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velocity componente in x and y directions 

fespectively 

magnitude of the velocity vecter 

  

velocity in undisturbed stream 

  

divection of the velocity vector ia physical plane 

modified velocity in distorted hodograph pl: 

  

pressure 

density 

fatia of specific heats (specific heat at constant 

  

at et constant volume) 

speed of sou’ 

 



  

& 

«Be 

  

| 
points in the 

  

physical plane 

   

  

contraction coefficient 

ae subscript, refers te stagnation condi 

  

as gubseript, refers to conditions im undi 

ste i as ter 

 



  

   expression which is a. solution to certain mathematical « 

and which satiefies certain bounda 

  

ry conditions, These mathe« 

matical equations are the equations expressing the physical laws 

    

ef conservation of mass and conservation of momentum. 

equations pwr acing econcervation of momentar: generally Pike 

  

ferred to ae the equations of 

        

motion are, however, non~linear, 

btainin g solutions to these equations is 

aplifying acaumptions are — 

generally made, namely, that the fluld is perfect and incompt 

ible and that the Muid motion is irretational. By making these 

assumptions end by introducing the velocity potential, 9, the pro~ 

blem ia reduced te that of finding » solution te Laplace's equati 

which satisfies the boundary conditi 

The firet of these assumptions, that « 

effect an aeeumption that the fluid ie monviscous. It was Prandtl 

who in 1904 first advanced the theory that the effects of viscosity, 

im fluide of emall viscosity, are limited to a emall layer of fluid 

next to the boundary, and therefore the fluid outside of this bound- 
avy layer may be treated a9 a perfect fluid. This theory io borne 

out by experiment; thus reasonably accurate solutions may be 

obtained for man by considering the 

The second of these agsummptions, that of an ine emptescsible fluid 

    

    

   

          

    

    

    

  

mh as nonviscous.



  

venders accurate eolutions for Hiquide and for gases at low veloc- 

ities where the effects of compressibility are negligible. — 

The solutions te fluid mechanics probleme in which the fluid — 

is seeumed to be perfect (nomviscous), incompressible and irrota- 

tonal comprise the Classical Hydro and Aeredyaamic Theory. — 

In problems in which gases attain high velocities, classical 

theory falls to predict the physical flow accurately since the effects 

of compressibility are no longer negligible. Uf the fluid is not con- 

compressible, however, the equations 

gain non-linear and again ne method of obtaining gol 

mown. Molenbroeck in 1908 and Chaplygi 

in 1902 discovered that these exact non-linear equations of moti 

rmed into exact linear equations by 4 mathem 

his transformation io known as the hodograph 

assumption in the hedegraph methods and applied theses method 

: appeared in Ruesia in 

    

    

      

   

      

    

   
    

  

problems of gaseous jete in a paper 

1902. . 
   

   

      

   general use today, however, contain an improvement is 

of approximetion which wae suggested by Theodor 

10) and worked out by H. 5. Tsien (8) in 1939. The methad of 

aemen-Teien hae been applied to several probleme of fluid mechan- 

le being the flow about certain airfoils. 

  

    

    ies, the most notab



ow Baw 

      

It is important to sete that although the hedegraph trana- 

ome the non-linear equations of mation into 

difficulty which prohibits 

a few compressible flew problems. 

    

linear equations, there is a distinet 

ite use in selving more than 

This difficulty arises from the fact that the physical boundaries 
, ifficult te aatisfy. This difficulty is basically due to the: 

fact that the boundary conditions are given in terms of the phys- 
ieal coordinates, = and y, while the equations of motion in the 

& plane involve not the physical coordinates but the 

  

    — €TG G 

            

| purpos estigate several pro- 

blems in the flow of & co erty wessible fluid by the hodograph 

ethod. ‘These problems will be of the general class in which 
the "free" streamlines are involved. 

     



IV. THE HODOGRAPH METHOD 

A. The Equations of Motion 

A eteady, two-dimensional, irrotational motion of a com~ 

pressibie fluid is governed by the ¢ equations expreasing conservation 

momentum and irrotationality. The equa~ 

  

of mass, conservation of n 

tion of conservation of mass, or the continuity equation, may be 

written 

Sheu) , 20" «0 , 1) 

where p is the mase density of the Guild and u and v are the velocity 

mmponente in the =x and y directions reepectively. The equation of — 

a or the equation of motion of the fluid in 

        

y known ae the Bernoulli equation is 

ada 4 2 a0 (2) 

the form common! 

