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A generalized class of “transport type” equations is studied, including most of the known exactly solvable
models; in particular, the transport operator K is a scalar type spectral operator. A spectral resolution for
K is obtained by contour integration techniques applied to bounded functions of K. Explicit formulas are
developed for the solutions of full and half range problems. The theory is applied to anisotropic neutron

transport, yielding results which are proved to be equivalent to those of Mika.

I. INTRODUCTION

In 1973 Larsen and Habetler' introduced a technique
for solving the one-speed neutron transport equation based
on contour integration of the resolvent of the transport oper-
ator about its spectrum. (Although the transport operator,
K ' in their notation, is unbounded, its bounded inverse K
can be treated by resolvent integration. This leads to an “ei-
genfunction expansion” in the sense of Titchmarsh, for K.
To return to the neutron transport equation which involves
K ! rather than K, it is necessary to develop a functional
calculus for K, after the manner von Neumann introduced
into quantum mechanics?; this was accomplished in a later
paper.’)

The Larsen—Habetler method has been extended in the
past two or three years to a number of more general forms of
the neutron transport equation. Instead of listing these refer-
ences here, the reader is referred to a recent comprehensive
review article.® One special case should be noted, however,
namely the so-called “critical” situation (which in one-speed
theory corresponds to the situation ¢ = 1). The orthodox
resolvent integration technique cannot be applied in such a
case, because K "' is not invertible on its range. A modified
and somewhat cumbersome technique can be used, howev-
er.’ The idea is to restrict K ' to a domain on which it is
invertible, and proceed after the manner of Ref. 1, later ex-
tending results to the whole space.

Since the (linearized) equations describing electron os-
cillations in plasma and the kinetics of rarefied gases are
similar in form to the neutron transport equation, it seems
that resolvent integration techniques might be vatuable in
solving these equations also. However, they both pose diffi-
cult problems. For example, the unbounded operator de-
scribing gas kinetics is not invertible, and even if it is restrict-
ed to a domain in which it is invertible, its inverse is still
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unbounded. Thus it is not possible to integrate around the
spectrum. The linearized Vlasov equation describing plasma
oscillations is also unbounded, and although it is in general
invertible, its inverse also is unbounded, so again straightfor-
ward resolvent integration techniques fail. (The relevant
equations for these two physical problems are discussed in
Ref. 6, Chap. 10.)

Very recently, a method suggested by Larsen’ has been
successfully applied to the Vlasov equation,® the gas kinetics
equation (for a BGK model)*'° and also to conservative neu-
tron transport.' For the first two cases this method was cru-
cial to the solution; in the neutron transport case it merely
simplified the previous somewhat cumbersome method de-
scribed above. The basic idea was to transform the transport
operator K—S8 = (K — £I)!, where £ isin the resolvent set of
K. Thenssince S'is a bounded operator with “thin” spectrum,
the orthodox contour integration method can be applied to .S
to develop an eigenfunction expansion. Then a functional
calculus is obtained along the lines of Ref. 3, so that the
equation involving K = S + £/ can be solved. (In more
mathematical terms, a “constructive existence theorem” can
be proved.)

In the present paper, we extend this technique, as devel-
oped in Refs. 8-11 to a general class of transport type equa-
tions of the form

% Woo) = — K)oog) + glep), (1a)

where

N
&N =k@yw + Y g.0) J J.(8)f(s) ds. (1b)
n=1
Here fe.#’?(4,0) = %, A CRisadirected Liaponov contour
and k (u) is a real valued, o-measurable function on 4. The
functions k, g,,, and J, are assumed to obey certain continuity
and differentiability conditions which we enumerate later.
In order to place Eq. (1) in perspective, we observe that the
three equations discussed in Refs. 8-11 correspond to the
following values of &, g, and J :
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1. One-speed conservative neutron transport (Ref. 11)

ku)=

® l

1
gn(ll) -

w’
Jn(/'l‘) =72
A = [ - 1)1]1
N=1
2. BGK model for gas kinetics (Ref. 9),
k=~

1

1
gn(éu) = T T,

7

1 :
J = ——e
A1) T

A =R,
N=1.
3. Linearized Vlasov equation (Ref. 8),
k) =p,
g,() = 1),
Jn(ﬂ) =1,
A =R,
N=1

[7(u) is proportional to the derivative of the equilibrium
electron distribution.]

