COMPOSITIO MATHEMATICA

Back stable Schubert calculus

Thomas Lam, Seung Jin Lee and Mark Shimozono

Compositio Math. 157 (2021), 883-962.

doi:10.1112/50010437X21007028

P [LONDON
FOUNDATION Y}\\R MATHEMATICAL
COMPOSITIO Q/\ //A SOCIETY
MATHEMATICA L\\/T/ EST. 1865

Downloaded from https://www.cambridge.org/core. IP address: 216.252.196.33, on 29 Jul 2021 at 18:16:12, subject to the Cambridge Core terms of use, available at @' \
CrossMark

https://www.cambridge.org/core/terms. https://doi.org/10.1112/5S0010437X21007028


https://doi.org/10.1112/S0010437X21007028
https://crossmark.crossref.org/dialog?doi=10.1112/S0010437X21007028&domain=pdf
https://www.cambridge.org/core/terms
https://doi.org/10.1112/S0010437X21007028
https://www.cambridge.org/core

G/ Compositio Math. 157 (2021) 883962

N .
W) 0i:10.1112/50010437X21007028

Back stable Schubert calculus

Thomas Lam, Seung Jin Lee and Mark Shimozono

ABSTRACT

We study the back stable Schubert calculus of the infinite flag variety. Our main results
are:

— a formula for back stable (double) Schubert classes expressing them in terms of a
symmetric function part and a finite part;

— a novel definition of double and triple Stanley symmetric functions;

— a proof of the positivity of double Edelman—Greene coefficients generalizing the
results of Edelman—Greene and Lascoux—Schiitzenberger;

— the definition of a new class of bumpless pipedreams, giving new formulae for double
Schubert polynomials, back stable double Schubert polynomials, and a new form of
the Edelman—Greene insertion algorithm;

— the construction of the Peterson subalgebra of the infinite nilHecke algebra,
extending work of Peterson in the affine case;

— equivariant Pieri rules for the homology of the infinite Grassmannian;

— homology divided difference operators that create the equivariant homology Schubert
classes of the infinite Grassmannian.

1. Introduction

1.1 Flag varieties and Schubert polynomials

The flag variety Fl, is the smooth projective algebraic variety classifying full flags inside an
n-dimensional complex vector space C". The cohomology ring H*(Fl,) was determined by
Borel [Bor53]: it is the quotient of the polynomial ring Q[z1,...,z,] by the ideal generated
by symmetric functions in x1, ..., x, of positive degree.

The flag variety has a distinguished stratification by Schubert varieties, and the cohomology
classes of Schubert varieties form a basis of H*(Fl,,), called the Schubert basis. Bernstein, Gelfand,
and Gelfand [BGGT73] and Demazure [Dem74] found formulae for the Schubert basis in terms of
divided difference operators. Lascoux and Schiitzenberger [LS82] defined and studied polynomial
representatives for the Schubert classes, called the Schubert polynomials &, € Q[z1,...,xy).

Received 21 February 2019, accepted in final form 7 October 2020, published online 30 April 2021.
2020 Mathematics Subject Classification 14M15, 05E05 (primary).
Keywords: flag variety, Grassmannian, Schubert polynomial, Schur polynomial.

T.L. was supported by NSF DMS-1464693. S. J. Lee was supported by the National Research Foundation of

Korea (NRF) grant funded by the Korean government (MSIT) (No. 2019R1C1C1003473). M.S. was supported by
NSF DMS-1600653.
This journal is (¢) Foundation Compositio Mathematica 2021. This is an Open Access article, distributed under
the terms of the Creative Commons Attribution licence (http://creativecommons.org/licenses/by/4.0/), which
permits unrestricted re-use, distribution, and reproduction in any medium, provided the original work is properly
cited.

Downloaded from https://www.cambridge.org/core. IP address: 216.252.196.33, on 29 Jul 2021 at 18:16:12, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1112/5S0010437X21007028


http://www.compositio.nl/
http://www.ams.org/msc/
http://www.compositio.nl/
http://creativecommons.org/licenses/by/4.0/
https://www.cambridge.org/core/terms
https://doi.org/10.1112/S0010437X21007028
https://www.cambridge.org/core

T. LAM, S. JIN LEE AND M. SHIMOZONO

Lascoux and Schiitzenberger furthermore defined the double Schubert polynomials S,,(z;a) that
represent Schubert classes in the torus-equivariant cohomology ring H7.(Fl,).

There is a rich combinatorial theory for Schubert polynomials. Among the fundamental
results crucial to us is the formula of Billey, Jockusch and Stanley [BJS93] for the monomial
expansion of &,,.

1.2 Back stable Schubert polynomials
In this work, we consider limits of Schubert polynomials called back stable Schubert polynomials

< .

Sy = pErEloo Cuw(xp, Tps1,. .., xq),

q—00
for w € Sz, the group of permutations of Z moving finitely many elements. Two of us (T.L. and
M.S.) first learnt of this construction from Knutson (personal communication). Buch (personal
communication, 2018) was also aware of how to back stabilize (double) Schubert polynomials.
Finally, one of us (S.-J. Lee) found them on his own independently.
Define the ring of back symmetric formal power series

—
R Z:A®Q[...,x,1,$0,1’1,...]

where A denotes the symmetric functions in ..., x_1,z¢. In Theorem 3.5, we show that the back

— «— —
stable Schubert polynomials &,, form a basis of the ring R. As far as we are aware, the ring R
has not previously been explicitly studied.

1.3 Coproduct formula
Stanley [Sta84] defined the Stanley symmetric functions Fy, € A, for w € Sz to study the enu-
meration of reduced words of permutations. It is well known that the symmetric functions
F,, can be obtained as ‘forward limits’ of the Schubert polynomials &,,. We give a new con-
struction of Fy, from back stable Schubert polynomials. Namely, we define a natural algebra
homomorphism 7 : R — A and show that Stanley’s definition of F,, agrees with 79(&,,). This
is closely related to, and explains, a formula of Li [Lil4]. In contrast, the map sending &,, to Fy,
is not multiplicative.

We prove that back stable Schubert polynomials satisfy the ‘coproduct formula’
(Theorem 3.14)

=Y F.o6, (1.1)
w=uv
where w = uv denotes a length-additive factorization such that v is a permutation not using
the reflection sg. The coproduct formula decomposes Gw into a ‘symmetric’ part and a ‘finite
polynomial’ part. We do not know of an analogue of the coproduct formula for finite Schubert
polynomials.

1.4 Double Stanley symmetric functlons

Back stable double Schubert polynomials 5 w(x; a) can also be defined in a similar manner (though
the existence of the limit is less clear; see Proposition 4.3), and we show (Theorem 4.7) that they
form a basis of the back symmetric double power series ring R(x;a) := A(z[|a) @qq Qlr, a],
where Q[z, a] := Q[z;,a; | ¢ € Z] and A(z||a) is the ring of double symmetric functions. The ring
A(z||a) is the polynomial Qla] = Q|...,a_1,a0,a1,...]-algebra generated by the double power
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BACK STABLE SCHUBERT CALCULUS

sums pg(z|la) ==, xk — EKO a;. The ring A(z||a) is a Q[a]-Hopf algebra with basis the
double Schur functions sy (z||a), and is studied in detail by Molev [Mol09].

Generalizing 79, there is an algebra homomorphism 7, : <E(:z:, a) — A(z||a). We define the
double Stanley symmetric functions F,(z||la) € A(z||la) by Fy(z|la) = na((ﬁ(az;a)). As far as
we are aware, the symmetric functions F,,(z||a) are novel. When w is 321-avoiding, the double
Stanley symmetric function is equal to the skew double Schur function which was studied by
Molev [Mol09]; see Proposition A.2.

One of our main theorems (Theorem 4.22) is a proof that the double Edelman—Greene
coefficients jy (a) € Q[a] given by the expansion of double Stanley symmetric functions

Fy(zla) = Z]A (z[]a)

into double Schur functions sy(z||a) are positive polynomials in certain linear forms a; — a;.
The usual Edelman-Greene coefficients jV'(0) := j\'(a)|a,—0 are known to be positive by the
influential works of Edelman and Greene [EG87] and Lascoux and Schiitzenberger [LS85]. Molev
[Mol09] has given a combinatorial rule for the expansion coefficients of skew double Schurs into
double Schurs (that is, for ji'(a) where w is 321-avoiding) but it does not exhibit the above
positivity.

Back stable double Schubert polynomials satisfy (Theorem 4.16) the same kind of coproduct
formula (1.1) as the nondoubled version, with the double Stanley symmetric functions Fy,(z||a)
replacing F,, and double Schubert polynomials &,(z;a) replacing the usual finite Schubert
polynomials &,,.

1.5 Bumpless pipedreams

We introduce a combinatorial object called bumpless pipedreams, to study the monomial expan-
sion of back stable double Schubert polynomials. These are pipedreams where pipes are not
allowed to bump against each other, or equivalently, the ‘bumping’ or ‘double elbow tile’ is

| ERARPR=R:: RN~

Using bumpless pipedreams, we obtain:

e an expansion for double Schubert polynomials &, (z;a) in terms of products of binomi-
als [[(z; —a;); (Our formula is different from the classical pipe-dream formula of Fomin
and Kirillov [FK96] for double Schubert polynomials: unlike theirs, our formula is obvi-
ously back stable. Hence we also obtain such an expansion for back stable double Schubert
polynomials.)

e a positive expression for the coefficient of sy (z||a) in g(w, a) (Theorem 5.11);

e a new combinatorial interpretation of Edelman-Greene (EG) coefficients j}’(0) as the number
of certain EG pipedreams (Theorem 5.14).

Our bumpless pipedreams are a streamlined version of the interval positroid pipedreams
defined by Knutson [Knul4]. Heuristically, our formula for 15 w(x; a) is obtained by ‘pulling back’
a Schubert variety in FI to various Grassmannians where it can be identified (after equivariant
shifts) with graph Schubert varieties, a special class of positroid varieties. This connects our
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work with that of Knutson et al. [KLS13], who identified the equivariant cohomology classes of
positroid varieties with affine double Stanley symmetric functions.

When presenting our findings we were informed by Anna Weigandt! that Lascoux’s use
[Las02] of alternating sign matrices (ASMs) in a formula for Grothendieck polynomials is very
close to our pipedreams; ours correspond to the subset of reduced ASMs. Our construction has
the advantage that the underlying permutation is evident; in the ASM one must go through an
algorithm to extract this information. Lascoux’s ASMs naturally compute in K-theory rather
than in cohomology.

1.6 Infinite flag variety

Whereas Schubert polynomials represent Schubert classes in the cohomology of the flag variety,
back stable Schubert polynomials represent Schubert classes in the cohomology of an appropriate
infinite flag variety.

The infinite Grassmannian Gr is an ind-finite variety over C, the points of which are identified
with (infinite-dimensional over C) admissible subspaces A C F', where F' = C((t)) (see §6). The
infinite Grassmannian can be presented as an infinite union of finite-dimensional Grassmannians.
The infinite flag variety FI is an ind-finite variety over C, the points of which are identified with
admissible flags

Ae={-CA 1 CAyC A C---}.

Under an isomorphism between R and the cohomology of F1, we show in Theorem 6.7 that back
stable Schubert polynomials represent Schubert classes of FI. For the infinite Grassmannian it is
well known that Schur functions represent Schubert classes. Our FI differs somewhat from other
infinite-dimensional flag varieties we have seen in the literature (see for example [PS86]), and
thus we give a reasonably independent development in § 6.

The infinite flag variety F1 is the union of finite-dimensional flag varieties, and any product
£r¢Y of two Schubert classes £%,&Y € H*(F1) can be computed within some finite-dimensional
flag variety. Naively, as some subset of the authors had mistakenly assumed, no interesting and
new phenomena would arise in the infinite case. To the contrary, in this article we present our
findings of entirely new phenomena that have no classical counterpart.

1.7 Localization and infinite nilHecke algebra

The torus-equivariant cohomology H7.(Fl,) of the flag variety can be studied by localizing to
the torus fixed points, giving an injection H(Fl,) — @, cs, H7(pt) = Qax, ..., an]. It is known
[Bil99, Remark 1] that the localization £"|,, of a Schubert class indexed by v € S,, at the torus
fixed-point indexed w € S, is given by the evaluation &,(wa;a) € Q[a]. We prove in Proposi-
tion 7.9 an analogous result for the equivariant cohomology ring H7, (F1): the localization of a

Schubert class £V at a Ty-fixed point w € Sy is equal to a specialization gv(wa; a) of the back
stable double Schubert polynomial.

Kostant and Kumar [KK86] studied the torus-equivariant cohomology of Kac-Moody flag
varieties (including the usual flag variety) using the action of the nilHecke ring on these coho-
mologies. We construct in §7 an action of the infinite nilHecke ring A" on H7, (F1), giving an
infinite rank variant of the results of Kostant and Kumar.

! See the recent preprint [Wei20).
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1.8 Homology

The torus-equivariant cohomology ring Hy, (Gr) of the infinite Grassmannian is isomorphic to
the ring A(z||a) of double symmetric functions (see Theorem 6.6). The (appropriately completed)
equivariant homology HE Z(Gr) of the infinite Grassmannian is Hopf-dual to the Hopf algebra
A(z||a). Nonequivariantly, this can be explained by the homotopy equivalence Gr = QSU (o)
with a group. Restricting to a one-dimensional torus C* C Ty, the multiplication of HE™ (Gr)
is induced by the direct sum operation on finite Grassmannians, and was studied in some detail
by Knutson and Lederer [KL15]. The geometry of the full multiplication on H.!%(Gr) is still
mysterious to us, and we hope to study it in the context of the affine infinite Grassmannian in
the future.

Molev [Mol09] studied the Hopf algebra A(y||a) Hopf-dual to A(z||a), and defined the basis
3x(ylla) of dual Schur functions in A(y||a), dual to the double Schur functions. We identify
(Proposition 8.1) the Schubert basis of Hy(Gr) with Molev’s dual Schur functions &, (y||a)
[Mol09]. We use this to resolve (Theorem 8.12) a question posed in [KL15]: to find deformations of
Schur functions that have structure constants equal to the Knutson-Lederer direct sum product.

One of our main results (Theorem 8.6) is a recursive formula for the dual Schur functions
Sx(z|la) in terms of novel homology divided difference operators, which are divided difference
operators on equivariant variables, but conjugated by the equivariant Cauchy kernel. A similar
formula had previously been found independently by Nakagawa and Naruse [NN18], who was
studying the homology of the infinite Lagrangian Grassmannian. OQur construction is also closely
related to the presentation of the equivariant homology of the affine Grassmannian given by
Bezrukavnikov et al. [BFMO05]. We hope to return to the affine setting in the future.

We compute the ring structure of this equivariant homology ring by giving a positive Pieri
rule (Theorem 8.18). Our computation of the Pieri structure constants relies on some earlier
work of Lam and Shimozono [LS12] in the affine case, and on triple Stanley symmetric functions
F,,(z||a||b) that we define in § 10. The double Stanley symmetric functions F,(z||a) are recovered
from F,(z||a||b) by setting b = a. The triple Stanley symmetric functions distinguish ‘stable’
phenomena from ‘unstable’ phenomena in the limit from the affine to the infinite setting.

1.9 Affine Schubert calculus
Our study of back stable Schubert calculus is to a large extent motivated by our study of the
Schubert calculus of the affine flag variety Ii‘vl, and in particular Lee’s recent definition of affine
Schubert polynomials [Leel9]. There is a surjection H*(F1) — H*(Fl,) from the cohomology of
the infinite flag variety to that of the affine flag variety of SL(n). A complete understanding of
this map yields a presentation for the cohomology of the affine flag variety. Thus this project
can be considered as a first step towards understanding the geometry and combinatorics of affine
Schubert polynomials and their equivariant analogues.

We shall apply back stable Schubert calculus to affine Schubert calculus in future work. In
particular, analogues of our coproduct formulae (Theorems 3.14 and 4.16) hold for equivariant
Schubert classes in the affine flag variety of any semisimple group G [LLS21].

1.10 Peterson subalgebra

The (finite) torus-equivariant cohomology ring H;i(l*:ln) of the affine flag variety F1, has an action
of the level zero affine nilHecke ring A. Peterson [Pet97, Lam08] constructed a subalgebra PcA
(recalled in Appendix C) and showed that the torus-equivariant homology H} ((E}n) of the affine
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Grassmannian Gry, is isomorphic to P. We refer the reader to [LLM*14] for an introduction to
affine Grassmannian Schubert calculus.

While Kostant and Kumar’s definition of the nilHecke algebra applies to any Kac—Moody
flag variety, the definition of the Peterson algebra is special to the case of the affine flag variety
(of a semisimple group). Thus it came as a surprise that we are able to construct (Theorem 9.8)
a subalgebra P’ C A’ of the infinite nilHecke ring that is an analogue of the Peterson subalgebra
in the affine case. While the infinite symmetric group Sz is not an affine Coxeter group, we are
able to define elements in A’ that behave like translation elements in affine Coxeter groups.

Our infinite Peterson algebra P’ is in a precise sense the limit of Peterson algebras for affine
type A. This allows us to apply known positivity results in affine Schubert calculus to deduce
the positivity (Theorem 4.22) of double Edelman—Greene coefficients.

1.11 Other directions

Most of the results of the present work have K-theoretic analogues. We plan to address K-
theory in a separate work (Lam, Lee and Shimozono, Back stable K-theory Schubert calculus, in
preparation).

The results in this paper (for e.g. §9.2) suggests the study of the affine infinite flag variety FNI,
an ind-variety whose torus-fixed points are the affine infinite symmetric group Sz x Qy, where
Qy is the Z-span of root vectors e; — e; for i # j integers and e; is the standard basis of a lattice
with ¢ € Z. Curiously, Schubert classes of F1 can have infinite codimension (elements of Sz x QY
can have infinite length) and should lead to new phenomena in Schubert calculus.

2. Schubert polynomials

We recall known results concerning Lascoux and Schiitzenberger’s (double) Schubert polynomi-
als. None of the results in this section are new, but for completeness we provide short proofs for
many of them.

2.1 Notation
Throughout the paper, we set x(True) = 1 and y(False) = 0.

2.1.1 Permutations. Let Sz denote the subgroup of permutations of Z generated by s; for
i € Z where s; exchanges ¢ and ¢ + 1. This is the group of permutations of Z that move finitely
many elements. Let S} (respectively S_, respectively S,) be the subgroup of Sz generated by
S1,82,... (respectively s_1,s_9,..., respectively si,89,...,8,-1). We have S; = Un>15n- We
write Szo = S_ x Sy. For w € Sz denote by f(w) the length of w and Red(w) for the set of
reduced words of w [Hum90, § 1.6]. For z,y, z € Sz, we write z = zy if z = zy and ¢(z) = {(z) +
¢(y). This notation generalizes to longer products z = xjz2 - - - . Let w((]") € S, be the longest
element [Hum90, § 1.8]. Let y : Sz — Sz be the ‘shifting’ automorphism ~y(s;) = s;4+1 for all i € Z.

Let < be the (strong) Bruhat order on Sz [Hum90, §5.9]. For a fixed k € Z, say that w € Sy,
is k-Grassmannian if w < ws; (equivalently, w(i) < w(i + 1) viewing w as a function Z — Z) for
all i € Z — {k}. We write S) for the set of 0-Grassmannian permutations.

2.1.2 Partitions. Let Y denote the set of partitions or Young diagrams. We consider a par-
tition A = (A1,...,A¢) as an infinite sequence (A1,..., A, 0,0,...) if necessary. Throughout the
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paper, Young diagrams are drawn in English notation: the boxes are top left justified in the plane.

For a Young diagram A\, we let \' denote the conjugate (or transpose) Young diagram. The

dominance order on partitions of the same size is given by A < p if Zle A < Zle w; for all k.
There is a bijection between Y and S9, given by A +— w), where

Mo ifi <0,
wx(2) =1+ 2.1
() {—Ag iti > 0. 2.1)

A reduced expression for w) is obtained by labeling the box (7, j) in the ith row and jth column
of the diagram of A by s;_; and reading the rows from right to left starting with the bottom row.
If p C A, we define

Wy y 1= wkw;l. (2.2)
We note that wy = wy/,w,. An element w € Sz is 321-avoiding if there is no triple of integers

i < j < k such that w(i) > w(j) > w(k).

LeEMMA 2.1 [BJS93, §2]. An element w € Sz is 321-avoiding if and only if w = wy, for some
partitions p C A.

Example 2.2. For A = (3,2), the values of wy : Z — Z are given. For u = (1) we have w, = so.
Reduced decompositions for wy and wy/, are given.

1 e =31 -2, -11]0 1 2 3 |45
wy(i) ||---]-3]-2]1[3|-1]0] 2 [4]5
wy(@)—d| ---| 0| 0] 2 | 3|-2-2/-1/00
5051 SQ"LU(372) = (80871)(828150) E' w(gvg)/(l) = (80871)(8281)
S_1| So 371

2.2 Schubert polynomials
Following [LS82], we define Schubert polynomials using divided difference operators. Let
Q[z4] :== Q[z1, z2, 3, ...] be the polynomial ring in infinitely many positively indexed variables
and Q[x] :==QJ...,z_1,x0,x1,...] the polynomial ring in variables indexed by integers. Define
the Q-algebra automorphism 7 : Q[z] — Q[z] given by x; — zit1.

For i € Z the divided difference operator A; : Q[z] — Q[z] is defined by

Y
A= 22240, (2.9
We have the operator identities
A? =0, (2.4)
AjAj = AjA; for |i—j| > 1, (2.5)
AiAi1Ai = A1 AiAiy (2.6)
For w € S7 this allows the definition of
Ay = A A, -+ A, where (i1, 12, ..., i) € Red(w). (2.7)
889
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LEMMA 2.3. Both the kernel of A; and the image of A; are the subalgebra of s;-invariant
elements.

For w € S,,, the Schubert polynomial &,, € Q[z] is defined by

& o (04) = i a2l (2.8)

Cu(r4) := AiGys,(r4+) for any i with ws; > w. (2.9)
The polynomials &,,(z+) are well defined for w € S, by (2.5) and (2.6).

LEMMA 2.4. &y (z4) is well defined for w € S

Proof. 1t suffices to show that the definitions of Gw(n) and Gw(n+1) are consistent. Using w(()"H) =
0 0
w(()n)sn -+ 8981 we have A,, - - AgAl(az{‘ngl coexl) = x?ilxgﬁ sk 0

We recall the monomial expansion of &,, due to Billey, Jockusch, and Stanley.

THEOREM 2.5 [BJS93]. For w € Sy, we have

Cu(ry) = Z Z Tpy Ty -+ * Tp,- (2.10)

araz-ag€Red(w)  1<b1 <ba <<y
ai<a;+1 = b;<biy1

bi<a;
Define the code ¢(w) = (...,c_1,cp,c1,...) of w € Sy by

ci = {7 >iw(j) <w(i)}. (2.11)

The support of an indexed collection of integers (c; | i € J) is the set of ¢ € J such that
¢; # 0. The code gives a bijection from Sy to finitely supported sequences of nonnegative inte-
gers (...,c_1,¢p,cC1,...). It restricts to a bijection from S to finitely supported sequences of
nonnegative integers (c1,ca, ... ).

For a sequence b = (b1, by, b3, ...) of integers, let 2° denote a:lflxlf .. For two monomials z?
and z¢ in Q[z], we say that x¢ > 2 in reverse-lex order if b # ¢ and for the maximum 7 € Z such
that b; # ¢; we have b; < ¢;. The following triangularity of Schubert polynomials with monomials
can be seen from Bergeron and Billey’s rc-graph formula for Schubert polynomials [BB93], and
is also proven in [BH95].

PROPOSITION 2.6. The transition matrix between Schubert polynomials and monomials is
unitriangular:

Su(24) = 2°™) + reverse-lex lower terms. (2.12)

890
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THEOREM 2.7. The Schubert polynomials are the unique family of polynomials {G,(x4) €
Q[z+] | w € St} satisfying the following conditions:

Gia(z4+) =1, (2.13)
Gy (x4 ) is homogeneous of degree {(w), (2.14)

Ao (i) = {Gwsi(m) ifws; < w,

0 otherwise.

The elements {S,,(z+) | w € Sy} form a basis of Q[zy] over Q.

Proof. For uniqueness, by induction we may assume that S, () is uniquely determined for
all 7 such that ws; < w. Since the applications of all the A; are specified on &,,, the difference
of any two solutions of (2.15), being in the kernel of all A;, is S;-invariant by Lemma 2.3. But
Q[x+]s+ = Q, so the homogeneity assumption implies that the two solutions must be equal.

