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5. Motion Programming

2SHUDWLQJ� WKH� PXOWLERG\� SDVVLYH�OHJJHG� FUDZOLQJ� YHKLFOH�� RU� HYHQ� VLPXODWLQJ� LW�

UHTXLUHV� VRPH� PHWKRG� RI� SURJUDPPLQJ� LWV� PRWLRQV�� $� PRWLRQ� SURJUDP� LV� D

VSHFLILFDWLRQ�RI�PRWLRQ�WKDW�FDQ�EH�LQWHUSUHWHG�DQG�H[HFXWHG�VR�DV�WR�FDXVH�D�URERW

WR�PRYH�DFFRUGLQJ�WR�WKH�LQWHQGHG�PRWLRQ�WUDMHFWRULHV�

$W� WKH� FRQFHSWXDO� SKDVH� RI� WKLV� ZRUN�� WKH� PRWLRQ� RI� WKH� FUDZOLQJ� YHKLFOH� ZDV

GHVFULEHG�DV�D�KLHUDUFK\��VWDUWLQJ��DW�WKH�ORZHVW�OHYHO��ZLWK�DQ�LQGLYLGXDO�PRYHPHQW�

DQG� DVFHQGLQJ� WKURXJK� D� OHJ� VWHS�� D�PDFKLQH� VWHS�� RQ� XS� WR� D� JDLW�� $Q� LQGLYLGXDO

PRYHPHQW�LV�DQ�LQFUHPHQWDO�GLVSODFHPHQW�RI�D�OHJ�SDLU��$�OHJ�VWHS�LV�WKH�FRPSOHWLRQ

RI�D�VHTXHQFH�RI� LQGLYLGXDO�PRYHPHQWV� WKDW�PRYHV�D� OHJ�SDLU�RQH�VWHS� IRUZDUG��$

PDFKLQH� VWHS�� RU� ORFRPRWLRQ� F\FOH�� LV� ZKHQ� DOO� RI� WKH� PDFKLQH
V� OHJV� KDYH� HDFK

FRPSOHWHG�D�VWHS��$�JDLW�LV�RQH�RU�PRUH�ORFRPRWLRQ�F\FOHV�WKDW�XVH�WKH�VDPH�GLVWLQFW

OHJ�VWHS�VHTXHQFH�

$V� GLVFXVVHG� LQ� 6HFWLRQ� ������� §VKDSH� FRQWURO¨� RU� §VSLQDO� FXUYH¨� PRWLRQ

SURJUDPPLQJ� PHWKRGV� PLJKW� EH� EHVW� IRU� SHUIRUPLQJ� FDQWLOHYHU� DQG� EULGJLQJ

PDQHXYHUV�� +RZHYHU�� WKLV� ZRUN� IRFXVHV� RQ� WKH� PRUH� IXQGDPHQWDO� WDVNV� RI

7KH�&HQWLSHGH�ZDV�KDSS\�TXLWH�
8QWLO�WKH�7RDG�LQ�IXQ

6DLG�§3UD\�ZKLFK�OHJ�JRHV�DIWHU�ZKLFK"¨
$QG�ZRUNHG�KHU�PLQG�WR�VXFK�D�SLWFK�

6KH�OD\�GLVWUDFWHG�LQ�WKH�GLWFK
&RQVLGHULQJ�KRZ�WR�UXQ�

��0UV��(GPXQG�&UDVWHU��$PHULFDQ�ZULWHU��G�������
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SHUIRUPLQJ� JURVV� FUDZOLQJ� PRWLRQV� RYHU� WHUUDLQ�� 7KXV�� D� PRUH� VWULGH�RULHQWHG

DSSURDFK�ZLOO�EH�SUHVHQWHG�KHUH�

6HFWLRQ� ���� GHVFULEHG� WKH� EDVLF� PRWLRQV� UHTXLUHG� WR� SURGXFH� ORFRPRWLRQ� RI� WKH

FUDZOLQJ�YHKLFOH��/DWHU��6HFWLRQ�����GLVFXVVHG�KRZ�PRWLRQ�SURJUDPPLQJ�UHODWHG�WDVNV

FRXOG� LQWHUDFW�ZLWK� WKH�FUDZOLQJ�YHKLFOHªV�RWKHU�FRQWURO� IXQFWLRQV��$V� VKRZQ� LQ�)LJ�

������ PRWLRQ� SURJUDPPLQJ�� IRU� WKH� FUDZOLQJ� YHKLFOH�� HQFRPSDVVHV� WKH� WDVNV� RI

VSHFLI\LQJ�DQG�JHQHUDWLQJ�ERWK�OHJ�SDLU�WUDMHFWRULHV�DQG�JDLWV�

:KHWKHU�VLPXODWLQJ�D�FUDZOLQJ�YHKLFOH�RU�DFWXDOO\�FRQWUROOLQJ�D�UHDO�RQH��WKH�RXWSXWV

RI�WKH�PRWLRQ�SURJUDP�JHQHUDWLRQ�VWDJH�PXVW�EH�PRWLRQ�WUDMHFWRULHV�LQ�WKH�IRUP�RI�D

VHTXHQFH�RI�OHJ�SDLU�SRVLWLRQ�GDWD�VHWV�IRU�HDFK�OHJ�SDLU��7KLV�LV�QHFHVVDU\�LQ�RUGHU�WR

LQWHUIDFH�ZLWK�WKH�PRGHOLQJ�WHFKQLTXHV�GHYHORSHG� LQ�&K�����ZKLFK�DUH�GHVLJQHG�WR

UDSLGO\�SURFHVV�DQ\�DUELWUDU\�VHTXHQFH�RI� OHJ�SDLU�SRVLWLRQ�GDWD�VHWV�DQG� WUDQVIRUP

WKHP�LQWR�MRLQW�VSDFH�GDWD�IRU�DQDO\VLV�DQG�FRQWURO�

+HQFH��PRWLRQ�WUDMHFWRULHV�DUH�D�FRQWLQXRXV�VWUHDP�RI���'�SRVLWLRQ�GDWD���x��y��z��UROO�

SLWFK��\DZ���ZKLFK�DUH�VRPHKRZ�GHULYHG�IURP�WKH�VSHFLILFDWLRQV�RI�WKH�JDLWV�DQG�OHJ

SDLU� WUDMHFWRULHV�� 6SHFLI\LQJ� RQO\� D� VLQJOH� SRVLWLRQ�� RU� PRYHPHQW�� DW� D� WLPH� LV

FXPEHUVRPH� DQG� FRPSXWDWLRQDOO\� LQHIILFLHQW�� :KDW� LV� QHHGHG� DUH� D� KLJKHU�OHYHO

SURJUDPPLQJ� ODQJXDJH� DQG� D� PHWKRG� RI� LQWHUSUHWLQJ� LW�� 7KH� JRDO� RI� WKH� PRWLRQ

SURJUDPPLQJ� WHFKQLTXH� GHYHORSHG� KHUH� LV� WR� SURYLGH� D� VLPSOH�� HIILFLHQW�� DQG

YHUVDWLOH�PHWKRG�RI�DFFRPSOLVKLQJ�WKLV�

7KH�PHWKRG�SUHVHQWHG�KHUH�FRQFHUQV�JDLW�VHTXHQFLQJ�DQG�WKH�JURVV�PRWLRQV�RI�WKH

OHJ�VWHS�WUDMHFWRULHV�� WKDW� LV�� WKH�PRWLRQV� WKDW�§FDUU\¨�HDFK� OHJ�SDLU� IURP�RQH�VHW�RI

IRRWKROGV� WR� WKH� QH[W� GXULQJ� D� VWULGH�� :KLOH� WKLV� PHWKRG� LV� LQKHUHQWO\� ��'� DQG

DGDSWDEOH� WR� YHU\� URXJK� ��'� WHUUDLQ�� LW� GRHV� QRW� LQFOXGH� REVWDFOH� DYRLGDQFH�� RU

WHUUDLQ�UHDFWLYH�RU�JXDUGHG�PRWLRQV�LQWHQGHG�WR�DFFRXQW�IRU�XQFHUWDLQWLHV� LQ�WHUUDLQ

JHRPHWU\� DQG�RU� NLQHPDWLFV�� 7KH� JRDO� RI� WKH� GHVLJQ� RI� WKLV� PRWLRQ� SURJUDPPLQJ

PHWKRG�LV�WR�EXLOG�D�IRXQGDWLRQ�VR�WKDW�WKHVH�PRUH�DGYDQFHG�PRWLRQ�FRQFHSWV�FDQ
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EH� DGGHG� WR� LW� ZLWKRXW� KDYLQJ� WR� GLVFDUG� WKH� ZRUN� GHYHORSHG� KHUH�� $Q� REVWDFOH

DYRLGDQFH�DOJRULWKP�DQG�D�UHDFWLYH�IRRWIDOO�FRPSHQVDWLRQ�PHWKRG�VKRXOG�EH�DGGHG

EHIRUH�LPSOHPHQWDWLRQ�RQ�URXJK�WHUUDLQ�

7KLV�FKDSWHU�ZLOO�GHVFULEH�WKH�PDWKHPDWLFDO�IRXQGDWLRQ�IRU�WKH�PRWLRQ�SURJUDPPLQJ

WHFKQLTXH�XVHG�WR�VSHFLI\�OHJ�SDLU�WUDMHFWRULHV�DQG�JDLWV��,W�WDNHV�D�JHQHUDOO\�ERWWRP�

XS� DSSURDFK�� EHJLQQLQJ� ZLWK� D� GHVFULSWLRQ� RI� WKH� OHJ� SDLU� WUDMHFWRU\� VSHFLILFDWLRQ

DOJRULWKP�� WKHQ� SUHVHQWLQJ� VRPH� QHZ� JDLW� SDUDPHWHUV� DQG� HTXDWLRQV�� VHYHUDO

H[DPSOHV��DQG�ILQDOO\��VRPH�JXLGHOLQHV�IRU�SURJUDPPLQJ�PRWLRQV�

5.1 Leg Pair Trajectories

5HFDOO� IURP�&KDSWHU��� WKDW�E\� OHJ�VWHS� WUDMHFWRU\� LW� LV�PHDQW� WKH�SDWK�RI�D� OHJ�SDLU

GXULQJ� LWV�VWHS�DV�D� IXQFWLRQ�RI� WLPH��ZKHUH� LWV�SDWK� LQFOXGHV�ERWK� ORFDWLRQ� �x��y��z�

DQG�RULHQWDWLRQ��UROO��SLWFK��\DZ��

5HIHUULQJ� WR� WKH� FRQWUROV� KLHUDUFK\� LOOXVWUDWHG� LQ� )LJ�� ������ GHVLUHG� WUDMHFWRULHV� DUH

H[SUHVVHG� DW� WKH� WUDMHFWRU\� VSHFLILFDWLRQ� VWDJH� XVLQJ� D� PRWLRQ� SURJUDPPLQJ

ODQJXDJH��7KLV�ODQJXDJH�LV�WKHQ�LQWHUSUHWHG�DW�WKH�WUDMHFWRU\�JHQHUDWLRQ�VWDJH�RI�WKH

KLHUDUFK\�WR�DXWRPDWLFDOO\�JHQHUDWH�D�WLPH�VHTXHQFH�RI�OHJ�SDLU�SRVLWLRQ�GDWD�VHWV�DW

WKH� FRQWUROOHU� VHWSRLQW� XSGDWH� UDWH� IRU� HDFK� OHJ� SDLU� LQ� PRWLRQ�� 7KLV� VHFWLRQ

HODERUDWHV� RQ� WKH� WUDMHFWRU\� VSHFLILFDWLRQ� DQG� JHQHUDWLRQ� WHFKQLTXHV� WKDW� ZHUH

LQWURGXFHG�LQ�6HFWLRQV���������DQG���������DQG�GHVFULEHV�WKHLU�PDWKHPDWLFV�

5.1.1 Desirable Traits for the Leg Pair Trajectory Specification Algorithm

)RU�JRRG�SHUIRUPDQFH��WKH�DOJRULWKP�XVHG�WR�VSHFLI\��VWRUH��DQG�JHQHUDWH�WKH�PRWLRQ

WUDMHFWRULHV�XVHG�ZLWK�WKH�FUDZOLQJ�YHKLFOH�PXVW�HPERG\�FHUWDLQ�GHVLUDEOH�WUDLWV��%XW

ILUVW�� UHFDOO� IURP�6HFWLRQ� �������� WKDW� WKH�PRWLRQ� WUDMHFWRULHV� WKHPVHOYHV� KDYH� WKHLU
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RZQ�RSHUDWLRQDO�FRQVWUDLQWV�DQG�GHVLUDEOH�FKDUDFWHULVWLFV��%ULHIO\�VWDWHG��WKH�UHVXOWLQJ

WUDMHFWRULHV� VKRXOG� SURGXFH� UHDVRQDEOH� URERW� PRYHPHQWV� LQ� &DUWHVLDQ� VSDFH� �WKH

UHDO�ZRUOG�ZKHUH� WKH� URERW� LV� WU\LQJ� WR�RSHUDWH���7KDW� LV�� WKH� WUDMHFWRULHV� VKRXOG�EH

HQHUJ\�HIILFLHQW��FROOLVLRQ�IUHH��DQG�DW�DOO�WLPHV�ZLWKLQ�WKH�ZRUNVSDFHV�RI�WKH�6WHZDUW�

*RXJK�3ODWIRUP�PHFKDQLVPV�

7KH� DOJRULWKP� IRU� SURGXFLQJ� VXFK�PRWLRQ� WUDMHFWRULHV�PXVW� EH� FDUHIXOO\� GHVLJQHG�

,QWHJUDO� WR� WKH� WUDMHFWRU\�VSHFLILFDWLRQ�PHWKRG� LV�D�SURJUDPPLQJ� ODQJXDJH�DGDSWHG

IRU� WKH� H[SUHVVLRQ� RI� PRWLRQ� FRPPDQGV�� $V� ZLWK� RWKHU� ZULWWHQ� ODQJXDJHV�� WKLV

ODQJXDJH� HQDEOHV� LQIRUPDWLRQ� WR� EH� ZULWWHQ�� VWRUHG�� DQG� UHDG�� 0RUH� H[DFWO\�� WKH

PRWLRQ� SURJUDPPLQJ� ODQJXDJH� LV� XVHG� WR� VSHFLI\� PRWLRQV�� VWRUH� VHTXHQFHV� RI

PRWLRQV�� DQG� HQDEOH� WKHVH� VWRUHG� PRWLRQV� WR� EH� LQWHUSUHWHG� DW� D� ODWHU� WLPH�� 7R

IXQFWLRQ�ZHOO��WKH�ODQJXDJH�VKRXOG�EH�

• (DV\� WR� ZULWH� ¦� 7KH� ODQJXDJH� VKRXOG� SURYLGH� IRU� VLPSOH� VSHFLILFDWLRQ� RI

PRWLRQ� WUDMHFWRULHV�� 7KLV� UHGXFHV� FRPSOH[LW\� DQG� LQFUHDVHV� WKH� H[HFXWLRQ

VSHHG�RI�WKH�WUDMHFWRU\�VSHFLILFDWLRQ�V\VWHP�

• &RQFLVH�¦�7KH�ODQJXDJH�VKRXOG�H[SUHVV�PRWLRQ�SURJUDP�FRQFHSWV�VXFFLQFWO\�

VR�DV�WR�UHGXFH�WKH�DPRXQW�RI�FRPSXWHU�PHPRU\�UHTXLUHG�WR�§ZULWH¨�LW�GRZQ�

7KLV� FRPSDFW� VWRUDJH� ZLOO� VSHHG� QHWZRUN� WUDQVPLVVLRQ� RI� WKH� OHJ� VWHS

WUDMHFWRULHV��)RU�H[DPSOH��RQFH�WKH�§KHDG¨�SURFHVVRU�KDV�GHWHUPLQHG�WKH�QH[W

VHW�RI�IRRWKROGV�DQG�WKH�VWHS�WUDMHFWRU\�IRU�D�OHJ�SDLU��D�FRPSDFW�H[SUHVVLRQ�RI

WKH� VWULGH� WUDMHFWRU\� FDQ� EH� WUDQVPLWWHG� UDSLGO\� WR� WKH� OHJ� SDLU� SURFHVVRU�

ZKLFK�ZLOO�FRQWURO�H[HFXWLRQ�RI�WKH�WUDMHFWRU\�

• (DV\� WR� §UHDG¨� ¦� 7KH� ODQJXDJH� VKRXOG� DOORZ� UDSLG� DQG� XQDPELJXRXV

LQWHUSUHWDWLRQ��VR� WKDW� WUDMHFWRU\�JHQHUDWLRQ�DW� UXQWLPH�ZLOO�EH�HUURU�IUHH�DQG

UDSLG�HQRXJK�WR�NHHS�XS�ZLWK�WKH�GHVLUHG�FRQWURO�XSGDWH�UDWH�RI�WKH�OHJ�SDLU

FRQWUROOHUV�� $OVR�� D� VLPSOH�� KXPDQ�UHDGDEOH� IRUPDW� ZRXOG� VLPSOLI\� VRIWZDUH

GHEXJJLQJ�
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• 9HUVDWLOH�¦�7KH� ODQJXDJHªV�PHWKRG�RI�H[SUHVVLRQ� VKRXOG�QRW�DUWLILFLDOO\� OLPLW

