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INTRODUCTION 

In order that the analysis of variance technique be 

adequately applicable, we have to consider certain assump-

tions such as randomness, additivity, homogeneity, normality, 

and uncorrelated errors. The reliability of the analysis 

depends upon the degree of fulfillment of these assumptions. 

But in practice we frequently face the situation where 

the homogeneity requirement is violated by the nature of the 

data. For instance, we cannot claim homogeneity in data 

governed by a distribution whose variance is a function of 

the mean. In fact this is, generally, the case for any dis-

tribution depending on a single parameter. Two cases of 
I\ X 

interest are the Poisson distribution (f (x) = e-A ~) in 

which E(x) = Var(x) = A and the Binomial distribution 

(:i:(x) 

It seems natural in su.ch cases to seek transformations 

which make the variance independent of the mean, i.e., these 

transformations stabilize the variance. Examples of variance 

stabilization appear in the sequel in Part I. 



Variate transformations are also useful in the follow-

ing problems: 

1. The so-called tail problem which relates to the 

calculation of the probability that a variate exceeds or is 

less than a given constant value. 

2. The confidence probJ_em ·which relates to the numer.i-

cal determination of confidence limits for an unknown 

parameter. 

In some types of distributions, particularly those 

which involve a discrete variate, these problems may involve 

lengthy computations. The situation may be alleviated by 

resorting to a well-chosen transformation which more or less 

produces a normally distributed variate. In this way per~ 

centage points and confidence intervals may be set up 

(approximately) by using the normal probability integral. 

Cases of this sort are considered in some detail in Part II. 

rn Part III we discuss two special types of transforma-

tions, namely the probability integral transformation 

(sometimes described as i:,robits) and the logarithmic trans-

formation (sometimes described as logits). 
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PART I 

This is divided into two sections, A and B. In 

Section A we consider underlying assumptions and practical 

aspects of transformations in the analysis of variance. In 

Section B, theoretical considerations relating to transfor-

mations are discussed. 
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l. Underlying assumptions.and practical aspects of.trans--

formations in the analysis of variance 

1.1 Assumptions: One of the purposes of the analysis.of 

variance is testing hypotheses which are frequently linear 

in form. Another purpose is the estimation of components of 

variance. In both these cases there are certain underlying 

assumptions which have to be made. To fix ideas we shall 

consider these assumptions in relation to a simple analysis 

of variance model in which the parameters of interest are 

the population means (model I). 

Assumption 1: (RandO!llness) The observations consist of 

random variables that are distributed about fixed true mean 

values. 

Consider for example a rectangular array of observations 

[x .. ] where i = 1, 2 •o• r, j = 1, 2 •.. c. From the assump-
l.J 

tion we have E(x . .) =mi.and thus the expectation of any 
l.J J 

linear function of the xij' sis equal to the same linear 

function of the m .. , s . 
l.J 

Assumption 2: (Additivity) The mean value of any 

observation is a linear function of a certain set of param-

eters, i.e. , we may express Xii in the form: 
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x, . = l~ + a + b. + e. . . J.J . i J l.J 

where p,., a1 and bj are fixed and e1 j is a random variate. 

Assumption 3; (Equal variances and zero correlations) 

The random component of any observation . (eij) has the same 

constant variance, and the covariance between any two obser-

vations is zero. 

Assumption 4: (Normality} The observations are jointly 

distributed in a multivariate normal form. This assumption 

in conjunction with that of zero covariances implies the 

mutual independence of the observations. Using these assump-

tions we can compute the variance of any linear fll.l"lction of 

the observations easily and carry out an exact test of sig-

nificance. 

Summarizing., we say that the necessary and sufficient 

conditions for the strict validity of the analysis of vari-

ance procedure for solving problems Of model I with respect 

to data arranged in a rectangular array., are that: 

i=l., 2 ••. r., j =l., 2 ••• c 

where the a b andµ are constants and thee .. are i' j 1 1J 

normally and independently distributed as N(O., cr2). 



L 2 Randomized block design with additivit;yi 

1. 2 .1 Model and r.andomization procedure: We shall discuss 

an example of a randomized block design from the finite 

model point of view: that is, we shall assume that our 

observations are taken from a finite population. We shall 

denote the yield with treatment k (k == l, 2 ... t) on plot 

j (j 1, 2 •.. t) of block i (i = 1,2 

we then have the identity: 

) by y .. , , and 
l.JJ<;; 

y. J.k=y +(y' -y )+(yi .k•-.y · J' )+(y · j -y · ) · (l) J.. 9•ft J..o ••• J J.. l._. J. •• 

Assuming that we have additive treatment effects we may 

write: 

for all i and j. The identity (l), now becomes: 

where µ = y , bi. = y. - y , e 1 . = Y.. - Y. · 
l..ct ••o. .,J J.J. J. •• 

In 

fact we observe the yield of treatment k on a randomly 

chosen plot in the block. Denoting the observed y_ield of 

treatment kin block i by yik' we may write: 

= µ + b. + t + ok e 13. 
i k · ij .J 

(2) 

(3) 

(4) 



... '7 ... 

where 
if treatment k occurs on plot j in the 

i:_th block. 
k 

6 .. = 0 
l.J 

otherwise. 

The random error attached to any observed yield is the whole 

expression Z 6~. e .. in which any particular e 1.j is a fixed 
j l.J l.J 

variable which we do not know. Moreover., ok1 . is a random 
J 

variable whose distribution is determined by the randomiza-

tion procedure used in obtaini11g the particular experimental 

plan. 

1. 

2. 

3. 

The properties of k follows: 6 .. are as 
J.J 

Prob. Ck = 1) l for any i., j., k oij =t ., 
k o .. , = o., 
l.J 

k given that 6 .. = 1., for all j' # j . 
1J 

k O., given that o .. = 
J.J 

1., for all k' #· k 

.s.. k_~. ., k' 4. u ana o . 1 • 1 are independent if i' ,& i for any 
J.J J. J . . • .. k' . J., J ., K_, 

k' Prob. (o .. I -
l.J 

k 1/ o1 . = 
J 

1) = ._L 
t-1 for j' # j., k' k 

(t 2. 2) • 

Now from (4); 
r k 
Z y 1.k. = :q.L + rtk + 6 1 .. J. 

i=l J.J 

and moreover Z e .. 
j l.J 

0 and 

Hence: 

e .. 
J.J 

(5) 

(6) 



Now: 

and: 

k 
Var(Tk) = E (EE 6. eJ.. j) 2 

ij l.j 

e .. e .. , 
J.J J.J 

.k 
0 • I • f 

J. J 
e .. e., . , . 

l.J l. J 

But: 
l = -t 

j :j: j' 

( .s.'k s.k ) l 
E uij ui'j' = t2 # 

i':j: i for any j# j' 

Hence: 
1 Var ( T ) = - E e~ . 

k t ij J.J 

Similarly we find: 

k "k' Cov(Tk#Tk,) = E[(E Z o .. e .. )(E E o.j e 1J.)] i j l.J l.J i j l. 

k ok 1 2 k k 1 

= E[E Z o .. o .. e .. + E E 6iJ' 6 1. J' • e .• e .. j, i j J.J J.J J.J i j#j I J;J J. 

..., ..... .., .s:.k .s.k I ) 

+ i/i• j j' uij ui'j' eij ei'j' 

(7) 

k le' The expectation of the first term is zero since E(oij o1j)=O. 

Also the expectation of the last term is zero since 

E( .i.:k .i.:k' ) .... J:... 
uij vi'j' - t 2 # 

and Z e .. = O 
j l.J 



Hence: 

Using (7) and (8) we have: 

( ) .2 . 
V T. -Tk 1 == -t l :E 

.K: . - ij 
e~. 

J.J I 

and similarly for the difference between two means: 

V(Tk--Tk,) = 2 (! l) Z e~ . r - . ij l.J 

1.2.2 The variance table: 

(8) 

(9) 

(10) 

Let us now find the expectations of the sums of squares 

included in the analysis of variance table: 

Treatment 

E(treatment sum of squares)= E[1. Z T2 .. 
r k k 

= E[,!_ Z T2 - µ2 rt] 
r k k 

1 - [ k ]2 2 = - Z E rµ+rtk+zz 6_ •• e. . - µ rt: r k ij J.J iJ 

(.Z T )2 
k k 

rt 
] 

= trµ 2 +r.Z tk2 -µ 2 rt+.!. Z[2(rµ+rt.k)-t 1 .Z e .. J+1 2.(-t1 Z e~ .) k . r k . . i j l.J r k'· . ij J.J 

:; r Z t 2 + .!. Z Z e~. 
k k r i j J.J 

(11) 
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BlocJc 

But 

Denoting the total of the ,!th block by B1 we can write: 

E(Block sum of squares) = E[ 1 EB~ ... µ2 rt] 
t i J. 

l k = -t E E[tµ + tbJ.. +EE 6 .. e 1J.] 2 - µ2 rt 
i k j J.J 

k k E E 6 .. e .. = E e .. E 6 1". = E e .. = O., 
k j 1 l 1 l j 1 J k J j 1 l 

k since E o . . = 1 . 
k J.J 

Hence: 

E(SSB) = .!, .:E E[tµ + tb ] 2 - µ 2 rt = tZ b~ 
t i i J. 

(12) 

Total 

E('l'otal sum of squares) ;=; E z (y .. -y } 2 

ik J.J • • 

= .E E (b. + tk + :Z o Jit. e .. ) 2 
ik 1 · j · J J.J 

.. 2 . 2 .. [· (·k ·)2 2 k k ] = t .Eb.+ r Z tk + E .E 6. . e . . + .:E 6 1 . 6 .. , e .. e .. , • 
i J. k . ik j 1J l.J j#j 1 . J J.J J.J J.J 

Remembering that Z b .. = 0., z e .. ·-0 we have: 
i l. j J.J 

E(Total SS) = t Z b~ + r z t2 + .E 2 (13,) e· ... 
i J. k k ij l.J 

Error 

E(Error swn of squares)=== E(Total SS) - E(Treatment $S) 

- E(Block SS) 

e~. 
J.J 

(14) 
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We can now construct the analysis of var:t.ance table as 

follows: 

Table I 

Source Swn of squares Expected swn of squares 

Blocks 

Treatments 

Error 

Total 

t E(y. •y ) 2 
i J.. • •. 

r Z(y -.y ) 2 
k .• k •• . . 

z (y.k-y. --y k+y )~ 
;ik .. J.. J.. • . • • . . 

l - 2 2 - E e •. + r Z t· r ij J.J Jt 

r--1 E e~j r . . i. l.J 

:tf we divide the error sum of squares by (r--1):{'t-l) we 

obtain a quantity whose expectation is r(!-l) i°1 eij • 
Denoting this by we have- by ( 10).: 

Also: 

E.(Treatment SS)/(t-1) = r(! ... J.) Z 
ij 

(15) 

. (16) 

If there are no treatment effects the expectati.on of the 

treatment mean square is eqU;al to the expectation of :the 

error mean square. This is the property of u11.biasedness 

which is of paramount importance in any experimental design.· 
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We see therefore that any comparison of the treatment 

effects Z "k t 1c in which Z 7\k = o., is estimated unbiasedly 

by the same comparison of the observed treatment means. 

Moreover., for the variance., 
,., 

V(E Ak tk) == V(Z "k Tk) 

Using (7) and (8}., we therefore have: 
A 

V(Z: A.1,. tk) = Z: Ak~ -r-21t- :'·· J' e~ . - E E A.1 l E e~j , ... J.J k%k I c "k' r 2 t (t-1) ij i 

1 1 1 = [- Z e 2 ] (- E A2 ... [ (E 7\ ) 2 - E A2 ] · -_ } r 2 ij ij t - k k k t (t-1) -

= l E e2 (1. z /\2 + 1 E "2] r 2 ij ij t k t(t~l) k 

= E 7'2 £-k r ., 

where cr2 = 1 E e2 
r(t-1) ij ij 

(17) 

It is to be noticed that we have not used any assump-

tions about the errors except that there are fixed devia.tions 

of plot values from block means., these deviations being 

attached at random to the treatment yields. We have used no 

assumptions of homog·eneity of errors., where error refers ·to 
k the quantity E 6 .. e 1.j., which is the error of the observed 

j J.J 
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yield. 2 Moreover, we have not assumed that Z e .. 
j J.J 

is the 

same for all values of i. 

1.2.3 Test of hypotheses: 

Consider now the test of the hypothesis that the tk's 

are all zero. For this purpose it is necessary to obtain 

the distribution of the treatment sum of squares and the 

distribution of the error sum Of squares. From these we may 

obtain the distribution of the ratio: 

(treatment mean square/error mean .square) 

The derivation of these distributions over our finite 

population is a problem of considerable difficulty. First 

we should notice that we have in each block ti ways of 

assigning 

per block. 

t treatments into t plots, one treatment per plot 
r Since we have r blocks we can get ( t I) plans 

for our randomized design. Hence the distribution of the 

treatment sum of squares, and the distribution of the error 

sum of squares are in fact the frequency functions of these 

quantities (in the absence of treatment effects) over the 
r ( t I ) possible plans • For example, suppose we have a simple 

experiment of 3 treatments and 3 blocks, we should have to 

calculate the sum of squares attributable to treatments, 
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blocks., and errors in the 216 possible plans. This task is 

in general beyond practical consideration. Therefore it is 

expedient to resort to the infinite model and regard the 

e .. 's as independent normal variates. 
l.J 

Referring to Table I., let: 

S = r Z(y -y ) 2 + .a: (y. -y. •y +y ) 2 (18) 
k . . . k • • ik ik l. • • k •. 

T r Z{y -y )2 (19) 
k .k .• 

It should be noted that both the total sum of squares 

and block sum of squares retains the same value over all 

possible plans., whereas the treatment sum of squares and., 

consequently., the error sum of squares are variable from plan 

to plan. This is equivalent to saying that the quantity., :\-, 

(Total SS) - (Block SS) = (Treatment SS)+(Error SS) 

has the same value in each plan. Hence., as far as the varia-

tion over the (tl)r possible plans is concerned., the quantity 

sis constant. On the contrary., the quantity Tis a random 

variable. Now~ 

E(S) = E( (Treatment SS) + (Error SS)} 

= E(Treatrnent SS) + E(Error SS) 

= .!. E e~. + r-l e 2 (under the null hypothesis) 
r ij l.J r ij ij 

= Z e~. = S 
ij J.J 

(20) 
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Under the normality assumption., the ratio: 

(21) 

would follow the F .... distribution., and 

T x=-. s (22) 

would follow the (3,,-distribution by the well-known relation., 

£2. B 
F = . £ 1 (l .... B) (23) 

where £1 and £2 are the degrees of freedom. 

The probability density of the variate xis given by: 

., (24) 

where m(=t-1) and n(=(r-l){t-1)) are the degrees of freedom 

for T and S-T., respectively. 

But from (24): 

E(x) m 1 =~=-n+m r 

2mn Var(x) = (m+n)2 (m+n+2) 

2(r-l) 

In contrast., for the finite model we have., 

E(T) :.= .§. r ., 

(25) 

(26) 

(27) 

under the null hypothesis that there are no treatment effects. 



Moreover, 

where 

Var{T) 

K = E(E e 2 ) 2 
. . ij 

l. J 

.. 16 -

(28) 

Now if the errors associated with the blocks are homogeneous.,, 

and thus 

s = -r 

s2 
k == -r 

(independent of i) ., 

giving: 

and consequently 
T 1 2(r•l) Var( 6):;:: 82 Var(T) = (t-l)r:3 (29) 

Comparing the normal theory result for Var(x) given in (26) 

with (29) shows remarkable a9·reement., assuming r(~-l) is 

small. We may therefore conclude that if the error variance 

is the same for all blocks then the distribution of; is 

nearly that of the 13-distribution in (24). Hence., in view 

of (23) the distribution of the criterion ratio (21) is very 

nearly the F-distribution. This result is due to Welch and 

Pitman (1937). 

It is of interest to notice that heterogeneity of 
'11 errors does not effect the mean of the distribution of s but 



does effect the variance. 

E s1/r by i, we have 

Var<!>= 2[s 2 

... 17 -

Fo;z; denoting Z e~ . by S . and 
j l.J 1. 

Thus the heterogeneity of errors actually .reduces the variance . 

. 1. 2. 4 Remarks: The above example throws some light on the 

role played by the asswnptions of uadditivity" and 11homo-

geneity 11 • The further asswnption of "normality" makes it 

possible to carry out a fairly accurate analysis of random-

ized designs of this type by an appeal to the usual no:anal 

theory and F-test procedures. 

1.3 Effect of.non-additivity: According to Cochran (1947), 

the principal effect of the fai.lure of tlle assumption of 

additivity is a loss of informatior1. He considers the usual 

error variance a2 as inflated by the component a2- due to 
e . a! na 

non-additivity, and regards the ratio a2::a as a measure 
e na 

of the loss of information due to non~additivity. Thus we 

can say that when treatment and replicate effects are small 

the loss of information will be trivial unless a is very e 
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small. But when either the treatment or the replicate 

effect is substantial the loss of information may be impor-

tant, and when both effects are large the loss of information 

may be considerable. Cochran states that the loss of infor-

mation should be negligible when treatment and replicate 

effects do not exceed 20 percent of the total variation. 

1.4 Effect of heterogeneity: In the example considered in 

section (1.2), let us suppose that we have an experiment in 

4 blocks and that the variance of one of the blocks is 3 

times that of each of the other blocks (assumed equal). 

Then using (30) we find that the variance of T/S is 

2 (r-1) (l _ :!) 
(t-l)r 3 9 

8 . -
9 

If in addition we suppose that there are 6 treatments, the 

parameters m and n of the approximating Beta-distribution 

given in (24) are given by the equations 

m l . 1 ~=-=-m+n 

2mn 
(m+n).3 

r 4 

= 2(r-ll 
(t•l)r 3 

8 1 • - = ........ 
9 60 

360 for which the solution ism= 64 = 6 approximately, 
1080 n = 3m = 64 = 17 approximately. In order to obtain an 
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approximation to the level of significance using the random-

ization test, we should compare the significance levels of 

the F-distribution using 6 and 17 degrees of freedom as 

against u$ing 5 and lS degrees of freedom. Hence the ordinacy 

use of the F-distribution, when heterogeneous errors are 

present, underestimates the level ef significance of the 

ra.1:1domization test. 

Cochran (1947) states that, if in the ordinary analysis 

of variance the error variances are heterogeneous, then 

there will be a loss of efficiency in the estimates ·of treat-

ment effects. Moreover# there will be a loss of sensitivity 

in the tests of significance. 

1.5 Effects of.non-normality: The effect of non•normality 

is not genex-ally considered to be serious fox- moderate 

departures from normality. But, any large departures from 

normality in the region of the outlying observations are 

likely to affect the validity of significance tests. More-

over non-nQrmality is likely to be accompanied by a loss of 

efficiency in the estimation of treatment effects and a 

corresponding loss of power in the F- and t•tests. 
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1.6 Properties of ideal transformation: 

Bartlett defines the ideal transformation as one having 

the following four properties; 

a. The variance of the transformed variate should be 

unaffected by changes in the mean level. 

b. The transformed variate should be normally dis-

tributed. 

c. The transformed scale should be one for which an 

arithmetic avera9·e is an efficient estimate of the true mean 

level for any particular group of measurements. 

d. The transformed scale should be one for which real 

effects are linear and additive. 

Although these conditions are to some extent related 

[for example, (a) and (b) and (d) together imply (c)], we 

obviously cannot necessarily expect to arrange for condi-

tions (b), (c), and (d) to be satisfied if our scale has 

already_/been fixed by condition ( a) • Fortunately the trans-

formation Of scale to meet condition (a) often has the 

effect of improving the closeness of the distribution to 

normality. A correlation Of variance with the mean, on the 

original scale, often implies excessive skewness which tends 

to be eliminated after the transformation. 
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Condition (c) is required because the estimates which 

arise in the analysis of variance are of the simple arith-

metic average type and we want to know whether such estimates 

are efficient. In view of the asymptotic nature of the 

transformation problem, we can define the efficiency to be 

100r 2 where (r) is the correlation between the transformed 

and the original scales. 

The contention is sometimes made that the original 

scale is the more relevant one for taking sums and averages, 

and more understandable. While this argument has some force 

and is a warning against making transformations without good 

reason, it loses strength when we remember that if the 

variability in the data varies with the mean level for dif--

ferent blocks or groups, an unweighted average Of the 

observed treatment responses is not necessarily the best 

estimate of the true treatment response, and the average on 

the transformed scale will often be the better estimate when 

reconverted to the original scale. 

Condition (d) is required because it is more effective 

and simpler to be working on a scale for which treatment or 

other effects are linear and additive. But it is not always 

possible to choose a scale to cover condition (a) and yet be 
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most reasonable for (d)., though it may happen that a choice 

of scale for (a) improves the scale to some extent as far as 

(d) is concerned. 

Pract_ical considerations of some transformations 

1.7 .The angular transformation: 

1.7.1 Introduction: If we draw independently a random 

sample of n items from an infinite population in which a 

proportion P of the items possess some definite attribute A., 

then the number of items (X) possessing the attribute A in 

our sample is distributed as a Binomial with parameters 

(n.,P). Let p denote the observed proportion of items pos-

sessing the attribute A., then 

E{p) = p 

and 

V ( ) l?(l--P} arp = · n 

The expression .(32.) is an explicit relation between the 

variance and the mean of the observed proportion p., which 

makes data consisting of proportions or percentages not 

amenable to the analysis Of variance. 

(31) 

(32) 

Recognizing this fact., R. A. Fisher (1922) in a paper 

on theoretical genetics introduced the transformation 
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cos q> = l-2p., i.e . ., p =sm~:~ : where q> varies from zero to 'IT 

asp varies from zero to one. Not until 1936 was the general 

applicability of this transformation discussed in print., 

when Bartlett on a suggestion from Yates considered the use 

of a related transformation (Sia e = p., where e varies from 

zero to i) as a means of rendering proportions amenable to 

the analysis of variance. 

1.7.2 Development of the transformation: 

Let the transformation be f(p)., then 

E f(p) = E f(P+h) (h = p-P) 

= E[f(P) + h f*(P) + R(h)] 

= f(P) (approximately) 

assuming we can ignore E R(h). Then 

Var f(p) = E[f(p) - f(P)] 2 

= [f'{P)] 2 • Var(p) 

(approximately.) 

