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(ABSTRACT) 

In this thesis the five equation system of growth and yield equations originally de-

veloped by Clutter(! 963) is examined. The system is redeveloped algebraically to form 

a truly algebraically compatible system. 

Three methods of estimating the coefficients were examined. In the first method, 

three of the equations were fitted independently using ordinary least squares; these co-

efficient estimates were carried through to the other equations. No consideration was 

given to the relationships that must exist between the equation coefficients in order for 

the system to be numerically consistent. In the second method the system is first de-

veloped algebraically, before any of the coefficients are estimated, resulting in a slightly 

different system which is truly algebraically compatible. The coefficients were estimated 

by fitting two of the equations, and using these estimates throughout the rest of the 

system. The resulting system is both numerically consistent and algebraically compat-

ible. In the final method the relationships between the coefficients that must hold for 

the system to be compatible were incorporated in the coefficient estimation procedure. 

Seemingly unrelated regression techniques were used to estimate the coeflicients. 



The three methods resulted in coefficient estimates that were similar, with seem-

ingly unrelated regression producing the most efficient estimators. Prediction ability of 

the three methods on independent data show no method as being superior, although the 

seemingly unrelated regression procedure was able to reduce the total system error best. 
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Chapter 1 

Introduction 

There have been numerous publications on growth and yield in the past. Earliest 

methods used graphical techniques to predict growth and yield, then, with the increasing 

availability of computers, regression became the most commonly used technique for es-

timating the coefficients in growth and yield equations. Regression today is still the 

most widely used method for estimating coefficients. 

Since the middle fifties it has been common practice to select candidate models for 

growth and yield and use regression techniques to refine the model and estimate 

equation coefficients for a specific data set. Many improvements in model specification 

and development have been made, most notable in the algebraic and numerical com-

patibility of growth and yield systems. However, problems with compatibility in the re-

gression method of coefficient estimation arise because of the least squares principle of 

regression optimizes coefficients only for the dependent variable under consideration. 

If coeflicients are estimated for a volume growth equation and a volume yield equation 
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based on the growth model, coefficient values in the two equations will differ because 

of the difference in the sum of squares being minimized. Therefore, while the two 

equations are algebraically compatible, they are not numerically compatible. 

It may be important for a forest manager to have a system of equations that is not 

only algebraically compatible, but numerically consistent as well. That is, if basal area 

is predicted out to a future age and this age and basal area are then used in the volume 

yield equation, the resultant volume should be equal to the volume obtained from the 

volume prediction equation using the future age and initial conditions. In order for the 

system to be numerically consistent, the relationships between the coefficients from one 

equation to the next must be obtained, and when the coefficients in each equation are 

estimated, the coefficients must be constrained for the system to be consistent. 

The system of equations looked at in this study can be estimated using seemingly 

unrelated regression. Seemingly unrelated regression will be compared to the more 

commonly used method of ordinary least squares to see if an improvement in the esti-

mation of the coefficients can be made. 

Objectives: 

1.) Develop a system of growth and yield equations that are numerically as well 

as algebraically consistent. 

2.) Estimate the coefficients of the system simultaneously, using seemingly unre-

lated regression. 
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3.) Compare the system of equations with the coefficients estimated using seem-

ingly unrelated regression to a compatible and a non-compatible system esti-

mated using ordinary least squares. 
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Chapter 2 

Literature review 

Clutter( 1963) and Buckman( 1962) where the first researchers to express the 

differential/integral relationship between growth and yield. Using this relationship 

Clutter( 1963) developed a system of compatible analytic models for total stand cubic-

foot growth and yield for lobolly pine. He defined compatible to be when the algebraic 

form of the yield model can be derived by mathematical integration of the growth model. 

Clutter(l 963) started with the following two equations. 

Volume yield equation 

I 1 I 

Basal Area Growth Rate 

[2] ~~ = - B Ln(B) A - 1 + c0B A - 1 + c1 B SA - 1 
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where 

B = basal area per acre 

S = site index 

A = age of the stand 

V = total cu.ft. volume 

Both of these equations were fitted using linear regression to find estimates of the coef-

ficients. By differentiating the volume yield equation with respect to age, a growth rate 

equation for volume was developed. 

av = - P. v A - 2 + P. v B- I oB a A ..,3 ..,2 a A 

Substituting the basal area growth rate equation for ~! the growth rate equation be-

comes. 

131 

This equation was also fitted using linear regression. 

Integrating both the basal area and volume growth rate equations from initial age 

to a predicted age and from initial basal area/volume to predicted basal area/volume and 

solving for the predicted basal area/volume results in basal area and volume prediction 

equations. 

By using regression to fit the equations independently at different stages in the de-

velopment of the system the numerical consistency of the system fails. The system is 

assumed to be algebraically consistent, but by fitting the equations independently at 

different stages and using the fitted values for the equation coefficients as the system is 
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developed, results in a system that is not only numerically inconsistent, but also alge-

braically inconsistent. 