4. One-speed neutron transport, anisotropic scattering
(Ref. 6, p. 87),

k= —,
u
8. ) = '—‘(‘2_12 Cf;Hanvt(l‘)’
Jn(/-l'):Pn—l(;u’)y
A:[——- 1,1],
N=N,.

(The f, are the Legendre moments of the scattering kernel
and P, are Legendre polynomials.)

Other equations of transport type can be expected to
occur in various areas, gas dynamics, radiative, and electron
transport, etc., which basically involve the linearized Boltz-
mann equation. The solution to such equations can then be
read off from our results. Although the smoothness restric-
tions which we place on coefficients in our transport-type
equation are merely sufficient conditions, we believe that
they are sufficiently general to encompass virtually all cases
which may arise from physical application.

The plane of our paper is as follows. In Sec. I we com-
puteS = (K — £)"'and theresolvent of S, (zI — §')"'. Wealso
obtain the spectrum of S. Then in Sec. III we perform the
integration about the continuous spectrum of S, and in Sec.
IV integrate about the point spectrum. These two results
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together give a ““full-range” eigenfunction expansion for S. A
similar “half-range” expansion is obtained in Sec. V. Then,
in order to translate these into eigenfunction expansions for
K, which are needed to solve Eq. 11, we first need to extend
the resuits to Banach space. The analysis of Secs. ITI-V has
been restricted to a dense subspace of Holder continuous
functions (since it was necessary to evaluate boundary values
of Cauchy integrals). Once the extension is carried out in
Sec. V1, a functional calculus for S can be developed; this is
done in VII and so, as was explained earlier, an eigenfunc-
tion expansion for K = § ' + £7 is thereby obtained. Sec.
VIII presents some applications to boundary value
problems.

1. RESOLVENTS

We wish to consider the integrodifferential Eq. (1). The
operator K [Eq. (1b)] may be written in the obvious notation

Kf=kf+ g-J:1 J(s) f(s) ds, 2

and where there is no confusion, we shall abbreviate

S 49(F) f(s) ds = I(s). K is not assumed to be bounded; in
any case we shall for the most part restrict its domain to
D(K)={f\Kfe%, [fHoldercontinuousoncompacts}.Fi-
nally, we shall let (J ® g),,,..(2) = J,..(t)g,.(), and shall write
2 for the product of N copies of the Banach space % . By a
soluation of Eq. (1), we demand a continuously differential
function ¢:R— % satisfying specified boundary conditions
(to be discussed later), where the inhomogeneous source
term ¢:R— &7 is assumed to satisfy a uniform Holder condi-
tion (on every compact subset of A ).

Lemma 1: If there exists £eC/R such that the following
are satisfied:

)T, = f : (@)gis) ds + I invertible on C¥,

(ii) ge#,

(i) 7, f~—>J( . f)ege?*,

then S, = (K — §1)"' exists as a bounded operator on AB.

Proof. Letting (K — ST =(k — £+ 2d(f) = h, we
obtain

— 5

fm Ly I
k—§& k—§&
for fin the (dense) domain of K. This is valid in % by (ii) and
the fact that [1/(k — &) : f={1/(k — )] fEL (#), the
bounded operatorson %, sinceess sup|1/(k — &)|<|/Imé |
Then, computing J(f) and utilizing (ii1), after some rearrang-

ing we have
N J($)8,(s) ds 1
70 | FSpn=du( ).
2], —¢
1

kis)—~¢&
which may be written
Jeg®ds | ryy=af -1 _n)
Lk(s)—g + 130 (k— )

Inverting
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_ J o g(s) ds
A0= ) To—¢

by virtue of (i), we obtain

®-eny=| /- i @3 ;i—gf)-
3

+1,

We have thus proved as well,
Lemma 2: With £ defined as in the previous lemma, and

J(S) ® g(S) ds + I, (4)

A= | e -z

then

Lo
S =K =e0f =| 15 - e ©

1
—f) 5
<3 /) ®)
Lemma 3: The resolvent of S, is given by
o k—¢& 1
(Sg—ZI)f_[l-z(k——g‘) 1— 2tk — &)

wnfes D) ©

Proof: We compute

(Se—z2I)f=h,
as in Lemma 1, obtaining
k—¢ 1 4
= h gA7 (&)
s 1 —z(k— &) 1 —z(k — &)
i)
k—¢& )
thus,