WKH�XVDEOH�ZRUNVSDFH�RI�WKH�URERW�

$V� H[SODLQHG� LQ� &KDSWHU� ��� WR� IDFLOLWDWH� REVWDFOH� DYRLGDQFH� DQG� WKH� FRQWURO� RI

DQWDJRQLVWLF��DQG�SRVVLEO\�FRQWHQWLRXV��DFWXDWRUV��PRWLRQ�WUDMHFWRULHV�ZLOO�EH�LQLWLDOO\

VSHFLILHG�LQ�&DUWHVLDQ�UDWKHU�WKDQ�MRLQW�VSDFH�

5.1.2 Trajectory Curve Selection

7KH�JHRPHWU\�RI�WKH�VWULGH�SDWK�FDQ�EH�VSHFLILHG�XVLQJ�WKH�IROORZLQJ�DOJHEUDLF�IRUPV�

H[SOLFLW�� LPSOLFLW��SDUDPHWULF��DQG� LQWULQVLF� �0RUWHQVRQ���������+RZHYHU�� WKH�H[SOLFLW

DQG� LPSOLFLW� IRUPV�KDYH�EHHQ� IRXQG� WR�EH� UHODWLYHO\� LQHIILFLHQW� IRU�HYDOXDWLRQ�XVLQJ

FRPSXWHUV�� PDNLQJ� WKHP� SRRU� FKRLFHV� IRU� XVH� ZLWK� WKH� URERWªV� UHDO�WLPH� GLJLWDO

FRQWURO� V\VWHP�� 6LPLODUO\�� HYDOXDWLRQ� RI� WKH� LQWULQVLF� IRUP� WUDGLWLRQDOO\� LQYROYHV� D

QXPHULFDO� VROXWLRQ�RI� WKH�)UHQHW�6HUUHW�HTXDWLRQV� �6WUXLN���������:KLOH� WKH� LQWULQVLF

IRUP�RIIHUV�VLPSOH�GHWHUPLQDWLRQ�RI�SDWK�FXUYDWXUH�DQG�WRUVLRQ��DW� WKLV�VWDJH�RI� WKH

UHVHDUFK�� WKHVH� SDUDPHWHUV� GR� QRW� VHHP� QHFHVVDU\�� 7KXV�� VROXWLRQ� VSHHG�PXVW� EH

JLYHQ� SULRULW\�� SUHFOXGLQJ� WKH� XVH� RI� WKH� LQWULQVLF� IRUP�� 7KLV� OHDYHV� XV� ZLWK� WKH

SDUDPHWULF� UHSUHVHQWDWLRQ�RI�FXUYHV��ZKLFK�KDV�EHHQ� WKH�SUHIHUUHG� IRUP� IRU�XVH� LQ

FRPSXWHU�JUDSKLFV� DQG�&RPSXWHU�$LGHG�'HVLJQ�SURJUDPV� �0RUWHQVRQ��������� 7KH

SDUDPHWULF�IRUP�JHWV�LWV�QDPH�EHFDXVH�LW�LQFOXGHV�DQ�LQGHSHQGHQW�SDUDPHWHU��XVXDOO\

LQGLFDWHG�E\�§u¨�DQG�UHIHUUHG�WR�DV�WKH�SDUDPHWULF�YDULDEOH�

5HFDOOLQJ�WKDW�WKH�WUDMHFWRU\�LV�QRW�MXVW�D�SDWK��EXW�D�VHTXHQFH�RI�SRVLWLRQV�DORQJ�WKH

SDWK� DV� D� IXQFWLRQ� RI� WLPH�� ZH� VHH� WKDW� WKH� SDUDPHWULF� YDULDEOH� LV� FRQYHQLHQW� IRU

GHVFULELQJ� WKH� OHJ�VWHS� WUDMHFWRULHV�EHFDXVH� WKH�SDUDPHWULF�YDULDEOH� LQ� LWVHOI�FDQ�EH

PDGH�D�IXQFWLRQ�RI�WLPH�

+DYLQJ�FKRVHQ�WKH�EDVLF�DOJHEUDLF� IRUP��ZH�QH[W�PXVW�FKRRVH� WKH� W\SHV�RI�FXUYHV

XVHG�WR�GHILQH�WKH�VWULGH�SDWK�JHRPHWU\��+HUPLWH�FXELF�FXUYHV�DUH�XVHG�LQ�WKLV�ZRUN
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IRU�WKH�PRWLRQ�VSHFLILFDWLRQ�IRU�VHYHUDO�UHDVRQV��)LUVW��WKH�FXELF�IRUP�LV�REVHUYHG�LQ

PDQ\� QDWXUDO� VKDSHV� DQG� SKHQRPHQD�� 6HFRQG�� WKH� PDWKHPDWLFDO� IRUPXODWLRQ� RI

SDUDPHWULF� FXELF� FXUYHV� LV� ZHOO� GHYHORSHG� EHFDXVH� RI� WKHLU� XVH� LQ� FRPSXWHU

JUDSKLFV��7KLUG��LI�D�VLQJOH�FXELF�FXUYH�VHJPHQW�GRHV�QRW�SURYLGH�VXIILFLHQW�IOH[LELOLW\

IRU�WKH�VWULGH�SDWK�VKDSHV��PXOWLSOH�FXELF�VHJPHQWV�FDQ�EH�FRPELQHG�WRJHWKHU�HQG

WR�HQG�WR�HQDEOH�PRGHOLQJ�PRUH�FRPSOH[�SDWKV�KDYLQJ�PRUH� WKDQ�WZR�FKDQJHV� LQ

GLUHFWLRQ��:KHQ� FUHDWLQJ� WKHVH� FRPSRXQG� FXUYHV�� WKH� WDQJHQF\� DQG� FRQWLQXLW\� RI

FXUYDWXUH� DW� WKH� LQWHUVHFWLRQV� FDQ� EH� HQVXUHG� XWLOL]LQJ� WHFKQLTXHV� GHYHORSHG� IRU

FRPSXWHU�JUDSKLFV��&RPSRXQG�FXUYHV�FDQ�DOVR�EH�UHSDUDPHWUL]HG�WR�VLPSOLI\� WKHLU

XVH�DV�D�XQLW�

7KHUHIRUH��LQ�WKLV�ZRUN��+HUPLWH�SDUDPHWULF�FXELF�FXUYHV�KDYH�EHHQ�XVHG�WR�VSHFLI\

WKH�PRWLRQ�RI�HDFK�OHJ�SDLU�LQ�ERWK�xyz�VSDFH�DQG�UROO�SLWFK�\DZ�VSDFH��6SHFLILFDOO\�

HDFK� WUDMHFWRU\� VHJPHQW� LV� GHILQHG� E\� WZR� FRXSOHG� ��'� SDUDPHWULF� FXELF� FXUYHV�

2QH�FXUYH�VSHFLILHV�WKH�xyz�WUDQVODWLRQDO�PRWLRQ�RI�WKH�OHJ�SDLU�DV�D�IXQFWLRQ�RI�WKH

SDUDPHWULF� YDULDEOH�� ZKLOH� WKH� RWKHU� FXUYH� VSHFLILHV� WKH� UROO�SLWFK�\DZ� URWDWLRQDO

PRWLRQ�RI�WKH�OHJ�SDLU�DV�D�IXQFWLRQ�RI�WKH�SDUDPHWULF�YDULDEOH��7KH�WZR�FXUYHV�DUH

VDLG� WR� EH� FRXSOHG� EHFDXVH� WKH\� VKDUH� WKH� VDPH� SDUDPHWULF� YDULDEOH�� ZKLFK� LV� D

IXQFWLRQ�RI�WLPH��+HQFH��WRJHWKHU�WKH\�VSHFLI\�D�OHJ�SDLU�WUDMHFWRU\�IRU�D�FHUWDLQ�VSDQ

RI� WLPH� WKDW� GHSHQGV� XSRQ� WKH� WLPHV� DVVRFLDWHG� ZLWK� WKH� EHJLQQLQJ� DQG� HQGLQJ

YDOXHV�RI� WKH�SDUDPHWULF�YDULDEOH��1RWH� WKDW� LW�ZRXOG�DOVR�EH�YDOLG� WR�FRPELQH� WKH

SDUDPHWULF�FXELF�FXUYHV�WRJHWKHU�DQG�UHIHU�WR�WKLV�PHWKRG�DV�D�VL[�GLPHQVLRQDO����'�

WUDMHFWRU\� VSHFLILFDWLRQ� PHWKRG�� 7KH� IROORZLQJ� WZR� VXE�VHFWLRQV� H[SODLQ� KRZ

SDUDPHWULF� FXELF� FXUYHV� KDYH� EHHQ� XVHG� WR� GHILQH� OHJ� VWHS� WUDMHFWRULHV� LQ� WKLV

UHVHDUFK�
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5.1.3 Specifying Leg Pair Location in XYZ Space

+HUPLWH�SDUDPHWULF�FXELF�VSDFH�FXUYHV�DUH�XVHG�WR�VSHFLI\�WKH�ORFDWLRQ�RI�HDFK�OHJ

SDLU� DV� D� IXQFWLRQ�RI� WLPH�GXULQJ� LWV� VWULGH� RU� �OHJ� VWHS��� 7KH� HTXDWLRQ� IRU� GHILQLQJ

HDFK�SRLQW�DORQJ�D�OHJ�VWHS�WUDMHFWRU\�LV�DV�IROORZV�

P F BXYZ XYZu( ) =      �����

:KHUH�WKH�F�PDWUL[�FRQWDLQV�WKH�VR�FDOOHG��EOHQGLQJ�IXQFWLRQV��DQG�B�LV�D��[��PDWUL[

RI� JHRPHWULF� FRHIILFLHQWV� RU� ERXQGDU\� YDOXHV� �0RUWHQVRQ�� ������� 7KH� EOHQGLQJ

IXQFWLRQV�DUH�GHILQHG�E\�

F =

−
− − −

�

!

 
 
 
 

"

$

#
#
#
#

u u u3 2 �

� � � �

� � � �

� � � �

� � � �

         �����

1RWH� WKDW� WKH��[��YHFWRU� LQFOXGHV� WKH�FXELF� IXQFWLRQ�RI� WKH�SDUDPHWULF�YDULDEOH��u�

DQG�WKH��[��PDWUL[�LV�UHIHUUHG�WR�DV�WKH��XQLYHUVDO�WUDQVIRUPDWLRQ�PDWUL[���0RUWHQVRQ�

������

7KH�ERXQGDU\�FRQGLWLRQV�DUH�GHILQHG�DV�IROORZV�

B

P

P

P

P

XYZ d
du

d
du

=

�

!

 
 
 
 
 
 
 
 

"

$

#
#
#
#
#
#
#
#

���

�

�

�

( )

( )

( )

    �����

,Q�(T�������P(�)�LV�WKH�FXELF�FXUYH�HYDOXDWHG�DW�u = 0��L�H��WKH�VWDUWLQJ�SRLQW� p p px y z

RI�WKH�WUDMHFWRU\�FXUYH���6LPLODUO\��P(�)�LV�WKH�FXUYH�HYDOXDWHG�DW�u = 1��WKH�HQG�SRLQW

RI�WKH�FXUYH���9HFWRUV�dP(�)/du�DQG�dP(�)/du�DUH�WKH�WDQJHQW�YHFWRUV�DW�WKH�EHJLQQLQJ
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DQG�HQG�RI� WKH�FXUYH�� UHVSHFWLYHO\� �VHH�)LJ��������7KH�GLUHFWLRQV�DQG�PDJQLWXGHV�RI

WKH� WZR� WDQJHQW�YHFWRUV�DUH�FKRVHQ� VR� WKDW� WKH� WUDMHFWRU\�ZLOO� DYRLG�DQ\�REVWDFOHV

EHWZHHQ�WKH�VWDUWLQJ�DQG�HQGLQJ�SRLQWV�RI�WKH�FXUYH�

,Q� WKH� FXUUHQW� VLPXODWLRQ�� WKHVH� FRHIILFLHQWV� DUH� H[SUHVVHG� UHODWLYH� WR� WKH� ORFDO

FRRUGLQDWH�IUDPH��WKH�VDPH�IUDPH�WKDW�ZRXOG�EH�XVHG�IRU�WKH�/RFDO�7HUUDLQ�0DS��,Q

WKH� IXWXUH�� LW� PD\� EH� GHVLUDEOH� WR� DGG� WKH� DELOLW\� WR� DOVR� H[SUHVV� WKH� FRHIILFLHQWV

UHODWLYH�WR�D�SDUWLFXODU� OHJ�SDLU
V�SUHVHQW�SRVLWLRQ���$V�H[SODLQHG�LQ�$SSHQGL[�&��WKLV

ODWWHU�PHWKRG�PD\�KHOS�LQ�FHUWDLQ�WHOHRSHUDWLRQ�IXQFWLRQV��

 Figure 5.1 – Parametric Cubic Curve with Tangent Vectors

5.1.4 Specifying Leg Pair Orientation in Roll-Pitch-Yaw Space

+HUPLWH�SDUDPHWULF� FXELF� VSDFH�FXUYHV� DUH� DOVR�XVHG� WR� VSHFLI\� WKH�RULHQWDWLRQ�RI

HDFK�OHJ�SDLU�DV�D�IXQFWLRQ�RI�WLPH�GXULQJ�LWV�OHJ�VWHS��7KH�HTXDWLRQ�IRU�RULHQWDWLRQ�LV
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HVVHQWLDOO\� WKH� VDPH� DV� WKDW� IRU� ORFDWLRQ� �(T�� ������ H[FHSW� WKDW� WKH� ERXQGDU\

FRQGLWLRQV�DUH�FKDQJHG�

( )uγβα γβα=P F B     �����

7KLV�HTXDWLRQ�KDV� WKH�H[DFW� VDPH�EOHQGLQJ� IXQFWLRQV��F�� DV� WKH�xyz�VSDFH�HTXDWLRQ

SUHVHQWHG�LQ�WKH�SUHYLRXV�VHFWLRQ��(T��������6LPLODUO\��WKH�JHRPHWULF�FRHIILFLHQW�PDWUL[

KDV�WKH�VDPH�EDVLF�IRUP�DV�EHIRUH��7KH�RQO\�GLIIHUHQFH�LV�WKDW�UDWKHU�WKDQ�VSHFLI\LQJ

WKH�OHJ�SDLU�IUDPH
V�xyz� ORFDWLRQV�DV�D�IXQFWLRQ�RI�W�� WKH�QHZ�JHRPHWULF�FRHIILFLHQWV

VSHFLI\�WKH�UROO��γ��DERXW�WKH�X�D[LV��WKH�SLWFK��β��DERXW�WKH�Y�D[LV��DQG�\DZ��α��DERXW

WKH�Z�D[LV�DV�IXQFWLRQV�RI�W��$V�ZLWK�WKH�xyz�FRHIILFLHQWV�RI�(T�������WKHVH�DQJOHV�DUH

PHDVXUHG�UHODWLYH�WR�WKH�ORFDO�FRRUGLQDWH�IUDPH��L�

( )0

( )1

( )0

( )1

d
du

d
du

γβα

 
 
 
 
 

=  
 
 
 
   

-

-

B
-

-

      �����

(0)- �LV�D��[��YHFWRU�WKDW�VSHFLILHV�WKH�UROO��SLWFK��DQG�\DZ�RULHQWDWLRQV�RI�WKH�IUDPH

DW� WKH� EHJLQQLQJ� RI� WKH� WUDMHFWRU\� FXUYH� �u = 0��� 6LPLODUO\�� (1)- � VSHFLILHV� WKH

RULHQWDWLRQV�DW�WKH�HQG�RI�WKH�FXUYH��7DQJHQW�YHFWRUV�d (0)- /du�DQG�d (1)- /du�VSHFLI\

WKH�UDWHV�RI� UROOLQJ��SLWFKLQJ��DQG�\DZLQJ�DW� WKH�EHJLQQLQJ�DQG�HQG�RI� WKH� OHJ�VWHS�

UHVSHFWLYHO\�
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5.1.5 Simple Leg Steps

