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Warm Start Algorithms for Bipartite Matching and Optimal Trans-
port

Akash Mittal

(ABSTRACT)

Minimum Cost Bipartite Matching and Optimal Transport are essential optimization chal-
lenges with applications in logistics, artificial intelligence, and multimodal data alignment.
These problems involve finding efficient pairings while minimizing costs. Due to the com-
binatorial nature of minimum-cost bipartite matching and optimal transport problems, the
worst-case time complexities of standard algorithms are often prohibitively high. To mitigate
this, prior information or warm starts are commonly employed to accelerate computation. In
this thesis, we propose two novel warm-start algorithms for solving the minimum-cost bipar-
tite matching problem, with the first algorithm extending naturally to the optimal transport
problem. The first algorithm uses the LM R algorithm to produce dual weights with respect
to a scaled version of an approximate matching or transport plan with high additive error.
Using these dual weights as warm starts enables a faster computation of approximate match-
ings or transport plans with extremely small additive error ¢ faster than the original LM R
algorithm, which currently holds the state-of-the-art execution time for approximating the
optimal transport plan, a generalization of bipartite matching, in the sequential setting. By
achieving lower additive error at a faster rate, our method provides a smoother trade-off
between exact and approximate matchings or transport plans. Given that C' is largest cost
of the given matching or transportation problem and ¢ is our chosen additive error, the
running time for our first warm start algorithm for matching is O (n2 - min (%, \/ﬁ)) and for

optimal transport is O <n2 - min <, / %, %)) Our second warm-start algorithm leverages



machine-learned weights to accelerate the computation of minimum-cost bipartite matching.
This learning-augmented approach achieves a theoretically superior running time compared
to the previous best learning-augmented algorithms for the same problem. Overall, this
thesis highlights the effectiveness of combining theoretical algorithmic advancements with
modern learning-based techniques, resulting in robust and efficient solutions for fundamental

optimization problems.



Warm Start Algorithms for Bipartite Matching and Optimal Trans-
port

Akash Mittal

(GENERAL AUDIENCE ABSTRACT)

Matching problems and optimal transport are foundational tools with wide-ranging appli-
cations in fields like logistics, artificial intelligence, and multimodal data analysis. At their
core, these problems involve finding the most efficient way to pair objects or resources while
minimizing associated costs. Imagine we are tasked with pairing items from two groups based
on compatibility. A perfect matching ensures every item is paired exactly once, maximizing
compatibility. Often, the challenge extends to minimizing the cost of these matchings, re-
sulting in the minimum-cost maximum-cardinality matching problem. This problem
is fundamental to both theoretical algorithmic research and real-world applications like re-
source allocation, task scheduling, and network optimization. Optimal transport builds on
this idea, where we align resources (e.g., supply nodes) with demands (e.g., demand nodes)
in a way that minimizes transportation costs. For instance, consider distributing supplies
across a network with varying transport costs. The goal is to fully meet demands while min-
imizing the overall cost—a crucial requirement in supply chain logistics, training generative
models like GANs, and aligning multimodal data such as text and images. This research
introduces warm start algorithms to accelerate these complex problems by leveraging two

strategies:



1. Machine Learning for Dual Weights: Predictive models are used to estimate dual
weights that guide optimization, reducing the computational complexity of solving the

problem.

2. Simplified Problem Refinements: Initial solutions are derived from solving sim-
plified sub-problems, which are then iteratively refined for improved precision and

efficiency.

By combining algorithmic rigor with predictive and incremental approaches, these methods
scale efficiently to large datasets and diverse applications. This work not only advances the
theoretical understanding of optimization problems but also can have practical impacts in

areas like generative modeling and cross-modal alignment.
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Chapter 1

Introduction

Warm start algorithms are an essential class of techniques in optimization that leverage
precomputed or approximate solutions to initialize iterative algorithms closer to the optimal
solution. This approach significantly reduces computation time and enhances the efficiency
of solving complex problems. Some of the works that use warm starts to accelerate the
running time of standard optimization algorithms are as follows [2, 3, 5, 11, 16, 22, 23, 25,
27]. The two problems that we will focus on in this thesis is the Optimal Transport (OT)
problem and the Minimum Cost Perfect Bipartite Matching. These problems have significant
importance in areas of applications such as computer vision, data analysis, economics and

etc [4, 6, 7,9, 12, 28].

In the context of Optimal Transport, we design and analyze a warm-start method that lever-
ages approximate transport plans represented by precomputed dual weights. This approach
facilitates faster convergence toward transport plans with low 0 additive error. In this al-
gorithm intermediate solutions act as feasible initializations for progressively finer levels of
precision. By incorporating warm starts, the algorithm avoids the computational expense of

starting from scratch at each iteration, leading to significant reductions in runtime.

Similarly, for the minimum cost Bipartite Matching, we will examine and improve warm
start algorithms that exploit both machine learned dual weights and computed dual weights
from previous intermediate instances to accelerate the matching process and significantly

reduces the number of adjustments needed to reach desired matching and dual weights.
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The importance of warm start algorithms lies in their ability to balance computational
efficiency and accuracy. By integrating approximate solutions or leveraging machine-learned
predictions, these algorithms not only achieve faster convergence but also exhibit robust
performance across a range of problem instances. As a result, warm start methodologies
are starting to become a cornerstone in the design of scalable and practical algorithms for

combinatorial optimization problems.

1.1 Important Concepts

Graphs are mathematical structures that model relationships between objects, represented
as vertices, with connections between them denoted as edges. Formally, a graph G(V, E)
consists of a vertex set V and an edge set E C V x V. In practical applications, the vertices
often correspond to real-world entities, while the edges signify relationships or interactions
between these entities. This work focuses on leveraging graphs to model and solve matching

and transportation problems, particularly those arising in bipartite graphs.

The goal of this work is to design better asymptotic running time algorithms for these funda-
mental optimization problems. Asymptotic analysis abstracts away implementation-specific
constants and focuses on the algorithm’s behavior for large inputs, addressing fundamental
challenges in problem complexity. This perspective allows us to explore the intrinsic dif-
ficulty of matching problems and design techniques that address their core computational

barriers.

In this thesis we will work with bipartite graphs. Equivalently, bipartite graphs are char-
acterized by the absence of odd-length cycles. This structural property simplifies matching
problems significantly compared to general graphs, making bipartite graphs a natural focus

for algorithmic research.
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A matching M C FE in a graph is a subset of edges such that no two edges share a common
vertex. Matchings represent disjoint pairs. Among the many problems in this domain is
the maximum-cardinality matching problem, which seeks the largest possible matching in a
graph. Another central problem, the minimum-cost maximum-cardinality matching problem,
extends this concept by associating a cost ¢(u,v) with each edge (u,v) € E and aims to find

a maximum-cardinality matching M that minimizes the total cost, (M) = >_, e c(u, v).

Optimal transport is closely related to bipartite matching, serving as a fundamental frame-
work for measuring similarity between datasets or probability distributions. In applications
such as training Generative Adversarial Networks (GANs) and multimodal alignment tasks,
transportation cost functions are crucial. In GANs, optimal transport cost aligns generated
and target distributions, improving sample quality. For multimodal tasks, it aligns data
across different modalities (e.g., text and images) by minimizing transport costs between

feature spaces.

Formally, the transportation problem involves a complete bipartite graph G(A, B), where A
represents demand nodes and B represents supply nodes. Each vertex a € A has a positive
or zero demand d,, and each b € B has a positive or zero supply s;. The cost of transporting
one unit of supply is ¢(a,b) > 0, and C' denotes the maximum edge cost. Without loss of

generality, the total supply does not exceed the total demand: U =3, p5, < D =3 _, d,.

A transport plan is a function that gives non-negative values o(a, b) to each edge subject to

the constraints:

> o(a,b) <d, forallac A, and Y o(ab)<s, forallbe B

beB a€A

A transport plan is maximum if all supply is fully transported, i.e., > ., o(a,b) = s; for all
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b € B. The cost of a transport plan ¢, denoted w(o), is given by:

w(o) = Z o(a,b)-c(a,b).

(a,b)eAxB

The aim is to derive the minimum-cost maximum transport plan. Given the minimum-cost
maximum transport plan ¢* we can also define d-close or d-approximate transport plan as
a transport plan o with cost w(o) < w(o*) + ¢ that transports all of the mass from supply

vertices to demand vertices.

The assignment problem is a special case of the optimal transport problem where the sets

A and B each contain n points, and every point in A (resp. B) has a demand of 1/n (resp.

supply of 1/n).

1.2 Related Work

The problems of bipartite matching and optimal transport have been extensively studied
due to their applications in combinatorial optimization, machine learning, and economics.

Below, we summarize key contributions in this area.

1.2.1 Classical Matching Algorithms

The Hungarian algorithm provides a foundational approach for solving the min-cost perfect
matching problem on bipartite graphs. By iteratively refining dual weights and augmenting
along paths, it achieves a runtime of O(n?) for graphs with n vertices. Building upon this,
Gabow’s algorithm introduces the use of multiple augmenting paths per iteration, leveraging

the Hopcroft-Karp algorithm to reduce runtime. This innovation achieves an asymptotic
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complexity of O(y/n - m), where m is the number of edges, but requires integer edge costs

in the input graph.

Gabow and Tarjan’s scaling algorithm further optimizes bipartite matching by introducing
bit scaling for integer edge costs. The algorithm operates over O(logn(C') scales, such that C
is the maximum cost, achieving a runtime O(n?°lognC). However, this approach assumes
perfect matchings in input graphs and requires careful scaling of costs and demands, limiting

its practical application in some scenarios.

1.2.2 Optimal Transport and Approximation Algorithms

There are many cases of the transportation problem that have been extensively studied.
When all demands and supplies are positive integers, the problem is referred to as the
Hitchcock-Koopmans transportation problem. If each demand and supply is equal to one,
the problem reduces to the mininmum cost perfect (or maximum cardinality) matching
problem. When the transportation cost between vertices satisfies a metric, the OT cost is
also known as the Earth Mover’s Distance. Furthermore, transportation cost is the k-th
power of a metric with OT cost corresponds to the k-Wasserstein distance. These cases are
well studied in the realm of machine learning. [1, 17, 19, 24, 26, 29] and have numerous

applications across various domains [4, 6, 7, 9, 12, 28|.

However, computing exact solutions to the optimal transport problem is computationally
prohibitive due to its high complexity. As a result, extensive research has focused on devel-

oping efficient approximation algorithms.

Existing combinatorial algorithms for optimal transport include classical methods such as
the Hungarian algorithm [18] for assignment problems, which operates in O(n?®) time, and

the Gabow-Tarjan [14] scaling approach, with a complexity of O(n*°log(nC)) for balanced
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transportation problems.