Here q is the magnitude of the velocity vector and p is the static 

pressure in the fluid. The assumption that the fluid motion is irro« 

tational gives rise to an equation relating the partial derivatives of 

the velocity components, aamely 

    

dv - ov ' 
Se Sy 7° (3) 

If the flow is aleo aseumed to be isentropic, there existe a 

fourth equation —_ 

se conan 9" | {4) 

elates the pressure, p, and the density, p, of the fluid by 

 



wt Ge 

the ratio of specific heats, v. The velocity of sound, a, in @ gas 
ocees is defined by 

  

   (3) 

  

Equations {1} through (4) comp 

minate three of the 

tise & syatem of four equa«~ 

  

   guknowns, u, v, @. and p. The general approach is — 

is wikeowse and to obtain 

unknown which is to be aclved. To this end an additional variable 

and two additional equations are added to the fou above. Thia addi- 

ariabl iy potential @, ia defined by : 

  

      one equation in one    

          

     

     

  

    

    

te @ single equation, the expression 

[ @? wo | Cae 
oz 

[2-28] ay | ay 
ig obtained, This is the potential equation for a steady, two-dimen 

Ll, irrotational motion of @ compressible fluid and is obviously 

a non-linear partial differential equation. 

i metheds of obtaining solutions 

   
ox Oy Ox oy 

2°b ao (7) 

    

    giz oe 2 j 

   At present there are two mah 

to this equation: | 

 



w= Uw 

  

obtained by mak: mptions by which the potential 

t motable of these methoda 

  

ing certain asew 

equation is linearized. Perhaps the mos 

of linearizing the potential equation is the method of small 

      

  

portarbations. 

Be The non-linear potential equat 

a eet of linear partial diff 

formation. This is the hota rmation. 1 must 

noted, however, that not all problems involving the potential 

ods. This is due to the 

ion ie transformed inte 

    

   

    

ne following equations, obtained fe 

) and (5) are ineerted here for future refer Se gas os Be 

gta g? «. = oO 

| 

    

a
 

oo 

{9} 

10) 

(21) 

    

ul velocity of sound, and the subscript zero 
    local 

refers to stagnation corm    



7 hodograph planes. is one to one, % and y can be 

ae tan 

B. The Hodograph Transformation 

In addition to equations (1) through (4) which represent two- 

dimensional, potential motion and equations (6) which define the 

s function, VU, may 

  

   velocity potential, 4 second function, @ 

be introduced. The stream function is defined by the equations 

= Pe 3¢, 2. fe 2 a | 

and obviously satisfies the continuity equation. 

Intros ducing the magnitude of the velocity vector, G, and the 

  

angle af inclination of the velocity vector with the = axis, 4%, aa new 

variables, the equations for the velocity, Potential and stream fune- 

  

tion may be written 

ee dy *4 coe 6 dx + q sin 9 dy 

  

ave a GE F cerzewemnaw au ay == qnin xt con 0 

. | | (id) 

. Solving these equations for dx and dy yields 

aoe £98.9 aq . gino Fo ano S852 ap - SS G2 ay 
dy = SRS ap + 908.828. av | (14) 

As long aa the corresp eomdence between the physical and 

  

expressed ag fune- 

tions of q and 5, and 6 and Ve as functions of q and 6. Thes 

  

tt
y,
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uk
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ducing equations (15) inte equations (14) yields — 

bet su 28, sine Po av 
ae (4 Sp sa) 4 

  

ay «(sin 28 , 5089 Po av Fes     
of equations (16) are exact differentials, 

the reciprocity velation can be appl 

(16) 

    

0. (sea 8 O98 - ein gin 2 %o ov 

on ‘G o¢° Q Pp O@     

  
Multiplying the first of equations (18) by sin 6 and the second by



we he 

  

2G..1 29 (14990 
aq 4p (3 +3 aq 

From equations (2) and (5), however 

  

(26) 

  
yelocity direction, ® These equations ave Bacar since the c 

   

     

ciente of the derivatives are functions of the independent varia 

q and @ alone. — 

it is convenient te intro: 

order to pat these equations ix ays —_



1B 

28 =. Vi-w ay (25) 

These are the equations of motion in the so-called "distorted" 

nodegraph plane where the independent variables are w amd 3. Inte- 

gration of equation (23) gives the relation between the variable w and 

the velocity magnitude, q, to be . 

    

(26)   w log - 

  

Herve © is the conatant of integration. 

  

> Ghaplygiats Approxim: 

    

| . 

chaplygin (1) noticed thet the factor > ji» mM in equa 

tions (24) and (25) differs little from unity for values of M not too 

close to one. Noticing that 
, 

_ | &§ } 

by virtue of equation (10), and developing thie ia powers of mM" 

yielde 

    

  

| . 4 2 4 aren (pa mta (2a) Mig ves- ( ae ae ~) 
iow RA” @ [|] + M i (2 ¥) amen i ae ma + 

(1 ~ vol nM + UHR SHRS BH ) (28) 

    

  

differs from unity by terms of o* ana higher. 

  

p, _ 
tion, = Vi-m* © 1, the hodograph



(29) 

    

(36). 