For existence, we note that the Schubert polynomials satisfy (2.13)—(2.15) when ws; < w.
When ws; > w, we have &,, = A;Gy,, by (2.15) applied for ws;. The element &,,, being in
the image of A;, is s;-invariant and therefore is in ker A; by Lemma 2.3. That is, 4;6, =0,
establishing (2.15).

The basis property holds by Proposition 2.6. U

Remark 2.8. All the basis theorems for Schubert polynomials and their relatives, such as
Theorem 2.7, hold over Z.

2.3 Double Schubert polynomials

Let Q[zy,a+] := Q[xy,x9,...,a1,a2,...]. The divided difference operators A;, i >0 act on
Q[z4,a4] by acting on the z-variables only. Double Schubert polynomials [L.S82] are defined
by the action of divided difference operators on the expression in (2.19). We summarize the
fundamental statements concerning double Schubert polynomials in the following theorem.

THEOREM 2.9. There exists a unique family {S,,(z4+;a+) € Qx4,a4] | w € S1} of polynomials
satisfying the following conditions:

Gida(z4;a4) =1, (2.16)
Suylay;aqs) =0 ifw #id, (2.17)
Gws- ; if i < w,
AiGy(zyiay) = (@riay) s <w (2.18)
0 otherwise.
The elements {&,(x4;a4) | w € St} form a basis of Q[z4,a4] over Q[ay].
Proof. Uniqueness is proved as in Theorem 2.7. For existence, let
S, m@iay) = [ (@i—a), (2.19)
0 1<i,j<n
i+j<n

This agrees with (2.16). It is straightforward to verify the double analogue of Lemma 2.4.
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For (2.17) it suffices to prove the stronger vanishing property

Sy(was;ayr) =0 unless v < w. (2.20)

Here &y (way;at) := Gy(au(1); Guw(2), - - - ;04). Let v,w € Sy, with v Lw. If v = w(()n), then by

inspection &, (way;ay) = 0. So suppose v < w[()n). Let 1 <i < n—1besuch that vs; > v. Then
vs; £ w and also vs; £ ws;. Substituting oy +— (k) into 4;Sys, (745 a4) = Gy (z4;ay) and using
induction we have &, (wa;a1) = (a; — ai11) " H(Gys, (way;ay) — Gy, (wssay;ay)) = 0, proving
(2.20).

The basis property follows from the fact that S, (x4;0) = S, (x4 ) are a Q-basis of Q[zy]. O

2.4 Double Schubert polynomials into single
The following identity is proved in Appendix B.

LEMMA 2.10. For w € S, we have
> ()™ME, -1 (a)Su(as) = duja- (2.21)
PropPOSITION 2.11 ([Mac91, (6.1)], [FS94, Lemma 4.5]). Let w € Sy. Then
Su(ryiay) = D> (=) M&,-1(ay)S,y(z1). (2:22)

Proof. Tt suffices to verify the conditions of Theorem 2.9. Equation (2.16) is clear. Equation
(2.17) holds by Lemma 2.10. We prove (2.18) by induction on ¢(w). The case £(w) = 0 is trivial.
We have

Ai Y (D)8, 1 (ar)8(ar) = Y (1S, (a4)Sus, (2+4)

wiu’u wiuv

v8; <V
_ Zwsiiuv’(_l)g(U)6u71 (a+)6’v' (.7}4_) it ws; < w,
o otherwise.
This establishes (2.18) by induction. O

2.5 Left divided differences
Let A¢ be the divided difference operator acting on the a-variables.

LEMMA 2.12. Fori >0 and w € S,

G uw(rysay) if s;w < w,

AjGu(r4ia4) = { (2.23)

0 otherwise.

Proof. This is easily verified using Proposition 2.11. O
3. Back stable Schubert polynomials

We define the ring of back symmetric formal power series, and study the basis of back stable
Schubert polynomials.
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3.1 Symmetric functions in nonpositive variables

For b€ Z, let A(zr<) be the Q-algebra of symmetric functions in the variables x; for i € Z
with i <b. We write A = A(xgo) = A(z_), emphasizing that our symmetric functions are in
variables with nonpositive indices. See Appendix A for the comparison with symmetric functions
in variables with positive indices.

The tensor product A ® A is isomorphic to the Q-algebra of formal power series of bounded
total degree in z_ and a_ which are separately symmetric in x_ and a_. Under this isomorphism,
we have g ® h +— g(x_)h(a_). We use this alternate notation without further mention.

The Q-algebra A is a Hopf algebra over Q, generated as a polynomial Q-algebra by primitive

m:E:ﬁ-

i<0

elements

That is, A(px) = 1@ pr +pr @1 (or A(pr) = pr(z-) + pr(a_)). Equivalently, for f € A, A(f)
is given by plugging both z_ and a_ variable sets into f. The counit takes the coeflicient of the
constant term, or equivalently, is the Q-algebra map sending py +— 0 for all £ > 1. The antipode
is the Q-algebra automorphism sending py — —py for all k£ > 1. For a symmetric function f(z)
we write f(/x) for its image under the antipode.

The superization map

A—=A®A, [ f(z/a) (3.1)

is the Q-algebra homomorphism defined by applying the coproduct A followed by applying
the antipode in the second factor. Equivalently, it is the Q-algebra homomorphism sending
pk — pr(x—) — pr(a—). In particular, f(x/a) is symmetric in z_ and symmetric in a_. We use
the notation f(x/a) instead of f(z_/a_) for the sake of simplicity.

3.2 Back symmetric formal power series

Let R be the Q-algebra of formal power series f in the variables x; for ¢ € Z such that f has
bounded total degree (there is an M such that all monomials in f have total degree at most M)
and the support of f is bounded above (there is an N such that the variables z; do not appear in
f for i > N). The group Sz acts on R by permuting variables. Say that f € R is back symmetric
if there is a b € Z such that s;(f) = f for all ¢ <b. Let R be the subset of back symmetric
elements of R.

ProrosiTiON 3.1. We have the equality

o

R = A ®Qlx]. (3.2)
Proof. 1t is straightforward to verify that R is a Q-subalgebra of R containing A and Qlz].
Suppose f € R is back symmetric. Let b€ Z be such that s;(f) = f for all i <b. Then

f e AMzg) ® Qxpyr, Tpt2,...] is a polynomial in the power sums pg(xp) and the variables
Tptl, Tpt2, - - - But prp(ezgp) — pr(z<o) € Q[z]. It follows that f € A ® Q[z]. O

We emphasize that <E is a polynomial Q-algebra with algebraically inc(l_ependent generators
pi for k > 1 and z; for ¢ € Z. The restriction of the action of Sz from R to R is given on algebra

893

Downloaded from https://www.cambridge.org/core. IP address: 216.252.196.33, on 29 Jul 2021 at 18:16:12, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1112/5S0010437X21007028


https://www.cambridge.org/core/terms
https://doi.org/10.1112/S0010437X21007028
https://www.cambridge.org/core

T. LAM, S. JIN LEE AND M. SHIMOZONO

generators by

W(T;) = Top(s)

Y
(o) Dk if i # 0,
Si\Pk) = )
' pe—2f +af ifi=0.
For so(px) we use the computation
k_ _k k_ _k k_ _k k_ _k k_ _k ko ok
so ) (zf —aj) = Z(sz —a;) + sozg — ag) = Z(wz —a;) +ay —ag =pr — x5 +a7.
i<0 i<—1 i<—1

The divided difference operators A; for i € Z act on R using the same formula as (2.3).

3.3 Ba(gk st(a_ble limit
Let v: R — R be the Q-algebra automorphism shifting all x variables, that is,

V(i) = iv1, v @) = w1, (3.3)
Y(pr) = pr + 25, v (k) = i — 2 (3.4)
1[13&]

be the usual Schubert polynomial but computed using the variables x,, xpy1,...,z, instead of

Given w € Sz, let [p,q] C Z be an interval that contains all nonfixed points of w. Let &

starting with x1. This is the same as shifting w to start at 1 instead of p, constructing the
Schubert polynomial, and then shifting variables to start at x, instead of z1. That is,

SE N (ap, ..., 20) = 7' (S y1-puy(@4))-

We say that the limit of a sequence fi, f2,... of formal power series is equal to a formal
power series f if, for each monomial M, the coefficient of M in f1, fo,... eventually stabilizes
and equals the coefficient in f.

THEOREM 3.2. For w € Sz, there is a well-defined power formal series %w cR given by

S, = lim Glpd
p——o0
g—00

called the back stable Schubert polynomial. It has the monomial expansion

gw = Z Z Ty Thy -+ Tty (3.5)

aiaz---apERed(w) b1 <ba <<y
a;<aj+1 = bi<bi+1

bi<a;

in which b; € Z. Moreover, the back stable Schubert polynomials are the unique family {gw €
«—
R | w € Sz} of elements satisfying the following conditions:

«—
G =1, (3.6)
gw is homogeneous of degree {(w), (3.7)

-
= {GU,SZ, if ws; < w, (3.8)

0 otherwise.
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Proof. The well-definedness of the series and its monomial expansion follows(_by taking the limit
of (2.10). Let w € Sz. For i < 0 we have ws; > w. By (2.15) and Lemma 2.3, &, is s;-symmetric.
Thus gw is back symmetric. -

Properties (3.6), (3.7) and (3.8) hold for &,, by the corresponding parts of Theorem 2.7 for
usual Schubert polynomials. O

PROPOSITION 3.3. For w € Sy, we have 7(@1”) = gv(w).

PROPOSITION 3.4. For A\ € Y, we have (G_Suu = s) € A(z_), the Schur function.

Proof. Let 0 < k < n be large enough such that A is contained in the k x (n — k) rectangular
partition. For such partitions the map A +— +*(w)) defines a bijection to the k-Grassmannian
elements of Sy,. It is well known that & k()= sx(z1,...,xg) [Fuld7, Chapter 10, Proposi-
tion 8]. Applying =% we have 6,[}};k’n_k] =sx(x1-k...,2_1,20). The result follows by letting
k,n — oo. ]

By Propositions 3.3 and 2.6 we have

—
S = 2°) + reverse-lex lower terms. (3.9)

THEOREM 3.5. The back stable Schubert polynomials form a Q-basis of R.

Proof. By (3.9) the back stable Schubert polynomials are linearly independent. For spanning,
using Proposition 3.3 and applying 4" for n sufficiently large, it suffices to show that any element
of A(z_) ® Q[x4] is a Q-linear combination of finitely many back stable Schubert polynomials.
This holds due to the unitriangularity (3.9) of back stable Schubert polynomials with monomials
and the following facts: (i) the reverse-lex leading monomial z” in any nonzero element of A(z_) ®
Q[z 4] satisfies - - - < f_o < P-1 < Po; (i) if w € Sz is such that ¢(w) = S for such a 3, then - - - <
w(—2) < w(—1) < w(0); (iii) for such w, <€_5w is symmetric in z_ so that Ew € Az_) @ Qz];
(iv) there are finitely many + below 3 in reverse-lex order such that 7 and z” have the same
degree, and satisfying - -+ < y_2 < v-1 < Y. d

3.4 Stanley symmetric functions
Stanley [Sta84] defined Stanley symmetric functions Fy,(x) to enumerate reduced decomposi-
tions of permutations. These symmetric functions are also called stable Schubert polynomials,
and are usually defined by Fy(24) := limy oo ©yn(yw)(74). Our definition F,, of Stanley sym-
metric function agrees (by Theorem 3.9) with the standard definition up to using z_ instead
of .

There is a Q-algebra map 7y : Q[z] — Q given by evaluation at zero: x; — 0 for all i € Z.
This induces a Q-algebra map 1 ® g : R — A ®g Q = A, which we simply denote by 79 as well.

Remark 3.6. The map ny ‘knows’ the difference between z; € Q[z] and the x; that appear in
A=A(z_).

For w € Sz, we define the Stanley symmetric function by

Fu = 10(64) € A. (3.10)
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Recall the shifting automorphism ~ : Sz — Sz from §2.1.
—
LEMMA 3.7. For f € R, we have no(~(f)) = no(f)-

Proof. This holds sincg 7o is a Q-algebra homomorphism and the claim is easily verified for the
algebra generators of R. g

COROLLARY 3.8. For w € Sz, we have F, () = Fy.

Proof. Using Lemma 3.7 and Proposition 3.3, we have F, :Uo(gv(w)) :no(y(gw)) =
—
M0(Sw) = Fu. O

THEOREM 3.9 (cf. [Sta84]). For w € Sz, we have

F, = Z Z Tp, Ty =+ T, - (3.11)

araz-ag€Red(w) b1 <ha<-<hp <O
a;<aj41 = bi<bi+1

Proof. By Corollary 3.8 we may assume that w € S;. Since ws; > w for i <0, %w is s;-
«— —

symmetric for i < 0, that is, &, € A ® Q[z]. Therefore F,, is obtained from &, by setting

x; = 0 for ¢ > 1. Making this substitution in (3.5) yields (3.11). O

The Edelman—Greene coefficients j\' € Z are defined by
Fu=Y j¥sx (3.12)
A

These coeflicients are known to be nonnegative and have a number of combinatorial interpre-
tations: leaves of the transition tree [LS85], promotion tableaux [Hai92], and peelable tableaux
[RS98]. In particular, by [EG87] j} is equal to the number of reduced word tableaux for w: that
is, row strict and column strict tableaux of shape A\ whose row-reading words are reduced words
for w.

Let w be the involutive Q-algebra automorphism of A defined by w(p,) = (—1)""1p, for r > 1.
We have w(sy) = sy for A € Y. The action of w on a homogeneous element of degree d is equal to
that of the antipode times (—1)d. Let w also denote the automorphism of Sz, given by s; — s_;
for all ¢ € Z.

PROPOSITION 3.10. For w € Sz, we have F\,-1 = w(Fy) = Fi,(y)-

Proof. Reversal of a reduced word gives a bijection Red(w) — Red(w™!) that sends a
Coxeter-Knuth class of shape A (see §5.8) to a Coxeter-Knuth class of shape X. The first
equality follows.

Negating each entry of a reduced word gives a bijection Red(w) — Red(w(w)) which sends
a Coxeter—Knuth class of shape A to a Coxeter—Knuth class of shape \. The second equality
follows. g
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ProrosiTiON 3.11. For w € Sz, we have

A(Fy)= Y F.®F, (3.13)
Fo(/z) = (=)™ E, (), (3.14)
Fy(z/a) = > (~1)"™F, i (a)Fy(), (3.15)
Fw(a/a) = 5w,ida (3.16)
Fy(x)= > (=)™ F,1(a)Fy(z)F.(a) (3.17)

Proof. Equation (3.13) follows by plugging in two set of variables into (3.11). Equation (3.14)
follows from Proposition 3.10. Equation (3.15) is obtained by combining (3.13) and (3.14).
Equation (3.16) follows from the Hopf algebra axiom which asserts that superization followed
by multiplication is the counit. For (3.17) we have

Y (D)WE(@)F(@)F(a) = Y (~1) ™ F, 1 (a)Fy(a)F. ()

w=uvz w=uvz
= Y Fya/a)F.(z) = Fy(x)
w=yz
using cocommutativity, (3.15), and (3.16). O

3.5 Negative Schubert polynomials

The following Schubert polynomials are indexed by permutations in S_, contain variables indexed
by nonpositive integers, and may contain signs. Recall S_ and S from §2.1 and the automor-
phism w of Sz. It restricts to an isomorphism S_ — S,. Let w : Q[z] — Qz] be the Q-algebra
automorphism defined by w(z;) = —x1_; for i € Z. For u € S_, define &,,(x_) € Q[z_] by

Sulr-) = (S (r1)). (3.18)

That is, in w replace the negatively indexed reflections with positively indexed ones, take
the usual Schubert polynomial in positively indexed variables, and then use w to substitute
nonpositively indexed x variables for the positively indexed ones (with signs).

Ezample 3.12. For u = s_35_25_1, we have w(u) = 835251, Ggys,5,(74) =3, and &,(z_) =
—23. For i > 0 we have &5_, = wG;, = w(w1 + -+ ;) = — (00 + T—1 + -+ + T14).

By Theorem 2.5, we have

Gu(z-) = Z Z Tp, Tpy -+ Tp, forue S_.
ajaz--ag€R(w)  02b1 2bo>-2by
a;>a;41 = bi>bi+1
b;>a;+1
Note the +1 in b; > a; + 1.
For w € S, define &,,(x) € Q[z] by

Su(x) := 6y (2-)S,(xy) where w = uv with uw € S_ and v € S. (3.19)
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PROPOSITION 3.13. For w € Sy, we have w(Gy(7)) = &) ().

3.6 Coproduct formula

There is a coaction A : R — A ® R of A on <1‘{?, defined by the comultiplication on the first

factor of the tensor product A ®g Q|x].

THEOREM 3.14. Let w € Sz. We have the coproduct formulae

AG,) =Y o6,

w=ry

«—
Su=Y F 6,
w=ry
YES 20

Proof. Equation (3.20) can be deduced from (3.21) and Proposition 3.11:
— —
ABy)= Y ARG, = ) FeoFRG,=)Y F,e6..

w=ry W=uvyY w=uz
YyESx0 YES20

(3.20)

(3.21)

We prove (3.21) by a cancellation argument. We say that a pair of integer sequences (a, b)
of the same length is a compatible pair, if b is weakly increasing and a; < a;41 = b; < bi41.

Let (x,y,a,b) index a monomial 1, = xy, - - - 23, on the right-hand side, corresponding to the

term F, &, and reduced word a = ajas - --a,. By convention, to obtain a, we always factorize

y € Sz asy=y'y" withy € S_ and y” € S;. We will provide a partial sign-reversing involution

¢ on the quadruples (z,y, a, b); the left-over monomials will give the left-hand side.

Suppose £(z) =r, L(y') = s, L(y") =t, and set £ =r+ s+ ¢t. Call an index i € [1,4] bad if
b; > a;, and good if b; < a;. It follows from the definitions that all indices i € [r + s+ 1,/] are
good, while all indices i € [r + 1,7 + s| are bad. Furthermore, if i € [1,7] is bad, then a; < 0.

Let k be the largest bad index in [1, 7], which we assume exists. We claim that s,, commutes
with sq, ., - - 5q,. To see this, observe that if ap € {ax, — 1, ax,ar + 1} where k < k" < r then we

must have by > ays, contradicting our choice of k. If s = 0, we set

Uz, y,a, ) = (a1 k- aplagaryy - ag, by bg - belbrbria - - br) = (%, 7,8, b)

(3.22)

where the vertical bar separates = from y. Thus ' = s,,. If s >0, we compare by, with b,4q.
If by > by4q or (b = byy1 and ap < a,4+1), then we again make the definition (3.22) where now

¥ = sq,y'. We call this CASE A.

Suppose still that s > 0. If (b < by41) or (by = by+1 and ay = ar4+1) or (k does not exist)

then there is a unique index j € [k, r| so that

v(z,y,a,b) = (a1 ajarp10541 - aplarqo - ag, by - bibry1bjiy - bplbpyo---by) = (2,7

a,b)

has the property that (a - - “QjAr 10541 Qpy by bbb - -b,) is a compatible sequence.

In this case, s4,,, commutes with s, , -+ s4,. We call this CASE B.
Finally, if s = 0 and k£ does not exist, then ¢ is not defined.

It remains to observe that CASE A and CASE B are sent to each other via ¢, which keeps

xp constant and changes £(y') by 1.
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Let w be the involutive Q-algebra automorphism of R given by combining the maps w on A

from §3.4 and on Q[z] from §3.5.

PROPOSITION 3.15. For all w € Sz, we have w(gw) = gw(w).

Proof. This follows immediately from Theorem 3.14 and Propositions 3.10 and 3.13.

0

Remark 3.16. The elements {s)y ® &, | A € Y and v € S} form a Q-basis of R. 1t follows from
< —
Theorem 3.14 that the coefficient of sy ® &, in &,, is equal to j}"* Lif f(wo) = L(w) — (v),

and 0 otherwise.

Remark 3.17. Let vy : R — Q[z] denote the linear map given by ‘taking the coefficient of s)’.

Then
«— . —1
A(6y) = > JeT G,
vES#)
Lwv™ ) =t(w)—£(v)
We will give an explicit description of the polynomial 1/)\((6_51”) in Theorem 5.11.

3.7 Back stable Schubert structure constants
For u,v,w € Sy, define the usual Schubert structure constants c;., by

GG, = Y Gy

weSy

For u,v,w € Sz, define the back stable Schubert structure constants ¢, € Q by

— -
6.6, = ?17:)1;611)-
weSy,
By Proposition 3.3, we have
7" (w) _ —w
Conluyn() = Cuw forallu,v,w e Sz and n € Z.

PROPOSITION 3.18.

: «—
(i) For u,v,w € Sy, we have cio, = ¢ ..

(3.23)

(3.24)

(3.25)

(3.26)

(ii) Every back stable Schubert structure constant is a usual Schubert structure constant.

Proof. Consider the Q-algebra homomorphism 7 : ﬁ — Qlz4] sending p, — Oforr > 1, 2, — 0

for i <0 and x; — x; for i > 0. Applying 71 to Theorem 3.14 for y € Sz we have

— G} ifyeS,,
7T+(Gy)_{ Y -

0 otherwise,

(3.27)

because 74 kills all symmetric functions with no constant term and all negative Schubert poly-

nomials of positive degree. Now let w,v € Sy. Applying 74 to (3.25) and using (3.27), (i)

follows.

For (ii), let u,v € Sz. By (3.26), we may assume that u,v € Sy and that the finitely many

w appearing in (3.25) are also in Sy. The proof is completed by applying part (i).
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Example 3.19. We have Egl = §5281 + gswl and 6?1 = Bg,s, - Shifting forward by one we
«— «— «—
obtain 62, = G5, + G4ys, and 62, = Gy, + Sy,

We derive a relation involving back stable Schubert structure constants and Edelman—Greene
coefficients.

PROPOSITION 3.20. Let u € Sy, v € Sy, and A € Y. Let u X v := uy™(v) € Spyn C S4. Then

=Y Tw gy (3.28)

wESy,

Proof. Since u x v € Sy, X Sy, C Sppyp it follows that Guxy = 64,& m(,). We deduce that
«—

Suxv = %ufym(%v) Using the algebra map 79 several times we obtain

— — —
Fuxy = FyuF, :770(610611) :770< Z <E51)611)> = <€1qu‘Fw‘

we Sy, wESy,

Taking the coefficient of sy we obtain (3.28). O

4. Back stable double Schubert polynomials

We define the back symmetric double power series ring, and study the basis of double back stable
Schubert polynomials.

4.1 Double symmetric functions
Let pg(zlla) :== pr(z/a) =3 ;<o x¥ — al, a formal power series in variables x; and a;; it is the
image of py under superization. Let A(z|la) be the Q[al-algebra generated by the elements
pi(z|la), pa(z||a),..., which are algebraically independent over Q[a]. We call A(z||a) the ring
of double symmetric functions (see [Mol09] for more details). For A = (A1, A2, ..., \p) € Y, we
denote px(z[|a) := px, (z]|a) - - - px, ([]a).

The algebra A(z||a) is a Hopf algebra over Q[a] with primitive generators py(x||a) for k > 1.
The counit is the Q[a]-algebra homomorphism € : A(z||a) — Q|a] given by pi(z||a) — 0 for k > 1.
The antipode is the Q[a]-algebra homomorphism defined by pg(z||a) — —pg(z||a) for k > 1.

4.2 Back symmetric double power series -

Define the back symmetric double power series ring R(z;a):= A(z|la) ®g|e Q[z,a], where
Q[z,a] := Q[z;,a; | € Z]. The ring E(a:;a) has two actions of Sz: one that acts on all the
x variables and one that acts on all the a variables, including those in A(z||a). More precisely
for i € Z let s? (respectively s¢) act on (E(:L‘, a) by exchanging z; and x;41 (respectively a; and
a;+1) while leaving the other polynomial generators of Q[z, a| alone and

v o fpetala) iti 40,
_ Jpi(lla) if i # 0,
mmmmw{mmm+%_ﬁi“:0. (42)
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For w € Sz, we write w” (respectively w®) for this action of w on the z-variables (respectively
a-variables).