The most notable additive approximation algorithm build on these advancements by intro-

ducing a novel adaptation of the Gabow-Tarjan framework [20] and computes a d-close OT

in running time of O (n2 (%) +n (%)2)

1.2.3 Learning-Augmented Algorithms

The advent of machine learning inspires the philosophy of learning augmented algorithms
that aims to utilize predictions to improve the performance of classic algorithms. By lever-
aging predictions to reduce uncertainty about the future, these methods often achieve better
choices and improved competitive ratios. Notable examples include work on caching by
Lykouris and Vassilvitskii [23], Rohatgi [27], and Jiang et al. [16]; on the classic secretary
problem by Antoniadis et al. [3] and Diitting et al. [11]; on scheduling by Purohit et al. [25]
and Lattanzi et al. [22]; on ski rental by Purohit et al. [25] and Anand et al. [2]; and on set

cover by Bamas et al. [5].

With regards to minimum weight maximum cardinality bipartite matching, Chen et al. [§]
proposed an approach that uses predicted dual weights as warm starts, significantly reducing
the number of iterations required to compute optimal matchings. Their algorithm achieves a
runtime of O(m+/n+ (m+nlogn)|y*—9|lo), where ||y* — §l|o is the sparsity of the difference
between predicted and optimal dual weights and m is the number of edges. Chen et al.

learns their dual weights using a learning algorithm defined in Dinitz et al. [10]
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1.3 Main Results

The goal of this work is to develop innovative techniques leveraging warm starts to devise
asymptotically faster algorithms for minimum cost maximum cardinality matching and op-
timal transport problems. Two warm start algorithms are proposed, both utilizing dual
weights as warm starts to compute a minimum-cost maximum cardinality matching. Addi-

tionally, one of these algorithms extends its utility to finding an optimal transport plan.

LMR algorithm with Warm Starts: This algorithm introduces a novel scaling approach
that leverages dual weights obtained from simplified versions of the transport or matching
problem to significantly enhance computational efficiency. Specifically, dual weights are de-
rived through multiple executions of an existing d-additive approximate optimal transport
algorithm , known as the LM R algorithm, [20] for varying values of 4, gradually improving
the precision until the desired d-error is achieved. These warm starts enable the computation
of approximate matchings or transport plans with extremely small additive error § signif-
icantly faster than the original LM R algorithm which currently holds the state-of-the-art
execution time for approximating the optimal transport plan, a generalization of bipartite

matching, in the sequential setting.

The key improvement lies in the reduction of computational overhead by bounding the
number of augmenting paths per scale to computationally manageable number. Therefore
this allows the warm start algorithm to achieve a smoother trade-off between exact and
approximate solutions, improving both efficiency and precision.

By incorporating warm starts, the algorithm achieves the following running times:

o For bipartite matching, the algorithm achieves an additive approximation with error

o (nz.mm (%\/ﬁ))

0 in time:
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where C' is the largest cost in the given matching problem.

« For optimal transport, the algorithm achieves an additive approximation with error §

Learning-Augmented Matching Algorithm: The second algorithm employs a learning-

in time:

augmented framework that utilizes machine-predicted dual weights, as described by Dinitz
et al. [10]. By incorporating predicted dual weights into the initialization, the algorithm
achieves greater efficiency than existing methods. The key improvement arises from augment-
ing along multiple augmenting paths per iteration, leveraging the Hopcroft-Karp technique

to reduce the total number of iterations required.

This method achieves a faster runtime bound compared to prior learning-augmented tech-

niques, with a time complexity of:

O (/T =ll - ntm)



Chapter 2

Preliminaries

In this section, we describe in detail four fundamental matching algorithms that form the
foundation of our warm start approaches. We begin in the unweighted setting with a de-
scription of the Hopcroft-Karp algorithm for maximum cardinality matching in O(n*%) by
computing multiple augmenting paths per iteration. Computing augmenting paths is a fun-
damental approach for constructing maximum cardinality matching for these network flow
algorithms. Next, in the weighted setting we describe the Hungarian Algorithm which is
a fundamental algorithm for computing minimum cost maximum cardinality matching. Fi-
nally we describe Gabow’s algorithm and Gabow and Tarjan’s algorithm which are examples
of scaling algorithms that can be seen as extensions of the Hopcroft-Karp algorithm to the

weighted setting.

Throughout this chapter we denote Bp as the set of free B vertices and A as the set of free
A vertices. Given a bipartite graph G and matching M we can construct a directed residual
graph 8 that captures the set of alternating paths. This is accomplished by assigning each
edge of F a direction. Any edge in M is directed from A to B, and any edge not in M is
directed from B to A. Any directed path in 8 is an alternating path in G with respect to
M. Any path P in this graph 8 that starts with a free b € Br and ends with free a € Ap
forms an augmenting path. Augmentation is the process of creating a new matching M’ by
making all the non matching edges matching edges and vice versa. Augmenting along these

paths is critical, as it allows the algorithm to obtain a new matching M’ with one additional
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edge. This augmentation process is the same as taking the symmetric difference between M
and P, denoted M’ = M @ P. This symmetric difference results in M’ with |M'| = |M|+ 1.

This concept of a residual graph is used throughout the algorithms described in this chapter.

2.1 Hopcroft-Karp Algorithm

Each iteration of the Hopcroft-Karp algorithm is referred to as a phase. Each phase uses
BFS step and DFS step to find a set of augmenting paths, followed by augmentation along

all paths in this set.

1. BFS Step: The algorithm starts by making a residual graph 8 w.r.t the current
matching M. A breadth-first search (BFS) is executed from all free vertices in By in

order to find the shortest augmenting path.

2. DF'S Step: DFS is utilized to determine the set of “vertex-disjoint augmenting paths”
P in the admissible graph. At the end of this step no more such vertex disjoint paths
can be found. This is accomplished by conducting partial depth-first searches (DFS),
each starting from a free vertex in B. For each free vertex, the algorithm initiates a
DFS from v. All shortest augmenting path (identified in BF'S step) P found is added
to the set S, and the corresponding partial DF'S is terminated. If no augmenting path

is discovered, the partial DFS concludes upon backtracking from wv.

Augmentation along these set of paths P € S is viable since these paths are disjoint therefore

the final matching is valid.
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2.2 Hungarian Algorithm

The Hungarian Algorithm is used [18] to find the optimal perfect matching (matching with
least cumulative cost and maximum size) on a bipartite graph G(AU B). Every edge (a,b) €
A x B has an associated non-negative cost c(a, b) allowing us to define the cost of matching

as

e(M)= > cla,b)

(a,b)eM
We aim to find a maximum cardinality matching M that minimizes the overall matching cost
¢(M). The algorithm operates within a primal-dual framework, maintaining a set of dual
weights for each vertex and adjusting them iteratively to preserve feasibility. The Hungarian
algorithm constructs a maximum cardinality matching while maintaining dual feasibility

conditions which ensures minimizes the cost of matching.

2.2.1 Dual Feasibility

Throughout the Hungarian algorithm a set of dual weights and a matching is maintained.
To ensure a minimum cost matching we introduce these feasibility conditions on the dual

weights. A matching M and set of dual weights y(-) are feasible if for every edge (a,b),
y(a) +y(b) < ca,b) if (a,b) ¢ M. (2.1)

y(a) +y(b) = c(a,b) if (a,b) € M. (2.2)

Using the dual weights of vertices a and b and the edge cost c(a,b), slack on edge (a,b) is

defined as follows:

s(a,b) = ¢(a,b) — (y(a) +y(b))
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From the definition and feasibility conditions, any edge in the matching set M has zero
slack, while edges not in M have non-negative slack. Admissible edges are edges that satisfy
conditions (2.1) and (2.2). Throughout the algorithm these edges for all intermediate match-
ings do not violate feasibility. The Hungarian Algorithm adds these admissible edges by
augmenting along augmenting paths. In the Hungarian algorithm, finding and augmenting
along an augmenting path of admissible edges in each iteration is sufficient to progressively
build maximum cardinality matching. With the help of Lemma 2.1 below we can see that
building a feasible maximum cardinality matching will ensure a minimum cost maximum

cardinality matching.

Lemma 2.1. A mazimum cardinality matching M that is feasible with respect to the y(-) on

AU B is a minimum cost matching.

Proof. Let M and a duals weights y(-) be feasible as defined in (2.2). The cost of the

matching is as follows.

cM)= > c(a,b)

(a,b)eM

Hence, according to the dual feasibility conditions.

> yla) +y(b) = (M)

(a,b)eM

On the other hand, consider another maximum cardinality matching M such that M &M # (.

Then cost of the matching ¢(M) is defined as follows.
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Now, according to the dual feasibility conditions defined in (2.1).

S yla) +y(b) < (M)

(a,b)eM

Therefore for all perfect matching M, ¢(M) < ¢(M) hence M is minimum cost matching. [

2.2.2 Algorithm

The Hungarian algorithm due to Lemma 2.1 maintains feasible dual weights and increases
the cardinality of its matching by 1 in every iteration. Initially every vertex has a dual weight
of 0, therefore the feasibility condition (2.1) holds. Note all edges have a non-negative cost.
The algorithm runs in O(n) iterations since there are n points to match while maintaining
the feasibility of M, y(-). Each iteration takes O(n?) time, giving a total time of O(n?) for
the algorithm. A single iteration of the Hungarian algorithm is known as one Hungarian

Search.

Hungarian Search: To find the augmenting paths, the algorithm performs dual adjust-
ments using a procedure known as the ‘Hungarian search. First, a residual graph 8 M IS
created by orienting non-matching edges from B to A; matching edges from A to B. Each
edge in the residual graph is assigned a cost equal to the slack of the edge, as previously
defined. Additionally, a source vertex s is introduced, with zero-cost edges connecting s to
each free vertex in B. The algorithm proceeds by running Dijkstra’s algorithm from s to
compute the shortest distance from s to each vertex in the graph, denoted as ¢,. The mini-
mum distance from s to a free vertex in A is represented as £. If ¢ = co, no augmenting path

exists, implying that the current matching is optimal. Otherwise, using these shortest-path
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distances, the algorithm updates the dual values as follows: for vertices v € B, if £, > ¢, y(v)
stays the same; otherwise, if ¢, < ¢, y(v) is updated as y(v) < y(v) + (¢ — ¢,). Similarly, for

vertices v € A, if £, < ¢, y(v) is updated as y(v) < y(v) — (¢ — £,).

