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(Abstract)

This dissertation is concerned with a space robot consisting of a rigid platform,
two articulated flexible arms and a rigid end-effector. The task is to ferry some
payload and to dock smoothly with an orbiting target whose motion is either known
or not known a priori. The dynamical equations for planar motion of the space
robot are derived by means of Lagrange’s equations. They are then separated into
two sets of equations suitable for rigid-body maneuver control design and vibration
suppression control design. A perturbation method is used when the target motion
is known a priori and direct partitioning is used when the target motion is not
known. Both approaches are under the assumption that maneuver motions are

much larger than elastic motions.

As far as the rigid-body maneuver control is concerned, optimal trajectory
planning is carried out off-line by means of the global optimization method under
the assumption that the target motion is known a priori. In contrast, when the
target motion is not known a priori, on-line feedback tracking control is carried out
by means of an algorithm based on Liapunov-like methodology and using on-line

measurements of the target motion.

As far as the vibration suppression control is concerned, the use of the piezoelec-

tric sensor/actuator pairs dispersed along the flexible arms is proposed. Collocated



sensors/actuators for vibration control exhibit good performance. The actuators
are designed to compensate for the disturbances caused by the rigid-body maneu-
ver and to realize the LQR feedback control. Assuming that the number of actuators
along each flexible arm is equal to the number of modes used to model the beam,
the LQR control design is based on a linear time-varying system without persistent
disturbances.

Problems related to the digital implementation of the control algorithms are
also discussed. Some undesirable effects, such as the bursting pnenomenon and
even system instability, can occur if the control algorithms are realized in discrete-
time. To prevent these problems, the modified discrete-time control schemes are

developed. Numerical examples are used to demonstrate the control algorithms.
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Chapter 1 Introduction

Space robots are likely to play an increasingly important role in space missions.
They can be used for the collection of space debris, recovery of spacecraft stranded
in a useless orbit, repair of orbiting spacecraft, construction of a space station in
orbit and servicing the space station while in operation. One of the basic functions
of a space robot is to deliver payloads to a target object. In contrast with current
remote manipulators, however, space robots must possess the capability of traveling
in space and docking with other spacecraft.

Because space robots imply unmanned missions, a well-designed automatic con-
trol system must be on board. Together with the complicated dynamics of a space
robot itself, the tracking control for a space robot constitutes a very challenging

problem.

1.1 Problem Statement

The space robot considered in this dissertation consists of a rigid platform, two
articulate flexible arms attached in series to the base, and an end-effector/payload
(Fig. 1). The task of the space robot is to track a moving target and deliver
payloads accurately and smoothly. To this end, it must have its own control system
enabling the platform to translate and rotate and its arms to maneuver.

The equations governing the behavior of space robots are nonlinear and can be

expressed in the general form of the state equation
x = f(x,u) (1.1a)
and the output equation
y =g(x) (1.10)
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where x is the state vector, u is the control force vector and y is the output vector,
usually defined as the position and orientation variables of the end-effector. The
target output vector y, is defined as the position and orientation variables of the

docking port at the target. We can then define the error vector as

e=yi—y (1.2)

The problem reduces to that of designing a control law u(t) so that e and its time
derivative € are driven to zero.

There are two significant differences between industrial robots in current use
and space robots considered here. In the first place, industrial robots are mounted
on a fixed base, whereas space robots are mounted on space platforms capable of
translations and rotations. The second significant difference is that space robots
must be very light, and hence very flexible, unlike industrial robots characterized
by very bulky and stiff arms. The flexibility of the robot arms causes elastic vi-
bration, which tends to affect adversely the performance of the end-effector. Both
characteristics have been considered in this dissertation.

As far as the target motion is concerned, there are two different cases. In the
first case, the target motion is assumed to be known a priori. Off-line planning is
made to achieve optimality under certain criteria. The control is basically open-
loop and the solution is optimal. Because all the future information about the
target is used for optimality, the whole procedure is sometimes called “planning”.
The control problem reduces to the solution of a two-point boundary value problem.
In the second case, the target motion is not known a priori and the control decision
is based on on-line measurement of the current state of the system and of the target.
This amounts to feedback tracking control.

“Planning” control and “feedback” control can be used in tandem. Indeed,
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when the space robot is far from the target and the target motion is known or it
can be predicted, planning control can be used to bring the space robot close to the
target. Then when the space robot is already close to the target, feedback control
can be used for accurate and smooth docking.

In this dissertation, both planning control for tracking a target whose motion
is known a priori and feedback control for tracking a target whose motion is not

known a priori are investigated.

1.2 Literature Review

Because the research is concerned with two different tracking problems, one
in which the target motion is known and one in which the target motion is not
known, we review the pertinent literature separately. Moreover, when flexibility is
incorporated into space robots, the control problem is significantly more complex

than for the rigid-body counterpart, so that a third review section is in order.
i. Planning control

First we discuss tracking control under the assumption that the target motion
is known a priori. This is a very common problem in industrial robotics, for which
the trajectory of the end-effector for an industrial manipulator is often prescribed.
If the robot configuration vector q € R" is related to the end-effector output vector
y € R™ by means of

y =1f(q) (1.3)

then a desired robot configuration trajectory qq and its time rate can be obtained
from a desired end-effector trajectory ys by means of algorithms based on the

following equations
qd =7 (ya) (1.4a)
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ad = J'(qa)ya (1.4d)

where J = % is the Jacobian matrix (J € R™*"), and J' € R"*™ is the Moore-

Penrose pseudoinverse of J. The procedure of obtaining the desired state q4 from
the prescribed output yg is called inverse kinematics, sometimes called trajectory
planning. The control force which can realize the desired state is then computed
by certain control algorithms based on the specific robot system equations and this
procedure is called inverse dynamics. A great deal of research has been carried out

on this idea of tracking control.

In the case of space-based robots, extensive research has been carried out on
the special problem of free-floating platforms. Longman [1-2] first presented the
characteristics of the problem, namely, that the desired robot configuration q4 can-
not be obtained from mere kinematical relations such as that given by Eq. (1.3).
He coined the term “forward (inverse) kinetics” to describe the problem. Vafa and
Dubowsky [3] developed a new concept, referred to as a “virtual manipulator”,
to represent the free-floating manipulator system, according to which manipulator
path planning and base attitude adjustment can be carried out by cyclic joint mo-
tions. Alexander and Cannon [4] presented an extended operational-space control
algorithm to calculate appropriate joint torques so as to permit the end-effector
to track a desired path while allowing for the free dynamic response of the base
vehicle. The main thrust of the research on free-floating space robots is to control
the system by merely maneuvering the robot arms. One can realize the desired
end-effector trajectory and desired base attitude simultaneously [5], or realize the
desired joint angles and desired base attitude simultaneously [6] by actuating joint
angles without vehicle attitude control. The research just described is based on

the assumption that the robot is free-floating, i.e., there are no external forces and
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torques acting on the system, so that the system linear and angular momentum are
conserved. For a space robot tracking a moving target, it is unrealistic to make
such an assumption, so that algorithms concerned with free-floating space robots

are not applicable for our problem.

A space robot system carrying out tracking missions possesses redundancies,
i.e., one end-effector trajectory corresponds to an infinity of robot configuration
trajectories. The robot redundancy provides an opportunity to optimize the mis-
sion. The trajectory associated with the robot configuration can be solved based
on a great variety of performance indices or specific requirements, as long as the
target trajectory (or desired end-effector trajectory) is known. The approaches used
for solving the problem usually falls into two groups, global optimization methods
and local optimization methods [7]. De Silva [8] presented a planning space robot
trajectory minimizing the base reactions and limiting the end-effector accelerations
and jerks to given values. Koivo and Arnautovic [9] presented a method of dynamic
optimum control for manipulators with redundancy. Research results have shown
that for a robot system with redundancy, such as space robots, not only the tracking

can be realized but also certain performance index can be minimized.

In this dissertation, the global optimization method is applied to a tracking

control problem for which the target motion is known a priori.
ii. Feedback control

When the target motion is not known a priori, optimal planning is impossible.
Even though the target motion is known, it is very likely that some disturbance and
unexpected factors can cause errors, so that control based on off-line planning may
not work well. In view of this, on-line feedback control for the tracking problem

appears more realistic and attractive.



One of the most commonly used techniques for the problem is still the stan-
dard one described as follows: First, inverse kinematics is performed from on-line
measurements of y4 to obtain the desired configuration qq, according to Eq. (1.4).
Then, inverse dynamics is performed, i. e., the system equations are used as a
nonlinear feedback control algorithm to obtain the control forces so that qq is re-
alized in every time step. Because measurements and calculations are performed
on-line, the control algorithm must be as simple and as fast as possible. Some inves-
tigators have concerned with ways of simplifying the inverse kinematics algorithm
[10-12]. Others contributed to a better and simpler control law designed to realize
the desired configuration qq by various control techniques [13-14].

Because robot tracking is essentially performed by the end-effector, all control
algorithms based on tracking the desired configuration qq4 cannot be used before the
inverse kinematics problem is first solved. However, on-line calculation of inverse
kinematics suffers from problems of computation complexity, robot redundancy and
kinematics singularity. Furthermore, the effectiveness of the control is strongly influ-
enced by the accuracy of the inverse kinematics solutions. It follows that approaches
to output tracking control not based on inverse kinematics are highly desirable. This
kind of approaches found in literature can be categoried into four different groups:
resolved acceleration control in operational space [4][15], input-output map method
[16-17], model following control [18-19] and Liapunov-like methodology[20].

In resolved acceleration control, the control command can be computed typi-

cally as

F = M(q)J "} (q)[jd + G1é + G2e — J(q)a] + d(&,q) (1.5)

where F is the control force vector, M is the mass matrix, d is the vector grouping of

the Coriolis, centrifugal and gravitational forces, G; and G2 are the gain matrices.
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e, €, q, q and y4 can be measured and calculated on-line. Strictly speaking, the
method amounts to inverse kinematics, because the inverse of Jacobian matrix must
still be calculated on-line.

The input-output map technique is based on the invertibility of the input-
output map of a nonlinear system equation. Usually it is difficult to find such a
map. The corresponding control scheme also involves matrix inversions.

In model-following control, the target trajectory yq is regarded as an output

of a model dynamical system, so that the plant and output equations are

Xm = AmXm + Bmum (1.6a)

Yd = CnXm (1.6b)

respectively. Tracking is realized by the control u in Eq. (1.la), so that y ap-
proached yq4. Model following of linear system has been studied extensively [19].
Optimal model tracking again requires solving two-point boundary value problems
off-line [21]. One exception is in the work of Lee et al. [22], in which an optimal
decision strategy for aircraft terrain tracking is used. The authors claim that on-
line optimal tracking is possible, provided that a fast-converging iteration algorithm
proposed in the paper is used.