This condition may be interpreted in a different way. Tn 

equation (27) the Chaplygin condition, (30), is satiefied if y is 

taken to be ¥ =~ 1 for M leas than 

          

one. Naturally no gas with 

this property, Y *.« 1, exista; however, the true meaning of the 

assumption Y= « 1 can be found by considering the isentropic | 

relation for an. “imag! 2 | 

gas, the isentropic relation ie given by 

    wry" gas with this property. For a perfect 

, 7 & constant (31) al. 

or the imaginary" gae, this relation becomes 

pp * conatant (32) 

9 versus F plane. In other < 

    

  

Hence the condi 

  

nes @ straight line isentrope 

  

| approximation the true isentrope of a perfect gas has been approxi 

ated by a straight line tangent to the true isentrope. Chaplygin (1), 

        

! sacy the point corres~- 

stion con ditions, Pe and 9 o am essential refine- 

ment to the method of Chaplygin was made in 1939 by Theod 

rman (9) (10) and H. S. Taien (6) who used a atraight line isentrope 

  

¢ oR ding so ote. an a 

   



oo Fo 

  

os 

  

Simee equations (29) are equations of the Cauchy-Riemann 

type they ove satieiied by the real a avy parte of any com- 

plex analytic function F { 9 +iwj= @+iv. Now the problem is to 

a the analytic fuaction, F, which satiefies the given boundary 

ditions in the ph me. Itis, therefore, necessary to 

eonsider the . Plane to the hodo- 

    

    

  

   
    

  

con 

  

   

    

(33) 

on (33) yields the expression 

  

This equation may be written in terma of the analytic function 

F=f +4 V which ic a solution to equations (29). Therefore 

ae? | 

    

    

rar +22 (ar ar) | (35) 

since F = p + iv el 

conjugate function. 

    dF 2d +id VU. Here the bar vefers to the 

Equation (26) may now be solved for < to give 

teh | ce™ -2 | | | (36) 

     



«18= 

      

dering equations (10), (11) and (36), the follow! eas 

an 

  

introducing equations (56) and (37) into equation (35) yields 

the relation between the physical plane, 

Ai storted™ ues. caw es 

    
(38)



  

It has been ghown that the equations of motion in the 

"distorted" hodogragh pla 

iona by the Chaplygin approzimation. It is well known that the 

maim velatione are satisfied by any analytic function, 

  

    ne are reduced to the Cauchy-Riemann rela 

     

    

which satisfies the given boundary conditions. 

sidered in thie thesis, the analyi 

  

    

  

In the several problems con 

fanetion, Flcl, which | 

ting the "disterted” hedograph plane to th 

mare intermediate planes, a procedure w! 
     

  

ich ig well 

  

through one of : 

    extment of classical theory. This simple procedure i 

    

inmee the problems considered herein are problems in which 
nding streamlines are made up partially of straight boundar 

and partially of “iree™ stres milines. 

the velocity direction is known along the straight b 
velocity magnitude ie known along the free streamlines. The velocity 

| magnitude along the straight 

    

      

  

Therefore, in these probleme 

pundaries, and the 

      

    boundary and the velocity direction slong 

    the free streamline are, however, not knowa 

: gelved, Since the velocity direction along the straight boundary and 

  

    mdary of definite slope in the distorted hodograph 
plane. It is therefore possible to formulate the problems considered    



wwe oO ae 

ae divect boundary value probleme. 

  

if, however, this were not the case, that is if the velocity 

direction or the velocity magnitude were not knows on come portion 

of the bounding etrea 

difficult, 

  

      mline, the problem would be considerably more 

that the boundaries of the How problems 

* beth the distorted" hodegraph 

plane (F = @+iV)}. Since this is true both 

planes can be transformed into an intermediate plane by the theorem 

of Schware- Christoffel 

The theorem of Schwarze-Christoftel states that the boundary 

¢ polygon, in say the s-plane, | 

me, say the < «plane, by the tranaformatio: 

     

      

      
      

          

real axis of some new ola 

   
   

  

    

Sol ge ger roe bI (ge ey oer f38) 

  

in the transformation, K is a constant which may be complex; a, b, 

€,....are the locations on the real axis of the & -plase represent- 

ing the vertices of the 

angles of the polyg: 

polygon, anda, @, ¢.... ave the interior 

ak eyte Tid to the wertices, ay &, penas 

  

Transforn oes see aS ioerncan L HYDRODYNA MICS! 
don M, Milne+ Thomson



+éle 

    

infinity do not enter into the transformation equation.     The proot 

ef this property is not shown here, however, this proof can be 

found in several texte which treat the Schwarz-Christoffel 

 



  

Vi. APPLICATIONS OF THE HODOGRAPH 

mlines 

    

A. ¥ Pree Str en 

‘When a fluid is required to turn a sharp corner, radiag of 

curvatere sero, the acceleration of the fluid particle becomes 

infinite. This requires an infinite force. In ideal fluid flow this 

infinite force is cbte ning an infinite velocity at the 

corer. Since this type of flow is not physically possible, the 

the 

te the corvier. This leads to a class of 

    

arates from     umption is generally made that the fluid sep 

  

    body and dogs not negotia 

problems involving "{rce" streamlines, a free streamline being 

sener., In the problems con- 

  

one which emanates from a shaz 

    

sidered in this thesis the fluid is assumed tc separa te at points ark     

  

_ the body where the body form make 

iom of stagnation points. 

