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Fundamentals of Cache Aided Wireless Networks
Avik Sengupta
(ABSTRACT)

Caching at the network edge has emerged as a viable solution for alleviating the severe capacity
crunch in content-centric next generation 5G wireless networks by leveraging localized content
storage and delivery. Caching generally works in two phases namely (i) storage phase where parts
of popular content is pre-fetched and stored in caches at the network edge during time of low
network load and (ii) delivery phase where content is distributed to users at times of high network
load by leveraging the locally stored content. Cache-aided networks therefore have the potential
to leverage storage at the network edge to increase bandwidth efficiency. In this dissertation we
ask the following question - What are the theoretical and practical guarantees offered by cache-
aided networks for reliable content distribution while minimizing transmission rates and increasing
network efficiency?

We furnish an answer to this question by identifying fundamental Shannon-type limits for cache-
aided systems. To this end, we first consider a cache-aided network where the cache storage phase
is assisted by a central server and users can demand multiple files at each transmission interval. To
service these demands, we consider two delivery models - (i) centralized content delivery where
demands are serviced by the central server; and (i) device-to-device-assisted distributed delivery
where demands are satisfied by leveraging the collective content of user caches. For such cache-
aided networks, we develop a new technique for characterizing information theoretic lower bounds
on the fundamental storage-rate tradeoff. Furthermore, using the new lower bounds, we establish
the optimal storage-rate tradeoff to within a constant multiplicative gap and show that, for the case
of multiple demands per user, treating each set of demands independently is order-optimal. To
address the concerns of privacy in multicast content delivery over such cache-aided networks, we
introduce the problem of caching with secure delivery. We propose schemes which achieve in-
formation theoretic security in cache-aided networks and show that the achievable rate is within a
constant multiplicative factor of the information theoretic optimal secure rate. We then extend our
theoretical analysis to the wireless domain by studying a cloud and cache-aided wireless network
from a perspective of low-latency content distribution. To this end, we define a new performance
metric namely normalized delivery time, or NDT, which captures the worst-case delivery latency.
We propose achievable schemes with an aim to minimize the NDT and derive information theo-
retic lower bounds which show that the proposed schemes achieve optimality to within a constant
multiplicative factor of 2 for all values of problem parameters. Finally, we consider the problem of
caching and content distribution in a multi-small-cell heterogeneous network from a reinforcement
learning perspective for the case when the popularity of content is unknown. We propose a novel
topology-aware learning-aided collaborative caching algorithm and show that collaboration among
multiple small cells for cache-aided content delivery outperforms local caching in most network
topologies of practical interest. The results presented in this dissertation show definitively that
cache-aided systems help in appreciable increase of network efficiency and are a viable solution
for the ever evolving capacity demands in the wireless communications landscape.
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(GENERAL AUDIENCE ABSTRACT)

Caching at the network edge has emerged as a viable solution for alleviating the severe capacity
crunch in content-centric next generation 5G wireless networks by leveraging localized content
storage and delivery. Caching generally works in two phases namely (i) storage phase where parts
of popular content is pre-fetched and stored in caches at the network edge during time of low
network load and (i7) delivery phase where content is distributed to users at times of high network
load by leveraging the locally stored content. Cache-aided networks therefore have the potential to
leverage storage at the network edge to increase bandwidth efficiency. In this dissertation we study
cache-aided systems from an information theoretic perspective and identify fundamental Shannon-
type limits for such systems. The results presented in this dissertation show definitively that cache-
aided systems help in appreciable increase of network efficiency and are a viable solution for the
ever evolving capacity demands in the wireless communications landscape.
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Chapter 1

Introduction

The nature of traffic over wireless cellular networks has undergone a paradigm shift in recent
times to become increasingly data and content-centric. In the era of 2G and 2.5G systems, cellular
communications was primarily circuit-switched with voice communications holding precedence
over data communications. However with the advent of 3G [1] in the form High Speed Packet
Access (HSPA) and HSPA+, the nature of wireless traffic underwent a shift towards becoming
increasingly data centric. Finally the advent of Long Term Evolution (LTE) [2-4] as global stan-
dard in wireless cellular communications and the proliferation of smart-phone technology, has led
to a near-complete transformation of wireless networks from circuit-switched to packet-switched
with data traffic holding precedence. The legacy circuit-switched networks are employed in some
systems for voice communications pending the reliability of packet based Voice-over-IP (VoIP)
improving to support stringent latency requirements for voice data. This paradigm shift has also
changed the way consumers use wireless devices 1.e., from strictly voice based usage in early
1990’s to exceedingly content based usage in recent times.

Consequently, efficient content distribution over wireless networks has been an area of focus for
the industry as well as academic research communities. Fig. 1.1(a) and 1.1(b) show the projected
wireless data traffic (in Terabytes/month) growth over a period of 5 years from 2014 —2019!. It can
be seen that the global usage of smart-phones is increasing and will completely dominate non-smart
devices by 2019. Furthermore, devices like tablets will also become major consumers of wireless
mobile data. Tablets and smart-phones are primarily used for content-centric data access over
cellular networks. Based on such device usage characteristics, it is expected that for upcoming 5G
wireless systems [5—7], multimedia content like video will hold precedence over all other types of
mobile data traffic. Fig. 1.1(b) validates this by showing that mobile data traffic will be dominated
by video which is projected to see an increase of almost 66% in terms of generated traffic. Most
of this traffic falls under the category of elastic traffic. Elastic traffic like buffering video and
file sharing are classified under the category of Non-GBR (non guaranteed-bit-rate) traffic in the

The data was obtained from Cisco’s Visual Networking Index (VNI) projections which gives projected growth of
mobile and web traffic over period of 5 years based on current growth rates.
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Figure 1.1: Projected Mobile Data Traffic Growth (a) by Device Type and (b) by Application
Category (Data Source: Cisco VNI).

LTE architecture [8]. This kind of traffic is essentially more tolerant to delays and latency and
has less stringent packet error requirements as compared to GBR non-elastic traffic like VoIP, live
streaming video, interactive applications, gaming and remote control signals. However, Non-GBR
traffic typically has much larger data volume and thereby the capability of overloading the network,
especially at the rate of projected growth as predicted by Cisco. As a result, ensuring the reliability
and scalability of present day networks to handle such large amounts of data is an area of active
research.

1.1 Increasing Network Efficiency

In this section, we discuss existing approaches towards increasing network efficiency and resiliency
in order to enable networks to handle extremely large volume of data traffic. The first step in this di-
rection was taken by the introduction of Multiple-Input-Multiple-Output (MIMO) communication
systems, wherein transmitters and receivers were equipped with multiple antennas to exploit diver-
sity and multiplexing gains [9]. Current cellular systems like LTE make extensive use of MIMO
and related signal processing mechanisms in the PHY layer to boost data rates. The advantages of
MIMO will be further leveraged in the new 5G wireless standards where massive MIMO [7,10] is
expected to play a key role in increasing bandwidth efficiency for high frequency, high data-rate
communications. However, even with the use of MIMO (or massive MIMO), state-of-the-art tech-
niques are needed to exploit available bandwidth resources with maximal efficiency. To this end,
Fig. 1.2 highlights some of the key approaches in current use. We next discuss these approaches
in detail.
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Figure 1.2: Approaches to Increasing Network Efficiency

1.1.1 Heterogeneous Networks

To increase network capacity in a cost-effective manner, a paradigm shift in cellular network in-
frastructure deployment has occurred away from traditional (and expensive) high-power tower-
mounted base stations, towards heterogeneous network (HetNet) elements. Examples of HetNet
elements include microcells, picocells, femtocells, and distributed antenna systems (such as remote
radio heads), which are distinguished by their lower transmit powers and smaller coverage areas,
physical size, backhaul (wired/wireless), and propagation characteristics. These elements are gen-
erally referred to as small-cell base stations (sBSs) and are deployed in large numbers within
a cell leading to network densification [11] which is envisioned to continue into the the future
through the deployment of 5G systems. The sBSs are capable of connecting to the parent BS via
wired/wireless backhaul and help in increasing the coverage of cellular networks by plugging spa-
tial spectrum holes which leads to efficient use of frequency resources. By efficiently using these
sBSs for multimedia content distribution, the load on the parent BS can be considerably reduced.
HetNets can also act as relays to extend coverage range and is a salient feature for LTE-Advanced
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networks [8]. The gains, both economic and technological, offered by HetNets has attracted a wide
body of research in modeling and design of such networks [12—14]. HetNets also entail further in-
terference management techniques in the form of Inter-cell-interference-cancellation (ICIC), as
well reintroducing the concept of Fractional Frequency Reuse (FFR) [15-17] in LTE? whereby
different frequency bands are used for parent BS and the sBSs.

A different approach to capacity utilization in this paradigm deals with low power direct commu-
nication between devices i.e., device-to-device (D2D) communications. In LTE, this technique is
classified as a part of Proximity Services [18] while Qualcomm has adopted it as LTE Direct [19].
The main idea is to cluster devices with similar shared content together and offload their com-
munications as an underlay to the cellular networks [20-30]. This ensures efficient frequency
reuse within cells since the low power direct communications causes minimal interference. Such
networks are ideally suited for localized exchange and distribution of high data rate multimedia
content. This makes D2D an attractive choice for public safety applications as well as aiding in
elastic video distribution and sharing. Qualcomm’s FlashLinQ [31] is an example of a PHY layer
protocol which supports LTE Direct as an underlay to a cellular network.

1.1.2 Spectrum Sharing & Cognitive Radio

Another approach to utilizing the potential of current wireless networks is through efficient and
complete use of existing spectral resources. The FCC spectrum policy task force has reported
that a significant amount of the current licensed spectrum is sporadically utilized [32] and the
fixed spectrum assignment policy currently in use should be modified in order to support the ever
growing wireless data traffic. The key enabler in breaking the spectrum gridlock is Cognitive Radio
(CR) technology [33,34]. CR enables secondary or unlicensed users (SU) to dynamically access a
licensed Primary User’s (PU) band when it is not in use. This opportunistic sharing of PU bands
with the SU is popularly known as Dynamic Spectrum Access (DSA) [35]. DSA exploits white
spaces in the frequency spectrum usage and secondary transmissions are scheduled on an ad-hoc
basis, avoiding interference to primary spectrum users.

The main constraint for the secondary devices (or cognitive radios) is to guarantee that the inter-
ference caused to the Primary Users’ (PU) needs to be below a tolerable threshold [36]. To this
end, spectrum sensing [37,38] is an important component of the DSA architecture. Spectrum sens-
ing [37] is the task of obtaining awareness about the spectrum usage and existence of primary users
in a geographical area. Spectrum sensing, however, is limited in its usefulness by hidden primary
node problems, which leads to mis-detection of spectrum holes and causes unwanted interference.
Cooperative sensing is proposed in the literature for handling hidden primary user problem [38].
Cooperative sensing increases the sensing accuracy by fusing data from multiple nodes and thus
takes advantage of spatial diversity. However even cooperative sensing methods are fundamen-

?Legacy LTE systems are generally termed as reuse 1, meaning that each cell has the entire licensed frequency
band from which to allocate resources to its users. These systems increasingly rely on efficient orthogonal resource
scheduling and advanced interference management techniques at the cell edge for efficient network operation.



Avik Sengupta Chapter 1. Introduction 5

tally limited by factors such as SNR walls [39], presence of noise and modeling uncertainties.
This motivates approaches based on Radio Environment Maps (REM) [40,41], and hybrid tech-
niques [42,43] which employ sensing combined with REMs. A wide range of efforts deal with the
introduction of cognition into the LTE standards to facilitate spectrum sharing especially in public
safety networks [17,44-46].

Recent efforts have been focused on applications of sensing based DSA in spectrum sharing
[47-52] for cellular networks which is expected to be one of the key enablers for 5G [5]. If a
cell of an operator is under-loaded for a certain period of time, then a part of the spectrum will be
wasted, while it could have been exploited by co-located/adjacent cells of other operators experi-
encing high traffic [53]. In addition, exploiting diversity between end-users and different operators’
base stations may result in a higher throughput for the user with the same total bandwidth utilized
but from differing operators. Inter-operator spectrum sharing for 3G systems has been discussed
in [54-57]. With the introduction of 4G LTE and the shift towards complete packet-services-based
networks, frequency spectrum sharing among cellular operators became a more feasible architec-
ture. Spectrum sharing policies proposed could be generally categorized into non-orthogonal and
orthogonal. The former allows several base stations to use the same transmission frequency at
the same time, provided that the level of interference at the intended receivers is below a desired
threshold. The latter considers mutually exclusive access to the shared spectrum and hence does
not tolerate any interference [53]. Non-orthogonal spectrum sharing approaches are considered
as resource allocation problems under interference constraints. Solutions presented include trans-
mit beam-forming [58], Dynamic Frequency Selection (DFS) algorithms based on interference
measurements [59], and more complex game theoretical perspective [60,61].

As a result of concerted and focused research activity in this area, recently the FCC has approved
the proposal of using the 3.5GHz band as a platform for future spectrum sharing innovation [62].
FCC calls this the “Innovation Band” and has proposed setting up the “Citizen’s Broadband Radio
Service”. The use of advanced spectrum sharing technology will allow wireless broadband systems
to share spectrum with military radars and other incumbent systems in this band, while protecting
federal missions. Spectrum Sharing has received a further boost from the 3GPP which has adopted
spectrum sharing in LTE Release 13 under the moniker of “LTE Licensed Assisted Access” (LAA)
with industry leaders like Qualcomm and Ericsson leading the innovation in this paradigm [63,64].
Furthermore, shared spectrum access between different Radio Access Technologies (RAT) has
been another area of active research in the recent past with Intel’s LTE-WiFi Aggregation (LWA)
providing a framework for spectrum sharing and aggregation between LTE and WiFi. To this
end, the wireless industry has also made a recent thrust towards harmonious co-existence of LTE
and WiFi in unlicensed bands [65] which inherently use the theoretical framework of cognition in
shared spectrum.

Related Publications: The scope of inter-operator spectrum sharing as well as cross layer resource
allocation for spectrum sharing in a Cognitive-LTE framework has been explored in our previous
works presented in [17,46].
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1.1.3 Massive MIMO and mm-Wave

Another area of active research has been in the deployment of mm-Wave cellular communication
systems [66—68] as a key enabler for 5G systems. The deployment of cellular communications in
the mm-Wave bands (e.g, 28 GHz) has the advantage that wide bands of unused spectrum is freely
available and can potentially support Gigabit communications over the wireless links. Although
the idea of mm-Wave communications has been around for almost 60 years [69], only recently has
it been seriously considered as a candidate for cellular network deployment [70] in the wireless
industry. The fundamental differences of mm-Wave communications with Sub-6 GHz range is the
vulnerability to blocking and the need for significant directionality at receivers/transmitters [67].
To this end, massive MIMO [7, 10] has emerged as a perfect candidate for implementation of
cellular transmitter and receivers in mm-Wave owing to its inherent capability of exploiting large
antenna arrays for beamforming with very high directionality. Recently, the first LTE modem for
mm-Wave was unveiled by Qualcomm (Snapdragon X50) which leverages the 28 GHz band using
up to 800 MHz of bandwidth via 8 x 100 MHz carrier aggregation [70].

1.1.4 Interference Management

While the above approaches require changes (often economically prohibitive) to existing infras-
tructure, interference management techniques generally work within the purview of current in-
frastructure. The current implementations of wireless cellular networks are mostly interference
limited [8, 9] with inter-cell interference being the major limiting factor. Thus, to maximize ca-
pacity utilization, efficient interference mitigation is the key. As a result, there has been an am-
ple body of research for efficient resource allocation and interference mitigation in wireless net-
works [44,71-78]. The common theme across all these works is that they aim to jointly allocate
resources and while employing efficient power control mechanisms in the PHY layer to limit inter-
ference. However, joint power and resource allocation is a hard problem to solve optimally [17,44]
and most solutions use approximate algorithms. Another approach that has been proposed in lit-
erature for multiple antenna (MIMO) systems is the concept of interference alignment [79-83].
The idea of interference alignment is to coordinate multiple transmitters so that their mutual in-
terference aligns at the receivers, facilitating simple interference cancellation techniques. This
potentially leads to exploitation of maximum possible Degrees-of-Freedom (DoF) of multi-user
wireless systems thereby improving spectral efficiency. Interference Alignment however works on
the premise that Channel State Information (CSI) is available at the transmitter which entails chan-
nel reciprocity or feedback and might not be feasible in all cases due to overhead. Some works
as in [84, 85] have studied the benefits of delayed CSI at the transmitter which can still lead to
exploiting higher DoFs of the system. In [83], the authors address the practical implementation is-
sues of interference alignment in a cellular setting and design message passing feedback schemes
to aid in implementation. In addition to these techniques, another promising technique adapted
to LTE was coordinated multipoint transmission (CoMP) schemes [8]. In CoMP, multiple base
stations coordinate with each other in order to cancel out interference at the cell-edge by efficient
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scheduling of frequency resources [86]. CoMP however, has practical implementation issues with
its gains saturating at practical transmit power ranges (being mostly limited to less than 30% in
practice) owing to the overhead and latency in backhaul signaling [87, 88]. Interference manage-
ment by itself is not capable of increasing spectrum efficiency to the extent where it can sustain
the projected traffic growth, especially multimedia content distribution over the wireless networks.
To this end, we next discuss a hybrid approach which leverages cheap infrastructure as well as
interference management and load balancing techniques to effectively increase network efficiency.

1.1.5 Exploiting Storage

In addition to PHY layer interference mitigation, cognitive and infrastructure based approaches,
higher layer (MAC) techniques like network coding and index coding [82, 89-93] have also
emerged as important techniques for maximizing capacity utilization and facilitating efficient data
distribution. In spite of providing theoretical guarantees, however, these approaches have yet to
be deployed in practice owing to the complexity and signaling overhead. Index coding with side
information [93] is a promising technique in this regime but the lack of adequate storage in devices
generally is a deterrent for practical implementation. But with the advent of advanced process-
ing power and large amounts of available storage in smart-phones and hand-held devices, these
approaches are becoming increasingly realistic. An example in this case is ITLinQ [94] which ap-
plies the information theoretic notion of the optimality of treating interference as noise (TIN) [95]
to improve the performance of Qualcomm’s FlashLinQ architecture. An amalgamation of these
techniques in conjunction with infrastructure based approaches and the availability of storage in
cheaper and more compact forms have opened up the possibility of exploiting storage across the
network to increase bandwidth efficiency. To this end, caching has as emerged as a tool to aid in
efficient multimedia content distribution in wireless (or wired backhaul) networks. In this disser-
tation, we study the fundamental impacts of caching in next-generation 5G wireless networks.

1.2 Caching in Wireless Networks

Caching in wireless networks has emerged as an important technique for facilitating spectrum
utilization and reducing network load at times of high data (multimedia/video) traffic. Parts of
popular files are pre-stored in users’ devices. Once user requests are revealed, these local storages
can be leveraged to deliver the complementary content thereby reducing the network load during
content delivery. With the advent of smart-phones and small cells, there is no dearth of storage
space in next-generation wireless networks. Thus caching presents the opportunity of utilizing
storage to save bandwidth. Caching and complementary file delivery has been a subject of a
wealth of recent research as evidenced by the works in [96-107]. The main questions that caching
poses are - “When to cache?” and “How to utilize caches to reduce load?”.
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Figure 1.3: Downlink Power on Commercial Cellular Bands over a period of a day (Aug. 30, 2014)
in Blacksburg, Virginia.

1.2.1 When to Cache?

Caching typically operates in two phases (1) the storage phase where parts of popular content
is placed in users’ caches and (2) the delivery phase, where requested content is delivered by
exploiting the local cache storage of users. Based on this, we answer the question of “When?”
by studying real data from cellular downlink bands. Cellular networks present temporal traffic
variations over the course of every day. The aim of caching is to utilize the periods of low network
activity to populate the local cache storage of users with parts of popular content. During periods
of very high activity this can be leveraged to reduce peak data rates. This is illustrated in Fig. 1.3
with the help of downlink power data on the cellular bands®. The temporal variation in downlink
activity is shown for the 700MHz band which is occupied by three major cellular carriers - US
Cellular, At&t and Verizon. It can be clearly seen from Fig. 1.3 that there is very low network

3The data was collected as a part of the Global Spectrum Observatory at Wireless@VT.
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Figure 1.4: An overview of Cache-Aided Network Operation

activity during late night and early morning hours (from 2 — 8 am) and again during late afternoon
to early evening (4 — 6 pm). These periods of low network activity can be leveraged to operate the
storage phase of caching while delivery phase can be used during the peak hours of 9 am to 4 pm
and prime-time hours of 9 — 11 pm. Note that the US Cellular band shows low activity throughout
the day perhaps owing to minimal subscribers in the area compared to At&t and Verizon. Thus US
Cellular bands can operate both storage and delivery at any time during the day.

1.2.2 How to utilize caches to reduce load?

The concept of caching has been in existence for almost 20 years with its origins traced back to
the widespread adoption of the Internet and consequently the proliferation of internet congestion
as a major bottleneck. The bottleneck was eased by the invention of content delivery networks
(CDNs) and the exploitation of web caching [108—111]. Web caching replicates popular content
in different geographical areas leading to bandwidth savings by avoiding unnecessary multihop
retransmissions. This also decreases access time (latency) by decreasing the distance for accessing
requested content. The notion of caching in wireless networks follows essentially the same philos-
ophy i.e., to offer increased QoS at low data rates by essentially converting the local storage into
bandwidth [112]. The proposition of information-centric networking (ICN) as a candidate for the
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Internet of the future however raises the important question of where to install network memory
for maximal benefits [113]. To this end, ICN proposed to equip routers with caches in order to
facilitate network-wide content replication. Interestingly, it was shown in [114] that most of the
caching gains in ICN can be obtained by caching at the edges of the network using existing CDNs.
Contrary to the popular belief that caching close to users is highly inefficient, in this dissertation,
we consider the problem of edge-caching in multi-tier cellular networks with an aim to understand
if the gain from ICNs translate directly to the cellular paradigm.

Fig. 1.4 gives an overview of the cache-aided network operation considered for this work. The
cache-aided network employs monitoring of downlink activity to dynamically identify periods of
low network activity which are amenable to cache storage by pre-fetching content. It also has a
popularity estimation process, wherein a set of popular content is identified based on local user
behavior and content demands. Based on this feedback based architecture, the central server (BS)
chooses the time and content to perform cache placement during periods of low network load. The
placement phase happens over a much larger time-scale (typically of the order of days) compared
to content demand by users and is hence agnostic to user requests i.e., the cache storage must not
be dependent on specific user requests but should be able to accommodate any possible request
of content. Once user requests are revealed, the server performs complementary delivery during
times of high network activity at a potentially lower rate by exploiting the locally stored content.
The complementary content delivery by the servers in response to user requests is termed as a
transmission interval in the rest of this dissertation.

Traditionally, the delivery phase of cache-aided systems [109, 110, 115, 116] operated as a series
of dedicated point-to-point unicast transmissions to individual users by transmitting fractions of
requested files* which are not stored in their caches. However, this is not a scalable solution as
the number of users in the system increases. Most of the prior works in this area tend to use a
fixed delivery scheme and then optimize the storage phase to suit the delivery scheme [109, 110].
Further, their investigations are mainly based on the gains obtained from local content distribution,
ignoring the scope of global (system) cache interactions across users and content sharing as a factor
for extracting additional caching gain.

Recently, a series of pioneering works by Maddah-Ali and Niesen [97-101] presented a novel
information theoretic formulation for caching in wireless networks. They showed that by jointly
designing the storage and delivery phase, and using multicast transmissions to simultaneously
deliver content to users, order-wise improvement in the transmission rates can be achieved as
compared to traditional unicast delivery. A novel caching and multicast delivery scheme based
on shared content in user caches was presented, whereby a global caching gain was extracted
from the system in addition to the traditional local gains. The ideas presented in these works had
their roots in fundamentals of network coding, specifically index coding with side information [93]
and the idea of interference alignment [79, 81]. The authors modeled the cache content as side-

“In this dissertation, we use the concept of files as a generic block of data which is desired by users. The terms files
and content are used interchangeably throughout the dissertation and can refer to any elastic multimedia content such
as videos, movies etc.
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information and leveraged that fact if structured side-information can be designed aprior (i.e.,
design of cache placement strategies), efficient index coding solutions (i.e., complementary content
delivery) can then be used to send information via multicast network coding simultaneously to
multiple users. The authors also proved the order optimality of their proposed schemes by showing
that the achievable rate is within a constant gap to the information theoretic optimal rate of the
system. The proposed algorithms are elegant due to their relative ease of implementation in case
of video distribution and effectively re-kindled the interest in cache-aided networking from an
information theoretic perspective.

In the initial information theoretic modeling of cache-aided systems, the authors assumed uni-
form file popularity i.e., that all files in the library have equal probability of being requested.
However extensions to non-uniform file popularities has been extensively studied in some later
works e.g., [99, 104, 107, 117-119]. In the years following this line of work by Maddah-Ali
et. al., a widespread interest in evaluating the information theoretic limits of caching has seen
the extension of this framework to a plethora of related frameworks e.g., hierarchical coded
caching [106, 120-122], cache-aided D2D systems [105, 112], multi-server coded caching [123],
multi-library coded caching [124] etc. A parallel body of recent work has aimed to better under-
stand the fundamental limits of the system model studied in [97]. These works have been focused
on improving the achievable schemes to yield better upper bounds on the optimal rate [125-131]
as well as on improving known information theoretic converse arguments (one of the first con-
tributions being the work presented in this dissertation) to tighten the lower bounds [132-140].
Alternate formulations in the form of information theoretic caching [129, 130] as well as caching
and delivery via interference elimination [141] were also proposed.

The original framework of [97,98] ignored the physical layer impairments of wireless channels.
A line of recent work (including work presented in this dissertation) has considered caching in
wireless networks [142—145] in the presence of noisy links and feedback. Caching as an aide to
wireless interference mitigation was studied in [146—150]. It was shown in [151] that gains from
caching and massive MIMO are indeed complementary.

A related line work has been the study of the impact of caching in multi-tier heterogeneous cellular
networks, where small-cell base stations like femto or pico-cells are connected to a parent cellular
BS. Such networks offer an important application area for local content caching by using the sBSs
as cache storage units at the edge of the network. Proactive caching in small-cell networks has been
recently studied in [152-161] and references therein. In [152], the authors addressed a distributed
cache placement problem with an aim to reduce the delay in delivering the files to the end-users,
while a single sBS cache content placement problem was addressed in [153, 162, 163] from a
reinforcement learning perspective. The results show that caching offers significant improvements
in terms of reduction of peak network load. A different perspective of cache-aided networks was
considered in [164—170] where cache-aided networks were modeled from stochastic geometry
perspective with the main aim of characterzing the outage probability in closed form and evaluating
the useful of cache-aided networks from a purely physical layer standpoint. Based on benefits
established by virtue of a vast and ever-increasing array of recent literature, caching has therefore
been identified as one of the key enablers of 5G wireless networks [6].



Avik Sengupta Chapter 1. Introduction 12

1.3 Main Contributions

In this dissertation, we study the impact of cach-aided network operation on the efficiency of mod-
ern multi-tier communication networks. To this end, we ask the following fundamental question

What are the theoretical and practical guarantees offered by cache-aided net-
works for reliable content distribution while minimizing transmission rates and
increasing network efficiency?

In order to furnish an answer to this question, this dissertation mainly focuses on characterizing
Shannon-type-limits for caching through the following key contributions.

1.3.1 Information Theoretic Limits of Caching

In this contribution, the fundamental information theoretic limits of caching are investigated. In
Chapter 3, the novel caching and coded multicast delivery of Maddah-Ali and Niesen are studied
for a general case of multiple file demands in each transmission interval and tighter information
theoretic lower bounds are derived which better account for the correlation between user caches,
when compared to the original results presented in [97, 171]. This leads to a better approximate
characterization of the optimal transmission rate as a function of per-user cache storage. Exten-
sions of the technique provide strictly tighter lower bounds for caching with D2D-assisted content
delivery. A common underlying assumption in the works on information theoretic modeling of
cache-aided systems [96-105, 107, 125] is that each device in the network is equipped with the
same cache storage. However, in practice, different types of devices in the system might possess
different storage. Thus motivated, we introduce the heterogeneous caching problem and present
a novel layered heterogeneous caching scheme which exploits maximal multicasting opportunity
in cache-aided networks with storage heterogeneity. Leveraging a proposed information theoretic
lower bound, we show that the proposed scheme is order-optimal for some system settings of
practical interest.

1.3.2 Information Theoretic Security for Caching

In Chapter 4, we study the issue of privacy (or security) of multicast content delivery in cache-aided
networks. In the information theoretic model of cache-aided systems highlighted in the previous
sections, users are often treated jointly and content is shared across caches during placement phase.
Furthermore, common multicast transmissions are used to deliver requested content to users. Thus
security in the content delivery process is a cause of major concern. To this end, we introduce the
secure caching problem with the goal of minimizing information leakage to an external wiretapper
while servicing the legitimate users with the minimum possible rate. Firstly, the fundamental cache
storage vs. transmission rate trade-off of the secure caching problem is characterized for the case of
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uniform file popularity i.e., in the case where every file has an equal probability of being requested
by users. Rather surprisingly, the results show that security can be introduced at a negligible cost,
particularly for large number of files and users. It is also shown that the rate achieved by the
proposed caching scheme with secure delivery is within a constant multiplicative gap from the
information-theoretic optimal rate for most parameter values of practical interest. These results
are then extended to the case of files with non-uniform popularity distribution.

1.3.3 Cloud and Cache-Aided Wireless Networks

In Chapter 5, we extend the analysis of cache-aided networks to the wireless domain under a multi-
ple edge node setting. To this end, we study a cloud and cache-aided wireless network architecture
in which edge-nodes are connected to a cloud processor via dedicated fronthaul links, while also
being endowed with caches. We address the interplay between virtualization via cloud process-
ing and localized content distribution via edge caching from an information-theoretic viewpoint by
investigating the fundamental limits of a high Signal-to-Noise-Ratio (SNR) metric, termed normal-
ized delivery time (NDT), which captures the worst-case latency for delivering any requested con-
tent to the users. The NDT is defined under the assumption of either serial or pipelined fronthaul-
edge transmissions, and we study it as a function of fronthaul and cache storage constraints. We
propose transmission policies that encompass the caching phase as well as the transmission phase
across both fronthaul and wireless segments, with the aim of minimizing the NDT for given fron-
thaul and cache storage. Information-theoretic lower bounds on the NDT are also derived. Achiev-
ability arguments and lower bounds are leveraged to characterize the minimal NDT in a number
of important special cases, including systems with no caching capability, as well as to prove that
the proposed schemes achieve optimality within a constant multiplicative factor of at most 2 for all
values of the problem parameters.

1.3.4 Learning-Aided Caching in Small Cell Networks

In Chapter 6, we study a more practical problem of learning-aided caching in a 2-tier heterogeneous
networks. Since file popularity in a real network is generally unknown, we investigate the scope
of caching in small-cell base stations from a reinforcement learning perspective wherein an online
estimation of file popularities is studied. We present a framework for topology-aware collaborative
caching in a multiple small cell scenario. A multi-armed bandit based framework is used to learn
the popularity profile of files in a given network based on the observation of user requests over time
in an online manner. However, even with complete knowledge of popularity profile, the design of
optimal caching of whole files, termed as uncoded caching, in small cell base stations is shown to
be NP-hard. In this work, we present an approximation algorithm for the uncoded caching problem
by incorporating a novel graph color and local search based algorithm. We also present an alternate
coded caching strategy which makes use of rateless coded as means to obtain a relaxation of the
original NP-hard placement problem. Through simulations we show that the uncoded approximate
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caching algorithm performs close to the optimal coded scheme when integrated with the learning
framework in the multi-small-cell setting. We also show that for network topologies of practical
interest, the collaborative caching strategies outperform local caching strategies.

The results on fundamental performance limits of cache-aided networks presented in this disser-
tation show that caching definitively has a positive impact as a tool for high-data-rate multimedia
content distribution. The techniques studied and proposed in this work are aimed at better equip-
ping current mobile networks to handle the expected exponential growth in data traffic especially
stemming from large scale video distribution over wireless networks as the evolution towards a
diverse 5G network architecture takes shape.
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.5 Organization of Dissertation

The rest of the dissertation is organized as follows: In Chapter 2 we introduce the cache-aided
network model under consideration in this work and present a quick primer on the information
theoretic formulation of the caching problem. In Chapter 3, we present new lower bounds on
the delivery rate of caching for centralized as well as D2D-assisted content delivery for the case
when users can demand multiple files at each transmission interval. We also introduce the problem
of caching with heterogeneous storage. In Chapter 4, we introduce the problem of caching with
secure delivery. In Chapter 5 we extend our analysis to the wireless domain by studying a cloud
and cache-aided wireless network. In Chapter 6, we study the impact of caching in small cell
networks from a reinforcement learning perspective. Finally, Chapter 7 concludes the dissertation.



Chapter 2

Background

In this chapter, we provide a formal introduction to cache-aided networks and present a classifica-
tion of different system models under consideration in this dissertation. We then provide a quick
primer on existing preliminary results on information theoretic modeling of cache-aided systems
which forms the basis of the majority of work presented in the remainder of this dissertation.

2.1 A Taxonomy of Cache-Aided Networks

In this dissertation, we study the fundamental performance limits of cache-aided networks under
different system settings in order to gain a better understanding of the practical impacts of caching
and complementary content delivery. The main system model under consideration throughout this
work is that of a 2-tier heterogeneous cellular network [12—14], where the macro base station (BS)
forms the first tier and the second tier is modeled by small cell base stations (sBS) or edge nodes
(EN) which constitute the edge of the network! i.e., the last hop to end-users. The user devices
are served by both the BS and the ENs. The ENs are connected to the central BS by means of
capacity limited backhaul links. The system model is illustrated in Fig. 2.1. It is assumed that
the central BS acts as the server which has a library of files (e.g., movies, videos etc.) from
which users request popular content. Furthermore, the ENs as well as the users can potentially be
equipped with limited cache storage. Under the general umbrella of this heterogeneous network
model, we consider different sub-systems in order to effectively characterize the impact of caching
as illustrated in Fig. 2.1.

Through the course of this work, we move from a theoretical analysis of single-server cache-aided
networks to system models of practical interest. A major part of the work is dedicated to the

The terms Macro Base-Station, Central Base Station and Central Server are used interchangeably to refer to the
1st tier of the network throughout the course of this dissertation. Similarly, the terms Small Cell Base Station and Edge
Nodes are also used interchangeably to refer to the 2nd tier of the network.

16
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Figure 2.1: Cache-Aided Networks: A taxonomy of system models under consideration.

study of the last hop of the heterogeneous network where the EN acts as the central server and
the users are equipped with cache storage. An information theoretic model of this single-server
cache-aided system was first proposed in [97,98], where the fundamental storage vs. transmission
rate trade-off for this system was approximately characterized under the assumption of error-free
bit-pipes connecting the EN to its users. This model presents a theoretical standpoint for analysis
of cache-aided systems and ignores wireless physical layer impairments e.g., fading, path-loss,
shadowing etc. The information theoretic model of caching is studied in detail in Chapters 3 and 4,
where we provide improved approximations of the storage-rate trade-off. A latency centric analysis
of cache-aided wireless networks is presented in Chapter 5. We study the information theoretic
model of cache-aided interference channels first introduced in [146]. We extend this model to
a cloud and cache aided wireless network? (which encompasses the model of [146]) where the
central BS is replaced by a Cloud Radio Access Network [172] which connects to the ENs via
rate-limited fronthaul links. The ENs are endowed with caches and are connected to the users via a
noisy wireless interference channel [79-81, 83, 173]. For this system, we introduce a new latency-
centric performance metric and provide fundamental information theoretic performance limits.
Finally, Chapter 6 presents a practical analysis of cache-aided networks from a reinforcement

2The cloud and cache-aided wireless network was first introduced in [149] for the specific case of 2 ENs serving 2
users. In this work, we generalize this model to a M EN, K user network.
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learning perspective, where the main objective is to maximally serve user requests directly from
the caches at the ENs in order to reduce the backhaul load. The system is along the same lines
of the "FemtoCaching” framework studied in [152] for low latency video delivery using caching
helpers. Conversely, learning-aided caching was first studied in a single sBS network in [153,163].
We extend this framework to a multi-sBS network and study the interplay of distributed learning
and topology-aware caching strategies.

Next, we present a detailed overview of existing results on the information theoretic caching model
of Maddah-Ali and Niesen [97,98], which forms the basis for majority of the work presented in
this dissertation.

2.2 Information Theoretic Model for Caching

We first introduce the system model considered in the single-server centralized coded caching
problem in [97]. This system model will be used throughout the remainder of the discussion on
the information theoretic model for caching. To this end, consider a content distribution system
with K users and a central server which has a library of N files (denoted by (Fy, Fs, ..., Fy),
each of size B bits). The file have equal popularity i.e., they are modeled as uniformly distributed
independent random variables. Each user k& € {1,..., K}, has a cache storage Z; of size M B
bits. Caching operates in two phases:

1. Storage phase: where parts of popular content is placed in users’ caches. The storage phase can
be of two types: centralized storage or decentralized storage. In case of centralized storage,
the central server stores the cache Z;, of user k with some content, which is a function of the
files (F1, ..., Fy). In case of decentralized storage, the user k is allowed to store any random
combination of bits from each file without coordination from the central server. User k (for
k=1,..., K) then requests access to one of the files, Fy, , in the database.

2. Delivery phase: where requested content is delivered by exploiting the local cache storage of
users. The central server proceeds by transmitting a multicast signal X g, . 4, of size RF bits
over the shared link. Using the content Z, (of its cache) and the received signal X g4,
k—th user intends to reconstruct the requested file Fy, .

.....

A storage-rate pair (M, R) is achievable if for a (per-user) cache size of M F bits, and using rate
RF bits, it is possible for each user to decode its requested file for any set of requests (dy, . .., dk).
Fig. 2.2 shows the system model. Let R*(M) denote the smallest rate R such that the pair (M, R)
is achievable. The function R*(M) is the fundamental storage-rate trade-off for the caching prob-
lem.

Next we present the main results from [97, 98] which give an achievable rate for the case of cen-
tralized and decentralized caching, as well as an information theoretic lower bound on the optimal
rate R*(M). The first result presents achievable rates which upper bound the optimal.
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Figure 2.2: Information Theoretic Model for a Single-Server Cache-Aided Network.

Theorem 1 (Theorem 1, [97,98]). For any N files and K users, each with a cache size of M &
N{0,1,2 K}
K ) ) 7 i

R(M)SRcen(M):K (1—N) mln{H—K_M,?} (21)

N

is achievable for centralized caching. For any 1 < M < N, the lower convex envelope of these
points is achievable. Furthermore, for decentralized caching with a per-user cache size of M B
bits with M € (0, N|, the achievable rate is arbitrarily close to

R*(M) < Rgec(M) £ K (1 - %) - min {% - (1 - (1 - %>K> ,1} . (2.2)

The first term in the rate expression in (2.1), K - (1 — %), is a local caching gain. In traditional
unicast delivery enabled systems, users are allowed to store any M /N fraction of every file in their
caches and the remaining (1 — M /N) was sent via point-to-point unicast transmissions once the
requests were revealed. The second term, 1/ (1 + KM /N), is a global caching gain which results
from jointly designing the storage and delivery phase to enable the use of multicast transmissions to
satisfy multiple user requests with a single transmission. The coded caching and multicast delivery
scheme which achieves the rate in (2.1) is detailed in [97].
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For the case of decentralized caching, each user is allowed randomly cache M /N fraction of
every file. The central server then maps the contents of users’ caches back to splits in the original
files which reflects the parts of the files shared by the users [98] in order to exploit multicast
opportunities in the system. The decentralized achievable rate in (2.2) also extracts a global caching
gain from the system by virtue of multicast delivery.

The intuition behind the schemes are explained through the following examples.

Example 1 ( Centralized Caching ). We consider the case for N = K = 3. For this case, from
Theorem 1, M € {0,1,2,3}. The system and bounds for this case are illustrated in Fig. 2.3(a)
and 2.3(b). First consider the two extreme points M = 0 and M = 3. In the first the users
can store nothing and hence the entire files need to be sent over the air leading to an achievable
rate of 3. In the second case, all users can store all files and over the air transmission are not
required resulting in an achievable rate of 0. To illustrate the coded caching scheme, we first
consider the case of M = 1 and three files A, B,C. Each file is split into 3 equal parts i.e.,
A= (A1, As, A3), B = (By, By, B3), C = (C1,Cs,Cs). In this case, each sub-file is of size B/3
bits. Each user caches those sub-files for each file which have their index in them. For example
user 1 caches sub-file A; of file A. The overall cache placement is as follows:

Zl = {Ala 31701}7 ZQ = {A2732702}7 ZS = {A37B37 Cd} (23)

Thus each cache has size M = 3 x (1/3) = 1. Considering a worst case request where all users
request different files, (dy, ds, d3) = (A, B, C), the server can make the transmission,

X)) ={A2® B1, A3 ® C1, B3 ®© (s}, (2.4)

such that everyone can retrieve their requested files. For example from A, & By, user 1 can retrieve
As by XOR-ing out By which is already present in its cache. Similarly, user 2 can retrieve B
by XOR-ing out Ay. This transmission has a rate of R = 3 x 3. Thus (M, Reen) = (1,1) is
achievable. We next consider the case of M = 2. Each file, in this case, is split into 3 equal parts

ie., A= (A, A1z, Ass), B = (B2, B3, Ba3), C = (C1a, C13, Cs3) where each sub-file is of size
B/3 bits. Again, each user caches those sub-files which have their index. For example for file A,
user 1 caches the sub-files A;5, A;3. The overall cache placement is as follows:

Zy = {A12, A3, B1a, B13, Ch2, Ci3}
Z2 = {A127 A237 B127 3237 0127 023}
Zs = { A1z, Asgs, Big, Bog, C13, Cos } (2.5)

Thus each cache has size M = 6 x (1/3) = 2. Now considering a worst case request where all
users request different files, (d;, ds, d3) = (A, B, C), the server can make the transmission,

Xa,B,c) = {A23 @ Bis ® Ca}, (2.6)

such that everyone can retrieve their requested files. This transmission is of rate 1/3. Thus
(M, Reen) = (2,1/3) is achievable. Thus, the achievable rates yields the blue curve in Fig. 2.3(b).
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The black curve represents the unicast rate for the case when each user is allowed to store M /N
fraction of files within their cache and unicast delivery is used to service all requests. It can be
seen that the multicast based coded caching scheme offers improvements in the R(M) trade-off.
The interested reader is referred to [97] for details of the general scheme which achieves the rate
of Theorem 1. [

Example 2 ( Decentralized Caching ). We again consider the case for N = 3 files and K = 3
users, each with a cache of size M B bits. Let the three files be denoted as ( £y, Fy, F3) = (A, B, C).
Fig. 2.3(b) shows the rate achieved by the decentralized caching scheme. In the decentralized
placement phase, each of the 3 users caches a subset of M B/3 bits of each file independently at
random. Thus, each bit of a file is cached by a specific user with probability 1/ /3. Considering the
file A, the server maps the storage of fragments of file A at the different users’ caches into splits,
Ar, such that 7 C {1,2,3}, |T| =ifori = 0,1,2,3. Thus there are > (%) = 2% = 8 splits of
file A: (A, Ay, Ao, A, Ao, Ays, Aoz, Ajas), where A, consists of bits of A which are not stored in
any users’ cache. On the other hand, A;93 has bits which are stored in all users cache. In general,
bits in A are stored in user k’s cache if k£ € 7. By law of large numbers, we have:

7] 3-IT]
M M
|Ar| ~ (?> (1 - ?) B bits 2.7)

with probability approaching one for large enough file size 5. The same analysis holds for files
B, C. Next we look at the cache contents from the central server’s perspective after the centralized

key placement phase and before the delivery procedure begins. The cache placement for N =
K =3is:

Ala Al?a A137 A123 A27 A127 A237 A123 A3a A13a A237 A123
Zl = BlaBIQaBl?nBlZIS ZQ = 327312732373123 Z3 = BSaBl?nBZ?)?BlZIS
Ola 0127 C'137 CY123 027 C’127 0237 CV123 O?n 0137 C'237 CY123

(2.8)

The cache placement phase is entirely decentralized as the users do not need to consider the
number of other users in the system or their cache contents while storing file fragments in their
caches. Next, we consider the delivery procedure of the decentralized caching scheme. The
system is characterized based on the worst possible rate over the shared link. Thus we con-
sider a request (Fy,, Fy,, Fy,) = (A, B,C). The server responds by transmitting the reply
X,y Lettheset S C {1,2,3} : |S| = sfors = 3,2,1. Then we have X4 pc) =
{Ks Dres Fas\pny 1 k=1,2, S}Z’:l , where Fy, s\ (x) corresponds to the fraction of the file Fy,,
requested by user £ which is not present in user k£’s cache but is present in the cache of the other
s — 1l users in S. Thus, for K = 3 users in the system, the coded multicast delivery procedure has
3 phases for each of s = 3,2, 1.

e Fors = 3: Wehave [S| = 3 = § = {1,2,3} and |S \ {k}| = 2. The transmission is
{A23 @ B3 ® C12}. In this case, each sub-file is zero padded to the size of the largest sub-file in
the set. Considering user 1, we see that Z; contains B3, C'5. Thus user 1 can XOR out Ay3 from
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the transmission. It can be seen that the same holds for users 2 and 3. Thus the transmission
is useful for all users. For s = 3, there is only one transmission of the size of each of these
sub-files. Thus, using (2.7), the rate over the shared link for this transmission is:

(3 (-5)»

e Fors=2:Wehave |S|=2= S € {1,2},{2,3},{1,3} and |S \ {k}| = 1. The transmission
for each subset S is {{Ax ® By}, {Bs ® Cs}, {A3 ® C1}}. Again for user 1, we can see that Z;
contains By, C;. Thus it can extract Ay, A3 from this transmission. Similarly the other users can
extract fragments of their requested files. In this case, there are three transmissions, each of the
size of file fragment, say, As. Thus the rate of this transmission is:

M M\?
3. (?> (1 - ?) B. (2.10)

e Fors =1: Wehave |S| =1= S € {1},{2},{3} and |S \ {k}| = 0. The transmission for
each subset S is { Ay, By, Cy}. These transmissions are sent to individual users, containing the
residual fragments not stored in each user. The size of each transmission is equal to the size of
the file fragments Ay, By, Cy. Thus the rate of this transmission is:

3
3 - (1—%) B. (2.11)

Again considering user 1, we can see that the fragments of A not present in its cache i.e.,
Ay, Ay, A3, Agz are extracted from the entire transmission. The same holds true for the other
users. The rate for the composite transmission X4 p ¢y 1s obtained by summing (2.9), (2.10) and

(2.11):
Ryec(M)B = B %2 1—M + 3B M 1—% 2+SB 1—%3
dec U \3 3 3 3 3
M\ 3 MY°®
=3|1l-—=)=—=|1—-(1—— B 2.12
(%) s ( (%) ) ’ 212
which is the expression given in (2.2) for N = K = 3. [

The following theorem presents an information theoretic lower bound on the optimal rate R*(M)
for the single-server cache-aided system.

Theorem 2 ( Theorem 2, [97] ). For N files and K users, each having a cache size 1 < M < N,

% sM
BOD 2 0 3 o) (S - W) ' @19
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The proof of Theorem 2 is based on a cut-set argument [174]. The lower bound for the case of
N = K = 3 is shown by the black curve in Fig. 2.3(b). Further, it was shown in [97, Theorem
3] and [98, Theorem 2] that the cut-set lower bound is within a constant multiplicative gap of 12
from the upper bound for the centralized and decentralized cases respectively.

Caching with D2D-Assisted Delivery

In the information theoretic modeling of cache-aided systems, the nomenclature of central-
ized/decentralized refers only to the cache storage or pre-fetching phase. Note that the multi-
cast content delivery thereafter is implemented by the central server and is therefore centralized.
In [105] Ji et. al. studied an alternate device-to-device (D2D) assisted content delivery mechanism,
whereby, after the cache storage phase, the content delivery is performed in a distributed manner
by leveraging only the contents of the users’ caches. The major additional constraint placed on the
system is that the users must each posses a minimum cache storage such that the entire library of
files can be pre-stored in their collective device caches during the pre-fetching phase. Interestingly,
the authors showed that even for such distributed delivery, the multicasting gains are preserved and
the scaling behavior of the achievable rate is similar to the case for centralized delivery. The
following theorem gives the achievable rate for D2D-assisted content delivery.

Theorem 3 (Theorem 1, [105]). For any N files and K users, each with a cache size of M &
%{1, 2,..., K}, such that KM > N, a delivery rate of

. . (N M
RdZd(M):mm{M (1_N>’N} (2.14)

is achievable. For any M € (N/K, N], the lower convex envelope of these points is achievable.

The authors additionally also provide a cut-set lower bound for D2D-assisted content delivery [105,
Theorem 2].

Remark 1 (Looseness of Cut-Set Bounds for Caching). The lower bounds in literature for both
the centralized as well D2D-assisted content delivery methods are derived using a cut-set argument.
It was however shown in [97] that the cut-set based lower bound could be potentially loose in
general. To this end, the authors characterized the capacity region for the case of N = K = 2 and
showed that the cut-set bound was loose for this specific example. This looseness stems from the
fact that the cut-set arguments do not capture the correlation between the multicast transmissions

X(dy,....dr) and the cache contents 71, ..., Z;, explicitly. Furthermore, the cut-set bound for the
D2D-assisted delivery in [105, Theorem 2] is loose even for the minimum cache storage of M =
N/K. [

Although approximate characterizations of the optimal storage-rate trade-off for both the cache-
aided system models are in existence, the complete characterization is still an open problem and a
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multiplicative gap exists between the upper and lower bounds. There are potentially two reasons
for the existence of the gap namely (i) looseness of upper bound and (ii) looseness of the lower
bound. Tightening the upper bound entails the design of better achievable schemes and this has
been a topic of active research as evidenced by the work in [126—131]. In this work, we instead
choose to focus on the converse with an aim to derive tighter lower bounds which fundamentally
improve the storage-rate trade-off from an information theoretic standpoint.



Chapter 3

Information Theoretic Limits of Caching

In this chapter, we study the fundamental information theoretic limits of single-server cache-aided
systems under uniform file popularity. To this end, we first consider a system where each user
has the same cache size and can demand multiple files at each transmission interval. For this
system, we present new information theoretic lower bounds for centralized as well as D2D-assisted
content delivery. Leveraging the structure of the bounds, we present an improved approximation
of the fundamental storage vs. rate trade-off. Next, we consider a more practical system setting
where every user can have a potentially different cache storage. For this heterogeneous setting,
we propose a novel layered caching scheme as well as an information theoretic lower bound on
the optimal rate. For some system settings of practical interest we show that the proposed layered
heterogeneous caching scheme is order-optimal.

3.1 New Outer Bounds on Storage Rate Trade-off for
Caching with Multiple Demands

The single-server cache aided system studied by Maddah-Ali and Niesen [97-100] considers the
case when each user has the same cache storage and users demand only one file at every transmis-
sion interval assuming uniform file popularity i.e., every file is equally likely to be requested. For
servicing these requests, a centralized content delivery method is used, whereby the central server
uses multicast transmissions to jointly deliver content to users (c.f. Chapter 2). The authors used
cut-set based arguments to derive an information theoretic lower bound on the optimal storage-rate
trade-off for this system and characterized it to within a constant multiplicative factor of 12 for
worst-case user demands. The case when users demand multiple files at each transmission inter-
val was initially studied in [171], where the authors proposed the first known cut-set based lower
bound for this setting.

In contrast to the centralized delivery model, a distributed device-to-device (D2D) assisted delivery

26
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model was studied in [105] whereby the delivery phase was relegated to the users instead of a
centralized server in order to further reduce backhaul load. The main difference between the
centralized content delivery studied in [97, 98] and the D2D-assisted delivery studied in [105]
is the distributed nature of multicast transmissions. In the centralized delivery model of Maddah-
Ali and Niesen, the multicast can be any arbitrary function of all the files in the library. Instead, for
D2D-assisted delivery, the outgoing multicast from each user can only depend on the local cache
content of that device. Furthermore, for the case of D2D-assisted delivery the devices must have
enough cache storage such that the entire library of files can be stored within the collective caches
of the devices. In [105], Ji et.al. presented new storage/delivery mechanisms for D2D-assisted
delivery for the case when each user demands a single file at every transmission interval. The
results in [105] show that even for D2D-assisted delivery, when the devices can use inter-device
coded multicast transmissions to satisfy the demands of other users, order-wise improvements in
terms of delivery rate can be achieved as compared to uncoded delivery. The authors also presented
a cut-set based lower bound on the storage-rate trade-off. However, the general case when each
user can demand multiple files at each transmission interval with D2D-assisted delivery has not
been considered in literature.

3.1.1 Main Contributions

In this work, we consider the worst-case delivery rate for cache-aided systems under uniform file
popularity as in [97,98,105,171] and present fundamental results on the storage vs. rate trade-off
for centralized as well as D2D-assisted file delivery. The main contributions are summarized as
follows.

e We develop a new technique for characterizing information theoretic lower bounds on the
worst-case storage-rate trade-off for cache-aided systems under centralized and D2D-assisted
content delivery for the general case when users can demand multiple files at each transmission
interval under the assumption of uniform file popularity.

e The new lower bounds are shown to be generally tighter than the cut-set bounds in [97, The-
orem 2] and [171, Theorem 2] for all values of problem parameters. The proposed technique
also yields the first known information-theoretic converse for the case of D2D-assisted delivery
when each user demands multiple files at each transmission interval.

e Using the new lower bounds, we characterize the optimal storage-rate trade-off for cache-
aided networks to within a constant multiplicative factor of 11 for centralized delivery and 10
for D2D-assisted delivery.

Notation: For any two integers a, b with @ < b, we define [a : b] = {a,a +1,...,b}. b € [a,(]
denotes a < b < cand b € (a,c| denotes a < b < c. Yl4:) denotes the set of random variables
{Yi i =[a:b]} and Y}, denotes the set {Y; : i = a,b}. N™ denotes the set of positive integers;
the function ()" = max{0,z}; [z], |«] are the ceil, floor functions respectively.
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Figure 3.1: System Model for cache-aided network with (a) centralized content delivery where
the requested content is delivered via multicast transmission by the central server; and (b) D2D-
assisted content delivery where each device multicasts to all the other devices using the contents
placed in the device cache by the central server.

3.1.2 System Model

In this section, we introduce the system model for file storage and delivery in cache-aided systems.
We consider a cache-aided network (see Fig. 3.1) with K users and a library of N files, Fj;.n,
where each file is of size B bits, for B € N*. Formally, the files F,, are i.i.d. and distributed as:

F, ~Unif{1,2,3,...,2%}, Vne[l:N]. (3.1)

Next, we define the key operational phases and the related performance metric for content storage
and delivery in cache-aided systems.

Definition 1 (Cache Storage). The cache storage phase consists of K caching functions which
map the files F7;.n into the cache content

72 on(Fim), (3.2)

for each user k € [1 : K|. For cache-aided systems with centralized content delivery the cache
storage constraint is such that H (Z;,) € [0, M B]'. For the case of D2D-assisted delivery, an addi-
tional storage constraint is that all caches should be collectively capable of storing the entire library

"Here H (Z) denotes the entropy of the content Zj, stored in the cache of user k € [1 : K| and represents the total
size of Zj, in bits i.e., the cache can store at most M files of size B bits each. Similarly, H (Xp) denotes the the size
in bits of the multicast transmission Xp.
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Fp.njie., KM > N and H (Z;) € [NB/K, M BJ*. The cache placement phase generally occurs
over a larger time-scale encompassing multiple user demand phases or transmission intervals. As
a result, the caching functions are agnostic to user demands.

Definition 2 (File Delivery). The file delivery phase occurs in each transmission interval in re-
sponse to user demands with each user requesting L € [1 : N] files. The user demands are denoted
by D = dj1.x], where each users’ demand vector consists of L distinct files dj, = dlfl; ) € [1:N]
for k € [1 : K]. For the case of centralized delivery, the central server uses N7 encoding
functions to map the library of files F];.n to the multicast transmission

XDéwD(Fh‘"vFN)a (33)

over the shared link with a rate not exceeding RB bits i.e., H (Xp) < RB. For D2D-assisted
delivery, the encoding function vp is composed of K functions, ¥f, one for each user. The K
users encode the contents of their respective caches into a composite D2D multicast transmission

Xp = { (X]1)>X12)’>XII)<) :X]k) = 7#Ik:) (Zk)> Vk € [1 : K]} (3.4)

Each multicast transmission X£ has a rate not exceeding Ry, B bits i.e., H (X]’f)) < Ry B and the
composite multicast has a rate not exceeding the sum-rate of the device multicasts i.e.,

K K
H(Xp) <Y H(X) <) RB<RB. (3.5)
k=1 k=1

Definition 3 (File Decoding). Once the multicast transmission is received by the users, K N5
decoding functions map the received signal Xp and the local cache content Zj, to the estimates of
the L requested files Fy, foruser k € [1: K] as

Fa, 2 pps <XD7 Zk)- (3.6)
The probability of error in file delivery (unreliable delivery) is defined as

P2  max P (Fd 4 Fd) , 3.7)
D, ke[1:K], dedy,

which is the worst-case probability of error evaluated over all possible demand vectors and across

all users for any number of per-user demands L.

Definition 4 (Storage-Rate Trade-off). The storage-rate pair (M, Re.n ) for centralized delivery
or (M, Ryq, ) for D2D-assisted delivery is achievable if, for any ¢ > 0, there exists a caching
and delivery scheme, for which P, < ¢, where € is an arbitrarily small constant. The optimal
storage-rate trade-offs are defined as

:en,L(M) £ inf {RecenL : (M, Reen ) is achievable} ; (3.8)
Ripq (M) £ inf {Rgoq : (M, Rgpa.) is achievable} . 3.9

2The lower bound follows from the fact that each cache needs to store at least N/K files.
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3.1.3 Preliminary Results

In this section, we present existing achievability results which yield upper bounds on the optimal
storage-rate trade-off for cache-aided systems under centralized as well as D2D-assisted delivery
for the case of L (> 1) demands per user.

3.1.3.1 Centralized Delivery with Multiple Demands

An achievable scheme for caching with centralized delivery was first proposed in [97] for the case
of single (L = 1) user requests (c.f. Chapter 2). An extension to the case when each user can make
multiple (L > 1) demands at any given transmission interval is given by the following lemma.

Lemma 1. For any N files and K users, with each user having cache storage of M &€ % files for

any t € [0 : K|, an achievable content delivery rate which upper bounds the optimal rate is given
by:

M 1 N
R (M) < Ry (M) = KL (1 — 22 ) mi , , 3.10
cen,L( ) — 7L( ) ( N>m1n(1+KM/N KL) ( )

for the case when each user requests any L € [1 : N] files at every transmission interval.

Proof. The delivery rate in (3.10) can be achieved by a strategy which treats each of the L sets
of user demands independently and uses the coded multicast delivery scheme proposed in [97,
Theorem 1] for each set of demands. The second term inside the min(-) function is derived from
the unicasting of min{ N, K L} files for the cases when multicasting cannot improve on the unicast
rate. ]

3.1.3.2 D2D-assisted Delivery with Multiple Demands per Device

For the case of D2D-assisted delivery, Ji et. al. proposed an order-optimal caching and delivery
scheme in [105] for case of single (L = 1) user demands. An extension to the case of multiple
(L > 1) demands per user, is given by the following lemma.

Lemma 2. For any N files and K users, each having storage size M & % files foranyt € [0 : K|
with KM > N, an achievable rate for D2D-assisted content delivery is given by

LN M
Rypq, (M) < min {W (1 - W) ,N} , (3.11)

for the case when each user requests any L € [1 : N]| files at every transmission interval.
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Proof. The delivery rate in (3.11) can be achieved by a strategy which treats each of the L sets
of user demands independently and uses the distributed coded multicast delivery scheme proposed
in [105, Theorem 1] for each set of demands. The second term inside the min(-) function is again
derived from the multicasting of all /V files, which is possible since the storage constraint for
D2D-assisted delivery ensures that KM > N. [

In [171], Ji et. al presented a graph-coloring based index coded delivery scheme which showed
that coding across files as well as demands can improve the centralized delivery rate compared to
the approach in Lemma 1, while D2D-assisted delivery schemes specifically for multiple (L > 1)
demands has not been studied in literature. In this work, we address the following question -
are the schemes which treat multiple sets of user demands independently order-optimal, thereby
foregoing the need for more complex approaches? An answer in the affirmative is provided in
Section 3.1.4, where we leverage the proposed lower bounds in conjunction with the upper bounds
presented here to improve the approximation of the storage vs. rate trade-off, which in turn proves
the order-optimality of treating multiple demands sets independently.