4.3 Lo(galization of back symmetric formal power series
Let € : R(z;a) — Qa] be the Q[a]-algebra homomorphism which extends the counit € of A(z||a)
via

e(pr(x]la)) =0 forall k > 1, (4.3)
e(x;) =a; forallieZ. (4.4)
In other words € ‘sets all x; to a;’ including those in pg(x||a). Define
flw =€e(®(f))) = f(wa;a) for f(x,a) € ﬁ(az;a) and w € 57. (4.5)
For any w € Sz, let
Iy 4 = Zso Nw(Zgo), (4.6)
Iy :=Zg<o Nw(Zso). (4.7)

The map w + (L +, Ly —) is a bijection from SY to pairs of finite sets (I;,1_) such that
I C Zso, I- C Zgo, and |I;| = [I_|. Then the following holds.

LEMMA 4.1. We have pg(z||a)|w, = Zz’elw,+ af — Zz’elw,_ ak.

Ezxample 4.2. Using w = w)y of Example 2.2 we have I,, + = {1,3} and I, - = {—1,0}. Therefore
k k

pi(@||a)|w = af + af —a¥y — af.

4.4 Back stable double Schubert polyr}i)mials

Let v be the Q-algebra automorphism of R(z;a) which shifts all variables forward by 1 in
P

R(x;a). That is, y(2;) = ®iy1, y(a;) = air1, and y(pr(z||a)) = pr(x||a) + 2§ — af. As before, let
[p, ¢] be an interval of integers containing all integers moved by w € Sz. Define

61[5’(]] (z;a) :== ’yp_l(G'yl—P(w) (z45a4)). (4.8)
For w € Sy, define the back stable double Schubert polynomial <gw(gt:; a) by
(G_Bw(x; a) ;= lim 61[{}’"1] (z;a). (4.9)
v

There is a double version of the monomial expansion (Theorem 2.5) of Schubert polynomials;
see for example [FK96]. However, the well-definedness of &, (z;a) is not apparent from that
expansion. In Theorem 5.13 we give a new combinatorial formula for &,,(z; a4 ) using bumpless
pipedreams as a sum of products of binomials z; — a;. Theorem 5.13 is compatible with the back
stable limit and yields a monomial formula (Theorem 5.2) for the back stable double Schubert
polynomials.

PROPOSITION 4.3. For w € Sz, &, (x;a) is a well-defined series such that

Suwa)= Y (-1)'™E, 1(a)S,(). (4.10)

w=uv
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Proof. Since length-additive factorizations are well behaved under shifting it follows that
&5 (w5 a) = 1" (61-pu) (w43 a))

R O DL LN R

w=uv
= > () Wer @sl()
w=uv
using Proposition 2.11. Taking the limit as p — —oo and ¢ — oo we obtain (4.10). O

COROLLARY 4.4. For w € Sz, we have ’y(gw(x; a)) = (g'y(w) (z;a).

COROLLARY 4.5. For w € Sz, we have

Suwa)= Y (-1 W&, 1(a)F,(z/a)8.(x). (4.11)

In particular, gw(x;a) € R(x;a).
Proof. Using (3.21) and Propositions 4.3 and 3.11 we have

Sul(zsa) = Z (-1 8 -1(a) & (2)

=2 Z Y. ()R (@80 ()P (2)80 (0)
w=uv U —ulvlv “Ugv2

V1 GS#O 'U2€S750

= Y ()T, () Fy () Py (2)S 0, (2)

wivflufluzvg
v1,v2€8%0

= Y (D8, (0)Fu(e/0)S0, (). 0
wi’ul_luvg
v1,v2€820

Ezxample 4.6. We have

(z;0) = =6, (a) + Fs,(z/a) = =6, (a) + s1(x/a) = si[z<o — axil,
Sya0(310) = —64,(a) Fyy (2/a) + Fyyso(w/a) = —arsi(z/a) + sa(x/a),
5150 = =85 1 (a)Fs,(x/a) + Fs_,s(x/a) = apsi(x/a) + s11(z/a),
sos_1 = Fsgs_,(x/a) + F5, 65, (z) = sa(x/a) + s1(x/a)(—xo).
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THEOREM 4.7. The back stable double Schubert polynomials {gw(x;a) € <E(:t:;a) | we Sz}
form the unique family of power series satisfying the following conditions:

«—
G =1, (4.12)

«—

Sy(asa) =0 if w #1id, (4.13)

-
Suys,; (z;a)  ifws; < w, (4.14)
0 otherwise.

Aigw(:n; a) = {

The elements {%w(x; a) | w e Sz} form a basis of (E(x, a) over Q|a].

Proof. Uniqueness follows as in the proof of Theorem 3.2. Since the double Schubert polynomials
are related by divided differences, the corresponding fact (4.14) also holds. For (4.13), applying
the map € of §4.3 to (4.11) and using (3.16), we have

H
Gulaia)= Y  (-1)'"6&,(a)6.(a).

u2€ 500
This is 0 automatically if w & S.o. If w € S\ {id} then the vanishing follows from the
straightforward generalization of Lemma 2.10 to &, for w € Sxo.

The basis property follows from the fact that setting a; = 0 for all ¢ € Z gives <gw(:z‘,()) =
—
S () and the latter are a basis of A ® Q[z]. O

The back stable double Schubert polynomials localize the same way that ordinary double
Schubert polynomials do in the following sense.

PROPOSITION 4.8. Let v,w € Sz and let [p,q] C Z be an interval that contains all elements
[I%q](
v

moved by v and by w. Then %v(wa; a) = &y *(wa;a).

Proof. By Corollary 4.4 we may assume that [p, ¢] = [1,n] for some n so that v,w € S,,. We are
specializing x; — a,(;) for all 4, and in particular x; — a; for all 4 < 0. Under this substitution
all the super Stanley functions in (4.11) vanish except those indexed by the identity. Using
Proposition 2.11, we have

& (wasa) = > () ME, -1 ()6 (wa) = D (1) WS,-1(a1)6.(way) = Sy (way;ay).

v=uz v=uz
u,ZES?gO u,zESp

O

Let s¢ and A be the reflection and divided difference operators acting on the a-variables in
both Q[a] and in p,(z||a).

PROPOSITION 4.9. For all i € Z and w € Sz, we have

A?%w(as;a) _ —(G_Ssiw(m;a) if siw < w,
0 otherwise.
Proof. This follows from (4.10) and (3.8). O
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4.5 Double Schur functions
We realize the double Schur functions (see [Mol09]) as the Grassmannian back stable double
Schubert polynomials. As such our double Schur functions are symmetric in x_. In Appendix A
a precise dictionary is given which connects our conventions with the literature, which uses
symmetric functions in x.

Let v, be the shift of all of the a-variables, that is, the Q-algebra automorphism of A(z||a)
given by

Ya(ai) = ait1, Yo (ai) = a;1, (4.15)
Ya(pr(z||a)) = pr(z||a) — af, Yo Hpr(2|]a)) = pr(za) + af. (4.16)

By definition -, leaves the = variables alone. For A € Y define the double Schur function sy (z||a) €
A(z||a) by
he(z||a) == 7L (he(z/a))  sa(z]|a) = detyL I (hy,—ivi(@]]a)). (4.17)

Ezample 4.10. The double Schur functions for A = (r) and A = (1,1) are given by

hy(z||a) = hy(z<o/agr—1) forr>1,

o (ella) A (a(alla))
sui(rfla) = det (ho(w\a) fya%hl(xua)))

= hi(z<o/aco)(r<0/ag-1) — ha(r<o/a<o)
= hi(z/a)(h1(z/a) + ag) — ha(z/a)
= s11(z/a) + apsi(z/a) = gs,lso(l’; a)

by Example 4.6 for w 1) = s-150.
PROPOSITION 4.11. For A € Y, we have (G_BwA (xz;a) = sx(x]]a).

Proof. Using [Mol09, (2.21)], one may compute sx(z||a)|., and show that sy(z||a)|., vanishes
when A\ € p (see also [LS13, Theorem 7)).

The result then follows from the characterization of <€—5w (x;a) obtained by combining
Proposition 6.3 and Theorem 6.6 below. O

4.6 Double Stanley symmetric functions
We introduce the double Stanley symmetric functions F,,(z||a) for w € Sz. If w is a 321-avoiding
permutation, we recover Molev’s skew double Schur function; see Appendix A.4.

Let 7, be the Qla]-algebra homomorphism Q|x, a] — Q[a] given by z; — a;. This induces a
Qlal-algebra map 1 ® 1, : <l‘t?(av, a) — A(zl|a) ®qgjq Qla] = A(z|la), which we simply denote by 74
as well.

Remark 4.12. Analogously to 79 in Remark 3.6, the map 7, substitutes z; — a; for the x;
generators of Q[z] but leaves the ‘z; in A(z||a)’ alone.

For w € Sz, define the double Stanley symmetric function Fy(z||a) € A(x||a) by

Fu(ala) == na(& u(x3)). (4.18)
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PROPOSITION 4.13. For w € Sz, we have

Fy(zlla) = ) (-1)"&,-1(a)Fy(z/a)6(a).

w=uvz
u,2€85+0

Proof. This follows from the definition (4.18) and Corollary 4.5.

PROPOSITION 4.14. For A € Y, we have Fy, (z||a) = sx(z||a).

(4.19)

Proof. The Grassmannian double Stanley function is a double Schur function: F,, (z||la) =

«— —
Na(Sw,) = Gw, = sa(z|la) by Proposition 4.11, since 7, is the identity when restricted to

A(z||a).

4.7 Negative double Schubert polynomials

O

Let w be the involutive Q-algebra automorphism of Q[z; a] given by w(x;) = —x1—; and w(a;) =
—aj—; for i € Z. For w € S_, define the negative double Schubert polynomial &, (x_;a_) €

Qz—,a-] by
Guw(r—5a-) = w(Gyw)(T4;a4)) forwe S .

Define &, (x;a) € Q[z;a] for w € Sy by

Suy(z;a) :=6y(r4;04)6y(z_;a_) where w =uv with we Sy and ve S_.

PROPOSITION 4.15. For w € S4g, we have

Gw(aj) = Z GU(G)GU(J:;Q)'

w=uv

(4.20)

(4.21)

(4.22)

(4.23)

Proof. Equation (4.22) is straightforwardly reduced to the case that w € S, which is Proposi-

tion 2.11. Equation (4.23) follows from (4.22) by Corollary B.3.

4.8 Coproduct formula

O

There is a coaction A : (}_E(x;a) — A(z||a) ®qgq <E(xHa) of A(x||a) on (E(az;a), defined by the

comultiplication on the first factor of the tensor product A(x||a) ®g[ Q[z, a].

THEOREM 4.16. Let w € Sz. We have the coproduct formulae

A(Sy(x30) = 3 Fulella) ® 8,(3a),
gw(x; a) = Z E.(z||a) 6y(z;a).
Ve
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Proof. We first deduce (4.24) from (4.25). Using Corollary 4.5, Proposition 4.13 and Lemma 2.10
we have

ZF Ha@G( a)

w=uv

= Z (—1)€(u1)+£(u2)6u;1(a)Fv1 (/a)6,, (a) ® 65u271(a)Fv2 (x/a)6,,(x)

W=UTV121U2V229
Ui, 25 65’750

= E (—1)Z(u1)€5u;1(a)Fy1 (x/a) @ Fy,(x/a)6,,(x)

wiul V1V222
u1,22€S5+0

:A( Z (_1)€(u1)6u11(a)Fv(x/a)6Z2(33)>

W=u1v29
u1,22€S520

«—
= A(Gy(x;a)).
For (4.25), using Propositions 4.13 and 4.15 we have

3 Rualla) Su(zia)= > (-1, 1 (a)F, (¢/a)8., ()&, (x; a)

w=uv W=U1V1 21V
v€S+0 u1,21,V€S %0

= Y ()8, (0)F, (1/a)S.(2)

W=U1v12
u1,2€S5%0

= (G_Bw(x; a). O
COROLLARY 4.17. Let w € Sy. Then

A(Fy(z|la)) = > Fu(z|la) @ Fy(x]|a).

wW=uv

Proof. We have Aon, = (1®mn,) oA acting on ﬁ(x;a), where (1®7,) acts on A(x||a) ®q[
TB(:E; a) by acting as 7, on the second factor. The result follows from (4.24). O

Recall the definition of wy,, from (2.2).

COROLLARY 4.18. For A € Y, we have

A(sx(zlla)) = ) Fu,,(z]la) ® s,(z]|a). (4.26)
HCA

Proof. Consider (4.24) for gwA (z;a) = sx(z||a). Let wy = uv. Since wy € SY it follows that
v e S). Let 1 € Y be such that p C X and w,, = v. Then u = w),, and (4.26) follows. O

4.9 Dynkin reversal
Extend the Q-algebra automorphism w of Q[z;a] to R(a: a) by w(pr(z||a)) = (=1)* pi(x||a).
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PROPOSITION 4.19. We have
w(f)|w(v) =w(fly) for fe ﬁ(m;a) and v € Sy,
W) =7 @) for | € R(xsa).
Moreover,
r/a)) = Fyw)(x/a) forv e Sz,
gw(v) (x;a) forwv € Sz,
= F(z|la)  forv e Sz,
= sy (z]]a) for \ €Y.

Proof. 1t is straightforward to verify (4.27) on Q-algebra generators with the help of Lemma 4.1.

Equation (4.28) is also easily verified on algebra generators.

Equation (4.29) follows from Proposition 3.10 by superization. Equations (4.30) and (4.31)
follow by applying w to the coproduct formulae (4.25) and Proposition 4.13. Equation (4.32)

follows from (4.30) and Proposition 4.11 using w(wy) = wy.

Alternatively, (4.30) follows from the uniqueness of the Schubert basis as defined by

localizations.

4.10 Double Edelman—Greene coefficients
Define the double Edelman—Greene coefficients jy' (a) € Q[a] by the equality

Fy(lla) = Z]A )sa(xl]a).

LEMMA 4.20. We have ji’(a) = 0 unless w = id, and jé)d =1.

O

(4.33)

Proof. By Theorem 4.7, we have <gw(a; a) =0 if w #id and %id(a; a) = 1. The result follows

by localizing both sides of (4.33) at id.

Ezample 4.21. We have F,

sipas (2]la) = sa(zlla) + (a1 — ag41)s1(z]|a) and Fos

0

(z[|a) =

s11(z||a) + (ax — ao)s1(x||a) for all k € Z. Thus j;***(a) = a1 — apy1 and 57 (a) = ay — ao.

THEOREM 4.22. Let x € Sz and v € SY. Then jZ(a) € Q[a] is a positive integer polynomial in

the linear forms a; — a; where i < j under the total ordering of Z given by
1<2<3<--<-2<-1<0.

Theorem 4.22 will be proven in §9.9.
Define the coproduct structure constants él)‘w(a) € Q[a] for A\, u,v € Y by

A(sy(alla)) = D & (a)sulzlla) ® sy (al]a).

H,VEY

PROPOSITION 4.23. For A, u,v € Y, we have éf;l,(a) =5, M"(a).
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Proof. This holds by taking the coefficient of s, (z||a) ® s,(x||a) in (4.26). O

A

7v(a) which is positive in the sense of

Remark 4.24. In Theorem 8.18 we give a formula for ¢é
Theorem 4.22 in the special case that u or v is a hook.

Let d(\) be the Durfee square of A € Y, the maximum index d such that Ay > d. The following
change of basis coefficients between the double and super Schur bases were previously computed
in [ORVO03] expressed as a determinantal formula and in [Mol09] by a tableau formula. We give
them as (signed) Schubert polynomials.

PROPOSITION 4.25. For A € Y, we have

s@lla) = Y ()MVE, o (@)su(a/a), (4.35)
dG=d)
sa(z/a) =Y G, (a)su(z]a). (4.36)

pCA
d(p)=d(\)

Proof. Consider (4.11) for gw = sa(z|la). For wy =wwvz, arguing as in the proof of
Corollary 4.18, we first have z € S N S = {id}. Next we deduce that v = w), for some p € Y
such that p C A. Thus u = wy/,. The condition w)/, € Sz holds if and only if the skew shape
A/p contains no boxes on the main diagonal, that is, d(\) = d(u). This proves (4.35).

Equation (4.36) follows from (4.35) by Corollary B.3. O

Example 4.26. Let = (1) so that d,, = 1 and w, = s9. Consider the X such that s;(z||a) occurs
in s)(z/a). We must have d(A) = 1, that is, A is a hook (p + 1,19) for p,q > 0. Then &, , (a) =
(—ao)?ay.

5. Bumpless pipedreams

We shall consider various versions of bumpless pipedreams. These are tilings of some region in
the plane by the tiles: empty, NW elbow, SE elbow, horizontal line, crossing, and vertical line.

P lda= 5

We shall use matrix coordinates for unit squares in the plane. Thus row coordinates increase
from top to bottom, column coordinates increase from left to right, and (4, j) indicates the square
in row ¢ and column j.

5.1 Sz-bumpless pipedreams
Let w € Sz. A w-bumpless pipedream is a bumpless pipedream covering the whole plane,
satisfying the following conditions.

(i) There is a bijective labeling of pipes by integers.
(i) The pipe labeled i eventually heads south in column i and heads east in row w1 (4).
(iii) Two pipes cannot cross more than once.
(iv) For all N > 0 and all N < 0, the pipe labeled N travels north from (co, N) to the square
(N, N) where it turns east and travels towards (N, o).
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FIGURE 1. A bumpless pipedream with weight wt = (z_1 — a_1)(z1 — ag)(z1 — a2).

Because of condition (ii), every pipe has to make at least one turn. We call pipe i standard
if it makes exactly one turn and this turn is at the diagonal square (i,4). By (iv), all but finitely
many pipes are standard. We often omit standard pipes from our drawings of pipedreams. The
weight wt(P) := [[(x; — a;) of a pipedream P is the product of ; — a; over all empty tiles (7, j).

Ezample 5.1. Let w = s3s0s1. In one line notation, w(—2,—1,0,1,2,3,4) = (-2,-1,1,2,0,4, 3)
and the rest are fixed points. Figure 1 shows a w-bumpless pipedream, where we have only drawn
the region {(i,7) | 7,7 € [-2,4]}. In the left picture, the empty tiles have been indicated, as have
the row and column numbers. The label of a pipe is the column number to which its south end
is attached. In the right picture, we have indicated the labels of the pipes instead of the row
numbers. The one-line notation of w can then be read off the east border.

THEOREM 5.2. Let w € Sz. Then gw(x; a) =Y pwt(P) where the sum is over all w-bumpless
pipedreams.

The proof of Theorem 5.2 is delayed to after Theorem 5.13.

5.2 Drooping and the Rothe pipedream

A w-bumpless pipedream is uniquely determined by the location of the two kinds of elbow tiles.
Each pipe has to turn at least once. There is a unique w-bumpless pipedream such that for all 7,
pipe i turns right from south to east in the square (w='(i),4). We call this the Rothe pipedream
D(w) of w. The empty tiles of the Rothe pipedream form what is commonly known as the Rothe
diagram of w.

Let P be a w-bumpless pipedream. A droop is a local move that swaps an SE elbow e with
an empty tile ¢, when the SE elbow lies strictly to the northwest of the empty tile. Let R be the
rectangle with northwest corner e and southeast corner ¢ and let p be the pipe passing through
e. After the droop, the pipe p travels along the southmost row and eastmost column of R; a NW
elbow occupies the square that used to be empty while the square that contained an SE elbow
becomes empty. The droop is allowed only if all the following hold.

(i) The westmost column and northmost row of R contains p.
(ii) The rectangle R contains only one elbow which is at e.
(iii) After the droop we obtain a bumpless pipedream P’.
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FIGURE 2. A Rothe bumpless pipedream P, and a sequence of two droops.

Pipes p’ # p do not move in a droop. We denote a droop by P \, P’. Figure 2 shows a Rothe
bumpless pipedream followed by a sequence of two droops.

PROPOSITION 5.3. Every w-bumpless pipedream can be obtained from the Rothe pipedream
D(w) of w by a sequence of droops.

Proof. Let P’ be a w-bumpless pipedream which is not the Rothe pipedream and e be an NW
elbow that is northwestmost among NW elbows in P’. Let p be the pipe passing through e. Then
p passes through SE elbows f (respectively f’) in the same row (respectively column) as e. Let
R be the rectangle bounded by e, f, f/ with northwest corner ¢. It is easy to see that ¢ must be an
empty tile and R does not contain any other elbows. Thus there is a droop P \, P’ which occurs
in the rectangle R, and P has strictly fewer NW elbows than P’. Repeating, we eventually arrive
at the Rothe pipedream. O

COROLLARY 5.4. The number of empty tiles in a w-bumpless pipedream is equal to {(w).

5.3 Halfplane crossless pipedreams
Let P be an Sz-bumpless pipedream. By (iv) of the definition, only finitely many crossings
appear. If we cut off, using a horizontal line, the bottom part of P containing all crossing tiles,
we will obtain a picture that we call a halfplane crossless pipedream. It turns out that the double
Schur function is a generating function of such pipedreams.

For A € Y, a A-halfplane pipedream is a bumpless pipedream in the upper halfplane H =
Zgo x Z such that the crossing tile is not used, and:

(i) there are (unlabeled) pipes entering from the southern boundary in the columns indexed
by I C Z;
(ii) setting (I4,1-) = (I NZso,Z>o \ I), we have I+ = I, + (see (4.6), (4.7), and (2.1));
(iii) the ith eastmost pipe entering from the south heads off to the east in row 1 — i. (Equivalently,
for every row i € Zo, there is some pipe heading towards (i, 00).)

As before, the weight of a A\-halfplane pipedream is wt(P) = [[(«; — a;), where the product
is over all empty tiles (i, 7) in the halfplane H.

For example, taking A =(2,1,1) we have wy = s_2s_1s150 and (I+,1_) = ({2},{-2}).
Figure 3 shows a A-halfplane pipedream.

LEMMA 5.5. The number of empty tiles in a A\-halfplane pipedream is equal to |A|.
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FIGURE 3. A (2,1,1)-halfplane pipedream with weight wt = (z_3 —a_3)(x_2 —a_3)(x_1 —
ap)(zo — a—2).

THEOREM 5.6. Let A be a partition. Then sy(z|la) = )" pwt(P) where the sum is over all
A-halfplane pipedreams.

The proof of Theorem 5.6 is delayed to after Theorem 5.13.

A Zgo-semistandard Young tableau (SSYT) of shape A is a filling of the Young diagram
A (in English notation) with the integers 0,—1,—2,... such that rows are weakly increasing
and columns are strictly increasing. The weight wt(T") of a Z<o-SSYT is the product wt(T") =
H(i,j)eT(xT(i,j) — Q7(ij)+c(i,j)) Where c(i, ) = j — i is the content of the square (4, j) in row i and
column j.

COROLLARY 5.7. Let A be a partition. Then sy(x|la) = Y, wt(T') where the sum is over all
Z<o-SSY'T of shape .

5.4 Rectangular S,,-bumpless pipedreams
Let w e S,. A w-rectangular bumpless pipedream is a bumpless pipedream in the n X 2n
rectangular region

R, :={(i,7) |i € [1,n] and j € [1 — n,n]}.

The pipes are labeled 1 —n,2 —n,...,0,1,...,n, entering the south boundary from left to right.
The positively labeled pipes exit the east boundary: pipe ¢ exits in row ¢. The nonpositively
labeled pipes exit the north boundary. Two pipes intersect at most once, and a nonpositively
labeled pipe cannot intersect any other pipe. As before, the weight of a rectangular .S,,-bumpless
pipedream P is given by wt(P) = [[(z; — a;), with the product over all empty tiles (4, j).

LEMMA 5.8. Let w € S,. Suppose P is an Sz-bumpless pipedream for w (considered an element
of Sz. Then the region inside the rectangle R,, is an S,-rectangular bumpless pipedream for w.

We also associate a partition A(P) to an Sp-rectangular bumpless pipedream: it is obtained
by reading the north boundary edges from right to left, to then obtain the boundary of a partition
inside a n x n box, where empty edges correspond to steps to the left, and edges with a pipe
exiting correspond to downward steps. See Figure 4, where empty edges are marked e and edges
with a pipe exiting are marked z.

LEMMA 5.9. Let w€ S, and P be a w-bumpless pipedream. We have ((w) = |\(P)|+
deg(wt(P)).
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F1GURE 4. The partition of a rectangular S,,-bumpless pipedream.

Ezxample 5.10. Let w = 2143. In Figure 5 is a complete list of all w-bumpless pipedreams. The
nonpositively labeled pipes are those which enter from the bottom to the left of the dotted line.

THEOREM 5.11. Let w € S;,. Then we have gw(:c; a) = Y pwt(P)sxp)(x||a) where the sum is
over all w-rectangular bumpless pipedreams.