Hence.,. if Var f (p) is to be independent of P {or nearly so)., 

then by (2): 

( ). C C 
f' p = ----- = ----

P(l-P) ./ n 

1 = ------
1P(l-P) 

(taking the arbitrary constant 
C as equal L ) 

In 



It fallows that 

--. S. p .dP f(p) 
0 -IP (1-P) 
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= 2 arc sin Ip 

1.7.3 Study of the bias and the variance: 
-1 . --1 1.7.3.0 Let us take 2 sin vp = q> and 2 sin :IP= cf>, 

(33) 

where p and Pare the observed and theoretical proportions 

respectively. We wish to det.ermine E(cp-<p) and E(cp--<p)2 • 

Leth be the deviation p - P. By Taylor's theorem we 

can write; 

and 

Now 

. 2 . 
q> = 2f{p) :; 2£{J?+h) == 2[f{P)+h f(l) (P) + ,b_ f( 2 ) (P) 

21 

+ w f(3) (P) + £(4) (P)+ •.. ] 

f(l) (P) =- [_g_ (sin-l Ip ) ] . P 
dp p= 

=-1 __ 

(34) 

(35) 
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.(l-2P) 
4(P-P2)3/2 

f (3) (.i?) 8P 2-SP+3 
= 8(P--P2)S/2 

E(h) = 0 

(36) 

(37) 

(38) 

(39) 

(40) 

Substituting (35), (36), (37), (38), and (40) into (39) we 

get: 

E (q>-cp) 1-2:P. = ... --------
4n(PQ)112 

(l-2P)(21-8P+8P 2) + O(n-2) . 
. 192 {PQ) 3/ 2 n2 

(41) 

1. 7. 3 .1 If n is sufficiently large ( ) 30) then the terms 

involving 1. to higher power than the first can be neglected n 

provided O ( P1 ( P ( P2 ( l, i.e., Pis somewhat far from 

the end points zero and one. There will still remain a bias 
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l-2P in q> which equals [- · 1 ) asymptotically. This quantity 
4n(P-P 2 f2 

however is divided by n and becomes negligible when n is 

sufficiently large. It hould also be noted that when P ) . 5, 

E (cp-cj>) = O. 

l.'7.3.2 In order to prove that E(q>) = <f> when l? = .5, 

Dr. Shenton suggested the following nice proof: 

Let us compute E sin ... 1 ../p for P = . 5; we get: 

E sin-l ../p = Pr(O) sin-l ./o + l?r(l) sin -l .;l. 
n 

•l ./ n' + Pr(n) sin -' n 

In view of the symmetricity of Binomial coefficients and of 

the facts that . . · . -l ,n-l rr t f' b th sin +sin v - = - . we ge · or o n n 2 , 

n = (2N+l) (odd) and n = 2N (even) the following results: 

( . -1 r-) 1 [rr n rr (n)rr (2N+l)JL] 
E sin vp = ;n 2+12 + 2 2 · · · + N 2 

= ;n . ;[l+ (2~+1) + (2N;l) . . . + 

l 1T 2N+l rr . -1 r.: = n . -;;<1+1) = 4 = sin 'fl? 
2 

for P=.5 
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For n = 2N we have: 

i(sin-lv'p) = ..!..(IL+ (2N)lt+ (2N).1L, •.. + (2N )ll:+ ('2N).:U:.] 
2n 2 l 2 2 2 N-1 2 N 4 

= ..l._ • 1t[l+ .(2N) + (2N) ••• + (2NN). 12 ) 
2n 2 · l . 2 •· 

Between brackets we have i:he first half of the complete 

Binomial expa11,sion (1+1) 0 • Hence: 

l =n· 
2 

7r 1 (1.1) 0 - . -· + . 2 2 · · 

'It •l . = - = sin ··Ii 4 . 

l~ 7. 3. 3 Turning our attention to the variance., we have 

E(q>-cf>)2 = 4E(h 2 [f(l)(P)] 2 + h3 f(l)(P) f( 2 )(P) 

+ h4[(f(2l(P)l2 + f(l}(P);~(3)(P)ll 
3 

= 4 c-L R.Q_ c1-21?>2 + 12P 2o2[3c1-2J?l2+4<sP2-sP+3>] J 
4PO n 2n4PQ n2 192(:PO) 3 

l 12P2-l2P+7, = -+· ·. .· + 
· n 16n 2PQ 

(42) 

l E(cp-cf>)2 is approximately the variance of q> and is equal to - ., n 
. -2 ignoring terms of order n · and higher. 

In most field experiments the percentages are based 

upon relatively large numbers of 100 or more individuals, SQ 

that usually the transformation would accomplish its purpose., 



- 28 -

avoiding the end points of the range of p. The effect of 

the end points on the variance of~ has been discussed by 

M. s. Bartlett whose work will be referred to in a later 

section. 

l. 7. 4 Types of eercentage data: 

The type of data for which the angular transformation 

is suitable is that having a Binomial nature. This means 

that the data is discrete in the first place and based upon 

a determinate number of trials (n) say. Data of this kind 

is quite often expressed as percentages. Examples of this 

kind of data are: GArmination percentages given by 

number of seeds germinated/total seeds; or disease percent-

ages given by number of plants diseased/total plants, etc. 

Data for which the angular transformation should not be 

applied consists of continuous data arising from an experi-

mental study in which results are given as percentages. 

Thus., each variate may be <iivided by an arbitrary constant 

value yielding percentages Of some standard or average. 

Clearly such a procedure merely transforms the unit of 

measurement. For example yield data might be expressed as a 

percentage of the control reading instead of actual yield. 
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Again concentrations are often expressed as percentages 

since a comparative assessment is the object of the experi-

mental design. This type of percentage is very common; for 

example, (a) seed purity given by weight of pure seed/total 

weight of seed, (b) protein content given by weight of 

protein/total weight, and (c) sugar content given by weight 

of sugar/weight of root. Such concentrations should not as 

a rule be subjected to any transformation to stabilize the 

variance. However the technique applied to problems involving 

percentage data must be carefully considered in deciding which 

transformation to use. 

1.8 Practical investigations involving square root and 

angular transformations: 

1.8.1 Development of the square root transformation: Sup-

pose we have a variate x whose variance is a function of its 

mean, and we wish to find a transformation that stabilizes 

the variance. Let the transformation be f(x) and assume 

E(x) = µ. 'l'hen 

x-µ f(x) ::; f(µ) + 1 f' (µ) + R , 

and 

E f(x) = f(µ) (43) 
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assuming we can ignore E R(x). Then 

Var f(x) = [£'(µ)]~ E(x-µ) 2 

= Var(x)[f'(µ)] 2 (44) 

Hence if Var f(x) is to be independent of x (or nearly so), 

then 

Var f ( ;c) = Var (x) [ f • (µ) ] 2 = c2 

Let Var(x) = g(µ), then 

.c 
f I(µ) = -----

./g(µ) 

and 

If g(µ) = µ , 

provided c 

'

cdx 
f(x) = - = Ix rx 

1 = -2 

(4$) 

(.46) 

This transformation is the square root transformation. 

The variance is c2 =¼provided the mean is large enough to 

enable us to ignore the remainder R mentioned above. In 

general if Var(x) = °Aµ , the square root transformation will 
l give a variance= 4 "A. 
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1. 8. 2 Emp,irical study of variance stabilizati.on in the 

Poisson case: 

From above we see that the Poisson d,istribution suggests 

:Ltself as a distribution :r:o:r which the square root transfor-

mation may prove useful, and replicated experiments where the 

results are Poisson variates may often be analyzed in this 

way. Since the approximation above depends on the magnitude 

of the mean., say m, it is interesting to see how far the 

variance of Ix fo:t: a Poisson variate xis constant when the 

mean m becomes small. Bartlett (1936) investigated this 

point and calculated for the sake of comparison th,e variance 

of Ix for a cc>ntinuous distJ:ibution for which also the mean 

equals the variance., namely the Type iit distribution 

m-1 --x Pax e. dx (47) 

In view of the discontinuous nature of the Po:l,sson distribu-

t.:t.on., the variance of Ix+½ was further found for the Poisson 

distribution. The results of Bartlett is investigations are 

givet1 in Table II and Figure I. 

The variance for tlle continuous clll;'ve approaches its 

limit (.25) surprisingly quick. That for ./xis reasonably 

convergent., but shows a peak round about m=l., which dis-

appears when Jx+!2 is used. 
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Table II. Comparison of Variances with Increasing m. 

mean m 

.o 

.5 
1.0 
2.0 
3.0 
4.0 
6.0 
9.0 

12.0 
15.0 

(r2 

0.4 

0.3 

0.25 

0.1 

0 

Poisson, 

.000 

.310 

.402 

.390 

.340 

.306 

.276 

.263 

.259 

.256 

rx Poisson, Ix+½ Continuous, 

.000 .000 

.102 .182 

.160 .215 

.214 .233 

.232 .239 

.240 .242 

.245 .245 

.247 .247 

.248 .249 

.248 .250 

rm 
2 

Fig. I. The three curves (the largest variance first) 

are for: 1. Poisson, /x , 
2. Type III, .fx. , 

3. Poisson, Ix+½. 

rx. 
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Thus above a mean of 10., say., Ix may be considered; 

from 10 to about 2 or .3., /x+!2 is preferable. Below a mean of 

about 2 or 3 the discontinuous nature of the Poisson distri• 

bution has., of course., become so violent that any variate is 

of little use quite apart from questions of variance., unless 

a large number of replications is available. 

1.8.3 Efficiency of square root transformation: Bartlett 

states that it is hardly possible to consider very fully the 

question of efficiency without carefully specifying the 

nature of the experiment to be analyzed. The efficiency 

depends.,for example., on how we choose to define our treat-

ment effects. As a rough guide., however., we may note that 

the value of r 2 ., where r is the correlation of Ix. or -lx+!2 

with x for a Poisson distribution., is high. Thus the per-

cent efficiency 100r 2 of the total (.:E Ix) in large s:amples 

for estimating m., in comparison with the sufficient statis-

tic ~x., has a minimum of about 88 percent at about m = 2r 

that of Ix+½ falls to 96½ percent at the same value of m. 

In so far as these figures differ., they favour ./x+ 2 • The 

reason for computing the efficiency is that we want to have 

some confidence that the treatment means given in terms of 
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the new variate do adequately summarize our data, and this 

they could not do if their efficiency for estimating the 

true parameter means m on the original scale was low. 

The transformation will probably make our variate nearer 

normal than before. However, this point will be discussed 

in greater detail in the sequel. 

If mis very small but a fairly large number of repli-

cations is available, it might sometimes be advisable to 

add, say, pairs of replications before square root are taken. 

1.8.4 Binomial type of data - stabilization of variance in 

small samples: 

We have found that for a Binomial type of data the 

angular transformation is effective, but no work has been 

done on the question of how large a sample size n must be 

used to ensure a reliable transformation. Bartlett (1936) 

investigated the effectiveness of the inverse sine transfor-

mation in small samples. He regards n = 10 as a lower limit 

for n because it is hardly likely that any experiment would 

be carried out with n ( 10. 2 . t The variance of y = - sin n 
7f 

for n = 10 was examined together with the variance of the 

corresponding continuous Type I distribution, 
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(48) 

Q(l- Q) 
The mean in (48) is! and the variance is 9 10 9 m(l-m) 

= 10 

(mis the mean) so that we have exactly the same relation 

between the mean and the variance as in a Binomial with 
r- 2 -1 t+ !,, 

Bv analogy with vx the variance of z = - sin /-=-2. . V 10 n = 10. 

was also found., t being the .Binomial variate., and ½ being 
( added or subtracted according as t) 5. The binomial vari-

ances were computed directly. For the continuous case we 

have: 
-1 . E(sin Ix) 

and may be evaluated for a and~ (=9-a) integers. 

Further we have: 
-1 r-E(sin vx) 2 = \ 1(sin- 1 ./x)2 Pdx 

... 0 

= [ (sin"" 1 1x)2 rPdx] l - \ 1sin- 1 & jl O O . 

¼ J,,. s • x- ~(l-x)-- 2 [ Pdx] dx 

Expanding f = sin- 1 ./x in a Maclaurin series in -Ix, we get: 

+ . 0 " 
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which can be used to evaluate the second integral. The 

results are given in Table III for a= 0 to 4 and in Fig. II. 

The curves for the Binomial depart considerably from 

that for the continuous distribution. That for y has a dis• 

crepancy at the two ends analogous to that for ../x in the 

case of a Poisson variate. The curve for z shows the antici-

pated drop in the center due to the use of ±!2 . For larger 

n., the curve z will become more stable. The large sample 

efficiencies of y and z.,like those of Jx1 and Ix+½ remain 

high, that of y having a minimum of about 91 percent in the 

neighbourhood of 1 m--- 9• Moreover., the efficiency for z is 

about 96 percent in the neighbourhood of the middle of the 

range. For the two variates y and z., z would naturally be 

used if the obseJ:Ved limit of the range was near the end 

points, otherwise y would be preferred. Fig. II shows how# 

when n = 10., the variance of y depends very markedly on the 

true proportion P. 

1.8.5 Further consideration of the effectiveness of the 

angular transformation.: We have mentioned before 

that when Pis near to O or to l# the transformation is not 

useful for small samples. Bartlett (1936) remarks. that a 



mean m 

0 

1/9 

2/9 

3/9 

4/9 

.002 

.0015 

.OOL 
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Table III. Comparison of Variances 

Binomial y Binomial z Continuous y 

. 0 

.0170 

.0149 

.0126 

.0117 

0.2 0.4 

.o 

.0076 

.0091 

.0081 

.0067 

0.6 0.8 
m 

1.0 

Fig. II. Change in variance with m. 

1. Binomial (n = 10), y. 

2. Type I (a+-~= 9), y. 

3. Binomial (n = 10), z. 

.0 

.0100 

.0108 

.0111 

.0112 
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good correction is to replace P = 0 by P = .l.. , and P = 1 by 4n 
l 1 p = ... -. 4n Tables :rv, v, VI and the corresponding Figures III., 

IV, and V were given by Eisenhart (1947) showing a comparison 

between q>(p) = 2 arcsin/p = arccos (1-2p}., (oi p 11, 0 ~cp ~7r} 

and the adjusted q>(p)., namely cpB(p)= q>(p) for (0 < p < 1)., 

but q>B ( O = cp(4~)., q>B (1) = 1r - q>B(O). The sample sizes were 

n = 10., 20., 30., respectively. The curve for Var(p) is drawn 

for comparison L1 each fi,gure. 

If the inverse sine transformation completely stabilized 

the variance in small samples, then .nv(q>) would be unity in 

all cases., or at least would be constant for a given value of 

n. This is not the case., as is apparent from the tables IV 

to VI. Generally the following conclusions may be drawn: 

1. For n 4: 10 and • 05 P • 95., nv(q>) and nv(cpB) are 

less variable than 4nv(P). 

2. For n 120 and .05 P .9S, nv(cpB) is less vari-

able than nv(q>). 

3. For n 10 and .075 P .925., nv(q>B) is less 

variable than nv(cp). 

It is quite apparent from the foregoing that the inverse 

sign transformation., especially with Bartlett's correction, 

is advantageous from the viewpoint of variance stabilization., 



Table IV. 

P=E(p) 

.0500 

.1000 

.1500 

.2000 

.3000 

.5000 

.7000 

.8000 

.8500 

.9000 

.9500 

V 
2.0 

1.8 

1.6 

1.4 

1.2 

1.0 

.8 

.6 

.2 

0 • I 
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Mean and variances of various functions of a 

sample proportion for selected values of the pop-

ulation proportion when the 

cp{P) E ( q>) 10 v(q>) 

.4510 .2856 l. 2917 

.6435 .5134 1.6567 

.7954 .7006 1.6529 

.9273 .8598 1.5332 
1.1593 1.1260 1.2968 
l. 5708 1.5708 1.1433 
l. 9823 2.0156 l. 2968 
2.2143 2.2818 1.5332 
2.3462 2.4410 1.6529 
2.4981 2.6282 1.6567 
2.6906 2.8560 l. 2917 

.2 .3 .4 .5 .6 .7 .8 

sample size 

E(cpB) 

0.4757 
0.6241 
0.7632 
0.8939 
1.1350 
1.5708 
2.0066 
2.2477 
2.3784 
2.5175 
2.6659 

.9 
p 

1.0 

= 10. 

10 v(q,B) 

0.4481 
0. 7489 
0.9363 
l.0436 
1.1224 
1.1258 
1.1224 
1.0436 
0.9363 
0.7489 
0.4481 

Fig. III. Dependence of the variances of 3 functions of the 

sample proportion p on the population proportion 

P when the sample size= 10. 

v 1=4P(l-P)=4x 10 v(p), 



Table V. 

P=E{p) 

.0500 

.1000 

.1500 

.2000 

.3000 

.5000 

.7000 

.8000 

.8500 

.9000 

.9500 

V 
2.0 

1.8 

1.6 

1.4 

I. 2 

1.0 

.6 

.4 

.2 

Fig. IV. 
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Means and variances 

cp (P) E (cp) 

.4510 .3541 

.6435 .5866 

.7954 .7602 

.9273 .9035 
1.1593 1.1469 
1. 5708 1.5708 
1.9823 l. 9947 
2.2143 2.2381 
2.3462 2.3814 
2.4981 2.5550 
2.6906 2.7875 

.·2 .3 .4 .5 

when the sample size 

20 v{q:i) E(q:iB) 

1.6315 .4344 
1.5458 .6139 
l. 3240 . 7688 
1.1810 .9061 
1.0858 1.1471 
1.0562 1.5708 
1.0858 1.9945 
1.1810 2.2355 
1. 3240 2.3728 
1. 5458 2.5277 
1.6315 2.7072 

.6 .7 .8 .. 9 
p 

1.0 

Dependence of the variances on P. 

vl = 4P(l-P) = 4 x 20 v(P) 

v 2 = 20 v(cp) 

v 3 = 20 v(cpB) 

is 20. 

20 v(cpB) 

0.7247 
l. 0138 
1.0974 
1.1051 
1.0784 
1.0561 
1.0784 
1.1051 
1.0974 
1.0138 
0.7247 



Table VI. 

P=E(p) 

.0500 

.1000 

.1500 

.2000 

.3000 

.5000 

.7000 

.8000 

.8500 

.9000 

.9500 

V 
2.0 

LS 

1.6 

1.4 

1.2 

.4 

.2 

0 ., 
Fig. V. 
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Mean and variances when the 

cp ( p) E ( cp) 30 v(cp) 

.4510 .3885 1.6443 

.6435 .6119 1. 3359 

.7954 .7757 1.1560 

.9273 .9134 1.0885 
1.1593 1.1516 1.0484 
1. 5708 1. 5708 1.0358 
1.9823 1.9900 1.0484 
2.2143 2.2282 1.0885 
2.3462 2.3659 1.1560 
2.4982 2.5297 1. 3359 
2.6806 2.7531 1. 6443 

.2 ,3 .4 .5 .6 .7 .8 

sample size 

E(cpB) 

.4278 

. 6197 

.7771 

.9163 
1.1516 
1. 5708 
1.9900 
2.2280 
2.3645 
2.5219 
2.7138 

.9 
p 

1.0 

Dependence of the variances on P. 

vl = 4P(l-P) = 4 X 30 V(p) 

v2 = 30 V ( cp) 

V3 = 30 v(cpB) 

is 30. 

30 V ( cpB) 

.8985 
1.0921 
1.0987 
1.0773 
1.0481 
1.0358 
1.0481 
1.0773 
1.0987 
1. 0921 

.8985 
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its effectiveness in this regard increasi,ng rapidly as the 

sample size n is increased. A comparison of the values of 

q,(l;>), E(cp), and E(cpB) show.o. irt the above tables reveals that 

E(cp) and E(cpB) generally are less than cp(P) when P ( !2, 

greater than cp(P) when P ) !2• The three are equal when 

J? = .5, in agreement with what we have found theoretically 

in section 1~7.3. Furthermore, E(cpB) is always closer to cp(P). 

In fact when .OS~ P .95, the bias E(cp8 ) - cp(P) is less 

than 15 percent of the standard deviation of cp(B) for n 10, 

and thus is of negligible magnitude for most practical pur-

poses. Thus Bartlett's correction tends to reduce the biases 

to negligible quantities. 

!n conclusion, it must be remembered that while in 

large samples the variance of a transformed proportion is 

independent of the true proportion for most practical pur-

poses, the variance of the transformed value~ is still pro-

t . 1 l h ; h b f b . por iona to-., were n is t e num er o o servations upon n 
which the observed proportion is based. Consequently, if 

P1., P2, P3 •·· are proportions based on different numbers 

of observations n1., n2, n3 .•• and if the n's differ widely, 

then the variances Of the corresponding angular values may 

be so unequal, because of the variation of the n's, that the 
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advantages of the transformation are lost almost entirely. 

Similarly the advantages of the inverse sine transformation 

may be lost to a large extent when the data to be analyzed 

is subject to other forms of variability in addition to 

sampling variation. In this case the variance of an Qbserved 
. . P(l,,.P) .. ....2 proportion p ;i.s given by .n · + u;, where the first term 

represents simple sampling variation and the second term the 

extraneous variation. 

1.8.6 A method of discovering Bartlett•s adjustment: 

) 1 Bartlett (1936 gives his adjustment ~(O) = ~(4n), 

~(l) = - ~(O). Without any justification Eisenhart 

(1947) therefore suggests the following: 

Let the values of ,Cp) = 2 arcsin/p whe~e p X = -n 
(x, o, 1, 2 •.. n), be plotted on the arithmetic scale of 

arithmetic-probability paper against the cumulative proba-

bility nl .. Pr(l-P). n-r plotted on the probability 
r=O rl (n-r) I ·· · 1 

scale for a particular value of n and a selected. value of l?. 

If n 10 a.11.d • 05 , P . 95 it will be found that the plot-

ted points for 2 x n-2 are nearly linear~ that the points 

for x =land x = n--1 depart slightly from linearity, but 

that the points for x = 0 and x = n show considerable devia-

tions. If the values ~(O) = 0 and ~(l) =~are replaced by 
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scores q:>(O) = a and cp(l) = b such that the corresponding n n 
plotted points fall on a gently curving extrapolation of the 

curve through the plotted points for 2 x n-2., it will be 

found that an = 2 arcsin ../ 41n approximately. 

b = - a approximately. n n 
The foregoing suggests that a better adjustment than 

Bartlett is could be obtained by extending in both directions 

the line of best fit through the points for 2 x n-2 and 

using this line to define the scores for x = O., l., n-1., and 

n. Eisenhart states that this was tried and some improve-

ment was noted., but for n >: 10 and . OS P ' • 95 the improve-

ment did not appear to be worth the trouble. 