2.2.3 Invariants

These are the invariants of the Hungarian algorithm. Suppose M represent a feasible match-
ing and y(-) denote the set of dual weights maintained by the algorithm before the start of
a Hungarian Search. After the Hungarian search is finished let 3/(-) represent the updated

dual weights. [18]:

1. For all non-matching edge, the condition (2.1) remains satisfied with respect to y/(+)

2. For all matching edge, condition (2.2) holds with respect to y/(+) .

2.3 Scaling Algorithms

Both of the following algorithms assumes that the bipartite graph G has a perfect matching
and all of the edge costs are integers. Each iteration of both of these algorithms is known as
a scale where the algorithm for each scale takes as input a balanced bipartite graph G with a
optimal matching M* whose cost is O(n). The algorithm for each scale returns a maximum-
cardinality matching and a set of dual weights. Each scale executes multiple iterations where

each iteration is known as a phase.
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2.3.1 Gabow’s Algorithm

Gabow’s Algorithm [13] iteratively refines a matching on a bipartite graph G to achieve
a minimum cost perfect matching. Unlike the Hungarian algorithm that augments one
augmenting path at a time Gabow’s Algorithm augments all of the possible augmenting
paths found at the end of one iteration with the help of the Hopcroft-Karp algorithm allowing

it to be /n faster than Hungarian Algorithm.

Scaling Paradigm

In order to bound the cost of matching to O(n) for each scale Gabow’s algorithm employs a
cost scaling routine. Initially, the cost of each edge (a,b) is repeatedly halved using LC(“—2b)J
until the largest edge cost of G is reduced to 1, which defines the first scale. In subsequent

scales, the edge costs are then doubled every time.

In each scale, the Gabow’s algorithm computes a feasible perfect matching M, and a set of
dual weights y;(+). For any edge (u,v), let ¢;(u,v) be the cost of the edge during the ' scale.
The dual weights from scale ¢ are then used to generate an initial set of feasible dual weights
for scale ¢ + 1. This is done by setting, for every v € AU B, y;11(v) < 2y;(v)—1. In order
to make sure that the matching found in scale i 4+ 1 has a cost of O(n) we calculate reduced

edge costs.

The reduced cost of any edge (u,v) is defined as:
Ciar (U, 0) = cir1(u,v) = Yig1(u) — Yisr ().

Since matching M; is feasible w.r.t y;(-), the reduced costs ¢;11(+, -) has a cost of O(n). The

algorithm then computes a feasible matching for the reduced costs ¢}, (-, -), using an O(n*®)
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time algorithm.

The resulting dual weights at the end of the O(n??) algorithm are then added to the original
scaled dual weights at the start of scale i + 1 in order to remain feasible w.r.t to the original

costs ¢;41(+) for scale 1.

Algorithm for a Single scale:

This section describes the algorithm for computing a feasible matching for each scale. Using
the scaling paradigm, we can assume that the optimal matching M* has cost ¢(M*) = O(n),
and each edge has a cost of at least —1. Initially, the algorithm assigns every vertex a dual
weight of 0; since all edges are initially not in the matching, this initial dual assignment is

feasible. Each phase can be described as follows:

Step 1 Hungarian Search: A Hungarian Search is conducted (2.2) to locate an augmenting
path in GG. This search helps identify edges along which adjustments can improve the
current matching. During this search a residual subgraph (referred to in section 2.2)
G' = (V,E'), where E' = {(u,v) | s(u,v) = 0} is constructed. This subgraph contains

only the edges with zero slack, and thus are eligible for inclusion in a matching.

Step 2 Hopcroft-Karp: The Hopcroft-Karp [15] is utilized to compute a maximum cardinal-
ity matching on GG'. This step expands the current matching M as much as possible

within the feasible set of edges in G'.

The algorithm repeats these steps until M becomes a perfect matching on GG. By iteratively
finding augmenting paths and updating the matching, Gabow’s Algorithm ensures that the

resulting matching is optimal in terms of cardinality and cost.
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2.3.2 Gabow and Tarjan’s Algorithm

The Gabow-Tarjan (GT) scaling algorithm [14] also solves the min-cost matching problem on
bipartite graphs. This algorithm operates over O(log nC') scales. Each scale of this algorithm
takes a bipartite graph, each partite set having n vertices. The only assumption here for

this algorithm is that the optimal matching M* should have a cost of O(n).

Each scale takes O(y/n) phases, with each phase taking O(n?) time. Consequently, the
overall running time of O(n??lognC). Note for the sake of this thesis we will assume that

there exists a perfect matching even though reductions for otherwise are available in [14].

1 - Feasibility

The Gabow-Tarjan (GT) algorithm uses modified feasibility conditions as compared to the
Hungarian Algorithm. A set of dual weights y(-) are maintained throughout the execution of
the algorithm. A set of dual weights y(+) are considered 1-feasible with respect to a matching

M if, for every edge (u,v),

y(u) +y(v) < clu,0) + 1 if (u,v) ¢ M.

y(u) +y(v) = c(u,v) if (u,v) € M.

This relaxation of the feasibility conditions allows us to bound the running time of this

algorithm. It also leads to a error of +n at the very most
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Scaling Paradigm

The ultimate objective of the Gabow-Tarjan algorithm is to obtain an exact optimal match-
ing. This exactness is accomplished through scaling. Initially, all edge costs are multiplied
by n + 1, ensuring that difference between optimal matching and the next best matching is
greater than or equal to n + 1. This allows all 1-feasible perfect matching with scaled costs

to be optimal. Under these scaled costs, the maximum edge cost becomes O(nC).

In order to bound the number of phases to O(y/n), the Gabow-Tarjan algorithm needs the
optimal matching to have a cost of O(n). This assumption is met by using a bit-scaling
approach, executing O(logn(C') scales. In scale i, i most significant bits of each edge cost are

used. Therefore in the first scale the the optimal matching is O(n).

The mechanics of the scaling paradigm employed by the Gabow and Tarjan’s algorithm is
exactly same as the scaling paradigm described in Gabow’s algorithm 2.3.1 except for the

fact that at the end of every scale a 1-feasible matching and dual weights are produced.

Algorithm for a Scale

At the beginning of the algorithm the dual weight of every vertex is 0 since the matching set

is empty. Each scale takes O(y/n) phases, with each phase containing two stages.

Hungarian Search: The first stage is the Hungarian search. This step closely resembles
the procedure described in Section 2.2, Since the feasibility condition is different from the

Hungarian Algorithm the slack for Gabow and Tarjan’s is defined as follows:

s(u,v) = c(u,v) + 1 —y(u) —y(v) if (u,v) ¢ M,

s(u,v) = y(u) + y(v) — e(u,v) =0 if (u,v) € M.
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With this adjusted definition of slack, the GT algorithm performs the Hungarian Search as
described in section 2.2.2 to change the dual weights. These dual adjustments do not violate

1-feasibility.

Partial DF'S: In the second stage, the algorithm performs the exact same partial DFS as
the DFS step from Hopcroft-Karp’s Algorithm in section 2.1 from each free vertex of B in

the admissible graph.

Note non-matching edges that enter after augmenting along some augmenting path P could
now be infeasible due to the +1 relaxation of non-matching edges. To maintain feasibility

during augmentation the dual weight of b € B on P decreases by 1.

The algorithm for a single scale is repeatedly executed until a perfect matching is obtained.

Running Time of Algorithm

For a single scale the GT algorithm is bounded by O(n*®). Therefore, for all O(lognC')
scales, runtime complexity is O(n?®lognC). Each phase consists of two steps as described

above.

For the first step, the Hungarian search executes a Dijkstra’s algorithm. Since optimal
matching is O(n), Dijkstra’s algorithm can be shown to run in O(n?) time using special data

structures. The second step performs a DFS which also takes O(n?) time. Thus, each phase

of the GT algorithm is O(n?).

Finally, the total number of phases is bounded because the optimal matching cost in every
scale is O(n). Then at any point in the algorithm, for a phase, ymax|Br| = O(n) where
Ymax 18 the largest dual weight and Bp is the number of free B vertices at that point in the
algorithm. Due to this property we can easily observe y,.x increases by at least one every

phase (except possibly the first) and |Br| decreases by at least one every phase until the
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matching is perfect. Therefore after O(y/n) phases ymax is at least O(y/n) and there are
atmost O(y/n) free B points left. Therefore the remaining vertices are matched in O(y/n)

phases implying the total number of phases is O(y/n).



Chapter 3

Scaling Algorithm with Warm Starts

In this section, we will explore the first warm-start algorithm in detail. Before delving into
its specific workings, we will first review the LM R algorithm, a foundational component of

the warm-start method.

3.1 LMR Algorithm

3.1.1 Introduction

LM R algorithm is a deterministic primal-dual algorithm presented from [20] to compute a -
close solution in O (YLQTC + (%)2) time where C'is the largest edge cost and n is the number
of supply and demand points. The first term in the running time is possible if % = O(n).

Note that % is known as the diameter.

The problem is transformed to one with integer demands and supplies in O(n?) time. Given

these transformed demands and supplies, the algorithm scales down the cost of each edge

(a,b) to Kfi% for small constant € (0 < e < 1). The algorithm runs in at most L%J +1

phases. Each phase comprises two steps:

1. Hungarian Search: This mechanics of this algorithm is the exact same as the Hun-

garian Search step described in section 2.2.2. The goal is to locate an augmenting path

21
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of zero-slack edges.

2. Partial DFS: In this step, a DFS is initiated from each free supply vertex to find ad-
missible augmenting paths. Supply is transported on along these zero slack augmenting

paths

After a 1-feasible plan is formed a maximum feasible plan with additive error § can then be

constructed.

Definitions and Notations

A vertex a € A with demand d, (or b € B with supply sy) is called free w.r.t a transportation

plan if

d, — Y _o(a,b) >0,

beB

and similarly, b is free if

Sy — Za(a, b) > 0.

a€A

Please look at the Important Concepts section 1.1 to find any unfamiliar definitions or

notations.

At any point in the algorithm, Ar and Bp represent the sets of unsaturated demand and

supply nodes, respectively.

In order to scale the original costs to integral costs for all edges (a,b) let ¢(a,b) = Béigu

Note epsilon is a small number and in the asymptotic analysis not significant and in some
instance can be limited for brevity. The cost w(o) of any transport plan ¢ is defined w.r.t

the scaled cost ¢(-, ).

Given transport plan ¢ and a dual weight y(v) for each vertex, the pair o, y(-) is defined as
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I-feasible if, for any two supply or demand vertices, the following conditions hold:

y(a) +y(b) <c(a,b)+1 if o(a,b) < min{sy, d,}, (3.1)

y(a) + y(b) > c(a,b) if o(a,b) > 0. (3.2)

These conditions are adapted from those in Gabow and Tarjan’s algorithm, but they apply
here to costs scaled by % and rounded down. This algorithm maintains a transport plan
with 1-feasible dual weights throughout the algorithm. A transport plan satisfying these
conditions and being maximum is referred to as a I-optimal transport plan. Unlike GT
algorithm, which is formulated for equal total supply and equal total demand transportation
problems (where a max transport plan also satisfies every demand constraint), this algorithm
may encounter unsatisfied demands. To address this, an additional condition is introduced

for any 1-optimal transport plan o:

(A) All demand vertices a € A have a dual weight y(a) < 0, and if y(a) = 0 then a is a
free or unsaturated demand vertex.
Residual Graph Construction

Every 1-feasible transport plan ¢ has a corresponding constructed directed residual graph

denoted 80, and constructed as follows. For each edge (a,b) € A x B:

1. If o(a,b) = 0, a forward edge oriented b to a is added with remaining or "residual”

capacity set to the minimum of the demand of a and supply of b.