Theorem 5.11 is proved in §12.4.

COROLLARY 5.12. Letw € S,,. Then Fy(x|[a) = Y pna(wt(P))sp)(z||a) where the sum is over
all w-rectangular bumpless pipedreams.

5.5 Square S,,-bumpless pipedreams
Let w € S,,. A w-square bumpless pipedream is a bumpless pipedream in the n x n square region

Sy :={(,j) | i €[l,n] and j € [1,n]}.

The pipes are labeled 1, ..., n, entering the south boundary from left to right. The pipes exit
the east boundary: pipe i exits in row ¢. Two pipes intersect at most once. As before, the weight
of a square S,-bumpless pipedream P is given by wt(P) = [[(z; — a;), with the product over all
empty tiles (4, 7). In Example 5.10, if we erase the left half and all nonpositively labeled pipes,
we obtain a square 2143-bumpless pipedream.

THEOREM 5.13. For w € S,, we have &, (z4;a4) = > pwt(P) where the sum is over all w-
square bumpless pipedreams.

Proof. By Theorem 4.16 and Lemma 4.20, when gw(aur; a4 ) is expanded in terms of {s)(z||a) |
A € Y}, the coefficient of sy(x||a) is equal to & (x4;a4). By Theorem 5.11, we thus have

Cuy(xi;aq) = Zwt(P)
P

summed over w-rectangular bumpless pipedreams P satisfying A(P) = ). The condition A(P) = ()
is equivalent to all nonpositively labeled pipes in P being completely vertical. In particular, the
nonpositively labeled pipes stay within the left n x n square of P. Such pipedreams are in
weight-preserving bijection with w-square bumpless pipedreams. O

Proof of Theorem 5.2. The special role of the row and column indexed 0 is arbitrary. In
Theorem 5.13, we could obtain a formula for the double Schubert polynomial S (x;a) (with

variables zp, Zpy1,. .., 2y and ap, apy1, ..., ay) if we worked with square w-bumpless pipedreams
in rows and columns indexed by p,p + 1,...,n. We note that such bumpless pipedreams are back
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FIGURE 5. Rectangular S,,-bumpless pipedreams for w = 2143.

stable: there is a natural weight-preserving injection sending such a pipedream for G%’n} (z;a)
[pfl»n}

to a pipedream for Gy, (z;a). The union of all such square w-pipedreams are exactly the
w-bumpless pipedreams of Theorem 5.2. Taking p — —oo, Theorem 5.2 thus follows from the
definition of back stable double Schubert polynomial. O

Proof of Theorem 5.6. We apply Theorem 5.2 to w = wy. We have wy(1) < wy(2) < --- and
wx(0) > wx(—1) > ---. It follows that in a wy-bumpless pipedream the following are true.

913

Downloaded from https://www.cambridge.org/core. IP address: 216.252.196.33, on 29 Jul 2021 at 18:16:12, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1112/5S0010437X21007028


https://www.cambridge.org/core/terms
https://doi.org/10.1112/S0010437X21007028
https://www.cambridge.org/core

T. LAM, S. JIN LEE AND M. SHIMOZONO

f—2
1
(r3
1 2 3

FIGURE 6. A 213-EG pipedream with partition (1).

(i) There are no crossings in rows indexed by nonpositive integers.
(ii) There are no empty tiles in rows indexed by positive integers.

Thus the lower half of a wy-bumpless pipedream P is completely determined by A, and the
upper half is a A-halfplane pipedream. O

5.6 EG pipedreams

Let w € S,,. Let P be a w-square bumpless pipedream. We call P a w-FEG pipedream if all the
empty tiles are in the northeast corner, where they form a partition shape A = A(P), called the
shape of P. See Figure 6.

THEOREM 5.14. The Edelman-Greene coefficient j\' = jV(0) of (3.12) is equal to the number
of w-EG pipedreams P satisfying A(P) = \.

Proof. Specializing a; = 0 for all 7 in Corollary 5.12, we obtain Iy, = ) p s\(p) where the sum is
over all w-rectangular bumpless pipedreams P with no empty tiles. In particular, the positively
labeled pipes in the right n x n square of P forms a w-EG pipedream. The nonpositively labeled
pipes in P have to fill up all the remaining tiles, and since they cannot intersect, there is a
unique way to do so. Thus there is a bijection between w-rectangular bumpless pipedreams with
no empty tiles and w-EG pipedreams. Finally, one verifies from the definitions that A(P) is
defined consistently for the two kinds of pipedreams. O

An empty tile 7" in a bumpless pipedream D is called a floating tile if there exists a pipe
that is northwest of T'. A bumpless pipedream D is called near EG if it has a single floating tile.

5.7 Column moves
We define column moves that modify a bumpless pipedream in two adjacent columns; see
Figure 7. Only one of the pipes (the active pipe) is drawn in these pictures. For the move
to be allowed, the southeastmost tile must be an empty tile (before the move), and it must be
the only empty tile. Thus the move takes the empty tile from the southeastmost position to the
northwestmost position. There are usually other pipes in the move, and the ‘kinks are shifted
left’ if necessary; see the move on the right of Figure 7.

A column move is a droop if no kinks are present, and in addition, the pipe exits south in the
left column and exits east in the right column. We write D — D’ if two bumpless pipedreams
are related by a column move. We say that D’ is obtained from D by a downwards column move.

LEMMA 5.15. Let D be a bumpless pipedream that is not an EG pipedream. Then D admits a
downwards column move D — D’.
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<
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FIGURE 7. On the left: the different types of column moves. On the right: kinks are shifted to
the left.

Proof. Let E be any northwestmost floating tile in D. Then the tile W immediately to west of E
is nonempty, and must either be an NW elbow or a vertical line. Call this pipe p. Then p travels
up from W a number of tiles and turns towards the east at a tile T. We may perform a column
move in the rectangle with corners 1" and F. ]

LEMMA 5.16. Let D be a near EG pipedream. Then there is a unique sequence of moves D —
D' — D" — ... — D* where D* is a EG pipedream.

Write r(D) = D* for the EG pipedream of Lemma 5.16.

Remark 5.17. We can define an equivalence relation on bumpless pipedreams using column
moves. We caution the reader that multiple EG pipedreams can belong to a single such
equivalence class.

5.8 Insertion

Let D be an w-EG pipedream and ¢ € [1,n — 1] be such that s;w > w, or equivalently, the pipes
labeled 7 and i+ 1 do not cross in D. Let D’ be the bumpless diagram obtained from D by
swapping the pipes ¢ and 7+ 1 in columns 4 and ¢ + 1. Namely, if in D the first turn of pipe
i (respectively i+ 1) is in row a; (respectively a;y1 > a;), then in D’ the first turn of pipe ¢
(respectively i + 1) is in row a;4+1 (respectively a;). Other pipes that cross pipe 4 in column ¢
have their ‘kinks shifted left’ in D’. See Figure 8.

The northwestmost tile in the shown rectangle is always an empty tile in D’. Thus D’ is
either a EG pipedream or a near EG pipedream. Note that there are two possibilities for the
northeastmost tile in the shown rectangles.

We define the insertion D « i to be the EG pipedream given by

D —i:=r(D").

(Note that D « i is not defined if the pipes 7 and i+ 1 cross.) Let Dy be the unique EG
pipedream for the identity permutation. Let i = iyi3---iy be a reduced word. Then define
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FIGURE 8. Swapping pipes ¢ and ¢/ =i + 1.

1 — 2 — 2 2
2 o 1 5 1 o 1 )
3 3 f4 f4
(f‘l (f‘l 113 13
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
Dy P(1) P(31)
—3 ~—3 —3
L. Loy , 2 1]2]
4 4 4 i
Va 2 Ja 2 Va 1 4]
1 2 3 4 1 2 3 4 1 2 3 4
P(231) P(1231) Q(1231)

FIGURE 9. The computation of the EG pipedream P(1231). For each insertion step, both D’
and r(D’) are shown (if they are different).

(P, Q) = (P(i),Q(i)) by
P(i) = (- ((Do « tg) —ig—1) -+ ) < i1,
Q) = {\(Do) C A(Dg «+ig) C - C ANP(i))}.

Note that Q(i) is a saturated chain of partitions, and is thus equivalent to a standard Young

tableau of shape A(P(i)).
Ezample 5.18. Let n =4 and i = 1231. We compute P(i), Q(i) in Figure 9.

We recall the Cozeter—Knuth equivalence relation on Red(w). It is generated by the
elementary relations
ik~ ki for i < j <k,
ik~ ki fori < j <k,
(i)~ (G 1)i(E 1)
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Edelman—Greene insertion provides a bijection C' +— T'(C) between Coxeter—Knuth equivalence
classes C' C Red(w) and reduced word tableaux T for w (see [EG87] and the paragraph containing
(3.12)). Bumpless pipedreams encode a new version of Edelman-Greene insertion.

THEOREM 5.19. The map i — (P(i),Q(i)) induces a bijection between reduced words for S,
and pairs consisting of an EG pipedream and a standard Young tableau of the same shape. For
a fixed EG pipedream D, the set Cp := {i| P(i) = D} is a single Coxeter-Knuth equivalence
class. The shape of the reduced word tableau T (Cp) is A(D).

PROBLEM 5.20. Find a direct shape-preserving bijection between EG pipedreams for w and
2

reduced word tableaux for w.
Remark 5.21. There is a transpose analogue of column moves called row moves. We can
also define insertion into EG pipedreams using row moves. Theorem 5.19 holds with (usual)
Edelman—Greene insertion replaced by Edelman—Greene column insertion.

The insertion path of the insertion D <« ¢ is the collection of positions through which the
empty tile travels in the calculation of (D’). An insertion path consists of a number of boxes,
one in each of an interval of columns. Two insertion paths are compared by comparing respective
boxes in the same column.

The following key result is immediate from the definition of column moves.

LEMMA 5.22. The pair (D, i) can be recovered uniquely from the pair

(D « 1, final box in the insertion path).

LEMMA 5.23. Suppose i < j.

(i) Then the insertion path of D « i is strictly below the insertion path of (D « i) « j.
(ii) Then the insertion path of D « j is strictly above the insertion path of (D « j) « i.

Proof. We show claim (i); claim (ii) is similar. Let the insertion path of D; = D « ¢ be the
boxes b;, bj_1,...,bs, where by is in column k. Let the insertion path of (D « i) < j be the
boxes ¢;j,cj—1,...,c; where ¢ is in column k. Consider the calculation of ¢;: the lowest elbow in
column ¢ — 1 of D; is at the same height as b;. Thus ¢;_; must at the same height or above b;.
It follows that c¢; is above b;, and indeed it must be at least as high as b;_1 because there are no
elbows in column i above b; and below the row of b;_;. The claim (i) follows by repeating this
argument. ]

Recall that the descent set Des(T") of a standard Young tableau 7" is the set of letters j such
that j + 1 is in a lower row than j in 7. The descent set Des(i) of a word i =1i;---i, is the
indices j such that i; > ij41.

COROLLARY 5.24. For a reduced word i, we have Des(i) = Des(Q(i)).

LEMMA 5.25. Let D be a EG pipedream and suppose i < j < k. Then we have (when the EG
pipedreams are defined):

2 Since our preprint was posted, solutions to this problem have appeared in [FGS18, Wei20).
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Proof. We prove claim (i); claim (ii) is similar. By Lemma 5.23, the insertion path for D « j is
above that of (D « j) < i. In particular, the two EG pipedreams (D « j) «— i and D « i differ
only in tiles that are below the insertion path of j. On the other hand, the insertion path for
(D « j) < k is above that of D « j, and thus does not see the part the pipedream below the
insertion path of j. The desired equality follows. O

LEMMA 5.26. Let D be an EG pipedream and suppose i,i+ 1 € [1,n —1]. When the EG
pipedreams are defined, we have ((D « i) «— i+ 1) «—i=((D«—i+ 1)« 1)« i+ 1.

Proof. For the insertions to be defined, the pipes ¢, ¢ + 1, and ¢ + 2 in D do not intersect. Let
hi, hit1, hito be the heights of the boxes containing the first right elbow for the pipes ¢, i + 1,
and ¢ + 2 respectively. Then h; is strictly above h;41, which is strictly above h;o.

Let us first consider Dy = ((D « i) < i+ 1) < i. To calculate (D « i) we will first create
an empty tile in the box (i, h;) in column 4. Instead of moving this empty tile to the northwest
immediately, let us keep it where it is, and consider the insertion of ¢ + 1. This creates an empty
tile in the box (i + 1, h;). Finally, the second insertion of i creates an empty tile in (i, h;y1). Call
the resulting bumpless diagram D}. Checking the definitions, we see that D; is obtained from
D) by performing column moves on the three empty tiles, as long as we move the empty tiles in
order.

Now consider Dy = ((D «— i+ 1) < i) « ¢ + 1. To calculate (D « i + 1) we will first create
an empty tile in the box (i + 1,h;4+1) in column i. Applying a single downward move to this
empty tile, we see that it will end up in box (i, h;). At this point the first right elbow in column ¢
will be at height h;;1. Now we consider the insertion of 4, which creates an empty tile at position
(i, hiy1). Finally, the second insertion of i + 1 creates an empty tile in (i + 1, h;). The resulting
bumpless diagram is identical to D}. To obtain Ds, we perform column moves on the three empty
tiles in the correct order.

The difference between the calculation of D; and Dy is that the order of applying column
moves to the empty tiles in positions (i,h;+1) and (i + 1, h;) are swapped. We claim that the
resulting EG-diagrams D and Ds are nevertheless identical. This is because the path of the tile
at (i,hi+1) (respectively (i + 1,h;)) stays below (respectively above) that of the tile at (i, h;).
Thus the corresponding column moves commute, as in the proof of Lemma 5.25. O

Proof of Theorem 5.19. Bijectivity is straightforward from the constructions: by Lemma 5.22
the map i+— (P(i), Q(i)) is injective, and applying this reverse map to pairs (P(i), Q(i)) shows
that the map is surjective.

By Lemmas 5.26 and 5.25, Coxeter—Knuth equivalent reduced words have the same insertion
EG pipedream. Thus the set {i | P(i) = D} is a union of Coxeter-Knuth equivalence classes. That
it is a single Coxeter—-Knuth equivalence class can be deduced from Theorem 5.14. Alternatively,
the same claim can be deduced from the reversed versions of Lemmas 5.23, 5.26, and 5.25.

Let SYT(A) denote the set of standard Young tableaux of shape A. Then the collection
{Des(S) | S € SYT(A)} of descent sets uniquely determines A. (For example, this collection
encodes the expansion of the Schur function sy in terms of fundamental quasisymmetric func-
tions, and the assignment A — s is injective.) Let sh(7") denote the shape of a Young tableau T
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Then for a Coxeter—-Knuth equivalence class C, the equality of multisets
{Des(i) | i€ C} = {Des(S) | S € SYT(sh(T(C)))}

is known to hold for Edelman—Greene insertion. The last claim then follows from Corollary 5.24.
O

6. Infinite flag variety

Let Az denote the Dynkin diagram with Dynkin node set Z and simple bonds (i,i+ 1) for
all ¢ € Z. In this section, we construct the infinite flag variety F1 explicitly. It is a ‘type Az
Kac-Moody flag ind-variety’.? It affords the action of a torus 7%. We define the Schubert basis
for the equivariant cohomology H7, (F1) of F1 as well as an algebraic construction for it called the
GKM (Goresky—Kottwitz—Macpherson) ring W. Similar constructions are made for the infinite
(G_rassmannian Gr. Then we show that the GKM ring of F1 is isomorphic to the polynomial ring
R(x,a) with Schubert basis corresponding to backstable Schubert polynomials. For more on
infinite Grassmannians, we refer the reader to [PS86].

6.1 Infinite Grassmannian

Let F' = C((t)) be the space of formal Laurent series. For a € Z, let E, = {> o2 cit' | ¢; € C} C
F. For N € Z~¢ say that a C-subspace A C F' is N-admissible if Eny C A C E_n and that A is
admissible if it is admissible for some N € Z~q. The virtual dimension vdim(A) of an admissible
subspace A is the difference

vdim(A) := dim(Ey/(A N Ep)) — dim(A/(A N Ey)).

The Sato Grassmannian Gr® is the set of admissible subspaces in F. The Sato Grassmannian
is a disjoint union Gr® = |_|kGr(k), where Gr'®) consists of the admissible subspaces of virtual
dimension k. We will mostly focus on the infinite Grassmannian Gr := Gr(@.

There is a bijection between IN-admissible subspaces of virtual dimension 0, and the points
of the finite-dimensional Grassmannian Gr(N,2N) = Gr(N, E_y/Ey) given by A — A/Ey. We
have Gr = | Gr(V,2N), from which Gr inherits the structure of an ind-variety over C.

6.2 Infinite flag variety
For N € Z~, an N-admissible flag (of virtual dimension 0) in F' is a sequence

Ae={--CA_ 1 CANoCANC--}

of admissible subspaces satisfying the conditions: (i) vdim(A;) =4; and (ii) A; = E_; for all ¢
with |i| > N. An admissible flag is one that is N-admissible for some N € Z~.

The infinite flag variety F1 is the set of all admissible flags. There is a bijection from the set
of N-admissible flags to the points of the variety F1(2N) = FI(E_x/EN) of complete flags in the
2N-dimensional vector space E_x/Ex given by Ae — (A_n/Ex C Ai_n/En C -+ C An/EN).
We have F1 = |JF1(2N) from which F1 inherits the structure of an ind-variety over C. For i € Z
denote by 7; : F1 — Gr(® the projection map sending Aq — A;.

3 Strictly speaking, Kac-Moody Dynkin node sets are finite by definition. Kashiwara’s thick flag scheme
construction [Kas89] allows infinite Dynkin node sets.
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For k € Z let F1%*) denote the k-shifted infinite flag ind-variety, which is defined similarly to
F1 except that the condition vdim(A;) =i + k is imposed. Each F1® is isomorphic to Fl, and
we have the Sato flag variety FI' = |_|kFl(k).

6.3 Schubert varieties

Let Ty = (C*)Z be the restricted product, whose elements have only finitely many nonidentity
factors. The torus 77 is the union Uang[a,b} of finite-dimensional subtori where Tj, ) consists of
the elements equal to the identity in positions outside of [a,b] C Z. The torus Ty acts naturally
on F, with the ith coordinate of T7 acting on the coefficient of ¢'. This induces an action of 717,
on F1 and Gr. The action of Ty on F1(2N) (respectively Gr(N,2N)) factors through the action
of Ti_n,n—1) on FI(2N) (respectively Gr(N,2N)).

For (i,7) € Z* with i # j and a € C define the C-linear transformation of F' given by

& t'+at? if k=1,

zii(@)(F") {tk otherwise.

Let Sz C GL(F) via permutation matrices. Let B be the group of linear transformations of F’
generated by Tz and x;;(a) for a € C for i < j. Let P be the group generated by B and Sy and
G the group generated by B and Sz. We call the group G the ‘minimal Kac-Moody group of
type Az’ in analogy with the situation for Kac-Moody groups [Kum02, §7.4]. Let E, € F1 be
the standard flag (whose ith subspace is the standard subspace E; for all i € Z). Then F1 = G/B
since G acts transitively on F1 and B is the stabilizer of F,. This isomorphism restricts to a
bijection of Ty-fixed points wE, — wB/B. The Schubert cell BwE, — BwB/B is isomorphic
to the affine space C/*) and is contained in FI(2N) if w € Si-n,n—1]- We define the Schubert
variety

X, := BwB/B.

We have Gr = G/P since G acts transitively on Gr and P is the stabilizer of Ey. This restricts
to the bijection of T%z-fixed point sets wEy — wP/P where w € S9. Define the Schubert variety
XSr .= BwEy which is isomorphic to BwP/P C G/P.

6.4 Equivariant cohomology of infinite flag variety

We work with cohomologies with coefficients in Q. The group 77 is homotopy equivalent to the
restricted product (S1)%, which is a CW-complex of infinite dimension and with infinitely many
cells in each dimension. Then ET% is homotopy equivalent to (S°°)%, which is again a restricted
product where all but finitely many factors must be the basepoint of S°°. The classifying space
BTy, = ETyz/Ty is the restricted product (CP>)%. Thus

H*(BTy) = Hy, (pt) = Q...,a_1,a0,a1,...] = Q[a].

The Schubert cells {BwB/B | w € Sz} form a Tz-stable paving of F1 by finite-dimensional
affine spaces. By standard arguments, H.Z(F1) has a basis given by the fundamental classes [Xw]:

HI*(F1) = P Qla][Xu]- (6.1)

wEeSy,
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Similarly,

HI(Gr) = P Qla][XS"). (6.2)

wGSO

The equivariant homology H%(F1) = lim H. L2(F1(2N)) is a direct limit of equivariant homologies
of finite flag varieties. We define the completed equivariant cohomology H}Z(Fl)' of FI to be the
dual Q[a]-algebra to H.I%(F1):

Hj, (F1) := Homgy, (H7,, (F1)), Qla]) 2 lim Hy, (F12N)) = [] Qlal

weSy,

where the Schubert classes {{" | w € Sz} are the cohomology classes dual to the fundamental
classes {[Xy] | w € Sz} under the cap product. (Note that we do not invoke Poincare duality:
Fl is infinite-dimensional.) Let H7, (F1) be the subspace of Hy, (F1)" spanned by the Schubert
classes:

Hy, (F1) = @5 Qlal¢” c Hy, (F1).

wESy,

This is a kind of restricted dual of HI%(F1).

6.5 Localization and GKM rings for infinite flags and infinite Grassmannian
Localization [KK86, CS74, GKM98] provides explicit algebraic (GKM) constructions ¥ and ¥¢,
of the Tz-equivariant cohomology rings Hr, (F1) ¥ and Hr, (Gr) 2 Vg, and their Schubert
bases.

Let Fun(Sz,Q[a]) be the Q[a]-algebra of functions Sz — Qa] under pointwise product. For
f € Fun(Sz,Q[a]) and w € Sz we write f|,, for f(w).

Let R :={a; — a; | i # j} be the root system of type Az and R" := {a; —a; € R|i < j} the
positive roots. For a root o = a; — a;, let s, € Sz be the transposition swapping ¢ and j.

Let ¥’ be the Q[a]-submodule of Fun(Sz,Q[a]) consisting of functions f : Sz — Q[a] such
that

a divides fls v — flw for all w € Sz, a € R. (6.3)

Ezample 6.1. For p € Q[a], define L, € Fun(Sz,Q[a]) by Lp|w = w(p). Then L, € ¥'. If p is
homogeneous of degree one then L, is an equivariant line bundle class.

LEMMA 6.2. The Q[a]-submodule ¥ C Fun(Sz,Qla]) is a Q[a]-subalgebra.

Proof. Let ¢, € ¥, a € R and w € Sz. Then (¢))|s,w — (¢¥)]w is a multiple of « since it is
the sum of two multiples of «, namely, ¢|s,w(¢|sow — V|w) + (D|sow — @|w)V|w- O

We call ¥’ the completed GKM ring for F1. It has a Schubert ‘basis’ {{¥ | v € Sz} (see (6.7))
which is characterized as follows.
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PROPOSITION 6.3 [KK86]. There is a unique family of elements {£" | v € Sz} C V' such that

€]y =0 unless v < w, (6.4)
&’|w € Q[a] is homogeneous of degree ((v), (6.5)
&lo=TI - (6.6)

a€RT

Sa U<V

Moreover,
v = ] Qlae” (6.7
vESy,

We define ¥ := P, g, Q[al¢”, which is the Q[a]-submodule of ¥’ with basis £”. It follows
from Theorem 6.6 below that ¥ is a Q[a]-subalgebra of ¥’. We call ¥ the GKM ring of F1. Define
the GKM ring V¢, of Gr by

Uar ={f €V | flus; = flw for all w € Sz and i # 0}.
Recall the bijection A — wy (2.1).

PROPOSITION 6.4. The Q[a]-algebra U, has a Q[a]-basis {€“* | A € Y}.

The GKM rings of Fl and Gr are explicit realizations of the equivariant cohomology rings
Hp (F1) and Hr, (Gr) and their Schubert bases.

PROPOSITION 6.5. There are Q[a]-algebra isomorphisms

H;, (F1) = 0, (6.8)
Hr, (Gr) = Vg, (6.9)

under which the Schubert bases correspond.
Proof. We first show that Hy, (F1)’ = W', Let ¥(2N) be the Q[a]-submodule of
Fun(S|_y,n-15, Qla])
consisting of functions f : S|_y y_1) — Q[a] such that
a divides fls,w — flw  for all w,sqw € S|_y _n_1, € R.