The fluid which ie im contact with the bedy downstream from 

the body a fluid motion by the 

dy flow the fluid in 

      

and which is separated from the mai 

  

known ac the wake. Im atea: 

  

free atreamilines is 

the wake ic asourned to be at reat. This aesumption is consider- 

ably in error for actual fluida. However, if the wake contains fluid 

of much lees density than the fluid im the main flow, the theory 

should give resulte which compare favorably with experiment. 

Neglecting the effect of gravity, the condition that the wake 

  

be at rest indicates that the pressure intensity in the wake is cone 

  

    stant, and therefore the pressure intensity along the free streamline



on fe, Spe 

is constant. By virtue of this fact and Bernoulli's equation, the 

velocity magnitud 

   
In the flow from @ two-dimensional orifice, Figure Ma), a 

large tank is assumed to have a rectangular slot of great length out 

of which the fluid flows. 

® great distance from the alot, and 

The flow along the wall BA haa a direction 

the wall BA’ he 

ity at A and A', the flow is aseumed to separate and leaves im a 

tangen tial direction. If the velocity atl .. ie taken to be U, then the 

velocity along the free streamlines AI. and A'I ., is also G. 

e the free streamline Al ,,. varies from ¢ = 6 

> pointe GB, B' and i’ are assumed to be 

    

therefore have zero velocity. 

<0 and     the flow along 

  

a the direction @ «+7. Te avoid an infinite weloc- 

      

velocity direction alon 

  

at A te @ = « $ atl... , and the velocity direction along A'l ,. varies 

fzom +7 at A' to-Z atl... The velocity along the streamline 

i .. varies from zero at I to U atl. and has the constant direction 

Qa-g., 

Since the velocity direction is knows 
and DD’ A‘ aad since the velocity magnitude ia known 

amiines AI ., and A'l .. , these bounding streamline 

odograph plane. If the constant © in 

  

   

      

   

 



» oho 

velocity magnitude is q2=U, 

  

then at A, A' andI .,, where the 

  

Alse at 3, B and i where : 

  

  

w # log — 

lane may be plotted as shown in Figure ib). 

The bounding atreamlines BAL .. and B' A'I.. form a 

angle in the v~plane and therefore may be transformed inte the real . 

axis of the € -plane, Figure i{c), by the Schwars-Christoffel trans~ 

formation, Taking A at § = +1 and A! at §=~- 1, and noting that 
agles at A and A’ are a = 6 = = » the transiormati 

  

    

      

    

flex (e-1) *¢ee1y * 

  

Integration of thie expresdion yields | 

«2K cosh * | gé +h 

where L. is the constant of integration. 

| onetante K. and ie may be evaluated by cons idering the 

ditions: At Ae = 6, fel ataAt ese tT, & =k. 
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(d) F-Plane 

Figure 1. Planes Used in the Solution of Flow 
From A Two-Dimensional Orifice 
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» bbe 

Therefore 

o=Keosh”! (1) +L, 

at @ cosh”? (-I) +L 

for which 

Ki 
IL, #0 

The transformation then becomes 

| | ¢ =icosh™! § 

which, when solved for ¢ » yields 

E = cos ¢ (49) 

| Now if the point A in the real plane is taken at the point of 

sero potential, then at poimt A‘ the potential is alec eero, and i. 

the bounding streamline BAI . is ts 

the potential plane, F = +1 , is shown by Figure i{d). 

    

ken as the zero streamline, 

      

AP at § + Landi, at € = 0 and noting that the interior angle 

Aand A’ im the Feplan and the angle ati ise: G, 

    

SS #K¢e 0) | 

Integrating this expression yields | 

FeRlogf*hL — (41) 

conetant of integration, 

    

where Lis again the



re a 

The constant af imtegration, L., cam be evaluated by con« | 

sidering point A. At aA, $= 6, V = 6 and g = +1, therefore 

| F=PtiP=6=K log (ip +h 

for which L. = 6. | 

| The constant K may be evaluated by considering. the valves 

oe Y and J | at point A’ in the F-plane and the value of € at point At 

im the & oplane. In the € «plane A’ has previously been token at 

  

€ #« 1, and in the F-plane A' has previously been taken at P+ 0. 