$V�GHVFULEHG�LQ�WKH�SUHYLRXV�WZR�VXEVHFWLRQV��D�FRPELQDWLRQ�RI�WZR���'�SDUDPHWULF

FXELF�FXUYHV�GHILQHV�DOO���'2)ªV�RI�D� OHJ�SDLU� WUDMHFWRU\�VHJPHQW��$�VLPSOH� OHJ�VWHS

FDQ�EH�VSHFLILHG�XVLQJ�D� VLQJOH� WUDMHFWRU\�VHJPHQW��8VLQJ� WKLV�PHWKRG��VSHFLI\LQJ�D

OHJ�VWHS�DPRXQWV�WR�DVVLJQLQJ�WKH�ERXQGDU\�FRQGLWLRQV�RI�WKH�WZR�SDUDPHWULF�FXELF

FXUYHV��(T������DQG������

)RU�D�VLPSOH�OHJ�VWHS��WKH�VWDUWLQJ�SRLQW��P(0)��RI�WKH�FXUYH��VHH�(T�������FRUUHVSRQGV

WR� WKH� OHJ�SDLUªV� IRRWKROG� ORFDWLRQ�EHIRUH� OLIWLQJ�RII� RI� WKH� JURXQG�� DQG� WKH� HQGLQJ

SRLQW��P(1)�� FRUUHVSRQGV� WR� WKH� OHJ� SDLUªV� IRRWKROG� ORFDWLRQ� DIWHU� UHWXUQLQJ� WR� WKH

JURXQG� DW� WKH� HQG� RI� WKH� VWULGH�� 7KH� WDQJHQW� YHFWRUV� dP(0)/du� DQG� dP(1)/du� DUH

HIIHFWLYHO\�WKH�DQJOH�RI�WDNH�RII�IRU�WKH�OHJ�VWHS�DV�WKH�OHJ�SDLU�LQLWLDOO\�OLIWV�RII�RI�WKH

JURXQG�DQG�WKH�DQJOH�RI�DSSURDFK�DV�WKH�OHJ�SDLU�UHWXUQV�WR�WKH�JURXQG��UHVSHFWLYHO\�

1RWH�WKDW�WKH�WDQJHQW�YHFWRUV�FDQ�EH�LQ�DQ\�DUELWUDU\�GLUHFWLRQ�LQ���'��HQDEOLQJ�WKLV

WHFKQLTXH�WR�GHVFULEH�ORFRPRWLRQ�RYHU�URXJK�WHUUDLQ��6SHFLILFDOO\��WKLV�ZLOO�DOORZ�WKH

WDNH�RII�DQG�ODQGLQJ�WUDMHFWRULHV�RI�WKH�OHJ�VWHSV�WR�EH�QRUPDO�WR�WKH�JURXQG�VXUIDFH�

UHJDUGOHVV�RI�WKH�VORSH�RI�WKH�JURXQG�

6LPLODUO\��ORRNLQJ�DW�(T�������WKH� (0)- YHFWRU�VSHFLILHV�WKH�LQLWLDO�RULHQWDWLRQ�RI�WKH�OHJ

SDLU�IUDPH�DW�WKH�VWDUW�RI�WKH�VWULGH��DQG� (1)- �VSHFLILHV�WKH�RULHQWDWLRQ�DIWHU�WKH�OHJ

SDLU�KDV� UHWXUQHG� WR� WKH�JURXQG�DW� WKH�HQG�RI� WKH� VWHS��7DQJHQW�YHFWRUV�d (0)- /du

DQG�d (1)- /du� VSHFLI\� WKH� URWDWLRQDO� UDWH�RI� FKDQJH�ZLWK� UHVSHFW� WR� WKH�SDUDPHWULF

YDULDEOH�DW�WKH�EHJLQQLQJ�DQG�HQG�RI�WKH�OHJ�VWHS��UHVSHFWLYHO\��$V�ZLWK�WKH�FXUYH�IRU

xyz�SRVLWLRQ��WKH���'�QDWXUH�RI�WKHVH�RULHQWDWLRQ�FXUYHV�ZLOO�HQDEOH�WKH�OHJ�SDLUV�WR�EH

SURJUDPPHG�WR�URWDWH�VR�WKDW�WKH�EHJLQQLQJ�DQG�HQG�RI�WKH�OHJ�VWHS�FDQ�EH�PDGH�WR

FRQIRUP�WR�D�ZLGH�YDULHW\�RI�VORSLQJ���'�WHUUDLQ�

5HFDOO� WKDW� WKH� ERXQGDU\� FRQGLWLRQV� RI� WKH� SDUDPHWULF� FXELF� FXUYHV� DUH� VSHFLILHG

UHODWLYH� WR� WKH� ORFDO� FRRUGLQDWH� IUDPH��L�� )RU� WKH�xyz� FXUYH�� WKLV� LV� VWUDLJKWIRUZDUG�
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+RZHYHU��EHFDXVH�URWDWLRQV�DUH�QRW�JHQHUDOO\�FRPPXWDWLYH��&UDLJ���������VSHFLI\LQJ

WKH�FRHIILFLHQWV�IRU�WKH�Φ�YHFWRUV�FDQ�UHTXLUH�DGGLWLRQDO�FDOFXODWLRQV��)RU�H[DPSOH��LI

LW� LV�GHVLUHG� WR�URWDWH�D� OHJ�SDLU�DERXW� LWV�RZQ�DQNOHV��EXW� WKH� OHJ�SDLU� IUDPH� LV�QRW

RULHQWHG� WKH� VDPH� ZD\� DV� WKH� ORFDO� IUDPH�� WKHQ� VLPSO\� VSHFLI\LQJ� D� SLWFK� DQJOH

UHODWLYH�WR�HLWKHU�WKH�ORFDO�IUDPH�RU�WKH�OHJ�SDLU�IUDPH�ZLOO�QRW�\LHOG�WKH�GHVLUHG�UHVXOW�

,Q�WKLV�FDVH��ZKLFK�PD\�EH�FRPPRQ��DV�GLVFXVVHG�LQ�WKH�QH[W�VHFWLRQ���WKH�URWDWLRQ

PXVW� ILUVW� EH� GHILQHG� UHODWLYH� WR� WKH� OHJ� SDLUªV� FXUUHQW� IUDPH� WR� FUHDWH� D� QHZ

WUDQVIRUP�� l
l ′T ��IURP�WKH�GHVLUHG�SRVLWLRQ�RI�WKH�OHJ�SDLU��l’ ��WR�WKH�FXUUHQW�SRVLWLRQ�RI

WKH�OHJ�SDLU��l���7KH�HTXDWLRQ�IRU�WKLV��(T��&����LV�SURYLGHG�LQ�$SSHQGL[�&���1H[W��WKLV

QHZ� WUDQVIRUP� IRU� WKH� OHJ� SDLU�PXVW� EH� FRQYHUWHG� WR� EH�ZLWK� UHVSHFW� WR� WKH� ORFDO

FRRUGLQDWH�IUDPH��DV�IROORZV�

L L l
l l l′ ′=T T T �����

)LQDOO\��WR�GHWHUPLQH�WKH�YDOXHV�IRU� (1)- ��ZH�PXVW�H[WUDFW�WKH�HTXLYDOHQW�ORFDO�IUDPH

UROO�� SLWFK� DQG� \DZ� DQJOHV� IURP� WKH� WUDQVIRUPDWLRQ� PDWUL[� UHVXOWLQJ� IURP� (T�� ����

$VVXPLQJ�WKDW�WKH�WUDQVIRUP�PDWUL[�HOHPHQWV�DUH�QXPEHUHG�VWDUWLQJ�ZLWK�������DW�WKH

WRS�OHIW�FRUQHU��WKH�HTXDWLRQV�IRU�H[WUDFWLQJ�WKH�HTXLYDOHQW�ORFDO�IUDPH�UROO��SLWFK�DQG

\DZ�DQJOHV�IURP�WKH�OHJ�SDLU�IUDPH�DUH��&UDLJ��������

( )

( )
( )

32 33

2 2
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21 11

Atan2 ,

Atan2 ,
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γ
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=

= − +

=
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�����

,Q�(T�������WKH�VXEVFULSWV�GHQRWH�WKH�PDWUL[�HOHPHQWV��$OVR�QRWH�WKDW�WKH� ( )Atan 2 ,y x

IXQFWLRQ�LV�WKH�WZR�DUJXPHQW�DUF�WDQJHQW�IXQFWLRQ��ZKLFK�\LHOGV�FRUUHFW�DQVZHUV�RYHU
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WKH�IXOO����°�UDQJH��7KHVH�FRPSXWHG�YDOXHV�IRU�WKH�UROO��SLWFK��DQG�\DZ�FDQ�WKHQ�EH

XVHG�LQ�WKH� (1)- �YHFWRU�WR�\LHOG�WKH�GHVLUHG�URWDWLRQDO�PRWLRQ�

+HQFH��VSHFLI\LQJ�D�VLPSOH�OHJ�VWHS�FRPSRVHG�RI�D�VLQJOH�WUDMHFWRU\�VHJPHQW�HQWDLOV

DVVLJQLQJ�WKH���YHFWRUV��IRU�D�WRWDO�RI����VFDODU�YDOXHV��VKRZQ�LQ�(T������DQG�����

&KRRVLQJ� DOO� WKHVH� YDOXHV� LV� VLPSOHU� WKDQ� LW� PD\� LQLWLDOO\� DSSHDU�� EHFDXVH�� DV

GLVFXVVHG� HDUOLHU� LQ� WKLV� VHFWLRQ��P(0)� DQG� (0)- � DUH� DOUHDG\� VSHFLILHG� IRU� XV�� VLQFH

WKH\� UHSUHVHQW� WKH� FXUUHQW� SRVLWLRQ� RI� WKH� OHJ� SDLU�� WKXV� UHGXFLQJ� WKH� QXPEHU� RI

YDOXHV� WR� EH� GHWHUPLQHG� E\� ��� 6LPLODUO\�� WKH� YDOXHV� RI�P(1)� DQG� (1)-  VSHFLI\� WKH

SRVLWLRQ�RI�WKH�OHJ�SDLU�DW�WKH�HQG�RI�WKH�OHJ�VWHS�DQG�DUH�GHULYHG�IURP�WKH�FKRVHQ

IRRWKROGV�� �5HFDOO� WKDW� IRRWKROG� VHOHFWLRQ� ZDV� GLVFXVVHG� LQ� 6HFWLRQ� ���������

6SHFLILFDOO\��WKH�ORFDWLRQ�RI�WKH�OHJ�SDLU�FRRUGLQDWH�IUDPH�RULJLQ�GHILQHV�P(1),�DQG�WKH

VORSH� RI� WKH� WHUUDLQ� XQGHUIRRW�� DORQJ� ZLWK� WKH� GLUHFWLRQ� RI� WKH� ORFDO� SDWK� DW� WKDW

ORFDWLRQ��GHILQH� (1)- ��)XUWKHUPRUH��IRU�VLPSOH�OHJ�VWHSV��WKH�DQJXODU�YHORFLWLHV�RI�WKH

OHJ�SDLU�DW�WKH�EHJLQQLQJ��d (0)- /du��DQG�HQG��d (1)- /du��RI�WKH�VWHS�ZLOO�DOZD\V�EH

]HUR��KHQFH�UHGXFLQJ�WKH�QXPEHU�RI�XQGHILQHG�ERXQGDU\�YDOXHV�E\�DQRWKHU����/DVW�

WKH� WDNH�RII� DQG� ODQGLQJ� WDQJHQWV�� �dP(0)/du�� DQG� �dP(1)/du��� DUH� VSHFLILHG� WR� EH

QRUPDO� WR� WKH� WHUUDLQ� XQGHUIRRW� DW� WKH� EHJLQQLQJ� DQG� HQGLQJ� RI� WKH� OHJ� VWHS�

UHVSHFWLYHO\��7KXV��WKHLU�XQLW�YHFWRUV�DUH�GHILQHG��DQG�ZH�DUH�OHIW�ZLWK�WKH�FKRLFH�RI

WKHLU�PDJQLWXGHV�� 7KHVH� FKRLFHV� DUH� WUDGH�RIIV� EHWZHHQ� REVWDFOH� DYRLGDQFH� VDIHW\

DQG� HQHUJ\� HIILFLHQF\�� 6SHFLILFDOO\�� WKH� WDQJHQW� PDJQLWXGHV� VKRXOG� EH� DV� VPDOO� DV

DOORZDEOH� WR� SUHYHQW� XQQHFHVVDU\� OLIWLQJ� EXW� ODUJH� HQRXJK� WR� SURGXFH� D� WUDMHFWRU\

WKDW� OLIWV� WKH� IHHW�KLJK�HQRXJK� WR�DYRLG�FROOLGLQJ�ZLWK�DQ\� WHUUDLQ� IHDWXUHV� WKDW�PD\

H[LVW�EHWZHHQ�WKH�VWDUWLQJ�DQG�HQGLQJ�IRRWKROGV�

7KXV�� RQFH� WKH� IRRWKROGV� DORQJ� WKH� ORFDO� SDWK� DUH� VHOHFWHG� DQG� WKH� XQGHUO\LQJ

JURXQG� VORSH� LV� HVWLPDWHG�� WKHUH� DUH� DFWXDOO\� RQO\� �� UHPDLQLQJ� VFDODU� YDOXHV� WR�EH

FKRVHQ� IURP� WKH� RULJLQDO� ���� WKH� PDJQLWXGHV� RI� WKH� WDNH�RII� DQG� ODQGLQJ� WDQJHQW

YHFWRUV��,I�FKRRVLQJ�WKHVH�WR�DFFRPSOLVK�REVWDFOH�DYRLGDQFH�EHFRPHV�SUREOHPDWLF��LW
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PD\�EH�KHOSIXO�WR�XVH�WKH�IRXU�SRLQW�IRUP�RI�SDUDPHWULF�FXELF�VSDFH�FXUYHV�LQVWHDG

RI�WKH�+HUPLWH�IRUP�GLVFXVVHG�KHUH��0RUWHQVRQ��������

2QFH� D� OHJ� SDLU� WUDMHFWRU\� KDV� EHHQ� VSHFLILHG�� LW� FDQ� EH� JHQHUDWHG� DW� UXQWLPH� E\

HYDOXDWLQJ� (T�� ���� DQG� ���� IRU� D� VHULHV� RI� WLPH� VWHSV�� 6SHFLILFDOO\�� DW� HDFK� WLPH

LQFUHPHQW��WKH�DVVRFLDWHG�u�YDOXH�LV�VXEVWLWXWHG�LQWR�(T������DQG�����WR�SURGXFH�D�>x y

z γ β α@�GDWD�VHW��ZKLFK�GHILQHV�WKH�SRVLWLRQ�RI�WKH�OHJ�SDLU�DW�WKH�FRUUHVSRQGLQJ�WLPH�

�:KLOH� WKLV� FRPSXWDWLRQ�PLJKW� VHHP� FRPSOLFDWHG� DW� ILUVW�� LW�PXVW� EH� UHPHPEHUHG

WKDW� LW� KDV� EHHQ� XVHG� VXFFHVVIXOO\� LQ� &$'� SURJUDPV� IRU� D� QXPEHU� RI� \HDUV��� 7KH

UHVXOWLQJ�GDWD�VHWV�FDQ� WKHQ�EH�XVHG� IRU� LQYHUVH�NLQHPDWLFV�� VWDELOLW\�GHWHUPLQDWLRQ�

DQG�UHQGHULQJ�YLD�WKH�PRGHOLQJ�WHFKQLTXHV�SUHVHQWHG�LQ�&K����

5.1.6 Compound Leg Steps

,Q�WKH�LQYHVWLJDWLRQ�RI�FDWHUSLOODUV�SUHVHQWHG�LQ�&K�����LW�ZDV�REVHUYHG�WKDW�FDWHUSLOODUV

SLWFK� WKHLU� OHJV� IRUZDUG�ERWK�EHIRUH� WKH\� OLIW� WKHP�RII�RI� WKH�JURXQG�DQG�DIWHU� WKH\

KDYH�SODFHG�WKHP�EDFN�GRZQ�

7KH� VLPSOH� OHJ� VWHS� IRUPXODWLRQ� SUHVHQWHG� LQ� WKH� SUHYLRXV� VHFWLRQ� HQDEOHV

VLPXOWDQHRXV�SLWFKLQJ�DQG�FXUYLOLQHDU�PRWLRQ��EXW�LW�FDQQRW��E\�LWVHOI��VSHFLI\�SLWFKLQJ

IROORZHG�E\�FXUYLOLQHDU�PRWLRQ��7KXV��DV�GHVFULEHG� LQ� WKH�SUHYLRXV�VHFWLRQ��ZKLOH�D

IXQFWLRQDO� OHJ� VWHS� WUDMHFWRU\� FDQ� EH� VSHFLILHG� IRU� D� OHJ� SDLU� E\� XVLQJ� D� VLQJOH

WUDMHFWRU\� VHJPHQW�FRPSRVHG�RI�D�FRXSOHG�SDLU�RI���'�SDUDPHWULF�FXELF�FXUYHV�� LW

FDQ�RQO\�DSSUR[LPDWH�D�WUXH�FDWHUSLOODU�§OHJ�VWHS¨�

:KDW�LV�QHHGHG��LQ�DGGLWLRQ��LV�D�ZD\�WR�VSHFLI\�SLWFKLQJ�URWDWLRQV�DERXW�WKH�OHJ�SDLU

DQNOHV� ERWK� EHIRUH� DQG� DIWHU� WKH� WUDQVIHU� SKDVH� RI� WKH� VWULGH�� 5HFDOO� IURP� 6HFWLRQ

������WKDW�WKH�RULJLQ�RI�HDFK�OHJ�SDLU�FRRUGLQDWH�IUDPH�ZDV�PRYHG�WR�WKH�FHQWHUSRLQW

EHWZHHQ�WKH�DQNOH� MRLQWV��7KLV�HQDEOHV�D�SDUDPHWULF�FXELF�WUDMHFWRU\�VHJPHQW�WR�EH
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UHGXFHG� WR� D� VLPSOH� SLWFKLQJ� PRWLRQ� E\� VLPXOWDQHRXVO\� VSHFLI\LQJ� SXUH� URWDWLRQ

