THE THEORY AND APPLICATION OF TRANSFORMATION IN STATISTICS

by

Anis Ismail Kanjo

Thesis submitted to the Graduate Faculty of the
Virginia Polytechnic Institute
in candidacy for the degree of

MASTER OF SCIENCE

in

Statistics

December 1962

Blacksburg, Virginia



TABLE OF CONTENTS

INTRQDUCT ION . - . ® . L] . o L] L . L] ° . . . Ll

Underlying assumptions and practical aspects of
transformations in the analysis of variance . .

l.l
1.2

1.3
1.4
1.5
1.6
1.7

1.8

Assumptions . . . . o . s ¢ o e e o« = e
Randomized block design with additivity .
1.2.1 Model and randomization procedure .

1.2.2 The variance table . . . . .

1.2.3 Test of hypotheses . . . . . «
1.2.4 RemarksS . . o ¢« o o o & o o o =
Effect of non-additivity . . . . . . . + .
Effect of heterogeneity . . . . . « . .
Effects of non=-normality . . . . . . . . .

Properties of ideal transformation .

The angular tradsformation . . . . . . .
1.7.1 Introduction . . . + + « « « o« .
1.7.2 Development of the transformation
1.7.3 Stﬁdy of the bias and the variance .
1.7.4 Types of percentage data . . . . . .

Practical investigations involving square
root and angular transformations . . . .

1.8.1 Development of the square root
transformation . . . . . . . ¢ ¢ . .

1.8.2 Empirical study of variance stabili-
zation in the Poisson case . . . . .

1.8.3 Efficiency of square root transfor-
mat ion L . . L] L] » L] . . . L] L] . . L

.

Page

© &6 O b b

13
17
17
18
19
20
22
22
23
24

29

29

31

33



- iii -

Table of Contents (cont'd.)

1.8.4 Binomial type of data-stabilization

1.8.5

1.8.6

of variance in small samples . . . .

Further consideration of the effec-
tiveness of the angular trans-
formation . . . . . . ¢ ¢ 4 e e . .

A method of discovering Bartlett's
adjustment . . . . . . .+ ¢ o .

1.9 Transformation of data from entomological
field experiments . + « « ¢ ¢ ¢+ ¢« ¢« « ¢ o

1.10 Transformations related to the angular and
the square root . . ¢« o ¢« ¢« « o o .6 s o o =

Theoretical treatment of the stabilization of
variance

. . e . ° . . ° - ] L) - . 3 . . . .

2.1 The analysis of variance when experimental
errors follow the Poisson or Binomial law .

2.2

2.3

2.1.1 POisSSOnN CASE . & v o o o s o o o o

2 ° l . 2 Binomial Case ° . © . L] L] - . . L] .

Asymptotic theory and applications . .

2.2.1
2.2.2
2.2.3
2.2.4

Applications . . ¢« ¢« ¢« + . . o

2.3.1
2.3.2

2‘3.3

Introduction « « « « « ¢ ¢ v ¢« « .« .
Theorem. . o+ + « o o o o « s » o & o
Theorem . . « ¢ o « o« o o o o o«
TheoXem . . + o« « = s o o o o o

. . - [} .

Introduction « . + « ¢ ¢ ¢ o o o o

The square root transformation for a
variate with a Poisson distribution.

The square root transformation for a
variate with a I' distribution . . .

*

Page

34

36

43

44

45

46

46
46
54
57
57
59
63
68
69
69

69

71



2.4

2.7

Table of Contents (cont'd.)

2.3.4 The inverse sine transformation for
a Binomial variate . ¢« .« +» ¢ ¢ ¢ o

2.3.5 Other transformaticns of a Binomial
variate . . . e e e b e s e e o s

The logarithmic transformation . . . . . .
2 L[] 4 . l Introduction . [ ° . . ? . . e . L] .

2.4.2 Theorem . . « « « o« o « o o o o =

2.4.3 TheOXEM .+ « o « o s o o » & o o « o
2.4.4 RemarksS .« + v ¢ ¢ o « o ¢« s s e .
2.4.5 Theorem . . . « o« o s « s o« s o o
2.4.6 DiscusSsion . . . ¢ ¢ < 4 4 4 0 0 .

On the distribution of a variate whose
logarithm is normally distributed .

2.5.1 Moments of the distribution . . . .
2.5.2 Estimation of the moments . . . . .

2.5.3 Approximation to the efficient
estimates [ ] L] L d L] L] . . L] . . L] L

2.5.4 Efficiency of estimation without
trans format ion [} . . - - . . . . . .

The statistical analysis of variance-
heterogeneity and the logarithmic trans-

formation . . . ¢ . ¢ 4 4 e e 6 e e e e e
Basic theorem and application . . . . . . .
2. 7. l meorem . . L . . L ] - L] L . ° - L]

2.7.2 Applications . . . . . . . .

Page

73

77
80
80
82
84
86
86
88

20
90
91

94
95
29
103

103
106



Table of Contents {cont'd.)