Sullivan and Clutter(1972) noted that the coefficients for Clutter's(I963) set of 

equations are not independent between the equations. By not taking the dependence into 

account when estimating the coefficients, the system of equations are not numerically 

consistent as was the case in Clutter's( 1963) article. Also measurements of such vari-

ables as stand volumes and basal area on the same plot do not constitute statistically 

independent observations. The authors developed a method to estimate the coefficients 

which takes both these problems into account. 

Starting with Clutter's(1963) cubic-foot yield and projected basal area equations 

[4) 

[5) 

!6) 

where 

A1= initial age 

A2 = future age 

B1 = basal area at age A 1 

B2 = basal area at age A2 

V1 = volume at age A 1 

B2 = volume at age A2 

and substituting equation[6] into equation[5] for the ln(B2) term, a projected cubic-foot 

volume equation can be written as 
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When A1 = A2 the equation collapses to the yield equation, therefore the equation is si-

multaneously a yield model and projection model. The coefficients p4 and Ps must be 

equal to P3 x a1 and P3 x a2 respectively. When the coefficients are found with this re-

lationship between the coefficients the equations will be numerically consistent. Sullivan 

and Clutter(l972) suggested fitting equation [7] to find estimates for the b's, and then 

use the relationship a 1 = ~: and a2 = ~: to estimate the coefficients of the basal area 

growth rate equation[6]. 

When developing estimators for the coefficients of equation [7] certain assumptions 

about the samples from the first and second measurements must be made. Sullivan and 

Clutter( 1972) made the following assumptions: the observations in the first measure-

ment will have a common variance crt ; the observations from the second measurement 

will have a common variance cr~; the covariance between different plots is zero; and there 

is a common covariance p, between the first and second measurements on the same plot. 

Under these assumptions the least square estimate of p is neither the maximum likeli-

hood estimator nor the best linear estimator. Therefore an alternative method of esti-

mation was used. Using the principle of maximum likelihood and assuming a bivariate 

normal distribution, estimators were developed by the authors. Although the derivation 

of the maximum likelihood estimates for the coefficients is more involved then using 

linear regression, the assumptions made are more reasonable. In the case of Sullivan 

and Clutter( 1972) this difference was probably not of practical significance, but in other 

cases with different data the use of the maximum likelihood procedure may be necessary. 
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Burkhart and Sprinz(l 984) used an alternative method to estimate the coefficients 

m Clutter's(l 963) equations. They used the equations written in the same form as 

Sullivan and Clutter(1972), equations 1-4, noting that a1 = ~: and a2 = ~: must be true 

for the system to be numerically consistent. Since these estimates of a 1 and a2 are not the 

most statistically efficient estimators (none of the basal area growth data is included) and 

they are dependent on the volume units and merchantability limits chosen for the de-

pendent variable, Burkhart and Sprinz( 1984) suggested another way to estimate the co-

efficients. They fitted the basal area equation [6] and the growth rate equation [7] 

simultaneously. The criteria to be minimized in the fitting gave equal weights to volume 

and basal area and is defined as follows. 

Where Y; and B; are the observed values for volume and basal area and J; and B; are the 

predicted values. cr y2 and cr~ are estimated using the mean square error from the least 

square fits of the volume and basal area equations, respectively. The restrictions 

a 1 = ~: and a2 = ~: were imposed. This fitting procedure resulted in coefficients for the 

basal area equations that were almost identical regardless of merchantability definition 

used in the yield equation and equations that were numerically consistent. 

Curtis(1967) also used the relationship of growth rate expressed as a diITerential 

equation and the yield equation equal to the integral of the growth rate. He started with 

the growth rate equation 

ar = fi.A)fi.S)f(RD) oA 

where A= age, S =site, RD= relative density, and Y =gross volume or basal area. A 

gross cubic foot volume yield equation was then obtained by integrating the growth rate 
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equation. Comparisons between estimates of growth rate and yield on permanent plots 

to those obtained on temporary plots showed that satisfactory estimates can be obtained 

from the temporary plots. 

The previous procedures for developing yield functions involved integrating the 

growth rate equation and expressing the yield equation as a function of stand age. 

Moser and Hall( 1969) noted that stand age has no meaning in uneven-aged stands, 

which makes the previous methods difficult to apply. Therefore they proposed using a 

growth rate equation which is expressed as a function of a measurable size characteristic 

of the quantity under investigation. Using time, since age cannot be determined, the 

growth rate is expressed as 

[8] 

where Y =cumulative growth and T = elasped time. Volume was then expressed as a 

function of basal area. 

Differentiating this equation with respect to time results in the growth rate equation. 

[ 10) 

The basal area growth rate is based on Von Bertalanffy's generalized growth rate 

equation. 

