries. Here we recall one of the main results of [38],
namely the gradients of J (1.4) with respect to the SSROM matrices, and then present
the necessary optimality conditions that immediately follow from this result.

2.1. Gradients of the Squared L5 Error. We begin with the necessary as-
sumptions.

Assumption 2.1. For the problem setup in (1.1)—(1.4), let the following hold:

1. The set P C C™ is closed under conjugation (p € P for all p € P).

2. The measure p over P is closed under conjugation (for any measurable set S,
S is measurable and u(S) = u(S)). L

3. The function y: P — C™*™ is measurable, closed under conjugation (y(p) =
y(p) for all p € P), and square-integrable (||y||z,p,.) < 00).

4. The scalar functions ai,@ﬁk: P—C fori=12...,977=12...,q95
and k =1,2,...,qg, are measurable, closed under conjugation, and

(2.1) /P X

5. The matrices ﬁl, 22, . ,gqj are such that

Bi(p)| I e
N

du(p) < oco.

ess sup
peEP

I ‘
al(p)A(p) HF <00, 1= 1723"'7QA\a
where A is as in (1.3).

These assumptions trivially hold in many cases, see [38]. Note that item 5 requires
A(p) be invertible for p-almost all p in P.

THEOREM 2.2 (Theorem 3.7 in [38]). Let P, u, y, Q;, Bj, Yk, and A, satisfy
Assumption 2.1. Then, the gradients of J with respect to the StROM matrices are

(220) V3T =2 /P 8 EaP)u(p) — TENEE) dulp),  i=1,2....qz
) V5,7 =2 [ BEE6E) - v(e) () J=1.2. a5
(22) Vg J =2 /p %)) — y(P)]F(p)” dpa(p), k=12 ..

where .,zl\(p)*a?d(p) = A(p)* is the reduced dual state equation, T4(p) € C™ " is the
reduced dual state, and (-)* denotes the conjugate transpose.

Based on these gradients, in [38] we developed an Ls-optimal reduced-order mod-
eling algorithm and demonstrated it on various examples, both stationary parametric
problems and LTI systems. In this paper, we are more interested in the theoretical
implications of Theorem 2.2 than the algorithmic ones and show how it provides a
unifying framework for interpolatory optimal approximation.
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2.2. Necessary Conditions for L-optimality. An important consequence of
Theorem 2.2 is that, by setting the gradients to zero, it yields the necessary optimality
conditions for Ls-optimal reduced-order modeling using parameter-separable forms.

COROLLARY 2.3. Let P, u, y, Q;, Ej, Yk, and A; satisfy Assumption 2.1. Fur-
thermore, let (A;, Bj, Ck) be an Lo-optimal StROM. Then

(2-3a) /P%(ﬁ)y(p)f(p)*du(p)=/P%(§)§(p)f(p)*du(p), k=1,2,...,qs
(2.3b) /P B (0)Za(p)y(p) du(p) = /p Bi(@)7apTP) dulp). G =12....q5
(2.3¢)

/&i(ﬁ)id(p)y(p)f(p)*du(p):/ a;(P)Za(P)y(P)z(p)" du(p), i=1,2,....q5
P P

The optimality conditions in Corollary 2.3 are interpolatory in the sense that the
quantities (integrals) in the left-hand sides of (2.3a)—(2.3c) involving the full-order
model (FOM) output y(p) need to be interpolated by the same integrals involving
the StROM output g(p). This result highlights that any Ls-optimal SSROM with
the parameter-separable form (1.3) is interpolatory in the sense of Corollary 2.3. By
carefully selecting, in (2.3), the scalar functions @, Ejﬁk, the parameter space P,
and the measure p over P, we derive concrete interpolatory optimality conditions
(in the form of bitangential Hermite interpolation) for important classes of ROMs,
including non-parametric and parametric LTI systems, stationary models, and for dis-
crete LS problems, thus providing a unifying framework for interpolatory Lo-optimal
approximation across different domains.

3. Linear Time-invariant Systems: Continuous Measure. Our goal in this
section is to illustrate (i) how Theorem 2.2 and Corollary 2.3 cover a wide range of
settings arising in optimal MOR of dynamical systems and (ii) to develop new con-
ditions for optimality. Furthermore, this analysis sets the stage for the interpolatory
conditions we derive in Section 4 for discrete LS minimization and in Section 5 for
stationary problems.

3.1. Hs-optimal Model Order Reduction. Interpolatory necessary optimal-
ity conditions are known for Hs-optimal MOR of LTT systems, both for the continuous-
time case [2,29,36] and the discrete-time case [16,29]. In the following, we show that
these conditions are a special case of the conditions in Corollary 2.3.

A continuous-time, finite-dimensional LTI system is given by

(3.1a) Eix(t) = Ax(t) + Bu(t), z(0)=0,
(3.1b) y(t) = Cx(t),
where z(t) € R™ is the state, u(t) € R™ is the input, y(¢t) € R™ is the output,

E,Ae R B e R"™m and C € R™*"™. We assume that E is invertible and all
eigenvalues of E~1A have negative real parts. The rational function

(3.2) H(s)=C(sE—A)"'B

is the transfer function of (3.1) and satisfies Y(s) = H(s)U(s) assuming Y and U,
the Laplace transforms of y and u, exist; see, e.g., [42], for the conditions for the
existence of the Laplace transform. Based on the assumptions above, H belongs to
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the Hy° ™ (C.) Hardy space (where C is the open left half-plane), which is the set of
holomorphic functions F': C; — C"*™ such that sup, - S NF(+w)|? dw < oo

It is known that F' can be extended to (C+ and the Hs norm can be defined as

1 oo 1/2
1Pl = (50 [ IFGIEa)

The analysis applies to any H € Hy°"" (C,) as a FOM, including infinite-dimensional
systems, and not just the finite-dimensional systems as in (3.1).
The goal of Ho-optimal MOR is to find a ROM

(3.3a) EZ(t) = AZ(t) + Bu(t), #(0)=0
(3.3b) j(t) = (1),

with the reduced state Z(t ) € R, the approximate output y(t) € R™ and the reduced

quantities E A € R™7, B e R™ "™ and C € Rroxr such that its transfer function
H(s) = C(sE A) 1 B minimizes the Hy error |[H — H||q.[2 The assumptions on the
ROM are that E be invertible and all eigenvalues of E-'A have negative real Earts