  

then to find the value of V corresponding to A’. 

cam be shown, from the definttion of etream function, that 

  

   

    

the mase rate of flow between two streamlines is given by 

Mase rate of flow = ®. Uo, ~ Y, } 

where e, is the stagnation 4 

    

Pa a8 . the width 

of 

  

of the slot and a as the coefficient of contraction, then the width 

the sivearm ati . is al and the mass flow atl » is poll. Therefore 

Thus at A’ 
= ; ES = K log (+1) 

for which K =~ & Lo 

 



Bae 

  

The solution to the problem consists of the combine 

equations (40) and (41) to give 

F(e)s6s1Y =. esid log coe ¢ (42) 
P., Tr 

» 

it ie now important to find the equation of the free atreamline 

  

and the value of the contraction coefficient, a. Hf the point A is 

then the equation of the free 

      

taken as the origin in the r 

aroline Al ., ie found by integrating the expression for dz, 

  

dz 3 gh aa aF(s} owe wis © arte) | (38) 
a 

  

tion in the g«plane is carried out along the line Al. from A, the 

d seme point z. The corresponding integra- 

origin, to some point ¢ = 0 since w= 0 along the free streamline.    vation (39) and integrating 

  

i wie ain ¢ . | 
“¢ Son's °* 

carrying out the integration on the right-hand side and equating real 

  

¥ ot ent (log t nt gt 7)- sin 9) (43)



«29 

‘These are the parametric equations 

  

for the free streamline Al... . 

The asymptotic value for = is se (far 6 = « - h hence, the total 
© « 

width of the stream ati. ia l« 2 a . The coefficient of con- 
o 

  

traction then is 

  

7 

T+ 2 We. 
Po 

  

of the Mach nome 

  

From equation (10) -- can be ezpreseed in terma 
“@ 

ber M as 

te i 

coe (1 +f 2! a} Fo} 6 Z 

  

Within the present approximation ( = + 1) this gives 

i 
2 2t1~m*)4 
Po 

and the coefficient becomes 

ar 

Tr be Vt . Mw 

C. Flow From A Tank With 45° Walls 

(44)   a = 

The problem of the flow out of a tank with 45° walls is simi- 

lar to the preceding problem except that the tank walls are now. 

inclined at 45° with the horizontal as shown in Figure éja). Again 

the velocity at B, B’ and I’ is aseumed to be sero and the velocity 

  

ati. ig uesumed to be U. To avoid infinite velocities at A and A’, 

the flow is assumed te separate at these points, and therefore the 

 



~ 30 

which the 

  

wveamlines Al, and A'l,. ave free streamlines along 

  

velocity is U. The flow direction along BA ie -] and along B'A' 

| varies 

  

ig» ag, Along the free streamline Al .. the Mow direction 

line A'l.. the How 

g the constant © 

  

from. -~¢ to « = s and along the free streari 

direction varies from « af to « x + Again takin 

  

as 

  

      

consideration of the flow magnitude and direction along the bound~ 

hodogeaph plane shown in 

  

ing strearmlinea gives the distorted 

Figure 2{b). | 

The transformation from the distorted hedograph plane to 

  

ne ia made by the Schwara-Chriatoffel transiorma 

  

general form being 

s=Keosh”' c 4h 

The conditions to be substituted for evaluation of K an dl 

  

are as follows: At A, geez, & = #15 at At, gee ah » &§ Ba] 

thus 

-Z=K cosh“) (1p +L 

“ of = i cosh -t (1) 4h 

for which 

2-7
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oy cosh “be “| 

  

» when solved ior €, yields 

Suze gin Zo (45) 

oint A is taken as the point of zero potential, then A' 

, @ BAL oo 

i the p 

wilh aleo have zero potential, and if the bounding etreamlin 

tential, IF, plane is repre« 

sented by Figure 2(d). Traneforming the potential plane inte the 

€ «plane by the Schwara-Christoffel transformation, yields the 
general transformation 

Fe Klog § +k. 

          

    

  

The conditions necessary for the evaluation of K and L are: At A, 

ob s 0, Y ao, é «$4; at A’, dhs iP Y = aee Em l; thus 
3 a” 

  

O= Klog (1) +L 

i OGLE = K log (-1) +L >. 

for which 
L20 

Therefore 

r2.BRlY tog € (46) 
7 

(46) renders the general solution to     

  

bining equations (45) and 

this problem



ee 

w=» OMY tog (- sin 2c) (4) 

liowing the procedure outlined in the preceding problem, 

    

vametric equations for the streamline Al are outlined ae 

pnt z= fh 
x-fi [aco 0 ag en ~V2 ~ - tog (2212 7 )] 

y =~ pal 2 sin 0 - log tan( 5 +7) +/2 log (248 )} o™ 

(48) 

| ee. me + log (2-8 ) to o=-Z), 

a [Aree (2) 
T ee, 

rf, [vie (252 I 
ithin the present approximation ( =< 1), this reduces to 

      