[ 11] oB = nBm - kB oT 

Substituting ~~ into equation [10] the final growth rate equation that results is 
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The equations were then fitted using regression. The volume and basal area yield func-

tions were then found by solving the respective growth rate equations for volume and 

basal area. This article provided appropriate methodology for deriving time dependent 

yield functions from growth rate equations which do not have time or age as an inde-

pendent variable. 

When developing a compatible system of equations, the best empirically derived 

growth rate equation, when integrated, may not result in the best yield equation. 

Smith( 1983) derived an empirical basal area growth rate equation and two constrained 

growth rate equations based on Clutter's(l963) and Buckman's(l962) basal area growth 

rate equations. He found although the empirical growth rate equation fit the data best, 

when the compatible yield equations where examined, the yield equation derived from 

Buckman's( 1962) constrained growth rate equation gave the best predictions of future 

yields. This result gives some justification for using the constrained model over an em-

pirically derived one. 

A different approach which relies on restricted three-stage least squares was used 

by Borders and Bailey( 1986). In the compatible system of equations developed by Bor-

ders and Bailey( 1986), some of the dependent variables from one equation appear as 

independent variables in other equations. The application of ordinary least squares in 

this system will result in biased and inconsistent parameter estimates due to the corre-

lation between the independent variables and the error terms. The authors applied 

three-stage least squares to address this problem. Ordinary least squares was compared 

to unrestricted and restricted three-stage least squares. (Restricted meaning parameters 
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that appear in more than one equation were constrained to be equal.) The parameter 

estimates were similar for all three cases, with three-stage least squares having generally 

smaller standard errors of prediction. Using restricted three-stage least squares so that 

the system will be compatible resulted in models that explained only slightly less vari-

ation than noncompatible ordinary least squares models. 

Murphy(l983), started with a yield equation proposed by Schumacher(l939) and 

a modified version of the Chapman Richards growth function, developed a system of 

equations for computing projected basal areas, and current and future volumes for two 

merchantability classes. Murphy used seemingly unrelated nonlinear regression to fit the 

system. Seemingly unrelated nonlinear regression is an extension of the linear case de-

veloped by Zellner( 1962). Since there is a strong likelihood of contemporaneously cor-

related residuals in Murphy's( 1983) system, seemingly unrelated nonlinear regression 

would be a statistically sound method of estimating the coefficients. Comparison of 

using seemingly unrelated regression to fitting the system equation-by-equation with 

ordinary least squares did not show any improvement in the seemingly unrelated proce-

dure. 

There have been many papers published on growth and yield and the ones here are 

representative of the kind of work that has been done for whole stand growth and yield 

models with the concept of compatibility and/or numerical consistency considered. 

Other models compatible and noncompatible have been developed based on diameter 

distributions and individual trees, and a general review of growth and yield models can 

be found in in Burkhart(l981). 
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DATA 

Chapter 3 

Methods 

The data used in this study were made available by the Virginia Division of 

Forestry. The data contain information from the remeasurement of permanent plots of 

loblolly pine established on old fields in the Virginia Piedmont and Coastal Plain. 

Diameter at breast height for all trees was measured to the nearest inch, and the 

height of some trees was measured to the nearest foot. A height/diameter regression 

was estimated for each plot. Site index, base age 25 years, was predicted using a site 

index equation developed by Devan and Burkhart(l 982) and cubic foot volume was 

predicted using individual tree volume equations published by Burkhart and 

others( 1972). 
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Since periodic annual growth is being used as the instantaneous growth rate, and 

the relationship between basal area, age, volume, and growth is non-linear, a uniform 

remeasurement period will be used. The remeasurement period of five years occurred 

most frequently in the data, and therefore was selected as the period to be used. 105 

observations were useable from the original data set. The data used, ranged in age from 

12 to 40 years, in basal area from 50 to 166 square feet per acre, and in volume to a four 

inch top, assuming a .5 foot stump, from 800 to 4,615 cubic feet per acre. The site index, 

base age 25 years, ranged from 45 to 71. 

Of the 105 observations, 70 observations were randomly selected to be used for 

fitting the equations. The remaining 35 observation were set aside to be used as a vali-

dation data set. 

PROCEDURE 

Three methods of estimating coefficients will be evaluated in this study. The sys-

tem of equations used were based on the work of Clutter(l 963). 

METHOD I 

The first method is the estimation methodology used by Clutter. Clutter first pos-

tulated a volume yield equation [l] based on expected properties. A volume growth 

equation was develop by differentiating the yield equation with respect to age. The yield 

equation used is a whole stand equation for loblolly pine which predicts cubic feet per 

acre based on A= age, S =site index, and I3 =basal area/acre. 
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[ l] 

Po, PI• P2, and PJ are regression coefficients. 

The coefficients of the yield equation were estimated using linear regression. The volume 

growth rate obtained by differentiating equation [1] with respect to age, is 

[2] 

Since basal area is a function of age, when the yield equation was differentiated, the de-

rivative of basal area with respect to age, ~! , is encountered. This term is the basal 

area growth rate. To find a basal area growth rate equation, the derivative with respect 

to age of a postulated basal area yield equation [3] was taken. 