To state the Hy-optimal interpolatory conditions, let H( ) = C(sE A)
have r distinct poles. Let T S € C™" be invertible matrices such that S*ET = I
and 5*AT = A with A = dlag()\l, A2, ..., Ar). Then, we can write H( ) as

r Cjb"f
Z S—i\j7

j=1

CTeJe S*B
5= A

(3.4) ﬁ@:@ﬂdfMA?E:z:

j=1

where ¢; = éfej € Cro, by = §T§ej € C™, and e; denotes the jth unit vector (of
appropriate size). The formulation of H in (3.4) is called the pole-residue form where

A; are the poles and c;b; are the (rank-1) residues. If H is an Hy-optimal ROM of
H, then it satisfies the interpolation conditions

(3.5a) H(~Xe)be = H (=) by,
(3.5b) chH (<Xx) = i H (=),
(3.5¢) G H' (—Xe) by = e H' (=) b,

fork=1,2,...,r, where H' and H' denote the derivatives with respect to s; see [3,29].
More specifically, (3.5a) is called the right-tangential interpolation condition, (3.5b)
the left-tangential interpolation condition, and (3.5¢) the bitangential Hermite inter-
polation condition. We refer to all three conditions together as the bitangential Her-
mite interpolation conditions for Hz-optimality. They state that the optimal reduced-
order transfer function H tangentially interpolates H (and H' interpolates H') at the
mirror images of its own poles, i.e., at —\j, along the tangent directions c;, and by, de-
termined by its own rank-1 residues c;b;. These optimal interpolation conditions have
led to effective numerical methods for optimal MOR and has been extended to various
setting; for details we refer the reader to [3,6,29] and the references therein. We also
refer the reader to [20-24] and the references therein for greedy-based selections of
interpolation points in projection-based MOR of LTI systems.

Now we show how these optimal interpolatory conditions can be recovered from
Corollary 2.3 as a special case. First we note that by setting P = 1R, p = w,
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= —/\,R (where A, is the Lebesgue measure over zR) y=H,and y = }AI we find
Wyl cop, ) = ||H||;.[2 and thus ||y y||£2(p,ﬂ = ||H — H||3,. Furthermore, the reduced

transfer function H(s) = C(sE — A)~!'B can be viewed as a StROM as in (1.2) by
rewriting it as

(sE‘ - A\)X(s) = B,
H(s) = CX(s),
and by SeleCting T= )?7 g: ﬁ, q_,Z = 2; al(p) =P a?(p) = 713 dg = ]-7 B\l(p) = 13

gz = 1, and 51(p) = 1 in (1.3). To obtain the optimality conditions (3.5) from
Corollary 2.3, postmultiply the left-hand side of (2.3a) by T~ *ey, to get

/%(ﬁ)y(p)ﬁs\(p)*du(p)f‘*ek QL h
P Y8

1 [ 1 [~ H
=5 | H(zw)BTS(zwI AT dw T M dw
m

H(zw)BT (sz A) dwT *ey

271' Lo —WW — Ak

Switching to a contour integral with s = ww and ds = 1 dw, we find

~ —~ ~_ 1 H( )bk 1 H(S)bk
zZ(p)*d T e = — ds=—— ——ds
|3 @) due) T = 5§ S 4 - A v
1 b —
= lim ——— Li ds = (_/\k)bka
R—oco 271 FRS_( )\k)
where I'g = [—2R,2R]U{Re* : w € [-F, §]} is the clockwise contour of a semidisk as

in [2, Lemma 1.1]. Applying the same manipulations to the right-hand side of (2.3a)

yields H (=M1 )br. Thus the first optimality conditions (2.3a) in Corollary 2.3 yield the

right-tangential interpolation conditions (3.5a) for Ha- optimality as a special case.
Similarly, premultiplying the left-hand side of (2.3b) by e, TS-1 we obtain

oI5 /ﬁlxd (p) du(p) = cLH (—Xy).

Thus, (2.3b) yields the left-tangential interpolation condition (3.5b) for Hs-optimality
(after applying the same manipulations to the right-hand side of (2.3b)). Finally,
taking the left-hand side of (2.3c) in Corollary 2.3 related to A with as(p) = —1,

premultiplying it by e; Tg-1 , and postmultiplying it by T *er gives

S PR PR ~ . 1 [ c¢iH(w)b
QSJ/axwm@mmdmdmmT R Ry = (COS
P

~—— dw
27 ) e (“aw — )

__ L aHbh e
o 271”1«]{]1{( S—)\k) ds = B (=M)bi.

obtaining the final Hermite interpolation condition (3.5¢). Thus, we recover the in-
terpolatory Ho-optimality conditions (3.5) as a special case of the more general Lo-
optimality conditions (2.3) in Corollary 2.3.

Remark 3.1. The case of discrete-time LTI systems follows similarly. Discrete-
time systems are obtained by replacing the derivative term @(t) in (3.1) with the time
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shift z(t 4+ 1) and restricting the time ¢ to integers. Transfer function H of a discrete-
time LTI system has exactly the same form as (3.2), but we now assume that E~1A4
has eigenvalues in the open unit disk. The corresponding Hardy space is hy°*™ (ﬁc)
(D is the open unit disk and D is the complement of the closed unit disk) containing

functions F such that sup,.. fozTrHF(rew)H% dw < oo and the hy norm is given by

1 27 o 9
P = (5 [ 1P )

Then, we recover the interpolatory necessary optimality conditions from [16,29] analo-
gously to the continuous-time case, in this case by setting P = 0D, p = €', u = %Aam
(where \gp is the Lebesgue measure over D), and taking the contour integral over

the unit circle. In particular, if H(s) = S Y is an he-optimal ROM for H, then

1/2

J=1 s—X;
(3.6)

1 ~(1 1 ~(1 1 ~ (1
H()bk = H()bk, C}:.H() = CZH(>7 CZHI<>bk = CZH/(>bk,
/\k /\k )\k Ak] )\k /\k
for k =1,2,...,7r. Asin the continuous-time case, bitangential Hermite interpolation

forms the necessary conditions for ho-optimality where the interpolation points depend
on the reduced-order poles and the tangent directions on the reduced-order residues.
The difference is that the mirroring of the reduced-order poles to the interpolation
points is now done with respect to the unit circle.