DERXW�WKH�Y�D[LV�RI�WKH�OHJ�SDLU�FRRUGLQDWH�IUDPH�DQG�QR�WUDQVODWLRQ�LQ�xyz�

+HQFH��WKH�DSSURDFK�WDNHQ�LQ�WKLV�ZRUN�ZDV�WR�UHO\�RQ�WKH�YHUVDWLOLW\�RI�WKH�FRXSOHG

SDUDPHWULF�FXELF�IRUP��DQG�WR�VSHFLI\�WKHVH�SLWFKLQJ�OHJ�VWHSV�E\�VLPSO\�XVLQJ�WKUHH

WUDMHFWRU\�VHJPHQWV�LQVWHDG�RI�RQH��7KH�ILUVW�VHJPHQW�RI�VXFK�D�FRPSRXQG�OHJ�VWHS

ZRXOG�VSHFLI\�WKH�URWDWLRQ�DQJOH�DERXW�WKH�DQNOHV�EHIRUH�OLIW�RII��7KH�VHFRQG�VHJPHQW

ZRXOG�VLPXOWDQHRXVO\�VSHFLI\�WKH�EDFNZDUG�SLWFKLQJ�DQG�WKH�xyz�PRWLRQ�WR�PRYH�WKH

OHJ� SDLU� WR� LWV� QH[W� IRRWKROGV�� $QG� WKH� WKLUG� VHJPHQW� ZRXOG� VSHFLI\� WKH� IRUZDUG

SLWFKLQJ�DERXW� WKH�DQNOHV� �WKH� IHHW�QRZ�EHLQJ�EDFN� LQ�FRQWDFW�ZLWK� WKH�JURXQG�� WR

UHWXUQ�WKH�OHJ�SDLU�WR�DQ�XSULJKW�SRVLWLRQ�

7KLV� DSSURDFK� LV� DGYDQWDJHRXV� LQ� WKDW� LW� GRHV� QRW� UHTXLUH� DGGLWLRQDO� VRIWZDUH

GHYHORSPHQW�� OHQJWKHQ� WKH� URERWªV� FRQWURO� SURJUDP� FRGH�� RU� LQWURGXFH� DGGLWLRQDO

FRPSOH[LW\�LQWR�WKH�PRWLRQ�SURJUDPPLQJ�ODQJXDJH��$�GLVDGYDQWDJH�LV�WKDW�WKHUH�DUH

RWKHU�� PRUH� FRQFLVH�� ZD\V� WKDW� WKH� SLWFKLQJ� PRWLRQV� FRXOG� KDYH� EHHQ� H[SUHVVHG

ZLWKLQ�WKH�PRWLRQ�SURJUDPV�

5.2 Gaits

$V�GLVFXVVHG� LQ�&K�� ��� WKH�XVH�RI� DSSURSULDWH� JDLWV� �VHTXHQFH�SODQV� IRU� OLIWLQJ� DQG

SODFLQJ� OHJV�� LV� HVVHQWLDO� WR� DFKLHYH� WKH� SHUIRUPDQFH� SRWHQWLDO� RI� OHJJHG� YHKLFOHV�

6RQJ�DQG�:DOGURQ��������HPSKDVL]HG�WKDW�WKH�FKRLFH�RI�JDLW�KDV�D�VWURQJ�HIIHFW�RQ

D�ZDONLQJ�YHKLFOH
V�JHRPHWULF�GHVLJQ��PRELOLW\��FRQWURO�DOJRULWKP��DQG�HIILFLHQF\�

:KLOH�RWKHU�JDLWV�DUH�SRVVLEOH� IRU�XVH�ZLWK� WKH�FUDZOLQJ�YHKLFOH��ZDYH�JDLWV�ZLOO�EH

XVHG� KHUH� EHFDXVH�� DV� H[SODLQHG� LQ� 6HFWLRQ� ����� FDWHUSLOODUV� DSSHDU� WR� XVH� WKHP

H[FOXVLYHO\�
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5.2.1 Traditional Gait Analysis Definitions

:DYH�JDLWV�� E\�GHILQLWLRQ�� DUH�SHULRGLF�� 3UHYLRXV� UHVHDUFKHUV�RI� OHJJHG� ORFRPRWLRQ

KDYH�XVHG�D�QXPEHU�RI�EDVLF�SDUDPHWHUV�WR�KHOS�GHVFULEH�SHULRGLF�JDLWV��$FFRUGLQJ

WR�6RQJ�DQG�:DOGURQ���������PRVW�RI�WKHVH�GHILQLWLRQV�ZHUH�HVWDEOLVKHG�E\�0F*KHH

�������DQG�KLV�FROOHDJXHV���$�SHUWLQHQW�VHOHFWLRQ�RI�WKHVH�JDLW�DQDO\VLV�GHILQLWLRQV�DUH

TXRWHG�� DV� IROORZV�� IURP� 6RQJ� DQG�:DOGURQ� �������� ZLWK� VOLJKW� PRGLILFDWLRQV� IRU

FODULW\�

• 7KH� QXPEHU� RI� OHJV� IRU� D� OHJJHG� ORFRPRWLRQ� V\VWHP� LV� GHQRWHG

V\PEROLFDOO\�E\�n�

• 7KH�VWULGH�RU�VWULGH�OHQJWK��λ��LV�WKH�GLVWDQFH�WKH�FHQWHU�RI�JUDYLW\�RI

WKH�YHKLFOH�WUDQVODWHV�GXULQJ�RQH�FRPSOHWH�ORFRPRWLRQ�F\FOH�

• 7KH� F\FOH� WLPH�� T�� LV� WKH� WLPH� IRU� D� FRPSOHWH� F\FOH� RI� OHJ

ORFRPRWLRQ�RI�D�SHULRGLF�JDLW�

• 7KH�GXW\�IDFWRU� iβ ��LV�WKH�WLPH�IUDFWLRQ�RI�D�F\FOH�WLPH�LQ�ZKLFK�OHJ

L�LV�LQ�WKH�VXSSRUW�SKDVH��RQ�WKH�JURXQG�VXSSRUWLQJ�WKH�YHKLFOH���,W

LV�DVVXPHG�WR�EH�WKH�VDPH�IRU�DOO�WKH�OHJV�

i

i

i
β = WLPH RI VXSSRUW SKDVH RI OHJ

F\FOH�WLPH�RI�OHJ�

• 7KH� OHJ�SKDVH�� iφ �� LV� WKH� IUDFWLRQ�RI� D� F\FOH� SHULRG� E\�ZKLFK� WKH

FRQWDFW� RI� OHJ� i� RQ� WKH� JURXQG� ODJV� EHKLQG� WKH� FRQWDFW� RI� OHJ�1

�ZKHUH�OHJ�1�LV�JHQHUDOO\�DVVXPHG�WR�EH�WKH�IURQWPRVW�OHIW�OHJ��

,Q�DGGLWLRQ��:DOGURQ�DQG�KLV�FROOHDJXHV��������GHVFULEH�

• 7KH�WUDQVIHU�SKDVH�WLPH��RU�UHWXUQ� WLPH��τ��RI�D� OHJ�DV� WKH�SHULRG�RI� WLPH

GXULQJ�D�VWHS�LQ�ZKLFK�WKH�IRRW�LV�QRW�RQ�WKH�JURXQG�
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,Q� WKH� LQWHUHVW� RI� DYRLGLQJ� FRQIXVLRQ�� WKH� VDPH� YDULDEOH� QDPHV� DQG� V\PEROV� KDYH

JHQHUDOO\�EHHQ�XVHG�LQ�WKLV�ZRUN��+RZHYHU��EHFDXVH�RI�WKH�GLIIHUHQFHV�EHWZHHQ�WKH

PXOWLERG\�SDVVLYH�OHJJHG�FUDZOLQJ�YHKLFOH�DQG�WKH�VLQJOH�ERG\�DFWLYH�OHJJHG�ZDONLQJ

YHKLFOHV� IRU� ZKLFK� WKHVH� SDUDPHWHUV� ZHUH� RULJLQDOO\� GHILQHG�� DQG� EHFDXVH� RI� WKH

GLIIHUHQFHV�EHWZHHQ�WKLV� UHVHDUFK�DQG� WKH�HDUOLHU� VWXGLHV�� LW� LV�GHVLUDEOH� WR� UHGHILQH

RQH� SDUDPHWHU� DQG� UHSODFH� WZR�RWKHUV�ZLWK� QHZ� SDUDPHWHUV� EHWWHU� VXLWHG� IRU� WKH

ZRUN�DW�KDQG�

7KH� SDUDPHWHU�� n�� DV� WUDGLWLRQDOO\� GHILQHG�� LV� DZNZDUG� IRU� XVH� ZLWK� WKH� FUDZOLQJ

YHKLFOH��7KLV�LV�EHFDXVH�WKH�WUDGLWLRQDO�JDLW�SDUDPHWHUV�ZHUH�GHILQHG�IRU�DQLPDOV�DQG

URERWV�WKDW�XVHG�RXW�RI�SKDVH�V\PPHWU\��ODWHUDO�OHJV�PRYLQJ������RXW�RI�SKDVH�ZLWK

UHVSHFW�WR�HDFK�RWKHU���ZKHUHDV��ZLWK�WKH�FUDZOLQJ�YHKLFOH��ZH�DUH�H[SORULQJ�LQ�SKDVH

V\PPHWULF� JDLWV� VLPLODU� WR� WKRVH� H[KLELWHG� E\� FDWHUSLOODUV�� 7KXV�� LW� LV� GHVLUDEOH� WR

UHGHILQH� WKH�n� SDUDPHWHU� VOLJKWO\� WR�PDNH� LW� EHWWHU� VXLWHG� IRU� GHVFULELQJ� WKLV� FDVH�

6SHFLILFDOO\��LI�ZH�LQWHUSUHW�n�WR�EH�WKH�QXPEHU�RI�LQGHSHQGHQW�VXSSRUW�XQLWV��WKHQ��LQ

WKH�FDVH�RI� WKLV� URERW��ZKLFK�XVHV� LQ�SKDVH�V\PPHWULF�PRWLRQ�SURJUDPV�� LQVWHDG�RI

LQGLYLGXDO�OHJV�

• n��VWDQGV�IRU�WKH�QXPEHU�RI�OHJ�SDLUV�

+RZHYHU��VLPSO\�VXEVWLWXWLQJ�OHJ�SDLU�IRU�OHJ�LQWR�WKH�ROG�HTXDWLRQV�LV�VWLOO�QRW�LGHDO�

7KH�FXVWRPDU\�SUDFWLFH�RI�GHILQLQJ�D�SHULRGLF�JDLW�E\�VSHFLI\LQJ�D�GXW\�IDFWRU��β��DQG

SKDVH��φ�� IRU�HDFK� OHJ� �RU� OHJ�SDLU�� LV� DZNZDUG� LQ� WKH�FDVH�RI� WKLV� UHVHDUFK�� 7KLV� LV

EHFDXVH�WKH�YDOXHV�RI�β�DQG�φ�DUH�GHILQHG�UHODWLYH� WR� WKH�RYHUDOO� ORFRPRWLRQ�F\FOH

DQG� DUH� GHSHQGHQW� XSRQ� WKH� WRWDO� QXPEHU� RI� OHJV�� RU� OHJ� SDLUV�� :KLOH� WKHVH

SDUDPHWHUV� KDYH�SURYHQ�XVHIXO� IRU� JDLW� DQDO\VLV� VWXGLHV�� WKH\� DUH� DZNZDUG� IRU� JDLW

VSHFLILFDWLRQ� DQG� JHQHUDWLRQ�� ZKLFK� DUH� RXU� SXUSRVHV� KHUH�� 6SHFLILFDOO\�� XVLQJ� OHJ

SKDVH�DQG�GXW\�IDFWRU��D�JDLW�WKDW�SURGXFHV�D�FHUWDLQ�UHODWLYH�WLPLQJ�RI�ORQJLWXGLQDOO\

DGMDFHQW� OHJ� SDLUV� RQ� D� VL[� OHJ� SDLU� URERW� ZRXOG� KDYH� D� GLIIHUHQW� PDWKHPDWLFDO

GHILQLWLRQ� WKDQ�D�JDLW� XVHG�RQ�DQ��� OHJ�SDLU� URERW� WKDW�SURGXFHV� WKH� VDPH� UHODWLYH
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PRWLRQV�RI�LWV�ORQJLWXGLQDOO\�DGMDFHQW�OHJ�SDLUV��7KXV��WKHLU�XVH�LV�DZNZDUG�EHFDXVH�

LQ� WKLV� UHVHDUFK�� WKH� QXPEHU� RI� OHJ� SDLUV� LV� DQ� LPSRUWDQW� GHVLJQ� YDULDEOH�� DQG

IXQFWLRQDOO\�HTXLYDOHQW�JDLWV�VKRXOG�QRW�KDYH�GLIIHUHQW�PDWKHPDWLFDO�GHILQLWLRQV� MXVW

EHFDXVH�D�ORQJHU�RU�VKRUWHU�FUDZOLQJ�YHKLFOH�LV�XVLQJ�WKHP�

+HQFH�� WKH� JRDO� RI� UHSODFLQJ� WKHVH� SDUDPHWHUV� LV� WR� PDNH� WKH� JDLW�GHILQLQJ

SDUDPHWHUV�PRUH�LQGHSHQGHQW�RI�WKH�QXPEHU�RI�OHJ�SDLUV�LQ�D�SDUWLFXODU�URERW��7KLV

ZLOO� HQDEOH� GLUHFW� FRPSDULVRQ� RI� JDLW� IRUPXODH� EHWZHHQ� FUDZOLQJ� YHKLFOHV� ZLWK

GLVVLPLODU�QXPEHUV�RI�OHJ�SDLUV�

:LWK�WKH�FUDZOLQJ�YHKLFOH��WKH�FKRLFH�RI�JDLWV�LV�UHVWULFWHG�WR�ZDYH�W\SH�JDLWV�WKDW�XVH

LQ�SKDVH�V\PPHWU\�RI�ODWHUDO�OHJV�DQG�WKDW�VWDUW�PRYLQJ�DW�WKH�UHDUPRVW�OHJ�SDLU��VR�DV

WR�PD[LPL]H�ORQJLWXGLQDO�VWDELOLW\���$V�D�UHVXOW��ZH�DOZD\V�NQRZ�WKDW�WKH�QH[W�OHJ�SDLU

WR�PRYH�ZLOO�EH�WKH�QH[W�PRVW�DQWHULRU�RQH��7KLV�UHODWLYH�VLPSOLFLW\��ZKHQ�FRPSDUHG

WR� JHQHUDO� ULJLG�ERG\� DFWLYH�OHJJHG� ZDONLQJ� YHKLFOHV�� DOORZV� WKH� XVH� RI� D� VLPSOHU

PHWKRG� RI� GHILQLQJ� JDLWV� WKDW� LV�PRUH� FRQYHQLHQW� IRU�PRWLRQ� SURJUDPPLQJ� DQG� LV

LQGHSHQGHQW� RI� WKH� QXPEHU� RI� OHJ� SDLUV�� 6SHFLILFDOO\�� WKLV� UHVHDUFK� SURSRVHV

VSHFLI\LQJ�JDLWV�E\�UHSODFLQJ�OHJ�SKDVH�DQG�GXW\�IDFWRU�ZLWK�QHZ�SDUDPHWHUV�FDOOHG

WKH�§VWHS�LQWHUYDO¨�DQG�§ZDYH�LQWHUYDO¨�

5.2.2 The Step Interval

7KH�§VWHS�LQWHUYDO¨� σ��LV�WKH�UDWLR�RI�WKH�WLPH�GHOD\�IURP�WKH�EHJLQQLQJ�RI�WKH LWK�OHJ

SDLUªV�OHJ�VWHS�XQWLO�WKH�EHJLQQLQJ�RI�WKH�OHJ�VWHS�RI�OHJ�SDLU�i −1��WR�WKH�WRWDO�GXUDWLRQ

RI�WKH�OHJ�VWHS�RI�OHJ�SDLU�i��)RU�H[DPSOH��LI�D�JDLW�FDOOV�IRU�OHJ�SDLU���WR�PRYH�WKURXJK

WKUHH�TXDUWHUV�RI� LWV� OHJ�VWHS�EHIRUH�VWDUWLQJ�WKH� OHJ�VWHS�RI� OHJ�SDLU���� WKHQ� LW�KDV�D

VWHS�LQWHUYDO�RI σ = 0 75. ��7KH�VWHS�LQWHUYDO�YDOXH�HIIHFWLYHO\�GHWHUPLQHV�WKH�QXPEHU�RI

OHJ�SDLUV�DQG�DFWXDWLRQ�XQLWV�WKDW�PRYH�FRQFXUUHQWO\�GXULQJ�DQ�LQGLYLGXDO�§ZDYH¨�RI

PRWLRQ��,W�LV�DQDORJRXV�WR�D�SXOVH�ZLGWK�LQ�VLJQDO�SURFHVVLQJ�
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7KH�VWHS� LQWHUYDO� LV�GHILQHG�ZLWKLQ� WKH�UDQJH 0< ≤ ∞σ �DQG� LV�QRQ�GLPHQVLRQDO��7KH