3.1.4 Main Results and Discussion

In this section, we present new converse bounds for centralized and D2D-assisted content delivery
in cache-aided networks with multiple (L > 1) demands per user.

3.1.4.1 Centralized Content Delivery

We next present our first main result which gives a new lower bound on the optimal storage-rate
trade-off for cache-aided systems with centralized content delivery.

Theorem 4. For any N files and K users, each having a cache size of M € [0, N|, the optimal

centralized content delivery rate R, | (M) is lower bounded as

cen,L = se[lmin{[N/L],K}], £

1
ten (M) > max —{N—SM—
Le[1:[N/(Ls)]]

— (N — KL£)+} . (312

for the case when each user demands L € [1 : N| files at every transmission interval. The param-
eter jp = (min ([N/(L0)],K) — s), Vs, L.

The proof of Theorem 4 is given in Appendix A.1. The expression in Theorem 4 has two pa-
rameters, namely (i) the parameter s, which is related to the number of user caches; and (ii) the
parameter ¢, which is related to multicast transmissions. Compared to the cut-set bounds pre-
sented in [171, Theorem 2], the additional parameter ¢ adds further flexibility to the lower bound
expression and accounts for file decoding through the interaction of caches and transmissions,
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Figure 3.2: Storage-rate trade-off for centralized content delivery with N = K = 5and (a) L = 2
demands per user; and (b) L = 1 demand per user.

yielding a generally tighter lower bound for the case of centralized content delivery with multiple
demands per user. The main difference between the cut-set bound and the proposed lower bound
is based on the fact that the new bounds better utilize the possible correlation between caches

by carefully bounding the joint and conditional entropy of subsets of cache storages by utilizing

Han’s inequality on subsets (see Section 3.1.5.1 for more details). The cut-set based lower bound
of [171, Theorem 2] is tight only for very large values of cache size M. As shown in the sequel,
for such values of M, the proposed bound yields the cut-set bounds for specific choices of s and ¢

and is generally tighter for all other values. This is illustrated in Fig. 3.2(a) where, in addition to
cut-set bound.

the achievable rate from Section 3.1.3, we show that the proposed bound in strictly tighter than the

We next present our second main result which shows that an improved approximation of the opti-
mal storage-rate trade-off can be obtained by use of the proposed lower bound.

Theorem 5. For any N files and K users, each with a cache size of M € [0, N|, and each user
requesting L(< N) files at each transmission interval, we have:

Rcen,L(M)

< 11.
cen,L(M)

(3.13)
The proof of Theorem 5 is provided in Appendix A.2. This result improves on the gap of 18
between the achievable scheme and the cut-set bound in [171, Theorem 2]. Furthermore, the result

in [171] which use coding across demands.

shows that treating each of the L sets of user demands independently as a single demand case (as
in Lemma 1) is in fact order-optimal, thereby precluding the need for more complex schemes as
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Corollary 1. For any N files and K users, each having a cache size of M € [0, N|, the optimal
centralized content delivery rate R, (M) for the case when each user requests L = 1 file at every
transmission interval, is lower bounded by:

1 N —ls)*
Ren(M) > max —{N—sM—”(—S)—(N—Ke)*}, (3.14)
se[l:K], Le[1:[N/s]] £ S+

where = (min ( [N/{],K) —s), Vs, (.

Corollary 1 follows by setting . = 1 in Theorem 4. The new bounds strictly improve on the
cut-set lower bounds presented in [97, Theorem 2] as shown in Fig. 3.2(b). The achievable rate
from [97, Theorem 1] is also shown in Fig. 3.2(b). Using (3.14), the approximation of the optimal
storage-rate trade-off can be improved as follows.

Theorem 6. Let R..,(M) be the achievable rate of the centralized caching scheme given in [97,
Theorem 1]. Then, for any K users, N files, and user cache storage in the range M € [0, N|, we
have:

Rcen (M)
R (M)

cen

<s. (3.15)

The proof of Theorem 6 is provided in Appendix A.3. The result improves on the gap of 12 yielded
by the cut-set bound in [97, Theorem 3]° and tightens the gap compared to Theorem 5 for the case
when L = 1.

3.1.4.2 D2D-Assisted Content Delivery

In this section, we consider the case of D2D-assisted content delivery with each user demanding
multiple files in each transmission interval. The next theorem presents our main result which gives
the first-known lower bound on the optimal storage-rate trade-off.

Theorem 7. For any N files and K users, each having a cache size of M € [N/K, N|, the optimal
D2D-assisted content delivery rate Ry, | (M) is lower bounded as

{N—sM— ﬁ(N—Lésﬁ}
1l (") |
for the case when each user demands L € [1 : N] files at each transmission interval. The parame-
ter p = (min ([N/(L0)],K) —s), Vs, /.

Rjzd’L(M) > max

s€[l:min{[N/L1,K}], KE[I: ’VLﬂs

(3.16)

3The results presented in this chapter also hold for the case of decentralized cache placement as in [98] since the
converse makes no assumption on the nature of content placement.
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Figure 3.3: Storage-rate trade-off for D2D-assisted content delivery with N = K = 5 and (a)
L = 2 demands per user; and (b) L = 1 demand per user.

The proof of Theorem 7 is presented in Appendix A.4. Similar to Theorem 4, the parameters s and
¢ yield a family of lower bounds by exploiting the correlation between the caches and transmissions
by use of Han’s Inequality. Fig. 3.3(a) shows the lower bound in (3.16) and the upper bound

RaoaL (M) given in (3.11). Leveraging the proposed lower bound, we present our second main
result in the following theorem.

Theorem 8. For any N files and K users, each having a cache size of M € [N/ K, N|, and with
each user requesting L(< N) files at each transmission interval, we have

R‘jfd’—L(M) < 10. (3.17)
Rd2d,L(M>

The proof of Theorem 8 is presented in Appendix A.5. The result shows that treating each of the
L sets of user demands as a single demand case as outlined in Lemma 2 is in fact order-optimal

and yields a constant factor approximation of the storage-rate trade-off for D2D-assisted content
delivery with multiple demands per user.

Corollary 2. For any N files and K users, each having a cache size of M € [N/ K, N|, the optimal

D2D-assisted content delivery rate R}, (M), for the case when each user requests L = 1 file at
every transmission interval, is lower bounded by:

N —sM = (£) (N = s)*
R (M) > max , (3.18)
a2d(M) s€[1:K], Le[1:[N/s]] t (KI;S)

where = (min ([N/{],K) —s) Vs, (.

34
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Corollary 2 follows by setting L = 1 in Theorem 7 and was originally presented in [179].

Remark 2. Compared to the cut-set bound in [105, Theorem 2], we note that the proposed bound
in Corollary 2 is always tighter owing to the additional parameter ¢ and the factor (K —s)/K < 1
in the denominator of (3.18). Furthermore, the bound in [105] is tight only for large values of
device storage size M. The new bound is tighter for smaller values of M and yields the existing
bound as a special case for large values of M. In fact, for the smallest allowable cache size of
M = N/K, the lower bound in (3.18) is tight and yields the achievable rate in [105, Theorem 1]
as shown in Fig. 3.3(b). L]

Using the lower bound in Corollary 2, the optimal storage-rate trade-off for the case of single
demands per user can be approximated as follows.

Theorem 9. For any K € N7 user devices, N € N7 files, and device storage in the range
M e [%,N}, we have:

—1 M=N/K
Rpo(M) ) <3 Me(N/K,2/3] (.19
Ripg(M) ) <6 Me(2/3,1]

<8 1<M<N

The proof of Theorem 9 is presented in Appendix A.6. The result highlights the fact that for the
smallest allowable cache size of M = N/K, the lower bound in (3.18) is tight and yields the
achievable rate in [105, Theorem 1]. This is also shown in Fig. 3.3(b) for the case of N = K =5
and L = 1.

Remark 3. To prove the order-optimality of the schemes which treat each of the L sets of K
user demands independently as a single per-user demand case as shown in Theorems 5 and 8, we
use approximations to the achievable rates presented in Lemmas 1 and 2. These approximations
are highlighted in Fig. 3.4. For the case of centralized content delivery, three regimes of cache
storage are considered and for very low cache storage, it is approximately optimal to unicast all
requested files as seen in Fig. 3.4(a). For higher cache storage, a linear dependance of the rate on
L/M is established. For the case of D2D-assisted delivery, we see that when users demand less
than half the library, three regimes of cache storage need to be considered, while for the case of
high per-device demands, only 2 regimes suffice and for storage as high as a third of the library,
it is approximately optimal for all users to broadcast all N files from their local caches. Further
details are provided in Appendix A.2 and A.S. [

3.1.5 Case Studies

In this section, we present two case studies to illustrate the new techniques used to obtain the
lower bounds in Theorems 4 and 7. For ease of exposition, we consider the special case of L = 1
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of Theorem 8.
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since the results easily extend to any L > 1. We show that our technique yields additional bounds
as compared to the cut-set techniques in literature and present discussions behind the principal
intuitions in applying our method.

3.1.5.1 Centralized Content Delivery:
Intuition Behind The Proof of Theorem 4

We consider N = 3 files, denoted by A, B, C' and K = 3 users, each with a cache storage M files.
For the case of L = 1, Corollary 1 yields the following lower bounds for different values of the
parameters s,

3R, +6M > 8, s=2 (=1 (3.20)
AR: +2M > 5 s=1 (=2 (3.21)

R, +3M >3, s=3 (=1 (3.22)
3R+ M >3, s=1 (=3. (3.23)

The existing lower bounds from [97, Theorem 2] are given by (3.22)-(3.23). The proposed ap-
proach provides the additional bounds in (3.20)-(3.21), thereby yielding tighter lower bounds
than [97, Theorem 2] as shown in Fig. 3.5(a). Next, we detail the derivation of the first bound
in (3.21) highlighting the new aspects and techniques.

To this end, we consider two consecutive requests (di,ds,ds) = (A, B,C) and (dy,ds,d3) =
(B,C, A). Itis clear that the first s = 2 caches Z|; 5 along with two corresponding transmissions
Xapce, Xpea from the central server suffice to decode all the 3 files. We upper bound the entropy
of / = 1 multicast transmission by the optimal rate R, and use the other transmission’s decoding
capability with the caches to derive the following bound

3B < H(Zj19), Xapo, Xpoa)
< H(Z[LQ}) + H(XABca XBC’A|Z[172])
< 2MB + H(Xapc) + H(Xpcal|Zp 2, Xape)
(a)
<2MB+ R B+ H

cen (XBcalZp,2, Xapc, A, B)

<2MB+ R..B + H(Xpca, Zg|Z[1’2]7 Xape, A, B)

< 2MB + R ,B + H(Z3|Z1 9, Xapc, A, B) + H(Xpca|Zp:3), Xasc, A, B)
(
(

cen

S 2MB + R:..B + H ZS‘Z[LQ};A?B) + H(XBCA‘Z[1:3]7XABC7AaBuC)

cen

(b)
< 2MB + R:,.B + H(Zs|Zp.4, A, B), (3.24)

cen

where step (a) follows from the fact that Z|; o) along with X 4pc can decode files A, B and step
(b) follows from the fact that H(Xpca|Zp.g, Xapc, A, B,C) = 0 since each transmission is a
deterministic function of the files. Considering the term H (Z3|Z}1 ), A, B) in (3.24), we have:

H(Zs|Zpy 9, A, B) = H(Zp.3|A, B) — H(Zpg| A, B). (3.25)
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Using (3.25) in (3.24), we have:
3B <2MB + R;,,B+ H(Zp.3|A, B) — H(Zpg)|A, B). (3.26)

cen

Now considering all possible subsets of 7.3 with cardinality 2, in the RHS of (3.26), we have:
3B <2MB + R, B+ H(Zp.3|A, B) — H(Zpp3|A, B) (3.27)

cen

3B <2MB + R',,B + H(Zp.3|A, B) — H(Zy.5|A, B). (3.28)

cen

Summing (3.26)-(3.28), and normalizing by 3, we have:

3
H(Z; ;1|A, B
3B <2MB + R}, B+ H(Zp3|A B) - ) A2 A B) (3.29)

cen 3
ij=1, i#

We next state Han’s Inequality [174, Theorem 17.6.1] on subsets of random variables, which we
use for further upper bounding (3.29) in order to derive the proposed lower bound.

Han’s Inequality: Let Y};.,,) denote a set of random variables. Further, let (Y[m},Y[T]) C Y
denote subsets of cardinality m, r with m < r. Han’s Inequality states that

% > H(Z[r])g(i) 3 W (3.30)

r Y[r]‘Y[r] ‘:’I‘ m

where the sums are over all subsets of cardinality r, m respectively. Next, from (3.29), consider the
set of random variables Z;.3 and its subsets (Z[Lg], Zn 3, Z[Q}g]) of cardinality 2. Applying Han’s
Inequality for these random variables, using n = r = 3 and m = 2 in (3.30), we have:

2H (Z[I:S]’Av B) < 23: H (Z[i,j]|A= B) (3.31)
3 = 3 |
ij=1,i#j

Substituting (3.31) into (3.29), we have:

2
3B<2MB+ R.,.B+ H(Z[1:3]|A, B) — §H<Z[1:3}|Aa B)

cen

cen cen

1 1
<2MB+ R, B+ §H<Z[1:3]|A; B) <2MB+ R, B+ gH(Z[1:31,0|A,B)

cen cen
J /

1 1
<2MB+ Ry B+ 5 | H(CIA, B) + H(Zug| A, B.C) | <2MB+ Re\ B+ 3B.

<B =0

(3.32)

Rearranging (3.32), we get the new lower bound given by the first inequality in (3.21). The second
bound in (3.21) can be obtained similarly by considering s = 1 cache and bounding the entropy of
¢ = 2 transmissions by the optimal rate R, and following steps similar to (3.24)-(3.32).

cen
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Figure 3.5: Storage-rate trade-off for N = K = 3 and L = 1 with (a) centralized content delivery
and (b) D2D-assisted content delivery.

Remark 4. 'We note that the key distinction from the cut-set bounds is the mechanism of bound-
ing the joint entropy of random variables representing the multicast transmissions and the stored
contents. Specifically, considering the first inequality in (3.24), a naive upper bound on the term
H(Xpca|Zp 2, Xapc) would be R, which would lead to 3 < 2M + 2R, which is a loose
bound. The main idea is to first observe that given Z|; 5 and the multicast transmission X opc, the
files A, B can be recovered. Hence, we expect a dependence between X gc4 and the random vari-
ables in the conditioning. In order to capture this dependency, we consider multiple such requests
over time, allowing us to write (3.27), and (3.28), similar to (3.26). This symmetrization argument
directly leads to the use of Han’s inequality and subsequently to the new lower bound. This is the
key approach behind Corollary 1 and Theorem 4 which is a general result and holds for all problem

parameters. 0

Remark 5. Recently [125,126,128] proposed caching and delivery schemes which improve upon
the original multicasting scheme presented in [97, Theorem 1]. Specifically, [125] showed that for
K > N, in the small buffer region of M = 1/K, the achievable rate is given by N (1 — M) which
improves on the achievable rate in [97, Theorem 1]. For N = K = 3, the new achievable point
(M, R) = (1/3,2) is highlighted in Fig. 3.5(a). The lower bound in [97, Th, 2] is shown to be tight
only in the regime 0 < M < 1/K for K > N in [125]. The lower bound presented in Corollary 1
shows that this is indeed the case and that the new converse is tighter than the cut-set based lower
bound for M > 1/K as shown in in Fig. 3.5(a). O

Remark 6. In [97], the authors characterize the optimal storage-rate trade-off for the case of
N = K = 2 and show that the cut-set lower bound, given by R}, +2M > 2 and 2R, + M > 2,

cen cen

is indeed loose by deriving an additional tighter lower bound 2R, + 2M > 3 using an alternate

cen
approach based on symmetric requests which decode the same file with different combinations
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of caches. Our proposed technique also yields this additional bound, making it tighter than cut-
set bounds and characterizes the optimal rate for the case of N = K = 2. Note however, that
the alternate method proposed in [97, Appendix] is discussed only for the case of N = K = 2,
whereas our approach is a more general one for any NV, K. 0

3.1.5.2 D2D-assisted Content Delivery:
Intuition Behind The Proof of Theorem 7

We next follow up the discussion in the previous section with an additional example to highlight
our proposed techniques for the case of D2D-assisted content delivery with . = 1 demand per
user. To this end, consider again a system with N = 3 files (A, B, C) and K = 3 users, each with
a cache storage of M > 1. The proposed lower bound in Corollary 2 gives following bounds for
different values of parameters s, ¢:

Rig+6M > 8 s=2 (=1 (3.33)
S8Ry +6M > 15, s=1, ¢ (3.34)
Ry + M >3, s=1 =3, (3.35)

where (3.35) also recovers the cut set bound in [105, Theorem 2]. Fig. 3.5(b) shows that
the additional bounds yielded by the proposed technique outperform the cut-set bounds from
literature. To facilitate the derivation of the new bounds, we first consider the request vec-
tors (dy,ds,d3) = (A,B,C) and (dy,ds,d3) = (B,C,A) and two composite transmissions
Xape = {X kg, Xago, Xopet, Xpoa = {Xboa, Xboa, X3oat- From the sum-rate constraint
of the multicast transmissions in (3.5), we have

3
H(Xapc) <Y H(X%po) < RipyB, and H (X)) < RipyB/3, ¥k € {1,2,3},  (3.36)
k=1

where the second inequality follows by symmetry, assuming each device has the same transmis-
sion rate. We first note that, given the first s = 2 cache contents Z|; 5), the two transmissions
X3 5o, X34 from the third user device are able to decode all 3 files. We upper bound the entropy
of ¢ = 1 transmission and use the other transmission’s decoding capability, in conjunction with the
cache contents Z|; 5}, to derive a tighter bound as follows.

3B < H(Zp 9, Xapc, Xpca)
< H(Zpg) + H(Xapo, XpealZp2)
< H(Zjp9) + H(Xasc|Zp o) + H(X}eal Zp.2s Xasc)
@
<2MB + H(X35c) + H(XpcalZp o, Xasc)

<2MB + RipyB/3 4+ H(Xpcal|Zp 2, Xape, A, B)
< 2MB + R,gB/3 + H(XBca, Z3|Zp 21, XaBe, A, B)
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< 2MB + Ri,yB/3 + H(Z3|Zp 2, Xac, A, B) + H(Xpcal|Zp:3, Xapco, A, B)
(b)
< OMB + Ry B/3 + H(Z3|Zy o, A, B), (3.37)

where step (@) follows from the fact that in X 4p¢, the transmissions from devices 1 and 2 are
functions of the cache contents Z; 5 within the conditioning in the second term; step (b) follows
from the fact that H(Xpca|Zn.3), Xapc, A, B,C) = 0 since Xpca is a function of the cache
contents Zj.3. Considering the term H(Zs|Z; 91, A, B), we have:

H(Z3|Zp g, A, B) = H(Zp.g|A, B) — H(Zp 91| A, B). (3.38)

Using (3.38) in (3.37), we have:
3B < 2MB + RypyB/3 + H(Zn.4|A, B) — H(Zp 9| A, B). (3.39)
Again, considering all possible subsets of 7.3 having cardinality 2, in the RHS of (3.39), we have
3B <2MB + RyyB/3 + H(Zj.3|A, B) — H(Zp 3| A, B). (3.40)
3B <2MB + Ry,yB/3+ H(Zp.g|A, B) — H(Zp g)|A, B). (3.41)

Symmetrizing over the inequalities in (3.39)-(3.41), we have:

3
H(Z;,|A, B
3B < 2M B+ RipyB/3+ H(Zng|A, B) = Y ( [,gl )

i,j=1,i#]

(3.42)

Next, considering the set of caches Z;.3) and its subsets Z; o), Z]1 31Z2,3) of cardinality 2 and ap-
plying Han’s Inequality (as in (3.30)), we have from (3.39)

2H (Z.5|A, B
3B < 2M B + RipyB/3 + H(Zji.3)A, B) — ( [151’ . B)
H(Zp.3,ClA, B
< OMB + RigyB/3 + LA AAB) orip 4 g B3+ By, (3.43)

3

Rearranging (3.43), we get the new lower bound in (3.33). Next, we consider s = 1 device
cache, 7, and three request vectors (dy,dy,d3) = (A, B,C), (di,ds,d3) = (B,C,A) and
(dy,dy,d3) = (C, A, B) along with the multicast transmissions X apc, Xpca, Xcap which are
capable of decoding all 3 files. In this case, we upper bound the entropy of ¢/ = 2 composite
transmissions with the sum-rate 2R},,/3 which is due to the fact that given Z; the composite
transmissions are simply functions of transmissions from devices 2, 3. Following similar steps as
the previous case leads us to the lower bound in (3.34). Finally, considering again, s = 1 device
storage content, Z;, and three request vectors (dy,ds,ds) = (A, B,C), (di,ds,ds) = (B,C, A)
and (dq,ds,d3) = (C, A, B) along with three transmissions X 4pc, Xpca, Xcap Which are capa-
ble of decoding all 3 files. We upper bound the entropy of ¢/ = 3 device transmissions by their
sum-rate 2R}, /3 as before, thereby recovering the cut set bound in (3.35). The new converse is
strictly tighter than the cut set bounds. Furthermore, the proposed converse is tight at the point
M = N/K = 1. Setting M = 1 in (3.33) and comparing with the upper bound from [105, Theo-
rem 1] yields Rj,,(1) = 2 i.e., the achievable scheme proposed in [105] is optimal at M = 1.
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Figure 3.6: Comparisons with parallel results for the case of centralized content delivery with
L = 1 for a cache-aided system with (a) N =12, K = 6; (b)) N =6, K =12and (¢) N = K = 3.

3.1.6 Comparisons with Independent Parallel Results

We acknowledge the recent independent contributions from [132,133,136,137,139,140] on devel-
oping converse results for cache-aided systems. The authors in [139, 140] derive a new converse
bound based on symmetry of cache placement and principles of index coding with side infor-
mation respectively, for the case of centralized content delivery with L = 1, which shows that
the achievable scheme in [97] is optimal if uncoded cache placement is assumed. Improvements
over the cut-set bound are also obtained for the case when L = 1 [136] and L > 1 [133] for
centralized delivery and for the case of L = 1 for D2D-assisted delivery in [133], through differ-
ent approaches than ours. The lower bounding approach adopted in these papers are inspired by
the method adopted in [97, Appendix] for deriving a tighter lower bound for the specific case of
N = K = 2. While a direct comparison is analytically intractable, especially owing to the algo-
rithm based approach of [133], we present some numerical comparisons to show that our bounds
supersede these bounds in certain regimes of cache storage M for the single demand case while in
some cases [133] yields a better bound. To this end, in Fig. 3.6(a) and 3.6(b), we plot the results
in [133,136] for L = 1. It can be seen that our bounds are better than [136] for the case of low
cache storage for both cases and supercedes [133] in the second case, again for low cache storage.
Note however, that unlike the simple form of our bound, the algorithm used in [133] to evaluate
the lower bound has significant complexity with increasing number of users. Finally, we note that
a holistic lower bound for centralized content delivery with L = 1 is obtained only by combination
of all lower bounding approaches in literature and maximizing over the bounds yielded by each
method. The authors in [136] do not derive a constant gap result, however, the authors in [133]
show a constant gap of 4 to the achievable rate in [97, Theorem 1]. We emphasize here that the
analyses to obtain multiplicative gaps (as in Theorems 5 and 8) are essentially approximations.
Thus, deriving lower bounds geared towards tightening this analysis does not guarantee the best
known bounds. To this end, we consider the lower bounds presented in [132]. The proposed lower
bounds are generally always looser than the cut-set bounds for the case of centralized content de-
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livery with L. = 1 and by extension than the bounds presented in this chapter as shown in Fig. 3.6.
However, the authors leverage the structure of the bounds to approximate the storage-rate trade-off
to within a constant multiplicative factor of 4.7. We note here that the analysis presented in this
chapter is solely for the purpose of proving the sub-optimality of cut-set bounds in a more general
problem setting, i.e., L > 1, and that the gap to the optimal can be numerically tightened to 3.5 for
centralized delivery with L = 1, which shows that the bounds are similar to those in [132, 133] in
terms of approximately characterizing the optimal storage-rate trade-off.

Finally, Tian [137] has recently obtained improvements for the specific case of N = K = 3 for
centralized content delivery with L = 1, using a novel computer aided approach as shown in Fig.
3.6(c). Our proposed method recovers the bound 6 M 43R}, > 8, while the approach in [133,136]

cen
recovers the bound M + R}, > 2. However, it is unclear whether the bounds 12M + 18R?,, > 29
and 3M + 6R;

cen
*en = 8 can be tractably obtained via analytical methods. Therefore, obtaining the

numerical bounds for the N = K = 3 system with centralized delivery remains an open problem.

In the next section, we consider the problem of caching and centralized content delivery for a
system with heterogeneous cache storage.

3.2 Caching for Heterogeneous Storage

A common underlying assumption in information theoretic modeling of cache-aided systems is
that each user is equipped with the same cache storage [97-100, 104—106, 125-128, 133, 134, 136,
140, 176, 179]. In practice, however, different types of devices and users in the system might
possess different storage capabilities which motivates the study of a network with heterogeneous
cache storage. In this work we introduce the heterogeneous caching problem, where each user k €
{1,2,..., K}, has a potentially different cache storage of size M} B bits. For this heterogeneous
caching problem, we propose the Layered Heterogeneous Caching (LHC) scheme which has two
key ingredients: set partitioning and cache layering. We first partition the set of K users into
disjoint sub-sets, where each sub-set of users is dealt with separately. For each sub-set of users,
we propose a layered caching scheme which works as follows: each layer is dedicated to the
storage/delivery of a specific fraction of the files, and this fraction is selected based on the level of
storage heterogeneity within the users in the sub-set. Our proposed model is a structured approach
to exploit maximal multicasting opportunities in a cache-aided system with heterogeneous storage
and can be applied to both centralized cache storage (where the storage phase is designed by the
central server) and decentralized storage (where users are allowed to randomly cache content).
We show that the proposed scheme provides significant improvements over the naive extensions
of the homogeneous scheme presented in [97] to the heterogeneous case. Recent parallel work
in [180,181] also studied the heterogeneous caching problem but only for the case of decentralized
caching. Through numerical results, we show that our scheme can improve on the schemes in [180,
181]. We derive an information theoretic lower bound on the optimal rate of the heterogeneous
caching problem and show that the proposed scheme is order optimal for systems with 2 and 3
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levels of heterogeneity. We highlight interesting aspects of the impact of heterogeneity on the
achievable rate of the proposed scheme such as the reduction of multicasting gain and usefulness
of set partitioning with increase in heterogeneity.

3.2.1 Main Contributions

The main contributions of this work as are as follows:

e We consider the heterogeneous caching problem where each user in the system has a different
cache storage. For this problem, we propose the novel Layered Heterogeneous Caching (LHC)
algorithm with two main components namely (i) set partitioning and (7i) cache layering with
each partition. The proposed scheme exploits maximal multicasting opportunities for a sys-
tem with heterogeneous cache storage and can be used for both centralized and decentralized
caching.

e We derive an information theoretic lower bound for and leverage it to show that the achievable
rate of the proposed LHC scheme is within a constant multiplicative gap of the information
theoretic optimal rate for systems with two and three levels of heterogeneity.

e Using numerical simulations, we show that the proposed LHC scheme improves significantly
on the naive extensions of homogeneous schemes from [97]. Furthermore, we compare our
scheme to recent work in [180, 181] and show that LHC can improve on the schemes in litera-
ture for decentralized caching and delivery.

3.2.2 System Model

We consider the same system model from Section 3.1.2 with K users and a library of N files of
equal popularity, each of size B bits, for some B € NT. However, for the heterogeneous caching
system, each user k € {1,..., K} has a cache storage of M} B bits i.e., the maximum allowable
size of each user’s cache content Z is M B such that H(Z,) < M; B. We define an ordered set
of K heterogeneous caches M := {M;, Ms, ..., My} where M; < M, < ... < M. Fig. 3.7
illustrates the system model. The key components of the system i.e., cache storage, file delivery
and decoding are defined similar to Section 3.1.2 for the set of heterogeneous caches M. The
fundamental storage-rate trade-off is defined as follows.

Definition 5 (Storage vs. Rate Trade-off). The storage-rate pair (M, Ry ) is achievable if, for any
e > 0, there exists an (M, Rye;) caching scheme for which P, < e. The optimal storage vs. rate
trade-off is defined as:

* (M, N, K) 2 inf {Rpet : (M, Ryet)is achievable} . (3.44)
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Figure 3.7: System Model for Caching with Heterogeneous Storage.

3.2.3 Existing Results and Preliminaries

In this section, we present the relevant existing results on homogeneous caching and their exten-
sions to the heterogeneous setting. The extensions are naive baselines which are then used to
characterize the performance of systems with heterogeneous cache set M.

3.2.3.1 Existing Results for Centralized Homogeneous Caching

For N files and K users with homogeneous cache storage where M; = My = ... = Mg = M
such that M € (0, N|, a novel centralized caching and coded delivery scheme was presented in [97]
which yields an achievable rate of

Ruom(M, N, K) = min { R, (M, N, K), Rl (M, N, K)},

hom hom

which is a minimum of the conventional unicast rate

M
bom(M, N, K) =min{N, K} (1—F) , (3.45)
where each user’s demand is served with individual point-to-point transmissions, and the multicast
rate

1 K+1 KM
m(M,N,K)=—— [2K -t ———. 2= 4
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with ¢ = | £X|, where multiple users’ demands are jointly serviced with multicast transmissions.
The caching and delivery scheme proposed in [97] has its roots in the problem of index coding with
side information. The multicast delivery achieves a global caching gain which leads to order-wise

improvements in the storage-rate trade-off compared to traditional unicast delivery.

3.2.3.2 Naive Extensions to Heterogeneous Setting

We next introduce the preliminaries for heterogeneous caching by extending known homogeneous
schemes to the heterogeneous setting.

e Heterogeneous Unicast: Let users cache bits of files in a sequential manner i.e., user k caches
the first M]’\}B bits from each of the N files. Under this sequential caching, it is enough to
deliver the largest complementary fragments of common requested content. Given the set of

ordered caches M, the heterogeneous unicast rate is given by:

min{N,K} Mz

v (M, N,K) =min{N, K} — i M

N (3.47)

e Heterogeneous Multicast: Given a set of caches M, the storage and delivery is designed based
on the lowest cache storage in the set and the achievable rate in this case is given by

het (M, N, K) = Rig., (nglv}n{/\/l}, N, K) , (3.48)
where min { M} is the smallest storage in M and R} _ is given in (3.46).

Considering the heterogeneous unicast scheme, although every user’s storage is completely uti-
lized, the transmissions are point-to-point and the global caching gain due to multicast is lost.
Conversely, the naive multicasting scheme is limited by the lowest storage in the system. Further,
as heterogeneity increases, the strategy leads to cache wastage i.e., for any user k, (M, —min{M})
amount of storage is not utilized. The ideal heterogeneous caching and delivery scheme should
combine the complete utilization of each users’ storage while also leveraging multicasting oppor-
tunities. This forms the basis of the proposed Layered Heterogeneous Caching (LHC) scheme
discussed in the sequel.

3.2.4 Main Results and Discussion

In this section we present new upper and lower bounds on the optimal rate for heterogeneous
caching. The following theorem gives our main result, which is an upper bound on the optimal
rate, R}..(M, N, K), of the heterogeneous caching problem based on the proposed Layered Het-
erogeneous Caching (LHC) scheme.
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Theorem 10. For any N files and K users with heterogeneous cache storage M =
{M;y, My, ..., Mg} € (0,N],

Ry (M, N, K) < min ) Ryer (Mg, N, K,), (3.49)

where Pk is the set of all possible partitions of the set of caches M and G € Pk, with cardinality
G = |G|, is any valid partitioning of M into non-overlapping ordered subsets M, C M with K,
users for g € {1,2,...,G}. The achievable rate for cache set M, is given by

ﬁet(MmNu Kg>> ifKy,=1

Rhet(Mg7 N7 Kg) - {RLHC

o . (3.50)
het (MgaN, Kgaag)7 lng >1

where REHC is the rate achieved by the LHC scheme outlined in Algorithm 1 and a, =

{a*l‘, ceey 04}(9} is the optimal file splitting strategy for any ordered cache set M.

The achievable rate in Theorem 10 results from two main concepts namely, (i) set partitioning
of the ordered cache set M and (ii) cache layering for every ordered subset of heterogeneous
caches in a given partition. We next elaborate on these two strategies and outline the proposed
LHC scheme detailed in Algorithm 1.

3.2.4.1 Set Partitioning

Set partitioning is used to determine the best grouping of caches in order to maximize the achiev-
able rate of the heterogeneous caching scheme. Let the cache set M be partitioned [182] into
a set of disjoint subsets. Let one such partition be G = {M;, My, ..., Mg} for some integer
G = |G| < K, such that M, C M is an ordered subset of K, users’ caches Vg € {1,2,...,G}.
For any valid partitioning G € Pk we also have {M,; N M;} =0 fori # j, Vi,j € {1,2,...,G}
and U§:1 M, = G. Based on such a partitioning, for any subset of caches M, if K, = 1, i.e.,
only one user is present in the group M,, sequential caching and unicast transmission is used to
deliver content to this user. For all other groups M, such that KX, > 2, multicasting opportunities
can be exploited. The following example illustrates the concept of partitioning.

Example 3. For a system with N files and K = 5 users with cache set M := {M;, My, ..., M5},
a valid partition can be G = {{M; }, { My, M3}, {M,, M5}}. Here G = 3 and the ordered subsets
My = {M}, My = {My, M3}, M3 = {My, M5}. Based on this partition, unicast delivery is
used for the group M, while for M5 and M3, the storage and delivery is based on the proposed
LHC scheme. 0 0

The proposed LHC scheme is a principled approach to exploit all possible multicast and unicast
opportunities for a given subset of caches M, for any partitioning of M. Note that, when G' =
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Algorithm 1 LAYERED HETEROGENEOUS CACHING
1: INITIALIZE: Split caches in M, into K, layers L.k, such that my = M, — M,_,,{ =

1,2,..., K, Split each file into fragments a1, as, . . ., ag,.
2: for each layer £,, with ¢ =1,2,..., K, do
3: CACHE STORAGE: Use centralized cache storage scheme from [97] for N files, K, —{(+1

users, each with a cache storage of m,B/«y bits. At layer £ K,» Store mpg, /N fraction of
the fragment o i of each file which have not yet been stored in the cache of user K.
4: FILE DELIVERY:
(a) Deliver a,B bits of requested files of users {¢,¢+ 1,..., K,} via multicast
transmission.
(b) Deliver the remaining (1 — Zle ai> bits of user ¢’s requested file via unicast.

(¢) Atthe last layer L, deliver the remaining (o, — mg,/N) B bits of user K,’s
requested file via unicast.
5: end for

1, all users are grouped together and served via LHC, while for G = K, every user is served
individually via unicast. For K users, consider the set of all possible partitions Py, of the cache
set M. The total number of such partitions i.e., the cardinality of Py is given by the K-th Bell
Number [182]. Minimizing over the achievable unicast and LHC rates for all possible partitions
yields an upper bound on the optimal rate in (3.49). The optimal partition G°P* is then given by

G°P' = arg min Z Rpet (Mg, N, K,) . (3.5D)
GePK gcg

The optimal partition is evaluated based on the application of the LHC scheme within any subset
of caches of any given partition. In the next section, we introduce the LHC scheme and analyze
the achievable rate.

3.2.4.2 Layered Heterogeneous Caching (LHC) Scheme

In this section, we propose the Layered Heterogeneous Caching (LHC) scheme based on a novel
cache layering and file splitting strategy as follows:

e Cache Layering: For any partitioning of the cache set M, consider the subset of ordered caches
M, with K, users. The caches in M, are then divided into K, layers, L1, ..., Lk,. Layer
L, consists of all K, users, each with a storage of m; = M;. Layer L, consists of users 2
to K, (i.e., K, — 1 users) each with a cache storage of my = (M, — M;). In general, layer
Ly, V0 e{1,2,...,K,} has K, — {+ 1 users with a per-user storage of m; = (M, — M,_).

e File Splitting: Next, each file F),, is split into K, non-overlapping fragments of size
(a1, @2,...,ak,)B bits such that S o; = 1. The LHC scheme is based on the premise
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that the layer £, is used to deliver a, fragment of the files requested by K, — £ + 1 users via
multicast transmission. Resultantly, the /™ user receives oy + ao + ... + oy fraction of its

requested file via ¢ multicasts. The remaining <1 — Zle ozi> fraction is delivered via unicast
transmission.

The cache layering and file splitting strategies are shown in Fig. 3.8(a) for K = 3 users. The
overall proposed LHC scheme using these ingredients is presented in Algorithm 1.

Achievable Rate of LHC Scheme

The achievable rate of the LHC scheme for the cache group M, is the sum of the rates over the
K, layers. Focusing on the ¢'" layer, note that the transmission has two components:

1. Unicast of (1 — Zle «;) fraction of the file requested by the £ user.

2. Multicast of oy fraction of files requested by the set of (K, — ¢ + 1) users, each user having a
storge of my = M, — M,_;.

We next separately analyze the unicast and multicast rates for the LHC scheme. To analyze the
unicast rate, note that at layer £,, V¢ € {1,2,..., K, — 1}, the unicast rate for user / is given by

1— Zle o = Zfige 1 ¢;. For the final layer L, the unicast rate of the K -th user is given by

(ax, — “x*). The unicast rate for all K, layers is given as:

Ky
. ~ . Mg
Unicast Rate = S (i — 1)a, ( - ) 3.52
nicast Rate ;(z oy + (ag, v (3.52)

For multicast delivery, the centralized caching scheme [97] is used in each layer £,, V/ €
{1,2,..., K, — 1} to deliver o, fragment of each file. The following lemma gives an achievable
multicast rate for each layer in the LHC scheme.

Lemma 3. For any N files and K users, each with cache storage of M B bits, the achievable
multicast rate for delivering aB € (0, B| part of all requested files, is given by:

R(o, M,N,K) = aR" (M/a, N, K), (3.53)

hom

m
where R}

(M, N, K) is the achievable rate given in (3.46).

The proof of Lemma 3 is presented in Appendix A.7 along with an illustrative example. Using

Lemma 3, the multicast rate for the /" layer is given by a, R _ <2—f, N, Ky —(+ 1). Thus, we
have:
Kg—1 o
. m ¢
Multicast Rate = » _ o Ryep, (a—é, N, K, —{+ 1) . (3.54)

(=1
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Figure 3.8: (a) Layered Heterogeneous Caching for K = 3 users; (b) Scaling of R-HC with «; for

N=K=3and M = 1.

Thus, for a given &y = {a1, s .., « K, }, the achievable rate of LHC for the cache set M, is given
by:
K, 0 Ky—1 "
RS (Mg, N, Ky, dg) =Y (i — Do + (% - ]5) + ) R, (a—j N, K, —(+ 1) .
i=2 =1
Unic;sTRate Multiu;gt Rate
(3.55)
The achievable rate in (3.55) can be minimized by choosing the optimal &7 as follows:
Kg
dy = argmin REEC (M, N Ky, d,) st Y a;=1,0<a <1, (3.56)
g i=1

The solution yields the best achievable LHC rate R-HC (./\/lg, N, K,, 62;) for the cache set M,,.
The rate, when evaluated over all subsets M, such that g € G°Pt i.e., over the optimal partitioning
of M, yields the upper bound on the optimal rate for heterogeneous caching in (3.50).

Remark 7 (Optimal File Splitting). Fig. 3.8(b) illustrates the intuition behind the choice of
optimal « for any given layer in the LHC. Consider the system in Fig. 3.8(a) for NV = 3 files and
a storage of M; = 1 in layer £;. Fig. 3.8(b) shows the heterogeneous unicast and LHC rates
as a function of the split ;. The rates are minimized at o; = 1/3. However, a larger fraction,
a1 = 0.5, can be delivered in this layer without increasing the sum-rate when LHC is used. This
ensures maximum utilization of storage at layer £; and transmission with the minimum possible
rate: % + (1 — ;) = 0.67 (see Appendix A.7). For a homogeneous system, with M;=My=M3=1,
however, a; = 1 is the optimal choice since the entire file needs to be delivered using multicast in
layer L;. [
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Remark 8 (Decentralized Layered Heterogeneous Caching). In the proposed LHC scheme,
within each layer, the cache storage phase is centralized. However, due to the generality of the
layering approach, a decentralized cache storage scheme based on random caching [98], can be
used within each set of caches M,. In this case, each user k£ € {1,2,..., K } can randomly
store any M), /N bits in its cache. The delivery phase is then designed by the server similar to the
scheme presented in [98]. To this end, the server layers the caches into layers £y, ..., Lk, . It then
divides the cache content of each user £ € {1,..., K} into k non-overlapping fragments of size
mq, Mo, ..., mg such that 24:1; r Me = M, and each cache fragment m, corresponds to a layer
L. The server uses the multicast delivery scheme in [98] for each layer and optimizes over & to
determine the fraction of files to deliver in each layer. The achievable rate of LHC in (3.55) is then
based on the rate of decentralized delivery [98] for homogeneous caching within each layer with

’Qém(M,NK):K(l—%) {%(1_(1_%)[()} (3.57)

for N files, K users and any cache size M € (0, N]. Note that Lemma 3 also holds for this case
and hence the achievable rate of decentralized LHC for any subset of caches M, can be evaluated
from (3.55) by using the decentralized multicast rate R} from (3.57). ]

hom

3.2.4.3 Information Theoretic Lower Bound

We next present an information theoretic lower bound on the optimal rate of the heterogeneous
caching problem and leverage the bound to show that the proposed LHC scheme is order optimal
for some system settings. The next theorem presents q lower bound on the optimal rate for the
heterogeneous caching problem.

Theorem 11. For any N files and K users with heterogeneous cache storage M, we have

N — Zle MZ)

TN/s] (3.58)

ret (M, N K) > max (
M;e M Vi€[s]

The proof of Theorem 11 is presented in Appendix A.8 and follows from a cut-set argument [174].

3.2.4.4 Order-Optimality of LHC

Leveraging the achievable rate in Theorem 10 and the lower bound in Theorem 11, the next theo-
rem characterizes the optimal rate of the heterogeneous caching from to within a constant multi-
plicative factor for systems with 2 and 3 distinct cache sizes across all users.

Theorem 12. For any N files and K users with heterogeneous cache storage M =
{My, My, ..., Mg} such that the system has only two distinct cache sizes i.e., M; €
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{Mp, My}, Vie{l,2,..., K}, we have

Rpet (M, N, K)

< 19; (3.59)
het(M N K)

and for a system where there are only three distinct cache sizes i.e., M; € {Mp, M;, My}, Vi €
{1,2,..., K}, we have

Rpet (M, N, K)

< 28. (3.60)
het(M N K)

The proof of Theorem 12 is presented in Appendix A.9. The theorem shows that for 2, 3 levels of
heterogeneity, the proposed heterogeneous caching scheme is order-optimal.

Bi-Criteria Approximation

For a general system with K users, each having a potentially different different cache size, we
present a bi-criteria approximation result for the LHC algorithm. To this end, let M,, denote the
mean cache storage for the set of caches in M,. Assume that a new cache set 9, is formed by
replacing all caches in M, which are smaller than Mg by the mean cache size. For any user k €
{1,2,..., K,} with cache storage M), € M, we define the ratio of the additional cache storage in
My \ "
My
ensures that the ratio is non-zero for only the caches which have storage lower than the mean.
Assume further, that in for each subset of caches g € {1,2,...,G}, of the partition G, a total of
Kq(g K ) users have cache storage less than the mean Wg. The following theorem provides a
bi-criteria approximation guarantee for the proposed algorithm.

M, to the mean cache in each group as y;, = , where the function (z)" = max{0, z}

Theorem 13. For any N files and K users with heterogeneous cache storage M =
{My, My, ..., Mg} € (0,N],

G
1
het(M N K 2 _G; het f)ﬁg,N, Kg)a (361)

where Rpee My, N, K,) is the rate achieved by the proposed LHC algorithm for a cache
set M, where caches sizes lower than M, have been replaced by the mean. This is a

<12G, [1 +£ Zle Z,Zgl yk} ) — bi-criteria approximation for the LHC algorithm.

The proof of Theorem 13 is provided in Appendix A.10.

Remark 9. Bi-criteria approximations are common in caching literature, particularly [99, The-
orem 3], which provides a bi-criteria approximation algorithm for the problem of caching with
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non-uniform file popularities. In our approximation guarantee, it is to be noted that for a given
ordered cache set M, the constant gap to the achievable rate increases when the number of sub-
sets G in the partition G is large. But in general, we expect G < K thus the constant does not
grow arbitrarily large. On the other hand, when large number of groups are chosen, it is expected
that the mean cache sizes of the groups are closer to their minimum cache sizes compared to the
case when G = 1 i.e., all users are grouped together. Thus, for any heterogeneous cache set M

and large G, the values of vy, Vk € {1,2,..., K,,} are smaller i.e., smaller cache violations are
incurred. Thus choosing an appropriate partition G € Py presents a trade-off for the bi-criteria
approximation. 0

We next present numerical results to analyze the performance of the proposed LHC scheme under
different levels of system heterogeneity.

3.2.5 lllustration of Numerical Results

To tractably characterize the system heterogeneity and present numerical results, we define the
following parameters for heterogeneity. The heterogeneity of a set of ordered caches M is char-
acterized by 7 = 11,72, .. ., nk] such that n, = My /M;,Vk € {1,2,..., K}, and 8 = M;/N.
Furthermore, we also consider an exponential model for heterogeneity similar to [181] where we
have

K-k

Mk = Ml, v e (O, 1] (362)

~E-1
The parameter v characterizes the heterogeneity of the system with v = 1 being a homogeneous
caching system. For the exponential model, we have 1, = (y57%)/(7%~1). To characterize
the storage-rate trade-off, the sum-rate of the system is plotted against increasing [ for a given
heterogeneity 77 for different ~.

3.2.5.1 Achievable Rate of LHC for Different Heterogeneity

First, we characterize the effect of heterogeneity on the achievable rate for a system with the
same aggregate cache size but with the caches distributed with different heterogeneity. Fig. 3.9
shows that the achievable rate of the LHC scheme with N = K = 5 for the optimal partition
G°Pt, Tt can be seen that for the same aggregate cache size, as system heterogeneity increases, the
achievable rate of the LHC scheme increases. This can be attributed to the fact that the increase
in heterogeneity leads to decrease in available multicasting opportunities and the unicast rate in
(3.55) begins to dominate the achievable rate.

Remark 10 ( Homogeneous Caching). LHC is modeled on cache layering and file-splitting with
each layer operating independently. In the case that multiple users k,k + 1,..., %k have the
same storage, the layers corresponding to users k + 1,k + 2,..., k" have zero storage and hence
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Figure 3.9: Rpet(M) trade-off for N = K = 5 under varying system heterogeneity.
Qy1, Oy2, - .., 0y = 0. Thus LHC, when applied to a system with homogeneous caching, uses

only one layer with the entire cache storage and all users, to deliver requested files yielding the
multicast rate in [97]. All layers other than £; in this case have zero storage and ov; = 1. The

optimal partition, G°P, is either the entire set {1, 2, ..., K'} (multicast to all users) with G = 1 or
the partition with G = K subsets with one user in each subset (unicast to all users) depending on
the values of the parameters M, N, K. [

Fig. 3.10(a)-3.10(b) show the achievable rate for heterogeneous unicast along with centralized and
decentralized LHC schemes for N = 10 files and K = 4 users with different levels of heterogene-
ity. Fig. 3.10(b) shows that, as heterogeneity increases the LHC rate approaches the unicast rate.
This is due to the fact that with increase in heterogeneity, layers with more users i.e., with more
multicasting opportunities, have low cache storage leading to lesser multicast gains. Therefore the
first term in LHC rate in (3.55) dominates. Furthermore, decentralized caching faces a rate loss
due random storage which also decreases with heterogeneity due to lack of multicast gains. Fig.
3.10(a)-3.10(b) also show that the rate of Theorem 10 converges to the lower bound of Theorem
11 for large .

Remark 11 (Cache Partitioning). For low heterogeneity, using a single partition {1,2,..., K}
with G = 1, provides similar performance compared to optimal partitioning with G > 1. However
with increasing heterogeneity, partitioning better captures the disparity in cache sizes to provide
maximal multicasting gains by grouping users together optimally. [
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Figure 3.10: Rpe(M) trade-off for (a) N = 10, K = 4, with 7 = [1122]; (b) N = 10, K = 4,
with 77 = [1 2 5 6.

3.2.5.2 Comparison with Decentralized Schemes from Literature

Next, we compare the achievable rates of the proposed LHC for the case of decentralized caching
with results from independent parallel work [180]. First, we consider the case when N < K.
We can from Fig. 3.11(a)-3.11(b) that for this case, the proposed LHC scheme outperforms the
scheme from [180] especially for low values of cache storage. An interesting insight is that optimal
partitioning outperforms all schemes for the entire regime of cache storage. However, when using
only G = 1 i.e., grouping all users together, the LHC scheme loses multicasting opportunities and
therefore is outperformed marginally by the scheme from [180]. For the case of N > K, Fig.
3.11(c)-3.11(d) show that the proposed LHC scheme with optimal partitioning outperforms other
schemes. We would however like to acknowledge that the modified decentralized caching scheme
proposed in [181] does achieve an improvement over LHC for the case of decentralized caching
with N < K for small values of cache storage.

Next, we consider the case when N, K is large. In this case, evaluating the optimal partition for the
LHC scheme is computationally complex since the Bell number grows double exponentially with
K. Instead we resort to using G = 1 for the LHC scheme. It can be seen from Fig. 3.12(a) that
the decentralized LHC is marginally outperformed by the scheme from [180] for v = 0.75, while
the centralized LHC outperforms all other schemes. Note also that when heterogeneity decreases,
Fig. 3.12(b) shows that the decentralized LHC has similar performance to the scheme in [180]
while the loss due random caching is also higher. This can be attributed to the fact that centralized
placement and delivery can exploit better multicasting opportunities when the caches are similar
in size. Furthermore, in these simulations, we have only used G = 1. We can always evaluate the
LHC rate over more partitions (but less than the optimal Bell Number of partitions) to minimize the
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LHC rate and potentially further improve over the existing schemes in literature. Note that LHC
is a general framework allowing for both centralized and decentralized storage while the schemes
in [180, 181] works only for decentralized storage.

In the next section we give a summary of our contribution towards gaining a better understanding
of the fundamental limits of single-server cache-aided systems and highlight some directions of
future work in this paradigm.



Avik Sengupta Chapter 3. Information Theoretic Limits of Caching 57

10 ! ! ) ) ) ) 10

| | | |
N |- Heterogeneous Unicast

L - Heterogeneous Unicast g

9 “ —e—Decentralized Achievable Rate from [180] | 9 \’\ Decentralized Achievable Rate from [180]|
31 —=—Decentralized Rpg for G = 1 AN o Decentralized Rhet for G =1

8 “ —+—Centralized Rpe for G =1 g 8- \\ —»— Centralized Rpha for G =1 B
L ——Lower Bound ‘\\ —— Lower Bound

Sum Rate
Sum Rate

.
~..
~..
.,

(b)
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3.3 Directions for Future Research

The study of information theoretic modeling of cache-aided systems has been a topic of a vast body
of recent research which aims to gain fundamental understanding of the practical gains afforded
by such systems. Based on the work presented in this chapter, some open problems and directions

of new research in this paradigm are highlighted next:

e Optimal Storage-Rate trade-off For Homogeneous Coded Caching: For cache-aided systems

without any constraints on storage, the characterization of the optimal storage-rate trade-off is
still an open problem.

Non-linear Caching and Delivery Schemes: Based on recent results, including those presented
in this chapter, it is envisioned that to achieve optimality, tighter upper bounds i.e., improved
achievable schemes are required. To this end, we note that most of the schemes existing in
literature are linear placement and delivery schemes. Non-linear and coded cache placement
and delivery schemes might be able to improve on known results and remain an area of active
research.

Optimal Storage-Rate Trade-off for Heterogeneous Caching: For the problem of caching with
heterogeneous storage, based on the proposed framework, an interesting direction of future
work is to design a low-complexity (polynomial time) algorithm for finding or approximating
the optimal cache partition G°?*. Furthermore, verifying the order-optimality of LHC for any
K levels of heterogeneity remains an open problem.



Avik Sengupta Chapter 3. Information Theoretic Limits of Caching 58

3.4 Summary

In this chapter, we investigated the fundamental information theoretic limits of single-server cache-
aided systems and presented improved approximations to the storage-rate trade-off for systems
with homogeneous as well heterogeneous cache storage. To this end, we presented a new tech-
nique for deriving information theoretic lower bounds for single-server cache-aided systems with
centralized as well as D2D-assisted content delivery for the general case when users can demand
multiple files at each transmission interval. We leveraged Han’s Inequality to better model the
interaction of user caches and file decoding capabilities of multicast transmissions to derive lower
bounds which are strictly tighter than existing cut-set based bounds. Leveraging the proposed
lower bounds, we showed that, for the case of multiple demands per user, treating each set of user
demands independently for multicast content delivery, is in fact order-optimal for both delivery
settings. Furthermore, we provided an approximate characterization of the fundamental storage-
rate trade-off for centralized content delivery to within a constant multiplicative factor of 11 and
for D2D-assisted content delivery to within a factor of 10 for all possible values of problem param-
eters, thereby improving on the existing results in both paradigms. Furthermore, we introduced the
heterogeneous caching problem and presented a novel achievable scheme based on set partitioning
and cache layering. The proposed Layered Heterogeneous Caching scheme utilizes the system
storage maximally and delivers content via a combination of multicast and unicast delivery. The
framework is general and can be applied to both centralized and decentralized cache placement.
We also presented an information theoretic lower bound on the optimal heterogeneous caching rate.
We showed that as heterogeneity in storage increases, the multicasting gain reduces and usefulness
of optimal user-partitioning increases. Furthermore, leveraging the lower bound, we showed that
the rate of LHC scheme is within a constant multiplicative gap to the information theoretic optimal
rate for systems with 2 and 3 levels of heterogeneity respectively.



Chapter 4

Fundamental Limits of Caching with
Secure Delivery

In this chapter, we introduce the secure caching problem with the goal of minimizing informa-
tion leakage to an external wiretapper in a single-server cache-aided system while servicing the
legitimate users with the minimum possible rate. Firstly, the fundamental cache storage vs. trans-
mission rate trade-off of the secure caching problem is characterized for the case of uniform file
popularity. Rather surprisingly, the results show that security can be introduced at a negligible
cost, particularly for large number of files and users. It is also shown that the rate achieved by the
proposed caching scheme with secure delivery is within a constant multiplicative factor from the
information-theoretic lower bound for most parameter values of practical interest. These results
are then extended to the case of files with non-uniform popularity profile.

4.1 Caching with Secure Delivery

In the information theoretic formulation of the caching problem in [97,98], parts of popular files
are often shared across caches based on the available per-user cache storage in the system. Fur-
ther, the content delivery phase also treats groups of users together in order to deliver content via
multicast transmissions. As a result, security is a concern in such systems wherein unauthorized
access needs to be limited. Furthermore, an external adversary (rogue subscriber) may be able to
obtain access to sensitive (unauthorized) data by intercepting enough multicast and unicast trans-
missions. In this work, we investigate the fundamental security aspects of the caching problem in
the presence of an external adversary (wiretapper). To this end, we introduce the secure caching
problem in which the multicast communication between the central server and the users (delivery
phase) occurs over a public (insecure) channel. The defining feature of this problem is to capture
the trade-off between the multicast rate of the insecure link and the size of the cache storage. To
the best of our knowledge, none of the works on cache storage and placement design deal with

59
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Figure 4.1: System Model for Secure Caching.

security issues.

We consider the coded caching problem of Maddah-Ali and Niesen (introduced in Chapter 2), in
the presence of an external wiretapper which can observe the multicast communication X g, .. 4,)
i.e., the communication from the central server to the users occurs over an insecure link. The
wiretapper is considered to be strictly out-of-network and is thus able to observe only the mul-
ticast delivery which happens over a broadcast channel. Thus, besides satisfying the users’
demands, we require that X4, q.) must not reveal any information about (Fi,..., Fy) i.e

I (X(dl’m,dK); .o ,FN) = 0. As is shown, the additional security constraint necessitates in-
troducing randomness in the form of keys, which occupy a part of the cache of each user. Subse-
quently, these keys are used in the delivery phase to the keep the delivery information theoretically
secure using a one-time-pad scheme [183]. In our system model, the placement phase occurs over
unicast channels to individual users and can be secured with the help of individual keys e.g., se-
cure unicast communications using a system similar to code-division-multiple-access (CDMA). As
a result, security is considered to be inherent in the placement phase. Thus, in this work, we con-
sider the security of only the delivery phase and not the cache placement phase. For this problem,
a storage-rate pair (M, Ry) is securely achievable if, for a cache size of M F' and a transmission
of rate R F' bits, it is possible for each user to decode its requested file and the communication
over the shared link reveals no information about any file. Fig. 4.1 shows the caching system in
the presence of a wiretapper. Let R*(M) denote the smallest R, such that (M, R) is achievable.
Thus, the function R%(M) is the fundamental storage-rate trade-off for the secure caching prob-
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lem. We investigate both the centralized cache placement as well as the decentralized placement
with secure file delivery without any assumptions on user demands and file popularity.

4.1.1 Main Contributions

The aim of this work is an approximate characterization of the storage-rate trade-off for caching
with secure delivery in the presence of an external wiretapper. The main contribution of this chapter
are summarized as follows:

e We design centralized and decentralized caching algorithms which make use of coded multi-
cast delivery to extract global caching gain. The system has uniformly distributed orthogonal
keys which are stored across users for secure multicast delivery.

e We present novel upper and lower bounds on R’ (M) and show that these bounds are within a
constant multiplicative gap. Indeed, for a fixed M/, it is intuitively clear that R (M) > R*(M),
i.e., the minimum rate in presence of a wiretapper must be, in general, larger than in the
absence of a wiretapper. From our results, we show, rather surprisingly, that the cost for
incorporating security in both the centralized and decentralized caching schemes is negligible
when the number of users and files are large.

e Finally, we also present an approximate characterization of secure storage-rate trade-off for
the case of non-uniform file popularity and show that the cost of security for this setting is also
negligible for a large number of files and users.

4.2 System Model

Let (Fy, Fy, ..., Fy) be N independent random variables each uniformly distributed over
F, ~Unif{1,2,...,2F}, vn € {1,2,..., N} 4.1)

for some B € N. Each F,, represents a file of size F’ bits. A (M, R,) secure caching scheme
comprises of K random caching functions, N* random encoding functions and K N* decoding

functions. The K random caching functions map the files (F}, ..., Fly) into the cache content:
Zi 2 o (Fr,... Fy) (42)
for each user k € {1,2, ..., K} during the storage (or placement) phase. The maximum allowable

size of the contents of each cache Z, is M B bits. The N* random encoding functions map the
files (Fy, ..., Fiy) to the input

Xar,die) Z Uy, (Fis - - FN) (4.3)
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of the shared link in response to the requests (dy, ..., dg) € {1,2,..., N} during the delivery
phase. Finally, the K N¥ decoding functions map the received signal over the insecure shared link

X(dy.....dr) and the cache content Z, to the estimate

W(d1 ,,,,, dK),ké,U(dl ..... dK),k(X(dl ..... dK)>Zk> 4.4)

p A P(W, E,). 4.5
(dy,..., dKI)Iel?l},(Z ..... N}Kke{?QE,L.}.iK} Wiar...as) ke # Fa) @5)

The information leaked at the wiretapper is defined as:

£ I (X By Fy) . 4.6
@ dKf)Iel?fz ’’’’’ N}K ( (d1,..,dric)y 15 ) N) (4.6)

Definition 6 (Secure Storage vs. Rate Trade-off). The pair (M, Ry) is securely achievable if for
any ¢ > 0 and every large enough file size B, there exists a (M, R;) secure caching scheme with
P, < eand L < e. We define the secure storage-rate trade-off

R:(M) 2 inf{R, : (M, R,) is securely achievable}. 4.7)

4.3 Centralized Caching with Secure Delivery

The first result gives an achievable rate which upper bounds the optimal storage-rate trade-off
R(M) for the centralized caching scheme with secure delivery. Security is incorporated by intro-
ducing randomness in the storage and delivery phase of the achievable scheme in form of a set of
uniformly distributed orthogonal keys (independent of the data) stored in the cache of each user.
The total cache storage (of size M B bits) is divided into two parts - data storage (of size MpB
bits) and key storage (of size Mg B bits) such that M = Mp + Mg. The server uses the keys
stored at the users’ caches to encode the delivery signal X4, . 4,) such that the transmission is
secure from the wiretapper.

