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(ABSTRACT)

The spatial distribution of discrete sample points from
J an image affect digital image manipulation.

U\ The geometries of the grid lattice and edge are

lälx described for digital images. Edge detecting digital
filters are considered gor segmenting an image. A

Y\
comparison is developedibetween digital filters for two

©Ö/ different digital image grid lattice geometries -- the
Q:) 8-neighbor grid lattice (rectangular tesselation) and the

6-neighbor grid lattice (hexagonal tesselation). Digital
filters for discrete images are developed that are best

approximations to the Laplacian operator applied to

continuous two—dimensional mathematical surfaces.
Discrepancies between the calculated Laplacian and the
digital filtering results are analyzed and a criterion is
developed that compares grid lattice effects. The criterion
shows that digital filtering in a 6-neighbor grid lattice is

_ preferable to digital filtering in an 8-neighbor grid
lattice.
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1. INTRODUCTION

1.1 Problem Statement

A digital image may be considered as a collection of
discrete samples of an analogue image. Each sample

quantizes image brightness at a sample point. The sample
_, '- points are usually in a regular geometrical arrangement

that is called a grid§kattice.‘ Different grid lattices can
be designed for a given image resulting in different sample
point spatial distributigns. Two popular arrangements are

i
the rectangular tesqelation (called an 8-neighbor gridl
lattice) and the hegggonal tesselation (called a 6—neighbor

y grid lattice) of theirääge plane.
Digitaliimages·enable’the»analytical manipulation of

U
i

the origin.; image. *lmportant examples are the edge

enhancing or edge finding operators, where edges are lineal
boundaries that divide bright and dark regions of the image.

1.2 Objectives
ä’@'Ü.n‘

l
i

. This objective of this thesis is to compare the
performance of the most common edge operator, the Laplacian
convolution, on digital images of the 8-neighbor grid
lattice versus the 6-neighbor grid lattice. We introduce

. new forms of*the discrete Laplacian convolution to
accomplish filtering of the digital image. Then we execute
a test that does a comparison between the digital Laplacian

1
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filters for the two grid lattice point geometries.
This thesis has several procedural objectives which

describe the sample point spatial distribution's digitali
filtering effects. Thé relevance of digital filtering to
digital image processing is described. Different image
plane sample point spatial distributions are compared. The
digital filtering concept is developed to accomplish matrix

1 convolution on the digital image. The Laplacian is
justified to discoveriimage edges. ”Equivalent Laplacian

e·convolutions are developed for different digital image grid
lattices. Array struätures and mathematical operations are
developed to accompli§h;digital filter matrix convolution.
A test is designedjthatiwillgcompare the equivalent digital_

‘ Laplacian convolutions in different grid lattices. The testin
results will qua¤¤i:yÄga4 grid lattice preference while
using matrix convolution to do edge operations on the

digital image.
eil Arx}

·



2. DIGITAL IMAGE PROCESSING BACKGROUND

i
In this chapter, the relevance of digital filtering to

G image processing is described. Finally, the digital image's
grid lattice geometry is described.

G 2.1 Definitions
A An image can be cdnsidered as a continuous real

function of an image*plane's spatial (x,y) position. Let
f(x,y) be a brightness value on the image plane. The y
[x,y,f(x,y)] coordinatss form a continuous two—dimensional
mathematical „ug:.¢§??s¤_£hat f(x,y) may be considered asi

·the image bmightness$surface.1 The image brightness

j surface's continuity is affected by the sensor's transfer of
the scene in object iace to·the image plane in imaging

M space. For“alläpractical purposes, the image can be
considered continuous.fn

Tesselation partitions the plane into edge matched
polygons. For exampTb§Empdels of atomic arrangements known
as quasi-crystals describe the partitioning of a plane by
edge matched parallelograms. A simple tesselation method

E lwill completely tile the plane with only one type of
polygon and with no gaps between any one of the polygon

j tiles. The tesselated plane's polygon shape is described by
the length of the polygon sides and by angles at the polygon
side's vertexes. This paper will only consider tesselations

3
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lt formed by an equiangular quadrilateral (square or rectangle)
or an equiangular hexagon.

The rectangular and hexagonal grid lattices were
utilized in this paper's experimental design because
they were the most economical ways to tesselate the image

tv plane. Rectangles and triangles minimize the number of
tesselating polygon's sides. Less polygon sides produce a

( simple geometric despription for the spatial area that
A surrounds each sämp1. point. The hexagonal tesselation is

the one repeating pattern that uses the least number of
( lines to cover a gjvbntdgea. Therefore, hexagons are

physical structuresÄtha§Hnaturally occur as honeycomb
patterns. For examplefehexagonal tesselation occurs when
soap film bubblés cpvifka plane while each individual bubble
is trying to beias smhll as possible. The grid latticei

* formed by the triangufar versus hexagonal tesselation are
‘ . similar because a qonjugate group of six equilateral

triangles formsia regui§r hexagon.
_. A grid lattice iälajspatial distribution of sample

points on a plane. Each grid post is identified with a
sample value that is located at a spatial (x,y) position on
the plane. Each grid post is‘a vector that may be
perpendicular to the plane. The vector's magnitude may be
determined by the f(x,y) sample value at the sample point's
spatial position, (x,y). Each vector's initial point is

l a sample point that is surrounded by a polygon. The
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_—vector's initial point usually is the polygon's centroid.
The vector endpoints describe the mathematical surface of
sample values. —

The image plane is tesselated with identical conjugate
polygon shaped partitions that are called pixels (picture

elements). Pixels usually are square or rectangular shaped
polygons. Each pixel contains one grid post that is the

pixel's centroidj—„Each-grid post may have a quantized image
attribute such as a brightness value assigned to it from the
surrounding pixel. Vw. .,

The grid latgiceqéébmetry describes the sampling point
spatial_distriputio$éänpTane.( The spatial distribution
can be describgdßwithggisplacement vectors between adjacent

i grid posts. Öxqg gridmpbst spatial distribution is an
vincidental byproductgpägthe tesselation of the plane by

( polygons. An”efementary window is a small group of grid
posts that sufficiently(explain the whole grid lattice's

· P geometry. A symmeträénäridglattice has equally spaced grid
posts in fixed displaoement vector directions. An edge's
geometry is described by a 1ine's shape, orientation, and
sharpness in the image plane's spatial domain.

y The image transfer function transfers the imaged
( object's brightness to the image plane. Brightness is

quantized from the image transfer function's

energyamplitude.Quantization subdivides a continuous quantitity

of energy into measurable discrete increments. Brightness
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may be quantized with discrete gray levels.
At each grid post position, (x,y), the image brightness

function, f(x,y), determines an aggregation of the
brightness level for each corresponding pixel. Other times,
a grid post is mapped to the evaluation of a continuous

~ function at just the post's location, rather than an average
over the pixel. The latter procedure is used in this thesis

I to digitize the mathematical surface.
iThe digital image is a discrete form of the image that

can be stored in matrix formats and can be numerically
processed. A digltal„§ilter]is a matrix composed of
discrete values ogma point spread function that spans a
collection offadjacentÜgrid;posts. mDigital filter matrix
convolution occurs when the digital filters are convolved oni
the digital image thmpugh a special mathematical operation
that pxaauces a filtéied digitalrimage. Digital convolution
is an analogftoicontinupusüfunction convolution. The
digital filters are comonTy called the kernels of the
convolution. sectianaagimz describes digital filter matrix

‘ convolution on the digital image's matrix.
We will use ordinary mathematical tools to study

n Vthe image brightness function, f(x,y). Image brightness
A moments are derivatives of the image brightness function.

Brightness moments can be expressed in terms of the
· brightness function's ith-order derivatives , öif(x,y)/öxi

or äif(x,y)/öyi. In particular, we use the first-order and
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second-order derivatives to study image brightness momentsa
Gradients use the first·order derivatives (slopes) of the
image plane's brightness function,

grad(f)=Vf=(6f/ax)i+(af/äy)j=[äf/6x,af/ay].

The brightness gradient is an elementary measurement of
brightness spatial distributions on the image plane. The
brightness gradient divides light and dark brightness
regions on the image plane. We will be interested in image
regions where the image brightness function's first-order

~ derivatives are nearly constant. Edges are abrupt changes
in the.brightnessrg§adi§mt._ Relatively large second-orderA
derivatives oggtheéimage brightness function are used tc
find the eagasü%§é;§,ab:¤pu brightness gradient changes are
occurring._}l

g
Slopes oä the cogfinuous image's brightness surface are

g replaced by gmääjpostibrightness value difference steps
between adjacent grid posts on the image plane. Grid postg
value differencepstäaä are measured by subtracting quantized
brightness vector Üägnitudes that exist between adjacent
grid posts. Ith—order differences,f(i), on the digitali
image will replace ith order derivatives, f(i), on the

U
continuous image.

’ Regions will exist within the digital image where the
grid post brightness value difference steps, between

adjacent grid posts, are small or predictable. The image
g can be segmented by determining boundaries between those
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regions. The boundaries may be indicated by large
thresholded second—order difference values. An edge is
determined in the digital image when second—order difference
thresholds are exceeded.

2.2 Edge Detection Applications
· 4Edges can be detected by matrix convolution operations

which apply digital filters to the digital image's matrix of
brightness values.u.

Ä hw

' Edge detection may be used in imagery analysis to W
segment the digital image into brightness regions of
different tonal Tonal roughness is determined
by brightness spÄtia1$fregue?cies within the image.
Brightness épatial freqäengies may be described by gray

1 Wlevel distributions wiähin the digitized image.
Edges delineate fjgions with simple curves (polygons or

. arcs). Those ed;§s}show%wäere abrupt changes occur in the

igray_level distriggtiääfwitgin each delineated region on the
A image plane. W

ß#*@¢s;,T'

Statistical methods can attach feature identification
probabilities to various gray level distributions within

W delineated regions on the image plane, assuming each feature
group has homogenous reflectance or emmittance properties
within the image.W Rosenfeld & Kak (1982) present various

f brightness distribution properties including gray level
variance, co-occurance matrices, coarseness histograms, plus
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autocorrelation and power spectrum. Lillesand & Kiefer
(1979) present basic spectral pattern recognition strategies
to identify and classify brightness regions within the
image.

The gray level distribution within each brightness
region can be associated with other brightness regions
within the image. Brightness regions with similiar gray
level aiscxipwcgpnjäay have the same image characteristics

”
for feature identification purposes.

Edge detection techniques can be applied to digital
elevation models.n”Ceomorphic features such as ridges and
potential draihage troughs can be discovered by applying
digital filters 6o the terrain surface that is formed by
f(x,y) elevation values in a rectangular coordinate system.

2.3 DigitalSampling#‘A

digital image is;} collection of discrete brightness
value samples on the image plane. This section describes
methods for, and results from, digitally sampling an image.

2.3.1 Image Digitizing Procedure
I Various sensors exist to convert energy levels into

pixels with discrete gray levels.
l

An image digitizer is composed of a scanner that uses
sensors to measure and quantize energy levels (usually
brightness values) that transfer from the scene to the
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image. The actual scene may be directly digitized by the
scanner, cr the image may be digitized after the scene is
exposed on film. This paper assumes a simple response to
brightness by sensors inside the scanner. Castleman (1979)
describes image digitizing system designs.

Image digitizing is a discrete process, where each
sensor spot maps a quantized brightness value to a single
pixel gray level on the image plane. The number of discrete
brightness values (or gray levels) per pixel depends on the
amount of computer storage assigned to each pixel. For
example, 8-bit pixel data can_,..quantize up to 256 (28)
discrete brightness°values.I

2.3.2 Grid Lattice Geometry
iv,

A gridÜlattice's§camp1ing post spatial distribution 1
may be described by digplacement vectors between adjacent8
grid posts on theßimage plane. The displacement vectors
describe the geometric pattern of the grid posts.

An elementary window of the grid lattice is defined in
terms of one central grid post and a certain number of that
post's nearest neighboring posts. An n-neighbor grid
lattice is an elementary window of n+1 posts. An elementary
window is large enough to explain the whole grid lattice's
geometry. _

Processing of the grid lattice's digital data requires

that the grid post patterns are described by an array
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storage function. Index arrays may contain displacement

h vectors that describe the positional relationship between
the grid lattice window's central post and each of its
neighboring posts within the elementary window. The grid

i post spacing distance is the displacement vector's
magnitude. Preferential directions are the displacement
vector's directions.

i
Two common grids are the 8-neighbor grid lattice and

the 6-neighbor grid“lattice. Each grid lattice has

different displacement vector index arrays. Figure 2.1

compares the two grid lattices within each grid lattice's
elementary window. ‘Each grid post is enclosed by a
rectangle in bothigridflattices.

Table 2.1.•n¤Qé‘:¤§da1sp1a¤ama¤: vectors for each grid

lattice. The 8—neighb§r grid lattice's elementary window is »wi
a rectangular array oflminejxnposts that yield four

displacement vectors we shall label as·x, 3, g, 3. The

6—neighbor grid lattiöefs elementary window is a hexagonal

array of seven posts·th¤t»yield three displacement vectors

we shall label as 3, 3, 3. Thé 4·neighbor grid lattice is a

special case of the 8-neighbor grid lattice without the g
i

and 3 displacement vectors, no diagonal posts, in the

elementary window. Table 2.2 shows the 3x3 displacement
_ vector index arrays that are necessary to contain each of

F the three grid lattice's displacement vectors.
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Table 2.1: Preferential Direction Displacement Vectors

3=[ AX , 0.0 3
3 = [ 0.0 ,AY5

=
[h

AX , -AY ]

E az [ Ax
'

AY ".\ÄQ _.

__ -. .
i

'

11. = [ 7<A„X$si¤<9#Ü‘1 { -1¢ÄX)<=¤S<3¤°> 1
2 = [ BX ,_ 1 0.0 3
2 = 1 1

3 = [ AX , 0.0 3
3 = [ 0.0 , AY 3

Note: AX and AY are displacements in the coordinate
system's orthogonal directions, 3 and 3 in Figure 2.1.
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Table 2.2: Displacement Vector Index Array Matrices

mo) AY)
( 0.0 , -AY ) ( 0.0 , 0.0 ) ( 0.0 , AY )
(«Ax A. —AY 0.0 ) ( AX , AY

jf j( -Ax , 0.0 ) (—A·x , A·Y )
empty}? 0.0 , 0.0 ) empty

Ät wr) d

A:ueigbbe:.InQex.A:;aY

empty ( -AX , 0.0 ) _ empty

( 0.0 , -AY ) ( 0.0 , 0.0 ) ( 0.0 , AY
empty ( AX , 0.0 ) empty
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_ Angular resolution is described by angles between the
displacement vectors in each grid lattice's elementary
window of grid posts. Figure 2.1 shows angles between the
displacement vectors in each elementary window. The angular
resolution is 90° for the 4·neighbor grid lattice, 60° for
the 6-neighbor grid lattice, and 45° for the 8-neighbor
grid lattice.

n A symmetric grid lattice has equally spaced posts and

t angular symmetry. §§ua11y spaced grid posts occur when all
of the elementary windowfs index array displacement vector
magnitudes are equal§;;Angular symmetry occurs when there is
constant angular.rnsölutionibetween displacement vectors
within the grid&lattice¢s elementary window. The 4·neighbor

‘ grid lattice and öeneighbor grid lattice can be symmetric if
all their displacemtivector.magnitudes are equal. The
8-neighbor grid lattice has greater angular resolution but
all its displacement vector magnitudes are not equal.
Therefore, c¤e“§g¤a1g¤¤6z grid lattice only has angular
symmetry. It follows”tHat»angular symmetry is necessary but

( ‘not sufficient to establish a symmetric grid lattice.
An 8-neighbor grid lattice can be transformed to a

6-neighbor grid lattice by shifting alternating columns of
the 8-neighbor grid posts by one—half the grid post spacing

· distance along alternating columns in the AX direction
(during image digitizing), to maintain the density of the

transformed grid lattice. But a symmetric 6-neighbor grid
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lattice will not result unless the ratio of the g or w
displacement vector elements, (A'X, A'Y), in the
displacement vector index array is

|A'¥|/|A'x| = tan 60° = (2)1/2 (2.1)

Pixel shape and dimensions affect image resolution. The
( symmetric 6·neighbor·grid lattice can completely cover the

image plane with rectangular pixels if the condition in
Equation 2.1 holds. Therefore, the resolutions of the
6-neighbor grid Iatticef}@ll'be;different in the two
orthogonal aixegtiane ofsimagé space (i.e. AX does not equal
AY), unless the pixeloiare equiangular hexagons. This
thesis ignores—pixel shape and dimension effects on °I'
resolution by just eval9ating·the image brightness function,
f(x,y), at each qrid post's (x,y) position.

2.3.3 Sampling Bepsi%yfT*

The grid latticäännmpling post density is a geometric
consideration. The grid lattice density is the expected

number of sampling posts in a window of unit area on
the image plane. The grid lattice density can be determined
by assuming one grid post per rectangular pixel, where there
are no gaps between any of the pixels covering the image

, plane. Pixel areas can be equated between different gridi
lattices to equate grid lattice densities of sampling posts.
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A A digital image should more faithfully represent the sampled
’ continuous image as the grid lattice density increases,

regardless of the sample point spatial distribution on the
image plane.

Each grid lattice implies a sampling of the continuous
image at discrete image plane positions. The placement of
the grid lattice with respect to a particular edge's shape,
orientation,and säarpness in the image affects the digital
image's ability to detebt that edge.

Ideally, an edge shouid posess some measurable

qualities throughout‘the;imäge, such as a thresholded range
of quantized value&¢when.an“appropriatemathematicali
operator is applied tdßthe image brightness surface.

i
However, an edge may hit or miss sample posts as the edge
threads through_theAgridkkattice. Geometric relationships
between the edgefs geojetry (shape, orientation, and

·
sharpness) and the gridklättice's geometry (grid post
spatial distributioneiüwill effect the probabilities of the

.edge line hitting, or missing, grid posts.
The grid lattice density also affects the digital

image's ability to detect an edge. The probabilities of the
_edge's path hitting posts should increase as grid lattice
density increases, regardless of grid lattice geometry.

The grid lattice densities should be equal between all
_compared grid lattices, so the effects of the grid lattice
sampling post spatial distribution can be isolated.
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2.3.4 Image Rectification T

Image rectification removes various imagery
distortions. A digital image can be rectified without being
encumbered by the mechanical limitations of optical or
correlation hardware. Digital imagery minimizes the
restrictions on image rectification because there are

I practically no limits on analytical methods to manipulate
the data. Thus more·imagery distortions can be removed from
digital imgery. “Less imagery distortions will improve the
imagery analysis quality;.particulary if a stereomodel is
being utilized. „; ifäl.j”I i —

It may be desirablekto_removehnoise before filtering
_the digital image, an §§pect{of image restoration. Noise
will occur while the sensor ls processing the signal
emanating from the¥sdüäe:° The Manual of Remote Sensing

‘(1983) describesäsources of signal dependent noise and
signal independent€noise;Öüébnventional texts (Castleman
1979, Rosenfeld and Mahä}982§ classify numerous types of
noise, and even more nußäöäsrmethods for removing the noise
from the image. I A

l
It may be desirable to remove noise from a digital Q

image before digital filters are applied in order to
eliminate the effect of noise on edge detection. In fact,
digital filter matrix convolution may be used to remove
noise from the actual digital image. The functions to
remove noise from the image may have to be picked by trial
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and error unless you have some prior knowledge of the noise
existing in the image. q

The issue of image rectification, particularly noise
removal, is outside the scope of this thesis. Image
rectification issues are avoided through the choice of an
ideal continuous mathematical surface that contains
recognized edges to compare grid lattice edge detection
capabilities. 4 *~*

i N

2.4 Literature RevieäägggiuJ
Increases*in éräéarential directions with no

directional er connectivity ambiguity (e.g., in
the4—neighborgrid_lattice versus the 8—neighbor grid lattice

with its additional diagonal directions) and angular
resolution are freguently„cited as justification for a
6-neighbor grid'lattice versus an 8—neighbor grid lattice.
Crettz (1980) deyelopedxa cosine transformation for
6+neighbor grid lattice digital filtering in the frequency
domain. However, he did not develop digital filters for
image filtering in the spatial domain of the image.

Van-Roessal (1988) presents conversion algorithms
L between hexagonal grid arrays and the Cartesian position.i

His spatial gddressing method arranges hexagonal pixel
bunches into hierarchical aggregates, where there is
constant angular resolution between connected aggregations

of pixels for each aggregation level. Such Generalized
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e Balanced Ternary (GBT) addressing schemes may be useful for
image minification (where pixel values must be bunched and
assigned average brightness values plus a position in the

new image). He admits those addressing methods are

inefficient; this thesis presents an alternative addressing
method in the Appendix that does not accommodate image

minification.
certain derivative operations are preferable when

considering edge orientations with respect to the grid

lattice geometry. Rotatiqp invariance (often called

isotropy) is chosenlas the desirable characteristic
of.

derivative operations'because the edge's orientation is
unpredictable:„éBigi§§;„fi1ters must use differencing
operations to approximate derivative operations. So

. rotation invariant derivative operations should be mimicked

by digital filters.) Hbsenfeld & Kak (1982) present those
issues but they do not quantify the digital filtering

„ effects. ·--‘*i{;i. ‘

There are unlimitbd methods to partition the plane into

edge matched polygons, called tesselation. The problem of

partitioning or tiling a plane is an old mathematical
problem that started received renewed attention in the

mid-1970s. Rucker (1987) describes the geometric qualities
of tesselating a plane. Ivars Peterson (1988) summarizes the-

work that is currently being done to develop parallelogram

edge matching rules for tesselating a plane.

|
n
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McEachren (1982) and Fairchild (1981) attempted tc

determine grid structure preferability by changing the pixel
shape surrounding each grid post. Different grid post

spatial distributions were an incidental result of their

various pixel shapes. Results that compared map accuracy

for a variety of grid orientations with respect to a set of
different elevaticn surface complexities (i.e., terrain

roughness) were inconclusive.



3. DEVELOPMENT OF DIGITAL LAPLACIAN FILTERS

‘ The following items are included in this chapter. The
n—neighbor grid lattice's digital Laplacian filter is
developed. The concept of digital filter matrix convolution
is developed to compute discrete differences that
approximate derivatives on continuous surfaces. Inverse
distance weight matrice§§are introduced to account for the
effects of grid po}; spacing. Simple edges are described

U

and defined in terms of their derivatives anddifferences.An
arctangent function with horizontal and vertical scalars

(controlling the edge~sharpness) is presented as a
continuous representation of the discrete step edge. A
mathematical surface“o{@rotation is developed from
thearctangentsuncu1¤¤js radidl profile. Then the Laplacian's
edge detection utilitv is justified because of rotation
invariance. The mathematical surface of rotation is
presented as a test for digital filter matrix convolution

{
because of rec¤GDized„circular edge lines with constant
mathematical Laplacian values. Equivalent digital Laplacian
filters are developed for various grid lattices from matrix
qualities noticed in the 4—neighbor grid lattice's digital
Laplacian filter.

All those formulations satisfy an approach to designing
and comparing digital filter matrix convolution for

different grid lattices. The digital filters will remove

r 22
4
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all possible grid lattice error sources, except preferential
directions that are inherent in each grid lattice's digital
‘fi1ter. All this chapter's formulations will be used to
design an experiment that compares grid lattice geometry
effects during edge detection, using the digital Laplacian
filter on ideal continuous two—dimensiona1 mathematical
surfaces of rotation.

3.1 Digital Filter Matrix ponvolution
Convolution is a mathematical sampling of a

two·dimensional*mathématical surface, f(x,y). That surface
may be formed by brightness values on the image plane.
Digital filter matrix convolution uses differencing
operations to estimaté derivatives. The formulations in
Section 3.1 provide th; mathematical basis for the
development of the digital Laplacian filter.

3.1.1 Discrete Difference Methods „
Edges occur when there are abrupt changes in the

brightness gradient along the image brightness surface.

Large second-order derivative values will indicate abrupt
changes in a continuous image's gradient. The magnitude of
those abrupt gradient changes determines the edge sharpness.
A digital image will indicate abrupt changes on the image
brightness surface by unexpected grid post value difference

steps between adjacent grid posts. The edge will be
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indicated by large second—order difference steps. Such
X anomolies will be considered edge boundaries for regions of

predictable bfightness gradient, or grid post value
difference stepping patterns, within the image.

Digital filtering approximates derivatives by using
differences between adjacent grid posts that surround the

U
derivative's grid post. Letting the grid post's spatial

position be indicated by (x,y), or (u), the derivative's
definition is U.- .. LV,.