1.9 Transformation of data from entomological field ex:eeri-

ments: Beall (1942)., in a study of experimental results 

from seven field experiments on the control of insects., 

shows that the variance as a function of the mean is not 

exactly a2-=Mas in the Poisson case but is better expressed 

as c2- = M + 1~ 2 • The experiments are particularly designed 

so that the constant k can be estimated from the data. The 
_:J.,.. -1 . ½ 

transformation applied is x '· = k 2 sinh (kx) ., where k is a 

positive constant and x an observation. The data was put in 

a form for which the standard deviation approached a constant 
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independent of the mean. Practically, the transformation 

gave good results so that the analysis of variance could be 

applied. From the analysis of the transformed data, the 

results were found to differ markedly from those which would 

have been obtained from the original data. 

1.10 Transformations related to the angular and the square 

~: ·Freeman and Tukey (1950) report on an empirical 

study of a number of approximations to the normal deviate K 

exceeded with the same probability as the number of successes 

x fran n in a Binomial distribution with expectation np, 

which is defined by: 21 c-l< e ... ½t2 dt:;::prob. (x ~kjBinomial,n,p} • 
7f J --co 

They also describe an angular and a square root transforma-

tion which yield better stabilizations of the variance. 

The approximations to K in terms of n, p, lt are given as: 

N = 2(-l{lt+l)q • ./(n--k)p ) 

E = lesser of 11p and nq. 

N* = N + (N-.2) (N+2) ( l . _ .2.._) 
l2 /np+l /nq+l 

N**: M* + N*+2p~l. 
12 TE (E as above) 
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For variance stabilization., the averaged angular trans-
. -1 ... 1,x+l fq;rmation., sin 'n+I + sin vn+1 has a variance within .±6% 

of the quantities !+}2 (angles 

degree~} for almost all cases 

i . ,.;i •. ) 821 . n rauian · , ---:-i:' n~ 
where np >: 1. 

(angles in 

In the Poisson 

case this amounts to using Ix+ /x+l as having variance 1. 

Fig. VI shows a comparison between the variances of the 

following five transformations;, 

lx+s., Ix + Jx+l 

The figure indicat.es that for m 3., the various trans-

formations may be arranged frem the worst to the best as 

follows: 

2. Theoretical.treatment of.the.stabilization of variance 

2.1 The.analysis of variance :w;hen experimental errors follow 
the Poisson or Binomial law, 

2 .. 1.l Poisson case: The first step in an exact statistical 

analysis of the results of any field experiment is to specify 

in mathematical terms (1) how the expected values of the 

yield of the plots are Obtained in terms of unknow.a parameter$ 

representing the treatment and block (or :row and column) 

effects., and (2) how the observed values of the yields of 
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Fig. lZI. Stabilization of Poisson Variance 
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the plots vary about the expected values. We assume here 

that variations follow the Poisson law. 

Proceeding from the assumptio11 that treatment and block 

(or'.row and column) effects are additive., we can specify the 

expected yield m. of the ith plot., which receives the .:t_th 
J. 

treatment and occurs in the 1:,th row and the .9.th column as, 

m. =: G + Tt + R + C 
l. r C 

., (49) 

where G is a parameter representing the average level of the 

yield in the experiment and Tt., Rr., Cc represent the respec-

tive treatment., row., and column effects., to which the plot 

corresponds. We may put as usual., 

ZT =ZR =ZC =O 
t t r r c c (50) 

If the errors are normally and i11<1.ependently distributed 

with equal variances., this will lead to simple equations of 

estimation. In our case the probability of obtaining a 

given set of plot yields 
... m. x. 

x. with expectations m. may be 
l. l. 

e J. m1 J. 

written as Il -----i xil 
Thus L_. the logarithm 0£ the like-

lihood is given by: 

L == Z(x. log m.-m.) ... Z log x. 1 
i 1 J. l. i l. 

(51) 
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Hence the maximum likelihood equation of estimation for any 

parameter 0 assumes the form: 

i::(x -m ) · i i am• 
m. - • a~ = o 

1. 

(52) 

where the summation extends over all plots whose expecta-
om• 

tions involve e. The function 6~ will usually involve a 

number of parameters. Since the specification of row, 

colwnn and treatment effects in a 6 x 6 Latin square requires 

16 independent parameters, the solution of these equations 

may be expected to be laborious. The problem of obtaining 

exact tests of significance is also difficult. The method of 

maximum likelihood provides estimates of the asymptotic var~ 

iances and covariances of the treatment constants, which 

under certain conditions can be assumed to be asymptotically 

normally distributed. These asymptotic properties will hold 

if there is sufficient replication but will not apply in 

general for small samples. These remarks show that the 

exact solution is somewhat too complicated for frequent use. 

The difficulty arises principally because the typical equa ... 

tion of estimation consists of a weighted sum of the devia-

tions of the observed from the expected values, the weights 



. 1 omi 
being~ ae . 

J. 
weight function 

- so -

l . 
The factor - would be . rn. 

l. 
by using a square root 

removed from the 

transformation of the 

observations. For a Latin square., this prediction formula 

is written: 

where 

../rii: =a.= G + T + R + C 
J. J. t r C 

Z T = Z R = Z C = 0 
t t r r c c 

., (53) 

(54) 

.To find the maximum value of (51) subject to the restrictions 

(54)., we may use the method of undetermined multipliers., 

maximizing with respect to the parameters 

L + "A {E Tt) + µ;(Z R ) + v. {~ C l t · r r c c (55) 

The equation of estimation. for a typical treatment constant 

Tt beccmes., 

(56) 

dm i ,--Since - = 2l'm. da. · " J. J. 
l ., (56) becomes: 

(57) 

The summation in (57) is extended over all plots receiving 

the treatment. If a1 = 1x1 ., then we might write: 
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x.-rn. 
J. J. 

= a2 ... a,2 
i i 

am. 1 d2 m. 
= (a.-ai)d J. + -2· t(a.-et.)2 d.:.v2_1 

J. a,i .. J. l. ""i 
(58} 

If m. is reasonably large, only the first term on the right-
J. 

hand side need be retained. When m. is small., we may use, 
J. 

instead of the exact square root., a quantity ai defined so 

that 

X ""m i i 

Thus if the analysis is performed on the quantities a~ 
l. 

instead of on the original data., equation (57) becomes: 

Z 4(a 1•-a.) +A= 0 
T 1. t . 

(59) 

(60) 

On substituting the expectations for a, from (53) and using 
i 

(54)., we Obtain 

Z 4(a!-G-T) +A= 0 
T J. t t 

(61) 

because =ZR = O, Z C Z C O. 
r r Tt C C C 

(The treatment 

Tt occurs once in each row and once in each column.) The 

corresponding equation for G is 

Z 4(a!-G) = 0 (62) 
i J. 

so that G is the general :mean of the quantities a1. By 

summing equati.on ( 61) over all treatments and comparing the 
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total with (62) we find ). = O. Hence Tt is the difference 

between the mean yield of a' over all plots receiving Tt and 

the general mean of a' . With this scale the simplicity of 

the normal theory equations has apparently been recovered. 

Actually the quantities a' are not known exactly since we 

have by (59) 
x-m 1 x a 1 =a+- ;:-(a+-) 
2-Tm 2 a 

(63) 

where a is the expected value of Ii. However, this process 

provides a means of successively approximating the maximum 

likeliheod solution by starting with approximations to the 

quantities a, then constructing the a''s and solving for the 

unl~nown constants and hence obtaining second approximations 

to the expected values. The close relation of a' to Ix is 

seen by remembering one of the common rules fo:r finding 

square roots. This consists in guessing an apprQximate root 

ct1 dividing x by the approximate root and taking the mean of 
X the approximate root a and the resulting quotient-. The a 

suitability of the linear prediction formula in square roots 

mu.st be considered in any example in which the above analysis 

is being employed. 
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In this connection it should be noted that an approxi-

mate "goodness of fit" test of the validity of the implied 

assumptions may be obtained. Since the quantities a' enter i 

into the equations of estimation with weight 4., the quantity 

4 ~(a~-a. ) 2 is distributed approximately as xa with the 
i J. J. 

number of degrees of freedom in the error tern, of the 

analysis of variance. Some idea of the closeness of the 

approximation may be gathered by considering the sinrplest 

case in which only the mean yield is being estimated. In 

this case the observed value x are assumed to be drawn from 

the same Poisson distribution., and the sufficient statistic 
xi 

for the mean G is known to be .'Zn. Since., however., the 

prediction formula is invariant under the transformation., 

and since the maximum likelihood solution is invariant to 

changes of scale., the mean value a of a' must be exactly 
, Zxi l x 

v n . Thus a'-a -(- - a) 2 a 
and 

(64) 

The usual X2 test for examining whether a set of values of x 

come from the same Poisson distribution may be assumed. 

A high value of X2 means either that the prediction 



formula is not satisfactory or that the experimental errors 

are higher than the Poisson distribution indicates., or that 

both causes are operating. 

2. l. 2 B.inomial case: In this case the yields are obtained 

by examining a constant numbei; n·per plot and noting those 

which possess a certain attribute (e.g., plants which are 

diseased). Experimental variation of the observed fraction 

p possessi1'lg the attribute about the expected fraction P. 

The proportion Pis specif:i.ed i11. te~s of unknown parameters 

representing the treatment and soil effects. 

If r. is the number possessing the attribute on a 
1 

r• 
typical plot., so that pi = n1 ., the likelihood function takes 

the form., 

Hence 

r. n--x· • Il .. nl . .· . P i O. ;t.. 
i rl (n-:r) 1 i ·· i 

L === ~[r. log P. + (11-r.) log Q] i 1 1 1 i 

The equation Qf estimation for a typical. parameter e is 

, 

where the summation is over all plots whose e::,pectat,ions 

involve e. 

(65) 

(66) 

(67) 
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As in the Poisson 

because of the weights 

case., an exact solution is laborious 
n oPi 

- - The unequal weighting P.Q. oe · J. J. 

may be removed by transforming to the variate a.. = sin -l .ffF:. 
J. l. 

and assuming that the prediction fo:rmula is linear in the 

transformed scale. For a Latin square the prediction formula 

is assumed to be: 

a =G+T +R +c i t r C 
(68) 

where the ith plot receives treatment t and lies in the .f_th 

row and ,£th column. Further 

ZT =ZR =EC =O t t r r c c 
dPi 

Since --- = 2IP 1o . ., we introduce a set of variates a' so da. . J. i 
J. 

that on each plot, 

= 2 IP . Q • ( a ... a . } 
l. J. J. J. 

(69) 

(70) 

With these substitutions the equation of estimation for Tt., 

for instance, becomes 

Z 4n(a!-a) + = 0 (71) 
'rt J. i 

where as before, A is an undetermined multiplier. The 

remainder of the solution proceeds exactly as in the Poisson 

case., Tt being found to be the d:ifference between the mean 
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value of a! over all plots receiving this treatment and the 
J. 

general mean of a! . A X2 test may be made with 4n (a~ -a.. ) 2 • 
J. J. l. 

From (70) we have: 

a' l (pi ... p i) = a. + 
2/PiQi J. l. 

== + l 
(Qi-qi) a.i 

2/PiQi 

l cosec(2a 1) (72) = ai + - cot ai - qi 2 

where q, is the observed fraction which does not possess the 
l. 

attribute. 

The calculation of approximations to a1 thus involves 

finding a predicted value a 1 from the treatment and block (or 

row and column) means., and using equation (72). 

and Yates (1953)] of the values of sin- 15":., a. 
l. l. 

Tables (FiSJer 
l + 2 cot a.1 ., 

and cosec(2a.) have been prepared to facilitate the computa-
1 

tions. It should be noted that these tables are in degrees., 

whereas the above equations assume that a. is measured in 
l. 

radians. In degrees., equation (71) above becomes 

(73) 

while 

a '.= + .!§Q_ ( 1 t (2 )} a. .2 co· a.-q. cosec a. 
l. J. l. l. l. 

(74) 
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It must be emphasized that the solutions for the 

Poisson and Binomial situations given above apply to the 

case where the whole of the experimental error variation is 

of the Poisson or Binomial type. The methods are therefore 

likely to be useful in practice only where the experimental 

conditions have been carefully controlled., or where the data 

are derived from such small numbers that the Poisson or 

Binomial variation is much larger than any extraneous varia-· 

tion. The X~ test is helpful in deciding whether this 

assumption is justified. 

2.2 Asymptotic theory and applications: 

2.2.l Introduction: Curtiss (1943) provided a general 

theoretical approach to the problem of transformations. In 

the framework of this theory he discussed in particular the 

square root and inverse sine transformations and also several 

logarithmic transformations. 

In general we can state the problem of stabilizing a 

variance functionally related to a mean as follows: 

Suppose xis a variate whose meanµ= E(x) is a real 

variable with a ranges of possible values and whose standard 

deviation cr = a = cr(µ) is a function ofµ not identically 
X 
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constant. We desire to find a function T = f(X) such that 

both f (X) and are functionally independent Of µ for µ on s. 

Curtiss first of all criticizes any transformation which 

purports to produce an absolutely constant variance. Taking 

for instance a Poisson variate X and assuming the identity: 

E[(f(x) E[f(x}] 2 ]] 2 C µ 

or equivalently, 

we have; 

E([f(x)] 2 }: C + (E[f(x)]} 2 
µ 

oo -µlt oo -µk 
4 [f(k)] 2 e U :: C +[ 4 [f(k)] e If ] 2 

k=O kl µ k=O kl µ > 0 

we need only equate the coefficients of the zero-th power of 

µ on each side to find that [f(O) ) 2 = c + [f)O) ] 2 which 

implies that c = 0 and hence that f(O) = f(l) = f(2) ... , 

so that the solution is trivial, namely T = Const. As to 

the px·oblem of choosing T = f(X) so that its distribution is 

exactly normal~ we can observe immediately that a single 

valued function f(X) will never transform a variate X with 

a discrete distribution into a variate with a continuous one. 

On the other hand, any variate X with a continuous distribu-

tion function F(x) can be transformed into a normally dis-

tributed variate T by the transformation T = f(X) defined by 
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the equation F(x) = ST 
However, aside from 

-CD 

the practical difficulty of solving this equation for T, the 

resulting function T =· f(X) will not generally be functionally 

independent of the mean of X. 

This consideration leads Curtiss to seek asymptotic 

solutions to the problem of normalization and stabilization. 

In the following asymptotic theorems we suppose that 

the distribution of X depends on a parameter n which is to 

tend somehow to infinity. The mean µ = µ and the range s: n n 

of X will in general depend on n (We include the case 

µn = Const. for all n.) and perhaps will depend also on some 

further independent parameters which we shall denote collec-

tively bye, with range~- We shall seek a transofrmation 

T = f(X) in which f(X) is functionally independent ofµ and 

of e for µ on s and e on z., and such that the distribution n 

of f (X) - f (µ ) tends to normality as n co, while n 
lim c 2 , where c2 is an absolute constant. 
n~ 

2. 2. 2 Theorem: Let 'l'n (X) be a non ... negative function of =-c 

and n~ defined almost everywhere and integrable with respect 

to x over any finite interval of the x-axis for each n) O. 
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Let ,x 
T = f(X) = \ 1 (x)dx 

.) 11 
(75) 

a 

where a is an arbitrary constant. Let F (y) be the .distri-n 

bution function (d. £.) of the variate Y == (X - µ, ) 'I (µ ) . n n n 
Suppose further that a continuous d.f. exists such that 

lim F (y) = F(y) for all values of y. Then either one of the 
n...,.j(l;) n 
following two conditions is a sufficient condition for the 

distribution function H (w) of the variate w = f(X) f(µ) n n 

to tend uniformly to F(w)., -oo < w < +co. 

a) To each w for which O ( F(w) ( l., there corresponds 

for all n sufficiently large at least one root x 

equation 

and this root x has the property that n 

lim (x 11 )W (µ) = w n~nnnn 

=x 
ll 

b) For all n sufficiently large., 'I' (µ ) ) o., and n n 

of the 

(76) 

(77) 

lim q (w) = 1 uniformly in any closed finite subinterval of 
n~ n 

the open interval defined by O < F(w) < 1., where 

'l'n(w[~n(µn)]-l"ff.l,n) 
q (w) = .. 

'l'n (µn) 
(78 
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To prove this theorem we first suppose that condition 

(a) is satisfied. Let w1 and w2 be the end points of the 

open inte'rval (possibly infinite) defined by O < F(w) < 1. 

If w lies in this interval., and if n is large enough for the 

root x in (76) to exist., then from the n monotonic character 
(:X 

of J '.E'n(x)dx we can infer that 
.µ,n 

Hn(w) = l?[f(X)-f(µn) w] = P[SX '.E'n(x}dx' w] 
µn 

= P[ \X '¥ (x) dx \X.U '¥ (x) dx] .; n ,., n 
µn µ,n 

= P[X X] = P[Y (x-µ )'¥ (µ )] · n n n n n 

== F [ (x -µ ) 'f (µ } ] 
n n n n n 

(79) 

Since F(w) is continuous., lim F (w} = F(w) uniformly 
n~ n 

on any finite or infinite interval of values of w. There-

fore lim F (w) = F(w) if lim w = w. Thus from (77) and 
n~ n n n~ n 

(79)., we find that 

lim H (w) == F(w) 
n~ n 

(80) 

If w' w1 ., and w1 < w1; < w2 ., then O , Hn (w' .) ' Hn (w 11) 

= F(w 11 ) + [H (w11)-F(w 11 )]. We can make the right-hand member n 

of this relation less than any given positive number e by 

first choosing w" so that f (w 11 ) < ½ e (it will be remembered 



that F(w) is a continuous d.f., and F(w1) = O) and then 

choosing n so large that the quantity in square brackets is 

also less than ½'e in absolute value. Thus lim H (w') = O. 
n~ n 

Similarly if w' {; w2 we can show that lim H (w 1 ) = l. 
n--KX> n 

Hence lim H (w) = F(x) for all w, and it follows that the 
n~ n 

limit holds uniformly on .any finite or infinite interval of 

values of w. 

we show now that condition (a) .in the theorem is a 

consequence of condition (b). The result follows at once 

from the following lemma. 

Lemma: If 'Y (w) is a non-negative function, integrable n 

over any finite interval of w, and if lim 'Y. (w) = 1 uniformly n~ n 
in any finite closed subinterval of an interval w1 ( w ( w2~ 

then for every value of win this interval there exists for 

all n sufficiently large a solutton y = y of the equation: n 
("Y 
\ 'Y (z)dz = w .; n (81} 
0 

and the solution y has the property that limy = w. · n n~ n 
It is clear that if w satisfies the inequality 

w1 ( w ( w2., and if 'fl > o be chosen so that w1 ( W•Tj ( w+n ( w2, 

then for all n sufficiently large, 
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.(because we know that ti1 (z) is a non-negative and integrable 'n 
and lim 'Y (w) = l in any finite closed subinterval of w). 

n~ n 
Thus for each n sufficiently large., there exist a root y of n 

the equation (81)., and furthermore., this root satisfies the 

inequality w-11 { yn wf'l1. Since T} j,.s arbitrarily small., 

limy" =wand the proof of the lemma is complete. n~ n 
To apply the lemma we make the change of variables., 

z = ( u-µ ) 'l' {µ ) or u = [ z/'i' (µ ) ] + µ n n n n n n 
-1 'I' ( u) = 'I' [ z [ '¥ (µ ) ] + µ ] n n n n n 

Substituting in the integral (76)., it becomes 

where y = (x-µn)'l' 11(µn); and the conclusion that (a) is 

implied by (b) now follows at once. 

(82) 

2.2.3 Theorem: Let T (or f(X)., Y., Fn(y)., and F(y) be 

defined as in theorem (2.2.2). Let the mean and variance of 

the distribution defined by F(y) exist and have respective 

values zero and c2 • Then the following three conditions., 

taken together: 



(i) 

(ii) 

(iii) 
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E(Y2 ) exists £or n) 0 1 and lim E(Y2 ) c c2 1 
n-JOO 

Condition (b) of theorem (2.2.2) holds, 
-1 f (Y[ '1' (µ ) ] -+µ ) ... f (µ, ) = 0 IYf uniformly in 

n n n n 

n as f Y f CD .t are sufficient that, 

lim [E(T) ,.. f{µ )) = 0 , 
n-JOO n 

lim = c 2 
n-;(X) T 

The proof is divided into four parts: 

(83) 

(84) 

a) As a preliminary step in the proof, we observe that 

condition (i) and the relations, lim F (y)=F(y), c 2 =\: 2dF(y), 
n-KX> n -ex> 

imply that the improper integral r~~dFn(y} converges uni-
•co 

formly inn for n) o. As the integrand is positive, the 

following result is equivalent to the uniform convergence of 

the integral: for every e) O, there exist numbers A1 and A2, 

A1 < A2, such that for all n sufficiently large 

( (1 + \co ) y2 d F (y) ( s 
t:J n (85) 

--cc A,2 
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We first choose A1 ,. A2 so that the last bracket approacnes 

zero as n a;,, and then Helly--aray theorem {G. c. Evans, 

1927) states that the second bracket also approaches zero as 

n ex, • So for all n sufficiently large, the sum of the 

first two brackets is in absolute value< ½e~ 

It is important to 11otice that we can choose A1 and A2 

in the above demonstration so that A1 ) w1, A2 < w2, where 

w1 and w2 are as usual the endpoints of the interval defined 

by O ( f(w) < l. 
{b) We try now to express (83) and (84) in terms of 

the variate W = f(X) - f(µn) and then to establish a relation 

between (W} and Y = (X--µ ) :Y (µ ) • For we need merely to n n n 
notice that 

W = f(X)-f(µ )=~? (x)dx- fn-p {x)dx= ,x 'i' {x)dx 
nJ n J n v n a a µ11 

and then to make a change of variable .similar to the one 

used to derive (82). Now we can write 

rx ly 
W = \ W (x)dx =, q (w)dw = Q (Y) n v n n 

tJ.n . 0 

where q (w) is given by (78). n 

(86) 



- 66 -

In terms of w, (83) and (84) become respectively: 

lim E[f(X)-f(µ ) ] = lim E(W) = 0 
n~ n 

(87) 

(88) 

We need to establish now (87) and (88) instead of (83) and 

(84). 