2. If o(a,b) equal to the minimum of the demand of a and supply of b, a backward edge

from a to b is added with remaining o(a,b).
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3. If 0 < o(a,b) < min{d,, sp}, both forward and backward edge with residual capacity
min{d,, s} — o(a,b) is added.

The Both forward and backward edge from (a,b) in 80, have c(a,b) = L@J

Augmenting Paths and Flow Adjustment

Any directed path in the residual graph 80 that starts from an unsaturated supply vertex
and ends at an unsaturated demand vertex is known as an augmenting path. An augmenting
path alternates between forward and backward edges, with both the starting and ending
edges being forward edges. Given an augmenting path P, the supplies transported along P

can be increased by k£ > 1 units as follows:

1. For each forward edge (a,b) in P, add k units to o(a,b).

2. For each backward edge (a,b) in P, remove k units from o(a, b).

Slack and Admissible Graph:

Slack on an edge is defined as follows:

s(a,b) = c(a,b) + 1 —y(a) — y(b) if (a,b) is a forward edge, (3.3)

s(a,b) = y(a) +y(b) — c(a,b) if (a,b) is a backward edge. (3.4)

An edge (a,b) in 80 is called admissible if s(a,b) = 0. The admissible graph XU is the

subgraph of 80 consisting of all admissible edges.
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3.1.2 Scaling Supplies and Demands

The real demands and supplies of the original Optimal Transport (OT) problem are trans-
formed to integer values, enabling the use of the traditional augmenting path framework to
approximate the transformed problem within O <”ZTC + "%) time. The integral transport
plan is mapped back to a feasible transport plan for the initial real-valued demands and

supplies, with a total accuracy loss in cost of at most eUJd.

Given a small positive € < 1 define a = %. Given an input [ to a transportation problem,

where each vertex a € A has demand d, and vertex b € B has a supply s,. We form a new

instance I’ by upscaling the demands and supplies as follows:
d, = [d,a], s, = |spa].

Let the total supply be D = > _, da. Since total demands are scaled by a and rounded up,

a€A

we have:

D=) d,=> [dea] >a) ds=aD. (3.5)

a€A a€A acA

Similarly, since supplies are rounded down total scaled supply is

U <al. (3.6)

Therefore from (3.6) and (3.5) the total supply U in I’ is still less than the total demand D.
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3.1.3 Algorithm for Scaled Supplies, Demands and Costs

Initially, the transport plan o is set to zero. The dual weights of each vertex are also
initialized to zero. Together, o and y(-) form a 1-feasible OT plan. The algorithm operates
in phases and stops once ¢ becomes a maximum transport plan. Each phase consists of
2 main stages: a Hungarian Search and the computation and augmentation of admissible

paths.

Hungarian Search

In this step, the algorithm adjusts dual weights to ensure at least one augmenting path
of admissible edges. This step is extremely similar to Hungarian Search defined in section
2.2.2. Let the residual network be denoted as G,. Similar to the Hungarian Search defined
previously Dijkstra’s is executed at s in G, to compute the shortest path ¢, from s to each

vertex v € AU B. A dual weight adjustment is then applied as follows:

o For each vertex v € AU B, if £, > ¢, (where ¢, is the shortest path to t), the dual

weight y(v) remains unchanged.

e Otherwise:

Ifve A, set y(v) < yw) — b+ 4y, (3.7)

If v e B, set y(v) + y(v) + 4, — £,. (3.8)

These dual updates ensure the transport plan is 1-feasible with one admissible path in the

residual network.
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Partial DFS
Let X denote the set of free supply nodes in B. Like the partial DFS step in GT algorithm
2.3.2 or Hopcorft Carp algorithm 2.1 a DFS from each node in X is initiated.

During the DFS from a free supply vertex b € X, if an unsaturated demand vertex is
encountered, an augmenting path P is identified. DFS then ends, retaining only edges of P
and deleting all other edges visited in the DFS and accordingly updating X based on the
augment procedure (removing vertices once they are no longer free). This step ends when
X becomes empty. Overall this step is extremely similar to the Hopcroft-Karp DFS step in

section 2.1

Augment Procedure

The bottleneck capacity rp of P is defined as the minimum residual supply b, the residual

demand a, and the smallest residual capacity in augmenting path P (b(P)):

rp = min {sb — Z o(a',b), d, — Z o(a,b), b(P)} i

a’€A veB

The transport plan ¢ is augmented along P by updating ¢ depending on the following edge:

« Forward edge: (¢/,V') on P, add rp to o(d’, V).

« Backward edge: (¢/,V’) on P, subtract rp from o(a’,V).

After augmentation, we have a new transport plan.

The invariants of this algorithm are the following

1. The algorithm maintains a 1-feasible transport plan due to the Hungarian Algorithm
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(refer Theorem 1 and 2 to see the )

2. In each phase, one augmenting path is found and at the end of the partial DF'S, there

are zero augmenting paths with 1-feasible edges left

3.1.4 Constructing Transport Plan for Original Capacities

Let ¢’ be a max 1-feasible plan for the scaled transportation problem I’. Then we can define
a transport plan o for transportation plan I defined as V(a,b), o(a,b) = @ Note that

o may not be feasible or maximum for I:

1. Non-Maximality: ¢ may not fully use the available supply at some nodes b € B, as

Za(a,b) = Z UI(Z’ ) = SE;’ < $p.

acA a€EA

2. Infeasibility: o may not meet all demands at some nodes a € A, as

Y olab) =3 ”/(Z’ b _ % > d,.

beB beB
The transport plan cost given by w(o) = “’(O’jl). Converting o to max 1-feasible transport

plan for I is achieved due to the following procedures:

1. Feasibility Adjustment: To address excess supply k, at each demand node a € A,
iteratively pick an edge (a,b), and reduce o(a,b) and k, by min(k,, o(a,b)). Repeat

this process until k, = 0 for all a € A. The total remaining supply in o is at most %"

The cost w(o) < w(sl) remains unaffected.
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2. Maximality Adjustment: To convert ¢ to a maximum transport plan, assign the re-

malnlng =% supplies to leftover demands. The maximum cost to transport one unit of

t QnC

supply is C'. This adjustment increases the cost by at mos , SO
! 2 C’
w(o) < W) 0wl | s (3.9)
a « «

3.1.5 Proof of Correctness

These correctness proofs and in the next subsection the efficiency proofs are taken from [20]
and are added as foundation to explain warm start algorithm. These proofs come from the
original paper and are building blocks for the warm start proofs. The notation used in these

proofs will be borrowed for the warm start proofs.

Lemma 3.1. Let o* be the optimal transport plan for original costs, supplies and demands

and let ogpy be the optimal transport plan for the scaled version. Then w(ogpr) < aw(c™®).

Proof. Let’s define a transport plan ¢’(a, b) = ac*(a, b) which is initially invalid because the

total supply from any b € B could exceed 5, by an amount:

/ib:z (a,b) — 5, = Zoza (a,b) — 5, = asy, — |asy].

a€A acA

This is because o* is a maximum transport plan (as defined in section 3.1.2), which implies
Y aca 0¥(a,b) = s, eventhough o' does satisfy every vertex’s demand. To make ¢’ a valid
transport plan, we iteratively adjust for each supply node b € B by choosing an edge (a,b)
and reducing both o'(a,b) and the remaining supply r;, by min{c’(a,b), kp}. This keeps
happening till all supply constraints are met exactly and thus become a valid transport plan

for Z'. This procedure is similar to procedure defined in section 3.1.2 Since the amount of
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supply transported along any edge (a,b) in ¢’ is at most ac*(a,b), we have:

w(o’) = Z o'(a,b)c(a,b) < Z ac*(a,b)c(a,b) = aw(c™).

(a,b)eAxB (a,b)eAxB

]

Lemma 3.2. Give a transport plan o and dual weights y(-) such that o is 1-optimal transport
plan that satisfies (A) as defined in 3.1.1. Let o' = oipyp be the optimal transport plan. Then,

w(o) <w(o’) 4+ 0U.

Proof. The proof of this lemma is the same as the proof given in the appendix of [20]. The
proof is omitted in this thesis as its detailed mechanics are tedious and do not contribute

significantly to the discussion. [

Theorem 3.3. If o* is the optimal transport plan for the original instance I, then the

transport plan o produced by this algorithm is w(o) < w(o*) + UJ.

Proof. Let ogpp be the optimal solution for scaled input instance (as described in 3.1.2 and
3.1.1) Z'. The result from Lemma 3.2 can be combined with the result in Lemma 3.1 to get
w(o’') < aw(c*) + (1 — ). Finally by combining (3.6) and (3.9) in section 3.1.2 we get
w(o) <w(o*)+ (1 —e)Ud/a+eUd <w(c*)+ (1 —e)Ud+eUbd = w(c*)+ Ud O

3.1.6 Running Time Analysis

Lemma 3.4. This algorithm executes at most [%—?J + 1 phases.

Proof. In the beginning there are no augmenting paths due to the second invariant stated in

section 3.1.3. Therefore any path from an unsaturated (B) supply vertex to an unsaturated
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(A) demand vertex will have a cost of at least 1. Let b € B be a free supply vertex at the
beginning of any phase. Then b is a free supply vertex every previous phase. Therefore due
to equation (3.8) the dual weight of b increases by at least one therefore it is sufficient to
bound the maximum value of this b to bound the number of phases.

Assume for the sake of contradiction, b € B has a dual weight y(b) > [%—?J +2. Then for any
free demand vertex a € A the dual weight y(a) = 0 or if there are no free demand vertices
at the end of the algorithm then the last demand vertex a € A to be saturated at the end
of the algorithm also has dual weight of 0. Then sum of dual weights of edge (a,b) does not
meet feasibility conditions leading to a contradiction. Therefore the maximum dual weight

of b is Bs—ﬂ + 1 and in turn the maximum number of phases is BS—?J + 1. [

Lemma 3.5. Let P be all augmenting paths found at the end of this algorithm. Then

Y pep Pl = O(ﬁ); here | P| is the total count of edges on P.