3.2. Ho ® Lo-optimal Parametric Model Order Reduction. In Subsec-
tion 3.1, we considered non-parametric LTI systems as in (3.1) and showed how
Corollary 2.3 recovers the well-known Hs-optimality conditions. In this section, we
focus on parametric LTI systems where the underlying dynamics depend on a set
of parameters and thus consider jointly optimal approximation in the frequency and
parameter space. We show how our Ls-optimal modeling framework naturally cov-
ers this problem as well and extends the existing interpolatory necessary optimality
conditions to a more general setting.

We consider FOMs of the form

(3.7a) E(&a(t,§) = A§)x(t, &) + B(§)u(t), (0,8) =0,
(3.7b) y(t,§) = C(&)x(t, ),

where £ € E C C is the parameter, = is the parameter space, z(t,§) € R™ is the
state, u(t) € R is the input, y(t,£) € R is the output, £(£), A(§) € R™*" B(£) €
R™*™ and C(£) € R™*™. In practical applications, the variable £ can correspond to,
e.g., geometry, material properties (such as thickness), boundary conditions etc. We
assume that £, A, B, C are holomorphic, £(€) is invertible for all £ € =, and £(&)~1A(€)
has eigenvalues in the open left half-plane for all £ € Z. Then the corresponding
parametric transfer function of (3.7) is H(s,&) = C(€)(sE(€) — A(€))~1B(€). Note
that unlike in the non-parametric LTI case, transfer function now depends on both
the frequency variable s and the parameter . Thus a reduced-order transfer-function
approximation H (s, &) = C(€)(s€(€)—A(€))~1B(€) to H(s, &) should have high fidelity
both in s and . How should one choose the space in which to approximate H (s, £)?

Grimm [28] focused on a simplified problem and considered the single-input and
single-output parametric LTI system, i.e., n;y = n, = 1 in (3.7), and as the approxi-
mation space considered the Hardy space in two variables Ho(C,4 x D), which is the
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space of holomorphic functions F': Cy x D — C such that

2m
sup / / |F(n + 2w, re*¢)|? dw dwe < 0.
n>0, 0<r<1Jo —o0

The corresponding Hs(Cy x D) norm, refereed to as the Ha ® L4 norm, is given by

2m
[ F 00, = <4 2/ / F(w, e**)| dwdw§>

The Ha ® L4 used in [28] is a special case of the more general Hs ® L norm definition
introduced in [4]. Unlike the non-parametric LTI case considered in Subsection 3.1,
the optimal interpolatory conditions for MOR in the Hs ® Lo norm are not known in
general except for some special cases. For example, [4] shows that if the parametric
dependency £ only appears in B(£) and C(€) in (3.7), and A and £ are non-parametric,
then one can convert the resulting problem into an equivalent Hs-optimal approxi-
mation problem and obtain interpolatory optimality conditions. However, this is
restrictive since in most parametric problems, A4 and £ vary with a parameter.

Grimm [28], instead, considers a simplification in the form of the ROM. Re-
call that the pole-residue form (3.4) has proved vital in deriving the Ho-optimality
conditions. Inspired by (3.4), [28] considered ROMs with the form

(3.8) ZZ Ryl et

where ¢;; € C, \; € C_, and 7; € D° (C_ is the open left half-plane). In (3.8), one
may view A;’s as the frequency poles (in the s variable) and 7;’s as the parameter
poles (in the £ variable). Then [28, Thm 3.3.4] shows that the interpolatory necessary
conditions for H in (3.8) to be an Ho ® Lo-optimal ROM are

(3.9a) H(—)\k, 1@) = fI(—Ak, 1@)

¢r; OH Ok (3'H 1
I R

_ j=1
" 1 . OH 1
i=1 i=1

for k = 1,2,...,r and £ = 1,2,...,7¢. In the rest of this section, we show that
the interpolation conditions in Corollary 2.3 cover the Ho ® Lo framework of [28]
and at the same time extend the analysis to Hs ® Lo approximation of multiple-
input/multiple-output parametric LTT systems. Therefore, in (3.7) we do not need to
assume n; = n, = 1 as done in [28].

For matrix-valued transfer functions H and H , the squared Hy ® Lo error is
defined as

1/2

2 27 N 2
_ 'LUJ§ TWwe
(3.10) HH HHH2®c2 47T2 / HH (1w, €%¢) — H(ww, e )HFdwdwg.

Observe that the ROM (3.8) (for the single-input/single-output case) can be written
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as a StROM in (1.2) using the representation
[(5[7“ - A) ® (517”5 - H)]X(&f) = 17
H(s,8) = ¢" X (s,9),
where A = diag(A1, A2, ...,\), Il = diag(my, o, ..., 7 ), 1 =[1,..., 1]T, and ¢ =

(P11, ¢T7T5]T. To extend this formulation to multiple-input/multiple-output prob-
lems, we then consider

(3.11a) [(SE\—A\) ® (5@5 —Ag)})?(s,f) = B,

(3.11b) H(s,€) = CX(s,€),

where E, A € R™", E¢, Ac € R"*"¢, B € R™<*™ and C € R"*""¢. Note that (3.11)
is a StROM as in (1.2) with p = (s,¢) and A(p) = (sE—A)R({E:—A¢). By expanding
A(p), we find that the form (3.11) corresponds to gz = 4 and

(3123“) 621(5,5) = Sga ag(s,f) = =S, (323(8,5) = 757 &\4(5,5) =1,
(3.12b) A =E®F;, Ay=FE®A;, A3=A®FE;, A,=A®A.

Therefore, the ROM (3.11) is a StROM (1.2) fitting into our Ls-optimal modeling
framework where the StROM matrices have an additional Kronecker structure. The
following lemma will help us in computing the gradients of the cost function with
respect to A and Ag having this specific Kronecker structure.

LEMMA 3.2. Let F: R"*" — R be a differentiable function at X = A® B
where A € R"*™ and B € R™*™ are nonzero matrices. Let G: R™"™ — R be defined
as G(A1) = F(A1 ® B). Then G is differentiable at A and

Ms

VG(A) = Y (I, © ¢} B VF(X)(I, © Biey).