J(?{%Ef):‘]( 1 ~z(:c——§)h)
N 1
+ S (e o)

{r_ J®g(s)ds An -1
=(r O =61 -k 6)—£)) ©)

X"(T:Jr_ﬁ")'

We may then rewrite the expression for fas

___k—¢ 1
/= 1—7.(1{-5‘)"+ L—zk~£)
J®g(s)ds — 1
Xg‘("@)‘ A(k(s)~§)(1—z(k(s)—§)))
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J(k——'z(l;c—-B)'

Let
Jeg(s)ds .
a(k(s) = &)1 —z(k ()~ £))

1,0 =4¢) -

Then we may write

4@ =1+ [ Jogs

k(s)—¢

- ! )ds,
k(=&)X —ztk (s) - £))

and utilizing
1 1 _ \
k—& k=)l —z2k—£) k—f£—(1/2)’
obtain
A @) =AE+ 1/2),
which completes the proof.

Lemma4: Let :(z) = detA (£ + 1/z)and N, ,be the set
of zeroesof 2. Let @ = {z = 1/(w — & JeClweRank }. Then

o) =N, 0(5)=0.

Proof: This is an immediate consequence of Weyl’s
theorem and Egs. (5) and (6).

lll. CONTINUOUS SPECTRUM

Definition: We shall call the triple {k,g,J } of transport
type if k is one—one and differentiable and if for 8 = 1 or else
for B = — 1, s—k (s) ~#is continuous and each of the func-
tions t—k (¢ 7), s—J (s)/k (s) = V' =Bk /(s5), and
s—J (s) ® g(s)/k (s) ~ /2 =Pk '(5) is Holder continuous on
compact subsets of 4.

Here and throughout we write k (s) for 1/k (s) and
k “'(s) for the inverse function evaluated at s, e.g., k(s) =sif
k(s)=s.

Lemma 5: Assume [ k,g,J | is of transport type, and for

JfeZ Holder continuous with compact support, define

MJz) = A+ I/z)J( ! f). (7a)

l—z(k —£)

Then the boundary values M * and A * are given by
1

Mf*(m)

1 + f I S)ds B
=47 (k@) _)f——-—k(w)_k@ (k@ ~¢)
ind@)f @)k (@) — &)
* * @) , (7b)
Bowden, Greenberg, and Zweitel 1101



. _ T Jegl)ds | indeg)
Ash@I=I+ f @ k)
= A (k@) + ﬂ%ij—?’) (7¢)

where + and — refer to nontangential approach of z to the
contour from the right and left, respectively.

i

Using Lemma 5, we may compute
. N T W -
A &k (@)M ( i@ —§) A o (k(@)M (
_ — 2 @)k @) — £)
k'(w)

1 ol

‘“k(w)){M(k(w)—g) M(k(w)_g)} +

Taking the inner product of Egs. (8) with J (@), denoting
J()d ) =JXw),

and using the identity J-J & gM = J’g-M, we find

1 . 1 . 1

St@) + k(w)—gg(“’)'%{M(k(w)~§)+M(k(m)—§
1

LK@ 1 g0 o1
= T i Tte) Ry g V@A k@) [M (

t-t)

Proof: With the substitution ¢ = & (s), the integral to be
evaluated forA * M * is

_ f N ke P))
1200 — [(1 +2£)/2)° )k ' (k(1))
The continuity of s—k (s) ~# assures that the integration
may be restricted to a compact set. Then the Plemelj formu-
las may be applied by virtue of the required Hélder continu-
ity, and (7b) follows. The computation of A * is similar.

(8a)

o M) ms)

?) (s ®

k(@) —

Further, we may compute the difference in boundary values of M from Lemma 5.

Utilizing
AR+ A @ =A@{A @) LA DA E)",

we obtain

(o) (o)

= —Ag (k@) Jeg@A, (klw) 2m ) -5 y

k '(w)

X 2ri ik_(kﬂ—)(;)‘)g—) J@)f ().