  (49) 

  

'g mouthpiece, im two dimensions, is a re-entrant slot    

in a large container as shown in Figure 3(a). The pointe 5, B’ and 

I' ave assumed te be far removed from the entrance se that the 

  

velocity at these poimts is sero. The velocity at 1. in the stream is



» 3G 

assumed to be at U and therefore the velocity along the free stream- 

lines AI,, and A'l.. is U. The velocity direction along BA is 8 = 6 

along B'A' ie G=2r7, The velocity direction varies along the 

  

atreamline AI .. from 0 te T and along A’l.. fromzT tem. V1 

  

is a atrearoline. 

If the constant C is again taken ag 

| Baw ag t/a" +8 oc   

the bounding streamlines BAI .. and B'A'l ., and the streamline 

I't ., are represented in the g-plane by Figure Mb). 

Again the transformation equation for transforming the 

rectangle BAIA' B' in the v-plane into the upper-half of the € «plane, 

Figure Mc), is | | 

o2K cosh”! ¢ * Le 

The constante K and L are evaluated from the conditions at A and A‘: 

  

AtA, ¢=0, €= +1; atA', r= an, § =. Making these substi- 

tutions yields | 

®=K coon”! (1) +L 

27 2K cosh”! (1) +L 
for which 

i, = 6 

KB = Zi 

‘Therefore the transformation from the «-plane is given by 

  

¢ = Zi cosh”! €



oF | | 

E = eos. 3 {50} 

If the points A and A’ are taken ae points of zero potential 

and af the bounding gtrear Lig 

line, the potential plane f 

   ¢ BAL « 36 taken as the sero atream- 

. ) uthpiece is showa by 

Figure 3(d). The transformation from the potential plane to the 

intermediate € «plane is again made by the Schwara-Christoffel | 

transformation, the general form for this problem 

Fekilog €¢L 

  

being 

The constants K and L ave again evaluated from the conditions at 

Aand A' which are: AtA, 6 = 6, V20, €241; ata’, A 26, 

Yom’ .¢=.1. Making these substitutions yields 
6 = Klog(l) +L 

    

i PRS & log (-1) +L Ps : 

for which 

L #0 

By 

  

The transformation from the F-plane to the € «plane is then 

gs . galt en 

  

The solution to the problern is found by combining equations 

(50) and (51) to obtain 

P= « eee log cos 5 (52) 
- . |
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The parametric equations for the free streamline Al. can 

be obtained as previously outlined and are found to be | fo Ny 

. pal nw & 8 4... oO, ane 
=z = ent a 3 + log sec 3) ; \N 

| p= ook So aim 0) oe - 53 
7 Fipat | imo) - | (53) 

Here again the point A has been taken at the origin in the 2 - plane. 

The asymptotic value for y is: a 
*o 

  

   

  

{for G= T }; hence the 

tetal width of the stream ati. is 1 « em. and the coefficient of 

contraction is 

(54) 

    

Bobylelt' s Problem 

    An interesting variation of the preceding probleme is the 

problem known as Bobyleff's Problem im which a atrearn is supposed : 

    

i) impinge asymmetrically on ab 

two equal straight lines forming an angle, Figure (a). The problem 

considered here will be one in which the included half-angle is 45° 

ent plate whose section consiate of 

  

since consideration of a general angle yields a transformation for 

which the constant cannot be determined. 

in this problem, the velocity at A in the undisturbed stream 

   



a OG ow 

16 @seumed to be UO. The velocity at a considerable distance downe 

#tream, at pointe D and F, is alee aseumed to be U and since the 

strearmlines GD and EF are free stream] 

  

ines the velocity is U along 

  

these streamlines. At point B, the velocity is sero since thie is a 

  

lf the constant C is the same as previously used, consider- 

ation of the flow directions and velocities in the real plane renders 

  

a plot of the bounding streamlines in the c-plane as shown in Figure 

“(b). 

    Again the polygon made up of bounding streamlines in the 

«plane ia teraneformed inte the real axie of the € «plane by the 

  

Schwarz-Christoffel transformation, the general form for this 

particular case being 

¢#Keosh”¢ +4 

  

The constants Ba 

greg, Ex? iy at &, geod, Es « i. These conditions yield 

nd L. ave evaluated from the conditions: At ©, 

; « K cook”! (1) 4% 

~Gak cook”! (1) 4 L 

for which 

v Ls 3 z 

Keg 

  

The transformation equation becomes 

os-% cosh” € +7
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which, when golved for ¢ yields 

Ex sin é g 

   Now in the real plane, the zero stream 

and ABEF. This atreamline cons 

te B and two branches, BCD and BEY, extending te the right of point 

line is taken as ABC 

  

iste of a single etrearmline from A 

B. Uf point Bis also chosen as the point of zero potential, then the 

potential plane will be represented by Figure 4{¢}. Here the branches 

BCD and BEF are shown slightly removed from the real { V = 0 } 

oxia. Actually, however, these branches He on the real axis. It 

becomes necessary now to intreduce another intermediate plane, the 

gt plane, in order to relate the potential, F, plane to the € -plane. 