SHFXOLDU�FDVH�RI�σ = 0�FRUUHVSRQGV�WR�D�URERW�KRSSLQJ�VLPXOWDQHRXVO\�ZLWK�DOO�RI�LWV

OHJ�SDLUV��+RZHYHU��WKLV�FDVH�LV�H[FOXGHG�KHUH�EHFDXVH�LW� LV�QRW�D�ZDYH�JDLW��LWV� OHJ

VWHSV�EHLQJ�VLPXOWDQHRXV�UDWKHU�WKDQ�VHTXHQWLDO���*DLWV�ZLWK�σ > 1�DOO�KDYH��IURP�WKH

VWDQGSRLQW�RI�JDLW�GHILQLWLRQ��WKH�VDPH�VHTXHQFH�RI�VWHSV��ZLWK�RQO\�D�YDULDWLRQ�LQ�WKH

VHSDUDWLRQ�EHWZHHQ�WKH�GLVFUHWH�VWHSV��$W�WKLV�VWDJH�RI�WKH�UHVHDUFK�� LW�DSSHDUV�WKDW

VWHS�LQWHUYDO�YDOXHV�LQ�WKH�UDQJH�RI�05 11. .≤ ≤σ �DUH�WKH�PRVW� OLNHO\�WR�KDYH�SUDFWLFDO

XVHIXOQHVV�ZLWK�WKH�PXOWLERG\�SDVVLYH�OHJJHG�FUDZOLQJ�YHKLFOH�

5.2.3 The Wave Interval

$V�PHQWLRQHG�LQ�&K�����WKH�FDWHUSLOODUV�ZHUH�VRPHWLPHV�REVHUYHG�WR�WUDYHO�E\�PHDQV

RI�PRUH� WKDQ�RQH�ZDYH�RI�PRWLRQ�RQ� WKHLU�ERG\�DW� WKH� VDPH� WLPH��:KHQ�PRYLQJ

UDSLGO\��WKH�FDWHUSLOODUV�DSSHDUHG�WR�KDYH�DSSUR[LPDWHO\�����VLPXOWDQHRXV�ZDYHV�RQ

WKHLU� ��� VHJPHQW� ERGLHV�� 7KHUHIRUH�� LW� LV� GHVLUDEOH� WR� KDYH� D� VWDQGDUG�PHWKRG� IRU

VSHFLI\LQJ�WKLV�PXOWLSOH�ZDYH�ORFRPRWLRQ�IRU�WKH�FUDZOLQJ�URERW�

7KH�PHWKRG� XVHG� LQ� WKLV� UHVHDUFK� LV� WR� GHILQH� D� §ZDYH� LQWHUYDO¨��ω�� ZKLFK� LV� WKH

VHSDUDWLRQ�EHWZHHQ�FRQVHFXWLYH�ZDYHV�RI�OHJ�VWHSV��7KH�ZDYH�LQWHUYDO�LV�HQXPHUDWHG

LQ� WHUPV� RI� WKH� QXPEHU� RI� VWHS� LQWHUYDOV� RI� WKH� FXUUHQW� ZDYH� WKDW� DUH� SHUIRUPHG

EHIRUH�VWDUWLQJ�WKH�QH[W�ZDYH�RI�OHJ�VWHSV��)RU�H[DPSOH��DQ�ω = 4�ZRXOG�PHDQ�WKDW�D

QHZ�ZDYH�ZRXOG�VWDUW�DW�WKH�SRVWHULRU�OHJ�SDLU�DIWHU�WKH�FXUUHQW�ZDYH�KDV�FRPSOHWHG

WKH�VWHS�LQWHUYDOV�RI�IRXU�OHJ�SDLUV��7KH�ZDYH�LQWHUYDO��ω��FDQ�EH�GHILQHG�EHWZHHQ� 1
σ

DQG�∞��ZKHUH�WKH� 1
σ �FRQVWUDLQW�SUHFOXGHV�WKH�LPSRVVLEOH�VLWXDWLRQ�RI�GHILQLQJ�D� OHJ

SDLU�DV�EHLQJ�VLPXOWDQHRXVO\�SDUW�RI�WZR�VXFFHVVLYH�ZDYHV�

:KHQ�ω = n�� WKHQ� WKH� YHKLFOH�ZLOO� KDYH� H[DFWO\� RQH�ZDYH�RI� OHJ� VWHSV� DFWLYH� DW� D

WLPH��MXVW�DV�RQH�ZDYH�UHDFKHV�WKH�IURQW�RI�WKH�URERW��WKH�QH[W�EHJLQV�DW�WKH�UHDU�

:KHQ�ω < n�� WKHQ�WKH�YHKLFOH�ZLOO�KDYH�PRUH� WKDQ�RQH�ZDYH�RI� ORFRPRWLRQ�DFWLYH
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VLPXOWDQHRXVO\� �WKXV� LPLWDWLQJ� WKH�PXOWLZDYH� ORFRPRWLRQ� RI� FDWHUSLOODUV��� 9DOXHV� RI

ω > n� FDQ� FDXVH� SDXVHV� EHWZHHQ� HDFK� ZDYH� RI� ORFRPRWLRQ�� PDNLQJ� HDFK

ORFRPRWLRQ�F\FOH�§GLVFUHWH¨��%\�D�GLVFUHWH�JDLW��LW�LV�PHDQW�WKDW�WKHUH�LV�QR�RYHUODS�LQ

WKH�H[HFXWLRQ�RI�FRQVHFXWLYH�F\FOHV�RI� ORFRPRWLRQ��HDFK�ZDYH�FRPSOHWHO\� ILQLVKHV

DQG�WKHUH�LV�D�SDXVH�EHIRUH�WKH�QH[W�ZDYH�VWDUWV��,I�WKH�SLWFKLQJ�PRWLRQV�RI�OHJ�SDLUV

WKDW�DUH�RQ�WKH�JURXQG�DUH�LJQRUHG��WKHQ�D�ORFRPRWLRQ�F\FOH�LV�GLVFUHWH�ZKHQHYHU�LWV

ZDYH�LQWHUYDO�LV�JUHDWHU�WKDQ�RU�HTXDO�WR�

ω
σ

σd n= +
−11 6

� ����������

:KHUH�WKH�VHFRQG�WHUP�LQ�(T������DFFRXQWV� IRU�WKH�UHPDLQGHU�RI�WKH�IURQWPRVW� OHJ

SDLUªV� VWULGH� DIWHU� LW� KDV� FRPSOHWHG� WKH� VWHS� LQWHUYDO� SRUWLRQ� RI� WKH� VWULGH�� ,Q� WKH

JHQHUDO�FDVH�� LQFOXGLQJ�DQ\�SLWFKLQJ�PRWLRQV�RI� OHJ�SDLUV� WKDW�DUH�RQ�WKH�JURXQG��D

ORFRPRWLRQ�F\FOH�LV�GLVFUHWH�ZKHQHYHU�LWV�ZDYH�LQWHUYDO�LV�JUHDWHU�WKDQ�RU�HTXDO�WR�

( )1 pb pe
d

t t
n

σ
ω

σ τσ
+−

= + + �����

:KHUH� WKH� WKLUG� WHUP� RI� WKH� HTXDWLRQ� DFFRXQWV� IRU� FRPSRXQG� OHJ� VWHSV�� ,Q� WKLV

HTXDWLRQ�� t pb�LV�WKH�GXUDWLRQ�RI�WKH�SLWFKLQJ�PRWLRQ�DW�WKH�EHJLQQLQJ�RI�WKH�OHJ�VWHSV�

DQG� t pe�LV�WKH�GXUDWLRQ�RI�WKH�SLWFKLQJ�PRWLRQ�DW�WKH�HQG�RI�WKH�OHJ�VWHSV��6LQFH�WKH

WUDQVIHU�SKDVH�WLPH��τ ��KDV�WKH�VDPH�XQLWV�DV� t pb�DQG� t pe��WKHLU�XQLWV�FDQFHO��DQG�WKH

HTXDWLRQ�LV�XQLWOHVV�

7KXV��ZKHQ�JDLWV�KDYH�ω ω≥ d ��HDFK�RI�WKHLU�ORFRPRWLRQ�F\FOHV�LV�GLVFUHWH�DQG�WKHUH

DUH�WLPH�GHOD\V�EHWZHHQ�WKH�VXFFHVVLYH�F\FOHV�RU�ZDYHV��(TXDWLRQ�����LV�XVHG�ZKHQ

GHDOLQJ�ZLWK�RQO\�VLPSOH�VWHSV�RU�ZKHQ�ZH�DUH�FRQFHUQHG�ZLWK�RQO\�WKH�JDLW���5HFDOO

WKDW�WKH�XQGHUO\LQJ�JDLW�RI�D�PRWLRQ�SURJUDP�LV�FRQFHUQHG�ZLWK�RQO\�WKH�VHTXHQFH�RI

IRRW� OLIWLQJ� DQG� IRRW� SODFLQJ� HYHQWV�� QRW�ZLWK� SLWFKLQJ�PRWLRQV� RI� OHJ� SDLUV� RQ� WKH
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JURXQG���(TXDWLRQ�����LV�XVHG�ZKHQ�WKHUH�DUH�FRPSRXQG�OHJ�VWHSV�DQG�LW�LV�GHVLUHG

WR�DFFRXQW�IRU�DOO�WKH�PRWLRQ�SHUWDLQLQJ�WR�WKH�ZDYHV�

$W�WKLV�VWDJH�RI�WKH�UHVHDUFK��LW�LV�H[SHFWHG�WKDW�WKH�PRVW�XVHIXO�YDOXHV�IRU�WKH�ZDYH

LQWHUYDO� ZLOO� EH� LQ� WKH� UDQJH�� n n2 ≤ ≤ω �� +RZHYHU�� WKH� UDQJHV� RI� DOORZDEOH� YDOXHV

GLVFXVVHG�KHUH�IRU�σ�DQG�ω�GR�QRW�HQVXUH�WKDW�D�SDUWLFXODU�JDLW�ZLOO�EH�XVHIXO�RU�HYHQ

VWDEOH�IRU�D�SDUWLFXODU�URERW�GHVLJQ��7KH�HYDOXDWLRQ�RI�WKH�SHUIRUPDQFH�RI�YDULRXV�JDLW

DQG�YHKLFOH�FRPELQDWLRQV� LV� WKH�SXUSRVH�RI�WKH�VLPXODWLRQ�WRROV�WR�EH�GHVFULEHG�LQ

WKH�QH[W�FKDSWHU�

8VLQJ� WKH�QHZ�QRWDWLRQ�SUHVHQWHG�KHUH�� WKH�FDWHUSLOODUV�GHVFULEHG� LQ�&K����FDQ�EH

VDLG� WR�KDYH�H[KLELWHG� ORFRPRWLRQ� LQ� WKH� UDQJH��σ ≈ 05. � DQG� 4 8 12. ≤ ≤ω �� 7KHUHIRUH

ZH�FDQ�GLVSHQVH�ZLWK�FRQILQLQJ� WHUPV�� VXFK�DV�§VLQJOH� OHJ�SDLU�SHU�ZDYH�JDLW¨�DQG

§GRXEOH�OHJ�SDLU�SHU�ZDYH�JDLW¨�WKDW�ZHUH�XVHG�LQ�&K�����DQG�VLPSO\�VD\��σ = 10. �DQG

σ = 05. �� 7KH�QHZ�QRWDWLRQ�FDQ�FOHDUO\�GHVFULEH� WKH�FRQWLQXXP�RI�SRVVLEOH� OHJ� VWHS

VHTXHQFHV��PDNLQJ� LW�PXFK� OHVV� DZNZDUG� WR� VWXG\� DUELWUDU\�ZDYH� JDLWV�� VXFK� DV� D

σ = 0 634. ��ω = 4 278. �JDLW�

5.2.4 Timing Considerations

1RWH� WKDW� LQ� WKH� DERYH�GLVFXVVLRQV�RI� WKH� VWHS� LQWHUYDO� DQG� WKH�ZDYH� LQWHUYDO� WKDW

ERWK� SDUDPHWHUV� DUH� XQLWOHVV�� 7KLV�PHDQV� WKDW� IURP� WKH� JDLW� WKHRU\� SRLQW� RI� YLHZ�

WKHVH�JDLW�GHILQLWLRQV�DUH� LQGHSHQGHQW�RI� WLPH�DQG�FDQ�EH�GHVFULEHG�DQG�DQDO\]HG

ZLWKRXW�UHIHUHQFH�WR�WLPH��7KLV�XQGHUOLHV�WKH�IDFW�WKDW�LW�LV�SRVVLEOH�WR�XVH�WKH�VDPH

JDLWV�DW�GLIIHUHQW�ORFRPRWLRQ�VSHHGV��+RZHYHU��RQFH�D�WLPH�YDOXH�KDV�EHHQ�DVVLJQHG

WR�WKH�WUDQVIHU�SKDVH�WLPH�YDULDEOH��τ��ZH�FDQ�UHDGLO\�FRQYHUW�WKH�JDLW�GHILQLWLRQV�LQWR

WLPH�YDOXHV�WKDW�GHVFULEH�WKH�VHTXHQFH�RI� OLIW�RIIV�DQG�SODFHPHQWV�RI� WKH� IHHW�RI�DOO

WKH� OHJ� SDLUV�� �7KXV�� LQ� WKH� SDUODQFH� RI� 0HLVHO� DQG� 0F*KHH� �0F*KHH�� �����

DFFRPSOLVKLQJ�§JDLW�UHDOL]DWLRQ¨���7KHVH�FRPSXWHG�WLPH�YDOXHV�ZLOO� LQKHULW�ZKDWHYHU

WLPH�XQLWV�ZHUH�XVHG�WR�GHILQH�τ�
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6SHFLILFDOO\��RQFH�WKH�WUDQVIHU�SKDVH�WLPH��τ��LV�NQRZQ��WKH�VWHS�LQWHUYDO�GHOD\��WKDW�LV�

WKH�WLPH�GHOD\�EHWZHHQ�VXFFHVVLYH�OHJ�VWHSV��FDQ�EH�FRPSXWHG�IURP�WKH�UHODWLRQ�

δ τσts =           ������

$JDLQ�� XVLQJ� WKH� WUDQVIHU� SKDVH� WLPH�� τ�� WKH� WLPH� GHOD\� EHWZHHQ� VXFFHVVLYH�ZDYHV

FDQ�EH�FRPSXWHG�IURP�WKH�HTXDWLRQ�

δ τσωtw =          �������

7KXV��DQRWKHU�ZD\�RI�WKLQNLQJ�RI�WKH�ZDYH�LQWHUYDO�LV�WKDW�HDFK�XQLW�RI�ω�FRUUHVSRQGV

WR�DQ�DPRXQW�RI�WLPH�HTXDO�WR�τσ �

)RU�GLVFUHWH�ORFRPRWLRQ�F\FOHV��ω ω> d ���WKH�SDXVH�EHWZHHQ�WKH�FHVVDWLRQ�RI�PRWLRQ

RI�RQH�ZDYH�DQG�WKH�EHJLQQLQJ�RI�PRWLRQ�RI�WKH�QH[W�ZDYH��LQFOXGLQJ�WKH�SLWFKLQJ

PRWLRQV�RI�FRPSRXQG�OHJ�VWHSV��LV�

td d= −ω ω τσ1 6    �������

)LQDOO\��ZKHQ� WKH� WUDQVIHU� SKDVH� WLPH��τ�� LV� KHOG� FRQVWDQW� IRU� DQ� HQWLUH� ORFRPRWLRQ

F\FOH��WKH�UHVXOWLQJ�F\FOH�WLPH�LV�

T n= τσ         ������

5.2.5 Vehicle Speed

7KH�VSHHG�RI�ZKHHOHG�YHKLFOHV�LV�VLPSO\�GHWHUPLQHG�E\�ZKHHO�GLDPHWHU�DQG�URWDWLRQ

VSHHG� �DVVXPLQJ� QR� VOLS��� 7KH� VSHHG� RI� WKH� PXOWLERG\� SDVVLYH�OHJJHG� FUDZOLQJ

YHKLFOH�LV�GHWHUPLQHG�E\�VHYHUDO�GLIIHUHQW�IDFWRUV��8QGHUVWDQGLQJ�WKH�FRPSRQHQWV�RU

SDUDPHWHUV� WKDW�GHWHUPLQH�YHKLFOH�YHORFLW\� LV� LPSRUWDQW�� VLQFH� ORFRPRWLRQ�VSHHG� LV

DQ� LPSRUWDQW�PHDVXUH� RI� SHUIRUPDQFH� IRU� FRPSDULQJ� FUDZOHU� GHVLJQV� DQG�PRWLRQ

SURJUDPV�
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(DFK�ORFRPRWLRQ�F\FOH�IRU�WKH�FUDZOLQJ�YHKLFOH�FDQ�EH�WKRXJKW�RI�DV�D�ZDYH�RI� OHJ

SDLU�PRWLRQ� WKDW� ULSSOHV� IURP� WKH� UHDU� RI� WKH� URERW� WR� WKH� IURQW�� 7KLV� UHDU� WR� IURQW

GLUHFWLRQ�ZDV�REVHUYHG�LQ�FDWHUSLOODUV�DQG�PD[LPL]HV�ORQJLWXGLQDO�VWDELOLW\��7KH�VSHHG

RI�WKH�YHKLFOH�FDQ�EH�FRQWUROOHG�E\�PRGXODWLQJ�WKUHH�SDUDPHWHUV��QDPHO\��WKH�ZDYH

VSHHG��WKH�ZDYH�VL]H��DQG�WKH�WLPH�LQWHUYDO�EHWZHHQ�ZDYHV��8VLQJ�WKH�QHZ�QRWDWLRQ�

WKHVH� FRQWUROOLQJ� SDUDPHWHUV� DUH� VSHFLILHG� E\� τ��λ��σ�� DQG�ω�� 7KH� VWULGH� OHQJWK��λ�

WRJHWKHU�ZLWK�WKH�WUDQVIHU�SKDVH�WLPH��τ��GHWHUPLQH�WKH�ZDYH�VSHHG�E\�VSHFLI\LQJ�WKH

GLVWDQFH� PRYHG� DQG� WKH� GXUDWLRQ� RI� WKH� WUDQVIHU� SKDVH� IRU� HDFK� VWULGH�� 7KH� VWHS

LQWHUYDO��σ��JRYHUQV�WKH�QXPEHU�RI� OHJ�SDLUV�DQG�DFWXDWLRQ�XQLWV�WKDW�VLPXOWDQHRXVO\

PRYH� DV� SDUW� RI� HDFK� LQGLYLGXDO� ZDYH�� DQG� KHQFH� WKH�ZDYH� VL]H�� $QG� ILQDOO\�� WKH

ZDYH� LQWHUYDO��ω�� VSHFLILHV�D�SHULRG� LQ� WHUPV�RI�τσ � WKDW�GHWHUPLQHV� WKH� WLPH�GHOD\

EHWZHHQ�VXFFHVVLYH�ZDYHV�

)RU�WKH�FDVH�RI�D�VLQJOH�ZDYH��ω = n��JDLW��WKH�HTXDWLRQ�IRU�WKH�DYHUDJH�VSHHG�RI�WKH

URERW�FHQWHU�RI�JUDYLW\�LV�

s
ncg = λ

τσ
��������

([WHQGLQJ�(T�������E\�LQFOXGLQJ�WKH�ZDYH�LQWHUYDO�� WKH�JHQHUDO�FDVH�VSHHG�HTXDWLRQ

IRU�D�ZDYH�JDLW�LV�DV�IROORZV�

s
n

n
cg =

�
��

�
��

=λ
τσ ω

λ
τσω

��������������

(TXDWLRQ������KROGV�VR�ORQJ�DV�σ > 0�DQG�ω σ≥ 1 ��,W�LV�YDOLG��ERWK�ZKHQ�ZDYH�JDLWV�DUH

XVHG�FRQWLQXRXVO\�� DQG�ZKHQ� WKH\� DUH�EURNHQ�XS� LQWR�GLVFUHWH� ORFRPRWLRQ� F\FOHV�

1RWH�WKDW�WKH�VSHHG��scg��LV�WKH�YHORFLW\�RI�WKH�URERW�FHQWHU�RI�JUDYLW\�DYHUDJHG�RYHU�D

IXOO\� GHYHORSHG� ORFRPRWLRQ� F\FOH�� 7KH� LGHD� RI� IXOO� GHYHORSPHQW� RI� D� JDLW� LV� EHVW

LOOXVWUDWHG�ZLWK�D�JUDSK��)LJXUH�����SORWV�WKH�FHQWHU�RI�JUDYLW\�ORFDWLRQ�YHUVXV�WLPH�IRU

D�URERW�VWDUWLQJ�WR�FUDZO�IURP�D�VWDWLRQDU\�SRVLWLRQ�
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Figure 5.2 – C.G. Location vs. Time for a 6 Leg Pair Robot Performing a V Z  0.52 6.0,

Gait for Two Locomotion Cycles, Starting from and Ending with a Complete Stop.