<.
Il
_

for any Br,Br € C™*™ such that B = B Bg. Similarly, let H: R™*™ — R be
defined as H(By) = F(A® By). Then H is differentiable at B and

= Z(GZTAE ® Im)vF(X)(A;‘x’,ei ® Im),

for any Ap, Agr € C™"™™ such that A = AL AR.
Proof. See Appendix A. ]

Before stating the next theorem, we need to derive a pole-residue form of (3 11).
Let T S e C™ and Tg, Sg € Cre*"e be invertible matrices such that S*ET = I,
S*AT = A, S Eng and S Ang II. Then

7‘57

H(s,€) = (T O Te)[(sT, — M) @ (¢L, ~)] ' (8" @ 5¢) B

(3.13) _ ZZ = Cijb zj_ 5

=1 j=1

where ¢;; = C(T® fg)(ei ®e;) and b;; = BT(S® :9\5)(61' ® e;).
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THEOREM 3.3. Let H be a StROM as in (3.11) with the pole-residue form (3.13)

where A\; € C_ and 7; € D° are pairwise distinct. If H is an Ho ® Lo-optimal
approzimation to H € Hy°™™ (Cy x D), then

(3.14a) H(—Ak, 1)bkl = I?(—Ak, 1) bies
Y Uy
. — 1 1
(314b) Ck’EH 7Ak, 77:€ = Csz )\k, 7'[':6 5
Te Te 7
1 ,0H/ — 1 1 ,0H/ — 1
(3.14¢) Zﬂ_jckjas<—)\k,ﬂ_j)bkj = Zﬂjckjas(—/\k,m)bkj,
j=1 j=1
1 "L LO0H — 1
.14 = dutl (N W §
(3.14d) ZCM o€ < l)blf ;Czé D€ ( /\ﬂm)bw’

fork=1,2,...,rand £ =1,2,...,r¢.

Proof. First observe that we recover the Hs ® Lo norm by setting P = 2R x 9D,
p = (w,e™s), u = 73\ X Aop, and y(p) = H(s,£) in the definition of the Lo(P, y)
norm. Also we have already shown that H in (3.11) is a StROM as in (1.2) with
Z(p) = X(s,€), §(p) = H(s, &), and the Kronecker structure (3.12). We start by
postmultiplying the left-hand side of the first condition (2.3a) in Corollary 2.3 by
(f ® fg)_*(ek ® ey) to obtain

[ were) aute) (T 7e) (ex e e

27 we ) p
2/ / H{(ww, €*¢ )bre — dw dwg.
T 4r —w — Ag) (e~ — )

Substituting s = w, ds = 1dw, { = e*¢, and d§ = 2§ dwe, we find

/Py(P)&E(P)*du(p) (f@)@)**(ek ® eg) = ﬁém ]iR SI_H)\(:) E)bk_é ﬂ) ds d¢

)b 1 — 1
o ]5 ]4 = dsdgz—H(—Ak,)bu,
471’ 1°Ty Jop 5_ /\k (g_%) ) )

by using the Cauchy integral formula twice in the last equality. Performing similar
operations to the right-hand side of (2.3a), we obtain the condition (3.14a). Similarly,

premultiplying the left-hand side of (2.3b) by (ex ® e)T (S ® 55)_1, we obtain

o)™ (305) " [ o) uto) =~ it (3 ).
P e e
Doing the same for the right-hand side of (2.3b), we obtain the condition (3.14b).
Similar to recovering the bitangential Hermite condition for Hs-optimality (3.5¢)
where we used the gradient of the squared Hs error with respect to E, in this setting,
we need to differentiate the squared Hs ® Ly error (3.10) with respect to A and
fAlg. We start by computing the gradient with respect to A. Using Lemma 3.2 with
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Ee = §£_*f£_1 and Ae = (S *H)T , we see that

son -

HoRLo

Zi(f ©¢f5¢) / 3(P)a(P)y(p) — TP)NF(P)" dpu(p) (I © T e; )

+ Z(I ® e}H*§g1) /

j=1 P

84(p)Fa(p) y(p) ~ TN ()" dn(p) (1 @ T "e))

= —Z L E=m) (1@ 5 )aulute) — eIE0) (1 9 T e, ) aute).

Then,
1/ 15 ~
“(erSter ) (T** L.)
2<ek ® " HaRLo € & ¢

1 Je g oo Chj (H(zw, ewe) — ﬁ'(zw’ezwi)> br.j
— —wWe 7T7)
=3, / (e
i=1 —oe

(fzw - )Tk)Q(e*We — Tj)Q

1 g oo ety (B, o) — Hlww, ) )by
T QZ/ / ’ ) ]dwdwg
™ £
J:

2
zw—/\k) e~ — ;)

i (H(s.€) — H(s,) b,
47T2z2Z7TJ %’;D% S— _ ) (5_%> dsdé

1 1 oH [/ — 1
:‘Z ( (‘*’f@)‘&(‘“@))"’”‘

where we used the Cauchy integral formula twice in the last equality. Setting this
equation equal to zero gives the condition (3.14c).

Lastly, computing the gradient with respect to ;1\5 using Lemma 3.2 with E=
S™*T~!tand A= (S™*A)T!, we obtain (similar to the gradient with respect to A)

dw dwg

%Vgs H= ﬁ‘ j—tz@ﬁz
-3 /P (5= %) (781 @ 1) 2ule)ly(p) — TP)IF(R)" (T~ es I ) dia(p)
and

1 ~ -
- (IT ©efS; ! ) HH HH (Ir ® Tg*eg)
HoRL2

21 oo Cw zw,e“"ﬁ) —f[(zw,e’“f))bw
B 47r2 / /

—w — A;) (emwe — )’

& sc;} (H(s,6) = H(5.€) )b
= — dsd
471’27,2 ; 7-(72 fé;]]) %‘R (s B (_)\72 1 2 § 5

dw dwg
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"1 ,(oH[/ — 1 OH [ — 1
== 73 it <8£ (—/\i, W) ~ (-Au W))@‘e,

i=1
which gives the final condition (3.14d). |

Therefore, using Corollary 2.3 we are not only able recover the optimality condi-
tions (3.9) for single-input single-output systems, but also generalize them to systems
with multiple inputs and outputs. One can see parallels to the LTI case considered in
Subsection 3.1. The first two conditions (3.14a) and (3.14b) are analogous to the left-
and right-tangential (Lagrange) interpolation conditions of (3.5a) and (3.5b), respec-
tively. Furthermore, (3.14c) and (3.14d) resemble the bitangential Hermite conditions
in (3.5¢). However, since we have a multivariate function H in the Ha ® L2 case, ordi-
nary derivatives with respect to s are now replaced by partial derivatives respect to s
and . And a bigger distinction is that in the Hermite conditions (3.14¢) and (3.14d),
interpolated function is not simply a derivative of H. Rather a weighted sum of partial
derivatives are interpolated. Optimal interpolation points still result from mirroring
of the poles. While the mirroring of s-poles is done with respect to the imaginary axis,
the mirroring of &-poles is with respect to the unit circle. This is not surprising since
we used P = 2R x JD. Therefore, the mirroring of s-poles resembles the continuous-
time Ho conditions (3.5) and the mirroring of &-poles resembles the discrete-time ho
conditions (3.6).