The bounding streamlines in the gy”! ptane are shown in Figure 4(e}. 

The transformation from the rl plane te the ¢ «plane ie now made 

by the Gchwara-Christofiel transformation. Im the ¢€ -plane the points     

G and E have previously been located at € «= + 1 and € = + 1 respact- 

ively. In the Fol ane the avoa between the streamlines BCD and 

  

BEY is now the interior of the polygon, hence the interior angles at 

C and E are a = 6 = 7 and the interior angle at Aise=27. Substi- 

tution of these valuece inte the differential form of the Schwarz- 

Cheistoffel transformation yields 

  

    ration, thie equation be 

pls & g* + is



a 

The constant L, may be evaluated by considering the conditions at_ 

. Which are: ¢ = 6, #°' 20. Thus 

  

oe = (0) +L 

for which 

Ls 

  

The relation between the F” _ plane and the ¢ «plane i 

  

and the relation between the potential, (f), plene and the ¢ -plane is 

Fos a 56 ru (56) 

  

introducing the relation between Cand ¢ obtained above, equation 

(55), this becomes — 
, & . 

FPS mertnsnnce 87) 
. aim” 2e 

to be determined for a complete 

  

The constant K remains 

solution. This constent may be evaluated by consideration of the | 

relation between the 2-plane and the analytic function Fle). Inte- 

    
gtation of this expression from E to ¢ gives 

Making thie substitution and carrying out the integration allows the



ee 

    

stant K, which is 

  

The final solution then, that is the analytic function, Flo}, becomes 

ain” Ze | 

for the force on this body may be obtained 

(58)     

- An express
ion 

by Suri
n 

faces of the bady over the entire bedy. Thus the drag force on the 

body is 

  

1 up the pregeure difference between the front and rear 

  

c | 
Dez Yo (pop) ae 

    where pis the pressure on the front face of the body and p, is the 

  

pregeure in the wake. Since the pressure intensity in the wake is 

  

the same ac the pressure intensity along the free streamline where 

the velocity ie U, p, may be written, by virtue of equations (9) and 

(il) ae 

    

_. - So} a g* a wy et 

Py * Py i+ (= =r a 

| * Within the present approximation thie becomes 

Py / 2 «2 

Similarly, the local pressure on the face of the body, p, may be 

written 

Py (/ 2 2B 
Pe a, J, “@



age 

Ag @ result of the above, the force on the body may be expressed aa: - 

page Lee wa ae yee $ ao 

The quantity s3 may be determined from the analytic function, F(ch 

          

btained previously and fron     » the equation relating the 2«plane 

on wiytte function, F(e), equation (38). | - 

expression, the integration cannot be carried 

out; therefore, it is apparently impossible to determine the drag 

force on the body. | Oo



a 

  

En the five three problems discussed, The Two-Dimensional | 

orifice, Flow From A Tank With hase Walle and Borda‘ ¢ Mouthpiece, 

  

the solution obtained | raph method may be compared 

  

with the exteting incompressible solution. & comparison of the 

solutions obtained by the hodograph method aa presented herein and 

ions is shown in Table 

    

the classical igeompresegible gol     

      

spondence between the analytic fun ott 

by the hodegragh method aud # 

ical theory is not easily seen since the analytic 

    

thod ie expressed in terms of ¢ (¢ = 6 + iw} 

» Obtained by the claggical theory is 

< +ie). The correspondence 

by as eo 

   

  

| expressed in terme of ¢' ( £' = Log 

  

between the hodograph solution and the classical solution is, how 

    

ever, readily seen by comparing the equations for the free stream 

btained by each of these methods and by comparing the 

equations fer the contraction coefficient ae obtained by cach of these — 

is modified ty the 

      

    

        

ach cace the hodogragh eclution 
Po : 

factor z which, within the present appr Q simation, reduces te — 

1+M*, This factor { fi ma“ } is well knows im the field of 

0 hunice a6 & correction for compressibility. [¢ should also 

  

that in each case if the Mach aumber M is taken as 0 corres~ 

ponding to an incompressible fluid the hodegraph solution is identical — 

to the incompressible solution. 