2.8 Anscambe's transformations of the Poisson,

Binomial, and negative Binomial distribution.
2.8.1 Poisson variate . . . . ¢ o ¢ o v . .
2.8.2 Binomial variate . . . . . . . ¢ . . .

2.8.3 Negative Binomial wvariate . . . . .

Transformations for solving the tail and confi-
dence interval problems in Binomial, Poisson, X2,
and negative Binomial . . . ¢ . ¢« ¢« + s ¢ o . e

3 » l Introduct ion . . . 3 . 3 . . . . . . . L3 - [

3.2 Binomial Cca3S€ + « ¢ ¢ 4 o 2 o e e 6 o o o o

3.

3

3.2.1 The Cornish-Fisher expansion for the
Z’”diStribut iOﬂ « . . . . ° . . ° . °

3.2.2 The Cornish~Fisher expansion for a
transformed Binomial variable . . . .

3.2.3 Determination of the ’'best’' transfor-
mation of a Binomial variable . . . .

3.2.4 Application of the Beta-transfor-
mation to the confidence problem . . .

3.2.5 Application of the Beta~transfior-
mation to the Binomial tail problem. .

Transformation of the Poisson and X2 distri-
but i ons L2 o . . . L] . o o » ] L] 9o . L] L1 - . »

3.3.1 Cornish=Fisher expansion and the best
transformation of a Poisson variate. .

3.3.2 Determination of confidence limits
for the mean of the Poisson distri-
but i On ° » . - ° . . 3 . L[] L) . ° » - *

Page

110
110
1i5
117

123
123
124

125

128

131

135

141

143

143

145



3'3‘03

3.3.4

w L -

Table of Contents (cont'd.)

Determination of the tail of the
Poisson distribution . . . . . . .

Determination of percentage points
of the X2-distribution . . . . . .

3.4 Negative Binomial . . . . o +« « « & & « &

Zetransformation . . . . ¢ e ¢ ¢ ¢ o e o o &

4.1 Properties of the Z~transformation .

4.2 Applications of the Z-transformation . .

Transformations of X2 towards normality . . .
5.1 Some properties of X®-distribution . . .
5.2 The transformation JEEE e e e e e e

5.3 The transformation (xa/v)é e e e e e

auxiliary variable . . . . « + ¢« ¢ 4 4 v e . W

The Probit transformation . . . . . . . . .

7.1 INtroduction .« . « + ¢ o o o 4 0 0 . .

7.2 The frequency distribution of a tolerance

7.3 The Probit transformation . . « « + .« «

7.4 The Probit regression line . . . . . . .

7.5 Working probits and the arithmetical
methods . . + ¢« ¢ ¢ o o« o o o o o

The logistic function and its application to

Bio-assay .

. L] . . . L} - s © . ® . . 3 . . .

8.1 Introduction and notation . . . . « . .

8.2 The Logit transformation and the computa~

tional

Procedure . . . ces o o 6 o s e

Transformation of discrete wvariables by using an

-

.

Page

145

146
149

152
152
154

157
157
158
159

ie2

164
164
164
167
168

169

172
172

173



- vii =~

Table of Contents (cont'd.)
Page
9. Rankeé data « ¢ . ¢ v e v s e e e v e e e e s e . 178
10. Acknowledgement . . . .« .+ & ¢« ¢ « + 4+ + o+ o . . 179
1l. ReferentesS . . . . ¢ o o « o s « & o o o + « o« » 180

12 . Vita L R » (] ° . . . . . - . ° . . . . ° [ - . . 185



INTRODUCTION

In oxder that the analysis of variance technique be
adequately applicable, we have to consider certain assump-
tions such as randomness, additivity, homogeneity, normality,
and uncorrelated errors. The reliability of the analysis
depends upon the degree of fulfillment of these assumptions.

But in practice we frequently £face the siﬁuation where‘
the homogeneity requirement is violated by the nature of the
data., For instance, we cannot claim homogeneity in data
governed by a distribution whose variance is a function of
the mean. In fact this is, generally, the case for any dis-
tribution depending on a single parameter. Two cases of
-\ kx

=) in

interest are the Poisson distributioan (£(x) = e <1

which E(x) = Var(x) = A and the Binomial distribution
(£(x) = (g)pX g™ *) in which E(x) = np and Var(x) = npq.

It seems natural in such éases to seek transfgrmations
which make the variance independent of the mean, i.e., these
transformations stabilize the variance. Examples of variance

stabilization appear in the sequel in Part I.



Variate transformations are also useful in the follow-
ing problems:

1. The so-called tail problem which relates to the
calculation of the probability that a variate exceeds or is
less than a given constant wvalue.