The Liapunov stability concept has been frequently used in control design.
Wang [23] used it to design a guidance law for a spacecraft docking to another
spacecraft accurately and smoothly, assuming that the two docking objects are 3-
dimensional rigid bodies and have their own control systems on board. Another
assumption used in [23] is that the motion of the target object decays to zero
with time. Oh et al. [24] presented both theoretical and experimental results of

controlling a one-link flexible manipulator using the Liapunov stability principle.
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Recently Novakovic [20] presented a technique using Liapunov-like methodol-
ogy on rigid robot tracking control problem. Compared with other works in the
area, his control algorithm exhibits three major advantages:

1) The on-line calculation is simple and it involves neither inverse kinematics nor
inverse matrix calculation.

2) The control decision is based on on-line information on the current robot state
and target state.

3) Stability is guaranteed no matter how the target motion changes.

In this dissertation, the approach presented in [20] is adopted and modified to
solve the problem of flexible space robot tracking control for the case in which the

target motion is not known a priori.
iii. Flexible space structure control

In the case of flexible space structures, maneuvering motions excite vibrations
of its flexible members. This in turn causes perturbations in the rigid body motions
[25]. These coupling effects are highly undesirable, as they can cause the space
structures to miss targets.

There are different control schemes for ordinary industrial flexible manipula-
tors. Some control algorithms are based on the linearized models derived from the
nonlinear equations of motion of the flexible manipulator. The linearization is per-
formed around the nominal trajectory, which is obtained off-line from the desired
tip trajectory. Then linear quadratic regulator (LQR) theory is applied to the lin-
earized model [26-27], as well as other theories such as the variable structure sliding
mode control [28-29].

Other researchers attack the problem from another direction. To avoid the

complexity resulting from nonlinearity and rigid-flexible motion coupling, they to-
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tally abandoned the dynamical equations as the system model. Instead the ARMA
model of system identification is used [30-32]. This approach represents essentially
adaptive control. Such schemes are useful when accurate dynamical models cannot
be obtained. Neither linearization nor state estimation are required, as the control
algorithm is based only on the input and output variables, such as tip displacement
error, joint angles error and the control force itself. Usually the approach requires
computation using on-line recursive tuning and on-line system identification algo-
rithms.

In [33], Bang and Junkins presented a control law for a one-link manipulator

derived from Liapunov stability theory in the form

u = —g1(8 — 64) — g26 — gs(loSo — Mo) (1.7)

where g1, g2 and g3 are constant gains and (Ip.Sp — Mp) is the boundary force at the
root of link, which can be measured by force sensors or strain gauges. Reference
[34] presents a similar control scheme for the general multi-link flexible manipulator.
Equation (1.7) represents proportional and derivative control, and it includes the
boundary force as a feedback variable. This control scheme is easy to design and
implement. However, after a careful examination of the proof in both [33] and [34],
it is easy to see that the control scheme is valid only for problems in which the
system approaches an equilibrium point in the state space, i.e. 8 = 84 and 6 =o0.

For the space robot with flexible manipulator arms shown in Fig. 1, Murotsu
et. [35] proposed a pseudo-resolved acceleration control and reduced-order model
control assuming that the space robot is free-floating. Gawrouski et al. [36] pro-
posed a control system consisting of feedforward compensation and feedback control
loops based on linearized dynamics. Meirovitch and Lim [37] studied the problem

of maneuvering and control of flexible space robots by means of a perturbation
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method, whereby the problem is divided into one for the rigid-body maneuvering
of the robot and another one for the feedback control of the elastic vibrations and
perturbations from the rigid-body motion. The vibration control is carried out by
actuators throughout each flexible arm.

In this dissertation, the vibration control design is also based on the assump-
tion that the elastic vibration is small compared to the rigid-body motion. As in
[37], the governing equations of motion for the elastic vibration represent a linear
time-varying system subjected to persistent disturbances. The vibration control
is carried out here by means of piezoelectric sensor/actuator pairs throughout the
flexible arms. The major advantage of the piezoelectric sensor/acuator pairs is their

collocation property, guaranteeing good control performance [38-40].

1.3 Dissertation Outline

This dissertation is concerned with the control of a two-dimensional flexible
space robot tracking a moving target. It is organized as follows:

In Chapter 2, the dynamical equations of motion of a flexible space robot are
derived. For the purpose of control design, the original equations are separated into
two sets of equations, one governing rigid-body motions and the other the flexible
vibration. The separation process differs from one case of target motion to another.
In particular, when the target motion is known a priori, a perturbation method
is used, and when the target motion is not known a priori, direct partitioning is
applied.

Chapter 3 presents a control scheme for a space robot tracking a target whose
motion is known a priori. Both the rigid-body tracking maneuver control and the
vibration suppression control are developed. A numerical example demonstrates

the approach.
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Chapter 4 presents the control scheme for a space robot tracking a target
whose motion is not known a priori. Again, control algorithms for both tracking
and vibration suppression, as well as a numerical example, are presented.

Finally Chapter 5 provides a summary and conclusions.
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Chapter 2 Dynamical Equations of Motion for a Flexible Space Robot

The equations of motion for a flexible robot can be derived by means of La-
grange’s equations in conjunction with a consistent kinematical scheme. Such equa-
tions represent a set of hybrid (ordinary and partial) differential equations involving
both rigid-body motions and elastic vibrations, and are nonlinear. In this form, the
equations are not suitable for control design. To render them suitable for control
design, a discretization procedure is first used, so that the partial differential equa-
tions are reduced to sets of ordinary ones. Then, the perturbation method and
direct partitioning procedure are applied to the equations resulting in two sets of
equations, one governing the rigid-body tracking maneuver and the other govern-
ing the elastic vibration control. In this chapter, the equations of motion are first
derived and then separated into the rigid-body motion equations and the elastic

vibration equations.

2.1 Equations of Motion

The flexible space robot and the coordinate systems are shown in Fig. 2.
Body 0 is the robot base, assumed to be rigid. Bodies 1 and 2 are the robot
manipulating arms attached in series to Body 0 and they are flexible. Body 3 is
the end-effector/payload, also assumed to be rigid. For planar motion, the robot
base is capable of two translations, z¢ and yo, and one rotation 6y, the two flexible
arms are capable of the rotations 8; and 6, and the elastic vibrations u; and w2 and
the end-effector is capable of the rotation 63. Referring to Fig. 2, the displacement

vector U and velocity vector V for a typical point in Body 0 are as follows:
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Up=R+C{ Ry
Vo =R+ CTooRe
Similarly, for Body 1
U =R+ CJLo + C{ (r1 + wy)
Vi =R+ CI&oLo + CTo1(r1 +wp) + CT iy

for Body 2
U; =R+ CJLo + Cf (L1 + w2) + CF (r2 + uz)

Vo=R+ CTooLo + ClT‘:h(L1 +u2) + CirilIZ
+ CTa(r2 + uz) + CF 02
and for Body 3
Us=R+CILo + CI(Ly + u12) + CT(Ly 4 ug3) + CIrs
Vs =R+ CT&oLo + CT&1(Ly + uig) + CTay
+ CT@9(La + ua3) + C3 t1z3 + CF d3ry

where

C: = [ cos b; smB,-] 20123

—siné; cosé;
are matrices of direction cosines,
. 0 —é .
Wiz[éi 0 ] 2=0,1,2,3

are skew symmetric angular velocity matrices,

r=[z 0], r;=[z2 0], R=[z0 ]

are position vectors and

13

(2.1a)

(2.1b)

(2.2qa)

(2.20)

(2.3a)

(2.3b)

(2.4a)

(2.4b)

(2.5)

(2.6)

(2.7)



ll1=[0 ul]T, II2=[0 UQ]T (28)

are elastic displacement vectors. Moreover,

U2 = Up |:':1___L1 ; U3 = U2|1_2=L2 (29)
The elastic displacements are discretized as follows:
ui(z,t) = @] (2:)€,(t), i=1,2 (2.10)

where ®@;(z) are vectors of quasi-comparison functions [41] and &;(t) are vectors
of generalized displacements. Regarding the robot arms as beams in bending, the
quasi-comparison functions can be chosen as linear combination of the admissible

functions

)\k:I: /\k:c . /\k:l,‘ . /\k:c
¢k = cosh — — cos — — ox(sinh — sin

L L L L)

k=1,2,... (2.11)

which represent the eigenfunctions of a clamped-free beam for k£ odd and clamped-
clamped beam for k even, where Ai’s are the nondimensional frequency parameters
and oy’s are the nondimensional parameters.

Using Eqgs. (2.1)-(2.11), the kinetic energy of the system can be written as

3 3
1 1
T=)Ti=3) :fB \ piVIVidD; = 5qf”Mq (2.12)
i=0 v Pody?

1=0
where q = [RT 6 6, 6, 65 €7 £I)T is the configuration vector and M is the mass
matrix with entries given in Appendix A.
The potential energy for the system is due entirely to the elasticity of the robot

arms and can be written in the form
21 1
_ 2eTrre _ 2 Tyr
V = i_il 25, K, = 2q Kq (2.13)

14



where

K = block—diag [ 0 Kl Kg ] (214)

in which

L;
I&’i-_—/ EL®"(®")Tdz;, =12 (2.15)
0

are the stiffness matrices for Bodies ¢, in which EI; denotes the bending stiffnesses.
Note that the gravitational potential is ignored here.

The control forces acting on the robot system include the horizontal and
vertical thrusts on the base center, F; and F,, an external torque on the base,
My, the internal joint torques on the joints of two links and end-effector, M;,
M; and Mj;, and the distributed internal moments created by piezoelectric actu-
ators on links 1 and 2, 7; and 72. We define the control force vector as F =
[F: Fy, My My M, M; ‘I'T T;]T. Then, the virtual work of the system
can be written in the form

bW = Fobzo + Fyéyo + Mob6y + M1(59] — 660)

+ M,(66, — 66, — ®'T(L1)6€,) + M3(665 — 66, — BT (L3)6¢E,)

+ > i T (21:)86, + ) m2:@5 7 (22:)6€,
=1

1=1

(2.16)
= QTéq

where Q is a generalized force vector defined as
Q=GF (2.17)

The entries of the matrix G are given in Appendix A.
Lagrange’s equations for the system can be expressed in the symbolic vector

form

d(BT) T oV _ (2.18)

@\35) 3" 9"

15



Inserting Eqs. (2.12), (2.13) and (2.16) into Eq. (2.18), we obtain the system

equations in the matrix form

M(q)d+C(q,9)a+ Kq=Q (2.19)

The entries of the matrix C are also given in Appendix A.

Equation (2.19) represents the equation governing the motion of the flexible
space robot. It is used for computer simulation of the dynamical system. For
the purpose of control design, Eq. (2.19) is conveniently separated into two sets of
equations, rigid-body motion equations and elastic vibration equations. To this end,
there are two procedures that can be used, depending on the target motion. One is
the perturbation method, which is suitable for problems in which the target motion
is known a priori. The second is direct partitioning, which is more convenient for
problems in which the target motion is not known a priori. The reason for using

two different schemes will become obvious later in this chapter.