4. Linear Time-invariant Systems: Discrete Measure. In Subsection 3.1,
we focused on Ly-optimal modeling of LTI systems using a continuous £, measure
in the frequency domain leading to various systems-theoretic norms such as the Ho
norm. In this section, we change our focus to a discrete measure and investigate the
resulting discrete LS problem.

4.1. Necessary Conditions for Discrete LS Problem. Let H be the transfer
function of a continuous-time LTI system (e.g., as in (3.2)). Assume we only have
access to the samples of H at the sampling frequencies {ww;}Y; where w; € R. Let
H; = H(w;) € Cr*™_ for ¢ = 1,2,...,N, denote the corresponding frequency
response data. We assume that the sampling frequencies are closed under conjugation;
i.e., if 2wy, is a sampling point, then so is —2wy. In most cases, as in (3.2), H has a real
state-space realization, thus leading to H(—wwy) = H(wwy). Therefore, the frequency
response data {(w;, H;)}Y, is closed under conjugation.

Given the sampling data {(aw;, H;)}Y;, the goal is to find a ROM (3.3) with
transfer function ﬁ(s) = 5(3@ — 2)_1§ that minimizes the LS error

2

)

N
(4.1) J(H) = Zpi H; — H(ww;)

where p; > 0 are the weights (equal for complex conjugate pairs of sampling frequen-
cies). We note that the LS error in (4.1) is a special case of the Lo error (1.4) with
the choices of P = {aw; } Y|, y(w;) = H;, § = H,and i = Zf\il Pi0uy;, where 0y, is
the Dirac measure at ww;. Thus, the rational LS minimization problem (4.1) directly
fits under our Ly-optimal reduced-order modeling framework.

In [38], we have already considered this problem, i.e., the problem of approximat-
ing LTI systems from their frequency-domain data using the discrete LS measure. We
have devised a gradient-based optimization algorithm to minimize the LS cost (4.1).
Our goal here is not algorithmic. Here, using Corollary 2.3, we derive new interpola-
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tory necessary conditions for LS reduced-order modeling, the first such conditions to
the best of our knowledge, for the rational LS minimization problem.

Rational LS fitting problem, i.e., minimizing the LS cost using a rational function,
is an important and widely studied problem and there are various approaches to tack-
ling it, see, e.g., [14,18,19,33,35,39], and the references therein. What we show here
is that regardless of the underlying numerical algorithm, a solution of the nonlinear
rational LS minimization problem is interpolatory and satisfies specific bitangential
Hermite interpolation conditions.

THEOREM 4.1. Given the sampling data {(ww;, H;)}Y.,, let the StROM H(s) =

C(sE — A)~'B having the pole-residue form H(s) = > Sib)f_ with pairwise distinct
J

poles be a local minimum of J (4.1). Then

N N ~
H: bk H (2w;)by,

4.2 = —
(4.22) Z —ww; — A ; S v

N cpH. H(wy;)
4.2b —_—r B A S VA
( ) z; —W; — /\ Z —w; — N

¢ H;by, N ¢t H (w; )by,

4.2¢ pz E= =) pi——s,
( ) Z —wWw; — )\k:) z:zl ( Wi — )\k)2

fork=1,2,...r.

Proof. Let ﬁ(s) = a(sﬁ — A\)*lﬁ and T, S € C™" be invertible matrices, with
cj = 5§*1ej and b; = ETf’*ej, as in Subsection 3.1, yielding the pole-residue form
of H. Then, using P = {awi N, ylw;) = Hy, § = H,7=X,and p = Ziil Pi00w;
in the left-hand side term in the Lo-optimality condition (2.3a) gives

H;by,

—ww; — N

N
[ 010 aulp) Tren = 3 BT (i~ A) T = Zpt
=1

Similarly, using the left-hand side term in (2.3b), we obtain

N
~ R ~ ~ c . H;
ks / Za(p)y(p) du(p) = 3 el S (woiB = A) T CTH, = szkiA
P i=1 Tk

i—1 —wW;

Lastly, the left-hand side term in (2.3¢) corresponding to A shows
57 [ G p)Ee) dulp) T

~ N TE A ~ S~ T *H;b
Zplek (zwiE — A) CTH;BT (’LWZ'E — A) T " ey, = Zpl Ok 10k .
- —Ww; — )\k)
Analogous calculations for the right-hand sides directly gives the conditions (4.2). 0O

We can rewrite the conditions (4.2) to give a more immediate interpolatory in-
terpretation.
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COROLLARY 4.2. Given the sampling data {(w;, H;)} Y., , let H(s) = 22:1 :ilf
< J
have pairwise distinct poles and be a local minimizer of the LS error (4.1). Further-

more, define the transfer functions

N N 7y
_ ) Hi - o ‘H<’Lw7l‘)
(4.3) G(s) _i:le2577:Wi and G(s) —;p1871w1.
Then
(4.4a) G (=), = G(—Ag) by,
(4.4b) G (=2) = .G (—An),
(4.4¢) GG (< Xe) by = ;.G (=) b,

fork=1,2,...,r.
Proof. The conditions (4.4a) and (4.4b) follow from (4.2a) and (4.2b), respec-
tively, based on the definitions of G and G in (4.3). The condition (4.2¢) yields (4.4c)

after observing G'(s) = — SN ,01(8_1;17;)2 and G'(s) = — SN | p; L) 0

=1 P (s=aw;)?

The conditions (4.4) illustrate that bitangential Hermite interpolation is the neces-
sary condition for the discrete Lo cost function as well; the interpolatory Ls-optimal
modeling framework equally applies. The optimal approximant is still a bitangential
Hermite interpolant, but what is interpolated is different. Here, two order-NN rational
functions G and G interpolate each other where G depends on the evaluation of H
and G on the evaluations of H. Yet, the interpolation points and directions are still
determined by the poles and residues of the optimal rational approximant H. Mirror
images of the reduced-order poles still appear as the interpolation points.