2. The confidencé problem which relates to the numeri-
cal determination of confidence limits for an unknown
parameter.

In some types of distributions, particularly those
which involve a discrete variate, these problems may involve
lengthy computations. The situation may be alleviated by
resorting to a well-chosen transformation which more ox less
produces a normally distributéd'variate. In this way per-
centage points and confidence intervals may be set up
(approximately) by using the normal probability integral.
Cases of this sort are considered in some detail in Part II.

In Part III we discuss two special types of transforma-
tions, namely the probability integral transformation
(sometimes described as probits) and the logarithmic trans-

formation (sometimes described as logits).



PART I

This is divided into two sections, A and B. In
Section A we consider underlying assumptions and practical
aspects of transformations in the analysis of variance. In
Section B, theoretical considerations relating to transfor-

mations are discussed.



1.

formations in the analvsis of variance

1.1 Assumptions: One of the purposes of the analysis of
variance is testing hypotheses which are frequently linear
in form. Anothexr purpose is the estimation of components of
variance. In both these cases there are certain underlying
assumptions which have to be made. To fix ideas we shall
consider these assumptions ian relation to a simple analysis
of variance model in which the parameters of interest axre
the population means (model I).

~

Assumption l: (Randomness) The observations consist of

rapdom variables thaﬁlare distributed about fixed true mean
values.

Consider for example a rectangular array of observations
[xij] whexre i =1, 2 ... ¥, j=1, 2 ... c. From the assump~-

tion we have E(xij) = m, ., and thus the expectation of any

ij

linear function of the x,., 5 is equal to the same linear

ij

function of the mij’ s .

Assumption 2: (Additivity) ZIThe mean value of any

observation is a linear function of a certain set of param=-

eters, i.e., we may express xij in the form:



(s =y +a, +b, ¥+ &,
X534 i i bJ élJ

where u, a; and by are fixed and SiiAis a random variate.

Assumption 3: (Egqual variances and zero correlations)

The random component of any dbsexvationvfeijl has the same

constant variance, and the covariance between any two obser-

vations is zexro.

Assumption 4: (Noxmality) The observations are jointly

distributed in a multivariate normal form. This assumption
in conjunction with that of zero covariances implies the
mutual independence of the observations. Using these assump-
tions we can compute the variance of any linear function of
the observations easily and carry out an exact test of sig-
nificance.

Summarizing, we say that the necessary and sufficient
conditions for the strict validity of the analysis of vari-
ance procedure for solving problems of model I with respect
to data arranged in a rectangular array, are that:

X,, =4 + a, + bj + 61 i=l,2...xr, j=l,2...c .

ij J

where the a;s bj’ and y are constants and the 8ij are

normally and independently distributed as N(0, o2).



1.2 Randomized block design with additivity:

1.2.1 Model and randomization procedure:s We shall discuss
an example of a randomized block design from the finite
model point of view: that is, we shall assume that our
observations are taken from a finite population. We shall
denote the yield with treatment k (k = 1, 2 ... t) on plot
j(i=1, 2 ... t) of block i (i =~’“le‘,.'¢'.'» es» ) by 1 " and

we then have the identity:

Yy, Hlyy =y 0y ey Oy vy ) - (D)

Assuming that we have additive treatment effects we may

write:

Yisn ~ Yy, = % (2)

for all i and j. The identity (1) now becomes:

=p +b, ¢+t +e (3)

Yy 17 %% T %

ijk
where | =y by =Yy mY sy =Yy, ¥y, - In

fact we observe the yield of treatment k on a randomly
chosen plot in the block., Denoting the observedyield of
treatment k¥ in block i by yi?’ we may writes

=h+b e + 35" (4)

Yix kT 5 "1y Cij



k

6., =1 if treatment k occurs on plot j in the
+ ith block.
where =
6F.= 0 otherwise.
ij

The random error attached to any observed yield is the whole

expression 3 6#. e, . in which any particular e, 6 is a fixed

§ ii T4j ij
k .
variable which we do not know. Moreover, 61j is a random
variable whose distribution is determined by the randomiza-
tion procedure used in obtaining the particular experimental

plan. The properties of‘b?. are as follows:

[ 0)

1. Prob. (5§j = 1) =-% s for any i, j, k .
2 6k =0 iven that 5k = 1, for all j' # j
. iJ' s g iJ s J | J -
3 ék' =0 iven that ék = 1, for all k' # k
. ij | 3 g ij of J | L)
k __ ., k! . i c
4, &,, and &,,., are independent if i' # i for any
lJ l J 3 ('Y L3 ]
Js J's Ky Xk
5. Prdb.(ég.. =1/ 6k. = 1) = L. for j'# J, k' #£ Xk
Now from (4):
k'
T = 3 y. =1I4 + rt + 33 6k e (5)
S €1 k755 Cid i

and moreover X e.. =0 and E(5..) =‘L
ij iyt t

Hences:

E(Tk) =y + rt +'; 2 e,, = + rt

(6)
k t ij ] k



Nowse

k
Var(T, ) = E(SS 6., e, ,)®

ands
k

53 6., e, ,)? 226 Fez‘-l»z 5 6
(11 ij iy’ ( - ij JAi ij
+ X Z X 6. 63
i'g#i j 3+ 3 2

But:

Hence:s

oy oLl 2 -
Vax(Tk) s ?j = . ‘7)

Similarly we finds

kt

ij iJ
3 ]

k Ok e k¥ .k

= B[3 % 56), 6, +3 2 68,.98,., e..e..,
ij i3 i3 i3 4 j#3 i3 i3t iy i

Cov(T,,T,.,) = E[(Z s 5 J)(2 55 )]

J iJ i

L

k (k!
+ 3 23 0, 0,,., ©.. €,,.,
1#1' j* i3 1) ij "i'j ]

The expectation of the first term is zero since E(é?} 6§j

Also the expectation of the last term is zero since

)=0.

k k' o . =
E‘éij ‘,) L2 o and ? eij =0 .



Hence:
Ccov(T ) ot 2 X e,, e
% Tk t(t-1) 3 jig; i3 i3’
1 2 2 .
t(t 1) 2[‘? elJ) , ? eij] ors
cov(T, ,T ,) = . - 35 e2,
U T e(e=1) T Tid

Using (7) and (8) we have:

2
) = =5 2 e2, ,

-

ki

and similarly fox the difference between two meanss:

T -7 O T 2
VT, -T.) = r2(t-1) f% ®1j

1.2.2 The variance table:

(8)

(9)

(10)

Iet us now find the expectations of the sums of squares

included in the analysis of variance table:

Treatment

. , . . Y = gfE s o2 -
E(treatment sum of squares) E[r % Tk -
= 5[t 5 T2 - 2rt]

r k
k
=i5 Bl rp+rt, 453 5?. e,.]? - ulrt
r oy k ij 4] ij

"R

= toul+rs tlac-uert+-]-‘- [2(xu+ri. )"‘ 3 e, ]+ e 5 e2 )
k k i Jj

x % b

t2 4+ %5 5 e2
r j j lj

ryt ij

(11)
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Block
Denoting the total of the ith block by Bi we can writes

E{Block sum of sguares) = E[%’Z Bi - pexrt]
, i '

1
== S E +tb +Z>_“.c§ e,.]® - p3rt
ng: [tu» 23 % iJ] B

But 565 . e .=3Se 25 =Se, =0, since 8", =1 .
kj 3 i3 3 iiyx i3 i X ij
Heace:
E(SSB) = = % Elty + tb, ]2 = p3ct = t2 b2, (12)
t i i i
Total

E(Total sum of squares) = E 2 (y,.~y )2

ik
k

= % E(b, +t_ +3 6., e,.)2
ik (g koo 4] 13)

2 2 2 .2 k (k
=tZbi+r3t +>:.[2(5 )= e® 4+ 5 5,6 ., e..e. ., 1.

i k k ik § i3 ij j#3+ ij i3' i3 i

Remembering that 2b, =0, Xe,,=0 we have:
i X J 1]

E{(Total 8S) = t z b2 +r 3 t2 4+ p e® . . (13)
k ki3 iJ ‘

Brroxr
B(Error sum of squares) = E(Total S8S) - E(Treatment SS)
- E(Block SS)

=1
- T
r

f% eij . (14)
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We can now construct the analysis of variance table as

follows:
Table I
Source Sum of squares Expected sum of sguares

Blocks t Sy, ~v )2 t I b2

i. lo 0«» 31
Treatments ¥ 3(y .-y )2 L S e® 4+ r 3 t?

k' a qu r ij lJ ]{.
Error Z ¥y Y )T r {3 i
Tota ?k‘yik‘zsl) léﬁ eij +r3 ot 3 bi

1f we divide the error sum of squares by (r-1)(t~1) we

obtain a quantity whose expectation is —=g= s e2 .,
4 Y > r{t-1) i3 ij

Denoting this by o® we have by (10):

P 20°
Var(tkftk,) = S .

Alsos

1 s o I S 2
T(e-1) 5 ®ij Y17 %

E(Treatment 8S)/(t-1) =

(15)

(16)

If there are no treatment effects the expectation of the

treatment mean square is equal to the expectation of the

error mean square. This is the property of unbiasedness

which is of paramount importance in any experimental design.:
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We see therefore that any comparison of the treatment
effects X xk tk in which X xk = 0, is estimated unbiasedly
by the same comparison of the observed treatment means.
Moreover, for the variance;

v(z L tk) = V(= A 'I'k)

= 2 - rey A
= A2 Var(T,) + §#§ S Cov(Tk, , ,) .
Using (7) and (8), we therefore have:
o 1 1
. - 2 e - . 2
viz Kk tk) 2 7‘k r2t ij elJ k#k' k AT r2t(t-l) ;% elj
1
="‘-2e2 -27\2-- = nI2 - 2N T
='-3""2e2 [~27\2 et 5 22]
r® {3 t(t-1) k
. 2 &2 ,
2 7\}ez r ? ‘17)

i
r(t=-1) ij i3

It is to be noticed that we have not used any assump-
tions about the errors except that there are fixed deviations
of plot values f£rom block means, these deviations being
attached at random to the treatment yields. We have used no
assumptions of homogeneity of errors, where error refers to

the guantity 2 ék e

.. @,., Which is the error of the observed
j iJ ij
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yield. Moreover, we have not assumed that 3 eij is the
J

same for all wvalues of i.