By [KK86], H7, (F1(2N)) = ¥(2N). The inclusion ton : FI(2N) < FI(2(V + 1)) is Tz-equivariant
and maps the torus fixed point w € S_yn_1) € FI(2N)"2 to the torus fixed point w €
Si_n—1,n) € FI(2(N +1))™2. Thus the pullback map ¢}y : Hj, (F1(2(N +1))) — Hy, (F1(2N))
can be identified with the restriction map rony : ¥(2(IN + 1)) — ¥(2N). We conclude that

Hi, (F1)' = lim Hy, (F1(2N)) 2= lim U(2N) = ¥'.

By the usual characterization of Schubert classes of ¥(2N) and ¥(2(N + 1)) (cf. Proposition 6.3),
the restriction map ron sends a Schubert class to either a Schubert class, or to 0. This shows
that the isomorphism H7, (F1)’ = W’ sends the " € H7, (F1)’ defined in terms of the basis dual to
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the homology basis, to the same named element of ¥’ described in Proposition 6.3. This proves
(6.8). The proof of (6.9) is similar. O

6.6 Realization of Schubert basis of GKM ring by backstable Schubert polynomials
We show that the GKM rings are realized by polynomial algebras such that the Schubert bases
of the GKM rings correspond to backstable Schubert polynomials and double Schur polynomials
respectively.

THEOREM 6.6. We have isomorphisms of Q[a]-algebras:

— —
R(xz,a) =2V, Sy(z;a) — & for v € Sz, (6.10)
Az||a) = Vg,  sa(z]la) — &), for Ae Y. (6.11)

Proof. Let f € <E(ac, a). Then f can be considered an element of Fun(Sz, Q[a]) by (4.5). For any
a = a; — aj € R the element

f(sqwz;a) = f(we;a) = (55 —id) f(wz; a)

is divisible by z, = x; — xj. Applying € from §4.3 we see that f € W. It is immediate that the
map E(x, a) — VU is a Q[al-algebra homomorphism.

It is not hard to see that if f € TZ(:L‘, a) is nonzero then it has a nonzero localization. Thus
ﬁ(x; a) embeds into V.

One may deduce that gv (z;a) — & by checking the conditions of Proposition 6.3. In turn,
these can be verified by Proposition 4.8 and the analogue of Proposition 6.3 for S, which is
satisfied by the localizations of double Schubert polynomials &,(wa4;ay) for v,w € S, [Bil99,
Remark 1].

The statements for Gr are obtained by taking S_o-invariants. O

Theorem 6.6 specializes to the following.

THEOREM 6.7. We have isomorphisms of QQ-algebras
~

H*(Fl) — R,

H*(Gr) = A

«—
where the images of Schubert classes are &, and s) respectively.

Remark 6.8. The decomposition H*(F1) = H*(Gr) ®g Q[z] can be explained as follows. For
[p,q] C Z an interval of integers, let F ljp,q be the space of flags F, € Fl such that F; = E; for
i € Z\ [p,q]- Then Fl, ) = FI(Ey41/E),-1) is isomorphic to the variety of complete flags in a (¢ —
p + 2)-dimensional complex vector space. Let Flsg = UneZ>oF1[1,n} and Fl g = UneZ@Fl[n’,l].
For a fixed A € Gr, the fiber 7, *(A) C Flis isomorphic to Fl.g x Flsq which has cohomology
ring Q[z~o] ® Qr<o] = Q[z]. We expect the fibration 7y : F1 — Gr to be topologically trivial.

6.7 Shifting
For later use, we briefly consider the other components F1®) and Gr® of the Sato flag variety and
Sato Grassmannian. Let sh : Z — Z be the bijection sending i to ¢ + 1 for all 7 € Z. Consider the
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group Sz := (sh) x Sz, the group of bijections of Z generated by Sz and by sh. The T-fixed
points of FI®) for p € Z are indexed by shPw for w € Sz. The equivariant cohomology Hp, (Fl(p))
has Schubert basis &7 for v € Sy,

Let v, be as in §4.5.

PROPOSITION 6.9. For every p € Z, there is an isomorphism of rings
* (p) ) shPv =
Hp, (FI) — R(z,a) &% Ggry(z;0a)
c . hP =
satisfying % p, (£ ") = Ggwry(shPwas a).

Proof. The Schubert class &7 is determined by 4%, (£17?) = 74 (i%,(€Y)). Since shPw(z;) =
«—

Tpyw(i), from the definition, we have <gshpv(shpwa; a) = 74 & ,(wa; a). The result follows. O

The equivariant cohomology H}Z(Gr(p)) has Schubert basis &"* for A € Y. Extend the
definition of double Schur functions by sgry(z||a) := yEsx(x||a) € A(z]|a).

PROPOSITION 6.10. For every p € Z, there is an isomorphism of rings
Hi, (Gr®)) — Az|la) &M sgwa(z]la)

satisfying i%p, (€M) = sgwx(shPwal|a).

7. NilHecke algebra and Hopf structure

We show that the Q[a]-algebra isomorphisms of Theorem 6.6 preserve additional structure: for
U, two commuting actions of the nilHecke algebra of Kostant and Kumar [KK86]; and for ¥y,
the Hopf Q[a]-algebra structure.

7.1 NilHecke algebra
Let Q(a) be the fraction field of Q[a]. Let Q(a)[Sz] be the twisted group algebra, with product

(fu)(gv) = (fu(g))(uv) for f,g € Q(a) and u,v € Sz. The ring Q(a)[Sz] acts on Q(a): Sz acts
by permuting variables and Q(a) acts by left multiplication. For i € Z, we regard A; as being an

element of Q(a)[Sz]:
A; = ai_l(id — Si) S Q(a) [Sz] (71)
The elements A; act on Q[a].

The (infinite) nilHecke algebra A is by definition the Q-subalgebra of Q(a)[Sz] generated by
Q[a] and the A;. We have the commutation relation

Aif = Ai(f) +si(f)Ai fori€Z, f € Qlal. (7.2)

One may show that the expansion of A, € Q(a)[Sz] (see (2.7)) into the left Q(a)[Sz]-basis Sz,
is triangular with respect to the Bruhat order. It follows that the A,, are a left Q[a]-basis of A.

Viewing Sz C A via s; =1 — o;A;, for v,w € Sz define the elements el € Q[a] by the
expansion of Weyl group elements into the basis A, of A:

w = Z enAy. (7.3)

vESy
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Ezample 7.1. Using (7.2) we have
§981 = (1 — OéQAQ)(l — OélAl) =1- Oz1A1 — (051 + ag)Az + QQ(SQ(al))AQAl.

Therefore €3 = 1, €32°! = az — a1, €2°! = a3z — a1, €25} = (a3 — az)(az — a1), and 3?1 = 0 for
other v € Sy.

PROPOSITION 7.2. The elements e;, are uniquely defined by the initial conditions

eiq = 0pia for allv e Sy (7.4)
and either of the following.
(a) For allw € Sz and i € Z such that ws; < w,

€ = el + wlaa)elli x(vsi < ), (75)
e X (vs; <v) = ey x(vs; < v). (7.6)

(b) For all w € Sz and i € Z such that ws; < w,

€ = si(€l) — asi(elih )X (siv < v), (1.7)

en’X(siv < v) = si(esiy,)x(siv < ). (7.8)
Let w € Sz and a = (41,142, ...,%) € Red(w). For 1 < j </ let
Bi(a) = siy Siy -+ 8i;_y (=) = iy Siy -+ 8y (Qij41 — Qi)
PROPOSITION 7.3 [AJS94, Bil99]. Letw,v € Sz anda = (i1, 12, ...,i) € Red(w). Then we have

the closed formula
en=>_1[8@
bCa’ij €b

summed over all subwords of a that are reduced words for v.

Ezample 7.4. Let w = 515281, a = (1,2,1) and v = s;. We have (3 (a) = ag — a1, f2(a) = s1(ag —
az) = az — a1, P3(a) = sy1s2(az — a1) = as — ag. There are two subwords of a that are reduced

words of v, namely, (i1) and (i3). Therefore ejl, , = fi(a)+ f3(a) = a3 —ai. Using a’ =
(2,1,2) € Red(w) we have f3(a’) = az — a1, a unique subword of a’ that is a reduced word
of v, namely, (i2), and €5l . = B2(a") = a3 — a1.

It follows from Proposition 7.8(iii) below that the elements el, which were defined using A,
are none other than the localization values of equivariant Schubert classes at torus-fixed points.

PROPOSITION 7.5. For v,w € Sz, we have £*|,, = e,.
Recall the automorphism w of § 3.6.

LEMMA 7.6. For v,w € Sz, we have w(£’|y) = f“’(”)\w(w).

7.2 NilHecke actions
The GKM ring ¥ affords two actions of A which commute. The results in this subsection are
Agz-variants of the constructions of Kostant and Kumar [KK86].
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PROPOSITION 7.7. (i) There is an action e of A on ¥ defined by

(Ai 0 Y)lw = (w(a)) ™ (W]w = Plws,), (7.9)
(petp) =Ly forpe Qlal, (7.10)

where L, is defined in Example 6.1. It satisfies
(we )|y = Y|yy forue Sy. (7.11)

(ii) There is an action x of A on ¥ given by
(Ai * Y)|w = a;l(ww — 5i(Ylsw)), (7.12)
(P )l =ptlw for p € Q[a]. (7.13)

In particular the action of Sz on ¥ by % is by conjugation:

(s )| = u(@ly-10)- (7.14)
(iii) The two actions commute.
(iv) Forv € Sz and i € Z,
vsi if i <,
Ajegy = & Afvsi<v (7.15)
0 otherwise,
— if s <,
I e (7.16)
0 otherwise.

Proof. We identify any function ¢ € Fun(Sz, Q(a)) with the left Q(a)-module homomorphism
¥ € Homgq)(Q(a)[Sz], Q(a)) by extension by left Q(a)-linearity.
For (i), there is an action of Q(a)[Sz] on Fun(Sz, Q(a)) defined by

(b® )|y = hlup for b e Q(a)[Sz).

For b = u € Sz, we obtain (7.11). For a = A; and a = p, we have

w‘wAi = ¢|wa;1(id75i) = w‘w(ai)*lw(id—si) = w(ai)il(whv - ¢’wsi)7
1/}|wp = "M(w(p)w) = w(p)d)‘w

which agrees with (7.9) and (7.10). To see that e restricts to an action of A on W', let ¢» € ¥'. Note
that if & = w(a;) then ws; = sqw so that a divides Y]y, — V|5 w = ¥]w — Y]ws;, and A; e € V.
For p € Q[a] we have p e = L, € U’ since ¥’ is a ring.

For (ii), again working over Q(a) the *-action is defined by (7.13) and (7.14). To show these
define an action of Q(a)[Sz] one must verify that the actions of p € Q(a) and u € Sz have the
proper commutation relation:

(usp )| = w(p*P)|y-10 = w(pYlu-10) = wP)e(Ply-10) = (wlp) * (u* D))o

To check that * restricts to an action of A on W' let ¢ € ¥'. Note that for any p €
Qlal], si(p) — p = aug for some g € Q[a] namely, g = —A;(p). Then 5,4 — Y|w = a;h for some
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h € Q[a]. We have

w‘w - Si(¢|siw) = ¢|w - Si(i/J’w + Sz(w‘w) - Si(d}’siw)
= (id — 8i) (¥ |w) — si(ash)
= —;g + a;si(h) € a;Qlal

)
)

for some g € Q[a]. Therefore A; x 1 € V. For p € Q[a], it is immediate that px ¢ € ¥’

For (iii) it is straightforward to check over Q(a) that the operators pe and A;e commute with
the operators ¢+ and Ajx*.

Part (iv) follows by Propositions 7.2 and 7.5. Part (iv) implies that the two actions preserve
v Cv. O

The nilHecke algebra A has a comultiplication map A : A — A ®g[q A given by
Alw):=w®w forweS; CA (7.17)
and extending by linearity over Q(a). One can show that (7.17) is equivalent to
AA)=421+5,0A; forielZ. (7.18)

We caution that A is not a Hopf algebra.
Define a pairing (-, -) : Fun(Sz, Q(a)) ®g(e) Q(a)[Sz] — Q(a) by

<¢, > aww> = auth(w) (7.19)

where a,, € Q(a). The following result follows from Proposition 7.7.

PROPOSITION 7.8.

(i) Under the pairing (-, -}, ¥’ and A are identified as dual Q[a]-modules.
(ii) The multiplication of W' is dual to the comultiplication A of A.
(iii) For v,w € Sz, we have (§V, Aw) = Oyuw-

PROPOSITION 7.9. The Q[a]-algebra isomorphism (6.10) is a A x A-module isomorphism.

Proof. The operators on ﬁ(x, a) given by A?¥ multiplication by z;, A?, and multiplication by

1) 7
a;, correspond to the operators on ¥ given by A;e, a;e, A;x, and a;* respectively. U

7.3 Hopf structure on ¥g,
Via (6.11), the ring ¥, attains the structure of a Hopf algebra over Q[a]. We now describe the
comultiplication map A : Vg — Var @qle) Ve

LEMMA 7.10. Let ) € Wg, and wM w® ... € SY be a sequence satisfying Lo 1| = Ly | =
k. Then v is uniquely determined by 1|,,)-

Proof. Fix the sequence wM w® ... € S89. Let f =3, axpx(z||a) € A(x||a) where ay € Q[a].
It suffices to show that f|,ux) # 0 for some k. Let S be the finite set of indices i such that a;
appears in some ay. For sufficiently large k, the set I, 1 \ S has cardinality greater than deg(f).
If o= (p1,.-.,pe) is minimal in dominance order in the set A = {\ | ay # 0}, by Lemma 4.1
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the polynomial p,(z||a)|,x € Q[a] contains a term of the form a,al!als - - - af'f where ri > ry >

.-+ >y are the £ largest elements in I,, + \ S. This monomial does not appear in py(z||a)|,,®)
for A € A\ {p}. The coefficient of this monomial must thus be nonzero in f|, &) € Q[a]. O

There is a partial multiplication map S5 x S9 — S2. The product of z € SJ and y € S is
equal to z € SY if:(i) I+ NI, + =0=1, NI, _;and (ii) I, t UL, + =1, 1.

PROPOSITION 7.11. There is a unique Hopf structure on ¥q, with comultiplication A : Vg, —
Var ®glq) Yar given by

A(¢)|x®y = ¢|my (7.20)

whenever x,y, € S and xy € SY is defined. With this Hopf structure, the map (6.11) is a Q[a]-
Hopf algebra isomorphism.

Proof. Suppose the product zy is well defined. By Lemma 4.1, we have

pr(z||a)|ay = Z ai;_ Z ai‘g

i€ 10y, + i€y, —

k k k k

(Td-Td)(Td- X o
i€l 4+ i€l — i€l ¢ i€l _

= pr(zlla)lz + pr(zlla)ly
= (pr(z[la) @ 1]agy + (1 @ pr(z]a))leoy
= Ak (2lla))zey-

Thus (7.20) is consistent with the comultiplication of A(z|la). By the same argument as in
the proof of Lemma 7.10, A(¢)) is completely determined by its values = ® y for which xy is
defined. 0

8. Homology Hopf algebra

In this section we identify Molev’s dual Schur functions [Mol09, § 3.1] with the equivariant homol-
ogy Schubert basis of Fl. Molev gave determinantal formulas for the Schur expansion of dual
Schurs and the inverse expansion [Mol09]: we give new formulas and simple proofs for these coef-
ficients expressed in terms of usual Schubert polynomials. We give a divided difference formula
for dual Schur functions. While we found the operators independently, the form presented here,
via conjugation by a Cauchy kernel, is due to Nakagawa and Naruse [NN18]. We further show
that a specialization of dual Schur functions represent classes (deforming the Schur functions)
defined by Knutson and Lederer [KL15].

Molev [Mol09] gave an explicit combinatorial formula for the general structure constants for
the dual Schurs. By Theorem 4.22 we know that these constants, which are elements of Q[al, have
a certain positivity property. When one factor is a hook we obtain a suitably positive formula
for the structure constants.
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8.1 Molev’s dual Schur functions
Let A(y) denote the Q-algebra of symmetric functions in y = (yo, y—1,y—2, ... ) and A(y|la) the
completion of Qla] ®g A(y) whose elements are formal (possibly infinite) Q[a]-linear combina-
tions Dy oy aasa(y) of Schur functions, with ay € Q[a]. The ring A(yl|a) is a Q[a]-Hopf algebra
with coproduct A(py(y)) =1 & pr(y) + pr(y) ® 1.

Define the Cauchy kernel

Q=Qz_y/a_y) = H 1o _ exp <Z ;pk(xHa)Pk(y))

1 — 2y
i,5<0 iYj k>0

This induces the structure of dual Q[a]-Hopf algebras on A(z||a) and A(y||a). Write (-, -) for the
corresponding pairing A(z||a) ®gje A(yl|a) — Q[a]. Then by definition

(s)\(x/a) ) Sﬂ(y» = 5/\,u- (8.1)

Define 5y (y||a) € A(y||a) by duality with the double Schur functions:

(sa(zlla), 8u(ylla)) = O (8.2)

The $5(y||a) are the nonpositive variable analogue of Molev’s dual Schur functions [Mol09, § 3.1].
The ring A(y||a) consists of formal (possibly infinite) Q[a]-linear combinations of the dual Schur
functions $)(y||a).

From Proposition 6.5 and Theorem 6.6, we know that the ring H}Z(Gr) is a Hopf algebra. The

dual Hopf-algebra is the completion H.%(Gr) = [Twes, Qla][Xw] of the equivariant homology

H!%(Gr) (see (6.2)). Since A(z||a) and A(y||a) are Hopf-dual, the following is immediate from
the definition (8.2).

PROPOSITION 8.1. There is a Hopf Q|a]-algebra isomorphism H}%(Gr) — A(y||a) sending the
equivariant Schubert class [X,,] of (6.2) to the dual Schur function $)(y||a).

Recall the element wy/,, € Sz from (2.2). Proposition 4.25 implies the following.

PRrOPOSITION 8.2. For u € Y, we have

Sulwlla) = Y. Guy,(@)sa(v),

ADp
d(N)=d(n)
suy) = Y (—1)“'*'“'610;/1 (a)$x(ylla).
ADp .
d(3)=d(n)

Example 8.3. Let b,c € Zzy and let p=(b+1,1°) be a hook partition. The partitions
ADp with dy=d,=1 have the form = (B+1,1¢) such that B>b and C >c.
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Let w = Wx/py = S—CS1-C " S—1-cSBSB—1"" " Sb+1- We have

Su(a) = GS—C"'S—I—C(a)GsB"'5b+1 (a)
= w(6sc“'8c+1)683“'5b+1(a)

=w(ho-c(a1,...,acr1))hp_p(a, ..., aps1)
= (—1)%Cho—c(ag,a_1,...,a_)hp_p(a1, ..., aps1),
Sbt1,1)(Ylla) = (—1)¢ “he—clag,a-1,...,a—c)hp_p(ay, ..., ap11)sp11.0)(Y)-
B2>b,C>c

8.2 Homology divided difference operators
Since ag = ag — a1, we use expressions such as
1 —aoyx

Q(—aoy<o0) = Q(a1y<o/aoy<o) = H 1 —aye

k<0

Remark 8.4. The expression Q(a1y/apy) should be viewed as the action of the translation element
for the weight 8§ = a1 — ag in a large rank limit of the affine type-A root system.

For i € Z, define the operators

58 = Qzy/ay)s;Qay/zy), (8.3)
bi = Qzy/ay) A7 Qay/zy)). (8.4)
It is clear that these operators, being conjugate to the operators s¢ and A{ respectively, satisfy
the type-A braid relations. Thus for any w € Sz, 0, = d;, - - - d;, makes sense for any reduced
word (i1, 12, ...,1i¢) € Red(w).
Since Q(ay/xy) is s invariant for i # 0 we have
§¢ =s; fori#0, (8.5)

5 = A? for i #0. (8.6)

Since s only affects the variable a¢ and no others in Q[(a — z)y], we have the following operator
identities, where f € A(y||a) acts by multiplication by f:

56 = Q(a1y/aoy)s. (8.7)

o = ag ' (id — 8%), (8.8)

5%0; = 0y, (8.9)

0if = foi + Ai(f)5. (8.10)

The last two follow by conjugating the relations sfA? = A? and A;f = fA; + Ai(f)s by Q :=
Q(zy/ay].

The diagonal index (or content) of a box in row ¢ and column j is by definition the integer
j—1t. For A€ Yanddé& Zlet A+ d denote the partition obtained by adding a corner to A in the
dth diagonal if such a corner exists. Define A — d similarly for removal of the corner in diagonal
d if it exists. By convention, if a symmetric function is indexed by A & d and the relevant cell in
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diagonal d does not exist then the expression is interpreted as 0. In particular, by Proposition 4.9
we have

Alsy(zlla) = —sy—i(z||la) forall A €Y and i € Z. (8.11)
ProrosITION 8.5. For all p € Y and i € Z, we have
0i (3, (ylla)) = Suvi(ylla). (8.12)

Proof. Using (8.10), we have
0= 241(1) = 519 = i S satella)sr(ulo))
A
= Z sx(zlla)di(3x(ylla)) — sa-i(zlla)si (3x(ylla)).

Taking the coefficient of s,(x||a), we see that 0;(5,(y||a)) =0 unless A —i is a partition and
A — i = p, in which case A = p1+ ¢ and 6;(5,(yl|a)) = 5¢(5,444(y||a)). In the latter case, applying
5% to both sides and using (8.9), we obtain 6;(5,(y||a)) = 5,+i(y||a) as required. O

It follows that the dual Schurs can be created by applying the homology divided difference
operators to 1.

THEOREM 8.6. For any A € Y, we have §)(y||a) = 0y, (1).

Ezample 8.7. By Example 8.3 51(y||a) = Zp7q>0(—ao)qall’sp+171q (y). We have

Qary/aoy) = Z a1 Z —ap)?eq [y]

p=0 q=0
= > (—a0)?a} (55 19)[Y) + S(ps1,10-1)[])
p,q=0
=1+ (a1 — ao) Z (*ao)pa%s(pﬂ,m)[?/],
p,q=20

$1(ylla) = (o) ~' (1 = Q(ary/aoy))
=45 (1).

Remark 8.8. This construction can also be adapted to compute the homology Schubert basis for
the affine Grassmannian of G = SLj1, equivariant with respect to the maximal torus 7" of G.
The resulting basis is the k-double-Schur functions of [LS13]. A k-double Schur function consists
of a k-Schur function in its lowest degree and typically has infinitely many terms of higher degree
with equivariant coeflicients.

8.3 J-Schubert polynomials and d-Schur functions
There is a Q-algebra morphism 75 : Q[a] — QId] given by

(ar) 6 ifi>0,
;) =
U 0 ifi<o0.
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We have an induced Q-algebra homomorphism 7s : A(z||a) — A[d] := Ag ®qg Q[d] given by
ns(>_y axpa(zlla)) = > "y ns(ax)pa. This extends to the Q[z]-algebra homomorphism 7 :
T%(x; a) — ﬁ[é] =R ®q Q[0] that acts on Q[x] as the identity.

Define the §-Schubert polynomials g(w, 0) = 775(%(:6; a)) and the §-Schur functions
sx(z||0) :=ns(sa(z||a)). They form bases over Q[d] for the rings ﬁ[é] and A[d] respectively.

8.4 -dual Schurs represent Knutson—Lederer classes
Knutson and Lederer [KL15] define a ring R * that is a one-parameter deformation of symmetric
functions A. Namely, R° is a free Q[6]-module with basis [X*], A € Y.4

The multiplication in RZ” is defined as follows. Let P : Gr(a,a+b) x Gr(c,c+d) — Gr(a+
¢,a+ b+ c+d) be the direct sum map (V,W)+— V @ W. Let the circle S' act on each C**®
by acting with weight 1 on the first b coordinates and weight 0 on the last a coordinates. This
induces an action of S' on Gr(a,a + b). In Rf” | we have

X)X =) d5,L (01X,

where the right-hand side is the class in HS (Gr(a+c¢,a+b+c+d)) of the direct sum
@(X*, X*) of two opposite Schubert varieties. Here a, b, ¢, d are chosen so that A C a x b and
uwCexd.

Define $)(y||0) by specializing $x(y||a) via a; = 0 for i < 0 and a; = ¢ for ¢ > 0.