6f(u)
U _ f(U+AU) · f(U)——-—— @(U) = limit -—-—————-————- (3.la)6u AU

‘gx zguy — f(U-AU)
. _ AU-•°Q AU

äf(x,y) i Ü · .~Ü f(X+AX,Y) - f(X,Y)——————— @(X,Y) = limit Ü ·—————5————-———-——-
ax AX•+O AX

'Ü ”
Ü f(X,Y) — f(X—AX,Y) ~

a a é limit —-—————————-——————
AX-•°0 AX

äf(x,y)
U

f(X,Y+AY) - f(X,Y)——————- @(X,Y) = limit ——+———————————————— (3.1c)ay AY~+0 AY

f(X,Y) — f(X,Y-AY)
= limit ——————————————————

AY-•°O AY
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Equations 3.1 show the relationship between differences
and derivatives. Digital filters use grid post value
difference steps between adjacent grid posts to approximate
derivatives. The grid post spacings are specified by AX,
AY, and AU spatial distances in the g, y, and g directions.
The grid post spacings of AX, AY, or AU will never approach
the limiting value of X=0, Y=0, or U=0. So the differences
will only approximate~the‘derivatives.

An unbiased ßifferencing operation occurs when the
differencing operations are symmetric around the convolution
window's centralQpost;@f(X,Y). _Equations 3.2 through 3.3

2 are the unbiased firstforder and second—order differences at
position (x,y) for‘theßAX and AY orthogonal directions, and
at position (u) for th! AU·direction.’

W
if(U+AU);—hf(U-AU) ‘

(2.2a)
°*4AU.,

p Q "„fKXiAX,Y) - f(X-AX,Y)fx<1)(x,~z) =· (2.25)
2AX

a f(X,Y+AY) - f(X,Y—AY)
(3.2c)

2AY
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i

2 f(U+AU)-f(U) f(U)-f(U-AU)f( NU) = [————————1 / AU
AU AU

f(U+AU) 2 f(U)- f(U—AU)
2 = ——————-

- ———————— + ——————- (3.3a)(AU)2 (AU)2 (AU)2

f(X+Ax,Y) 2 f(x,Y) f(X-Ax,Y)fxm (2.26)_ mx) 2 mx) 2 mx) 2

· f(X,i&AY)· 2 f(X,Y) f(X,Y-AY)fy(2) (X•Y) = • ————— + ·—·——··i (3·3¤)
(AY)2· (AY)2 (AY)2

The substitutins for;AU in.the derivative definition,
Equations 3.1,”makeHthe,first—order difference, Equations
3.2, unbiased.„.Dtherwise a choice has to be made about the

direction of the limiting value of AU=0, which may be AU—+O
’

or AU~'0. The secondlorder difference, Equations 3.3, is

inherently unbiased:iix·»~·····

Differencing operations are accomplished by digital

p filter matrix convolution. Digital filter convolution may
use matrix operations to accomplish the Equations 3.1

~
i

through 3.3 differencing operations. Equations 3.2 and 3.3
are unbiased because the differencing operations are

_ symmetric around the convolution window's central f(X,Y)
i grid post.
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3.1.2 Matrix Convolution Formulation
convolution can be thought of as a mathematical

sampling procedure. Point spread sampling functions are
convolved with functions to be sampled.

h(s,t) = point spread sampling function

f(x,y) = function surface to be sampled

g(x,y) = filtered surface of sample values

g(x,y) ,= f [ f(x,y) h(x—s,y-t) 6s 6t

6s 6t (:.4)

_ „ g(Xj_,Yj7) h(s,t) (3.5)

~ Filtering”occurs.by?convolving the point spread

sampling function, h(s,t§}“on the function surface to be

sampled, f(x,y), producing the filtered surface of sample 7

values, g(x,y). Equation 3.4 is a continuous function
convolution. The ihtegrand is the product of two functions,

_
7 f(x,y) and h(s,t), with the h(0,0) function placed at the

(x,y) position. The h(s,t) function is spread over the
spatial domain's x and y dimensions by the (s,t) parameters,
respectively. Equation 3.5 is discrete function
convolution. 7-

Digital filtering is a special matrix operation.
Equation 3.5 describes digital filter matrix convolution on
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the grid lattice of the digital image. In that case E , Q ,
and } are matrices whose elements are discrete values of the
f, g, and h functions respectively. g is called the digital

filter. Each resultant element of the Q matrix is the
summation of matrix element products between the g and Q
matrices, which we indicate

byq(Xi-Yj)= .£L„*r:H. 3 n (3-6)
r,c ·r,c .

_ The convolution window(s dimensions are specified as row by
columns, (r,c).« }mis‘a matrix of row by column dimensions.
The E' matrix is·a row by columns partition of the E matrix.
In Equations 3.5 and 3.6, H_is being convolved on E. Each
h(s,t) element of the?} matrix will be multiplied by each
corresponding f(Xi;é,Yj}£)_elgment of the g' matrix
partition, where f($i;Q,Yjrt$ is the image brightness
function evaluated’atleach~grid·post's spatial (Xi_S,Yj,t)
position. The and h(s,t) matrix element

Q products will be summed and then assigned to the g(Xi,Yj)
element of the Q matrix. f(Xi,Yj) is the convolution

_ window's central post. Likewise, h(0,0) is the digital
filter's central post.

The matrix formats of Equation 3.5 and 3.6 in the three
by three digital filter are

n

9(Xi-Yj) = .IL * .H. (3-7a)
3,3 3,3
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A f(Xi-1,Yj_1) f(Xi-1,Y j ) f(Xi-1,Yj+l)
EL; = f(X i ,Yj,1) f(X i ,Y ) f(X i ,Yj+l) (3.7b)

I
f(xi+1·Yj·1) f(Xi+l·Y j ) f(Xi+1·Yj+1)

h( 1, 1) h( 1, 0) h( 1,-1)
A _§_

i h( 0, 1) h( 0, 0) h( 0,-1) (3.7c)
3,3

h(-1, 1) f h(-1, 0) h(-1,-1)

‘ where Xi+k=X}kAX and Yj;k=Y+kAY for k=-1,0,1.
A directional·ambiguity is inherent in the mathematical

definition of convolution because of the 180° rotation of
the point spread sampling function. A switch of direction
will be introducedfdeliheratoly into the 3 matrix while

using matrix convolution to estimate derivatives by

differences. In Equation 3io substitutions are made for the

3 matrix element's positions where h(s,t)=h(-s,—t) so that

the matrix convolution's direction will match the
»difference's direction. An alternative matrix form, Matrix
3.7d, is produced. One finds that rotation invariant
(isotropic) mathematical operations that are mimicked by

digital filter matrix convolution are unaffected by the
' directional ambiguity of ß, anyway.
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· h(—1,-1) h(-1, O) h(-1, l)

S3; = h( 0,-1) h( 0, 0) h( 0, 1) (3.7d)
l

h( 1,-1) h( 1, 0) h( 1, 1)

i
h Unbiased differencing operations result in a symmetric

digital filter, ß, where the digital filter's central

element is h(0,0). Matrix oonvolution is symmetric when the

(2m+1) by (2n+1) dimensioned ß matrix elements are h(s,t),

where s=(-m,...,—1,0,1,z..m) and t=(-n,...,-1,0,1,...,n).

Developing the digital filter matrix oonvolution
format (Equations 3.5 through 3.7) for the second—order
differences (Equations 3.3) in the orthogonal g and y

directions, we obtain the following:

0_§_x
=

QÄI
·2(AX)°2 0 (3.8a)*3,3

0 (AX)'2 0

io
O 0

_3_y = (AY)"2 -2 (AY)'2 (AY)"2 (2.6b)
3,3*

O O O

The ßx matrix's middle column vector is identical to the gy

matrix's middle row vector.
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3.1.3 Grid Post Spacing Weight Matrix

The grid post spacing affects the digital filter's
ability to approximate the derivative using discrete
difference step intervals. It may be desirable to make the

. actual point spread function's digital filter and the grid
post spacing separable functions, because the post spacing
will affect the slope calculations. It is possible to
weight each h(s,t) element of the the 3 matrix according to
grid post spacing distance.

Separating the grid post spacing from the point spread
function will transform the 3 matrix to a weighted 3'

e matrix. Theiderivativefs.denominator becomes an inverse
distance that forms the elements of the weight matrix, 3.
The derivativefs numerator beomes the elements of the

identity digital filter, 3': Let 3 be a special matrix of
Ielement products ('of).between the two matrices defined by

i
_

¤=L1' ¤H (3-9)

( where h(s,t) = h'(s,t) w(s,t) are matrix element products.

The matrix element product operation ('o') is different than
the matrix convolution operation ('*'), because the matrix

· element products are not summed. Using the 'o' matrix J
element product and rewriting the matrices defined in
Equation 3.8, we obtain.
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.H.x = .H;x 0 _E_x (3.10a)
3,3 3,3 3,3

0 1 0 0 (Ax)‘Z 0
=·

O -2 0 o O (AX)°2 0

0 1 0 0 (Ax)'2 0

.H. = .HL ¤ .H. 0 (3·1¤b)3,3y
3,3y

3,3y

:0 0 0 0
= p' 1 -2 1 ~, ol (AY)'2 (AY)'2 (AY)'2

_ 0’ 0 0 ” 0 0 0 i

One may notice that cn; H matrix's directional ambiguity

will not affect the digital filter's form because
2 n(s,u)=¤(-6,-:) in Equations 3.10.

‘ 3.2 Definition Of An00·1Edge„22
Edges are now defined by the mathematical operations

that are used to determine them. Edges are also described
in terms of their geometric qualities.

3.2.1 One-Dimensional Edge

Edges are points on one-dimensional profiles. The

simplest and most common edge is the step edge. The study
of the edge point on a continuous one-dimensional profile

will give insight into digital filtering of a
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two-dimensional image using matrix convolution.

3.2.1.1 Digital Step Edge Filtering .

Figure 3.1 illustrates the one-dimensional digital step

edge. The edge is formed by a grid post value difference
step of magnitude |b-a| between posts three and four. All
iother

grid post value difference steps equal zero that is
the expected grid post value difference step along the
profile. ‘+m.

E _ E

Dne-dimensiona1idigita1°filters are vectors. The
vectors ignore the y and t dimension of Equation 3.5. The
digital filter convolution is i

g(Ui) ·= [S f(Ui,S) h(s) (3.11)

*5 fw;.-1)h<·1) + f<U1>h(¤)’ + f(Ui+1)h<1>

The ith-order difference digital filter is the

3i=[h(-1),h(O),h(1)] vector. The digital filters are

3 d = [ 0 1 0 ] = f(u) (3.12)
1,3

l§31 = H'1 O H1 (3.13)
I

= [ -1 O 1 ] o [ 1/2 O 1/2 ]

= [ -1/2 0 1/2 ]
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b 0 0 0 0

a 0 006

I SDI pl Z I Z I

o 1 2 ts: 4 6 6 7
Post (U)

Figure 3.1: Digital Step Edge
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-E-2 = H'; ¤H2 (3.14)1,3

_ = [ 1 -2 1 ] o [ 1 1 1 ]
= [ 1 -2 1 ]

where AU=1 is assumed to be unit distance grid post spacing

in the Q direction along the digital profile. The
first-order difference has to occur over double post

. spacing, 2AU, for thekdigital filter to be unbiased.
dtherwise a choice must be made between §l=[-1,1,0] or

§1=[0,-1,1],äwhichfshifts the first-order difference to the

negative or positive—$ide of the convolution window's

central post. i ;
jg_Thefiltered step.edge is then computed to be

j
a aa b ] * [ -1/2 0 1/2 ]

=[ ?· o'Ö“”°(b-a)/2 (b-a)/2 0 0 ? ] (3.15)

Qz =.E' F
Hjii

·1 j
= [ a a a a b b b b ] * [ 1 -2 1 ]

= [ ? 0 0 (b-a) (a-b) 0 0 ? ] (3.16)

A
Figure 3.2 displays the convolution results. The '?'

elements of each vector are indeterminant unless the ends of

E' are extended to accomodate the span of the digital .

filter. dn the step edge, the magnitudes of the non-zero
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91(U)
(b·a)/2 o ¤

0 ? ¤ c Z I ¤ o ?

0 1 2 3 4 5 6 7 Post (U)

gz (U) °
ll „ „

0 ? ¤ "e
li:

._ ¤ o ?

(a-b) e

O 1 2 3 4 5 6 7 Pest (U)

;gg·0;gg;Qigference1

Figure 3.2: Filtered Digital Step Edge



elements fer Q2 are 2AU times greater than the magnitudes ef
the nen-zere elements ef Q1.

3.2.1.2 Centinueus Ramp Filtering
The presence et blur and neise turns step edges inte

I'10iSy I'ampS• Tha Ialllp S1llOOth€d te IQIIIQVQ 110158 I'€S€mb].€S

the arctangent functien's prefile.
Q

5(¤) (u) „•—(QQQ•„).g;(;;‘7J-( 1; u ) (2.17a) Q

f(1)(u) é" vn;/(1 + hzuz) (3.17b)Q

[f(l)(u)j2 — Vzhäl/-(1 + h2u2)2 (2.17c)

(2.176)
7 ·=;=(§2ü§h2v2/v)/(1 + h2u2)2

= (‘2¤h/v)tf(1)(¤)12

f(3)(¤)( _1=·Q(*§h/V)[f(1)(¤)]2 + (3-17é)
(—2¤¤/v)(2>:r<l>(¤)1:r<2>(¤>1

F = (-2h/v):r<1>(¤)12 +
(-zun/v)(2)(f<1>(¤>1((·2¤¤/v>(f<1>(¤)12)

= (·üVVHfUJ0U]2+
(-2¤h/v) (2) (-2¤h/v) [fm (¤) 13

= ('zh/V)[f(1)(u)]2{l - (4uzh/V)[f(l)(u)]}
= — (4¤2h2)/(1 + h2¤2))
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W ‘where u=x-xa is the distance from the center of the ramp,
xa, and f(u) is brightness at position u.

The center of the ramp, xa, is the arctangent profile's
U

inflection point. The developed arctangent function's
derivatives include horizonal and vertical scalars, h and v
respectively. Equation 3.17d eguals zero, f(3)(u)=0, can be
used to find critical edge points on the arctangent

function's profile. figure 3.3 plots the zero—order through
second—order derivatives fer the arctangent function that
represents the continuous ramp.
° When examining the first-order and second—order
derivatives”of·theiadgéfsÜcontinuous profile formed by the

arctangent.function,.the-edge detection utilities of each
derivative become appafent.i?Figure 3.3 illustrates that the

_ first·order derivative has a local maxima at the middle of
the ramp, xa. ‘Thgisecoü§~order derivative·has a local
maxima or a local minima on the ramp's shoulders. _The
magnitude of the second—order derivative is less than the

magnitude of the firsteorder derivative. The second-orderi
derivative includes a zero crossing between the maxima and
minima at the middle of the ramp, xa, at the arctangent

function profile's inflection point.
A

Discrepancies between discrete differences versus ‘

continuous derivatives become apparent when the arctangent

function's continuous profile is digitized and then filtered
by using the digital filters in Equations 3.15 and 3.16.
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Figure 3.4 illustrates the discrepancies between difference
versus derivatives.

The first-order difference's ability to mimic the
first—order derivative is considerably hindered because

ofi

the restriction that the filter must be unbiased, causing

2AU to be used when estimating derivatives by slopes. The
smaller AU for slope calculations using the second—order

difference filter is possible because the filter is
inherently unbiased. ,A}smaller AU should be preferable when

the profile is unpredictable because Af(U)/AU only
approaches 6f(u)/6u ag Au decreases.

3.2.2 Two-Dimensional·§dge_V„ i

An edge is·a linexsn·aétwo-dimensional surface that
may’

4
represent the image brightness surface. Gradients on the
mathematical sursaée, f(k,y), are approximated by grid post
value difference steps between adjacent grid post values in

two orthogonal directions. a p

3.2.2.1 Surfaces Of Rotation

A mathematical surface of rotation can be designed that
contains edges with constant circular curvature if the

function representing an edge profile, f(R), is put on all

radials from a single radix, (XO,YO), in the spatial domain.
Let the surface of rotation formulations be
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x' = X - Xo
y' = Y - Ye
R = [ x»2 + y»2 ]1/2

Then

f(x',y') = f(R) (3.18)

curvature is a differential geometry concept that
is used to describe tbe<shape,of a line. Kresig (1983) and

Larson and Hostet1er‘(l979).describe the concept of
curvature. Gggvatüre describes a tangent circle whose (

differential vectors are equal to the curve's differential
i

vectors at the point where the curve's curvature is being
calculated. A circle has constant curvature of x=1/R, where
R is the circle's radius. ~w·' ~ R

Figure 3.5 illustrates the surface formed by
rotating the°arctangent·function's profile. The edge acia

point on the radial profile becomes a circular line that has
a constant curvature on the two—dimensional surface. An
edge of constant c§rvature (x=l/R) will have continuously
varying orientation with respect to the grid lattice used to
sample the two—dimensional surface.

3.2.2.2 Edge Geometry

The edge curvature (shape) combined with the radius of

curvature direction (edge line orientation) is sufficient to

R describe the geometry of the edge at a particular point
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that is on the edge's line. The direction of the radius of
h curvature vector, that we shall label as g, is determined

from the vector cross product of the tangent vectors in the

5 and y directions. The direction of g is the edge line's

orientation at that (x,y) point. Let

z =_f(x.y>

Then direction of the tanggnts in the 5 and y direction are

Tx = tan'1(ä2/ax).
h

TyÜ

and the radius of cuxvägygevector is

‘· g = [ 1(cos Tx) + 1(O) + 5(sin Tx)

vector cross-product

[ 1(O) + 1(cos Ty) + k(sin Ty) ]

= [ —1(sin Ti)(cos Ty) ·1(cos Tx)(sin Ty)
V T +5(cos ¢x)(cos Ty) ] (3.19)

The edge's orienation in the (x,y) spatial domain is

labeled as 9. The edge's orientation is calculated by

ignoring the 5 element of the g vector, and then taking the-

arctangent of the ratio of the 1 and 1 elements of the g

vector, so that _
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6 = tan_1[ (cos rx)(sin¢Y)·
(sin ¢x)(cos Ty)

= tan'1[ (cotan rx)(tan ry) ]

= tan‘1[ (ax/az)(äz/öy) ]

= tan'1[ (az/ay) / (äz/ax) ] (3.20)

The shape and orientation of the edge may be estimated

in a digital image by substituting the discrete differences

of (AX,AY,AZ) for (äX,dy,ö2), respectively. 4

The edge sharpnasslmay be described by the derivatives

along the one—dimensional brightness profile corresponding

to the direction, 9, of thegperpendicular radius of
i

curvature vector, g. If the edge is being described by the

arctangent functionds profile, then the v/h ratio from

Equations 3.17 can describe the edge's sharpness.

A
3.3 Laplacian Discrete Difference Method

The Laplacian is a linear function of second—order

derivatives that has the property of rotation invariance.

The Laplacian value is insensitive to the orientation of the

surface with respect to the coordinate system. Those

properties will justify the use of the digital Laplacian to
i

compare grid lattice effects on filter convolution.
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3.3.1 Laplacian's Mathematical Definition

Rotation invariant derivative operations are desirable
to detect edge features. A filtered edge of constant shape
and sharpness should produce a constant value after
differentiation, independent of the edge's orientation in
the coordinate system that is called rotation invariance.
Isotropic differentiation operations are rotation invariant.
Rosenfeld and Kak (1982) list the following two properties
·of isotropic differentiatipn:

1. An isotropic linear derivative operator can involvederivatives of even order.
2. In an arbitrary isotropic derivative operator,

p derivatives of odd order can occur only raised toeven powersz;„. ·

The exponentiated derivative,‘[f(i)(x,y)]Ü, is only
isotropic when i multiplied by j equals an even number. The
mathematical Laplacian is an isotropic differentiation
operation that is given by Equation 3.21.

a2f(x,y) a2f(x,y)¢£f(><„y>J = —————-— + —i—l—
äxz öyz

= cx.(2>(x,y) + fy(2)‘(x,y) (3.21)

The mathematical Laplacian adheres to property number

one that makes it a rotation invariant derivative operation.
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Appendix A.1 verifies the rotation invariance of the
Laplacian. F

If we apply the Laplacian to the arctangent profile's

surface of rotation, defined by Equations 3.17 and 3.18,

then a constant value along the circular edge line occurs.

özftxhy') @2f<x'„y'>
=£f(x'„y'>J = —-+———-+ ———-—-——

7
f¢7%i~*’<i5>‘i— f(1»)(R)/R

j f“ 62f(R)i‘ 6f(R)
7 J« 7= -—-;——+— ·. ————+- / R (3.22)e1 spa? 7 6R

The Laplacian is a derivative operator that will give a
circular edge line a constantivalue because t[f(x',y']

equals a functionfof'R"only.__ _ F

3.3.2 Equivalent Digital Laplacian Filtersi
When differencing with digital filter matrix

convolution an attempt is made to maintain the rotation

invariant properties of the derivative, otherwise edge

detection attempts are complicated by the edge's orientation

on the image plane.

The 4-neighbor grid's digital Laplacian filter is

formed by using second—order differences in the orthogonal

AX and AY directions to estimate the second—order
l

derivatives in each respective direction.
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The digital Laplacian filter is developed from
Equations 3.2 through 3.10. Equation 3.23 is the digital

Laplacian convolution at the grid post position, (Xi,Yj).

![f(X»Y)] * 9(Xi«Yj) (3·23)
V

= EV *V
H X + EV * E Y3,3 3,3 3,3 3,3

= EV*_.( H-x+ ßy)
3,3 3,3_; 3,3

~ oÖ_ · (AX)"2 o
=·= (AY)"2‘ '2(AX)"2+'2(AY)'2 (AY)'21 [ 0 _ (AX)"2 0

4 .2; 4 .11.4

When there is unit distance grid post spacing in both
directions, AX=AY=1, the 4-neighbor grid's digital Laplacian
filter becomes an identity filter, §4=§'4, that is shown in
Equation 3.24.

O l 0 0 1 0
4 g'4 = 1 °2+°2 1 = 1 -4 1 (3.24)

3,3
0 1 0 0 1 0
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Each n-neighbor grid's digital Laplacian filter was
designed by identifying a salient property of the 4—neighbor
grid's identity digital Laplacian filter. In the 4—neighbor
grid's identity digital Laplacian filter, the matrix
convolution produces the sum of differences between the
central post and the neighboring grid post values in the
preferential directions of x and y.

z[f(xry)] "'f g(xiV.r§ü ·_

=j[ f(Xi,Yj„l) + f(Xi_1,Yj) +

_ f(Xi+l,Yj) + f(Xi,Yj+1) ] ·
‘T#·

4f(Xi,Yj)

T
=„f(Xi.YjQ1)¥f(Xi,Yj) +

~‘ Äf(X1„1•Yj)ff(Xi«Yj) +
i

:(_Xj;+.1'v ) "f (Xi a Yj) +

(3.26)

In a digital Laplacian filter, that sum of differences

property produces a filter whose matrix elements sum equalsl
zero.

ZQgIM&t)=O
I

(mzm

The digital Laplacian filters for each grid lattice ·
were designed so that the matrix elements sum equals zero.
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The spatial positicns of the adjacent grid posts in the
convolution window have already been presented in Table 2.2. 8
Table 3.1 presents the identity digital Laplacian filters,
E', and their respective weight matrices, E, in terms of
grid post spacing distances in the orthogonal AX and AY
directions for the 4-neighbor, 6-neighbor, and 8—neighbor
grid lattice.

_ The equivalent digital Laplacian filters are developed
by assuming unit distance grid post spacing, AX=AY=1, for
_the 4-neighbdr and 3-neighbor weight matrices, E4 and E8.
And the E'6 identity digital Laplacian filter was weighted
with grid post spacing density equivalent to E8.