D =basal area at age 20, ea.c1 , ••• are regression coefficients. 

The resulting equation [4] after differentiating and some algebraic manipulation is the 

basal area growth rate. 

[4J ~~ = - BLn(B)A - I + c0BA - I + c1BSA - I 
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The coefficients of this equation were also estimated using linear regression. The basal 

area growth rate equation was then substituted into the the growth rate equation [2] to 

come up with the final growth rate equation [5]. 

[5] 

At this point, instead of using the coefficients p and c estimated for the yield and 

basal area growth rate equations, the coefficients P2. Pilii. P2c1, and P3 of the growth rate 

equation were reestimated using linear regression. The result is an algebraically com-

patible growth and yield system, that is numerically incompatible due to coefficients 

which differ at different levels of the system. 

Prediction equations for basal area and volume can be developed from the respec-

tive growth rate equations. Using the growth rate equation [5] a cubic-foot volume 

projection equation will be developed. First, a basal area projection equation is <level-

oped by integrating the basal area growth rate equation [4] from initial age and basal 

area to a projected age and basal area. Rewriting equation [4] and integrating 

then solving for pp results in. 

[6) 
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AP = projected age, A0 = initial age, BP = projected basal area, B0 = initial basal area, 

This equation can then be substituted into equation [5] for the ln(B). This substitution 

takes into account basal area being a function of age. Using the notation 

B = BP and A = AP bringing volume to the left side, and substituting. 

expanding and combining terms results in the following equation [7]. 

[7] 

The projected volume equation is derived by integrating equation [7] from initial 

age and volume to a predicted age and volume. The resulting equation can then be 

solved for predicted volume, giving a volume prediction equation based on initial age 

and volume. 

[8] 

ln(Vp) = ln(Vo) + [CP2Co - P2 x Co)+ CP2c1 - P2 x c1) S] [ ln(Ap) - ln(Ao)] 

- Ao[P2 x Co + P2 x eaS - P2 ln(Bo)][ AP- I - Ao- 1] 

+ P{-1p- 1 - A0- 1] 

The values for the P's and e's were found when equations 4 and 5 were fitted and can 

now be substituted in for the final volume prediction equation. 
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METHOD 2 

This method is a modification of the previous method developed by Clutter. De-

veloping the system first algebraically, before estimating any of the coefficients, will re-

sult in a slightly different system. The volume projection equation is different, and this 

form of the equation is the form needed for the system to be truly algebraically com-

patible. 

Starting with the same volume yield equation 

and the same basal area growth rate equation 

~! = - BLn(B)A - I + eoBA - I + C1 SA - 1 

as Clutter, the system will be developed algebraically. The volume growth rate equation 

is expressed as 

Substituting the basal area growth rate equation for ~! 

av A -1 -1 -1 -2 aA = - J-'2 v Ln(B) A + P2 x Co v A + P2 x C1 vs A + p3 v A 
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Where these Ws and e's are the same as those in the volume yield and basal area growth 

rate equations. The basal area prediction equation is then developed as in method 1 by 

integrating the growth rate equation. 

Substituting this in for the ln(B) in the volume growth rate equation, again letting 

B BP and A AP results in 

expanding and combining terms results in the following equation. 

The projected volume equation is then derived by integrating this equation from initial 

age and volume, to predicted age and volume. The resulting equation is then 

ln( Vp) = ln( Vo) - Ao[~2 x Co + ~2 x eaS - ~2 ln(Bo)llAp-1 - Ao-1 I 
+ ~3(Ap-1 - Ao-1) 

The system of equations is now 
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an = - BLn(B)A - 1 + eoBA - 1 + c1 SA - 1 
aA 

av = - P2 v Ln(B) A - I + P2 x Co v A - I + P2 x C1 vs A - I + p3 v A - 2 a A 

-1 -1 ln( Vp) = ln( Vo) - AolP2 x Co + P2 x eoS - P2 ln(Bo)J!Ap - Ao I 
+ p3[Ap-1 - Ao-1) 

It can be seen that when the volume yield and the basal area growth rate equations are 

fitted, these estimates for the coefficients can be used throughout the system. Using 

these estimates will result in a system of equations that is numerically consistent as well 

as algebraically compatible. 