Proof. To bound the length of all augmenting paths find the bound the net cost of all of
the augmenting paths. Net cost of an augmenting path (¢(P)) is defined as the difference

between the total cost of the forward edges and the total cost of the backward edges.
o(P)= > (@dV)+1)— D edV).
(a/ )P (a/b)ePY

First, the net-cost of P is upper bounded by [2C/d'| + 1:

O(P) = > () +y®)— > (yld)+yW)) (3.10)

(o’ V)eP?t (a’ V)Pt

= y(b) < [2C/8] + 1. (3.11)

In an augmenting path all edges have a slack of zero so the first and second term of the net

cost definition is equivalent to the corresponding dual weight sum as seen in (3.10) because
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P is an augmenting path in the admissible graph, where the slack on every edge of P is zero.
Equation (3.11) follows from Lemma 3.4. Let o be the transport plan when P is discovered
by the algorithm, and let ¢’ be the transport plan obtained by augmenting o along P by rp

units. Now from the proof of theorem 2.4 in [20] we can get the following equation:

Y (rp®(P) =w(@) + ) _re|P|/2].

PeP PcP
U(2C/8'| +1) = > [1P|/2]. (3.12)

PeP
Equation (3.12) follows from the facts that transport plan is non negative, bottleneck capacity
is positive and scaled total supplies is less than o multiplied by original total supplies meaning

the total flow is at most ¢/. The final result is:

>0 (5 moas)

PeP

CZ
1715)62 ) ’

Theorem 3.6. The total execution time of this algorithm is equal to O((igé + 3

Proof. Let P; be all augmenting paths found at the termination of phase ¢ and let P equal to
the augmenting paths computed by the algorithm throughout all the phases. In a phase, the
Hungarian search takes O(n?) time as seen in 2.2.2. In the partial DFS step, every visited
edge not on any augmenting path is deleted with only augmenting paths edges remaining and
thus could be revisited. Therefore, for the partial DFS step in phase i is O(n* 4+ Y pep. | P|);
here | P| is length of augmenting path P. For all phases O(%) phases (according to Lemma

3.4), the total time O($n?+ 3 pop | P|). Therefore due Lemma 3.5, the total time for all the

n?C nC? ) ]

scales is O(75; + q o
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3.2 Warm Start Algorithm

In this section, we present our algorithm for determining a ¢ additive approximation of
the Optimal Transport problem as described in section 1.1. This algorithm adds a novel
scaling algorithm which is adapted from Gabow and Tarjan’s scaling paradigm on top of
the LM R’s algorithm for scaled supplies, demands and costs as described in section 3.1.3.

Given a transport problem P, the idea of this algorithm is as follows.

Using these dual weights as a warm start, we run the LM R algorithm on the scaled
transportation problem which is scaled by § < g and get another 1-feasible transport plan
o9 and dual weights y,(+). This process continues to iteratively scale the original capacities
and costs by §, which is halved at each iteration. The iterations continue until a 1-feasible
transport plan o and a corresponding set of dual weights y(-) are found for the capacities
and costs scaled by the desired 6. We can then use the procedure described in section 3.1.4
to get an approximate transport plan o that will have a desired additive error of ¢ (this is

verified by Theorem 3.3).

Each iteration of the warm start algorithm with newly scaled capacities and costs is known
as a scale. (Similar to a scale in Gabow and Tarjan’s algorithm). Therefore this algorithm
executes log (%) scales where ¢ is the desired additive error. Due to the use of warm starts,
we observe that the cost of the transport plan found at the end of each scale is linear with
respect to the total scaled supply at that scale which was not the case for LM R algorithm as

seen in Lemma 3.5. This property therefore allows the final execution time for the algorithm

to be O (n2 - (min (@, %))
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3.2.1 Definitions and Notations

The same definitions and notations used in section 3.1.1 are used here as well. Some addi-

tional definitions are the following

1. ¢; refers to the current value of delta at scale i. This parameter is fed into the graph

1

theoretic algorithm described in 3.1.3. As we will see in the next section 3.2.3 §; = 5T

2. U is the scaled total supply in the final scale of the algorithm. &/ = © (%) similar to
how scaled supplies are defined in section 3.1.2. Similarly ¢; is the total scaled supply

at scale ¢ and is equivalent to U; = © (%)

3.2.2 The Algorithm

In this algorithm since the edge cost changes in every scale it is important to note that the
1 — feastbility of a transport plan discussed in this algorithm and the scaling algorithm

would be defined with respect to

1. A set of dual weights

2. Edge cost at the current scale

Initialization: Initialize an empty transport plan o and set of dual weights y(-) set to 0 Set

y=C
Continue to do the following steps until ¢’ < §:
1. Scale Capacities and Costs: Using the same scaling paradigm as LM R's algorithm

mentioned section 3.1.2 using the original transportation problem and ¢’. This outputs

a scaled transportation problem
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2. Scaling Algorithm Take a scaled transportation problem and set of initial dual
weights and the scaling algorithm outputs a transport plan and set of dual weights that

are 1-feasible with respect to the scaled costs of the scaled transportation problem

3. Adjustment Step Reduces dual weights of certain vertices to ensure that the slack on

all edges carrying flow is at most 1 with respect to the scaled transportation problem.

4. Update ¢§': Set 0" + %/

3.2.3 Scaling Algorithm

Let o; be a 1-feasible transport plan with respect to a set of dual weights y;(-) jointly
generated at the end of scale ¢ for integer scaled costs defined with respect to d; as described
in section 3.1.2. Note that in scale 1 the empty transport plan with initial dual weights of 0

are 1-feasible for the scaled costs of scale 1. Then the steps of the algorithm as follows

Step 1: Scaling Dual Weights and Costs

In scale ¢ + 1 we set 9;11 % This causes the scaling of costs and capacities as
described in sections 3.1.1 and 3.1.2 respectively. Therefore if ¢;(a, b) is the scaled cost
of an edge in the i*" scale, then after cost scaling the scaled costs of all edges in scale

1 + 1 with respect to the scaled cost of edges in scale ¢ is as follows:
2¢i(a,b) — 1 < c¢iiq(a,b) < 2¢i(a,b)
Similarly the capacities of the i + 1'" scale with respect to the i*® scale is as follows:
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2y, — 1 < dy,,, < 2d,,.

Therefore in order to properly utilize y;(-) as a warm start for the scaled transport
problem in i + 1™ scale we need to create an initial set of 1-feasible dual weights,
yir1(+) , with respect to o; for the scaled costs of scale i + 1 from y;(+). For all vertices

veE AUB

Yir1(v) < 2yi(v) — 1. (3.13)

Step 2: Conduct LMR’s algorithm for scaled capacities on reduced edge costs

In order to ensure that the transport plan generated throughout the execution scale
i+ 1 is linear to the total scaled supplies the algorithm uses y;1(+) to calculate reduced

costs. The reduced cost of any edge (a,b) is defined as:

Cg+1(av b) = ciy1(a,b) — yip1(a) — yiya(b).

Taking these scaled capacities, and reduced costs we conduct LMR’s algorithm for
scaled capacities as described in section 3.1.3 to compute a 1-feasible transport plan
0i11 and a set of dual weights y; +1(+) with respect to the reduced costs. Then for every

vertex v € AU B the warm start algorithm does the following:

Yir1(V) < Yip1(v) + y;H(v)

in order to ensure that the transport plan o; and the resultant y;1(-) are 1-feasible

with respect to the original scaled costs ¢;41().
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3.2.4 Adjustment Step:

Construct graph G’ = (AU B, E’) where E' = {(a,b)| o(a,b) > 0} Then we the apply the

reduction to vertices in G’ for vertices that meet both of the conditions:

1. Vertices that have a degree of 1 in G'.

2. The solitary incident edge to the vertex has a slack greater than 1.

The adjustment is as follows. Let vertex v follow the above conditions and let the solitary

edge (u,v) have a slack, s;(u,v), greater than 1 then,

yi(v) « yi(v) — si(u, ). (3.14)

This reduction ensures that every backward edge has a slack of at most equal to 1. This
ensures that the reduced edge costs produced in scale ¢4 1 is 1-feasible with respect to scaled

dual weights and scaled costs defined of scale ¢ + 1.

3.2.5 Bipartite Matching via Warm Starts

Since Optimal Transport is a generalization of Bipartite Matching we can find fast additive
approximations for Minimum Cost Maximum Cardinality Bipartite Matching by converting
the above Optimal Transport Algorithm into a Matching Algorithm. Instead of repeatedly
scaling capacities as described in section 3.2.3 each supply vertex can be assigned a supply of
% and each demand vertex can be assigned a demand of % Then in every scale the original

costs of transport problem P would be repeatedly scaled based on the value of § at that scale.
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Therefore, considering a matching M, the corresponding transport plan has a cost given by:

1 1
- D)= — - (M
=Y )= (M)

(a,b)eM
To simplify the analysis, we can scale all demands and supplies from % to 1 in each scale
and then run LM R’s algorithm for scaled capacities and costs. So for any 6 > 0, scaling the
demands and supplies from % to 1 means that an d-approximate transport plan corresponds

to a perfect matching M with:
(M) < e(M*)+n

This matching is now d-approximate matching. We show that this d-approximate matching
can be found in O (n2 Sman (%, \/ﬁ))time. Note that U, D are the final § scaled supply and

demands as defined in section. 3.1.2.

3.2.6 Correctness Proofs

Lemma 3.7. Let 80 be the residual graph at the end of scale i. Then if there exists a

(a,b) € BU(A, B) that has s(a,b) > 1 then the degree of a or b is equal to 1 in 80.

Proof. Assume for the sake of a contradiction that there exists an edge (a,b) € 80(14, B)
with s(a’, ") > 1 where neither the degree of @’ nor the degree of ¥ is one. Since the degree
of a’ is greater than one this implies that a’ receives some mass from & and at least from
one other arbitrary b € B at the end of scaling algorithm. Similarly, since the degree of
b’ is greater than one this implies that ' sends some mass to a’ and to at least one other
arbitrary a € A at the end of scale i. Therefore there exists a forward edge and a backward
edge between a’ and V. Since s(a’,0’) > 1 this implies that y(a) +y(b) > ¢(a,b) + 1 which in

turn would mean that the forward edge is infeasible. But the dual weights produced by the
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LMR algorithm (3.1.3) are 1-feasible therefore this is a contradiction. O

Corollary 3.8. The reduction of dual weights described in the scaling paradigm still ensures

1-feasible dual weights for scale 1.