2.2 Perturbation Equations

Our objective is to track a moving target while suppressing the vibration effects
so as to permit accurate and smooth docking. In most cases of interest, elastic
motions tend to be small compared to maneuvering motions, particularly when the
elastic vibration is controlled. In the perturbation method, the configuration vector
and the generalized force vector are separated into the zero-order vector and the

first-order vector in the form

q(t) = qo(t) + ai(?) (2.20a)

Q(t) = Qo(t) + Qu(?) (2.200)
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where the subscripts 0 and 1 denote the different orders of magnitude, with the
assumption that the zero-order vectors are one order of magnitude larger than the
first-order vectors; the elastic vibrations are by definition first-order variables, so

that

qo =[zo0 Yoo Boo bo1 6oz 6oz OF OT]T (2.21a)
Qi =[z10 yo 610 O 612 61z &7 EF)T (2.21b)

Introducing Egs. (2.20) into Eq. (2.19) and separating quantities of different
order of magnitude, the original dynamical system is separated into two systems.
One system, referred to as a zero-order system, is concerned with maneuvering of the
robot composed of rigid members. The second system, referred to as a first-order
system, is concerned with the control of the elastic vibrations and perturbations
from the rigid-body maneuvering. The equation defining the zero-order system has

the form

Mo(qo)do + Co(qo, 9o)Go = Qo (2.22)

and the equation defining the first-order system is

Mi(qo)d1 + C1(q0,90)41 + K1(qo, o, Go)d1 + d(qo, g0, o) = Q1 (2.23)

where My and M; are mass matrices, Co, C; and K; are coefficient matrices and
d is a persistent disturbance vector. The explicit expressions for My, Cy, M, C,
K, and d are given in Appendix B.

It is clear from above that the zero-order problem can be solved independently
of the first-order problem, which is typical of the perturbation method. It means
that the zero-order problem is decoupled from the first-order problem. On the other
hand, the first-order problem depends on the solution of the zero-order problem,

where the dependence manifests itself in the form of time-varying coefficients and
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persistent disturbances. The zero-order problem is nonlinear and of relatively low
dimension (n = 6). In contrast, the first-order problem is linear, time-varying and
of relatively large dimension (n = 6+ dimension of §,+ dimension of §,).
Equations (2.22) and (2.23) obtained by the perturbation method are used
for the problem of a flexible space robot tracking a moving target whose motion
is known a priori. As mentioned above, when the time history yq(t) of a target
motion is known, the time history qq(t) of the desired robot configuration and
the derivatives q4(t) and Qq(t) can be obtained from inverse kinematics. Letting
[qf of qu]T =[q} of Eﬁ‘]T, Qo can be computed directly from Eq. (2.22).
On the other hand, Q; represents the control vector in the linear time-varying
system, Eq. (2.23), designed so as to drive the perturbed system state q; to zero.
In this sense, we can say that the zero-order equation, Eq. (2.22), is used for the
“rigid-body” maneuvering of tracking and the first-order equation, Eq. (2.23), is

used for the suppression of vibrations and perturbations from the rigid-body motion.

2.3 Direct Partitioning Equations

Another way of separating the original equation into rigid-body motion equa-

tions and elastic vibration equations is to partition Eq. (2.19) directly by writing

a=[qf qI]" (2.24)

where q, = [z0 yo 6o 61 62 93]T is a rigid-body displacement vector, q. =
[€%r £§]T is an elastic displacement vector and Q, and Q. are corresponding
generalized force vectors. Then, Eq. (2.19) can be written in the partitioned matrix

form

My, M. é.lr Crr Cre Qr 0 0 qr | _ Qr
i {at+ e al{& -l 2t -{8) e
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After some algebraic manipulations, and ignoring higher-order terms in the elastic

displacements, Eq. (2.25) can be separated into

Mr(qr)flr + Cr(qr,4r)d4r + de(q, q, Q) =Q, (2'26)

and

Me(‘]r)("le + Ce(qr’ Qr)('le + Ke(qr’ (.lr’ ﬁr)Qe + dr(qrv élr, qf‘) = Qe (227)

where M, and M, are mass matrices, Cy, C. and K. are coefficient matrices and
d. and d, are disturbance vectors. The entries of the various matrices are given in
Appendix C. The term d. in Eq. (2.26) is a linear combination of q., q. and .. It
can be regarded as a disturbance due to the flexibility of the robot arms. The term
d. in Eq. (2.27) is a function of q,, q, and q,. It can be regarded as a disturbance
due to the rigid-body maneuvering of the robot.

Unlike the zero-order equations, Eq. (2.22), and the first-order equations, Eq.
(2.23), derived in Sec. 2.2, Eqs. (2.26) and (2.27) are coupled. It is clear that if the
robot were rigid, the system dynamical equation would be Eq. (2.26) with d. = 0.
When flexibility of robot arms is introduced into the problem, the coupling between
rigid-body motion and flexible vibration is reflected in Eqs. (2.26) and (2.27) in
such a way that the persistent disturbance d, from the rigid-body motion causes
the elastic motion q., q. and q. through Eq. (2.27) and q. in turn disturbs the
rigid-body motion through d. in Eq. (2.26).

Equations (2.26) and (2.27) derived from direct partitioning are used for the
problem of a flexible space robot tracking a moving target whose motion is not
known a priori. As mentioned before, when the target motion is not known a priori,
the control decision must be made by means of on-line measurements of the current

system state and the current target state. In Egs. (2.26) and (2.27), q, together
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with q, is the true state of the system and is directly measurable, while in Eqs.
(2.22) and (2.23), neither qo nor q; can be measured directly. This is the major
reason we use direct partitioning instead of a perturbation method to separate

equations for this particular problem.
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Chapter 3 Control Scheme for Tracking a Target

Whose Motion is Known A Priori

When the target motion is known a priori, the desired end-effector tip trajec-
tory can be obtained readily. Then, using inverse kinematics, the rigid-body robot
configuration corresponding to the desired end-effector trajectory can be calculated.
Having the desired robot configuration, the rigid-body dynamical equations can be
used to compute the required control forces by means of inverse dynamics. Then,
the elastic vibration equations can be used to design the vibration control law for

the tracking mission under consideration.

In this chapter, the algorithms for inverse kinematics, inverse dynamics and
vibration control are first presented and then demonstrated by means of a numerical

example.

3.1 Inverse Kinematics

In this section, we assume that the space robot is made of rigid members. The
general idea of the global optimization method for robot redundancy problems is

introduced and the corresponding numerical algorithm is presented.
3.1.1 Robot Redundancy

The problem of interest here is the determination of the state vector defining
the motion of the robot under the assumption that the tip trajectory of the end-

effector is given.

We denote by y. € R™ the end-effector output vector defining the end-effector

trajectory and by q € R" the robot configuration vector defining the robot con-
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figuration trajectory. When m < n, one end-effector trajectory corresponds to an
infinity of state trajectories. In this case, the robot is said to possess redundancy.

The kinematical relation between y. and q is given by

Ye = f(_Q) (3-1)

Taking the derivatives of Eq. (3.1) with respect to time, we obtain
ye = J(a)q (32)

Ve = J(Q)d + J(q,4)a (3.3)

of|. . .

where J(q) = [8—] is the Jacobian matrix.
q

The object is to determine a state trajectory q, q corresponding to a given

end-effector trajectory y.. To this end, we invert Eq. (3.2) and write the solution

in the form
q=JNQ)ye(t) + (In — TN (@) (q))y (3.4)

where

Jt=JT(gJh)1 (3.5)

is the Penrose-Moore pseudo-inverse of the matrix J, I, is the n x n identity matrix
and y is an arbitrary n-vector. Note that the first term on the right side of Eq.
(3.4) represents the minimum-norm solution of Eq. (3.2) and the second term is an
arbitrary vector from the Jacobian matrix null space. For a nonredundant robot, i.

e., m = n, Eq. (3.4) becomes

q=J" (@)y.(t) (3.6)

A space robot is usually redundant due to the motion of its base, so that we must

deal with Eq. (3.4) instead of Eq. (3.6), which introduces some complexity in the
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problem. However, since y in Eq. (3.4) is an arbitrary vector, the redundancy
also provides the opportunity of optimizing the solutions. The so-called global

optimization method is based on this idea.
3.1.2 The Global Optimization Method [7]

The interest lies in a robot configuration trajectory satisfying Eq. (3.4) that is

optimal in some sense. First, we introduce the functional

L= [ Y b(a, byt 3.7)

Then, the determination of q(t), t¢ < t < ty, can be reduced to the problem of
minimizing L among trajectories realizing the desired end-effector trajectory.

Equation (3.4) can be rewritten as

q=g(q,y,t) (3.8)

so that Eqs. (3.7) and (3.8) can be regarded as representing an optimal control
problem for a time-varying nonlinear system, in which q plays the role of the state
vector and y plays the role of the control vector. Following the established procedure

[42], we introduce the Hamiltonian

H(q,p,y,t) = %(q,t) + p g(q,y,t) (3.9)

in which p € R" is an adjoint n-vector, commonly known as the costate vector.
According to Pontryagin’s minimum principle, the optimal control extremizes the
Hamiltonian at all times. The optimal trajectory is then obtained by solving the

2n differential equations

. OH
=% (3.10a)

. OH
P= —a—q (310b)



Equations (3.10) are subject to 2n end conditions specifying the state at the initial
and final times, and in particular whether the state is free or fixed. Thus, the
problem of determining the optimal trajectory has been reduced to the solution of
a two-point boundary value (TPBV) problem.