METHOD 3 

Although method 2 results in a numerically consistent set of equations, the esti-

mates of the coefficients are not efficient estimators since they do not use all the avail-

able information. Using the same procedure as method 2 to develop the system, the 

equation of interest can be fitted using a simultaneous estimation procedure. The real 

use of the basal area and volume growth rate equations are to get to the prediction 

equations, and are of no practical use once the prediction equations are developed. The 

equations which will be used by a forest manager would be 
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ln( Vp) = ln( Vo) - AolP2 x Co + P2 x eos - P2 ln(Bo) ][AP- I - Ao- I I 
+ p3[Ap-1 - Ao- I) 

The above equations can be fitted using seemingly unrelated regression described by 

Zellner(! 962). Seemingly unrelated regression will allow all the available information to 

be used when the equations are fitted. The across equation coefficients constraints can 

also be applied, so the system will be numerically consistent as well as algebraically 

compatible. Using SAS's SYSNLIN (1984) procedure, the above three equations were 

fitted. If the growth rate equations are needed, the coefficients can be estimated by us-

ing the coefficients found in the three equations fitted, using the relationship between 

coefficients shown in method 2. 

METHOD OF EVALUATION 

The final step is to compare the predictive ability of the systems based upon the 

three methods of estimating coefficients: Method I, Clutter's procedure, where the yield 

equation, basal area growth rate equation, and the volume growth rate equations are 

fitted separately using ordinary least squares, and the coefficients from the basal area 

and volume growth rate equations are carried through the rest of the system; method 2, 

where the yield equation and the basal area growth rate equations are fitted using ordi-

nary least squares, and these coefficients are carried through the rest of the system; 

method 3, where the yield, volume prediction and basal area prediction equations are 

fitted using seemingly unrelated regression. The equation coefficients for the three 

methods were estimated, and the effectiveness of each method was compared by looking 

at the ability to perform on independent data as well as how well they fit the data set the 

coefficients are estimated from. Several criteria were used when comparing the methods. 
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Calculated R2 for the equations for the data which the equations where fit to was defined 

as 

70 2 70 A 2 
L (yi - y) - L (yi - Y1) 

R2 = _1_=_1 _____ i=_1 __ _ 
70 
L (yi - .Y)2 

I= 1 

This was calculated in terms of the measurement value of interest, for example, the yield 

equation is fitted in terms of logarithm of volume, but R 2 was calculated in terms of 

volume. Mean squared error (MSE) was calculated from the fitting data set. 

70 A 2 
L (yi - Y1) 

MSE = -1-=-1---
70 

For the 35 observations set aside as a validation data set the mean difference (MD) 

35 A 

L (y1 - y) 
MD = _1-_-_1 ---

35 

and the mean absolute difference (MAD) were also calculate for each of the equations. 

The percent difference (%) 

Methods 

35 A 

L IY1 - y/ 
MAD = _i=_t ---

35 
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35 A 

L (yi - y) 
% i= l 

and the percent difference on an absolute scale(/%/) were computed. 

35 A 

.LIYi-y/ 
I= l /%/=----

Yi 

For each of the equations within each method, these criteria were compared. 
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Chapter 4 

Results and Discussion 

The coefficient estimates for the volume yield, volume prediction, and the basal 

area equations can be found in tables la, lb, and le respectively. The estimates were 

obtained using the 70 observations, and the three methods described in the previous 

chapter. 

For the yield equation 

the estimates for each of the methods are very similar. Seemingly unrelated regression 

(SUR) results in estimates with smaller standard errors than the ordinary least squares 

(OLS) estimates of methods 1 and 2. Signs of the coefficients for this equation are what 

would be expected, positive relationships between volume and site, and volume and 

basal area, and a negative relationship with volume and inverse of age. 
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Table Ia. Coefficient estimates and their standard errors ()for the volume yield equation 
from the three methods. 

Method p 0 p 1 p 2 p 3 

1 2.7243 0.0153 0.9874 -14.1238 
(0.1009) (0.0011) (0.0223) (0.4153) 

2 2.7243 0.0153 0.9874 -14.1238 
(0.1009) (0.0011) (0.0223) (0.4153) 

3 2.8035 0.0145 0.9809 -14.1697 
(0.0883) (0.0010) (0.0197) (0.3981) 

Table lb. Coefficient estimates and their standard errors ( ) for the basal area prediction 
equation from the three methods. 

Method c 0 c 1 

1 4.7106 0.0168 
(0.5558) (0.0092) 

2 4.7106 0.0168 
(0.5558) (0.0092) 

3 3.7876 0.0320 
(0.5133) (0.0086) 

Table le. Coefficient estimates and their standard errors ( ) for the volume prediction 
equation from the three methods. 

Method p 2 p 3 c 0 c 1 p 2C o P 2C I 

1 -0.3372 0.1107 4.7106 0.01686 3.2767 -.00059 
(0.4083) (7.4166) (0.5558) (0.0092) (1.7141) (0.0177) 

2 0.9874 -14.124 4.7106 0.01686 
(0.0223) (0.4153) (0.5558) (0.0092) 

3 0.9809 -14.170 3.7876 0.03199 
(0.0197) (0.3981) (0.5133) (0.0086) 
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For the basal area prediction equation 

the difference in coefficient estimates for method 3 from the other two methods are more 

pronounced then for the previous equation. The estimates of Co and C1 for methods 1 

and 2 come from the fitting of the basal area growth rate equation, while method 3 fits 

the actual basal area prediction equation. 