0 1 0 1 0
= 1 #4.1 O 1 1 1

0..1. 0 0 1110

0 1 0
= 1 -4 1 (3.27)

_ 0 1 8 O
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22 Table 3.la: 4-Neighbor Digital Laplacian Filter Matrices

O 1 O
H'4 = 1 '4 1

O2 1

„-

,0 (Ax)'2 0
JL4 =. ‘._(AY·)-2

l
W 4 (AY) -2

3, 3 — Q4 ‘ 402 (AX)'2 0

w 4 _ ~
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Table 3.1b: 6-Neighbor Digital Laplacian Filter Matrices '

1 1 1 · _
§'6 = Ü "'6 Ü

3 3 ‘_I 1g 1„ li

Wgigg; ggtgjg fi ri

(LV)52 (AX)"'2 (A')"2
wö =· ‘ o wi o3 3 _' '

A' = < [(^X)/212 +°(AY)2 >1/2
W =_[ 2(AXF2 +_„4(A')"2 ] / 6 1
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Table 3.1c: 8·Neighbor Digital Laplacian Filter Matrices

1 1 1
§'8 = 1 -8 1

1 „l<.’l

lg W (AY)"2
303 ·_ (m 'z (A · > 'z

11/z b
W =8[ 2(AX)0"?i+0Z(AY)'2 + 4(A’)"2 1 / 8
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ä6 = ä’6
° H6

1 1 1 (2/4)1/2 (2/4)l/2 (2/4)1/2
= x -6 x o x (3/4)l/2 x

1 1 1 „(3/4)l/2 (2/4)1/2 (2/4)1/2

1/2 1/2 1/2
= [21/2] 2—xi -24 x (3.28)

¥" 1/2 il/2 1/2

H6 = E'6 °·H6 (V

1 1/2
=

i1_i-6*
~p 1 3/4 1

1 14 1 , ll 1/2 1 1/2

1/2 1 1/2

= 1 -6 . 1 .° (3.29)

1/2 1 1/2

The 'x' matrix elements are unused thus making gs a sparse

matrix. The gs matrix's diagonal directions correspond to

the 6-neighbor grid lattice elementary window's 3 and 3
preferential directions (see Figure 2.1).
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All three weighted digital Laplacian filters (34, 36,

and 38) still maintain the matrix elements sum equals zero

property. That resulted because the weight matrices were

designed to account for different grid post spacing without

removing the matrix elements sum equals zero property.

3.3.3 Other Isotropic Derivative Operations

The sum of the first—order derivatives squared will
produce an isotropic derivative operation that is called the
squared magnitude of the gradient.

M2[f(x-y)„Jf = 4£e3f(>¢„y)/3xJZ + [8f(>¢-Y)/äylz (3-31)

·However, the needtojsquare the differences results in cross
product terms between grid?posts.‘

_ [f(Xi+1-Yj)·f(X;[„_;„.¥j)12 = [f(X5_+1„Yj)]2 +
[f(Xi-1«Yj)]2 •

Ü 2If(i+1-5)][f(i·1,1i)] (3-32)

It is impossible to incorporate unbiased cross product

terms between grid posts into digital filter matrix
convolution. Squaring operations and cross product terms

are computationally expensive. The digital Laplacian

filter matrix convolution uses computationally inexpensive

multiplication and summation operations.
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Reduced grid post spacing in the differencingequationswill
detect high frequency changes in grid post values. The

grid post spacing distance will determine the digital
filter's frequency pass. Unbiased first—order differences
occur over twice the grid post spacing distance in

n
respective preferential directions. Therefore, first-order
difference filters will detect lower frequencies in the 3x3

f convolution window than the second-order differences, which
are actually ocouring over just the grid post spacing

distance in eachfpreferentialidirection. Thus, unbiased

first—order difference filters should be considered low
frequency pass filterggl Unbiased second-order difference

filters should be considered high frequency pass filters.

° ·

n All of this,chapter'sfformulations have been developed
to design an experiment for quantifying digital filtering
grid lattice effects. Th; development of an arctangent

function's surfaceiofgrotation creates a mathematical
j surface where a Laplacian can be calculated, and digital

Laplacian filter convolution results can be compared to the
mathematical Laplacian. Each edge's shape, orientation, and

i
sharpness can be controlled on the the mathematical surface.

Finally, the mathematical development of digital filter
matrix convolution, and the mathematical surface developed

to test grid lattice effects, are flexible design tools for
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·developing any digital filters.



F 4. COMPARISON 0F DIGITAL LAPLACIAN FILTERS

m
The formulations from previous chapters are used to

quantify digital filtering grid lattice effects. An
experiment is conducted to show a fair comparison between

M n—neighbor digital filters. A fair comparison means that
all sources of digital filtering error have been removed

except edge line orientation and grid lattice preferential
Q

directions. The experimental results suggest the preferable„A
grid lattice while assuming that digital Laplacian filteri
convolution is‘a desirable edge detection operator.

4.1 Generatien Df Test Data Set
Mathematical Laplacians were calculated from

derivatives on the canéinuaus two-dimensional mathematical
surface of rotation;„ An edge point on a one-dimensional

profile, f(U), pecame a curved edge line, f(R), when the
radial profile swept out the surface of rotation.

I

4. Each circular·edge line had a constant curvature,

x=1/R, and variable edge orientation, 6, on a mathematical
surface of rotation. Figure 4.1 illustrates a circular edge

line of constant curvature and variable orientation, on a

mathematical surface of rotation.
p Equation 3.22 showed that the mathematical Laplacian

will have a constant value along a surface of rotation's
" circular edge lines, because z[f(x',y')] only equals a

4 „ 58
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‘

function of the edge line's radius of curvature,
R=[x'2+y'2]l/2. In fact, the difference between the
second—order derivative on the one—dimensional mathematical
profile, f(2)(U), and the mathematical Laplacian on the

two—dimensional mathematical surface of rotation is
proportional to the circular edge line's curvature, x=1/R,

and the mathematical surface of rotation's first—order
differential. ‘ ·

[rm <v> 1+:62,,} (R) <R> 1/R
_ i=ix[f(l)(R)] (4.1)

The edge detection utility of the Laplacian was
z described using the Sectidn_3.2.1.2 examplar arctangent

function profilej=repre§enting the simple step edge's ramp.
The detection of thißjgimple edge had three critical points
when the second—ord;§Ederivative of the one—dimensional l
arctangent function was examined. The critical points

included a maximum„minimum,'and an inflection. The
critical points were calculated by solving for f(3)(u)=0,
where u=x—xa and xa is the middle of edge ramp. The zero
roots of the third-order derivative to f(°)(u)=(v)tan°l(hu)

are u=0 and u=i[(3l/2)h]'l.
The critical points along the arctangent function's

one-dimensional profile will be picked as critical radial
values for circular edge lines on the arctangent function
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A radial profile's surface of rotation. Thus, the n—neighbor
„ digital Laplacian filter convolution results can be compared

to the actual mathematical Laplacians along three circular
edge lines that have constant mathematical Laplacian values.
The three circular edge lines each will have the radius of

Rmax=R-[(21/2)1¤]'1, 1zmid=·1z, and Rmin=R+[(:e1/2)h]'1. The
radii's subscript (max, mid, min) refer to critical values

for the one·dimensionalwarctangent function's second·order
derivative. _ {

lrlßrjl

Equivalentidigitaldlaplacian filters were derived from
the 4+neighbor grid lattice's characteristics when there was
unit distance grid post spacing in the orthogonal AX and AY
spatial directions,.AX¤AYä1.’°

A sample of mathemä;ic§§äLaplacian minus digital
Laplacian fiiceg.¤at:1x*c6hy;luu1¤n.resu1cs_are collected

i
along each cizauiar edge Tine for each n—neighbor grid

lattice. Sample posts are picked in regular arc increments

along each circular edge line. A complete sample is

produced of a particular circular edge line of constant
ishape and sharpness but with a variety of edge orientations.

The Table 2.2 displacement vector index arrays will be

applied to the edge line's sample post position when each
* grid lattice's digital filter convolution occurs. The

i

V convolution window's central grid post has the (AX,AY)=(0,0)

displacement vector for all grid displacement vector index

array matrices, so all of the digital filter's central posts
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fwill be in identical edge line sample post positions. The

different AX and AY values in each grid lattice's
— displacement vector index array will put the posts that
jf surround the convolution window's central post into

different positions, because the digital filters were

·_ designed for equal grid post sampling density between eachUV ‘ grid lattice. The identical central post positions for the
F digital filters prevent the need to interpolate while

comparing each gridrlatticefs digital filter matrix
convolution results at each edge line's sample post. Figure
4.2 shows ths;conw£lution windows of the equal density

T 6·neighbor gridrlattice versus the 8—neighbor grid latticei-’
when they share the säne sample post.

1- Software was designed to accomodate the experimentW l that quantifies digital filtering grid lattice effects. The
software presented in Appendix B.2 produced the Appendix B.3

T y data files. Various software modules were developed to

specify the continuous two—dimensional mathematical surface

of rotation, plus specify digital filters and do digital

filter matrix convolution on the mathematical test surface.

Appendix B describes and presents the software that produced
- this thesis's test results. The data files form the

. discrepancy curves that are presented in the next section.

The differences between the constant mathematical

Laplacian along each circular edge line and the

corresponding digital Laplacian filter convolution results
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for each grid lattice will determine the prefered grid
lattice.

4.2 Digital Laplacian Filtering Grid Lattice Results
Discrepancy curves compare the mathematical Laplacians

minus digital Laplacians along circular edge lines that have
i a constant mathematical Laplacian on the mathematical

s surface of rotation. 4 4
The digital Laplacian will not have a constant value,

„because of variable dirertgonal phases between edge line
orientation and grid lattice preferential directions. The

~

4-neighbor, 6•neighbor, 8·neighbor digital Laplacian
filtering results arélcompared, while each filter is applied

F to particular circular edge lines (Rmax, Rmid, Rmin) with
i sample points having'‘4‘;different edge orientations, 9, on the

mathematical surfacefofVrotation that is formed by the
arctangent functisn'srradial profile.

4 Discrepancy curves are formed by the absolute value of
the difference between the n-neighbor grid lattice digital G

Laplacian filtering results and the mathematical Laplacian,
i

for a complete set of sample posts at edge orientations of

zero through ninety degrees. There were no zero—crossings

by any of the discrepancy curves, so the absolute value of

the difference could be used to increase scale of the
y-axis. The edge orientations will only vary from zero to

i
ninety degrees because of symmetry of the grid lattice
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geometry versus edge geometries from 90° to 360°.

The discrepancy curves represent a distribution of

digital filter matrix convolution error where the circular

edge line's orientation is the only random variable, which

we denote as 9 degrees on each discrepenancy curve's x-axis.
U

We denote the mathematical Laplacian as z[f(R)], because it
( has been verified that the Laplacian's value can bexu

expressed as a function of the radius from the circular edge
to mathematical surface of rotation's radix. And we have °

A verified that t[f(x?,y')j=z[f(R)] has a constant value along

that defined circular edge line, f(R).
We shall gee the digital Laplacian filtering results

will not be?constant.;_The_random variable will bg the
edge's orientation, 6, on the x·axis. Since R is constant
on the circular edge line but the digital Laplacian is not

A constant, we shall denote each n-neighbor grid lattice's

results as a variant function of the edge's orientation,
g(Xi,Yj)=gn(Rcos6,RsinS). The dependent variable will be
the absolute value of the mathematical Laplacian minus the

digital Laplacian for each n-neighbor grid lattice, which we
T denote as $¤(R,6) on the y-axis.

i
$n(R,6) = | t[f(R)] - gn(Rcos9,Rsin9) | (4.4)

Figure 4.3 displays the discrepancy curves of mathematical

Laplacian minus the digital Laplacian for three different
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circular edge lines. Each curve presents the error ‘

distribution for each grid lattice on a single circular edge

line, where the radius of curvatures, R, are critical points
of the second-order derivative along the Equation 3.17
arctangent function's radial profile that forms the
mathematical surface of rotation. The discrepancy curves,

£n(R,9), are described by each curve's periodicity, critical

points, and amplitude. Table 4.1 describes the discrepancy

curves on each circular edge line of Rmax=25—[3l/2]'l,
Rmid¤25, and Where R is specified in

i
terms of unit distance grid post spacing, AX=AY=l.

i

p
”

Each discrepancyicurve's”periodicity shows directional
phases between edge oiiéntation and the digital filter's

preferential directions.__Théidirectiona1 phases determine
the magnitude of;digitalw¥iltering error when estimating the
Laplacian. DiscrepancyÄ¢urYcÖcritical points occur where
edge orientationicorrespondsito a grid 1attice's

preferential direction, or where the edge orientation is
most out of phase with a@gridflattice's preferential
direction. i l

w The n·neighbor digital filter's discrepancy curve
amplitude shows digital filtering precision with respect to

i edge orientation. A digital Laplacian filter's precision h
w increases as the discrepancy curve's amplitude decreases.

A That precision will reduce the necessary threshold bandi
widths necessary to detect edges of unknown orientation.
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Precision is desirable when thresholding digital filtering

results to detect an edge. Threshold band widths can be

narrower and therefore more selective while segmenting the

image by digital filtering for edge detection.

Table 4.1 shows the discrepancy curve's amplitude from
digital filter convolution along circular edge lines that

have constant mathematical Laplacian value. Note that the

6-neighbor digital filtering discrepancy curves have

significantly smaller amplitude and hense more precision.
The 6-neighborigrid‘lattice'sprecision is significantly

0 greater than tu; other grid lattice's precision on all

three critical edge lines. A

Table

i4·1¤Filter Amp1itude4”v Periodicity Critical Points

¤ 0.089 0.013 1:/2 O°,45°,90°
¤ 0.013 0.,004g 50.011 7l/3 0°,30°,60°,90°

0.007 1/2 O°,45°,90°
Constant Value

z 0.619 -0.040 -0.679

The discrepancy curve amplitudes for the circular edge

lines of Rmax and Rmin are a smaller proportion of each edge
line's mathematical Laplacian than for Rmid. iThe digital
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Laplacian can still be used to identify that there is a

T zero—crossing between the two shoulders of an edge ramp.
7 The addition of extra preferential directions to the

4—neighbor digital Laplacian always reduced each discrepancy

curve's amplitude. The 4—neighbor grid discrepancy curve's

amplitude exceeded both of the 6-neighbor and 8-neighbor

discrepancy curve amplitudes on each circular edge line of

T radius R. The 8-neighbor grid doubled the number of

preferential diréätions over the 4—neighbor grid, the

8-neighbor grid¢s;discrepancy curve amplitude decreased (or

precision increased)_accordingly. But the 8-neighbor grid

could not compensategfor the unequal magnitude of the

diagonal displacement vectors (g and ; compared to x and y)

to gain the precision of the 6-neighbor grid with all

displacement vectors (u, y, 3) of identical magnitude. The

6-neighbor grid's discrepancy curve's amplitude was the

smallest of all grid lattices on each edge line.

The 4-neighbor and 6-neighbor grid lattice's

. discrepancy curve beriodicity equals each digital Laplacian

filter's angular resolution between preferential directions.

The 8-neighbor grid lattice's discrepancy curve periodicity
does not match the digital Laplacian filter's angular

resolution between preferential directions. That is because

T the 8-neighbor grid lattice's angular resolution between

displacement vectors of equal magnitude actually is 90°

anyway.



5. CONCLUSIONS AND RECOMMENDATIONS

The geometric effects on mathematical operations that

filter the digital image have been described in detail. A
method has been developed to model and quantify grid lattice

preferential direction effects when digital filter matrix

convolution occurs.

If thresholding is being utilized to detect an edge of

unknown orientation (but of constant circular shape and

sharpness) with digitalififtering, a 6-neighbor grid lattice
is desirable because of the precision in estimating
differential operations within a discrete data set.
Random edge orientatioä makes the increased angular

resolution from pzasarghuiaiwaireeuians with identical grid

_post spacing distancesä oftheIyli6—neighbor grid lattice,

Wdesirable with digitalßfiitéring.
W

A scanner should be designed to produce 6-neighbor gridW W
lattice digital imagery.WWAppendixWC suggests the design

r modifications that might be necessary to modify conventional
W

scanners to produce 6-neighbor grid lattice digital imagery.

Then a real data set could be used to compare grid lattice

effects on actual imagery, instead of ideal continuous

mathematical surfaces.

The Appendix suggests other digital filters and
W

matrix convolution operations that can be used to filter a

digital image. Grid lattice geometry effects on those

W 72
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alternative digital filters should be studied by using
mathematical surfaces of rotation with various radial

profiles. The thesis's mathematical formulations, combined
with ideal oontinuous two—dimensional mathematical surfaces,
should be used as tools to design digital filters.
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A. DERIVATIONS

A.1 Isotropic Differentiation

Q Isotropic derivative operations are rotation invariant.

Which means that rotation invariant operations are

unaffected by rotation of the coordinate system. Rosenfeld
i

& Kak (1962) present the properties of the isotropic
e

—derivative operations. .Q

(1) An isotropic linear derivative operator can
involve derivatives of even order.

(2) In an arbitrary isotropic derivative operator,
derivatives ot odd order can occur only raised to
even powers.R. ·

Q A Q (A.1)

In other words,;[f(if(x;y)]j (the exponentiated derivative)

is only isotropic wüehéi (theorder of the derivative)
multiplied by j (the"exponent) equals an even number

I

An example of property one is the Laplacian:

@?f(><.y> ä?f<x.y)
Z[f(X«Y)] = ———————— +·———————— (A·2)„ ax? ay?

‘ 76
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p An example of property two is the squared magnitude of
the gradient.

M2”

The implication of isotropic derivative operations in
edge detection is that an edge will not change its value as

its orientation on a continuous image surface changes.

Consider theft(x.y} unrotated coordinates and the

f(x',y') coordinates roßated by angle 6.

x p
\ ä cos(6) Ü·sin(9) x'

y T sin(6)“ icos(6) y'

x'
” .„E cosjéj l sin(9)_ x

y' +·¤iÄii(9>‘ <=¤s<6) y 7

That means q

7 x = x' cos(6) Ä
‘y'

sin(6)

y = x' sin(9) + y' cos(6)

x' = x cos(6) + y sin(6)

y' = •x sin(6) + y cos(9) (A.4)

That produces the equalities of the partial derivatives
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ax/ax' = ay/ay' = ax'/ax = ay'/ay = c¤s(9)

ax/ay' = ay'/ax = —sin(6)
7 ay/ax' = ax'/ay = sin(9) (A.5)

By the chain rule and substitution, the first—¤rder

derivatives are

f = f(X„Y) °
f' = f("'·Y')i 7 B

J öf af af öy
ax' ax‘

ax'7 A ay 6x'

af „ ·_ ät
= ———~ ccs(Qhy + ———— sin(6)

J ax ay

v

‘- _J

ax

‘ ay' ay ay' ax ay' i

J äf „ öf
= ———- cos(6)· - ——- sin(6)

7 ay ~ ax

V af af' ax' af' ay'
..——„ = -——— —-—— + ———- ————

ax ax' ax ay' ax

af' af'=-——-— cos(6) — ———— sin(6)
. ax] ay]
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af af' ay' af' ax'

ay ay' ay ax' ay

y af' af'
= ———— cos(6) + ———— sin(8)

ay' ax' (A.7)

The Laplacian, :[f(x,y)]=a2f/ax2+a2f/azy, is an

isotropic derivative operation according to the A.1

qproperties. Therefore the operation is rotation invariant.
The Lap1acian's rotation invariance can be verified by
deriving the equality f[£(x;y)]=t[f(x',y')], using the chain

rule between the rotated coordinate systems.

a?f 8-2f ax' af a ay' af
ax? ay? a ax! ”„Q;;’i. a ax ay' ax ax

_ i a'- ax' 'af’ a ay' af‘+
+·--·- F—-1-· + —————- —-i-«V<_ax' aay ay ay' ay ay

a af a af
# -—-+— ————— cos(6) — ————— -———— sin(9)

2 ax' ax ay' ax
i i V ai

af a af
+ —— ——-— sin(9) + -— — cos(9)

7 ax' ay ay' ay
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6 6 6f'. 6f'
8

= ——— [ ——— cos(9) — ——— sin(9) ] cos(9)
6x' 6x' 6y'

6 6f' 6f'
- —-— [ ——— cos(8) - ——- sih(6) ] sin(9)

4 6y' 6x' 6y'

6 6f' 6f'
+ ——- [ ——- sin(8) + ——- cos(8) ] sin(9)

6x' 6x' 6y'
6 6 6f' 6f'+-—- [ ——— sin(9) + -- c¤s(0) ] cos(9)

6yfX 6x' 6y'

6, 4 6 6f'° 6 »6 = e~a —-— cos2(6) · ——- ——— [cos(9)sin(6)]
X

6T 6xi 6x' 6x' 6y'
° X 66~6£' X 6 6f'

4 +-+-én++— sin2(8) ·
-— ——— [c¤s(9)sih(0)]

44 . ay! ax!

8 8f'
· 6+.6#!_6x(4

6x' 6y'

6 6 6f' 6 6f'
+ ——— ——— cos2(6) + -- ——— [cos(9)sin(G)]

44 4
6 ay] ax]

82f’ 62f’ 8
- = —-——— + ————- (A.9)ax!2 ay!2

that yerifies the equality of the Laplacian before_and after

the retatien cf the cocrdinate system.



8l

A.2 Digital Filters

Differences are used to approximate derivatives in a
discrete data set. The use of differences to approximate

derivatives is justified because of the derivative's

U definition.

6 f(u) _ _ f( U + AU ) — f(U)
--—- = llmlt ————-———————————— (A.12a)6 u AU

62f .i}V
· U+AU -f U f U —f U-AU...2 . mit £f...;;;-.Ll...i.; ,„„U

AU AU,6 6. 3U
6 _ Qw£if(U+AU). f(U—AU) 2 f(U) ’

= „l1¤¤-t. +--—- + ——-—- - ——— (A.13b)
U - AUj•O_,—~q» (AU)2 6 (AU)2 (AU)2

”
The second—order differences are used to approximate

the Laplacian of“aiconEänuous function.

6Z: azt=¤£f(>< YH = + .....eI äxz äyz ~ i

= fx2(X«Y) + fy2(xrY)

_ _ f(X+AX,Y)—f(X,Y) f(X,Y)—f(X—AX,Y)
= limit _______.___.._..

- ................ +AX·•O (Ax)2 (AX)2
_ _ f(X,Y+AY)-f(X,Y) f(X,Y)-f(X,Y—AY)limit ____________....

- ................
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~· r'
= limit £(x+Ax,Y)

+
f(X—AX,Y) _ 2 f(X,Y)

+nmz <Ax>z <Ax>z
limit 2 £(x,Y)
^Y·•° um z (AY) z (AY) z

f(x+AX,Y) f(x-AX,Y)

2f(X,Y+AY)plf(X,Y·AY) 2 f(X,Y)

umz nmz
' = »fx(2?(x·Y) T fQ(2)(X«Y)

The difference·formulas, fkä), are formed by dropping the
·_ limit, AU•O,.fI&#-thÖ derivative formulas, f(i).

The denominators of the difference formulas are located
in the weight matrix; §,%while the numerators are located in
the identity matrix, H’.Ä«The discrete image is located in

the § matrix. Matrix cgnyolution of the equation
is used to approximate derivatives by

differences. All of those convolution matrix design
criterion are used to create the digital filter convolution

» matrices utilized in this thesis. The gl and gz vectors are
used to compare first—order differencing and second—order

y differencing, respectively.

g An aberration to equation A.13a appears to cause the

first order difference 3x1 filter's central post, g1(0,0),



to be coincident with the convolution window's sample post

where the first—order difference is being assigned, to cause

an unbiased filter.

6 f(u) _ _ f( U + AU ) - f( U — AU )
_._.... = ll-mit (A•l5)

6 u 2AU~0 2AU

Formula A.15 allows the difference to be taken in a
symmetric neighborhood of the matrix convolution's central

‘ post, formula A.13a does not. Equation A.15 in matrix
convolution form is

“”V
,

=· in
_1,3 5 1,3 -1,3 _

- = [ élg O
Il"]

o [ (2AU)’1 O (2AU)'l ] (A.16)

The Q matrix of 3x3 dimensions takes the sum of
second—order differences in the orthogonal AX and AY

directions. 5··__ ‘Ä”’
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0 1 0 0 (AX)'2 0 ·
1

4 _;_ = O -2 0 ¤ O (8X)'2 0 +3,3 .
0 1 0 0 (AX)'2 0

0 0 0 0 0 0
1 -2 1 0 (82)*2 (82)*2 (82)*2
0 0 0 0 0 0

= 14+20 li
1

0
14

0 Ä _ 1 <8x>*1 0 0
(82)*2 ¢a?{(AX)*2 + (AY)'2] (82)*2

0

0 1
Io — °

, = 1 , 1 -4 . 1 o
j. 10

(8x)*l 0
0 (82)*2 [ 2(AX)'2 + 2(AY)°2 1/4 (82)*2

0 (AX)'1 0

40 (8.17)
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Equation A.l7 is used as a guide in producing the I

equivalent digital Laplacian filters for each grid lattice
by recognizing properties of the 34, 3'4 and 34 matrices
when AX=AY=1. All the n-neighbor grid lattice equivalent
digital Laplacian filters, 3n, are designed so that 3'n has

U the sum of differences property in all preferential
directions. Then each weight matrix, 3n, is designed so
ithat 3n retains the matrix elements sum equals zero property

of 3'n. Those properties cause 34 to equal 3'4 for just the

4-neighbor grid lattice,_hut¤the 3n=3'n equality does not
exist for 36 and 36. 2; <'0 1 10_3_

= 1_-4 1 _Ä oi
U1

1 1
3,3 3

4
33 O lu 0 4 0 1 0

= 1 -4 1 = _3; (A.18)
f U U U 4 3,3 1
‘0„ 1 Q

A.3 Surface of Rotation Differentials
A mathematical surface which contains edges with

constant curvature, x=1/R, is formed by the R=[x'2+y'2]l/2
definition. The Laplacian derivation for a mathematical
surface of rotation follows..
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”

(8/öy) [fu) (R) 1 (GR/Hy)

i ’ = [£(1)(R)](a2R/ax?) + [f(2)(R)](aR/ax)? +
_ [f(1)(R)](ö2R/öyz) + [f(2)(R)](öR/öY)2

= {£(1)1R)]( 82R/äyz + 62R/ay2 ) +
[tf")/(R)J( (GR/@x)2 + (8R/öY)2 )

)·= [f(?}(R)] — [f(1)(R)]/R (A·19)

where pi 6

R = ( x2 4 y2

an/ax = x/R
if QQ«6

6R/öy = Y/R
62R/ax? = R'1 · (xR'2)(xR‘I) = R‘1

R‘1 — YZR'3
(82R/äxz) + (62R/ay?) = zR·1 - (x2+y2)R·3 = R·1

A.4 Arctangent Edge Profile 2nd Derivative Roots
·

The differentials for the arctangent profile are

derived in the 3.17 equations. Solve for the zero roots of

( f(3)(u) to get the critical points on the arctangent
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function's profile. So f(3)(u)=O implies:

{ 1 - (4h2u2)/(1+h2u2) } = 0

_ Therefore (1-3h2u2)=0 has the zero roots u=:[(3l/2)h]'l,
those are critical points of the second-order derivative

X along the profile. Those occur at the shoulders of the

arctangent function's profile. The zero—crossing is at u=0,

that is the inf1ection*point of the arctangent function's
" profile. ·

i»i‘~“«i,

A.5 Grid Lattice Density
e An equiangularäésheighbor grid lattice can be created

from an 8·neighbor gridilattice by shifting alternating
A

columns in the x direction and changing the lattice spacing.

Assume each neneighborigrid lattice is tesselated with a

rectangular pixel of Xt by Yi dimensions, and assume one
grid post per rectangular pixel. Then, the following

equality of tecüangular dimension products between each
n-neighbor grid will produce equal post sampling density
ibetween the two lattices, where X and Y are rectangular

pixel dimensions for each n-neighbor grid in the coordinate
systemfs orthogonal directions, x and y.

X6Y6 = X8Y8 (A.20)
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The constraints of equal preferential direction
magnitudes for each grid lattice are

Y6”

Y8 * X8 (A•21b)

· Combining Equation A.20 with the constraints of

Equations A.21 causes the following equality between the
post spacings of the&two grid lattices.

After multiplying Equation A.22 by X6, you get

6 X6 = [X62~

(1.07457) X6 (A.23)

Deriving Equation A.24 similarly, you get

6 Y6 ‘ XSY8 / X6

= (3/4>1/‘ X6
6 ~ (0.93060) X6 . (A.24)
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Table A.1 uses equations A.20 through A.24 to show the
differences between post spacings for 8-neighbor versus

X
6—neighbor grid, of equal sampling density. In all cases X6
does not equal Y6, causing a rectangular pixelation of the

6-neighbor grid lattice.

Table A•l= E22al.¤ensi;x.£9s;.§2asing.Qistanses X

8—Neighbor Grid 6-Neighbor Grid
X8 ‘Y6 X X-

X6 Y6 X
l.OOOOV1.0O0i)·_ 1.0746 0.9306
0.5000* 0.5000*- 0.5373 0.4653 ·
0.2500 0.2500 0.2686 0.2327



s
. B. COMPUTER FILES

F B.1 Introduction

Appendix B contains the software code and data files

produced by the software. The software is utilized by IBM'S

Virtual Machine/System Product (VM/SP), CMS Operating

E System, VS FORTRAN Compiler. The data files are formatted

for SAS/GRAPH display of the thesis's figures. The software

is composed of several routines.

The EDGPRO routine presents the behavior of a

one—dimensional·profil9 and various orders of the arctangent

function that ig picked as the representation of the most
primitive continuous profile containing edge points. The

SURFER routine presents the behavior of a circular edge line
U

on a two-dimensional mathematical surface of rotation. The

mathematical surface ls designed by putting the profile

containing edge points, specified in the SURF routine, on

all radials from a radix; that produces a two—dimensional

· surface with circular edge lines having constant curvature. .
I

The data files are produced by specifying the arctangent

function on all the radial profiles. The SURFACE routine

develops data files that compare the mathematical Laplacian

with digital Laplacian filter convolution results, produced
·- by digital filter matrix convolution on a specified

l

V mathematical surface along paths recognized as edge lines

M that have constant mathematical Laplacian values. The

90
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ELWIND routine compares grid post positions within the two
elementary windows of the 6-neighbor and 8-neighbor grids.
The RADIAL routine compares the digital Laplacian matrix 9

„ convolutions on paired radial profiles (from an identical

grid lattice) which only differ in their orientation. The
I software is presented in the approximate order of precedural

calls. The table of contents contains the page location off
each routine or dat? file.
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B.2 Software Code E

8.2.1 EDGPRO.EXE

e
EXECUTIVE RGJTINE FG "GE PROFILE" SOFTUARE (EDGPRO.EXEC)•

FILEDEF D1 DISK EDGPRO SAS
LOAD EDGPRO
START

8.2.2 EDGPRO.FOR ”#

PROGRAH EDGPR0 ‘ E ‘

C······•·•·•······••·•·••···•··ä··r·••····•·•·············•··•····•·····
C ·•• CGIPARE DERIVATIVES AND DIFFEREIICES FQ CÜTINLHIS EDGE PROFILE ·

. C VA
‘V

C UTILIZE ARCTANGENT FUICTIN ÜITIII FCR MPLITLDE (V) AND
C , FREGIENCY (H) E

~ T '
C A'

· ‘
A

C DIFFERENCES ARE USIIG DIGITAL CONVOLUTIGI FILTERS
C
C FMMAT GJTPUT FM SAS/GRAPN DISPLAY ”

C
Q••••••••••••••••·•-·•·•••••••••~•••••••••••••••••---•——••-•••-•••••••••

C RNER BRGII ,- JUNE 1987 _''C.Q

.
IHPLICIT REAL (A·Z) _

C
INTEGER I,LUN/1/
REAL XO/100.0/,||/1.0/,V/1.D/
REAL DX/0.2S/
REAL X(•1:2D0),Z(•1:ZDU)
REAL DER1(·1:2D0),DER2(•1:200)
REAL DIF1(0:199),DIF2(0:199)

C
· C ·•· FILTERS •·•

C
REAL FILTD1(·1:1),FILT02(•1:1)
REAL UEIT01(•1:1),\£ITD2(•1:1)
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DATA FILT01/ •1 , 0 , +1 /
DATA FILTOZ/ +1 , -2 , +1 /
DD 10 I=-1,1

UEIT01(I) ¤ 1 / (2*DX)
UEIT02(I) = 1 / DX**2

10 CONTINUE
. C

_ C ··· DERIVATIVES •••
C

XD • DX*X0
DO 20 I¤-1,200

X(I) • I*DX
U ¤ X(I)·X0
Z(I) *‘V * ATAN( N*U )
DER1(I) * V*N / ( 1 + MEN { U‘U ) "—
DER2(I) * •2*N/V *_U131DER1¢I)**2

20 CONTINUE V
"‘ Ü A 1

c 4 ‘
U = 1/(SORT(3•0)?N) - ° I 1J
DER • V*N / ( 1 * N*N

-1u+u )
F2 • ·2*N/V ' U * DER**2 _ «
HRITE(6,')F2 1

C ··· DIFFERENCES ·•• ~‘* ‘_ 1

00 35 I=0,199 °

SUN1=0 ' ”~ I
SUM2=0 ‘ 4* ‘
DD 30 J•·1,1 JA ~‘I E T

SUM1 = SUM1 * Z(I*U) E FILT01(J) ' UEIT01(J)• SUM2 = SUM2 + Z(I+J)1?lFILT02(J) * UEITDZIJ)
30 cournaus .

DIF1(I) * SUM1 · DER1(I)
DIF2(I) * SUM2 • DERZII)

3S CONTINUE ~
C ··· DUTPUT ···1 E C

URITE(LUN,*(A/A/A/A/A)')
1* /* EDGE PROFILE */ ',
Z' DATA EDGPR0 ; ',
3* INPUT ',
4* X Z DER1 DIF1 DER2 DIF2 ; ',

I

5* CARDS ; '
C •

DD 40 l¤0,199
URITE(LUN,*(F7.2,5F13.8)') ‘

V 1 X(I),Z(I),DER1(I),DIF1(I),DER2(I),DIF2(I)
40 CDNTINUE
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R C
100 FORHAT(' ',A)P \JRITE(LUN,100)

1'SYHDOL1 C=DLACK ISSPLIHE L¤1 V¤HU|E ;‘ ,
2•SYHBOL2 C=BLACK !=SPLINE L•2 V•NONE ;' ,
3•SYHDOL3 C=DLACK I=SPLIIIE L¤3 V•NONE ;' ,
4'PROC GPLOT DATA¤EDGPRO

;”'
,

5'PLOT Z*X DER1"'X DERZ"X / OVERLAY ;°
1MITE(LUH,100)

1'PLOT DIF1*X DIF2*X / 0VERLAY'
C

STW
EHD

B.2.3 SURFER.EXE*” * A _

• · H

-* EXECUTIVE RUJTIXE, FG .9fSURFER°° SOFTWARE (SURFER.EXEC)·• 1 .
* FILEDEF _01 DISK sAs G

FILEDEF 02 DISK TEST DATA I _
FILEDEF 06 DISK PATH SAS- ’

LOAD
SURFERSTART - ~ ’

, B. 2 . 4 GRIDDS . INC" ‘

C ••• DIGITAL GRID'S DATATSTRUCTIMES , "GRIDDS.CGY‘° ·•·•··••••••···•··
c................-•..........;.........Ä•.„•............................
C
C USE THE CUIPASS FU! EACH S X 3 ARRAY:
C
C NU HN HE +X ¤ SCAN DIRECTION , DUJNUARD
C \ / +Y = PROF DIRECTIOH , LEFT TO RIGHT
C W·CC•EE
C / \
C SU SS SE
C
C•······•·•········•····•··•·•·····•·•--··········-···--···
C ROGER DRUM , JUHE 1987
c···•·••••••·•··••··--·•·•·•-•-••--—--•••-·-—-•••--••—-----·····•—·--·-·
C
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‘ IHPLICIT REAL*8 (A•Z)
C

_Y C·•·ARRAY(X,NWWIIlIW)°'°
C Y WW CC EE Y
C SW SS SE

CCIIÜI /FILTIIWDXD6,IIIDXD6,I!UXD8,
* FILTD$,FILTD6,FILTDB,
* \EITOl•,\EITD6,\EITD8

C
INTEGER XI?] , |IW/?/,NW/6/,WE/7/ ,

* Y/2/ , W/2/,CC/S/,EE/U ,
* SWS!,$$/6/ ,$E/9/

C ,
REAL*8 INDXDÖ(2,9), II|0XD§¢2,9·Ö !'IIUXD8(2,9)
REAL*8 F I L1’0!•(9) , FIL‘|’0§(9) , FILI’08(9)
•zs1u.·a UEIT04(9),\£IT06{9}q,_WEITD8(9)

C ··· GRID POST SEPARATIÖ j·‘•

CGIUI ISPAWIDXOG,DYOÖ,DXD6,DYD6
REAL*8 DXO/•,0Y0&,0X06,DYQ6

’

C •·• EDGE SIIAPE PARAETERS ··¥ Y
C . °' .

CGIDI /SHAP/RD,VN,V .— ’
Y

nsnvs R0,N,VQ . “ „ Y_ Y Y Ü
Csansssnsssssz•s•••••Ä•••••••;p•••••••••sss••••••••••s•••s:•zs•:s:¤sass

B.2.5 SURFER.FOR Y _

vnocmesuarskC
Y.C••••••••••••·•••·••••••••••-••···•·•·-•••••·-··-·····•••·•-•-·-•-··•···

C ••· DRIVER FM GRID ¤· DETECTIW SOFTWARE '°••‘•'''°‘''°‘°°°'°•°°°'
C••·•·•••••••·•••••••••••••••••••••••••—••••••••••••-•·••••-••••••••••••

C ROGER BRGM , JUNE IPB?
C••···-••-•••••-••••·-·•••····•·••••·······•··•-·······•·•·••-—·•·••··—·
C T

INCLlDE (GRIDDS)
REAL*8 ZERO/0.®0/
REAL*8 HIW•,HIN6,I|IN8
REAL*8 HAXl•,HAX6,XAX8

» REAL"8 DlFl•,DIF6,DIF8
IIITEGER $,P

_;· IITEGER J
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C
C ··· DETERHINE POST SPACING AND DIGITAL FILTERS ···C

CALL CNVLTN
C
C ··· SURFACE SHAPE PARAHETERS ···C .R0=25.0

H=1.0V•1.0 ·
C
C ··· DISPLAY HATHEHATICAL SURFACE GRID ···C

_ URITE(1,'(A/A/A/A/A)')
- 1-1* suancs GRID */' , · Q ·

2'DATA GRID ;' ,
V

3'IRPUT' , f .
4'X Y Z L ;' , - _
S'CARDS ;'

C Q ‘
SPACE • DX04 , 1 Q E
DO 15 S=1,49·f T

001011-1,6vGRIDX~¤
S * SPACE l ‘”

GRIDY • R * SPACE -
CALL SURF( GRIDX Q GRIDY ,*20 , ILM) .
URITE(1,'(6F20„8)°)GRlDX,GRIDY,Z0,@L

10 CONTINUE ‘ Z 2
15 CONTINUE ' l

URITE(1,'(A)') A
Q . 2 _ °

1'PROC G3D DATA=GRID ;' , _C ’

2'PLOT X*Y = Z ;° ,
_'

4•PLOT X*Y = L ;• ‘

C
C •·· PICKED PREDICTIOI PATNS„**‘ ° '”
C E Q

RADJ = 1/($¤RT(3.0)*H)
R20 ¤ DASIH(1„0D0)/90

C
URITE(4,*)'/* PI¤<¤• PREDICTION EDGE PATHS */'
DO 30 J•0,2

RAD = R0 + (J·1)*RADJ
CALL SURF( RAD , ZERO , Z0 , ML·)

C
URITE(4,'(A,I1,A)')' DATA P',J,' ;°
URITE(4,*)'INPUT' 2

‘ HRITE(6,'(A,I1,A,l1,A,l1,A,I1,A,I1,A)')
+ ' ANG*,J,' ML',J,' L4',J,' L6',J,' L8',J,' ;'A RITE(4,*)'CARDS ;‘

‘ C
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DO 20 ANG=0,90
C

RANG 8 ANG * R20
X0 ¤ RAD*DCOS(RANG)
Y0 = RAD*DSIN(RANG)
$•A!IG
CALL FlLTER( X0,Y0 , DLG,DL6,DL8 , S,0 )
DLG ¤ ABS(NL·DLG)
DL6 = AlS(NL·DL6)
DL8 ¤ ABS(NL·DL8)

C
IF(ANG.NE.0)TNEN

lF(DLG.LT.NING)NlNG¤DLG
IF(DL6.LT.NIN6)NIN6•DL6A
IF(DL8.LT.NIN8)NINl0LD‘N' "f
!F(DLG.GT.NAXG}AXG¤DLG ·
IF(DL6.GT.NAXD)NAX6•DL6 ¥ A
IF(DL8.GT„MAX80NAX8DL8V N _G.

MING¤DLG “

NiN6!DL6 E A
NINGDLS

G
AA T-

NAXG¤DLG A ,
NAXGDL6 ·
NAXBIDLB ‘A

AEDIF A
A

.

URITE(G,'(TN,ETO,2,GF15„9)')ANG,ML,DLG,DL6,DL8„ C ~ A A _·
20 coumuus Öj A · T

C ADIFG
= NAXG · HING

V
A g ä _ ”

DIF6 ¤ NAX6 · NIN6
'°?^~” ·“ "”

DIF8 = MAX8 · NIN8
URITE(2,'(A)')' '\NliTE(2, '(3F20.10T ' )NAXG‘,NAX6,NAX8 E T.

‘ HRITE(2,'(3F20.10)')DlFG,DIF6,DIF8
A · C

30 CDNTINUE
C

UR!‘|’E(G,*)'DATA P3 ;'
HRITE(G,*)' SET P0;'
URITE(G,*)' SET P1;' ‘
URITE(G,*)' SET P2;'

C .
URITE(G,*)'SYNBOL1 C=8LACK I=$PLINE L=1 V¤NONE ;'
HR!TE(G,*)'SYNBOL2 C*BLACK l¤SPLINE L=2 V¤NONE ;'
URITE(G,*)'$YNBOL3 C=BLACK !=SPLlNE L=3 V=NONE ;'
NRITE(G,*)'SYNBOLG C•8LACK I¢SPLlNE L¤1 VSNDNE ;'
HR!TE(G,*)'SYHBOL5 C¤0LACK I¤SPLINE L=2 V¤NONE ;' G
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HRITE(4,*)'SYMBOL6 C=BLACK I=SPLINE L=3 V=NONE ;'
HRITE(4,*)'SYNBOL7 C=BLACK I=SPLINE L=1 V=NONE ;'
HRITE(4,*)'SYN8OL8 C=BLACK I=SPLINE L=2 V=NONE ;'
URITE(4,*)'SYNBOL9 C=BLACK I¤SPLINE L=3 V¤NONE ;'

C
URITE(4,*)'PROC GPLOT DATAP3 }'
HRITE(4,*)'PLDT L40*ANG0 L60*ANG0 L0*ANG0 / OVERLAY ;'I
HRITE(4,*)'PLOT L41*ANG1 L61*ANG1 L81*ANG1 / OVERLAY ;'
URITE(6,*)'PLDT L42*ANG2 L62*ANG2 L82*ANG2 / OVERLAY ;'

STOP
ED

B.2.6 CNVLTN.FOR "

I · SUBROUTINE CNVLTN 1.. ..'
C . . _ U jg.................••.....1.....•....V.„......•..•..............1..-........
C •·· CONSTRUCT DIGITAL CONVOLUTIOÜ^l!LEVANT AIRAYS ··•-••···-•·•j•····
c.....................................;.....;...........................
c noosn snow , .11:116 1987

_ g.................•-.•..2••....•..•.•.•.•...•..•••••..•....••..•.••...-•

INCLUDE (GRIDDS) I _ ”
_

C 7 · .
X E *‘

so 15 .1-1,9 _ 1 11 I
FILT04(J) = 0.0
I‘UEIT06(J)= 0.0 ' '„·
.FILT06(J)= 1.0 Y E ·
HEIT06(J) = 0.0
FILT08(J) = 1.0
HEIT08(J) ¤ 0.01 1
D0 10 I=1,2 _ __ 1

INDX04(I,J) ¤ 0.0E
lNDX06(I,J) = 0.0
INDX08(I,J) ¤ 0.0

10 CONTINUE
15 CONTINUE

C
c ·é· nosrsnncnaoC

.
CALL DENSIT X 1

C
C ··· 4·NEIGHBOR SPATIAL INDEX ···
C
C | 0.0 , 0.0 ; ·DX , 0.0 ; 0.0 , 0.0 |
C INDX() * | 0.0 , -DY ; 0.0 , 0.0 ; 0.0 , +DY |
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C |0.0,0.0;+0X,0.0;0.0,0.0|
C

C
INDXO$(Y,UU) * •DY04
IIIDX04(X,N|I) • •DX04
I|IDX04(X,S$) * +DX04

V I||DX04(Y,EE) * +DY04C
CC ·•· l••NEIGIIBG DIGITAL FILTER ••• l
C |0.0,1.0,0.0|

V C FILT0 ¤ | 1.0 , -4.0 , 1.0 |
C |0.0,1.0,0.0|
C

FILTOAGN) * 1.0
. FILT0l•(N||) ¤ 1.0 I VA

FILTO(•(CC) * •l•.0 V ·V, V l
FILT04(S$) * 1.0 ‘
F1L1’04(EE) • 1.0 VV C A V 4

c , V _VV.éC
··· 4·NEIGIl0G umts: DISTAIICE IEIGHT MTRIX •·•

c I 1/0X**2° 0.0 |
c warm

-
| vor-; nov--: 4 |

c | 0.0 0.0 |

C ..... * SUIVNGPZBRO \€IT06() ELEHENTS THEII DIVIDE BY
C ABSQUTE VALUE OF El_LT04(CC) °

' \£I1’04(W) • 1/0Y04**Z
ll

\EIT04(HH) *1/DÜO$‘*Zusxroazssz
= 1/¤x04**2Ä.”

4-UEIT04(EE)•1/0Y04**2 V
UEIT04(CC) * ( 2/0X04**2 ·•· 2/0Y04*i'2·) 4

C
VC ·•• 6·NEIGI·|B® SPATIAL INDEX •··
C 4 · 4A
C -0X/2, •0Y‘ ; ·0X , 0.0 ; -DX/2, +0Y |
C IIIDXO •

I 0.0 ,0.0 °;’ '0.0 , 0.0 ; 0.0 , 0.0 |
C I +0X/2, •DY ; +0X , 0.0 ; +DX/2, +DY I
C .

HDX • 0.5 * DXO6
I||DX06(X,HU) * 'IDX
I!IDX06(Y,)IU) ¤ ·DY06
rM0x06<X,$v) ¤ +H0x
INDX06(Y,$U) * •DY06
INDX06(X,NN) * •DX06

· INDX06(X,S$) * +DX06
INDX06(X,NE) * •|10X

A

INDX06(Y,HE) * *DY06
INDX06(X,$E) * +|lDX
INDX06(Y,SE) * +DY06
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‘ 100

C
C -•• 6·NEIGI|B® DIGITAL FILTER •··

Q C
c |1.o,1.o,1.o|
C FILTO * I 0.0 , -6.0 , 0.0 I
C I 1.0 , 1.0 , 1.0
CI FILT06(1N) * 0.0

FILT06(CC) * -6.0
FILT06(EE) • 0.0

C
C •·• 6-NEIGNBG IMVERSE DISTANCE IEIGNT MATRIX -·•

· C
C I 1/01**2 1/DX**2 1/DI**2 I
c uam; · | 0.0 {0.0 «|
c | 1101**2 1/DX*$2 .1/DI**2 |
C ’ · Q
C ..... ¤ SLI! NGIZERD 1£IT06Ö ELEMENTS THEN DIVIDE BY
C ABSOLUTE 1IALUE·.0'F FILT06(CC)

DI ¤ DSORT( |DX*|DXQ·•· DYD6*DYO§ )
UEIT06(NU) I1/DI*'2 Ü ”‘
usxrousm •
1/01**2UEIT06(NN)”• 1/DX06**2

I. I
·

\£IT06(SS) • 1/DXß**2 _ · Ä
1£IT06(ME) ¤ 1/DIÜ2 T . ·

· 1£IT06(SE) •”1/DI**2__* _ '
I UEIT06(CC) * ( 2/DXQ6**2 VG/DI**2 )» / 6

l

C . „

C -•• 8·NEIGNBOR SPATIAL INDEX ·-•‘

c |·¤x,·¤v;·qg<,0.0;·¤x,+0v|
C INDXI) ¤ I 0.0 , ·DY- ; 0.DI,·é-0.0 I; 0.0 , +DY I I
c |+¤x,·¤v;+0x,0.0;+ox,+¤v|
¢ .