  

   



6 Ew 

‘the presence of the factor. V 1-M? indicates that the free. | 

    

number, or the velocity, U, in the undisturbed Muid, This is not 

  

the cage in the incompressible solution where the free atrearlin 

and the contraction coefficients are the game for all values of — 

  

undisturbed velocity, U. A comparison of the free streamlines 

md for | Mach number of 0.5 is given | 

  

foe the incompressible cage a: 

  

in Figures 5, Gand 7. Figure ¢ ig a comparison of the compress- 

  

ible and id incompressible values of the contraction coolficie 

function of Mach aumber noted that the contraction 

-coeificient increases slightly with increasing Mach number. 

  

it ie to be 

  

Unfortunately, mo counterpart wae found in classical theory 

a obtained ‘here ae a solution to Bobyleff' s 
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—— M = 0 (Incompressible) 

——- M=0.5 

Figure 5. Free Streamlines for the Flow Issuing 
From A Two-Dimensional Orifice
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0 (Incompressible) | 

—~——-M=0.5 u So 

Figure 6. Free Streamlines for the Flow Issuing 
From A Tank With 45° Walls
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Vill. CONCLUSIONS 

  

it has been found that the hodograph method can be applied 

    with considerable ease to problems of steady, two-dimensional 

i, dompressible fluid motion in which the bounding 

        

ade wp partially of straight boundaries and part- 

ially of fvee strearnlines. As in classical theory, these solutions 

physical characteristics of the 

  

ean be used to determine important 

  

problem guch as the equations of the free streamlines and the con- 

  

traction coefficient provided it is possible to carry out the mathe 

matical 

lt must be realized that the hodegraph method gi 

operations, 

    

approximate aclutions. However, the hodograph solution gives a — 

  

move accurate description of a Muid flow than does the classical 

  

solution aince the hedograph method takes into account the effects 

of compressibility. . | 

‘It ig hoped that the methods used and the solutions obtained 

im this thesis will aid im giving furtl 

  

ther insight into the probleme of 

  

compressible fluid flow 

 



= Bho 

IX. ACKNOWLEDGMENTS 

  

The author wighes to express his gratitude to Professor 

¥. K. Pien for his guidance and suggestions 

  

in choosing a thesis 

topic and for hie gendrous aid and cometructive eriticiam . 

throughout the work. 

    

  

Appreciation is extended also te Mrs. Mariam Willi 

for her patience and skill in the



ae 

Be 

be 

Ge 

Ve 

9, 

Strecter, V. L. Fluid Dy 

55 

  

  

Chaplygin, S. “On Gas Jete™ Sclentific Memoirs, Moscow 

University, Math. Phys. See., Vol. 21, ep 1-121, 1982 

(English t vanolation published as NACA IM 1063, 1944) 

Cornette, E, S. Two-Dimengional Subsonic Compressible 

Flow About Aa Arbitrary I oukowsky Airfoil, Thesis, 

Virginia Polytechnic Institute, 1953 

Lamb, Sir Hovace Hydrodynamics, pp 94-105, Dever 

| Publications, 1945 

Liepmann, H. W. and Puckett, A. E. Introduction to 

of A. © Comp egaible Elsid, ep 163183, 

      

john a Wiley and Sons, 1950 

Thomson Theoretical Hydrodyn AMCs pp 250-257, 

  

The Macmillan Company, 1950 

Subsonic 

  

Pien, Y. K. and Coraette, EB. 5. "Two-Dimensional 

Gompressible Flow Over A Joukowsky Airfoil", 

“Unpublished | 

      

= amics ® 

  

pp 165-181, McGraw-Hill 

  

Book Company, Inc., 1948 

Tsien, H. &. *T woe Dimensional Subsonic Plow of Compresa~ 

| tbhe Fluids", Journal of the Aeronautical Sciences, 

Vol. 6, P399,19390 | 
, Theodore “Compressibility Effects in Aero- _ 

dynamics", Journal of the Acrona : 

Vol. 8, P 337, 1941 

    

    atical Sciences, _



| oo BiG 

rman, Theedore “The Engi 

Linear Probleme", Bulletin of the American Mathe- 

matical Society, Vol. 46, P 615, August, 1940 

  

neer Grapples With Non- 

 



in Ocala, Florida on October 11, 1926. 

School in Arlington, Virginia and 

The author wae born 

  

     

  

wae graduated in June, 1947, Im September of the same year he 

  

entered Virginia Polytechnic institute, Blacksburg, Virginia and in 

June, 1951 was awarded a Bachelor of Science Degree in Aeroe | 

nautical Engineering. After graduation, he waa employed as an 

Aeronautical Research Intern for the National Advisory Committee 

fer Aeronautics at Langley Field, Virginia until called to active 

©, 1952, 

  

duty in the U. GS. Air Force in Octobe 

| The author received an honorable discharge from the Air 

Force in July, 1953, and thereup 

  

om returned to Virginia Polytechnic | 

institute where he was awarded a Teaching Fellewship in the Depart. 

ment of Applied Mechs 

  

nics. He ie presently a candid: 

    

Master of Science Degree in Applied Mechanics 

 