7KH�VLPXODWLRQ�H[DPSOH�XVHG�WR�FUHDWH�)LJ������ LV�RI�D�YHKLFOH�ZLWK��� OHJ�SDLUV� WKDW

PRYHG� IRUZDUG� RYHU� IODW�� VPRRWK� WHUUDLQ�� 7KH� YHKLFOH�ZDV� SURJUDPPHG� VXFK� WKDW�

VWDUWLQJ� IURP� D� PRWLRQOHVV� VWDWH�� LW� FUDZOHG� VWUDLJKW� DORQJ� WKH� X�D[LV� XVLQJ� JDLW

SDUDPHWHUV� RI� σ = 0.52� DQG� ω = 6.0� IRU� H[DFWO\� �� ORFRPRWLRQ� F\FOHV�� DQG� WKHQ� LW

FRPSOHWHO\�VWRSSHG�

7KH�JHQHUDOO\�KRUL]RQWDO�FXUYH� LQ�)LJ������ LV� WKH�z�YDOXH��RU�HOHYDWLRQ��RI� WKH�URERWªV

FHQWHU� RI� JUDYLW\�� ,W� LV� EDVLFDOO\� KRUL]RQWDO� EHFDXVH� WKH� URERW� LV� PRYLQJ� RYHU� IODW�
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VPRRWK�WHUUDLQ��$V�HDFK�OHJ�SDLU�SHUIRUPV�LWV�OHJ�VWHS��WKH�&�*��RVFLOODWHV�VOLJKWO\�XS

DQG�GRZQ�

0RUH�VLJQLILFDQW�WR�RXU�GLVFXVVLRQ�LV�WKH�JHQHUDOO\�GLDJRQDO�FXUYH�LQ�)LJ�������ZKLFK

VKRZV� WKH� IRUZDUG� PRWLRQ� RI� WKH� &�*�� DORQJ� WKH� X�D[LV�� %HFDXVH� WKH� YHKLFOH� LV

VWDUWLQJ�IURP�D�FRPSOHWH�VWRS��DQG�VLQFH�DIWHU�WKH��WK�OHJ�SDLU�VWDUWV�LWV�ILUVW�OHJ�VWHS

WKHUH�LV�D�GHOD\�RI�τσ �EHIRUH�WKH��WK�OHJ�SDLU�EHJLQV�WR�PRYH��LW�WDNHV�VRPH�WLPH�IRU

WKH� YHKLFOH� WR� UHDFK� IXOO� VSHHG�� )RU� VLPLODU� UHDVRQV�� DW� WKH� HQG� RI� WKH� VHFRQG

ORFRPRWLRQ�F\FOH��WKH�YHKLFOH�VORZV�EHIRUH�FRPLQJ�WR�D�IXOO�VWRS��7KHVH�DFFHOHUDWLRQV

DQG�GHFHOHUDWLRQV�DUH�D�IXQFWLRQ�RI� WKH�JDLW��QRW�RI�DQ\�DFWXDWRU� WRUTXH� OLPLWDWLRQV�

/RRNLQJ� DW� WKH� JUDSK�� LW� FDQ� EH� VHHQ� WKDW� WKH� YHKLFOH� GRHV� QRW� UHDFK� LWV� §IXOO\

GHYHORSHG¨� JDLW� VSHHG� XQWLO� DERXW� �� VHFRQGV� LQWR� WKH� PRWLRQ� SURJUDP� DQG� WKHQ

GURSV�RII�WKLV�VSHHG�DW�DERXW����VHFRQGV��7KXV��LQ�WKLV�H[DPSOH��WKH�VSHHG�YDOXH��scg�

FDOFXODWHG�LQ�(T�������ZRXOG�FRUUHVSRQG�WR�WKH�DYHUDJH�VORSH�RI�WKH�x�FXUYH�RQ�WKH

LQWHUYDO�EHWZHHQ�DSSUR[LPDWHO\�t = 7V�DQG�t = 22�V�

5.2.6 Example Gait Diagrams

,Q�RUGHU� WR� LOOXVWUDWH� WKH�HIIHFWV�RI� YDU\LQJ� WKH� VWHS� LQWHUYDO� DQG�ZDYH� LQWHUYDO�� JDLW

GLDJUDPV� RI� ILYH� GLIIHUHQW� PRWLRQ� SURJUDP� H[DPSOHV� DUH� SUHVHQWHG� LQ� )LJ�� ���

WKURXJK������,Q�WKH�ILJXUHV��WLPH�LV�PDUNHG�RII�LQ�XQLWV�RI�τσ ��ZKHUH�WKH�WUDQVIHU�SKDVH

WLPH��τ��FDQ�EH�DQ\�DUELWUDU\�ILQLWH�DPRXQW�RI�WLPH�DQG�FDQ�EH�H[SUHVVHG�XVLQJ�DQ\

WLPH�XQLWV��2QFH�τ� LV�VHOHFWHG�� WKH�WLPLQJ�RI�DOO� WKH�HYHQWV�RI� WKH�PRWLRQ�SURJUDPV

FDQ�EH�GHWHUPLQHG��%XW� WKH�H[DFW� WLPLQJV�PDNH�QR�GLIIHUHQFH� IURP�WKH�JDLW� WKHRU\

YLHZSRLQW��EHFDXVH�WKH�JDLW�GHILQLWLRQV�DUH�LQGHSHQGHQW�RI�VWULGH�VSHHG�
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5.2.6.1 A Simple Example Motion Program ( σ = 1.0, ω = n)

7KH�H[DPSOH�JDLW�GLDJUDP�LQ�)LJ������GHSLFWV�D�FDVH�RI�ω = =4 n��$V�HDFK�ZDYH�RI�OHJ

VWHSV�ILQLVKHV�DW�OHJ�SDLU����LW�DSSHDUV�WR�§ZUDS�DURXQG¨�IURP�WKH�IURQW�RI�WKH�YHKLFOH

WR�WKH�UHDU�WR�VWDUW�WKH�QH[W�ZDYH�DW�OHJ�SDLU���

0                        1                        2                        3                        4                        5

Right 1

Right 2

Right 3

Right 4

Left 1

Left 2

Left 3

Left 4

Time (τσ)

Leg is supporting —

Leg is not supporting —

 Figure 5.3 – Gait Diagram of a V Z  1.0 4.0,  Wave Gait, Performed on a 4 Leg Pair

Robot.

7KH�σ = 10. �JDLW�KDV�H[DFWO\�RQH� OHJ�SDLU� LQ�PRWLRQ�DW�DQ\�WLPH��7KLV�JDLW� LV�VLQJXODU

EHFDXVH�RQH�OHJ�SDLU�UHWXUQV�WR�WKH�JURXQG�DW�H[DFWO\�WKH�VDPH�WLPH�DV�DQRWKHU�OHJ

SDLU�WDNHV�RII�
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5.2.6.2 An Example with Overlapping Leg Steps ( σ = 0.5, ω = n)

)LJXUH�����VKRZV�D�JDLW�GLDJUDP�RI�D�URERW�ZLWK���OHJ�SDLUV��LQ�FRQWUDVW�WR�WKH���OHJ

SDLUHG�URERW�RI�WKH�SUHYLRXV�H[DPSOH��1HYHUWKHOHVV��IURP�WKH�JDLW�SRLQW�RI�YLHZ��WKH

PDLQ�GLIIHUHQFH�LV�WKDW�WKH�PRWLRQ�SURJUDP�LQ�WKLV�QHZ�H[DPSOH�XVHV�D�VWHS�LQWHUYDO

WKDW� LV� OHVV� WKDQ� RQH�� $V� D� UHVXOW�� LWV� OHJ� VWHSV� RYHUODS� LQ� WLPH�� 7KLV�σ = 0 5. � JDLW� LV

VLPLODU�WR�WKH�JDLW�REVHUYHG�LQ�XVH�E\�WKH�FDWHUSLOODUV� %DFN�LQ�&K����LW�ZDV�WHUPHG�WKH

§GRXEOH�OHJ�SDLU�SHU�ZDYH¨�JDLW��VLQFH�WZR�OHJ�SDLUV�DUH�LQ�PRWLRQ�DW�D�WLPH�IRU�HDFK

ZDYH.

0            1             2             3            4             5            6             7             8            9

Left 6

Left 5

Right 5

Right 1

Right 2

Right 3
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Right 6

Time (τσ)

Leg is supporting —

Leg is not supporting —

Figure 5.4 – Gait Diagram for a V Z  �0.5 6 0,  Gait, Performed on a 6 Leg Pair Robot.
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2QFH� DJDLQ�� EHFDXVH�ω = n�� WKH� VHFRQG�ZDYH� RI� OHJ� VWHSV� EHJLQV� MXVW� DV� WKH� ILUVW

ZDYH�HQGV��/RRNLQJ�DW�)LJ������DW� t = 6τσ ��ZKLOH�OHJ�SDLU���KDV�QRW�FRPSOHWHG�LWV�IXOO

OHJ�VWHS��LW�KDV�FRPSOHWHG�LWV�VWHS�LQWHUYDO�EHIRUH�OHJ�SDLU���VWDUWV�WKH�VHFRQG�ZDYH�

�5HFDOO� WKDW� WKH�ZDYH� LQWHUYDO� LV� HQXPHUDWHG� LQ� WHUPV� RI� VWHS� LQWHUYDOV� UDWKHU� WKDQ

FRPSOHWHG�OHJ�VWHSV���:H�VHH�WKDW�WKH�VWHS�LQWHUYDO�IURP�OHJ�SDLU���WR OHJ�SDLU���LV�WKH

VDPH�DV�WKH�VWHS�LQWHUYDO�EHWZHHQ�OHJ�SDLUV���DQG����RU�DQ\�RI�WKH�RWKHU�DGMDFHQW�OHJ

SDLUV��7KXV��H[DFWO\�RQH�ZDYH�LV�LQ�SURJUHVV�DW�DOO�WLPHV�

7KH�σ = 05. �JDLW�LV�VLQJXODU�EHFDXVH�OHJ�SDLUV�UHWXUQ�WR�WKH�JURXQG�DW�H[DFWO\�WKH�VDPH

WLPH� DV� RWKHU� OHJ� SDLUV� WDNH� RII�� )RU� H[DPSOH�� OHJ� SDLU� �� DQG� OHJ� SDLU� �� KDYH� WKLV

UHODWLRQVKLS�

5.2.6.3 An Example with Compound Leg Steps ( σ = 0.5, ω = n)

)LJXUH�����VKRZV�WKH�JDLW�GLDJUDP�IRU�D�PRWLRQ�SURJUDP�WKDW�LV�MXVW�OLNH�WKH�SUHYLRXV

H[DPSOH�� ZLWK� WKH� H[FHSWLRQ� WKDW� LW� XVHV� FRPSRXQG� OHJ� VWHSV� �DV� GHVFULEHG� LQ

6HFWLRQ��������LQVWHDG�RI�VLPSOH�OHJ�VWHSV��7KH�PRWLRQ�SURJUDP�GHSLFWHG�LQ�WKLV�JDLW

GLDJUDP�LV�YHU\�VLPLODU�WR�WKDW�XVHG�E\�FDWHUSLOODUV�EHFDXVH�LW�XVHV�ERWK�D�σ = 0 5. �JDLW

DQG�EHFDXVH�LW�LQFOXGHV�IRUZDUG�SLWFKLQJ�PRWLRQ�EHIRUH�OLIWLQJ�LWV�IHHW�RII�WKH�JURXQG

DQG�DIWHU�SODFLQJ�LWV�IHHW�EDFN�GRZQ��:KLOH�WKH�JUD\�EDUV�LQ�WKH�ILJXUH�LQGLFDWH�WKDW�D

OHJ�SDLU�LV�SHUIRUPLQJ�D�WLOWLQJ�PRWLRQ��WKH\�DOVR�LQGLFDWH�WKDW�LWV�IHHW�DUH�VWLOO�RQ�WKH

JURXQG�VXSSRUWLQJ�ZHLJKW��7KHVH�SLWFKLQJ�PRYHPHQWV�FRPSOLFDWH�PRWLRQ�SURJUDPV

E\�FDXVLQJ�IRXU�OHJ�SDLUV�WR�EH�LQ�PRWLRQ�VLPXOWDQHRXVO\��%XW�WKH�UHODWLYH�VHTXHQFH

RI� WKH�DFWXDO� IRRW� OLIW�RII� DQG� IRRW�SODFHPHQW�HYHQWV�KDV�QRW�FKDQJHG�EHWZHHQ� WKH

VLPSOH�VWHS�DQG�FRPSRXQG�VWHS�H[DPSOHV��7KXV��ZKLOH�WKH�OHJ�SDLU�WUDMHFWRULHV�RI�WKH

PRWLRQ� SURJUDP� DUH� PRUH� FRPSOLFDWHG�� WKH� EDVLF� JDLW� UHPDLQV� WKH� VDPH� DV� WKDW

VKRZQ�LQ�)LJ������
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Figure 5.5 – Gait Diagram for a V Z  �0.5 6 0,  Gait with Pitching, Performed on a 6 Leg

Pair Robot.

5.2.6.4 An Example of Multiwave Locomotion ( σσ = 1.0, ωω < n)

7KH� SUHYLRXV� H[DPSOHV� KDYH� DOO� KDG� ZDYH� LQWHUYDOV� HTXDO� WR� WKHLU� QXPEHU� RI� OHJ

SDLUV��,Q�WKLV�H[DPSOH�ZH�ORRN�DW�ZKDW�KDSSHQV�ZKHQ�WKH�ZDYH�LQWHUYDO�LV�OHVV�WKDQ

WKH�QXPEHU�RI�OHJ�SDLUV�
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7KH�JDLW�GLDJUDP�LQ�)LJ������EHORZ�LV�WKH�VDPH�DV�WKDW�LQ�)LJ�������H[FHSW�WKDW�LW�KDV�D

VKRUWHU� ZDYH� LQWHUYDO� �ω�� RI� ������� 8VLQJ� (T�� ����� WR� FRPSXWH� WKH� WLPH� GHOD\

EHWZHHQ�ZDYHV��ZH�JHW�

δ τσω τσtw = = 3125. ������ ����������

/RRNLQJ�DW�)LJ�������ZH�VHH�WKDW�OHJ�SDLU���VWDUWV�LWV�VHFRQG�VWHS�DW��������VLQFH��RQFH

DJDLQ��WKH�JUDSK�LV�SORWWHG�ZLWK�WLPH�XQLWV�RI�τσ ��
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Right 1

Right 2

Right 3

Right 4

Left 1

Left 2

Left 3

Left 4

Time (τσ)

Leg is supporting —

Leg is not supporting —

 Figure 5.6 – Gait Diagram of a V Z  1.0 3.125,  Wave Gait, Performed on a 4 Leg Pair

Robot.