(c) For (87), condition (iil states that for all n 

sufficiently large 'i'n· (µ.n) ) 0 and lim q (w) = 1 un:i.,£or.mly in 
n-KX> n 

any closed finite subinterval of the open interval defined 

by O ( f(w) < l. This implies that 

lim Q (y) = lim (Y q (w)dw= s. y lim. q (w)dw = sydw = y 
n~n n~~n on~n o 

uniformly in any finite closed subinterval of the interval 

w1 ( y ( w2: condition (iii) states that 

f(Y[':l' (µ ) )- 1-+µ_ ) - f(µ ) = ofYf uniformly in n as fYf n n n n 

Since Y = (X""'IJ. )':l' (µ) this relat.:i.on may be written as n n n 

f (X) - f(µn) = of YI as JYI <X>: this implies that there 

exists a constant M such that jf(x)-f{µ, ) j:::jwl=IQ (y) l~IYI n n 

for all n. Moreover if E(y2) exists, so will E(Y). 

Now E(W)=ri-}: (y)dF (y)=~ (y)dF (y)--\~F (y) n n .) en n ... n (E(y)=O) 
-oo -oo -oo 

fl 5A2 = ( + j )[Q (y)-y)dF (y)+ [Q (y)-y]dF (y) •- n n n n -oo A A 2 l 
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part (a) we can conclude that the first pair of integrals 

can be made less than an arbitrary J2e ) 0, by propel'.; choice 

of A1, A2 • The third integral approaches zero by the 

general Helly-Bray theorem (We have shown that lirn O (y)= y.) 
n--l<X> 11 

and so becomes less than J2e for all n sufficiently large. 

Thus IE(W)j e for all n sufficiently large and we have 

established (87). 

(d) To show that (88) is true, we have merely to prove 

that !~E(w") • c 2 • Since E(lF) •~£";2 d Fn(y) , we may 

write: 
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Since r'"°;.2 a F (y) is uniformly convergent we can choose A1 .) n 
--<X> 

and A2 such that the first part ( ½e ( e ) 0) • Again by the 

general Helly-Bray theorem, the second part approaches zero, 

and so for n sufficiently large, it can be made ( ½e. Hence 

approaches zero., as also does [E(Y2 )-c 2 ] by condition (i) so 

as n co . 

The proof of the theorem is now established. 

2.2.4 Theorem: Let the distribution of a variate Y depend 

upon a parameter n. Let F (y) be the. d. f. of Y, and let n 
F.(y) be a continuous d.f. with the property that 

lim F_ (y) = F(y). Let a be a function of n such that 
n~ n n 
lim a =a~ O. Then the distribution function of the vari-
n~ n 
ate z = a Y tends as n a:> to the distribution function n 
F(z) if a ) O, and to the d. f. 1 .. F(~) if a ( O. If the a a 
variance of Y exists and tends to c2 as n a:,, then the 

variance of a Y tends to a 2 c 2 as n oo. n 

No proof is provided fQ;r this theorem, but we know in a 

special case that if F(y) is the d.f. of a reduced normal 
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distribution., 

also the d.f. of a normal distribution with mean zero and 

variance a2 • More generally., any affine trans..:ormation of a 

normal variate yields another normal variate. 

2.3 Applications 

2.3.l Introduction: The theorems of the preceding section 

have the effect of referring the properties of the distribu~ 

tion of the transformation T == f(X) of theorem I., back to 

those of the distribution of a related variate Y. In the 

applications given in the present section., we shall let 

'¥(µ)be proportional to the reciprocal of the standard n n 

deviation of X. The preceding theorems state in this case 

that if the reduced or standardized distribution of X 

approaches a limiting form.,. then under certain circumstances 

the distribution of f(X) - f(µ) will approach a similar n 
limiting form and~ will approach a quantity independent at 

least of the parameter n. In the applications considered 

here., the reduced distribution of X will always approach the 

reduced normal distribution. 

2.3.2 The square root transformation for a variate witha 

Poisson distribution: Let X have a Poisson distrtbution 
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with parameter n. If~ is an arbitrary constant, and if 

Jx+a x~ -Cl 
·T ... f(X) = ..- (89) 

0 .._,. < -a .... 

Then the distribution of T - .Jn+a tends as n oo to a nor .... 
1 mal distribution which has mean zero and variance 4 , and 

lim o2 = 1.. 
n~ T 4 

Proof: Here µ11 = n, ax = In , and it is well known 
X--µ.n 

that the distribution of the reduced variate In tencts to 

the reduced normal distribution as n oo. By theorem 

(2.2.3) the distribution of Y = 2~ = · x-n 1h , will 

tend to normality as n oo and the variance of 
· l n x-n Y = --var(-) 4 n+a In 

Setting: 

'1' (X) = n 

1 
4 as n The mean of Y = o. 

1 
2/"x+a x) ""'Cl. 

• 
0 x~ -a 

;x iX --
we obtain from T = f(X) == S ':I'n(:&)dx = S 2 ~ = Jx+a , the 

-a. C"· . . .... a 

(90) 

formula given in (89). Here f (x) ... f (µ ) = W = T - ./n+a • n 
To complete the proof of the above statement we must show 

that conditions (ii) and {iii) of the theorem (2.2.3) are 

satisfied. Assuming n) -a, we have 
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= -p· (2wln+a +n) • 2ln+a n 

provided that w) -½.ln+a : otherwise qn(w) = O. Hence 

clearly (ii) is satisfied simply because '1:' (µ ) ) 0 and n n 
lim q (w) = l. Also n~ n 
w· = f(Y['i' (µ ) ]- 1-+µ ) - f(µ ) = f(2Yln+a +n) - /n+a 

n n n n 

./2YJn+a · +n+a - ln+a 
= 

when Y ) -½.ln+a 

when Y -½ln+a 

from which it follows at once that lwl < 2IYI when Y(-½ln+a. 

When Y) -?2-ln+a we have W) o, and we can write: 

W = l2y/n+a, + n+a - /n+a ( 21Yf or equivalently: 

l2Y/n+a + n+a ( 2 !Yf + Jn+ci or 2Y.,/n+a +(n+a)( (2 !YI +Jn+a) 2 

or ./n+a [2Y + -ln+a] ( _(2fYf + /n+a ) 2 , 

and this is intuitive Since both ./n+a and 2Y + ln+a are 

less or equal to 2IYI + ln+a. Hence condition (iii) is 

satisfied for all Y. 

2.3.3 The square root translBormation for a variate with a r 
distribution: Let. X have a distribution whose density 

function is of the following type: 
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0 
cp(x) = 

If a is an arbitrary constant., and if 

T = f(X) = 
0 X < --a 

then the distribution of T -/ ..!L+ a tends as n oo to a 2h 
l normal distribution which has mean zero and variance 4h., 

1 
and ~±:1 o; = 4h . 

n We know that the mean of Xis µn = 2h and that the 

standard deviation ox= hi. The distribution of the 

(91) 

(92) 

standardized variate tends to normality as n Q:>., so that 
. x-µn 1, n x-µn 

of the variate Y = 2 JI:::'+a. = 2v nh+2h2 a · --p:- tends to 

normality and Var(Y) 
l to 4h as n co . 

Setting 'l' (x);: n 

we obtain 

n ':Jl 
h 

1 ,-, n x.;.µn 
= 4 nh+2h2 a • Var(~r.:--,;:-) which tends 

1/'µn/U 

1 x) 2-/x+a · -a 

xi " 0 -a 

as in (92). 

The work of verifying that the conditions of theorem II 

are satisfied is the same as in the case of the Poisson dis-

tribution treated above. 
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For example, if s 2 denotes the variance of a random 

sample of n+l observations drawn from a normal parent distri-

bution with variance a2, then it is well known that (n+l)s 2 · 

is distributed accordin9· to (91) with h = 2~ • We can thus 

deduce the further facts, also well known, that the distri-

bution of ln+l s cr./n tends to normality, and that the 

variance of s./n+l approaches the limiting value ½a2. If n 

is an integer and h =½,the distribution defined by {92) is 

called a X2 distribution with n degrees of freedom and the 

variate is denoted by x2 • Our conclusion in this case is 

that J2x2 - 1211 tends to be normally distributed with zero 

mean and unit variance. From this result and the fact that 
-k v2n-l - 12n = O{n 2 ), it follows immediately that ../'W- i2n-l 

has the same limiting distribution as J2xli. - /211 • Hence we 

get the Fisher X2 -transformation which we will discuss in a 

later section. 

2.3.4 The inverse sine.transformation for a Binomial 

variate: Let X be a Binomial variate with proportion 

l? (P = 0 1. £ 
' n' n' 

n ... ·-) . n If a is an arbitrary constant, and 
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· -1 a In sin n 

0 

a - -n 

-a a 1 
x < - or X) 1- -n n 

where Tis measured in radians, then the distribution of 
,-- --1 , a. T - vn sin vP+n is asymptotically normal with zero mean 

3 • l ana variance 4 . 

(93) 

Here let us take µ = P a.nc1 ~X = . .E,Q where Q = 1-P. We n . n 

1mow that the distribution of the reduced variate in (X-P)/IPQ 

will be asymptotically normal. Hence by theorem (2.2.4) the 

distribution of 

y = __ /ii __ n_( .... X ... - .. P...,) _..., = ---· .,._1...,P..,.0 ___ _ 
a a I · a a 2 .(P+;;) (Q- 0) 2 (P"+s") (O"'-ii) 

../n (X-Pl 
./po 

(94) 

· 11 t ,'-1 t lit . th ' · · PO V ·( lii(X-P) )· ~.! wi · en1..s o norma y wi variancf::= ··· - · · ar r-=. 4 • 
4(P+*)(Q-~ ~PQ · 

l The variance of the limiting distribution F(Y} is also 4 . 
Let 

Then 

'l' (x) = n 

In 

0 

Cl . ct --(x/1--n _),__ · n 

otherwise 

Sx Sx · 
T = 'l' {x) dx = In dx 

-_a n -_a 2/(x...g.) (1-x- £.) n n n n 

• (.95) 
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a 2 a 2 Putting x +n = sin t, 1-x""' n = cos t, dx = 2 sin t cost dt, 

we get 
-1 a sin 

T = s . tin 2 sint cost dt = 2 sint cost 
·· a ../n sin x+-. n 

0 

which is the same as we assumed in ( 93) . 

In showing that cot1ditions (ii) and (iii) of theorem 

(2.2.3) are satisfied, we shall assume for simplicity that 

a= O. We find that: 

q (w) == n 

1' ( 2 /iffi w + P)21PQ 
n In . 

= 'In 

-In 
.,/ 2w 2w .~ 2 (-;= -vl?Q + P) (1-,P--;= 'fl?Q) Yn Yn 

• .:1 ., 1 ./ nP ( ( .,,nP h ( ) prov11-:tect -"'J O . w Q , ot erwise q0 w = 0. 

n o::,, q (w) 1 so (ii) is satisfied. n. 

When 

From the law of the mean in the form due to Schlomilch 

we have 
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.fQ. ,... . -1 
:::: f ( Y 2 ./ n + P) ! - vn sin .fp 

{96) 

The square of the denominator in {96) is 

+ 2Y[ elu%-... el-!5 J + 1 

We are interested in the positive part of this quadratic 

expression when -!-2/1; ( Y ( ½_.,/ npg • Since the coefficient; 

of Y2 is negative., the expression is convex in this interval 

and so must assume its least value in that range at one end 

or the other. ,nP But when Y ::= ... !:P' 0 ., we get 

Since these are the 

maximum possible coefficients of 2Yi and since both of them 

are less than one., we deduce that Wis always less than (2Y) 

in the range indicated. For va.lues of Y outside the range., 

the second member of the expression for w., namely -../n sin ""'1 /i?., 
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indicates that W = 0(./n) = O(Y), because we know that Y is 

always of the order of In, (Y ·= -In (X--J?) , x, P, Q are less 
2/PQ 

tha11 one). Hence (iii) is satisfied and the proof 0£ the 

statement above is complete for a= O. 

2.3.5 other transformations of a Binomial variate: Let X 

be a Binomial variate with parameter P (P = o, 1., 1-n n 

(a) If 

T = f(X) = 
0 

n 
• O O -) • n 

xio 
x(o 

then the distribution of T - In sinh- 11P te11ds as n c:x> to 

, 

a normal Q distribution which has zero mean and variance 4+4P. 

Here 

Setti:ng: 

we obtain 

we have f' (x) = · · , x ) 0 • 
.2 X +X 

W (x) = n 0 

X) 0 

xio 

Y = (X--P) '1! (P) n 
/n(X•P) @ . ./n(X,-P). 

= -IPQ . 2& -ll+P = · IPQ 

Hence 
_ _Q_ ./n {X-P). _ __Q_ 

Var(Y) - 4+4P Var[ IPQ 1 4+4P • 

This is also the variance of the limiting distribution of Y. 
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In order to establish the two properties 
-1 . Q lim [E(T) --/n sinh ../p ] = 0 

n~ 
and lim n~ 

= 4+4l?' we 

follow the agreement of the inverse sine case (see 2.2.4). 

We have here 

= 'o/ ( 2w/ P{l+P) + P) . P(l+P) 
n · n n 

as n a> 

and 

W = f[Y[P (µ )]-l;,µ] - f(µ) 
n n n n 

being the same ex-pression as in the inverse sine, case after 

replacing Q by l+P. Hence by Schlomilch's mean value 

theorem we have: 

e 1,. 
[ 1 - . ']~2 

W = 2Y . · .. l+P . · p 
(1+2ey/ 

o < e < 1 -1-..;-Iif < Y < n(P+l) 
, 2 l+P 2 p 

For condition (iii) to be established, the same kind of 

argument used in the inverse sine case holds. 
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Since the limiting variance of this transformation 

involves the parameter P, it is not a satisfactory solution 

to the stabilization problem, but it is perhaps of some 

interest that the distribution becomes asymptotically normal. 

If Pis allowed to vary with n in such a way that 

lim nP = a:>1 it is known that the reduced distribution of X 
n~ 
will still tend to normality. If we suppose that lim P = O 

n~ 
but lim nP = a:>, we find by theorem (2.2.4) that the limiting 

n~ 
distribution 0£ 

will be normal with mean zero and variance¼. It is easily 

verified that the conditions (ii) and (iii) of theorem 

(2.2.3) are still satisfied, so we find the limiting distri-

b'ution of 
,... -lr.: ,- -1 vn sinh vX Yn sinh iP 

is normal with mean zero and variance¼. 

(b) If 

'11 = f(X) = 
In log X 

0 

X) 0 

x~o 

then the distributio11 of T - -In log P tends as n <X> to a 

normal distribution which has mean zero and variance~·. 
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Setting here 'l' (x) = f' (x) = In when X) 0 and 
11 X 

1' (x) = O otherwise, we put n 

Y = (v-p) . :!£. = /ii J25-P) • Q 
p /PQ p • 

Then in analogy with the preceding cases, 

Var·(Y) - Q V (-In {X-P)) - P ar . ../PQ •. 

WP 
= l - WP+P/n l 

Q --p 

as n co 

Thus condition {ii) is satisfied but condition (iii) is not 

satisfied because 

W = f[Y~ + P] -./n log P 
Yl'l 

,- p . 1--= -tn log( ,1; Y + P) --,n log P 

= ../n. log(l 4 ..L ) -In 

and we are faced with the problem of proving directly that 

/'00 
the improper integral \ n log(l + ;_) 2 d F {y) converges 

;J.. Yn n 
-tn 

uniformly. 

2.4 The logarithmic transformation: 

2. 4 .. 1 Introduction: We shall suppose throughout this sec-

tion that Xis a variate whose mean isµ and standard n 



- 81.,. 

deviation o=k (µ +a), where a is an arbitrary constant, 
n n 

k ) O, a.rid lim k exists and .i.s finite. If k is constant n n~ n n 
for all n, say k = k ) O, and if we use the heuristic arg·u~ n 

ment that aT = f' (µ ) a(µ ) = k n n n 

or 

then 
r du 

f(µ) = \ - = log(u+a) n · •-' u+a 

Hence we find the transformation T = log(X+a), X) -a. It 

is the purpose of this section to study the asymptotic 

properties of this transformation. 

The theory of such a transformation differs in certain 

important respects from that of the transformations consid-

ered in section (2.2.2). For one thing our starting point 

in the study of e.ach transformation was the fact that 

although P(X ( 0) = o, nevertheless the reduced distribution 

of X tended to normality as n CD • But in the present case, 

if Xis a variate such that P(X ~-a)= o, then the corres-

ponding reduced variate Y = (X-µ )/[k (µ, +a)] has a d.f. F (y) n n n n 

such that, 

Fr.(X -a) = 0 



or 

or F (• _!.,) = 0 n k n 

Thus if lim k == l<:) 0 1 the limiting distribution of Y1 if 
n~n 

it exists 1 must have a distribution finction F(yJ such that 
1 F(- k) = O. Therefore the limiting distribution of Y can 

never be normal if k ) 0. 

Moreaver (in contrast to the situation in theorem 2.2.2) 

if the, reduced variate Y does have a limiting distribution 1 

the variate 
l l · · w = k log(X+a) .... k log(µ.n +ct) 
n n 

I (97) 

may have a limiting distribution which is not the same as 

that Of Y. More specifically we have the following result: 

2.4.2 Theorem; Let :P(X ~-a)= o. Let lim k = k4: 0 1 and 
n~ n 

X-µ. .. n let Fn(y) be the d.f. Of the reduced variate Y = ·. ··(· ·· ·· ) .• kn ·~+a . .,. 

ancl let I\i(w) be the d.f. of the va:r:i;.ate W given by (97). 

If a continuous d. £. F(y) exists such that lim F hr) = F(y) 
n---,co n 
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for ally., then 

!n fact 

lim H (w) = n....)(X) n F(w) 

H (w) = Pr(W < w) n 

k > o 

k = 0 

kw 
= Pr(.1.. log x+a ( w) = Pr(µx+a+,..,, ( e n ) 

kn µn+a n 

kw 
en -1 

Pr(Y ( k · } 
n 

k ) 0., -co ( w ( +o, • n 

The range of Y is ... -1:.. < Y < a:> • 
kn 

Hence 
kw 

lim H (w) = F[ e .... l ] 
n-KX> n k 

since k k., F F. n n 

(98) 

J:n the case kn = o., we have Hn(w} = F(%>. Since 
kw 

the numerator and denominator of the function e · k - 1 are 
,,.. . 

continuous ink., we can apply l'Hopital's :rule to get 

kw l kw 
lim (e - } = lim (w e } = w 
k~ k k~ 1 



Hence 

lim H (w) = F(w) 
n~ n 

when k == 0. 
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2.4.3 Theorem: Under the hypothesis of theorem (2.4.2) and 

under the additional conditions that the improper integral 

relations hold: 

lim E(W) = 
n~ 

lirn E(W2 ) == 
n-,Q) 

r ! log(l+ky)dF(y) 
1 . 

-k 

0 

.r ~[log(l+ky) ] 2 dF(y) 

- .! k 

1 

By theorem (2.4. 2) we know that 

converges uni-

the following 

k) 0 

(99) 

kc::: 0 

k) 0 

• (100) 

k = 0 
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Making the change of variable 

1 w = - log(l+k y) k n n 

kW 
e n - 1 -----= = y., we have 

kn 

(101) 

1 The w ranges from -oo to +a> as y ranges from - - to <D • .. . kn 

Thus we have 

E(W} 

so n n 

lim E(W) = 
n-KX> 

f'X>1 j k log(l+ky)dF(y) 
_.J:. 

k 

0 

Similarly for lim E(W2 )., but when k = 0 the limit 
n~ 

k) 0 

k = 0 

; 2 [log(l+ky)] 2 is Of the form%· Applying l'Hopital 1 s 

rule we get 

[log(l+ky) 12 2[log(l+ky)] • i+i:y 
lim k2 = l!m 
k~ k~ 2k 

- . . y2 /(l+ky) = y2 - t:$ yk+(l+ky) " 

hence in the case k = 0 



Thus 

lim E(w2) = 
n.-«X> 
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r ~[log(l+ky) ]2 d F(y) 
1 --k 

1 

k) 0 

k = 0 

2.4.4 Remarks: The variance a; Of the variate T = log(X+a) 

is given by the equation a;= k~(E(W2 ) - [E(W)] 2 ). Thus if 

F(y) is independent of any unknow.a parameter e, and if k is 

positive and is presumed to be constant, then the transfor-

mation T = log(X+a) is seen to yield an asymptotic stabiliza-

tion Of the variance under the conditions of theorem (2.4.3). 

Theorem (2. 4; 2) raises the following question: Just 

what limiting distribution must Y have if k) O in order 

that the distribution of W tends to normality? To answer 

this we shall note the following non-asymptotic result. 

2.4.5 Theorem: A necessary and sufficient condition that X 

have a continuous distribution with density function: 

1 
-(l (x+a)~)2 

1 og µ+a ;> -e · · Jx-a • x+a xp[ 2log(k 2 +l) , 

0 
/ . (102) Xe -a 

(for which ox= k(µ+a~, is that the variate T = log(X+a) 
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have a normal distribution with mean= log(µ.+a) - loglk. 2 +1 

and variance== log(l+k. 2 ). The proof needs a routine change 

of variable in the normal distribution of T. We know that 

Making the change of variable T = log(x+a), we get q,(x) as. 

it is represented in (102). 

If Xis distributed according to (102), the density 

function F'(y) of the corresponding reduced variate 

Y = (x-µ)/[k(µ+a)] is: 

FI (y) = 
0 

1 
l+ky 

r•flog[(l+ky)-ll+k. 2 ]} 2 ) 
exp 2 log(l+k 2 ) 

y~-½ 
The distribution function of the variate 

l y)-k 

·c103) 

-1 . ekw -1 
W = k [ log(X+a) - log(µ+a.)] is F[ · k · ] as we have seen 

in theorem (2.4.2), since log(X+a) is normal with 

mean= log(µ.+a) - logll+k 2 and variance= log(l+k 2 ). Thus W 
-1 - -2 is normal with mean = -k loglk 2 +l and variance = 'k log (k 2 +1) • 

The quantity -k- 1loglk 2 +1 is the value of the integral in 

(99), since the integral becomes, after substituting 

dF(y) = F' (y)dy and making the cha11ge of variable log(l+k-y)=t., 
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1 .. f 00t -(t+log~l 2 .!. t _ l 
-l27rlog(k 2 +1J ;e' exp[ 2 log(k 2 +1) )k e dt - j?1(t) 1 

-CX) 

where t is N(-..loglk 2 +1, log(J<.:2 +1)). Hence the integral 

equals (--k -lloglk 2 +l) as indicated above. 

Similarly the value of the integral in (100) becomes: 

If now the distribution of X depends on a parameter n 

in such a way that as n co, the distribution of the cor-

responding reduced variate Y = (X-µ )/k (µ +a) tends to the n n n 

distribution given by (103) ,. it follows from the above dis-

cussion and from theorem (2.4.2) that the variate 

1 l W = k log(X+a) - k log(µ ... +a) has a normal limiting distri-
n n n 

bution. Furthermore, under the uniform convergence condition 

of theorem (2. 4. 3.), it follows that cr; tends to the value 

log(k 2 +l) where T = log (X+a). 

2.4.6 Discussion: The above theorems and remarks provide a 

mathematical basis for the use of the logarithmic transfor-

mation. 

When it appears from a reasonably large number of obser-

vations on a variate (which is essentially bounded from 
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below) that the ~tandard deviation of the variate is propor--

tio11al to the mean., then a possible spec:i,.fication fc.,r the 

variate is a distribution of the form (102). If such speci• 

£:J.cation is sound then the variate Tl!=. log(X+a)., where -a is 

any num):)er less tha11 the lower pound of X., will be exactly . . . 

or approximately normally dist.ribu:ted with a variance inde-

pendent of the value of µ. But since (102) is only one of 

an infinity of different types of distribution in which the 

mean and standard deviation are proportional., the user of a 

log#arithmetic transformation in the analysis of variance 

should always apply tests to the T~values for departures 

from normality. From the point of view of specification., 

the situation here would seem to be less :reassuring than in 

the cases considered in tlle angular or square root transfor-

mation. While it is true., fox- instance., that the Poisson 

distribution is only one of many types Of distributions in 

wh~ch the variance and mean are equal 6 nevertheless the 

specification Of a Poisson distribution can generally be 

preceded by a fairly strong reasoning which can be deduced 

from the nature of the data. This would not seem to be the 

case in the specification of (102).. Theorems (2.4.2) and 

(2.4~3) furnish some grounds for supposing that the 
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logarithmic transformation may possibly be more successful 

in stabilizing the variance than in normalizing the data. 

2.5 On the distribution of a variate whose logarithm is 

normally distributed: 

2.5.1 Moments of the distribution: Finney (1941) examined 

the moments of such a distribution and their estimates. Let 

y be a variate whose distribution is such that x = loge y is 

normally distr:i,.buted (i.e. the distribution q,(x) mentioned 

in the previous section., equation (102)) with mean e and 

variance 'a2. The probability delisity of x is then: 

f(x) (104) 

We know that E{eitx) = eit;+~i(it) 2 a2 is the characteristic 

function of N(e., o-2). Replacing (it) by r we have 

E ·(·erx) -.-· er;+½r 2 a2. x - Since y = e, it follows that, 

which defines the cumulants (and thus the moments). In 

particular 

= e ~+12cfi? µ 

µ 2 (y) = e2 ;+cr2 (e cr2 -1) 

(105) 

(106) 



For convenience let us write 

0'2 
T = e 

so that 
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k 
The coefficient of variation is therefore h·-1) 2 , which 

(107) 

(108) 

takes the value unity when cr2 = .693, higher values than 

this can undoubtedly occur, but the chief practical interest 

probably concerns populations of less variability. The 

measures of departure from normality are 

2.5.2 Estimation of the moments: Suppose that a sample of 

n individuals is taken from the population. It is known 

that sufficient statistics for the estimation of the param-

eters of the transformed distribution are 

Ex 
X =- n (109) 

2 l - 2 s = - ~(x-x) n-1 · (110) 

s2 
We know that (n-l)cr2 is distributed as X2 with n-1 degrees 

of freedom and so 
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2o 2 p 2acr2 -½(n-1)-p . (-)· (1--) n-1 n-1 

and in particular (a= 0) 1 

c1'l-3+p) I = ___ 2 __ _ 
(n;3)I 

2a2 p . (-) 
n-1 

= (n+l)(n+3) •.. (n+2p .... 3) CJ2p 
(n.;.l)p-l 

If the infinite series g(t) is defined by 

g(t) 

then 

I {111) 

(112) 

+ ... (113) 

~. 2 2. = n-1 2 2 (n-1) 3 r 4 s 4 . (n ... l) 5 r 8 s 6 ] 
E[ g( 2r s ) ] E[ l+~ 8 + n2 2 I 4(n+l) + n 33 I 8 (n+l) (n+3} + · · · 

= l+n::.!r2 (n-l) {n-1) 3 r 4 o4 {n+l) + (n-1) 5 r 8 o8 {n+l) (n+3) + 
n21 n2 214(n+l)(n-1) n3 3l8(n+l)(n•l) 2 ••· 

l+ {n-1) 2 2-2 +· (n-1) 2 4 4 + (n-1) 3 a e = · n2 l r u- n2 21 4 r O n 3 3 18 r O + · · · 

n-1 2 2 -r a 2n = e (114) 
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Also, since the sampling distribution of xis normal 

N( ~, a2 /n}, we have 
2 2 

r;+~· 2n = e (115} 

The distribution of x and s2 are independent, and therefore 

(116) 

Since the statistics are sufficient, any function of them 

alone must be an efficient estimate of its expected value. 

Hence efficient estimates Of the mean and variance of they 

population will be -m = ex g(i 2s 2 ) 

(putting r = 1 in (116)) and 

2x 2 n-2 2 v = e · [g(2s )-g(n-l s ) J 

v is chosen so that E'(v) = µJy). In fact we have here, 

E(v) = E[e 2~ g(2s 2 )] - E[e 2x g(n• 2 s2)] 
n•l 

= e 2~+2cr2 

2~+2cr2 = e -

so that v is an unbiased efficient estimate for µ.2 (y) • 

(117) 

(118} 
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Unfortunately the series g(t) is not very suitable for 

computational purposes., as its convergence is slow., except 

for small values oft. It is possible that occasionally the 

value of g might be satisfactorily obtained from its repre-

sentation in series., but the convergence of v will be very 

much slower. We can., however., develop the series in ascend-

ing powers of n- 1., and thus obtain expeditiously for moder-

ately large samples, an approximation to the estimate. 

2.5.3 Approximation to the efficient estimate: The est!-

mates m and v given above may be expressed in a form more 

suitable for arithmetical computation if an expansion of 
-l g(t) in ascending powers of n is first obtained. For this 

purpose we write., 

+ I O 0 

or 

The approximations to the efficient estimates are to the 
-2 order of n 

(119) 

(120) 
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and 

(121) 

For values of the sample variance s 2 , of the transformed 

populations which approach 0.69, corresponding to 100 percent 

standard deviation in they distribution (i.e., coefficient 

of variation = 1), possibly n ) 50 in (120) and n ) 100 in 

(121) would be safe limits for practical purposes of esti-

mation. 

2.5.4 Efficiency of estimation without transformation: It 

is of interest to determine the efficiency with which the 

mean and variance of the distribution of y are determined 

without using a transformation. From the first and second 

moments of the sample the estimates are: 

-~ Y - n 

D = Z(y-y)2 
n-1 

The sampling variances of these are 

V(y) 

(122) 

(123) 

(124) 
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= K4 + Ki 
V(D) n n•l 

= µ 4 (,.--1) 2 ( (~ 4 +2-r 3 +3,- 2 ~4)+ ..• ]/n (125) 

where K2 and K4 are found from (105). 

In order to obtain the variance of the efficient esti-

mate., m., it is necessary to find E(m2 ). Now from (lll)., by 

the use of Stirling's approximation., 

E (s2p e as 2 ) = 0 2p 8 acr2 ( l+ a2 cr4 +p(2aa2+p-1) + ... } 
n 

A more detailed expansion for the case p = 0 gives: 

It follows from (119) that 

E ( ( g(½s2)] 2 J=E( e½s2 [ 1 _ s 2 {s2+2) + s 4 ( 3s 4:4:s 2+48) + ••• ] 12 
411. 9t;)n 

E.' (e s 2 [ 1 s 2 1s 2 +2) s 4 (3s 4 +28s 2 +48) ] J = ... + ·2 + •.. 2n 24n 

(126) 

(127) 

The equations (126) and (127) give the required ex-_pectations 

for each term., so we get: 
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cr2 er 4 - 2 cr2 cr8 -4 cr6 
E([g(½s2)]2) = e (l + 2n + 8n2 + .•. } 

= e2~+cr2[ 1 2cr2 4cr4 ]. cr4 -2cr2 cr8-4cr8 
+ -;- + 2:n2 + · · · .[ ·1 + 2n + 8n 2 + • • · ] 

Now 

Var(m) =E(m2 )- (E (m} )2=e2~+cr2 [ l+ cr4 +2cr2 + cra+:"cre+ ••• ] •e2;+cr2 
· 2n n 

cr4 1 cr8 
== e2;+cr2[ a2 + T + 2n(ae + 7> ]/n 

The efficiency of the estimate y is thus: 

Efficiency (-y·) V(m) -V(y) e 2;+a2 (-r-1) /n 

cr4 l ere 
== ( a2·+ - +-( cr6 +-} }/-r-1 2 2n 4 

In large samples, and for small values of cr2 , the 

(128) 

(129) 

efficiency is almost 100 percent, and never falls below 93 

percent when cr2 is less than O. 7: even for cr2 = 2. 5 the 

efficiency is still 50 percent. The efficiency increases 

slightly with smaller values of n. 

By a similar process, taking the expectation of v2 

using the formulae (126) 1 (127} and remembering that x and s2 



... 98 -

are independent., we get., 

and thus., 

(130) 

It follows that., 

(131) 

This quantity also approaches 100 percent for small 

values of cr2 ., but falls rapidly with increasing a2 • Thus 

for a2 = 0.1 the efficiency is only 79 percent and for 

cr2 = .69 it is 28 percent. The form taken by this function 
. -1 when terms inn are included has not been fully investi-

gated., but such an examination could scarcely alter the 

general conclusion that the use of Das an estimate of the 

variance of they distribution is inefficient except for the 

smallest values of a2. 

The large sample efficiencies of the untransformed 

estimates y and Dare shown in Fig. VII*for values of cr2 up 

to 2.0. 

*See page 177. 
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2.6 The statistical analysis of variance-heterogeneity and 

the logarithmic transformationa While a useful approx-

imate null test of significance of the heterogeneity of 

variances is available (Bartlett test), it is often necessary 

in more detailed investigations of variance heterogeneity to 

apply the powerful technique of "analysis of variance 11 to 

the data, when suitably transformed. For an estimate s 2 of 
. ns 2 • a variance cr2 based on n d. f. 1 the distl.'ibution of c2 is 

well ltnown to be a X2 distribution with n d. f 1 if the esti-

mate s 12 has been 

ns 2 
function of --"7· 

(J 

obtained from a normal sample. The density 
ll-1 ... ns 2 . 

. ...!._(ns2)2 .2?' d(ns2). It f 11 is n 2 cr2 e 2 cr2 • - o · ows r<->-2 

that the distribution of In s 2 - .Bn a2 is entirely independent 

of c?-1 and hence that that of Jn s2 only depends on cr 

2 through the term Jn o'- in its mean value. The variate Jn s 

is thus a convenient variate to consider. We knew that 
2 4 . . 2 

:E(s 2 ) = a2, V(s 2 ) = ~·or /v(s 2 ) = ./-;;- :E(s 2 ) 1 i.e., the 

standard de~iation 1$ proportional to the mean. Hence the 

logarithmic transformation is the appropriate: one for our 

purpose. Bartlett and Kendall (1946) studied the properties 

of this transformation and the following is a summary of 

their work: 
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For assessing the normality of the transformed variate 

(132). 

where the cumulant function K(t) =· ..en M(t) is 

K(t) = it(.Bn C72 ... _en ½n) +.en r('i' + it) ~'--tn r<!> 
n Expanding the function ,en r(- + it) in a Maclaurin series 2 

around t = o, we get 

_gn,:r(.ll2 +it)= ,en r(A)+!:t.'l'~)+{it);2'1'' (E.) 
2 11 2 -21- 2 .... (133) 

,I,. \T/( ) d(tn r(x) l d w,(r) ( ) . h ( 1- )th d i wuere x x = - - cbc , an · x . is t· -e - r+ -- · er . va-. 

tive of ,tn r(x) • Hence 

(134) 

--.(r) n) K = 'l' - (-r+l 2 (r) O) 

From these results the values of K1, K2, ,y1 

K4 
,y2 = ia' may be computed and are given for reference in 

2 

K3 =----
(K )3/2 

2 

and 

Table VII up to n = 20. For larger values of n, it is 
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Table VI!. Constants for the distribution of tn 2 s .• 

K1-tncr 2 
l l ·. ..!. 2 E=:;:( ; )xlOO n -(-+-) (n-l)K 2 "1 v2 n 3n2 K n . 2 .2 . . .. . . ... . 

1 -1. 27036 --l.33333 0.20264 -11!1111 -1.53·5 +4.000 40.53 
2 .57721 .58333 0.60793 1.2159 1.140 2,400 60.79 
3 .36898 .37037 l.0697 1.0697 .9i7 i.613 7l.30 
4 .:27036 .27083 l.5505 1.0337 .780 1.188 77.53 
5 .21313 .21333 2.0393 l.0197 .688 0.931 81.57 
6 .17583 .17593 2.5321 1.0128 .621 0.763 84.40 
7 .14961 • .14966 3.0270 1.0090 .570 0.644 86.49 

8 .13018 .13021 3.$233 1.0067 .529 o.ss1 88.08 
9 .11521 .11523 4.0205 J..0051 .496 0.490 89.34 

10 .10332 .10333 4.518.3 1.0041 .469 0.437 90.37 

11 .09365 .09366 5 .. 016$ 1.0033 .445 0.395 91.21 
12 .08564 .08565 5 ... 5150 1.00.27 .425 .360 91.92 
13 .07889 .07890 6.0138 1 .• 0023 .401 ,330 92.52 
14 .07313 .07313 6.5128 1.0020 .391 ~305 93.04 
15 .06815 .06815 6.0119 1.0017 .377 .284 93.49 
16 .06380 .06380 7.$111 l.0015 .364 .265 93.89 
17 .05998 .05998 8.0104 1~0013 .353 .249 94.24 
18 .05658 .05658 8 •. 5098 1 .• 0012 .342 .234 94.5$ 
19 .05355 .05356 9.0092 1.0010 .3l3 .221 94.83 
20 - .. 05083 ... .05083 9.5088 1.0009 .,.. ,,324 +.210 95.09 
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sufficient t.o take 
l l · K - ... (- + -) + ,en a2 l n 3n 2 

K 2 
2 

IV ~: 

ll"'7l 

4 'Y ... -2 n"!-1 

(135) 

The values of 'Yi and 'Y2 are also plotted in Fig. VlII~ and 

the rat~o of n:l to K2 in Fig. IX!° For the efficiency of 

the mean on the transformed scale., tt is noted that in the 

case of complete homogeneity the information in the mean 

value of a set of statistics tn s 2 tends. as the number in r , 
the set becomes large, to be proportional to ..l.. , whereas 

K2 
the information in the sufficient statistics s 2 is propor• 

n 2cr4 tional to 2 ., (Va:r(s 2 ) = --;;->. A measure of the efficiency 
. 2 is thus E = - and this is also given in Table VIX and . nK 

2 
1 tt d ' F' . x* p o ·· e in 19. • 

While no hard-and-fast rule can be laid down, the above 

results suggest that the transformation may safely be used 

for n = 10 and over, more tentatively from n = 5 to 9, and 

not at all below n a;: 5. In the first case Eis over 90 per-

cent, and in the second case between 80 percent and 90 

*See pages 177-178. 
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percent, while in the last case E falls below 80 percent. 

The values of 'Y1 and ,y2 indicate however tbat the approach 

to normality is rather slow. 

2.7 Basic theorem and application: 

2.7. l Theorem, Eisenhart. (1947) gave a basic theorem, 

although it is less appropriate from the matbematiGal paint 

of view than the approach of Curtiss. However, it is more 

practical and easy to apply. The theorem is as follows.· 

Let e. (e1 0 e2), be a parameter Of a statistical 

universe (population) and let T be an unb!ased estimator c,f 

e, [T 1 (e) T T2 (e) ], based on n observations from the 

universe with 

µl (T) = e -
µ2 ('l') 

... g<e> -... n 

1J.3(T) -ocl> -- n 

(136) 
as n (b 

IJ.4(T) 
... ocl> ... - n as n co • 

If the· fun.ct .iQn 

S dt £ (T) = · · 
/g(T) 

(137) 

and its first two derivatives exist for all admissible 
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values of T., except perhaps for a set of measure zero., and 

if the mean value of its second derivative and of the square 

of the second derivative are finite for e1 < e < e2 and 

every value of n., that is if 

E[f( 2 )(T)] = 0(1) 

E[f( 2)(T)] 2 = O(l) 

as n CX> for e 1 -< e < 02 and T1 (e) T ~- T2 (e)., then 

V [ f ( fl ] =.: 1:. +. 0 ( 1.) n n 

(138) 

(139) 

Proof= Let f(T) be a function of T such that its 

second derivattve f( 2 ) (T) exi$ts for T1 (e) < T ( T2 (0), 

except perhaps for a set of point.s of measure zero., where 

T ·(e)· < T ' T (e). that ;s p·[T (e) { T < FIi (B)] = l · Si· ·nc-e l . 2 · ' " ·· l · - = 4 2 · · • 

~(T):; e by assumption., it follows that e lies in the admiss-

ible range of values for T. Hence., using Taylor 1 s theorem., 

f(T) may be expressed as follows: 

(140) 

where t = e + ~'l1(T ... fJ), O < ~T ( 1., and the notat:Lon ;T is 

used tc> emphasize the fac:t that the value of; depends upon 

the value of T concerned., with T1 (0) ' T T2 (G}. 
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Taking the expectation of each side of equation (140), 

we find that 

E[f(T)] = f(e) + V(T) E[f< 2 > (t)] = f(e)+O(l) 
· 21 as n~ 

by virtue of assumptions (138). This shows that these 

assumptions, together with those regarding the existence 

.(141) 

and differentiability of f(T}, are sufficient to ensure that, 

as n increases without limit, the expected value of the func-

tion f(T) converges to f(6). 

Subtracting the left and right sides of (141) from the 

left and right sic~s, respectively, of (140), squaring, and 

taking expected values, it is found that: 

V[f(T}] a E(f(T}-E[f(T)) 2 ::: [f(l}(e}]V(T)+ 3E2 [f<2!<t)]V2 (T) 

E[£( 2) (t) ]2µ. (T) f(l) (8)E[f( 2) (t)Jµ. (T) 
+ 4 . 4. + . l. . 3 . (142) 

In view of the assumptions (136), this becomes: 

(143) 

as n oo. 

Consequently, for the function defined by equation 

(137), equation (142) reduces to equation (139). This com-

pletes the proof. 
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2.7.2 Applications: 

(a) Mean of a sample from. a Poisson poeulation:, 

Let e = µ., the parameter (mean) Of a Poisson popu--

latic.m., and let T = x., the mean o.f a random sample of n 

independent observations from this population. It is well 

known that 

E(x) = µ 

V(x) 

µ4<x> 1Yc .JL = + . n2 n3 

(144) 

(- . - l Clearly here µ.3 x) and µ4 (x) are both o<;> as n and 

g(µ) = µ. Consequently., the theorem implies that if there 

exists a transformation that will stabilize the variance., it 

will be 

(145) 

It is convenient to take c Ii: o., and drop the sc.ale factor 2., · 

adopting the transformation y = Ix (referred to previously). 

The first and second derivatives of y with respect to x are 

(2) 1 
y = 4 (;) 312 ., and approximately 
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E(y(l)) 1 
= 2./µ 

Hence equation (142) becomes: 

V(y) = -1.. + 3 + ..1..(..L + ~) l 
· 4n 64µn 2 64 µn 2 µ 2 n - 8µn 2 

l =-~ 4n 
1 + l 

32µn 2 64µ 2 n 3 

Therefore, as n CD, for fixed µ, 

V(y) = _j_ + 0(1.) 
4n n 

and as µ a, for fixed n 

l l V(y) = --- + O(-). 4n µ 

approximately. 

(146) 

(147) 

l Consequently if either norµ is large, V(y) = - approxi-4n 

mately. 

(b) Estimate of the variance of a normal population 

based on n degrees of freedom: 

Let e = a2 be the variance of a normal population 
2 

and let T = s 2 be an estimate of a2 such that n~ is distri-

buted as X2 for n degrees of freedom. Then 
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12(n+4)cr 8 
µ 4 (s2) = . n .! -

1 Clearly µ3 and µ,4 are o(-;;> as n oo and g(o-2) = (o-2) 2 • 

(148) 

Therefore the theorem implies that, if a stabilizing trans-

formation exists, it will be 

\ ds 2 &n s 2 · f(s 2 ) = .J. ; 2,82 = 12 +c= 12 .en s + c (149) 

For convenience, we may take C = 0 and consider the trans-

formation y = £n s 2 = 2.30259 log 10 s 2 • Since approximately 

E(y') =? 
E(y") 1 = -·--.r 

CJ 

1 =a (J 

(150) 

the type of reasoning employed in connection with the pre-

ceding example shows that 

v(.en s 2 ) = .l + o(l.) as for fixed a2 , (151) n n 

2 =-+ n as cr2 co for fixed n • (152) 
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2 Consequently V(£n s 2 ) = - approximately, provided n 
either nor cr2 is sufficiently large. 

(c) Correlatio11 coefficient computed for normal samples: 

Let e = p (the product moment coefficient of cor--

relation in a bivariate normal population) and let T = r· 

(a correlation coefficient computed from a random sample of 

n observations) . 'l'he mean, variance, and higher moments of 

rare complicated functions of p and n but when n is large 

and IPI << l, 

E(r) = p approximately. 