ProrOSITION 8.9. We have

Su(yllo) = > Suy (1) 6455 (y). (8.13)
ADp

d)=d(p)
A/p C first d(p) rows

Proof. This is an immediate consequence of Proposition 8.2. ]

Ezample 8.10. Consider the product (1) (y||0)5(1,1)(y||6). To compare with [KL15, Example 1.3]
we restrict to the Grassmannian Gr(4,7), that is, only keep s)(y) when A is contained in the
4 x 3 rectangle. We have

31(y]|0) = s1 + 089 + 0%z + -+ -,
811(y]|6) = s11 + Gso1 + 62531 + -+ -,
81(y[10)811(y]|6) = 6°(s111 + s21) + 6" (28211 + S22 + 2531) + 0°(s221 + 38311 + 2532)
+ 63(25301 + 533) + 08331 + - - .

We have
$1(y[16)511(y116) = 6°(3111 (l18) + 821 (y1]6)) + 6" (5211 (y][6) + S22(y[6)) + 675221 (y1]6),
where

3111(y||6) = s111 + 05011 + 028311 + -+ -,
S21(y||0) = s21 + 20831 + - - -,

4 Knutson-Lederer work over Z[§], but for consistency with our current work we use Q[8]. Our results generalize
to Z[4].
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S911(y||0) = s211 + 208311 + - - -,
§22(y|]5) = S99 + 20839 + (52833 + -

8921 (ylla) = s221 + 205321 + 6”331
PROPOSITION 8.11. The set {$x(y||0) | A € P} is dual to the basis {sx(x||d) | A € P} of A[d].
The following result answers a question implicitly posed in [KL15].
THEOREM 8.12. There is an isomorphism of Q[d]-algebras
R — D] [X7] > 45(2]]6).

Proof. 1t suffices to show that the structure constants d¥ () of RH" are obtained from the
coproduct structure constants of the Hopf algebra A(z||a) after specializing a; = 0 for ¢ < 0 and
a; = 6 for i > 0.

For simplicity, we assume that a = b and ¢ = d in the following calculation. Let us think of
Catetreta a5 spanned by €qic, €ate1s--->€1,€0,€_1,.-.,€1_a—c, With a natural action of T' =
(Cx)ateteta We identify H(pt) = Q[date, Gate—1s-- - a1—a—c]. We thus have actions of T on
Gr(c,c+ ¢) (the c-dimensional subspaces of span(e.,ec—1,...,e1-¢)) and on Gr(a,a + a) (the
a-dimensional subspaces of span(€gic, €ate—1;---sEctl,€—cs €—c—1,€1—a—c)). Finally, we have a
T-action on Gr(a + ¢,a+ ¢+ ¢+ a) and the direct sum map is T-equivariant, so we obtain a
map of H7(pt)-modules

HI(Gr(a+c,a+c+c+a)) — Hp(Gr(a,a + a)) @ Hi(Gr(c,c + c)). (8.14)

Since a T-equivariant cohomology class of any of these Grassmannians is determined by its value
at T-fixed points, the map (8.14) is completely determined by the direct sum map applied to
T-fixed points.

The T-fixed points of Gr(c, ¢+ ¢) are then in bijection with pairs (J_, J;) satisfying J_ C
[1—1¢0], J- C[1,c] and |J_| = |J4]|, via the map

(J_,Jy) —span(e; | i € ([1 —¢, 0]\ J-) U J;) € Gr(e,c+ c).

For Gr(a,a+ a) we consider T-fixed points as pairs (K_,K;) with K_ C [l —a — ¢, —¢] and
K, Clc+1,a+c]. Then the direct sum map induces the map ((K_, K4),(J_,J3)) — (J-U
K_,Jy UK,). By Proposition 7.11, this agrees with the coproduct of A(z||a) in terms of local-
ization. (Note that in this work we do not give a geometric explanation of the coproduct of
A(z||a) similar to the direct sum map, which is not equivariant with respect to the natural
infinite-dimensional torus.)

By Proposition 12.1, the double Schur functions sy(z||a) can be identified with the opposite
Schubert class [X*] in equivariant cohomology H;(Gr(a,a +b)). It follows that the structure
constants of (8.14) with respect to the opposite Schubert classes [X*] coincide with the coproduct
structure constants (4.34) of the double Schur functions. Specializing a; = 0 for ¢ < 0 and a; = ¢
for ¢ > 0 gives the desired conclusion. ]

Remark 8.13. Knutson and Lederer [KL15] also define a K-theoretic analogue, and a result
similar to Theorem 8.12 holds.
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8.5 Homology equivariant Monk’s rule

A wertical strip is a skew shape that contains at most one box per row. A horizontal strip is
a skew shape that contains at most one box per column. A ribbon R = A\/p is a (edgewise)
connected skew shape not containing any 2 x 2 square. A skew shape \/pu is called thin if its
connected components are ribbons. We write ¢(A\/u) for the number of connected components
of a thin skew shape.

LEMMA 8.14. Let R = A/p be a nonempty ribbon. Then there exists exactly two shapes such
that \/p is a vertical strip and p/u is a horizontal strip.

Proof. The northeast most square of R can belong to either A/p or p/u. For all other boxes
b € R, either R contains the square directly north of b in which case b € A\/p or R contains the
square directly east of b in which case b € p/pu. O

Suppose A/ is a skew shape. A A-decomposition of A/u is a pair D = (A\/p, p/p) consisting
of a vertical strip and a horizontal strip. If A/u has a A-decomposition then it must be thin. In
this case, it follows from Lemma 8.14 that \/u has exactly 2¢(\/ 1) A-decompositions.

The weight of a A-decomposition D = (A/p, p/u) is the product

wi(D):= [ (4j-m1—a0) [ (&1—aji11) €Qla) (8.15)
(L,3)€X/p (i.5)ep/n

which can be 0. If D = (A\/p, p/p) is a A-decomposition, let D_ be obtained from D by removing
the northeast most square of A/u from whichever of A/p or p/u that contains it.

THEOREM 8.15. Let u € Y. We have

slla)s,lla) = 33wt )slla), (8.16)

A D_

where the inner sum is over all distinct D_ that can be obtained from some nonempty A-
decomposition D = (A\/p, p/u) with outer shape .

The proof of Theorem 8.15 will be given in §10.6. In the nonequivariant case with a; = 0,
Theorem 8.15 reduces to the usual one-box Pieri rule: when \/u is a single box, there are two
possible choices of D, but D_ will always be empty and wt(D_) = 1.

Ezample 8.16. Let p = (1). The support of §;8; is the set of partitions of size at least 2 not
containing the boxes (3,2) nor (2, 3). We have

A~

8181 = 82 + 811 + (a1 — a2)33 + (a1 — ao)d21 + (a—1 — ao)d111
+ (a1 — ag)(a1 — as)ds + (a1 — ao)(a1 — az)8s1 + (a1 — ag)*822
+ (a1 — ag)(a1 — ao)d211 + (a—1 — ao)(a—2 — ag)S1111 + - - -
First consider A = (2,2). Then the A-decompositions are given by taking p = (1,1) or (2,1). In
both cases, D_ = ((2,2)/(2,1),(1,1)/(1,0)). Thus the coefficient of 29 is wt(D_) = (a3 — ag)?.
For $911, the highest box (1,2) in (2,1,1)/(1) is ignored. The box (2,1) can be in either the

horizontal or vertical strip (contributing a; — ag or 0 respectively) while the box (3,1) must be
in the vertical strip, contributing a_; — ag, resulting in the coefficient (a1 — ag)(a—1 — aop).
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Finally, let us consider A = (3,1). The box (1, 3) is ignored. The box (1,2) must be in the
horizontal strip of D_ (giving weight (a1 — ag)) while the box (2, 1) can be in either the vertical

or horizontal strip (giving weights (ap — ag) and (a; — ap) respectively). The total contribution

s (a1 — a2)(a1 — ap).

Ezample 8.17. Let u = (1,1). The support of §1811 consists of the partitions of size at least 3

which contain the partition (1,1) and do not contain the boxes (2,3) or (4,2). We have

$1811 = 821 + 111 + (@1 — a2)831 + (a1 — ap)$22 + (a1 — ap)S211 + (a—2 — ap)s1111

+ (a1 — az)(a1 — a3)841 + (a1 — ap)(a1 — az)832 + (a1 — ap)(a1 — a2)ssn

+ (a1 — a9)*8221 + (a9 — ao) (a1 — ag)da111 + (a_2 — ag)(a_3 — ag)d11111 + -+ -

8.6 Homology equivariant Pieri rule

Let p/u be a horizontal strip and ¢ > 0 an integer. A g-horizontal filling of p/u is a filling T of
p/ w1 with the numbers 1,2,..., ¢+ 1 so that the numbers are weakly increasing from left to right
regardless of row, and every number from 2 to ¢ + 1 is used. (The number of such 7" is equal to

the number of semistandard Young tableaux for a single row of size |p/u| — ¢ using the numbers

1 through g 4 1.) Define the weight of a g-horizontal filling T" by

wig(T') = H (aT(z‘,j) —aj_it1)

(i,5)€p/1

where the product is over all boxes (i,7) such that either T'(i,7) = 1 or (4,7) is not the leftmost
occurrence of T'(z,j) in T. Thus wt(T") € Q[a] has degree equal to |p/u| — g (oris 0if ¢ > |p/ul).

Similarly, a p-vertical filling of \/p is a filling T of a vertical strip A/p with integers 0, —1

yeeey P

so that the numbers are weakly decreasing from top to bottom regardless of column, and every

number from —1 to —p is used. Define the weight of a p-vertical filling T” by

(1) = [ (aj-it1—arqy)

(i,5)EX/p

where the product is over all boxes (7, j) such that either T'(7,j) = 0 or (7, ) is not the topmost

occurrence of T'(z,7) in T.

A (p,q)-filling of a A-decomposition (A\/p,p/p) is a pair (T',T) consisting of a p-vertical
filling 7" of A/p and a g-horizontal filling T of p/u. The (p,q)-weight of a A-decomposition

D= (Xp,p/n) is
Wtp.q(D) = Z wi, (T )Wty (T)

(1,1)

(8.17)

summed over all (p,¢)-fillings (77,T) of D. We note that wtgo(D) is the weight wt(D) from

(8.15). Also note that if p > |[X\/p| or ¢ > |p/p| then wtp 4(D) = 0.

The following result gives a rule for multiplication by a hook-shaped dual Schur function.

THEOREM 8.18. Let u € Y and p,q > 0. We have

3(q+1 1?)(.’9” )5u(ylla) = ZZthq -)éa(ylla),

A D_
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where the inner sum is over all distinct D_ that can be obtained from some nonempty A-
decomposition D = (\/p, p/u) with outer shape \.

The proof of Theorem 8.18 will be given in §10.7.

Remark 8.19. Suppose we forget equivariance by setting a; = 0 for all i. Let D be a nonempty
A-decomposition with outer shape A appearing in (8.18). Then ¢ N (g1, 1p)(O) is the Little-
wood-Richardson coefficient, the coefficient of sy in the product s,s(,11,1r). The latter is the
number of standard tableaux S of shape \/u such that 1,2,..., ¢+ 1 go strictly east and weakly
north, and the numbers ¢ + 1, + 2,...,¢+ p + 1 go strictly south and weakly west [RW84]. B
Theorem 8.18, in order to contribute to the sum, wt, ,(D_) must be degree 0. This restricts
the sum over (p,q)-fillings (T”,T) of D_ such that wt,(7") = 1 = wty(T). For each D_ there
is a unique filling: in 7" the numbers —1,—2,..., —p are used once each and go strictly south
and weakly west, while in T the numbers 2,3,...,q 4+ 1 are used once each and go strictly east
and weakly north. These (T”,T') biject with the above standard tableaux S: ¢ + 1 appears in the
northeastmost box of D in S, the numbers 2 through ¢ + 1 in T" are replaced in S by the numbers
1 through ¢, and the numbers —1,—2,...,—p in T” are replaced by ¢ +2,¢+3,...,q+p+ 1.
Thus the nonequivariant specialization of Theorem 8.18 agrees with the Littlewood—Richardson
rule.

Remark 8.20. By Proposition 4.23, élé (a) = G ME (a). Theorem 8.18 expresses these polynomials
positively in the sense of Theorem 4.22 when one of p or v is a hook. This should be compared
with [Mol09, §4] in which a combinatorial formula is given for all é;/\w(@)- This formula does not
exhibit the positivity of Theorem 4.22.

Ezample 8.21. Let us compute $1181 with = (1), p=1 and ¢ =0. The answer is given in
Example 8.17.

First, consider A = (2,2). Then the A-decompositions are given by taking p = (1,1) or
(2,1). In both cases, D_ = ((2,2)/(2,1),(1,1)/(1,0)). There is a single 0-horizontal filling of
(1,1)/(1,0): the box is filled with the number 1. There is a single 1-vertical filling of (2,2)/(2,1):
the box is filled with the number —1. Thus wty o(D_) = (a1 — ap) which is the coefficient of §a.

Next, consider A = (2,1,1). We have two possibilities for D_: (a) D_ = ((1,1,1)/(1),0) or
(b) D_ =((1,1,1)/(1,1),(1,1)/(1)). For (a), there are two 1-vertical fillings: both boxes are
labeled —1 contributing wt;(7”) = (a—; — a—1) = 0, or one box is labeled 0 and the other —1 con-
tributing wt1(7”) = (ap — ag) = 0. For (b), there are unique 0-horizontal and 1-vertical fillings,
giving wtq o(D-) = (a1 — ag). So the coefficient of 5217 is a1 — ao.

Finally, let us consider A = (3,1). The box (1, 3) is ignored. The box (1,2) must be in the
horizontal strip of D_ while the box (2, 1) must be in the vertical strip of D_. There is a unique
filling with (1,0)-weight (a1 — a2) which is the coefficient of §3;.

9. Peterson subalgebra

In the affine setting, Peterson constructed a commutative subalgebra PcCA (recalled in
Appendix C) of the level-zero affine nilHecke algebra A, and showed that the torus-equivariant
homology H. T(Grn) of the affine Grassmannian Gr,, is isomorphic to P [Pet97, LamO8|. The
Peterson subalgebra P is a nilHecke counterpart to the large commutative subgroup Z"~! C Sn
sitting inside the affine symmetric group.
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The infinite symmetric group Sz does not contain an analogous lattice as a subgroup. Nev-
ertheless, in this section, we construct a subalgebra ' C A’ that is an analogue of Peterson’s
subalgebra for the (completed) infinite nilHecke algebra A’. We show that there is an isomorphism
P’ = A(y||a) of Q[a]-Hopf algebras and identify the element jy € P’ that is mapped to the dual
Schur function $)(y||a) under this isomorphism.

9.1 Affine symmetric group
The affine symmetric group S, is the infinite Coxeter group with generators sg, s1,...,5,—1 and
relations s;s; = s;s; for li — 7] > 2 and ;8,418 = Si+18iSi+1 for all i. Here indices are taken
modulo n.

We have an isomorphism S,, 2 S,, x QV, where Q" := {\ = (A1,..., \n) | S0, \i = 0} C Z"
is the coroot lattice spanned by the simple coroots af = e; — e;41 for 1 <i<n—1.For A € QY,
we write ty € S, for the corresponding translation element. Then

taty = tagy = tuta (9.1)

and wiyw ™! =ty

Let 5’2 be the set of 0-Grassmannian elements, i.e. those w € Sn such that ws; > w for all
i # 0. Fach coset wS,, for S, inside gn contains a unique translation element ¢, and a unique
0-Grassmannian element. Suppose w € 52 and t* = ¢, for p € Q. Let u, € S,, be the shortest
element such that u,(p) is antidominant. Then t¥ =t¢, = wu;l.

9.2 Translation elements

Unlike the affine symmetric group, the infinite symmetric group Sz does not contain translation
elements. Nevertheless, it is possible to define elements 7% in the infinite nilHecke algebra which
behave like translation elements. Recall that in §7.1 we have defined the nilHecke algebra A,
which has a Q[a]-basis Ay, w € Sz. Let A’ denote the completion of A, consisting of formal
Qla]-linear combinations of the elements A,,. For a given w € Sz, there are only finitely many
pairs (u,v) € Sz x Sz such that w = wv. It follows that the multiplication in A induces a natural
Qlal-algebra structure on A'.

Recall also that we defined a comultiplication map A : A — A ®g[, A. Under the pairing
(7.19), A’ is dual to . It follows from Proposition 7.9 that A extends to a comultiplication
A — A ®Qa] A,

Let [a,b] CZ be an interval. For n>> 0 there is an injective homomorphism S, — S,
defined by s; — $; mod n for a < ¢ < b. Thus any w € Sz can be viewed as an element of Sn for
sufficiently large n.

LEMMA 9.1. Let w € S% There is a positive integer m and a word a in the symbols

{8y 81—y« 3 S—15805 81, -+ s Sm—1} U{r, 7'} (9.2)

such that for any sufficiently large n > m, a reduced word a for t* (treating w as an element of
Sp) Is obtained from a by the substitutions

T SmSma1 - S—m_1 and 1 S ;1 S;ma1Sm. (9.3)
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FiGure 10. For A = (4,4,3,1), we have I, = {1,3,4} and I_ = {-3,—1,0}.

To explain how to find the above word, let QY C @,czZe; be the infinite coroot lattice, the
sublattice spanned by ) = e; — €;41 for i € Z. Given XA € Y let 8 = 3\ € Qy, be the element

B = Z e — Z e

i€lwy + i€l —

(see (2.1), (4.6), (4.7)). There is a projection QY — Q" denoted (3 +— 3, onto the translation
lattice QY in S, given by e; — ¢€;1,7. We have

1 = N for A eY.

Let m be large enough so that A is contained in the m X m square partition and n > 2m.
Then |I,, +| < m and all coordinates in 3 are in {—1,0, 1} with coordinates 1 (respectively —1)
occurring only in the first (respectively last) m positions.

To prove Lemma 9.1 it suffices to show that the element ugl is in the image of a product of
the generators (9.2) under the substitution (9.3). Since images of r and r’ are inverses we may
replace u;! by ug. It is enough to be able to sort 3 to antidominant using the generators. This
is explained by the following example.

Ezample 9.2. Let A = (4,4,3,1). Let us take m =4 and n =11. We have I, ={1,3,4} and
I_ ={-3,—1,0} because the vertical (respectively horizontal) line segments tracing the edge of
A above (respectively below) the main diagonal, occur at segments 1, 3,4 (respectively —3, —1,0)
where the main diagonal separates segment 0 and 1. This is illustrated in Figure 10. We have
B =(1,0,1,1]0,0,0| — 1,0, —1, —1) where the positions of the 1s (respectively —1s) are given by
I, (respectively I_) mod n. The vertical bars separate the first m = 4 positions and the last m
positions. Between are zeros. Recalling that indices of reflections are identified modulo n, the
generators are sy, sg, S9, S10, S0, S1, 52, 53 and 7 — sgs554 and 17 — 54555¢. We must move £ to the
antidominant chamber with a shortest element in S, using the given generators. Starting with (3
we may apply 7’s7r to get (1,0,1,—1]0,0,0|1,0,—1, —1), then apply simple generators to reach
(—1,0,1,1]0,0,0] — 1,—1,0,1), then apply r’s7r to get (—1,0,1,—1]0,0,0|1,—1,0, 1), simple gen-
erators to reach (—1,—1,0,1/0,0,0] — 1,0, 1,1), ’s7r to reach (—1,—1,0,—1/0,0,0/1,0,1,1), and
simple generators to reach (—1,—1,—1,0|0,0,00,1,1,1) which is antidominant.
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For b < 0 < a, define

Tap o= <ﬁ51)( Zﬁ 5i> = (sasat18at2 ) (- Sp-28p-1), (9-4)

Fha = < 11 ) < 11 ) — (sp18p2 ) (- - Sar28asisa). (9.5)
1=b—1 =00

Each of these are infinite words in the alphabet {s; | i € Z\ {0}}, and each is a concatenation
of two infinite reduced words. Abusing notation, we will use the same symbols r,; and ry, to
represent the following permutations of Z (that do not belong to Sz):

i ifb<i<a, ) ifb<i<a,
Tap(i) =<Ci+1 ifi>aori<b, me(i)=<i—1 ifi>aori<b, (9.6)
o ifi=b, b ifi=a

Let S denote the set of infinite words in the alphabet {s; | i € Z\ {0}} obtained as a finite
concatenation of the words s;, i € Z \ {0} and the words 7,3, a > 0 and b < 0. Suppose a € S,
and s is a letter in a. Then we have a unique factorization a = a’ sa” where again a’,a” € S.

We define a root (3(s) by
B(s) == —a’ (a; — ais1)
if the letter s is equal to s;. Here the action of a’ on Q[a] is the one induced by the action on Z

given by (9.6).

DEFINITION 9.3. Let w € S). Define the infinite translation element 7% € A" as follows. Take
the word a of Lemma 9.1 and replace each occurrence of r or r’ by infinite words as follows:

/
T Ty—m and 7 T

to obtain an infinite word a%, € S. Now for v € Sz, define |« € Q|a] (cf. Proposition 7.3) by

&l =Y [[86)

bCa¥% scb

summed over finite subwords b of a¥ that are reduced words for v, and define 7 € A’ by

TV = Z & rwAy. (9.7)
vESy
Remark 9.4. Suppose w € S% and we have I, 1 ={1<di <dp1 <---<di}and I, - ={e1 <

e < --- < e < 0}. Then a possible choice of a¥ is

(1) (o)

j=t J=t

where u is a reduced word for w and f; = |1, — N (—4,0]| for j =1,2,...,t. Note that if w is the
identity element, then 7% = 1.
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Remark 9.5. In Definition 9.3 we have used Lemma 9.1 which relies on the notion of translation
elements in the affine symmetric group. In future work we plan to study the Schubert calculus
of a flag ind-variety associated to the affine infinite symmetric group Q3 x Sz, which contains
translation elements 7% as defined above.

PRrROPOSITION 9.6. The elements T satisfy the following properties.

(i) For z € SY, we have that 7 is a well-defined element of A’ that does not depend on the
choices of m and a in Lemma 9.1.
) The set {t% | x € SO} is linearly independent in A’.
) If z = zy under the partial product of § 7.3, then 7% = 7%7Y = 7Y7%,
(iv) We have 7%7Y = 7Y7% for any z,y € S9.
) We have 7%p = pr® for any x € S9 and any p € Q[a].
) We have A(1%) = 7% ®@ 7% for any z € SY.

Proposition 9.6 is proven in §9.6.

9.3 The Peterson subalgebra
Let ,,Q(a)7" denote the Q(a)-vector subspace of Q(a) ®g[q A’ spanned by the elements 7.
Define the Q[a]-submodule P C A’ by

P:=A'nN @Q(a)T“’.

By Proposition 9.6(iv), P lies within the centralizer subalgebra Zu/(Qla]).
Recall that jV(a) denotes the coefficient of the double Schur function sy(x||a) in the double
Stanley symmetric function F,(z||a). For A € Y, define

da=Y_ ¥ (a)Aw € A.
w
THEOREM 9.7. For any A € Y, we have j € P, and it is the unique element of P satisfying

Jx = Awk + Z auAuy (98)
u(}_fS%

where a,, € Q[a] and the summation is allowed to be infinite. The submodule P is a free Q|a]-
module with basis {jx | A € Y}.

Theorem 9.7 will be proved in §9.7. Let ' be the completion of P whose elements are formal
Qlal-linear combinations of the elements {j) | A € Y}. We call P’ the Peterson subalgebra.

THEOREM 9.8. The submodule P’ C A’ is a commutative and cocommutative Hopf algebra over

Qlal.
CONJECTURE 9.9. We have P’ = Z,,(Q]a]).

THEOREM 9.10. There is an isomorphism P’ = A(y||a) of Q[a]-Hopf algebras sending jy to
Sx(ylla) for all A € Y.

Theorems 9.8 and 9.10 will be proved in §9.8.
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Remark 9.11. Theorems 9.7, 9.8, and 9.10 hold over Z, but for consistency we work over Q.

9.4 Fomin—Stanley algebra

Let A denote the (infinite) nilCoxeter algebra, which is the Q-algebra with generators A;, i €
Z, satisfying the relations (2.4), (2.5), and (2.6). The algebra A has Q-basis A,,, w € Sz. Let
A’ denote the completion of A consisting of elements a =Y, ay A, that are infinite Q-linear
combinations of the A,,. Since every w € 57 has finitely many factorizations of the form w = xy,
it follows that A’ is a Q-algebra. There is a natural map ¢g : A — A given by

b0 < Zw: awAw> = Zw: $0(aw) Aw,

where ¢g(ay) € Q is the constant term of the polynomial a,, € Q[a].
Define the Fomin—Stanley subalgebra B C A as the image ¢o(P). Let 59 := ¢o(jr).