1.2.3 Test of hypotheses:

Consider now the test of the hypothesis that the tk‘s
are all zero. For this purpose it is necessary to obtain
the distribution of the treatment sum of squares and the
distribution of the error sum Of squares. From these we may
obtain the distribution of the ratio:

(treatment mean square/error mean square) .

The derivation of these distributions over oui finite
population is a problem of considerable difficulty. First
we should notice that we have in each block tl ways of
assigning t treatments into t plots, one treatment per plot
prer block. Since we have r blocks we can get (tl)r plans
for our randomized design. Hence the distribuﬁion of the
treatment sum of squares, and the distribution of the error
sum of squares are in fact the frequency functions of these
guantities (in the absence of treatment effects) over the
(tl)r possiﬁle plans. For example, suppose we have a simple

experiment of 3 treatments and 3 blocks, we should have to

calculate the sum of squares attributable to treatments,
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blocks, and errors in the 216 possible plans. This task is
in general beyond practical consideration. TherefOré it is
expedient to resort to the infinite model and regard the
eij's as independent normal variates.

Referring to Table I, let:

_ ‘ . 3 S - , )2 '18)
s r??k{) +i&myLymW“) (m)
T=z 3y -y )* . (19

k . o« ’

It should be noted that both the total sum of squares
and block sum of squares retains the same value over all
possible plans, whereas the treatment sum of squares and,
consequently, the error sum of squares are variable from plan
to plan. This is equivalent to saying that the quantity, ®

(Total S8S) - (Block 88) = (Treatment SS)+ (Error S§)
has the saﬁe value in each plan. Hence, as far aé ﬁhe varia-
tion over the (tl)r possible plans is concerned, the quantity
S is constant. On the contrary, the quantity T is a random
variable. Now,

E(S) = E{(Treatment SS) + (Brror SS)}

= EB(Treatment SS) + E(Exror SS)

='% igieij + 2% f% eij (under the null hypothesis)

=3 e2, =8 (20)
ij 4



Under the normality assumption, the ratios:

S ~ 7T

T1/ &0 (D) (22)

would follow the F—distribution, and
, = L 5)
x =3 (22)

would follow the B-distribution by the well-known relation,
fz B

-3 2
fl(l B)

F = (23)

where fl and f2 are the degrees 0f freedom.

The probability density of the variate x is given by:

- % (min) J”m .y an-1
£(x) I'(2m) I'(4n) (1-x)

s (24)
where m{=t-~1l) and n(=(r-l)(t—l)) are the degrees of freedom
for T and S-T, respectively.

But from (24):

£(x) =';f; = %- (25)
. 2mn_ |
M (x) (m+n) 2 (mtn+2)

= n—_QLEZLL-____. . (26)

- ra(t~l)(rt~r+2)

Ia contrast, for the flnlte model we have,

R o

B(T) = s (27)

under the null hypothesis that there are no treatment eiffects.
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Moreover,
Var‘T) = TF o) (s2-r) , (28)

where

K= 3(Z e2.)2 .
iy *3

Now if the errors associated with the blocks are homogeneous,

b eij == (independent of i) ,
j 13 = h :

Sa
and thus k =':? givings
Var(T) = 2(r-1)82/(t-1)r> ,

and consequently

Var.(%) = -éla- Var(T) = %é'_r_—}%g . (29)

Comparing the normal theory result for Var(x) given in (26)

with (29) shows remarkable agreement, assuﬁing r(t—i) is
small. We may therefore conclude that if the error variance
is the same for all blocks then the distribution of;§ is
nearly that of the p-~distribution in (24). Hence, in view
of (23) the distribution of the criterion ratio (21) is vexry
nearly.the F-distribution. This result is due té Welch and
Pitman (1937).

It is of interest to notice that heterogeneity of

erroxs does not effect the mean of the distribution of'§ but
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does effect the variance. For denoting 2 eij by Si and
: 3 :

b Si/r by S, we have

var(g) = 2[82 - = 82]/[(t-1)x §7]

=(s, ~s)2
2{(r-1 \
(t -1l)r T ox(r- 1)"2 ! (30)
(t-t-l)r3 :

Thus the heterogeneity of errors actually reduces the variance.