1111

Theorem 14. For N files and K users, each with a cache size of M € % -t + 1, for
t€{0,1,2,..., K} we have

M—1 1
R:(M) < Rs,cen<M) éK (1_ ) { — } (48)
N -1 1+K-%

i.e., the rate R cen(M) is securely achievable. For any 1 < M < N, the lower convex envelope of
these points is achievable.
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Figure 4.2: (a) Centralized Secure vs Non-Secure Bounds N = K = 20; (b) Multiplicative gap
between RS (M) and lower bound on R*(M).

The algorithm achieving the rate in Theorem 14 is presented in Algorithm 2. Similar to [97], the
achievable rate in (4.8) consists of three factors. The first factor K is the worst case rate in the
case when no data is cached (Mp = 0). The second factor in (4.8) is ( — %) This is the
secure local caching gain and is relevant whenever M is of the order of N. The third factor in
(4.8)is 1/ (1 + K - 3=1), which is the secure global caching gain. Comparing Theorem 14 to
(Th.1, [97]), we observe that the terms % in (Th.1, [97]) have been replaced by % However,
the combination of the global and local gains leads to the rate in (4.8) being higher than the rate
in (Th.1, [97]) for a given value of M, N. This is the cost paid for the security in the system.
However, as K, N become large, the secure rate is asymptotically equal to the non-secure case.
When N = K = 20, it can be seen from Fig. 4.2(a) that the secure and non-secure bounds
almost coincide i.e., security from a wiretapper can be achieved at almost negligible cost for a
large number of files and users. Consider the case of conventional unicast content delivery to each
user. In contrast to the insecure scheme in [97], to make the delivery phase secure, however, each
user has to store a unique key (of the same size as a single file). During delivery, the server encodes
the user’s requested file with its key and transmits it. Thus, even with no data storage in cache, the
cache size has to be at least B bits to store a key (Mg = 1) i.e., in the secure problem, M = 0 is
infeasible. The worst case rate is achieved at A/ = 1 and the (M, R; cen) pair (1, K) is achievable.
At the other extreme when M = N i.e., the case where all files are stored in the user’s cache and
no content delivery is required. In this case Mp = N, My = 0 and the (M, R; cen) pair (N, 0) is
achievable. We refer to a scheme which achieves points on the line joining (1, K) and (XN, 0) as the
conventional secure scheme, where each user stores one unique key and encrypted files are unicast
to each user based on their request. On the other hand, the proposed scheme in Algorithm 2 jointly
designs the placement of data and keys in the users’ caches such that coded secure multicasting

can be achieved among users. Next, we present a lower bound on R* (M) stated in the following
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Algorithm 2 SECURE CENTRALIZED CACHING ALGORITHM

Centralized Cache Placement: for files [, ..., Fly
t=K(M-1)/(N-1)
forn € {1,2,...,N} do
Split file F), into equal sized fragments F,, 7 : 7 C {1,2,...,K},|T| =t
end for
Generate keys K7, such that 7, € {1,2,..., K}, |Te| =t +1
for k € {1,2,..., K} do
forn=1,2,..., Ndo
File F), 7 is place in cache, Z, of user kif k € T
Key K7, is placed in cache, Z, of user k if k € Ty,
end for
11: end for
Coded Delivery:
12: for Ssuchthat S C {1,2,...,K},|S|=t+1do
13: Server sends {ICS Pres de,g\{k}}
14: end for

R N A

H
e

theorem.

Theorem 15. For N files and K users, each having a cache size 1 < M < N,

R (M) > se{1,...r,?n%§zv,x}} (s - —(L%J — 1)> . 4.9)

The proof of Theorem 15 is presented in Appendix B.2. Next, we compare the achievable rate
from Theorem 14 and the lower bound on the optimal rate in Theorem 15, and show that a constant
multiplicative gap exists between R (M ) and the achievable rate R cen(M).

Theorem 16. For N files and K users, each having a cache size max {% +1 1}
M <N,

Rscen(M)
1< = 2 < 17. 4.10
S TRe(M) S (4.10)

The proof of Theorem 16 is presented in Appendix B.3. The ga 1s unbounded and scales with
K only for the case of K > N in the regime 1 < M < HENWNZD 4 1, which is negligibly
small for large K, N as discussed in Appendix B.3. While the analyt1ca1 constant of 17 is large
for practical purposes, the gap can tightened numerically. Fig. 4.2(b) shows the maximum value
of the multiplicative gap between R cen(M ) and the lower bound on R’ (M) for values for NV, K
ranging from 1 to 1000 and all feasible values of M in each case. It can be seen that the gap is
generally less than 4 when K < N. However for K > N, and for small N, the gap is larger i.e.,
around 6.
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Figure 4.3: (a) Secure Caching Scheme and (b) (M, Ry cen) trade-off for N = K = 2.

4.3.1

Intuition behind Theorem 14 (Achievability)

We next present a series of examples to explain the intuition behind the achievable rate in Theorem
14 and highlight the interesting features of the proposed secure delivery scheme.

Example 4. We illustrate the achievable scheme in Theorem 14 for the case of N = 2 files and

K = 2 users. From Theorem 14 we have M € 21

£1{0,1,2} + 1 = {1, 3, 2} are the possible cache
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sizes for each user. Let the two files be I} = A and I, = B. The bounds in Theorems 14 and 15
are shown in Fig. 4.3(b) along with the bounds for the non-secure case from [97]. We start with the
upper bound in Theorem 14. Considering the extreme point M/ = 1, the cache of both users 7, Z5
only stores two unique keys K, Ko and the server transmits both the files A, B over the shared
link XOR-ed with a key. Given the worst-case demand (d;, ds) = (A, B), the server can transmit
Xap = {A® Ky, B® Ky} This system satisfies every possible request with rate R = 2 and it
is easily verified that [ (X(A,B); A, B) = 0. Thus (M, Rscen) = (1,2) is securely achievable. At
the other extreme, when M = 2, each user can cache both files and no transmission is necessary.
Hence the (M, Rs cen) = (2, 0) is securely achievable.

Now we consider the intermediate case in which M = 3/2. The scheme for this scenario is de-
picted in Fig. 4.3(a). Both the files are split into 2 equal parts: A = (A, As) and B = (By, Bs),
where A1, Ay, By, B, are each of size B/2 bits. We also generate a key K5 ~ unif{1,...,2(5/2},
which is independent of both the files A, B and has the same size as the sub-files i.e., B/2
bits. In the storage phase, the server fills the caches as follows: Z; = (Aj, By, K2) and
Zy = (Ay, By, K1) i.e., each user stores one exclusive part of each file and the key. Thus
Mp =1/2+1/2 = 1and My = 1/2. Now, consider the worst case request (dy,ds) = (A, B).
In order to satisfy this request, user 1 requires the file fragment A, while user 2 requires the file
fragment B;. In this case, the server transmits X4 p) = {A2 ® By @ K2} which is of rate 1/2.
User 1 can obtain A, by XOR-ing out By, K15 while user 2 can get B; by XOR-ing out Ay, K1
from X4 p). A wiretapper, on the other hand, would gain no knowledge of either file from the
transmission since / (X (a,B); A, B) = ( which follows from the fact that the key Ky is uniformly
distributed. Thus, (M, Rscen) = (3/2,1/2) is securely achievable. This can be seen in the secure
upper bound in Fig. 4.3(b). Given that the points (1,2),(3/2,1/2) and (2,0) are achievable, the
lines joining pairs of these points are also achievable. Thus, this proves the achievability of the
secure upper bound in Fig 4.3(b). The gap between the insecure and secure achievable bounds
results from the storage of the key in the users’ cache. [

In the two user example, there is only a single key Ky, in the system. Thus, if the key is com-
promised, the security of the entire system fails. The scheme proposed in Theorem 14 for general
values of (IV, K'), however is more robust in its key management when the number of files and
users increase. We next illustrate this point through an example.

Example 5. We consider the case for N = K = 3. For this case, from Theorem 14,
M € {1, %, g, 3}. The system and bounds for this case are illustrated in Fig. 4.4(a) and 4.4(b).

We consider the case of M = 5/3 and three files A, B, C. Each file is split into 3 equal parts
ie, A = (A1,As,A3), B = (B1,B,B3), C = (C1,C5,C3). We also have 3 keys in the
system, KCi9, K13, Ko3. In this case, each sub-file and each key is of size B/3 bits. In gen-
eral, the key KC;; is placed in the caches of users ¢ and j. The keys are chosen combinatorially
and a general strategy is discussed in Appendix B.1. The overall cache placement is as follows:
Zy = {Al,B1,C1,’C12,IC13}, Zy = {A2,Bz7027/C12,’C23} and Z3 = {A37337C37’C13,’C23}-
Thus each cache has size M = 5 x (1/3) = 5/3, where Mp = 1, Mg = 2/3. Now considering
a worst case request where all users request different files, (di, d2, d3) = (A, B, C), the server can
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Figure 4.4: (a) Secure Caching Scheme and (b) (M, Ry cen) trade-off for N = K = 3.

make the transmission, X4 pc) = {{A2® B1 @ K12}, {A3 @ C1 & Ki3}, {Bs ® Co @ Ko3}},
such that everyone can securely retrieve their requested files. Thus (M, Rgcen) = (5/3,1) is
securely achievable since I(X 4 p,0y; A, B,C) = 0 i.e., a wiretapper would gain no information
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about the files from the transmission. It can be seen from the cache contents that there are multiple
keys in the system thereby avoiding a single point of failure. In general, if we choose operating
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Figure 4.5: Mg vs. Mp trade-off for N = K =5

points (M, Ry cen) such that Mx > 1/K, single points of failure in the system can be avoided.
Thus the scheme forms an interesting storage-rate trade-off based on users’ security constraints
which is elaborated subsequently in Remark 12. [

Remark 12 (Key Storage vs. Data Storage Trade-off). The trade-off between the fraction of
cache storage occupied by the data and the keys in the secure caching system is shown in Fig.
4.5 for N = 5 files and K = 5 users. Consider the cache storage constraint in Theorem 14 i.e.,
M € %t + 1, Vt € {0,1,2,...,K}. Now, since M = Mp + My, from Appendix B.1, we
have Myx = 1 —t/K and Mp = Nt/K. From Fig. 4.5, it can be seen that My dominates
at lower values of M. Formally, M > 2N/(N + 1), data storage dominates key storage i.e.,
Mp > M. From Appendix B.1, we have (,7') unique keys in the system. Thus the case for
there being only one unique key in the system corresponds to t = K — 1 ie., Mg = 1/K.
Thus for avoiding one shared key across all users i.e., a single point of failure in the system, we
need My > 1/K = t < K — 1, which corresponds to M < (N — 1)(K —1)/K + 1. Ttis
also undesirable that new keys be redistributed to the entire system each time a user leaves. The
proposed scheme avoids this scenario by sharing keys. In case a user leaves or is compromised,
only the keys contained in that user’s cache need to be replaced, leaving the others untouched.
Thus, a desirable region of operation would be:

2N (N -1)(K—-1)

<M<

1.
(N +1) K *

In general, a close inspection of Algorithm 2 reveals that when ¢ > (K — r) i.e., when M >
(N —1)(K — r)/K + 1, a wiretapper can obtain all the keys in the system if it gains access to
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any r of the K user caches. This means that if  users are compromised, system security will be
violated. It is a trivial fact that at ¢ = 0, M = 1 and each user has one unique key. In this case, the
wiretapper will need access to all caches in order to violate the security of the system.

From Fig. 4.5, we can see that Regime 5, i.e., when r = 1, is the weakest regime from the security
perspective as there is only one key in the system. Thus operation in Regimes 1-4 is desirable
for the case of N = K = 5. Now, considering the conventional secure scheme, it is seen that
there is no sharing of keys as each transmission is useful to only one user. Thus each user stores
an unique key of size || = (1 — W)B bits. This scheme thus requires the wiretapper to have
access to all the caches for the system security to be compromised. Comparing the conventional
and proposed schemes from a security perspective, we see that the proposed scheme is a trade-
off between security and minimization of the rate over the shared link. While the conventional
scheme is more difficult to compromise for M € N, the proposed scheme is able to improve on the
transmission rate significantly while still providing security. 0

4.3.2 Intuition behind Theorem 15 (Converse)

We next present the main idea behind the proof of the converse stated in Theorem 15 through a
novel extension of the cut-set bound to incorporate the security constraint. To this end, we focus
on the caching system with N = 2 files (denoted by A and B) and K = 2 users (with cache
contents denoted by Z; and Z,). Consider the scenario where user 1 demands file A and user 2
demands file B, i.e., the demand vector is (dy,dy) = (A, B). It is easy to check that using the
communication X4 ) from the central server along with the two caches Z;, Z5, both files (A, B)
can be recovered. This implies the following constraint:

H (A, B|X(ap), Z1,22) <. 4.11)

Next, for the communication X4 p) to be secure, we also require the following security constraint
to hold:

I(A,B; Xap) <e (4.12)

Using these two constraints, we next show that for any scheme, M/ > 1 must necessarily hold.
From the constraints (4.11)-(4.12), we have the following sequence of inequalities:

2B < H(A,B)=1 (A, B;Xp)Z1,2) + H (A, B|X(ap). Z1, Z)

< I (A, B; Xap), Z1,Z2) + €
= [(A,B; X(ap) +1(A B; 2, Zs|X(am) +
4.12) ](AB Zl,Z2|XAB)+2€

<
< H(Zy,Z5|X(ap)) +2e < H(Zy, Zs) + 2¢
< H(Z\)+ H(Z,) +2¢ < 2MB + 2e.
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This implies
€
M>1-——. 4.13
> Iz (4.13)
Taking the limit ¢ — 0, we arrive at the proof of M/ > 1. Now consider the fact that given
the transmissions from the server X4 py for demands (dy,ds) = (A, B), X(p,a) for demands

(dy,dy) = (B, A) and one cache Z;, both the files A, B can be recovered. Again, we have the
following constraints for file retrieval and security:

H (A, B|X(ap), X(B,a), Z1) < € (4.14)
(A B; Xap) <e (4.15)

Thus we have,

2B < H(A,B)=1(A,B;Xap)XB.a),21) + H (A, Bl X5, X4, Z1)

414

(A B XAB X(B,A)azl) +e€
I(A,B; Xap) +1 (A B; X4y, Z1|Xanp) +e€
(

=
o

" (A B; X (g, Z1| X (a,m)) + 2¢
H (X(p,4), Z1|X(a,p)) + 2¢

H (X(p,a)) + H(Zy) + 2¢
R:B+ MB + 2.

VAN VAN VANV

This implies that
2e

R:+M22—E. (4.16)
Taking the limit e — 0, we arrive at the proof of R} + M > 2. We can see that both (4.13) and
(4.16) hold for all achievable (M, Ry) pairs. Thus we have, R:(M) > 2 — M and M > 1 which
gives the lower bound in Fig. 4.3(b).

4.4 Decentralized Caching with Secure Delivery

In this section, we extend the secure caching problem to a decentralized caching scheme as dis-
cussed in [98]. In the decentralized caching scheme, each user is allowed to cache any random %
bits of each of the N files in the system. In the coded delivery scheme, the central server maps the
contents of individual users’ caches to fragments (which contain non-overlapping combination of
bits) in each file. The fragments reflect which user (or set of users) has cached bits contained in the
given fragment. This phase is followed by a centralized key placement procedure where the server
stores shared keys in each user’s cache. The key placement needs to be centralized to maintain
key integrity and to secure the files from an external wiretapper. In the delivery phase, the server

receives a request (dy, . .., dx) and forms coded multicast transmissions to extract global caching
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Figure 4.6: (M, R; gec) trade-off for N = K = 3

gain from the system. It then encodes the transmissions with the shared keys and transmits them
over the multicast link. The decentralized algorithm is presented in Algorithm 3. In the case of
decentralized caching, similar to the centralized case, the conventional secure scheme is one which
stores only one unique key per user and exploits only the local caching gain by using encrypted
unicast delivery. The transmission rate in this case is given by K (1 — %) After the cache place-
ment, the server chooses the scheme which provides the minimum rate over the shared link. The
secure rate is then characterized by the following theorem.

Theorem 17. For N files and K users, each with a cache size of M € % “t+1, fort € (0,N],

N M—1 . N -1 M—1\*
Rs,dec(M)=K<1— N—l) 'mm{m’ (1— (1— N—l) ),1} 4.17)

is securely achievable. For any 1 < M < N, the lower convex envelope of these points is
achievable.

The proof of Theorem 17 is given in Appendix B.4. The variable ¢ = Mp, represents the part
of the cache storage used to store data at each user (as detailed in Appendix B.4). Theorem 17 is
defined for ¢ > 0. Att = 0, M = 1 i.e., the caches store a single key of the size of each file. Entire
files, XOR-ed with the keys, are then transmitted over the shared link. Thus the rate in this case is
R&dec(l) £ K. As before, the same argument holds for the infeasibility of the secure scheme for
M = 0. The following example illustrates the caching scheme which achieves the rate in Theorem
17.
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Algorithm 3 SECURE DECENTRALIZED CACHING ALGORITHM

Decentralized Cache Placement:

1: forke{l,..., K},ne{l,...,N} do

2: User k£ randomly caches %F bits of file n.

3: end for

Delivery Procedure for request (di, . .., dk)

CENTRALIZED KEY PLACEMENT:

Central server maps the cache contents to fragments in the files Wy, ..., Wy and generates keys

4: for:=0,1,2,..., K do

5: forn=1,2,..., Ndo

6: W, = {W,r}, T CA{Ll,...,K} : |T| = isuch that W, 7 is cached at user k, if
ke{T}

7 end for

8: end for

9: fors=1,2,..., K do

10: forSC{l,...,K}:|S|=sdo

11: Key Ks is generated

12: Ks is placed in cache of user k if k£ € {S}
13: end for

14: end for

CODED SECURE DELIVERY:
15: fors =K, K —1,...,1do
16: for SC{l,...,K}:|S|==sdo

17: Server sends {ICS Dres de,g\{k}}

18: end for

19: end for

Conventional Delivery Procedure for request (dy, . .., dx)

20: Server places individual keys of size (1 — %)F bits at each user’s cache

21: forn € {0,...,N} do

22: Server sends enough random linear combinations of bits in file n XOR-ed with individual
keys for the all users requesting it

23: end for

Example 6. We consider the case for N = 3 files and K = 3 users, each with a cache of size M B
bits. Let the three files be denoted as (Fy, Fy, F3) = (A, B, C). Fig. 4.6 shows the rate achieved by
the secure decentralized caching scheme given by Theorem 17, the rate of the insecure decentral-
ized scheme from [98] and the corresponding centralized bounds. In the decentralized placement
phase, each of the 3 users caches a subset of (M — 1) B/2 bits of each file independently at random.
Thus, each bit of a file is cached by a specific user with probability (M — 1) /2. Considering the file
A, the server maps the storage of fragments of file A at the different users’ caches into splits, A,
such that 7 C {1,2,3}, |T| =i fori = 0,1,2,3. Thus there are >_;_; (%) = 2% = 8 splits of file
Ar (Ap, Ar, Ag, As, Ay, Ars, Aoz, Aras), where A, consists of bits of A which are not stored in
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any users’ cache. On the other hand, A;93 has bits which are stored in all users cache. In general,
bits in A are stored in user k’s cache if k£ € 7. By law of large numbers, we have:

171 371
M—1 M—1
|Ar| ~ (T) (1 - ) B bits (4.18)

with probability approaching one for large enough file size B. The same analysis holds for files
B, C. Next, we consider the generation of keys Ks for S C {1,2,3},|S| = j for j = 1,2, 3. Thus
the keys generated in the system are: /Cy, [Co, K3, K1o, K13, Ka3, K123. It can be seen that there are
2K — 1 = 7 unique keys in the system. Next we look at the cache contents from the central server’s
perspective after the centralized key placement phase and before the delivery procedure begins.
The cache placement for N = K = 3 is:

Al; A127 A137 A123 A2; A127 A237 A123 A37 A137 A237 A123

Zl _ B17-8127B137B123 Z2 _ B27Bl27B23;B123 25 _ B373137B237B123
Cl; C1127 C(137 0123 027 C(127 02?” 0123 037 Cl?n 02?” 0123
ICly IC127 ,Cl?n IC123 ’C27 Kl?a IC23, IC123 IC3, ,Cl?n IC23a ,CEZ?)lg)

The cache placement phase is entirely decentralized as the users do not need to consider the
number of other users in the system or their cache contents while storing file fragments in their
caches. Next, we consider the delivery procedure of the decentralized caching scheme. The
system is characterized based on the worst possible rate over the shared link. Thus we con-
sider a request (Fy,, Fy,, Fy,) = (A,B,C). The server responds by transmitting the reply
Xapc). Lettheset S C {1,2,3} : |S| = sfors = 3,2,1. Then we have X4 pc) =
{Ks @res Fa vy 1 k=12, 3}321 , where Fy, s\ (x) corresponds to the fraction of the file Fy,,
requested by user £ which is not present in user k£’s cache but is present in the cache of the other
s—1usersin S. Thus, for K = 3 users in the system, the coded secure multicast delivery procedure
has 3 phases for each of s = 3,2, 1.

e For s = 3: We have |S| = 3 = § = {1,2,3} and |S \ {k}| = 2. The transmission is
{Ag3 @ B13 ® C12 @ Kia3}. It can be seen that ;53 is associated with sub-files Asg, Bis, Cia.
Thus the size of the key is |K123| = max{|Ass|, | Bis|, |Ci2|}. In this case, each sub-file is zero
padded to the size of the largest sub-file in the set. Considering user 1, we see that Z; contains
By3, C1 and K193. Thus user 1 can XOR out A3 from the transmission. It can be seen that the
same holds for users 2 and 3. Thus the transmission is useful for all users and the key makes
it secure from the wiretapper. For s = 3, there is only one transmission of the size of each of
these sub-files. Thus, using (4.18), the rate over the shared link for this transmission is:

2
(M_ 1) (1 M- 1> B. (4.20)
2 2

e Fors =2: Wehave |S| =2 =S € {1,2},{2,3},{1,3} and |S \ {k}| = 1. The transmis-
sion for each subset S is {{Ay @ By ® K12}, {B3 ® Co @ Koz}, {A3 ® Cy & Ky3}}. Again
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for user 1, we can see that Z; contains B, (1, K12, K13. Thus it can extract A,, A3 from this
transmission. Similarly the other users can extract fragments of their requested files. In this
case, there are three transmissions, each of the size of file fragment, say, A,. Thus the rate of

this transmission is:
M—1 M—1\?
3- ( 5 ) (1— 5 ) B. 4.21)

e Fors=1:Wehave |S|=1= S € {1},{2},{3} and |S\{k}| = 0. The transmission for each
subset S is {{Ay ® K1}, {Bys @ Ko}, {Cy, & K3} }. These transmissions are sent to individual
users, containing the residual fragments not stored in each user. The size of each transmission
is equal to the size of the file fragments A, B, Cy. Thus the rate of this transmission is:

3
3. (1 — MQ_ 1) B. (4.22)

Again considering user 1, we can see that the fragments of A not present in its cache i.e.,
Ay, Ao, Az, Ags are extracted from the entire transmission. The same holds true for the other
users. The rate for the composite transmission X4 g ¢ is obtained by summing (4.20), (4.21) and
(4.22):

Ry gec(M)B
5 (M2—1>2 (1_ M2—1> 3B <M2—1) (1_ M2—1)2+3B (1_ 1\42—1>3
3(1_ M2_1> 3(M2— 1) (1_ (1_ M2_1)3> . 2

which is the expression given in Theorem 17 for N = K = 3. Now, we have M €
21,2, N} +1= {3, 1, 3}. Considering the point M = 5/3, we have R; gec(M) = 38/27.
Thus the pair (M, R; 4ec) = (5/3,38/27), is securely achievable. This is seen from the (M, Ry gec)
trade-off in Fig. 4.6. Similarly other points on the trade-off curve can be evaluated using other
feasible values of M. All points on the lines joining the achievable (M, R 4ec) points are also
achievable. 0

Next, we consider the centralized and decentralized trade-off for a large number of files and users.
Fig. 4.7 illustrates the case for N = K = 20. Compared to Fig. 4.6, we can see that as the number
of files and users increase, the decentralized scheme approaches the centralized caching. Thus for
large number of files and users, the rates are asymptotically equal. This also implies that in the
decentralized case, similar to the centralized case, that the cost for security is almost negligible
when number of files and users increase. The following theorem and corollary compares the rate
of the achievable secure decentralized scheme given in Theorem 17 to the lower bound on the rate
of the optimal secure scheme given in Theorem 15 and the rate of the achievable secure centralized
caching scheme given in Theorem 14.
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Figure 4.7: Centralized vs Decentralized Secure Bounds for N = K = 20.

Theorem 18. Given R; 4ec(M) be the rate of the secure decentralized caching scheme given by
Algorithm 3 and R:(M) be the rate of the optimal secure caching scheme, for N files and K users,
each having a cache size % +1< M<N,

Rs,dec(M)

R (M) <17. (4.24)
The proof sketch of Theorem 18 is given in Appendix B.5. Theorem 18 implies that no scheme,
regardless of complexity can improve by more than a constant factor upon the secure decentralized
caching scheme presented in Algorithm 3 for the given regime of M. The gap is unbounded only
for the case of X' > N intheregime 1 < M < % + 1, which is negligibly small for large N, K
as discussed in Appendix B.5.

Corollary 3. Let R, c.n(M) be the rate of the secure centralized caching scheme given in Theorem
14 and R 4ec (M) be the rate of the secure decentralized caching scheme given in Theorem 17. For
N files and K users, for % +1< M < N, we have

Rs dec(M)
= 1. 4.25
Rycen(M) = (425)

Corollary 3 is a direct outcome of Theorems 16 and 18. It shows that the decentralized scheme is
at most a constant factor 17 worse than the secure centralized scheme in the given regime of ).
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4.5 Secure Caching with Non-Uniform Demands

The results on secure delivery presented so far consider the peak rate of the system given all the
files are of uniform popularity. In this section we consider the expected rate of the system in a
more realistic setting where the files popularities vary by several orders of magnitude. Similar to
the scheme in [99], the files in N are partitioned into sets of approximately uniform popularities.
Without loss of generality, the files in N can be relabeled such that p; > ps > ... > py. We
partition the N files into L groups {N,: ¢ =1,..., L} where N, (= |N|) is the number of files in
the {—th group. We have

M=
=

(4.26)
=1

The groups are chosen as follows: for any two files in the same group, F,,, F},, € Ny, the populari-
ties p,,, p, differ by at most a factor p i.e.,

Dn > DninN,—1 = Pn/P and puin, < pn/p-

The files in N are maximally partitioned to within a popularity factor of p into L sets
Ny, No, ..., Ny. Each set Ny is allocated a portion M, of the cache storage M at each user such
that the total storage constraint is satisfied i.e.,

(4.27)

Mh

/=1

In the placement phase of the proposed secure caching scheme, each user is allowed to cache M‘ 11

bits of each file from the group Ny for / = 1,..., L. Now, from the analysis of Algorithm 3 in
Appendix B.4, the amount of cache storage allocated to data and keys for the /—th group at each
user is:

M,—1 M, —1
Mpe= Ng- ; Migy=1-—
D¢ N, 1 Kt N, —1
Thus the cache storage at each user for the L groups is
L L M, — 1
Mp g+ My y) = N, =E 1- M, = 4.8
4_21( D+ Mgy) ;( ¢ Ng—1+ Ng—]_) Z = (4.28)

which satisfies the storage constraint. Next we discuss the proposed secure content delivery.

4.5.1 Secure Content Delivery

For the delivery phase of the secure caching scheme, the delivery phase in Algorithm 3 is applied
independently to each of the L groups which have uniform popularity to within a factor of p. For
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the /—th group, the server first maps the contents of individual users’ caches to fragments (which
contain non-overlapping combination of bits) in each file in N,. The fragments reflect which user
(or set of users) has cached bits contained in the given fragment. We denote by K,, the users
who request a file in the group N,. Thus K;, Ky, ..., K partitions the users into L groups. Since
choice of groups is dependent on the the random user requests, which in turn depend on the file
popularities, the cardinality K, (= |K,|) of each group is a random variable. Thus, given N files in
the system, K, models the non-uniform user demands in the system.

Key Placement

The mapping phase is followed by a centralized key placement procedure where the server stores
shared keys in each users’ cache following the procedure in Algorithm 3 for each group of files N,
and corresponding users K,, who request files in N,. For each subset S C {1,2,...,K,} such that
|S| = s, foreach s = 1,2,..., Ky, akey is generated according to

K4 ~ unif{1, 2.3, ,23‘1?‘1(1—%)”’5“} , (4.29)

where ¢, = (M;—1)/(N,—1). The interested reader is referred to (Appendix E, [176]) for rigorous
analysis of key generation and distribution within each group.

Secure Achievability

Using the above notion of key distribution across groups of files and corresponding users, we next
show that the delivery procedure of the proposed scheme is information theoretically secure. From
Theorem 17, it can be seen that, within each of the L groups, the rate R gec(My, No, K¢) is securely
achievable i.e., for each group of files and requesting users, (N;, K;), the content delivery to the
Ky users in K, is information theoretically secure. Thus, it remains to be proved that the delivery
process maintains information theoretic security even across the L groups. The achievable rate for
the proposed scheme over all L groups is given by

L

Ry(M,N,K) =" Rqdec(Mp, Np, Ky). (4.30)

=1
Consider the coded delivery process of Algorithm 3. Given a request (dy, ds, ..., dk), it can be
partitioned into L sets i.e., (dx,, dk,, - - - , dk, ) where dg, defines the request of users in the group

K,. The composite transmission which is sent by the central server can be written as

kK, 1L
Xdyodi) = {{deKZ)} _1}£ , 4.31)
s=1) 1=1
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where, for each group of files and users, (N;, K,), X fd ) consists of (t‘f) transmissions, one for

K
each possible sub-set S C N, of size s where s = 1,2, . .Z. ,Keie.,
X(SdKe) = {ICf; Dres Fu,.s\(xy + [S] = S} - (4.32)

Fy, s\{xy denotes the part of the file Fy;, € N, requested by user £ € K, which is present in the
caches all the users in set S except in the cache of user k. The key K5 is associated with the
transmission ®yesFy, s\(xy. Furthermore, from the design of the key placement, the key K5 is
available in the cache of all the s users in the sub-set S since S C N,. To prove that the delivery is
information theoretically secure across all groups, we need to show that

.....

1 (X(d1 dK);N) =0 (4.33)
where F, ..., Fy € N. We have,

I (Xay,oarei N) = H (X)) — H (X(ay,....ax0)IN) (4.34)

.....

<y logy (Bg; (1 — ) ~"*)

L Ky K
-y ( ;) loga (Bai (1 — g)K*+) (435)

..... ()
- H ({{{Ké Ores Fus\py + 1S = s}}f‘1}51 |N>
(
(

{KsIsi =1y} 'N)
(0K - |S] = s}}fil};)
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where the last equality follows from the fact that the keys are uniformly distributed as shown in
(4.29) and are independent of all the files in N. This implies that the keys generated in each group
are also independent of keys in the remaining L — 1 groups and to all the files in all the groups.
Even though the keys in each group have variable length, orthogonality can be maintained by using
codes like Orthogonal Variable Spreading Factor (OSVF) codes, derived from Walsh codes, which
can generate orthogonal sequences of variable length. Thus we have

({18 =1y} ) = S (fk s = 5]

/=1 s=1
(¥)

SN S H(Ks S =)
/=

4
1 s=1 i=
L

K
=1
ok (¥)

_K

ZZZlogz Bas (1 — go)ke+)

(=1 s=1 i=1

L

L
Z Z ( ) log, qu 11— qé)K‘_SH) , (4.36)

/=1 s=1

where the equality in (4.36) follows from the fact that the keys are orthogonal to each other and
they are uniformly distributed as in (4.29). Substituting (4.35) and (4.36) into (4.34), we have:

I (Xa,..ar);N) <0 (4.37)
Using the fact that for any X, Y, I(X;Y) > 0, we have
I (Xay,.a0);N) =0 (4.38)

which proves that the rate Rs(M, N, K) is securely achievable for non-uniform file popularity
distributions.

4.5.2 Bounds on Optimal Expected Secure Rate

Next, we analyze the achievable rate of the secure caching scheme for large file size B. The
achievable rate given by (4.30) is an instantaneous rate for the proposed scheme, given a cache
storage allocation of M, at each user for the group of files N,. In the next theorem the expected
rate of the secure scheme over all possible storage allocations, { M,} : Ele M, = M, is analyzed.
This rate yields an upper bound on the optimal expected rate R*(M, N, K) of the secure caching
problem.

Theorem 19. For N files N partitioned to within popularity factor of p into L groups {N, : { =
1,..., L} and K users, each with normalized cache size M, we have

R(M,N, K min E [Ry gec(My, Ni, K 439
( ) < M M}Z dec(Me, Ne, Ko)] (4.39)
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where Rggec(M, N, K) is defined in (4.17), Ny = |Ny| and K, = |K,|. All expectations are with
respect to the random number of users K, who request files in the set N.

The proof of Theorem 19 is given in Appendix B.6. Similar to [99], each term in the sum in 4.39
corresponds to the rate of serving the users in each group K,. The sum is minimized over the choice
of all possible storage allocations M,. The amount of storage allocated in the users’ cache to each
file as also the size of the keys in each group depends on the choice of storage allocation. A simple
example could is allocating M, = M /L amount of storage to each group of files N,. However,
even if each group is allocated the same amount of storage, the storage allocated to each file within
a group is M /(N,L), which is a function of /. Since each group contains different number of files,
even this simple allocation ensures that most popular files are allocated more storage in the users’
caches. The next theorem gives a lower bound on the optimal expected secure rate.

Theorem 20. For N files N partitioned to within popularity factor of p into L groups {N, : { =

1,..., L} and K users, each with normalized cache size M, we have
| L
R*(M,N, K) —L; Ry gec(M, Ny, Ky)] (4.40)

where c is a strictly positive constant and Ry(M, N, K) is defined in (4.17).

The proof of Theorem 20 is given in Appendix B.7. The theorem states that if the normalized
cache storage size at each user is increased to M L and the proposed secure scheme is applied,
then the achievable expected rate is at most cL times larger than the optimal expected rate for the
original secure caching problem where each user has a cache size of M. For the case of uniform
file popularities, we have L = 1 and Theorems 19 and 20 imply that

1
—Rsdec(M,N,K) < R;(M,N,K) < R gec(M,N, K), (4.41)
c

which in turn implies that the peak and expected rates in this case are approximately equal for the
secure caching problem.

4.5.3 Empirical Results on Performance

We compare the performance of the proposed secure scheme with the insecure scheme of Maddah-
Ali et.al [99] and the classical Least-Frequently-Used (LFU) Caching scheme. In LFU, each user
caches the M most popular files in its cache and any request outside these M files is delivered via
unicast to the requesting user. Thus, the expected rate of the LFU scheme is equal to the expected
number of users with a request outside of the M most popular files. We consider a secure version
of the LFU scheme where each user stores an unique key of size B bits and M — 1 of the most
popular files. The requests outside of the M/ — 1 most popular files are coded with the key of the
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Figure 4.8: File popularities p,, for N = 10000 files. The M-Zipf distribution has a flattened head
for the first approximately 800 files followed by a power law tail with an exponent of —2.

requesting user and delivered via unicast. For N files with popularity p; > py > ... > py and K
users, each with a cache size of M, the expected rate of the secure LFU scheme is given by

N
R =K p, (4.42)
n=M

The popularity of files in a network can be empirically modeled using the Mandelbrot-Zipf distri-
bution as in [99, 184]. The MZipF distribution is a heavy-tailed probability distribution whose pdf
is given by

1

f(R;N;q;7) = J(f;qwl
2im1 Grgr

where R indicates the R—th most popular file, g is the size of the head, where all the files belonging
to the head are the most popular (and are of approximately equal popularity), and -y is a roll-off
factor which determines how rapidly the file popularity drops past the head of the distribution.
This is highlighted in Fig. 4.8, where a sample popularity distribution for N = 10,000 files is
shown. Similar to the popularity distribution of files in the Netflix database, shown in [99], the
distribution has a head consisting roughly of 800 most popular files and a power law tail with an
exponent of —2. For an ordered set of files, the MZipF distribution gives the probability of a file
being requested by an user, with the most popular files having highest request probability.

The comparison of the proposed secure scheme with the insecure scheme and secure LFU are
shown in Fig. 4.9(a) and 4.9(b). For the proposed scheme we show an upper bound on the expected
rate using Jensen’s inequality as in [99] since R(M, N, K) is s a concave function of K. The upper
bound is given by

L
min R (Mg, Ng, E(K@)) s where E(Kg) =K Pn-
{Me}: 300, Me=M ; Z
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Figure 4.9: (M, R;) trade-off for (a) N = K = 20 and p,, modeled by the M-Zipf distribution;
(b) N = 10,000 files and K = 500 users and popularity distribution from Fig. 4.8

From Fig. 4.9(a), it can be seen that the rate of the proposed secure scheme outperforms the secure
LFU scheme and is only marginally worse than the insecure scheme for a small number of files
and users N = K = 20. For a large number of files, N = 10,000 and users, KX = 500, and a
file popularity distribution as shown in Fig. 4.8, the rate of the proposed scheme is asymptotically
equal to that of the insecure scheme, as evidenced in Fig. 4.9(b). Thus we can see that the proposed
scheme introduces security at a negligible cost, particularly for a large number of files ans users.
The choice of the popularity factor p is left as a design choice. A reasonable choice is p = 2, which
was used in the simulations. Note thatif p; > ps... > py and p = p1/py, then the system reduces
to L = 1 i.e., a system which precludes the use of file popularities to allocate storage. Thus for
practical applications, p should ideally be magnitudes of order smaller than p; /py.

4.6 Directions of Future Research

Based on the results presented in the previous sections on the secure caching problem, some recent
work has extended our initial results in this new paradigm e.g., secrecy' in cache-aided networks
in the form of secretive coded caching [185] and secure D2D-assisted content delivery [186]. The
following highlights a few research areas which are of practical interest in this paradigm.

e FExtension to Multiple Demands Per User: In this work, we consider the secure caching prob-

ISecrecy is distinguished from privacy in that, for secretive communications, the data needs to secured even among
the legitimate users in the system.
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lem for the case of single requests from users at every transmission interval. However, the
generalization to the case when users can demand multiple, say L > 1, files is an open prob-
lem. However, our results on the corresponding non-secure problem make it an avenue of
interesting future work.

e Extension to Multiple Requests Over Time: Another area for future work is the case of security
in delivering content for multiple requests over time i.e., security for an online coded caching
scheme similar to the one in [100] which would require a key generation technique such that
collection of keys over time by an eavesdropper cannot lead to information leakage.

e Noisy Links and Multiple Eavesdroppers: In the current treatment of the security problem,
it is also interesting to note that the presence of multiple eavesdroppers would not alter the
presented results since each eavesdropper would view the same multicast transmission which
leaks no information about the files. This is due to the fact that we consider noiseless delivery
in this model. The analysis of the problem for multiple eavesdroppers in the presence of noisy
links is a direction of future research.

e Security in D2D-assisted Delivery: Another possible extension of the secure caching results
would be to the case of caching with secure D2D-assisted delivery. Preliminary results were
presented in [186]. However, the general problem of approximately characterizing the storage-
rate trade-off for D2D-assisted secure delivery remains an open problem.

o Closing the Gap to Optimal in Small Buffer Case: Finally closing the gap between the
achievable rate and the information theoretic optimal secure rate for X > N in the regime
1< M< % + 1 for the centralized scheme and 1 < M < % + 1 for the decen-
tralized scheme, is an interesting open problem.

4.7 Summary

In this chapter, we have analyzed the problem of secure caching in the presence of an external
wiretapper for both centralized and decentralized cache placement. We have proposed a key based
secure caching strategy which is robust to compromise of users and keys. We have approximated
the information theoretic optimal rate of the secure caching problem with novel upper and lower
bounds. It has been shown that there is a constant multiplicative gap between the optimal and
the achievable rates for the given scheme in case of both centralized and decentralized caching
scenarios for most parameters of practical interest. We have shown that for large number of files
and users, the secure bounds approach that of the non-secure case i.e., the cost of security in the
system is negligible when the number of files and users increase. The results were then extended to
the case of non-uniform file popularity where it was shown that similar advantages exist. Finally,
scope of future work and extensions were also discussed.



Chapter 5

Fundamental Limits of Cloud and
Cache-Aided Wireless Networks

In this chapter, we extend our analysis of cache-aided networks to the wireless domain under a
multi-server setting. To this end, we study a cloud and cache-aided wireless network architecture
in which edge-nodes (ENs), such as base stations, are connected to a cloud processor via dedicated
fronthaul links, while also being endowed with caches. Cloud processing enables the centralized
implementation of cooperative transmission strategies at the ENs, albeit at the cost of an increased
latency due to fronthaul transfer. In contrast, the proactive caching of popular content at the ENs
allows for the low-latency delivery of the cached files, but with generally limited opportunities
for cooperative transmission among the ENs. The interplay between cloud processing and edge
caching is addressed from an information-theoretic viewpoint by investigating the fundamental
limits of a high Signal-to-Noise-Ratio (SNR) metric, termed normalized delivery time (NDT),
which captures the worst-case latency for delivering any requested content to the users. The NDT
is defined under the assumption of either serial or pipelined fronthaul-edge transmissions, and is
studied as a function of fronthaul and cache capacity constraints. Transmission policies that en-
compass the caching phase as well as the transmission phase across both fronthaul and wireless, or
edge, segments are proposed, with the aim of minimizing the NDT for given fronthaul and cache
capacity constraints. Information-theoretic lower bounds on the NDT are also derived. Achiev-
ability arguments and lower bounds are leveraged to characterize the minimal NDT in a number of
important special cases, including systems with no caching capability, as well as to prove that the
proposed schemes achieve optimality within a constant multiplicative factor of 2 for all values of
the problem parameters.

84
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5.1 Cloud and Cache-Aided Wireless Networks

In this work, we present a latency centric analysis of cloud and cache-aided wireless edge networks.
Moving the location of the caches closer to the edge of the network has the advantage of reducing
the latency required for accessing and delivering users’ requests. In particular, caching at the edge
nodes (ENs), such as at macro or small-cell base stations, allows the delivery of content to mobile
users with limited need for backhaul usage to connect to a remote content server (see [6] and
references therein).

While potentially reducing delivery latency and backhaul load, edge caching generally limits the
operation of ENs to non-cooperative transmission strategies. This is because, with edge caching,
each EN formats its transmitted signal based only on its local cached content, which may only
partially overlap with that of other ENs, hence preventing cooperative transmission schemes such
as joint beamforming. The localized processing afforded by edge caching is in contrast to the
centralized processing that is instead possible in network architectures in which the ENs are con-
trolled by a cloud processor. An important example of this class of networks is the Cloud Radio
Access Network (C-RAN) architecture, in which the ENs are connected to a cloud processor by
means of so called fronthaul links. In a C-RAN, the signals transmitted by the ENs are produced
at the cloud based on a direct connection to the content server and forwarded to the ENs on the
fronthaul links. As such, cloud processing in C-RAN enables the implementation of cooperative
transmission strategies across the ENs, but at the cost of a potentially large latency, owing to the
time required for fronthaul transfer (see, e.g., [172, 187]).

Motivated by the complementary benefits highlighted above between cloud-based and edge-based
architectures, in this work we consider a cloud and cache-aided wireless network architecture,
which we term Fog Radio Access Network (F-RAN). In an F-RAN, as seen in Fig. 5.1, the ENs
are connected to a cloud processor via dedicated fronthaul links, while also being endowed with
caches that can be used to proactively store popular content [188]. Within this architecture, cloud
processing enables the centralized implementation of cooperative transmission strategies by the
ENs, albeit at the cost of an increased latency due to fronthaul transfer. In contrast, edge caching
allows for the low-latency delivery of the cached files, but with generally limited cooperation
among the ENs.

The design of F-RAN systems involves two key design questions: (i) What to cache at the ENs?;
and (ii) How to deliver the requested content across the fronthaul and wireless, or edge, segments?.
The two questions pertain to network functions, namely caching and delivery, that operate at nested
time scales: while caches are updated only at the time scale over which popular content is expected
to change, e.g., every night, delivery is performed in each transmission interval in order to satisfy
the current users’ requests from the content library. Nevertheless, the two questions are strongly
intertwined since delivery strategies need to operate by leveraging the existing cached content, as
well as cloud processing.

In order to address the design of F-RAN, in this work, we adopt as a performance metric the
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Figure 5.1: Information-theoretic model for a cloud and cache-aided wireless system, referred to
as Fog-Radio Access Network (F-RAN).

worst-case latency accrued when serving any set of users’ requests in a given transmission inter-
val. We aim to characterize optimal caching and delivery strategies that minimize the delivery
latency. To this end, we first focus on delivery strategies in which fronthaul and wireless channels
are operated in a serial manner, so that the overall latency is the sum of the time spent for fron-
thaul communication between cloud and ENs and of the time required for wireless transmission
from ENs to users. To enable analytical insights, we specifically propose a latency metric, termed
Normalized Delivery Time (NDT), which captures the high signal-to-noise-ratio (SNR) ratio of the
latency achievable in an F-RAN, with given fronthaul and caching limitations, as compared to that
of an ideal system with unlimited caching capability and interference-free links to the users. We
then extend the analysis to characterize the NDT for systems using delivery strategies in which
fronthaul and wireless channels are operated in a pipelined (parallel) manner, so that fronthaul and
wireless transmissions can take place at the same time (see, e.g., [189]).

Example 7. To exemplify the analysis put forth in this chapter, we briefly illustrate here the F-
RAN set-up of Fig. 5.2(a), in which two ENs (labeled as EN; and EN,) are deployed to serve
two users over a shared wireless channel. The ENs are connected to the cloud via fronthaul links
whose capacity scales with the SNR P of the wireless edge links as rlog(P), with r > 0 being
a parameter that characterizes the fronthaul capacity. We assume that there is a library of N > 2
popular files, each of a given size, and that each EN can cache at most a fraction x € [0, 1] of the
library content, where y is defined as the fractional cache size. Full Channel State Information
(CSI) is assumed as needed at all nodes. For this example, the information-theoretically optimal
trade-off 0* (1, r) between the NDT and the fractional cache size p is shown in Fig. 5.2(b) for
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Figure 5.2: (a) Information-theoretic model for an F-RAN with M = 2 ENs serving K = 2 users
and a fronthaul gain » = 0.5; (b) Trade-off between the normalized delivery time (NDT) and the
fractional cache size y in the presence of full CSI at ENs, users and the cloud.

r = 0.5 for serial as well as for pipelined fronthaul-edge transmission. The NDT captures the
worst-case latency required by the F-RAN to deliver all files requested by the users across both
fronthaul and wireless segments. An NDT 6*(u, r) indicates that an F-RAN with fractional cache
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size p and fronthaul gain r requires a total latency that is 0*(u, r) times the time required by the
mentioned ideal system with unlimited caching and no interference.

Among other conclusions, as illustrated in Fig. 5.2, the analysis presented in this chapter reveals
that, for serial fronthaul-edge transmission, in the regime of low fronthaul capacity (r < 0.5), the
latency due to fronthaul transfer makes cloud processing not useful in reducing the overall delivery
latency if the cache capacity is large enough (x> 1/2). In contrast, for pipelined fronthaul-edge
transmission, cloud processing is instrumental in obtaining the minimum delivery latency for all
values of p, even when the fronthaul capacity is small. This is because, with pipelined transmis-
sion, the ENs need not wait for the fronthaul transmission to be completed before communicating
to the users on the edge links. For the same reason, pipelined fronthaul-edge transmission gener-
ally improves the NDT compared to serial transmission. In particular, even with partial caching,
that is, with . < 1, the ideal NDT 0* = 1 is achievable with pipelined fronthaul-edge transmission,
while this is not the case with serial transmission. More details can be found in Sections 5.6.1 and
5.7.4. O

Related Work

The line of work pertaining to the information-theoretic analysis of cache-aided wireless communi-
cation systems can be broadly classified into studies that consider caching at the end-users’ devices
or at the ENs. This research direction was initiated by [97,98] (c.f. Chapter 2) for a set-up that
consists of a multicast link with cache-aided receivers. This work demonstrates that coded mul-
ticasting enables global caching gains to be reaped, as opposed to the conventional local caching
gains of uncoded transmission. Follow-up papers on related models with receiver-end caching in-
clude [99, 100, 104, 105, 123, 124, 128, 132-134, 136, 140, 176, 190]. The work in this chapter is
instead inscribed in the parallel line of work that concerns caching at the ENs of a wireless net-
work. A pioneering effort on this subject is [152], in which “femto-caching”, that is caching at
small-cell base stations, is introduced as a means to reduce backhaul usage and delivery latency.
This and follow-up papers, including [106, 120, 121, 153, 159, 162, 178, 191], assume that cache-
aided ENs are not allowed to cooperate on the basis of the cached content to mitigate or cancel
mutual interference. In contrast, references [146, 192] investigate, from an information-theoretic
viewpoint, an interference-limited wireless system with cache-aided ENs that can carry out coordi-
nated transmission strategies, such as interference alignment, as well as cooperative transmission
schemes, such as joint beamforming. Specifically, in [146, 192] an upper bound on the worst-case
delivery latency, which is formulated in terms of the inverse of the degrees-of-freedom metric, is
derived for M = 3 ENs and K = 3 users by proposing a specific caching and delivery policy.
Upper and lower bounds on this metric are obtained in [147] by accounting for caching at both
ENs and users, under the assumption of delivery strategies based on linear precoding on the wire-
less channel. Related works that focus on the optimization of signal processing strategies at the
ENs can be found in [193-197]. This work was partially presented in [149, 198—200] and a brief
informal summary was provided in [150]. Reference [201] extends the lower bounds in [198] to
the case with caching also at the receivers.
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5.1.1 Main Contributions

The main contributions of this chapter are summarized as follows.

e An information-theoretic model of a cloud and cache-aided system, termed F-RAN, is pre-
sented, along with a novel latency metric, namely the normalized delivery time (NDT). The
NDT measures the worst-case latency required to deliver an arbitrary vector of requests to the
users in the high-SNR regime, as compared to an ideal system with full caching and no inter-
ference on the wireless channel. In the network operation assumed for most of the chapter,
fronthaul and wireless segments are operated in a serial manner, with fronthaul transmission
preceding transmission on the wireless channel (see Fig. 5.1 and Fig. 5.3). As a result, the
delivery latency has two components, namely the fronthaul latency incurred due to fronthaul
transfer from the cloud to the ENs and the edge latency required for transmission from the ENs
to the users over the shared wireless channel.

e Under the assumptions of uncoded inter-file caching (but allowing for arbitrary intra-file cod-
ing) and full CSI at all nodes, we develop general information-theoretic lower bounds on the
minimum NDT for an F-RAN with any number of ENs and users as a function of the caching
and fronthaul limitations as defined by the parameters p and r, respectively. The lower bounds
are derived by adopting cut-set arguments that are tailored to the set-up at hand that includes
both fronthaul and wireless segments.

e We present a general upper bound on the NDT of an arbitrary F-RAN by leveraging file-
splitting between cloud-aided and cache-aided transmission strategies. For the cloud-aided
scheme, we consider a novel soft-transfer fronthauling approach, inspired by the standard
operation of C-RAN [172], which is based on the transmission of quantized encoded signals on
the fronthaul links. For cache-aided strategies, we leverage both coordination via interference
alignment and cooperation via joint beamforming at the ENs based on cached content. A
number of alternative strategies are also considered for reference, including the conventional
hard-transfer of uncached content on the fronthaul links.

e The proposed achievable schemes are shown to achieve the minimum NDT to within a factor
of 2 for all values of the system parameters.

e The minimum NDT is characterized exactly in a number of important special cases. These
include: cloud-only F-RANSs, also known as C-RAN; cache-only F-RANSs, that is the cache-
aided wireless system studied in [146, 192] for extremal values of fractional cache size y; and
general F-RAN models with both cloud processing and caching for the case when the number
of users exceeds the number of ENs in the low fronthaul regime.

e We present specific case studies for the 2 x 2 F-RAN, where the minimum NDT is completely
characterized by the proposed bounds (see Fig. 5.2(b)), and for the 3 x 3 F-RAN, where
the minimum NDT is partially characterized by leveraging the proposed lower bounds and
achievability results presented in [146, 192].
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e We define and investigate an F-RAN model in which the fronthaul and wireless edge segments
can be operated in a pipelined, or parallel, manner. We show that, in comparison to serial
transmission, pipelined fronthaul-edge transmission can improve the NDT by a multiplicative
factor of at most 2.

e We present a general lower bound on the minimum NDT for the the pipelined fronthaul-edge
transmission model as well as achievable schemes which leverage block-Markov encoding
along with file-splitting between cloud and cache-aided transmission strategies.

e We characterize the minimum NDT for cloud-only F-RAN with pipelined fronthaul-edge
transmission. Furthermore, for a general M x K F-RAN with pipelined fronthaul-edge trans-
mission, the proposed schemes are shown to achieve the minimum NDT to within a factor of 2
for all values of system parameters. We present the case study for the 2 x 2 F-RAN for which
the minimum NDT is completely characterized by the proposed bounds (see Fig. 5.2(b)).

The remainder of the chapter is organized as follows. Section 5.2 presents the information-theoretic
model for a general M x K F-RAN and introduces the NDT metric for serial fronthaul-edge
transmission. Lower bounds on the NDT for an F-RAN are derived in Section 5.3, while achievable
schemes are proposed in Section 5.4. In Section 5.5, we present the mentioned finite-gap and exact
characterization of the minimum NDT. Section 5.6 elaborates on two use cases, namely the 2 x 2
and 3 x 3 F-RAN models. Section 5.7 discusses the F-RAN model with pipelined fronthaul-edge
transmissions. General upper and lower bounds on the minimum NDT for this model are presented
along with a finite-gap characterization of the minimum NDT. Section 5.8 highlights some of the
open problems and directions for future work, while Section 5.9 concludes the chapter.

Notation: For any two integers a and b with a < b, we define the notation [a : b] £ {a,a +
1,...,b}. We also use the notation b € [a,c| to imply that b lies in the interval a < b < ¢ for
any a, b, c. Furthermore, b € (a, c] denotes a < b < ¢. We use the notation z € {a,b,...,c} to
denote that the variable x takes the values in the set {a,b,...,c}. We define the function (z)* =
max{0, x}. The set of all positive integers is denoted by N* and the set of all complex numbers is
denoted by C.

5.2 System Model and Performance Metrics

In this section, we first present a model for the cloud and cache aided F-RAN system under study.
Then, we introduce the normalized delivery time (NDT) metric, along with a number of remarks
to provide additional context on the adopted model and performance metric.
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5.2.1 System Model

We consider an M x K F-RAN, shown in Fig. 5.1, where M ENs serve a total of K users through
a shared wireless channel. The ENs can cache content from a library of N files, Fi, ..., Fiy, where
each file is of size L bits, for some L € N*. Formally, the files F}, are independent and identically
distributed (i.i.d.) as:

F, ~Unif{1,2,...,2"}, Vne[l:N]. (5.1)

Each EN is equipped with a cache in which it can store /N L bits, where the fraction p, with
p € [0,1], is referred to as the fractional cache size and can be interpreted as the fraction of each
file which can be cached at an EN. The cloud has full access to the library of NV files, and each EN
is connected to the cloud by a fronthaul link of capacity of Cr bits per symbol, where a symbol
refers to a channel use of the downlink wireless channel.

In a transmission interval, each user k£ € [1 : K| requests one of the N files from the library. The
demand vector is denoted by D £ (dy, ..., dx) € [1 : N]¥. This vector is known at the beginning
of a transmission interval by both cloud and ENs, which attempt to satisfy the users’ demands
within the lowest possible latency. As illustrated in Fig. 5.1, we assume a serial operation over the
fronthaul and wireless segments, whereby the cloud first communicates to the ENs and then the
ENs transmit on the shared wireless channel to the users. As a result, the total latency is the sum
of fronthaul and edge latencies (see Remark 16 for additional discussion on this point).

All the nodes have access to the global CSI about the wireless channels H = { {fy,, } : Tﬁi[ﬁ:ﬂ]},

where hy,, € C, denotes the wireless channel between user & € [1 : K| and EN,,,, m € [1 : M].
The coefficients are assumed to be drawn independent and identically distributed (i.i.d.) from a
continuous distribution and to be time-invariant within each transmission interval.

As mentioned, the design of the system entails the definition of caching and delivery policies,
which are formalized next for the case of serial fronthaul-edge transmission. Various generaliza-
tions of the definition below are presented in Sections 5.3, 5.4 and 5.7.

Definition 7 (Policy). A caching, fronthaul, edge transmission, and decoding policy m =
(me, mg, Te, mq) is characterized by the following functions.

a) Caching Policy 7.: The caching policy at each edge node EN,,,, m € [1 : M|, is defined by a
function 7 (-) that maps each file F), to its cached content .S,,, ,, as

Spnm =7 (F,), Yn €[1: N]. (5.2)
The mapping is such that H(S,,,,) < pL in order to satisfy the cache capacity constraints. The
overall cache content at EN,, is given by S, = (S;,.1,Sm2, -, Sm.n). Note that the caching
policy . allows for arbitrary coding within each file, but it does not allow for inter-file coding.
Furthermore, the caching policy is kept fixed over multiple transmission intervals and is thus ag-
nostic to the demand vector D and the global CSI H.
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b) Fronthaul Policy my: A fronthaul policy is defined by a function 7(-), which maps the set of
files F];.n), the demand vector D and CSI H to the fronthaul message

UL = (Unlt)i%, = 7 ({1}, DL H), (53)

which is transmitted to EN,,, via the fronthaul link of capacity C'r bits per symbol. Here, T is the
duration of the fronthaul message. In keeping with the definition of fronthaul capacity C'r, all time
intervals, including 7%, are normalized to the symbol transmission time on the downlink wireless
channel. Thus, the fronthaul message cannot exceed T=C' bits.

c) Edge Transmission Policy m.: After fronthaul transmission, each edge node EN,, follows an
edge transmission policy 7”(-) to map the demand vector D and global CSI H, along with its
local cache content and the received fronthaul message, to output a codeword

X?nE = (Xm[t]);rfl =T’ (va UrTnFa D, H) ) (5.4)

which is transmitted to the users on the shared wireless link. Here, T is the duration of the
transmission on the wireless channel, on which an average power constraint of P is imposed for
each codeword X’#. Note that the fronthaul policy, 7 and the edge transmission policy, 7.,
can adapt to the instantaneous demands and CSI at each transmission interval, unlike the caching
policy, 7., which remains unchanged over multiple transmission intervals.

d) Decoding Policy 7y: Each user k € [1 : K], receives a channel output given by:
Y e= (Vi [t] Z hiem XE + )", (5.5)

where the noise n.” = (n[t])/Z, is such that ng[t] ~ CA(0,1) is i.i.d. across time and users.
Each user k € [1 : K], 1mplements a decoding policy 74(-), which maps the channel outputs, the
receiver demands and the channel realization to the estimate

By 2t (Y,{E, dy., H> (5.6)

of the requested file Fy, . The caching, fronthaul, edge transmission and decoding policies to-
gether form the policy 7 = (7", 7", w/*, 7};) that defines the operation of the F-RAN system. The
probability of error of a policy 7 is defined as

P. = max max P (de £ de> , (5.7)

D ke[l:K]

which is the worst-case probability of decoding error measured over all possible demand vectors
D and over all users k£ € [1 : K|. A sequence of policies, indexed by the file size L, is said to be
feasible if, for almost all channel realizations H, i.e., with probability 1, we have P, — 0 when
L — oo.
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Figure 5.3: Illustration of the delivery latency within each transmission interval for the F-RAN
under study with serial fronthaul-edge transmission.