&RPSDULQJ�)LJ������ZLWK�)LJ�������QRWLFH� WKDW��XQOLNH� WKH�HDUOLHU�ω = 4�H[DPSOH�� WKH

ω  �3125� H[DPSOH� KDV� WZR� DFWLYH�ZDYHV� RI�PRWLRQ� RQ� WKH� URERW� IRU� D� SRUWLRQ� RI
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HDFK� ORFRPRWLRQ� F\FOH�� 7KLV� H[DPSOH� LV� VLPLODU� WR� WKH� §PXOWLZDYH¨� ORFRPRWLRQ

REVHUYHG�ZLWK�WKH�FDWHUSLOODUV�

,I�WKH�H[DPSOHV�LQ�)LJ������DQG�)LJ������DUH�DVVXPHG�WR�EH�HTXLYDOHQW�LQ�DOO�UHVSHFWV

H[FHSW� WKH� ZDYH� LQWHUYDO�� ZH� FDQ� FRPSDUH� WKHLU� JDLW� VSHHGV� XVLQJ� (T�� ����� DV

IROORZV�

5.65.3

5.3

5.6

(5.3) 3.125

(5.6) 4.000
 cg

cg

s

s

λ
ωτσ ω

λ ω
τσ ω

= = = = ������ ������

7KXV�� LI�DOO�RWKHU� WKLQJV�DUH�HTXDO�� WKH�ω  �3125�H[DPSOH� LV�DOPRVW�����IDVWHU� WKDQ

WKH�ω = 4�H[DPSOH�

5.2.6.5 An Example of Discrete Wave Locomotion ( σσ = 0.6, ωω > n)

,Q� WKLV� H[DPSOH�� D� �� OHJ� SDLU� URERW� LV� SURJUDPPHG� WR� WUDYHO� XVLQJ� RYHUODSSLQJ

FRPSRXQG�OHJ�VWHSV�DQG�D�ZDYH�LQWHUYDO��ω��WKDW�LV�JUHDWHU�WKDQ�WKH�QXPEHU�RI�LWV�OHJ

SDLUV��6SHFLILFDOO\��WKH�SDUDPHWHUV�WKDW�ZHUH�XVHG�WR�FUHDWH�WKLV�H[DPSOH�DUH�D�ZDYH

LQWHUYDO��ω��RI�9��D�VWHS�LQWHUYDO��σ��RI�0.6��D�WUDQVIHU�SKDVH�WLPH��τ��RI�1.0�VHFRQG��D

EHJLQQLQJ�SLWFK�WLPH��tpb��RI�0 4. τ ��DQG�DQ�HQGLQJ�SLWFK�WLPH��tpe��RI�0 4. τ �

$V� H[SODLQHG� LQ� 6HFWLRQ� ������� ZKHQ� ω > n�� WKH� ORFRPRWLRQ� F\FOHV� RI� D� PRWLRQ

SURJUDP�PD\� EH� GLVFUHWH� LQ� WKH� JDLW� VHQVH� DQG� VRPHWLPHV� LQ� WKH� JHQHUDO�PRWLRQ

VHQVH�DV�ZHOO��7KH�JDLW�GLDJUDP�LQ�)LJ������ZLOO�EH�XVHG�WR�LOOXVWUDWH�ZKDW�LV�PHDQW�E\

D�GLVFUHWH�ORFRPRWLRQ�F\FOH�LQ�ERWK�VHQVHV�

5HFDOOLQJ�WKDW�WKH�ZDYH�LQWHUYDO�LV�HQXPHUDWHG�LQ�WHUPV�RI�VWHS�LQWHUYDOV�\LHOGV�D�ZD\

RI� YLVXDOL]LQJ� WKH� GHOD\� LQWHUYDOV� LQ� GLVFUHWH� PRWLRQ� SURJUDPV�� 6SHFLILFDOO\�� HDFK

GLVFUHWH� ORFRPRWLRQ�F\FOH� LV� VHSDUDWHG� IURP� WKH�RWKHUV�E\�DQ� LQWHUYDO�HTXDO� WR� WKH

LQWHUYDO� WKDW� ZRXOG� KDYH� H[LVWHG� LI� WKH� URERW� KDG� DV� PDQ\� OHJ� SDLUV� DV� WKH� ZDYH
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LQWHUYDO� QXPEHU�� $FFRUGLQJO\�� WKH� GLIIHUHQFH� EHWZHHQ� WKH� ZDYH� LQWHUYDO� DQG� WKH

DFWXDO�QXPEHU�RI�OHJ�SDLUV�FDQ�EH�WKRXJKW�RI�DV�§SKDQWRP¨�OHJ�SDLUV��+HQFH��LQ�WKLV

H[DPSOH�� WKH�GHOD\�EHWZHHQ� ORFRPRWLRQ�F\FOHV� LV�DV� LI� WKHUH�ZHUH���¥��� ���H[WUD

§SKDQWRP¨� OHJ� SDLUV� WKDW� H[HFXWHG� OHJ� VWHSV� WKDW� EHJDQ� DW� t = 6τσ �� t = 7τσ �� DQG

t = 8τσ �UHVSHFWLYHO\��VHH�)LJ�������

Left 6

Left 5

Right 5

Right 1

Right 2

Right 3

Right 4

Left 1

Left 2

Left 3

Left 4

Right 6

Leg is supporting —

Leg is supporting while it rotates about its ankle —

Leg is not supporting —

-1       0        1        2        3        4        5       6        7        8       9       10      11      13     14

Time (τσ)

Figure 5.7 – Gait Diagram of a V Z  0.6 9,  Motion Program, Performed on a 6 Leg Pair

Robot.
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$�PRWLRQ�SURJUDP�FDQ�EH�WHVWHG�IRU�GLVFUHWHQHVV�LQ�WKH�JDLW�VHQVH�E\�FRPSDULQJ�WKH

ZDYH� LQWHUYDO�ZLWK� WKH� UHVXOW� RI� (T�� ����� � %\� §JDLW� VHQVH¨� LW� LV�PHDQW� WKDW� WKLV� WHVW

HYDOXDWHV�WKH�GLVFUHWHQHVV�RI�WKH�ORFRPRWLRQ�F\FOHV�EDVHG�RQO\�XSRQ�WKH�VHTXHQFH

RI� OLIWLQJ�DQG�SODFLQJ�HYHQWV�RI� WKH� IHHW�DQG�QRW�RQ�DQ\�SLWFKLQJ�PRWLRQV��$SSO\LQJ

WKLV�WHVW�WR�WKH�FXUUHQW�H[DPSOH�\LHOGV�

ω
σ

σd n= +
−

= +
−

=
1

6
1 0 6

0 6
6 2

3

1 6 1 6.

.
������������

6LQFH�ω ω> d � �L�H�� 9 62
3> ��� LQ� WKLV� FDVH�� WKH�PRWLRQ� SURJUDP� LV� GLVFUHWH� LQ� WKH� JDLW

VHQVH��8VLQJ�(T�������ZH�FDQ�FRPSXWH�WKH�WLPH�GHOD\�EHWZHHQ�WKH�ODVW�SODFLQJ�HYHQW

RI�RQH�ORFRPRWLRQ�F\FOH�DQG�WKH�ILUVW�OLIWLQJ�HYHQW�RI�WKH�QH[W�ORFRPRWLRQ�F\FOH�

td d= − = − = =ω ω τσ τσ τσ1 6 1 69 6 2 142
3

1
3 . V �����������������

7KLV�WLPH�GHOD\� LV�JUDSKLFDOO\� LOOXVWUDWHG� LQ�)LJ�������6SHFLILFDOO\�� WKH� ILUVW� ORFRPRWLRQ

F\FOH�HQGV�ZKHQ� OHJ�SDLU���UHWXUQV� LWV� IHHW� WR�WKH�JURXQG�DW� t = 6 2
3τσ �DQG�WKH�QH[W

ORFRPRWLRQ� F\FOH� EHJLQV�ZKHQ� OHJ� SDLU� �� OLIWV� LWV� IHHW� RII� WKH� JURXQG� DW� t = 9τσ �� D

GLIIHUHQFH�RI�21
3τσ ��RU�����VHFRQGV��DV�FRPSXWHG�LQ�(T�������

/RRNLQJ�DW�WKH�PRWLRQ�SURJUDP�LQ�)LJ������IURP�WKH�SRLQW�RI�YLHZ�RI�JHQHUDO�PRWLRQ

�LQFOXGLQJ� DQ\� SLWFKLQJ� PRWLRQV� RI� OHJ� SDLUV� WKDW� DUH� RQ� WKH� JURXQG��� ZH� FDQ

GHWHUPLQH�ZKHWKHU� LW� LV�GLVFUHWH�E\�DSSO\LQJ�(T������DQG�FRPSDULQJ� WKH�UHVXOW�ZLWK

WKH�ZDYH�LQWHUYDO�

ω
σ

σ τσ
τ τ

τd
pb pen

t t
= +

−
+

+
= +

−
+ + =

1
6

1 0 6

0 6

0 4 0 4

0 6
8

1 6 1 6.

.

. .

.
������������������

6LQFH�ω ω> d � �L�H�� �� !� ��� ZH� VHH� WKDW� WKH�PRWLRQ� SURJUDP� LV� DOVR� GLVFUHWH� LQ� WKH

§PRWLRQ� VHQVH¨�� 7KH� WLPH� GHOD\�� EHWZHHQ� WKH� FHVVDWLRQ� RI� DOO� PRWLRQ� RI� RQH

ORFRPRWLRQ�F\FOH�DQG�WKH�LQLWLDWLRQ�RI�PRWLRQ�RI�WKH�QH[W�ORFRPRWLRQ�F\FOH��FDQ�EH

FDOFXODWHG�E\�DSSO\LQJ�(T�������DV�VKRZQ�EHORZ�
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td d= − = − = =ω ω τσ τσ τσ1 6 1 69 8 0 6. V ���������������

/RRNLQJ�DW�)LJ������� WKLV�FRPSXWHG�GHOD\� LV� DSSDUHQW�DV� WKH�SLWFKLQJ�PRWLRQ�RI� OHJ

SDLU��� VWRSV�DW� t = 71
3τσ �DQG� WKHQ� OHJ�SDLU��� VWDUWV� LWV�SLWFKLQJ�PRWLRQ�DW� t = 81

3τσ �

7KH� GLIIHUHQFH� EHWZHHQ� WKHVH� YDOXHV� LV� τσ = 0 6. V �� ZKLFK� LV� LQ� DJUHHPHQW�ZLWK� WKH

UHVXOW�RI�(T�������DERYH�

$�PRWLRQ�SURJUDP�WKDW�LV�GLVFUHWH�LQ�WKH�PRWLRQ�VHQVH�LV�DOVR�DOZD\V�GLVFUHWH�LQ�WKH

JDLW�VHQVH��DVVXPLQJ�WKDW�WKH�§RQ�WKH�JURXQG¨�PRWLRQV�DUH�OLPLWHG�WR�ZKDW�KDV�EHHQ

GHVFULEHG�KHUH�DV�FRPSRXQG�OHJ�VWHSV��+RZHYHU��D�PRWLRQ�SURJUDP�FDQ�EH�GLVFUHWH

LQ�WKH�JDLW�VHQVH�ZLWKRXW�EHLQJ�GLVFUHWH�LQ�WKH�PRWLRQ�VHQVH�

$OVR�QRWH�WKDW�ZKLOH�LW�LV�DQ�LQWHJHU�LQ�WKLV�H[DPSOH��ω�LV�QRW�UHTXLUHG�WR�EH�DQ�LQWHJHU

DQG�WKDW� WKH�JHQHUDO�FDVH�VSHHG�HTXDWLRQ��(T��������ZRUNV� IRU�DQ\�YDOXH�RI�ω σ≥ 1 �

LQFOXGLQJ�DOO�GLVFUHWH�FDVHV�

5.3 Motion Programming Guidelines

+DYLQJ�SUHVHQWHG�WKH�HVVHQWLDOV�RI�WKH�PRWLRQ�SURJUDPPLQJ�PHWKRG�GHYHORSHG�IRU

WKH�PXOWLERG\�SDVVLYH�OHJJHG�FUDZOLQJ� YHKLFOH��ZH�QRZ�FRQVLGHU� VRPH�SUHOLPLQDU\

JXLGHOLQHV� IRU� PRWLRQ� SURJUDPPLQJ�� 7KHVH� JXLGHOLQHV� LQFOXGH� D� GLVFXVVLRQ� RI� WKH

SUDFWLFDO�OLPLWV�RQ�FUDZOLQJ�YHKLFOH�YHORFLW\�DQG�UHFRPPHQGDWLRQV�IRU�YDU\LQJ�YHKLFOH

YHORFLW\�� VHOHFWLQJ�JDLW�SDUDPHWHUV�� DQG�FRQVWUDLQLQJ�ZKHQ�JDLW�SDUDPHWHUV�PD\�EH

PRGLILHG�DW�UXQWLPH��7KHVH�DUH�VWDWHG�DV�§SUHOLPLQDU\¨�EHFDXVH�XVH�RI�WKH�VLPXODWLRQ

WRROV�WR�EH�GLVFXVVHG�LQ�&K����DQG�&K����ZLOO�DOPRVW�FHUWDLQO\�IXUWKHU�LOOXPLQDWH�WKHVH

LVVXHV�
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5.3.1 Practical Limitations on Vehicle Velocity

$FFRUGLQJ�WR�(T��������LW�LV�WKHRUHWLFDOO\�SRVVLEOH�WR�VSHFLI\�DQ�DUELWUDULO\�VPDOO�YDOXH

IRU�τ�WR�SURGXFH�KLJKHU�YHKLFOH�VSHHGV��+RZHYHU��DV�D�SUDFWLFDO�PDWWHU��WKH�YDOXH�RI�τ

�DQG�KHQFH�YHKLFOH�VSHHG��LV�OLPLWHG�E\�WKH�DYDLODEOH�SRZHU��WRUTXH��DQG�SHDN�VSHHG

RI�WKH�DFWXDWRUV�

(TXDWLRQ������DOVR�VKRZV�WKDW�WKH�YHKLFOH�YHORFLW\�LV�LQYHUVHO\�UHODWHG�WR�ERWK�σ and

ω�� )RU� H[DPSOH��ZLWK� WKH�ZDYH� LQWHUYDO�� D� FDVH�RI�ω = n� FRUUHVSRQGV� WR� WKH� URERW

SHUIRUPLQJ�H[DFWO\�RQH�ZDYH�RI�OHJ�VWHS�PRWLRQ�DW�D�WLPH��6LPLODUO\��ω = 1
2n�VSHFLILHV

WKDW� WZR�ZDYHV�RI�PRWLRQ�ZLOO�H[HFXWH� VLPXOWDQHRXVO\�� WKXV�GRXEOLQJ� WKH� VSHHG�RI

WKH� YHKLFOH�� DVVXPLQJ� WKDW� DOO� RWKHU� WKLQJV� DUH� WKH� VDPH� DV� LQ� WKH�ω = n� H[DPSOH�

+RZHYHU�� WKH�YDOXHV�RI� WKH�VWHS� LQWHUYDO�DQG�ZDYH� LQWHUYDO� WKDW�FDQ�EH�VDIHO\�XVHG

DUH�OLPLWHG�EHFDXVH�VRPH�FRPELQDWLRQV�σ�DQG�ω�ZLOO�QRW�EH�VWDEOH�

)LQDOO\��LW�PD\�EH�XQVDIH�WR�WUDYHO�DW�KLJKHU�VSHHGV�LI�WKH�SDWK�SODQQLQJ�FRPSXWDWLRQ

VSHHG��LQFOXGLQJ�SURFHVVLQJ�WHUUDLQ�VHQVLQJ�DQG�PDSSLQJ�GDWD��FDQQRW�NHHS�XS�

5.3.2 Modulating Vehicle Velocity

:KHQ� RSHUDWLQJ� D� FUDZOLQJ� YHKLFOH�� WKHUH� DUH� PDQ\� SRVVLEOH� VFHQDULRV� ZKHUH� LW

ZRXOG�EH�GHVLUDEOH�WR�YDU\�LWV�VSHHG��/RRNLQJ�DW�(T��������ZH�VHH�WKDW�WKH�VSHHG�RI

WKH�YHKLFOH�FDQ�EH�LQFUHDVHG�E\�LQFUHDVLQJ�WKH�VWULGH�OHQJWK��λ��UHGXFLQJ�WKH�WUDQVIHU

SKDVH�WLPH��τ��UHGXFLQJ�WKH�VWHS�LQWHUYDO��σ��RU�UHGXFLQJ�WKH�ZDYH�LQWHUYDO��ω��8VLQJ

WKH� VWULGH� OHQJWK� WR� YDU\� WKH� VSHHG� RI� WKH� YHKLFOH� LV� D� SRRU� FKRLFH� EHFDXVH�� IRU

HIILFLHQF\� DQG� ORQJLWXGLQDO� VWDELOLW\�� WKH� VWULGH� OHQJWK� XVHG� ZLOO� JHQHUDOO\� EH� WKH

ORQJHVW� RQH� WKDW� FDQ� EH� XVHG� VDIHO\�� $V� GLVFXVVHG� LQ� WKH� SUHYLRXV� VHFWLRQ�� WKH

FKRLFHV�RI�ZKLFK�VWHS� LQWHUYDOV�DQG�ZDYH� LQWHUYDOV� WR�XVH�DUH�RIWHQ�FRQVWUDLQHG�E\

WKH�VWDELOLW\�UHTXLUHPHQWV�RI�WKH�YHKLFOH��&RQVHTXHQWO\��WKH�VHOHFWLRQ�RI�σ�DQG�ω�ZLOO

IUHTXHQWO\�EH�GHWHUPLQHG�E\�WKH�GLIILFXOW\�RI� WKH�WHUUDLQ� WKDW� WKH�URERW� LV� WUDYHUVLQJ
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DQG�E\� WKH� QXPEHU� RI� OHJ� SDLUV� LQ� WKH� URERW�� 7KXV��PRGXODWLQJ� WKH� WUDQVIHU� SKDVH

