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In [1-4], I. M. Gel’fand and M. I. Graev proposed inversion formulas for x-ray transforms in different
spaces. In particular, Gel’fand-Graev’s inversion formula [1] is a fundamental relationship linking pro-
jection data to the Hilbert transform of an image to be reconstructed. This finding was re-discovered
in the CT field; see [5-9]. It has wide applications, including local reconstruction [10-11], backprojec-
tion filtration (BPF) [12], interior tomography [13-17], and limited-angle tomography [18]. For a survey,
see [19, 20]. Despite its high information density, Gel’fand-Graev’s inversion formula [1] was cast in
high dimensions and specialized terms, and difficult to follow for a well-trained engineer. In this
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poster, we represent this formula and its proof for the 1D x-ray transform in a 3D real space for easy _ _ I ion F I
access and further extension. Pseudo-differential Operators nversion rormuia
Let P(D) = }.,, a,, D™ be a linear differential operator with constant coefficients a,, acting on smooth Corollary. (Gel'fand and Graev [1]) For two oriented 1D submanifolds y; and y-,
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With thﬂg potatlft)ng, Irr:t[l'ﬂ, SeLhtl _b3, kf_ 1’,[.“ DR 63 IRThnon Zero, and tl'B € R T.h?n, h.lx =at+ Then, by the Fourier inversion formula P(D)u(x) = - = Jrs A€ [13 €' ¥4 P(E)u(y) dy, pseudo- Proof: This is the composition law of pseudo-differential operators. In fact, by (5)
ﬁ;‘tsseforr,nlsfal—?ﬂr;]l‘lggivelzeb.y et f be afunction on R”. The x-ray projection is an integra differential operator C(D) on R? is defined by we have
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) R | o | where C(£) is the symbol of the pseudo-differential operator C(D). A 1D submanifold y c Hy is called a quasicycle if |Crf, (§)| is a constant function
Denote by H; 5 the manifold of lines h in R°. Then, dimH; ; = 4. Denote by G; 3 the Grassman for almost every ¢. In particular, y is a quasicycle if |y nG¢| =1 for almost all
manifOId of 1D SUbSpaceS In ]:R.Ba which defines a natural mapp'”g .77:: H1,3 — Gl% by Theorem 1. (Gel,fand and Graev [1]) The CompOSitiOn Operator JYR defined by (1) and (4) is a 5 = ]R3 — {0} This is the case when % IS a smooth curve on SZ whose end points
translating a line h € H; 5 to the line a € G, 3 through the system origin. Clearly, dimG, 3 = 2. pseudo-differential operator on R® with symbol Crf, (). are diametrically opposite: y(s,) = —y(sy). For a quasicycle y, denote the constant
Let E; 3 2 R3 — {0}, which is the manifold of 1-frames in the sense that any « € E; ; defines a Proof: By Egs. (1), (3) and (4), |Crf, (§)| by c¢(y). Note that in this case Crf, (¢) is not a constant in general.
1D coordinate system inthe line a:x = at, t € R, in G -. Then any (a, 8) € E; 2 X R3 defines a _ 1 3 ¢ Of (at+x) 2
line h € H; 5 by 936/ = at + 3, t € R as before, and we dgzote this bzll g' (g)ﬁ) '—1>?;1 Two 6) (RO == Yjodd [ ———dt. By the Corollary, if y is a quasicycle, then the symbol of (JyR)Z IS (Cl‘fy(f)) =
(a, B), (', B) € Ey1 3 x R® define the same h if and only if Since f(8) = G5 fra € F WX, F0O = Gz fa (S L we have 37 FTEdel = || |Crfy (D] = c(r)?, which is a constant. A pseudo-differential operator with a
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(2) | | B =F 0 . 10} Lo | . (2m)3/2 &) =1 Jps € f(£)¢/d¢ ) da’ . By Eq. (6), we have Fourier inversion formula. Therefore, we have proved an inversion formula for the
Consider a function ¢ = Rf on H; 3. Denote by o* the mapping ¢*: ¢(h) = ¢(a,B) = 1 x-ray transform R.
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=c :
where a = (a',a*, @) and B = (%, B*, B differential operator with symbol C(&) = [ & day =~ [ dt[ et (¢ d r Xy = <)/
perator with symbol C(§) = |, §((8, a))(§, da) = J dt [ e“**(¢, da). Proof: By Egs. (7) and (8), we have
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1f (at + B) dt = 1 P Th We want to prove that C(¢) = Crf, (¢) for almost all ¢ € E; 5. To that effect, we only need to prove 1 ~ (2m)3/2 JR3 2mi JR t
Zr flat+f y f(a,B). Thus, C(&) = Crf, (§) for a small local piece of y. Now, we can use a local coordinate system for y. Let s, By the Fourier inversion formula,
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3_ P@B) 3,9 — g3 P@p) g0 — 3_ ?@hB) 1.J That is. the differential form s s1 < s < s,, be a variable. For each oriented line h(s) € y, with a(s) being its basis depending on s J,RAx) = =PV [ (fla(sy)t +x) — f(a(st +x))= (10)
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which shows a Hilbert transform
depends on h = g(a, B) only and is independent of the choice of (a, £). In other words, »¢ is a St ds 2w R s ds - I
differential form on H, 5. intersect G;, u(s) is never zero, and hence f512 S(u(s))gds = 0. If y intersects G; once, from Note that Eq. (9) is essentially the backprojection filtration (BPF) formula for any
. . . . .. . . : d b scanning curve that is a quasicycle. After [1], Eq. (10) was extended by Rullgard
Let H, be the manifold of oriented 1D lines in R3 through the origin. Since the oriented lines fSSZ 5(u(s))—”ds = [ 6(w)du, where a =u(s;) = (¢, a(s;)) and b = u(s,) = (¢,a(sy)), we get 9 1 G ye! [ .] g. (10) y 9
_ _ S _ _ i 3 _ _ 1 ds a for SPECT [5], and rediscovered in the CT field [6-9, 21-32].
have directions, H, is diffeomorphic to the unit sphere S< in R”. Fix a 1D oriented submanifold C(¥) =1ifa<0<b,and C(§) = —1ifa > 0> b, which is exactly Crf,(¢). g
y € Hy. Then, y is an oriented curve on S%. For any vector x € R3, denote by x + y the manifold
of oriented lines shifted from those in y to x. That is, x + y is diffeomorphic to an oriented curve
on the unit shpere centered at x. Define an operator j, on ¢ = Rf by
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