5.2.2 Performance Metric: Normalized Delivery Time

We next define the proposed performance metric of normalized delivery time (NDT) by first intro-
ducing the notion of delivery time per bit.

Definition 8 (Delivery time per bit). A delivery time per bit A(u, Cr, P) is achievable if there
exists a sequence of feasible policies such that

Tr + T,
A(u,Cp, P) = limsup M
L—oo L

(5.8)
The delivery time per bit accounts for the latency within each transmission interval as illustrated in
Fig. 5.3. Specifically, the total latency is given by the sum of the fronthaul and edge contributions,
namely 7% and Ty, respectively. In order to obtain a vanishing probability of error, as required
by Definitions 7 and 8, the latencies T and T’z need to scale with L, and it is this scaling that is
measured by (5.8). We also observe that the definition of delivery time per bit in (5.8) is akin to the
completion time studied in [202,203] for standard channel models, such as broadcast and multiple
access channels.

While A(u, Cr, P) generally depends on the power level P, as well as on the fronthaul capacity
CF and fractional cache size i, we next define a more tractable metric that reflects the latency
performance in the high SNR regime. To this end, we let the fronthaul capacity scale with the SNR
parameter P as C'r = rlog(P), where r measures the multiplexing gain of the fronthaul links.

Definition 9 (NDT). For any achievable A(u, Cr, P), with Cp = rlog(P), the normalized deliv-
ery time (NDT), is defined as

A, log(P), P)

) = 1li 5.
(p.7) el 1/log P (59)
Moreover, for any given pair (p, ), the minimum NDT is defined as
8 (p,r) = 1inf {8(p,r) : 6(u,r) is achievable} . (5.10)

Remark 13 (Operational significance of NDT). In (5.9), the delivery time per bit (5.8) is nor-
malized by the term 1/log P. The latter is the delivery time per bit in the high SNR regime for
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an ideal baseline system with no interference and unlimited caching, in which each user can be
served by a dedicated EN which has locally stored all the files. An NDT of §* hence indicates that
the worst-case time required to serve any possible request vector D is §* times larger than the time
needed by this ideal baseline system. U

Remark 14 (Cache-Only F-RAN and Cloud-Only F-RAN). Throughout this chapter, we will
often consider separately the two important special cases of cache-only F-RAN and cloud-only
F-RAN. The former corresponds to the case in which the fronthaul capacity is zero, i.e., r = 0,
while the latter, which amounts to a C-RAN system (see Section 4.1), is obtained by setting 1 = 0.
We observe that, in a cache-only F-RAN, as studied in [146, 192], it is required that the collective
cache size of the M ENs be large enough to completely store the entire library of [V files in order
to obtained a finite worst-case delivery latency. This requires the condition M x uNL > NL,
i.e., u > 1/M, holds. Therefore, for this case, it suffices to focus on the range p € [1/M, 1] of
fractional cache capacity. 0

Remark 15 (NDT vs. DoF). For the specific case of a cache-only F-RAN, the NDT in (5.10)
is proportional to the inverse of the more conventional degrees of freedom (DoF) metric DoF(u)
defined in [146, 192]. Specifically, we have the relationship *(u,0) = K /DoF(u). O

We show next that the NDT is convex in the fractional size p for any value of the fronthaul gain
r > 0. The proof follows from a file-splitting and cache-sharing argument, whereby files are split
into two fractions, with the two fractions being served by different policies that share the cache
resources and whose delivery times add up to yield the overall NDT.

Lemma 4 (Convexity of Minimum NDT). The minimum NDT, 6*(u, 1), is a convex function of i
for every value of r > 0.

Proof. Consider any two feasible policies m; and 7, where policy 7; requires a fractional cache
capacity and fronthaul gain pair (y;, ) and achieves an NDT of 0(u;, ) for i = 1,2. Given an
F-RAN system with cache storage capacity 1 = ap; + (1 — «)po and fronthaul gain 7 for some
a € [0, 1], we consider the following policy. Each file is split into two parts of sizes oL and
(1 — «) L, respectively, where the first is delivered by using policy 71 and the second by using
policy m,. Note that a fractional cache capacity u is sufficient to support the operation of this
policy. The NDT achieved by this policy can be computed as §(p, ) = ad(pq,r) + (1 —a)d(pz, )
since, by (5.8) and (5.9), the NDT is proportional to the file size. Applying this argument to two
policies that achieve minimum NDTs 6*(y,, r) for i = 1,2 proves the inequality

0 (apy + (1 — a)pg, ) < ad*(pg,r) + (1 — )6 (g, ), (5.11)

since the right-hand side of (5.11) is achievable by file-splitting. This shows the joint convexity of
the minimum NDT §* (1, 7) as a function of y for every value of r > 0. [

Remark 16 (Pipelined Fronthaul-Edge Transmission). As discussed, the system model pre-
sented in this section adopts a serial delivery model, whereby fronthaul transmission is followed by
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edge transmission as seen in Fig. 5.3. Alternatively, a pipelined delivery model could be consid-
ered in which the ENs can simultaneously receive on fronthaul links and transmit on the wireless
channel. In this case, each edge node EN,,, starts transmitting at the beginning of the transmission
interval using an edge transmission policy 7' (+), such that, at any time instant ¢, the EN maps
the demand vector D, the global CSI H, the local cache content .S, and the fronthaul messages
received up to time ¢ — 1, to the transmitted signal at time ¢ as

Xo[t] = w’,;fe(sm, (U [1], Un[2], .., U]t — 1)) ,D,H), tefl:T] (5.12)

The overall latency is given by 7" and the NDT can be defined in a manner analogous to Definition
9, namely

(5.13)

im lim sup

) =1 _—
P(M?r) P=00 [ oo L/logp

We observe that the serial fronthaul-edge transmission policies in Definition 7 are included as spe-
cial cases in the class of pipelined fronthaul-edge transmission schemes. As a result, the minimum
NDT 65 (1, ) under pipelined operation can be no larger than that under serial operation. Further-
more, following the same arguments as in Lemma 4, the minimum NDT &5 (u, ) can be seen to be
a convex function of y for any » > 0. We provide a detailed study of the pipelined delivery model
in Section 5.7. [l

5.3 Lower Bound on minimum NDT

In this section, we provide a general lower bound on the minimum NDT for the M x K F-RAN
described in the previous section. The main result is stated in the following theorem.

Theorem 21 (Lower Bound on Minimum NDT). For an F-RAN with M ENs, each with a fractional
cache size i € [0,1), K users, a library of N > K files and a fronthaul capacity of Cr = rlog(P)
bits per symbol, the minimum NDT is lower bounded as

0" (p, 1) = 0, 7), (5.14)

where d1,(, ) is the minimum value of the following linear program (LP)

minimize 0p + 0 (5.15)
subject to : lop + (M —£)Trép > K — (M — O)H(K —0)"p, (5.16)
op 20, 0p > 1, (5.17)

where (5.16) is a family of constraints with £ € [0 : min{ M, K'}|.

Proof. The proof of Theorem 21 is presented in Appendix C.1. [
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Figure 5.4: Illustration of the proof of Theorem 21.

In Theorem 21, and henceforth, we refer to fronthaul-NDT as the normalized delivery time for
fronthaul transmission, that is,

Trlog(P
5p = lim Lrlos(P) (5.18)
P—oo L
and edge-NDT as the normalized delivery time for edge transmission, that is,
Trlog(P
55 = lim 12108(7) (5.19)
P—oo L

Note that the NDT (5.9) is the sum of fronthaul-NDT and edge-NDT i.e., 6 = dp+dg. Theorem 21
hence provides a lower bound on the minimum NDT by means of bounds on linear combinations
of fronthaul and edge NDTs.

The proof of the main bound (5.16) is based on a cut-set-like argument, which is illustrated in Fig.
5.4. Specifically, it can be argued that, for all sequence of feasible policies guaranteeing a vanishing
probability of error, in the high-SNR regime, any K requested files must be decodable with low
error probability from the received signal of ¢ users along with the cache contents and fronthaul
messages of the remaining (M — ¢)™ ENs. This is because, any ¢ < min{M, K} received signals
Y[TlEé] are functions of M channel inputs X[1 M} which in turn are functions of the M user caches

and their corresponding fronthaul messages U7, .. Thus, using these ¢ signals and the contents of

[1:M]*
(M — ¢)* caches, Si1:(m—e)+] and associated fronthaul messages UﬂF (M—0)+] all the inputs can be
almost surely decoded using the invertible linear system of the form of (5.5), neglecting the noise
in the high-SNR regime. The theorem is proved by carefully bounding the joint entropy of these
random variables, which upper bounds the amount of information that can be reliably conveyed in
the given time intervals T and T or edge-NDT 4z and fronthaul-NDT ¢ .
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We next present a sequence of corollaries that specialize the lower bound of Theorem 21 to the
settings of cache-only and cloud-only F-RANSs (see Remark 14).

Corollary 4 (Lower Bound for Cache-Only F-RAN). For an M x K cache-only F-RAN (r = 0)
with i € [1/M, 1], the NDT is lower bounded as
K—(M-0"(K—-10"*
5 (1,0)>  max ( 2 (K =0 (5.20)

T e[lmin{M,K}]

Proof. The proof of Corollary 4 follows directly by substituting » = 0 in constraint (5.16) in
Theorem 21 and noting that any lower bound on the optimal value of the LP in Theorem 21 is also
a valid lower bound on the NDT. Varying the parameter ¢ € [1 : min{ ), K'}| leads to the family
of lower bounds in Corollary 4. [

Corollary 5 (Lower Bound for Cloud-Only F-RAN). For an M x K cloud-only F-RAN (i = 0),
the NDT is lower bounded as

s> — o K
" ~ min{M,K} Mr’

(5.21)
Proof. Summing the constraints obtained from (5.16) by setting ¢ = M and ¢ = 0 yields the
following lower bound on the optimal value of the LP:

K K
* > > — + —. .

Instead, summing the constraint in (5.16) with / = 0 and the constraint 6z > 1 in (5.17) yields the
following lower bound:

K
* > > _— .

Combining the bounds in (5.22) and (5.23) yields

" " ) S h (5.24)

K
5*(0,7) > 22 -
<’r>_maX(M+Mr’ Ty ) T win{dL Ky M

which concludes the proof. [

5.4 Upper Bounds on the Minimum NDT

In this section, we expound on upper bounds on the minimum NDT by considering the performance
of specific policies. We proceed by first investigating cache-aided and cloud-aided transmission
strategies separately, which are then combined to obtain a cloud and cache-aided policy by means
of file-splitting and cache-sharing (see Lemma 4).
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5.4.1 Cache-Aided Policies

We consider first cache-aided policies that do not use cloud resources and hence operate even when
there is no fronthaul infrastructure, i.e., when r = 0. We specifically focus on the two extremal
scenarios in which 1 = 1, so that all ENs can cache the entire library of files, and ;1 = 1/M, so
that the library can be fully cached as long as different portions of it are stored at distinct ENs.

Example 8 (Cache-Aided EN Cooperation via Zero-Forcing Beamforming (u = 1)). Assume
that we have an equal number of ENs and users, i.e., M = K, that the number of filesis N > K,
and that ¢+ = 1 so that every EN can store the entire file library. Under these assumptions, given the
worst-case request vector in which all K users request different files, the resulting system can be
treated as a multi-antenna broadcast channel with M co-located transmit antennas. This is because
all ENs share any set of requested files. Therefore, given that N > K, transmitter cooperation in
the form of zero-forcing (ZF) beamforming can be carried out with high probability with respect to
the channel realizations, yielding interference-free transmission to the KX = M users. As a result,
the delivery latency is the same as in the interference-free ideal system and hence an NDT equal to
1 is achievable. L

Generalizing the cache-aided cooperative approach described in the example, the following lemma
provides an upper bound on the minimum NDT for the case = 1.

Lemma S (Achievable NDT with Cache-Aided EN Cooperation). For an F-RAN with fractional
cache size 1 = 1 and any r > 0, the NDT is upper bounded as 6* (1 = 1,7) < dca_zr, where

K

Oca—zF = W (5.25)

is achieved by means of ZF-beamforming based on the cached files.

Proof. Following Example 8, the ENs employ ZF-beamforming to serve the users’ requests. Note
that the worst-case demand can be easily seen to be any vector D of distinct files. In fact, any other
vector that contains the same file for multiple users can always be delivered with the same latency
by treating the files as being different. Using ZF, a sum-rate of min{ M, K} log(P), neglecting
o(log(P)) terms, can be achieved [204]. Thus, the delivery time per bit (5.8) achieved by this
scheme is approximately, that is, neglecting o(log(P)) terms, given by

K/log(P)

(5.26)

which, by definition of the NDT (Definition 9), yields an achievable NDT dc,_zp =
K /min{M, K}, hence concluding the proof. O

Example 9 (Cache-Aided EN Coordination via Interference Alignment). We consider now the
other extreme case in which each EN has fractional cache capacity u = 1/M. To fix the ideas,
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we focus in this example on a system with M/ = 3 ENs, K = 3 users and N = 3 files, namely
{A, B, C}, each of size L bits. With y = 1/3, each EN can store one full file or L bits from the
library in its cache. Different caching policies can be put in place. A first, naive, approach would
be to cache the same file, say A, at each EN. However, this approach yields an infinite latency
for any request vector that contains files other than A and hence also for the worst-case vector. A
better solution would be to place each file in a different cache, e.g., files A, B and C' in the caches
of ENy, EN, and ENj, respectively. In this case, for the worst-case request vector in which users
request different files, the wireless channel can be operated as a 3 x 3 user interference channel, for
which a sum-DoF of 3/2 can be achieved [79, 173,205], yielding an NDT equal to 2 (see Remark
15).

As pointed out in [146, 192], more sophisticated caching strategies in which files are split into
multiple subfiles are generally are able to outperform the reference schemes discussed thus far.
Specifically, divide each file into three non-overlapping subfiles of equal length, e.g., for file A we
have A = (A;, As, A3). Now, the cache placement at the three ENs is as follows

Sy = (AlaBla01)§ Sy = (AQaB%CQ); Sz = (A37B3703)-

Under this placement scheme, each EN has one fragment from a file requested by a user under
any request vector D. For the worst-case demand vector in which each user requests a different
file, the edge transmission policy can follow the interference alignment scheme for an X-channel
of [80, 146, 173, 192]. We recall that the X-channel refers to a model in which each transmitter
intends to communicate a dedicated independent message to each receiver under interference from
the other transmitters. This yields a sum-DoF of 9/5 and therefore an NDT of 5/3 < 2. O]

Following the example above, the following lemma provides an upper bound on the minimum NDT
that is obtained by means of cache-aided coordination strategies based on interference alignment
for the case u = 1/M.

Lemma 6 (Achievable NDT with Cache-Aided EN Coordination). For an F-RAN with fractional
cache size ;1 = 1/M and any r > 0, the NDT is upper bounded as 6*(1,0) < dca_ia, where

M+ K-—-1
dCa—IA = 7 (5.27)

is achievable by means of interference alignment.

Proof. Following the example above, which is inspired by [146,192], each file is split into M non-
overlapping fragments F,, = (F, 1, F,2, ..., F,n), each of size L/M bits. The fragment F,, ,,
is stored in the cache of EN,, for n € [1 : N]. Thus, the cache storage for each EN is NL/M
bits and ;1 = 1/M. For any file dj is requested by a user k, each of the ENs has a fragment
F, m to transmit to the user. For the worst-case demand vector in which all users request different
files (see proof of Lemma 5), the M x K system then becomes an X-channel for which a reliable
sum-rate of (M K /(M + K —1)) log(P), neglecting o(log(P)) terms, is achievable by interference
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alignment [80, 173]. Thus, the achievable delivery time per bit, in Definition 8, is approximately
given by

(5.28)

1 M+K-—1
Alpu=-—0P) =
(u M,07 )

Mlog(P) ’

yielding an NDT equal to dc,—1a = (M + K —1)/M. This concludes the proof of the Lemma. [

5.4.2 Cloud-Aided Policies

We now move to considering cloud-aided policies that neglect the caches at the ENs and hence
operate even in the case in which the ENs have no storage capabilities, that is, when 1 = 0. We
first discuss a more conventional hard-transfer fronthauling approach, whereby the fronthaul is
used to send the requested files in raw form to the ENs. Then, we elaborate on the the soft-transfer
scheme that is typical of C-RAN, in which quantized coded signals are transferred on the fronthaul
links.

Example 10 (Cloud-Aided Hard-Transfer Fronthauling). Consider an F-RAN with M = 3 ENs
and K = 3 users with a library of K = 3 files { A, B, C'}, each of size L bits. We are interested
in developing delivery strategies that only rely on cloud processing and fronthaul transfer, while
neglecting the use of caches. We focus again on the worst-case in which each user requests a
different file, i.e., D = (dy, ds, d3) = (A, B, C'). With hard-transfer fronthaul, the cloud sends files,
or subfiles, over the fronthaul links to each EN, which then encodes the signal to be transmitted
on the shared wireless channel. A first approach would be to send all three files and hence 3L
bits, to each EN, so as the enable the ENs to perform cooperative ZF-beamforming on the wireless
channel. Using the fact that the fronthaul capacity is Cr = r log(P) bits per symbol, the fronthaul
delivery time is Tp = 3L/(rlog(P)), yielding a fronthaul-NDT equal to 6 = 3/r. Since, with
ZF, the edge-NDT is 0z = 1 as discussed in Example 8, the overall NDT achieved by this strategy
is d = 1+ 3/r. Alternatively, the cloud can divide each file into three fragments as discussed in
Example 9 and send the fragments (A;, B;, C;) to EN; over the corresponding fronthaul link. In this
case, the fronthaul delivery time is 7 = L/(r log(P)) yielding a fronthaul-NDT of = 1/r. The
ENs then transmit on wireless channel using interference alignment for an X-channel, achieving
an edge-NDT of dp = 5/3, as seen in Example 9. Thus the achievable NDT with this approach
is = 5/3 4+ 1/r. Based on the available fronthaul gain r, the cloud can choose the policy which
yields the minimum NDT. In this case, when » < 3 the interference alignment-based scheme
should be utilized, while the ZF-based strategy is to be preferred otherwise. [

Generalizing the previous example, the following theorem gives an upper bound on the minimum

NDT, which can be achieved by the use of hard-transfer fronthauling.

Theorem 22 (Achievable NDT with Cloud-Aided Hard-Transfer Fronthauling). For an M x K
F-RAN with each EN having a fractional cache size p € [0, 1] and a fronthaul gain of v > 0, the
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NDT is upper bounded as §*(p,r) < dci—ns, where

(5.29)

, { K K M+K-1 K}
5C|_Hf:m1n )

min (M, K} T M
which is achieved by means of hard-transfer fronthauling.

Proof. Following the discussion in Example 10, we consider the selection between two different
strategies to prove Theorem 22.

5.4.2.1 Cloud-Aided EN Cooperation via ZF Beamforming

In the first strategy, the cloud transmits all the requested files to each EN over the fronthaul links.
Thus, for any request vector D, the cloud needs to transmit /K L bits to each EN. Since the fronthaul
links have capacity Cr = rlog(P) each, the fronthaul delivery time is T = KL/(rlog(P)),
yielding a fronthaul-NDT of 6 = K/r. Furthermore, ZF-based EN cooperation achieves an
edge-NDT of g = K/ min{M, K} as shown in Lemma 5. Thus, the achievable NDT with this
strategy is

K K

Op +0p = ————+ + —.
Fo min{M,K}+r

(5.30)

5.4.2.2 Cloud-Aided EN Coordination via Interference Alignment

With this second strategy, for the K requested files Fy,, Fy,, ..., Fy,, the cloud splits each file
into M non-overlapping fragments Fy, = (Fuy, 1, Fu, 2, - -, Fam), for k € [1 @ K], where each
fragment is of size L /M bits. The fragments Fig, . 4,m are transmitted to EN,, for m € [1: M].
Thus, for a fronthaul capacity of Cr = rlog(P) bits per symbol, the fronthaul delivery time is
Tp = KL/(Mrlog(P)), yielding a fronthaul-NDT of 6 = K/(M7). As seen in Lemma 6, using
an X-channel interference alignment scheme achieves an edge-NDT of 6p = (M + K — 1)/M.
Thus, the NDT

M+K—1+ K
M Mr’

Op +0p = (5.31)

is achievable via interference alignment. For a given fronthaul gain of 7, the cloud then chooses the
transmission strategy which achieves the minimum NDT between (5.30) and (5.31), which yields

(5.29), hence concluding the proof. 0

We now move to the consideration of the soft-transfer fronthauling approach.
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Figure 5.5: Illustration of the proposed cloud-aided soft-transfer fronthauling acheme with M = 3
ENs and K = 2 users.

Example 11 (Cloud-Aided Soft-Transfer Fronthauling). Consider an F-RAN with M ENs and
K = M users. With soft-transfer fronthauling, as first proposed in [206], the cloud implements
ZF-beamforming and quantizes the resulting encoded signals. Using a resolution of log(P) bits
per downlink baseband sample, it can be shown that the effective SNR in the downlink scales
proportionally to the power P (see Appendix C.2 and [206]). As a result, this scheme entails a
fronthaul transmission time 7’ that equals the edge transmission time 7'z of the ZF-beamforming
scheme, namely T = L/(log(P)), multiplied by the time needed to carry each baseband sample
on the fronthaul link, namely log(P)/(r log(P)), yielding the NDT d¢j_s¢ = 1 + 1/r. Comparing
with the NDT obtained in Example 10 by means of hard-transfer fronthauling, we see that soft-
transfer fronthaul yields a lower NDT. [

The following theorem generalizes the previous example to give an upper bound on the minimum
NDT, which is achieved by a cloud-aided policies using soft-transfer fronthauling.

Theorem 23 (Achievable NDT with Cloud-Aided Soft-Transfer Fronthauling). For an M x K F-
RAN with each EN having a fractional cache size u € [0, 1] and a fronthaul gain r > 0, the NDT
is upper bounded as §*(j1,7) < dci_sf, where

K n K
min{M, K}  Mr

dci—sf = (5.32)

which can be achieved by means of soft-transfer fronthauling.

Proof. The formal proof of Theorem 23 is presented in Appendix C.2. A proof sketch outlining
the main ideas is provided below. [

For the case M < K, the main arguments follow in a manner similar to Example 11. The case
M > K instead requires a novel delivery approach that is based on the parallel transmission on
the fronthaul links of quantized encoded signals that are sent using time-sharing on the wireless
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channel. We explain the scheme at hand with an example for an F-RAN with M = 3 ENs serving
K = 2 users, which is illustrated in Fig. 5.5. We first list all possible (3) = 3 clusters of 2
ENs. Each of the 3 clusters of ENs is scheduled to transmit sequentially for 1/3 of the total edge
delivery time 7% on the wireless channel. The signals to be transmitted by each cluster on the
wireless channels are sent in parallel on the fronthaul links by the cloud by means of a soft-transfer
fronthauling strategy. Specifically, each EN participates in 2 clusters and hence it needs to receive
only 27% /3 quantized samples from the cloud on the fronthaul link. Thus, using a resolution of
B = log(P) bits per sample as in Example 11, a fronthaul latency of T = 2BTg/(3CFr) =
2T /3r is achieved. This yields a fronthaul-NDT of 0 = 20 /(3r) for a total achievable NDT of

Oci—sf = 1+ 2/(37”).

Remark 17 (Hard vs. Soft-Transfer Fronthaul). Comparing the NDT of soft-transfer fronthaul-
ing in Theorem 23 with the achievable NDT for hard-transfer fronthauling in Theorem 22, we see
that the achievable NDT in Theorem 23 is strictly lower, demonstrating that soft-transfer fronthaul-
ing is to be preferred when the goal is to minimize the NDT. [

5.4.3 Cache and Cloud-Aided Policies

Here, we propose a general upper bound on the minimum NDT for an F-RAN with M ENs, K
users and N > K files, which is attained by combining the cache-aided strategy discussed in
Section 5.4.1 and the cloud-aided soft-transfer fronthaul policy of Section 5.4.2 by means of file-
splitting and cache-sharing (see Lemma 4). Note that the choice of soft-transfer fronthauling over
hard-transfer fronthauling is motivated by Remark 17.

Theorem 24 (Achievable NDT via Cloud and Cache-Aided Policies). For an M x K F-RAN with
a fronthaul gain of v > 0, the NDT is upper bounded as 6* (j1,7) < 0ach(it, 1), where, for fractional
cache size ji € [0,1/M] we define

K K )
(M + K — D+ (1— uM) {mm{M’K} +
dach (e, ) = min , (5.33)
K (1—pnK

min{ M, K} * Mr
and for fractional cache size ji € [1/M, 1] we have

K uh —1 - >M+K—1’
min{M, K} \ M — 1 a
dach (14, 7) = min ) (5.34)
K (1—-p)K
; +
min{M, K} Mr

/

Proof. The theorem is proved by considering the NDT of a policy that performs file-splitting
and cache-sharing, as described in the proof of Lemma 4, between cache-aided and cloud-aided
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schemes. Specifically, or i € [0,1/M], we use the cache-aided policy described in Lemma 6,
yielding dc,_ia, for a fraction of the files equal to M and the cloud-aided soft-transfer fronthaul-
ing policy described in Theorem 23, yielding d¢|_s¢, for the remaining (1 — pM) fraction of the
files. This requires a fractional cache capacity of uM x (1/M) + (1 — uM) x 0 = u, since the
two schemes at hand use fractional cache size 1/M and 0 respectively. Moreover, the achievable
NDT is

Snan (1, 7) = (M) Scain + (1 — pM)dci_ss, (5.35)

which equals the first term in (5.33). In a similar manner, for ;1 € [1/M, 1], we use the cache-aided
policy described in Lemma 6, yielding dc,_ia, for a fraction M (1 — p) /(M — 1) of the files and the
cache-aided policy described in Lemma 5, yielding dc,_zf, for the remaining (uM — 1) /(M — 1)
fraction of files. This requires a fractional cache size of M (1 — u)/(M — 1) x (1/M) + (uM —
1)/(M —1) x 1 = p since the schemes at hand use fractional cache size of 1/M and 1 respectively.
The achievable NDT is

" M(1— M—1
Opch (11, 7) = (]\</[—_1M))5ca_'A + %6CQ_ZF, (5.36)

which equals the first term in (5.34). Finally, for fractional cache size i € [0, 1], the NDT

"

Opch (11, 7) = poca—zF + (1 — p1)0ci—s (5.37)

is achieved by file-splitting between the cache-aided policy described in Lemma 5, yielding dc,—zr,
for a fraction p of the files and the cloud-aided soft transfer fronthaul policy of Theorem 23,
yielding d¢i_s¢, for the remaining (1 — p) fraction of the files. Note that this requires a fractional
cache size of 4 x 1+ (1 — ) x 0 = p since the schemes at hand use fractional cache size of 1
and 0 respectively. The NDT (5.37) equals the second term in both (5.33) and (5.34). Choosing

the minimum NDT among &py,, Sach; Oacy, Yields the upper bound Sacn (i, 7) in (5.33)-(5.34). This
completes the proof of Theorem 24. [

5.5 Characterization of the Minimum NDT

Based on the lower and upper bounds presented in Sections 5.3 and 5.4, in this section, we show
that the proposed achievable schemes in Section 5.4 are optimal in a number of important special
cases, including cloud-only F-RANS, also known as C-RAN; cache-only F-RANSs for extremal val-
ues of fractional cache size j; and general F-RAN models with both cloud processing and caching
for the case when the number of users exceeds the number of ENs in the low fronthaul regime.
Furthermore, we present a constant factor approximation of the minimum NDT, §*(yu, r), for all
values of problem parameters, which shows that the proposed achievable schemes are approxi-
mately optimal to within a factor of at most 2. To proceed we first consider separately cache-only
and cloud-only F-RAN and then study the general F-RAN model.
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5.5.1 Minimum NDT for Cache-Only F-RAN

The following theorem characterizes the minimum NDT for a cache-only F-RAN (r = 0) for
extremal values of the fractional cache size i.e., for u € {1/M, 1}. We recall that with p < 1/M,
the minimum NDT is unbounded (see Remark 14).

Theorem 25 (Minimum NDT for Cache-Only F-RAN). For an M x K F-RAN with a fronthaul
gain r = 0, the minimum NDT given by

— (5.38)
dca—zr for p=1,

where dca_1a can be achieved by means of EN coordination via interference alignment (see (5.27))
and dc,_zr can be achieved by EN cooperation via ZF-beamforming (see (5.25)).

Proof. The proof of Theorem 25 is provided in Appendix C.3. [

The result indicates that, in a cache-only F-RAN, the proposed converse in Corollary 4 is tight at
extremal values of fractional cache size p, and that cache-aided EN cooperation and coordination
as described in Examples 8 and 9, are optimal for ¢ = 1 and . = 1/M, respectively.

5.5.2 Minimum NDT for Cloud-Only F-RAN
The following theorem gives the minimum NDT for a cloud-only F-RAN (1 = 0), showing the
optimality of soft-transfer fronthauling.

Theorem 26 (Minimum NDT for Cloud-Only F-RAN). For an M x K F-RAN with i = 0, the
minimum NDT is characterized as

5*(077’) = (5C|,Sf (539)

for r > 0 which can be achieved by soft-transfer fronthauling (see (5.32)).

Proof. The proof follows directly from the lower bound on the minimum NDT for cloud-only F-
RAN:S, presented in Corollary 5 and from the achievable NDT presented in Theorem 23 that uses
soft-transfer fronthauling. [

5.5.3 Approximate Characterization of the Minimum NDT for a Cache
and Cloud-Aided F-RAN

We next provide an approximate characterization of the minimum NDT for a general M x K F-
RAN by showing that the lower bound in Theorem 21 and the upper bound in Theorem 24, are
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within a constant multiplicative gap equal to 2, independent of problem parameters for all regimes
of fractional cache size p and fronthaul gain 7.

Theorem 27 (Minimum NDT for a General F-RAN). For a general M x K F-RAN, we have

5Ach(,ua 7”)
—= <2, (5.40)
0* (4, 1)

for u € [1/M,1] when r = 0 (cache-only F-RAN) and for . € [0,1] when r > 0 (cloud and
cache-aided F-RAN).

Proof. The proof of Theorem 27 is given in Appendix C.4. [

We finally provide another exact characterization of the NDT, in addition to the results in Theorems
25 and 26 for r = 0 and p € {1/M, 1} and for ;1 = 0 respectively. Specifically, in the low cache
memory regime in which p € [0, 1/M], when the number of ENs is smaller than the number of
users, i.e., M < K, and the fronthaul gain is small i.e., » < 1/(M — 1), the following theorem
gives the minimum NDT.

Theorem 28 (Minimum NDT for F-RAN with Low Fronthaul and Cache Size). For an M x K F-
RAN with M < K and with each EN having a fractional cache size jn € [0,1/M| and a fronthaul
gain of r € (0,1/(M — 1)], the minimum NDT is given as

5 (1) = (M+K—1)u+w (1+%>. (5.41)

Proof. The proof of Theorem 28 is provided in Appendix C.5. [

Remark 18. When considering a cache-aided F-RAN (r = 0), the system studied in this chap-
ter becomes a special case of the system considered in [147], which is a cache-aided system with
caching at both ENs and users. The authors in [147] show that, under the constraint of linear pre-
coding strategies for transmission over the wireless channel, the optimal sum-DoF can be charac-
terized to within a factor of 2. Theorem 27 shows that the factor 2 approximation of the minimum
NDT, and hence of the sum-DoF, as seen in Remark 15, holds over a larger class of precoding
schemes, including non-linear transmission strategies, and that it extends to cloud and cache-aided
F-RANS. [

Remark 19 (Sub-Packetization of Files). The caching and delivery schemes designed for the
cache-only systems studied in [146] and [147] are based on techniques which require splitting each
file into a number of sub-packets which increases exponentially in the number of ENs. In contrast,
in this work, we use file-splitting strategies between only two of the schemes discussed in Section
5.4.1. Since the schemes require either no sub-packetization or in the case of the X-Channel based
EN coordination scheme, file-splitting into M fragments, the schemes in this chapter require a
number of file splits which is linear in the number of ENs. [
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5.6 Case Studies

In this section, we elaborate on two specific examples of F-RANs with M = K = 2 and
M = K = 3, for which we provide conclusive or approximate characterizations of the NDT.
The discussion here highlights the proposed achievable schemes that obtain different operating
points on the minimum NDT trade-off curve.

5.6.1 2 x 2 F-RAN

In this section, we provide the complete characterization of the minimum NDT of an F-RAN with
M = 2 ENs and K = 2 users and we offer insights on optimal delivery policies.

Corollary 6. For an F-RAN with M = 2 ENs, K = 2 users and N > 2 files, the minimum NDT is
characterized as

e Cache-Only F-RAN (r = 0):

0 (py ) =2 — p. (5.42)

e Low Fronthaul (r € (0,1]):

1-2
5* (1, 1) = max <1+u+ M,Q—u). (5.43)
r
e High Fronthaul (r > 1):
5 (p,r) =1+ : (5.44)
r

Proof. For the converse, please see Appendix C.6. The achievability is discussed below. [l

Corollary 6 presents a complete characterization of the minimum NDT for a 2 x 2 F-RAN for all
regimes of fractional cache size ;4 and fronthaul gain r, which is illustrated in Fig. 5.6(a)-5.6(b).
Corollary 6 identifies three distinct regimes for the fronthaul gain r, namely cache-aided F-RAN
i.e., r = 0, a low fronthaul regime with r € (0, 1] and a high fronthaul regime with r > 1. In the
high fronthaul regime, the use of both cloud and caching resources are necessary to achieve the
minimum NDT, while in the low fronthaul regime, if the cache size is sufficiently large, namely if
> 1/2, it is enough to leverage cache-only resources to achieve the minimum NDT. To further
discuss these points, we next detail the policies that can achieve the minimum NDT.

Cache-Only F-RAN (r = 0): For the cache-only 2 x 2 F-RAN, the minimum NDT is achieved by
file-splitting and cache-sharing between the cache-aided EN coordination scheme that yields d¢c,_ia
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Figure 5.6: Minimum NDT for an F-RAN with M = K = 2: (a) low fronthaul regime, here
r = 0.25; and (b) high fronthaul regime, here » = 1.5. The labels ”Cache” and “Cloud” refer to
the achievable schemes.

in (5.27), which requires = 1/2, and the cache-aided EN cooperation strategy that achieves
dca_zr in (5.25) and requires p = 1. Therefore, from (5.36), we have

0 (1, 7) = dach (1, 0) = 2 — p. (5.45)

Low Fronthaul (r € (0,1]): In the low fronthaul regime, when the fractional cache size satisfies
w1 < 1/2, the minimum NDT is achieved by file-splitting and cache-sharing between the cloud-
aided soft-transfer fronthaul scheme that yields d¢_s¢ in (5.32) with © = 0 and the cache-aided
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EN coordination strategy that yields dc,_ia in (5.27) with . = 1/2. Therefore, from (5.35), using
M = K = 2, we have

1-2
0" (p,7) = dach(pt, ) = 1+ p + " iy (5.46)

Instead, for the high cache memory regime, 1 € [1/2, 1], the minimum NDT is given by (5.45) and
is achieved by the cache-aided EN coordination.

High Fronthaul (r > 1): In this regime, the minimum NDT can be achieved by file-splitting and
cache-sharing between the cloud-aided soft-transfer fronthaul scheme that yields d¢)_sf in (5.32)
with . = 0, and the cache-aided EN cooperation strategy that yields dc,_zf in (5.25) with u = 1.
Therefore, from (5.37), we have

L —p

0" (p,r) = dacn(p,m) =1+ — (5.47)

5.6.2 3 x 3 F-RAN

Here, we provide a partial characterization of the minimum NDT of an F-RAN with M = 3 ENs
and K = 3 users by leveraging the results presented in the previous sections and the achievable
schemes presented in [146, 192]. In a similar manner to Corollary 6, the following corollary dis-
tinguishes different fronthaul regimes, namely cache-only (r = 0), low fronthaul (r € (0,1/2]),
intermediate fronthaul (r € [1/2,2]) and high fronthaul (r > 2).

Corollary 7. For an F-RAN with M = 3 ENs, K = 3 users and N > 3 files, the minimum NDT is
characterized as:

e Cache-Only F-RAN (r = 0):

. ~J5/3 for p=1/3,
5””"{wz—um for e [2/3.1],
> max <3—4,u,;u>
8 (u,7) 2 for ue[1/3,2/3]. (5.48)
< 13/6 — 3u/2

e Low Fronthaul (r € (0,1/2]):

) 1+2u+1_r3“ for e 0,1/3],
sz for e [2/3,1),
> max (3 —4 3_—H)
) S for e [1/3,2/3]. (5.49)

< 13/6 — 3u/2
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e Intermediate Fronthaul 1 (r € [1/2,6/7]):

( 2 3—=Tu
> 1+§,M‘|— ”
6 (py ) 1 -3 for pe0,1/3],
<14+2p+
\ r
( 2 3—Tu 3—p
> 1+ — D
6 (p,r) = e ( * 3t * 3r 72 )
| < 13/6 —3p/2 for pe[1/3,2/3],
6 (p, ) = 3/2 — /2, for p € [2/3,1]. (5.50)

e Intermediate Fronthaul 2 (r € [6/7,2]):

9 _ _
Zmax(l—i——u—i-?) 7u’3_,u)
* 3 3r 2
0" (p,7) L 23
< Lt
_1—|—4+ o for € 0,2/3],
O (pyr) =3/2 — /2, for € [2/3,1]. (5.51)
e High Fronthaul (r > 2):
O () =1+ — for e 0,1]. (5.52)

Proof. The proof is provided in Appendix C.7. We note here that the achievability leverages the
scheme proposed in [146, 192] that requires ;. = 2/3 and r = 0. [

Corollary 7 provides a partial characterization of the minimum NDT of a 3 x 3 F-RAN by iden-
tifying upper and lower bounds for all values of 1 and 7, as well as conclusive results for spe-
cific regimes of the parameters. To aid the interpretation of the main results in Corollary 7,
Fig. 5.7 shows the bounds on the NDT presented in Corollary 7 for four values of r, namely
{0.25,0.75, 1.25, 2}, which lie in the different regimes defined in Corollary 7. The figures par-
tition the values of x into two distinct intervals: for smaller values of p, the policy used in the
achievability proof of Corollary 7 leverages both cloud and cache resources, whereas for larger
values of u, cache-only resources are employed for transmission on the wireless channel as briefly
discussed next.

As illustreated in Fig. 5.7(a), in the low fronthaul regime of r < 1/2, file-splitting between cache-
and cloud-based schemes is optimal for p < 1/3 as proved in Theorem 28. Instead, for larger
cache storage, using cloud resources in addition to cache resources may only provide a marginal
decrease of the NDT. A similar behavior is observed also for intermediate fronthaul, as seen in
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Figure 5.7: NDT bounds for an F-RAN with M = K = 3: (a) low fronthaul, here r = 0.25,
(b) intermediate fronthaul, here = 0.75, (¢) intermediate fronthaul, here = 1.25 and (d) high
fronthaul, here » = 2. The labels “Cache” and “Cloud” refer to the achievable schemes.

Fig. 5.7(b), 5.7(c) for r = {0.75,1.25}, which falls in the second and third intervals described in
Corollary 7. In particular, for ¢ > 2/3, optimal F-RAN operation does not require the use of the
cloud. Finally, in the high fronthaul regime, where r > 2, achieving the minimum NDT requires
the use of both cloud and caching resources as seen in Fig. 5.7(d). Details on the achievable
schemes can be found in Appendix C.7.
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5.7 Pipelined Fronthaul-Edge Transmission

In this section, we elaborate on the F-RAN model with pipelined fronthaul-edge transmission
introduced in Section 5.2.2 (see Remark 16). The following lemma bounds the improvement in
NDT that can be achieved by the use of pipelined fronthaul-edge transmission as compared to
serial fronthaul-edge transmission.

Lemma 7 (Pipelined vs. Serial Fronthaul-Edge Transmission). For an M x K cloud and cache-
aided F-RAN, pipelined fronthaul-edge transmission can improve the minimum NDT as compared
to serial transmission by a factor of at most 2, i.e.,

5*(##‘)_

- >
6P<:u77a) - 2

(5.53)

Proof. For the case of pipelined fronthaul-edge transmission, consider an optimal policy 75 that
achieves the minimum NDT 675 (u, 7). We use this policy 75 to construct a policy 7 for serial
fronthaul-edge transmission model as follows: the caching and fronthaul policies for 7 are the
same as for mp; and the edge-transmission policy for 7 is the same as for 7 with the caveat that
the ENs start transmitting only after the fronthaul transmission is complete. The NDT 6 (u, )
achieved by the serial policy 7 is no larger than 255 (1, ) since the durations of fronthaul and edge
transmission for 75 are by definition of the NDT (5.13), both limited by d; (s, ) when normalized
by L/log(P) in the limit of large L and P. This concludes the proof. O

We next derive a lower bound on the minimum NDT 6/ (x4, ) based on Theorem 21 and an upper
bound that relies on the fronthaul and edge transmission strategies discussed in Section 5.4. Since
the results concerning cache-only F-RANs (r = 0) coincide with those presented thus far, we focus
here only on the case of » > 0.

5.7.1 Lower Bound on the Minimum NDT

Here, we provide a general lower bound on the minimum NDT for the M x K F-RAN with
pipelined fronthaul-edge transmission. The main result is stated in the following corollary which
can be derived based on Theorem 21.

Corollary 8 (Lower Bound on the Minimum NDT for Pipelined Fronthaul-Edge Transmission).
For an F-RAN with M ENs, each with a fractional cache size p € [0,1], K users, a library of
N > K files and a fronthaul capacity of Cr = rlog(P) bits per symbol, the minimum NDT for
pipelined fronthaul-edge transmission is lower bounded as

K—(M-0"K—-0%u
x > . .
Op (i, ) > max {ZE[O:él?na{}]i[,K}} (+ (M =0 1 (5.54)
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Proof. The corollary is proved via the same steps as in the proof of Theorem 21 (see Appendix C.1)
with the following caveat. For pipelined fronthaul-edge transmission, the vectors U? | X7 YT and
n} corresponding to the fronthaul messages and transmitted signal for each EN,,,, and the received
signal and channel noise for each user k, respectively, have 1" entries, as per (5.12), where T’
is the overall transmission latency. This is because pipelining allows for parallel fronthaul-edge
transmissions. Using these definitions, along with (5.13), and following the same steps as in (C.2)-
(C.7) in Appendix C.1, the first term in the lower bound can be derived. The second term follows

in a similar manner from (C.8) in Appendix C.1. 0

To provide some intuition on the lower bound (5.54) in relation to Theorem 21, we note that, for an
F-RAN with pipelined fronthaul-edge transmission, the fronthaul and edge transmission intervals
generally overlap and hence the fronthaul-NDT 0 and the edge-NDT ¢z, which may be defined
as in (5.18) and (5.19), satisfy max{dp,dr} < 0, where ¢ is the overall NDT. Therefore, from
constraint (5.16) of Theorem 21, by setting g, 0r < 0 and maximizing over all / we obtain the
first term inside the max(-) function. The second term follows in a similar manner from (5.17).
We also observe that the lower bound (5.54) is strictly smaller than the lower bound (5.14) de-
rived under serial operation in accordance with the discussion in Remark 16. Next, we consider
achievable schemes that yield upper bounds on the minimum NDT for the pipelined fronthaul-edge
transmission model.

5.7.2 Upper Bounds on the Minimum NDT

The proposed achievable scheme for pipelined fronthaul-edge transmission leverages block-
Markov encoding to convert serial transmission policies discussed in Section 5.4 to pipelined
policies. We further integrate block-Markov encoding with per-block file splitting to time-share
between two transmission policies within each block.

e Block-Markov Encoding: To convert a serial policy into a pipelined policy, we split each file
in the library into B blocks, so that each block is of size L/B bits. Correspondingly, we also
divide the total delivery time 7" into B + 1 slots, each of duration 7'/(B + 1). In each slot
b € [1 : B, the cloud operates the fronthaul according to the serial policy to deliver the bth
blocks of the requested files, while the ENs apply the corresponding edge delivery policy to
deliver the (b — 1)th blocks of the requested files, as illustrated in Fig. 5.8(b).

Let T}B) denote the per-block fronthaul time and TéB) denote the per-block edge time required
by the selected policies in each block. These times are related to the total fronthaul and edge
delivery times 7 and Ty of the serial policy as T}B) = Tr/B and TEB) = Tg/B, since in
each block, only a fraction L /B of a file is transmitted. The total delivery time per bit is hence
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Figure 5.8: Pipelined F-RAN operation: (a) File-splitting and block Markov encoding using B
blocks; file-splitting enables the use of two constituent schemes to deliver content; (b) pipelined
transmission where a serial transmission strategy is used within each block.

given by

(B) n(B)
(B + 1) max (TF 7TE ) (B + 1) max (TF,TE)

A P)=1i =1 .
Pl G ) =B I T T I
(5.55)
The corresponding NDT (5.10) is computed as
T (B+1)max (Tp,Tk)
Seaclrr) = fim it 5=
= max <6F75E) s (556)

where 7 and g are the fronthaul and edge NDTs of the serial transmission scheme. Thus,
under the limit of an arbitrarily large number of blocks B, the achievable NDT under pipelined
fronthaul-edge transmission is the maximum of the edge and fronthaul NDTs of the serial
policy.
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e Per-Block File Splitting: To further improve the performance of the block-Markov coding,
we propose a per-block file-splitting strategy in order to time-share between any two serial
fronthaul-edge policies. To elaborate, for some « € [0, 1] fraction of each file block (of size
L/ B bits), a (serial) policy requiring total fronthaul and edge NDTs 5}1) and 5%1) is used, and

for the remaining (1 — «) fraction of each file block, a (serial) policy requiring NDTs (5}2) and

5](52) is used (see Fig. 5.8(a)). Based on the discussion above, this yields an achievable NDT of

dp. Ach = Max (aég) +(1—- oz)ég), aég) +(1—- oz)é?) . (5.57)

The following theorem gives an achievable NDT by considering a pipelined fronthaul-edge trans-
mission strategy that utilizes cloud-aided soft-transfer fronthauling along with either cache-aided
EN coordination via interference alignment or cache-aided EN cooperation via ZF-beamforming
(see Section 5.4) as the constituent schemes, as for Theorem 24. We note that, unlike Theorem 24,
we do not consider file-splitting between cache-aided schemes (cf. (5.36)), since it can be shown
that this would not improve the NDT in the presence of pipelined fronthaul-edge transmission.

Theorem 29 (Achievable NDT for Pipelined Fronthaul-Edge Transmission). For an M x K F-
RAN with a fronthaul gain of r > 0, the minimum NDT for pipelined fronthaul-edge transmission
is upper bounded as 05 (11, 7) < dp ach(pt, 1), where

( (1—puM)K

5p_|A = TT fOl’ IS [O,ML

K o +
Op ach (11, 7) = § Op—Fs = 7o [1 — 2 — [ M — puo] (u2 ﬂ) ] Jor 1 € [p, pa],

M2 — H
K

opzF = ———— 1

\ P—ZF min{ M, K} for p € [p2, 1],
(5.58)

and
K —max{M, K }r * Mr *
pa = .{ ) y pe=(1——F—7x ] (5.59)
KM + Mr [min{M, K} — 1] min{M, K}

with iy < ps < 1. The NDT dp_a is achieved by file-splitting between cloud-aided soft-transfer
fronthauling and cache-aided EN coordination via X-channel based interference alignment; the
NDT dp_zF is achieved by file-splitting between cloud-aided soft-transfer fronthauling and cache-
aided EN cooperation via ZF-beamforming; and the NDT 0p_gs is achieved by file-splitting be-
tween the schemes achieving 6p_a at . = p11 and dp_zg at [ = ps respectively.

Proof. The proof is presented in Appendix C.9.1. [

As indicated in Theorem 29, the NDT (5.58) is achieved by selecting the best among three block-
Markov strategies which use as constituent schemes cloud-aided soft-transfer on the fronthaul and
either cache-aided ZF-beamforming or X-channel-based interference alignment on the edge. An
illustration will be provided below for a 2 x 2 F-RAN.
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5.7.3 Minimum NDT for a Cloud and Cache-Aided F-RAN

We next provide a partial characterization of the minimum NDT for a general cloud and cache-
aided F-RAN with pipelined fronthaul-edge transmission. Specifically, the following theorem
gives the minimum NDT for the low cache regime with 1 € [0, yi1]; for the high cache regime
with p1 € [p9, 1]; and for the high fronthaul regime with r > ((1 — ) min{M, K'})/M.

Theorem 30 (Minimum NDT for a General F-RAN with Pipelined Fronthaul-Edge Transmissions).
For a general M x K F-RAN, with pipelined fronthaul-edge transmission and with fronthaul gain
r > 0, we have
op_in, for p €0, ],
5o (11,7) = (5.60)
Op_zr, for p € [, 1],

where 0p_a and dp_zf are defined in (5.58) and the fractional cache sizes i1, o are defined in
(5.59). Furthermore, for any fractional cache size i € [0, 1], we have
(1 — ) min{M, K}

i (5.61)

op(pt,7) = Op_zF, for T >

Proof. The proof is presented in Appendix C.9.2. U

Remark 20. Theorem 30, along with Theorem 29, demonstrate that, even with partial caching,
i.e., with g < 1, it is possible to achieve the same performance as in a system with full caching
or ideal fronthaul, namely 0 = dp_zr = K/min{M, K}. This is the case as long as either the
fronthaul capacity is large enough (see (5.61)) or the fronthaul capacity is positive and the cache
capacity p is sufficiently large (see (5.60)). We observe that this is not true for serial fronthaul-edge
transmission, in which case no policy can achieve the NDT ¢ = K/ min{M, K} for ;1 < 1 and
finite fronthaul capacity. The intuition behind this result is that, with pipelined transmission, cloud
resources can be leveraged to make up for partial caching by transmitting on the fronthaul while
edge transmission takes place (see [189] for practical implications). [

We finally provide an approximate characterization of the minimum NDT for a general M x K
F-RAN with pipelined fronthaul-edge transmission by showing that the lower bound in Corollary
8 and the upper bound in Theorem 29 are within a constant multiplicative gap, independent of
problem parameters for any fronthaul gain » > 0, in the intermediate cache regime with y €
(11, fo], where the minimum NDT is not characterized by Theorem 30.

Theorem 31 (Approximate Characterization of Minimum NDT in the Intermediate Cache Regime).
For a general M x K F-RAN with pipelined fronthaul-edge transmission and with fronthaul gain
r > 0, we have

5P,Ach<:ua 7’) <9

6;(/1,7’) = 4 fOl" H S [,U/h,uQ]' (562)

Proof. The proof of Theorem 31 is presented in Appendix C.9.3. [
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Figure 5.9: Minimum NDT for an F-RAN with M = K = 2 and pipelined fronthaul-edge trans-
missions in the low fronthaul regime, here with » = 0.5.

5.7.4 Case Study: 2 x 2 F-RAN with Pipelined Fronthaul-Edge Trans-
mission

In this section, we provide the complete characterization of the minimum NDT of an F-RAN with
M = 2 ENs and K = 2 users with pipelined fronthaul-edge transmission and we offer insights on
optimal delivery policies.

Corollary 9. For an F-RAN with M = 2 ENs, K = 2 users, N > 2 files, and with pipelined
fronthaul-edge transmissions, the minimum NDT is characterized as

e Low Fronthaul (r(0,1]):

1-2
L o pel0m = (1-r)/2+7)]
) ) 2=
Op(p.r) = 1 +/7f, Jor € [p, po = (1 —7)] (5.63)
1, Jor pi € [p2, 1]
e High Fronthaul (r > 1):
op(p,m) =1, for pel0,1]. (5.64)

Proof. The proof of Corollary 9 is provided in Appendix C.9.4. [
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The minimum NDT for a 2 x 2 F-RAN is shown in Fig. 5.9 in the regime of low fronthaul
gain, here with » = 0.5. The optimal strategy uses block-Markov encoding with cloud-aided soft
transfer fronthaul in conjunction with cache-aided EN cooperation or coordination as for Theorem
29. We observe that, in contrast to serial fronthaul-edge transmission (see Corollary 6), the optimal
strategy leverages cloud resources for any given fronthaul gain » > 0. Furthermore, in line with
the discussion in Remark 20, by using cloud resources, it is possible here to obtain the minimum
NDT 65 (p, ) = 1 for all ;1 > s as well as for r > 1.

5.8 Directions of Future Research

In this section, we discuss some of the open problems and directions for future work on the topic
of cloud and cache-aided content delivery in F-RAN architectures.

5.8.1 Is an Equal Cache Allocation Optimal?

Throughout the chapter, as per Definition 7, we have assumed that each file F}, is cached with
the same maximum number of bits, namely L, at each EN. Here, we aim at understanding if the
minimum NDT could be potentially reduced by allocating a different number of bits to each file at
the ENs under relaxed constraints

M

> H(Spn) < MpL, ¥n € [L: N, (5.65)
m=1

N

> H(Smn) < NpL, Vm € [1: M], (5.66)
n=1

where the first constraint imposes the per-file condition that the overall number of bits used to cache
file F;, across all ENs cannot exceed M L bits, while the second is the per-EN cache capacity
constraint. By using the same arguments as in the proof of Theorem 21 in Appendix C.1, it can be
shown that the lower bound in Theorem 21 holds also under the relaxed constraints (5.65)-(5.66).
To this end, we first note that the bounds in (5.17) remain unchanged since they do not make use
of the cache constraints. For the proof of (5.16), we refer to Appendix C.1. This shows that the
strategy of allocating an equal number of bits to each file at every EN as in Definition 7 is in fact
information-theoretically optimal under the assumption of uncoded cache placement.

5.8.2 Caching with Inter-File Coding

The results presented in this chapter are developed under the assumption that the caching policy at
the ENs do not allow for inter-file coding (as in (5.2)). For schemes with caching only at receivers,
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Figure 5.10: Effect of delayed or no CSI on the NDT for M = K = 2.

it has been shown that coding across files during cache placement has the potential to improve the
system performance [97,125,133, 134]. To elaborate on the potential gains of inter-file coding for
F-RANSs, we observe that, under such more general caching policies, the joint entropy of the cache
contents of each EN is generally bounded as H(S,,) < puNL, for all m € [1 : M], instead of as
H(S;,) < puLforallm € [1: M]andn € [1: N] as is the case without inter-file coding. As a
result, following the proof of Theorem 21 in Appendix C.1, we can see that, the constraint (5.16)
in Theorem 21 is modified as

05+ (M —0)Trép > K — (M — 0" Ny, (5.67)

which yields strictly lower bounds on the minimum NDT. Whether this lower bound is achievable
by caching strategies with inter-file coding remains an open problem.

5.8.3 Imperfect CSI

Another aspect that is left open by this study is the impact of imperfect CSI availability at the ENs
on the minimum NDT. To elaborate on this point, we consider a cache-only F-RAN and we assume
that within a transmission interval 7, the channel H! varies across every channel use ¢ according to
an i.i.d. process. When CSI is delayed, at any time ¢ on the ¢th transmission interval, the ENs only
have access to the CSI of the previous ¢ — 1 channel uses, namely H}, H?, ... H!™!,

(2

For illustration, we consider a cache-only F-RAN with M/ = K =2 and N > 2 with . € [1/2,1].
For the case of perfect CSI, the minimum NDT can be characterized as in Corollary 6. Next, we
elaborate on the achievable NDT results for the case of delayed and no CSI.
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5.8.3.1 Delayed CSI at ENs

For the case of delayed CSI, consider the corner point 1+ = 1/2 where the system behaves like a
2 x 2 X-channel (see Example 9). The maximum known sum-DoF for the 2 x 2 X-channel with
delayed CSl is 6/5 [207]. As a result, an NDT of dacn (i, 0) = 5/3 is achievable by Remark 15.
Compared to the perfect CSI case, for which the NDT is 3/2, this achievable NDT thus incurs a
loss due to delayed CSI. Next, consider the corner point ;# = 1, where the system reduces to a 2 x 2
broadcast channel with delayed CSI (see Example 8). The maximum sum-DoF for such a system
is 4/3 [85], i.e., a NDT of dach(1,0) = 3/2 is achievable, which is larger than the NDT of 1 with
perfect CSIL.

5.8.3.2 No CSIl at ENs

In case of no CSI, it is known that the optimal strategy on the edge channel is to transmit using
time-division to each user in a separate slot [208]. Therefore a sum-DoF of 1 i.e., an NDT of 2 can
be achieved, which is hence optimal for all values of i € [1/2, 1] and shows a significant loss as
compared to the cases with full or delayed CSI as shown in Fig. 5.10.

Quantifying the impact of delayed CSI on a general M x K F-RAN with cloud and cache-aided
delivery, as considered in this work, remains an area of future work.

5.9 Summary

In this chapter, we presented a latency-centric study of the fundamental information-theoretic limits
of cloud and cache-aided wireless networks, which we referred to as fog radio access networks (F-
RANSs). To this end, we introduced a new metric, namely the normalized delivery time (NDT),
which measures the worst-case end-to-end latency required to deliver requested content to the
end users in the high-SNR regime. We developed a converse result for the NDT of a general
F-RAN with arbitrary number of ENs and users and then presented achievable schemes which
leverage both cache and cloud resources. We characterized the minimum NDT for cloud-only F-
RANSs for all problem parameters; and for cache-only F-RANSs in the regime of extremal values
of the fractional cache size. Furthermore, we showed that the proposed achievable schemes are
approximately optimal to within a constant factor of 2 for all parameter values for the general F-
RAN with fronthaul and edge-caching. We elaborated on two case studies, consisting of F-RANs
with two or three ENs and users and (partially) characterized the NDT for these systems using the
proposed upper and lower bounds. We also considered an alternative F-RAN model with pipelined
fronthaul-edge transmissions. We presented a general lower bound on the NDT and proposed
achievable schemes which are shown to be approximately optimal in terms of NDT to within a
constant factor of 2. Open problems were finally presented to highlight the richness of the problem
introduced in this chapter.



Chapter 6

Learning-Aided Collaborative Caching

In this chapter, we study collaborative caching strategies in a multi-sBS heterogeneous network
with unknown file popularities from a reinforcement learning perspective. We present topology-
aware uncoded and coded caching strategies under a learning-aided framework where the file pop-
ularities are dynamically learned over time by observing user requests. The uncoded collaborative
cache placement problem is NP-hard and we propose a novel weighted graph-coloring and local
search-based approximation algorithm with an approximation ratio of (% — ¢) for some € > 0.
Alternately, we formulate a coded cache placement strategy which is shown to be a linear program
yielding an optimal solution. Through simulations we show that the uncoded approximate caching
algorithm performs close to the optimal coded scheme when integrated with the learning frame-
work in the multi-sBS setting. We also show that for network topologies of practical interest, the
collaborative caching strategies outperform local caching strategies.

6.1 Introduction

With the proliferation of heterogeneous wireless architectures, caching large volumes of data at the
network edge has become a feasible means for load distribution over the network. As a result, ben-
efits of caching in next-generation wireless network settings has been studied extensively in recent
literature [97, 102-104, 120, 153, 154, 157-161, 163, 176, 178]. Recent works like [97, 120, 176]
study caching at mobile end-users from a novel information theoretic framework which has its
roots in index coding and multicast delivery to increase efficiency of content delivery over a single
server network. Caching in multi-sBS networks from an interference management perspective was
studied in [146, 147,209] under uniform file (defined as a block of data) popularity distribution.
Information theoretic caching for non-uniform file popularity was studied in [99, 107, 117] How-
ever, the problem of determining the optimal content to cache in a practical network setting when
file popularity is unknown is a difficult one. In this work, we consider this practical problem of
caching popular content at the network edge augmented by a framework for learning the varying

121
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file popularity profile across users.

Heterogeneous networks, where small-cell base stations (sBSs) like femto or pico-cells are con-
nected to a central cellular base station (BS), lend themselves to caching of data at the network
edge by equipping the sBSs with caches for local, low-latency content dissemination. Distributed
cache placement in sBSs was studied in [152,210], with an aim to reduce the latency of file de-
livery to the end-users while assuming that the popularity of files was known apriori at the sBSs.
However, such an assumption is unrealistic and learning based caching frameworks were presented
in [153,157-161, 163, 178] and references therein for the case of unknown file popularity profiles.
The authors in [153,160,163] presented a multi-armed bandit [211,212] based reinforcement learn-
ing framework for cache placement in a single sBS network. Transfer-learning based approaches
for caching in small-cell networks were studied in [157-159], where minimization of backhaul
load and the evaluation of time to achieve desired learning accuracy under random caching were
the main areas of focus. These works, however, do not consider the problem of caching for a multi-
sBSs network with overlapping connectivity to users under unknown file popularity distribution.
In this work, we study topology-dependent cache placement in a multi-sBS wireless network from
a reinforcement learning perspective. We ask the following fundamental questions:

Given a multi-sBS network topology, per-sBS cache capacity and random file requests from users
based on an unknown file popularity profile -

(1) What is the best learning method with finite-time performance guarantees for estimating the
file popularity from observations of user requests?