As an example of interest, we consider

P(a,t)=a"a=¢g"g (3.11)

as the function entering into the performance measure L, so that the Hamiltonian

becomes

H=g'g+p'g (3.12)

Then, following the usual steps, we obtain the “control” vector y minimizing the

Hamiltonian in the form

y =3I~ J'))p (3.13)

Using Eqgs. (3.13) and (3.10), we obtain the equations defining the optimal trajec-

tory
q=g (3.14a)
i Og T
p=- (%) (28 +p) (3.14b)
where
g=J'3e(t) — 5L~ T'T)p (3.15)

In the case in which the integrand ¢ in the performance measure is as given by
Eq. (3.11), the preceding results can be obtained more readily by using methods of
the calculus of variations [43]. To this end, we consider the augmented performance

measure

= [T+ N - @t = [ w@aa (310)

to
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Then, the variation of L* can be written as

o= [ - ()] o [s] sa

T (3.17)
[ Ou ] 8q(te) =0
da(t)] T
Equating the coefficient of éq in the integrand to zero, we obtain the vector form
of Euler’s equation
ou d [Ou
o _d (@) g 59
which, upon using Eq. (3.16), leads to
JTA-24=0 (3.19)
Using Egs. (3.19) and (3.3), we have
A=2JJT) (. - JQ) (3.20)

Substituting Eq. (3.20) into (3.19) and augmenting the result with the definition

q = v, we obtain
q =V (3.21(1)

v =JYq)(F. - Jv) (3.21b)
Equations (3.21) represent a set of 2n first-order differential equations. Comparing
Egs. (3.14) and (3.21), we observe that the first are in terms of q and p and the
second in terms of q and v. Equations (3.14) were derived by means of Pontryagin’s
minimum principle and Eqgs. (3.21) by means of the calculus of variations. In spite
of their different appearance the two sets of equations yield the same trajectory [43].
Equations (3.21) are simpler to use, but were derived for the special case in which
¥ is given by Eq. (3.11). On the other hand, Egs. (3.14) are broader in scope, and

are to be used in the more general case.
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3.1.3 Homotopy Algorithm for Solving Nonlinear TPBV Problem

Equations (3.14) or (3.21) in conjunction with the end conditions constitute
a nonlinear two-point boundary value problem. The solution of such problems is
generally very difficult to obtain, particularly for systems of large dimension. The

shooting method [44] reduces the problem to the solution of the nonlinear equation

F(w)=0 (F,w € R") (3.22)

which can be solved by Newton’s method. The approach suffers from sensitivity
to initial guesses and can lead to divergence. Improving the initial guess is not
always feasible, particularly for multivariable systems. As an alternative, consider
the continuation method. According to this method, Eq. (3.22) is replaced by a

family of problems given by

I'(a,w)=aF(w)+(1—a)S(w)=0 (3.23)

where a € [0,1] is a parameter and S(w) is a function such that the equation
S(w) = 0 is relatively easy to solve. This is the equation corresponding to a = 0.
At a =1, Eq. (3.23) reduces to the equation we would like to solve. The approach
consists of solving Eq. (3.23) in a step-by-step manner, beginning with a = 0
and finishing with o = 1. The solution at every step uses as an initial guess the
solution obtained in the previous step. However, if Newton’s method is used to
solve Eq. (3.23), failure may still occur, because Newton’s method postulates that
w = w(a) in Eq. (3.23), and the zero set of Eq. (3.23) does not necessarily increase
monotonically in a.

Quite recently, a new version of the continuation method, known as probability-

one homotopy algorithms, has been developed [45]. The algorithms are relatively
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insensitive to initial guesses, i.e., they guarantee the convergence to the correct
solution even for initial guesses not very close to the solution.
With regard to the algorithm, a homotopy map I'y : [0,1] x E™ — E™ is defined
by
Fa(a,w)=T(a,a,w) =aF(w)+ (1 - a)(w —a) (3.24)

According to the homotopy theory, for almost all a € E™, there is a zero curve «
of I'a emanating from (0, a), along which the Jacobian matrix DI’y has full rank.
The curve v is continuously differentiable, does not intersect itself, and is disjoint
from all the other zeros of I',. Furthermore, 4 must either reach a point (1,w), in
which case w solves Eq. (3.22), or approach infinity. Since v is smooth, it can be
parameterized by the arc length s : a = a(s), w = w(s). Then, the zero curve of

Eq. (3.24) can be expressed as

Ta(a(s),w(s))=0 (3.25)
Thus,
%I‘a(a(s), w(s))=0 (3.26)

Equation (3.26) can be written as

da
OTa Ola] ) ds
2 2 =0 3.27
% o) dw (3:212)
ds
da dw
- = =1 3.27b
1(Z ) (3:278)
where || ||2 denotes the Euclidean norm. Equation (3.27a) is subject to the initial
conditions
a(0) =0
(3.28)
w(0)=a
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The solution w(s*) is obtained at the point s = s* for which a(s*) = 1.
In solving Eq. (3.27a), a is allowed to increase or decrease arbitrarily within
s € [0, s*], as long as the zero curve v is followed. This is a distinct advantage

over Newton’s continuation method, for which « is required to increase monotoni-
o'y 0r,
Oa W
rank along the zero curve vy and +v is bounded. This ensures the probability-one

cally. Based on the homotopy theory, the Jacobian matrix [ ] has full
convergence for the nonlinear problem.
To apply the algorithm in our inverse kinematics problem, we can express Eq.

(3.21) with a specific end condition as a nonlinear two-point boundary value problem

as follows
a=v
v =Ja)(F. - Jq)
(3.29)
q(0)=c
v(ts) = JHa(ts),tr)¥e(ts)
It is equivalent to the problem of solving the nonlinear vector equation
F(w) = q(ts, w) = J'(tg, w)ye(ts) = 0 (3.30)

where w = v(0). Note that q(t7, w) and J1(¢s, w) are functions of w in an implicit
way.

The homotopy map is given by Eq. (3.24), in which a is an initial guess of w.
As long as the solution w* of Eq. (3.30) is obtained, q* and its derivatives q* and
q* can be computed by the ordinary differential equations (3.21) with 2n initial
conditions q(0) = ¢ and v(0) = w*. The solution q*(¢), q*(¢t) and q*(¢), t € [0, tf],
is the desired robot state trajectory not only realizing the end-effector trajectory

Ye but also optimizing the performance measure L defined by Eq. (3.7).
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3.2 Inverse Dynamics

After the desired robot state trajectory, q*(t), q*(¢) and q*(t), t € [0, t¢], is
obtained through inverse kinematics, the next task is to compute the control forces
required to realize the trajectory. Since inverse kinematics is based on the rigid
multibody counterpart, the state trajectory cannot be used in a flexible robot system
directly. However, referring to section 2.2, we note that we have already derived
the zero-order equations of motion (2.22) representing the “rigid-body” maneuver
of the flexible robot system. Moreover the zero-order equations are independent of

the first-order variables. Therefore, we naturally can assume that
Qo(t) =q°(t)
Qo(t) = q°(t) t €0, ty] (3.31)
qo(t) = q*(t)
With qo and its derivatives as known function of time, we can compute the control
force trajectory of Qo directly by Eq. (2.22). The procedure is referred to as inverse
dynamics. Equation (2.22) can be regarded as a control algorithm for the “rigid-

body” maneuver of a flexible space robot tracking a known end-effector trajectory.

The control is open loop because the inverse kinematics is carried out off-line.

3.3 Vibration Suppression

In the case in which the space robot is composed of rigid members, the above
control scheme is sufficient to solve the problem. However, when flexibility of the
space robot is considered, we must deal with the elastic vibrations and the pertur-
bations from the rigid-body maneuvering, as indicated in section 2.2. The governing
equations of the elastic vibrations and perturbations are the first-order equations,

Egs. (2.23). The first-order variable q; is the vector with components correspond-
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ing to the elastic vibration and the perturbations from the rigid-body maneuver.
The first-order generalized force Q; is the force responsible for the suppression of
the elastic vibration and the perturbations.

At this point, we introduce the state vector x = [qF q{]T and the control

vector u = Q; and rewrite Eq. (2.23) in the state space form

x(t) = A(t)x(t) + B(t)u(t) + B(t)d(t) (3.32)
where
0 I
A= [ —Ml_lKl _Ml._lcl ] (3.33a)

B= [ M(:‘l] (3.33b)

The matrices M;, C; and K and the vector d appearing in Eq. (2.23) depend
on the zero-order vectors qo, qo and o, which are the known functions of time
obtained from inverse kinematics. Therefore, the matrices A and B and the vector
d are all implicit functions of time. The state equation (3.32) represents a linear,
time-varying system with persistent disturbances.

We propose to first compensate for the persistent disturbances open loop and
then control the elastic vibrations and rigid-body perturbations in the absence of

persistent disturbances closed loop. To this end, we divide the control vector into
u=1u,+uc (3.34)
where the open-loop control has the form
u,(t) = —d(¢) (3.35)
so that Eq. (3.32) reduces to

x(t) = A(t)x(t) + B(t)uc(t) (3.36)
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Here the dimension of control vector u is the same as the dimension of vector d, i.
e., the number of control inputs is equal to the number of generalized coordinates.

Finally, we wish to determine the feedback control in an optimal fasion [46].
To this end, we use the LQR theory for which the performance measure has the

form
L =xT(ts)Hpx(ts) + /t ! [xT($)Q()x(t) + ug ()R(t)uc(t))dt (3.37)
o
It is well known that the optimal control law is given by
uc(t) = —R7 ()BT (t) K (¢)x(t) (3.38)

where K(t) satisfies the matrix differential Riccati equation

K(t) = —K(H)A@t) - AT()K(t) - Q(t) + K(t)B(t)R™ (t) BT (1)K (¢)

(3.39)
K(ts) = Hy

3.4 Numerical Example
i) “Rigid-Body” Maneuver

The numerical example is concerned with the robot shown in Fig. 1. As the
end-effector output vector, we use y. = [z y cp]T where r and y are the cartesian
components of the end-effector tip and ¢ is a measure of the orientation of the
end-effector. For the sake of this example, we assume that the platform undergoes
translation only, 8y = 0, so that the configuration vector is q = [z¢ yo 61 62 93]T.
At this stage of trajectory planning, we assume that the robot is composed of
rigid members. However, for simplicity we omitted the subscript 0 identifying the

zero-order quantities in the definition of q. The relation between y. and q is by
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components
z =29+ Lycosby + Locosbs + L3 cosbs

y=1yo+ Lisiné; + Lasinf2 + L3 sinf; (3.40)
@ = cos b3
For the purpose of this example, we choose the desired trajectory of y. as
z ="T.5cos0.27t + 7.5

y = —7.5co0s0.27t + 7.5, t €[0,5.0] (3.41)
o= g —0.2v/2t

so that at ¢t = 0 the tip of end-effector starts from the position [15m 0] and ori-
entation of 45° and at t = 5.0s it ends in the position [0 15m] and orientation of
135°. The tip velocity is zero at t =0 and ¢t = 5.0s.

The Jacobian matrix is

1 0 —L1 sin 01 —L2 sin 92 —L3 sin 93
J=|0 1 Ljicost Lo cos 6, L3 cos b3 (3.42)
0 0 0 0 —sinf3

and the performance measure for the optimal trajectory is as given by the Egs.
(3.7) and (3.11). Equation (3.29) is used as the nonlinear two-point boundary value
problem.

Letting Lo = 2.5m, L; = L, = 10.0m and L3 = 2.0m, the trajectory is
computed for the two cases of different initial configurations:
Case 1: 19 =-6.4142m yo=-39142m 6, =6,=0 63=7%
Case 2: 9= -3.4853m yo=-10.9853m 6, =0 6, =63 =7

Figure 3.1 shows time-lapse pictures of the robot conﬁguratic;ns for case 1 and
case 2. The results were obtained by the homotopy method. Note that, although
the initial configuration is different, in both cases the initial tip position is [15m 0]

and the initial end-effector orientation is 45°, as can be seen from Fig. 3.1.
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Using inverse dynamics, the zero-order generalized forces and torques required
for rigid-body maneuvering were computed by means of Eq. (2.22). The zero-order
real control forces and torques acting on the system were then computed by Eq.