The volume prediction equation is of the form 

1 This term is only present in method l 

Methods 2 and 3 produced similar coefficient estimates. Method 3 fitted the vol-

ume prediction equation directly, with the across equation restrictions applied, and 

method 2 used the coefficients from the volume yield and basal area growth rate 

equations. The first method uses the coefficients estimated in the volume growth rate 

and the basal area growth rate equations. The coefficients Pz, p3, and P2c1 have the 

opposite signs than one would expect in theory. In developing the system, the estimates 

for Pz and p3 in the volume prediction equation should equal Pz and p3 in the volume 

yield equation. The signs of these estimates and their magnitudes being wrong is the 

result of the fitting of the volume growth rate equation. There is high multicollinearity 
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between the variables in the growth rate equation resulting in estimates that are wrong 

in sign, off in magnitude, and large in standard errors. 

OLS and SUR give similar estimates for the yield and basal area prediction 

equations. Because of the multicollinearity, some of OLS estimates used in method l, 

are of the wrong sign and have large standard errors, resulting in small t-values. The 

efficiency of the seemingly unrelated regression estimators relative to the ordinary least 

squares estimators can be determined by observing their standard errors, a smaller 

standard error would indicated a more efficient estimate. All coefficients show a slight 

increase in efficiency for method 3, which uses SUR to estimate the coefficients. 

The three methods resulted in yield equations that fit the original data equally well, 

all R2 's and MSE's are very close (Table 2a). Based on the mean difference (MD), on 

independent data all three methods resulted in equations that over predicted volume, 

with method 3 having slightly more bias than the other methods. The mean absolute 

difference (MAD) shows method 3 to have slightly more variation than methods l and 

2. On the percent scale the same results are true. All three methods produce equations 

that perform quite well. 

The three basal area equations perform equally well in fitting the original data set 

(Table 2b). R2 and MSE are almost the same for the three methods. All three equations 

slightly over predict, with method three showing slightly less bias. Method 3 again has 

the largest variation, but it is only slightly larger than the other two methods. Looking 

at the percent differences the same results are shown. 
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Table 2a. Evaluation of the volume yield equations. 

Method 
Procedure 1 l 2 3 
MD -6.8518 -6.8518 -10.6330 
MAD 48.9833 48.9833 54.0860 
% -0.6197 -0.6197 -0.8782 

l~'ol 3.1900 3.1900 3.5344 
R2 0. 9881 0.9881 0.9880 
MSE 56.755 56.755 57.162 

Table 2b. Evaluation of the basal area prediction equations. 

Method 
Procedure 1 l 2 3 
MD -2.7210 -2.7210 -1.6662 
MAD 5.9143 5.9143 6.3974 
~'o -3.3358 -3.3358 -2.2370 

1%1 6.1737 6.1737 6.5334 
R2 0.8412 0.8412 0.8352 
MSE 8.588 8.588 8.749 

Table 2c. Evaluation of the volume prediction equations. 

Method 
Procedure 1 l 2 3 
MD -74.1312 -55.2626 -33.3236 
MAD 165.6653 181.4714 196.7352 
% -3.4804 -3.2722 -2.2417 

1%1 7.9326 8.7299 9.3776 
R2 0.8138 0.8029 0.7920 
MSE 270.296 278.057 285.673 

1 MD= mean difference, MAD= mean absolute difference, % =mean percent differ-
ence, /%/=mean absolute percent difference, and MSE =mean squared error. 
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The volume prediction equations developed using the three methods also performed 

equally well in fitting the original data set (Table 2c). R2 and MSE are almost the same 

for the three methods. All three equations over predict, with method 3 showing less bias. 

Method 3 again has the largest variation, but it is only slightly larger than the other two 

methods. Looking at the differences on a relative scale, the differences between the 

equations are minimal. 

Examining the MSE for each method, method 1 is always less than or equal to 

method 2, and method 3 is always greater than method 2. Since there are no restrictions 

on method l, it is logical that it would be able to minimize the sum of squared errors 

(SSE) better than method 2 and 3. The peculiar result is that method 2 is able to mini-

mize the SSE better than method 3. 

In method 2, the yield equation is fitted using OLS with no restriction applied, 

while for method 3 across equation restriction are applied. For this equation, the SSE 

for the OLS fit should be smaller, and table 2a shows this to be the case. Looking at the 

basal area prediction equation, coefficients for method 2 come from the fitting of the 

basal area growth rate equation, and the coefficients for method 3 come from the actual 

fitting of the basal area prediction equation with restriction on the coefficients applied. 

It is expected that fitting the actual prediction equation would result in a smaller SSE 

than using the coefficients estimated in basal area growth rate equation. This is not the 

case, since the across equation restrictions resulted in a poorer fit than using the growth 

rate coefficients, as can be seen by the MSE and R 2 in table 2b. The actual difference 

in the validation criteria is quite small. 