(1) What is the best collaborative caching strategy, such that a maximum number of requests can
be served directly from the sBS caches?

To address these questions, we formulate the learning-aided collaborative caching framework
for the multi-sBS environment as shown in Fig. 6.1. We present novel topology-aware caching
strategies using a combinatorial multi-armed bandit (CMAB)-based learning framework [212-
215]. Inreal networks, the file popularity profile could change over time and hence it is necessary to
learn it dynamically during the caching procedure. The files to be cached are modeled as the arms
of a combinatorial multi-armed bandit (CMAB) problem [213] in order to learn their popularity
over time. The goal of the caching strategy is to pick the best set of files at any time ¢ based on their
estimated popularity so that the requests from users can be directly served by the caches without
accessing the core network.

6.1.1 Main Contributions
Based on this network model, the following are the main contributions of our work:

1. Learning Framework - We present a CMAB-based learning framework for dynamically learn-
ing the file popularity distributions in a multi-sBS network setting. We show that the bound
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on the sub-optimality gap of the proposed learning algorithm at each sBS at time ¢ scales as
O(log(t)) i.e., the sub-optimality gap scales logarithmically with time.

2. Collaborative Caching Framework - We formulate a novel network topology-aware uncoded
caching strategy where entire files are cached at the sBSs. We show that the uncoded caching
problem is NP-hard and propose a novel graph-coloring based algorithm which provides a
(% — e) -approximate cache placement solution in polynomial time for some € > 0. We also

formulate a coded caching strategy which allows fractional file placement. We show that this

strategy can be represented as a linear program which can be solved optimally.

3. Through simulations, we present a detailed comparison of the uncoded and coded collaborative
caching schemes. We show that for both coded and uncoded schemes, collaborative caching
generally outperforms naive strategies that locally optimize the cache content at each sBS
without accounting for the network topology. We further show, that in spite of using a greedy
approximation algorithm, the uncoded collaborative caching strategy performs similar to the
provably optimal coded strategy. This is attributed to the fact that learning popularity using
fractional placements is harder than learning from placement of entire files in the multi-sBS
setting.

6.2 Network Model

We consider a small cell network with a set of N sBSs, S = {S1,Ss,...,Sn}, connected to a
central Base Station (BS). A set of K users U = {U;,U,, ..., Uk} are located in an area covered
by the small cell network. Users can make random requests from a directory of F' files, [ &€
F = {1,2,..., F}, where file f has size S; units'. The central BS is considered to have enough
memory to store the entire file directory . Each sBS in the network has a cache memory that
can store M units of data. We assume that M > mingcr Sy i.e., the sSBS caches are large enough
to store at least one whole file. Each user can be served from the cache of one or more sBSs in
the network. If a user’s request cannot be serviced from the caches of the sBSs to which it is
connected, then it can be downloaded directly from the central BS. This ensures that all the users’
requests are serviced. However, the objective is to enable loacalized content delivery with minimal
use of backhaul resources. Therefore, the optimal caching policy ensures that maximum number of
user requests can be serviced locally from the sBS caches at the network edge, thereby alleviating
load at the central BS. An example small cell wireless network architecture with N = 6 sBSs and
K = 12 users is shown in Fig. 3.1. The central BS is connected to sBSs via wireless (or wired)
backhaul links.

I'The unit of file size can be Megabytes or Gigabytes depending upon the networks under consideration. We keep
it generic for our exposition,
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Table 6.1: Learning-Aided Collaborative Caching: Table of Notations

S Set of IV sBSs

U Set of K users

F Set of I files

n sBS Index

U User Index

f File Index

Sy n—th sBS

Sy Size of f—th file

G(S,U,E) Bipartite connectivity graph

N (u) sBSs serving user u

dscy n Average instantaneous demand for file f at sBS n and time ¢
US) Users connected to sBS S

Orn True Popularity of file f at sSBS n

O, True Popularity distribution of all files at sBS n

0 Skewness of ZipF popularity distribution

C™(t) F'x N joint cache placement matrix with elements ¢, € (0, 1]

6.2.1 Network Connectivity

The connectivity of the users and sBS within the network can be modeled as a bipartite graph G =
(S,U,E), where the edges (S,,,u) € E if there exists a communication link, subject to physical
layer constraints (i.e., the user is not in outage based on path loss, shadowing etc.), between user
u and the n-th sBS S,,. N (u) C S denotes the neighborhood of user u i.e., the sBSs that can
serve the user (or conversely, the sBSs to which the user is connected). For example, from Fig.
3.1, N(Uy) = {81} while N (U3) = {Ss,84}. On the other hand, the neighborhood of the nth
sBS i.e., the number of users connected to sBS S, is denoted by U(S,,). For example, in Fig.
3.1, U(S)) = {U1,U4,Us, Uy} and U(S2) = {Us, Us, Ug}. The central BS has complete network
knowledge i.e., knowledge about the neighborhoods of all sBS connected to it and thereby the
knowledge of the sBS neighborhood of each user.

6.2.2 Model for File Popularity

The popularity of files (e.g., videos) in a multimedia content distribution network is generally
modeled as a ZipF distribution [108, 184] where the mean demand (number of requests) for a file
f at any sBS §,, can be modeled as:

f*’Y

F _ )
je1 B

Orn = (6.1)
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Central Base Station Learning Aided
Collaborative Caching

Backhaul Links

CMAB based learning
at each sBS
Feedback CMAB indices ©,,
[see Section 6.4]

File Requests
to Connected sBSs

. Users
é Small Cells

Figure 6.1: Network model for learning-aided collaborative caching in a small cell network with a
central BS, N = 6 sBSs and K = 12 users.

where 0, € [0, 1] and -y models the skewness of the popularity profile. For example, v = 0 models
a uniform file popularity profile and as < increases the skewness increases. The file popularity
distribution at S, is denoted by ©,, = {61,021, ...,0Fn}.

In practical settings, the distribution ©,,, ¥n € {1,..., N} is unknown. Therefore, in this work,
we empirically estimate the mean demand for each file at every sBS based on observations of user
requests over a period of time. To this end, let dif; € {0,1} be an indicator variable such that

dif; = 1 when a user u in the neighborhood of sBS S, i.e., u € U(S,,) requests the file f at time ¢.
Let

1
dy, = = dst (6.2)
f ‘U(SN)’ Z 1

indicate the instantaneous demand for file f € I, averaged over all users served by sBS S,,. [U(S,,)]
is the cardinality of the set 2/(S,,). The instantaneous demand d ,, is an i.i.d random variable with
an empirical mean

O =E[d),] 6.3)

which is bounded in support [0, 1} and the expectation is over the random user requests at time

instants 1,2, ..., t. In other words, the mean 6;,, signifies the empirical popularity of the f-th file
at the n-th sBS §,, i.e., the average number of per-user requests for the file f at S,, (from the users
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in U(S,)) till time ¢. Thus, although the true popularity distribution ©,, is unknown, we estimate
the file popularity distribution G) = {«91 ns 92 P Hpn} at S,, based on the user requests up to
time ¢. In the next section we introduce the learnlng framework for collaborative caching in a
multi-sBS environment.

6.3 Learning-Aided Collaborative Caching

In multimedia content distribution networks, files generally have varying popularities i.e., a few
files in the system are highly popular (e.g., viral YouTube videos) while others are requested less
frequently [99, 216]. The resulting popularity profile is accurately modeled by the heavy-tailed
ZipF distribution [99, 184,216]. In order to design efficient caching and delivery policies such that
majority of the requested content can be delivered locally, reliable estimation of the file popularity
over time is required at each sBS. To address this, we introduce a topology-aware learning-aided
collaborative caching framework. Over learning iterations, the central BS receives feedback from
the sBSs about the performance of the caching policy. Performance is measured in terms of a
reward i.e., the amount of data which is downloaded from an sBS in servicing the requests of
connected users. Similarly, the sub-optimality gap of the learning process is defined as regret.
Traditional learning techniques such as Q-Learning, e-greedy learning etc. provide only asymptotic
convergence guarantees [217]. However, in a caching framework, such asymptotic guarantees
(when the number of observed user demands goes to infinity) are not sufficient.

To this end, we model the popularity estimation and cache placement as a Multi-Armed-Bandit
(MAB) problem [212], allowing us to present finite time guarantees on the learning performance.
In this setting, the files f € [ are treated as the arms and caching a file at a sBS is equivalent
to pulling an arm in a MAB framework. The caching of files at each sBS enables estimation
of file popularity by observing the rewards obtained in return i.e., by the amount of data which
can be used from the local caches to serve user requests. Since each sBS cache can typically
store multiple files, it is appropriate to model the problem as a combinatorial MAB (CMAB)
problem [153,160, 161, 163,178,213-215]. Under a combinatorial setting, a set of arms, called a
super-arm, can be pulled at a given time instant. Thus for a cache placement policy which places
multiple files in the cache of S, the strategy at any time ¢ is equivalent to pulling a CMAB super-
arm. A single-sBS CMAB based caching framework was studied in [153]. Our work extends it to
a topology-aware multi-sBS network.

For CMAB-based learning, there is a trade-off between the exploration of new arms (i.e., caching
new files to estimate their popularity) and the exploitation of the known arms (caching files that
are known to have high popularity and hence give higher rewards).

In this work, we utilize the exploration-exploitation trade-off by use of the Combinatorial Upper
Confidence Bound (CUCB) algorithm [213,214], which provides finite time convergence guaran-
tees. We propose a distributed learning framework detailed in Algorithm 4, which has two main
parts:
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Algorithm 4 LEARNING-AIDED COLLABORATIVE CACHING

DISTRIBUTED POPULARITY ESTIMATION AT SBS:
1: for Each sBS S,, € S attime ¢t do

2: for Each file f € F do

3: if File f is cached i.e., ¢}, () > 0 then

TfJL = Tle +1

where, T, is the number of times file f (or a fraction of file f) is cached in S,, upto ¢.

4: else if
5: for u € U(S,,) do,
6: if cf (t) >0, 3S,, € N(u)\ {n} then
7
Tfﬂl = Tle +1
8: end if
9: end for
10: end if
11: Update the mean demand:
w~ 2::1 d} n
Opp = ———=—
t
where, Zﬁzl d;}n is the cumulative sum of requests for file f from users u € U(S,,)
until time instant ¢.
12: Calculate CMAB Index:
oo e e (USLI)
9 n — 9 n : ’
fm = Ot \/ 2T},
where |U/(S,,)| indicates cardinality of (S,,).
13: end for o B
14: Feedback ©,, = [0, 02,4, . .., 0F,] to central BS.
15: end for

TOPOLOGY BASED COLLABORATIVE CACHING:
16: Caching Strategy at time ¢ + 1:

[C™(t + 1)]pxny = CCP (61, 0,,...,0y)

17: Observe actual user requests d?nl attime (¢ + 1)
18: Return to Step 1 and update T ,,’s and ©,,’s for the next time step (¢ + 1)
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1. Learning the File Popularity Distribution: A CMAB based distributed popularity estimation
runs at each sBS &, to estimate the empirical file popularity distribution ©,,, associated with
its users U(S,,). At time t, based on user demands up to ¢ — 1, it updates the popularity of
every file that is cached in the sBS. The updated popularity profile is used in the subsequent
cache placement by the central BS. The learning framework is discussed in Section 6.4.

2. Collaborative Cache Placement (CCP): The central BS takes the CMAB based popularity
profile from the sBSs as input and designs cache placement strategies by jointly maximizing
the sum reward of the sBSs. The cache placement can be uncoded where entire files are
cached at the sBSs or coded where files are sub-packetized and fractions of files are allowed
to be cached. Details on the design of both uncoded and coded collaborative cache placement
are discussed in Section 6.5.

We next present a detailed analysis of the learning-aided collaborative caching algorithm.

6.4 Learning the File Popularity Distribution

In this section, we present the CMAB based framework for learning the file popularity distribution.
First, we define the caching model, present the CUCB based learning algorithm and finally, derive
finite time performance guarantees for the learning step in Algorithm 4.

6.4.1 The Cache Placement Model

In this work, we consider a Collaborative Cache Placement (CCP) policy 7 which determines the
optimal content to be cached at each of the NV sBSs in the network. The objective of the policy
7 is to place files in the caches of the sBSs based on the network topology and empirical history
of user demands (file popularity) such that maximum number of file requests can be downloaded
directly from the sBS caches. Let the F' x N binary matrix C”(¢), denote the collaborative cache
placement by the policy 7 at time step ¢. Let

C"O)]pxn = [cT(1),e5(1), .., en(D)], (6.4)

where c7(?) is the I’ x 1 cache placement vector for the sBS S, and ¢}, € [0, 1] are the elements
of c¢7(t) such that, at a time step ¢,

Cfm (6.5)

. > 0 iffile f is cached at S,
)4~ :
= (0 otherwise

In our problem formulation, we define caching as placement of a whole file or any fraction of a file
in the cache of the sBS i.e., c}rm denotes the fraction of file f cached at S,,. Att = 0, we consider
that the caches of all sBSs are empty i.e., C™(0) = [0] pxn-
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6.4.2 CMAB aided File Popularity Estimation

The CMAB based file popularity estimation at each sBS gets as reward, the amount of data down-
loaded from the sBS cache to serve the requests of its users. By tracking the reward for cache
placement over time, the sBS aims to learn the optimal cache placement policy 7. The algo-
rithm is initialized by sequentially placing each file once in the cache of each sBS. At time ¢, sBS
S, learns the file popularity distribution i.e., the empirical mean of the instantaneous demands
©, = {01.n,02n,...,0p,} based on the history of instantaneous demands, d},,,d7,,...,d5,,,
upto time ¢ and the cache placement by the CCP policy 7 at time ¢ i.e., cf,,(t) € C"(t), f € F.
To this end, a CMAB index gf,n is calculated for each file f € F. The CMAB index has two
components:

1. The empirical mean of the instantaneous demand 6y, derived from the observation of user
requests over time.

2. An additive perturbation factor

Yy log ([U(Sn)[1)
\/ 2T : (6.6)

where |U/(S,,)| is the number of users connected to S,, and 7', denotes the number of times a
file f € F has been cached in S, until time ¢. The factor

a0 ((US)ISH)
‘Pf’"‘|u<sn>|( 2 ) 7

is directly proportional to |/(S,,)| and a roll-off factor § (which is usually set to 3 [153,212]),
and inversely proportional to the skewness factor v of the ZipF based model of the file popular-
ity profile. The factor « can be empirically estimated as in [184] from the observations of the
instantaneous file demands d’}m over time. We show in Section 6.4.3 that the sub-optimality of
the learning process scales linearly with W, for the proposed collaborative caching algorithm.

The index perturbation factor in (6.6) promotes exploration and exploitation based on the number
of connected users, the size of each file and the Zipf parameter . It promotes exploration by
forcing the CCP to place less-often-cached sets of files (for which T%,, is low) in the caches by
increasing their index value. This promotes the sufficient sampling of lesser requested files in
order to accurately evaluate their popularity. It also promotes exploitation when |U/(S,,)| is large
i.e., S, has a large user-set and also when the popularity profile is skewed i.e., when +y is large and
there are few popular files in the system. Once, the sBSs calculate the local index values ©,,, this
information is fed back to the central BS where the CCP policy 7 determines the caching strategy

™ (t).
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Remark 21 (Topology-Aware T, Update). In this work, we use a unique topology-aware 717,
update procedure which helps in capturing the interaction of users who are connected to multiple
sBSs. At S, let a user u request a file f € F. If the file is not cached at S, i.e., ¢} ,(t) = 0, then
we consider the caches of all other sBSs in the neighborhood of u: S,y € N(u) \ {S,.}. If [ is
cached at any of these sBSs i.e., if the user’s request is satisfied by any other sBS, then we update
the 7%, for the sBS S,, as well. As opposed to the single sBS learning in [153], this leads to a
topology-aware learning framework which can account for the network connectivity. Note that at
any time-step ¢, T, < ¢ still holds. 0

6.4.3 Upper Bounds on the Regret for Algorithm 4

In order to derive finite time performance guarantees on the learning step of Algorithm 4, we first
formally define the concept of reward and regret (sub-optimality gap) for the caching framework
under consideration.

6.4.3.1 Reward

For the policy 7, with a caching strategy c” (¢) at sBS S, at time step ¢, we define the instantaneous
reward for caching a file f in S, as:

= > i)

u€U(Sr)

= [U(Su)d},, 5 (8) S = [U(S)|d S pon, (6.8)

which indicates that a reward of S;,, = cF,(t)Sy is obtained when c7 , (t) fraction of a file f
requested by a user u is available for download from a local cache. The reward is proportional
to the amount of data downloaded from the cache. At time ¢, the expected accumulated reward,
Rg, (cr(t)), is obtained by taking an expectation over the instantaneous rewards up to time ¢:

Rg (i) 2E | > i | =E| > |USa)Id}, S

fcf, ()>0 fef,, ()>0

> 0705t (6.9)

Fie% (>0

where, in (2), the expectation is taken over the i.i.d instantaneous file demands d’}m and (b) follows
from the definition of empirical estimate of mean demand in (6.3). The objective of Algorithm 4
is to maximize the expected reward for all time instants 1,2, ..., {. We define the optimal reward,
Rg”, as the expected reward obtained when the CCP policy 7 caches the optimal set of files when
the frue popularity profile ©,, = {61,020, ..., 0p,} is perfectly known at the BS.
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6.4.3.2 Regret

The regret of the CCP policy 7 at a time instant ¢ is defined as the difference between the
expected accumulated reward obtained by the caching policy and the optimal expected reward
R(g;. Assuming that policy 7 runs an («, 3)—approximation cache placement algorithm i.e.,
Pr[Rg (cf(t)) > oo~ RY'] > f3, the regret at a finite time horizon ¢ = T is given by:

T

> Rg (ci(t))

t=1

Regl, ,5(T) =TaBRY —E , (6.10)

where the expectation is over policy 7w and all the rewards generated by files cached by
C:L(O>’ Cg(l)v T 7CZ(T)

A caching strategy c’(t) is defined to be a-sub-optimal if the reward obtained by the strategy is
less than « fraction of the optimal reward:

R(c;(t)) < a- R

Let Af“max be the difference in expected reward between the optimal caching strategy and the worst
a-sub-optimal caching strategy in which file f is cached at S, i.e., it is the sub-optimality gap of
the strategy which yields the lowest reward when file f is cached at S,,. Similarly, let Aimin be the

sub-optimality gap of the best a-sub-optimal caching strategy i.e., the best strategy with reward
less than « - R%’ﬁ in which file f is cached at §,,. Also, let

_ f
An,max - r?gﬁ( An,max'

be the worst sub-optimality gap across all files f € F. Now, define a counter N,(¢) which counts
the number of times a a-sub-optimal caching strategy is employed by the CMAB algorithm upto
a time instant ¢. Using techniques similar to [213], we can derive an upper bound on the expected
number of a-sub-optimal periods at a finite time horizon ¢t = 7"

Ny(T) < (1 =B)(T = F) +

C(\Dﬁn - 1) A Z \I]f,n 10g(|u(8n>|T)
U(Sa)[Frm T (g AL L))

2F : 6.11)

where g(-) is a strictly increasing, invertible function® such that for any two popularity distributions
© and ©', we have |Rg(c™(t)) — Rg (c™(2))] < g(A) if maxjeer(y [0 — 0}| < A. From (6.11),
we can see that the number of a-sub-optimal periods scales logarithmically with time 7". The
following Lemma gives an upper bound on the regret for the n-th sBS for the Collaborative Caching
Algorithm (Algorithm 4).

2The function g(-) is a bounded smoothness function [213] which is an artifact of the proof of the upper bound on
the regret bound in Lemma 8.
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Figure 6.2: (a) A collaborative caching set-up with N = 2 sBSs, K = 3 users, (b) Upper bound
on regret vs. time.

Lemma 8. At each sBS, the regret at time t = T, when using an (o, 3)—approximation CCP
algorithm, is upper bounded by:

20, log (US)IT) 2(W, — 1)
2 T A +(|u<sn>|wfm

))2 n,max
n,min

Reggn,aﬁ(T) S + 1> - F- An,rnap(a

feF,Af >0

n,min

(6.12)

where ((x) is the Riemann Zeta function.

The proof is presented in Appendix D.1. It can be seen from (6.12), that the regret at each sBS
scales as O (log [|4(S,,)|T]). Thus, when T >> |U(S,,)|, the loss due lack of knowledge of the
true popularity distribution i.e., the regret, grows slowly with 7. It can also be seen that the regret
scales linearly with the system parameter ¥ ,,. We next present an example to elucidate the regret
bound, noting that the result holds for any arbitrary network.

Example 12 (Regret Bounds for 2 sBS, 3 User System). We consider the network in Fig. 6.2(a).
Let there be a library of 3 files F = {F}, F5, F3} with Sy = 1,V f and let each sBS have a cache
size of M = 1. We also define a file popularity profile ©,, = {0,, 1, 6,,2, 0, 3} such that v = 2 and

2 1
en,l = 9n,2 =z 0n,3 = g, n = ].,2

5

For the system under consideration, the scaling factor W, at each sBS is given by

2x1
32

3 2
Uy = U = 5 % ( ) = 0.0741; f=1,2.3 (6.13)
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We assume a caching strategy where only whole files can be cached i.e., ¢}, € {0,1}. Since the
file F3 is the least popular in both sBSs, lets assume that an optimal caching policy is as shown in
Fig. 6.2(a)i.e., S; stores I} and S, stores F5. The reward in this case is equal to 6, since files have

unit size. In this case, by definition, the only non-zero Af;’min, A7 ax are those corresponding to
file F5 and given by
‘ 2 1 1
Ad =AY == 6.14
n,min n,max 5 5 5 ( )

Again for this example, we use g(x) = x or conversely g~ (x) = x. Then at time ¢ = T, we have

2V, log(2T) 3 [(2¢(V, —1)
T < - === 7 i .
Regg (1) < 0.9 + 5 ( 20, +1 (6.15)

The upper bound on the regret is plotted as a function of time ¢ in Fig. 6.2(b). We also plot a bound
for a case where the number of users per sBS increases to 3. These are shown by the blue curves.
It is seen that the value of regret increases with increasing users which is expected. But for both
cases, the regret grows very slowly with large values of . Thus in both cases, the bound shows
that with increasing ¢, the learning converges and the regret grows only slowly with time. Further
we also generate some popularities using the Zipf distribution [184] with varying skewness ~y. The
optimal placement in this case is to place the most popular file in the cache. It can be seen that
as the skewness increases, the regret decreases i.e., as fewer files become highly popular, it gets
easier to learn the optimal cache placement. Also, when v = 0 i.e., every file is equally popular,
the regret grows arbitrarily large and optimal cache placement is difficult to learn. This will be
further illustrated in Section 6.6 where we present simulation results. U

Corollary 10 (Overall Regret). The system regret over all the N sBSs is upper bounded by:

N

oW, 1 2(W,, — 1
Z Z .0 log (fIU(Sn)!t) AL e (C(f—n@) i 1) F - A (6.16)
n=1Lyrer Al >0 (L(rl(A7z,r]f1ixl))2 U(S,)[Yrn

n,min

From Corollary 10, we can see that the overall regret for the multi-sBS system with N sBSs is the
sum of the regrets of the individual sBSs. Thus, if the CCP policy 7 intelligently places content
such that a user v with multiple connections can download its requested content from any one of
its connections, then the regret for all the sBS in NV (u) also decreases. This is one of main design
goals for the CCP solvers as discussed in the sequel. In the next section we detail the design of
the Collaborative Cache Placement policy m which chooses the joint caching strategy at the sBSs
accounting for the topology of the network.

6.5 Collaborative Cache Placement

In this section, we detail the design of the collaborative cache placement (CCP) policy m which
enables the central BS to determine joint caching strategies at the sBSs. The CCP in Algorithm 4
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assumes full topological knowledge and takes as input, the CMAB indices, ©1, O, ..., Oy at time
t. The caching strategy C™(t) determines which files are cached in the sBSs for servicing the user
requests at time ¢ 4+ 1. The CCP in Algorithm 4 produces an («, 5) —approximate solution i.e., an
a—approximate solution for at least 5 fraction of time. Thus, for an optimal caching scheme, we
have o = = 1. However, as discussed in the following subsection, not all caching policies lend
themselves to optimal solutions in polynomial time and hence the use of an («, 3)—approximation
algorithm is assumed for generality. It is to be noted that for the regret bound in Lemma 8, the
terms Aimax, Aflvmm are dependent on o while the expected number of a-sub-optimal periods in
(6.11) scales with 3. Therefore, we should aim to use cache placement algorithms with g = 1
and « close to 1. We next highlight two different caching strategies considered in this work and

comment on the «, 3 values for both:

1. The first is an uncoded caching strategy where whole files are stored in the sBS caches. We
show that this is an NP-hard problem and propose a novel graph-coloring based approximate
solution.

2. The second is a coded caching strategy where files are encoded using rateless-codes [152,178,
218] thereby enabling fractions of files to be stored in caches. We show that, in contrast to
the uncoded caching problem, this strategy leads to a concave reward function and the cache
placement for reward maximization yields an optimal linear programming solution.

In the following discussion the indexing on ¢ is dropped for simplicity. We assume that user
requests and the data downloaded from the caches to satisfy these requests, at time ¢, are observed.
The demands are then updated for the cache placement phase at the next time instant ¢ + 1.

6.5.1 Uncoded Collaborative Caching Strategy

We first formulate the optimal uncoded caching strategy where entire files are cached at the sBSs.
In order to facilitate learning, the CMAB indices ©,, are used as a proxy for the true popularity of
all files f € I at the sBSs S,,. Based on this acquired knowledge, the average reward for each user
u in the network (upto the current time step) can be defined as:

_f — -

R, = nren/\eflé) Opn Sy~ Cho (6.17)
where ¢7,, are constrained to be binary variables i.e., ¢, € {0,1}. They are the elements of the
F x N cache assignment matrix C™ and ¢, = 1 denotes that the file f is cached at S,,. The reward
formulation is such that for a user connected to multiple sBSs, the obtained reward is maximized
when the requested file is placed in the sBS where it is most popular i.e., the sBS with the highest
gﬁn. Additionally, in case the file is placed in multiple locations, the max(-) ensures that only the
reward based on the most popular location is counted. As a result, the reward function implicitly
encourages the placement of a file f requested by user u at the sBS in N (u) where the popularity
of the file is the highest.
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The optimal uncoded cache placement maximizes the sum reward of the users in the network. The
cache placement is formulated as the following binary integer program subject to cache memory
constraints at each sBS:

F F
UNC-1: max >3 R, st. Y &, S <M, Vo,
f=1

uel f=1

The optimal cache placement C™ in UNC-1 that maximizes the sum reward of the multi-sBS net-
work ensures that there is minimal repetitive placement of a file f in the system by virtue of the
max(-) function in the reward. The caveat remains that repetition might be necessary to account
for similar requests from users not connected to the same sBSs. The formulation is flexible in this
regard by allowing repetition since the overall reward is the sum of rewards for each user in the
network. Thus our formulation utilizes the network topology to optimize the cache placement at
the sBSs.

Lemma 9. The binary integer program UNC-1 is NP-hard.

Proof. The lemma can be proved by showing that specific instances of the problem is NP-hard.
Consider the two network examples presented in Fig. 6.3. Network Example 1 represents a net-

Network Example 1 Network Example 2

Figure 6.3: Network Topology Examples

work topology where every sBS has its own set of users and each user is connected to only one
sBS. Under this topology, the multi-sBS cache placement problem reduces to solving /N single
sBS problems of the following form subject to the cache storage constraint of UNC-1:

N F
Hé% Z Z ng,n Sy c}rm. (6.18)
f=1

Each of the single-sBS placement problems are NP-hard Knapsack Problems [219] with values
0,5y and weights Sy. Again, Network Example 2 shows the case of a fully connected network,
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where all users are connected to all sBSs. In this case, solving UNC-1 becomes analogous to
solving a single sBS problem but with a cache size of N M units. This is also a Knapsack problem
and is NP-hard. Since these two special cases of UNC-1 are NP-hard, UNC-1 itself is NP-hard.
Specifically, UNC-1 is an example of a the Generalized Assignment Problem (GAP) [220]. This
concludes the proof of the lemma. [

Since UNC-1 is NP-hard, we next formulate an approximation algorithm which runs in polynomial
time. We propose a novel graph coloring based approach for reducing the given cache placement
problems to multiple sub-problems where each sub-problem can be cast as a Separable Assignment
Problem (SAP) [221] which yield (1 — %) —approximations but in exponential time. For this work,
we use a local-search based e—greedy polynomial time approximation algorithm for each SAP for
some € > 0.

6.5.2 An Approximation Algorithm for Uncoded Caching

In this section we present a novel approximation algorithm for UNC-1. The algorithm stems from
two key ideas namely:

1. The N sBSs are divided into groups such that sBSs within each group have a high number of
common users. This reduction helps in grouping sBSs such that each group of sBSs can be
treated as a single contiguous cache.

2. Within each group, a variant of the UNC-1 problem is solved with an added constraint that
files cannot be replicated across the sBSs. This converts UNC-1 to an SAP and was originally
studied in [221].

We first present the formulation of the uncoded collaborative caching algorithm and then discuss
the two steps in detail.

To this end, we first present a reduction of the original NP-hard GAP problem UNC-1 to a related
problem whose solution upper bounds the solution of UNC-1 subject to the same constraints:

max Zznrerl/\e/mx an Sf-c?7n<maxzz:z&fn Sy ¢ty

uel f=1 uwel n=1 f=1

Smaxz Z Zan S - cfn

n=1 weld(S,) f=1

N F
° Hg}xz US)DY O Sy (6.19)
n=1 f=1
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Figure 6.4: Coloring the weighted complementary connectivity graph using the proposed W-
DSATUR algorithm.

where, (@) follows from replacing the max(-) function with the sum over all the sBS S,, € N (u),
and (b)-(c) follows from reversing the order of summation in (a). Note that the term within the
first summation in (6.19) is the expected accumulated reward from (6.9). The problem in (6.19) is
still a GAP and hence NP-hard.

In order to simplify the problem in (6.19), it is divided into sub-problems such that each sub-
problem deals with a group of sBSs. We aim to identify sBSs with common users which can be
grouped together to act as a single cache. Thus, the summation over n in (6.19) is divided into
multiple sums:

G F
né%xz S UGS O Sy s (6.20)
f=1

g=1 neg

where, G is the total number of groups of sBSs. Sub-problems for each group ¢ can then be solved
individually. Now considering such a sub-problem, for sBSs which can be grouped together into a
single cache, each file f requested by a user in the group will be placed in only one of the caches.
Thus assuming a group g of n (n < NN) sBSs, the following problem needs to be solved:

n F
UNC-2: max S US)D 0raSich,
n=1 f=1

n

G Sp <M, Vneg Y =1, Vf. 6.21)

f=1 n=1

M=

S.t.

The additional constraint Zizl ¢}, =1, V[, ensures the placement of each file in only one sBS
within the group. The optimization in (6.21) is a special case of the SAP presented in [221]. We
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Algorithm S W-DSATUR COLORING ALGORITHM

1: Arrange nodes in G, by decreasing order of degrees.
2: Color a node of maximal degree with color 1.
3: Choose a node S; with a maximal degree of saturation. If there is an equality, choose any node
of maximal degree in the uncolored sub-graph.
if All non-neighbors of S; are uncolored then
Color S; with the least possible color.
else
Order all the non-neighbors, S, of S; in Geon in decreasing order of W;j N Geon.
Select the lowest ranked node in this list which is colored with a feasible color. Assign the
color of this node to current node.
9: end if
10: If all the vertices are colored, stop. Else goto 3.

AN

next present the graph coloring based sBS grouping algorithm and then provide an greedy local
search based algorithm for caching within each group.

6.5.2.1 Graph Coloring based sBS Grouping

In order to facilitate the grouping of sBSs, first, a weighted connectivity graph G.., = (sBS, F)
is constructed, where edges between any two sBSs, (S;, ;) exist if they have common users i.e.,
{U(S:) NU(S;) # ¢}. The weight of each edge w;; is given by the number of common users
between S; and ;. Since Goq is an undirected graph, w;; = wj;. Next we construct the com-
plementary connectivity graph G.o, = (sBS, E') where edge (S;,S;) € E' iff the edge between
(S:,S;) ¢ E. Note that for any node S; in G, the set of non-neighbors forms a set of weighted
neighbors in G,,,. Fig. 6.4 shows the construction of the weighted connectivity and complementary
connectivity graph for the example network shown in Fig. 3.1.

Next, a k—coloring for the graph G, is obtained [222]. A k—coloring is the assignment of k
colors to the vertices of a graph such that no two adjacent vertices have the same color. Note
that £ = N signifies that Geon 1S fully connected i.e., none of the sBSs have common users as in
Network Example 1 in Fig. 6.3. Again for Network Example 2 in Fig. 6.3, G, will have no edges
and £ = 1. Since these two are the extreme examples of topology, a real network is expected
to have 1 < k < N colors. For coloring the weighted G.,,, we propose a modified version of
the greedy degree-of-saturation (DSATUR) algorithm [222] which accounts for weighted edges.
The degree-of-saturation of a node is the maximum number of unique colors that can be found in
the neighborhood of the node. In this work, we incorporate the edge weights w;; of the original
connectivity graph to form the Weighted-DSATUR (W-DSATUR) coloring algorithm which is
presented in Algorithm 5.

The W-DSATUR algorithm assigns integers 1,2, ...,k to k colors and initializes by coloring the
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sBS with highest degree in G, with the color numbered 1. In any given iteration, W-DSATUR
assigns to an uncolored node, the lowest numbered color which is available i.e., which is not
present in its set of neighbors. For any uncolored node S;, we rank all its non-neighbors, which
are colored with an available color, in decreasing order of the weights from G, and then choose
to assign the color of the node with highest weight ensuring pairing of neighbors with highest
common users. The algorithm gives as an output, the set of colors for every node in Go,. Nodes
with same color e.g., S1, 83, Sy, S5 in Fig. 6.4 have a set of common users and for the purpose of
collaborative caching, their caches can be grouped together and file placement without repetition
can be performed. The total number of colors required to color G, is given by x(Geon) i.€., the
sBSs can be grouped into x(Geon) groups.

6.5.2.2 Collaborative Caching within sBS Groups

After grouping, we consider (G.on) different cache placement problems of the form UNC-2 in
(6.21) within each group. The per-group sub-problems form a class of SAP and are NP-hard.
In [221], Fleischer et. al provide (1 — é) —approximation algorithms for this class of problems
which run in exponential time. However, in this work, we use such a local search based polynomial
time approach [221].

The placement problem for each sBS can be presented as a knapsack problem (refer to proof of
Lemma 9). Knapsacks are a well-known class of NP-hard problems which have finite polynomial
time approximation algorithms [153, 219, 223] with approximation ratio axp € (0, 1]. For the
caching problem, axp—approximate placement yields a reward which is at least agp fraction of the
optimal reward for given CMAB indices ©,,. Based on the existence of an agp—approximation
for the single sBS knapsack problem, a local search based e—greedy cache placement algorithm
[221] is presented in Algorithm 6 lines 5 — 18 for collaborative caching within each group. For
a given color C € {1,2,...,x(Gcon)}, with N, sBSs, the local search algorithm decouples the
N, placement problems. Based on the value of ¢, the algorithm runs —N In ( ) iterations. The
algorithm initializes with an empty cache assignment. Within each 1terat10n for each sBS, the
algorithm calculates a value;,, for each file by assigning to it, the CMAB index if the file is
cached at any other sBS within the group and 0 if it is cached at S,, or not cached at all. Based on
this, a marginal value for each file m,, is calculated as the difference of the CMAB index [ #n and
valuey,,. Using this marginal value, the following single sBS knapsack problem is solved at S,

SKP: maXZV/{ NmygnSict,, st Zcfnsf < M.

An agp—approximate cache placement c]""*" for single sBS SKP sub-problem is discussed in

the next section. Based on this new cache placement, the marginal value for this solution M,,
is calculated for S,,. Next, difference D,, between the value of current cache placement and the
marginal value of new placement is calculated. For the sBS S,« with the maximum differential
D,,~, the placement is changed to the new one if its D, > 0 i.e., if the new placement improves
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the reward. The approximation ratio of the greedy cache placement algorithm is given by the
following lemma.

Lemma 10. Given an o p—approximation for the single sBS cache placement problem SKP, the
local search based e—greedy cache placement in lines 5 — 18 of Algorithm 6 has an approximation

ratio of ( e — e) for some € > 0.

The Lemma directly follows from [221, Theorem 3.1]. Once the greedy search algorithm finishes,
a residual cache placement is performed to maximize cache utilization. In this step, for each sBS
S, if additional cache space is left after initial placement, the most popular files not already in
the cache of §,, are placed there subject to the storage constraint. The reward obtained after this
placement can only be greater than or equal to the reward without it. Therefore, the residual cache
placement stage potentially improves the approximation ratio of the caching strategy. Next we
discuss an agp = 0.5 approximation of the single sBS knapsack problem SKP.

6.5.2.3 Single sBS Greedy Knapsack

A greedy approximation for the single-sBS knapsack problem is based on a relaxation of the cache
placement variable such that 0 < c}r’n < 1 which reduces the placement problem to a linear
program (LP). The solution to the LP is then rounded to give an axp = 0.5 approximate solution
[223] for SKP. The solution is as follows:

1. Reorder m¢,, such that m;, > m;, if i < j,Vi,j7 € I i.e., relabel files in decreasing order
of their marginal values. For SKP with values v; = m,,,S; and weights w; = .S;, Vi € F, the
re-ordering satisfies the regularity condition [223]:

U1 V2 VF A
_>_>_,.>—:ml,ang,nZ...ZmFm.

wy T wWo Wg

As a result, the following assignment assures agp = 0.5.

2. Place files with highest marginal value m , sequentially into the cache of S,, until capacity of
the cache is reached.

The above approximation algorithm is used to solve each SKP in Algorithm 6. Furthermore, if
Sy = 1, Vf € I, the above placement is optimal with axgp = 1. Combining the graph coloring
based sBS grouping and the per-group greedy caching yields the uncoded collaborative caching
algorithm presented in Algorithm 6.

6.5.2.4 Approximation Ratio

Let R°P! be the reward of the optimal uncoded caching strategy given by the solution to UNC-1.

unc

Again, consider the reduction into x(Ge) number of sub-problems of the form UNC-2 in (6.21).
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Algorithm 6 UNCODED COLLABORATIVE CACHING

GRAPH COLORING BASED SBS GROUPING:

1: Construct graphs Geon and Geon

2: Color Geon using Algorithm 5 and find x(Geon).-
LocAL SEARCH BASED APPROXIMATE CACHING:
3: for Each color C € {1,2,...,X(Geon)} do

4: Initialize Cache placement matrix C™ = [0] px v, where N, is the number of sBSs with color C.
5: while loop_count < ﬁNc In (%) do
6: Let current cache placement be

Cgurr _ [C;r,curr’ ;r,curr’ o CT]{;:U"
7 for Each sBS S,, with color C do
8: For each file f € T, let

a . T,eurr 4
value; , = st l.f g Lam A
' 0, if ¢, =1lor f¢&Ch,

9: For each file f, let marginal value

Mfn = gf’n — valuef,n

10: Solve the SKP problem at S,, to cache files, using value [U/(S,,)|m ., S and weights Sy.
11: Let c7""®" be the new cache placement and
M, = Zmﬁn Sf c}rjzew
feF

be the marginal value for this solution.

12: end for
13: For each sBS S,, with color C, let
Dn = Mn - ng,n Sf C;:Zurr
fEF
14: Let S,,~ be the sBS s.t. n* = argmax,, D,,.
15: if D,~ > 0 then
16: Change the cache placement c];:>" « ¢
17: end if
18: end while
19: end for
RESIDUAL CACHE PLACEMENT:
20: for Each sBS S,, € Sdo
21: for All files F,, ¢ cache of S,, do
22: Rank files f € IF,, in descending order of Ef’n,
23: end for
24: Place files from [F,, with highest ?ﬁn in the cache subject to storage constraints

25: end for
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Let R be the optimal reward for the C—th sub-problem for C € {1,2,...,X(Geon)}. Thus we
have:

X(Geon)
RZL< > R (6.22)

unc
C=1

Let RZ**" be the reward of the greedy approximate cache placement in Algorithm 6. Then, we
have

Qxp

RE*Y > <aKP i e> RE". (6.23)

Using (6.22) and (6.23), we have:

X(Geon) o
S opgey s (o) gt (6.24)
— agp + 1

which gives an approximation guarantee on the greedy algorithm. Adding the final resid-
ual placement stage, the uncoded collaborative cache placement can be represented as an

«, 3)—approximation algorithm with o = | =2%—- — ¢ ) and § = 1. Since we have agp = 0.5, we
agp+1
1

have an approximation ratio of o = (§ — e). In the next section, we discuss coded collaborative

cache placement which is an optimal strategy, given the file popularity profile, with a = g = 1.

6.5.3 Coded Collaborative Caching Strategy

In this section we present the coded collaborative caching strategy wherein file segments (fractions
of files) can be stored in the caches instead of the entire files. This can be achieved in practice
by encoding files using a rateless code like Raptor Codes [152,218]. The output codewords of
the rateless code are coded packets of the original file which can be stored by the sBSs in their
caches. These coded packets enable the recovery of the original file when a user gathers enough
number of such packets. The storing of coded packets is modeled as each sBS storing a fraction
of a file and the file is assumed to be recovered when fractions summing to 1 are recovered. The
coded cache placement matrix C™ for a policy 7 is an F' x N matrix defined in (6.4) with elements
tn € [0,1] for f € Fandn = 1,..., N as in (6.5). The fraction ¢}, 1s the fraction of coded
packets of file f stored at S,,. Note that for the coded caching strategy, T ,, in Algorithm 4 denotes
the number of times a fraction of file f € F has been cached in S,, upto time . The CMAB indices,
0,,¥n € {1,2,..., N} in Algorithm 4, are evaluated using this definition of 7%,

The optimal cache placement is again modeled as a reward maximization problem. Based on the
per-user reward model from (6.17), we formulate a related per-user reward for the coded caching
strategy. The intuition behind the formulation is as follows: For a user u and file f at time ¢, we
first order the sBSs, S,, € N (u), in descending order of CMAB indices upto time ¢ — 1, with the
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first sBS being the one with the highest 0,,, S, € N (u). The amount of data for file f that the
user u is able to download from S, is denoted by ¢}, Sy. An expected accumulated reward for this

download is given by c’}yﬁ #n9¢. The expected accumulated reward for a user u that can download
file f from the first £ sBS’s in the ordered list is given by,

k—1 k—1
R =", 055+ (1 - c;;l.) 0715y

=1 =1

k—1
= lgf,k - Z GO — 5f,¢)] St (6.25)

i=1

where k € {1,2,...,|N(u)|}. The per-sBS reward function is similar to (6.17) in that it only
assures the maximum reward for the case when the user downloads an entire file from the sBS
where the file has the highest popularity. Since the sBSs are ordered and fractional storage is
allowed, download of an entire file from the £ most popular sBSs in the user’s neighborhood yields
the maximum rewards for the smallest £. Thus implicitly, the reward function also discourages
replication of file fragments. The reward function is linear (affine) in terms of the placement
variables c7 . The file f can be fully downloaded from the & best caches in the list if and only

if Ele ct; > 1. The reward for a user u for downloading the file f is thus a piecewise-defined
affine function of the placement variables c7 :

(
RN ifer, > 1
J=1
— —fj . <1
R ={RY i Zg—l A (6.26)
i=1Cfi =
SENG L A Wl-1
R, if SN e <1

We aim to maximize the sum of minimum expected accumulated rewards for all users and files to
determine the optimal cache placement.

Lemma 11. The per-user reward, Rl, is a concave function of the placement matrix C™.

Proof. The point-wise minimum of a piece-wise affine function is concave [224]. Thus it suffices
to show that the per-user reward in (6.26) can be represented as:

Rl = min  RMF. (6.27)
ke{1,2,....IN(u)|}

Suppose that user u downloads the entire file from the first j caches in the list. Then the conditions
S cf, < land Y27 ¢F; > 1 hold and we have R} = R{J. We have to show that RfJ <
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Rﬂ’jl Vj # 4. Using (6.25), the condition is given by:

Or5 =D cFa0ry — 0p3) <Oy Z (0 —0r2) (6.28)

Considering the case for j' > j, we can re-write (6.28) as:

N
7 —1

J
[Z ] Opj—0;0)+ > ¢, (0ri—0,;)>0 (6.29)

=1 i=j+1

Now we have, >/ 1 €}; = 1 and for all j > j, we have (6 —5 i) > 0. Also sincei < j, the

factor (07, — 9 ;) > 0. Therefore (6.29) is satisfied. Next, c0n31der1ng the case of j' < 7, we can
rewrite (6.28) as

Jj—1 j—1
[Z Cti ~ 1] Oy =0r5)+ > Gi(Bri—0;,) > 0. (6.30)
' i=j'+1

We have 7~} ¢§;—1 < 0andsince i > j', the factor (6, — éﬁj,) < 0 which ensures that (6.30)
is satisfied. This completes the proof. [

The optimal coded cache placement problem can then be formulated as the following convex opti-
mization problem:

U F .
s XY !
— = « ke(, o N(w)[}

s.t. Zcm .S < M, ¥n and ¢}, € [0,1]. (6.31)
f=1

The optimization in (6.31) can be reduced to the following LP by introducing the auxiliary variable
y/ [152]. The resulting optimization problem is given by,

U F
max ZZy{: s.t. y{jgﬁi’k, Vk e {1,2,...,|N(u)|}

(]~
<X
5
n
IN
=
<
3
o
=
a
Ny
5

e [0,1]. (6.32)

Since the LP in (6.32) can be solved optimally, the coded cache placement problem gives an
(o, B)—approximate placement for the CCP policy = with « = § = 1 i.e., given the CMAB
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indices the solution is optimal. The formulation in (6.32) can be considered as a convex relaxation
of the uncoded caching problem UNC-1 in the sense that the {0, 1} binary assignment of the un-
coded scheme is also a feasible solution to the coded caching problem. As a result, the average
accumulated reward obtained with the coded cache placement for a given popularity index fino
encompasses the uncoded case. The caveat however, is that the convergence to the optimal reward
value is also dependent on the accuracy of the CMAB based distributed learning and the network
connectivity. In the next section, numerical results are presented for the proposed collaborative
caching framework with discussions on impact of coded and uncoded caching on the learning
accuracy.

6.6 Numerical Results

In this section we present simulation results under different network configurations to show the per-
formance of the proposed collaborative caching strategies. In order to compare results, and present
insight on multi-sBS edge caching networks, we first outline two baseline caching strategies:

e Uncoded Local Caching Strategy: In this strategy, uncoded cache placement is performed
locally at each sBS using the local CMAB indices gf,n. In this procedure, every sBS learns
the file popularity profile from its own set of connected users without taking into account
the overall network connectivity. In other words, the topology-aware 7' ,, update discussed
in Remark 21 is not performed and the exploration-exploitation based perturbation in this
baseline scheme is based only on the local cache placement. This scheme entails the solving
following knapsack problem at each sBS S,,:

F F
0,9 st S, < M. Vn. 6.33

This scheme was proposed and analysed in [153] for a single sBS caching system.

e Coded Local Caching Strategy: Coded local caching scheme is a linear relaxation of Uncoded
local caching. In this case, the file placement is relaxed such that fractions of files (in the
form of rateless encoded packets) can be stored in the caches. The learning process is again
topology agnostic and 77 ,, is updated only based on fractions of files cached in each sBS. This
scheme entails the solution of the following linear program at each sBS S,,:

F

F
0;,5:CT s.t. TS, < M. Vn. 6.34
Ay 2 Do ot Sy <3 0

We compare the performance of the proposed schemes to the baselines to highlight the advantage
of collaborative learning over local learning in a multi-sBS setting. In order to obtain results in
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Figure 6.5: Performance of Uncoded Caching for (a) v = 0.56 and (b) v = 2.

a reasonable time-frame, we consider a N = 5 sBS setting with K = 30 users in the system.
There is a file library of F' = 30 files F, with file sizes Sy € {1,3,5,7,9} units. The entire library
has a size of 150 units. The cache size of each sBS is M = 15 units, which is 10% of the entire
library. We assume that the users randomly request files at each time step . The requests are
generated i.i.d from a Zipf distribution (as in (6.1)) with v € {0.56, 2}. Furthermore, we consider
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two collaborative caching strategies for comparison -

e Absolute Upper Bound: This strategy assumes that the instantaneous user demands are known
apriori at the central BS and represents the optimal strategy in terms of reward maximization.
It gives an upper bound on our learning based caching strategy.

o Informed Collaborative Caching: In this strategy, we consider that the popularity distribution
i.e., the Zipf v value at each sBS is known apriori. Based on this the use of the proposed
caching strategies in the previous section with the known popularity distribution, instead of
the CMAB indices, as input leads to a distribution optimal caching strategy. The reward of the
learning-aided strategy should converge to the reward of this stragety over time.

For comparison of different schemes, we consider the metric of instantaneous reward at time t.
The instantaneous reward is the total amount of data downloaded from the sBS caches to serve the
requests of the users and is a measure of the cache hits at each instant. For the uncoded caching
schemes, it is defined as

Rfmc = Z Z ]l{fe./\/(u)} : d?u : Sf7 (6.35)

uel feF

where, d;’“ = 1 for the file f requested by user u and 1{scp(u)} is the indicator function and is
equal to 1 when file f is cached in a sBS in the neighborhood of user u. For the coded caching
strategy, the instantaneous reward is defined as:

Rlyy =YY di*-max{1, > f, -5y, (6.36)

u€el feF neN (u)

which accounts for the fact that a user u either downloads the entire file or the sum of fractions
(< 1) placed in the caches of sBSs in its neighborhood A (). Using this metric, we study the
multi-sBS network under different connectivity profiles and caching strategies. To this end, we
define three network topologies namely (i) sparse connectivity - every user is connected to at least
1 and at most 2 sBSs; (ii) moderate connectivity - every user is connected to at least 2 and at most
3 sBSs and (iii) dense connectivity - every user connects to at least 3 and at most 5 sBSs.

6.6.1 Uncoded Caching Strategies

We first simulate a network scenario with moderate connectivity. Fig. 6.5(a) shows the simulation
results for uncoded caching for a file popularity distribution with v = 0.56 1.e., the distribution is
not skewed and there are many popular files in the system. Algorithm 6 is used for the caching
strategy at each time step for collaborative caching with an epsilon value of ¢ = 0.01. We also
assume a worst-case axp = 0.5 for the iterations in the greedy placement. It can be seen from
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Coded Caching.

the results, that the collaborative learning based caching converges to the informed collabora-
tive caching strategy i.e., the learning effectively converges to the true file popularity distribution.
As expected, the absolute upper bound outperforms all other schemes. Finally, the collaborative
caching strategy clearly out-performs the local caching strategy. Fig. 6.5(b) shows the simulation



Avik Sengupta Chapter 6. Learning-Aided Collaborative Caching 149

results for uncoded caching for a popularity distribution with v = 2 i.e., when there are very few
popular files in the system. In this case, the learning converges faster the cumulative reward is
higher in comparison with the previous case of v = 0.56. The reward is closer to the absolute
upper bound i.e., the sub-optimality gap or regret is small as discussed in Example 12 for skewed
popularity profiles. Furthermore, in this case, both the local and collaborative caching strategies
perform better than the informed upper bound. This is owing to the exploration of new files in
the CMAB based learning which allows the placement of new files in the caches, in addition to
the most popular ones, which can serve some non-popular demands as well. We observe that, for
very few popular files in the system, the performance of the local scheme is almost as good as the
collaborative caching scheme. In general, v = 0.56 i.e., having a large number of popular files is a
more realistic network parameter for cache aided systems [153,153] and we present further results
for this network parameter.

Next, we compare the performance of the uncoded collaborative caching strategies under the dif-
ferent network topologies e.g., sparse, moderate and dense. Fig. 6.6(a) shows the comparison
of the collaborative and local learning strategies under the three network settings. It can be seen
that the collaborative caching scheme improves upon the local learning based scheme when net-
work connectivity is dense. Under a sparse setting, users are mostly served by single sBSs and
the network reduces to a one similar to Network Example 1 in Fig. 6.3. Under such a setting, the
collaboration among sBSs to jointly cache content does not offer any added advantage.

6.6.2 Coded Caching Strategies

Next, we study the performance of the coded caching strategies. Fig. 6.6(b) illustrates the rewards
obtained by using coded strategies over the same three network configurations as before. In this
case, it can be seen that similar performance trends exist i.e., the collaborative caching schemes
outperform the local learning schemes under denser network settings. A comparison of the rewards
in the coded and uncoded cases shows that the greedy algorithm for the uncoded caching performs
similar to the coded caching case.

Remark 22 (Learning for Coded Caching). Coded cache placement is a relaxation of the un-
coded placement in the sense that uncoded caching is also a viable solution for the coded for-
mulation. Thus, given the same CMAB indices éfm at any time instant ¢, coded caching should
outperform the uncoded scheme in terms of sum reward. However, the reward value, to which a
strategy converges over time, is not only dependent on the optimality of the cache placement at
every instant. It is also dependent on the effectiveness of the CMAB based learning (Algorithm 4)
in conjunction with the caching strategy. From our simulations, we observe that both the coded and
uncoded caching schemes converge to very similar instantaneous rewards. It is interesting to note
that a simpler local search with no sub-packetization (no rateless coding) performs close to a prov-
ably optimal coded caching strategy for most network settings of interest. This stems from the fact
that learning the popularity profile over time through fractional placement (i.e., sampling fractions
of files to learn their popularity distributions) is more difficult than learning based on caching entire
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Figure 6.7: Performance under sparse network: (a) Collaborative Caching and (b) Local learning
based Caching.

files. This in turn offsets the reward gains offered by coded caching over the uncoded scheme. []

For coded caching, collaborative learning and placement is particularly detrimental in the sparse
setting. In this case, the exploration based on collective topology leads to consistently lower re-
wards.

Fig. 6.7(a) and 6.7(b) show the performance of the coded and uncoded caching schemes for local
and collaborative learning under the sparse network setting. In this case, the collaborative learning
leads to very similar performance for both coded and uncoded schemes. However, for the sparse
network, local learning suffices. In fact, it can be seen from Fig. 6.7(b), that the coded local
caching, which is a direct linear relaxation of the uncoded local learning, outperforms all schemes
in this setting. Note that the uncoded local caching is a naive multi-sBS extension of the scheme
presented in [153]. The proposed collaborative caching framework lends itself to easy adaptation,
based on network configuration, by enabling the sBSs to change the updating of the 7' ,, parameter
in the CMAB index. Local learning based updates can be used when connectivity is sparse while
collaborative learning can be used for moderate to dense connectivity. Finally we study the perfor-
mance of all the schemes under the more realistic moderately connected network setting when the
cache size at the sBS changes. We plot the instantaneous reward values (averaged over 500 time
steps) to which the algorithms converge after 3000 initial learning time steps®. From Fig. 6.8, it
can be seen that the collaborative caching schemes outperform the local learning based schemes in
terms of reward. However, when the cache size is particularly small (< 5% of the library size), the

3The convergence time in a real network application would be of the order of a few hours to a day. Once converged,
caching can be performed till popularity changes again when a new learning phase should begin.
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coded caching schemes outperform both the uncoded schemes. This is due to the fact that when
cache size is very small, the coded schemes offer flexibility by allowing fractional storage of very
popular files. Interestingly, at A/ = 5, the coded local scheme outperforms the coded collaborative
scheme. This stems from the fact that at such small cache sizes, accounting for topology-aware
placement leads to fractional storage of files which might not directly contribute to the sBS’s re-
ward. Thus, when cache size is less than 5%, coded local learning offers the highest rewards.

6.7 Directions of Future Research

The paradigm of learning based caching studied in this chapter presents a rich set of interesting
problems which can be investigated further and are highlighted next.

e Utilizing All Available Information: In the case of cache-aided networks, the mapping of the
problem to the CMAB case, although elegant and simple, leads tois information loss. This is
due to the fact that when users reveal their requests at each transmission interval, the central
BS has the option of observing rewards for all files in the library rather than just the cached
files. Under the CMAB setting, this is similar to observing all arms at every round. How to
utilize this additional information under the current model is an open problem.

e Other Learning Approaches: The previous problem directly leads into the question whether
CMARB is the best possible learning framework for the cache-aided small cell network under
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consideration. To this end, other solutions like expert learning [225] might be viable options
to better utilize all knowledge.

e A Better Reward Function?: In bandit based reinforcement learning, the formulation of the
reward function plays a major role in the learning accuracy and overall system performance.
While the reward function we chose was carefully designed to provide the best possible gains,
it might yet be possible to design better reward functions and hence it still remains an area of
future research.

e Dependence on Topology: In this work, we presented novel topology-aware collaborative
caching strategies. However, a more formal and theoretical dependence of regret on the system
topology is an area of future work.

6.8 Summary

In this chapter, we presented a novel topology-aware collaborative cache placement framework
for a multi-sBS small cell network using a reinforcement learning perspective. The multi-armed
bandit based learning was shown to have a regret scaling logarithmically with time. We proposed
two cache placement strategies: uncoded and coded collaborative caching for the multi-sBS set-
ting. The uncoded caching strategy was shown to be NP-hard and a novel graph coloring based
polynomial time approximation algorithm was proposed. A linear relaxation to the uncoded prob-
lem, namely, the collaborative coded cache placement problem was formulated and was shown
to be optimal for a given popularity distribution. Through numerical simulations, collaborative
caching was shown to outperform the naive local learning based schemes for network topologies
of interest. It was also demonstrated that the sub-optimal greedy uncoded caching performed close
to the optimal coded cache placement due to the fact that learning file popularity through fractional
placement was harder as compared to learning by caching entire files.



Chapter 7

Conclusions

In this dissertation, we have considered the approach of leveraging storage at the edge nodes and
users to save bandwidth and increase efficiency of wireless network operation. To this end, fun-
damental information theoretic limits of caching and its impact on wireless networks was studied.
The main goal of the work was to evaluate the efficacy of cache-aided networking in the paradigm
of content-centric wireless cellular networks and determine its potency as a viable solution for han-
dling the exponential increase wireless data traffic envisioned for the next generation 5G wireless
networks.

In order to address the general usefulness of caching, this work concentrated on four major thrust
areas namely - (i) Information theoretic limits of caching; (i7) Caching with secure delivery; (i)
Cloud and cache-aided wireless networks; and (iv) Learning-aided collaborative caching in small-
cell networks. In each thrust area, we ventured to answer a specific set of questions which aids us
in providing a more holistic answer to the question on the advantages of cache-aided networks as
posed at the beginning of this dissertation.

1. Information Theoretic Limits of Caching: In this area of the work our aim was to better
understand the fundamental Shannon-type limits of single-server cache-aided systems which
form the last hop of a general multi tier heterogeneous network. In this case the server has a
library of content and the users are endowed with cache storage. Under this setting, we asked
and answered the following questions:

e For cache-aided single-server systems, can we improve the information theoretic arguments
in literature to better approximate the optimal storage-rate trade-off?

We answered this question in the affirmative by proposing a new method for deriving in-
formation theoretic lower bounds for single-server cache-aided systems with central server
aided cache placement and both centralized as well as D2D-assisted content delivery. The
proposed bounds better modeled the correlation between user caches and multicast transmis-
sions to provide tighter bounds than the traditional cut-set bounds from literature. Leverag-

153
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ing the proposed lower bounds we presented an improved approximation of the fundamental
storage-rate trade-off for such systems. While exact characterization of the optimal rate is
still an open problem, our contributions helped in deepening the understanding of the funda-
mental limits of cache-aided systems.

e Can the multicasting gains from systems with homogeneous cache storage be preserved in
presence of storage heterogeneity?

We showed that multicast gains can still be leveraged in cache aided systems with heteroge-
neous storage by proposing a novel layered caching architecture which uses set partitioning
and cache layering as the main components to maximize multicasting opportunities in the
presence of storage heterogeneity. We showed however, that the unicast rate begins to dom-
inate for the case when cache sizes are highly disparate and multicast delivery begins to lose
efficacy. For some system settings of practical interest, we showed that the proposed lay-
ered heterogeneous caching scheme achieves a rate which is within a constant multiplicative
factor of the information theoretic optimal rate.