V(r) = (l-92)2 
n approximately. 

l:¾3(r) = 0(1.) n· 
(153) 

as n QO. 

f.A.4(r) 
l = 0(-) n as n oo. 

consequently the theorem (.2.7.l) suggests the use of 

the following stabilizing transformation: 

f(r) ... s...J!L - l-r 2 

l+r = ½ £n- + C 1-r 

Taking c = 01 this yields 

,. l+r -1 Z = Jn -1· = tanh r -r 

(154) 

(155) 
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The transformation of r was introduced by R. A. Fisher and 

will be discussed in a later section. 

,2.8 Anscombe 1 s transformations of the Poisson, Binomial, 

and negative Binomial distributions; 

2.8.1 Poisson variate: We consider now a general type of 

square root transformation y = Jr+c where r is a :t,,oisson 

variate with mean m and c = const. Lett= r-m and m+c = m', 

then 
l~ k y = (t+m+c)' 2 = (t+m')2 

l..- t l.. (mQ)' 2 (1 )'2 = +-m' 

Defining now the coefficient a as s 

a = (-l)s+l 
s , 

then fort>: -m• we have.the Taylor series expans:i.on., 

~,=r r-:-(l· .Ji... ... (...t...)2 (l)s (~)s-1} .l Ym · + a 1 , a2 ·. · 0 • • • - a 1 1 +R m m s- m s 

The remainder in Lagrange form is 

This means that 
. t· s a. (_s __ 

s-1, (m I) ?. 

, 0 ( e ( l 

(156) 

• (157) 

(158) 

provided t ) 0. Considering now It I m 1 , we have directly 
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from (157), 

( t) ½ ( t ( l) s a (~)s-l) 1 + m • - l+al m • • •• + ... s-1 m • 

{159) 

This series converges because l~I < l and <..t.> i 0 as m m 
ai+l . ½-i !2+1 For the series a 1 . ., let us take = · = - - 1., ai i+l 1+1 i (X). 

a 
lim i( I i l-1) = ~im i + lim i(~~:) 2 (1+e). The second 
i~ ai+l i~ i . i~ 

term o, the first term ·~ j and so ;1m i( I ai · 1- 1) ) l 
J.->00 ai+l 

and the series Zja 1 1 is convergent. Consequently Z a is i 

convergent and thus the series 

We may write 

f (-l)i+l 
i=s 

(..:L)i a• I i m converges. 

1 

R (m' ) 6 ... "'2 s .CD -----= 2: ts i=s 
{160) 

where the right-hand side again converges and is therefore 

bounded. If G(s) is a bound to its absolute magnitude., then 

(161) 
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Comparing this inequality with (158) we see that it holds 

for all t > .... m I• We note now that the moments of t are: 

111 = o., 112 = m, 113 = m., µ4 = 3m2 +m., etc., (162) 

Ln 
and the absolute moment Of order n is O{m'2 ) as We 

may therefore take expectations formally in the right-hand 

side of (157) and its powers., and derive asymptotic expan-

sions for the moments Qf y as m a> • We find: 

m m 15m2 +5m 
E{y) =:= ..Ji.iii" (l - 8(m+c) 2 + l6{m+c) 3 ... l28(m+c) 4 ••• J 

lm+c -- . 1 (1 3 C = 
8ml/2 

... - -) 
2 m 

ignoring terms of order more 

E(y) N /m+c - l + 3c+l 
8m112 l6m312 

If we set 

E(y) = .Jm +c y 

+ •.. 

1 15 + .... . . . ., 
l6m312 128m312 

-3/2 than m • Hence 

15 1 24c-7 
3/2 = -/m+c - · 1/2 - 128 m3/2 • 

128m 8m 
(163) 

(164) 

thep: my is the estimate 0£ m derived by applying the trans ... 

formation y = ./r+c in reverse to the arithmetic mean y of a 
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large sample of observed values of y. E'rom (163) we have 

m = [E(y)] 2 - c y 
l., . ;!,,,: 

l {m+c)' 2 + (24c.-7) (m+c) 2 

= m+c~ 64m - 1/2 3 /2 
4m 64m 

1 1 l c 24c~7 l Sc-3 ~m+--------+ · =m--+ 64m 4 8 m 64m 4 32m (165) 

3 so that setting c = 8 renders the bias my= min my mearly 

constant. 

For the higher moments we have 

E(y 2 ) = E(r+c) = m+c (166) 

E(y 3 )=E(y 2 y)=E[ (r+c)y ]=E[ (r•m+m+c)y ]=e[ (t.+m; )y ]=m 'E (y)+J{ty) . 

E (y 4 ) =E (r+c) 2 :::V(r+c) +[E (r+c)] 2 =m+(m+c) 2 ; 

after computing µi., µ2., µ3., µ4 for the variable y. we deduce 

that 

In particular for c 1. we have 
8 

Var(y) ~ ¼ (1 + 1im2 } 

(167) 

(168) 

For the skewness and kurtosis 0£ the distribution of y we have 

- - l (l + 25-48c} 
2 1/2 16m m 

(169) 
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-k compared with m 2 for the original Poisson r. Similarly 

'Y2 :;=: µ.: ... 3 _ .![ l + 945-1536c) 
· µ2 m · 256m 

•l and this compares with 'Y2 = m for the original r. 

to be noticed that although the transformation with c 

(170) 

It is 

3 =-8 

renders more stabilization far the variance; it gives no 

improvement over the or.iginal Poisson variable with regard 

to normality. 

It is also of interest to find the large sample 

efficiency E of the arithmetic mean y of observed values of y 

y as a statistic fOJ;" det.ermining m. If X is a random vari-

able having a distribution such that the arithmetic niea:n JC. 

is a sufficient statisti.c £Or determining a parameter e, the 

large sample efficiency E of the average¥ of any function y 

Y Of x, for determining e, is the square of the correlation 

coefficient between X and Y, i.e., 

_ [ Cov(x, Yl ].::! E - . . . . . . 
Y Var (X) , Var (10 • 

In the present case we have 

Cov(r.,y')=E(ry)-E(r)E(y)=E[ty+.rny]•mE(y)=E(ty) 

and 

(J.71) 



3 For c = - we have., 8 

E y - 1 
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1 - - -Sm 

The foregoing results were published by Anscombe (1948) .• 

(172) 

2. 8:..2 Binomial variate: We suppose now that r is distri-

buted as a Binomial distribution with index n and mean 

(O ( m ( n). We consider the transformation 

.. r+c 
Sl.n -n+d 1 

.(173) 

where c, d 1 , and d2 are constants to be determined. Setting 

r-m = t., m+c = m'., n+a 1 = n1., n+d2 = n2., the transformation 

becomes 
. m 1 +t 

SJ.l1 
nl 

(174) 

The expansion of~; gives a Binomial series which is con-
m'+t vergent in the range 1-1 ( l., and thus the expansion of 

nl 
yin (174) in ascending powers Oft is also convergent in 

the same range. Since we need m'+t) o., the series for y is 
m'i+t convergent in the range O ( -----< l or -m' ( t < n -m•. n1 1 

The series is., 
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In analogy with the Poisson case., we can obtain 

asymptotic expansions for the moments of y., valid for large 
m n and constant ratio - • Anscombe obtained the variance ~f n 

y as 

(175) 

h ' h =.i d 3 ct· Sot at if we c oose c = -a' 1 · 4' 2 
1 

::;:: -, 
2 

we have 

(176) 

where . •1 t r+3/8 y = n+~ sin v n+J/ 4 (177) 

It will be noticed here that the choice of d2 only effects 

the scale of y (for n fixed)., and not the constancy of 

Var(y) as n varies., nor the shape of the distribution of y. 

The quantities 'Y1,. 'Y2, Ey are 

where P 

2m-n P-Q 
'Y1 ,., . . . :k == 12 

2 ( nm(n•m) ] 2 2 (nPQ) 

n2 -2m(n-m) l-2PQ 
~2 N nm(n-m) = nFQ 

E y 
- 1 - ... < .. 2 .... m_-=n._)_2_ :::: 1 ... _..( __ p_ ... _o_) 2_ 

8nm(n-m) 

=m n., Q = l-P. 

8nPQ. 

(178) 

(179) 

(180) 

It should be noted that the nearer Pis to a half., the 

better the transformation becomes. 
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2.8.3 Negative Binomial variate: Consider a Negative 

Binomial variate r with mean m and ex-porient K (m., k ) 0) such 

that the probability of observing a valuer is 

P·· = r(r+k) (...m,_)r (l + ID.)•k ( =O l 2 ) 
r r l r(k) m+k k r ' · ' • · · • (181) 

Anscombe gives, in analogy with the Binomial case, the 

transformation 

Y _ ../k-k . r+3/8 
- 2 Sl.l'l . lt-3/4 

k valid for large m and constant ratio - , with m 

var(y) = J:. + o(..!..) 
4 m2 

(182) 

(183) 

However, it is of more interest to consider m large but k 

fixed. (The corresponding problem does not arise with the 

positive Binomial, since m < n necessarily.) Anscombe con-

sideres two tr.ans formations, 

. r+c y = 2 sinn · k+d 

y = tn(r+A} 

(184) 

(185) 

It is supposed that c, k+d, and A are positive and 

constant. Apart £ran an added constant (184) may be written 

y = 2 .tn[ Jr+c + l(r+c+K+d)] (186) 

When r ts large, we have (again ig-noring an added constant): 
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( ,- [ c 1 c2 c+lt+d __ l (c+k+d) 2 ] J - 2 °n vr 1+- ... - -+l+ - -
k 2r 8 r 2 2r 8 • r 2 · 

= .tn r + 2 tn[l + 2c+k+d 
4r 

2c 2 +2c(k+d)+(k+d) 2 ] 
.... l6r2 + .en 4, 

ignoring .tn 4 we get, 

2c+k+d 2c 2 +2c(k+d)+(k+d) 2 
Y ~ .en r + · 2r - · 8r 2 

where 

A = ½< 2c+k+d) 

a2 = ½[ac2 +8c(k+d)+3(k+d) 2 ] 

For (185) B=A 

{,2c+k+d)2 
· 16r 2 

(188) 

we proceed to find an asymptotic expansion ( as n oo, 

with K fixed) for the moment generating function of y, 

i.e., for: 

M(t) = (189) 

we set, 

m -a -.=e m+k . (190) 
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so that a 0 as m CD : and 

yt r(r+k) -ra _ () 
e r(k) r I e - Ur a 

We state now the following lemma without proof: 

Lemma: As a 0 

f u (a) .... r ll (a) dr 
r=O r . 0 r 

(191) 

(192) 

tends to a finite limit (depending on k and t., and on which 

function y orris chosen., namely (184) or (185). 

Applying this lemma to (189) we have: 

(193) 

In general we cannot evaluate this integral exactly. 

We expand u (a) for larger and find the first term to be r 
t+k-1 --ra r · e 

r(k) The error of the expansion is always less 

than a multiple of the next term (independent of a) for 

r 1 l. Integrating term by term between the limits 1 and m, 

we obtain the following: 

Theorem: With the definitions of (181)., (187)., (189)., 

and (190), M(t) can. be expanded asymptotically for a O 
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in the form: 

M(t) 
(194) 

( 1~. _...J:..k(k ·3)-1 2)t} . a,2 . . ] 0( k) + ~ikA 24 + ="2B (k+t-1) (k+t-2) + . • . + a 0 

The series in square brac1tets is continued as far as the 

term in an, where n is the greatest integer less thank, t 

is supposed confined to a neighbourhood of zero. 

The cumulant generating function is 

K(t) = 2n M(t) = -t .tn a + .tn r(k+t) - .£n r(k) 

(195) 

(by taking .tn M(t) and expanding ,en of the square brackets 
x2 

in (194) as .tn(l+x) = x - "2 .•• ) • 

For Var{y) WB need K2 . Now 

t t 2 
.en r(t+k) = .en r(1t) + IT J(k) + 21 '1:'' (k) ..• 

where '1:'(k), '¥' (k), etc. denote the successive derivatives of 

.tn r(k). Also we have 

(A-½k)at{k+t-1)-l = 

t 

2A-k at (k-1) -1 ( 1 + _t_) •l. 
2 k-1 

= 2A-k at(l 
2 (k•l) --+ k-1 . . . l 

k-2A t 2 - a-+ - (k-1) 2 2 . . . 
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Hence 

(k) l) • (196) 

If A = !2k., we have 
2 . 

K(t)=-t An a+,Anr(k+t) ... ,enr(k)+{t 2!+(~2 -t;k(k+3)-! 2B2 }t) 

. 
(k-1) (k-2) (l+-L).(l + .. t ) k-1 Jt ... 2 

in which the last term equals 
2 2 . 2 

{ . t k . . 5k -3k-12B ) 2 · . t(2k-3l 
24(k-l)(k-2) ... 24k(k .... l)(k-2) t et (l - (k-l)(k-2) + • 0 ·> 

. 2 
For the coefficient of .L we get 2 

k(k ... ll(k•2)-(2k-3)(5k 2 ..-3k-12B 2 l a~ 
. . . 12 (k--1) 2 (k-2) 2 . . . 

and so 

Var(y.) _ w• (k) + kC.k•l}Jk-2l•(2k-3) (5lca-3k-12B 2 l o,2 
· 12(k-1) 2 (k .... 2)2 ., 

(k)2) • (197) 

Considering y defined by (184)., the condition A = ½k gives 

d • -2c., and the coeffic;i.ent of a2 in Var(y) vanishes if c 

takes a value dependent on k., which for large k is approxi-

mately 

3 23 1 
C ;;::- +--8 192 le (198) 

and which rises to a little a):)ove 0.4 ask decreases 

towards 2. For y defined by (185)., we set A = !a"Jt. In this 
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case B =A= ½k, so substituting Bin (197) and simplifying 

the results we get 

(k) 2) (199) 

If k is large and m ) ) k, we have a k --m and 

1 k2 
Var(y) - k (1 ... ~) (200) 

Thus the larger k is the larger m must be for Var(y) to 

approach its limiting va.lue when m Q). The transformation 

(185) is therefore not satisfactory if k is large. 

For either form of transformation, Anscombe gives the 

following limiting values as m ex, (a: 0); 

my/m::; exp(!(k) - .£n k} 

'Yl = !"(k)/(!'(k)]3/2 

'Y :;: !"' (k) /[ 'I' I (k) ] 2 
2 

(201) 
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3. Transformations for solving the tail and confidence 

interval problems in Binomial, Poisson, X~, and negative 

Binomial. 

3.1 Introduction: In this section., the main idea is to 

derive a transformation of the distribution under considera .... 

tion which can be used to facilitate the computation of tail 

sums of the distribution., that is the calculation of the 

probability that the variable is greater than or equal to a 

given value a., or less than or equal to a., and to provide 

also a numerical determination of confidence limits for an 

unknown parameter in terms of an observed value a. We can 

formulate these two problems in compact form as follows: 

Let x be a random variable. By p(x~ a: 0) we denote 

the probability that the variable is greater than or equal 

to a., where 0 is a parameter (known or unknown). p(x~ a: 0) 

is assumed to be a monotonic function of e for any fixed a. 

lf we put 

(202) 

the tail problem arises when e is to be calculated 1 and the 

confidence problem if e is unknown. In the latter case 

1-e is the confidence level of a one-sided interval. 
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3.2 Binomial case: Let x follow the Binomial distribution 

with the parameters n and p. Further., let the variable y be 

Beta-distributed with £1 and £2 degrees of freedom so that y 

has the frequency function: 

;l..:f -1 ½f -1 
canst. y 2 l (1-y) 2 

The two distributions are connected by means of the well-

known formula 

n n-1 n a n-a . r(n+l) f P a ... 1 . n-a .. 
p +np q+. • .+(a)p q =r(a)r(n-a+l)~ y (l-y) cty 

· . (203) 
or 

(204} 

where 

(205) 

f 1F 
Using the fact that the variable has the t,-distribut;u:n £1F+f 2 

with £1., £2 degrees of freedom, we can write 

P(x a1 p) = P(ff!:f P.t f 1 ., £2) 
1 2 

where £1, £2 are given in (205) with 

- -lL P* - n+l" 
n-a+l 

n+l (206) 
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We find 

' f1F {.....E..... .B,!. / E ( P(x4-a1p) = P( -£2 - i-p;£ 1 .,f 2 ) = P(q*F~ 4 )= P(z _ Z) ., (207) 

f1 * where - = 12!. and z has the Fisher z-distribution with the f q* 2 
degrees of freedom given by (205). 

For the value of z., we can write (207) as 

Hence 

2Z = log .E. - log .E!. q q* 

It follows from these relations that the confidence 

problem for a Binomial variable is identical with a per-

centage point problem for a z-variable. In addition., we 

(208.) 

have replaced a discontinuous variable by a continuous one., 

which has certain advantages. 

3.2.l The Cornish-Fisher expansion for the z-distribution: 

We shall now derive an important expansion by using the 

Cornish-Fisher expansion of the z-distribution. This series 

runs as follows: 

J (209) 
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where 

Z = )./g .:_ !<"2 +2)+./f [24(]\3 +3]\)+ 7~:0?+ll?d ]+ .•. (210) 

l f" -;!.;;u2 
and q>(]\) = -;r,:;. J e 2 du is the normal distribution function. 

-CX> 

Here for brevity, a=£~ +f 1 and 6 = ..L - .l.. Inserting 
l 2 fl f2. 

the values (205) of £1, £2 and using the notation (206), we 

find: 
l .1 

a= 2(n+l) ptiq*, 
6 = l . g*-p* 

2 .(n+l) p*q* 

We insert these expressions in (210} and substitute the right 

member of (208) for 2Z. Combining (207) and (209) and 

changing the sign of ]\1 in order to get the upper tail sum 

of the Binomial in terms of the upper tail of the normal, we 

have finally 

p(x~ a: p} = l - (211) 

where a, p, and 1' satisfy the relation: 

E. P* -½ -1 -J 2Z = log(q) - log q* = c 1 (n+l) e-l;-c2 (n+l) +c 3 (n+l) • (212) 

We write: 
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l 3. . (g*-,p*)2 _ ·. 
• [ 24(n+l) p*q* (-" - 3'h) + 144p* 2 q* 2 (n+l)2 2P*q*(n+l) 

• (-A3 -11A)] + • 0 • 

where 

= -<h 3 +37>> (p*q*f ..;, :0 3 +117' ( * *)-i ( *-· *) 2 C3 48 144 p q q p 

• - to :: 3i > (p*q*f' ... 2>3 ;!!/\ <P*ci* r < 1-4p*ci* > 

:;: -
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3.2.2 The Cornish..-Fisher exPansion for a transformed 

Binomial.variable: We shall apply the Cornish..-Fisher 

method., not to log .a ... log P*·but to a general function q q* 

4,(p) - q>(p*). The function q>(x) is assumed to define a one 

to one correspondence between points in some interval 

O ( a x b < 1 on the x ... axis and a corresponding interval 

on the $-axis. Further., q>(x) is supposed to have bounded 

derivatives of the inverse function p :;i:: p(cp) with respect to 

cp (which are also supposed to be bounded). The value q>(p*) 

will sometimes for brevity be denoted by cf>*. 
We shall replace (212) by two other expansions. The 

first expansion can be written in the form: 

in which the coefficients a depend upon A and p*., not upon 
V 

p. We shall call this series the first transformation 

series. 

The second expansio11 is of the same form 
-1- . -1 . -'l'(p*) = cf)(p) +b1 (n+l) 2+b2 (n+l) +b3 (n+l). + ... ., 

where the coefficients b depends only upon A and p# not 
V 

upon p*. We call this the second transformation series. 

(214) 
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We begin by determining the coefficients a . Expanding 
V 

the left member of (212) formally in Taylor series around 4>*, 
we find: 

where d! is di after replacing p by p*. Now d1 = f~(cl>}, 

Thus 

d n n• . 1 d =-(log"'-)= --- = ........ _,.._ 1 d$ q pg q>;pq (216) 

because P4> • ct>; = l , and 

= d2 (log .E.) - JL .a:_ - .E..:. + J2 ,2 (E•g) 
d2 d<p2 q - d<p (pq) - pq p2q2 . 

But the relation p~ • 4>; = l gives 

p" ·cl>'+ p'(cj>')' = 0 tf> p cl> pq> 

Or 

or 

., 

where (q>') tk means the derivative of <!> • with respect to <j>. p y . p 

Hence 

(217) 

and similarly for a3, d4 ., etc. 
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We determine a1 , a2 successively by inserting the -series 

(213) in (215) and comparing the coefficients of (n+l)•½v in 

the right member of (212) and (215). We find 

log! - log::= c1 (n+l)-½+c 2 (n+l)- 1+ .•. 

.. a• = dta 1 (n+l)-½+dJa 2 (n+l) ... 1+ 22. af(n+l)- 1+ ... 

Hence 

or 
1 

a1 = -A(p*q*)~ cp• (p*) 

a2 = ½7'2 [p*q*4>"(p*)+(l-K(1')) (q*•p;cJ)' (p*)'] (218) 

where 

(219} 

The coefficients bv may be determined directly by a 

modification of the above procedure. · We expand log .E. - log .E.! q q* 

around 4> instead yielding 
. * . d 

2Z = log .12..,. log ... -221 (Cl>*-cp)2 + ... q q c. 

(220) 

where a1 and d2 are given by (216) and (217). Further, the 

coefficients cv in (212) are also expanded around cp. After 

substitut.:i.ng (214) in the resulting series and tn (220), the 
-kv coefficients of (n+l) 2 are compared and we obtain 
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(221) 

3. 2. 3 Determination of the . 'best' . transformation of a 

Binomial variable: In many practical situations only 

the first two terms in (213), (214) are calculated, and the 

terms of higher order are neglected. It is natural then to 

choose the transformation q>(p) in such a way that the term 

of order (n+l)-l vanishes or at least becomes very small. 