1.2.4 Remarks: The above example throws some light on the
role played by the assumptions of “additivity” and "homo-
geneity”. The further assumption of “normality” makes it
possible to carxry out a fairly accurate analysis of random-
ized designs of this type by an appeal to the usuval normal

theory and F-test procedures.

According to Cochran (1947),

1.3 Effect of non-—additivit

the principal effect of the failure of the assumption}of
additivity is a loss of information. He considers the usual
error variance 02 as inflated by the component cﬁa due to
non=-additivity, and regards the ratio*;§§§§”‘ as a measure
of the loss of information due to nonaaZditivity. Thus we

can say that when treatment and replicate effects are small

the loss of information will be trivial unless o, is very
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small. But when either the treatment or the replicate

effect is substantial the loss of information may be impor—
tant, and when both effects are large the loss of information
may be congiderable. Cochran states that the loss of infor~
mation should be negligible when treatment and replicate
effects do not exceed 20 percent of the total variation,

1.4 Effect of heterogeneity: In the example considered in
section (1.2), let us suppose that we have an experiment in

4 blocks.and‘that the variance of one of the blocks is 3
times that of sach of the othexr blocks (assumed equal).

Then using (30) we find that the variance of T/S is

2(x=1) 1, _2(r-1) 8
(t-1) 1-3) = (t.=L)r> 9 °

t=~1)r 9
If in addition we suppose that there are ¢ treatments, the
parameters m and n of the approximating Beta-distribution

given in (24) are given by the equations

. S S
mén  r 4
2nn 2({r-1) 8 _ 1
(m#n)> = (t=1)r> 9 " 60 °*
. 3t . 360
for which the solution is m =ea = 6 approximately,

1080
64

n=3m =" = 17 approximately. In order to obtain an
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approximation to the level of significance using the random-
ization test, we should compare the significance levels of
the F-distribution using 6 and 17 degrees of freedom as
against using 5 and 15 degrees of freedom. Hence the ordinary
use of the F-distribution, when heterogeneous errors are
present, underestimates the level of significance of the
randomization test.

Cochran (1947) states that, if in the ordinary analysis
of variance the error variances are heterogeneous, then
there will be a loss of efficiency in the estimates of treat-
ment effects. Moreover, there will be a loss of sensitivity

in the tests of significance.

1.5 Effects of non-normality: The effect of non-normality
is not generally considered to be serious for moderate
departures from normality. But, any large departures from
normality in the region of the outlying obsexrvations are
likely to affect the validity of significance tests. More~
over non-normality is likely to be accompanied by a loss of
efficiency in the estimation of treatment effects and a

corresponding loss of power in the F- and t-tests.
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1.6 Properties of ideal transformation:

Bartlett defines the ideal transformation as one having
the following four properties:

a. The variance of the transformed variate should be
unaffected by changes in the mean level.

b. The transformed variate should be normally dis-
tributed.

c. The transformed scale should be one for which an
afithmetic average is an efficient estimate of the true mean
level for any particular group of measurements.

d, The transformed scale should be one for which real
effects are linear and additive.

Although these conditions are to some extent related
[for example, (a) and (b) and (d) together imply (c)], we
obviously cannét necessarily expect to arrange for condi=-
tions (b), (c), and (d) to be satisfied iflour scale has
already ‘been fixed by condition (a). Fortunately the transe
formation Of scale tp meet condition (a) often has the
effect of improving the closeness Of the distribution to
normality. A correlation of variance with the mean, on the
original scale, 6f£en‘implies excessive skewness which tends

to be eliminated aftexr the transformation.
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Condition (c) is required because the estimates which
arise in the analeis of variance are of the simple arith-
metic average type and we want to know whether such estimates
are efficient. In view of the asymptotic nature of the
transformation problem, we can define the efficiency to be
100x® where (r) is the correlation between the transformed
and the original scales.

The contention is sometimes made that the original
scale is the more relevant one for taking sums and averages,
and more underxstandable. While this argument has some force
and is a warning against making transformations without good
reason, it loses strength when we remember that if the
variability in the data varies with the mean level for dif-
ferent blocks or groups, an unweighted average of the
observed treatment responses is not necessarily the best
estimate of the true treatment response, and the average on
the transformed scale will often be the better estimate when
reconverted to the original scale.

Condition (d) is fequired because it is more effective
and simpler to be working on a scale for which treatment or
other effects are linear and additive. But it is not always

possible to choose a scale to coverxr con&ition (a) and yet be



most reasonable for (d), though it may happen that a choice

of scale for (a) improves the scale to some extent as far as

(d) is concerned.

Practical considerations of some transformations

1.7 The angular transformation:

1.7.1 Introduction: If we draw independently a random

sample of n items from an infinite population in which a
proportion P of the items possess some definite attribute A,
then the number of items (X) possessing the attribute A in
our sample is distributed'as a Binomial with parameters
(n,P). Let p denote the observed proportion of items pos-

sessing the attribute A, then

E(p) =P (31)
and
- .?.Ll:_P_)_ (32)

The expression (32) is an explicit relation between the
variance and the mean of the observed proportion p, which
makes data consisting of proportions or percentages not
amenable to the analysis of variance.