I fds 5k (@)"'A (k (@)A £ (k (@)

k(@) — k(s)

(10)

We will now integrate the resolvent of S; on a contour I" about its spectrum,

fl@)= —

1
zl ~ S ) f(w)ydz + —
27i r(Q)( §) @) 27

iJrwy

Denoting the two integrals by fi(»), fi{w), respectively, we have

Fi@) = F(@) + —‘—.g(w)-gﬁ ‘ M) dz
2

ri) zZtk(@)— &) — 1

1

1 1
— 2 . M
J@)+ 27i g(a))ﬂ (x — EMx — k(@) [ ( x—£

<a M =)+ M( o))

@l — S.)'f (@) dz.

J-n )l wora

where R = Rank and we have utilized the analyticity and Holder continuity of M(z). Using Eq. (9), this becomes

1102 J. Math. Phys., Voi. 20, No. 8, June 1979
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= 5 worf, Pt [M'(ﬁ)*w(xiﬁ)] 0 TP

x J@)A k@) [M( (k—(w)l—_B ) - M'( '(17(?)175 )]

Let us define

«bx(w):Pxf(;‘:z ) ﬁzg“’; 5(x — k (@) ' ()I(@), xeR, wed (112)
o JORETW) L IF@ S o e b
A(x) = — A (xy o (k0x) A(x) X kO) A ()4 (x)A ) Ik ) (kX)) k (k7 (x)), (11b)

where ¢ indicates the transpose. We have proved
Theorem 6: Suppose K satisfies the hypothesis of Lemma 5, and f€ % is Holder continuous with compact support. Then
f@ = | @A, (110
R
where &, and A are defined by Eqs. (11a) and (11b).

IV. POINT SPECTRUM

The contributions to f(w) of zeroes of
2@ = detA(— +§)

is a routine exercise in residue theory. We shall write
No={2eC | 2(2)=0,2£Q}, Ny={2eC|1(2)=0.z2eQ}.
We will for simplicity assume that the zeroes in N, have multiplicity one, although for later applications, zeroes in ¥, of

multiplicity one and two will be considered. Multiplicity of any order can be computed simply by using the residue formula for
higher order poles. Finally, we assume

gedd, for a,= k(i +§), 2eN, (12)
k—a, z
Theorem 7T: If K satisfies the hypothesis of Lemma 5 and Eq. (12), and fe#, then f,(w) is a sum of contributions,
flo)y= Y [fio), (13)
ZENUN,,
where

(i) if zeN, (multiplicity one),

s 2 @) a1 g)x [ JOLOS (142)

fiw)= - az(k(s)—£)—1

1
2k (@) —£) -1

(ii) if zeN, (multiplicity one),

W =4 T §)_1 wor|(Gr@) 1o(+ ”)’“(%(Z))‘l’“f_g +§)]fz(kJ((sS)){‘(?)di1

{( 82 \pq +( L (a2 N\, (L k@ —¢)
(T Jerac (£ +6) (@) a (£ v oy O£ (14b)
(iii) if zeV, (multiplicity two)
e L d ! Al IO @ds  midef @k@ —¢)
@)= 5y dz[ k@) —£) 1 B ( z +§)(£z(k(s)——§)—1 + k(@) )]
1 d ] At I0/Ods . JeY@k@ - £)
Xz dz[ k@) —£) —1 B@rAe (z +§)(f,, ke ~&y -1 k(@) )]

1103 J. Math. Phys., Vol. 20, No. 6, June 1979 Bowden, Greenberg, and Zweitel 1103



-3 (z(iz))) z(k(w)lg)—-l g(“’)'HA:(% +§)+A;(% +§)])(,,Z(T'I((ss))—{(s§)_)ds__1
+m‘[AC+(—;— +§)—A;(—;— +§> J(w)f(a;zfg;))_g) ] (140)

In these formulas, A indicates the cofactor matrix, A™ = 24 .

V. CONSTRUCTION OF SOLUTIONS

In this section, we wish to establish a norm on % which
will enable Eqs. (11) to be extended to the full Banach space.
Because of certain technical difficulties in treating the prob-
lem when there are eigenvalues imbedded in the continuous
spectrum, we will consider two cases.

Case (a): det2 ()40 forzCRCR.
Let us define F: ZZ—2%' by

F(f)x) = A(x),
where A(x) is given by Eq. (11b). We wish to choose spaces
% and ' such that F will be an invertible bounded trans-
formation. We shall consider separately the terms
Joglk™() i f JOS ) ds

k'(k(x)) 4 x—k(s)
(15a)

F(f)x)=A"x)"

and
F:(f)x) = A (x)'A (A )" Ik () f (K (D). (15b)
The L estimates of the contributions to A(x) due to the

zeros of £2 are trivial [by virtue of assumption (a) above] and
are omitted.