Up until now, the procedures of method 1 and 2 are identical. Both these methods 

used unrestricted OLS to estimate the coefficients, while method 3 used SUR with across 
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equation coefficient restrictions applied. The coefficient restrictions result in equations 

with slightly higher MSE, but it was hoped that this increase in MSE will be offset by 

a decrease in the MSE in the volume prediction equation. 

In estimating the coefficients for the volume prediction equation, method 1 uses 

coefficients estimated when the volume growth rate equation was refitted. Using these 

estimates result in a numerically inconsistent system, but since there are no across 

equation restrictions imposed, this volume prediction equation has the smallest SSE. 

Method 2 fitted the volume yield and basal area growth rate equations, and used these 

coefficients in the volume prediction equation, resulting in a numerically consistent sys-

tem. Since the coefficients are restricted to have the relationships between them needed 

for numerical consistency, the volume prediction equation's SSE is expected to be larger 

than the unrestricted procedure of method 1, and from table 2c it can be seen this is the 

case. Method 3 fits the volume prediction equation simultaneously with the volume 

yield and basal area prediction equations using SUR, with restrictions across equations 

which keep the system numerically consistent. It was thought that this procedure would 

be able to reduce the SSE in the volume prediction equation to counter the increase of 

SSE in the volume yield and basal area prediction equations. Instead of the decrease a 

slight increase in SSE is observed. 

To find out if there are any particular areas in which any of the equations behave 

poorly, increasing the SSE, plots of the residuals (y1 - y1) , where y,. is the observed value 

and y1 • is the predicted value, were examined. It was thought that placing restrictions 

on parameters may cause an equation to perform poorly in some regions of the data 

contributing significantly to the SSE. 
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Figures 1 and 2 are plots of the residuals from the volume yield equation. The 

residuals are plotted against the actual volume to see if there are any trends in the pre-

diction, i.e. as volume increases residuals increase, etc. Both methods 1 and 2 are re-

presented by figure 1 since they both use the same coefficient estimates. Figure 2 is the 

residual plot for the equation from method 3. No trends in the residuals are shown by 

these graphs. 

The basal area prediction equation is also the same for methods 1 and 2, and their 

residuals are plotted on figure 3. The residuals from the equation for method 3 are 

plotted on figure 4. The residuals are plotted against the average basal per acre to look 

for trends with changes in basal area. The plots do not show any trends in the prediction 

of future basal area with changes in basal area. 

Figures 5, 6, and 7 are the plots of the residuals for the volume projection equation 

from methods 1, 2, and 3, respectively. The residuals are plotted against average volume 

per acre. The residuals are randomly scattered about zero, showing no trends. 

The residual plots for all the equations, from each of the methods, show no trends. 

The residuals fluctuate randomly above and below zero throughout the range of the 

data. There were no areas in the data that had any concentration of residuals to either 

side of zero, and no patterns are observed. This indicates that there is no problems in 

the model specifications and the restrictions on the parameters are not causing the 

equations to perform poorly within the range of the data. 

Results and Discussion 30 



240 

210 

180 

150 

R 
E 120 
s 

** I * 0 
u 90 * A * "'* L * * * 
F 60 * R * * * CJ •* * H * * i + * * 30 * * * H * * E * * * * * T * *• * * H 0 

* * CJ + * * * D * * """• * + * * * s * * * + + 
-30 ... + * * * * i * + + 

* * i * + 
** A + t* * N -60 + * * 

D + * 
2 

-901 * * * 

-120 * 
+ 

-150 
"' 

-180 

600 1000 1400 !BOO 2200 2600 3000 3LICO 

ACTUAL CU. FT. VOLUME PER ACRE 

Figure I. Plot of the residuals versus cubic foot volume per acre for the yield equation 
for methods 1 and 2. 
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Figure 2. Plot of the residuals versus cubic foot volume per acre for the yield equation 
for method 3. 
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Figure 3. Plot of the residuals versus average basal area per acre for the basal area pre-
diction equation for methods 1 and 2. 
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Figure 4. Plot of the residuals versus average basal area per acre for the basal area pre-
diction equation for method 3. 
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Figure 5. Plot of the residuals versus average cubic foot volume per acre for the volume 
prediction equation for method 1. 
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figure 6. Plot of the residuals versus average cubic foot volume per acre for the volume 
prediction equation for method 2. 
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Figure 7. Plot of the residuals versus average cubic foot volume per acre for the volume 
prediction equation for method 3. 
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Looking at the SSE for each equation individually may not be appropriate m 

comparing the performance of the systems. Since interest lies in the system as a whole, 

not in the individual equations, some method of comparing the systems as one unit is 

needed. The straight sum of the SSE's from each of the equations for each method does 

not give equal weight to the equations since they are in different units. Dividing each 

SSE by an estimate of the variance for each equation is a way to eliminate the scale 

difference between the equations, but this measure of total system error does not incor-

porate any information about the correlation between the equations in the system. The 

reason for using SUR is because there exists correlation between the error terms in the 

system of equations and this information should be used when evaluating the system. 