WLPH��τ��ZLOO�XVXDOO\�EH�WKH�PRVW�FRQYHQLHQW�PHWKRG�RI�YDU\LQJ�YHKLFOH�VSHHG�

6SHHG�WUDQVLWLRQV��VXFK�DV�LQFUHDVLQJ�WKH�ZDYH�VSHHG�RI�RQH�ZDYH�EXW�QRW�VSHHGLQJ

XS�WKH�SULRU�ZDYH��FDQ�FDXVH�GLIILFXOWLHV�EHFDXVH�WKH�IROORZLQJ�ZDYH�PD\�RYHUWDNH

WKH� SULRU� RQH�� (IIHFWLYHO\�� VXFK� DSSURDFKHV� DUH� PDNLQJ� τ� QRQ�XQLIRUP� LQ� LWV

DSSOLFDWLRQ�DORQJ�WKH�OHQJWK�RI�WKH�URERW��DQG�DUH�DOVR�YDU\LQJ�WKH�YDOXHV�RI�ERWK�τ

DQG�ω�LQ�WLPH��7KDW�LV��WKH�WUDQVIHU�SKDVH�WLPH�RI�RQH�ZDYH�ZLOO�EH�GLIIHUHQW�IURP�WKH

QH[W�ZDYH��DQG�DV�WKH�ZDYHV�SURSDJDWH�XS�WKH�OHQJWK�RI�WKH�URERWªV�ERG\��WKHLU�ZDYH

VSHHGV� ZLOO� YDU\�� DV� ZLOO� WKH� ZDYH� LQWHUYDO� EHWZHHQ� WKHP�� :KLOH�� ZLWK� FDUHIXO

SODQQLQJ�DQG�FRRUGLQDWLRQ�� WKLV� FRXOG�EH�PDGH� WR�ZRUN� LQ� VRPH�FDVHV�� LW� LV�PXFK

VLPSOHU� WR� FRQVWUDLQ� DOO� VLPXOWDQHRXVO\� DFWLYH�ZDYHV� WR� KDYH� WKH� VDPH� YDOXH� RI� τ�

:DYH�DFFHOHUDWLRQ�FDQ�VWLOO�EH�DFFRPSOLVKHG�E\�VPRRWKO\�UHGXFLQJ�τ�VLPXOWDQHRXVO\

IRU�DOO�WKH�DFWLYH�OHJ�VWHSV��,I�WKH�SDWK�XSGDWH�IUHTXHQF\�RI�WKH�FRQWUROOHU�LV�FRQVWDQW�

WKHQ� VKRUWHQLQJ� τ� FRUUHVSRQGV� WR� LQFUHDVLQJ� WKH� SDUDPHWULF� YDULDEOH� VSDFLQJ

EHWZHHQ�VXFFHVVLYH�YLD�SRLQWV��,Q�VXFK�PDQQHU�WKH�YHKLFOH�FDQ�VPRRWKO\�DFFHOHUDWH

ZLWKRXW�WKH�SRVVLELOLW\�RI�KDYLQJ�ZDYHV�FROOLGH��6LPLODUO\��WKH�URERW�FDQ�GHFHOHUDWH�E\

VPRRWKO\�LQFUHDVLQJ�WKH�WUDQVIHU�SKDVH�WLPH�IRU�DOO�WKH�ZDYHV�

7KXV�� WKLV� LGHD� RI� LQVWDQWDQHRXVO\� XQLIRUP� WUDQVIHU� SKDVH� WLPH� �WKDW� WKH� VDPH� τ

DSSOLHV� WR� WKH� HQWLUH� URERW� DW� DQ\�RQH� LQVWDQW� LQ� WLPH�� EXW� WKDW� τ�FDQ�EH� YDULHG� LQ

WLPH�� FDQ� EH� XVHG� WR� PRGXODWH� WKH� VSHHG� RI� WKH� YHKLFOH� ZLWKRXW� WKH� GDQJHU� RI

KDYLQJ� ZDYHV� LQWHUIHUH� ZLWK� HDFK� RWKHU�� FDXVLQJ� DVVHPEO\� IDLOXUHV�� ,Q� YLHZ� RI� WKH

VLPSOLFLW\� DQG� HIIHFWLYHQHVV� RI� WKLV� PHWKRG�� WKHUH� VHHPV� WR� EH� OLWWOH� EHQHILW� LQ

GHULYLQJ� WKH� QXPHURXV� FRQVWUDLQW� HTXDWLRQV� DQG� PRWLRQ� SODQQLQJ� KHXULVWLFV� WKDW

ZRXOG� EH� QHFHVVDU\� WR� XVH� QRQ�XQLIRUP� WUDQVIHU� SKDVH� WLPH�QRQ�FRQVWDQW� ZDYH

LQWHUYDO�DSSURDFKHV�
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5.3.3 Selecting Gait Parameters

%DVHG� XSRQ� WKH� GLVFXVVLRQV� LQ� 6HFWLRQV� ������ DQG� ������� WKH� IROORZLQJ� DUH� VRPH

JXLGHOLQHV�IRU�VHOHFWLQJ�JDLW�SDUDPHWHUV�

7KH� PLQLPXP� YDOXH� RI� WKH� ZDYH� LQWHUYDO�� ω�� LV� FRQVWUDLQHG� E\� WKH� VWDELOLW\

UHTXLUHPHQWV� RI� WKH� YHKLFOH�� +RZHYHU�� ZKHQ� WUDYHUVLQJ� HDV\� WHUUDLQ�� ω� FDQ� EH

PRGXODWHG�WR�WUDGH�RII�EHWZHHQ�VWDELOLW\�DQG�VSHHG��)RU�H[DPSOH��UHGXFLQJ�WKH�YDOXH

RI� ω� ZLOO� FDXVH� DGGLWLRQDO� ZDYHV� RI� OHJ� VWHSV� WR� VLPXOWDQHRXVO\� H[HFXWH� RQ� WKH

YHKLFOH��WKXV�LQFUHDVLQJ�LWV�YHORFLW\�

7KH�PLQLPXP�YDOXH�RI�WKH�VWHS�LQWHUYDO��σ��LV�DOVR�FRQVWUDLQHG�E\�YHKLFOH�VWDELOLW\��EXW

WR� D� OHVVHU� H[WHQW� WKDQ�ω� �L�H�� LW� LV� RQO\� FRQVWUDLQHG� E\� VWDELOLW\�ZKHQ� WKH� URERW� LV

RSHUDWLQJ�RQ� WKH� URXJKHVW� WHUUDLQ��� ,Q� JHQHUDO��σ� VKRXOG�EH� VHOHFWHG� IRU� HIILFLHQF\�

7KH� PRUH� HIILFLHQW� JDLWV� DOVR� WHQG� WR� SURGXFH� IDVWHU� ORFRPRWLRQ�� 7KHUHIRUH�� LW� LV

ZDVWHIXO�WR�XVH�σ�WR�PRGXODWH�YHKLFOH�YHORFLW\�

7KH�PLQLPXP� WUDQVIHU�SKDVH� WLPH�� τ�� LV� FRQVWUDLQHG�E\� WKH�G\QDPLFV�RI� WKH� URERW�

LQFOXGLQJ� FRQVLGHUDWLRQV� VXFK� DV� WKH� SHDN� SRZHU� UHTXLUHG�� SHDN� DFWXDWRU� YHORFLW\�

DQG�VORSH�RI�WKH�WHUUDLQ�XQGHUIRRW��DV�ZHOO�DV�RWKHUV��6SHFLILFDOO\��WKH�G\QDPLF�VWDWH

RI�WKH�URERW�DW�DQ\�SRLQW�LQ�WLPH�GHWHUPLQHV�WKH�PLQLPXP�YDOXH�RI�τ��ZKLFK��LQ�WXUQ�

OLPLWV� WKH�PD[LPXP�YHKLFOH�YHORFLW\��)URP�WKLV�PLQLPXP�YDOXH��τ�FDQ�EH� LQFUHDVHG

VR�DV�WR�UHGXFH�WKH�YHORFLW\�RI� WKH�YHKLFOH��7KXV��τ� LV�FKRVHQ�SULPDULO\�EDVHG�XSRQ

WKH�GHVLUHG�YHKLFOH�YHORFLW\�

5.3.4 Constraints on Gait Parameter Modification

6HFWLRQ�������GHVFULEHG�VRPH�SRWHQWLDO�SLWIDOOV�DVVRFLDWHG�ZLWK�WKH�FKRLFH�RI�PRWLRQ

SURJUDPPLQJ� SDUDPHWHUV�� 6RPH� UHFRPPHQGDWLRQV� IRU� DYRLGLQJ� WKHVH� SUREOHPV
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ZKHQ� SURJUDPPLQJ� WKH� PRWLRQ� RI� ZDYH� JDLWV� IRU� WKH� FUDZOLQJ� YHKLFOH� DUH

VXPPDUL]HG�EHORZ�

• 8QLIRUP�WUDQVIHU�SKDVH�WLPH ¦�7KH�VDPH�YDOXH�RI�τ�DSSOLHV�WR�WKH�HQWLUH�URERW�DW

DQ\�RQH�LQVWDQW�LQ�WLPH��$OO�VLPXOWDQHRXVO\�DFWLYH�ZDYHV�VKRXOG�XVH�WKH�VDPH�τ�

+RZHYHU��WKLV�LQVWDQWDQHRXVO\�XQLIRUP�τ�QHHG�QRW�EH�FRQVWDQW��LW�FDQ�EH�YDULHG�LQ

WLPH�LQ�RUGHU�WR�SURGXFH�DFFHOHUDWLRQV�DQG�GHFHOHUDWLRQV�RI�WKH�YHKLFOH�

• &RQVWDQW� VWHS� LQWHUYDO ¦�2QFH�D�ZDYH�KDV�EHJXQ�XVLQJ�D� FHUWDLQ� YDOXH�RI�σ�� LW

VKRXOG�FRQWLQXH�WR�XVH�WKH�VDPH�VWHS�LQWHUYDO�DV� LW�SURSDJDWHV�XS�WKH� OHQJWK�RI

WKH� URERWªV� ERG\�� +RZHYHU�� WKH� FKRLFH� RI� VWHS� LQWHUYDO� GRHV� QRW� KDYH� WR� EH

XQLIRUP� IURP� RQH� ZDYH� WR� WKH� QH[W�� HDFK� ZDYH� LV� LQGHSHQGHQW�� $V� ZLOO� EH

GHPRQVWUDWHG�YLD�VLPXODWLRQ�LQ�&K�����LQ�RUGHU�IRU�WKH�URERW�WR�DVVHPEOH��GLIIHUHQW

VWHS� LQWHUYDOV� UHVXOW� LQ� GLIIHUHQW� FRQVWUDLQWV� RQ� VWULGH� OHQJWKV�� 7KXV�� D� PLG�

ORFRPRWLRQ� F\FOH� WUDQVLWLRQ� IURP� RQH� VWHS� LQWHUYDO� WR� DQRWKHU� FDQ� UHVXOW� LQ

DVVHPEO\� SUREOHPV� DQG�RU� D� VLWXDWLRQ� LQ� ZKLFK� OHJ� SDLUV� DUH� XQHYHQO\� VSDFHG

DORQJ� WKH� OHQJWK�RI� WKH� URERW�RQFH� WKH�ZDYH�KDV�SDVVHG��:KLOH�QRW�D�GLVDVWHU�

XQHYHQ� OHJ� SDLU� VSDFLQJ� UHGXFHV� ERWK� WKH� ORQJLWXGLQDO� VWDELOLW\�PDUJLQ� DQG� WKH

PD[LPXP�VSHHG��DV�LW�PD\�WDNH�VHYHUDO� ORFRPRWLRQ�F\FOHV�IRU�WKH�YHKLFOH�WR�UH�

H[WHQG�WKH�OHJ�SDLU�VSDFLQJ�EDFN�WR�QRUPDO�

• &RQVWDQW� ZDYH� LQWHUYDO ¦� 2QFH� D� ZDYH� EHJLQV�� GHILQLQJ� WKH� ZDYH� LQWHUYDO�� ω�

EHWZHHQ� LW� DQG� WKH� SUHYLRXV� ZDYH�� WKH� WZR�ZDYHV� VKRXOG�PDLQWDLQ� WKDW� VDPH

ZDYH� LQWHUYDO� DV� WKH\� SURSDJDWH� XS� WKH� OHQJWK� RI� WKH� URERWªV� ERG\�� +RZHYHU�

ZDYH� LQWHUYDOV� DUH� LQGHSHQGHQW� DQG� GR� QRW� KDYH� WR� EH� XQLIRUP�� 7KXV�� IRU

H[DPSOH��WKH�ZDYH�LQWHUYDO�EHWZHHQ�WKH�ILUVW�ZDYH�DQG�WKH�VHFRQG�ZDYH�FDQ�EH

GLIIHUHQW� WKDQ� WKH�ZDYH� LQWHUYDO�EHWZHHQ� WKH� VHFRQG�ZDYH�DQG� WKH� WKLUG�ZDYH�

EXW� RQFH� D� SDUWLFXODU�ZDYH� LQWHUYDO� KDV� EHJXQ�� LW� VKRXOG� UHPDLQ� FRQVWDQW� DV� LW

PRYHV�DORQJ�WKH�URERWªV�OHQJWK�
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,Q�SUDFWLFH��REH\LQJ�WKH�ODWWHU�WZR�§UXOHV¨�LV�HDV\��VR�ORQJ�DV�FKDQJHV�WR�σ�DQG�ω�DUH

RQO\�DSSOLHG�WR�QHZ�ZDYHV�DV�WKH\�DUH�LQLWLDWHG�ZKHQ�WKH�UHDUPRVW�OHJ�SDLU�EHJLQV�LWV

VWULGH�

0RWLRQ�SURJUDPV�WKDW�GR�QRW�IROORZ�WKHVH�JXLGHOLQHV�FDQ�UHVXOW�LQ�QRQ�SHULRGLF�JDLWV

WKDW� FDQQRW� EH� VXVWDLQHG� IRU�PRUH� WKDQ� D� IHZ� ORFRPRWLRQ� F\FOHV� EHIRUH� DVVHPEO\

IDLOXUHV�UHVXOW��:KLOH�LW�LV�SRVVLEOH�WR�FRPSHQVDWH�E\�YDU\LQJ�VWULGH�OHQJWKV�DQG�RWKHU

SDUDPHWHUV� WR� DYRLG� DVVHPEO\� IDLOXUHV�� HDFK�QHZ�SHUPXWDWLRQ�RI� VXFK� JDLWV�ZRXOG

UHTXLUH� FXVWRP�GHVLJQHG� PRWLRQ� SURJUDPV� IRU� HDFK� ORFRPRWLRQ� F\FOH�� 7KXV�

IROORZLQJ�WKHVH�PRWLRQ�SURJUDPPLQJ�UXOHV�LV�QRW�DEVROXWHO\�HVVHQWLDO��EXW�LI�WKH\�DUH

QRW� IROORZHG�� WKH� PRWLRQ� SURJUDPPLQJ� ZLOO� GUDPDWLFDOO\� LQFUHDVH� LQ� FRPSOH[LW\�

FDXVLQJ�HDFK�PRWLRQ�SURJUDPPLQJ�WDVN�WR�EHFRPH�D�VHSDUDWH�UHVHDUFK�SUREOHP�

5.4 Chapter Summary

7KLV� FKDSWHU� KDV� SUHVHQWHG� D� PHWKRG� RI� PRWLRQ� SURJUDPPLQJ� IRU� WKH� PXOWLERG\

SDVVLYH�OHJJHG� FUDZOLQJ� YHKLFOH�� GLVFXVVLQJ� WKH�PDMRU� LVVXHV� RI� VSHFLI\LQJ� ERWK� OHJ

SDLU� WUDMHFWRULHV� DQG� JDLWV�� )RU� OHJ� SDLU� WUDMHFWRU\� VSHFLILFDWLRQ�� WKH� ILQDO� PHWKRG

VHWWOHG�XSRQ� LV� WR�XVH�SDUDPHWULF�FXELF�FXUYHV� WR�VSHFLI\�ERWK�xyz� WUDQVODWLRQV�DQG

UROO�\DZ�SLWFK�URWDWLRQV�IRU�HDFK�OHJ�SDLU��7LPLQJ�LVVXHV�UHODWLQJ�WR�JDLWV�DUH�VSHFLILHG

E\� GHILQLQJ� WZR� SDUDPHWHUV�� WKH� VWHS� LQWHUYDO� DQG� WKH� ZDYH� LQWHUYDO�� (TXDWLRQV

UHODWLQJ� WKHVH� QHZ� SDUDPHWHUV� WR� YHKLFOH� SHUIRUPDQFH�ZHUH� SUHVHQWHG�� DV�ZHOO� DV

VHYHUDO� UHSUHVHQWDWLYH� JDLW� H[DPSOHV�� )LQDOO\�� D� QXPEHU� RI� UHFRPPHQGDWLRQV� IRU

HIIHFWLYH�PRWLRQ�SURJUDPPLQJ�ZHUH�RIIHUHG�

7KH�QH[W�FKDSWHU�ZLOO�SURYLGH�D�EULHI�RYHUYLHZ�RI�WKH�VLPXODWLRQ�VRIWZDUH�GHYHORSHG

WR� HPERG\� WKHVH� PRWLRQ� SURJUDPPLQJ� FRQFHSWV� DQG� FRPELQH� WKHP� ZLWK� WKH

PRGHOLQJ�WHFKQLTXHV�SUHVHQWHG�LQ�&K����


