APPENDIX C AREA AND MEMBRANE CORRECTIONS

APPENDIX C.1 Parabolic Area Correction



Derivation of Parabolic Radius and Area Correction

for Drained Loading

Equation for a parabola with vertex = V(a,b) (z- b)2=4-p-(rf a)

For specimen: b=—

2 2
Solve for r: =1, <4'Z —4z-h+ h + 16-p-a>
16 p

BC's: l)at z=0,h r=r,
2)at z=h/2 r=a

1. rg&=—:
) 0 16 p
K2
Solve for p: =-——
P = <16-r07 16-a>
2 2
Substitute p into expression for r: r=i- <4'Z -4zh+ i+ 16-p-a>
16 p
2
7 z
=ro+ 4 2 h)-(ro a>




Define the volume in terms of initial volume and volumetric strain:

initial volume:

Solve for a (two roots):

2
Vol O=p-r0 hO
Volume=Vol 0-(17 ev>

Volume=pr Oz-h 0-(17 ev)

h
Vol ume=J‘ p- % dz
0

Volume=i-p-h- <8-a2+ 3r 02+ 4.r O-a>
15

p-roz-h 0-(17 ev>=li5-p-h- <8-a2+ 3-r02+ 4-r0-a>

l-ﬂ%%so-ho(lf ev> - 5-h}

o

l.{,ﬁ,, Jso-h0-<1f ey) - 5-h}

o




Root 1 is the correct root.

The complete equation for the radius is:

2
Z z
r=rg+4 hZh>-<r0 a>
7 z 1'o0
r=rg+ |45 - 4.5 roff-—-{f%wJSO-ho-(lfev>f5-h}
2 h 4%
2 h
Z z 0
=ro/1+ /% %)|5- [30—-(1-e, -5
r=rg +h2 hM J h< ev> ]
ho—h h
Define axial strain: es= or el —
h h
0 0
h0= h




Substitute into expression for r:

For corrected area: A=A O-k

At the mid-height of the specimen z=h/2 so:

o1t 30-<lfev>75 _Ac_ 1
ro 4 4 <17ea> Ag




APPENDIX C.2 Variation of Strain for Parabolic Area Correction



Variation of Strain for Parabolic Area Correction

BC's: 1)at z=0,h r=r, ro=14 zz:=20
2)at z=h/2 r=a
h:=51 .
i:=0.2zz
hO =6 i
z.=—h
eVAVG =0.0 2z
. o <zl>2 z h
The complete equation for the radius is: 1, :=rg| 1+ > h | 5- 30.7h.<17 evAVG> -5
h
ro-r r
The radial strain at height h is: e= e m1-—
rO i rO

, . . hg—h h
Define average axial strain: eaAVGCS 5 or eaavG S 1o -
2 1-e
Radial strain: r'<22 B Z> B 30-< vAVG> E
K h <1f eaAVG>

All strain are constant in horizontal plane, so strains can only vary with z. Radial strain varies with
z, and is determined from equation above.

1- ev=<17 er>2-<17 ea>



1.) Assume that volumetric strain is distributed uniformly with height,

so that €, is equal to €,5yg
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2.) Assume that axial strain is distributed uniformly with height,
so that €, is equal to €5\

17ev=<1fer>2-<lfea> €a “faAVG
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evi =

1- <17 eri>2-<1f eaAVG)
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3.) Assume that variation of axial strain and volumetric strain is consistent with the variation of
radial strain with height.

(1- eyavg)=(1- erAVG>Z'<1* €aAVG)
(1- evava)

(1- eave)= 1 eanvo)

Apply variation in radial strain equally to axial and volumetric strain.

~&rAvVG 2_*" 8VAVG
Bl y o
(1-ey 1-eave
1-e
1o VAVG | 1
. (1-eravg) (1-eravg)

e

(1- eaavg) 'W

Since: <1* er> = <i ev; then the axial and volumetric strain can be defined.
ey
1-evave -
T e ) AVG
e m (1-ea)=(1- eanvg) <<1rer>>
<17 er>
1-
(1-ey)= < EVAVG > PR
1-eyave e
vl R
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J 1-e (1-e
1 GV>=J<1* evavG)(1- eaava)-(1- ¢ 1-ey)= (1 evave) (1~ eaavg)
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APPENDIX C.3 Sinusoidal Area Correction



Derivation for Sinusoidal Radius and Area Correction

Drained Loading

Equation for a sinusoid with:

1.) half period =h
2.) amplitude =b

For specimen:

Solving for r:
BC's: 1)at z=0,h
2)at z=h/2
1)
2))

r=r,

r=ry+b
ro=ro+ bsin(0)

I’O=I’O

ro+ b=rg+b-sn P

rotb=ro+b

To find b, the volume relationships are examined:

rh
Volume= p: % dz

’

Volume= piro+b-sin

p)) dz
h

/0

Volume=r02-p-h+ 4-b-roh+ %-bz-p-h

Volume=

r02+ﬂ-b-r0+}-b2 -p-h
p 2

(r— a)=b-sin

pz
h

a=r0

=rg+ b-sin

pz
h

ro=ro+ bsin(p)