2. Information Theoretic Security in Caching: This area of work addressed the concerns about
communication privacy in single-server cache-aided systems with multicast joint content deliv-
ery. To this end, we introduced the problem of caching with secure delivery and provided an
answer to the following question:

e Can the multicast gains from non-secure caching schemes be preserved under the strict
constraint of information theoretic security from an external wiretapper in cache-aided net-
works?

We again answered the question in the affirmative and proposed a secure caching scheme
for centralized and decentralized storage. We further derived an information theoretic lower
bound on the secure storage-rate trade-off which helped in showing that the proposed secure
caching scheme achieves a rate which is within a constant multiplicative factor from the
information theoretically optimal secure rate i.e., the proposed scheme is order optimal.
Surprisingly, our results showed that even under the strict constraint of information theoretic
security, the cost of security is in fact negligible in terms of rate especially when the number
of files and users are large.

3. Cloud and Cache-Aided Wireless Networks: In this area, we moved our theoretical analysis to
a more practical wireless network setting where users are served by multiple edge nodes over
a wireless interference channel. The edge nodes in turn are connected to a central cloud server
through a rate limited fronthaul link. In this new paradigm of fog radio access networks, we
asked the following question:

e How can we leverage the interplay between virtualization of cloud processing and localized
edge-caching in fog radio access networks to design low latency content delivery schemes?
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To answer this question, we defined a new metric namely the normalized delivery time
(NDT) which captures the worst case content delivery latency. We proposed achievable
schemes, with an aim to minimize the NDT, which leverage a novel soft-transfer fronthaul-
ing from the C-RAN and cooperative transmission over the wireless channel from the edge
nodes to achieve low latency delivery. We derived the first known information-theoretic
lower bound on the NDT for the fog radio access network. Leveraging the bounds we char-
acterized the minimum NDT for a number of system settings of practical interest and showed
that, in general, the achievable NDT of the proposed schemes is within a multiplicative fac-
tor of 2 from the optimal NDT. Furthermore, we also studied a pipelined delivery model
which showed that pipelining can improve the achievable NDT i.e., it can reduce delivery
latency even further compared to a sequential delivery process.

4. Caching in Small Cell Networks: In this area, we moved to a more practical problem of caching
in 2-tier heterogeneous networks with multiple small cells serving a set of users in the case when
file popularity is unknown. We studied the problem from a reinforcement learning perspective
and the following questions and related answers helped shed light on caching strategies which
can be useful in this setting:

e [s it better to jointly cache content at multiple small cell base stations in order to maximally
serve users?

We answered this question mostly in the affirmative with a small caveat that when network
topology is extremely sparse, joint caching loses much of its usefulness. In densely and
moderately connected networks, joint caching outperforms local storage. However, to cache
content jointly in the face of unknown content popularity is a hard problem in general. To this
end, we proposed a novel learning-aided collaborative caching framework which presents a
topology-aware caching strategy for this network setting.

o What impact does the method of cache placement have on the learning process in the col-
laborative caching framework?

This question yielded an interesting insight into the joint learning and cache placement prob-
lem studied in this work. We studied two different cache placement methods namely (i)
uncoded caching where entire files are cached and (i7) coded caching which allows fractions
of files to be cached at each base station. The uncoded caching problem is provably NP-hard
and was solved using an approximation algorithm. The coded caching problem on the other
hand reduces to a linear program which yields an optimal solution. However, in practice,
fractional caching adversely impacts the learning process and hence the provably optimal
coded caching method performs similar in terms of servicing user demands compared to the
uncoded caching strategy which uses an approximate solution.
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Through the course of this dissertation, we moved from a very theoretical treatment of caching in
the last hop of the network to a much more practical treatment of learning-aided caching in small
cell networks for unknown file popularity. The technical exposition highlights the richness of prob-
lems considered in this work and also points to the vast array of research avenues still remaining
unexplored in the paradigm of cache-aided wireless systems. However, the results also show un-
equivocally that caching offers significant gains by leveraging cheap and ubiquitous storage across
network elements without the need for drastic changes in radio access technologies. As a result,
caching can be a viable and scalable solution to deal with the exponentially increasing capacity
demands of the ever evolving wireless communications landscape.



Appendix A

Proofs From Chapter 3

Information Theoretic Limitis of Caching

A.1 Proof of Theorem 4

Consider a cache-aided system with N files, each of size B bits, and K users, each with a cache
size of M files. Let s be an integer such that s € [1 : min{[N/L], K'}]. For the case of centralized
delivery with L € [1 : N] demands per user, the demand vector is such that each user demands L
distinct files at each transmission interval. Consider the first s caches Z;.,; and a demand vector

J/

D, = (d[l:s],d[sﬂim) = ([1 S L), [L+1:2L],...,[L(s—1)+1: Ls],gb), (A.1)

= i
where the first s user demands are for Ls unique files and last X' — s users’ demands can be for
any arbitrary L(K — s) files. To service this set of demands, the central server makes a multicast
transmission X, which along with the Z|;., is capable of decoding the files F;.z,. Similarly,
consider another demand,

D, = ([Ls Y1 L+ D)LL(s+ 1) +1: L(s+2)],...,[L(2s—1): 2Ls],¢), (A2)

and a resultant multicast transmission X5, which along with the s caches, are capable of decoding
the files Firs41:2r5. Thus considering the demand vectors Dy, Dy, ..., Dy (1s) and their cor-
responding multicast transmissions X1, Xy, ..., X n/(rs)], along with the first s caches 7.4, the
whole library of files F[;.n] can be decoded. Considering B = 1 without loss of generality. We
have:

N < I (Fin; Zpsp Xpanys)) < H (Ziegs Xpanvys) < H (Zie) + H (Xpevg s Zins))
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< sM + H (Xpvy e Zpes)) < sM + H (Xpg|Zpe) + H (X wan| Zpes)y Xpea)

< M+ (Reen L (M) + H (Xjervirny ol Zpnss) Xiua, Fluzes)

< SM + (R%y | (M) + H (X{gs1:08)(Ls) 1) Zisttisu] | Z1:) X120 Flusres))
< M + (R0 (M) + H (Zjasrioim| 21, X, Faeses))

-~

L5
+ {f (Xjerr: vy sy Zpsstn)s X, F[l:Lés})/a (A.3)

v~

22

where step (a) results from bounding the entropy of £ € {1,2,...,[N/(Ls)]} transmissions given
the caches Z|;.q by (R, | (M), where each transmission is of rate 7, | (M). Furthermore, the
caches 7., with transmissions X, can decode files F]y.745). In step (b) w1 number of caches are
introduced into the entropy, where p is the number of remaining caches which along with caches
Z[1.5) and transmissions X|y.y, can decode the remaining (N — Lis) files. It is to be noted that all

the remaining K — s caches might not be required for decoding all files. Thus we have:

4t = min { [Nz—fﬂ K — s} — min {[N/(LO)] , K} — s, (A4)

where the last equality follows since s is an integer. Next, we obtain upper bounds on the two
terms 0 and A in (A.3).

Upper Bound on 6 : We consider the factor ¢, from (A.3) and upper bound it as follows:

0=H (Z[s+l:s+u] ’Z[lzs]; X[l:£]7 F[l:Lfs}) <H (Z[s—i—l:s—&-,u”Z[l:s]; ﬂl:Lfs])
=H (Z[l:s+u]|ﬂ1:L€s]) —H (Z[l:s]|F[1:L€s}) . (A.5)

Considering all possible subsets of Z|;.,, ) having cardinality s, i.e., considering all possible com-
binations of distinct files in the request vectors and all possible combinations of s caches in (A.3),
we can obtain (SJF") different inequalities of the form of (A.5). Symmetrizing over all the inequal-
ities, we have:

s+ .

) 1 (Zi P
0<H (Z[l:s+,u]|F[1:L€s}> - Z (SJFM) ’
i=1 s

where, Zfs} is the i-th subset of Z[;.s4,) with cardinality s. Next, consider Z|;.s,,) as the set of
random variables {Z; : k € 1,...,s + u} and the subsets Zfs] C Ziisqps Vi =1,..., (SJ;“).
Applying Han’s Inequality from (3.30), we have:

(A.6)

)

s
S+ 1

H (Zpor | Fioze)

Z[SHF[l:Lés}) . (A7)
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Substituting (A.7) into (A.6), we have:

S
o) < H (Z[1:5+M]|F[15Lg5}) - s+

MH (Z[lzs—‘ru} |F[1:Lés])

% %
= HZS F's<—HZ's 7Fs:F:s
T Gl Fuzea) < S H (Zse, Fioesom| Fiuzes)
= PN H (P Fie) + H (Zpsr| Fun)) | € —2—(N - Les)*,  (A8)
Py NIFpts)) T Z A PN | = 5
=0

where step (a) follows from the fact that the caches are functions of all NV files in the library.

Upper Bound on A : To upper bound A, we observe from the last step in (A.3) that the trans-
missions X[;.¢, along with caches Z|;.,,) can decode the files F.7(s+,) Within the conditioning,
1.e.,

A= H (Xieer o Zis s Xnnas Fucnes) - (A.9)
In order to characterize the upper bound on A, we consider two cases as follows.

e Case 1 (N < L€(s + p)) : Allfiles are decoded by the caches Z};.5.,,; and transmissions X[
within the conditioning for the term A in (A.3). We have

A= H (X113 ws) )| Zigisn) X, Frvg) = 0, (A.10)

since all transmissions are functions of the file library Fj;.y). In the case when, for N > K, fewer
than K caches suffices to decode all files with the transmissions within the conditioning in A i.e.
s+ pu < K, we have:

KL{> Ll(s+p) > N, ie, A=(N—-KLO)* =0. (A.11)
It can also be easily seen that for the case of K > N, A = (N — KL{)" = Osince ¢, L > 1.

e Case 2 (N > Ll(s + p)) : The case when, even with s + © = K caches, all files are not
decoded by the caches and transmissions within the conditioning for the term A in (A.3). In this
case, A # 0 and we have:

A=H (X[erlifN/(LSﬂ]‘Z[lszru}a X, F[I:KLZ])
<H (X[EJrl:[N/(Lsﬂ]a Fires1:n| Zpes ), X[ F[LKM])
< H (Fikres1:8)| Z:sus X Fiwrg) + H (Xjer: iy o) Zissus X Flin)

H (Fiireviny) < (N — KLO), (A.12)

INE

where step (a) follows from the fact that the second entropy term in the previous step goes to zero
since transmissions are functions of the N files. Thus from (A.10) and (A.12), we can compactly
bound A as:

A< (N - KLb)". (A.13)
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Substituting (A.8) and (A.13) into (A.3), we have:

N < sM+ (R, (M) + ﬁ (N — Lts)* + (N — KLO)* (A.14)
) 8 /,l/
Rearranging (A.14), we obtain the following lower bound on the optimal rate 1, | (M)
1 %
cenL(M) > - N —sM — N — Lts)t — (N —=KL{)" . A.15
cen,L( )_f{ S 3+/~L( 8) ( ) } ( )

Optimizing over all parameter values of s, ¢, completes the proof of Theorem 4.

A.2 Proof of Theorem 5

From Theorem 4, considering the lower bound on the optimal rate R’__ (M), we set ¢ = V—N-‘ €

cen,L Ls
[1 : (%H with 5 € [0, 1]. Using this, we next derive an upper bound on the term (ﬁ) as follows
' NT KL
po_mindfgl Kpos g s sy s
(P S A P SR e FY
L[ 2]
1
<1--° R R S A , (A.16)
541 142 1+5 145

where the last inequality follows from the fact that s > 1. Substituting (A.16) into (3.12), we have:

. (M)>N—SM—ﬁ(N—L(%VWSV—(N—KL[%VW
- (7]

cen,L
(%)N—SM—N@—K@*
[ ]

Next, we consider two cases, namely (i) min { ¥, K} < 10; and (ii) min { ¥, K} > 11.

> (A.17)

e Case 1 (min {%, K} < 10) : For this case, setting s = 1 and 5 = 1 in (A.17), we have the
following form on the lower bound,

N(1-4)
B

Consider first, the case when % < K. From (3.10), we have the following upper bound on the
achievable rate

cen L (M) =

cen,L

(A.18)

Reent (M) < min{N, KL} (1 - %) <N (1 - %) . (A.19)
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Therefore, we have

RcenL(M> N
=0V | —| <10. A2
GO = R D) = 7] < (420

Next, consider the case when K < % Again, from (3.10), we have the following upper bound on
the achievable rate

M M
Reent (M) <min{N, KL} (1 - —= | < KL({1——]). (A.21)
’ N N
Again, setting s = 1 and 5 = 1 in (A.17), we have
N(1-% — M JKL(- M
’ T +1 I+ 1+ K
Therefore, we have
R cen L(M)
Gap= 5 —F = < K+1<10+1=11. (A.23)
Rcen L(M)

o Case 2 (min {{', K} > 11) : For this case, we consider three distinct regimes for the cache
storage size M: Regime 1: 0 < M < 1.275max{L, N/K}; Regime 2: 1.275max{L, N/K} <
M < 0.2N; and Regime 3: 0.2N < M < N. We consider each of the three regimes separately.

e Regime 1 (0 < M < 1.275max{L,N/K}):
For this regime, we set s = |0.3049 min{N/L, K}| € [1 : min{N/L, K}] and ¢ = [298X],
from (A.17), we have

(i) gt (1 o)
0.9649 T

*
Rcen L

(M) >

+
. . max{L,N/K .
(figiggig) — [0.3049 min{N/L, K'} | ik Jé B <1 - K[0.3049?n?n6?]%/L,K}j>

0.9649 T L
L[0.3049 min{N/L,K}] ' N

) +
2x0.9649 min{N/L,K} max{L,N/K} 0.9649
g (14Xr0.9649) o (0'3049 X 1'275) N o (1 o KO.3049min{N/L,K}>

= 0.9649 T L
L(0.3049 min{N/L,K}—-1) ' N

1+0.9649 0.3049

Lmin {¥, K} (0.3049 - min{lﬁ K}) {(2X°-9649) —(0.3049 x 1.275) — (1 — 09649)*}
T,

>
= £(0.3049 min{ &, K } 1)
0.9649 + N
+
o min (N, KL} (03049 — 557) {(2205018) — (0.3040 x 1.275) — (1 - §5888)* |

- 0.9649 + 0.3049
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S min {N, KL}

219
where step (@) follows by using |0.3049 min{N/L, K}| < 0.3049 min{N/L, K} in the nu-
merator and |0.3049 min{N/L, K} | > 0.3049 min{N/L, K'} — 1 in the denominator; and step
(b) follows by using min{/N/L, K} < N/L in the second term in the denominator. Again,
considering the upper bound in (3.10), we have

(A.24)

M
Reen (M) < min{N, KL} <1 — W) < min{N, KL}. (A.25)
Therefore for Regime 1, we have
Rcen L(M)
Gap = ————= < 10. (A.26)
Rcen L(M)

e Regime 2 (1.275 max{L,N/K} < M < 0.2N) :

For this regime, setting s = |0.442-| € [1 : min{N/L, K}]' and ¢ = |25 from (A.17),
we have

(i) — o4 = (1 o)

. N
zen,L(M) Z _— 0.984 + 1
Ls N
+
2x0.984 N | M 0.984
(1:—0.984) - L0442ﬁj N (1 - K L0.44211C;J>
= 0.984 1
L[0.442% TN
2x0.984 0.984 KM\t
@ (110.984) —0. 442_— - ( 0442 T)

v

Dot I
L(0.442 X 1) TN

o L (0442 — 4) [(22888) 0,449 — (1 88 x 1.275) "

110984 0.442

> 0.984 + 0422 L

a LY (0.442 - 0.2) { (2088) — 0.442 — (1 2yt . (A27)
2 0.984 + 9222 = 10M’ '

where step (a) follows again by using |0.442N/M| < 0.442N/M in the numerator and
|0.442N /M| > 0.442N/M — 1 in the denominator; step (b) follows from using KM /N >
1.275; and step (c) follows by using M /N < 0.2 in the numerator and M > 1.275L in the
denominator. Again considering the upper bound in (3.10), we have

_M
KL (1 N)<LN( M)S@

1-— .
1+5L — M M

Rcen,L(M) S N

(A.28)

I'The range of s is validated as follows. Using the upper bound M < 0.2, we have 0.442N/M > 0.442/0.2 > 1.
Again using the lower bound M > 1.275L, we have 0.442N/M < 9222 N/L < N/L. Againusing M > 1.275N/K,
we have 0.442N/M < K.
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Therefore for Regime 2, we have

Rcen,L(M)
R*

cen,L

Gap = < 10. (A.29)

(M) —
e Regime 3 (0.2N < M < N):

In this regime, setting s = 1 and ¢ = (%] in (A.17), we note that in this case, 4 = 0 and
(N — K{)* = 0. Thus, we have

N(1-2X 1-4
cenL (M) > §V v) > <1 ﬁ). (A.30)
T+l rtw
From (3.10), we have
KL(1-%) LN M
cenL(M) < N2 < 1-—). A31
Therefore for Regime 3, we have
Reent (M) LN (1 1 2N 2
Gap = ’ < —+ =] <—<—<10 A.32
PR (M) S M <L * N) =M ~ 02" (A.32)
Combining (A.20),(A.23),(A.26),(A.29) and (A.32), completes the proof of Theorem 5. ]

A.3 Proof of Theorem 6

From Corollary 1, considering the lower bound on the optimal rate R}.,(M), we set { = {—W €

cen

{1,2,..., [¥]} with 0 < 8 < 1. Using this we next derive an upper bound on <L)

pts
{5 K- min{[X]. K} s
u—i—s_min{(Nf‘ﬂ,K—s}—l—s_ min{(%w,K}
1 s 1 5
min {[ 7], K} mmﬂ[%ﬂ,x}
s s . P 1
Sl_{éwgl_%+1_1 nggl 115 135 (A.33)

where the last inequality follows from the fact that s > 1. Substituting (A.33) into (3.14), we have:

- (M)ZN—SM—ﬁ(N—VEWS)“(N—KVTNW

cen

|
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(A.34)

Next, we consider two cases, namely (i) min{ N, K'} < 8; and (iz) min{N, K} > 9. We next
consider each case separately.

e Case 1 (min{ N, K} < 8) : For this case, setting s = 1 and # = 1 in (A.34), we have:

N-—-M M
R, (M) > =(1——]. A.35
o) 2 25 = (12 ) (a35)
Again, from [97, Theorem 1], we have:
. M
Reen(M) < min{N, K} (1 — W) . (A.36)
Thus for this case, the gap between the upper and lower bound is given by:
Rcen M .
Gap = KE]W; < min{N, K} <8. (A.37)

e Case 2 (min{N,K} > 9): For this case, we consider three distinct regimes for the
cache storage size M namely (i) Regime 1: 0 < M < 1.0lmax{l, N/K}; (ii) Regime
2: 1.0lmax{1,N/K} < M < 0.1250N; and (ii) Regime 3: 0.1250N < M < N. We
next consider each of the three regimes separately.

e Regime 1 (0 < M < 1.0l max{1,N/K}):

In this regime, setting s = [0.4701 min{N, K}| € {1,2,...,min{N, K}}, ¢ = [22X] and
using the fact that x < [z] <x+1landz — 1 < |z] < z, we have:

1-8 KB\ T 28 M KB\t
o N M N () N (- )T N[ sy - (-]
Rcen(M>Z ﬁ_N+1 Z 6_N_|_1
+
{08 - 001 mindv Y - (1 - et |
>
= 0.93 1
[0.4701 min{N,K}] N
2%0.93 . 1.01 max{1,N/K} 0.93K +
{110.93 — 0.4701 min{N, K'} N - (1 ~ 04701 min{N,K}) }
>

0.93 1

00T min{NEj—1 T N

2x085 _ 0.4701 x 1.01 — (1 — ;%8 )*] }

14+0.93 0.4701

{ (0.4701 min{N, K} — 1)

>
= 0.4701 min{N,K}
093+ ——F7F——

1
N
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(0.4701 — 1) |2 x 0.93 0.93 \*
> min{N, K - —0.4701 x 1.01 — (1 —
Z min{ N K o 04701 | T 0.93 8 ( 0.4701)
in{N, K
5 i, K} (A38)
8
Again, from [97, Theorem 1], we have:
. M .
Reen(M) < min{N, K} (1 — ﬁ) < min{N, K}. (A.39)
Thus for this regime, the gap between the upper and lower bound is given by:
Reen(M)
Gap = ———= < 8. A.40
P By (M) = (440

e Regime 2 (1.01 max{1,N/K} < M < 0.1250N) :

In this regime, we set s = [0.49838%] € {1,2,...,min{N, K}}, ¢ = [222¥] and using the
factthatx < [z| < x4+ landz — 1 < |z| < x, we have:

N [ﬁ WM (1 _ @)1 N [2><0.991 — 0.4983 — (1 _0.991 KM)JF}
>

. 45 SN T s 1-+0.991 0.4983 N
T o 1
N [B:85 — 04083 — (1 - )
- % +1
_ (0:a9m355 — 1) [ B335 — 04083 — (1 — )
- 0.991 + 0.49834; — +
v (04955 - ) [B5 - 04083 - (1 i) |
=i 0.991 1 053
N (0.4983 — 0.1250) |2 x 0.991 991 x 1.01\ " N
v (00.2)2? +00~;%3§§O> o1 4989 - (1 B %) ] e

(A41)

Again, from [97, Theorem 1], we have:

min{ N, K} M K M
Reen(M) < — 57— (1——> §_<1__>
1+ KM N M N

N M N
<_ _— —_— <—' .
_M(l N)_M (A-42)
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Thus for this regime, the gap between the upper and lower bound is given by:

o Rcen<M>

e Regime 3 (0.1250N < M < N):
In this regime, setting s = 1 and § = 1 i.e., { = N, we have:

(M) > N <1 — M) : (A.44)

B N

cen

Again, from [97, Theorem 1], we have:

min{N,K} M K M
< — < — _
Rcen(M) B 1—1——KNM (1 N) - KM <1 N>

N
N M 1 M
<—(1-—=)< 1——. A4
<3 (%) <o (- %) r45)
Thus for this regime, the gap between the upper and lower bound is given by:
Reen(M) 1
Gap = < = A.46
W= Re (M) = 0.1250 (A.46)

Thus from (A.37), (A.40), (A.43) and (A.46), we have for all N, K, the gap between the achiev-
ability and the proposed converse is upper bounded by 8. This completes proof of Theorem 6. [

A.4 Proof of Theorem 7

Consider the case of D2D-assisted content delivery for cache-aided system with a library of
N € N7 files Fj1:n) each of size B bits, and K € N* users, with cache storage 21K
which satisfies the minimum D2D storage constraint KM > N. Let s be an integer such that
s € [1: min{[|N/L], K}]. The demand vector is such that each user requests L distinct files at
each transmission interval. Consider the first s caches Z|;. and a demand vector

-~

= d[l:s]

D = (dp.g), djss1:57) = <i1 Ly {L+1:2L},... {L(s—1)+1: Ls}, gb), (A.47)

where the first s user demands are for Ls unique files and last X' — s users’ demands can be
for any arbitrary L(K — s) files. To service this set of demands, consider a composite multicast
transmission

X=X/ . ¢ X5 X X A48
1 { (d[l:s]a¢) ’ ’ (d[lzs] 7¢) ’ (d[lzs] 7¢) ’ (d[lzs]1¢) ’ ’ (d[lzs] 7¢) ’ ( )
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composed of K device multicast transmissions, which, along with the s device caches decodes the
files F[1.1s. Similarly consider another demand vector,

D, = <{Ls P LD {L(s 1) +1: Lis+2)},..., {L(2s — 1) : 2Ls), gb). (A.49)

A second composite multicast transmission X5, along with device cache contents Zj;.,, can de-
code the next Ls files Firs;1.015. Thus considering the request vectors D1, Dy, ..., D/ (1, and
their corresponding composite multicast transmissions X1, X, ..., X n/(rs)], along with the first
s device caches Z|;.4, the whole library of files F];.n7 can be decoded. Note that for an optimal
composite transmission rate 12,4, (M), each device in the D2D cluster multicasts with a rate of
Ry (M)/K owing to symmetry and the sum-rate constraint in (3.5) i.e.,

H (XD) < Ripa (M)/K, Vke[l:K]. (A.50)
Considering B = 1 without loss of generality, we have:

N < I (Fin; Zpes)s Xpenvgsn) < H (Zpes Xpervywsy) < H (Zpeg) + H (Xervyws) Zpss)
< sM + H (Xppvywsl Zins) < sM+ H (Xl Zpss)) + H (Xperrrvywsnl 2, Xpea)

@) (K —s) ),
s sM+ T)Rd%,L(M )+ H (Xpervrvy ol Znies Xpags Fiues)
©) (K —s) .
< sM + T)Rdzd,L(M) + H (X (es1: 18/ (L))) List 10| Z1:s)> X120 Flires))

UK —s) _,
< sM + TRd2d,L(M> +H (Z[s+1:s+u]|Z[1:s]7 X[1:£]7 F[l:LEs})l

25
+ H (Xper1:15/wsy) | Zssa Xpeg, Fiines)) . (AS1)

-~

=)

where in step (a), the second term follows from (A.50) and the fact that given cache contents Z;.),

the device transmissions {X [11:&, X [21:@, o X [SM]} can be obtained and hence the entropy term

reduces to H (X[Sfﬁ, X[Sffﬁ, o ,X[If:g]> < (((K — s)/K)Rjyq, (M); the third term follows from
the fact that the device storage contents, 2.4, along with the composite transmission vectors X
are capable of decoding the files Fj;.1¢5. In step (D), u = (min {[N/(Lf)], K} — s) is the number
of additional device caches which, along with the transmissions X{;. can decode all N files. Note
that, for s = K, we have:

H (Xpin/esl Zis)) =0, (A.52)

since transmissions are functions of all /& caches. As a result, the second step in (A.51) yields
the minimum storage constraint for D2D-assisted delivery KM > N. Next we upper bound the
terms 0, A in (A.51) which finally yields an upper bound on the RHS. We first note that the term ¢
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is identical to the case of centralized delivery and can be upper bounded using Han’s Inequality by
following the same steps as in (A.5)-(A.8) in Appendix A.1, yielding the upper bound

§ < (N — Lts)*. (A.53)

S+ u
Upper Bound on X\ : We next derive an upper bound on the factor A in (A.51) and consider two
distinct cases as follows.

e Case 1 (N < LL(s + p)) : We consider the case that all N files can be decoded with p <
K — s additional device storage contents and transmissions X{;.¢, within the conditioning in the
factor A in (A.51), i.e., L¢(s + pu) > N. Thus, we have

A =H (X vy Zisen)s Fiing) =0, (A.54)
which follows from the fact that the transmissions are functions of all N files.

e Case 2 (N > L£(s + p)) : We consider the complementary case where 1 = K — s additional
device storage contents along with the transmissions X{;.¢, cannot decode all |V files. We have:

A =H (Xpsrin/@onlZprg, Frixeg) < H (X vyws| Zpax)) =0, (A.55)

which follows from the fact that KM > N 1i.e., all files are stored within the collective device
caches for D2D-assisted delivery and hence all transmissions are functions of the cache contents.
Thus combining (A.54) and (A.55) we have:

A=0. (A.56)

Substituting (A.53) and (A.56) into (A.51) and optimizing over all parameter values of s, ¢, com-
pletes the proof of Theorem 7. [

A.5 Proof of Theorem 8

From Theorem 7, considering the lower bound on the optimal rate R,y (M), we set £ = (’BL—];W €

[1: [££]] with 8 € [0,1]. We make use of the upper bound on (;%) from (A.16) in Appendix
A.2. Using this in (3.16) from Theorem 7, we have

Rgoq (M) =

N —sM — 1+B(N L{ <_BB_ %> (A.57)
5 .

BN K—s — BN
% CF) e
In order to facilitate the proof of Theorem 8, we consider two cases namely - (i) low per-device

demand with 0.5N > L; and (i7) high per-device demand with 0.5N < L. We consider the two
cases separately.



Avik Sengupta Appendices 169

e Case 1 (0.5N > L): For the case of low-per device demands, we divide the available cache
storage at each device into the following three regimes, namely (i) Regime I: N/K < M < L;
(17) Regime 2: L < M < 0.2N; and (7ii) Regime 3: 0.2N < M < N. We consider each regime
separately.

e Regime 1 (N/K <M< L):

For this regime of cache storage, we consider two further sub-cases, i.e., (i) N < K and (i7)
N > K. We next treat each of the sub-cases separately.

— Sub-case 1 (N < K): For this sub-case, we note that from the minimum storage constraint
for D2D-assisted delivery, i.e., KM > N, the minimum allowable cache storage at each user
can be less than unity. Therefore, we divide the available cache storage in this regime into two
sub-regimes namely (i) N/K < M < 0.5 and (i) 0.5 < M < L. We these sub-regimes
separately as follows. Consider first, the sub-regime i.e., N/K < M < 0.5. For this sub-regime
consider the case when N = 1. For this case, setting s = 1 and # = 1, from the lower bound in
(A.57), we have

Rgoq (M) = (1 = M), (A.58)

where we have used the fact that L = 1 when N = 1. Again considering the upper bound in
(3.11), we have Rgpq < 1. Using the upper and the lower bounds, we have

~ Rgoq < 1 1

Gap = < =
P Rpe, 1-M " 1-05

2. (A.59)

Next, we consider the case when N > 2. For this case, setting s = [
from (A.57), we have

P (£
(-G

where step (@) follows from the fact that N > 2 and L > 1. Again, from the upper bound in
(3.11), we have Rqoq < N. Using this, we have

Sl

let:[¥]]and B =1,

R 1
_ faodL

R, ~ 1-3x05

Gap

— 4. (A.61)

We next consider the sub-regime 0.5 < M < L. In this regime, setting s = [0.5%J el K ]2

2The regime of s can be verified as follows. Using the lower bound 0.5 < M, we have 0.5N/M < N < K. Again
using the upper bound M < L, we have 0.5N/M > 0.5N/L > 1.
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and § = 1, from the lower bound in (A.57), we have

(

)

N (1— 0584 L N(@-05) 9 N1-0.5)

] FE ] o

where step (@) follows from the fact that for any N/L > 2, we have % < 3. Again from

the upper bound in (3.11), we have Rgpq (M) < N. Using the upper and lower bounds, we have

v

(A.62)

*
Rd2d,L >

~ Rgpa (M) < 3

Gap = —; < =

6. (A.63)

— Sub-case 2 (N > K): For this sub-case, we note that from the minimum storage constraint
for D2D-assisted delivery, i.e., KM > N, we have M > 1. Therefore, we consider the following
regime of available cache storage 0.5 < N/K < M < L. In this regime, setting s = |0.547| €
[1: KJ? and 8 = 1, from the lower bound in (A.57), we have

. N(1—-]05%7| %) _ N(1-0.5) @ N(1-0.5)
Ripar 2 { N -‘KLO-%]H > { o -‘ > 3 , (A.64)
L0543 K lo52 |

where step (@) again follows from the fact that for any N/L > 2, we have % < 3. Again
from the upper bound in (3.11), we have Ryo4 (M) < N. Using the upper and lower bounds,
we have

Rgpa (M) < 3

Gap = —_ < = 0. (A.65)
Rdzd,L(M) 1-05
e Regime 2 (L< M < 0.2N):
For this regime, setting s = L0.51%J €[l:K]*and ( = ’—0'95;“\[-‘ , from (A.57), we have

e > rost) —s% e (Hoes) — (0515 ¥ o (o) — 0515w
d2d,L( ) = (M+i) [K—s] - 0.984 4 1 = 0.984 + L
Ls N) LK Llosid] TN L(05147-1) = N
S (051 3) {(B6mD) —051) o AY 051 -0 (B4 051} Iv o
- 0.984 4+ 0.51 (& — %) - 0.984 +0.51 — oM

3The regime of s is validated as follows. Using the lower bound M > N/K, we have 0.5N/M < 05K < K.
Again using the upper bound M < L, we have 0.5N/M > 0.5N/L > 1.

“The regime of s can be validated as follows. Consider first, a lower bound on 0.5N/M. In the given regime,
we have 0.5N/M > 0.5/0.2 > 1. Next, we consider an upper bound on 0.5N/M. Consider first, the case when
N/L < K. In this case, its easy to note that 0.5N/M < K. Next consider the case that N/L > K. In this
case, Regime 2 reduces to L < N/K < M < 0.2N due to the minimum storage constraint and hence we have
0.5N/M < 0.5K < K. Therefore we have |[0.5N/M | € [1: K].
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where step (a) follows due to the fact that (K — s)/K < 1; step (b) follows by using
|0.51N/M| < 0.51N/M in the numerator and |0.51N/M | < 0.51N/M — 1 in the denomina-
tor; and step (C) follows by using M /N < 0.2 in the numerator and M > L in the denominator.
Again, considering the upper bound in (3.11), we have

LN M LN
M<—1—— | < —/—. A.67
Raoq 1 ( )_M( N)_M (A.67)
Therefore for Regime 2, we have
Rgoq 1 (M)
Gap = - — = < 10. (A.68)
Rdzd,L(M)
e Regime 3 (0.2N < M < N):
In this regime, setting s = 1 and 5 = 1 in (A.57), we have
NI-%)_ (-%)
Ripa (M) > N> N2 (A.69)
RTINS
Again, considering the upper bound in (3.11), we have
LN M
R M<—1——=—]. A.70
a0 < 55 (1-57) (A70)
Therefore for Regime 3, we have
Ryoq L(M) LN (1 1 @ LN 2 2N 2
Gap = ’ < S i G i (1 A71
P Ripq (M) = M L+N SM LS M o020 ( )

where step (@) follows from the fact that L. < V.

e Case 2 (0.5N < L): For the case of high per-device demands, we divide the available cache
storage at each device into the following two regimes, namely (i) Regime 1: N/K < M < N/3;
and (77) Regime 2: N/3 < M < N. We next consider each regime separately.

e Regime 1 (N/K < M < N/3):

For this regime, setting s = 1 and ¢ = [%2X], from (A.57), we have

N ((2x05) _ M N ((2x05) _ MY N ((2x05) _ L
. éﬁﬁ;iw__<%$ﬁlN>z )Y p
L K L

where step (@) follows by using the lower bound L > 0.5N. Again, considering the upper bound
in (3.11), we have Ryxq (M) < N. Using the upper and lower bounds, we have
_ Rapq (M) 2

= < <6. (A.73)
Rd2d,L(M) (3182) - %

Gap
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e Regime 2(N/3 < M < N):
In this regime, setting s = 1 and § = 1 in (A.57), we have

N ( _ M) (1 _ M)
Rpg (M) 2 N2> N2 (A.74)
T+1 T+%
From (3.11), we have
LN M
My < —1[1—-—]. A.75
Rapa (M) < i < N) ( )

Therefore for Regime 3, we have

Gap <

M) LN /1 1\ LN
_ Boaar (M) < > < ¢ (A.76)
Ry (M) M

Finally, combining (A.59), (A.61), (A.63), (A.65), (A.68), (A.71), (A.73) and (A.76), completes
the proof of Theorem 8. [

A.6 Proof of Theorem 9

From Corollary 2, considering the lower bound on the optimal rate R}, (M), we set £ = (%W €

{1,2,..., (%W} with 0 < 8 < 1. Under this setting, we can again use the upper bound on (ﬂis)

from (A.33) from Appendix A.3. Substituting (A.33) into (3.18), we have the following form on
the lower bound

V=M = (V- [2])7 N (o)
Ripg(M) > Cai 5 +

- BN () = T (B

In order to facilitate the proof of Theorem 9, we consider the three cases, namely (i) the gap at
M = N/K; (ii) the case when N < K; and (7ii) the case when NV > K. We next consider each
of these cases separately.

(A7)

e Case 1 (Gapat M = N /K): In this case, setting s = N and 5 = 1 in (A.77), we have

) N(1—-M) KN(1-2X
Ripa(M) > ((%) ) = K(— NK) = N. (A.78)

Again, from [105, Theorem 1], we have

N M
Rapq(M) < i (1 — N) <N, (A.79)
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where the last inequality stems from the fact that for N > K, M > 1. Thus the gap is given by

<1. (A.80)

e Case 2 (N < K) : For N < K we divide the cache storage into 3 distinct regimes: Regime
I: N/K < M < 1; Regime 2: 1 < M < 0.1250N; and Regime 3: 0.1250N < M < N. We
consider each of the regimes separately.

® Regime 1 (N/K < M < 1):

For this regime, we consider two sub-regimes, namely (i) N/K < M < 2/3; and (ii) 2/3 <
M < 1. We consider each sub-regime separately.

— Sub-regime 1 (N/K < M < 2/3) : From (A.77), setting s = N and = 1, we have

N(1-M 2 N
Rzzd(M)Z%ZN(l_M)ZN -2 )= (A.81)
(*%%) 3) 3
Again from [105, Theorem 1], we have
N M
Ryoq £ min {M <1 — W) ,N} <N (A.82)

Thus in this sub-regime, the gap between the upper and lower bounds is given by

_ Raa(M) - N _ 3. (A.83)

Gap = —; < <
Rgpq(M) — N/3

— Sub-regime 2 (2/3 < M < 1) : Consider first, the case when N = 1. Setting s = 1,4 =1
in (A.77), we have

. 1 —sM
Ripa(M) = Tis] >1-M. (A.84)
From [105, Theorem 1], setting N = 1, we have
1
Rapg(M) < M(l - M). (A.85)
Thus the gap in this case is given by
Rdzd(M) 1 3
Gap = < — < - A.86
T R0 <M 72 o
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For the case of N > 2, setting s = | 2 | and 3 = 1 in (A.77), we have

N(1— |22 My  N(1-— My N(1-2) N
N w (K2 [ N 1 2] 6
537 [3V]
where, we have used the fact that - BN/ /3 ] <2, VN > 2. Again from [105, Theorem 1], we have
N M
Ryp¢ £ min {M <1 — W) ,N} <N (A.88)

Thus in this sub-regime, the gap between the upper and lower bounds is given by

Raa(M) - N < 6. (A.89)

Gap = —; < <
Rig(M) — N/6

Thus, in general, in this regime, we can upper bound the Gap by the constant 6.

e Regime 2 (1 < M < 0.1250N) :
For this regime, setting s = |0.5N/M |, B = 1 in (A.77), we have

N (2 — oM - y
Ripg(M) > (5 N)X K N(1-[0.5N/M]%)

= N
% +1 K —s T05N/M] +1
. N(@-05) _05N(05N/M—1) _ 05(0. 5N/M —1) _ NO5 (0.5 — )
W]\é\/lfl—i_l N—FM—% - 1—|— - M 14+0.5
N 0.5(0.5 —0.1250) N
> — > A.90
- M 14+0.5 —8M ( )
Again, from [105, Theorem 1], we have
N N
M<—-1<— A91
Rgpg(M) < i S (A91)
Thus in this regime, the gap between the upper and lower bounds is given by
Rgpa(M)
Gap = - ——+= <8 (A.92)
Rpy(M)

e Regime 3 (0.1250N < M < N):
For this regime, setting s = 1 and 5 = 1 in (A.77), we have

N-—M M
Ripg(M) > N (1 — N) (A.93)
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Again, from [105, Theorem 1], we have

Rapa(M) < N (1 — %) <! (1 — M) . (A.94)

M N} 7 0.1250 N
Thus in this regime, the gap between the upper and lower bounds is given by

- Rdgd(M) < 1

Gap — _
P R (M) = 01250

8. (A.95)

Thus, for the case of K > N, the gap between the upper and lower bounds is 1 at M = N/K, at
most 6 for N/K < M < 1andatmost8forall 1 < M < N.

e Case 3 (N > K) : For this case, we consider two main sub-cases, namely () K < 8; and (i7)
K > 9. We treat each case separately.

e Sub-case 1 (K < 8) : For this case, from [105, Theorem 1], we have

Rass(M) < 7 <1 - %) <K (1 - %) , (A.96)

where the last inequality is derived from the minimum storage constraint XM > N. Again, from
(A.77), setting s = 1, 8 = 1, we have:

Ripa(M) > % > (1 — %) . (A.97)

Thus the gap between the lower and upper bound is given by:

<K<S8. (A.98)

e Sub-case 2 (K > 8):

For this case, we divide the cache storage into 3 distinct regimes namely, (i) Regime 1: 1 <
N/K < M < 1.15N/K; (ii) Regime 2: 1.156N/K < M < 0.1250N; and (iii) Regime 3:
0.1250N < M < N. We next consider each regime separately.

e Regime 1 (1 < N/JK <M< 1.15N/K):

For this regime, setting s = |0.4361K | and § = 0.7398 in (A.77) and using the fact that K’ > 9,
we have

2B M 2x0.7398 M
R (M) > N (5 - 5%) LB N(ERER - L04sIKR) 1
d2d - N = 0.7398N :
5? +1 K—s 0361 T 1 1_ Lo 43}311{]
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2x0.7398 KM
> N (1+0.7398 — 0'43617) 1
- . N . K—
odsorkT T L ey
7 KM
. N(0.4361K — 1) [25To08 — 0.4361 5K | y 1
- 0.7398N + 0.4361K — 1 1+ + —0.4361
(04361 — 5) [T¥o7s0s — 0-4361°%7] 1
- 0.7398 4 0.4361% — + 1+ § —0.4361
1) [2x0.7398
. K(0.4361 —5) B — 0.4361 x 1.15] y 1 K (4.99)
- 0.7398 + 0.4361 1+§—04361 — 7 '
Again, from (A.96), we have
Rgpa(M) < K. (A.100)
Thus in this regime, the gap between the upper and lower bounds is given by
M) o K
Gap = =22 < =7 (A.101)
Répa(M) = K/T
e Regime 2 (1.15N/K < M < 0.1250N) :
For this regime, setting s = L0.4470%J and # = 0.8995 in (A.77), we have
28 M
. N(E5 o) K N(Rese o [oaam0d | ¥) N (259 - 0.4470)
Ripg(M) > N X =z 0.8995N Z N
! K—s oo T —OB9RN 41
s |0.4470 3% | 0.4470 ¥ —1
N . M :
- (0447047 — 1) [255552 — 0.4470] N (0.4470 — &) [E35552 — 0.4470]
= 04470 _ 1 = .
0.8995 4 24710 — & M 0.8995 + SHIE
o V(04470 — 0.1250) [ 255058 — 0.4470] J N A 10
- M 0.8995 + %410 ~8M (A.102)
: 1.15

Again, from [105, Theorem 1], we have

N N
Rypa(M) < — —1< —. A.103
(M) < 77 =15 (A.103)
Thus in this regime, the gap between the upper and lower bounds is given by
Ryod(M)
Gap = ———= < 8. (A.104)
Ripg(M)

e Regime 3 (0.1250N < M < N):
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For this regime, setting s = 1 and 5 = 1 in (A.77), we have

N—M M
Ripy(M) > N - (1 — F) (A.105)

Again, from [105, Theorem 1], we have

Rapa(M) < N <1 — %> < ! (1 — M) . (A.106)

- M N J 7 0.1250 N
Thus in this regime, the gap between the upper and lower bounds is given by

- Rd2d<M) < 1

Gap = _
= Re (M) = 0.1250

8. (A.107)

Thus, for the case of N > K, the gap between the upper and lower bounds is at most 8 for all
N/K < M < N. Combining the three cases completes the proof of Theorem 9. [

A.7 Proof of Lemma 3

Each user has a cache storage of M B bits in which they can each store % fragments of each of

the NN files. Now assume each file is of size B = aB bits. We let each user store % fragment of
each file. Now consider the case where % = %, t € {1,..., K}. In this case we have ¢ = %

Following the storage and multicast delivery scheme in [97], each file of size B’ bits is then divided
into ([t( ) sub-files of size B’/ (It() bits. Each user caches a total of NV ([::11) of these sub-files i.e.,
each user caches a total of

K—-1\ B Nt
N — = aB— = MB bit A.108
(t_l)@ o’ (A.108)

K

which satisfies the cache storage constraint. Further, in the delivery phase, ( 1

) transmissions,
each of size B’/ ([t( ) bits are made. Thus the achievable rate R is given by:

RB:( K)B :aBK_t

t+1) (%) t+1
KG-2)  (u
= R :OKTI;_JJ\GINZQ/RITOFN (E,N,K> (A.109)

For any other M/a € (0, N], cache splitting and time-sharing [97] can achieve the rate
aRp (M N, K), where Ry is given in (3.46) for ¢ = |23 |. The following example illus-

hom hom alN
trates Lemma 3.
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Example 13. Consider N = 3 files A, B, C of unit size, K = 3 users and per-user storage
M = 1. In order to deliver the entire files to the users utilizing M i.e., a = 1, the achievable
scheme is the following [97]. Divide each file into non-overlapping fragments: A—A;, As, As,
B— By, By, By and C—C4,C5,C3. The size of each fragment is 1/3. The users’ caches are
stored with the content Z; = {Ay, By, C1}, Zo = {As, Bo,Cs} and Z3 = { A3, B3, C3}. Con-
sidering the worst-case demand (dy, ds,d3) = (A, B, C) the requested content can be delivered
with the multicast transmission - Ay @ By, As @ C;, Bs @ Cs. The total rate of this transmission
1s R = % + % + % = 1, which can also be obtained from (3.46) by setting ¢t = L%J = 1.
Now consider the case for a = 0.5 i.e., each of A, B,C are of size 1/2. In this case, with
M = 1, we can store (%N = 2/3 of each file in the cache. Thus for this case, the following
scheme is used. Each file is divided into fragments A— Ajs, A3, Aoz, B— Bio, B3, Bz and
C—C42,C13,Ca3. The size of each fragment is now «/3 = 1/6. The users’ caches store the
following fragments: Zl = {Alg, A13, Blg, 3137 0127 013}, ZQ = {Alg, A23, Blg, ng, 012, 023}
and Z3 = {A13, Aoz, Bi3, Baz, C13, Ca3}. In this case, a request of (dy, ds, ds) = (A, B, C') can be
served by the single multicast transmission A3 & B3 @ C12 which has a rate of 1/6. This can be
seen in Fig. 3.8(b) and is same as 0.5R (1/0.5,3,3), from (3.46) for t = [ ZAL| = 2. For any

0.5N
value of M such that % = 2M ¢ {0,1,2, 3}, cache sharing between two schemes can achieve
0.5R%,.(2M,3,3). [ O]

A.8 Proof of Theorem 11

We prove a lower bound on R} (M, N, K) for any N, K and ordered set of caches M. Consider

the contents of the first s€1,2, ..., min{N, K} smallest caches Z1, ..., Z; in M. For a request
vector (di,dy, ..., ds,det1,...,dg) = (1,2,...,5,¢,...,¢), the transmission X; = X4, . 4,),
along with the contents 71, ..., Z, can decode the files Fi, ..., F§. Similarly, for another request

(s+1,s+2,...,25,¢,...,¢), the transmission X,, along with the cache contents 71, ..., Z,,
must be able to decode the files Fi 1, . .., Fy,. Thus, considering | N/s| different such requests, the

transmissions Xy, ..., X| /s, along with the s smallest cache contents 71, . . ., Z,, must be able to
decode the files F1, ..., F n/s). The information flow consisting of transmissions X1, ..., X |y
and the cache contents 71, ..., Z, for decoding files Fi,..., F; n/5), has a minimum capacity

s|N/s|. Thus, we have:

s|N/s|B<H(Zy,...,Z¢,X1,.... X|nys)) (A.110)
<H(Zy,....Zs)+ H (X1,...,X|nss)) (A.111)
<N H(Z)+ [N/s| Ry B (A.112)
=1
< > M;B + |N/s| R;..B, (A.113)

M;eM,ie{l1,2,...,s}
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where (A.112) results from the fact that each transmission has a rate not exceeding f,,. Solving
for R}, and optimizing over all possible choices of s, we have:

et (M, N, K) > max (s — M) : (A.114)

]

This completes the proof of Theorem 11. [

M;eM,ie{1,2,...,s}

A.9 Proof of Theorem 12

We first consider the case of two-level heterogeneity i.e., where the system has only two distinct
cache sizes across all K users.

A.9.1 System with Two-Level Heterogeneity

Consider a system with N files and K users having set of heterogeneous caches M :=
{My,Ms,...,Mg} € (0,N] such that My = My = ... = My, = My and Myyy = Myo =
... = Mg = My with M < My as shown in Fig. A.l1. To prove the order-optimality of
the LHC scheme for this system, we consider two cases namely (i) min{N, K} < C and (i)
min{ N, K} > C + 1 for some real constant C'. We treat each of the two cases separately.

e Case 1 (min{N, K} < C) : First we consider an upper bound on the the achievable rate
of the LHC scheme. Assume that we group the caches into G = K non-overlapping subsets of
caches. In this case, the proposed scheme reduces to a heterogeneous unicast scheme. Also assume
that the minimum cache storage in M i.e., M| is used for caching thereby reducing the system to
a homogeneous unicast scheme with storage M. Thus we have:
LHC . My,

Ryo (M, N, K) < min{N, K} 1_W . (A.115)
Now considering the lower bound from Theorem 11, any choice of s further lower bounds the
optimal rate. Thus, setting s = 1, we have:

bt (M, N, K) > (1—%) (A.116)

Thus combining (A.115) and (A.116), we have

RN (M, N, K)
Rﬁet (M7 N? K)

<min{N,K} < C (A.117)

e Case 2 (min{N,K} > C + 1) : For this case, we consider three regimes for the cache
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7 Deliver o = ML fraction of files

\\ Deliver (1 — a) = MMy ML fraction of files

7 g~ Mu
/777 @
7 7 |
A % Zi
7/ 77/ 7
\\\\\\\ \\\\\\ \\\ \\\Q - ML
My My -+ My My -+ Mg My

Figure A.1: LHC scheme for two-level heterogeneity.

storage My namely (i) Regime 1: 0 < MH < Mmax (1, %); (1) Regime 2: A\jmax (1, %) <
Mp < Xo—"5m { NTT and (iii) Regime 3: \o——r—= < My < N. We next consider each of the three
regimes separately

mi n{N 0}

e Regime 1 (0 < My < A;max(1,N/K)):

For this regime, consider the lower bound from Theorem 11. Setting s = | min{ N, K} |, with
w1 < 1, we have

N -7 M,
M,N, K)> —=i=1"
het( ) %—l—l
o N—sMy N - |1 min{ N, K} | My
Z —N = 5
?—i_ 1 [p1 min{N,K} | +1
1 min{N,K} max{1,N/K
N - ,ulmln{N K}My _ (3 min{N, K} — 1) [1—u1 (I ma{ 1./ 1)
a ulmm{NK} 1+1 N 1+M1%_%
— =) |1 = A
Zmin{N,K}( ! C+1)[ fr1] AL1S)
L+

Next, we consider the upper bound on the LHC rate. Consider a scheme where we have G = K
subsets of caches and all @, = 0, Vg € {1,2,...,G}. Thus no storage is used in any cache and
the achievable rate can be upper bounded by

R (M, N, K) < min{N, K}. (A.119)

Thus combining (A.119) and (A.118), we have

RH{C (M, N, K) 14
e < <C (A.120)
Ri (MUN,K) = (1 — gg) [1— ]
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e Regime 2 (A;max (1, N/K) < My < A2 N/min{N, £}) :

For this regime, consider the lower bound from Theorem 11. Setting s = | 537~ |, we have

N_ZleMi S N—SMH

M,N, K
het( ) %-1-1 - ﬂ—l—l
_N—M2MLJMH>N MzM My
+1 B ——0—1
UJ’QJVIHJ WMH
S e S TR
A2
N (1_M2)|:'u2_min R :| @ N (1-— - A
> Wl g N (A=p)l =l g5y

~ My 142 - My 1482 ’
where step (@) follows from the fact that min{N, ¢} > 1.

Next, we consider the upper bound on the optimal rate. For the two-level heterogeneous system,
consider the index ¢ such that the cache storage M, = M and My, = My i.e.,users 1,2,... ¢
have cache storage My, and users ¢ + 1,/ + 2,..., K have cache storage M. A fraction «
of requested files is delivered to all K users using the storage M. For users £ + 1,..., K the
remaining 1 — « fraction of files is delivered using cache storage My — M. Forusers 1,2, .../,
the remaining 1 —« fraction is delivered via unicast with a rate of min{ N, £} (1—«/). Considering
o= J]\\j—fl, the corresponding LHC scheme is shown in Fig. A.1. The rate of this LHC scheme is

upper bounded as follows:
Rpet” (M, N, K)
M My — M
< aRP, (—L,N, K) (L a)RD, (H—
@

] ,N,K—E—I—l) + min{ N, (}(1 — «)
-«

a N
2?4 (1-a) + min{N, £}(1 — a)
My,

My — M,
N N N N N
(b)
L 1—a)— NG <A 1+ A A122
g, T gy, FminiN G < gt da g = e (1 Ae), (A122)

where step (a) follows by the fact that Rp. (M, N, K) < 4% for any N, K [97] and step (b)
follows from the definition of «. Thus, combining (A.122) and (A.121), we have

REHC L+ X)) 14562
REEMN.K) )| A1]<c A.123
het(M NK) _<,UQ—)\2)(1—'LL2)_ ) (A. )

e Regime 3 (Ay N /min{N,l} < Mg < N):
For this regime, we consider sub-regimes namely (i) M, < Ao——Fom
A

mm{Nz} and (i7) My >

Qm. We next discuss each of these regimes separately.
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— Sub-Regime 1 (Mp < Ay N /min{N,£} < Mg < N):
For this regime, we set s = | i3 min{ N, ¢} | for the lower bound in Theorem 11 with p3 < 1.
Since we have s < ¢ the lower bound takes the following form:

N-=>7 M, _ N—sM, N —|psmin{N,(}|M]

R;et<M7N7K)Z N = Z N = N
B s+l [1s min{N,¢}] +1
. ( . {N f} . 1) 1— min{N,/} . Ao N
> N —p3 mln{N7 K}ML > Hig TN, H3—™N min{N,¢}
o — N - min{N,
3 min{N,0}—1 +1 1+ MS# _ %
1
(“3 ~ i _> (1 — pzda] 11— e
> min{N, (} Y > min{ N, @}( 3) (L= s 2],
L+ ps L+ ps

(A.124)

where in step (a), we assume that min{ /N, /} > 3. Now, consider the LHC scheme from Fig.
A.l. Using o = Aj\f—fl, the rate of this scheme is upper bounded as follows:

Ry (M, N, K)

M My — M

<aR™ . <—L,N, K) (1— )R (%N K—(+ 1) +min{N, (}(1 — a)
(0% —

(a) N N

<odP—+(1-a)——— in{N, (}(1 —

— «@ ML + ( Of) MH _ ML +mln{ 7£}( Of)

® N N N

< a—0 —a)— i - ~

< aMH + (1 a)M + min{ N, ¢} M, + min{ N, ¢}

o min{N, ¢

< % + min{N, ¢} = min{N, £} ( + 1) (A.125)

2

where, step (@) is due to the fact that Rj (M, N, K) < & (1— %), step (b) follows by
using o = ]]\\/[4—; and step (C) follows from the definition of Regime 3. Combining (A.125) and

(A.124), we have

RYMC (M, N, K) g (14 p3) [L —l—l}

het

< C. A.126
Re MV, E) = (s = 1L = iah) (A-120

The above holds true when min{N,¢} > 3. Next, consider the alternate case when

min{N./} < 2. Setting s = 1 in the lower bound in Theorem 11, we have R}, (M, N, K) >
1 — Mp/N > 1— X,. Again, the upper bound in (A.125) is given by Rpet(M, N, K) <
2(1/A2 + 1) yielding

REEC(M,N,K) 21/ + 1)

Pt < <C. (A.127)

R (M,N,K) 1—X =
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— Sub-Regime 2 (Ay N /min{N,£} < M; < My < N):
We further sub-divide this regime into two sub-regimes and treat each of these regimes sepa-
rately.

* Sub-Case 1 (AgN/min{N,£} < My < A3N):
For this regime we set s = {M MiLJ . We want to ensure that the largest value that this s can
take is less than /. In the regime of interest, this can be ensured by

N N
MML < M4)\2N min{ N, (} < —2m1n{N, 0} <l = pg <A

Since, s < /¢, the lower bound takes the following form:

N_ZleMi > N—SML

R;et <M7 N7 K) Z

e . |
N~ UMMALJML S N—M4MALML
N iy
LM4MLLJ +1 14 Wfl +1
N
- (1= pua) [MML 1} o () [pa— ]
iy 1 -
L+ —~ My 1+5
N (1 — i) [pa — 3]
> s (A.128)
2

Next, consider the upper bound on the LHC scheme. Consider that every user has only a
cache storage of M. Under this assumption, the following upper bound on the rate of the
LHC scheme holds:

K(1-%) N M N
RLHC N L
NK<———F 2 < —[1-— ) < —. A.129
Combining (A.129) and (A.128), we have
RLHC N K 1+ &4
ht (M N K) ¥ <c (A.130)

Rl MUN,K) ™ (1= pa) [pa — A3

* Sub-Case 2 (A3sN < M < N):
In this regime, setting s = 1 in the lower bound from Theorem 11, we have

M
Riy (M,N,K)>1-— WL (A.131)
Next consider the upper bound on the LHC scheme with each user having storage M,
K(1-%) N M
RLHC N L
N, K — < — (1= —. A.132
het (M ) 1_|_K]]\\[4L _ML< N) ( )



Avik Sengupta Appendices 184

Combining (A.132) and (A.131), we have

Rie” (M, N, K)

<C. A.133
Rﬁet (M7N’ K) N ( )

< <

N 1
My = As
Finding values for the parameters Ai, Ao, As, pi1, ito, i3, 4 Which satisfy the inequalities in
(A.120),(A.123),(A.126), (A.127), (A.130) and (A.133) for the minimum value of the constant
C enables us to find a constant gap of C' = 19 with A\; = 1.1, Ay = 0.3150, A3 = 0.0610, 1 =
0.1176, o = 0.5460, puz = 0.9443, uy = 0.2261, which further satisfies gy < Ao.

A.9.2 System with Three-Level Heterogeneity

Consider a system with N files and K users having set of heterogeneous caches M :=
{My, My, ..., Mk} € (0, N] such that

M1:M2:...:Mgl :ML,
Myy1 = Myyo = ... = My, = My,
Mot = Myyso = ... = My = My, (A.134)

with M < M; < My as shown in Fig. A.2. To prove the order-optimality of the LHC scheme for
such a system, we again consider two cases namely (i) min{N, K'} < C and (i) min{N, K} >
C + 1 for some real constant C'. We treat each of the two cases separately.

e Case 1 (min{N, K} < C) : First we consider an upper bound on the the achievable rate
of the LHC scheme by partitioning M into K non-overlapping subsets which reduces LHC to a
heterogeneous unicast scheme. Also assume that the minimum cache storage in M i.e., M, is
used for caching thereby reducing the system to a homogeneous unicast scheme with storage M .
Thus we have, from (3.47):

RHC (M, N, K) < min{N, K} (1 - %) . (A.135)

Now considering the lower bound from Theorem 11, any choice of s further lower bounds the
optimal rate. Thus, setting s = 1, we have:

R, (M,N,K) > (1 - %) . (A.136)

Thus combining (A.135) and (A.136), we have

Ri” (M, N, K)
Rﬁet (M7 N7 K)

< min{N,K} < C (A.137)
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Dehver ap = Mf{ fraction of files

i Dehver Qg = % fraction of files
H

% Deliver ag = % fraction of files

77 /e My
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4 S ;‘

g%/ 0 /é
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LN s /777 I MT
""" My,

My My + o« My Mysr = =« My Myiy o+ Mg

Figure A.2: LHC scheme for three-level heterogeneity.

e Case 2 (min{N,K} > C + 1) : For this case, we consider three main regimes for the
highest cache storage My namely (i) Regime 1: 0 < My < A\;max (1, N/K); (it) Regime 2:
Amax (1, N/K) < My < AoN/min{N, {5 }; and (i) Regime 3: \oN/min{N, l,} < My < N.
We next consider each of the three regimes separately:

e Regime 1 (0 < My < A;max(1,N/K)):

For this regime, consider the lower bound from Theorem 11. Setting s = | min{ N, K} |, with
u1 < 1, we have

N =577 M,
Rﬁet(MaN)K)Z%
?4—1
>N—SMH_N—Lu1min{N,K}JMH
=~ N - N
?+1 Lulmin{N,K}J+1

N — g min{ N, Ky My (o ming N, K = 1) 1= g 2R e LN/
> >

N N - min
VK1 T 1 14 gy VY L

(11 = aq) [ = ]
I+

> min{N, K} (A.138)

Next, we consider the upper bound on the LHC rate. Consider a scheme where we have G = K
subsets of caches and all &, = 0, Vg € {1,2,...,G}. Thus no storage is used in any cache and
the achievable rate can be upper bounded by

RHC (M, N, K) < min{N, K}. (A.139)
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Thus combining (A.139) and (A.138), we have

RIS (M, N, K) 1+
= < <C (A.140)
Rhet (M’N7 K) (,Ul - C}f—l)[l _:u1>‘1]

e Regime 2 (A;max (1, N/K) < Mg < AsN/min{N,¥€,}) :

For this regime, consider the lower bound from Theorem 11. Setting s = | y1257- |, we have

N -3 My N = sMy

Rie (M, N, K) >

e |
:N_LM2MiHJMH>N—N2MiHMH
Luz]AV%,JH - #H_l+1
(1 = p2) [“2%_1} o N (- p) (110 — 2]
- L+472 — % — My 1+ 52

A2
N (11— p2) [urm} @ N (L= pa) 12 = A

> A.141
- My 1—1—‘;—? - My 1+§\L—f ( )

Y

where step (a) follows from the fact that min{V, /o} > 1. Next, we consider the LHC scheme
shown in Fig. A.2for the three-level heterogeneous system. The different multicast and unicast
tranmissions for this scheme are as follows:

— Multicast: A fraction o; = My /My of requested files is delivered to all K users using the
storage M. Another fraction cy = (M; — M) /My of requested files are delivered to users
(1+1,0,42,..., K. Finally a fraction az = (My — M;)/Mpy is delivered to users {5+ 1, (5 +
2,..., K. Note that oy + ap + a3 = 1.