Therefore the total system error (TSE) will be defined as 

-2 
cr I ,I 

-2 
cr 1,2 

-2 
cr 1,3 e1 

TSE =[e1 e1 e3] 
-2 

cr2,1 
-2 

cr2,2 
-2 

cr2,3 e2 
-2 -2 -2 

0'3,1 0'3,2 0'3,3 e3 

where 

e1 is a vector of errors, defined as (y1 - Yi), from the /h equation. 

. h . b h .th d ,(ft • criJ is t e covanance etween t e / an J equations 

i = 1,2,3 j= 1,2,3 

equation l = volume yield 

equation 2 = basal area prediction 

equation 3 = volume prediction 

This value will be a scalar that takes into account the fact that the errors are not inde-

pendent by including cross products of the errors between equations divided by their 

covariances along with the SSE for each equation divided by its variance. The values 

of the variances and covariances used were estimated by fitting the system in its nonlin-
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ear form since the errors are defined in terms of volume and basal area, not logarithms 

of these values. Looking at the residuals plotted against actual values for the nonlinear 

equations showed no evidence of a violation of the homogeneity of variance assumption 

needed to use these estimates. Using the variances and covariances estimated by SAS's 

SYSNLIN procedure for the 70 observations to which the equations were fitted, the TSE 

was calculated for the each of the methods on the validation data set. 

Table 3 shows the values for the total system errors for each method. When the 

information on the correlation between the equations within the system is taken into 

account, the usefulness of the SUR procedure can be seen. The total system error for 

method 3 is smaller than either of the other two methods. 
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Table 3. Total system error for the three methods. 

Method TSE 
1 213.3198 
2 237.9079 
3 182.6572 
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Chapter 5 

Conclusion 

Clutter's (1963) system of growth and yield equations was analyzed, and it was 

found that that by fitting the volume growth rate equation without constraining the 

coefficients to have the relationships they need with the volume yield and basal area 

growth rate equations to be numerically consistent, the algebraic compatibility of the 

system is also lost. The system was developed algebraically without fitting any of the 

equations. The resulting system has a different volume projection equation than the one 

proposed by Clutter(l 963 ). If the system is then fitted with across equation constraints 

on the coefficients, the system will be numerically consistent and algebraically compat-

ible. 

Two methods of estimating the coefficients in the numerically consistent system, 

and Clutter's original method were examined. Clutter's method, and one of the numer-

ically consistent methods used ordinary least squares(OLS) to fit part of the systems 

equations independently, and then use these estimates for the coefficients in the rest of 

Conclusion 41 



the system. The third method fitted the system simultaneously using seemingly unre-

lated regressions (SUR) with constraints on the coefficients to keep the system consist-

ent. 

Looking at the system equation by equation, Clutter's unconstrained equations fit 

the data best, based on R 2 and MSE values. On independent data the performance of 

the methods varied. Examining the mean difference and the mean absolute difference, 

the SUR procedure tended to have slightly less bias, but slightly more variation. On the 

relative scale very little difference between the methods is apparent. Examining the t-

values, the SUR procedure usually produced the most efficient estimators, although the 

gain in efficiency does not appear large. 

Looking at the system as a whole, which is important when examining a compatible 

system of growth and yield equations, the SUR procedure should be given consideration 

when estimating the coefficients. Although independent OLS fits to each equation can-

not be beaten for the individual equation, there are other aspects that must be consid-

ered. An assumption made when using OLS is that there exists no other model that is 

correlated to the error term in the postulated model. This assumption is violated in 

many growth and yield systems. One has to consider that volume, volume growth, and 

basal area growth are not independent of each other. SUR is one method of estimating 

the coefficients of equations that have correlation between their error terms. In "clas-

sical" SUR as defined by Zellner(l 962) the correlation of the error terms is due to miss-

ing independent variables, and there is no functional relationship between the dependent 

variables contributing to the correlation. In the system of equation used in this paper, 

there exists functional relationships between the dependent variables. It is unknown 

what the effects this type of violation has on the estimation procedure, but since SUR 
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was able to improve the efficiency of the coefficient estimates in this paper, the method 

appears to be a viable alternative to OLS. When a measure of total system error which 

accounts for the equations not being independent was examined, the SUR procedure is 

found to be superior to the constrained and unconstrained 0 LS methods. 

SUR provides a convenient method of fitting a system of growth and yield 

equations that may have correlation in residuals, and allows for the across equation re-

strictions that may be needed for consistent estimates. In this paper using SUR resulted 

in more efficient coefficient estimates, and a reduction in total system error. Although 

the system does not fall exactly in the case described by Zellner( 1962), using SUR re-

sulted in improved estimates. 
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