An application of this principle gives, .of course, no 

guarantee:~that the total error will be small, but good 

results may be expected. The coefficient a2 is given in 

(217) and may be written 

where 

a2 = ½A2 p*q*[q> 11(p*) et 0.)(..1.. - .l:..)q>' (p*)] l P* q* 

(222) 

Putting a2 = 0 and replacing p* by p, we obtain the differen-

tial equation: 

(223) 

In terms of a general parameter a, this euqation has, apart 

from a multiplicative constant, the solution: 
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,kll l 1 
.L. := Cl(- - -) 
<f>' 1 ... p p 

or log <p' = -a log[p(l-p)] 

or Sp -a •Cl 
4> = X (l-x) dx 
. Po 

(224) 

Starting with b2 in (221) and proceeding analogously, we 

find the same transformation with the parameter 

We observe that a 1 (7\) + a 2 ('h) = l. When 1' varies from 

o to a:,, 

from +oo 

a 1(A) increases from -a, 

to ~. For 7' = 2 we have 

decreases 

Because of the similarity of (224) with the Beta-

integral, we shall call the transformation (224) the Beta-

transformation. It is interesting to note that most of the 

transformations we have seen previously are special cases of 

t?'.l,is transformation. This will become clear later where 

special values will be assigned to et. 

The expansions (213) and (214) can be simpl:i.fied when 

the Beta-transformation is used. Substituting <p' (p*), cf>"(p*) 

for the expressions obtained by differentiating (224), we 

have in general that if (J>(a.) = SB f(x;a)d.x then 
A 
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Hence 

Now 

. . -a-1 -a-1 e,2 -1 .. . •a a 2 = ~{J-?· (p*q*[-a(p*q*) q+a(p*q*) p] }-r 3 · (q*-p*) (p*q*) 

--a-1 -a-1 "A2 -l . -a = ½A2 (p*q*[2a(p*q*) p*-a(p*q*) ]}+3(q*-p*)(p*q*) 

•a · ·]\2 --1 . --a = !2A2 (p*q*) ct[p-q]+ 3 (q*-p*) (p*q*) 

= (p*q*)-a.(q*-p*)[-½"A2a + t,2-1) 
3 

Hence after substituting in (213) we have 

•l • (n+l) + ... (226) 

If we solve with respect to A in the second term of the 

right member1 we obtain 

°A=.(4>*-cp) (p*q*) a--½(n+l)½+ (2-Ja! A2-2 (q*-p*) {p*q*)-½{n+l)-½+... • 

(227) 

Hence we have P(x a 1 p) = l - ~(°A) where A is given in 

(227). 
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The second transformation series leads to 

where 1\ is given as 
_ et•½ ½ (3a-1)2) 2 -2 _ _-.... ½ -!.;, 1\=(cl>*-<I>) (pq) (n+l) + --- -6 (q-p) (pq) (n+l) + •..• (228) 

The quantities p* and q* which appear in the formulae 

have been defined in (.206). It is seen that the part of the 

expansion (228) reproduced here is obtained frQm (227) by 

replacing p*, q* by p and q, and a. in the second term Of the 

right-hand member by 1--a. 

If we want tne third terms in the series (227) and 
.3 

(228)., the coefficient of (n+lf is 

1' ( B) ~A-~ 
36 pq 

where the values of A and Bin the series (227) are 

A = (1+12(a-l) (2a-l)J 1'.2 +48a-37 

B = [1+6a(a-l)]'A 2 +12a•'7 

and in the series (228), A- and B become 

A= [1+12a(2a--1)]1' 2 -48a+ll 

B = (6a 2 -½)A2 ~l2a-l 

(229) 

(230) 

(231) 

We have studied so far the right (upper) tail of the Binomial 

distribution. The.other tail is., of course., Obtained by sub-

stituting a+l for a and taking the complementary probabil.:i.ty. 
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Thus 

(232) 

Also, p* and q* should now be defined by p* = ::i ., q* = ::~, 

and with this modification the formulae (226)-(231) become 

true even in this case. 

Attention should be drawn to the fact that the equations 

presented so far are given in terms of n+l., not in terms of 

n. Alsop* is defined with n+l in the denominator. In this 

way a sort of "automatic" continuity correction is made 

which replaces the classical half-unit correction. 

3.2.4 Application of the Beta-transformation to the con-

£idence.problem: For the confidence interval problem., 

it is evident that the first transformation series in the 

form (226) provides the solution. 

Let the desired two-sid.ed confidence level be l-2e. 

Let A be defined by e: 
(,233) 

For a given value of a we insert A= Ae and p* = n:l in the 

first terms of (226) and calculate p from the inverse of 4>. 
According to the equation p(x a, p) = 1-4>(A) and to (233)., 

the value of pis an approximate solution of p(x a, p) = a, 
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and is consequently an approximation to the lower confidence 

limit pt· With~= -A and p* = (a+l)/n+l, we obtain the 
e 

upper confidence limit p by a similar procedure. u 
If we take the special value of a obtained by substi-

tuting a= a1 (Ae) given by (222) in (226), we have what ha~ 

been previously called the 'best' transformation. It follows 
-1 that in this special case, the term of order (n+l} vanishes 

in (226) so that a comparatively simple formula is obtained. 

From a practical point of view, the method outlined 

above is quite unimportant, as: 

(i) excellent tables of confidence limits have been 

published, and 

(ii) tables of percentage points of the incomplete 

Beta- and F-distributions can be used for this purpose. 

Theoretically the method is, however, of a certain 

interest, and we shall therefore illustrate the dependence 

of the best transformation upon the prescribed confidence 

level by assigning some special values to the normal deviate 

in (233). In the series, the term of order (n+l)-l (the 

skewness correction) is also given., as it increases the 

applicability of the expansions to cases where this term 

differs from zero. 
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Case (i): 

When A is near l {e 16%), it is best not to make 

any transformation at all, and {17.24) becomes 

p = P* - A / .E!g,! + A2-1 g*-p* 
n+l 3 n+l (234) 

Case (ii): 

When e is near 2.5%, substituting a in (224) and 

integrating, we get the inverse sine transformation as the 

best transformation, and the formula (226) becomes: 

2 arc sin./p = 2 arc sinip* - A{n+l)•½ 

, (235) 

or if the angle~*= ~(p*) is introduced in the last term 
t 

{i.e., putting p* = sin 2 1), we get 

cos 2 !! - sin 2 .!! 
2 . 2 . cos cf>* 2 t ""* .· §! = ½sin 4>* = co ,, · sin 2 • cos 2 

In this case (235) becomes 

When 95% two-sided confidence intervals are required, 

it is thus advantageous to use the inverse sine transforma-

tion. This interesting property of the transformation shows 
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that it may serve the double purpose of both stabilizing the 

variance and furnishing approximations to the tail of the 

Binomial distribution. 

Case {iiil: An interesting situation arises when A is 

large. We should then theoretically (but not practically) 

apply the following transformation: 

(236) 

1\2+2. g where a= 1 - 3A2 3 as A becomes large. 

For the sake of comparison., two classical formulae will 

be mentioned here. 

If a Bi~omial variable is expanded directly in a Cornish-

Fisher series., and the expansion is solved with respect top., 

the following equations are obtained (half-correction being 

used): 

(237) 

+ . <,. 

with p* a = -n in both formulae. 

A related type of formulae is constructed by solving 

the equation: 
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a±½ - np = A lnpq 
€ 

with respect top (cf. Cramer, ]946, p. 515). 

(238) 

In Table VIII a numerical comparison is made between 

(234), (235), (237) and the formula obtained by solving 

(238). The skewness correction nas not been included in the 

calculations. The value P,e (exact) has been obtained by 

interpolating in Thompson's (1941) tables. 

It is seen from the table that the inverse sine formula 

gives excellent 95% values. This confirms the theory devel-

oped in this section. The 80 and 99% values are also good, 

and better than the values obt.ained by means of the other 

formulae. 

The formula obtained by solving (238) can be ranked as 

second. 

Equation (234) is rather inaccurate except in the 80% 

case, where it is fairly good (in accordance with the theory). 

The classical formula (237) provides poor values. If 

it is used, the skewness correction (last term in the right 

member) ought to be included. 
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Table VII!. Lower confidence limits p £ computed without 
skewness correction, n = 49. 

confidence p $ computed from: 
level a p£(exact) 

two-sided c:· 234>-> (: 235.,) ( 23.7,i) C 238 > 

5 0.050 .046 .052 .036 .051 

10 0.131 .128 .133 .120 .132 

80% 15 .220 .217 .221 .212 .220 

20 .312 .311 .313 .308 .313 

25 .410 .409 .410 .408 .410 

5 .034 .017 .033 .007 .038 

10 .102 .089 .102 .081 .107 

95% 15 .182 .173 .182 .167 .187 

20 .270 .264 • 270 .260 .273 

25 .363 .361 .363 .360 .365 

5 .023 < 0 .019 < 0 .Q30 

10 .080 .054 .077 .046 .089 

99% 15 .152 .133 .150 .126 .161 

20 .234 .222 .232 .217 .241 

25 .323 .318 .322 .316 .327 
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3.2.5 APRlication of the Beta-transformation to the Binomial 

tail problem: Applying the Beta-transformation to 

the tail problem., we see that we should determine the normal 

deviate"/\ which corresponds to the tail of the Binomial., 

when"/\ has been calculated. We immediately obtain: 

p(x a., p) = 1 - ~("/\) or p(x a., p) = ~("/\) 

Let us apply here the second transformation series (228). 

(The application of (227) is similar.) 

We shall assume that only the first term in the right 

member of (228) is computed (if higher accuracy is required 

the computations can be performed in two stages., the second 

term being included in the last stage where we substitute 7-. 

as computed in the first stage). Provided we Y.now something 

in advance about the magnitude Of 1'., the equation (225) should., 

theoretically., govern our choice of a. If the same values 

are assigned to A as in the confidence interval problem, we 

have the following transformations: 

Case {i): 1' = 1 

f* a-l a-1 SP* dx .12!. P~ y{p*.,1) == x {1--x) dx= ( )=log .· - log - • 
X 1-x q* q* P* P* 0 0 0 

(239) 
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(The new integral is gotten from· (224) by replacing p by p* 

and a by 1-a.) 

Thus the logarithmic function which connects the 

Binomial distribution with the z-distribution is a prominent 

member of the class of Beta-transformation. 

Case (ii): 2 

fI"' dx = J · = 2 arc sinlp* - 2 arc sin./p 0* . · * .Jx(l-x) Po 

Hence the inverse sine transformation is the best and the 

first few terms of the expansion (228) run in this case as 

follows: 

7'=(2 arc sinlp*-2 arc Sin/p) (n+l) !2+1Si; 4 (q'-p) (pq)-½(n+1f·½+... • 

(240) 

This formula should be compared with a very similar 

expression which Freeman and Tukey (1950) have constructed 

empirically as we have seen previously. In their formula_. 

' ' g-p the quantity '( ) is replaced by 
T n+l pg: 

l l 
.Jnp+l - Jng:+l • 

Case (iii): 7' oP 0: (7') = .l 2 3 

This leads to the transformation 

(241) 
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Again the inverse sine method is recommended here for 

practical use. 

3.3 Transformation of the Poisson and X2 distributions: 

3. 3 .1 Cornish-Fisher expans.ion. and the best transformation 

of a Poisson variate: Regarding the Poisson as a 

limiting form of the Binomial case., we can treat the trans-

formation problem of a Poisson variable in a similar way to 

the corresponding problem for a Binomial variate. In fact., 

we can utilize the results of the Binomial case as it stands 

in (213) and make t11:e necessary changes which are imposed by 

the new characteristics of the quantities n and p. For that 

we use (213) after substituti,.ng a1 and a2 from (218) to get: 

cp(p) =4>(p*)-A • (p..,(n+l)-½+i 2A2 [p*q*cf> "+a1 (A)tl*--p*) <I>' {p*)] 

• (n+l)-l + . . . . (242) 

Now as n becomes very large and np m(constant)., we 

find that cf>(p) becomes cf>(m)., np* a or p* ~; , so that 

<f>(p*) becomes cf>(a)r noting also that cJ>'(p)= CP,'(p)~=n$, 1 (p)., · ·· · · m ap m 

and cp"(p) == n2 ~ 11(p)., then (242) becomes 
m 

1~ 

<p(p) =; (p*) ...,-,..a~2 (n-a+1~· 211,, (p*)+½1'2 [ a{n-a+l~1qf'n2 
(n+l) m (n+l) . ' m 

n--2a+l .,1.. ,. ( *)] . + al (n+J.)2 n,l'm P . + •.• 



- 144,..,, 

Taking the limits as n oo, we get 

(243) 

This is the general transformation of a Poisson variate 

x which we need for treating confidence and tail problems. 

Equating the e:>..-pression within brackets in (243) to zero, 

replacing a1 ('l\) by a and a by m, we have a simple differen-

tial equation which has the solution 

1 1-a 
l-a m + const. a, ( l 

dx = .• (244) 

a = 1 

Deriving cf>', from (244) and substituting in (243) we get 

cj)(m) =cf>(a)-J..a½-a +( 2- 3a! 82- 2 a0- 3~ a-~2-a[ (l+6a(a-1)) A:, 

+ A (12a-7)] + .•. (245) 

(244) and (245) may be donsidered as limiting expressions of 

(224) and (226). Analogously the second transformation 

series gives 

1' = [Jk(a)-"'(mYma-*2+(3a--l)A2-2 m_;i,,2_ ...!..[12a2-l)A.3 
't' 'i' !J 6 72 

-1 
- (240:+2)1..]m + .. o (246) 

The discussion of the choice of a follows exactly the 

same lines as in the Binomial case. The results are sum-

marized below. 
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3.3.2 Determination of .confidence limits for the mean of 

the Poisson distribution: From (245) we obtain three 

confidence formulae by giving A the values l., 2., co. We 

then find: 

Case (i): with 

Case (ii): A= 2 1 a'l ===· ½ with 

Case (iii): A a:, ., with 

(247) 

(248) 

(249) 

The lower confidence limit m1 may be obtained frc:>m any 

of these formulae by substituting A= A., and the upper 
£ 

limit m by substituting A= -.7' and ::r;-eplacing a by a+l. u £ 

3.3.3 Determination of the tail of the Poisson distribution: 

The area of a tail of the Poisson distribution can., in 

analogy with the Binomial case., be calculated either from 

(245) or from (246) by assigning special values to a. 

We shall list a few of these formulae in a-fc:>rm suitable 

for computation. :tf we omit the last term 111 (249) and 
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solve with respect to"' we have: 

(250) 

l 
If we put o: =:, in (246), we get a similar formula: 

1 --3./m 

In Table IX a numerical comparison is made between 

(250), (251) and the formula obtained by taking a = ~2 in 

( 246) . This formula may be used in two ways: 

(a) A === 2./a - 21in 

(b) A= AO is computed from (252), and the 

value then obtained is inserted in 

(251) 

(252) 

(253) 

In Table IX, the column denoted by °A(exact) gives the 

correct value of 1' computed by means of Molina 1 s (1947) 

table. Apart from the fact that (253) gives poor values 

when A is very different from A = 2,. all the f Ormulae are 

fairly accurate. 

3. 3. 4 Determination of percentage points of the 2(2 ·--

distribution: Let X be a Poisson variate with mean 

m so that 
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Table IX. Numerical study of the accuracy of formulae 

(250) .... (253). 

'A(exact) 2\ computed.from mean a {17.49} {17.50} {17.51} 1:.11. s2l 
m=l l - .34 - .33 ... .33 .oo - .33 

2 .63 .64 .ss .83 .55 
3 1.40 1.40 1.29 1.46 1.31 

4 2.08 2.05 1.95 2.00 2.00 

5 2.68 2.64 2.55 2.47 2 .• 65 

6 3.24 3.17 3.12 2.90 3.27 
7 3.77 3.66 3.66 3.29 3.86 

8 4.27 4.12 4.17 3.66 4.44 

m == 2 l -3.92 .. J.80 -3.83 -4.32 -3.94 
2 -3.29 -3.25 --3.23 -3.50 -3.28 
3 -2.77 -2.76 -2.72 -2.86 -2.75 
4 -2.31 -2.31 -2.21 -2.32 -2.29 

5 -1.89 -1.89 -1.86 -1.85 --1.87 

10 - .11 - .11 ... •. 11 .oo - .ll 

15 1.38 1.38 1.37 1.42 1.37 

16 1.66 1.66 l.64 l.68 1.64 

17 1.93 l.92 l.91 1.92 1.91 
18 2.19 2.19 2.71 2.16 2.18 

20 2.70 2.69 2.68 2.62 2.70 
25 3.90 3.88 3.89 3.68 3.93 

26 4.13 4.11 4.12 3.87 4.16 
27 4.36 4.33 4.35 4.07 4.40 
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and putting m(l-t) = ½X2 , we get 

Pr(x a: l (12m -½X2 (X2)a-l dX2 
m) = 2ar(a) tl e 

= Pr(X 2 2m) 2a -
(254) 

Let us denote the degrees of freedom of the X2 -variate 

and (245) and remembering that the best transformation is 

~(¼X2 ) = ..J:_(~;0(2 ) we get for a< 1: 't' 1-a 

Multiplying both sides by (½)a-l, we get: 

(255) 

... 
For a= 0 we have a series given by Peiser (1943) and 

Goldberg & Levin'? (1946), 

X2 f + ~J2f + 2(A2-l) + . ./2(7'3-7-0} + ••• 
" · 3 · 1ali. · (256) 
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For a = !2 we have: 

It is of interest to compare this formula with Fisher's 

X2 -approximation 

f 

(257) 

Finally for a=~ we obtain after dividing by 3£3 and 

putting c 2 
= 9f: 

+ ... (258) 

If the last term is neglected, we have Wilson and 

Hilferty's X2 -approximation. Thus we conclude that the 

results of these authors may be regarded as variations of 

one single theme. The three formulae are accurate., if several 

terms are computed, but if only the first two terms are 

retained, the desired confidence level should determine which 

formula is to be preferred. 

We finally observe that the logarithmic transformation 

obtained in (244) for the case a= l has been applied to the 

X2 -distribution by Bartlett and Kendall (1946). 

3.4 Negative Binomial: The theory which has been developed 

in the preceding cases can be extended to the case of a 
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negative Binomial variable. Only a few of the results will 

be briefly mentioned-here. 

We denote the parameters of the negative Binomial vari-

able x by N, P and Q = l+P. The probability that x assumes 

a given value A is given by: 

We introduce the notation?* 

(213), (214) are of the form 

A = --N The analogues of 

(259) 

where the coefficients A depend upon P*, but not upon P, 
V 

and: 
(260) 

where the coefficients B depend upon P, but not upon P*. 
V 

-1 The coefficients of N in both expansions vanish if 

J(P) is of the form 

'l'(P1 a, 13) == Sp x- 0 (l+x)-f3 dx 

Po 
(261) 

In (259) the parameters a and f3 should be chosen as follows.; 

(262) 
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In (260) the parameter values are: 

(263) 

By assigning special values to A, a variety of different 

transformations is obtained. We give here only two brief 

x-emarkS: 

(i) If we take A = 2 in (263), we find a = ~2, f3 = o, 
1-

and f(P) = 2P 2 • Thus, when the tail of the negative Binomial 

distribution corresponds to a normal deviate equal to about 

2, a Simple square root transformation is preferred to an 

inverse sinh transformation. 

(ii) The inverse sinh transformation is not 1best' for 

any value of "A in the meaning which we have assigned to the 

term here. It belongs, however, to the class of functions 

(261) and is obtained for a= f3 = ½. 
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4. z ... transformation. 

4.1 Properties of the z-transformation: With large samples 

and moderate or small correlations, the correlation obtained 

from a sample of n pairs of values is distributed normally 

about the true value p, with variance It is 

therefore usual to attach to an observed valuer a standard 
l-r 2 l-r 2 

error ,---::-or ,-
l'n-1 l'n 

This procedure is only valid under the 

restrictions stated above. With small samples the value of 

r is often very different from the true value p and the fac-

tor l-r 2 correspondingly in error. In addition, the distri-

bution of r which can be written as: 

2 ½(n-1) . r'° f(r,p} _ (n-2} (1-P 
7
/ . (l-r 2 )¾2(n-4) J -: __ a __ ~w ___ n ___ 1 , 

O (cosh w-rp) 
(264) 

-1 r +l, is far from normal, so that tests of significance 

based on the large sample formula are often very deceptive. 

Since it is with small samples less than 100, that the prac-

tical research worker ordinarily wishes to use the correla-

tion coefficient, Fisher introduced the transformation 

Z = ½(log (l+r)-log (1-r)) = r + ¼r3 + sr5 e e J (265) 

which leads approximately to the normal di$tribution. We 

notice that as r changes from Oto 1 z will pass from Oto co. 
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For small values of r, z = r approximately, but as r 

approaches unity, Z increases without limit. For negative 

values of r,Z is negative. The advantage of this transfor-

mation of r into Z lies in the distribution of these two 

quantities in random samples. The standard deviation of r 

depends on the true value of the correlation pas is seen 

from the formula cr = 1,::..e.:. . Since p is unknown., we have to 
r vn-1 

substitute for it the observed valuer and this value will 

not in small samples be a very accurate estimate of p. The 

.l: -- l l+p . h mean of z is u ¾log · or slig tly more accurately 2 e 1-p 

~l l+P + p · + terms in 1 The standard error 
2 09 e 1-p 2 (n-1) (n-1) 2 • 

l 

of Z is (n-3)-~ 1 practically independent of the value .of the 

correlation in the population from which the sample is drawn. 

In the second place the distribution of r is not normal 

in small samples and even for large samples it remains far 

from normal for high correlations. The distribution of z is 

not strictly normal, but it tends to normality rapidly as 

the sample is increased, whatever may be the value of the 

correlation. In fact it can be shown that for the distribu~ 

tion of z, 
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6 -3 -2 t,1 = p (n-1) + 0( (n-1) ) , 

-1 -2 132 = 3 + 2(n-l) + O((n-1) ) 
(266) 

Thus for n = 11, j31 is of the order of .001 even if p is 

high and f3 -3 2 is of the order 0.2. In such a case the true 

from o = Ja l+P 0.05 mean of z differs log 1 = arctanh p by e -p 
which is not large but might be important in some cases. 

Finally the distribution of r changes its form rapidly 

asp is changed. On the contrary the distribution of Z is 

nearly insensitive to changes in p. 

4.2 Applications of the z-transformation: We can utilize 

this transformation in the following situations: 

1. To test the hypothesis p = p* (p* known). For we 

consider the variate 

u = (arctanh r - arctanh p*)-ln-3 

as approximately normally distributed N(O,l). 