Suppose fis Holder continuous with compact support.
Then, as a function of £ = x?, £ ~ ! ~AF,( /)(*P) is Holder
continuous, and may be estimated in L (%) norm || ||, ¢, by

£~ P2 (E)| Lo
< ’ , 4 )" @ gk " (#)A ()|
) k'(k'(5))
RU9) AL GS),
k '(k ‘1(13)”(1 - )2

o0

Lya™

where C, depends upon p only, and
. N R R 1/p
M@l0={ S [i1acra)”
i=1

|4 )|, = sup sup|AX)]|.
RCR {ij]|

(16a)

(16b)
Similarly, £~ ¢ = #Y2F(f)(%#) may be estimated by

12~ P ZENE ) Lo

< |4 P A (FB)A (@Y%~ Bk (kM (xP))|

, , Ik G (k')
k '(k "(ﬁﬁ))i(l —ByY2

L (%)
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I
Let Z be the Banach space of real-valued measurable

functions f on 4 such that
Vi — || 3EE G @)
4 k'(k (%8))2(1 — A2

and 4’ the Banach space of real-valued measurable func-
tions 4 on R such that

I ] =11% ¢ D2AEE L xsy < o0
Call the triple { k,g,J } smooth if
J @ g(k "(s5))

k')

A (), and the functions A * (°)'{s' ~Pk'(k (%)) }°,
a = + 1, are bounded as s— .

< o0,
L&

APy

Lemma 8: If {k,g,J | is smooth of transport type, then,
F:%—37"' extends to a bounded linear transformation.

Likewise, we define
A(x)dx

k@) (17a)

P =g (B
- —%—)A (k @DI@}AK @). (176)
Let k (w) = ¢ and x = #%. Then

Fia) (k" NIk(?))

k l(k _1(t/}))t(l - B2

FiAd)w) =

R (LU LU AR?)dR
a k'(k(t?)) (% — )R A2
and
: M) e gk e
IF ()., < U0 4 1l.,,

The second term may be estimated by
[ J(k (@ P))-A @)k
Tk (P Pk (k)

IF A AN <

411,

Lemma 9: If { k,g,J } is smooth of transport type, then
F':%'—7 extends to a bounded linear transformation and
F'=F"

We may now obtain a resolution of the identity corre-
sponding to K. For A€R let us define

E( () = f ® (0)-AG) dx, (18)

where A and @ are given by Egs. (11). To obtain the discrete
eigenprojections, we note that A (1/z + £ ) may be written

Bowden, Greenberg, and Zweifel 1104



A{1 +¢)=r.ea, 19)
z
for zeN,, where
A ( 1 + 5)72 =0.
V4

Then f%(w) may be expanded as

fiw) = P(w)4,, (20a)
with
o) = — BV (20b)
: 2(k (@) - &) —1
an eigenvector of X, and
1 J(@s) f(s) ds
T ae™ J (k ((s)) j:(g) -1 30

Defining E (4 ) for 1/(1 — £) = zeN, by
EA ) (@) =P(w)M,, 2D

we may follow Ref. 3 to prove that the family of projections
E (1) is a resolution of the identity, and

K= L/?.dE(/l)+ 2

(1/(A ~£)eN,

AEQ). 22)

We state this as
Theorem 10: The family E (4 )is aresolution of the iden-

tity for K. The solution of Eq. (1) satisfying the boundedness
condition lim,___||#(x)|| , = 0 is given by

P(x,v) = fi d€ Jow e =T (E A)gUEW)

- fm dgf e~ 5~ 9% (E W Er)

+ Y &UTPEW) (23)
/G SEeN,

Case (b): detf2(z) = O for zeR.

When there are eigenvalues imbedded in the continuous
spectrum, the L ? estimates of the previous paragraphs are
not valid. It is nevertheless possible to verify that the expres-
sion in Theorem 10 is indeed the solution of the boundary
value problem. To see this we may rederive the eigenfunction
expression, Eq. (11c), for Sf, with fe% Holder continuous,
obtaining

= | Lo @Amd+Y, 4a)

x—§ 5

where A is used to denote the transform 4 given by Eq.
(11b), and 2, denotes the discrete terms, Eq. (13). Now let
us choose Ac.Z (S '), whence

h = f(bx(a))-A,l (x) dx + z =S5, (24b)
g
and therefore

1105 J. Math. Phys., Vol. 20, No. 6, June 1979

T 1 R Afx) = A4,(x). 25

We have used a Liouville theorem argument to go from Egs.
(24) to Eq. (25). For analogous use of this argument, see
Refs. 12 and 13.