Recognizing this fact, R. A. Fisher (1922) in a paper

on theoretical genetics introduced the transformation
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cos ¢ = 1-2p, i.e., p =sh€*§ : where ¢ varies from zero to T
as p varies from zero £o one. Not until 1936 was the general
applicability of this transformation discussed in priat,

when Bartlett on a suggestion from Yates considered the use
of a related transformation (Si%® 6 = p, where ¢ varies from
zero to %) as a means of ren&ering proportions amenable to

the analysis of wvariance.

1.7.2 pevelopment of the transformation:

Let the transformation be £(p), then
E £(p) = E £(P+h) (h = p~P)
= E[£(P) + h £'(P) + R(b)]
= £(P) (approximately)’ »
assuming we can ignore E R{(h). Then |
var £(p) = E[f(p) - £(P)]® (approximately)
= [£(P)]2 - var(p) .
Hence,. if Var £(p) is to be indepen&ent of P (or nearly so),

then by (2):

f' (P) = £ — = .Pcl-P‘
War (p J“;;“‘L
= L (taking the arbitrary constant
P(I-P) C as equal +- .

/n
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It follows that
P gp
0 /B(1-P)

= 2 arc sin /p . (33)

£(p) =

1.7.3 Study of the bias and the variance:

1.7.3.0 Let us take 2 sin - J— =@ and 2 sin J‘ 9,
where p and P are the observed and theoretical prqportlons
respectively. We wish to determine E(g-¢) and E(q¢-0)2.

Let h be the deviation p - P. By Ta?lor's theorem we
can writes

o = 2£(p) = 2£(p+h) = 2[£(p)+h £\ (p)+-—-— f(z)(P)

3
+-§‘T ( )(p)+-- £(4)(P)+.,.]

and

0= 20n £ (2) + I £02) () 4 B2 03)

21

+ ZT f““ (P)+...] . (34)

Now

s ) = 12 e F1,

1
2/p-pe

(35)
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£ (p) = - _11:29'3/2 (26)
4(p-p?)
(3),_, _ _8P2-8P+3
£°Yp) = ——F2 (37)
8(p-p?)°/2 .
(a 3(1=2D) (~8P2+8P~
£ () = 3;1,2P11 sp7jgp 5 (38)
lb(P p?)
Thus @ e
Elg-0) = 2, 2¢ sin " B )mnh) (39)
r=1L
But
E(h) =0

E(hz) = Eii:gl

) (40)
E(h3) = E(=P)(-2P)

n2

2(h%) _3p20-p)2  p(1-P) (1-6P+6P?)
K - 2 K ) "
n

23
Substituting (35), (36), (37), (38), and (40) into (39) we

gets:

B(pe) = - —Lz2B__ _ (1-2P)(21-8P48P2) -2

4n(PQ) /2 192(po) 372 12
(41)

1.7.3.1 If n is sufficiently large ( > 30) then the terms
involving‘% to higher power than the first can be neglected
provided 0 < P < p{ P, { 1, i.e., P is somewhat far from

the end points zero and one, There will still remain a bias



1-2P
4n(P~P2)
however is divided by n and becomes negligible when n is

in ¢ which equals [- ] asymptotically. This quantity
sufficiently large. It hould also be noted that when P > .5,
E(p-0) > 0, and when P £ .5, E(p-0) < 0. For P = .5,

E(p-0) =
1.7.3.2 1In order to prove that E(gp) = ¢ when P = .5,
Dr. Shenton suggested the following nice proof:

Iet us compute E sin”t /o for P = .5; we get:

E sin™" /5 = Pr(0) sin " /G + Pr(1) sin”t /'%

+ Pr(a) sin x/%

= --[n smlJ~+ an=l) . g"l “ls/ + -g'-] .
2

In view of the symmetricity of Binomial coefficients and of
11/ 'g- s we get for both

2N (e'ven) the following results:

the facts that sin'l-/;l;i-s

= (2N+1) (odd) and n

R oxa-
B(sin 1/5):.- wﬁ[g—.'.%—g_',(z).g L+ (2qu+l)§]

2N+1. 2N+1

. &L \ .«.’.N-'I-l
= 2{1«1-(1)-f-‘(;z)...-i-( )]

N

= -'1'5 . %(1+1)2N*1 = % = sin“lfﬁ for P=.5 .
2 .
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For n = 2N we have:

<l _ 1.7 . 2N, 2N 2N 7%, ,2N,T
E(sin JJS) = Zn{2+(l)2+(2)2 . "+(N~1)2+(N)4]
1 T 2N 2N 2N, 1
= zn 2[l+(l)+(2) ° ‘+(N)2]