2. Suppose that K-bivariate normal populations have 

are the estimates based on samples of size n1, n2 .•. nk, 

respectively. To test the hypothesis H0 : p1=p2= ... =pk=p* 
k 

(p* known), the quantity U= I: (arctanh r.-arctanh p*) 2 (n.-3) 
i=l i i 
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has an appro:dmate X2 distribution with K degrees of free-

dom. We reject.· H0 with probability a if U >: X~ (k), where 

X2 (k) is the appropriate X2 value for K degrees of freedom a 
and probability a. 

H : 
0 

p's. 

3. Suppose in the preceding case we wish to test 

p1=p2= ... =pk without specifying the common value of the 

Then we can use W = Z(n.-3)(Z.-Z) 2 as a X2 variate 
l. l. 

with K-1 d.f. where: 

and 
Z(n.-3)Z. 

l. . l. 
Z = Z(n.-3) 

l. 

4. If p1=p2= •.. ==pk in the preceding case, then the 

"best II linear combined estimate r of the common correlation 

pis given by r = tanh Z* where Z* - mP* -= Z - 2 and z is 

defined in (3) and p 1 = - Er 
K i ' 

Z[ (n 1-3)/(n 1-l)] 
m = --------------(n. -3) 

l. 

5. To set approximate 1-a confidence limits on p. 
3., 

Here we use the fact that (n-3)~(arctanh r - arctanh p) is 

approximately distributed N(O,l}. A confidence interval at 

the level 1-a on pis: 

za/2 / / Za/2 . tanh(arctanh r - Jn._3) p tanh(arctanh r + - ) , 
.Jn-3 

where z012 is the appropriate value for the standardized 

normal distribution. 
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Finally, R. A. Fisher has tabulated½ log 11+x for e -x 
various values of x and many of the approximate tests can be 

readily applied by using his tables. However if n 25, one 

should use the tables prepared by David (1938) who has 

tabulated the integral 

SPo 
f(r,p)dr = Pr(r p0/p) 

-1 
(267) 

for various values of p0 , p and n, where f(r,p) is the 

density function of r mentioned in (264). If n) 25, then 

the z-transformation is satisfactory. 
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S. Transformations of X2 towards normality. 

5.1 Some properties of X2 -c1istribution: The density of X2 

is 

The characteristic function is: 

f(t) =--·--1....., __ 
(l-2it)v/ 2 

Whence for the cumulants we have 
r-1 K = V • 2 (r-1)1 r 

The central moments are 

= av 

As v oo the X2 -distribution tends to normality, for in 

standard measure we have 

so that 

00 • 

(268) 

(269) 

(270) 

(271) 

(272) 

as v co . The tendency is rather slow because the first 

term ignored is of order v . The skewness and kurtosis 
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k 

'Yl = (8/v) :a 

12 
'Y2 c:; v 
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(273) 

5 ,. 2 The transformation ./W ; This transformation was sug-

gested by Fisher for app:t"oaclling normality more rapidly than 

X2 • For the variate X the ,£th moment 1s 

µ' r 

Using Stirling's e~ansion 

log !'(x+l) .., ½ log(21r)+(x+½) log 1 x .... x+- ... 12x 
1 

360x:, 

we find 

µ I Iv (1 ... ..!.. + . l 2 + .. 5 ! + .•• ) 
l 4v 32v 128v 

whence 

12 . (l. 1 . .1 l µ =v ... -+-+-+ l · 2v 8v 2 l6v 3 ... ) 

(274) 

+ ... 

Moreover µ.2 = v. µ.3 = (v+l)µ.i~ µ.4 = (v+2)v. Whence f-or 

t'he central moments 

1 1 =---2 av 
(275) 
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He11.ce for -h.x2 we have 
1 

µ·2 ;= -1 ... 4v" + .. 

1 
'Y1 = J2v + (2.76) 

'Y2 • O(V-2) 

A comparis.on with (273) shows that ./2x2 tends to normality 

with considerably greate:,: rapidity than X2 • Moreover, the· 
· 1 k ··· -

expression for µ' for X· can be written as µ' = /v(,--)· 2 == ./v-!2, · · l . · · . - l . ·· 2v 

to order v"""i and hence J2x2 is distril>uted ab~ut mean 

l2v-l~ to the same orde:r, with variance which is unity to 
-1 order v ·• 

i 

S. 3 The transformat.ion (X2 /v) '!: This trans formation was 

first .found by Wilson-Hilferty (1931) as an improvement on 

the preceding fisher transformation. Let us find the dis• 

t.ribution of (~2) h = y. Writing ; = X2 -v, we have 

--. <1 + s>h . i +· ...... b.(h-11 e ·+ y - .· . V =: . . V . . - 21 ·_ v2 . . .•• 0 ' (277) 

Taking mean values and using the.results for the moments ef 

X2 which represent the raw moments of;, we find 

. . h(h-1) l + 
V (278) 
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If we p1.1t rh = h we find the mean value of yr and thus: 

hence 

+ ••• 

µ.4• (y) = 1 + 4h(4h•l) + 4h(4h-1) (4~•2l(l2h-1) + ..• 
V · 6V · 

µ3 (y) = µ.j (y) .. 3µ.µ2 + 2µ. 3 

= 6!2 [3h(3h-1)(3b-2)(9h--l)-3h(h .. l)(h-2)(3h•l) 

..,6h(2h-l)(2h-2)(6h•l)-36h 2 (h-1)(2h-1) 

+6h(h--l)(h-2)(3h•l)+36h 12(h•l)a] 

+ 6~3[8h 2 (3h-1) 2 (3h-""·2) (2h-3)-3h 2 (h-l) 2 {h-2) {h--3) 

-12h 2 {2h-l) 2 (2h-2){2h-3)-6h 2 (2h-l)(h-l)(h-2){3h-l) 

-6h 2 (h-l)(2h-l)(2h-2){6h-1)+12h 3 (h-l) 3 

+6h2 (h•l) 2 (h ... 2)(h-3)+12h 2 (h•l) 2 (h ... 2)(3h•l)] 

+ O(v""'4 ) • 

. If we now take 3h = l, then the term .:l.n v-2 vanishes. 

Consequently, 

, ( 1··, . .. 1 . 2 ·.,. . so . + o·( .. 41 µl Y,._ =: · .. 9v .. 3~v3 .· . ·. y ·. • 
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The central moments µ 2 (y), µ 3(y), µ4 {y) are now: 

2 104 . ....4 
µ 2 (y) = 9v - 3 7 -V 3 + 0 ( V ) 

4 16 -4 µ4 (y) = -:--3a:, + O(v ) 3~V2 · V 

For the measures of skewness we have 

... 4 
'Y2 = -9v 

(279) 

(280) 

X:. I Comparison with (273), (276) shows that { · ) tends to 
V 

symmetry (as measured by 1i_) more rapidly than either X2 or 
2 -2 By (279) the variance equals g:; to order v and 

the mean 1 - -L. The result may be expressed by saying 
9v 

X2 ' 2 9 that ((-) 3 + - - l}( 2v) 2 is N(O,l), approximately. 
V 9V 
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6. Transformation of discrete variables bi using an 

auxiliary variable: 

Eudy (1949) and Stevens (1950)., separately, suggested 

the idea of obtaining exact confidence intervals for the 

parameter of a discrete d:1;.stribution by adding a continuous 

random variable distributed rectangula:r;ly [0 1 1] to each 

discrete observation. In (1954) Davi.d investigated the use 

of an auxiliary va:riable in the t1:c;1nsformation Of l?O.tsson, 

Binomial and Negative Binomial variates. He examined the 

following transformations: 

(a) I 

where xis a Poisson ·variate with parameter A and z is 

rectangular [O,l]. The transformed v.ariable appears to be 

reasonably fitted by a normal curve, and it would seem that 

an assumption of normality to be used for the derivation of 

confidence intervals and testing hypothesis would not lead 

to serious risk of error, even for 7\ as small as o.s. 

(b) 

whex-e xis a Binomial variable with index n and mean np, and 

z is rectangular [O.,l]. 
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Treating T as a normal variate., we can compute the tail 

probability of the variate x by use of normal tables. More-

over., David reports that this transformation is as good as 

_ -- -1, x+3/8 that suggested by Anscombe (TA~ ~n+½ sin f n+J/ 4 ) for 

stabilizing the Binomial variance. 

(c) .. . -l . ½ T = sinh (x+z) ., 
where xis a Negative Binomial with index Kand mean p., and 

z is rectangularly distribu·t.ed [O.,l] as before. 

The variate T turns ou:t to be nearly normally distributed., 

but the variance is not stable under changes of Kand p. 

Finally., for the case of a Poisson variate., one should 

refer to the work of Taylor and Tweedie (1955)., who give 

explicit formulae for the mean., variance., ~land ~2 of the 

transformed variate in each of .the three cases: 

1. The auxiliary variable z is constant. 

2. The auxiliary variable z is continuous uniform. 

.3. The auxiliary variable z is discrete uniform. 
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7. The Probit transformation. 

7.1 Introduction: tn the majox-ity of biological assays 

there are two things to l:)e considered, the stimulus (vitamine., 

dx-ug., physical force., etc.) and the subject '(an animal, a 

plant., a piece of tissue., etc.). 'lfue stimulus is applied to 

the subject at an intensity specified in units Of concentra-

tion., weight., time., or Other appropriate measure and .as a 

result. o:f. which a response ts produced by the subject. 

D:i.ffere:nt stimuli are then compared in terms of the magni-

tudes of the responses they produce., or more commonly in 

terms of the intensities required to produce equal responses. 

When the charact.er:i..stic r.esponse is quanta!., for any one 

subject., under controlled conditions, there will be a cer-

tain level of intensity below which the response does not 

occur and above which the response occurs:. auch a value is 

called the tolerance value. It varies from one member of 

the population to another., frequently between quite wide 

limits. When the characteristic response is quantitative., 

we have similar variation between individuals. 

7.2 The frequency.distribution of a tolerance: If the dose 

is measured by A., the distribution of tolerances may be 
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expressed by 

dP = f(i\)d']\ 

This equation states that a proportion., dP., of the whole 

population consists of individuals whose tolerances lie 

(281) 

1:;>etween " and i\+dJ\. If a dose "o is given to the whole 

population., all individuals will respond whose tolerances 

are less than "o and the proportion of these is 

p '" f' 0 f(A)d'I, 
0 

(282) 

The measure Of dose ranges from zero to oo., response bei.ng 

certain for very high doses., so that 

5100 f(i\) dA = l 
0 

The distribution of tolerance., as measured on the natu:i:-al 

scale., may be markedly skew on account of a few subjects 

with extremely high tolerances. Normalizat.i,.on can Often be 

eff.ected by expressing the tolerances in terms of the loga-

rithm of the concentrations. Thus for much insecticidal 

work., if "J\ is the concentration of the. toxic a9e1'lt we take 

as the variate under consideration the quantity x = log 10 A· 

The. word dose is usually restricted to the scale of 1'., and 

x is referred to as the measure of dosage. A graph of the 
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percentage responding against a dose will give a steadily 

rising curve. The rate of increase in response per unit 

increase in dose is frequently very low in the region of 

zero or 100% response, but higher in the intermediate :region, 

so that the curve is sigmoidal. When the stimulus is 

measured in dosage units, the curve takes the characteristic 

normal sigmoid form. It should be noted that if an insect 

is exposed to a dose, the probability that it will respond 

is P: hence if a batch of n insects is exposed to the dose 

AO and all react independently, then 

Pr(r "responders 11) = · · nl Pr Qn-r 
r l {n-r) I (283) 

Finally, we define the median effective dose (referred 

to as E.D. 50, or L.D. 50) as the value A of 7\ for which 

f(t)dt :i:: O. 5 (284) 

When we transform to x = log 10 A, the equation (281) becomes 

... ...!....cx-µ) 2 
dP = .....J:__ e 2cr2 
· e1.J2rr · dx (285) 

Th.us µ is the population value of the mean dosage tolerance 

and efforts must be directed towards estimating it 

(µ = log E. D. 50). 
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7.3 The Probit transformation: The probability integral of 

the proportion pis defined as the abscissa which corresponds 

to a probability P in a normal distribution N(S., 1). In 

symbols the probit of p is Y., where: 

....L SY~s· _1~u2 
p = J21r 

e 'i. du 
"""00 

(286) 

The effect of transforming from proportions to probits 

is illustrated in Fig. XI. Along the left-hand vertical 

axis is a linear scale of percentages with their correspond-

ing probit values., and on the right-hand axis is a linear 

scale of probits with their corresponding percentage values. 

The transformation may be considered as a stretching of the 

left-hand. scale to give that On the l'.:'ight ... hand.; during which 

process the sigmoid curve becomes a straight line. We know 

that the expected proportion of .t.nsects killed by a dosage 

1 r'o 
P = a../2-rr J 

-oo 
(287) 

Comparing this with (286) we find that the pro};)it of the 

expected proportion killed .i,.s related to the dosage by the 

linear equation 

(288) 



- 168 -

By means of the probit. transformation, experimental 

results may be used to give estimates of a andµ. In par-

ticular., the median effective dosage is estimated as that 

value of x which corresponds to Y .# 5. 

7. 4 The Pr.obit regression .line: When exper,imental data on 

the relationship between dose and mortality; has been 

obtained, either a graphical or arithmetical process can be 

used to estimate the parameters. In order to make either 

type of estimate, the percentage kill observed for each dose 

must first be calculated and converted to probits. The 

probits are then plotted against x., the logarithm of the 

dose., and a straight line drawn by eye to fit the points as 

satisfactorily as possible. '11his line may be used to initi• 

ate the arithmetical process of estimating a better fitting 

line. The empirical probits plotted for a carefully con-

ducted experiment often lie close to a straight line. The 

logarithm of L.D. SO is estimated from the line as m, the 

dosage at which Y • s. The slope of the line, b, which is 

an est.imate of 1/a, is obtained as the increase in Y for a 

unit increase in x. These two parameters are then substi-

tuted in (288) to give an• estimated relationship between 

dosage and kill. 
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Here the variance of the proportion killed is E.Q and n 

this is inversely proportional ton. The reciprocal :0 
represents the weight to be attached to the observation on 

the batch in respect of the information it provides on P. 

We shall see that the weight to be attached to the probit of 
z2 

Pis nw., where w =PO. Here Z is the ordinate of the normal 

distribution corresponding to the probability p., and may be 

written 

7.5 Working probits and the arithmetical methods: Suppose 

now out of nt individuals who are given the stimulus xt 
r 

(t=l.,2 ..• K)., rt respond. We may write Pt= 1-qt = nt., 
t 

and the corresponding probits yt will be obtained from the 

tables as indicated in Section (7. 4). We fit the regression 

line y = a+bx to the data obtained (namely the paired values 

.(y t" xt)) • 

Writing ntwt for the weight of yt and omitting the sub-

script t for convenience., standard regression theory provides 

the solution as follows: 

b = estimate of 1. _ ~nw( x-x) (;y-y) = ~nwZnwXY-i;nwJQ;nwy; 
o - Znw(x-x) 2 .Znwz":nwx2 - (~nwx) 2 ' 

a= estimate of (5 - U:.) = y - bx 
C1 

(289) 
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where x Znwx =- Znw' 

The maximum likelihood method of estimation leads t.o 

equations (289) in which the probits yt are replaced by the 

working probits defined in (290), and these are used in 
z2 

conjunction with weights wt given by wt= P ~·, P, O, 
t t 

and z being as defined in Sections (7.3) and (7.4). Since 

the working probits and weights can only be estimated from 

the data, the solution must be found by iteration. This may 

be carried out as follows: 

(a) From the observed pt, find yt from tables (Table 6 

in Biometrika tables (1958) is recommended) and make a rough 

plot of yt against xt. 

(b) As a first approximation a straight line fitted by 

eye to the points (yt, xt) may be used to obtain a set of 

provisional or expected probits Y~ corresponding to xt. 

(c) The next step is to obtain a series of working 

probits yt and their weighting coefficients w~ to use in 

relations (289) and so obtain a second approximation to the 

regression line. These working probits are obtained from 

either 

(290) 
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or 

I (291) 

as most convenient, where we find the maximum working probit 

y = y + Q max Z or the minimum working probits Y. = Y - P min Z 

and the range Y - Y . = -Z1 
1 by entering Table 6 in max m.1.n 

Biometrika Tables (1958) with the expected probits Yt. 
(d) The appropriate weights nt wt are found, entering 

the table with Yt • 
(e) These weights and the working probits yt are then 

used to compute the coefficients a and b of equations (289). 

(£) The values of the probits y~ obtained from this 

second approximation to the regression line may be used to 

repeat the cycle of the iterative process, the table being 

entered to obtain fresh working probits yt and weights nt wt. 
The iteration is continued until the process has 'settled 

down°. 



- 172 -

8. The logistic function and its application to Bio-assay; 

data: 

8.1 Introduction and notation: Berkson (1944), following 

the method used in probit transformations, has utilized the 
l function Q = calling it the logistic function. The l+ea-t,::, 

approximate shape of this function is close to that of the 

normal distribution function, and may have a better theoretic 

basis than the integrated normal curve. In the logistic 

function there are two parameters a and (31 which,if known, 

determine the effect of any dose. The L.D. SO is given by 
a 
(3 • The following definitions are used in this section: 

Q = 11true 11 logistic function of mortality rate for a given 

x, with parameters a, f3. 

p = 1 - Q. 

"' Q = fitted function corresponding to estimates a and b of 

the parameters. 

xi = dose in log-units. 
m. 

q. = observed mortality rate for dose X; = ...!. . 
J. J. ni 

pi = l - qi 

mi = number of dead at x. 
l. 

n. = number exposed at xi • J. 
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a. = - = log L.D. 50. the dose for which the mortality rate p ., 

is 50%. 

L = logistic function in terms of logits corresponding to Q. 
A A 
L = logistic function in terms of logits corresponding to Q • 

. 1 
Q = 1 a-t:,x 

+ e 

A 1 
Q = ---------1 a-bx + e 

A 1-0 A £n A = L = a - bx 
Q 

' A 

22 = 
db 

A A 
X Q p 

(292) 

(293) 

(294) 

(295) 

(296) 

8.2 The Logit transformation and the computational procedure: 

According to the principle of least squares, the sum of 
. A 

the weighted squared differences ~ 1 (qi-o 1) 2 is to be mini-

mized with respect to a and b where the weight w is taken as 

pi 
If instead of the observation qi we deal with £1= £n qi, 

then for not too large differences (q.-Q.) 2 is approximately 
J. J. 
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A 

(P.Q. )2(t.-Li) 
J. J. J. .. 

(297) 

(because x-1 we have ..en x = -;z- + ½(x; 1 ) 2 , provided x ) ½, and 

x here is 
pi pi 
q_ lo.). 

J. l. 

For another approximation we might write 

(298) 

If now, since we do not know the true values PQ, we define 

the least square weights in terms of the fitted function, we 

have, using (298), 

(299) 

AA The weights in (299) do not contain the fitted values PQ, so 

that a least square solution can be obtained directly in 

spite of the fact that the function (292) is not linear in 
A the parameters. Since L = a+bx the problem is reduced to 

that of obtaining a least square solution of a linear func-

tion with weights w. = n1 p. q, for .e .. The method of 
J. l. J. J. 

solution then is as follows: 

(a) For 
1-q. 

nl.. = nn _..J:. Ju Ju qi 

each observation q. at x., the logit 
J. l. 

is calculated. 
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{b) Compute w1 = ni pi qi and then the quantities 

(Zwx.) 2 i:wx..ezwt Zw, Zwx, x, Zw2, J,, Zwx2 , -"-=--- - , Zwx..e, =--__.,.,_.,__.~ Zw i:w 

,en 

and 

(c) Compute: 

" L.D. 

- -a = J, - bx , 

zwx,e - ~wt/Ew.,; 
b = Zwx 2 - {Zm::) 2 /Ew ' 

" L = a - bx , 

= .a 50 b 

" Q = 
l 

" p = l 

, 
l 

+ 

-
" eL 

6 

, 

, 

(q -a. >2 1 l. 
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9. Ranked data: 

Another use of transformation arises in connection with 

ranked data. 

It is often necessary to draw statistical conclusions 

from data giving the order of a number of magnitudes without 

knowing their quantitative values. Thus in psychological 

tests, subjects can often express preferences without being 

able to assign numerical values to the force with which the 

preference is felt. A transformation has been used to apply 

the analysis of variance in such cases. The observations 

are obtained by ranking objects given the various treatments 

in order of preference, say, 1,2,3 .•. n, if there are n 

treatments. The procedure is to replace the rank r, say, 

by the expected value of the rth largest of a sample Of size 

n from a normal N(O,l). These expected values have been 

tabulated by Fisher and Yates (1953). From the order in 

which any subject places a series of objects, scores may now 

be assigned using these tables. 
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ABSTRACT 

This paper is a review Of the major literature dealing 

with transformations of random variates which achieve variance 

stabilization and approximate normalization. The subject can 

be said to have been initiated by a genetical paper of R. A. 

Fisher (1922) which uses the .angular transformation 

= 2 arcsin/p to deal with the analysis of proportions p 

with E (p) = P. Here it turns out that Var cf) is almost inde-

pendent of P and so stabilizes the variance. Some fourteen 

years later Bartlett tntroduced the so-called square-root 

transformation which achieves variance stabilization for 

variates following a Poisson distribution .. These two trans-

formations and their ramifications in theory and applicati.on 

are fully discussed. along with refinements introduced by 

later writers~ notably curtiss (1943) and Anscombe (1948). 

Another important transformation discussed is one which 

refers an analysis of Observations on to a logarithmic scale, 

and here there are uses in analysis of variance situations 

and theoretical prQblems in the field of estimation: in the 

case of the latter, the work of D. J. Finney (1941) is con-

sidered in some detail. The asymptotic normality of the 

transformation is also considered. 



Transformations primarily designed to bring about 

ultimate normality in distribution are also included. In 

particular there is reference to work on the chi-square 

probability integral (Fisher), (Wilson and Hilferty (1931)) 

and the logarithmic transformation of a correlation coeffi-

cient (Fisher (1921)). 

Other miscellaneous topics referred include 

i. the probability integral transformation (Probits), 

with applications in bioassay: 

ii. applications of transformation theory to set up 

approximate confidence intervals for distribution 

parameters (BIDom (1954)): 

iii. transformations in connection with the interpretation 

of so-called 'ranked' data. 
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