INDX08(X,NU) -¤ ·DX0l• E -
INDX08(Y„NU) * ·DYOÜ Q „ Q ‘ °
INDX08(Y,1M) * •DY06
INDX08(X,SU) * +DX0l•‘ INDX08(Y,$1|) * ·DY04
INDX08(X,NM) * ·DX0l•
INDX08(X,SS) • +DX0l•
INDX08(X,NE) • ·DX04

° INDX08(Y,NE) * +DY04
· INDX08(Y,EE) * +DY0l•

INDX08(X,SE) * ·•·DX04
INDX08(Y,SE) * +DY0l•

C
C ··· 8•NEIGNBM DIGITAL FILTER ·•·
g .
c I1.D,1.D,1.0I



n}

101

C F1LT11* | 1.0 , -8.0 , 1.0 |
- C |1.0,1.0,1.0|

CE FILT081CC1 * -8.0
C .
C ··- 8-HEIGHBOR IHVERSE OISTAHCE HEIGHT HATR111 ·••
C
C | 1/01**2 1/011**2 1/01**2 |
C \£IT11•| 1/0Y**2 ..... 1/0Y**2 1
C | 1/01**2 1/011**2 1/01**2 |
C
C ..... • SU! HGIZERO 1£1T0811 ELEHEHTS THEH 01VIOE BY
C ABSOLUTE VALUE OF F1LT061CC1
C

01 • 0SORT( 01104*0X04 +0Y04*0YO4HE1T08(HH)
= 1/01**2 R _„ R „

1£IT08(W) •1/0Y04•**2«1‘HE1T08(SH)• 1/01**2 1 _
\£1T081HH1 ¤ 1/0X04**2 E — 1

HE1T08(SS) • 1/01104**2 ' 1 ‘
\£1T08(HE1 •

1/01**Ä V 1
° \•EIT081EE1 ¤' 1/0Y04**2 R

1£1T081SE1 ‘„1/01**2 E
HE1T081CC1 * 1 4/01**2 * Z/0Ä04**2 * Z/0Y04**2 1 / 8

C ’ , .
' C ··• BROAOCAST PR®UOE0'·1IATRICES --·

‘ _"

100 FMI4AT(6F12.81 ‘ 1 ‘
200_ FMHATGFZO.9) . ‘ · I ‘ _
300 romnarm _1C

1
HR1TE(2,3001' ' " _ E ‘

HRITE12,1001111H011041J, 11,•1;1”;·21j1•1»,7,31
1R1TE12,10011111H1X041J,I1,J¤1,21,1=2,8,3)
WITE12,1001111H011041J,11,J¤1,21,1=3,9,3)
\H11TE12,3001°" ·- E · · j ‘

\I!1TE12,2001(FILT04(11,1•2,8,$1
1H11TE12,20011F1LT04(11,18,9,3)
\R1TE(2,3001' ' ·
HRITE12,200111£IT04(11,1•1,7,3)
\RITE¢2,2001(HEI‘I’041I>,1•Z,8,31
HRITE12,200111£1T04(11,1=3,9,31

C
HRITE12,3001' '
HRITE(2,100)111H01106(J,11,J=¤1,2),I•1,7,31
HRITE(2,1001111H011061J,I),J=1,21,1=2,8,31
H|11TE12,1001111H011061J,11,J¤1,Z1,1¤3,9,31 ”

R HRITE12,3001' ' .
HRITE(2,200)1FILT06(I1,1=1,7,3)
HR1TE12,20011F1LT06111,1=2,8,31
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URlTE(2,200)(FILT06(I),I•S,9,3)
1RITE(2,300)' 'URITE(2,200)(\E!T06(l),I=1,7,3)
UR!TE(2,200)(UEIT06(l),l=2,8,3)

V \RiTE(2,200)(UElT06(I),I=3,9,3)
V C

URlTE(2,300)' '1I!ITE(2,100)((!NOX08(J,l),J•1,Z),!¤1,7,3)

1RITE(Z,‘l00)((l|IIX08(J,i),J¤1,Z),I=3,9,3)
\I!lTE(Z,300)' '
\¤I!ITE(2,200)(FiLT08(I),l¤1,7,3)
1RITE(2,200)(FlLT08(I),l¤2,8,3)
URlTE(2,Z00)(FILT08(l),X•3,9,3) _ _

° \RITE(2,300)° ' _
URlTE(2,Z00)(1£lT08(l)i»l•‘l,7,31
URITE(2,200)(UElT08¢!)}!•2,8,3)

6 ‘ U
URITE(2,200)(1£IT08(l),!*S,9,3) ' h

C _. A V V
RETURN ·· * __ ° ‘
ENO ‘

·

B.2.7 DENSIT.FOR ° V

SUBRGJTINE DENSIT
I

A - ”
C ‘ ·· '

"
C••••-•-••••••••••••••••••••••C••••·•••„e-••••;••••••••••••••••••„•.......„
C ··• DETERNINE GRIO LATTICE SPAC]NGS FM EQUAL SANPLE POST DENSITY ···C•„••••••••„•••••••••„•„••••••.••S•:•;‘;a;••••••„..•..•.•..„.„•...........

'

C EOUATE PRWUCTS OF POST SPACINGS IN ORTIIOGONAL DIRECTIONS FOR
C 4·NEIGNIM AND BFNEIGIIBN GRi0S:‘6 U
C A , .a\ _. ._

C (DELTA·X) (0ELTA·Y) * (0EI.TA•X) (DELTA·Y)
C 4 4 6 6

° .
3•••••-•••••••-•-•--••·-•••••—••··•··-·······•·~•··················••···
C ROGER BROWN , JUNE 1987
g-----•-•-•--•••---•--•--•••-•·•--••·—······•---··········•···--·-·····-
C

INCLLDE (GRIDOS)
C

DXO4 ¤ 1.00
DY04 ¤ DX04 °

C
DX06 ¤ 0X04*0Y04 " Z/SORTG.0)
OXO6 ¤ SORNDX06)



1()3

C
DY06 • DX04*DY06 I DX06

C
URITE(Z,'(2F20.10)')DXD6,DY04,DX06,DY06

C
RETURN
END

B.2.8 SURF.FOR

SUBROUTINE SURF(X0,Y0,ZD;ÜAP) „
C,2Qc

cam Post mus & usnxvmvs ~-·¥?§+···-·~···--·····---~···—··~--C··••••••••*•••••••••'•••·••r••+··•···•Ff•·•···················•········
CC

_ NATHENATICAL SURFACE IS EIX,Yi RADIAL ARCTAN FUNCTION AND
. C DERIVATIVES OF FUNCTION TO RIODUCE LAPLACIAN

CC
ROGER BROUN , JUNE 1987 IC·••·•·····•·••••••••••••·rCINCLUDE

(GRIDDS)}g,COA-c
Post;"C

‘„r— _
R = DSORT( X0*X0 + Y0*Y0 ) · ^~
U = R·RO
Z0 = V*DATAN(N*U)

T C E- I z .;‘ E'”C
•·· DERIVATIVESLAP¤0

. RETURN
ENDIF

C
l

ZDU = V*N / ( 1 + H*N * U*U )I
ZDX = ZDU * XD/R
ZDY ¢ ZDU * Y0/R

C LAP ¤ ·2*H/V * U * ZDU*ZDU ILAP = LAP • ZDU/R ·
C

RETURN
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END

B. 2 . 9 FILTER. FOR

4 SUBROUTINE FlLTER( X0,YD , LAP6,LAP6,LAP8 , $,P )
C
¢•-·•••••'••••••-•••---•--••-•
C ••• APPLY DIGITAL FILTER TO $URFAC5'$ GRID ·••··•••-·-··•·••·•—•·-·••·
g.•..•..•.••.••.....•......•...„.............................,.,,,.,,...
C ROGER BROHN , JUXE 1987C••••••••·•··••••·••••··•·•••••··•v•·•··••·•·•·•·•••···•••·•••··········

E ¢4°„
INCLUDE (GRIDDS)

4,4 444 ’„_._· E
INTEGER DlR,$,P 4 4 44;?“4U4 4° .

$U„Ü4*°•Ü J „·44 4_
$UH0680.0 4‘ 2 4 _· _
$UH0880.0 2;· E

4
4 4

C •·• SPECIFY 3 X 3 UINDOU ·••

4DO10 DIR81,9 „ '4 4 2
C *j 2 E

_ c ,_ —· ‘ E

4 X6 8 XO + INOX06(X,DIR§T.Ä2_4 4
Y6 8 YD + INDX06(Y,DIR)4;i

g_” ‘ ‘ ,‘ CALL SURF(X6,Y6,Z6,HL) r„4«« L _ 4
ADD4 • Z6 * FILT06(DlR)4* YEITD6(0!R)
SIIIO6 = SLIIO6 ·•· ADD6

C
X6 8 X0·+ lNDX06lX;DIR) ‘“

· ·
Y6 ¤ Y0 + !N¤X06(Y,DIR)* >
CALL $URF(X6,Y6,Z6,HL)4
ADD6 8 Z6 * FILTD6(DIR) ' U5ITD6(DIR)
SLH06 8 SUI06 + ADD6

C
xa 8 XO + INDXO8(X,DIR)4
Y8 8 YD + INDXO8(Y,DIR)
CALL $URF(X8,Y8,Z8,ML) ·
ADD8 8 Z8 * FILT08(DIR) * U5IT08(DIR)
sL•108 = su•08 + ADDB

C
IF( $.50.60 )TNEN

URIT5(Z,'(A)')' '
’

URITE(Z,'(3FZD.9)')X6,X6,X8
HRlTE(2,'(3FZO.9)')Y4,Y6}Z6
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IRITEIZ,'(3F20.9)')Z!•,Z6,Z8
1RITE(2, '(SFZO.9) ' )ADDl•,ADD6,ADD8

ENDIF
C

10 CGITINUE
C

LAP4 • SLII04
LAP6 ¤ SLHO6
LAP8 • $\|•08

C
RETURN
END

B.2.10 ELWIND.EXE ‘—
V

l.
__

EXECUTIVE RGITINE FN} ELNIND SOFTNARE

FILEDEF 01 DISK ELNIWSASLow
sunuo ·· ·‘ Q QQ

START _ ~ ~‘

ELWIND.FOR—‘.PROGRAM

ELUIND · - .1 1·
C
C·••·•·•··•·•····••··················•·•········•·•--·····---···--·-----
C ·•· PREPARE SAS PLOT OF 8·NEIGH8G VS 6•NEIGHI(R ELEMENTARY UINDOU ··
C···•···•··••·••·•••··•···•·•i·•·•··••···••·········•·•••········•·•••·•
CKV C ASSLIE UNIT POST SPACING BETIEEN 8•NEIGH8M GRID POSTS V
C
C 'DENSIT' RGJTINE INDICATES POST SPACING
C

V C FGCE EQUAL SANPLING DENSITY BETUEEN THE TW GRIDS
· C

C····•·••···•··••·••·•••••••·•·••••····•••••·•·•·•··•·-····-•••·-·•~·-·-

C ROGER BRWN , DECEMBER 1987 .
CC

.
INCLLDE(GRIDDS)
REAL DIR
CHARACTER*15 BLNK15/' . '/
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C1IARACTER*20 BLNK20/' . '/
C

CALL CINLTN
C
C ··· 8·|ISIG|·|BOR POSTS •••

V C
. HITS (1,'(A/A/A/A)')

1* DATA UIN0 ;' ,
2' INPUT' ,

· 3'DIR8X8Y8 X6 Y6 ;' ,
. /•° CARDS ;°

C .

D0 10 DIR¤1,9 n .° HITS(1,'(F5.1,2F15.10,2A)')DIR,INDX08(X,DIR),INDX08(Y,DlR),+ . BLNK15
10courxuusC

··· 6·NSIG|·|B® POSTS ••• ‘° l " _ .
c T

, \-UA ,
00 20 01¤•1,9 g T _ E

IF(DIR.|IS.2.AÜ.DIR.NS.8)5TÜS!l
HITS¢1;f(F5.1,2A,2F15.10)')DIß,DL||K15, BLNK15,’ + E li

- I!IDX06(X,DIR),I!DX06(Y,DIR)
' SNDIF i " _ l

_
L

20 CGITINUS .. Z,
TT ' T., _ _T,.,

ums¢1,·>• SYIIDL1 v·••1.L1s=;1g1,gg15.;·?' 1;. Q
HITS(1,*)' SYBOLZ 1I*||ÜS’i%'
HITS(1,')' PNG CPLOTIDATA ä UIAÜD ;.'
HITS(1,*)' AXIS1 ILSIIGTII ¤\5‘II'T.,.' ” l

HITS(1,*)' QDSRÄ ·~¥-1.§,*T‘0 61.5 LBY 0.5 ;‘ l

URITS(1,*)' AXIS2 ILSKGTHVQ 5- IN' I, T ·‘
HITS(1,*)‘ HDSR *"•H5..‘T0 11'Ä§#“DY 0.5 ;'
HITS(1,*)' PLOT Y8*X8 Y6"'X6 ITVAXIS * AXIS1'
HITS(1,*)' HAXIS ¤ AXIS2'
HITS(1,*)' QEILAY ;'

°A
T

C , 1. ·
STW
SND

_ B. 2 . 12 RADIAL. EXE

1

* SXSCUTIVS RGJTINS FH RADIAL SOFTUARS
1

_ FILEDEF 10 DISK RADIAL SAS
LOAD RADIAL
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START

B. 2 . 13 RADIAL. FOR

PROGRAM RADIAL
C
C---·••••·•••••••••••••••••••••••••••··•·••••••••·••·••·••·••••••-•·•··•

C ·•· COMPARE DERIVATIVES VERSUS DIFFERENCES FOR RADIAL EDGE PROFILES ··
Q••·•·-•·····-······•··••-•·•··••••·-······-•-··-·-•••·---•·-·-··•··•--·C · .
C DEVELOP SURFACE OF ROTATIOM USTIG RADIAL EDGE PROFILE
C „»*' .
C EXAMIME RADIAL PATM AT VARIOUS ORIEMTATIOMS FROM CENTROID OFc cunvuuas I iV .. ‘°

C·•·····•···••···•·•”·••V••¥•i_¥•··1•····.v'·•*········••·······••··•·-·•••·•C ROGER BROUM , SEPTEMBER T987 U
C UI . «„ E

IMCLUDE (GRIOOS)···
_,V J g

‘
C , ÄUU UREAL*8 AMGLE(0:6)B; .„ _ •

REAL*B DL$(0:6).0L6(0:6)•¤LB(0:6I”
IMTEGER LM,I

I ·‘ '
C I „ I M
C ·~· COMVERT ARC DECIMAL DEGREESATOIRADIIMS ···
c I ’

rl Ä-N . »
J

M

f

I

.mvanzuDATA
ANGLE(0)/ 0.0/ g AMGLE(TTYIS20l ,’AMGLE(2)/30.0/

DATA ANGLE(3)/4S.0/ , ANGLE(4)/60.0/ , AMGLE(S)/75.0/
DATA ANGLE(6)/90.0/”
RZD ¤ DASIM(T.0D0)/90 - ° U *
DO 10 I¤0,6 I ’

U ¢_ — _I_

AHGLEII) ¤IR2D*AMGLE(II·
10 COMTINUE

C
C ··• DETERMIME POST SPACIMG AMD DIGITAL FILTERS ···

. ¢ E
CALL CNVLTN

C
C ·•• SURFACE SHAPE PARAMETERS ~··
C

R0=2S.0
H¤1.D

· v=1.0
C‘ URITE(I0,'(A/A/A/A/A)')
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1'/* GRID EDGE PROFILE COMPARISONS AT CRITICAL ANGLES */' ,
2'DATA GRIDIF ;' ,
3'INPUT ' ,
4'RAD F4SM90 S60M30 E90M$5 ä' • ~
5 ° CARDS ;

‘”

C.
C ·•· COMPARE IDENTICAL EDGE PROFILE POIMTS ON DIFFERENT RADIALS ···
C

DO 25 J¤12.5 , 37.5 , 0.125
DO 20 ISO,6

RANG • ANGLE(I)
X0 ¤ J * CO$(RANG) ‘
Y0 ¤ J * SIM(RAMG)
CALL SURF(XO,Y0,20,LAP)
CALL FILTER( X0,Y0, DL6(1),DL6(I),DL8(I) , 0,0 ) ‘

C DL6(I) • DL6(I) • LAP .
1

C DL6(I) ¤ DL6(I) v LAP
I 1

C DLBII) • DLBII) • LAP
U

20 CONTINUE J
~“ «

C %_ „
DIF6 ¤ DL4(31 · DL4(6) V
DIF6 • DL6(6) • DL6(2) „

V

DIF8 ¤ DLBIQ) • DL8(3) gl .
L

URITE(1O,!(F1O•3,3F20415)')J,DIF4,DIF6,DIF8

° „ J J J °
25 CONTINUE . -J ‘ JJ ’

C
’J_

_ - —
URITE(10,*)'SYMlOL1 CSDLACX I=SPLINE L=1 V=NOME ;'
RITE(10,*)'SYMBOL2 C*BLACK lISPLINE~L=2 V=NOME ;'

HRITE(10,*)'SYM8OL3_C¤8LACK I¤SPLINE‘L¤3 V=NONE ;'
* URITE(10,*)'PROC GPLOT DATAFGRIDIF ;'

URITE(10,*)'PLOT F45M90*RAD»S6UMBO!RAD E90M%5*RAD / OVERLAY ;'
C

STOP

B.3 Data Files

B.3.l EDGPRO.SAS

° /* EDGE PROFILE */ .
· DATA EDGPRO ;

INPUT —
X Z DER1 DIF1 DER2 DIF2 ;
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CARDS ;
0.00 -1.53081799 0.00159744 ·0.00000099 0.00012759 0.00000974
0.25 -1.53041458 0.00162983 0.00000096 0.00013149 0.00000584 .
0.50 -1.53000259 0.00166320 0.00000001 0.00013555 -0.00001348
0.75 -1.52958298 0.00169761 ·0.00000007 0.00013977 0.00001282
1.00 -1.52915382 0.00173310 0.00000068 0.00014417 -0.0000068S
1 .25 -1 .52871609 0.00176972 0.00000030 0.00014876 0.00000382
1.50 -1.52826881 0.00180750 0.00000067 0.00015355 ·0.00000096
1.75 -1.52781200 0.00184651 -0.0000002D 0.00015855 -0.00000596
2.00 -1.52734566 0.00188679 -0.00000042 0.00016376 0.00000409
2.25 -1.52686882 0.00192841 ·0.00000008 0.00016920 -0.00000136
2.50 -1.52638149 0.00197141 0.00000078 0.00017489 0.00000821
2.75 -1.52588272 0.00201587 0.00000019 0.00018084 -0.00001299
_3.00 -1.52537346 0.00206186 -0.00000001 0.00018705 0.00001131
3.25 -1.52485180 0.00210243 0.N000201 0.00019356 0.00000480
3.50 ·1.52431774 0.00215866 0.N000046 0.00020037 -0.00001727

· 3.75 -1.52377224 0.00020751 0. 00000612
4.00 -1.52}21339 0.00226244 -0.0000003} 0.00021498 -0.00000136
4 .25 -1 .52264118 0 .00231716 0.00000027 0 . 00022282 0 . 00000606
4.50 -1.52205467 0.0023B89 0.00000076 0.00023105 -0.00000217
4.75 ·1.52145386 1 0.00243272 0.00000106 0.00023968 0.00000446
5.00 -1.52083778 4 0.00249377 0.00000105 · 0.00024875 -0.00000461
5.25 -1.52020645 ‘° 0.00255714 z "0.00000062 0.00025829 0.00000111
5 .50 -1 .51955891 0 . 00262295 -0.0000003S 0.00026831 -0 .00000892
5.75 -1.51889515 0.00269134 -0.000N007 ·· 0.00027887 0.00001105
6.00 -1.51821327 0.00276243 , 0.00028998 -0.00000006
6.25· -1.51751328 ‘*0*lW0®015 0.00030169 ·0.00001177

. 6.50 -1.51679516 0.0029133 -0.00000081 0.00031404 0.00000640
6.75 -1.51605701 0.00299345 0.000M109 0.00ß2707 0.00000863
7.00 -1.51529789 0.00307692 0800000154 _ 0.00034083 -0.0000051}
7.25 •1.51451778 0.00035537 -0.0000044ZV 7.50 •1.51371574 0.00325468; 0.00000117 0.00037075 0.00001072
7.75 -1.51288986 0.00334938 'A0.0003870} -0.00000556
8.00 -1.51204014 0.00344828 0.00000021 0.00040428 -0.0000075S

‘ °
8.25 -1.51116562 0.00355161 -0.0000001} 0.00042257 0.00000468
8.50 4.51026440; 4 0.00365965 · oäfbooooss 0.00044197 0.00000053
8.75 ·1.so<>3:ss2 0.00377270 · 0300195 0.00046258 0.00001044
9.00 -1.50837708 0.00389105 0.00000185 0.00048449 -0.00001147 °
9.25 -1 .50738907 0.00401505 -0.00000009 0.00050780 -0.00000426

_ 9.50 -1 .50636959 0.00414507 -0.00000041 0 . 00053263 0 . 00000143
9.75 -1.50531673 0.00428151 0.00000049 0 .00055910 0 . 00000547

10.00 4.50422859 0.00442478 0.00000218 0.00058736 0.00000773
10.25 -1 .50310326 0.00457535 0 . 00000229 0. 00061755 -0 .00000720
10.50 •1.50193977 0.00473373 0.00000222 0.00064984 0.00000629
10.75 -1.50073528 0.00490046 0.00000143 0.00068441 -0.0000130}
11.00 4.49948883 0.00507614 0.00000122 0.00072148 0.00001094
11.25 -1.49819660 0.00526142 0.00000095 0.00076127 -0.00001359

. 11.50 ·1.49685764 0.00545703 0.00000181 0.00080404 0. 00001994
11.75 -1.49546719 0.00566372 0.00000302 0.00085006 ·0.00001082
12.00 -1.49402428 0.00588235 0.00000182 0.00089965 0.00000061
12.25 -1.49252510 0.00611387 0.00000109 0.00095317 -0.0000071}

I
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12.50 -1.49096680 0.00635930 0.00000171 0.00101102 0.00001132 U

12.75 •1.48934460 0.00661977 0.00000445 0.00107362 0.00000975
13.00 -1.48765469 0.00689655 0.00000424 0.00114150 -0.0000185
13.25 -1.48589420 0.00719101 0.00000160 0.00121520 -0.0000097S
13.50 -1.4840588 0.00750469 0.00000264 0.00129537 0.00001689
13.75 -1.48214054 0.00783929 0.00000373 0.00138273 -0.00000943
14.00 ·1.48013687 0.00819672 0.00000488 0.00147810 0.00001727
14.25 -1.47803974 0.00857909 0.00000589 0.00158242 ·0.00001076
14.50 •1.47584438 0.00898876 0.00000439 0.00169675 ·0.00000303
14.75 -1.47354317 0.00942840 0.00000535 0.00182234 0.00000871
15.00 -1.47112751 0.00990099 0.00000578 0.00196059 -0.00000747
15.25 -1.46858978 0.01040989 0.00000614 0.00211313 0.00000784
15 .50 -1.46591949 0.01095890 0.0000085 0.00228185 0.00000697
15.75 -1.4810616 0.01155235 0.00000810 0.00246895 ·0.00001228 _
16.00 -1.46013927 0.01219512 0.00000810 0.00267698 0.00000857
16.25 -1.45700455 0.01289283 0.00001039 5- 0.00290894 0.00000549
16.50 -1.45368767 0.01365187 0.0031685 0.00000548
16.75 -1.45017242 0.01447964 0.00345939 •0.00001090
17.00 -1.44644165 0.01538461 0.00001341 0.00378698 0.00001246
17.25 -1.44247341 0.01637666 0.00001700 0.00415702 0.00000863
17.50 ·1.43824482 0.01746725 0.00001933 0.00457657 0.00000107
17.75 -1.43373013‘ 0.01866978 0;.00002224 0.00505413 0.00001179
18.00 -1.4288981 0.‘02000®0 5 ·0.00559999 -0.00000002’ 18.25 -1.4871750 0.02147651 0.00002694 0.00622674 -0.0000011S
18.50 -1.41814709 0.0812139 0.00003192 0.00694978 0.00002349
18.75 -1.41214% 0.02496099 0.00778814 0.00000910
19.00 -1.40564728, 0.02702703 0.00876552 0.00000829
19.25 -1.39860535 0.02935779 0.00005161 0.00991162 0.M002186
19.50 -1.39094257Ü 0.032(Ih00 0.00N6063” 0.01126399 0.00001225
19.75 ·1.38257504 0.03501094 _„ 0.00N7283 0.01287054 0.00003840
20.00 -1 .37340069 0.03846154 0.01479290 0 . 00002339
20.25 -1.3830032 0.04244032 Ä0.00010691 0.01711121 0.00005493
20.50 ·1.35212708 0.04705882 IILIIXI1389