Proof. Let (a,b) € G' have a s(a,b) > 1. Then according to Lemma 3.7 either a or b have
a degree of 1. Without any loss in generality assume that a has a degree of 1. This would
imply that there is only a backward edge between (a, b) because if there were a forward edge
then y(a) + y(b) > c(a,b) + 1 which is infeasible. Reducing y(a) by (y(a) + y(b) — c(a, b))
ensures that y(a) + y(b) = c(a,b) which is still 1-feasible according to feasibility condition
(3.2). Since the degree of a is one, reducing its dual weight does not make any other edge
infeasible. Therefore, the resulting dual weights after the reduction procedure are still 1-

feasible for scale 1. O

Theorem 3.9. The starting dual weights produced for scale i + 1 is 1-feasible to scale v + 1

Proof. According to Corollary 3.8 the dual weights at the end of scale i are 1-feasible to scale
1. Due to the reduction process, all edges have a maximum slack of 1 in scale ¢. Since the

costs of edges from scale 7 to scale 7 4+ 1 are as follows

2¢i(a,b) — 1 < ¢ir1(a,b) < 2¢i(a,b)

scaling dual-weights according to equation (3.13) ensures that o; is 1-feasible with respect

to costs ¢;41(+) and initial set of dual weights ;1 (-). O

Lemma 3.10. The transport plan o; and the resultant dual weights y; 1(-) produced at the

end of scale i + 1 are 1-feasible with respect to the original scaled costs c;yq1 for scale 1.
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Proof. At the beginning of scale i + 1 the transport plan o; is 1-feasible with respect to
the the initial dual weights y;.1 as seen in theorem 3.9. The LM R algorithm produces a
1-feasible transport plan and set of dual weights v +1(+). Dual weights y; +1(+) represent the
growth in the original dual weights at the starting of the scale i 4+ 1, and therefore in step
2 of the scaling algorithm setting y;41(v) < yi11(v) + ;.1 (v) ensures that the dual weights
produced at the end of scale 7 + 1 are 1-feasible to the transport plan o; for scaled costs of

scale 7 + 1. O]

3.2.7 Efficiency Proofs

The dual weight of demand vertices becomes smaller and smaller with every scale due to
dual weight scaling described in equation (3.13). Therefore the reduced cost edges can grow
larger that the original costs for some edges. The following proof ensures that the largest

reduced scaled cost is not too large.

Lemma 3.11. Given that the largest scaled cost of scale i is % then the largest reduced cost

in scale i is atmost %—C .
3

Proof. Let’s prove this claim by the principle of mathematical induction.

Base Case: In scale 1 the dual weights are initialized to zero. Therefore the diameter of
the reduced costs is equal to the diameter of the original scaled costs at scale 1.

Inductive Step: Assume for scale i > 1 that if the largest scaled cost is 5% then the largest
reduced cost for scale i is atmost 35—0 Let o be the transport plan found at the end of scale i.
If edges (a,b) had o(a,b) > 0 at the end of scale i then these edges would then lay on some
augmenting path and have a reduced edge cost equal to 0. Therefore due to the cost scaling
mechanism described in section 3.1.1 the reduced edge cost of these same edges would be

some constant in scale 7 + 1 therefore the claim would remain true.
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Next we show that this claim is also true for all edges where o(a,b) = 0. Let ' € A and
b’ € B be vertices such that o(a’,b) > 0 and o(a’,b) > 0 at end of scale i. Let s(a,b) denote

the reduced edge cost for edge (a,b) in scale i + 1. Then

y(a') +y(b) + s(d',b) + y(a) + y(b') + s(a,b") = c¢(a’,b) + ¢(a,b) (3.15)

Due to the feasibility conditions

y(a') +y(b) < c(a’, V) (3.16)

Then from equations (3.16) and (3.15) we get the following:

y(b) + s(da’,b) +y(a) + s(a,b') + c(a’,b') > c(d’, b) + c(a, V) (3.17)

Rearranging terms

y(b) +y(a) + (s(a’,b) + s(a,b) + c(a’, V') — c(a’,b) — ¢(a, b)) >0 (3.18)

Adding ¢(a,b) on both sides we get

y(b) + y(a) + (s(d’,b) + s(a,b') + c(d', V') — c(d’,b) — c(a,b') + c(a, b)) > c(a,b)  (3.19)

By the defintion of the reduced edge costs we get

s(a,b) < s(d',b) + s(a,b') 4+ c(d',b") — c¢(da’,b) — ¢(a, b)) + c(a,b) (3.20)

Now s(a’,b) and s(a,b’) are upperbounded by some constant ¢ since they contained positive
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flow in scale i and c¢(a’,b') + c(a, b) < % therefore our claim holds:

20 3C
s(a,b) < 2c+ <
i+1 i+1

Due to scaling mechanism and the fact that the input transportation problem may be an
unbalanced transportation problem there might be demand a € A vertex that receives no
mass in the scale ¢, but would receive mass in scale ¢ + 1. If vertex a received mass in scales
prior to scale ¢ then by the inductive hypothesis and the above argument all edges incident
to a would not violate the claim. Otherwise if a received no mass in scale prior to scale ¢ + 1
then the dual weight of @ would be 0. Since the dual weight of every supply vertex is upper
bounded by the diameter of the reduced cost space, the reduced edge costs of all the edges

incident to a would again not violate the claim. [

Therefore from the above lemma we can get our first bound for the number of phases in

some arbitrary scale 7.

Corollary 3.12. The number of phases in scale i is O <6Q>

Proof. At the start of any phase there are no augmenting paths. During any phase let b € By
be any free supply vertex. This implies that b is a free supply vertex in every previous phase.
The dual weight of a free supply vertex increases by atleast 1 at the end of every phase due to
the Hungarian Search. Assume for the sake of a contradiction the algorithm runs for % +2
phases therefore allowing y(b) < % + 2. Let a € Ap be a free demand vertex at the end of
the % + 1 phase. Therefore a is saturated in the last phase and hence has a dual weight of
0 during the last phase. Then the forward edge (a,b) would have y(a) + y(b) > % + 2 and

would hence violate 1-feasibility leading to a contradiction. [

The biggest advantage of using dual weights as warm starts is that the transport plan that
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is produced using reduced costs at the end of every scale is small, which was not the case

for LM R algorithm

Lemma 3.13. Let o; be the transport plan produced at the end of scale i. Then, w(o;) =
oU;).

Proof. To prove this claim, the principle of mathematical induction is applied.
Base Case: In the first scale, the dual weight of each vertex is initialized to zero, and the
largest scaled edge cost is a constant, ¢ (depending on the value of ¢). Therefore, for scale

one:

wo)) = Y elab)-ala,b) <c Y olab)=c-U =OU)

(a,b)eE (a,b)eE
Inductive Step: Assume that for scale ¢ (where ¢ > 1), if o; is the transport plan produced
at the end of scale i, then w(o;) = O(U;). The total scaled supply that needs to be trans-
ported in scale ¢ 4+ 1 is equal U;y1. In terms of U;, total scaled supply in scale i + 1, (Uj11)
can be defined as follows:

WU < Ui <2U; +n

This is due to the capacity scaling paradigm as described in section 3.1.2. From this paradigm
we get the following inequalities for the supply and demand capacities of individual vertices

b€ B and a € A in the (i + 1)-th scale relative to the i-th scale:

(3.21)

2d,, — 1 <d,,,, <2d,,.

ai+1

Let P; be the set of augmenting paths found during the execution of scale . Then due to
adjustment described in equation (3.14) in the the warm start algorithm description ( section

3.2.3) and the reduced costs at the beginning of scale i+ 1, there is a small constant distance
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at the beginning of scale 14 1 between the supply vertices and the demand vertices that were
previously saturated at the end of scale 7. The distance is constant and not zero due to the
flooring mechanism described in cost scaling paradigm in section 3.1.1 and the additional
—1 term in the dual weight scaling paradigm in equation (3.13) in section 3.2.3). Therefore
after a constant number of phases (s) 2U; — n units of mass would have been transported.
2U; — n comes from the difference between the flooring and ceiling function as described in
(3.21). Therefore a residual of 2n units of mass can be transported along augmenting paths

with reduced costs of atmost % due Lemma 3.11. Therefore,

6nC

UJ(O'Z;H) = 8(22/{1 — n) + = O(UZ+1)

§i+1

The following lemma will help us find us find another bound for the number of phases in our

algorithm.

Lemma 3.14. At any point of the algorithm for a phase in arbitrary scale i, let R be the
remaining supplies left to be transported and let Y,qap be the current mazimum dual weight.

Then, Yma: - R = OU;).

Proof. Let o; be the final transport plan produced at the end of scale ¢ and let 0;- be the
transport plan at the end of the current phase. Similarly let P; be the set of augmenting
paths found during the entire execution of scale i and P; be the set of augmenting paths
discovered at the end of the current phase. Using the above notations let’s define the net

cost of a transport plan (®(o;)) as

O(o;) = > rp®(P)

PeP;
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Recall that ¢(P) is the net cost of an augmenting path P (this notation is defined in Lemma
3.5) and rp is the units of supplies transported along augmenting path P. Then the difference

between net costs of transport plans o; and 0; is as follows:

O(o;) — 0(oy) = > rp®(P) = > rp®(P) = w(oy) —w(oy) + > rp- [@W (3.22)

PeP, PeP] PE(PA\P;)

The third equality comes from the fact that

rp®(P) = (Y rp-e(d V)= ( Y re-ed V) +re[|P/2]  (323)

(o’ W )eP?T (o’ V)epPt
= w(o') —w(o)+rp[|P]/2] (3.24)

where ¢ is the transport plan after rp supplies have been transported across P, and o is
before. Now according to Lemma 3.13 ¢; = O(U;). Therefore it is clear that o; = O(U;).

From the equations we can get the following,

P
> P T owam
Pe(P:\P;) Pe(P:\P;)
Note that 3 pc p\pr) rp- ®(P) = O(U;) Also, for P € (PA\P;), ®(P) > Ymax Where ypay is the
current maximum dual weight at the end of the current phase. Similarly > perap) P = R

Therefore, ymax - R = O(U;). O

Corollary 3.15. For a given scale v in the the matching case, if Ymasz @S the maximum dual
weight at the end of some arbitrary phase and |Bp| is the number of free vertices remaining

at the end of that phase. Then Yma.|Br| = O(n).

Proof. The proof of this lemma is the same as the proof theorem 2.2 in [14] and for the sake

of brevity as been discluded. The actual mechanics of the proof do not help in this thesis
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only the result helps. O

Lemma 3.16. The number of phases in scale i is O(\/U;).

Proof. Each augmenting path from a unsaturated supply vertex b to a unsaturated demand
vertex a found in scale ¢ transports 7, units of flow, where r, is defined as the minimum of
the residual supply b, the residual demand at a, and the residual capacity of the bottleneck

edge:

rp = min {sb — Z o(a',b), d, — Z o(a,b'), b(P)} .

a’€A vVeB
This definition is provided in the augment procedure in section 3.1.3. Due to the properties
of the Hungarian Search, rp > 1. Additionally, due to the Hungarian Search step unless all
of the supply has been transported at least one augmenting path is found at the end of every

phase.

As a result of Lemma 3.14 after O(y/U;) phases, only O(y/U;) units of mass remains to be

transported. Therefore, after O(y/U;) phases, all of the mass will have been transported. [J

One of the advantages of using warm starts at the beginning of every scale is that the
Hungarian Search algorithm does not need to spend a lot of iterations to find admissible
augmenting paths in subsequent scales since previous scales have already done the work for
you. Therefore the length of the augmenting paths found throughout this algorithm is much
smaller than the length of the augmenting paths during the execution of the LM R algorithm.
This property therefore allows for us to get rid of the 2nd term that appears in the excution

time of the LM R algorithm.