Remark 4.3. Alternatively, we can view the optimality conditions (4.2) as dis-
cretized Ha-optimality conditions (3.5). In particular, note that the interpolatory
conditions (3.5) are equivalent to (using the Cauchy integral formula)

~

[ g, [ By,

Coo —W — Ak Lo —WW — Ag
/oo 702}[(2@ dw = /Oo ;ZH(%@ dw
—oc0 — W — /\k —oco0 — W — /\k ’
/oo ¢ H (w)by, do— /00 ¢t H(aw)by, dw
SN R SNy RO v

for k = 1,2,...,r. Approximating these integrals (representing the Hs-optimality
conditions) using a numerical quadrature with nodes w; and weights p; leads to the
new optimality conditions (4.2) for the cost function (4.1).

4.2. Numerical Example. To demonstrate the new interpolatory conditions
from Corollary 4.2 for the rational discrete LS minimization problem, we use the
Penzl’s FOM model from the Niconet benchmark collection [17]. The model is an LTI
system of order n = 1006 with n; = 1 input and n, = 1 output. We chose r = 2 as
the reduced order to make the illustration clear. Clearly a high-fidelity approximation
requires a higher order; but our goal is here to illustrate the theory of Corollary 4.2.
For the data, we take 50 logarithmically-spaced frequencies between 10° and 10 on
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~

—G G —G -G x=X\;

MHHW \HHHW \HHHW \HHHW \HHHW \HHHW \HHHW \\7 \HW T T \\\H” T T \\\Hw T T \\\H”
40 0.1

20 \ . ol
\{{i,‘
0f e 1 —0a1f .
T T T A 1) R U1 N | Lol Lol Lol
107210~ 10° 10 10% 10% 10% 100 10* 102 103
Laplace variable s Laplace variable s

Fia. 1. Left: Transfer functions corresponding to the FOM and ROM data for the Penzl
ezample (n = 1006, r = 2). Right: The difference between the modified outputs and the mirrored
poles of the ROM.

the imaginary axis, including the endpoints. With the inclusion of complex conjugate
points, we obtain N = 100 data points in the LS problem (4.1). We use the gradient-
based optimization algorithm L3-Opt-PSF in [38] (initialized with the ROM from
iterative rational Krylov algorithm [29]) and obtain a ROM of order r = 2 with poles
at A\ &= —4.7984 and Ay =~ —431.00. R

Figure 1 shows the transfer functions G and G, defined in Corollary 4.2, when
evaluated over the positive real axis. Even though in the left plot, we see overlap
around —\; and —\g, it is not clear whether Hermite interpolation is achieved. (Since
H is a single-input/single-output LTI system, tangential interpolation boils downs to
scalar interpolation, i.e., (4.4a) and (4.4b) coincide. ) To make the illustration clearer,
the right plot shows the difference between G and G and here we see (from the shape
and curvature of the error plot) that G is indeed a Hermite interpolant of G' at —\;
and —\y as the theory predicts. We note that there is another interpolation point
around s =~ 15. However the derivative is not matched at this point; thus no Hermite
interpolation occurs at this point.

The Python code used to compute the presented results can be obtained from [37].

5. Stationary Parametric Problems. In Sections 3 and 4, we have focused
on approximating LTI systems. Now we turn our attention to stationary models and
prove that bitangential Hermite interpolation forms the necessary conditions for Lo-
optimal MOR in this case as well. Even though what is interpolated and the optimal
interpolation points differ from the LTI system case, the optimality still requires
bitangential Hermite interpolation.

5.1. Necessary Conditions for Stationary Models. Let us consider the sta-
tionary FOM (resulting from, e.g., discretization of a stationary parametric partial
differential equation)

(5.1a) (A1 + pA2)z(p) = B,
(5.1b) y(p) = Cz(p),
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where z(p) € R™ is the state, y(p) € R™ *" is the output, A1, Ag € R"*™ B € R**"™
C € R"%*™ and P = [a,b] C R for some a < b. Next, let

(5.2a) (21 + pﬁz)a?(p) =B,
(5.2b) 7(p) = CZ(p),

be a StROM of order r; in particular, Z(p) € R" is the reduced state, g(p) € R™e*"™
is the approximate output, Al,Ag e R™", B e R™ ™ and C € R%X". Our goal
in this section is to show that the Lo- optlmal StROM (5.2) satisfies special interpo-
lation conditions. More specially, we show that a modified reduced-order output
interpolates a modified full-order output y at special parameter points Ag.

Note that both y and ¥ are rational functions of the parameter p. Motivated
by the interpolation-based optimality conditions from Subsection 3.1 and those for
frequency-limited Hq-optimal MOR [43], we develop the interpolatory conditions for
the Lo-optimal approximation of FOMs of the form (5.1) using the pole-residue forms
of y and .

The pole-residue form of § (5.2) can be obtained similarly as done for LTI system.
Let A\g be invertible and 227 121\1 have r distinct real eigenvalues. Then, proceeding as
in Subsection 3.1, let f, S € R™*" be invertible matrices such that STA; T = —A =

PN c. T
diag(—A1, —A2,...,—A,) and STA,T = I. Then we obtain that y(p) = >." 1

J=1 p=2X;”’
where ¢; = @fej € R", and b; = §T§Tej eR™ for j=1,2,...,7.

Inspired by the structure of a FOM in the numerical example in Subsection 5.2, we
allow a slightly more general pole-residue form for y, namely y(p) = ®o+ >, S
where ®( is a constant term, v; are the poles and ®; the corresponding residues for
i = 1,2,...,n. The constant term @y results from allowing A to be a singular
matrix (as in the case of the numerical example in Subsection 5.2). The details of the

derivation of this pole-residue form are given in Appendix B.

THEOREM 5.1. Let §(p) = X7, 5 &b ’ be the output of the StROM (5.2) with

pairwise distinct \; € R\ [a, b]. Furthermore, let y(p) = ®o+> 1, -2 54 be the output
of the FOM (5.1), also with pairwise distinct v; € R\ [a,b]. For any o € R\ {a,b},
define the function f,: R\ {a,b} — R as

=)L, ipto
=a)(o=h) )_( s ifp=o.