(2.17). Their time histories associated with case 2 are displayed in Fig. 3.2.
ii) Vibration and Perturbation Control

Here the results of case 2 are used for simulating the first-order system.

The values of the system parameters are as follows:
mo = 40.0kg m; =my =10.0kg m3 =2.0kg

Lo =2.5m L] = L2 =10.0m L3 =20m
Sy =8,=00kgm I, =83333kgm® I, =333.333kgm?
EI, = EI, = 10* kg m?

The elastic displacement for the two arms was modeled by means of five quasi-
comparison functions [41]. The coefficient matrices for the performance measure in

Eq. (3.37), were chosen as
Q = diag(10* ... 10* 0 --- 0)

R =diag(1.0 --- 1.0), Hf=0

Numerical solutions of the Riccati equation were obtained by an algorithm described
in [47]. Time histories of the uncontrolled (dashed lines) and controlled (solid lines)
responses are shown in Figs. 3.3a-3.3d. Time histories of the first-order real control
forces and torques from the open-loop disturbance rejection control and the closed-

loop LQR control are shown in Fig. 3.4 and Figs. 3.5a-3.5d, respectively.
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Chapter 4 Control Scheme for Tracking a Target

Whose Motion is Not Known A Priori

When the target motion is not known a prior, the tracking and docking op-
eration must be performed in a way that the control decision is based on on-line
measurements. Such a control scheme is developed in this chapter. Following a
similar pattern to that in chapter 3, we first discuss the tracking control algorithm
for the rigid-body maneuver of the space robot and then consider the vibration sup-
pression. Furthermore, the discrete-time version of the control scheme is presented
and the problems associated with discretization error are also discussed. Finally a

numerical example is used to demonstrate the results of the control scheme.

4.1 Liapunov-Like Methodology for Tracking Control Algorithm

In this section, the general idea of Liapunov-like methodology for tracking
control for rigid robots [20] is introduced first. A modified version of the control
algorithm is then applied to the flexible space robot for the purpose of discrete-time

implementation.
4.1.1 General Idea of Liapunov-Like Methodology for Tracking Control

We introduce the general idea of Liapunov-like methodology by first considering

a robot composed of rigid members whose dynamical equation is given by

M(q)a +C(q,9)9=Q (4.1)

The kinematic relations are the same as those given by Egs. (3.1), (3.2) and (3.3).
As mentioned earlier, the tracking is carried out by the end-effector. Thus, the

tracking problem is that of driving the error e = y; — y. and its time derivative &
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to zero. To this end, we define a Liapunov function [20]
1 T
V= 5% 2 (4.2a)

z = (& + fe) (4.2b)

where 3 is a positive scalar. If the control is designed in such a way that
. Ve
V=-aV, a= ln(?o) [ts (4.3)

where € is an arbitrarily small positive scalar and Vj is the initial value of V, it is
guaranteed that for ¢ > t,, the function V remains in the e-neighborhood of zero
no matter how the target motion changes. This ensures that the error e and its
derivative € are also very close to zero.

We first define a nonlinear control law Q as follows:

Q = M(q)u- + C(q,9)q (4.4)

where u, is determined so as to obtain V = —a'V.

From Eq. (4.2), we have

V =272 = zT(é + Ge)

(4.5)
=27(§: — J. + Bé)
Inserting Eq. (3.3) into Eq. (4.5), we can write
V=2T(§, - Jq - Ja + Be) (4.6)
From Eqs. (4.1) and (4.4), we have
q=u, (4.7)
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Then substituting Eq. (4.7) into Eq. (4.6), we obtain
V =2T(§, — Jq+ Bé) — zT Ju, (4.8)

In [20], u, is chosen in the form

__hi+h
Ur =W (4.9)
where T .
by =27(5: — Ja + B&) (4.10a)
hy = 0.50z72 = aV (4.100)

and w is an arbitrarily chosen vector. Substituting Eqgs. (4.9) and (4.10) into Eq.

(4.8), we obtain the desired result
V=-aV (4.11)

The control algorithm described above, which consists of Eqgs. (4.4), (4.9) and
(4.10), possesses the following advantages:

1) The control decision is made using on-line information of the current robot state
(q, q) and target state (e, € and ¥;). The feedback control can automatically
counteract the adverse disturbance in space and achieve the final docking in an
accurate and smooth way.

2) The on-line calculation is relatively simple, as it involves neither inverse kine-
matics nor matrix inversions.

3) As can be seen from Eq. (4.11), stability is always guaranteed by Liapunov
stability theorem, no matter how the target motion changes.

Applying the above control algorithm directly to our space robot system, the
system response was simulated in both continuous and discrete time. Although the
performance of the continuous system was as good as that in [20], the results from

discrete-time system exhibited some undesirable phenomenon.
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As shown in Figure 4.1, in which solid line denotes continuous-time results
and dashed line denotes discrete-time results, the control force in discrete time
exhibits periods of oscillatory behavior. Further numerical simulation shows that
the magnitude of the control force during chattering is bounded, although very
large, and its mean value is close to the results of the corresponding continuous
time system. Moreover, the occurence of the oscillating period is random, and the
length of oscillating periods and the length of the “good performance” periods are
both unpredictable. This phenomenon is similar to the so-called “bursting”, which
appears frequently in discrete-time adaptive system [48] and has been reported for
almost a decade.

For our problem, it is important to keep the control force from bursting, oth-
erwise the control can not be realized. Due to the complexity of our space robot
system, it is difficult to determine which part of the control algorithm is responsible
for the phenomenon. However, because this phenomenon is not reported in [20],
where a nonredundant robot system is simulated in discrete time, we can assume
that in the case at hand the phenomenon is related to the robot redundancy. In
view of this, a modified control algorithm is proposed. In the modified control

algorithm, the flexibility of the space robot is also considered.
4.1.2 Modified Tracking Control Algorithm for Flexible Space Robots

To apply Liapunov-like methodology in flexible space robot system, we first
derive the kinematical relation given by Eq. (3.1) for the flexible space robot as

follows:
Te =x9—Lgsin8yg+Ly cosb,+ L, cosfy+ L3 cos bz —uyg sin by —uqsz sin by
Ye = yo+Lo cosGp+ Ly sin 8y + Lo sin 02+ L3 sin 63 +uq2 cos 01 +uzz cos b, (4.12)
6. =65
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For the purpose of kinematical analysis, we define q = [q7 qZ]T with q, =
[u12  u2s ]T. The Jacobian matrix J, obtained by differentiating Eq. (4.12) with

respect to q, has the form

where
Jr =
1 0 —Lo COs 90 —L1 sin 91 —U12 COS 91 —Lz sin 62 —U23 COS 02 —L3 sin 93
0 1 —Lo sin 00 L1 COs 91 —U12 sin 01 Lz COS 92 —U23 sin 92 L3 COs 93
0 0 0 0 0 1
(4.140)
—sinf; —sinéf,
Ju=| cosb cos 6, (4.14b)
0 0

Therefore, we can write the relations

Ye=Jq (4.15)

Ve =Jq+Jq (4.16)

The dynamical equation for the rigid-body motion of the flexible space robot

is given by Eq. (2.26). We can first define a nonlinear control law for Q. as follows:

Qr = Mr(qr)ur + Cr(qf’v qr)qf (417)

Using the Liapunov function as in Eqgs. (4.2) and following the same procedure as
in section 4.1.1, we have
V =272 = 27(& + Beé)
=27 (§: ~ J§ - Jq + Bé)
:zT(yt - j(_l + ﬂe) - zTJrElr - ZTJuElu (418)
Substituting Eq. (4.17) into Eq. (2.26), we can write
dr = u, — M;'d. (4.19)
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Then substituting Eq. (4.19) into Eq. (4.18), we obtain
V=2Th-27J.(u, - M71d,) (4.20)

where
hzyt—j&“f'ﬂé_']u(-iu (421)

In the following, when implementing the algorithm in discrete-time, we use a
decoupled Liapunov function to prevent the bursting phenomenon caused by robot

redundancy. Hence, we write

1 .
Vi = -éz?, zi = é; + Pe;, 1=1,2,3 (4.22)

so that, using Eqs. (4.20) and (4.21)
V,‘ = z;h; — z,-([Jrur],- - [J,-M:lde],'), 1=1,2,3 (4.23)

where | |; denotes the ¢ — th element of a vector. In Eq. (4.23), because M, is
a positive definite matrix, M~ is bounded. Also J, is bounded. Moreover, from
Eq. (C.3) in Appendix C, we can see that d. is a linear combination of q., q.
and .. We then assume that d. is bounded according to our ultimate goal of
vibration suppression. Hence we can assume that the term [J,M;"'d.]; is bounded

and satisfies the relation
[(J-M1d.]i < &, i=1,2,3 (4.24)
From (4.24), we have
zi[J- M7 )i < |26, i=1,2,3 (4.25)
If we can determine a u, that satisfies the following conditions:
zi[Jrur]i = zihi + -;:a,-z:‘-‘) + |2i|6:, i=1,2,3 (4.26)
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then
. 1 2 -1 I 5 1 . 2 O ‘/ ) — 2 3 4 2?

According to Liapunov stability theorem, Eq. (4.26) is the sufficient condition for

our tracking problem. We further simplify Eq. (4.26) by assuming z; # 0, so that

1 .
[Jru,]g = h; + Ea,-zi + sgn(z,-)5,~, 1=1,2,3 (4.28)
or
[Jrur)i = si, 1=1,2,3 (4.29)
with
. T . . 1
Si = Yti — [Jq],' + ﬂe,- b [J,,q,,],- + 501,'2,' + sgn(z,-)5,- (4.30)

Equation (4.29) can be expressed in the matrix form
Jou, =s (4.31)

where s =[s; sz s3 ]T and J; is a 3 X 6 matrix. The solution of Eq. (4.31) does
not yield a unique u,. This agrees with Eq. (4.9) in the original control scheme in
which w is an arbitrarily chosen vector. Here we can simply prescribe the redundant
degrees of freedom and then solve Eq. (4.31) accordingly.
Using Eq.(4.14a), we expand Eq. (4.31) as follows:
Uy — Lo cosOpurs — (Ly sin by + uyz cos by )ury
—(L2sin 6y + u23 cos 2 )urs — Ly sinOzurg = 51
Urz — Lo sinGpurs + (Lq cos; — uyz sin b Jurg (4.32)
+(L2 cos 03 — uz3 sin 62)urs + L3 cosOzure = S2
Ure = 53
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As a simple example, we can constraint three elements of u, by taking

Urz = Urg = Urs = 0 (433)

for the entire tracking period and use Egs. (4.32) to solve for the other three

elements of u, on-line, with the result
ur1 = 81 + L3 sinG3ure
Upg = 89 — L3 cosBzung (4.34)
Ure = S3

The above algorithm for u, together with Eq. (4.17) represents the maneuver
control for a flexible space robot tracking a moving target whose motion is not
known a priori. The control algorithm requires that the following conditions be
satisfied:

1) The output error vector e and its time derivative € can be measured on-line.