” 0.01993079 0.00004296
20 . 75 -1 .33970547 0.05245901 0.00015901 0 .0839156 0 .00006120
21.00 -1.32581806 0.0588853 0.00019938 0.02768166 0.00010460
21.25 •1.31019402 0.06639004 ~r0._00025272 ;_ 0.03305728 0.00011533
21.50 -1.29249668 0.07547164; L0.0(Kß2067 " 0.03987176 0.00015205
21.75 -1 .27229786 ‘0.00041616 0.04861939 0.00023925
22 .00 - 1 .24904537 0.09999996 0.00054592 0.05999994 0 . 00028753
22 .25 -1 .22202492 0.11678827 0.0007848 0.07501721 0 .00042224
22.50 -1.19028950 0.13793099 0.00097549 0.09512478 0.00059360
22.75 -1 .15257168 0.16494840 0.00133234 0.12243587 0 .00083989
8.00 -1.1071491Z 0.19999999 0.00184327 0.15999997 0.00122440
8.25 -1.05165005 0.2461538 0.00255775 0.21207094 0.00164461
8.50 -0.98279375

I
0.30769229 0.00349736 0.2840858 0.00207585

8.75 -0.8960554O 0.39024389 0.00454676 0.38072568 0.00197047
_

24.00 ·0.78539819 0.50000000 0.0051088 0.50000000 -0.00016785
24.25 -0.64350110 0.63999999 0.00350082 0.61439991 -0.00710678
24.50 -0.46364760 0.79999995 -0.00295568 _0.63999987 -0.0189528S ·
24.75 -0.24497867 0.94117641 •0.01388121 0.44290650 -0.02195084

— 25 .00 0.00000000 1 .00000000 -0.02008533 0 .00000000 0 .00000000
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25.25 0.24497867 0.94117641 -0.01388121 -0.44290650 0.02195084
V 25.50 0.46364760 0.79999995 -0.00295568 -0.63999987 0.01895285

. ._ 25.75 0.64350110 0.63999999 0.00350082 ·0.61439991 0.00710678
26.00 0.78539819 0.50000000 0.00510883 -0.50000000 0.00016785
26.25 0.89605540 0.39024389 0.00454676 ·0.38072568 -0.00196570
26.50 0.98279375 0.30769229 0.00349736 -0.2840858 -0.0020634S
26.75 1.05165005 0.24615383 0.00255775 ·0.21207094 ·0.00164366
27.00 1.10714912 0.19999999 0.00184327 ·0.15999997 ·0.00122440
27.25 1.15257168 0.16494840 0.0013384 -0.12243587 -0.0008989
27.50 1.19028950 0.13793099 0.00097549 ·0.09512478 -0.00059360I 27.75 1.22202492 0.11678827 0.00072348 ·0.07501721 ·0.00042224
28.00 1 .24904537 0.09999996 0 .00054592 -0 .05999994 -0 . 00028753
28.25 1.27229786 0.08648646 0.00041616 -0.04861939 -0.0008925
28.50 1.29249668 0.07547164 0-. 00032067 -0.03987176 -0.00015205
28.75 1.31019402 „—~0.@25272 -0.03305728 -0.00011533
29.00 1.32581806 ‘ 0.0588@3° ‘ 0.®019938 •0.02768166 -0.00010460
29.25 1.33970547 0.05245901 · 0.00015901 -0.0839156 -0.00006120
29.50 1 .35212708 J0.04705882 0. 00013089 -0.01993079 -0.00004296
29.75 1.36330032 0.00010691 •0.01711121 ·0.00005493
30.00 1.37340069 ,0.038461% __ 0.00008789 -0.01479290 -0.0000839 ‘
30.25 1.38257504 ‘”Ä0.03501094 0.00007283 -0.01287054 ·0.00003840
30.50 1.39094257 0.03200000 -0.01126399 ·0.00001225
30.75 1.39860535 ¥T””0.029357Z9 —-¤‘0.00005161 -0-0.00991162 ·0.00002186
31.00 1 0§02702703? ·0g00004397 -0.00876552 .-0.00000829
31.25 1.41214085 ‘ 0.02496099 0.00003862 -0.00778814 -0.00000910
31.50 1 .41814709 0;.0231213% ÜN}003192 -0.00694978 -0.00002349‘ 31.75 1.4871750 -0.00622674 0.®000115
32.00 1.42889881%- " 0200002525 " •0.00559999 0.00000002
32.25 1.43373013 l ·~.0;01066978'i 0.00002224 -0.00505413 -0.00001179
32.50 1.43824482 I0;01746725. 0.00®1933 _ ·0.00457657 -0.00000107
32.75 1.44247341 0.01Q7666 0.00001700 -0.00415702 ·0.00000863
33.00 1.44644165 0.01538461

11
0..00001341 -0.00378698 ·0.00001246 I

33. 25 1 .45017242 0. 01447964 '0”.@01240„ -0.00345939 0.00001090
33.50 1.45368767 0.01365187 0.0000187 -0.0031685 ·0.00000548
33.75 1 .45700455 0.0128928 0.00001039 -0.00290894 -0 .00000549
34.00 1.46013927 —··0.01219512 · 0.00U0810 -0.00267698 -0.00000857
34.25 1.46310616 0.0115585 0.00N0810 -0.00246895 0.00001228
34.50 1.46591949 0.01095890 0.00000835 -0.00228185 -0.00000697
34.75 1.46858978 0.01040989 0.00000614 -0.00211313 -0.00000784
35.00 1.47112751 0.00990099 0.00000578 -0.00196059 0.00000747
35 .25 1.47354317 0.00942840 0.00000535 -0.0018284 -0.00000871
35 . 50 1 .47584438 0.00898876 0.00000439 ·0 . 00169675 0.00000303
35 . 75 1 .47803974 0 .00857909 0 . 00000589 ·0 . 00158242 0 . 00001076
36.00 1.48013687 0.00819672 0.00000488 -0.00147810 -0.00001727
36.25 1 . 48214054 0.00783929 0.00000373 -0 .00138273 0 .00000943
36.50 1.48405838 0.00750469 0.00000264 -0.00129537 -0.00001689
36.75 1.48589420 0.00719101 0.00000160 -0.0012152O 0.00000975
37.00 1.48765469 0.00689655 0.00000424 -0.00114150 0.00001235
37.25 1.48934460 0.00661977 0.00000445 -0.00107362 -0.00000975
37.50 1.49096680 0.00635930 0.00000171 ·0.00101102 -0.00001132
37.75 1.49252510 0.00611387 0.00000109 -0.00095317 0.00000713
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38.00 1.49402428 0.00588235 0.00000182 ·0.00089965 -0.00000061
38.25 1.49546719 0.00566372 0.00000302 ·0.0008S006 0.00001082
38.50 1.49685764 0.00545703 0.00000181 ·0.00080404 ·0.00001994

1 38.75 1.49819660 0.00526142 0.00000095 •0.00076127 0.00001359
39.00 1.49948883 0.00507614 0.00000122 •0.00072148 ·0.00001094
39.25 1.50073528 0.00490046 0.00000143 ·0.00068441 0.00001303
39.50 1.50193977 0.00473373 0.00000222 ·0.00064984 ·0.00000629

- 39.75 1 .50310326 0 .00457535 0.00000229 ·0.00061755 0 .00000720
40.00 1.50422859 0.00442478 0.00000218 ·0.00058736 ·0.00000773
40.25 1.50531673 0.00428151 0.00000049 ·0.00055910 ·0.00000547
40.50 1.50636959 0.00414507 ·0.00(D0041 ·0.00053263 ·0.00000143
40.75 1.50738907 0.00401505 ·0.00000009 •0.00050780 0.00000426
41.00 1.5087708 0.00389105 0.00000185 ·0.00048449 0.00001147
41.25 1.50933552 0.00377270 0.00000195 ·0.00046258 ·0.00001044
41.50 1.51026440 0.00365965 0.00000055 ·0.00044197 ·0.00000053 '
41.75 1.51116562 0.00355161 ”-0.00000013 •0.00042257 ·0.00000468

_ 42.00 1.51204014 0.®®0021 •0.00040428 0.00000755
42.25 1.51288986 0.00334938 0.0000018 -0 . 00038703 0 . 00000556
42.50 1.51371574 {0.00325468 0.@000117 ·0.0w37075 -0.00001072
42.75 1.51451778 0.00316393 0.00000036 •0.00035537 0.00000442
43.00 1.51529789 5 0.00307692 0.00000154 -0.0003408 0.00000513
43.25 1.51605701 —0.‘®299345 ' ‘°0.00000109 -0.00032707 •0.00000863
43.50 1.5167'9516° 0.00291333 -0„.00000081 -0.00031404 -0.00000640
43.75 1.51751328 0028638f; ';$020®00015 ·”0.00030169 0.00001177
44.00 1.51821327 0.00276243 Ü -0.00028998 0.00000006
44.25 1.51889515 0200269134 -4 ·0,00000007 -0.00027887 ·0.00001105
44.50 1.51955891 ‘ 0.00262295 ·0.85_-0.0002681 0.00000892
66.76 1.52020645' -0.00025829 ·o.ooooo111

0 6s.oo 1.szoasm· 0.00249377; 'ö.ob6oo1bs -0.00024875 0.00000461
45.25 1.52145386 I

0.000Ü106 -0.0008968 ·0.00000446
45.50 1.52205467 0.0023T380Ü,„.=»74-0~.0M000765 -0.00023105 0.00000217
45.75 1.52264118 0.00231716ßA 0.00000027 ·0.00022282 ·0.00000606
46.00 1 .52321339 0.00226244;}- -0.0000083 -0.00021498 0.00000136
46.25 1.52377224 0.00220964 -02.008008 ·0.00020751 -0.0000061Z

. 46.50 1 .52431774 0 .00215866 0.00000046 -0.00020037 0 . 00001727
46.75 1.52485180 0.00210943 _ 0.00000201 -0.00019356 -0.00000480
47.00 1.52537346 · 0.00206186 2-0.-00000001 ·0.00018705 •0.00001131
47.25 1.52588272 .-0.00201587 W.80019 ·0.00018084 0.00001299
47.50 1.52638149 0.00197141 0.00000078 ·0.00017489 ·0.00000821
47.75 1.52686882 0.00192841 ‘-0.00000008 -0.00016920 0.00000136
48.00 1.52734566 0.00188679 -0.00000042 -0.00016376 -0.00000409
48.25 1.52781200 0.00184651 ·0.00000020 •0.00015855 0.00000596

5 48.50 1 .52826881 0.00180750 0.00000067 -0.0001535S 0.00000096
1 · 48.75 1.52871609 0.00176972 0.00000030 ·0.00014876 -0.0000038Z

· 49.00 1.52915382 0.00173310 0.00000068 ·0.00014417 0.00000685
49.25 1.52958298 0.00169761 -0.00000007 -0.00013977 -0.00001282
49.50 1.53000259 0.00166320 0.00000001 ·0.00013555 0.00001348

' 49.75 1.53041458 0.0016298 0.00000096 ·0.00013149 ·0.00000584
1 SYHBOL1 C=BLACK l•$PLINE L¤1 V•NdIE ;

SYHBOLZ C=BLACK I•SPLI|IE L=2 V¤N0••E ;
SYHBOL3 C=BLACK !¤SPLl||E L¤3 V•||0||E ;
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PROC GPLOT DATAEDGPRO ;
PLOT Z*X DER1*X DER2*X / OVERLAY ;
PLOT DIF1*X 0IF2*X / OVERLAY

B. 3 . 2 PA‘I‘H.SAS

/* EDGE PROFILE */ 4
/* PICKED PREDICTIGI EDGE PATNS */ ~
DATA P0 ;
INPUT .
ANG0 NL0 L40 L60
L80CARDS; Ä-? ~ '

0.00 0.6188098%},u -0.146535128 D.133182332 0.317510028
_ 1.00 0.6188098%} ° O.133144990 O.317493766

2.00 0.618809854 0.14609842 O.133033383 0.317444856
3.00 0.618N%% 0.1455557'18¤. 0.132848772 O.317362931
4 .00 0.6188098% 0 . 1447198942 D.132593241 O.317247397
5.00 0.6188098% D.143832334 _ 0.132269669 O.317097451
6.00 0.6188098% 0.131881699 D.316912116

, 7.00 0.6188098% 0.1412896% D.131433692 0.316690276
8.00 0.6188098% D.139726021 O.130930674 0.31643072Z
9.00 0.6188098% 0.13797521 0. D.316'132208

10.00 0.6188098% 0.13605278 D.129782670 O.315793500
11.00 0.61880%% . — 0.1339810% ·_ D.129150489 0.31%13443
12.00 0.6188098% · 1 0.131-712936 O.128488758 D.314991021
13.00 0.6188098%¤ 0.129}*19303 _, O.127804807 O.314525421

; 14.00 0.6188098% ·- D.126791978“_ “0.127106189 0.314016094
15.00 0.618809854 0.1241j•3399 J: O.126400595 0.313462822
16.00 0.618809854 0M. 121386601- I 0.125695768 0 .312865769
17.00 0.618809854 D.118535144

E
O.124999419 0.312225538

18.00 0.6188098% O.115603053 O.124319137 O.311543213
19.00 0.6188098% « .0;.112604759 O.123662317 0.31082039S
20.00 0.6188098%* _ W0.109554929 D.123036074 D.310059234
21 .00 0.6188098% D.106468591 0 . 122447173 0 .309262439
22.00 0.6188098% D.103360858 D.121901955 O.308433291
23.00 0.618809854 0.100246%9 D.121406276 O.307575630
24.00 0.6188098% 0.0971420% O.120965448 0.306693838
25 .00 0 .618809854 0 .094061455 0 .120584183 0 .305792813
26 .00 0.618809854 0 .091020054 0 . 120266549 0 .304877923

„ 27 . 00 0.618809854 0 .0880326% 0. 120015929 0 .303954955
28.00 0.618809854 0.085113888 D.119834988 0.303030056
29 .00 0 .618809854 0.082277788 0. 1 19725650 0 .302109662
30.00 0.618809854 0.079538116 O.119689074 O.301200422
31.00 0.618809854 0.076908102 0.11972565D 0 .300309119
32.00 0.618809854 0.074400415 D.119834990 0.299442587
33.00 0.618809854 0. 072027112 0. 120015931 0 . 298607625
34.00 0.618809854 0.069799576 D.120266552 D.297810912
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35.00 0.6188098% 0.067728470 @120584187 0.297058928
36.00 0 .618809854 0.065823687 0 .120965453 0.296357870
37.00 0.6188098% 0.064094306 O.121406282 0.29571358
38.00 0.618809854 0.062548557 @121901961 0.29S131485
39.00 O.618809854 @061193782 O.122447180 0.294616508
40.00 0.6188098% 0.06003640S 0.123036082 O.294173041
41.00 0.618809854 @059081907 0.123662326 @293804880
42.00 0.618809854 0.05834803 0.124319146 @293515189
43.00 0.6188098% @057798624 @124999428 0.293306462
44.00 0.618809854 @057475901 @125695779 0.293180500
45.00 0.618809854 0.0S7368157 O.126400606 0.29313892
46.00 0.618809854 0.057475901 0.127106200 0.293180S00
47.00 0.618809854 @057798624 @127804819 0.293306462
48.00 0.618809854 0.05834803 @128488771 @293515189
49.00 0.6188098% @059081907 .1_@129150502 0.293804880 ‘
50.00 0.618809854 0.12978268 0.2941B041
51.00 @618809854__' Qß.861193782 » 0.130378290 0.2946165089
52.00 @618809854

‘°’
0.06254857 . 0.130930688 @295131485

53.00 0.618809854 . :0’.064094306 0.131433706 0.29571358
54.00 @61809854 » V @065823687 @131881714 @296357870
55.00 @6188lÜ54° @067728470 0.132269684 _ 0.297058928
56.00 @6188098% @069799576 ‘ 0.132593256 0.297810912
57.00 @618®854 @072087112 0.132848788 0.29860762S
58.00 0.6188098% @074400415 _ @133033399 @299442587
59.00 @618809854 0.076908102 @133145005 0.300309119
60.00 @61880984 @079538116 @133182348 @301200422 ‘
61.00 @618809856* @82277788 = 0.1331450% 0.302109662
62.00 0.6188098% @085113888 @-133033399 0.303030056h
63.00 0.618898% ‘ ·@132848788 0.30395495S
64.00 @61880%% @132593257 @304877923
65.00 @6188098541 · @132269685 ‘@305792813
66.00 0.6188098% ‘~0.097142094 @131881714 @306693838
67.00 0.618809854 @100246949 „ ;g @131433707 @307575630
68.00 0.618809854 @103360858 0.130930689 0.308433291 '
69.00 0 .618809854 0.106468591 0 . 130378292 0 .309262439
70.00 0.618809854°*· 40.1095%929 0.12978268S @310059234
71.00 @618809854 { @1,12604739 @129150504 @310820395
72.00 @618809854M @115603053 @128488772 0.311S43213
73.00 0.618809854 0.118S3S144 O.127804821 @312225538
74.00 0.618809854 0.121386601 O.127106203 @312865769
75.00 0.618809854 @124143399 0.126400608 0.313462822
76.00 0.618809854 0.126791978 @125695782 @314016094

V 77.00 0.6188098% @129319303 @124999431 @314525421
_ 78.00 0.618809854 @131712936 O.124319150 0.314991021

79.00 „ 0.618809854 O.133961098 0.123662329 O.315413443
80 .00 0.618809854 0.136052723 0. 123036086 O.315793500
81.00 0.618809854 O.137977521 @122447184 0.316132208 .
82.00 0.618809854 0.139726021 @121901966 0.31643072Z
8.00 0.6188098% 0.141289624 0.121406287 0.316690276
84.00 0.6188098% ’ @142660642 @120965458 0.316912116
85.00 0.6188098% 0.14382334 0.120S84193 O.317097451
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86.00 0.618809854 D.144798942 D.120266558 D.317247397
87.00 0.618809854 D.145555718 D.120015938 D.317362931
88.00 0.618809854 0.146098942 0.11984997 0.317444856
89.00 0.618809854 0.146425947 0.119725658 O.317493766
90.00 0.6188098% D.146535128 D.119689082 D.317510028

. DATA P1 ; «
6 INPUT

ANG1 NL1 L41 L61 L81 ;
CARDS ;

0.00 •0.040000000 0.079978687 0.086578865 0.100020038
I 1.00 •0.040000000 0.079960498 D.086589878 D.100020091

2.00 •0.040000000 D.079906052 D.086622805 D.100020348
3.00 •0.040000000 D.079815713 0.086677314 O.100021104
4.00 -0.040000000 0.079690080 0 . 086752853 0. 100022842
5.00 •0.040000000 D.079529985 D.086848655 O.100026225
6.00 •0.040000000 D.079336480 D.086963746 0.10003208
7.00 -0.0400000Q, D.087096948 D.100041395

· 8.00 -0.040000MD I1
0.087246893 D.100055271

9.00 D.087412030 D.100074927
10.00 -0.0400000W Q,078256458 D.087590641 V D.100101660
11.00 -0.0400000® D.077918525 0.087780857 0.1001368221 12.00 ·0.060000000 0.07755738 0.087980669 0.100101ras
13.00 •0.040000000 0.0771j75186 0.088187952 0.10087926

- 14.00 -0.040008 0.07677486 D.088400486 0.100306566
15.00 •0.040000000 0.07856865 D.088615973 0.10888966
16.00 -0.040000@ D.075925462 10.0882064 D.100486279
17.00 ·0.040N00® 0.075482449 » I0.089046384 0.10059958

V 18.00 -0.04N®000’=? 0.07580260 0.08986558 D.100729544
19.00 -0.040@@0' „ lß,074571326 0.08946088 D.100876993

- 20.00 •0.040000000 I 0.07410858 0.089655131 0.101042291V 21.00 -0.04®00000‘ 0.07364284 1 0.08989024 0.10122560S ·
22.00 •0.040000000 Ö0._0731‘77986 0.090009816· 0 .101426827
23.00 •0.040000000 D.072715789 D.090165542 D.101645552
24.00 V-0.040000000 D.072258448 D.090304400 D.101881061 ·
25.00 •0.040000000 D.071808093 D.090424773 0.10213813
26.00 -0.0400NDM —0‘.07*ß66770 0 .090525254 0 . 10897937
27.00 -0.0400®000 0.07093643; D.090604662 0.10267683
28.00 •0.040000000 D.070518941 0.D90662062 D.102965182

. 29.00 -0.040000ND D.070116056 D.090696776 D.103262451 6I 30.00 •0.040000000 D.069729436 0.09070893 0.10356548
31.00 •0.040000000 D.069360634 D.090696776 D.103871220
32.00 •0.040000000 D.069011102 0.D90662062 0.104176741
33.00 •0.040000000 0.06868218D 0.090604662 0.104478703
34.00 •0.040000000 0.06875108 D.090525253 D.104773693
35 .00 -0. 040000000 D.068091016 0. 090424772 0.10505828
36 .00 -0.040000000 0.06780934 0.090304399 0 . 105328793
37.00 •0.040000000 D.067595784 0.090165541 0.105581954
38.00 •0.040000000 0.06738890 D.090009815 0.105814379
39 .00 ·0.040000000 0.067203472 0.0898908 0 . 106022928
40.00 •0.040000000 D.067047652 D.089655129 0.106204716

_' 41.00 •0.040000000 0.0669194% 0.08946087 D.106357182
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42.00 •0.040000000 0.066819304 0.089256557 0.106478138
43 .00 ·0.040000000 0 .066747533 0.089046382 0 . 106565827
44.00 •0.040000000 0.066704376 0.08882062 0.106618964
45.00 •0.040000000 0.06889975 0.08815971 0.10836764
46.00 •0.040000000 0.066704376 0.088400484 0.106618964
47.00 ·0.040000000 0.066747533 0.088187950 0. 106565827
48.00 •0.040000000 0.066819304 0.08798068 0.106478138
49.00 •0.040000000 0.066919454 0.087780854 O.106357182
50.00 •0.040000000 0.87047652 0.087590639 0.106204716
51.00 •0.040000000 0.06728472 0.087412027 0.106022928
52.00 •0.040000000 0.06738390 0.087246890 O.105814379
53.00 •0.040000000 0.87595784 0.087096946 O.105581954
54.00 •0.040000000 0.06780934 0.08963744 O.105328793

I 55.00 •0.040000000 0.068091016 0.0884853 O.105058223
56.00 •0.040000000 0.06875108 0.08752850 O.104773693
57.00 •0.040000000 0.06882180 _ 0.08677311 0.104478703
58.00 -0.040000000„· 0.89011102 _ · 0.08622802 O.104176741
59.00 -0.040000N0 ,o.¤6vs60636 " 0.08589875 O.103871220
60.00 -0.040QN000. ·__.0.89729436 0.0857882 0.103565423
61.00 -0.0400000® 0.07011686 0.08589875 0.103262451 -
62.00 ~o.o4ooooogo 0.070518941 · 0.08622802 O.102965182
63.00 -0.040000ü 0.07098432 0.08677311 0.10267683
64.00 ·0.040000000 0.08752850 0.1023979371
65.00 -0.04000GI)0 0.07180893 0.08848653 O.102132313
66.00 -0.040000N0 0.07225848 0.086963743 0.101881061

· 67.00 -0.040000®0 0.072715789 0.087096946 0.10164555Z
68.00 o.¤7s1ma6 0.08724890 0.101426827
69.00 -0.0400880 ,_ 0.07564284 0.087412027 0.101225605

· 70.00 -0.040000®0 4 «0.074‘108058 0.08759839 0.101042291
71.00 •0.040000000 I 8074571326 V 0.08778854 —0.100876993

V 72.00 -0.040000000^_._ 0.08798068 O.100729544
73.00 •0.040000000 Vi 0.„075482449 V 0.088187950 O.100599523
74.00 •0.040000000 „ __ 0.08400484 0.10048279

· 75.00 •0.040000000 0.07635685 0.08815970 0.100388966
76.00 -0 .040000000 0.076774236 0 .08882061 0 . 100306566
77.00 -0.0400N000,..—., 0.07717518 0.089046381‘ O.100237926
78.00 ·0.0400N000 V 0.07ß57375 0.89256556; 0.10018178
79.00 •0.040000000