THEOREM 9.12. The set {9 | A € Y} form a Q-basis of B. There is a Hopf-isomorphism B — A
given by jg — S).

Proof. Since {jx | A € Y} form a basis of P, it is clear that {j{ | A € Y} spans B. Equation (9.8)
shows that jg = A, + other terms are linearly independent. The last statement follows from
Theorems 9.8 and 9.10. g

9.5 Stability of affine double Edelman—Greene coefficients
Let n > 2. For v € S, let 51%1 € H}n (F1,,) be the torus equivariant Schubert class of the affine

flag ind-variety Fl, (see § 11.22. ) ) )
Following [L.S12],% define SV x SY matrices A and B by
Ay = 51%1 |l and B=A"1

Both matrices A and B are lower-triangular when the rows and columns are ordered compatibly
with the Bruhat order on 5’2, and the entries belong to Q(ay, ag, ..., a,). For z € S, and v € 5‘2,
denote by 35 € Q[a,ag,...,a,] the affine double Edelman—Greene coefficient, and let Ju € A
denote the j-basis element (see Appendix C).

PROPOSITION 9.13 [LS12]. Let v,w € S9 and © € S,,. We have
= > Apwle, (9.9)
veS9, v<w

jfu = Z Bwvtwa (9.10)

wel89, wv

jt = Z Bwvfi«%n (tY). (9.11)
weS9, wv
Let evy, : Qla] — Qlay, aq, ..., a,] denote the Q-algebra morphism given by a; — @; mod n-

LEMMA 9.14. Let w,v € Sz. Then for sufficiently large n. > 0 we have £, (w) = evy(E¥(w)).

5 Our §;éln|w differs from the one in [LS12] by a sign (—1)“").
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Proof. This follows from Proposition 7.3 which also holds in the affine case as well as the infinite
case. O

LEMMA 9.15. Let w,v € S9. Then there exists polynomials Ayy(a), Buvw(a) € Q[a] such that for
all n > 0 we have Ay = evy(Ayyw) and By = eviy(Byyw)-

Proof. Follows immediately from Lemma 9.14. U

LEMMA 9.16. Let z € Sz and v € S3. There exists a polynomial g(a) € Q[a] such that for all
n > 0 we have that j¥ = ev,(q).

Proof. Using Lemmas 9.1 and 9.14, we deduce that for any u € Sz and w € S9, there is a
polynomial p(a) € Q[a] such that for sufficiently large n, we have 3 (w) = evy(p(a)). By Propo-

sition 9.13, we conclude that there is a polynomial g(a) € Q[a] such that j* = ev,(q(a)) for
sufficiently large n. O

9.6 Proof of Proposition 9.6

Let x € S) and v € Sz. Only finitely many subwords of a% are reduced words for v, and for
n > 0 there is a bijection between such subwords and subwords of a that are reduced words for
v (now thought of as an element in S,). It thus follows from the definitions that for n > 0 we
have

eva(€°(r7)) = €5, (t). (9.12)

Claim (i) follows immediately. Claim (ii) follows from the similar claim in the affine nilHecke
algebra A.

Let x,y € S% and v € Sz. Only finitely many pairs of terms from the expansion (9.7) for 7°
and 7Y contribute to the coefficient of A, in the product 7#7Y. Thus for n > 0 the coefficient of
A, in 7%7Y is taken to the coefficient of A, in t*tY by ev,. Claims (iii) and (iv) now follow from
similar statements in the affine case (see (9.1)).

Let z € 59, v € Sz, and p € Q[a]. Only finitely many terms of the expansion (9.7) for 7%
contribute to the coefficient of A, in 7*p. Thus for n > 0 the coefficient of A, in 7*p is taken to
the coefficient of A, in t*ev,(p) by evy,. Claim (v) now follows from (C.1) in the affine case.

Let v € Sz. Then for n >> 0, the calculation of A(A,) in the affine nilHecke ring A is identical
to that in A. Claim (vi) now follows from the equality A(t*) =t* ® t* in the affine case (see
(C.2)).

9.7 Proof of Theorem 9.7
PROPOSITION 9.17. Let x € Sz and v € S). For all n>> 0, we have j¥ = ev,,(j2).

Proof. By Theorem 11.4, the image of Ex(x, a) in H}(FNIn) represents &£ for sufficiently large n.
By Proposition 11.3, the double Stanley function F(z|[a) represents the affine double Stanley
class @w(&Z ) € Hy(Gry) for sufficiently large n. By Theorem 11.4, the image of sy, (z][a) in

H:’F((Ern) represents é%r for sufficiently large n. We conclude that ev,(j%) = j%. O

By Proposition 9.17, the element jy € A’ is the limit (taking limits of coefficients of A,) of
Jwy € A as n — oco. By (9.12), the element 7% € A’ is a similar limit of the elements ¢* € A.
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Combining Lemmas 9.15 and (9.10), we thus conclude that

A= Z vaATU
v€eS9
v<wy
It follows that j) € P. The expansion (9.8) follows from Theorem C.1.

By Lemmas 9.15 and (9.9), we have that both {j, | A € Y} and {7% | w € SO} form bases
of Q(a) ®@q[q P. Thus an arbitrary element of a =), A, € P is uniquely determined by the
coefficients {a,, € Q[a] | w € 59}. Indeed, we have a = ), oy Gw, j and the sum must be finite.
It follows that PP is a free Q[a]-module with basis {jx | A € Y}.

9.8 Proof of Theorems 9.8 and 9.10
PROPOSITION 9.18. For \,v € Y, we have

indp =y du. (9.13)

vOu

Proof. Let us calculate the coefficient of sy(z||a) ® s,(z||a) in A(Fy(z||a)). On the one hand,

A(Fy(alla)) = ) i Alsu(alla) =D 30 Y Fu,, (@lla) @ su(alla)

veY veY nCr

by Corollary 4.18. So the coefficient is equal to ), - )\ s j, which is the coefficient of A,, on
the right-hand side of (9.13).
On the other hand, by Corollary 4.17, we have

A(Fy(z]a)) Z Fy(alja) ® Fy(zlla) = Z Ixdp(sx(zlla) @ su(z]|a)).

w=uv Al w=uw

So the coefficient is also equal to ), -, j\J;, which (using Proposition 9.6(v) to obtain that j
commutes with Q[a]) is equal to the coefficient of A,, on the left-hand side of (9.13). O

It follows from Proposition 9.18 that P’ is a commutative Q[a]-algebra. Together with
Proposition 9.6(vi), we obtain Theorem 9.8.

The pairing (7.19) induces a pairing between P’ and W¢,. By Proposition 7.8(iii), we have
(€Y, jx) = Opw, for v € SY and A € Y. Thus P’ and V¢, are dual Q[a]-modules. By Proposition
7.8(ii), the comultiplication in P’ is dual to the multiplication in ¥¢,. By comparing Proposi-
tion 9.18 and Corollary 4.18, the multiplication of P’ is dual to the multiplication in ¥¢,. Thus
P’ and Ug, are dual Q[a]-Hopf algebras. By Proposition 7.11 and the definition of sy (y||a), we

Y

have an induced isomorphism of Q[a]-Hopf algebras P’ 2 A(y||a) sending jy to sx(y||a). This

completes the proof of Theorem 9.10.

9.9 Proof of Theorem 4.22
The polynomial j¥(a) € Q[a] belongs to a subring of the form Q[ai—_m,a2—m, - .., am] for some
m. Suppose n > m. Then j7(a) € Q[ay,...,ay], and by Proposition 9.17, it is the image of j¥ (a)
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under ev,. Pick a cutoff ¢ satisfying m < ¢ < n — m. Make the substitution

a; fl1<ig
a; — . .
;i ifc<i<n,

to j%(a). The resulting polynomial must equal j%(a).
By Theorem C.2, we have that j¥(a) is a positive integer polynomial expression in the linear
forms

a; —a2,a2 —ag,...,0np—1 — Qp.

Applying the above substitution to this expression gives the desired expression for j¥(a).

10. Back stable triple Schubert polynomials

In this section we define triple back stable Schubert polynomials and triple Stanley symmetric
functions. This allows effective computation of some double Edelman—Greene coefficients and
structure constants for dual Schur functions. Before we provide the precise definition, we present
some motivation.

Corollary 3.8 states that F,,(z) = Fyy(z) where I, is the Stanley symmetric function.
However, the same statement is not true for double Stanley symmetric functions.

Ezample 10.1. Recall superization notation from (3.1):

«—
Fsys0(7l|a) = G 5,50(750) = ha(z<0/a<1) = ha2(z<0/a<0) — arhi(r<o/a<o),

Foysy (1]]0) = 10(S oy (31 0)) = na(ha(w<1 /a<2))
= Na(h2(z<0/a<0) + (z1 — a1 — a2)h(z<0/a<o) + (x1 — ar)(z1 — az))

= ha(r<o/a<o) — azhi(r<o/a<o)-

Note that the only difference between Fy s, (z||a) and Fs,s, (x||a) is the coefficient in front
of the term h;(x<o/a<o), and if we compute Fy,g, (z||a), this coefficient becomes a3. In general,
when we shift w by «, certain variables a; remain the same and other variables a; become a;1.
Roughly speaking, triple Stanley symmetric functions separate stable a; and shifted a; when
applying v to w, by replacing stable variables a; by b;. To make the construction formal, we
start by defining back stable triple Schubert polynomials.

10.1 Tripling

Let v4p : A(a) — A(b) be the map that changes symmetric functions from the a-variables to
b-variables. Let A(x/b) C A(x) ®g A(b) denote the image of the superization map py — pg(x/b).
We use the same notation for the Q[a]-algebra maps

«—

Vap : R(a) = A(a) ®g Qa] — A(b) ®q Qlal, pr(a) @1 pp(b) @1
Vap : A(z]]a) — Az /b) @ Qla], pr(z/a) — pi(z/b)

and the Q[z, al-algebra map

vy B (x;0) = Ax]|a) ©gpy Qle, a] — Ax/b) @q Qlz,al,  pilw/a) — pr(w/b).
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These maps change a variables to b variables but only ‘in symmetric functions’. All of these maps
are Q[a]-algebra isomorphisms: the inverse is the substitution f — f|p—,. Finally, note that we
have an injection A(z||a) — A(x) ® A(a) ® Qla], and the action of v, on A(z||a) is simply given
by 1@ v ®1: Alzr) ® Ala) ® Qla] — A(z) ® A(b) ® Q[a].

10.2 Back stable triple Schubert polynomials -
For w € Sz, define the back stable triple Schubert polynomials &, (z;a;b) € A(x/b) ®g Q[z, a]
by

— —

Suw(z;a;b) == v, 5(Gy(x;a)).
The set {gw(:ﬂ;a;b) | w e Sz} form a basis of A(z/b) ®g Q[z,a] over Q[a]. In particular, the

— —

structure constants for &,,(z;a;b) (which are equal to the structure constants for &, (z;a))
belong in Q[a).

Ezample 10.2. Continuing Example 10.1, we have

& 4150 (w3 03b) = (w0 /b<0) — arhi(w<o/bo),

ESQSl(az; a;b) = ha(z<o/bco) + (21 — a1 — a2)hi(xz<0/b<o) + (x1 — a1)(z1 — az)).
PROPOSITION 10.3. Let w € Syz. We have

Su@ab)= Y ()W, 1(a)F(2/0)6.(x) = 3 (~1) (& ,-1(a) & o (x).

wWw=uvz wW=Uv
u,z€840

Proof. The first equality follows from applying v, to (4.11). The second equality follows from
applying v, to Proposition 4.3. ]

Recall that A? (respectively A%, A%) denotes the divided difference operator in the x-variables
(respectively a-variables, b-variables).

ProrosIiTION 10.4. For w € Sz and i € Z, we have

Afgw(a@;a;b) _ {gwsi(:c;a; b) ifws; < w,

0 otherwise.

For w € Sz and i € Z — {0}, we have

«—

1

—
—Gsw(zya;b)  Iif siw < w,
(x3a;0) = .
0 otherwise.

Proof. The first statement follows immediately from the last equality in Proposition 10.3 and
Theorem 3.2. For i # 0, we have Af oy, = v4p 0 Af, so the second statement follows by
Proposition 4.9. U

10.3 Triple Stanley symmetric functions
Define the triple Stanley symmetric functions by

Fy(zllal|b) = vap(Fu(|la)).
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Ezxample 10.5. Continuing Example 10.2, we have
Fyyso(2]al[b) =ha(z<0/b<o) — arhi(z<0/b<o) and Fi,s, ([|al[b) =ha(z<0/b<o) — azhi(z<0/b<o)-
By Proposition 4.13 and Theorem 4.16, we have

Fy(zllallp) = Y (-1, (a)F,(2/b)6(a),

w=uvz
u,2€850

gw(aﬁ;a;b): Z F,(x|]al|b)&y(z;a).

W=uv
UGS#O

It follows from (3.15) that Fy,(z||a||b) satisfies the supersymmetry (cf. [Mol09, (2.15)])
Fy1(zllal[p) = (=1)"“) Fy (b]al ).
LEMMA 10.6. Let w € Sy. Then

Fu(ellallt) = Y (~1)™&, 1(a)F,(2/b) & (a).

w=uvz

Proof. We have

Y (1) E, 1 (a)F,(2/5) & (a)

w=uvz

= Y ()RS L(a)F, i (a)Fy(x/b)Fy (a)S2(a)

W=UUVZ] 22
u1,22€520

- Z (—1)€(u1)6u11(a)< Z (_1)€(u2)Fu21(a)Fv(:L‘/b)le(a)>6Z2(a)
s, e

= Y (1S, (a)Fu(w/b)S.,(a) = Fy(zllalb)

w=uiTzo
u1,22€S5+0

using Theorem 3.14 and (3.15). O

Define the triple Schur functions (essentially the same as the supersymmetric Schur functions
of Molev [Mol09, §2.4]) by sx(x||a||b) := vgp(sr(z||a)). Then

Foy(2]]al|b) = Z]A )sa(|lal[b), (10.1)

where j{(a) are the usual double Edelman-Greene coefficients. The triple Edelman—Greene
coefficients are defined by

Foy(x]al|b) = Z],\ a, b)sx(z||b)
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and satisfy deg(jV(a,b)) = €(w) — |A|. It is clear that j{'(a,a) = jV¥(a), but by (10.1), we also
have

¥ (a,0) =Y ji(a)jy" (a,b). (10.2)
I

Recall the Q-algebra automorphism =y, of §4.5. This map can be applied to the Q[a]-algebra
A(z/b) ®g Q[z, a] or to the Q[a]-algebra Q[a, b]. Recall also v : Sz — Sz from §2.1.

PROPOSITION 10.7. For w € Sz, we have F, ) (z[|al|b) = va(Fu(z||al|b)).
Proof. The proposition follows from Lemma 10.6 and Corollaries 4.4 and 3.8. O
COROLLARY 10.8. Let A € Y and w € Sz. Then ]}(“’) (a,b) = 74 (5% (a,b)).

Thus triple Stanley symmetric functions allow us to distinguish between ‘stable’ phenomena
(the b-variables) and the ‘shifted” phenomena (the a-variables).

Ezample 10.9. Continuing Example 10.5, we have

.S’Fj
=
B
8
=
|
>
[}
8
N
(=]
~
j=p)
IN
o
~
|
S
[\
>
=
8
/AN
(=]
~
jop)
IN
(=)
=

$180

Therefore, ji) (a,b) = by —aj and jff)sl(a, b) = by — as.

10.4 Double to triple
We have an explicit formula for ji’(a,b) in terms of double Edelman—Greene coefficients jV'(a).
Recall the definition of Durfee square d(\) from before Proposition 4.25.

ProrosITION 10.10. Let A\, € Y. Then

j:fA (a,b) = Z (—1)\)\//"61”;/1 (G)Gwp/u (b).
p: pSpCA !
d(p)=d(p)=d())
For n € Y and w € Sz we have
Jy (a,b) = Z (—1)"\/p|jf\”(a)6w;/1 (a)Gwp/u (). (10.3)
A,p: ADpDp ?
d(X)=d(p)=d(p)

Proof. By Proposition 4.25, we have

sa@llallp) = Y (FOVIS,a (@)sp(a/t) = Y (FD)MS, 1 ()8, (0)su(l D).

X p Xp
pCA HCPpCA
d(p)=d()) d(p)=d(p)=d(})
This gives the first formula. The second formula follows from (10.2). O
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The following result follows from (10.3).
PRrROPOSITION 10.11. Let w € Y, w € Sz, and i € Z — {0}. Then

A(a,b) = {jﬁﬁri(a, b) if u has an addable box on diagonal 1,
1Jpu \%

0 if i has no addable box on diagonal i.

10.5 Triple Edelman—Greene coefficients for a hook
In this section we compute j(uéﬂylp)(a, b) for all w € Sz and p,q > 0, in a way that exhibits the
positivity of Theorem 4.22.

The support of a permutation w € Sz is the finite set of integers

|w| := {i | s; appears in a reduced word of w} C Z.

A permutation w € Sy, is called increasing (respectively decreasing) if it has a reduced word
Siy Sig - - - 83, such that iy < iy < --- <1y (respectively i1 > ip > --- > iy). For J C Z a finite set,
we denote by uy € Sz (respectively d; € Sz) the unique increasing (respectively decreasing)
permutation with support J.

We call w € Sz a A if it has a factorization of the form w = ujdg. Such factorizations are
called A-factorizations. We consider two factorizations to be distinct if their pairs (J, K) are
distinct. We call a reduced word u a A-word if it is first increasing then decreasing. Associated
to a A-factorization is a unique A-reduced word.

Suppose w admits a nontrivial A-factorization id # w = uydg. Let m = max|w|, J' = J\
{m} and K/ = K \ {m}. There are exactly two pairs (J, K) corresponding to a given pair (J', K'):
m occurs in exactly one of J and K.

For a finite set T = {t1,to,...,t,} CZ, let ar denote the sequence of variables
(at,,aty, ..., az,). For the above T'let T+ 1= {t; +1,...,t, + 1}.

THEOREM 10.12. Let p,q > 0 and w € Sz. Then j\(a,b) = 0 unless w is a A, in which case

jéfﬁ.l@?)(aa b) = Z 65|K/|"'5q+1 (b; aK/"F]-)GS_‘J/"”S—l—p (b; aJ’-i-l) (10'4)
(J',K') distinct
w=ujdi

where the sum runs over all distinct pairs (J', K') coming from A-factorizations w = ujdx and
Gy, (b;ayry1) is the image of S, (b;ay) under the substitution ay — aj1 where vy € Sy.

Remark 10.13. The coefficients j\'(a,b) appear to satisfy the following generalization of the pos-
itivity in Theorem 4.22: j{’(a,b) is a sum of products of binomials ¢ —d where ¢ and d are
variables with ¢ < d where

by <by<---<ap<aa<--<ag2=<a_1<ag<--<b_g=<b_1=<bp.

The double Schubert polynomials occurring in Theorem 10.12 satisfy this positivity, say, by the
formula for the monomial expansion of double Schubert polynomials in [FK96].

Remark 10.14. It is possible to obtain more efficient formulas than those in Theorem 10.12,
especially when p = ¢ = 0, by grouping terms according to the set of maxima for each of the
maximal subintervals of |w|.
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Ezample 10.15. Let w = s155. For j}” there is a single summand (J', K') = ({1}, ) corresponding
to either of the factorizations (J, K) = ({1,2},0) or (J, K) = ({1}, {2}). Then j;***(a,b) = as —
bp. More generally, for w = s;s;41 - - - i, we have j}"(a,b) = (ar, — bo)(ag—1 — bo) - - - (ai+1 — bo).

Let 6 = a1 — ag. The proof of Theorem 10.12 uses localization formulas for Schubert classes
in equivariant cohomology H7. (Fl,) (see § 11.2) of the affine flag variety. In this context we set
a; = a1y for all i € Z. We shall use the following result [LS12, Theorem 6].

THEOREM 10.16. For every id # x € S,,, we have 9_15;2;1 s, € Qlai, asg,...,a,] and
~ a1 -1
o= Aot Y (D At ()G Ly Ae).

LEMMA 10.17. Let id # = € S,,. Then 5;21 |s, = 0 unless = is a A, in which case

(DL oy =(a—a)) D Gy s (@ap1)8s s (aiagrgn).  (10.5)
(J',K") distinct
r=ujdg
Proof. We compute {% s, as an element of Q[ag, a1, ..., a,—1] (setting a, = ap), using Propo-

sition 7.3, picking the reduced word u = s189 8,1 - 8981 of sg. If x has no A-factorization,
then u does not contain a reduced word for z. For i # n — 1, the roots (3(s;) associated to s;
are a;+1 — a1 (left occurrence) and ag — a;4+1 (right occurrence), the sum of which is ag — a;. We
also have ((s,—1) = ap — a;.

Summing over the A-factorizations, the simple generator s,, where m = max(|w|) contributes
a factor of (a1 — ag) to (—1)“®)¢?|,,. The remaining simple generators contribute [Ijep (a1 —
aji1) [ [per(ar+1 — ao). Finally, these products of binomials are double Schubert polynomials:

H (a1 — aj41) = Gy, sy (a0 + 1), H (ag41 = a0) = Gs_ sy (a5 aK741). O
jed’ kEK'

Proof of Theorem 10.12. First suppose that w € S;. Combining Theorem 10.16 and
Lemma 10.17 with the limiting arguments of §9.5, we deduce (noting that Theorem 10.16 has
‘z71%) that

]iﬂ(a) = Z 63‘}(/“"51(&; CLK/+1)68_|J,|...5_1(CL;CLJ/+1).

(J',K’) distinct
w=uydi

Recall the shift automorphism ~ : Sz — Sz from §2.1. It follows that we must have

jiv(au b) = Z 63|K,|...31(b; aK’-i—l)GS_lJ/lms_l(b; CLJ/+1),
(J',K') distinct
wiquK

to be consistent with Corollary 10.8, and this must hold for all w € S7. The formula for a general
hook (g + 1, 17) follows by Proposition 10.11. O

10.6 Proof of Theorem 8.15
By Theorem 9.10 and Proposition 9.18, the coefficient of 55(y||a) in the product 31 (y||a)3,(y||a)

WA/

is equal to 0 if 4 € X and equal to j; /" (a) otherwise.
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LEMMA 10.18. Let 4 C A and z = wy, be a A. Then \/p is a thin skew shape.

10.7 Proof of Theorem 8.18

The product 5(441,1r)(y||@)3,(y||a) is computed by evaluating I(qt1.17) (a) where z is 321-avoiding.
Thus Theorem 8.18 is obtained from Theorem 10.12. Let D = (A\/p, p/u) be a A-decomposition.
The key equality is

Ab wt(D) = wtp4(D).

Ul—p,~17d[1,q]

This in turn follows from the equality

th,q(D) — Gs‘p/u‘s‘p/u‘_l'"Squl (a/7 aJ+1)68_|/\/p‘...57p71 (0’7 G‘K-i-l)?

where J is the set of diagonals in p/u and K is the set of diagonals in A/pu.

11. Affine flag variety

In this section, we recall the equivariant cohomologies of affine flag varieties and affine Grassman-
nians. We preview some results in affine Schubert calculus that will be developed in subsequent
work. We use notation for affine symmetric groups as in §9.1.

11.1 Affine flag variety and affine Grassmannian
We consider affine flag varieties F1, and affine Grassmannians Gr of GL,(C). A lattice L in
F™ is a free C[[t]]-submodule satisfying L ®c(y) F' = F". There is a map ¢ : " — F sending
tFe; to tF" 1 compatible with infinite linear combinations. Under ¢, a lattice L C F™ is sent to
an admissible subspace A C F. We often identify a lattice L with the corresponding admissible
subspace A = ((L).

The affine Grassmannian arn consists of all lattices in F™". It embeds inside the Sato Grass—
mannian Gr’, and thus inherits the structure of an ind-variety over C. We have (fj} |_|k ,

~(k —~ —~ —~
where Grfl) .= Gr® N Gr,,. The neutral component Gr,, := Gr,(lo) is the affine Grassmanman of
SL,(C).