2) The target output acceleration J; can be measured or estimated on-line.

3) The robot rigid-body displacement vector q, and its time derivative q, can be
measured on-line.

4) The elastic tip displacement vector q, and its time derivatives q, and g, can
be measured on-line.

5) The elastic vibration of the robot arms should be controlled so that a reasonable
value for the upper bound é; can be set.

In addition to the advantages of the original algorithm mentioned in section
4.1.1, the modified control algorithm presented here provides two extensions from
the original one. The first extension is that the flexible effect of the robot arms is
incorporated into the control algorithm. It is reflected in the kinematic relations

expressed by Egs. (4.12) and in the term sgn(z;)é; in Eq. (4.30), which is associated
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with the vibration disturbance vector d. in Eq. (2.26). The second extension
consists of the use of the decoupled Liapunov function, Eq. (4.22), to eliminate the
bursting phenomenon (section 4.1.1) when the control algorithm is implemented in

discrete-time.

4.2 Vibration Control Algorithm

Because of the coupling of the rigid-body motions and the elastic vibration,
the performance of tracking control is closely related to how well the vibration
suppression is done. Without vibration control, the tracking cannot be realized for

a flexible space robot.
4.2.1 General Control Scheme

Our objective is to drive the elastic motion state q., q. close to zero during the
tracking and docking operation. Recall that Eq. (2.27) represents the motion of the
elastic vibration of the space robot and it describes a linear time-varying system
with a persistent disturbance term d, due to the rigid-body motions. Using the
same idea as in the vibration control scheme presented in section 3.3, we separate

the generalized control force Q. into:

Q. = Qer + Qec (4.35)

where Q. is used to compensate the disturbance term d,, 1. e.,

Qer = dr(CIr, Qr,ﬁr) (4'36)

Then Eq. (2.27) becomes

Me(qr)fle + Ce(qr, (.lr)é[e + I{e(qr, qr, Elr)qe = Qee (437)
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Letting x = [qF qu]T be the state vector and u = Q.. the control vector, we can

rewrite Eq. (4.37) in the state space form
x = A(t)x + B(t)u (4.38)

where

A(t) =

0 I 0

Introducing the quadratic performance measure
l 7 1 [ p T
J = 5% (tr)Hsx(ts) + 5/ [x° (¢)@x(t) + u” (t)Ru(t)]dt (4.40)
to
the control vector minimizing J can be obtained by LQR theory as
u=-R!BT(t)K(t)x (4.41)
where K (t) satisfies the differential Riccati equation

K(t) = -Q - K()A(®t) — ATMK($) + K@BORBTOK(),  K(ty) = Hy

(4.42)

However, the above LQR control scheme does not work in the case in which the
target motion is not known a priori. In Eq. (4.38), A(t) and B(t) depend on time
through rigid-body motion variables q,, qr and q, which can only be obtained
through on-line measurement. But the solution for K(t) requires that K(ts), as
well as both A(t) and B(t) over the time interval ¢ € [0,tf], be known a priori,
because the integration of Eq. (4.42) is performed backward in time. To resolve
the problem, a discrete-time version of the vibration control algorithm is proposed
whereby K(t) is assumed to be constant over small time intervals ¢t € [kT, (k+ 1)T]
over which only an algebraic Riccati equation need be solved. Indeed, for practical

reasons, the control algorithm is usually implemented digitally.
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4.2.2 The Discrete-Time Control Algorithm

The discrete-time control algorithm for disturbance rejection is expressed as

Qer(k) = dr(qr(k)3Qr(k)’qr(k)) (4'43)

The discretized form of Eq. (4.38) is given by

x(k + 1) = A(k)x(k) + B(k)u(k) (4.44)

where
A(k) = AKT) (4.45a)
B(k) = (e2*D — NAT(kT)B(kT) (4.45b)

Based on the discrete-time form of the LQR theory [49], the performance index of
Eq. (4.40) becomes

N
J == [xT(k)@x(k) + u” (k)Ru(k)] (4.46)
k=0

| =

The discrete-time algebraic Riccati equation is

K(k) = AT(K)[K (k) — K(k)B(k)(R + BT (k)K (k)B(k))™' BT (k)K (k)| A(k) + Q
(4.47)

and the control law is
u(k) = —(R+ B(E)K(k)B(k)) 1 BT (k)K (k) A(k)x(k) (4.48)

Note that the state vector x(k) = [qf (k) §L(k) ]T can be estimated or calculated
directly from the measured elastic displacements (velocities) along the flexible arms
at every sampling period T and the control vector u(k) = Qec(k), as well as Q.(k)

in Eq. (4.43), is held constant during every sampling period.
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However, direct application of the discrete-time control algorithm described by
Egs. (4.43) and (4.48) to our problem causes a severe instability problem. The
reason is that the discrete-time control force Q. in Eq. (4.43) is not able to
cancel the continuous disturbance term d, in Eq. (2.27) perfectly. Thus, the LQR
control design based on Eq. (4.37), in which the disturbance is absent, is no longer
appropriate. The error accumulates with time and finally results in instability. To
resolve this problem, a modified vibration control algorithm is proposed in the next

section.
4.2.3 Modified Discrete-Time Control Algorithm

An examination of the disturbance term d, in Eq. (C.14) in Appendix C, i.e.,
an examination of

dr = MZ§, + Cerdr (4.49)

reveals that q, in the first term is the major cause of the system instability. Usually
G-(k) is not available and q.(k — 1) is used as the estimation of q,(k). Stable per-
formance of the system can be achieved only if §,(k) can be measured or estimated
perfectly. Even a very small error in q, appearing in Eq. (4.43) can result in failure
of the LQR design. To avoid use of q, in Eq. (4.43), we replace q, by u, , so that

the disturbance rejection control scheme becomes
Qer(k) = dr(ar(k), 4r(k), ur(k))

= MZ(ar(k))ur(k) + Cer(ar(k), ar(k))ar(k)

where u,(k) is calculated by the tracking control algorithm of Eq. (4.31). We then

(4.50)

substitute Eqgs. (4.49), (4.50) and (4.19) into Eq. (2.27) and obtain the system

equation as follows:

Me(Qr)éie + Ce(qr, Qr)éle + Ke(Qr, (.lr, Elr)qe - M,ZM:lde = Qee (451)
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As shown in Appendix C, d. can be expressed as
de = MreQe + Creqe + (K3 + K&)qe (4.52)

Substituting Eq. (4.52) into Eq. (4.51), we obtain the modified linear time-varying

system
M (ar)qe + C:(ar, 4r)qe + KS(aAr, Ar, dr)ge = Qee (4.53)

where, comparing Eqs. (4.37) and (4.53), we observe that matrices M}, C¥ and K}

represent modified coefficient matrices given by

M =M, - MIMM,. (4.54a)
Cr=C.-MIM'C,. (4.54b)
K=K, - MEIM7 (K% + K&) (4.54c)

Based on Eq. (4.53) together with Eqgs. (4.54), we can follow the same procedure
as for the LQR design in section 4.2.2 to obtain the control law for Q... The
simulation results showed a stable performance of the system under the modified
control scheme. Further numerical simulation showed that even in the case of a

system with only the mass matrix M, modified, i. e., a system described by

M:(Qr)de + Ce(qm (:lr)C'Ie + Ke(Qr, (:lr, ‘::lr)Qe = Qee (4-55)

the control law from LQR design still is able to produce good system performance.
This is because the first term of the right side of Eq. (4.52) is dominant, and using
the original C, and K, is equivalent to dropping the second and third terms in Eq.
(4.52), which does not affect the system performance very much.

In view of the above, a new discrete-time vibration control Q. can be expressed

as

Qc(k) = Qer(k) + Qee(k) (4.56)
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with Q.r(k) satisfying Eq. (4.50), in which u, is determined in tracking control
algorithm, and Q..(k) satisfying feedback control law given by Eq. (4.48), in which
the gain matrix is obtained by means of the LQR optimal control algorithm based

on the linear time-varying system described by Eq. (4.55).

4.3 Numerical Example

A numerical example involving the flexible space robot shown in Fig. 1 demon-
strate the approach. The values of the system parameters are the same as in the
example of section 3.4.

The target motion is not known a priori and must be measured on-line. How-

ever, for simulation purposes, we choose an example target trajectory as follows:

zo(t) = 10.0sin(%t)

ye(t) = 10.0 + 10.Osin(1—7;t), t €[0,5.05] (4.57)
3T
t) = —t
6:(t) = 5

The initial conditions of the space robot are given by:

q-(0)=[0.0 —150 0.0 057 0.47757 0.257]7

q-(0) =0
q.(0)=[0.01 --- 0.01]7
qe(o) =0

The parameters of the control synthesis design are
B =200, e=10"% t,=25s, 6 =20, i=1,23

We prescribe the three redundant degrees of freedom in u, as u,3, uprs and u,s.

They are defined in two different cases as follows:
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Case 1:

Up3 = Upg = Ups =0 0<t<5.0 (4.58)
Case 2:
( 0 t<0
47, [t 0<t<ts)2
Uy =J f = 4.59a
3 —4A8, /% ;)2 <t <tf (4.59)
L 0 t>tf
( 0 t<0
406, /1% 0<t<tsp/2
Upg = { = 4.59b
‘ —4A6, /12 ti/2 <t <ts (4.595)
0 t>tf
( 0 t<0
410, [t} 0<t<tys/2
Urs = < - 4.59¢
L 0 t >ty

where ty = 4.0s, Afy = ¥, Af; = £, and Aby = —Z.

For a rigid space robot, Eqs. (4.58) and (4.59) represent constraints on the
acceleration of the robot configuration. In case 1, the mission amounts to keeping
the base attitude 6y and the two joint angles 8; and 6, constant while tracking a
moving target. In case 2, the mission implies bang-bang maneuvers involving a base
attitude change of A6y and arms angle changes of Af; and Af, while tracking a
moving target.

The constraints cannot be realized perfectly for a flexible space robot due to
vibration disturbances. However, the performance can be improved by vibration
suppression control. Because the major objective here is to track the moving target,
we use the constraint equations, Eqs. (4.58) and (4.59), to eliminate the robot
redundancy.

For vibration control, the LQR design parameters are chosen as

_ Inxn 0
R‘[ 0 Inxn]
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2.0 X 104, xn
10* I, «n
Q= 2.0 X 104, xn
10, xn

The elastic displacement for each of the two arms was modeled by means of five
quasi-comparison functions.

The system performance under the tracking and docking maneuver is simulated
over 5.0 seconds. To this end, the tracking control algorithm presented in section
4.1.2 and the vibration control algorithm presented in section 4.2.3 are used. The
simulation is performed in discrete-time with a sampling period T = 0.001 s.