V
0.077918525 0.089460236 0.100136822‘ 80.00 •0.040000000 0.078256458 0.089655128 0.10010180

81.00 •0.040000000 0.078569094 0.08989022 O.100074927
82.00 •0.040000000 0.078854485 0.090009814 O.100055271

‘ 8.00 •0.040000000 0.079110827 0.090165540 0.10004139S
84.00 •0.040000000 0.079336480 0 . 090304398 0 .100032083
85 .00 -0. 040000000 0.079529985 0 . 090424771 0 . 100026225 .
8.00 •0.040000000 0.079690080 0 .090525252 0.100022842
87.00 •0.040000000 0.079815713 0.09804660 0.100021104
88.00 •0.040000000 0.07998052 0.09082060 O.100020348
89.00 •0.040000000 0.079960498 0.090696774 O.100020091
90.00 •0.040000000 0.079978687 0.09070892 0 .100020038

0ATA P2 ;
INPUT
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AHG2 HL2 L42 L62 L82 ;
CARDS ; 1

0.00 ·0.678841872 O.266599086 0.01355003S 0.151982701
1.00 ·0.678841872 O.266485442 0.013579943 0.1519461942.00 ·0.678841872 0.26614503Z 0.013669322 0.15186750 ·
3.00 ·0.678841872 D.265579427 0.013817147 0.151654609
4.00 ·0.678841872 0.26479187 0.014021720 0.151400179
5.00 ·0.678841872 0.26378418 0.014280695 D.151074052
6.00 ·0.678841872 0.26862687 D.014591111 0.150677015
7.00 ·0.678841872 0.81132650 0.014949426 0.150210080
8.00 ·0.678841872 0.89500635 0.015351562 0.14%74501
9.00 ·0.678841872 0.87674242 0.01579296Z 0.149071805

· 10.00 ·0.678841872 0.85661999 0.016268639 0.148403813
11.00 ·0.678841872 0.83473330 0.016773242 O.147672673
12.00 ·0.678841872 0.18111815 I0.017301121 0.14680879

1 13.00 ·0.678841872 D.017846390 O.146031291
14.00 ·0.678841872 ·‘„„I0«245955610 0.018403001 O.145127158
15.00 ·0.678841872 fg;243171979 0.018964812 0.144172118
16.00 -0.6788187ZI ‘i~?°0.240271016 0.019525651 0.143170211
17.00 ·0.678841872 0.87266586 0.08079393 0.142125871
18.00 ·0.678841872 I“0.84.1Iß102 0.08620020 O.141043914
19.00 ·0.678841872 0.81005453 0.02114168 O.139929518
20.00 ·0.678841872 0.02188777 0.1387881%
21 .00 ·0.678841872 0.22450988 0.022105972 0.13768754
22.00 ·0.678841872 0.22182149 ~ 0.02253889 0.13644825S
8.00 ·0.678841872 1).022931140 O.135261959

» 24.00 ·0.678841872‘· 0.08280372 0.13408278
25.00 ·0.678841872 ;0.211318285 0.0858806 0.13888705I 26.00 ·0.67884Ü1872 0.08833769 I D.131714763
27.00 ·0.678841872 0.02403218 O.130557937
8.00 ·0.678841872 j1éQV°.20_1759194 I I 0.024175309 O.129424615
29.00 ·0.678841872 I0éd98721160 0.024261820 0 .12821030
30.00 ·0.678841872 O.195782717 ’ 0.024290757 0.127253208
31.00 ·0.678841872 O.192958464 0.024261819 O.126226915
32.00 ·0.678841872 V0.190262450 D.024175308 0.18247622
33.00 II0.187708103 0.024032125 O.124320464
34.00 ·0.678841872 @.185308158 0.0883765 0.18450215I

V 35.00 ·0.678841872 0.18074593 0.0858801 O.122641267I
36.00 ·0.678841872 0.18101862 0.08280367 0.121897616
37.00 ·0.678841872 O.179150339 0.022931134 0.12122854

1 38.00 ·0.678841872 D.177479263 0.02253882 0.120620168
39.00 ·0.678841872 0.17601369Z 0. 022105963 0.12009842· 40.00 ·0.678841872 0.174760959 0.021638768 O.119641764I 41.00 ·0.678841872 O.173727333 0.021141676 0.119270430
42.00 ·0.678841_872 0.17291798S 0.020620009 0.118979959
43.00 ·0.678841872 0.17836969 D.020079382 0.118771597 ·

' 44.00 ·0.678841872 0.171987191 0.019525639 0.118646228
45.00 ·0.678841872 0.‘|71870404 0.018964799 0.11860438O
46.00 ·0.678841872 0.171987191 0.01840298 0.11864628 1
47.00 ·0.678841872 0.I172336969 0.017846376 0.118771597 !
48.00 ·0.678841872 V D.172917985 0.017301106 0.118979959

l
1
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49.00 ·0.678841872 D.173727333 D.016773227 0.11927043O
50.00 ·0.678841872 D.174760959 0.016268623 O.119641764
51.00 ·0.678841872 O.176013692 D.015792945 O.120092342
52.00 ·0.678841872 0.177479263 0.015351545 0.120620168E 53.00 ·0.678841872 O.179150339 0.014949408 0.121222854
54.00 ·0.678841872 0.181018562 0.014591093 0.121897616
55.00 ·0.678841872 D.183074593 0.014280677 0.122641267
56.00 ·0.678841872 O.185308158 0.014021701 0.18450215 '
57.00 ·0.678841872 0.187708103 0.013817128 0.124320464
58.00 ·0.678841872 D.190262450 0.013669303 O.125247622
59.00 ·0.678841872 D.192958464 0.01357998 O.126226915
60.00 ·0.678841872 0.195782717 0.013550015 O.127253208
61.00 ·0.678841872 O.198721160 0.01357'9923 0.12832103D
62.00 ·0.678841872 D.201759194 0.013669303 O.129424615

_ 63.00 ·0.678841872 0304881751 ‘ "0.013817127 0.130S57937
64.00 ·0.678841872 0;.208073572 V 0.014021700 O.131714763
65.00 ·0.678841872 „ ·‘ 0311318285 A .0.014280675 0.132888705
66.00 ·0.678841872 0314600492

E
„:”‘_0.014591091 0.134073278

67.00 ·0.678841872 0317903858 A A U.014949406 0.135261959
68.00 ·0.678841872 · · 0321212149 „·-D.015351543 0.136448255
69.00 ·0.678841872 0324509208 · 0.015792943 0.137625754u
70.00 ·0.678841872 0327778942 0.016268620 0.1387881%
71.00 ·0.678841872 0.231005§53 0}:016773223 O.139929518
72.00 ·0.678841872 0.84173 02 0.01801102 0.141043914
73.00 ·0.678841872 0.0_17846372 0.142125871

_ 74.00 ·0.678841872 0340271016 V0.018402984 O.143170211
75.00 -0.678841872„ 0.831;.71979 „ 0#|l18964794 0.144172118
76.00 ·0.678841872 0345955610 0.019525634 0.145127158
77.00 ·0.678841872 0348608652 A_ ·0.020079377 O.146031291
78.00 ·0.678841872 · 0351118515 0.020620004 0.146880879
79.00 ·0.678841872 D.021141670 0.147672673
80.00 ·0.678841872 0.021638762 0.148403813

° 81.00 ·0.678841872 0357674242 0.022105957 0.149071805
82.00 -0.678841872 0.259500635 0.022538274 0 .14%74501
83.00 ·0.678841872 0361132650 D.022931126 0.150210080
84.00 ·0.678841872 0362562687 0.08280359 D.150677015
85.00 ·0.678841872 0363784103 0.08582292 O.151074052
86.00 ·0.678841872 0.26479187 0.08833756 0.151400179
87.00 ·0.678841872 0.Z65579427 D.024032115 0 .151654609
88.00 ·0.678841872 0366145032 0.024175298 0.151836750
89.00 ·0.678841872 0.26648544Z 0.024261808 0.151946194
90.00 ·0.678841872 0.266599086 0.024290746 0.151982701

DATA P3 ;
’ SET PD;

SET P1;
SET P2;

SYMBOL1 C=BLACK I¤SPLI1IE L=1 V=I|01|E ;
SYMBOLZ C¤BLACK I=SPLI|IE
L=2SYMDOL3C•8LACK I¤SPLINE L=3 V¤NdIE ;
SYMBOL4 C¤BLACK HSPLIIIE L¤1 v¤NOIE ;
SYMBOLS C=BLACK I¤SPLIIIE L=2 V=NOIE ;
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SYNDOI.6 C•BLACK I•SPLINE L•3 V¤NCIIE ;
SYNBDL7 C¤BLACK I¤SPLINE L•1 V¤NOIE ;V
SYMBOL8 C•BLACX I•SPLINE L=2 V¤NDNE ;
SYNBDL9 C=BLACK I¤SPLINE L=3 WNGIE ;
PRDC GPLOT DATA=P3 ;
PLOT L60*ANG0 L60*ANG0 L8D*AN60 / OVERLAY ; ·
PLOT L61*ANG1 L61*ANG1 L81*ANG1 / OVERLAY ;
PLOT L62*ANG2 L62*ANG2 L82*ANG2 / DVERLAY ;

_ 8.3.3 ELWIND.SAS

l
DATA UIND ;

Ü·V'V ”

INPUT ·· _‘ ‘‘I
DIR8 X8 Y8 X6 Y6 ; · VI cnnos ; _~
__1.0-1.·0000000000·‘,.°°:1‘. _V . V .
2.00.0000000000·3.0

1.0000000000„· -.1.0D000®00Ü . .
6.0 -1.0000000äAT . .
5.0 D.0000000000 0.00000000Ü} 0 . 1 . .
6.0 1.0000000000 I ··0.0000000000 . .
7.0 ·1.0000000000 ’. .
8.0 0.00000000N_ ·· .9.0 1.0000000000i, . . I

A
1.0 . ix

F .0 ° Ä? * ‘··0.5372869522° -0.9306D68828
3.0 . I ..1 05372869522 ·0.9306068828
6.0 . .^ _; ’=j·.076s69906s ‘0.0000000000
5.0 . .· .1 D.0000000000 0.00000000DD
6.0 . . 7 ’ 1.0765699065 0.0000000000

. 7.0 . . ·0.537Z869522 0.9306068828
0 9.0 . . D.5372869522 0.9306068828
" SYNBOLI V¤PLU$ I•NG|E ; _. ~·~—« _. — — °

SYNBOLZ V¤STAR I•|II|E ;. ' ° gV . .
PROC GPLOT DATA •'UI|I) l; E

‘AXIS1LENGTN ¤ 5 IN
ORDER = -1.5 TO 1.5 BY 0.5 ;

AXISZ LENGTN ¤ 5 IN
MDE! I -1.5 TD 1.5 BY 0.5 ;

PLOT Y8*X8 Y6*X6 / VAXIS = AXIS1
NAXIS = AXISZ
OVERLAY ;
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B. 3 . 4 RADIAL. SAS

/* GRID EDGE PROFILE CGIPARISONS AT CRITICAL ANGLES */
DATA GRIDIF ;
INPUT
RAD F45H90 $60130 E9(I|45 ;
CARDS ;

12.500 -0.000000384110237 ·0.000000002015516 ·0.0000004104920B
— 12.625 -0.000000461531525 -0.000000001728468 -0.000000490058917

12.750 -0.000000543324767 -0.000000001436148 -0.000000574218154
I

12.875 ·0.1741 ·0.000000001136224 -0.000000663433401
13.000 ·0.000000721830874 -0.000000000826200 ·0.000000758207472
13.125 ·0.000000819541243 -0.000000859086669
13.250 ·0.000000923627003 V -0.0®Üß¤§0164837 -0.000000966665560
13.375 ·0.000001034702288· *¤_0.0®000000192630 ·0.000001081592289
13.500 -0.000001153456675 'V 0,.TZ545 - ·0.000001204574473
13.625 -0.000001336385787' 13.750 •0.000001416875359 0.000000001415701 ·0.000001477873307

, 13 .875 -0 . 000001563254187 000000001888073 ·0 .000001629965724
14.000 -0.000®1720657153“° 0Ü000000002401291 -0.000001793682545
14.125 -0. 000001890137373 0.0@00002961391 -0.000001970144390

- 14.250 -0.000002072852225 I ÜN0000003575162 ·0.000002160584570
14 .375 -0. 000002270075213 J 0-._000000004250260 -0 .0000

· 14.500 ·0.000®2483@9298' 0.0@00004995338 -0.000002588976312
14.625 -0.000002713U1890 -0.000002830083415
14.750 -0.000002963561.738 $IlD000006735976 ·0.000003091515076
14.875 -0.000003234377ß2«. 0.000000007755319 ·0.000003375299502

F 15.000 -0.000003528341679 ‘ .0,00000®08892647 ·0.00000368368S277I
15.125 ·0.00000384N70131 "0.QQNM10164414 ·0.000004019168387
15.250 -0.000004195234466 · V0.000000011589429 -0.000004384522902
15 .375 -0. 000004573590902 ° IR000000013189230 -0. 000004782835852
15.500 -0.000004986016271 0.000000014988515 -0.000005217546957
15.625 -0.000005436048428 0.000000017015656 •0.000005692493917U
15.750 -0.000005927632283 .·.0.000000019303294 -0.000006211964158
15.875 -0.000096465172337 ·0.000®®21889042 -0.000006780754028
16.000 ·0.000007053592708’ '0.000Gß024816312 -0.000007404236642
16. 125 -0.000007698405852 0.000000028135288 -0 .000008088439747
16.250 -0.000008405791342 0.N0000031904081 ·0.000008840135280
16.375 -0.000009182686349 0.000000036190089 -0.000009666942507
16.500 ·0.00001D036889726 0.000000041071614 ·0.000010S77447076

~ ‘ 16.625 ·0.D00010977181962 0.000000046639785 ·0.0DO01158133863O
16. 750 -0 .000012013463652 0.000000053000845 -0 .000012689570237
16.875 ·0.000013156915665 0.000000060278873 ·0.000013914543407
17.000 -0.000014420184729 0.000000068619060 ·0.0000152703232S5
17.125 ·0.000015817598896 D.000000078191599 ·0.000016772889227
17.250 -0.000017365418187 0.000000089196388 -0.000018440427878 »

· 17.375 -0.000019082126731 D.000000101868675 ·0.000020293675490
17.500 -0.000020988774007 0.000000116485858 -0.000022356319882
17.625 ·0.000023109374244 D.000000133375716 -0.000024655472717
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17.750 -0.000025471374927 0.000000152926376 ~0.000027222225931
17.875 ·0.000028106207569 0.000000175598417 -0.000030092308837
18.000 •0.000031049936674 0.000000201939594 -0.000033306865963
18.125 -0.000034344026157 0.000000232602822 -0. 000036913380086
18.250 -0.000038036246632 0.00000026836815!• -0.0000/•0966770334
18.375 ·$000042181752065 0.000000310169741 -0.000045530701896
18.500 ·0.000046844360562 0.000000359128968 -0.000050679152234
18.625 -0.000052098081855 0.000000416595287 -0.000056498288991
18.750 0.000000484196672 -0.000063088727769
18.875 -0.000064T37181381 0.000000563902081 •0.000070568254013’ 19.000 -0.0000H339869593 0.000000658099036 -0.000079075113581

_ 19.125 •0.000080974094509 0.000000769690142 -0.000088772001836
19.250 ·0.000090800787522 0.000000902213494 -0.000099850913144
19.375 •0.000102009371398 0.000001059993212 -0.000112539052754

· 19.500 -0.000114823406682 ‘0-WGW1248327993 •0.000127106063613
19.625 -0.000129507472750L?*;:”$'N0®1473727758 -0.000143872884348
19.750 -$0001463755766441 0.000001744211096 -0.000163222634616
19.875 -0.000165801456834· I

0.000002069679564 ·0.000185614024399
20.000 ·0.000188231242381 0.00110Ü2462388994 ·0.000211597908961
20-125 •0-00021‘19?0'95429 0-000002937542928 -0.000241837766394 ·
20.250 -0.000244}*5212360 0.N0003514039077 -0.000277135064637
20.375 ·0.0005143181‘ 0.0®004215406117 -0.000318460713595
20.500 -0.0003204288171 10 0.000005070974580 -0.000366994065444
20.625 -0.000368427442345 __ $0N006117330669 -0.000424171224577
20.750 -0.000424813985090; Q.000007400102673 -0.000491744733451

· 20.875 -0.000491260?2T2727 0.0NN8976120856 ·0.000571856954888I
21.000 $@1091596279Z ‘··-0.000667129558190
21.125 -0.000662958224836 0300013306828190 -0.01I!780771207051 I
21.250 -0.000773Y6l3884$·_„; $0@1655545753 -0.000916704411496
21.375 -0.000905994954782 I“;f$_000019091237284 « ·0.001079709752227
21 .500 -0.0010642437999?$: ._ ·° I0.000024366640220 -0.001275579880653
21.625 ·0.001254156809274,_; 0.001l29856122166 -0.001511264285620
21.750 -0.001482622272680 “0'.0Gß36546663308 -0.001794964304627
21.875 •0.001757999077725 ‘0.000044614931516 ·0.002136098486274

_ 22.000 -0.002090326199998 0.000054177995691 -0.002544988130832
22.125 ·0.00249145626590 ‘·‘·‘0.00@5195483687 •0.003031990560202
22.250 -0.·002974997505723 ‘T0.00007Z284312352 -0.003605601627720
22.375 -0.003555827249867 0.000089379361537 -0.004268717547568
22.500 -0.004248787284049 0.000099129390647 -0.00501175229711/•
22.65 -0.005065819591685 0.000101853188131 -0.005800672028837
22.750 -0.006010323892551 0.000088802678041 -0.006557459158219 _
22.875 •0.0070667291U•845 · 0.000044429237708 -0.007130813710714
23.000 ·0.008182$868195 ‘-0.000057534967433 -0.007257865662562
23.125 ·0.1594 -0.000258731367264 -0.006526613078333
23.250 -0.009996271234626 -0.000619218017846 -0.004367260215785
23.375 -0.010051151505999‘ •0.001212300328128 -0.000126331500393
23.500 -0.008747795345260 -0.002097546485463 0.006710074503194
23.625 •0.005155837019877 -0.003252672609728 0.016123551998978
23.750 0.001850575202989 -0.004455/•13183600 0.027123600984198
23.875 0.013286208822686 -0.005157578133656 0.037570076744855
24.000 0.029460469549676 ·0.004485766994050 0.044606683851822 I
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’ 24.125 0.049225261182722 -0.001549861721109 0.04$754463929391

24.250 0.069471067162111 0.003913408657621 0.0401T5041337456
24.375 0.0853789179382$1 0.010894414238693 0.029284134095190
24.500 0.091627618123979 0.017037706959322 0.016270042655378
24.625 0 .084185459432757 0.019474408545311 0 . 004699926818758
24.750 0.061939818423043 0.0162512276209T3 -0.002954682334514
24.875 0.027481836915307 0.007541363798939 -0.006217352155226
25.000 -0.013288712059669 -0.004129530887772 ·0.006616726495212
25 .125 -0.052656542010486 -0.014857830925478 —0.006889876294491
25.250 •0.154 -0.021068578280603 -0.009719558369515
25.375 -0.099827758554692 -0.021071086120300 -0.016491684429980
25.500 ·0.100974528864704 .-0.015664282906164 -0.026561538226175
25 .625 -0.088760092694334 -0.007520440020235 -0 . 037365137340504‘ 25 .750 -0.067'954788104046 0.0002457'95847746 -0.045421967378023
25 .875 -0.044240283778566 0.005476222138697 -0 .047858925295431
26.000 -0.022433020Z3037§f 'fäo.007590158016059 -0.043702978794106
26.125 -0.005393668438264?” · D.007274297610651 -0.034211712945623
26.250 0.006075641580575 _ V

0.005696867322695· -0 .0220987262$7664
26.375 0.012611676411602L 0.003845355068370 -0.010231370472881
26.500 1 _0.002269603844159 -0.000601654451298
26.625 0.01$977934876519 0. 143070036548 0.006007379461521
26.750 0 .015130421 177753 0.000430540555310 0 .009769021433226
26.875 0.013642349270635 _ 0.N0025042404291 0.01 13400419740$8
27.000 0.011943803667143 _ ·0.<h0179809947944 0.011465375188525A 27.125 0.010271784669936 -0.0®264885217763 0.010765818038809
27.250 0.008741180111419 __ -0.0N283938869391 0.009677201308010
27.375 0.0073?5818630821 -0.@6%00525754 0.008469910880517
27.500 0. I -0;0Ü241274601631 0.007293920250585V
27.625 0. ,_ -0:000208502906461 0 .006221707853962 • ‘
27.750 0.00444531T323611 L-'0.0N17656$51728 0. 005280207598989
27.875 0.0037 · -'0.Ü0147T30212934 0.004471752388012
28 .000 0.0031903258341831 _ ;.0 .000122746845368 0 .003786715909022
28. 125 0 . 002714582031463 V-0.«0®1_01622465891 0 .003210664835412
28.250 ‘ 0.002317469486429 -0.000084020451917 0.002728153432656
28.375 0 .001985329818707 -0.000069480842201 0 . 0023245744065670 28.500 0.001· -0.000057529698860 0 .001986936044951
28.625 0.001472602676728“ -0.000047729421 768 0 . 001704075478122
28.750 0.001 -0 .000039697912034 0 .001466595762704
28.875 0.00110T750256724 -0.000033112036669 0.001266683517924
29.000 0.000965701363589 -0.000027703773855 0.001097889038624
29.125 0.000844648651787 -0.000023253459559 0.0009$4909219212
29.250 0.000741138868635 -0.0000195823T3$80 0. 000833391132819
29.375 0 .000652333045349 -0.000016545720973 0.000729762367524
29 . 500 0.000575891458796 -0.000014026440205 0.000641088405668
29 .625 0.0005098805$7914 -0.000011929951584 0 . 000564954711118
29.750 0.000452697792924 -0.000010179807840 0 .000499370237820
29.875 0 .000403010928069 -0 . 000008714145251 0 .000442688953744
30 .000 0.000359709019461 -0.000007482815257 0.000393546236249
30. 125 0.000321862765639 -0.00000644$079647 0 . 000350807401490

6 30 .250 0.000288692381926 -0.000005567764978 0.000313526063328
30.375 0.000259541515053 -0.00000482378T304 0.000280910421136



123

30.500 0.000233856011407 -0 .000004190973510 0. 000252295929127
30.625 0.000211166590891 -0.000003651119264 0.000227123097904

. 30.750 0.000191074669507 -0.000003189235326 0.000204919424334
30.875 0.000173240725803 -0.000002792943612 0.000185284645659
31 .000 0.00015T574727502 ·0.000N2451992362 0.000167878674368
31.125 0.000143228230746 -0.000002157866077 0.000152411699143
31.250 0.000130587840940 -0.000001903470979 0.000138636039884
31.375 0.000119269784982 -0.000N1682880717 0.000126339426656
31.500 0.000109115393161 -0.000001491130271 0.000115339437499
31.625 0.000099987327680 -0.000001324048464 0.000105478881955
31.750 0.000091766425699 -0.000001178121480 0.000096621958437
31.875 0.000084349049535 -0.000001050381356 0.000088651046618
32.000 0.000077644856607 -0.000000938314621 0.00008’1464022345
32. 125 0JJ00071574917686 -0.000000§39787246 0 .000074972003724
32.250 0.000066070124983 Q.000069097453982
32.375 0.000061069842005··' -0.0000006%::1:0: 60.000063772580379
32.500 0.000056520755672 0.000058937979420

1 32.625 0.000052375898022, 0.000054541487544
32.750 1 0.0000485938J0501·°‘ -0.0000ö¥0495157171 0.°000050537203688
32.875 0.000045137828400 •0.000000447713110 0.000046884655989
33.000 0.000041975466801 ·0.000000405437227 0.000043548089667
33 .125 0.0000390W892476 -0 0.000040495857045
33.250 0.000036419468722 _— ·.0¢i0333963271 0.000037699893879
33.375 0.00003397T362269‘ ·0.00®3037l•896’3 1 0.000035135268759
33.500 0.00®31731203061 -0.000000276648028 ‘ 0.00003277'9794585’ 33.625 0.000029662789254 0.0000:061:60261a
33.750 0.000027755830898 0.000028619302756
33.875 0.00002:o0:726a16 0.0000267a0a20:0634.000 0.00002436937’0011 10.00002508412369434.125 0.000022864977692 0.00002;:166026::
34.250 0.000021671o62669_ 1-0„.016221Q}091 0.000022066::076o