Furthermore, define the modified output functions Y, Y: R\ {a,b} = R as

(5.3)  Y(p)=1In

p—b .
_a‘q>0+2fw(p)q>i and Y(p ka p)c;bl.

Let y be an Lo-optimal structured approximation of y. Then,

(5.4a) Y ()b = Y () by,
(5.4b) Y (M) =AY (),
(5.4¢) Y ()b = £ Y (M) b,

fork=1,2,...,r.
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Remark 5.2. Some remarks are in order before we prove Theorem 5.1. The op-
timality conditions (5.4) show that bitangential Hermite interpolation forms the nec-
essary conditions for £o-optimal approximation over an interval [a, b]; thus extending
the theory from LTI systems to stationary problems. However, what is to be interpo-
lated is no longer the original function y itself, instead the modified output Y in (5.3)
needs to be interpolated. Another major difference here is that the interpolation oc-
curs at the reduced system poles, as opposed to at the mirror images of the poles in
the LTI system case. (Both modified outputs Y and Y are well defined at the reduced
poles as shown in the proof below.)

Proof. First note that f, is continuously differentiable and its derivative is

((b a)p-0) _ 1, ‘
(p—a)(p—b)

o) —
fz(p) = (b—a)(a+b—20)
2(c—a)?(c—b)2"

Uﬁs)ﬁa lfp#o'7

if p=o.

Since f, is continuously differentiable, so are Y and Y.

Next, compare the simple StROM (5.2) to the general case (1.3) to observe that
we have ¢ ; = 2 with @;(p) = 1 and a2(p) = p, gg = 1 with Bi(p) =1, and gz =1
with 43 (p) = 1. It follows from the left-hand side of (2.3a) in Corollary 2.3 that

b o [ _\-T
AT 3, T
/a y(P)Z(p)" dp = / (% + Z -~ m)B (A1 + pA2> dp.
Then, for £k =1,2,...,r, we have
b =R n
/ y(P)T(p)T dp T Tey, = / ( Z
a a =1
/b <I>0bk / D, bk
= dp.
a P - Vz P - >\k)

)BTS —A+pl)” Terdp

If v; = A\, then

SR 71 A 17" _ (b—a)®iby .
L om0 2= L e ™ Gl = e

Otherwise,

b b
D, by, 1 / ( 1 1 )
dp = — dp @;b
/a (p—vi)(p— Ax) S VA N Vg A

A —b v;—b P,
_ (IHIAZQ n aDA b= Fu (M) ®ibi.

Vi kE— Vi
Therefore, we obtain

b n
; ’<I>Obk + ;fw(xk)cbibk =Y (\e)bs.

b
~ e —
/ y(P)Z(P)T dpT Ter =In A:_
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From the right-hand side of (2.3a), we similarly find

b
/ 3(p)(p) T dp T T

A —b Ai—b by (b — a)erb? R
:Z In —In = & -y .
' ( ‘Ak—a nA-—a)Ak—xb”(Ak—a)(Ak—b)b’“ ()b
j=1 J
itk

Therefore, we get the right-tangential interpolation conditions (5.4a).
Using (2.3b), we similarly find

b b
5 [ Eulolu)dp = cFYOw) and ES [ Fu)i(0)dp = e T (M)

which yield the left-tangential interpolation conditions (5.4b).
Using (2.3c) corresponding to A;, we find

TG-1 b ) T 1. AT b cgtbobk
ey S aPy(P)Z(p)  dpT "er = | ———=dp
a a (P — )\k)

—|—Z/ Ck‘bbk

(p—vi)(p— M)’

If v; = Mg, then
/b C;C[‘(I)ibk dp — /b cgq)ibk dp = (b — a)(a +b— 2Vi)C;€[‘CI)ibk
o (p—vi)(p— M) o (p—u) 2(v; — a)’(v; — b)°
=, (A\x)cp ®ibg.

Otherwise,

b T&. b _
/ Ck (szk . dp o 1 / 1 _ 1 + )\k dp CkCD bk
a (pP—vi)(p— k) )\k—uz) o \P—Vi p—X (p—)\k)

‘ )\k —-b (b — a)()\k — l/i) ) Cr]g‘bibk
Ae—al (A —a)—0) /) (A, —1y)?

=f. )\k)ck Dby,

Therefore,

er - / Za(p 2(p) T dpT Tep
1
(Ak—b >\k—>ck‘bobk+§f (Ar)er @ik = ¢ Y (A)by.

Similarly, we find that

b
eF51 / Fa(p)F(P)E(P)T dp T Tex = TF (A)bi,
a

which proves the final bitangential Hermite interpolation conditions (5.4c). O
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Theorem 5.1 has shown that bitangential Hermite interpolation, which is at the core of
‘Ho-optimal approximation of LTI systems, also naturally appears in the approxima-
tion of parametric stationary problems. In the LTT system setting, these interpolatory
conditions have been at the core of many algorithmic developments and extended to
various different settings; see, e.g., [1,2,4,5,7,11,12, 15,25, 26,29-32,41], and the
references therein. Similar potential extensions and algorithmic developments for the
stationary parametric case will be a topic of future research.

5.2. Numerical Example. As we did for Corollary 4.2 in Subsection 4.2, we
demonstrate the new interpolatory results of Theorem 5.1 using a numerical example.
Following [38], we consider the Poisson equation over the unit square Q = (0,1)* with
homogeneous Dirichlet boundary conditions:

—V - (d(z,p)Vz(z,p))
z(z,p)

1, z €,
0, z € 09,

where d(z,p) = z1 + p(1 — 21) and P = [0.1,10]. After a finite element discretization,
we obtain the FOM of the form (5.1) with » = 1089 and n; = 1, and the choice
of C = BT (and n, = 1). We use the gradient-based optimization algorithm Lo-
Opt-PSF in [38] (initialized with the SSROM resulting from applying a reduced-basis
approach [10]) and obtain a SSROM of order r = 2 with poles at A\; ~ —3.2777 and
Ao &= —0.30509.

To numerically verify the interpolatory conditions, we need the pole-residue forms
of y and 7 as stated in Theorem 5.1. Note that these computations are not needed
by the L2-Opt-PSF algorithm and are done here just to illustrate the interpolation
theory. Since A, is invertible, the pole-residue form of ¥y directly follows as explained
above, right before Theorem 5.1. The situation is more involved for y since Ay in (5.1)
is rank-deficient; it has numerical rank ny = 961. We use the procedure explained
in Appendix B to compute the pole-residue form of y. With the pole-residue forms
of y and ¥, we can now numerically evaluate the modified outputs Y and Y defined
in (5.3) and illustrate the interpolation result.