Figures 4.2a and 4.2b show time-lapse pictures of the robot configurations for
cases 1 and 2, respectively. For case 2, time histories of the tracking error e and
its time derivative & are shown in Figs. 4.3a-4.3c, time histories of the tip elastic
displacements of the two flexible links are shown in Fig. 4.4, time histories of the
control forces and torques for rigid-body maneuver are displayed in Figs. 4.5a-4.5c.
Time histories of the control torques acting on the flexible arms for disturbance

rejection and LQR control are shown in Fig. 4.6 and Fig. 4.7, respectively.
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Chapter 5 Summary and Conclusions

This dissertation is concerned with a planar space robot consisting of a rigid
platform, two articulated flexible arms and a rigid end-effector. The task is to ferry
some payload and to dock smoothly with an orbiting target whose motion is either

known or not known a priori.

The dynamical equations of motion for the space robot are derived by means
of Lagrange’s equations. They are then separated into two sets of equations permit-
ting rigid-body maneuver control and vibration suppression control to be designed
separately. When the target motion is known a priori, a perturbation method is
used. When the target motion is not known a priori, direct partitioning is used.
Both approaches are based on the assumption that maneuver motions are much

larger than elastic motions.

As far as the rigid-body maneuver control is concerned, optimal trajectory
planning is carried out off-line by means of the global optimization method under
the assumption that the target motion is known. In contrast, on-line feedback

tracking control is performed when the target motion is not known a priori.

The vibration suppression control is carried out by means of piezoelectric sen-
sor/actuator pairs dispersed along the flexible arms. Collocated sensors/actuators
for vibration control exhibit good performance. The actuators are designed to com-
pensate for the disturbances caused by the rigid-body maneuver and to realize the
LQR feedback control. Assuming that the number of actuators along each flexible
arm is equal to the number of modes used to model the beam, the LQR control

design is based on a linear time-varying system without persistent disturbances.

The control schemes for the rigid-body maneuver and vibration suppression are
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combined in the block diagrams of Figs. 5.1 and 5.2 for two different problems, the
first in which the target motion is known and the second in which it is not known.

The problem considered in this dissertation is unique in the sense that both
kinematical redundancy and the effect of flexibility are included. The target motion
can be either known or not known a priori. The latter case requires a control
algorithm capable of using on-line measurements of the target motion, which has
not been considered before. The major contributions of this dissertation are as
follows:

1) The equations of motion are separated in various ways so as to fit different
types of target motion.

2) Optimal trajectory planning is carried out by means of the global optimiza-
tion method in the kinematically redundant space robot, and the algorithm is
realized numerically by the homotopy method.

3) An on-line tracking control algorithm using Liapunov-like methodology in the
flexible space robot is developed. The bursting phenomenon associated with the
original algorithm in [20] when implemented discrete-time has been encountered
here as well, and a modified version using decoupled Liapunov function was
developed to totally eliminate the phenomenon.

4) A modified disturbance rejection control and a LQR control associated with
the on-line tracking maneuver are developed in a way that the discrete-time
version of the algorithm is free of system instability.

As shown in Fig. 5.1, the optimal trajectory control associated with the known
motion of the target is an open-loop control, and so is the corresponding disturbance
rejection control. The corresponding LQR vibration control is a closed-loop control,
with the feedback gain depending on the target trajectory and calculated off-line.

The problem of digital implementation of the algorithm and the construction of the
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state observers have been studied by Lim in [50]. As shown in Fig. 5.2, the feedback
tracking control associated with the unknown motion of the target is a closed-loop
control, and so are the corresponding disturbance rejection and the LQR vibration
control. For the LQR control in this case, the feedback gains are calculated on-line.
It is reasonable to assume that, with the increased capability of future computers,
such computation load will not cause much difficulty. However, it is advisable to
explore some other control schemes in the future so as to fully utilize the properties
of piezoelectric materials to further simplify the on-line process.

The control algorithms presented in this dissertation can be applied directly
to three-dimensional problems. For optimal trajectory planning, when the target
motion is known a priori, it turns out that the proposed algorithm is capable of
solving a great variety of problems by defining appropriate performance indices
to achieve certain goals, such as collision avoidance, minimum time or minimum
energy. For feedback tracking algorithm, when the target motion is not known a
priori, the proposed algorithm has the flexibility of solving different problems by
defining appropriate output variables. For example, if the mission involves tracking
and docking with an orbiting target while its base attitude is to be kept at constant,
we can define the output vector as y. = [z ye 6 6o ]T and the target output
vector as y; = [z: y: 6 O]T, and then use the proposed control algorithm to
drive the error vector e = y; — y. and its time derivative € to zero.

The numerical examples presented in chapters 3 and 4 have shown the good
system performance in both the rigid-body maneuver and the vibration suppres-
sion. Although planar problems with specific performance index or output variable
definition were used in simulations, the control algorithm can be extended to more

general cases involving three-dimensional motions.
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Appendix A:  Matrices in the Original Equations

The mass matrix M in Eq. (2.12), as well as in Eq. (2.19), is defined as

myr mig
mat m2g
v ma7 mg3sg
My
M= myr myg + b (A.1)
ms7 + be Msg
T T Me7 Meg
miq e Mgy ma7 mses
T T T
L m18 « s m68 m78 m88 N
with
[ Ty 0 —Siz a; az —S383 ]
0 my —Sty agz a4 5363
v —Stz "'Sty I as as S3Loszo
My = = (A.2)
ay as as L a7 as
az aq ae ar I, ag
L —5383 5363 S3L0830 ag Qg I3 J
in which
xT =T
a; = —Sus1 — P, €0, az = —Sp282 — P00
T xT
a3 = Snecr — P&y, as = Spaca — ®;€,52

as = SuLosio + @7, Locio, as = StaLgsz0 + ‘i’gﬁLoCzo

ar = SuLica1 + Se®]5€,521 — ®5€ Lisar + 56,8261 (A.3)
ag = SsLicsy + S3®]€ 831, ag = S3Lacaz + S3®35€,532

by = ®L,®,&,521, by = -8, 87 ¢,50

I = Iy + €] mn€,y, I = Ip + & mas,
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and

my7 = _63131, ma7 = ‘i’;‘rlcl, mz7 = ‘i’;";Loslo

my7 = ‘i’? + (m2 + ms)Ll‘I’;Fz, ms7 = Stz‘I’Tzczl, me7 = 53‘1’?2631
myg = —52‘232, mag = ‘i’tq;cz, mgg = ‘i’g;LOSzo

Myg = ‘i’tq;Llczl, msg = ‘i’; + mst‘I’%, Meg = 53‘1’%;;032

mar = Ay + (mg + m3)®,87,, mag = @128 5 c01

mgs = Ay + m3<I>23<I>§"3
(A.4)

and we note that s; = sin6;, ¢; = cos#b;, s;; = sin(6; — 6;) and ci; = cos(6; — 6;).
Moreover, we have used the following definitions:

my = mg +my +my +m3

Stz = Soz sinfy + Soy cos by + (mq + mg + m3) Lo cosby

Sty = —Soz cos by + Soy sin by + (m1 + ma + m3) Lo sin by

St = 81 + (m2 + m3)L,, Si2 = Sa+m3l,

Io = Ioz + Ioy + (m1 + ma + m3)L3

In = I + (mg + m3) L3, ILip = I, + m3 L}
@, = @) + (m2 + m3)®y2, O =Py + myPy;
in which
m; =/ pidD,’ i=0,1,2,3
Body ¢
S; = picidD; I; = / p,'.'z?dD,' 1=1,2,3
Body ¢ Body ¢
Soz =/ pomdDo SOy =/ poydDo
Body 0 Body 0
Io: =/ powdeo IOy =/ Poydeo
Body 0 Body 0
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A,—:/ pi®:®TdD; i=1,2

By, = B1(z1)| Bo3 = By(z2)|

=L,

The matrix G in Eq. (2.17) is defined as

"1 00 0 0 0

010 0 0 0

001 -1 0 0

000 1 -1 0

=100 0 o0 1 -1

000 0 0 1

000 0 -®(L) 0
0 0 0 O 0 —®(Ly)

in which

Gi=[®(zi1) -+ B (zim)] J

zo=Ly

of of
oT oTW
of oT
oT of
ol oT
oT oT
Gi O
0 G,
=1,2

(A.5)

(A.6)

m is the number of actuators on each link. Here m equals the number of modes

and the G,’s are square matrices.

The coefficient matrix C in Eq. (2.19) is defined as

[0 0 Cizs Cuy Cis Cie Ci7

0 0 C23 Cay Czs Ca6 Cor

0 0 0 Ci3 Cis Ciz¢ C37

C = 0 0 Cs3 0 Cys Cy Cyr

0 0 Cs3 Css 0 Cs¢ Csr

0 O Ce3 Cs4 Css 0 Cﬁ7

0 0 Cr3 Cyy Crs Cr6 O

L0 0 (g3 Cgy Css Cge Car
where )
C13 =S

Ci1s =(—Snc + 6;115131)91
Cis =(—Sica + ®L€,52)02
Cis = — S3cabs
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Cis1
Cas
Css
Cas
Css
Ces
Crs

(A.7)



Ci7 = — 2.087 ¢, 6

Cis = — 2.08Tc,6,

Cas = — Stz

C2q4 =(—Sns1 — ti’3;5101)9.1

Cas =(—Si2s2 — ®L€,¢2)02

Cop = — 333393

Cy7 = — 2.08% 5,6,

Cas = — 2.087% 5,6,

Cs4 =(St1LOCIO - ‘i’g;&LoSlo)él

Css =(St2Locao — ‘i’;";&LoSzo)éz

Css =S3Locsobs

Ca7 =2.081 Locio6,

Css =2.087% Locyo6,

Ci3 =(—SuLocio + T &, Los10)0

Cus =(—Si2L1521 — ®5€,Licar + Su®l € 001 — 85€,8T,€,551)6
Cis =(—S3L1531 + S3®T,€,¢31)03

Cir =2.06T (Aq + (g + m3)®,,9T)6,
Cis =2.0(—L150; 8% + 8T,¢,¢01 976,
Cs3 =(—Sw2Loco + @gszoszo)éo

Css =(Si2L1s21 + @5,€, L1021 — Su® € 001 + B5€,9T,€,501)6)
Cse =(—S3Lasaz + S3®7;€,c32)6s

C57 =2.0(S¢2321 @{2 + 6;1;62621 @fz)Gl
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Css =2.067 (Ag + m3®43813)6,

Ces = — SsLoczobo

Ce4 =(S3L1831 — 53‘1’;1; 1031)91

Ces =(53L2832 - 53‘1’3352032)9'2

Ce7 =2.0S5353; Q'f;él

Cos =2.05353:87;6,

Cr3 = — ®uLociobo

Crs = — (A1 + (M2 +m3)®1287)€, 6,
Crs =(—St2521P12 — ®L€,c01P12)62
Cr6 = — S3531P1263

Crs = — 2.08,,9%52,6,

Cs3 = — ‘i’tzLoczoéo

Css =(L1521Pe2 — B13€1021912)6;
Css = — (Mg + m3®238T)€,6,

Cse = — 53332@23é3

C87 =2-0§t2¢¥;321 él
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Appendix B: Matrices in the Perturbation Equations

Throughout this Appendix, the configuration variables represent the zero-order
variables. But the subscript 0 is dropped for the sake of simplicity.