. _ 34.375 0.000020180701829‘%iQ.QQOOÜ14902Ü06 0.000020723976755‘ · 34.500 0.000018982623768 0.00001o67o:a:a60
34.625 0.000017869905816 -0.000000126192840 0.000018325008820
34.750 0.000016835486359 -0.000000116311588 0.000017252713458
34.875 0.®0015872966261 -0.000000107314975 A0.000016255877888
35.000 0.000014976539626. •0.00WqN99114224 0.0®015328324251
35 .125 0.000014140932492 -0.000000091630392 0.000014464449279
35.250 0.000013361348526 -0.000000084793186 0.000013659164634
35.375 0.000012633420770 ·0.000000078539925 0.000012907844108
35 .500 0.000011953168787 -0 .000000072814644 0.000012206276745
35.625 0.000011316960491 -0.00000006756ß06 0.000011S50625231
35.750 0.000010721478128 ·0.000000062753116 0.000010937388852
35.875 0.000010163687919 ·0.1924 0.000010363370510
36.000 0.000009640812925 ·0.000000054267692 0.000009825647299 _

_ 36. 125 0.000009150308773 -0.000000050528042 0.000009321544220
36.250 0.000008689841897 •0.000000047083845 0.000008848610677
36.375 0.000008257270039 ·0.000000043908865 0.000008404599428
36.500 0.000007850624716 -0.000000040979444 0.000007987447713

1 36.625 0.000007468095479 -0.000000038274228 0.000007595260319
36.750 0.000007108015724 ·0.0000000357T3918 0.000007226294352
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36.875 0.000006768849927 ·0.000000033461056 0.000006878945536
37.000 0.000006449182107 ·0.000000031319831 0.000006551735883I 37.125 0.000006147705427 -0.000000029335911 0.000006243302560
37.250 0.000005863212781 •0.000000027496289 0.000005952387848
37.375 0.000005594588280 ·0.000000025789152 0.00000S677830068
37.500 0.000005340799545 -0.000000024203757 0.000005418555360

SYMIOL1 C=BLACK l•SPLII•E„ L•1 V•••0IE ;
SYMBOLZ CSBLACK i¤$PI.|||E L¤2·V¤||0IE ;
SYHBOL3 C•8LACK 1•$PLi||E L¤3 V¤1|0|E ;4
PROC GPLOT 0A‘|'A¤G|lI0lF ;
PLOT F45I|90*IMD $6G|30*RA0 E9ü445*RI0 / OVERLAY ;

B.3.5 TEST.DA'I' V ._ V · -

1.ooooo0oooo1.07456990454:4··.
Ü.9306048828

0.00000000 0.00000000 0.000000005 0.00000000 -1.00000@0»4 0.00000000 0.00000000 1.00000000
0.00000000 0.000N®054 1.0000Ö0040.00000®0 0.00000000 0.00000000

0.0000®000
44

1.00000®00 0.000000000
· ‘ •4.0®00N00 ” 1.000000000

0.000000000

0.000000000 0.000000000 .
1.000000000 4

V 5 1.000000000
0 .000000000 0. 000000000

-0.53728495 -0.93060488 -1.07456990
I4

Sjouoooooo -0.53728495 0.93060488
0.00000000 0.00000000 0.00000000 0.00000000 0.00000000 0.00000000
0.53728495 -0.9306048B · 0.00000000 0.53728495 0.93060488

1.0000000W 4 " 1.000000000 1.000000000 4
0.000000000 ·6.000000000 I 0.000000000
1.000000000 1.000000000 1.000000000 ‘

’ 0.86602538Z 0.866025448 0.86602538Z
0.000000000 O.866025404 0.000000000
0.866025382 0.866025448 O.866025382

·1.00000000 ·1.00000000 ·1.00000000 0.00000000 ·1.00000000 1.00000000
0.00000000 ·1.00000000 0.00000000 0.00000000 0.00000000 1.00000000
1.00000000 ·1.00000000 1.00000000 0.00000000 1.00000000 1.00000000

. 1 . 000000000 1 .000000000 1 . 000000000
1.000000000 V •8.000000000 1.000000000
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Ä
1 .000000000

Ä
1 . 000000000 1 . 000000000

0 .500000000 1 .000000000 0 . 500000000
1 . 000000000 0 .750000000 1 .000000000° 0 . 500000000 1 . 000000000 0 .500000000

12.211324880 11.674039928 11.211$24880 Ä
' 21 .150635120 20.22003037 -1 .026447805

•0.53598754 -1.026447805 -1 .094953004
— 0.000000000 -0.888929852 ~0.547476502

12.211324880 12.211324880 12.211324880
20.150635120 Z1.150635120 •0.53598754

· ·0.963180127 -053598754 ·0.963180127
·0.963180127 ‘ 3 -0.963180127

12.211324880 V12.748609832 13.211324880
Z1.150635120 ·0.831400842 W
•0.53598754 5 ·0.831400842‘ -0.735363290
0.000000000 5 -0.72001432ÄÜ Ä -0.367681645

11.211324880 · 11.136754976
Ä ‘ 11.211324880

Z1.150635120 · 21.15ß35120 5 _.£-0531400824° ·0.815306521 5 -0.831400824. Ä-0.815306521
. -0.815306521 Ä » •0.720014271 1 _ -0.815306521

12.211324880
’_Z1.150635120Z1.150635120 Ä °-0.53598754
•0.53598754 J Ä -053598754 ·· •0.53598754
Z.094395014 ·A $.141592521

13.211324880 Ä13.28S894785 Ä 13.211324880
Z1.150635120 21.150635120— -0.022719093
•0.062227779 -0.022719093 •0.062227779
•0.062227779 -0.019675313 •0.062227779

12.211324880 .11.67403992@„ _ 11.211324880
Z1.150635120 Z2.081240003 •0.022719051
•0.53598754 •0.022719051 ·0.171998288Ä 0.000000000 -0.019675275 -0.085999144

12.211324880 12.211324880 12.211324880
22.150635120 21 . 150635120 •0.53598754

0.285591150 -0 .53598754 0 .285591150
0 .285591150 0 .000000000 0 .285591150 —

· 12.211324880 12.748609832 11%.211324880 ‘
Z1.150635120 Z2.081240003 0.461420901

‘ •0.53598754 0.461420901 O.669396643
0 .000000000 0 .399602212 0 .334698322
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O.1465351279 0.1331823483 0.3175100285
0.0573681568 0.1196890743 0.2931383918
0.089166971 1 0.0134932740 0.0243716367

12.500000000 11 .962715048 1 1 . 500000000
21 .650635095 20.720030212 ·0.821327468
0.000000000 ·0.821327468 ·0.937891783
0.000000000 ·0.711290434 -0.468945892

12.500000000 12.500000000 12.500000000
Z0.650635095 21 .650635095 0.000000000
·0.710757432 0.0000®000 ·0.710757432
·0.710757432 0.0000000N ·0.710757432

12.500000000 13.037284952; » A. 13.500000000
21.650635095 20.T20030212 0 f _} V -0.479196873
0.000000000 _i0.479196873· -0.317104900
0.000000000 · ’·0.414996654 Ä V.,.„ Ä ‘° · ·0.158552450

11.500000000 A A 112425430096 11.500000000
21.650635095 21.650635095 V 1 V _•0.479196841 V
·0.451331773 ·0.479196Q41 „’V·0.451331773
·0.451331773 ·0.41499ß59 TA; ·0.451331773
12.50000®00

Ä
12.5N000000 ’ Ä 12.500000000.

Z1.650635095 Z1.650635095 " ·. 0.000000000 ·
0.000000Gß0.000000000

0.000000000
13.500000000 „ ·

V
13.574569904A1 A A 13.50000N00

21.650635095 “ 21_.650635095; .4 — Ä .A0.506089159
_ O.475339632 ’0.5ß089159 « O.475339632

0.475339632 0. ’ V 0.475339632

12.500000000 11 .962715048 11 .500000000
21.650635095

22.5812397zz
0.506089191

o.oo0oo0ooo 0.506089191 A 0.382901280
0.000000000 0.438286085' ° O.191450640

12.500000000 12.500000000 12.500000000
Z2.650635095 21 .650635095 0 .000000000

0.716479009 0 . 000000000 0 .716479009
0.716479009 0.000000000 0.716479009

12.500000000 13.037284952 13.500000000
21 .650635095 Z2.581239977 0.821327468
0.000000000 0.821327468 O.939767377
0.000000000 O.711290434 U.469883688

0.0799786871 0.0907083932 0. 1066367643
0.0666899751 0.0865788623 0. 1000200378
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0.0132887121 0.0041295309 0.0066167265

12.788675120 12.81}90168 11.788675120
Z2.150635069 21.220030186 4 •0.461420901
0.58598754 •0.461420901 ·0.666089}37
0.000000000 -0.399602212 ·0.33}044668 ~

12.788675120 12.788675120 12.788675120
21 .150635069 Z2.150635069 . 0.58598754
·0.27635988 0.58598754 •0.276}5988

_ -0.27635988 0.000000000 ·0.2763598}8

12.788675120 1}.325960072 1}.788675120
22.150635069 Z1.220030186 0.057289316
0.58598754 0.05729316 · 0.24338107 .
0.000000000 O.121691554

V
11.788675120 V V 11.788675120
Z2.150635069 " Ä „ 22.150635ß9 V 4 0.05729356
0.09203874} V }. 0.05729356 · 0.09203874}
0.09203874} 44 0.049614040 [V 0.09203874}

12.788675120
V.

1878875120 · _Y‘12.788675120
22.150635069 ‘ ~_ 22.1588069 · V ‘ 0.58598754 ,
0.58598754 · 0 0.58598754 _ 0.58598754

·2.094395014 A 4.72069932 VV ° #3.14159821 .

1}.788675120 V V_ 1}.863245024 V 4}.788675120
22.15063506¢"Q- „, V;22.150635069 0.84687027V O.829222172 VV - ‘· _0.829222172

O.829222172 O.829222172

12.788675120 { _ 11.788675120
22.150635069_ 8.08189952 V V 0.846887045

0 .58598754 0.846887045 0 . 774947539
0.000000000 O.}87473770

12.788675120 ‘ V12.788675120 12.788675120
8. 150635069 22. 150635069 0 .58598754 •
0.96643478 0.58598754 0.96643478
0.96643478} 0.000000000 0.96643478

12.788675120 1}.325960072 1}.788675120V 22 . 150635069 _8 .08189952 1 . 026447805
0 . 58598754 1 .026447805 1 . 096081854
0.000000000 0.88929852 0.548040927

. 0.2665990864 0.0242907566 0.1519827014
O.1718704035 0.01}5500150 0.1186043801

4 0.0947286829 0.0107407416 0.0}}}783212
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C. DIGITAL FILTERING

C.1 Nth Crder Differences I

A 5x5 unbiased digital filter for the 8-neighbor grid

lattice allows the use of third order differences in the

preferential directions. The grid lattice's window will
include every pixel within two pixels of the window's

central element pixelgj In general, larger digital filters

allow the modeling er higher order differences.

Consider theäörd order difference in the AU direction.

_„;‘f(U$2AU$&f(U+AU) f(U+AU)—f(U)
AU } -

T _AU AU
U ‘ I·f(U)-f1U+AU) .f(U—AU)—f(U—2AU)

};\/ZAU
{AU ‘_ AU

f(U+2AU) ¥ f(U+AU)”· f(U+AU) + f(U)
= + °

2(AU)3
+f(U) +,fjUéAU) + f(U—AU) — f(U-2AU)

I z(Au)3

f(U+2AU) - 2f(U+AU) + 2f(U-AU) - f(U-2AU)

2(AU)3

So that 3rd order difference convolution matrices can be

produced by using the following vector within each

128
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preferential direction of the digital filter.

_§;3 = [ -1 +2 0 -2 +1 ] (C.2)
1,5 A

All unbiased convolutions using odd-ordered (1,3,5,...)

differences will have zero in the digital filter's central

element. Therefore, the construction of the convolution
matrix that is using odd-ordered differences is easier
_because the preferential directions are not sharing the
central pixel in·the unbiased convolution window.

A 6-neighborrgridglattice can have its elementary
_ ·window expanded aroundjthe digital filter's central

·matrix component, h(0;§).% jhe window size may be specified

by the maximum_number bf pixel steps from the window's
• central element,

hä.
The total number of pixels for an

expanded 6-neighbor%gridQlättice window is less than the
total number of pixels for the comparable 8-neighbor grid

y lattice window, where all the window's pixels are within n

pixel steps of the window's central element.

2n
(2n+1) + 2[ 2 (i) ] : n step 6-neighbor window size

(2n+l)2 « ; n step 8-neighbor window size

. Figure C.1 illustrates a nonorthogonal address scheme for

the 6-neighbor grid lattice window size of n=2, where a



130

/ \
/ \

/ r°w\/col \ row; column position of index array
\ /\ /
\ /

/ \
· A

p _/\ / \
/ / \

/ 1 \—=’„/\ '/ \ /\ / \// V
’_ \, / V \ / V \\

0- F „ -1 O -2 2\ /„\”2 / \ ‘/\ / \ /\ /
\ — ?~·'/ g \ / \ /
\_.._„/ ¥o\/-,1 -1\/1 \._../
/ . \ p /\»Ü· / \ /\ / \— / . [ \ . \ / \

. / 1\/-2 \...1;./ o\/o \....../ -1\/2 \
\ /\r_ ‘°A \~ ‘ /\ / \ /\ /
\ „__p ;·\· / \ /
\......./~ 1Ä/„14’\.T.../ 0\/1 \i_/

F / \ /V_\ ¢ / \ /\ / \‘ / \ ,·/ \ / \0\/2 \
\ /\ / \ /\ / \ /\ /\ p / \ p . / V \ /

° ·. •lj ‘
1 1‘\ ” /\ F / \ /\ /

\ / \ /
\.1./ 2\/o \_.../\ /\ /\ /

F \.—../

3 Figure C.1: 6-Neighbor Grid Lattice N=2 Window
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skewed row and column structure is used. The maximum pixel
step window size of n=2 will allow the modeling of 3rd order

Y
differences in the 6·neighbor grid lattice.

C.2 Conversion Between Cartesian Position And Array Address

Most gridded representations of the spatial plane useY
the 8-neighbor grid lattice. The conversion between Y

Cartesian position, (x,y), and row and column array address,
· (r,c), is straightiorward.

]x] ]”]
=j. „ ‘

Öl (C.3a)
„ Y Y].? Oi.Q¥; ¢]“]=;

Ü · (C-3b)
c — 0ü_AY _ y

Where AX and AY are grid post spacings in the Figure 2.1
A orthogonal 3 and 3 preferential directions. conversionsi

between address and position are just scalar multiplication
j operations.

F The 6—neighbor grid lattice preferential directions are
‘ not orthogonal to each other. consider the two preferential

directions of 3 and 3 in Figure 2.1. The conversion
between Cartesian position, (x,y), and row and column array

address, (r,c), is an affine transformation between the
(x,y) and (v,w) coordinate systems.
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_ x 1 sin30° r
= [AD] (c.4a)

y 0 cos30° c

_ (-1)r 1 s1¤a0° x
= [AD]'1 s (C.4b)

c 0 cos30° y

Where AD is the grid post spacing distance in all the
6-neighbor grid Iatticegs<preferential directions. So the

6-neighbor gridrlatticeis conversion between position and
· address is a skewedwcoordinate transformation.

Consider the Q-neighbor grid lattice storage array with

the following row and column array addresses, (r,c).

(•1,'1)()(tl, G), (-1, 1) .
( 0,-1)( ¤;}¤)j ( ¤, 1) (C·5))

2 ( 1,-1) ( 1, G) ( 1, 1)

i _ The array address §¤<0a£¤es1a¤ position transformation for
1

the 6-neighbor grid lattice's elementary window, where n=1,
„ creates a sparse matrix of Cartesian position, (x,y).

2 · empty (-1, O) (-sin30°, cos30°)

[AD] (-sin30°,-cos30°) ( 0, 0) ( s1¤s0¤, cos30°)
( sin30°,—cos30°) ( 1, O) empty

(C.6)
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where sin30°=1—sin30°. For this paper's purpose, the
6-neighbor grid lattice's elementary window storage array

diagonal directions corresponded to the g and w preferential
directions. V

(-sin30°,-cos30°) (-1, 0) (-sin30°, cos30°)
[AD] empty ( 0, 0) empty

( sin30°,-c9e30°) ( 1, 0) ( sin30°, cos30°)

That gives a better intuitive sense of direction in the
6-neighbor grid latticefs 3x3,elementary window. However,
the ability to maintain such intuitive connectivity is lost
when the 6-neighbor grid;la€tice's window size increases to
n>1. im

*fThe6-neighborTgri§§lattice'canhave the elementary
window expanded fartheréaround the elementary window's
central element, so that the window size is is specified in
terms of maximum pixel sqeps, n, from the central pixel,

(0,0). Figure C.1 illustrates the 6-neighbor grid lattice

window size of n=2. In figure C.1 the row and column array

addresses, (r,c), are shown in each hexagonal pixel (hexel).

A sparse 5x5 matrix is produced.
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+ + + + + (C.8). + + + + -W + + + - - 4

Where the pluses, +, are the only used array elements when
· using Equation C.4 for conversion between array address and

Cartesian positionr .

‘ C.3 Sample Digital filter Matrix Convolutions

4 This section displays the 6-neighbor grid lattice's

digital filtering matrik convolution results along the
~ circular edge line where the mathematical Laplacian is

‘
maximized on the radiälharctangent profile forming a
continuous uva-aimansipnai mathematical surface of
rotation, at the sample point where edge orientation equals

60° for the 6-neighbor grid lattice. These are numbers from

the TEST.DAT file produced by write statements from thei FILTER.FOR roÜtinei,« l
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-1.026447805 -0.831400824 -0.022719051
E'* H6 = -0.523598754

-0.831400842 -0.019675313 0.46l420901

_ *
1 1 1

[ 0.8666025 ] -6
_ 1 1 1

= -Ü0.888929852g-.0.720014271 - 0.019675275
.„ ÄÜ„+ 2.720698932

.-·0.720014232„- 0.019675313 + 0.399602212
¢’= · t0.751992201

E

The 8-neighber grid latti¢e's digital filtering matrix
convolution results can be äisplayed at the same sample

6
point where the 6-neighbor grid lattice results were '

displayed. ägipau EI 1 —’

-1.094953004 -0.815306521 -0.171998288
ß'* E8

=‘ '-0.963I80127 -0.523598754 0.28559115O‘ 1-O.735363290 -0.062227779 0.669396643

* .
0.5 1.0 0.5
1.0 -6.0 1.0
0.5 1.0 0.5

_ = - 0.547476502 - 0.81530652l - 0.085999l44
- 0.963180127 + 3.14159252l + 0.28559115O
- 0.36768164S - 0.062227779 + O.334698322

= +0.920010275
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Both calculations illustrate the different calculations even
though each digital filter's central element is in an
identical sample point position.

C.4 Radial Profiles Perpendicular To Edge Lines
The discrepancy curves, for each circular edge of

constant radial distance from the surface of rotation's
radix, included critical points at different edge
orientations that are indicated in Table 4.1. Each _
n-neighbor grid lattice’s digital Laplacian filter matrix
convolution_results are compared along two identical radial
profiles (at different orientations) perpendicular to the
edge lines on the arctangent surface of rotation. That
verifies the differehces in the precision of n—neighbor
digital Laplacians.t ”_pgr

Figure C.2 shows the relative precision of the
L P 4-neighbor, 6—neighbor;“and»8-neighbor digital Laplacians.

Where each respective njneighbor grid compares paired radial
profile's aigicgi/Lapiacian filter matrix convolution
differences. one radial profile is oriented at the minimum

·error curve position of the circular edge lines, and one
radial profile is oriented at the maximum error curve
position of the circular edge lines, positions which are
indicated in Table 4.1. The width of each curve along the
y-axis represents the range of different digital Laplacian
matrix convolution results along identical radial profiles
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3
1 perpendicular to the circular edge lines. r

The width of each curve with respect to the vertical

axis decreases as the precision of the digital Laplacian

increases. The range of all n—neighbor grid lattice
discrepancy curves is greatest nearer the shoulders of theN
arctangent profile function's radial ramp. The 6—neighbor
digital Laplacian is the least wide curve, hense it is the
most precise digita1_Lap1acian.

C.5 preq„e„cy?§„„e;a Digital Filters
The digita} image can be frequency filtered in its

spatial
aamaihfi

ThatQis.accomplished by utilizing the row l
to column vector products of regular matrix multiplication.

An alternate interpretation of the matrix convolution
equation can be_used to frequency filter the digital image

V i in its spatial domain.·“

g(x,y} V =‘ frf h(s) f(x-s,y-t) h(t) 6s 6t (C.9a)

9(Xi„Yj,) = id; hx(i«S> f(X1+S«Yj+t) hy(trj) (¤·9b)

if h(s,t)=h(s)h(t). That interpretation produces vector

products between the digital image and pairs of digital
filters. Where hx=[h(i,0),...,h(i,m—1)] is the ith row

. vector of the ßx matrix, that will produce vector products

with all the E matrix's column vectors in the image's g

direction. And where hy=[h(0,j),...,h(n—1,j)]t is the jth
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A column vector of the Hy matrix, that will produce vector
. products with all the E matrix's row vectors in the image's

y direction. The hx(i,s) and hy(t,j) are vector elements
T

that are discrete values of the h(s) and h(t) functions,
1 i

respectively. So that if £ is a matrix of (m,n)

dimensions, then

ß. = .¤.,, <<=-1¤>m,n m,m_·m,n n,n _,

A vector Q is periodic if:

Md)Vfor

all h elements. {The vector's periodicity is p(AU) where

is a vector of dimension m, with grid post
spacing AU in the Qdirection.A~i” The periodicity reflects the

vector's frequency.
“‘ *”"

The digital image Q can be filtered by periodic
vectors, if those vectors are contained as rows or columns

of the ß matrices. The vector components will just be

discrete values of continuous periodic functions of

frequency p(AU)/(znr); where (AU)/(Zar) is the grid post

spacing of the digital image converted to radians of a

circle of radius r, in the direction the vector products are

occurring on the digital image.
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The image can be filtered of certain frequencies in its

spatial domain by transforming the Q matrix to a Q' matrix,

accomplished by zeroing out portions of the Q matrix

recognized as paired vector products in two directions of

F, between vector pairs of various periodicities.,

L = (Lx)'1 L (..H.y)-1 (C-ll)
m,n m,m m,n n,n _

i
if the § matrices were originally designed as nonsingular

' matrices. Certain periodic functions do exist to produce

nonsingular ß matrices. Examples include the Discrete

‘Fourier Transformatiön,¤the„Hadamard Transformation, and the
Karhunen—Loeve Compression. ·The original F image matrix.

_ will be reconstructed°asif',~with certain frequencies
i

caused by paired vector products (in the Q matrix) being

removed from the original digital image by the inverse

transformation on the Q’ matrix.

C.6 Grid Lattice Scanner Designs

The sensor's spots are arranged in row and sample,

(r,s), when producing an 8-neighbor grid lattice digital

image. A 6-neighbor grid lattice digital image can be

produced by offsetting sensor spots along the scan

direction on alternating scans. Figure C.3 illustrates

resultant sensor spot positions for scanners, for both the

8-neighbor and 6-neighbor gird lattice digital images.
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If the flying spot sensor(s) are attached to a wheel
i

all the scan directions will be identical. In a push-broom
scanner there can be a zig-zag pushing pattern of each row

of sensors. Figure C.4 illustrates those scanner designs

by showing the motion of rows of scan spots.

An 8—neighbor grid lattice scanner could be modified to

a 6·neighbor grid lattice scanner by adjusting timing
mechanisms controlling the scanner's sensor array positions
in the sample direction (along each scan). An adjustment of
the scan stepover may be necessary to maintain the

4 connectivity of the scan spots, comparing spot patterns of

the 8-neighborjscaler'yersus the 6·neighbor scanner with
identical spot sizes in Figure C.3.
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Where the scan spot ooordinates are row and sample, (r,s), scan positions,indicated by the following symbols.

· Single Spot Row of Spots

ß —-"'“'
° S 8-Nelghbor Grid Scanner Spot Design .

~

V n 6·Neighbor Lattice Scanner Spot Design

Si<

· > ————<·~—~ @@G@@

_ S Figure C.3: Scanner Spot Designs
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Where each row of scan spots is a solid bar. And the scan direction is
indicated by arrows.
Flying Spot(s)

¢·-"

Push Broom (pushed pair ef oflset sensor rows)

V. L

Push Broom (zig·zag pushing pattern of single sensor row)

‘Figure C.4: 6—Neighbor Grid Lattice Scanning Patterns