Thus, we may write

Sk = f(x — P A, @ dx+ T —1,. (26)
Sh

We have then immediately KA, and we may substitute the
expression in Theorem 10 into Eq. (1) to obtain

Corollary 11: The solution of Eq. (11) satisfying the
boundedness conditions lim,_,_||#(x)|| ., = Ois givenby Eq.
(23).

VI. HALF RANGE

The eigenfunction expansion developed in the previous
three sections can be used to solve so called *“full range”
problems involving Eq. (1). The terminology “full range”
means we are interested in solutions for xR, i.e., infinite
media problems. Of more practical interest is the case xeR",
i.e., half-space problems; typically one needs an eigenfunc-
tion expansion on the so-called “‘half-range,” ued *

= {ued |u>0}. (A detailed discussion of this point may be
found in Ref. 1, for one-speed neutron transport.)

The idea, as introduced in Ref. 1, is to define a map E
with certain properties which guarantee that the “half-
range” expansion of fis given by the full range expansion of
Ef. We define E: D (E )—D (K'), with

D(E) = {feL (4",0) | f is Holder continuous with

compact support}

as
E() ) =fw), ped”

= g(u)-X ‘() L Yy —kii‘)’(i)f(.g) ds ,

ueAd . 27
Here the matrices X and Y are supposed to provide the Wie-
ner—-Hopf factorization of the matrix A, i.e.,

A@)=Y(—2)X(2),

where X and Y are analytic in z for Rez 4+ Imz <0 and
lim, , Y(—2z)andlim, , X (z)exist. The sufficient con-
ditions that such a factorization exist have been discussed by
Mullikin'* and Victory' (see also Ref. 4, Sec. V and VI). The
existence of such factorization is crucial to the analysis of the

present section. (For a slightly different approach, see Ref.
16.)

We now state

Theorem 12: Let E be defined by Eq. (25). Then
(S¢ — zI y'Ef is analytic in z for Rez + Imz <0.

Proof: Writing
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@ — S.)'Ef
_ kW —8 ey BB g
Z(k(.u)—§)—1(f('u) ) —£ @)

where G is given by

_aofer LY [ IOEx)ds
G@) =4 @*'Z)L1_4k®—§)

e 2o 2)

z

we demand
g) ,G.( 1 ) )
k)—¢ k)—§& k) —¢
_ 1 _
o e )= Erw.

for ued ~. In fact, let us assume

{1 N1 _
(tz) o =e)
on A; whence
Y (—k@)' Tk @) = Y (= k@)'T(ku)). 28)
Define

cwr-r(-s- 1) e )

MR &CLIONOILE
i 12k — &)

Then

Q(C%E)=Q<vig>

for veR™ by virtue of Eq. (28), and on R* by a direct computa-
tion. Since @ is bounded near ¥, and Q (¢ )—0 at infinity, we
conclude

r(-eo L) [ LHkOO0s
z /Ja 1 —z(k(s) — &)
. J() Ef(s)ds
T il —zlk(s)— &)
By evaluating at limits at z = 1/[k (u) — £ ], taking a scalar
product with J(2), and computing Y* — Y = (A4 "* — A4 )X,
this implies that

Ef ()

_ 8By
. (cu))L

Y — kW) () ds
1— (k) =)/ k@) —£)’
77

Finally, a straightforward computation gives

Ef(u) =

k;(;l)—g' (kw;—§>

1106 J. Math. Phys,, Vol. 20, No. 6, June 1979

For weA *, the half range expansion of feL * is given by

f@= [ owrad+ 3, (292)
R* 7
where @ is defined by Eq. (11a), and
AX)= — A (x)'Teglk '(x))A (x)"'Y(—x)
% f Y (= k(s))I(s)f(s) ds
4 x —k(x)
— A )2 A G Ik (k). (29b)

(Note this is a ““half range expansion”, as the negative spec-
trum does not enter.)