I’O=I’O



Define average axial strain: _ ho-h _ h
e = or e=1- —

Substiute for h based on average axial strain:

Volume=

2 4 )
o **p'b'r0+5'b )'P'h0'<lea>

Substiute for Volume based on average volumetric strain:

Vol=Voal 0-<17 ev)

r02+ 4-b-r0+;-b2>-p-h0-<l ea>=VoI 0-<17 ev>
p

Initial volume: Vol g=pr Oz-ho

r02+il'b'r0+ ;'bz)'lo'h 0'<1* ea>=p'r02'h0'<1* ev>

e

"o

<17 ea>

Solve for b:




Check to see which is the appropriate root:

eq -1 ey =0 ro =14 hi=54 z.=—

by =rgf- b, =0.118

by =rg b, =-3.683
r1r0+bl-sin<p;> r2r0+b2-sin<:z)
rq=1518 b, =-3.683

Root 1 is the correct root.

Now we have a complete equation for the radius:

Rewriting:




For corrected area:

O
AO roz
2
E: 1 16 2+ 2.<176V> 4 -Siﬂ(pz)
0 p (lfea> p h
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APPENDIX C.4 Superposed Membrane-Specimen Stress-Displacement
Solution



Superposed Solution for Stresses Under Combined Loading of Membrane

and Specimen

Superposed Solution for Thick-Walled Cylinder:

2 2
PO'b — Pi-a

2 2
b°— a

D=

Stress Vector:

Strain Vector:

2
C= a“b -<P0’Pi) A=P,
b? - &
_ I 2 2
2 227222'<07'>
r b”- & r <b - a>
s=| A s= A
C 2 2
D+~ Pyb™- Pja a’b? <P P>
o i
r b2 2 r2-<b27 a2>
D-(lfn)fA-nf(—z-(l+ n)
r
1
= A-D-(2n)
= C
D-(lfn)fA-n+—2-(l+ n)
r




r{D-(1-n)- A-n+(—:2-(l+ n)

. r
Displacement Vector: u=—l-
E z-(A-D-(2:n))
0
For Specimen,a=0
D=P =P 5 C=0
P
0s Pos <l ns>*Pas'ns r'[Pos'<1*ns>*Pas'ns}
s=| P 1 .
* = Pas Pos(2ng e [Pas* Pos'<2'nsﬂ
P S
0s
Pos (1 ns>fPaS-nS 0
For Membrane I:)O'bZ* F)i'az a’b?
D= C=——(Po-Pj) A=P 4









2)Atr=a and U Su or Egm=Crs
b2
P b2 P..g? 2 2'<P0* Pi)
Elm Obzal -(lfnm%Pam'”m*b a a 1) =Els.{POS (1-ng - P
12 a(1-np)+b%(1n
Elm bfbaz Po- < T))z a2< m>]'PIPam'nm=ElS'[PI <17n3>7pasn3}
i ) 5
1 1 a-<1fnm>+b-<l+nm> 1 1 | 2.p?
Pi.ES.<1nS)+Em. 2 -E*S'Pas'ns* m'Pam'nm+E7m' b2 2 0
7Em'<b2* az)'<1* ng)+ Es‘{az'@* Nm) + b2'<1+ nmﬂ =1 1 [ 2p?
Py ES-Em-<b27 &) -Eis.PaS.nSﬁEim. b2 az'Pof Pam™m

Em'<b2* 32>'Pa3'ns* Es‘<b2* az>'Pam'nm+ ES'<2'b2'P0>

{Em'<b2* az>'<1* )+ Es‘{az'@* Nm) + b2'<1+nm>ﬂ

P=




3) e m=e <p b2 p..a2>
zZm *~a ea:Ei Pa—n* Ob2 al _<2_nm>
m _
P b P&
Pan=€aEm+ Obzazl -<2-nm>
4) e =e
Zs *a ea=Ei_[paS, POS'<2 nsﬂ
s

Substitute 3.) and 4.) into 2.)

Epy(b?- &) Pagng Eglb’ &)-Pannp+ E(20%Py)

(b’ &) (1ong Egl@(1ong) e b*(1ing) |

P b? P&
Pob’- P

Em-<b27 a2>-<ea-ES+ Z'Pi'ns>'n3* ES-<b27 az)- eqEmt 2-W'nm

2
N+ 2EgPgb

(b’ &) (1ong Egl@(1ong) e b*(1ing) |



1

ES-a2-<2-n m2> + Em-<b27 a2>-<2-n82)

Eplb® &) (1ong Eg @ (1ong) o™ (1eng) |

egEgE (b @) (ng np) - 2EgPb% (107

Eplb &) (1ongEg @ (1ong) b (1eng)]
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ea-Em-<b27 a2>-<nsf nm) + 2-P0-b2-<1+ nm>-<lf nm>
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