— Unicast: The remaining fraction (1 — ay) of files is unicast to users 1,2, ..., ¢; with a rate of
min{ N, /1 }(1 — o) while the remaining (1 — «; — awp) fraction of files for users /1 + 1, ..., {5
are unicast with a rate min{ N, {5 — (1 }(1 — ag — an).

The total achievable rate for this LHC scheme is given by:

My — My

,N,K—€1+1>
%)

M
RIS (M, N, K) < ay R <—L,N, K) + R (
an

Myg—M
+063R;rém (ﬁ,N,K - 62 -+ 1) +m1n{N,€1}(1 — Oél) —l—min{N,@ —61}(1 — ;] — 062)
a3
2 2 IV + a2 +a? + min{N, {,}
o o o min
- M *M; — M;, SMy — M; '
N N N N
(b) .
] N. 0y} < A = 14+ A A.142
MH+mln{ ,2}_MH+ 2MH MH(+ 2) ( )
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where step (a) follows by the fact that R (M, N,K) < & for any N, K [97] and that the
unicast rate can be upper bounded by unicasting min{N, ¢,} files; step (b) follows from the
definition of . Thus, combining (A.142) and (A.141), we have

ﬂ
Rie” (M, N, K) _ (1+2) [1 M Al] <C (A.143)
Ry M N K) 7 (p2 = A2)(1 — p2) —

e Regime 3 (AsN/min{N,€l,} < My < N):

For this regime, we consider the following sub-regimes which cover the entire valid regime of
cache storage namely (i) M; < AgN/min{N,lp} < My < N, (i) A\oN/min{N, l,} < M; <
AsN/min{ N, ¢, }, (i1i) My < AgN/min{N, l,} < M; < N, (iv) As3N/min{N, ¢} < M <
AN and (v) AN < M < N. We next discuss each of these regimes separately.

— Sub-Regime 1 (M; < Ay N/min{N,€,} < Mg < N):
For this regime, we set s = | u3 min{ N, {5 }| for the lower bound in Theorem 11 with pz < 1.
Since we have s < /5 the lower bound takes the following form:

N-30 M N—sM; N —|psmin{N, l}]M;

N — N N
s +1 s +1 |3 min{N,l>} | +1

et (M, N, K) >

i min{N,l>} Ao N
> N — pzmin{N, o} M S (13 min{ N, £} —1) [1 S S min{QN,fg}i|
- — N - min{N,
p3min{N,lp}—1 +1 1+ M3% _ %
1
(’u3 " min ) [1 - /1’3)\2] (a) _ 1 1 — by
> min{N, (5} e} 9 ning v, ) o = 2) L= pao]
T+ ps L+ ps
(A.144)

where in step (a), we assume that min{ N, £} > 2 which holds true for the three-level system’.
Next, again consider the LHC scheme from Fig. A.2 and following the same steps as in
(A.142), we have

RMMC (M, N, K) < N + min{N, (,} 2 M
MH )\2

het

+ min{N, {5}

= min{ N, (5} (% + 1) (A.145)
2

SNote that for N = 1, we have from Theorem 11, R;‘:et(M,LK) > 1 — M. Again, since there is only one file in
the system, the users can request only that file and thus the LHC scheme is reduced to a heterogeneous unicast with
the minimum cache storage i.e., R,';(':t% M) = 1 — M. Thus for N = 1, the LHC scheme (which reduces to the
heterogeneous unicast scheme) is optimal.
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where, step (@) follows from the bounds due to the regime under consideration. Combining
the bounds in (A.145) and (A.144), we have

RHHC (M, N, K) _ (1 + pg) [L +1}

het

Ryt (M, N, K) ™ (n3 = 5) [1 — pisho]

<C. (A.146)

Sub-Regime 2 (AaN /min{N,l,} < M; < A3N/min{N,£€;}) : For this regime,
consider the lower bound from Theorem 11. Setting s = LM%J with 4 < )\ ensures
we have s < min{ N, (5} < {,. Therefore we have

N_ZleMi > N—SM[

M, N, K
het( ) %—Fl B %_‘_1
— | pasg | My - N_/‘4M£MI
L#4MIJ+1 "4W 1_‘_1
N

0 gy —1] o N ) [ =
> T = 4 min 2

1+A;2_<§_N My 1+u—*5\17V5]'

A

. £(1—u4) [/M—va,zl}] @ N (1= pa) [pa = N (A.147)
=M, 144 SMe R |

where step (a) follows from the fact that min{V, ¢;} > 1. Next, consider the system from
Fig. A.2 and the following LHC scheme. We use cache storage M, in all K users to multicast
a fraction « = M /M of the requested files. Again for users ¢; + 1,¢; + 2,..., K, we use
cache storage M; — M| to multicast the remaining (1 — o) = (M — M) /M fraction of the
requested files. The (1 — «) fraction of requested content of the first ¢; users are unicast with
arate min{N, ¢; }(1 — «). Thus the rate of this LHC scheme is given by

Ry~ (M, N, K)

M M; — M,
< iy (%8N K ) (1= g (M N K = 0 1) minN. (- )
(a)
<alP— +(1-a) + min{N, ¢, }

- M M — My,

® N N N

< I + (1 - Q)M + min{N, (1} = i + min{N, (1}

© N N N

< — 4+ Az3—— (1+ A3) (A.148)

My My MI

where step (a) follows by the fact that R (M, N,K) < & for any N, K [97]; step (b)
follows from the definition of « and step (C) follows from the choice of the regime of interest.
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Combining (A.147) and (A.148), we have

RLHC N, K (14 A3) [1 + “—ﬂ
hft (M, N,K) _ il Bl (A.149)
Ryee (MLN,K) 7 (g — As) (1 — pug)

— Sub-Regime 3 (M < AsN/min{N,£,;} < M; < N):
For this regime, we set s = | us min{ N, ¢; } | for the lower bound in Theorem 11 with p5 < 1.
Since we have s < /; the lower bound takes the following form:

N — Zz 1M N—SML N — | ps min{ N, £, } | M},

het (M N, K) = = N
s + 1 s + 1 Demm{Nay] T 1

. min{N,¢; A3 N
N s min{ N, fl}ML (s min{N, (1} — 1) [1 — Hs { L. min{SN,él}:|

- m—l—l - 1+M mln{Nﬁl} %
1
(,Ug) " min > [ MS)\3] (a) 1 1— A
> min{N, £,} Wal 9 pin{ v, ¢,y Vs~ 3) (L= #as]
1 + M5 1 + L5
(A.150)

where in step (a), we assume that min{NV, /;} > 2 which holds true for the three-level sys-

tem. Next, again consider the LHC scheme Sub-Regime 2 and following the same steps as in
(A.148), we have

+ min{ N, ¢, }

N a N,
RIS (M N,K) < 2+ min{, 0} £ 100
3

= min{N, £,} (Al +1> (A.151)
3

where, step (a) follows from the bounds due to the regime under consideration. Combining
the bounds in (A.151) and (A.150), we have

h¥M4NKL<“+%wL+@
Ry (M, N, K) = (s — 5) [1 — piss]

— Sub-Regime 4 (AsN/min{N,£,;} < M; < A;N):

<C. (A.152)

For this regime we set s = L’MG MiLJ . We want to ensure that the largest value that this s can
take is less than /;. In the regime of interest, this can be ensured by

N N
MGM < HG)\—N min{N, (,} < /;—zmin{N,ﬁl} <l = ps < A3

Since, s < ¢4, the lower bound takes the following form:

N_ijlMi > N—SML

N, K
het(M ) %4_1 e %-1-1
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I\ Loy | M N — pegp- M,
N — N
W Tl !

(1 — pe) [%M% - 1]

>
— 1 — min
T4+ =~ L1458 A;;%M}
N (1 — ,UG) [,UG — )\4]
> A.153
- M, 1+ —é\‘g ’ ( )

Next, consider the upper bound on the LHC scheme. Consider that every user has only a cache
storage of M. Under this assumption, the following upper bound on the rate of the LHC
scheme holds:

K(1-%) N M, N
RLHC NEK)y<— N/ (L)< A.154
het (M7 9 )— 1+ K%L — ML N — ML ( )

Combining (A.154) and (A.153), we have

REC(MNK) _ 1+

<C. A.155
Rﬁet(M7N7K) _(1—/,66)[/16—)\3] - ( )

— Sub-Regime 5 (A\,N < M; < N):
In this regime, setting s = 1 in the lower bound from Theorem 11, we have

M
ﬁet(M,N,K)Zl—WL (A.156)

Next consider the upper bound on the LHC scheme with each user having storage M7,

K(1-%) N M,
RHHC NEK)<——N < _ (1-—=). A.157
het (M? J )— 1+KNML —ML< N) ( )
Combining (A.157) and (A.156), we have
RHHC(M,N,K) N 1
< SR < — < —< (. A.158
Rf, (M,N,K) = My, = Ay — ( )

Finding values for the parameters \i, Ao, A3, Ay, ft1, t2, 3, [, [5, e Which satisfy the inequalities
in (A.140), (A.143), (A.146), (A.149), (A.152), (A.155) and (A.158) for the minimum possible
value of the constant C' leads to a constant multiplicative gap of C' = 28 with A\ = 1.2, Ay =
0.3950, A3 = 0.2410, Ay, = 0.0410, u1 = 0.0769, 1o = 0.5660, u3 = 0.8600, 1y = 0.3920, us =
0.9810, g = 0.1020, which further satisfies 14 < A9 and pg < A3. This completes the proof of
Theorem 12.
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_ Genie-Aided

Tk = TRhe Uniformization

Figure A.3: Genie aided uniformization of the cache sets for a bicriteria approximation.

A.10 Proof of Theorem 13

For the proof we use a genie-aided uniformization argument. Consider that at the beginning of
each placement phase, a central server determines the optimal partitioning of the cache set M =
{My, My, ..., M¢}. For each set of caches M,, Vg € {1,2,..., G}, let the mean cache storage
ie., Eg, [My] = Mg. Now we consider that in every set of caches M, a genie provides every
user k, having cache storage M; < Mg, with additional cache storage of Mg — M,,. This is
illustrated in Fig. A.3 for an arbitrary set of 4 caches. For any cache set M, let 91, denote the
new genie-aided uniformized cache set. Also, let the mean cache storage of the entire set of caches

Proof for Equation (3.61): We start by considering the minimum rate of the proposed LHC scheme
given in Theorem 10, evaluated over the uniformized cache sets 91, and the optimal file splitting
strategy &*. For any arbitrary partitioning and sub-optimal choice of &, the sum-rate of the genie-
aided scheme will only increase. Using this notion, the following series of inequalities proves the
theorem.

G G
Z Rhet (mga N7 Kg) (é) Z Rhet (mw N: Kgu 62*) 9
g=1 =
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G
Z 12RP. (M, N, K,)

=1

—~

)

()
< 12GRy,, (M,N,K) < 12GRy, (M,N,K)

(h)
< 12GR;, (M, N, K)
(A.159)

which proves the theorem. We next elaborate on each inequality in (A.159). The equality (a)
follows from the fact that the achievable rate of the LHC scheme over the partition of G groups is
given by the optimal file splitting strategy @*. The inequality (b) follows from the fact that choosing
a sub-optimal file splitting strategy & can only decrease the rate of the LHC scheme. The equality
(c) follows from the observation that the LHC scheme with & : {a; = 1, = 0 Vi # 1} reduces
to the homogeneous scheme of [97] with cache storage equal to the minimum cache storage in
each group. The equality (d) follows from the genie-aided uniformization argument which ensures
that the minimum cache storage in each group becomes Wg which is the mean cache size for
the original ordered group M,. The inequality (e) follows from the sub-optimality gap of the
homogeneous caching schemes in [97, Theorem 3]. The inequality (f) can be proved as follows.
Consider the lower bound on the homogeneous caching scheme employed in each group g € G.
We have

G B sM, \ o) ¢ s*"M
_ My Yo (o M,
921 o (M97 N K Z se{l mmN Kg} (S LN/SJ ) Z (S LN/S*J )

=17 g=1
O S Zgl*Mg @)~ S*Gﬂ*
[N/s*) [N/s*]
s*M (#2) sM
= T < _
¢ (S | N/s*| ) s G se{l,..r.r,ln?i}éN,K} (S |N/s] )
=GRY,, (M,N,K). (A.160)

In (i), the optimal choice of s i.e., s* is selected. The equality (i) follows from the fact that
Zle M, = GM = M; + My + ... + Mg i.e., both are equal to the total cache storage in the
system. The inequality (zii) follows from the fact that s* is a valid choice of s for the domain
s € {1,...,min{N, K}} since K, < K. As a result, maximizing over all possible choices of s,
upper-bounds the LHS in (#7). Again returning to (A.159), the inequality (¢) can be proved as
follows. Consider the fact that sM > Zle M, such that M, € M i.e., the sum of the smallest s
caches is upper bounded by s times the mean cache, then we have

SM Z‘?fl Mz
— < — == A.161
sEl,..fﬁ?ﬁ%N,K} (8 LN/SJ) - sel,“.r,?n(?rl}%N,K} (S |N/s| ) ( )
M;e M \Vi€[s]

= Rp.(M,N,K) < Rp,(M,NK). (A.162)
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The final inequality follows from the definition of the lower bound on the optimal rate. This
completes the proof of (A.159).

Violation of Cache Storage Constraint: The approximation provided in (3.61) is a bicriteria approx-
imation. We next analyse the cache storage violation incurred by the genie-aided uniformization
argument presented in the proof of (3.61). In order to characterize the approximation ratio, for any
user k with cache storage M;, € M, we define the ratio of the additional cache storage supplied
by the genie to the mean cache in each group as

M, — Mk)+
Vi ( M, ( )

where the (z)" = max{0, z} ensures that the ratio is non-zero for only the caches which have
storage lower than the mean. Assume further, that in each group a total of fg out of K, users
have cache storage less than the mean i.e., the genie helps these Fg users with additional storage
as shown in Fig. A.3. Then the total cache storage across the genie-aided cache set 91, can be
written as

G Ky G K,
E-M +  Y> My = EM+Y MY w (A.164)
Original Cache Storage g=1 k=1 g=1 k=1

————
Additional Storage provided by Genie

Thus the ratio of the new sum cache storage to the original sum storage is given by

Wi G 77 Ky G 77 Ky
KM+ 300 Mg 32 14 D g1 Mg Dok Ve
KM LS M,

G G
:1+?Z o (A.165)

From (A.165), it should be noted that when every user has equal cache storage i.e., the homoge-
neous case, then all the 7, = 0 such that the second term vanishes and the ratio is 1 and there
is no cache violation. In this case, there is no need to use G > 1. Thus for v; = 0, Vi and
G =1, Theorem 13 reduces to [97, Theorem 3]. Thus the approximation ratio in Theorem 13 is a

(12G, [1 + & Z;}:l Zkfjl yk} ) — bi-criteria approximation.

Remark 23 (Performance of LHC). Consider the fact that the bi-criteria approximation was de-
rived using a file splitting strategy such that @ : {or; = 1,a; = 0 Vi # 1}. This is a naive choice of
& and minimization over all possible & always improves the rate when cache sizes are not uniform.
Thus in practice, the proposed LHC algorithm provides an achievable rate which is much tighter
than the approximation without violation of any cache storage constraint. 0



Appendix B

Proofs From Chapter 4

Fundamental Limits of Caching with Secure Delivery

B.1 Proof of Theorem 14

In this section, we discuss the secure centralized caching strategy which achieves the upper bound
R cen(M) as stated in Theorem 14. The algorithm achieving the rate in Theorem 14 is presented
in Algorithm 2. These are two phases in the caching strategy: the storage phase and the delivery
phase. We consider a cache size M < Nand M € =1 {0,1.... K} +1. Lett € {0,1,..., K}
be an integer between 0 and K. The cache storage size can then be parametrized by ¢ as:

N -1 Nt t
M = t+1l=—+1-——. B.1
ottt w Tl % (B.1)
From (B.1), we have t = & 5\1{\4_—11). Next, we break up the total cache storage into data storage and

key storage, M = Mp + Mk, as follows:

t Nt
Mg=1——; Mp=M — Mg =—. B.2
K o M K= 72 (B.2)
From the discussion in Section 4.3, we know that the conventional secure scheme achieves the
(M, Ry cen) pair (1, K') and (V,0). Thus R:(1) < K and R:(N) = 0. We therefore consider the
case in which 1 < M < N. Inthis case, t € {1,2,..., K — 1}.

Storage Phase: In the placement phase, each file F,, forn = 1,... N is split into (It{ ) non-
overlapping sub-files of equal size B/(%):
F,=(F,,:7C{l,....,K},|7| =1). (B.3)

For each n, the sub-file [}, ; is placed the cache of user k if £ € 7. Since |7| = ¢, for each user
k € T, there are ¢ — 1 out of K — 1 possible users with whom it shares a sub-file of a given file

194
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F,. Thus each user caches N (It(__ll) sub-files. Next we generate a set of keys, each of the size of a
sub-file i.e. of size B/(%):

(Ko 76 C {1, K} |m| =t + 1) (B.4)

The key K, is placed in the cache of user k if & € 7. The keys are generated such that
all the keys are orthogonal to each other and each key is distributed according to K, ~

unif{1,2, e ,23/(15)}. Again, since || = t + 1, each user £ € 7 shares key K, with ¢

out of ' — 1 possible users. Thus there are (Kt_l) keys in the cache of each user. Given each key
and sub-file has size B/ (lf ) number of bits required for storage at each user is:

() () ®

BNt t Nt t

which satisfies the storage constraint.

Delivery Phase: We now elaborate on the delivery phase. Consider a request vector (dy, ..., dy) €
{1,..., NX} where user k requests the file F;,. Let S C {1,..., K} be a subset of |S| =t + 1
users. Every ¢ users in S share a sub-file in their cache which is requested by the ¢ + 1-th user.
Given a user k£ € S and |S \ {k}| = ¢, the sub-file Fy, s\(x} is requested by user k as it is a
sub-file of Fy;, which is missing at user k since £ ¢ S\ {k}. The file is present in the cache of
the ¢ users s € S\ {k}. For each such subset S C {1,..., K}, the server sends the following
transmission: X (g, a4, = {Ks @ses Fu, s\(s} } such that {§ C {1,2,...,K},|S| =t + 1}. The

.....

number of subsets S is (tfl). Thus there are (tfl)
K

with each transmission i.e., there are ( . +1) keys in the system. Each transmission has the size of a
subfile and thus the total number of bits sent over the rate-limited link is:

K\ B _K(l-%3)
t+1 (K) 1+K(M—1)

transmissions and an unique key associated

Renl00)5

t N-1

K (1 4)

N-1

K(M—1)

= R*(M) <Ry cen(M) =
L+ =5

(B.6)

Next, we show that the delivery phase does not reveal any information to the wiretapper i.e., we
show that
I (Xay,a); Fry oo Fy) = (B.7)

77777

We have,

777777777
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=t (X(dl dK)) - H ({ICS @SGS Fds,S\{s} . |S’ =1+ 1} ’Fl, e 7FN>

77777
77777

= H (X)) — H({Ks : [S| =t +1}), (B.8)

-----

where, the last equality follows from the fact that the keys are uniformly distributed and are inde-
pendent of the files (F7, ..., Fiy). Using the fact that H(A, B) < H(A) + H(B), we have:

H (X)) = H ({Ks ®oes Fus\(s) 1 18] =t + 1})

(1)

< Z H (Ks, ®ses, Faosngsy : |Si| =t +1)
=1
(1) B K 5

< 2 log (—> = ( ) log (—) . (B.9)
2wy ) = L) o\

On the other hand, we have:
()
H({Ks:|S|=t+1}) =) H(Ks, :|S|=t+1)

()
B K B

where the equality in (B.10) follows from the fact that the keys Kg,, for all ¢ are mutually inde-
K

pendent and distributed as unif {1, 2,..., 2B/ ( )} Substituting (B.9) and (B.10) into (B.8), we
have:

-
I

,,,,, a0 Fi, oo Fy) <0. (B.11)
Using the fact that for any X, Y, I(X;Y) > 0, we have:

I(X(dl 7777 dK);F17'°‘7FN) :O, (B12)

which proves that the rate R cen(M ) is securely achievable. This completes the proof of Theorem
14. ]

B.2 Proof of Theorem 15

In this section, we prove the information-theoretic lower bound on R’(M) for any N, K € N.
Let s be an integer such that s € {1,..., min{N, K'}}. Consider the first s caches 7, ..., Z;.
For a request vector (dy,ds, ..., ds, dsy1,...,dg) = (1,2,...,8,0,...,¢), the transmission X; =
d,,)» along with the caches 71, ..., Z, must be able to decode the files F1, . .., Fy. Similarly

-----
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there for another request (dy,ds, . .., ds, dsi1, ..., dg) = (s+1,5+2,...,28,0,...,0), the trans-
mission Xo, which along with caches 71, ..., Z,, must be able to decode the files Fi.q,..., Fy,.
Thus considering | N/s| different requests, the transmissions from the central server denoted by
X1, ..., X|nys, along with the caches 71, . . ., Z;, must be able to decode the files F, . .., Fynys)-
Let

W ={F,...,Fyns}
X ={X1,..., Xnys )

Xy = {X0, o X, X, oo, X vgs) )
Z=AZ,..., 2}

In addition, we also have constraints based on file retrieval and security. The file retrieval constraint
is based on the fact that given all possible transmissions and caches, all files can can be retrieved.
The security constraint is that a wiretapper should not be able to retrieve any information about the
files from any transmission by the server. Using Definition 6, we have:

HWI|X,Z) <e (B.13)
IW;X)<e 1=1,...,|N/s| (B.14)
We present a novel extension to the cut-set bound argument [174] to include the security and file
retrieval constraints. Consider the information flow consisting of transmissions X7, ..., X|n/s and

caches Zi, ..., Z, for decoding files Fi,..., F;|n/s). This flow has minimum capacity s|N/s].
Thus, we have:

s|N/s|B<HW)=IW:X,Z)+ HW|X,Z)

§)I(W;)?,Z)+e
=171 (W, {Xlw--7X\_N/sj}7{ZI;---7Zs}> + €
= I(W;Xl) + 1 <va;)~(\{l},Z|Xl) + €

BA4)  — o~ -
<1 (W5 Xy, Z1) + 2
<H <X\{l},2) + 2¢

LN/s)

< Y H(X) +iH(Zj) + 2¢

i=1,i%l
< (|N/s| =1)R;(M)B + sMB + 2¢
2
= s|N/s| < (|N/s] —1)R:(M)+3M+§€. (B.15)
Solving for R} and optimizing over all possible s, we have:

s|N/s| — sM — =
max 1m
s€{l,...min{N,K}} e—0 |IN/s| —1
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s( 1
= max §— ———2+ 1, (B.16)
s€{1,..,min{N,K}} ( (1] - 1))

which concludes the proof of Theorem 15. U

B.3 Proof of Theorem 16

In this section, we prove that a constant multiplicative gap exists between the securely achievable
rate R cen(M) given in Theorem 14 and the optimal secure rate R* (M), for the regime

max{(K_]l\?](VN_l)—i—l,l}gMSN. (B.17)

We consider two cases for the value of K. Firstly, for ' < N, we have from Theorem 14:

M—1 . M—1
Rycen(M) < K (1— N 1) = min{N, K} (1 - N 1). (B.18)

For the case of K > N, (B.17) reduces to (K — N)(N —1)/KN +1 < M < N. Thus we have:

(K — N)(N —1)
1<M
T +1<
L1 M- 1 .
N K- N-1 14 KAM=L =
M-1 1 M—1
K|1- N(1=
= ( N—1>1+K%— < N—l)
. M—1
;‘Rs,cen(M)Smm{N,K}(l—N 1>. (B.19)

To prove the constant gap result, we focus on two cases namely (7) min{N, K'} < 17 and (i)
min{/N, K} > 18. We consider the two cases separately:

e Case 1 (min{N,K} < 17) : Setting s = 1 in Theorem 15 gives the following lower bound
on the optimal secure rate:

M -1
M)>(1-— . B.2
Ry (M) > ( N 1) (B.20)
Hence from (B.19) and (B.20), we have
Ry cen(M) .
< N, K} <1T7. B.21
RO S min{N, K} < 17 ( )

e Case 2 (min{N,K} > 18):
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For this case, the rate in Theorem 14 has 3 distinct regimes namely (i) Regime 1:

max { ERID 0} < M1 < 12max (1, 221); (74) Regime 2: 1.2max (1, 521) < M~1<

0.0628(N —1); and (i7i) Regime 3: 0.0628( N —1) < M —1 < N — 1. We consider each of these
regimes separately.

e Regime 1 <max{%,0} <SM-1< 1-2maX(1,NE1)> :

By Theorem 14, we have:

Rycen(M) < Ry cen(1) < min{N, K'}. (B.22)
By Theorem 15 and using the fact that | NV/s] > N/s — 1, we have:
s (M —1)
(M) >s— ——=. B.2
RO 25— B.23)

Setting s = |0.1586min{N,K}| € {l,...,min{N,K}} we get, for M — 1 <
1.2max (1, 2%21):

R (M) > R <1.2 max (1, %) + 1>

. N—
(0.1586 min{N, K })* - 1.2max (1, &)
N —2-0.1586 min{ N, K’}
1 (0.1586)2 - 1.2 }

> 0.1586 min{N, K} — 1 —

min{N, K} 1—2-(0.1586) min{1, K/N}

1 1.2-(0.1586)
18 1-2-0.1586

> min{N,K}{0.1586 -

> min{N, K} {0.1586 -

1
> = min{N, K}. (B.24)

Combining (B.22) and (B.24), we have:

Rs,cen (M)

Re(M) <17. (B.25)

e Regime 2 (1.2max (1,%-1) < M — 1 < 0.0628(N — 1)) :
Let M be the largest multiple of “—1 less than equal to M such that

N -1

0< M — < M < M. (B.26)

Choosing M = M — (N — 1)/ K, and using the fact that R, ..,(M) is monotonically decreasing
in M, we have:

- M-1 1 1 N -1
Rscen M SRscen M SK 1 - ¥ S s B.27
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where we have used 4= > = in the last inequality. Now setting s = [0.15304=%] €
{1,...,min{N, K'}} in Theorem 15, we have:
N—-1 0.15302 - M=L%. (A — 1
R*(M) > 0.1530 —1- e T )
M—1 N —2-0.1530 - &=L
N -1 { 0.1530? }
> 0.1530 — 0.0628 — — =7
M—1 ] — 201530
1 /N—-1
> — . B.2
=17 <M - 1) (B.28)
Combining (B.27) and (B.28), we get:
Rs cen (M>
—= < 17. B.29
ROD) B

e Regime 3 (0.0628(N — 1)< M —1 <N —1):
Let M — 1 be a multiple of (N — 1)/K less than equal to 0.0628( N — 1), such that
N -1

0 <0.0628(N —1) — <M —1<0.0628(N —1). (B.30)

Then using Theorem 14 and the fact that M < M, we have:

1 - 1
1 S Rs,cen(M> T 1

M
1_N—1

Rs,cen (M) :

:>Rs,cen<M) S Rs,cen (M) :

—_
I/ =
—_
|
L]
fary
~__

L-3=
< Ry cen(M) ! 1 -1 (B.31)
- 1 —0.0628 N-1) '
Now by Theorem 14 and using (B.30), we have:
_ 1 1 1
Ry cen(M) < < (B.32)

Moy 1= 00628 &+ % 00628
Thus we have, from (B.31) and (B.32):

1 M-—1
s,cen M S 1 - . B.33
Bocen(M) 0.0628(1 — 0.0628) ( N — 1) (B.33)

Setting s = 1 in Theorem 15, we have the following lower bound:

. M-—1
R (M) > <1 -5 1) . (B.34)

Thus combining (B.33) and (B.34), we get:

R cen(M) 1
’ < <17. B.35
R:(M) — 0.0628(1 — 0.0628) — ( )
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Thus we have proved that for any N, K € N and all % +1 < M < N, there is a constant

multiplicative gap of 17 between the achievable rate and the information theoretic optimal. This
concludes the proof of Theorem 16.

Remark 24. For K < N the gap is bounded for the entire feasible regime of 1 < M < N.
However, for K > N, the gap is unbounded in the regime:

(K —N)(N —-1)
1< M< 1
- KN T
and scales with the number of users K. However, % < 1 for any K > N and thus the

regime is a fraction of the value of M and is in general negligible when N is large. Also, the
regime is always below the values of M for which the data storage dominates key storage i.e.,
M > 2N/(N + 1) > 1, thereby making it a regime of lesser practical interest. O O

B.4 Proof of Theorem 17

The decentralized algorithm which achieves the rate in Theorem 17 is given in Algorithm 3. Given
N files and K users, each with a cache size of M F' bits, we first show that the storage constraint
M e %t + 1 fort € (0, N] is valid. We then evaluate the rate of Algorithm 3 and show that the
multicast delivery is information theoretically secure.

Considering the proposed decentralized scheme in Algorithm 3, each user is allowed to cache any
random subset of %F bits of any file IW,,. Since the choice of these subsets is uniform, given a
particular bit in file W,,, the probability of the bit being cached at a given user is:

éM—l
N -1

q € (0,1]. (B.36)
Considering a fixed subset of s out of K users, the probability that this bit is cached exactly at
these s users and not cached at the remaining (K — s) users is ¢*(1 — ¢)% ~*. The expected number
of bits of W, that are cached at exactly those s users is given by:

E [# of bits of W, at s users] = Fg®*(1 — ¢)**. (B.37)

The actual realization of the random number of bits of a file W,, cached at s users is within the
range:
Fg*(1 —q) 5+ o(F). (B.38)

For ease of exposition, we consider all the fragments of files shared by s users have the same size.
Hence the factor o( F') can be ignored for large enough F.
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B.4.1 Storage Constraint

Next, the server maps the contents of the users’ caches to non-overlapping fragments in files such
that each fragment reflects which users have cached the bits contained in the fragment. Referring to
Algorithm 3, Line 4, the variable ¢ signifies the number of users which share a given file fragment.
For « = 0, the file fragments are W, , which is not stored at any user. When 7 = 1, the file
fragments are W, ;, for k = 1, ..., K which are stored only at one user and hence shared by none.
In general for any 4, the fragments W, s such that |S| = ¢ are stored at ¢ users and shared by any
given user with ¢ — 1 other users. Thus, for a given a user k, the number of fragments it shares with
1 — 1 out of the remaining K — 1 users for each 7 is given by (15:11). From (B.37), we have the size
of fragments which are stored at exactly i users is Fig'(1 — ¢)~%. Thus, the total storage at each
user for storing data is given by:

MpF = N - EK: (K a 1) Fgi(1—g)f

i1—1
=1
K-1
K -1\, . M—1
Mp=N 1 — ) BN = Ny = N B.39
D qil:()(i_l)q (1—q) ¢=Ny— (B.39)
Next, we describe the centralized key placement. For each sub-set S C {1,..., K} of size s, i.e.,
|S| = s, where s = 1,2,..., K, akey Ks is generated as follows:

Ks ~ unif{l, 2 ... 2Fq5*1<1—q>’““} . (B.40)

Subsequently, the key KCs is placed in the cache of user k if k£ € S. The centralized key genera-
tion and placement phase is inherently related to the delivery phase of the decentralized algorithm
since the size of a key is related to the size of file fragment which is encoded with the key dur-
ing coded delivery. Consider the coded delivery phase in Algorithm 3, Line 15 — 19. Given a
request (di, ..., dg), the composite transmission X4, . 4, is sent by the server. The composite
transmission can be written as:

-----

s K
X(dl 77777 dK) = {X(dl dK)}5:17 (B41)

-----

77777

X i) = {Ks Dres Waps\iay 1 1S = s} (B.42)

.....

Wa, s\(ry denotes the part of the file Wy, requested by user k& which is present in the caches all
the users in set S except in the cache of user k. The key Ks is associated with the transmission
PresWa, s\{k}- Furthermore, from the design of the key placement, the key Ks is available in the
cache of all the s users in the sub-set S. Since |S\ {k}| = s—1, from (B.37) we have, the expected
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size of the fragment Wy, s\ (4} is given by Fg* '(1 — ¢)* =", For a fixed value of s, the size of

s o e . ]
each transmission in X (r,..dxe) 18 glven by:

77777

max (W s\iiy| = Fg* (1 — g) 5t (B.43)
Thus, each key Ks must be chosen with the size:

[Ks| = max [Way 0] = Fa*™' (1= @)+, (B.44)

which is precisely how each key is generated according to (B.40). Now, for a given value of s,
a user k needs file fragments contained in S \ {k} i.e., s — 1 other users in the set S. This set
of s — 1 users need to be chosen out of the remaining K — 1 users. Thus for each s, there are
(}:__11) keys associated with each user. Thus the total number of keys at each user is given by
ZK (K *1) = 2K-1 The total storage occupied by keys at each users’ cache is given by:

s=1 \s—1

K
meF =3 (BT g - groen
KF =) ¢~ (1-q)

s—1
s=1
K
K—-1
M = (1 — F s—1 1 — (K-1)—(s—1)
k= q)Z(S_l)q( 9)

M—-1
= (1 — q) =1- . (B.45)

From (B.45) and (B.39), we have:
-1 M—1
1

M
Mp+ Mg =N

N—1+ N—IZM’ (B.46)

which proves the storage constraint. Putting M = ¢, the storage break up can be parametrized as:

t N —1
M=t+(1 N)_THL (B.47)
Now, when ¢t = 0, M = 1, which is the condition for storing just keys in caches and sending entire
files over the shared link. On the other hand, when ¢t = N, M = N i.e., the entire files are stored
in the caches and there is no need for a transmission. Thus ¢ € (0, V] is the region of interest.
Hence M € %1 - (0, N] + 1 is valid. Note that the constraint on M is due to the centralized key
placement and is thus the cost for security.

Remark 25. Considering the range for file fragment size in (B.38), if we consider that the frag-
ments are not indeed of equal size, then in turn the key size is also within the range My + o(F).
If this is the case, then the cache storage constraint will be within the range M + o(F'). Since
o(F') can generally be ignored in comparison to ), the cache storage constraint is satisfied on an
average. 0
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B.4.2 Calculation of R, 4..(M)

B.4.2.1 Analysis of Conventional Secure Scheme

In conventional secure delivery scheme, for N < K, the worst case request corresponds to at least
one user requesting every file. Considering all users request file IV,,, they all have F'(M —1)/(N —
1) of its bits already in their cache. Thus at most F' ( — %) +o(F) random linear combinations
need to be sent to the users requesting the file n. For ease of exposition, o( F') can be ignored. In
the conventional scheme, each user k stores an unique key /Cj, of size ( — %) F bits which is
XOR-ed with the data before transmission. Although there are NV files, each users’ request needs
to be secured with a key. Thus, in contrast to the non-secure case in [98], the unicast delivery is

done for K users and the normalized delivery rate is K ( — %) .

If N > K, then at most K different files can be requested. The transmission thus has a normalized
rate of K ( — %) Thus, for all N and M € (1, N], the conventional scheme has a normalized
rate of:

conv _ . M -1
RO™(M) = K (1 — 1) (B.48)

B.4.2.2 Analysis of the proposed scheme

Considering the secure delivery procedure for the coded caching scheme in Algorithm 3, we can
see that there are (f ) subsets S of cardinality s. Thus there are (f ) transmissions for each s =
K, K —1,...,1. Now, for the coded secure transmission, the unique key Ks is associated with
each subset S. The total number of unique keys in the system is given by Zf:l (I; ) =2K 1.

s

Now, considering the fragment size of Wy, s\(x) in (B.43) and the transmission X( i) in
(B.42), for each value of s, the size of each transmission is given by:

K — —S
| X i) = (S)Fqs M1 =gt (B.49)

,,,,,

Summing over all values of s, the rate R%(M), of the composite transmission X 4,
(K
Rgec(M)F _ Z ( )Fqs—l(l _ q)K—s—l-l

rn) =105 (Mg g
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el =N [ (M-
M-I N-1
M—1 N -1 M—1\%
:K(l_N—1)'K(M—1)'<1_(1_N—1) ) (B.50)

The server can use either the proposed scheme or the conventional secure scheme, whichever uses
the minimal rate. Thus combining (B.48) and (B.50), Algorithm 3 achieves a rate of:

Ry gec(M) = min { R®™ (M), R* (M)}

_ (1_%:i>mln{% (1_(1—%:11>K>,1}, (B.51)

which is the result (4.40) presented in Theorem 17.

B.4.3 Proof of Secure Achievability

Next, we show that the delivery phase does not reveal any information to the wiretapper i.e., we
show that:
W, .. .,WN) =0 (B.52)

,,,,, K)3

In the decentralized scheme, the central server transmits X(g, . 4,) to satisfy the requests

-----

(dy,...,dg) of the K users. The composite transmission X(dy,....dr)» given in (B.41), consists
of (IS() transmissions foreach s = K, K — 1,...,1. We have:
-[(Xd1 ..... dK);Wla 7WN)
:H(X(d1 ,,,,, dK)) —H(X(d1 ,,,,, dK)|W17---7WN)
s K

:H(X(dl ----- dK)) _H<{X(d1 ..... } |Wl)"'7WN>

= H (X)) — H ({{’CS Cres Wa, s\(xy © |S] = s}} ML .,WN>

= H (X)) = H ({{Ks 2 S| = s}, W, W)

= H (X)) = H ({{Ks 2 18] = s}, ). (B.53)

where, the last equality follows from the fact that the keys are uniformly distributed and are inde-
pendent of the files W7, ..., Wy. Using the fact that H(A, B) < H(A) + H(B), we have:

K
H (X(dl ----- dK)> =t <{X(sd1 ::::: dK)}f:1) < ZH <X(Sd1 ----- dK))



Avik Sengupta Appendices 206

" K
=Y ( . ) log, (Fg* (1 — )% *11). (B.54)

On the other hand, we have:

g (§)

1 ({Ks 181 = s ) = Y H ({1181 = ) = 303 H (Ko, 1 IS = 9)

s=1 s=1 i=1

" K
= (S) logy (Fg*'(1 = ¢)" "), (B.55)

where the equality in (4.36) follows from the fact that the keys are orthogonal to each other and
they are uniformly distributed as in (B.40). Substituting (B.54) and (B.55) into (B.53), we have:

I(X(dl 7777 dK);le"'7WN) S 0 (B56)
Using the fact that for any X, Y, I(X;Y) > 0, we have:

4 Wi, ..., Wx) =0 (B.57)

.....

which proves that the rate R, gec(M ) is securely achievable. This completes the proof of Theorem
17. ]

B.5 Proof of Theorem 18

The proof for Theorem 18 is similar to the proof of Theorem 16 in Appendix B.3. We prove that a
constant multiplicative gap exists between the achievable decentralized secure rate in Theorem 17
and the information theoretic optimal for the regime:

N-1
— TlSM<N (B.58)
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For the case of K < N, from Theorem 17, we have, for1 < M < N,

M—-1
N -1

&MJM)§K<1————>—meNJQ(1—

Again in the case of K > N, we have

N -1 N -1

1= <N
+ M -1

M >

M-1

Now, setting r = 1 — =

and substituting in (B.60), we have:

1
1—r

<N

Since 0 < r < 1, we have

1 K-1
~ r'< N
1—7r ; -

which becomes tighter as X' — oo. Noting that (B.62) is a geometric series, we get:

=

1—rk

r"<N =
1—r

<N

I
o

7

Substituting the value of r, we have:

= Rsgec(M) < min{N, K} (1 —

Thus in general, R gec(M) < min{N, K} (1 — 4=1) for the regime:

N -1
—+ 1< M N.
N +1=< =

Next, we consider two cases namely (7) min{ N, K'} < 17 and (i7) min{N, K'} > 18.

e Case 1 (min{N, K} < 17) : From (B.64), we have:

M-1

Ry gec(M) < min{N, K} (1 - N1

N—1 M—1\%
1—(1- <N
(- (-5 ) s
M_
N_

)

M-1
N —

1

)
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(B.59)

(B.60)

(B.61)

(B.62)

(B.63)

(B.64)

(B.65)

(B.66)
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Also, setting s = 1 in Theorem 15 gives:

M—-1
M) > |1— . B.67
RO (1- 3 B.67)
Thus we have: R (M)
s,dec .
—= N K} <17. B.68
ey S min{N,K} < (B.68)

e Case 2 (min{N, K} > 18) : For this case, we consider 3 distinct regimes namely (i) Regime

1A y1<M —(1 < 1.2max (1, Y21); (44) Regime 2: 1.2max (1, 221) < M — 1 < 82U
N—
17

and (7ii) Regime 3: U « M — 1< N — 1. We consider each of the three regimes separately.

e Regime 1 (NJGI +1< M-1< 1.2max(1,NI;1)):

By (B.64), we have:

Rs,dec(M> < Rs,dec(l) < min{N7 K} (B69)
By Theorem 15 and using the fact that | N/s| > N/s — 1, we have:
s*(M —1)
M) >s— ———=. B.70
RoM) 2 s = = .70
Setting s = [0.1586 min{N, K'}] we get, for M — 1 < 1.2max (1, £1):

R:(M) > R; (1.2max (1, %) + 1)

(0.1586 min{N, K })? - 1.2max (1, £=1)
N —2-0.1586 min{ N, K}
(0.1586)2 - 1.2
min{N, K} 1 —2-(0.1586) min{1, K/N}}
1 12 (0.1586)2}

> min{N, K} {0.1586 ST 1201586

> 0.1586 min{ N, K} — 1 —

> min{N, K} {0.1586 -

1
> 1—7min{N, K}. (B.71)
Combining (B.69) and (B.71), we get:

<17. (B.72)

o Regime 2 (1.2max (1,%1) < M —1 < 2D
Using (B.64), we have:

(B.73)
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Now setting s = [0.14604— | in Theorem 15, we have:

2

N -1 014602 1 (M —-1)
R:(M) > 0.1460 — N1
M—1 N -2 O.1460-m
N -1 { 1 0.14602 }
> 0.0.1460 — — — —————
M—1 17 1 — 20160
1 /N-1
> — ) B.74
- 17 (Z\/[ — 1) (B.74)
Combining (B.73) and (B.74), we get:
Rs dec(M)
— L < 17. B.75
RO = B
e Regime 3 ((Nl;” <M —1 gN—z) :
From (B.64), we have:
N -1
Ry gec (M) < — 1. B.76
dec(M) 1 (B.76)
Setting s = 1 in Theorem 15, we have again:
M—1
RE(M)>(1-— . B.77
o0z (1- 527 ®.77)
Thus combining (B.76) and (B.77), we get:
Rs,dec(M) < % 1
Ry(M) —1-44
N -1
= < 17. B.78
V1= (B.78)

Thus we have proved that for any N, K € Nand all =1 + 1 < M < N, there is a constant multi-
plicative gap of 17 between the achievable secure decentralized rate and the information theoretic
optimal for any secure scheme. It is to be noted that for X' > N, the gap is unbounded in the
regime

N -1
1< M<

+1, (B.79)

and scales with the number of users K. But =1 < 1 for any NV and thus the regime of M in which
the gap is unbounded is in general negligible, especially when N, K are large. This concludes the
proof of Theorem 18. [
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B.6 Proof of Theorem 19

The rate R q4ec(M, N, K) achieved by Algorithm 3 is the worst-case peak rate achievable for every
possible user request. For the case of equal file popularity, the expected rate (over all requests) is
the same as the peak rate for any specific request. Considering a specific request (dy, do, . . ., dk),
the users can be partitioned into L sets K, K, ..., K, with cardinality K, K,, ..., K. The de-
livery algorithm treats each group independently thereby achieving the rate in (4.30) for a request
(dy,ds, . ..,dy). The only randomness in the rate is due to the random size K, of the random group
K,. Taking an expectation over all K, yields an upper bound on the expected rate of the optimal
secure caching scheme:

Mh

R (M,N,K) < E [Rs.dec(My, Niy Kp)] - (B.80)

~
Il

1

This upper bound can be further minimized by optimizing over the choice of cache storage alloca-
tion M, at each user. This yields the expression in (4.39):

L
R:(M,N,K) < i E [Rs dec(Mg, N, Ko)] - B.81
S(M,N, )_{MZ:EI:?%}FM}; [Rs dec(Mi, Ni, Ko (B.81)
This completes the proof of Theorem 19.
B.7 Proof of Theorem 20
In this section we will prove equivalently that
L
> E[Rugec(M, Ni, Ko)] < cLR;(M,N, K) (B.82)
=1

The proof outline follows closely the proof outline of Theorem 2 in [99]. Similar to [99], the
following three claims aid in proving the theorem.

Claim 1

Rs,dec<M7 N@aKf) S Cle(Ma N€7K£) (B83)

where R,(M, N;, K;) denotes the expected rate of the optimal scheme for a system with K, users
and N, files with uniform popularity. This claim upper bounds the peak rate of Algorithm 3 by the
optimal expected rate for the caching problem with equal file popularities.
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Claim 2

Rs(M, Ny, K;) < o RI(M, Ny, Ky) (B.84)

This claim upper bounds the optimal rate for a system with uniform file popularities by the optimal
expected rate of a system with almost equal file popularities (i.e., file popularities differing by at
most a factor p).

Claim 3

E[R:(M,Ny,Ky)] < R:(M,N, K) (B.85)

This claim states that if the server is only asked to handle the demands of users in K, ignoring the
demands of the remaining users, the rate if the optimal system decreases. The expectation is with
respect to the random number of users K,.

Combining Claim 1 and 2, we get

L
E [Rqgec(M, No, Kp)] < e1ca > B [R:(M, Ny, Ky)] (B.86)

1 (=1

] =

o~
Il

Combining this with Claim 3, we get

L
> E[Rouec(M, N, Kp)] < c162LR(M,N, K) (B.87)

(=1

which proves (B.82) with ¢;¢, = ¢. This completes the proof of Theorem 20. It remains to prove
the three claims individually.

B.7.1 Proof of Claim 1

To prove Claim 1, we will show equivalently that

_ 1
RP(M,N,K) > @Rs,dec(M, N,K) (B.88)
The left hand side is the expected rate of the optimal secure scheme in the case of uniform file

popularity for the N files. The right side is equal to the achievable rate of Algorithm 3. First, we

show that
max S (1 — L'M—_l) ) (B.89)

_ 1
RP(M,N,K) > -
s (M, N, K) 2 6 se{l,...min{N,K}} N/s—1]
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Consider a demand vector d € {1,2,..., N} and denote by w(d), the number of distinct entries in
d. We can write the LHS of (B.88) as

RP(M,N,K)= Y N XRP(M,N,K,d)

deNK

K
=> N5 > RP(M,N.K.d (B.90)
j= deNKsw(d)=j

where RP(M.N.K.d) denotes the rate of the optimal caching sche,e designed for uniform file
popularities when the specific demand vector is d. Clearly, reducing the number of users can only
decrease the rate over the shared link. Hence,

RY(M.N,K) >
K K .
§ : w{de N* rw(d) = j} o .
~ RP(M, N, j,d). B.91
— [{d € Ni : w(d) = j}| Z | (M, N,j,d) (B.91)
= deNIw(d)=j

The RHS of (B.91) deals with a system in which j users request distinct files from the set of N
files uniformly. We next evaluate a cut around some number s of users and derive a lower bound
on the expected rate using a cut-set argument. Fixing s € {1,2,... , min{N, K}/4}, we can lower
bound the RHS of (B.91) as:

RP(M,N,K) >
K .
§ : _k{de N* rw(d) = j}| _
M, N, s,d). B.92
F— |{C_i€NSw(d):S}| Z RS( 9 787_) ( 9 )
o deN=u(d)=s

The RHS of (B.92) consists of two factors. Appendix A of [99] derives the following result on the
first factor using a coupon collector argument:

K
Y N KHde N¥w(d) =j} >2/3 (B.93)

To evaluate the second factor, a symmetrization argument is used. Consider I = |N/s| and con-
sider [ —tuples Sy, So, ..., Srsuchthat S; C {1,2,..., N} has cardinality s and all distinct subsets
are disjoint. Denote by P the collection of all such ordered /—tuples. Noting that, by symmetry,
every possible subset S of cardinality s is contained the same number of times in /—tuples in P.
Let B be the number. Then we have

> RP(MN,sd)=— > Z > RP(M,N,s.d) (B.94)

deNs:w(d)=s S1,..,S1E€P i=1 deSfw(d)=s
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Fix (S1,...,8;) in P and consider corresponding demand vectors (d, ..., d;), where d; € S?
with w(d;) = s. We use the cut set argument to lower bound the sum

I
> RP(M,N,s,d,)

Note that RP (M, N, s, d;) is the rate of a system with s users. Considering the I different demands,
the transmissions from the central server denoted by X1, ..., X;, along with the caches of the s
users, 41, . . ., Zs must be able to decode the files W7y, ..., Wj. Let

X = {Xi... X}
X\ = {Xl,...,Xl_l,Xl+1,...,X[}

Z = {Z,....Z)}.

For the secure caching problem, we also have constraints based on file retrieval and security. The
file retrieval constraint is based on the fact that given all possible transmissions and caches, all files
can can be retrieved. The security constraint is that a wiretapper should not be able to retrieve any
information about the files from any transmission by the server. The constraints are thus given by

HW|X,Z)<e (B.95)
IW;X)<e 1=1,...,|N/s| (B.96)

Using the cut-set bound, and following the proof of Theorem 15 (Appendix B.2), we have for the
secure caching problem,

SIF<HW)=IW:X,Z)+ HW|X,Z)
(B.95)

< I(W X,Z)+e
= ](W;Xl) +1 <W;X\{l},Z|Xl> + €

(B.96)

< (W X Z1%0) + 2 < H (X0, Z) + 2¢

< Z +ZH ) + 2

=117l

1
< Y RP(M,N,s,d,)F + sMF + 2
i=1,i#l

I
= 5] < ZRD(MNsd)—l—sM—l—%. (B.97)

= F
i=1,i#l
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Simplifying and taking lim e — 0, we have

I
> RP(M,N,s,d;) >s(I— M) (B.98)
i=1,il
Using the above, we have for any [,
I I
> RP(M,N,s.d)> Y  RP(M,N,s.d)>s(I—M)" (B.99)
= i=1,il

where the first inequality simply follows from the fact that the sum of I terms is greater than the
sum of [ — 1 terms and the second inequality follows from the fact that the LHS is strictly non-
negative. (z)" denotes max{z,0}. Combining (B.99) with (B.94), we lower bound the second
factor of (B.92) as

1
— RP(M, N, s,d)
eV a@ =, 2,
> % (B.100)

where the normalization 1/(I — 1) arises because we have lower bounded the sum of I — 1 terms
at a time. Substituting (B.93) and (B.100) into (B.92), yields

_ 2 M—1 \"
RP(M,NJK)>Z= 51— ——— ) . B.101
Since this is true for any s € {1,2, ..., min{N, K}/4},
_ 9 M—-1 \"
RP(M,N,K) > = l—— ) . B.102
s (M, N, K) = 3 sef1 2,..%1&}1}@\/}(}/4}8 ( |N/s| — 1) ( )
Using a result from [99], we have
L M- *
max s{1l— ———
s€{1,2,...min{N,K}/4} |IN/s| —1
> 1 o M-l (B.103)
- m - .
4 se{12,., nalti)rf{N,K}} ° IN/s| —1

Substituting (B.103) into (B.102), we have the desired result in (B.89). On the other hand from
Theorems 15 and 18, we have,

(M —1) 1
l——F7— >_Rs ec ManK- B.104
se{l,..gln%q}%N,K}}S ( (L%J _ 1) = 17 s ( ) ( )
Using the above we obtain
- 1
Rs7dec(M, N’ K) 2 _Rs,dec(M, N7 K)? (BIOS)

— 102
which completes the proof of Claim 1.
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B.7.2 Proof of Claim 2

We will prove equivalently, that if py/p, > 1/p, for all n € N, then
1
R{(M,N,K) > —R2(M, N, K) (B.106)

for any constant c. The LHS is the rate of the optimal secure scheme for which K users request
files N files in the database N with popularity py, ps, ..., pny. The RHS is the expected rate of the
optimal scheme with uniform file popularities. Similar to the corresponding proof in [99], assume
that at the beginning of the delivery phase, a genie arrives to aid the transmission of files in the
following manner. Consider a user requesting a file n. The genie flips a biased coin yielding head
with probability py/p, > 1/p. If the coin shows a tail, the genie provides the file to the user for
free. If the coin shows head, he does not help the user. Thus the probability that a user requests a
file » and is not helped by the genie is p, - (pn/Pn) = pn, Which is the same for each file n. The
genie repeats the procedure independently for each user.

The users that have their file delivered by the genie can be ignored in the subsequent delivery phase.
Thus we have converted a system with K users requesting files with non-uniform popularities to a
system with a random number of users K requesting files which have uniform popularity. The rate
of the optimal scheme for this new system is given by

> P(K= ZNKR*MN,z,d

i=1 QGNK

$\RP (M, N, i) (B.107)

\\Mw

where the inequality follows since RP(M, N, i) is the optimal rate expected rate under uniform
file popularities. Consider the number of users K — K that are helped by the genie. Since the
probability 1 — py/p, is upper bounded by (p — 1)/p, by assumption on py, ps, . . ., pn, We have

- Kp—-1
E [K _ K} < K- (B.108)
p
By Markov’s inequality, we have
» cp—1)
PIK-K>K(c—1)/c) < (B.109)
( (c—1)/c) o= 1)
for any constant c. Simplifying, we have
~ C —_ p
P(K> K/c) > (B.110)
( /c) E—

Using this inequality (B.107) can be upper bounded as:

> P(K=i)RP(M,N,K) > P(K > K/c)RP(M, N, K/c) > p(c—_P1>R5(M, N,K/c).
i>K/c
(B.111)
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Next we aim to relate the RHS of the above inequality to a system with K users, divided into ¢
groups with each group operating in parallel. The sum rate the system will then be the sum of the
delivery rates of the ¢ parallel systems. Since the optimal scheme can be no worse than this, we
have

c—p c—p
plc—1) pe(c — 1)
which is a lower bound on expected rate of the optimal scheme in the genie aided system. Since

the aid of the genie can only reduce the rate, the optimal expected rate of the actual system should
be higher than the genie-aided system i.e.,

RP(M,N,K/c) > RP(M,N, K), (B.112)

* C— p nD
RE(MNK)> —RY(M. N, K B.113
s( Y Y ) — pC(C _ 1) S ( 9 ) ) ( )
which proves Claim 2 with ¢ £ pcc(c__pl).
B.7.3 Proof of Claim 3
We will show that
R:(M,N,K) > E[R}(M,N,,K,) (B.114)

The LHS is the expected rate of the optimal scheme of the original problem with K users requesting
files in N. Now, we assume that at the beginning of the delivery phase, a genie provides for free,
the requested files to each user who requests a file outside of N,. This can only reduce the rate
of the system over the shared link. The RHS is the expected rate of the optimal scheme for this
genie-aided system. This concludes the proof of Claim 3 and in turn Theorem 20



Appendix C

Proofs From Chapter 5

Fundamental Limits of Cloud and Cache-Aided Wireless
Networks

C.1 Proof of Theorem 21

In this section, we present a detailed proof of Theorem 21. To obtain a lower bound on the NDT,
we fix a specific request vector D, namely one for which all requested files (F}, ..., Fx) = Fi.i
are different, and a given channel realization H. Note that this is possible given the assumption
N > K. We denote as T and Tz the fronthaul and edge transmission latencies, as per Definition
7 for any given feasible policy © = (., 7, 7., mq) Which guarantees a vanishing probability of
error P, as L. — oo for the given request D, channel H and fronthaul rate Cr = rlog(P). Our
goal is to obtain a lower bound on the minimum NDT §*(y, r) for any » > 0. To this end, consider
the fronthaul messages U’F which are 1 x T row vectors and the corresponding channel outputs
in (5.5), where YgE , X%E and nZE are 1 X T row vectors.

For ease of exposition, we next introduce the following notation which we use throughout the
appendix. For any integer pair (a,b) witha < b < K, let Y[j;?b] be the (b — a + 1) x T matrix of
channel outputs of a subset [a : ], of receivers. The notation is also used for the channel inputs
X ™= and noise n”#. Furthermore, for any integers 1 < a < b < K and1 < ¢ < d < M, we define
the following sub-matrix of the channel matrix H:

ha,c ha,c+1 T hzz,d
H[C:d] . ha—i—l,c ha+1,c+1 U ha-‘,—l,d
lab] : .
hb,c ha,chl T hb,d

217
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Using this notation, we can represent the channel outputs at all /& receivers as

YiE

[1:M] ~ T T
[1:K] H[l K] X[lEM} + n[pr (C.1)

To obtain the constraint (5. 16) we make the following key observation. Given any set of ¢ <

min{ M, K} output signals Y,C , say Y[1 - and the content of any (M —£)* caches, say Sp.(ar—r)+]

and their corresponding fronthaul messages U[lF M—t)+] all transmitted signals X[1 ) and hence

also all the files F};.x), can be resolved in the high-SNR regime. This is because: (7) from the cache

contents Sp;;(ar—¢)+ and fronthaul messages U[TlF (M—p)+]» On€ can reconstruct the corresponding

channel inputs X7e (M — £)+]; (7i) neglecting the noise in the high-SNR regime, the relationship

between the variables Y[1: ) and the remaining inputs Xﬁp 0)+:M] is given almost surely by an
invertible linear system as in (5.5). We use this argument in the following:

KL= H (Fux)
2 H (Fix|Figc1:m)

=1 (Fu K]aYag U[TFM 0+ S[l:(M—€)+]|F[K+1:N}> +H (Fu K] |Y14, U[TlFM _y+] DM =)t F[KJrl:N])
(C.2)

where step (a) follows from the fact that all files are independent of each other. The first term in
(C.2) can be upper bounded as follows:

1 (Fu:m;YupU[TfM o+ Ssa—o+] [ Flrc1: N])
=1 (Fu:Kle[fe |F[K+1:N1> +1 (F[liK};Ual:m(M—Z)ﬂ’S[li(M—Z)ﬂ‘YEllZ]?F[KJrliN])
<I (Fu 103 Y g | Firc . N]) +1 (F[l 0 Uty Siu—+1; [1:61|Y[T1’?zpﬂf<+1:m)
=1 (F[LK];YH‘ZHF[KH:N]) +1 (F[l:K]; F[1:Z]|Y[1Z],EK+1:N]>
+1 (F[LK]; U[Tf(M_g)ﬂ, Sh:(M—0)+) |Y[:?;Eg]> F[l:é]u[KH:N})
2 I (F[LK];Y[Q;ZHF[KH;N]) +H (F[MHY[Q;?Z])
+H (U[Tl M—p)+ 5[1 |Y1£], [1: E]U[KH:N]) - H <U[T1€(M_e)+]>S[lr(M—f)+]|Y[T1?zpF[l:N]>
< h (YE‘%) —h (Y[Tl’fg]mhjv]) + Ley,

+H<U[TlFM 041 Stsa—e] | Fliquir+1: N]) H (U[I;I?(M,g)ﬂ;S[l:(MfZ)ﬂ|Y[1;]:Sg]7F[1:N]>
(M — o)+

(©
S ETE 10g <27T€(AP + 1)) ( [1 £]|F[1 N]) + LGL + H (U[ L(M— Z)Jr]) + Z H(’Si,[l:N}'F[l:E}a F[K+1:N]>

=1
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< (Tylog (AP + 1) + Lep, + (M — 0" (K — )" uL + (M — £)* 1Ty log(P), (C.3)

where, the steps in (C.3) are explained as follows:

e Step (@) follows from careful expansion of the second term in the previous step and that condi-
tioning reduces entropy.

e Step (b) follows from the fact that Y[Tl’fe] are continuous random variables and that dropping the
conditioning in the first term increases entropy. We apply Fano’s inequality to the second term
where ¢, is a function, independent of P, which vanishes as L — co.

e Step (C) can be explained as follows. The first term is upper bounded by the use of Lemma
12 detailed in Appendix C.8. The parameter A is a constant dependent only on the channel
parameters. The last term is zero since the cache contents Sj;.(s—¢)+) and fronthaul messages

U[Ik( M)+ Ar€ functions of the library of files F[;.y). Moreover, given all the files, the channel
outputs are a function of the channel noise at each receiver.

e Step (d) follows from the fact that the channel noise is i.i.d. across time and distributed as

N(0,1).
Next, the second term in (C.2) can be upper bounded by use of Lemma 13 as follows:
H (F[LK]!Y[T@}, U[Tf(M,g)ﬂ, S[L:(M—£)+]; F[K+1:N]> < Lep + Tglogdet (I[K—E] + ﬁﬁH) ;
(C4)

where ¢, is a function, independent of P and vanishes as . — oo. Furthermore, the term
log det (I[K g+ HH"Y ) is independent of signal power P and file size L and is dependent only

on the noise variance and the channel coefficients. The proof of (C.4) follows from Lemma 13
which is detailed in Appendix C.8. Substituting (C.3) and (C.4) into (C.2), we have

KL < (Tgplog (AP + 1) + (M — O)H(K — 0)* uL + (M — €)*rTp log(P)
+ Ley, + Tglog det (T + HHY ). (C.5)

Rearranging (C.5), we get the following

C1og (A + 5) + log det (T )+ FIF)

s |1
BbT 7log(P)

+(M—=0"rép > K —(M—0)"(K -0 u—ep.