Lemma 3.17. Let P be the set of augmenting paths during the execution of the algorithm,
then ) pep | P| = OU log(U)).
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Proof. From the proof of Lemma 3.5 we got the equation (3.12)

> (rp®(P)) = w(o;) + Y rpl|P|/2] (3.25)

PeP; PeP;

where o; is the transport plan produced at the end of an arbitrary scale i. Since w(o;) > 0

and rp > 1 therefore,

doMPI21< Y @(P)

PEP; PEP;

Therefore the length of all augmenting paths found throughout the warm start algorithm’s
execution is bounded by the total net cost of all of the augmenting paths found. The goal of
this algorithm is to eventually transport U amounts of supply to the demand vertices, which
is done in the last scale. Therefore Lemma 3.14 can be rewritten such that at any point
of the algorithm for a phase, if R is the remaining supplies left to be transported and ¥,ax
is the current maximum dual weight at the end of some arbitrary phase in some arbitrary
scale, Ymax - R = O(U). This extension follows because in any scale UY; < U From the proof of
Lemma 3.5 we know that for every augmenting path from some supply vertex b, the net cost
of the path is equal to y(b). Let ymax be the current maximum dual weight when augmenting
P at the end of some phase. Similarly let R; be the remaining supply when augmenting path
P has been augmented. Then yy.y - R; = O(U). Summing over all of the paths we get the

following;:

S re(P)) = O) - 3 o 7 = OWlog))

PeP PeP

This above comes from the fact that U; < U therefore using Lemma 3.13 we can conclude

that the transport plan at the end of the every has a cost of O(U) [

Corollary 3.18. Let P be the set of augmenting paths found during the execution of the

matching algorithm, then ), p |P| = O(nlog(n)).
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Proof. Following the same logic of Lemma 3.17 and using corollary 3.15 and the fact that
every matching found at the end of every scale has a cost of O(n) we can conclude that the

length of all augmenting paths found for d-approximate matching is O(nlog(n)) N

Theorem 3.19. The running time of this warm starts algorithm is O <n2 - (min (, / %, %)) .

Proof. To bound the execution time of a single scale i of the algorithm, the bounds estab-
lished in Corollary 3.12 and Lemma 3.16 are used. These results show that the total number

of phases in scale 7 is given by

min (3 LC -2HJ \/ﬁ) 7

— €

with the largest reduced cost in scale ¢ being [& . 2i*1J. The term 2°! comes from

the fact that delta is halved for every scale. Within each phase, the Hungarian search
step takes O(n?). Similarly partial DFS depends on the length of all the augmenting
paths found in that phase. Therefore, across all phases of scale ¢ the total time taken is
O (3% 27 n® + X pep, [Pl). Using Lemma 3.17 we know that the length of augment-

ing paths produced throughout the algorithm is O(U log(if)). The total running time of
scale 7 is equal to O (min (3 [ % - 27| | VUG) n® + 3 pep,

Pl)

1—e

Summing across all scales we get the following:
log(§)

ool v g

. (C(1—=46) [nC(1=6)\ 5 nC nC'
:O<m1n<6(1_6), 50— o) )n +glog(5)>

) -

(3.26)

This is equivalent to O (n2 - (min ( e,

=[Q
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Corollary 3.20. The running time of this warm starts algorithm for matching is O (n2 - Mmin (%, \/ﬁ))

Proof. To bound the execution time of a single scale i of the algorithm we bound the number
of phases by the diameter of any scale % Similar to Gabow and Tarjan we can bound the
number of phases by O(y/n). In every phase the dual weight of B increases by at least one
due to the Hungarian Search (section 2.2). Since the matching size decreases by 1 similar to
the Hungarian Algorithm the number of free B vertices also reduces by 1 after every phase.
Therefore after \/n phases, there are y/n B vertices yet to be matched due to Lemma 3.15.
Therefore in 24/n phases all of the B vertices are matched. Hence, the number of phases is

also bounded by O(y/n).

These results show that the total number of phases in scale i is given by

min <§ \/ﬁ) |

Following a similar logic to Theorem 3.19 we can get that across all phases of scale ¢ the

total time taken is O (min ($, v/n) n® + > pep, |Pl). Using Lemma 3.17 and 3.15 we bound

the total length of the augmenting paths found in the execution of the entire algorithm to

O(nlog(n)). The total running time of scale i is equal to O (min (£, /) n* + > pep. |PI)

Summing across all scales we get the following:

o (min (S S ) =0 (s omin (i) @

PeP;

log(&

i=1
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3.3 Experimental Results

3.3.1 Dataset and Experiments:

The process begins by randomly generating two sets of points, A and B, each consisting of
n points within the unit square [0, 1] x [0, 1]. These points represent the supply and demand
locations in the optimal transport problem. Each point is assigned an equal mass of %,
ensuring the total mass of both sets equals one effectively making this a matching problem.
The cost matrix C' is then computed based on the Euclidean distance between each pair of
points in A and B. The entries in C' are normalized so that the maximum distance is scaled

to 1.

For the OT problem, these points are given mass from a uniform distribution U|0, 1] and

then normalized.

We averaged over 100 runs, where each run executes our algorithm on randomly generated
points as described above. Then for § € [107%,1073] we record the iteration count or the
total number of phases of our algorithm. Since the underlying implementation of each scale
is the LM R algorithm, speedup can be identified via the number of iterations, i.e, fewer

phases indicates faster algorithm. Results can be seen in Figure 3.1

3.3.2 Results

Explanation of Results

As 0 grows smaller (6 — 0) the LM R algorithm’s dominant term O (n? (£)) tends towards

O(n?) since the diameter (%) grows larger and larger (Note in the matching problem the 2nd

term is not relevant). But in warm starts algorithm the runtime is O (n? - min (%, /1)) therefore
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Delta vs Iterations For LMR Algorithm with and without Warm Starts

800 | LMR algorithm with warm starts
—e— LMR algorithm
700
600
(%]
e
i<l
S
o
£ 500}
400
300
10°° 107> 1074 10°3

Delta (log scale)

Figure 3.1: Delta vs Iterations for Matching: LM R algorithm with warm starts and LM R
algorithm.

Delta vs Iterations For LMR Algorithm with and without Warm Starts

*—

3500

3000

2500

Iterations
N
o
o
o

1500

1000

LMR algorithm with warm starts
—e— LMR algorithm
10-° 107> 1074 1073
Delta (log scale)

500

Figure 3.2: Delta vs Iterations for OT: LM R algorithm with warm starts and LM R algo-
rithm.

for extremely small § values in the worst case this term only becomes O(n?®) which can be

shown in this speedup as the number of iteration is significantly less for smaller ¢ values.

For optimal transport (OT), as § — 0, the LM R algorithm with a running time of O (n2 (%) +n (%)2>
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(from [20]) sees the second term becoming more dominant. This is because the diameter,
%, grows larger, and in the second term the diameter is squared, making its contribution
significantly more pronounced with it’s running time tending towards O(n?®). In contrast,
the warm start algorithm, with a running time of O (n2 - min (@, %)), does not suffer

from this issue as it grows towards O(n?) more slowly. As a result, its growth is much slower

for higher ¢ values and therefore takes fewer iterations for small ¢ values.



Chapter 4

Learning Augmented Algorithms

Learning-augmented algorithms integrate machine learning predictions to enhance the ef-
ficiency and accuracy of classical optimization algorithms. By leveraging predictions to
warm-start the process, these algorithms initialize closer to an optimal solution, poten-

tially lowering runtime and resource usage.

In problems like Minimum Cost Bipartite Matching and Optimal Transport, learning-augmented
algorithms aim to predict dual weights that can be used as warm starts to guide the initial-
ization closer to optimality. Dual weights are the chosen entity to predict because they come
from the dual formulation of the problem’s linear programming (LP) relaxation, and they
encode valuable information about the solution structure, often guiding algorithms directly
toward optimal solutions or feasible regions that are close to optimal. Therefore during exe-
cution, we see a reduction in the number of steps or iterations required to reach a solution,

leading to faster and more efficient performance.

4.1 Prior Algorithm for Minimum Cost Matching

This section presents the current best algorithm for solving the Minimum-Weight Bipartite
Perfect Matching problem given a set of learned dual weights: the algorithm using a primal-
dual scheme by (Chen et al, 2022 [8]). By leveraging learned predictions, this approach aims

to improve upon classical algorithms, such as the Hungarian method, in terms of runtime.

53



54 CHAPTER 4. LEARNING AUGMENTED ALGORITHMS

4.1.1 Learning Good Dual Weights

According to Theorem 1 of Dinitz et al. [10],

“There exists a single algorithm that, with access to O(C?n?) problem instance
samples from an unknown distribution D, achieves an expected running time on

future instances from D of:

O(m/n min{a, v/}),

where o = miny, E..pl||ly — y*(c)|[1]™

This single algorithm combines the following three sub-algorithms to achieve faster matching:

1. Learning Algorithm: Utilizes an empirical risk minimization strategy on a training

set of O(C?n?) samples to learn effective dual weights.

2. Feasibility Algorithm: Employs a greedy approximation algorithm running in O(m+
n) to adjust the learned dual weights, ensuring they are feasible according to equations

(2.1) and (2.2), as detailed in Section 2.2.2.

3. Optimization Algorithm: The optimization algorithm presented in section 4.1.2
is from Chen et al, 2022 [8] which is the current fastest optimization algorithm for

minimum cost bipartite matching at the time of writing this thesis.

Details of the Learning and Feasibility Algorithms are not critical for this thesis and are

omitted here.
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4.1.2 Optimization Algorithm

The algorithm starts by identifying edges tight under the given dual predictions, y(-). An
edge is tight if the sum of the given predicted dual weights is equal to the cost of the edge
(exactly the same as (2.2)) These tight edges, forming a subgraph (residual graph), are used
to compute an initial maximum cardinality matching. To represent the matching problem
as a flow network, all edges are assigned unit capacities and directed from left to right.
Additionally, source and sink nodes are added, and connected with appropriate zero-cost

edges. Dual variables are initialized as follows:

(4.1)
Zj = yj \V/Z S R
Based on these initialized dual variables reduced edge costs are defined as follows:
d6,7) =c(6,5) + 2 — 2 V(i,j) € E (4.2)

The algorithm iteratively adjusts the dual variables based on shortest path computations
found via Dijkstra’s algorithm in the residual graph to ensure the feasibility of the updated
matching. Specifically, the shortest path distances from the source to other nodes are used
to incrementally adjust the dual variables. This adjustment maintains reduced costs for all
residual edges. The algorithm then augments the flow along the identified zero-reduced cost
path similar to Ford Fulkerson’s algorithm. This step increases the total flow by one unit,
moving the solution closer to achieving a perfect matching. Finding zero reduced cost paths
and updating dual weights is the same as a Hungarian Search as seen in section 2.2 The
iteration proceeds until the total flow equals the number of vertices, guaranteeing a perfect

matching. The running time of this algorithm is given O (m+/n + (m + nlogn)|ly* — ¢'|l0)
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where ||y* — ¢/'||o = o(n) denotes the sparsity of the difference between the optimal dual and

the predicted dual variables.