The contribution of isolated eigenvalues 2/ from the
appropriate half space is carried out as in Sec. IV. We omit
details.

Vil. ANISOTROPIC NEUTRON TRANSPORT

In this section we present a quick illustration of the full
and half-range expansions obtained above. The illustration
that we have in mind is the neutron transport equation with
anisotropic scattering. In particular, if we assume the scat-
tering function can be expanded as a finite series of Legendre
polynomials, we obtain the triple (k,g,J) as indicated in ex-
ample 4 of Sec. L.

Therefore, from Eq. (4), we can write

[A (i)]lmz%+ %wf'l @m + W POPS)

w Ss—@

We have then, from Eq. (11),

+ 1

o) = ]  (w)-A(y)dy,

where for this problem,

P (c/2)(21 + yfP(w)

[d)y(w)]l:
y—w
+1 (A n*/(l/y)tA,i,(l/y)] P(0)50 — ),
n 2P (o)
and
1 (1\-tec
[A(V)ll——jﬂgmA,#(y) — @k+1D
<o oroa (L) f L s
. B i —1 N _1_ -1
#13[an(5) i () e
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However let us note the identity"’
A (1/w)h(w) = 2 (1/0)P(w),
where
[P(@)], = P, (@)

and'®

1
0 (/) = detA (I/o) = | + o J+ K("’Z)d
Here
c N
K(wx)= ‘2— Z

n=0

(2n + 1P, (), (@),

and

[(h@)], = h.(@),
where the polynomials 4,(w) are defined recursively by
(n+ Dh, , () + nh, (@) =o[Qn + 1) —cf,11,),
hw)=1, h(@w) =1 -—cw.

Use of this identity and a modest amount of algebra allows us
to write

B O N aal) SO0
WO = e y—s
+ A0 f ),
where
) = 3[2°(1/p) + 2-(1/p).

Using this result and Eqgs. (11) we obtain

'  (0)-AQ)dy = Ll (@) () dy,

where

o (@) = @y"_&a’)y) + 10)0 — ) (302)

and

+1
SO) = A2 U921/ fﬁ s S 6,0 ds
(30b)

This is the same result obtained by Mika using the singular
eigenfunction technique."

For half-range problems it is necessary to use the
factorization

A(1/2) = Y(— 1/2)X (1/x).

For the problem under consideration, this factorization has
been shown by Mullikin® for those cases when ¢ < 1. More
precisely, the matrices X (1/w) and Y (1/w) can be written in
the form®

' Qk + DAY, G)P, © 4

0 S+ w

[Y (1/@)] = 8, + T

(31a)
and
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(_ 1)n+k——lcw

(X (1/@)] = i + 3

' 2k + DY G)PL(S)

0 s+ w

ds, (31b)

where the functions ¥, satisfy the nonlinear equations

4O =P+ $ (= D' EEk+ 1Y
k=0

X J‘I Wd!, (310)

t+s

plus certain analyticity constraints. Mullikin has shown the
existence of the solution to Egs. (31) and recent results indi-
cate that Eq. (31c) or a variant of it is a likely candidate for
solution by iteration.

Using the same techniques as in the full-range we find
from Eq. (29b) that

GO0 4

(A0l= 3 (l/y)n (l/y)f

+ A 0¥ (),

where

G0 = =3 Cn+ DALMY~ 1)
n,l
XY 1, (= 1/5)P,(5).

Substituting this into Eq. (29a), we will obtain the contribu-
tion to the half-range expansion from the continuum to be

F@) = L(by(w)-A(y) dy = f 0@ 7 ) d,
where ¢ () is given by Eq. (30) and
F0) = D2 UMW) f PCEH©)ds

y—s
+AW ).

The contribution to the expansion from the discrete
roots can be easily, if laboriously, worked out, using Theo-
rem 7(i). Again, Mika’s results'® are reproduced. (Recall?
that for the subcritical case considered here the discrete
roots fall on the real line outside [ — 1,1].) The singular
eigenfunction method has the advantage that the matrix A
need not be factored; the method presented here however, is
somewhat simpler, granted the matrix factorization known,
and gives the results in somewhat simpler form. In any event,
this section has been included as an illustration of our tech-
nique and to connect our results with the (seemingly) differ-
ent formulas in the literature, rather than to obtain new re-
sults on this particular application.
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