(C.6)

Now, using (C.6), we first take the limit of I — oo such that e, — 0 as P, — 0. Further, taking
the limit P — oo, for the high-SNR regime, we arrive at (5.16):

g+ (M= 0)Trép > K — (M — 01K - 0", (C.7)
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where the multiplier of /d converges to 1 under the limit P — oc.

Next, we prove that the constraint 6z > 1 in (5.17) holds under the decodability constraint for
file delivery to all users irrespective of the value of the fronthaul gain r. To this end, without
loss of generality, we consider that the users [1 : K| demand the first K distinct files F] [1:K] 1.€.,
D = (dy,dy,...,dg) = (1,2,..., K). Next, consider the following set of inequalities:

KL= H (Fix)

= <F[1¢K];Y[7EK]> +H (F[LKHY[??K})

@ TE Tg
<h <Y[1:K]> —h <Y[1:K}‘F[13K]> + Leg,

= (YiEg) = b (nffg) + Ler

2 KTylog (AP 4+ 1) + Ley, (C.8)

where step (a) follows from a Fano’s Inequality and the fact that all requested files should be
decoded by the received signals. Step (b) follows from the use of Lemma 12 (see Appendix C.8).
Again taking the limits P — oo and L. — oo, and rearranging, we arrive at the constraint g > 1.
Note that, by substituting ¢ = M in (5.16), we get the following lower bound on the edge latency:

5p > K/M, VK, M.

This bound is tighter for M < K, while the constraint 6z > 1, proved here, supersedes the bound
for the case when M > K. Using constraints (5.16)-(5.17) to minimize the sum-latency, i.e., using
linear combinations of the family of constraints in (5.16) and (5.17) over all possible choices of
¢ € [0 : min{M, K}], gives the family of lower bounds for the M x K cache-aided F-RAN.

We conclude this section by addressing the scenario discussed in Section 5.8.1 in which the re-
laxed cache placement constraints (5.65)-(5.66) are imposed. To prove (5.16), under the relaxed
constraints, we consider all possible sets of (M — ¢)* ENs and follow steps similar to (C.2)-(C.3).
Considering the step (c) in (C.3) and using the different sets of (M — ¢)™ ENs to decode the files,
we will obtain ( ( M]\_/IK) +) different inequalities of this form. Summing and symmetrizing over all

the (( MZ)+) inequalities and using the constraint in (5.65) to upper bound the overall number of
bits required to store (K — ¢)* files across the M ENs yields a bound which is identical to (5.16).
This shows that the strategy of allocating an equal number of bits to each file at every EN as in
Definition 7 is in fact information-theoretically optimal under the assumption of uncoded cache
placement.

C.2 Proof of Theorem 23

In order to prove Theorem 23, we first discuss the NDT performance of a scheme that uses fron-
thaul and wireless channels in the standard fashion that is adopted, for instance, in the CPRI fron-
thaul interface in C-RANSs [172,226]. In this scheme, the cloud quantizes the encoded baseband
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samples, and all the ENs simultaneously transmit the quantized baseband signals. We then gener-
alize this policy by allowing for a more general transmission schedule in which different clusters
of ENs can transmit on the wireless channel at distinct time intervals as introduced in Section 5.4.2
(cf. Fig. 5.5). The proof is divided into two parts as follows.

C.2.1 Standard Soft-Transfer Fronthauling

Here, we prove that an NDT equal to

K 1
o(p,r) = min{ M, K} (1 + ;) 7 (C.9)

is achievable by means of standard serial soft-transfer fronthauling for any fractional cache size
i > 0 and for any fronthaul gain » > 0. To interpret (C.9), we note that the NDT §(u,r) =
K/min{M, K} can be achieved by means of ZF-beamforming in an ideal system in which there
is either full caching, i.e., © = 1, or no fronthaul capacity limitations, i.e., r — oo. In fact, in
such systems, full cooperation is possible at the ENs for any users’ demand vector, including the
worst case in which users request distinct files, and hence transmission at the maximum per-user
multiplexing gain min{)/, K} /K can be attained (see Example 8). The achievable NDT (C.9)
hence shows a multiplicative penalty term equal to 1 + 1/7 due to fronthaul capacity limitations.

The proof of (C.9) relies on the use of the fronthaul and transmission policies introduced in Ex-
ample 11. Note that caching is not used, in accordance with the assumption that x4 may be zero.
The cloud encodes the signals using ZF beamforming under a power constraints smaller than P
that will be specified below. The resulting baseband signals are quantized and sent to the ENs on
the fronthaul links. The ENs transmit simultaneously the respective received quantized samples
on the wireless channel. Reception at the users is affected by the fronthaul quantization noise, as
well as by the channel noise. If the quantization rate is properly chosen, it can be proved that the
achievable NDT is (C.9), where the term K/ min{M, K} is the edge-NDT in (5.19), which is the
same as for the ideal ZF scheme, and the term K /(r min{M, K'}) is the fronthaul-NDT (5.18). A
more detailed discussion is provided next.

In the cloud-based scheme under study, the cloud performs ZF precoding, producing signal X, for
each EN; with power constraint P = E[|X;|%]. The signal X; is quantized to obtain the signal X
that is to be transmitted by EN; as

Xi =X+ Z, (C.10)

where Z; ~ CN(0, 0?) represents the quantization noise with zero mean and variance ¢, In order
to satisfy the power constraint P, we enforce the condition

P=P+o% (C.11)
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Furthermore, let B denote the number of bits used for each baseband signal sample on the fronthaul
link. From rate-distortion arguments [174] and using (C.10), we obtain the condition

_ P
1 (Xi;Xi) = log, (1 + ;) =B
P
. 2
.., = —. C.12
i.e o 95 1 ( )
Therefore, from (C.11) and (C.12), we obtain the power constraint on the precoded signal as
P=P(1-27"), (C.13)
and the quantization noise power as

o2 =92"8Bp (C.14)

The quantization noise terms Z; for all ENs ¢ € [1 : M|, contribute to raising the noise level at
each user. In particular, for any user k& € [1 : K], the power of the effective noise on the received
signals in (5.5) is given by

M
L+0° Y |hpm|* = 1+ 0°G, (C.15)

m=1

where G = 2%:1 |him|?. Normalizing the received signal so that the variance of the effective
noise is 1, using (C.13) and (C.14), we obtain an equivalent signal model in which the effective
power constraint is

P P(1-275)
1+ 002G 1+2-BPG’

(C.16)

Now, setting B = log(P), the effective power becomes (P — 1)/(1 + G), which scales linearly
with P. Using the proposed soft-transfer fronthaul scheme, it follows that the fronthaul latency is
given by
B
Tr =Tp— C.17

F E CF ) ( )
since BT bits need to be sent on each fronthaul link at a rate of Cr = rlog(P) to represent the
quantized signals. It follows that the total latency of this scheme is

B\ 1
Tp+Tp = Tp (1+—)2TE <1+—>, (C.18)
CF T
where (a) follows from the choice of B = log(P). Furthermore, in the high-SNR regime we have
the following limit:
Tglog (P —1)(1+QG)) K

A N I " (MK} 1)
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due to achievability of the NDT K/ min{M, K} in the ideal ZF system mentioned above and due
to the effective noise power (P — 1)/(1 + G) for the scheme at hand. We can thus conclude our
proof by computing the NDT

o i LIV (1 1) oy T2
Froo Lo L r) Poccl=eo L
1 K
=\ 14| ey C.20
< +r) min{M, K}’ ( )

where the second equality follows due to (C.19).

C.2.2 Soft-Transfer Fronthauling with Clustering

Here, we prove that the following NDT is achievable by means of a generalized soft-transfer fron-
thaul scheme based on sequential scheduling of distinct clusters of ENs on the wireless channel,
when the number M of ENs is larger than the number K of users. In particular we show that for
any M > K, an NDT of

K
Opr) =1+ 70 (C.21)

is achievable by means of soft-transfer fronthauling in conjunction with EN clustering with se-
quential scheduling for any fractional cache size > 0 and any fronthaul gain » > 0.

We start by observing that, if M > K, the NDT for the ideal system with full caching or unlimited
fronthaul is given by ¢ = 1, which is achieved by ZF-beamforming. Comparing the NDT (C.21)
with (C.9), and recalling the discussion in the previous subsection, we can conclude that clustering
and sequential scheduling of ENs allows one to reduce the normalized latency associated with the
fronthaul transmission from 1/r to K/(Mr). We also emphasize that, unlike the NDT in (C.9),
which is based on standard C-RAN fronthauling, the improved NDT (C.21) tends to the ideal NDT
0 = 1 when the number of transmit antennas grows large. As detailed next, this is due to a novel
use of the fronthaul in soft-transfer mode, whereby quantized baseband signals received at the
same time on the fronthaul by different ENs can be scheduled at different times on the wireless
channel.

We first present the proposed scheme for the case in which M is a multiple of K, so that M /K is
an integer number, and then we generalize the strategy for any M. As explained in Section 5.4.2,
the main idea is to partition the ENs into M /K disjoint clusters of K ENs and to schedule each
cluster for a time equal to T K/M, that is, on one of M /K equal time intervals dividing 7. Note
that the fact that /' ENs are active at any given time enables the use of ZF-beamforming for all time
intervals on the wireless channel. In particular, we can use the same scheme based on fronthaul
quantization presented in the previous subsection with a key caveat: each cluster needs to receive
only Tr K /M baseband samples, and hence the fronthaul latency is

BK
Te =Tr— C.22
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i.e., the fronthaul latency is M/ K times smaller than the latency in (C.17) for the scheme discussed
in the previous section. Following the same reasoning as in (C.19)-(C.20) concludes the proof of
(C.21) for the case of M /K being an integer number.

We consider now, the more general case in which M /K > 1 may not be an integer. Here, we
proceed by clustering the ENs into all possible (]\Ig) subsets of A" ENs, and then scheduling each
cluster into distinct time intervals of duration 7%/ (%) Note that, unlike the case with integer
M /K, here the clusters of ENs overlap. The number of samples that each EN needs to receive on
its fronthaul is equal to

M -1 M K
T =Tpr— C.23
since each EN participates in (A[g:ll) clusters and the fronthaul latency is again given by (C.22).

Following the same arguments above leads to the NDT in (C.21). Finally, combining the fronthaul
latency expressions in (C.17) and (C.22), we have

Bmin{M, K}

Tr=Te—15
F

(C.24)

Using this and following the same arguments as in the previous cases leads to the NDT in (5.32)
which completes the proof of Theorem 23.

C.3 Proof of Theorem 25

To prove Theorem 25, we expound on the minimum NDT for the two extremal values of fractional
cache size p € {1/M,1}. For u = 1/M, we substitute £ = 1 in (5.20) to get

(M-1)(K-1)  M+K-1

* > _
5" (1/M,0) > K = =

(C.25)

To obtain an upper bound on NDT, consider the cache-aided EN coordination scheme achieving
the NDT 0c,_ia given in (5.27) as discussed in Lemma 6. Thus, we have the upper bound
M+K-1

i .

Combining (C.25) and (C.26) shows that the lower bound in Corollary 4 is tight at © = 1/M.
Next, considering the NDT at p« = 1, substituting ¢ = min{ M, K} into (5.20), we get

6"(1/M,0) < dcain = (C.26)

K
* > — = 0. .
5*(1,0) > T for =0 (C.27)
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Again, when i = 1, consider the cache-aided EN cooperation scheme leveraging ZF-beamforming
achieving the NDT dc,_zf given in (5.25) as discussed in Lemma 5. Using this, we have the upper
bound

K

0 (170) = 5Ca—ZF min{M, K}

(C.28)
Combining (C.27) and (C.28), shows that the lower bound in Corollary 4 is tight at ¢ = 1. This
concludes the proof of Theorem 25.

C.4 Proof of Theorem 27

In this section, we present the proof of the approximate optimality of the achievable schemes
presented in Section 5.4. To this end, we consider two regimes for the fractional cache size u
namely low-cache regime with 1 € [0, 1/M] and high-cache regime with p € [1/M, 1]. Next, we
consider each of the two regimes separately.

Low-Cache Regime (p € [0, 1 /M]): For the low cache size regime, we consider two different

cases where (i) the number of users exceeds the number of ENs, i.e., M < K; and (47) the number
of ENs exceeds the number of users, i.e., M > K. Next, we treat each of the two cases separately.

e Case 1 (M < K): For the case when the number of users exceed the number of ENs, we
consider two different subcases: (i) a high fronthaul regime with » > 1; and (¢7) a low fronthaul
regime with r € (0, 1]. We consider each of these regimes separately.

High Fronthaul Regime r > 1: In this regime, consider the achievable NDT in (5.37). We have

K K K 1
< — — —_— << — - ). .
Oncnliom) < qpH (=g < 5 (H 7’> (€29

Consider the LP in Theorem 21 and the fact that any lower bound on the solution of this LP is
also a valid lower bound on the minimum NDT. Thus, substituting ¢ = M in constraint (5.16) and
using the fact that 0 > 0, we have

K
(5*(M, ’f’) Z (SE + 5F Z -—. (C30)
M
Thus, we have
MS 1+l <2, (C.31)
0*(p, ) r

for any fronthaul gain » > 1. Thus the proposed schemes are approximately optimal to within a
factor of 2 for any parameter values of M, K in the high fronthaul regime.
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Figure C.1: Division of fronthaul gain r € (0, 1] into parametrized regimes.

Low Fronthaul Regime r € (0, 1]: For the low fronthaul regime of r € (0, 1], we first divide the
fronthaul gain into multiple non-overlapping regimes based on the number of ENs M in the F-
RAN as shown in Fig. C.1, which indicates that for » € (0,1/(M — 1)], the result in Theorem
28 characterizes the minimum NDT for any M < K. Therefore, we focus our attention to the
remaining regimes of interest for which r € (1/(M — 1), 1]. As illustrated in Fig. C.1, we further
sub-divide these intervals into the sub-intervals

(-1 ¢
(M—(+1D)" 7 (M-07"]

re (C.32)

indexed by ¢ € [1 : min{M, K}].

For each sub-interval indexed by ¢ — 1 and ¢, we obtain a lower bound on the minimum NDT by
considering the constraints (5.16), which are rewritten here as

lneql: ({—1)dpg+ (M —L+1)rép > K—(M -0+ 1)(K -0+ 1)p,
Ineq 2 : o+ (M —Orép > K — (M —0)(K —{)p.

Specifically, we take a a linear combination of the two inequalities
a X lneql + 5 x Ineq 2,

which with a, 8 > 0 to yield the following lower bound on the minimum NDT

5 () > a[K — (M — 0+ 1)(K =+ 1)p] + B[K — (M — 0)(K — 0)p]. (C.33)
Choosing the weights a and [ as
l 1 (-1 1
a:M(l—k;)—l, B:1—7<1+;), (C.34)

we have the following set of inequalities:

§*(pu,r) > [K = (M — 0+ 1)(K — (+ 1)y [% <1+%) —1}
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+ [K — (M = 0)(K — )p] {1—6_—1(1+%)}

M
= [K - )(K — e)][%<1+%)}—M(M+K+1—2£){%(1+%)—1}
[K WK —O)p (M+KL1—2€)€M} (1+%)+M(M+K+1_%)
[%—K;mt 2;46)“1 (1+%>+(M+K—1)u+2u(1—€)

_ 2 _
M+K—1)M+W(1+%> €M£(1+%>u+2u(1—£). (C.35)

An achievable NDT is obtained by considering (5.35), that is, the first term inside the min(-)
function in (5.33) and substituting min{ M, K} = M, yielding

Oach(pt, 1) < (M + K —1)u+ w (1 + %)

a K(1—puM) 1 i
<M+ K-1 — 14+ - — C.36
< (M+ it —— ( +T>+M, (C.36)

where step (a) follows by adding a positive factor 11/ M to achievable NDT from the previous step.
Now, from (C.35) and (C.36) we have

6Ach(p,r)< (M +K — )H_i_K(lX/[uM) (1+%)
) T (M K = g+ EEED (1 1) B (1 ) et 2u(1 - )
(@ — et (1 + %) pw—2pu(1—20)
- K({-uM) 1
(M + K = Dp+ =5 (1+7) (1+2) o+ 2p(1 - 0)
®) 2u(l —1
§1+ K(1—uM ’u<£ )2
(M4 K= Dot KOS () 4 (1 ) 21— 0
T (MK = Dt S (L ) e 2p(1 = 0)
gl+ (e_12)
(M+K-1)+2(55) +2(1-19)
2
MAEK-L 49 (£ — 1)
PR
T EE 2
Sip 2 gAMYL 2, (C.37)
- Mo2 ) — 3M  — 37 :

M-2
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where step (@) follows by addition and subtraction of the term —=£ (1+ 1) p + 24(1 — ¢) from
the numerator; step (b) follows from the fact that the term % (1+ 1) p in the numerator of
the second term is positive in the regime of interest; step (C) follows from the fact that the term
M (1 + ) in the denominator of the second term is positive and omitting it leads to an upper
bound step (d) follows by setting by setting » = 1 which, in turn, follows from the fact that we
are interested in the low fronthaul regime with < 1; step (e) follows from the fact that M < K
in the regime of interest and step (f) follows from the fact that for € (0, 1], we have ¢ < M /2 and
putting / = M /2 minimizes the denominator of the second term which is a decreasing function
of {. We conclude that the maximum multiplicative gap between the achievable NDT and the

minimum NDT is at most 2 for all the sub-intervals in Fig. C.1.

e Case 2 (M > K): For this case, we obtain a lower bound by considering the sum of the
constraints in (5.16) with £ = 0 and (5.17), yielding

K (1—puM)

(5 (,u,r) _(SE—F(SF + Mr

(C.38)

For an achievable NDT, we consider again, the first term inside the min(+) function in (5.33), which
for K = min{M, K} gives the following upper bound

K(1—puM)

K
Opach(pt,7) < (M + K —1 1—puM)({1+—] =1 K —1)u.
palpar) £ O+ K = Dy (1= adn) (14 ) =1 0D
(C.39)
Thus, from (C.38) and (C.39), we have

dach (4, 1) (K—1)p @ (K —1) K o

— <14+ — <1 <l4+— <2 4

O (u,r) ~ +1+M =T N (C40)

where step (@) follows from setting the fractional cache size ;1 = 1/M which is the maximum
value it can assume in the low-cache memory regime at hand; and step (b) follows from the fact
that M > K. Next, we consider the regime of high cache i.e., u € [1/M, 1].

High-Cache Regime (i € [1/ M, 1]): In this regime, we consider the achievable NDT in (5.36),
i.e., the first term in (5.34), which, using © = 1/M yields the upper bound

M+K-1

v (C.41)

dach(p, 1) <

For the lower bounds, we first consider the case of M < K. From constraint (5.16) in Theorem
21, using ¢ = M, we have 6 > K /M which yields the lower bound on the minimum NDT

(C.42)

==

0" () =
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where we have used the fact that 9 > 0. Thus we have the desired gap

(SAch(/uL,’/’) (M+K— 1) M M
< — <14+ =<2 4
o (pyr) ~ M K> TKS (C43)

Next consider the case of M > K, From constraint (5.17) in Theorem 21, we have 6z > 1. Again,
using the fact that that 6 > 0, we have

0 (pyr) > 1. (C.44)
Thus we have the desired gap
5Ach(,u, 7“) (M + K- 1) K
< <l+—<2 C.45
) S M - TS (€45

This concludes the proof of Theorem 27.

C.5 Proof of Theorem 28

The minimum NDT is first proved to be upper bounded by the right-hand side of (5.41) by sub-
stituting M/ = min{M, K} into the achievable rate in Theorem 24 for the regime p € [0, 1/M].
For the matching lower bound, in the LP of Theorem 21, we substitute / = 1 and ¢ = 0 in (5.16),
yielding respectively:

Ineql: op+ (M — 1)rop > (M + K — 1)u+ K(1 — uM), (C.46)
Ineq2: 0p > K(1 — puM)/Mr. (C.47)

Since r € (0,1/(M — 1)], we obtain a lower bound by considering the linear combination Ineq 1+
(1—(M —1)r) x Ineq 2, leading to the expression on the right-hand side of (5.41). This concludes
the proof.

C.6 Converse for Corollary 6

We characterize the lower bounds for the 2 x 2 F-RAN in order to show the optimality of the
achievable schemes discussed in Section 5.4. We again consider each of the fronthaul regimes
separately.

Cache-Only F-RAN (r = 0): For the cache-only F-RAN, considering the lower bound from Corol-
lary 4 and using ¢ = 1, we get

5 (1) > 2 — p, (C.48)
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which is identical to the achievable NDT in (5.45). Next, we consider the more general case when
fronthaul is available i.e., » > 0. To this end, we consider the LP in Theorem 21. The constraints
of the LP can be rewritten as:

Ineql: (0 +7rdp) > (2 — ) (C.49)
Ineq2: d0p > (1 —2u)/r (C.50)
Ineq3: o >1. (C51

Ineq 1 and Ineq 2 are obtained from (5.16) by substituting ¢/ = 1 and ¢ = 0 respectively, while
Ineq 3 follow directly from (5.17). We next utilize these inequalities to prove the converse for
different regimes of 7.

Low Fronthaul (r € (0, 1]): In this regime, using Ineq 1 + (1 — ) x Ineq 2 gives the lower bound:

1-2
5" (1 r) > 14t — ay (C.52)
Substituting » = 1 in Ineq 1 gives the lower bound
5 (1) > 2 — p. (C.53)

Combining this with the upper bounds in the previous section gives the minimum NDT for the low
fronthaul regime as shown in Fig. 5.6(a).

High Fronthaul (r > 1): For this regime, using Ineq 1 + (r — 1) x Ineq 3, we have

1 —p

0 (pyr) 2 14+ —

(C.54)
Combining with the upper bound in the previous section gives the minimum NDT for the high
fronthaul regime as shown in Fig. 5.6(b). Thus, the lower bound on the NDT in Theorem 21 and

the achievable scheme presented in Theorem 24 completely characterizes the minimum NDT for
the 2 x 2 F-RAN.

C.7 Proof of Corollary 7

To prove the result in Corollary 7 for the 3 x 3 F-RAN with serial fronthaul-edge transmission, we
next expound on the achievable schemes and the converse.

C.7.1 Achievability

The schemes achieving the NDT in Corollary 7 are discussed next.
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Cache-Only F-RAN (r = 0): For the cache-only F-RAN (r = 0), we adapt the results in [146,
Theorem 1] to obtain the following achievable NDT:

13/6 — 3u/2 for p € [1/3,2/3],

3/2 — /2 for € [2/3,1]. (C.55)

omn (1, 0) = {

The two corner points for y = 1/3 and ;1 = 1 of the achievable NDT in (C.55) are achieved
as in Theorem 25. The inner point at y = 2/3, instead uses an interference alignment and ZF-
beamforming based hybrid scheme to achieve an NDT of 7/6 as described in [146, 192].

Low Fronthaul (r € (0,1/2]): In this regime, the minimum NDT for p € [0,1/3] is obtained by
file-splitting between the cloud-aided soft-transfer fronthaul scheme that yields d¢)_ss in (5.32)
requiring ¢+ = 0, and the cache-aided EN coordination strategy, yielding dc,—ja in (5.27) and
requiring &+ = 1/3. Therefore, from (5.35), we have

1-3
5" (1) = Oaen(p7) = 1+ 2+ — P for e [0,1/3). (C.56)

Instead, for the high cache memory regime of ;1 > 1/3, it can be seen that transmitting a part of
the files by means of the cloud-aided soft-transfer fronthauling does not improve the NDT, and
the achievable NDT is therefore given by (C.55). Specifically, for the cache memory regime of
w € [1/3,2/3], the achievable NDT is given by a strategy that performs file-splitting and cache-
sharing between the cache-aided EN coordination via interference alignment yielding dc,_ja and
requiring ¢ = 1/3, and the strategy of [146] as described above, requiring ; = 2/3. In the cache
memory regime of y € [2/3, 1], file-splitting and cache-sharing between the strategy of [146] at
i = 2/3 and the cache-aided EN cooperation strategy yielding dc,_zf requiring ;» = 1, is achieves
the minimum NDT, i.e.,

3 (p,r) = dun(p,0) =3/2 —p/2  forp € [2/3,1]. (C.57)

Intermediate Fronthaul 1 (r € [1/2,6/7]): In this regime, the achievable schemes are identical to
those in the low fronthaul regime. However, in the low cache memory regime when p € [0,1/3],
the NDT obtained by file-splitting between the cloud-aided soft-transfer fronthaul scheme that
yields d¢j—sf in (5.32) and requiring ;¢ = 0, and the cache-aided EN coordination strategy yielding
dca_ia in (5.27), requiring ;1 = 1/3, is no longer optimal and yields an upper bound on the mini-
mum NDT. For the high cache memory regime where p € [1/3, 1], the results from the previous
case, including the optimal strategy for . € [2/3, 1] achieving the NDT of (C.57), still holds.

Intermediate Fronthaul 2 (r € [6/7,2]): In this regime, file-splitting between the cloud-aided soft
transfer fronthauling scheme yielding d¢j_sf in (5.32) requiring ;+ = 0, and the cache-aided EN
coordination and cooperation based hybrid scheme from [146], yielding an NDT of oyn(p =
2/3,0) = 7/6 from (C.55), achieves the NDT:

B 2—3u

* < OAc ) =1 n
5 (:u77a> —5A h(lu r) + 4 + 27,

, for p € [0,2/3). (C.58)
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For p € [2/3, 1], the minimum NDT is given by (C.57), which is achieved by the optimal strategy
as discussed above.

High Fronthaul (r > 2): In this regime, the minimum NDT is achieved by file-splitting between
the cloud-aided soft-transfer fronthauling scheme yielding d¢)_sf in (5.32) requiring u = 0, and
the cache-aided EN cooperation strategy that yields dc,_z¢ in (5.25) requiring ;o = 1. Therefore,
from (5.37), we have

1 —
5 (1, 7) = e, ) = 1+ T“ for 11 € [0, 1]. (C.59)

C.7.2 Converse

The converse is obtained from Theorem 21 (and Corollary 4) by considering specific weighted
sums of the constraints in the LP therein to obtain lower bounds on the optimal value of the LP,
and hence on the minimum NDT. We next look at different regimes of r to characterize the lower
bound on the NDT in each regime.

Cache-Only F-RAN (r = 0): For the case of cache-only F-RAN, we consider the result in Corol-
lary 4 by setting M = K = 3, yielding

5*(1,0) > 3—4du  for £=1, (C.60)
5*(u,0) > 3/2—p/2 for (=2, (C.61)
5*(p,0) > 1 for ¢=3. (C.62)

It can be seen that the lower bound coincides with the upper bound at ;© = 1/3 and for the regime
i € [2/3,1]. Hence, the proposed lower bound in conjunction with the recent result from [146],
partially characterizes the minimum NDT for the M = K = 3 system. For the regime ;1 €
[1/3,2/3], characterizing the minimum NDT remains an open problem.

Next, we consider the system for the general F-RAN with fronthaul and edge-caching i.e., when
r > 0and p € [0, 1]. To this end, we consider the LP in Theorem 21. The constraints of the LP
can be rewritten as:

Ineq1: (3 + 2rdp) > (3 — 4p) (C.63)
Ineq2: (20 +710r) > (3 — 1) (C.64)
Ineq3: dp > (1—3u)/r (C.65)
Ineq4: o >1. (C.66)

Ineq 1, Ineq 2 and Ineq 3 are obtained from (5.16) by substituting ¢/ = 1, / = 2 and ¢ = 0 respec-
tively, while Ineq 4 follows directly from (5.17). We next utilize these inequalities to prove the
converse for different regimes of 7.

Low Fronthaul (r € (0,1/2]): In this regime, Ineq 1 4+ (1 — 2r) x Ineq 3 gives the lower bound:

1 _
5 (1, 7) > 14 2+ (C.67)
T
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Also, considering Ineq 1 and using < 1/2, we have

0" (,r) > 3 —4p. (C.68)

Low and Intermediate Fronthaul (r < 2): Considering Ineq 2, and using < 2, we have the desired
lower bound:

5 () > ?’_T“ (C.69)

Intermediate Fronthaul (r € [1/2,2]): In this regime, (47) x Ineq 1 + (#-1) X Ineq 2 yields the
lower bound:

3—Tu

2
O (p,r) > 1+ 3H + (C.70)

High Fronthaul (r > 2): In this regime, Ineq 2 + (r — 2) x Ineq 4 gives us the lower bound:

— B

1
0" (p,r) = 1+
"

(C.71)

Combining the upper bounds on the minimum NDT from Section 5.6.2 and the lower bounds
on the NDT presented above, characterizes the NDT trade-off for the 3 x 3 F-RAN presented in
Corollary 7.

C.8 Lemmas used in Appendix C.1

In this section, we state and prove the lemmas used in the proof of Theorem 21. First, we state and
prove Lemma 12 which was used in (C.3) in Appendix C.1.

Lemma 12. For the cloud and cache-aided wireless network under consideration, the differential
entropy of any { channel outputs Ya’i} can be upper bounded as

h (Yﬁ) < Ty log <2m (AP + 1) ) (C.72)

where the parameter \ is a function of the channel coefficients in H and is defined as

-

m#£m

Proof. The entropy of the received signals Y[1 ) can be upper bounded as follows:

n(YTE) < ZZh(Yk ). (C.73)
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Now, we upper bound the inner sum as follows:

Tk

> (1) = Yo (S e wu)

t=1

Z hkam [t] + nk[t]

> )

hZ. Var [X,,[t] + Z Pt P Cov (X [t], X [t]) + 1))

m#£m

< Zlog 2me Var

Tg
= Z log (Var
Tg
ngog 27re<
0 <&
§Zlog 2me <

M: iMs

h:, Var[X Z Pt B/ Var[ X, [t]] Var[ X 5 [t]] + 1))

t=1 m=1 m#£Em
@ Tg M
< Z log [ 2me (Z h2 P+ Z Fteon P P+ 1))
t=1 m=1 m#£m
T,
= ZE log (2me(AP +1)) = Ty log (2me(AP +1) ) (C.74)

t=1

where A = maxe.q [Z%zl R+ L hkmhkﬁz]- The steps in (C.74) as explained as fol-
lows:

Step (@) follows from the fact that noise is i.i.d. and uncorrelated with the input symbols.

(
Step (b) follows from the fact that Var [n[t]] = 1.
(
(

)
Step (c) follows from the Cauchy-Schwartz Inequality.
)

Step (d) follows from the average power constraint P on the input symbols.

Substituting (C.74) into (C.73), we have

¢
n(YiE) < Y Tplog (2re(AP +1)) = (Tylog (2me(AP+1)), (C.75)

k=1
which completes the proof of the Lemma 12. [

Next, we state and prove Lemma 13 which was used to bound the second term in (C.2) in Appendix
C.1.
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Lemma 13. For the cloud and cache-aided wireless network under consideration, for any feasible
policy m = (7Tf, Te, Te, Tq), the entropy of the K requested files Fjy.x), conditioned on the channel
outputs Y[1 " on any (M — 0)* fronthaul transmissions UaF( M—0)+] with corresponding cache
contents Siy.(rvi—g)+) and on the remaining files Fig1.11), can be upper bounded as

H (Pl Y iy Ullar s Stior-o9): Flcsn ) < Lep + T logdet (Tye - g + HE ),
(C.76)

where €;, is a function of the probability of error P, that vanishes as L — oo, the matrix Hisa
function solely of the channel matrix H and i _ g is a (K — () x (K — () identity matrix.

Proof. In order to prove this lemma, we first consider the following set of inequalities:

H (F )Y 5 Uy Seae—04, [K+1:N1>

= H ( [L:K] |Y[1 4] U[ji (M—0)+] s Si(-0+); X[Y;J:E(M—Z)ﬂ’ F[KH:N])

< H (FU K] ’Y[u XT [1:(M—£)+]’ F[K+1:N}>

<H (FU 4]]Y[M> +H <F[e+1 )Y X oy Fire, F[K+1:N])

< Lep + H (Fevra Y X s Fieaoise i ) (C.77)
where the steps in (C.77) are explained as follows:

e Step (a) follows from the fact that the channel inputs X[1 (M—g)+] are functions of the fronthaul

transmissions U[ziF M—t)+] and the corresponding cache contents S[i.(a7—¢)+.

e Step (b) follows from the fact that conditioning reduces entropy.

e Step (c) follows from the chain rule of entropy and from the fact that conditioning reduces
entropy.

e In step (d), we use Fano’s inequality on the first term where €/, is a function, independent of P,
that vanishes as L — oo.

Next, we consider the second term in (C.77). We have
H <F[e+1K \Ylg],XaE(M _p+p F[I:Z}U[K—&-I:N])
a) T
H (F[e+1 k)Y (i X (g [e’iLK]aFu:e1u[K+1:N1>

T ~T T,
§ H<F[f+1?KHY[Z<EH:K] + n[@il:K]’ Y[fz]’ F[l:f]U[K+1:N}>
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(c) T T
< H<F1[f+1:K”Y[gi1:K] + n[gi1;[(]7 F[l:E]U[KJrl:N}) - H<F[€+1 K]’Y[ngl K] F[l:Z]U[KJrl:N])
+ H<F[e+1:1<] |Y[€i1;m, F[1:e}u[K+1:N]>

@ 3
< H(ﬂul:KHYﬁl;K] + n[jl?il:;q, F[l:é]u[KJrl:N}) - H<F[e+1 K]|Y[g+1 K] F[l:é]U[KJrl:N]) + Ler,
(C.78)

where the steps in (C.78) are explained as follows:

e Step (@) follows from the fact that the noise term n[e K] is independent of all the other random
variables in the entropy term and can be introduced into the conditioning.

e In Step (b), we use Lemma 14 stated in Appendix C.8 and the fact that conditioning reduces
entropy. We observe that n[£+1 K] (Y[TIE@ Xf (M —0)+] Frguik+1:8) — Fjeg1:x) forms a
Markov chain and as a result, the data-processing mequahty [174] applies. The additive noise

term n[ﬁ K] is defined as

i1 = (F - Hi ) ng

N1k = 0%,

which is a [K' — /] x T matrix, where each column is an independent Gaussian random vector
distributed as N <O, HHA > with H = (Hg . Hﬂ), where the matrices H; and H, are sub-

matrices of the channel matrix H and are defined in Lemma 14 (see (C.82)), and H; ' is the

Moore-Penrose pseudo-inverse. We note here that the noise term n[i LK is independent of

channel inputs X[ and noise terms n[

1:M) (+1:K]"

e Step (c) follows from the fact that conditioning reduces entropy.

e Step (d) follows from applying Fano’s inequality to the last entropy term in the previous step,
where €, is again, a function independent of P that vanishes as L — oo.

Now, from (C.78), considering the first and second entropy terms together we have:
H(F[£+1:K}|Y§i1;K] + ﬁﬁihx]a FH:E]U[K-{-LN]) - H(F[£+1:K]|Y[jl;ilzl(]7 F[l:K]U[K-i-l:N])
T ~T ~T
=1 (FwﬂsmaY[ei1:K1|F[1:z1u[K+1:N}> -1 (F[eﬂ:KhY[eil:m + n[ﬂil:K]|F[1¢f]U[K+11N}>
Tp ~ T, ~T
=h <Y[e+1 K] T n[éil:K]‘F[liNO —h (Y[eiuq + n[zilzK]’F[lif]U[KJFl:N})
+h<YZ+1K ’F[MU[KH N]) [é-i—lK‘F[l )

@) - ~
<h (Y[zElzK] + n[éil:K]|F[11N]> h ( k) T n€+1 K] |n£+1 1) Fliauik+1: N]>

+h(Y£+1K’F[1fU[K+1N]> h [€+1K‘F[1N>
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T,
=h <Y[£+l K] + n[é-i—l K]|F ) —h (Y[K:E&-l:K}lFU:N])
(b) T -
= h( 0t n[zi:m) - h(“[eﬁuﬂ)
8 Ty log ((QWe)K*Z ‘I[K,g] + ICII:IH‘ ) — Ty log ((27re)K*Z)

— Tplogdet (Tje+ HH). (C.79)
The steps in (C.79) are explained as follows:

e Step (@) follows from the fact that conditioning reduces entropy.

e Step (b) follows from the fact that, given all the files F};.y, the channel outputs are functions of
the channel noise.

e Step (C) follows from the fact that the noise terms are jointly Gaussian and are i.i.d. across time
Tg. The function | - | is the determinant.

Thus, using (C.78) and (C.79) in (C.77), we have

H( lK]|Y[1g U[Y;F(M 0+ 5[1 M—0)+] F[K+1:N]> < Leg + Tglogdet (I[K—ﬁ] +I~{ICIH>,
(C.80)

which completes the proof of the Lemma 13. [

Finally, we state and prove Lemma 14 which was used in (C.78) for the proof of Lemma 13.

Lemma 14. Given any { € [1 : min{ N, K }|, there exists a (deterministic) function of the channel
outputs Y[1 "y input symbols Xa’f( M—t)+ and channel noise nﬁ’ilz K that yields
T, oy
Y[ aky k)T D [fH K] (C.81)
where we have defined ﬁ[TeiL K = (H2 -H; ) [1 f and H,' is the Moore-Penrose pseudo-inverse.
The matrices Hy and Hy are sub-matrices of the channel matrix H and are defined as

[1:4] i [l+1:K]
H, = H[(M —O)++1:M] H, = H[(M—€)++1:M]' (C.82)

Proof. Given any ¢ € [1 : min{M, K}], from (C 1), the channel outputs Y[1 " are a function of

the M input symbols X'”, and of the noise n%,. Given the input symbols X[1 {(M—gy+]» WE can

[1:M] [1 q
cancel the contribution of these input symbols from the channel outputs YuEe] to obtain

XTe
Ty [L:M|~Tg [1:M] 1:(M—0)+
Yqu =H; ;X0 +n[1 n— Hyg [0 P ]
[(M—0)++1:M)]
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T T
=H, X[(}EW—K)++1:M}] + [H[fig]] : (C.83)
where 0%“”7 0+ +1:M] is an ¢ x Tp matrix of zeros. As a result, multiplying both sides of (C.83) by
H,', we get
Yo T T
HlTY[ll:Ef] - X[(ﬁ/l—é)ﬂL—&-l:M] + HlTn[fe}' (C.84)
Now let
Hy = H, . (C.85)

Using this definition, we have

T T T
Y g = Hs Xy 00

X[T1E(z\4 0+] T
=H ~ b T +n7
’ _HlT Y [TlEﬂ — Hﬂnﬁ‘?ﬂ [+1:K]
[ x1= 07E
@ L(M—6)+ L(M—6)+ T
ZH [1:(M—0)F] H. | [LM=-07] nle
’ i H,"Y [712} | ’ I HlTna@] [e+1:K]
_X[TE(M g)ﬂ_ 11 T T,
=H; 1M —H, Hln‘?]—i—nE. , (C.86)
_ HlTYﬁ} | i [1:4] [(+1:K]

where, in (a), Oaj:?(M—e)ﬂ isa [(M — ¢)"] x Tr matrix of zeros. Rearranging (C.86), we obtain

X'e
T, ~T 1:(M—#6)*+ T
Yk T 0 = Hs [ H[l(TY#Q} 00 (C.87)

Tg

where the RHS is a function of the ¢ channel outputs Y[L 0 input symbols X%

[1:(M—20)]
noise nﬁ’il: K- This completes the proof Lemma 14. Note that we assumed in (C.84) that the
sub-matrix H; is invertible, which is true for almost all channel realizations, i.e., it is true with
probability 1. [

+ and channel

C.9 Pipelined Fronthaul-Edge Transmission

C.9.1 Proof of Theorem 29

We adopt block-Markov coding as explained in Section 5.7.2, whereby, in each block, the con-
stituent policies for fronthaul and edge transmission are obtained by file-splitting between two
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policies. To elaborate, for some « € [0, 1] fraction of each file, a (serial) policy requiring fronthaul
and edge NDTs 5}1) and (52}) is used, and for the remaining (1 — «) fraction of each file, a (serial)

policy requiring NDTs 5%2) and 5}5) is used. From (5.56), the achievable NDT with the resulting
block-Markov policy is given by

dp.Ach = max (adg) +(1— 04)(5%2), adg) + (1 - a)5g)> : (C.88)

We next identify the constituent policies used to prove (5.58) for the three regimes namely (i) low
cache regime with 1 € [0, p1|; (i7) intermediate cache regime with 1 € [pq, p2); and high cache
regime with p € [ua, 1].

C.9.1.1 Low Cache Regime (1. € [0, j11])

For the regime p € [0, i1], we set @ = M, and perform file-splitting between cache-aided EN
coordination, as described in Lemma 6, which is characterized by the NDTs
M+ K-1
M Y
and soft-transfer fronthauling in conjunction with EN cooperation via ZF-beamforming, as de-
scribed in Theorem 23, which yields the NDTs
K @ K

0= 0 =
EMyt P min{M, K}

Note that we have p; < 1/M and hence o < 1 for < p;. Substituting (C.89)-(C.90) in (C.88),
we obtain

(5%1) = 0; 51(91) = dcaln = (C.89)

(C.90)

(1—pM)K (1—pM)K
_IA = M+ K-—1
5|:> 1A maX{ M’r’ y IIHIl{M,K} + ,u( + ) )
1—uM)K
— u) for W < . (C91)
Mr

C.9.1.2 High Cache Regime (i € [u2, 1])

For the regime 1 € [ug, 1], we set &« = p, and perform file-splitting between cache-aided EN
cooperation in the form of ZF-beamforming, as described in Lemma 5, which yields the NDTs

K .
min{M, K}’
and soft-transfer fronthauling with ZF-beamforming on the edge, as described in Theorem 23
leading to

sV =0; 0V =6cazr = (C.92)

so_ K o K

F= My E " min{M, K}’ (©55)
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Substituting (C.92)-(C.93) in (C.88), we obtain

(1-pK K
Op_7Fp =
P-zF max{ Mr  "min{M,K} |’
K
R — f > Lo, C.94

C.9.1.3 Intermediate Cache Regime (1 € [u;, p2])

For the intermediate cache regime of u € [u1, p2], we consider a strategy which performs file-
splitting between the schemes achieving dp_ja at 4 = p1 and dp_z¢ at u = po discussed above.
Specifically, using first scheme which yields an NDT

(1 —mMK

A (C.95)

Op_1a =

+
for a fraction ( [L‘;;’L‘l ) of the files, and the second scheme for the remaining fraction, which yields
an NDT

(1 —p2)K
op_zp = ————— C.96
P—ZF Mr ( )
we obtain the achievable NDT
5 Fsz(uz—u)+(1—u1M)K+ 1_(,@2—M)+ (1— p2)K
- o — 1 Mr Ho — [ Mr
K I "
=— (1= — [puM — . Cc.97
Ar [ p2 = [ M — puo)] (M - /M) (C.97)
This concludes the proof of Theorem 29.
C.9.2 Proof of Theorem 30
In the regime of low cache size i € [0, i1], the upper bound (5.58), rewritten here as
(1—puM)K
opach(pt, ) < dpojp = ————, C.98
P.Ach(#4,7) < dp_ia M (C.98)

matches the lower bound in Corollary 8 by setting ¢ = 0, thereby characterizing the minimum
NDT for the low cache regime with p € [0, 119].

For the regime of high cache size p € [u2, 1], from (5.58) we have the upper bound

Op ach(ft, 1) < Op_zF = ———. (C.99)
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For a matching lower bound, when M > K, from (5.54), we have 65(u,r) > 1, while, for
M < K,using ¢ = M in the first term inside the max(-) function in (5.54) yields 05 (p, 7) > K /M.
Combining the two bounds yields the following lower bound on the minimum NDT:

K

ERTETATSE (C.100)

0p (1t 7) =
which matches the upper bound (C.99), thereby characterizing the minimum NDT for the high
cache regime with p € [uo, 1].

Finally, we consider the high fronthaul regime i.e., 7 > ((1 — p) min{M, K'})/M. In this regime,
considering the NDT in (C.94), which is achieved by file-splitting between cloud-aided soft-
transfer fronthauling and cache-aided ZF beamforming, it can be seen that the second term inside
the max(-) dominates and we have

K

Op Ach(ft, 1) < Op-zF =

which matches the lower bound in (C.100). This completes the proof of Theorem 30.

C.9.3 Proof of Theorem 31

In this section, we present the proof of the approximate optimality of the achievable schemes
presented in Section 5.7.2 in the regime of intermediate fractional cache sizes with p € [, o).
To this end, we consider two sub-regimes for the fractional cache size i namely (i) the intermediate
cache regime 1 with i € [u1,1/M]; and (ii) the intermediate cache regime 2 with p € [1/M, ).
We consider each of the two regimes separately.

Intermediate Cache Regime 1 (v € [y, 1/M]): For this regime, considering the achievable
NDT presented in (C.91), we have the upper bound

(1-—puM)K (1—puM)K

(Sp,/_\ch(,u, 7’) < max{ + ,IL(M + K — 1)}

Mr " min{M, K}
(1—-puM))K
= M+ K -1 C.102
min{M, K} M+ ) ( )

since the edge latency i.e., the second term inside the max(-) function, dominates when p > 1
(see Appendix C.9.1 for details). A lower bound is given by (C.100). Using the mentioned upper
and lower bounds on the minimum NDT, we have

5P7Ach(u, 7“) (1 — IUM)K _ % min{M, K}
e iy PR ]
(1= uM)+ M {mm{M, K;((]\]\j+[( — 1)]
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M+ K min{M, K}
<(1—puM M|—————| =(1—uM M1+ ——
< (=gt | o] =0 e [ SR
< (1—pM)+2uM <14+ puM
)
(SZ, (C.103)

where step (@) follows by using u < 1/M.

Intermediate Cache Regime 2 (1 € [1/ M, py]): For this regime, considering the achievable

NDT presented in Theorem 29, we have the upper bound

(1—-mM)K < M+K-1
Mr - M ’

Ip.ach(ft, 1) < Op ach(pi1,7) = (C.104)

for any M, K > 1 and » > 0, and where the first inequality follows since the NDT is a non-
decreasing function of the cache size p. Again, for this regime, considering the lower bound in
(C.100), we have

dp.ach (i, 1) < M+K-1 min{M, K}

) - M K
M+ K min{ M, K}
_ = ——— <2 C.105
~ max{M, K} max{M, K} — ( )

Finally combining (C.103) and (C.105) concludes the proof of Theorem 31.

C.9.4 Proof of Corollary 9

Using M = K = 2in (5.60), we obtain the minimum NDT

1—2u B
5;(#, 7") — r ) for lu € [0’ ILLl - (1 - T)/(2 + T)] (C106)

1, for € ue=(1—r),1].

For the remaining intermediate cache regime with ;1 € [u1, po], we adopt the achievable NDT
Op_fs given in (5.58), which yields the upper bound

2 —
1+

=

Op ach(pt, 1) < , for g€ [pr, pal, (C.107)
and the lower bound in Corollary 8 with / = 1 which can be seen to match (C.107). In the
high fronthaul regime, i.e., 7 > 1, using M = K = 2 in (5.61) yields the minimum NDT. This
concludes the proof.



Appendix D

Proofs From Chapter 6

Learning-Aided Collaborative Caching

D.1 Proof of Lemma 8

The proof is based on the proof of the upper bound on CMAB regret presented in [213]. First, we
present the Chernoff-Hoeffding Lemma which is integral to the proof.

Lemma 15 (Chernoff-Hoeffding Bound). Let X, X, ..., X,, be random variables with common
support [0,1] and E[X;] = 0. Let S,, = Y ;" | X;. Then for all t > 0, we have

Pr[S, > nf+1] < e 2 /"and Pr[S, < nf +1t] < e /",

D.1.1 Popularity Estimation Process

Let T}, be the value of the variable T}, after ¢ rounds i.e., the number of times file f is cached

at S, after ¢ rounds is 77}, Also let 0 #n,s be the value of the variable 0 +n after the file f € F has
been cached s times. The estimation of popularity profile is assumed to be well behaved if, at time
t, the empirical popularity estimate 6y, is close to the actual expectation 6y, i.e., if

n Vs, log Upnt
Wf,n,T};} —Opnl < ”Tﬁnl, VfeF (D.1)

where U,, = |U(S,)|. Let P; be the event such that it is true when the estimation process satisfies
(D.1). Using Chernoff-Hoeffding Bound, for any f € I, we have:

~ \IffnlogUt i ~ VenlogUpt
Pr [’9f7n’T;,_nl — 9f,n| 2 2Tt I — ZPr ‘ef’ms — ef,n’ Z Z—S,T;’nl = S

243
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t—1
~ Vs, log Upnt
< E P 0 ns_e n 2 —_—
_— S:1 r[{‘ f77 f7 ‘ 28 }

< ote™ Vi 1o8Unt — o Y1 s, (D.2)
Taking an union bound on f, we have
~ W, log U,t _
P[P =Pr|Vf €F,|0;, i1 = Ol < % <1—2FU, ""t'=Yn (D.3)
Jyn f,TL

The value of @\f,n at the end of time step ¢ is §f7n,T}n since by definition file f is cached

T%,, times after ¢ time steps. Also, for Ot let O, be its value after ¢ rounds and ©,,; =

[91’n7t,§2’n7t, . ,gpm’t] be the input to the CCP solver at round ¢. Then, from Algorithm 4, we
have:

Uy, log (Unt)

TTRa (D.4)

9f7n7t = Qf,mT;;Ll

D.1.2 An a-sub-optimal Caching Strategy

A caching strategy c’(t) is defined to be a-sub-optimal if the reward obtained by the strategy is
less than « fraction of the optimal reward:

Re,(cj(t)) < a- Rg,.
The set of all a-sub-optimal caching strategies for S, is denoted by:
Cy = {ch(t)|Re, (ch(t)) < a- RS }.

Let the set of all K a-sub-optimal caching strategies at S,, in which the file f € I is cached be
denoted by

CP,={CrVi=1,... K}

Without loss of generality, the strategies C }B nz are reordered in increasing order of expected rewards

Cf;:, C f 7’12, ce Cﬁ;LKf , such that Cﬁ;le is strategy which yields the best expected reward. We
define:

A7 = o RE' — R, (CPY) (D.5)
Based on this, we further define:

AL o= AP and AT L= AR

n,max n,min
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For any underlying arm (file) f € F, similar to [213], we define:

Apmax = r?a];( [a . Rg’; —min{Re,(c,)|c, € Cp, f € cn}] (D.6)
€

Apin = r?a];( [a . Rg’; —max {Rg, (c,)|c, € Cp, f € cn}} . (D.7)
€

Intuitively, A« 1s the difference in expected reward between the optimal and the reward for play-
ing the worst a-sub-optimal super-arm, while A, is difference with the optimal for the case of
playing the best possible a-sub-optimal super-arm. If all arms (files) are sampled sufficiently w.r.t
Apin, then the sample means 6, are close to their true means and the probability of the algorithm
playing a a-sub-optimal super-arm c,, € Cp is low. However, if the sampling is insufficient, then
we incur a regret proportional to A ..

D.1.3 Sampling of Cached Files

For the proof, at each sBS S,,, a counter N, is maintained for each file f € I after the F' initial
rounds (when each file is sequentially placed in the cache to initialize the algorithm). Let N, be
the value of the counter after ¢ time instants. Thus Ny p = 1and ) Ny r = F. The counters
are updated as follows: For any instant t > F, if c]}(t) € CZ, then f* = arg minjecr () N;—1 and
we increment the counter Ny by 11i.e., Ny« ; = Ny, + 1. If f* is not unique, any random file f
with the smallest counter in ¢ (¢) is picked and its counter is incremented. In every a-sub-optimal
caching round, exactly one counter is incremented. The counter N is further sub-divided into

counters { N ch}llifl, whose value at around ¢ = 7' is defined as

T
Nip= > Hci(t) = CP Ny > Ny}, VI € (K, (D.8)

t=F+1
where I{-} is the indicator function such that I[{z} = 1 iff = is true. We define

20, log U, T

T =Ty

(D.9)

which is the number of samplings that is considered sufficient for a caching strategy which yields
a reward A away from the a—approximation w.r.t time horizon 7. If Ny, ; > (p(AF!), the a-
sub-optimal strategy C’ 1s sufficiently sampled. Otherwise it is under-sampled. Thus, we have
the number of sufﬁc1ent1y sampled and under-sampled periods

T
N =" Hcf(t) = CF, Npy > Npaoy > (r(AL)} (D.10)
t=F+1
Nyt = Z H{ch(t) = Cfn, Ny > Npgo1, Npeor < Lp(ALN)} (D.11)

t=F+1
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Thus we have,

Npg =1+ Y (N + Nppo). (D.12)
le[Ky]

The total reward at round 7 is at least

TaRE — B | Y AR+ ) (N + Nppt) - A (D.13)
feF le[Ky)

D.1.4 Upper Bound on N ;5"

Define Ay, = %“W which is a random variable since T]’ijzl is a random variable. We have
fin :

Ay = max{Ay,|f € c(t)}. Further, we define A/ = %ﬁ%;ﬂ. Let B; be the event that the
T n

(o, ) —approximation solver running in the CCP fails to produce an av—approximate solution w.r.t
O, in round . Also, let =3, be the event when an the solver does produce an av—approximate
solution. Thus, by the definition of the («, ) —approximation solver, we have:

Pr(B,) = E[[{B.}] < 1 - .
Based on (D.4), the following holds true:

Pi=0pny— 00 >0,VfEF (D.48)
Pr=> Oy — Op <2Mp4, Vf € Ch(t) (D.49)
Again, we have Vf € F, VI € [K;], and Vf € cT(¢):
{c;;(t) — CPY Ny > Npy o, Ny, > eT(Ag;l)} = AU S Ay, (D.50)
Forany f € F,l € [K{], if
{PiBucp(t) = CF Ny > Ny, Np oy > (A1)}
holds at time ¢, the following holds true:

Re, (c(t) + 9(2A7") > Re, (c(1)) + g(2A 1)
> Rg,,(ch(1)) > aRY >R, (D.51)
where the first inequality follows from the strict monotonicity of ¢(-) and (D.50), the second

follows from the bounded smoothness property and (D.49). The third inequality is true since
—B; = c](t) is an a—approximation w.r.t ©,,,. Thus we have

Re, (CEl) + g(2AY) > aRY! (D.52)
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Now,

2Wy, log U, T
(M) = T E T
(971 (A%")

and we have
logt
logT

Thus, (D.51) contradicts (D.5) i.e., Vf € F,[ € [K;] we have

oA = gL (AL

n

= g(2AT) < ASE

Pr{Pt, =By, c(t) = CP Ny > Ny V€ c(t), Ny y_y > ET(AZ;Z)} =0, (D53)

Py, —B,,3f € F,3l € [K;], ci(t) = CFF
= Pr Y VT T fmo =0 (D.54)
{Nf,t > Npe-1, Vf € ch(t), Ny oy > Cr(A])

Cﬁ(t) — CB,Z th > Nf -
p> Pr{ )= g 24, <o | pp vy
fEF,lE[Kf] vf S Cn(t)’ Nf’,t—l > gT(An )

< (1=8)+2FU, "'~ (D.55)

Thus by the definition of N}’}’f, we have

El Y N <Y |a-p)+2ru e e
FeF le[K ] =1
C(Wpn—1)

L
Un fin

=(1-p)T+2F : (D.56)

where we have used ¢ (¥, — 1) = >, t'=%#» and ¢(-) is Riemann Zeta function.

D.1.5 Upper Bound on N ;4™

Consider a-sub-optimal caching strategies c*(¢t) € CPZ which are under-sampled when played
(i.e., f € cf(t) are cached). The counter N, for a file f increases from 1 to ET(Aﬁ’Kf ). The
range of counters Ny can be broken into segments ({7 (A5I1), br(AS9)] for j € [Ky]. Assume
that for a file f, Ny, 1 € (bp(ALI71), 4r(AST)] for some j. In a a-sub-optimal round t, for
cr(t) = C} for some | > j, the regret suffered AZ! < AfJ. Thus for the counter Ny, in the
range ({7(ALI7Y) 01 (Al7)], the total regret for the under-sampled files is at most ({7 (A7) —
(7 (AL971)) - AL7) in the rounds the counter Ny, is incremented. These are used in the following.

For any file {f € F|A! . > 0}, we have

n,min
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Z Nl und | AS Z Z I{cT(t Cﬁ;f,]\fﬂt > Npi1, Npyoq < bp(AFD)Y - AF

le[Ky] t=F+11€[K/]
(D.57)

T l
= D> DD e (t) = CF Npw > Nygoa, Nyga € (Er(AL), 6o(AL)]} - ALY

t=F+11e[K;] j=1

(D.58)
Z > D () = Cpn, Npy > Nyyoa, Npyy € (E(AJ7Y), en(A)]} - A
t=F+11e[Ky] jE[Ky]

(D.59)

T
< Y > () €CFLNpw > Npoa, Npaoy € (br(AL77), (A} - A7 (D.60)

JE[K ] t=F+1
Kp—1
< 37 [ (ALY = b (ALITY] AL = 0 (AT)ALY + 3T b [AL) (AL — AL
JE[Ky] j=1
(D.61)
< éT(Ai mm) A7fl ,min + €T<A7fl mln) [A£ Irgj';x - ATfL ﬁ{n} - E (ATfL m1n) Ai max* (D62)

The last inequality (D.62) follows from the definitions of A/ min and A7 and the fact that (7(A)
is a decreasing function of A.

Combining (D.13), (D.56) and (D.62), and substituting in (6.10), we have

Reg, o(T) = ToBRE: — | ToR B |57 | a4+ 3 (Nji+ V) -l

JEF leK;
<|F+E Z N]lcsil"lf ) nmax + Z (ET A'fz mm A?’fl max) - (1 - 5) ’ TO[ROGPL
feF,le| Kf] fEF,
'fz,min>0
20(Pysp, —1 20, log Upt
< ( <( J;,f ) + 1) - An,max + Z _lf A?g 5 Agzc,max (D.63)
Un feF. AT 50 ( ( nrmn))

n mln

which completes the proof of the Lemma. 0
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