4.2 Owur Optimization Algorithm

Our optimization algorithm uses the assumption that the /;-norm error of the learned duals

is o(y/n) which is the same assumption taken and shown by Dinitz et al. [10] to be possible.

A simple modification to Chen’s et al. [8] optimization algorithm comes from applying
Gabow’s Algorithm [13]. Instead of augmenting along a single augmenting path as done
above, Gabow’s Algorithm augments along all of the possible augmenting paths found at
the end of one iteration with the help of the Hopcroft-Karp algorithm as shown in 2.1. The
steps of the algorithm are detailed as follows: Initially, the algorithm starts with an empty
matching M and initializes the dual weights y to the predicted values 3. These dual weights
provide a starting estimate for the optimal solution and can significantly reduce the number
of iterations required for convergence. The main computation is performed iteratively within
a while loop, which continues until M becomes a perfect matching on the graph G. A perfect
matching is achieved when every vertex in one partition of the bipartite graph is matched
to exactly one vertex in the other partition.

Step 1: Hungarian Search for an Augmented Path. In each iteration, the algorithm
conducts a Hungarian search to identify an augmenting path. This step is exactly the same
as described in section 2.2.2

Step 2: Constructing the Reduced Graph G’. Using the updated dual weights from
the previous step, the algorithm constructs a reduced graph G’ = (V, E’), where the edge

set F' consists of all edges (u,v) in G with a reduced cost s(u,v) equal to zero. The reduced
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cost is calculated as:

s(u, v) = c(u,v) = y(u) — y(v),

where c¢(u,v) is the original cost of the edge, and y(u) and y(v) are the dual weights of
the respective vertices. The reduced graph G’ captures the essential structure for finding a
maximum cardinality matching that preserves dual feasibility.

Step 3: Maximum Cardinality Matching on G’. With the reduced graph G’ con-
structed, the algorithm employs the Hopcroft-Karp algorithm to compute a maximum car-
dinality matching on G’. The Hopcroft-Karp algorithm uses BFS and DFS as stated in
section 2.1 to increase the matching size more than 1 in each iteration. The algorithm re-
peats these steps, progressively refining the matching and dual weights, until M becomes
a feasible matching with respect to the final dual weights and therefore a perfect matching.
Once this condition is satisfied, the while loop terminates, and the algorithm returns the

perfect matching M along with the corresponding dual variables y.

The steps discussed above are formalized in Algorithm 1, which outlines the execution of

Gabow’s algorithm using predicted dual weights for efficient bipartite matching:

Algorithm 1 Gabow’s algorithm with predicted dual weights
M+
y<y
while M is not a perfect matching on G do:
Step 1.1: Conduct a Hungarian Search to find an augmented path
Step 1.2: Construct G’ = (V,E’) where E’ = {(u,v) | s(u,v) = 0}.
Step 1.3: Populate M by conducting a maximum cardinality matching on G’ by the
Hopcroft-Karp algorithm
end while
Return the perfect matching M and corresponding dual variables
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4.2.1 Running Time Proofs

Let the minimum-cost perfect cardinality matching be M*. Let ¢(M*) denote the cost of
matching M* where cost of a matching is defined to be the sum of the costs of all the edges
in M*. Let there be n vertices and m edges in the bipartite graph. Note that the number

of edges is O(n?).

Let 3 be the set of given feasible predicted dual weights and y* be the optimal dual weights
corresponding to M* for graph GG. Then we can define I (the gap between the current state

of matching and final optimal matching) to be the following:

I= (M) =37 ),

eV

Lemma 4.1.

I<|ly" =9l

Proof. Since every edge in M* has 0 slack

eV
Therefore,
I=> "y () —9() <Yy () — a0 = lly* —dlh
eV i€V
Hence,
I<|ly" =9l
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At the beginning of any given iteration k let the current matching be M. Let there be f; free
vertices with respect to M at the beginning of iteration k. At each iteration the Hungarian
Search alters the dual variables by 0.

Define A:

Lemma 4.2. f,, - A <[

Proof. Define X to be the following:

X =3 90
iev

At any iteration i dual weights are adjusted by ¢; causing X to increase by f; - d;.

X increases by f; - ; because all vertices in M do not contribute to the increase in X. In the
case u is matched (u € M) to some vertex v there is an increase in dual weight y(u) by 0;
(due to Hungarian Search). Still, in order to keep y(v) feasible (so that M remains feasible)
there is a decrease of y(v) by d; (Also done by Hungarian Search) hence keeping X the same.
But if u is a free vertex then it increases X by d;.

Now every augment decreases f; by 2, so if ¢ < k then f; > fr. Therefore the total increase

of X up to iteration k is at least as follows:
k
feo ) 0 =fr-A

i=1

But, X increases at most by I hence,

fe - AT
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O

Theorem 4.3. The time complexity of this algorithm is O(/||y* — 9||1 - n'/?>m) and the

space complexity is O(m) where n is the number of vertices and m is the number of edges.

Proof. According to Lemma 4.1 and Lemma 4.2 for any iteration k£ we observe the following:

fo AT <|[y"=9lh

Letting fr > +/||y* — 9||1 we get the following:
I -
A<y < Vilys =9l

Every iteration i of Step 1 of the algorithm adjusts the dual weights by some positive ¢;.
Note that §; > 1 since edge costs and dual weights are integral. Thus if fi, > /||y* — 9|l

then k is atmost /||y* — 9||1. The number of executions with fi < +/||y* — y||1 is less than,

% “v/Ily* — 9||1 since each execution matches two or more free vertices. Therefore Step 1 is

executed less than 2+/[|y* — 9|1

Similarly, as in the above argument, we can conclude that step 1 of the algorithm is executed
at most +/[[y* — g1 times with f;, > ||y* — 9]/

Now to compute the total time of steps 1, 2, and 3:

Step 1: Dijkstra’s algorithm is performed in O(m) with help of special data structures such
as Fibonacci heaps. Therefore the total time to execute step 1.1 is O(/[[y* — 9|[im)

Step 2 and 3: One execution of Hopcraft-Karp is O(min(n®° a)m). Here 7a” is the
number of augmenting paths found (the O(am) bound follows from inspecting the Hopcroft-

Karp algorithm). With f > [|ly* — ¢||%3™ the time of all executions of steps 1.2 and 1.3 is

O(¥/|ly* — 91 - n*/*m). The executions with fx < [|y* —9||}*™ has less than - ||y* — ||}
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augmenting paths so O({/]|y* — 9||1 - n'/?>m) is appropriate. Note that a feasible dual being
within O(y/n) of an optimal dual in [; distance is possible according [10] hence it is fair to

assume ||y* —7||1 =~ n'/2. Therefore Algorithm time complexity is O({/[|y* — §|[1-n/?>m) O

The following corollary shows that with better and better predictions we could tend towards

O(vnm) = O(n*?)

Corollary 4.4. The time complexity of this algorithm is (’)({77 -n'2m) and the space

complexity is O(m) where n is the number of vertices and m is the number of edges.

Proof. From Lemma 4.2 we have that for any iteration k of the algorithm
Je - AT
Therefore the number of executions of step 1 satisfies two properties:

a. Step 1 is executed less than 2 - /T

b. Step 1 is executed at most v/7 when f;, > Ii

Property a. follows from Theorem 4.3: If f; > /I then k is at most /T (Since dual weights
in every iteration are adjusted by at least 1). And if f, < \/T then k is less than g since
each iteration matches two or more free vertices. Property b. Follows similar: If f, > I i
then A < v/T hence k < v/I Therefore from the discussions in Theorem 4.3 and Property a
the total time taken for step 1 is O(v/T - m) From the discussion in theorem and property
b the total time taken by Step 2 and Step 3 O(v/T - n'/>m) Hence total time taken for the

algorithm is O(V/T - n'/?m). O



Chapter 5

Conclusions

In this thesis we have devised two distinct algorithms, both utilizing dual weights as warm
starts to compute a minimum-cost maximum cardinality matching. Notably, one of these
algorithms is also capable of finding an optimal transport plan using dual weights as warm

starts.

The first algorithm introduces a novel scaling approach that leverages dual weights obtained
from simplified versions of the same transport or matching problem. Dual weights derived
from multiple executions of the LM R algorithm [20], for varying values of §, are utilized to
achieve the desired d-precision. The theoretic and experimental results show that this algo-
rithm can be used to provide a smooth tradeoff between approximate and exact algorithms

due to it’s reduced number of iterations for extremely small § values.

The first algorithm can also be extended from the matching problem to the transport prob-
lem. The warm start algorithm shows improvement in running time for extremely small §
values such as § < 1073 as compared to the LM R algorithm which was the previous best
sequential additive approximation of optimal transport. For extremely small § values the
LM R algorithm tends towards a running time similar to the Hungarian Algorithm which is
not the case for the warm start algorithm. This improvement stems from the manageable
size of each transport plan at each scale, made possible by the warm start initialization

derived from the solution at the previous scale.
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The second algorithm is a learning-augmented method that utilizes machine-learned dual
weights derived from techniques stated in prior work, [10] to achieve optimal matching with
greater efficiency than existing learning-augmented techniques for the same problem. The
improvement stems from the observation that, instead of increasing the matching size by
one per iteration by augmenting along a single augmenting path, it is possible to augment
along multiple augmenting paths per iteration. This approach reduces the total number
of iterations required. By leveraging the Hopcroft-Karp technique, this algorithm improves
upon existing learning-augmented bounds for solving the minimum weight bipartite matching

problem.

We conclude this thesis with the following open problems:

o While the learning-augmented algorithm theoretically provides a speedup, it faces prac-
tical limitations. Asshown by Dinitz et al, [10], learning dual weights from an unknown
distribution D that require O(y/n) phases to reach optimality necessitates O(C?n?)
samples. Furthermore, ensuring the feasibility of these start dual weights involves an
additional @ (n?) projection algorithm. Therefore can we come up with a faster way

to predict good dual weights?

o Can we extend the Warm Start approach from the LM R algorithm to a parallel frame-
work like PyCoOT [21]?

o Identify real-world datasets where the matching and optimal transport version of the
first algorithm demonstrates significant performance improvements over prior works

similar to the synthetic dataset shown here.
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