The left plot in Figure 2 shows that Y and Y almost overlap, making it unclear
whether Hermite interpolation is achieved. To illustrate the results better, the right
plot in Figure 2 depicts the difference Y — Y around the location of the poles of the
StROM, clearly demonstrating (based on the shape and curvature of the error plot)
that the SSROM satisfies the Hermite interpolation conditions (5.4) of Theorem 5.1.

It is interesting to note that the interpolation points A\; and A\ are outside the pa-
rameter space P = [a, b]. This is in agreement with the Hs-optimality conditions (3.5),
where interpolation is enforced away from the imaginary axis, in particular, in the
open right half-plane. In contrast to the reduced-basis methods that choose the greedy
sampling points in the parameter interval of interest, L£o-optimal reduced-order mod-
eling necessitates interpolation of a modified output Y outside the domain of interest.

The Python code used to compute the presented results can be obtained from [37].

6. Conclusion. We developed a unifying framework for L£s-optimal interpola-
tory reduced-order modeling. In particular, we showed that the Ls-optimality con-
ditions resulting from this framework naturally cover known interpolatory conditions
for Ho-optimal MOR of LTI systems, both for continuous-time and discrete-time
cases. Furthermore, they lead to interpolatory conditions for Ho ® Lo-optimal MOR
of multi-input/multi-output parametric LTI systems. We also derived novel bitan-
gential Hermite interpolation conditions for rational LS problems and for a class of
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Fic. 2. Left: Modified outputs of the FOM and ROM for the Poisson example (n = 1089,
r = 2). Right: Difference between the modified outputs and the poles of the ROM.

stationary parametric problems. These results illustrate that bitangential Hermite
interpolation appears as the main tool for Ls-optimality across different domains.

Interpolatory conditions for Hs-optimal MOR lead to various numerical algo-
rithms for MOR, such as the iterative rational Krylov algorithm. Algorithmic im-
plications of the new interpolatory conditions for the discrete LS measure and the
stationary problems are interesting avenues to investigate.

Appendix A. Proof of Lemma 3.2. We have that for any AA € R™**",
GA+AA)=F(A+AA)®B)=F(A® B+ AA® B)
=G(A) +(VF(A® B),AA® B) + o | AA|lr).
Let Py: RPm*nm s RPX™ he defined as
PA(Y) = argmin||Y — A4; ® B|j%.
A; ERnxn

Using the orthogonality property of the least squares approximation, it follows that
(Y — Ps(Y)® B,A; ® B)p =0 for all Ay € R"*™. Then,

(VF(A® B),AA® B)p = (PA(VF(A® B)) ® B,AA® B)p
tr((Pa(VF(A® B)) ® B)' (AA® B)) = tr(Pa(VF(A® B))"AA® BT B)
tr(Pa(VF(A® B))TAA) tr(B"B) = (Pa(VF(A® B)), AA)p| B}
<HB||%PA(VF(A® B)),AA>F.
Therefore, it follows that G is differentiable at A and
(A1) VG(A) = |BI2PA(VF(A® B)).

To find P4(Y), define V4 = {A; ® B : A; € R"*"}. Note that V4 is a subspace of
Rmmxnm - We see that {ﬁeke} ®B:k,le{l,2,...,n}} is an orthonormal basis
for V4. Therefore

i 1 1
P,Y)® B = <Y, eeT®B> (e eT®B>
aY) 2AY B ©8) B

k=1



A UNIFYING FRAMEWORK FOR INTERPOLATORY L32-OPTIMAL MODELING 21

1 n
= 1BIE Z tr((ekeg ® B)TY> (ekeg ® B).
k=1

Note that

tr((exef @ B)'Y) = tr((ered @ BT)Y) = tx((er @ B) (e @ B})Y)

m

= tr((e;vF ® B1)Y (e¢ ® BR)) = Z e;r (e;f ® B} )Y (eq @ By)e;
j=1
m m
ek ®e; BL)Y(eg®BReJ = Ze;g I ®eTBL)Y(In®B§ej)eg
Jj=1 j=1

- [Z (I, @ €7 B} )Y (I, ® Bje;)

=1 ke
Now,
1 - < T px*x * T
PA(Y)@B:HB”% Z Z(In@)ejBL)Y(In@BRej) exey; | @ B
kt=1]j5=1 Kt
1 - T p*
VR > (In®@efB;)Y(I,® Bye;) | ® B

Using that B is nonzero, we obtain

m

||B| 5 2 (In @ €] BL)Y (I ® Bje;),
j:l

Pa(Y) =

and the expression for VG(A) follows using (A.1). The expression for VH (B) can be
found analogously.

Appendix B. Pole-residue Form with a Constant Term. To convert the
form in (5.1) to the pole-residue form in Theorem 5.1, write As = UVT for some
U,V € R"™ of full column rank. Then, using the Sherman-Morrison-Woodbury
formula [27], we obtain

—1
y(p) = C(A1 +pUVT) B
- C(A;l — AT U (I, + pVTA;lU)’lvTAfl)B
= CAT'B = pCAT'U (I, + pVTAT'U) ' VT AT B,
Next, let T € C"2*" be an invertible matrix such that VTA7'U = TDT~! for

D = diag(dy,dy,...,dp,). Furthermore, define Cyy = CA;*U and By = VTAT'B.
Continuing the above derivation, we obtain

y(p) = CAT'B — pCy (I,, + pTDT ) ' By

= CAT'B — pCyT (I, + pD) 'T'By
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n2 Trp—1
o 1 pCUTeie» T BV
_CAlB—; T rod,

1

Using 127 = & — 20 3 Leiel = D71 and TD'T~! = (VT AT'U) ™ yields

d;, W? i=1 q, €%

ny LoyTe,e’T-1B

- — -1 @z UL Gty \%

y(p) = CAY'B — Cu(VTAT'U) By + 3 =
i=1

P+

Therefore, in the pole-residue form Theorem 5.1, we have

Oy = CA;'B— CAT'U(VTAT'U) 'VTA !B,
®; = CAT'UTe;ef T-'VT AT B/d2,
V; = 71/di,

fori=1,2,...,ns.
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