The mass matrix My in Eq. (2.22), the zero-order equations of motion, is

defined as

my 0 —Stz —Sus1 —St282 —S383 7
0 my —Sty Suc Seacy Ssc3
-5 -5 I St1Los10  StaLoszo S3Lgs30
M, = z v B.1
0 —Sus1 Suci SuLosio Iy Sta2L1ca1  S3Lics ( )
-—St282 Swcy SwaLosze Sw2Lica Iis 53L2032
L —S353 Szcz  SsLogsso S3Licay S3Lacsg I .
The coefficient matrix Cy in Eq. (2.22) is defined as
[0 0 Styéq _Stlcle:l —5t202é_’2 —53639:3 i
0 0 -—Stxao —Stlslel_ —St23292 —-533393
CO - 0 0 0 . Stl L()Clogl StzLQCQQGQ_ S3LOC3093' (B2)
0 0 —SuLociobo 0  —Sw2Lis2162 —S3L1s3:63
0 0 —SiLocobo Si2Li1s216: 0 —S3L,83263
_0 0 —S3L063000 S3L183101 53L233292 0 i

The mass matrix M; in Eq. (2.23), the first-order equations, is defined as

mi7  Mig
M,
M, = Me7 Mes (B-3)
m, md;  mer mag
mfg mg; m% megs
where my7, ..., mgg are given in Eqs. (A.4) in Appendix A.
The coefficient matrices C; and K; in Eq. (2.23) are defined as
[ €17 €18 |
C7  C28
200 C(3)7 238
— 48 B4
¢ cs7 O ( )
Ce7 C68
0 0 cr3 0 cr5 cr6 0 crs
[0 O cg3 cgg O cgg czr O J
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where

— T .
C17 = *2¢tlclgla
— T .
Cog = —2¢t25292’
= 287,156
C48 = 124182192,

Cegs = 253@%2;3326.27
cre = —-253‘1’1233193,
css = —253P2353203,

and

K3
Kas
K3s
Ky
Ks;
Ke3
K3
Kgs

K,

Il
coocoocococoo
coocococooo

where

=T A
c18 = —2@&0202,

—_ T b
C37 = 2¢t1L0010017

C27 =

—26;‘28191

C3g = 2&’3; L062oé2

T .
Ccs7 = 2St2¢1232101,

cr3 = —2®4 Locyobo,

cs3 = 2<i't2L082090,

c78 = —-2@12§¢7;32102v
Ky Kis Ky K7
Kyy Ky Ko Ko7
K34 1{35 I{36 K37
Ky Kys Ky K4z
K54 K55 K56 K57
K¢g Kes K Koz _
K74 1{75 I\”[s 1{77 + Kl
K84 K85 ng "87

K3 =Styéo + Stzé(z)

K14 = — Stlclél + Stlsléf

K5 = — Sipc06, + St232é%

K16 = — S3c303 + S3s362

Ky7 =— égmél + ‘i”irlsléf

Kig = — 8% 06, + 815,62

Koz = — Stz:éo + Styég

Koy = — Sps16; — Stlcléf

Kas = — S128282 — Siaco6}

Ky = — S35363 — Syc36?
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Ce7T = 253@?25316.1

crs = —25128155916,

css = 2®12L015216;

_— T .
cs7 = 2P P1,5210,

I\’lg T
Kag
K3g
Ky
Ksg
Kes
Kaqg
Kgs + K, |

(B.5)



Ky = — 805,60, - & 167

Kog = — 63;3252 - ‘i’tq;c'zé%

K33 =Sty%0 — Stafio — St Loci01 — Stz Locaoz — S3Loczobs
+ S0 Los106% + St2Los2002 + S5 Losz06?

K34 =St Locio; — S Los1063

K35 =S Locaobz — St2Los2063

Kae =S3Locsobs — 53L033oé§

Ka7 =87 Loc1061 — ®7 Los106?

K35 =87, Locaofs — BF Losaob]

K3 = — SuLocio8o — St1Los106

Ky = — Sucizo — Susiijo + SuLociofo + Si2L152162 + S3 L1536
+ SuLosméS + Stszlé% + 53L1631é§

K45 = — St2L182162 — Si2Lyc91 6

K6 = — S3Lys3163 — S3Lycs: 62

Kg =—®] 130 — @7 5190 + B Lociobo + S2®Ty 5210 + S3 87553165
+ 'i’tT;LosloG-g + St2<1>'{2c210'§ + 53‘1’3;0319.3

K4 =— §£L1321§2 - &’SLI C219'g

Ks3 = — StaLocobo — Stz Los200?

Ky =512L132151 - 5:2L16219f

Kss = — Spca¥o — Suasaiio + SieLocaofo — St2L152161 + S3L253263
+ S12L052002 + S12L1c216% + S3Locsy62

Ksg = — S3Lys326; — 53L203Zé§
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Ks1 =S2®T,50161 — S028T,¢0167

Ksg = — ®Lcoito — B 525j0 + D Loczobo — B L1216, + S3 8735326,
+ &L Los2002 + 8L L1c016? + S3®7;c3,62

Kes = — S3Locaobo — 53L03309(2)

Ke4 =S3L153161 — S3Lyc3: 6

Kes =S3L95320, — 53L2032é%

Kes = — Sscaio — Sssafjo + SsLocsofo — S3L153161 — S L2ss26s
+ S3L0s3002 + SsLic316? + Sz Lacsp62

Kg7 =S38L,55,6;, — S387,¢3,6?

Keg =S38T,5320, — S3®T; c3262

K73 = — ® 4, Lociofp — @41 Los106>

K1y = — ®nc130 — ®usifo + uLociobo + SP1252102 + S3P1253163
+ ®,1Lo5100% + Sia®12¢016% + S3®15c3,62

K75 = — 51281252102 — S P 1262163

K16 = — S3®1253103 — S3®12¢3163

K17 = — [Ay + (mg + m3)®,,87,]62

K7 =— ‘1’12‘55(82152 + ¢216%)

K =§t2L052050 - ‘i’tzLoczoég

Ky =®12L15210, — ®12L1¢2: 63

Kgs = — ®uacato — Brasafio — RroLosaobo — BraLys216;
+ S3®2353203 + @12 Loc0bs + ReaLic216? + S3Pascszbi

Kgs = — S3®2353203 — S3®23¢3262
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Kgr =‘i’t2‘1’¥;(32151 - 0219‘3)

Kgg = — [Ag + m3a®,y3 8162
The disturbance vector d in Eq. (2.23) is defined as

d=[0 0 0 0 0 0 dF 47| (B.6)

where
d- =[‘i’1 + (m2 + ms)Ll‘I’lz]él + ‘i’tl(—slfio + c1yo + LOSIOéO - Locloég)
+ S12®12(c2102 — 521602) + S3P12(c3163 — 53162)
dg =[®; + m3 Lo ®23)03 + ®12(—s2%0 + c2fio + Locobo + Los206?

+ Lyca16y + Lysy16?) + S3®o3(caafs3 — 53293)

68



Appendix C: Matrices in the Direct Partitioning Equations

The mass matrix M, and the coefficient matrix C, in Eq. (2.26) are defined as

Mr = JMO (Cl)

C, =Co (C.2)

where My and Cj are given in Egs. (B.1) and (B.2) respectively in Appendix B.

The disturbance vector d in Eq. (2.26) is defined as

de = Mreele + Cre(.Ie + (KX/I + Ké’)qe

where

T —2&%¢; 6,
—287 5,6,
287 Locio6:
0

2@?25:232191

L 2@’1112533310‘1
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mis
Mag

Meg

—255@92
—2@3;3292
2§£LOC2092
—2&T L, $2162

0

2@%5353292 .

(C.3)

(C.4)

(C.5)



[ —@gclél —6;1;6252
—ét’];slél —@3;329.2
65[/061051 ‘i;I;LOC‘ZOéZ
’Ie\d = (06)

ki —®T L1596,

‘I’Tzstzszlél ke

| @55383151 §2T3,5353252 J
in which
kar = =87 (c1Z0 + s1350 — Lociobo) + ®T5(S1252102 + S353163)
karz = —®%(c2Fo + s23i0 — Loczobo) — @5 Lys916; + D235353265

and

- 815,62 ®L5262 1
-‘iacléf —6;[;629%
—‘igLoSloéf —‘f’Z;Losmég
(& = _ : (C.7)
kCl —<I>£L1cm€§
—Q}rzsﬂcméf ke
L —@{2536319'% —Q%S:;Cazé% .
in which

key = 87 Los1062 + B, S12¢010% + @7F,S5¢5,62

kce = 6%[)03209‘3 + éngczl 9% + Q’g;Sstég

The mass matrix M, and the coefficient matrix C. are defined as

Ay + (mg + m3) @87, ®,97 e ]
M, = . (C.8)
@, 87, co Az + m3®y3 DL,
and _ .
0 —28,,®L 5416,
Ce = . (Cg)
2@&@?282191 0 :l
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The coefficient matrix K, is defined as

Ke=K+ Ky + K¢ (C.10)
where
. _[Ki o
K = [ 0 R’z] (C.11)
0 —®1,87,5210;
<I>12<I>ir232191 0
and
—(A1+ (M2 +m3)@1, @) —8128Fc2163
Ko = i _ . (C.13)
Y —(Ag + my @3 87,62

The disturbance vector d, is defined as
d, = ML&r + Cerdr (C.14)

with M,. given in Eq. (C.4) and

0 0 —&,Lociobo 0 ~ 8155128210, — 125353163
Cer=
0 0 —®pLoc2080 Pi2L152161 0 —P,35353203
(C.15)
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Moving Target

Body 3
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/ Body 2 3
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Figure 1. Flexible Space Robot
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X3
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Y5
u2
Body 2 u
Y,
02 92
Y & Body 1 u1 -
A L %
Yo
A X1
Body 0 .
1
R, 7 Oy = Xo
R
0 L_lb'¢

XOY: Inertial coordinate system.

xo00yo: Coordinate system attached to Body O with 0001 as yo axis.

xio1y1: Coordinate system attached to Body 1 with x: axis tangent to Body 1 at o1.
xz202y2. Coordinate system attached to Body 2 with x: axis tangent to Body 2 at o-.

xs0sys: Coordinate system attached to Body 3.

Figure 2. Body Coordinates for Multibody System of Space Robot
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Figure 3.1b. Time-Lapse Picture of Optimal Robot Configuration Trajectory for Case 2
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Figure 3.2a. Time Histories of The Zero-Order Control Forces
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Figure 3.2c. Time Histories of The Zero-Order Control Torques
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