An affine flag in F™ is a sequence
Le=---CL_4 CLQCL1 (@R

of lattices L; C F™, such that dim L;/L;—1 =1 for all i and L;—,, = tL;. The affine flag variety

~. ~. ~ ~ —~(k
F1,, consists of all affine flags in F™. We have Fl,, = |_|kqu(1k) where L, € qu(lk) it Ly € Gri ). The

~ ~ (0
neutral component Fl,, := Fl;) is the affine flag variety of SL,(C).

The image Ae = ((Ls) is a flag of admissible subspaces in F'. However, it is not an admissible
ﬂag since it is possible that {(L;) # E; for mﬁmtely many ¢ € Z. We do not have an embedding of

Fl in the Sato flag variety F1'. Nevertheless, Fl is known to be an ind-variety over C [Kum02].

11.2 Equivariant cohomology of affine flag variety
Let T}, be the maximal torus of GL,,(C). We have H7. (pt) = Qlaz, . . ., an]. Write v, : Q[a] — Q[a]
for the Q-algebra 1somorph1sm glven by a; — @i+1 mod n-

The torus T}, acts on Gr,, and Fl,,. Let S, be the affine Coxeter group of SLy, (C) and S, =
Z % S, = (sh) x S, the affine Weyl group of GL,(C). For w € S,, let f}Fi’ln denote the Schubert
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class of Hy (F1) indexed by w. Similarly, the Schubert classes §&. € Hy, (Gr,)) of Gr, are

indexed by O-affine Grassmannian elements w € S := Z x S ¢ S,,. We have

Hy, (F1,) = € Hy, (pt)€" and Hj, (Gr,) = ) Hi, (pt)¢
wWES, weSY

There is a wrongway map [Lam08, LSS10] w:H:’Fn(FNLL) HH%n(é;'n) induced by the
homotopy equivalences QSU(n) = Gr,, and LSU(n)/T, = Fl,, and the inclusion QSU(n) —
LSU(n)/Ty. The class w(¢) is completely determined by its localization at T)-fixed points of
Grp:

()|t s, =&l for A € QY. (11.1)

11.3 Presentations
We have a ring map ev,, : Hy, (pt) — Hz, (pt) which sets equal a; = a;1, for all i € Z.

The inclusion Gr,, < Gr induces a map of Hr (pt)-algebras:
Hz, (Gr) ®ey, Hf, (pt) — Hf, (Gry,). (11.2)

To explain this, we would like to embed T;, into 77 in an n-periodic manner, but our definition
of Ty requires all but finitely many entries to be identity. However, the action of T}, on évrn is
compatible with the action of T on Gr as follows. Take N = mn for some positive integer m.
If we restrict ourselves to the finite-dimensional piece |J,Gr(k,2N) of Gr, then the action of
Ty, factors through Tj_y ny_1), and this is the same as the action of 7}, on Gr, N (UpGr(k,2N))

where we embed T), into 7]_x y_1) in a n-periodic manner. Thus the embedding (Z«n — Gr is
‘essentially’ T,-equivariant, and induces (11.2) by pullback.

Unfortunately, no s(_uch map is available for Fl,,. Nevertheless, we have the following algebraic
construction. For f € R(z;a) and w € S, we define f(wa;a) analogues to the case w € Sz, (see
[LS13] for details for the case f € A(x||a)). Let E(C{T;a)evn = E(az;a) ®ev,, Qlai, ..., a,] and
A(z||a)ey, = Az]|a) Rev, Qlai,...,an).

PRrROPOSITION 11.1. We have a Qlay,...,ay|-algebra morphism ¢, : ﬁ(x;a)evn — H:’Fn(];:ln)

restricting to ¢, : A(z||a)ey, — H%n((/i}n), forming commutative diagrams

%(z @)ev, Afzl|a)ev.,
o l \ l \ (11 . 3)
H%n(ﬁln) localization Hwegn H%”(pt) HT”(GI"") localization Hwegg H;"n (pt)
where the diagonal arrows are given by f(z;a) — (w — f(wa;a)) € Fun(Sy,, Q[as, . . ., ay)).

Proof. Let U, C Fun(S’n,Q[al, ...,ay]) denote the image of Hy (FNIn) under localization. It is
given by GKM conditions similar to (6.3). It is straightforward to check that the generators x; and
pr(x|la) of E(m, @)ev,, are sent to ¥,, under the diagonal map f(z;a) — (w — f(wa;a)). Further-
more, this diagonal map is clearly a Q|ay,...,a,] algebra morphism. This uniquely determines
the map ¢,, with the desired properties. O
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In fact, the map ¢, is a surjection and gives a presentation of the cohomologies Hf, (ﬁln)

and Hr. (/G\}n) We shall study these presentations in further detail in future work.

Remark 11.2. The map ¢, cannot be induced by any continuous map ]?‘Vln — F1 that sends T,-
fixed points to Tz-fixed points. This is because for any w € S, and v € Sz, one can always find
f(z;a) € R(z;a) such that f(wa;a) # f(va;a).

ProprosiTIiON 11.3. We have the following commutative diagram.

F a
R(z;a)ev, e A(zl|a)ev,

| | (11.4)

Hz (Fl,) —Z— H} (Gr,)

Proof. By (11.1) and Proposition 11.1, it suffices to check that for f(x;a) € §(m;a)evn and
A € QY, we have

fltaa;a) = no(f)(trasa). (11.5)

For f € A(z||a), a formula for f(¢tya;a) is given in [LS13, §4.5]. For p € Q[z, a], we have tyz; =
x; + N0 = x; (since we are working with the finite, or level zero, torus 7T,, rather than the affine
one). Thus p(tya;a) = nu(p) for p € Q[z,a] and (11.5) holds. O

11.4 Small affine Schubert classes
We shall need the following result concerning ‘small’ affine Schubert polynomials.

THEOREM 11.4. Suppose that w € Sy, (respectively w € S%), which we also consider an element
~ ~ «— ~
of Sy, (respectively S7)) for n.>> 0. For sufficiently large n > 0 the image of & (x;a) in Hj, (Fl,)

is equal to & (respectively the image of sy(z||a) in Hf, ((E}n) is equal to févr ).

Proof. We sketch the proof. There are divided difference operators A;: Hr, (Fl,,) — Hr (Fl,,)
for i € Z/nZ, and the Schubert classes ¢z, are determined by recurrences similar to (7.15). One

n

then checks that for Schubert classes indexed by small w € Sz, the action of A; on TB(:E, a) and on
~ —
HF (Fl,) are compatible: A; o ¢, = ¢, 0 A; acting on & (x;a), when i € Z is chosen carefully.

It follows that gw (z;a) represents 5%”1 for sufficiently large n. O

12. Graph Schubert varieties

12.1 Schubert varieties and double Schur functions

Fix a positive integer n. Let Gr(n,2n) denote the Grassmannian of n-planes in C2" =
span(e1_n, €2 n,...,en). We let the torus Ty, = (C*)?" act on C?>", and identify H}Qn(pt) =
Qla1—n,a2-n,...,ay], so that the weight of the basis vector e; € C?" is equal to a;. The
T-fixed points of Gr(n,2n) are the points e; € Gr(n,2n), where I is an n-element subset
I C [1 —n,n]. There is a bijection from partitions A fitting in a n x n box to the collection
([1_:’"]) of subsets of size n in the interval [1 —n,n], given by A — I(\) = ([1,n] \ S+)US_,
where A\ = A\(S_, Sy ); see §2.1. The Schubert variety X* has codimension || and contains the
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T-fixed points ey(,) for p 2 A. Via the forgetful map Q[a] — H7, (pt) which sets a; to 0 for
i ¢ [1—n,n], H}, (pt) ®qle Az]|a) has a Qlai—n, ..., a,]-algebra structure.®

ProrosITION 12.1. There is a surjection
Hr,, (pt) @qp) Alzlla) — Hr,, (Gr(n, 2n)) (12.1)
of Q[a1_n, a2 n,...,an]-algebras such that sy(z||a) — [X?].
The surjection (12.1) is compatible with localization, analogous to (11.3).

Remark 12.2. Let S, act on the z-variables in R = Q[z1_p,...,Z_1,%0,a1—p, ..., ay|. We may
realize Hy, (Gr(n,2n)) as a quotient of R, The map of Proposition 12.1 is given by sending

sx(z||a) to the truncation 6%;”’”1 (x;a).

12.2 The graph Schubert class

We describe Knutson’s graph Schubert variety. Let w € S,,. Let M, = B_wB, C Myx, and
My, = Mg C M, %, be the matrix Schubert variety. Let V.0 = (I,,| M) C M,,x2, where we place
the n x n identity matrix side by side with M,,. Let 7 : M,
Gr(n,2n) from the rank n matrices M,
by

— Gr(n, 2n) be the projection to

X2n

in My, xon. The graph Schubert variety G(w) is given

X2n

G(w) = n(V2) C CGr(n,2n).

Deﬁnefw €S, byfw(i) =w(i)+nforl<i <nandfw(i) =i+nforn+1<1i<2n. Then
G(w) is equal to the positroid variety I1; = (see §6 in [KLS13]). Let [G(w)] € H}, (Gr(n,2n))
denote the torus-equivariant cohomology class of G(w).

Define the n-rotated double Stanley symmetric function £ (z||la) € A(x||a) as the image of
gw(m; a) under the map of Q[al-algebras

A(z]|a) ®qa) Qlz, a] — A(z||a) (12.2)

which is the identity on A(x||a) and sends x; € Q[z, a] to a;—y.
THEOREM 12.3. Under (12.1), the image of F" (z||a) in Hj, (Gr(n,2n)) is equal to [G(w)].

12.3 Proof of Theorem 12.3 )
—~(n
There is an embedding ¢ : Gr(n,2n) — Gr,,’, placing the Grassmannian as a Schubert variety

at the ‘bottom’ of the affine Grassmannian of GLs,. This induces a pullback back map ¢* :

Hr ((A}}é:?) — Hy, (Gr(n,2n)). There is also the wrongway map of rings w : Hy, (]?‘vléz)) —

(O]
HTQn(Grzn )-

For a bounded affine permutation f, let [llf] € Hy, (Gr(n,2n)) denote its equivariant coho-

mology class, and let ¢/ € Hy (151;’7?) denote the Schubert class. The following result is due to

Knutson, Lam and Speyer [KLS13] (see also He and Lam [HL15]).

THEOREM 12.4. For any positroid variety Il;, we have (* o w(ef) = [I¢].

6 Let A° denote the partition that is the complement of X in the n x n square. Our X* is equal to Knutson’s X*°
[Knul4].
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In particular, this result holds for Il = Il = G(w). The remainder of the proof is concerned
with working through the interpretation of Theorem 12.4 in terms of double symmetric functions.

Let us first consider ¢/v € H7, (ﬁlg?

}Q,n (pt) = Qlaq, ag, . .., azy] but HT2 (pt) = Q[a1—n, a2—p, . .., ay]. Recall from Proposition 11.1

). Here, we use T4, to distinguish from Tb,. We have

the algebra map ¢, : <_(ac; a)ey, — H}Qn(Flgn). Combining Theorem 11.4 with Proposition 6.9
(and the analogue of Proposition 6.9 for 1*:1;:?), we obtain gbn(%shnw( a)) = é’f - By Proposi-

tion 11.3, the class w(‘ffw) € H*, (Gr( )) is the image under ¢y, of the element na(gshnw(x; a)) €
A(z[|a).
Finally, we need to switch from 7%, back to the isomorphic torus T4,. This is simply the map
a; — a;j—p, on Q[a]. Thus

15 f n
" (e (#:0) oima) = F (alla) = w(¢/) € H,, (Cryy)).

Theorem 12.3 follows from this equality and Theorem 12.4.

12.4 Proof of Theorem 5.11
By the main result of [Knul4] applied to the interval positroid variety G(w), we have the

expansion
Z wt(D)[ X D]

where the sum is over all IP pipedreams D for G(w) that live in the triangular region {(7,7) | 1 <

i < j < 2n}. We do not give the full definition of IP pipedream here. Indeed, for the special case

of G(w), the IP pipedreams are in a canonical bijection with rectangular w-bumpless pipedreams.
Let P be a rectangular w-bumpless pipedream. We produce an IP pipedream D as follows.

(i) Erase all boxes in the lower-triangular part of the left n x n square of P (these boxes always
contain vertical pipes).

Add an upper-triangular part below the right n x n square of P, and fill with vertical pipes.
Rename the pipes numbered 1,2,...,n to the letters Ay, As, ..., A,.

Rename the nonpositively numbered pipes to the label 1.

Add 0 pipes so that every tile has two pipes (in an empty tile, we use a double elbow).

(i)
(iii)
(iv)
(v)

In Figure 11, all 0 pipes enter from the left and all 1 (respectively lettered) pipes come up
from the bottom entering the diagram to the left (respectively right) of the dotted line.

Going through the definition of IP pipedream in [Knul4], we see that they are in bijec-
tion with rectangular w-bumpless pipedreams. Comparing wt(D) with wt(P), it follows from
Proposition 12.1 and Theorem 12.3 that in H7, (Gr(n,2n)) we have

") (z|la) = Zwt P)syp)(]|a), (12.3)

where the summation is over all rectangular w-bumpless pipedreams, and Wt(”)(P) =
Wt(P)|z;a, ,- But we have injections S, < Sp41 — ---. The rectangular S, i-bumpless
pipedreams P’ for w are obtained from the rectangular S,-bumpless pipedreams P for w
by: (i) adding an elbow in the southeastern most corner; (ii) filling the rest of the southmost
row with vertical pipes; and (iii) filling the rest of the eastmost column with horizontal pipes.
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e
—— vy
; e A
R 1
: [
1 2 3 4 2
3

|1

As

Ay

FiGURE 11. From a bumpless pipedream to an IP pipedream.

Thus, (12.3) holds for all sufficiently large n, where the summation is over the same set of rect-

s
angular w-bumpless pipedreams. The only expansion of & (z;a) in terms of s)(z||a) consistent
with this is the one in Theorem 5.11.

12.5 Divided difference formula for graph Schubert class
For completeness, we include the following formula due to Allen Knutson.

THEOREM 12.5. Let w € S,,. Then
[G(w)] = Auw, (( H (i — aj))%_new(wnt; a+)>,
1-n<i<j<0

where the action of A, is defined by the action of Sy, on the variables x1_y,...,x_1,Zo.
Sketch of proof. We use the notation of § 12.2. There is a canonical projection

He swry, (Mnxan) = Hep, sy, (Mpyo,) = Hr,, (Gr(n, 2n)).
(M, x2n) such that for any

By [BF17] this map has a section o : Hy, (Gr(n,2n)) — Hgp op,
closed subscheme Z C Gr(n,2n), ([Z]) = [x=1(Z)]. In particular o([X*]) = [x~1(X*)] which
is identified with the double Schur polynomial 65;"’71} (z;a) in variables z1_p,...,zo and
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G1—n, - - ., ay where the row torus T,, C GL,, acts on M, x2, by the weights x1_,, through x¢ and
Ty, acts on columns by weights a1, through a,. Let Z = G(w) and Y = 771G (w)) C Mpxan.
In the notation of §12.2 we have o([G(w)]) = [Y]. Let Y’ be the closed B_-stable subvariety
(B_|My) of Myxay,. Since Mg is B_-stable we have

Y = GL, - (IMy) = By B_(I[My) = B (B_[My) = B,Y".

Since Bi acts freely on (B_|Mg) one may show that [Y]= A,,[Y'] where [Y']€
HF o, (Mnx2n). But Y’ is a product. The equivariant class of the affine space B_ is the product
of the weights of the matrix entries that are set to zero in B_ and the equivariant class of M,,,
which is 7, " & (24; a4 ) by [KMO5] (the shift in = variables is due to the convention on weights).
We deduce that

Wi=( I et

as required. O

Ezample 12.6. Let n = 2 and w = s1. Then &, (z4+;a4) = 21 — a1, 73 "(Gw(zy;at)) =21 — a1
and

o([G(w)]) = A-1((z—1 — ao)(z-1 — a1))
=T_1+xTyg—ag—ay
= (x_1 +x9—a_1 — a()) + (a_1 — al)

= o([X")) + (a1 — ar)o([X7)).

On the other hand, we have gw = si(x|la) + (x1 — a1). Setting x; — a_;, the formula for

Fg) (z||a) agrees with the above computation.
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Appendix A. Dictionary between positive and nonpositive alphabets

The literature uses double Schur symmetric functions s3°(z||a) (e.g. [Mol09, §2.1]) while we
use sfo(a:Ha). The two kinds of double Schurs are compared explicitly below using localization.
For more connections with various kinds of double Schur polynomials used in the literature, see

[Mol09, §2.1].

A.1 Positive alphabets
Recall that x4 = (x1,22,...) and 2_ = (xg,2x_1,...) and similarly for a4 and a_.

Let Q[a] = Q[a; | i € Z] and A>%(z||a) the polynomial Qa]-algebra generated by px (x4 /ay)
for k > 1. Recall the definition of 7, from (4.15). Define

a

W0 (wlla) = g " he(zy fay), 30 (alla) = det g AT (alla).
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A.2 Nonpositive alphabets
Let ASO(z||a) be the polynomial Q[a]-algebra with generators py(z_/a_) for k > 1. Define

h0(zlla) =0 he(a—fas),  s30(alla) = det g IAS ;i (2lla). (A1)

Applying w and using (4.28) we have

ex¥(alla) = v Ter(w—faz), s30(alla) = dety) ey

50 (alla). (A.2)

A.3 Localization
PROPOSITION A.1. Let ® : A>%(x||a) — AS%(z||a) be the Q[a]-algebra isomorphism given by

pr(ry/ay) — —pp(z—/a—) for all k > 1. (A.3)

It satisfies
O(f)w = flw forall f e A”°(z||a) and w € S. (A.4)

Moreover,
®(s3°(z]]a)) = (~1)Ms30(z||a) for all A € Y. (A.5)

Proof. Checking (A.4) on algebra generators, we have

Pr(Ts/at)|w +pr(r—/a-)|w = pr(way /ay) + pr(wa—/a-) = pr(waz/az) = prlaz/az) = 0.

Since ® acts like the antipode (up to changing nonpositive for positive alphabets), we have the
equality ®(sy(z; /ay)) = (=1)Msy(z_/a_) for all X € Y. It is straightforward to verify that ®
is yg-equivariant: ®(v,(f)) = 7a(®(f)) for all f € A~%(z||a). We compute
0(s7°(xlla)) = det D(v3 " (h3 14 (]]a)))
= det ®(v)~ N Dhy i (ay fag))
= detyy M (=1 ey iy j(z-/a)
= (=DM det i e

= (D)5 (afa). O

z||a)

A.4 Molev’s skew double Schur functions
Molev’s skew double Schur functions [Mol98, Mol09, ORV03] are the positive variable analogues
of double Stanley functions for 321-avoiding permutations.

For A € Y and n > ¢(\) the double Schur polynomial, sy(z1,...,%,||la) may be defined by

S ). It is stable (the limit as n — oo is well defined), yielding the element s7°(x||a) €

¥ (wa
A0 (z][a).

The same is true of Molev’s skew double Schur polynomials s, (71, ..., Zn|[a) as defined in
[Mol09, (2.20)], because they have a stable expansion into double Schur polynomials as n — oo.
Define F>0 (z||a) € A>%(z||a) by Flf/(zb(:cHa) = limy o0 8,/ (21, - - Tnlla).

Recalhng wy/,, from (2.2), we have w(w,/,) = w,s/,,. We define F\ (xHa) nguo/u (z|]|a).
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ProrosiTION A.2. With ® as in Proposition A.1,

S(F20 (ella)) = (~)MHES? (a]la).
Appendix B. Schubert Inversion
B.1 Proof of Lemma 2.10

Proof. We expand using the Billey—Jockusch—Stanley formula (2.10):
S (1) S, (21)8, (w4)

w=uy

l+1
= Z (Z(_l)k Z Tb1Tby "'$b£>‘
(w) “<be

aiaz---ag€Red k=0 by 2bg 2+ 2bg 21<bp 41 b2 <+
if i>k then a;<a;+1 = b;<bi41
if i<k then a;>a;41 = bi>bi+1
bi<a;

We perform a sign-reversing involution on the inner sum on the right-hand side (contained inside
the parentheses) as follows. If either (k > 0 and by < bg41) or k = ¢, then we change k to k — 1.
If either (k < £ and by, > bgy1) or k = 0, then we change k to k+ 1. If 0 < k < £ and by = b1,
then we change k to k — 1 if ap < ag41; we change k to k+ 1 if ap, > ap41. O

B.2 Inverting systems with Schubert polynomials as change-of-basis matrix

Let W C Sxo be a subgroup generated by simple reflections s; for i € I for some I C Z — {0}.
For J C I let W; be the subgroup of W generated by s; for i € J. For z,y € W say = /< y if
yr~t € Wy and £(yz~1) + £(x) = £(y). Equivalently, = /< y if and only if there is a v € W such
that y = vx.

LEMMA B.1. Let W’ be a fixed coset of W;\W. Then the W' x W'-matrices
Apy = (1) X (@< )81 (),
By = x(z7< y)8,p1(a)

are mutually inverse.

Proof. For z,y € W', we have

(AB)ay = > Aq2B.,
zeW’

=Y X@'< X< ) (=) VS, 1(0)S 1 (a).

Thus (AB)gy = 0 unless x7< y. Let us assume this. Let u,v € W; be such that uz = z and
vz = y. There are factorizations y = vz and y = vuzx with

(AB)ay= > (-1D)"™&,-1(a)8y(a) = by
vu=yx 1

using the obvious generalization of Lemma 2.10 to Sxo. g
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The right-hand analogue also holds. For x,y € W say = <’ y if 27 'y € W, and £(z) +
{(z~'y) = £(y). Equivalently, <’ y if and only if there is a v € W such that y = xv.

LEMMA B.2. Let W' be a fixed coset of W/W ;. The W' x W'-matrices
Azy = (1) x( < )8y 14(0),
Bry = x(x <7 4)8,-1,(a)

are inverses.

COROLLARY B.3. Let {F, | w € W} and {Gy | w € W} be families of elements.
(a) Then we have
Fo= Y (-D)"™&,11(a)G, forallweW (B.1)
(u,v%iﬂl;yxw
if and only if
Gy = Z Gu(a)F, forallwe W, (B.2)
(u,v%iWu;)XW
(b) and we have
Fo= Y  (-1)¥G,6,-1(a) forallweW (B.3)

(’U,Z)éuv‘i/XWJ
if and only if
Gw= Y  F,6.(a) forallweW, (B.4)

wW=vz

(v,2)EWXW s

Appendix C. Level zero affine nilHecke ring

We recall in this section standard results the affine nilHecke algebra and the Peterson subalgebra.
We use affine symmetric group notation from §9.1.

C.1 Level zero affine nilHecke ring
Let A denote the level zero affine nilHecke ring (see for example [LS12] for details). It has
Qlay, asg, . .., an]-basis {A, | w € S,}. There is an injection S, < A that is a group isomorphism
onto its image. It is given by s; — 1 — ;A; = 1 — (aj+1 — ai)As,. The image of S, in A forms a
basis of A over Q(ay,as, ..., an).

The action of S, on Q[a1, ..., ay] is the level 0 action. Thus in A we have the commutation
relation

(wty)p = (w - p)(wty) (C.1)

for p € Qlay,...,a,] and w € S,,. In particular, ty € Z;(Qlay, ..., ay]).
The affine nilHecke ring A has a coproduct map A:A — A®gqq,,. 0, A which is
Qlaq, ..., ay|-linear and satisfies

Aw)=w@w forweS,. (C.2)
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C.2 Peterson algebra
Let P:= Z;(Qlay,...,a,]) denote the Peterson subalgebra of A, defined as the centralizer of
Qlai, .. .,a,] inside A. Then P has basis {t) | A € QV} over Q(ay,...,an).

THEOREM C.1. The Peterson subalgebra P is a commutative subalgebra of A. It is a free
Qlay, ..., an|-module with basis {j) | A € QV}. The element jy € P is uniquely characterized
by the expansion
3/\ = Aw + Z 5;\1 u
ugS9

for 5; € Qlai, ..., ay|, where wS,, = t)\S,.

The following result follows from combining [LS10], which proves Peterson’s isomorphism of
localizations of H *(CA%}) and the equivariant quantum cohomology Hy, (Fl,) together with an
explicit correspondence of Schubert classes, and the positivity result of [Mih06] in equivariant
quantum cohomology.

THEOREM C.2. Let A € Q¥ and u € S,,. Then 51{ € Zxola; —aj |1 <i<j<nl.
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