Between brackets we have the first half of the complete

Binomial expansion (l-l-l)n . Hences:

'—l 3 -'.—1';..,10;. . n
E(sin ~/p ) = 82 2(1+l)

‘% = sin“llﬁ

i

1.7.3.3 Turning our attention to the variance, we have

E(cp—¢)2 = 4E{h2[f(l)(3?)]2 + h3 f(l)(P) f(?" (p)

(2) 1) 0y £ (3) 1y
+ n¥dE (?“ B =)y

- -l PO (1—-2922 121?292 11~2P22+41892-89+31 1

4PQ n  52pg n? 192(pg) >
_ 1, 1o 2;_g1>+7.+ o2y (42)
n 16n°“pQ

E(¢~¢)2 is approximately the variance of ¢ and is equal tO'%,
ignoring terms of order nﬂz and higher,

In most field experiments the percentages are based
upon relatively large numbers of 100 or more individuals, so

that usually the transformation would accomplish its purpose,
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avoiding the end points of the range of p. The effect of
the end points on the variance of ¢ has been discussed by

M. S. Bartlett whose work will be referred to in a later

section.

1.7.4 Types of percentage data:

The type of data for which the angular transformation
}is suitable is that having a Binomial nature. This means
that the data is discrete in the first place and based upon
a determinéte number of trials (n) say. Data of this kind
is quite often expressed as percentages. Examples of this
kind of data are: Grrmination percentages given by
number of seeds germinated/total seeds, or disease percent-
ages given by number of plants diseased/total plants, etc.

Data for which the angular transformation should not be
applied consists of continuous data arising from -an experi-
mental study in which results are given as percentages.
Thus, each variate may be divided by an arbitrary constant
value yielding percentages of some standard or average.
Clearly such a procedure merely transforms the unit of
measurement. For example yield data might be expressed as a

percentage of the control reading instead of actual yield.
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Again concentrations are often expressed as percentages

since a comparative assessment is the object of the experi-
mental design. This type of percentage is very common; f£or
example, (a) seed purity given by weight of pure seed/total
weight of seed, (b) protein content given by weight of
protein/total weight, and (c) sugar content given by weight

of sugar/weight of root. Such concentrations should not as

a rule be subjected to any transformation to stabilize the
variance. However the technique applied to problems involving
pexrcentage data must be carefully considered in deciding which

transformation to use.

1.8 Practical investigations involving square xroot and

angular transformations:

1.8.1 Development of the square root transformation: Sup-

pose we have a variate x whose variance is a function of its
mean, and we wish to find a transformation that stabilizes
the variance. Let the transformation be £(x) and assume
E(x) = u. Then |

£(x) = £(u) +§’f £'(L) +R ,

E £(x) = £(u) (43)
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assuming we can ignore E R(x). Then
var £(x) = [£'(u)]® B(x-u)?®
- Va:tr(X)[f'(IﬁL)}2 . (44)
Hence if Var £{(x) is to be independént of x (or nearly so),
then
Var £(x) = Var(x)[£'(n)]2® =c2 .

Let Var(x) = g{u), then

£'u) =~
/g(u)

and ‘

= (s (45)

Y Ygl)

If g(p) =p

£(x) = edx X (46)

(X f}z ‘

s o a 1
provided ¢ ='§ .

This transformation is the square root transformation.
The variance is Cc2 ='% provided the mean is large enough to
enable us to ignore the remainder R mentioned above. 1In
general if Vaxr(x) = Ap , the square root transformation will

l AO

give a variance =-Z
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Polisson case:

From above we see that the Poisson distribution suggests
itself as a distribution for which the square root transfor-
mation may prove useful, and replicated experiments where the
results are Poisson variates may often be analyzed in this
way. Since the approximation above depends on the magnitude
of the mean, say m, it is interesting to see how far the
variance of VYx for a Poisson variate x is constant when the
mean m becomes small. Bartlett (1936) investigated this
point and calculated for the sake of édmparison the variance
of ¥x for a continuous distribution for which also the mean
equals the variance, namely the Type III distrxibution

P mel e * ax . (47)

}In view of the discontinuous nature of the Poisson distribu-
tion, the variance of J§;§ was further found for the Poisson
distribution. The results of Bartlett's investigations are
given in Table II and Figure I,

The variance for the continuous curve approaches its
limit (.25) surprisingly quick. That foxr /% is reasonably
convergent, but shows a peak round about m;l, which dis=-

appears when Vx+5 is used.
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Table II. Comparison of Variances with Increasing m.

mean m Poisson, vx Poisson, vx+% Continuous, /x
.0 .000 .000 .000
.5 .310 .102 .182

1.0 .402 .160 .215
2.0 .390 .214 .233
3.0 . 340 .232 .239
4.0 .306 . 240 . 242
6.0 .276 .245 . 245
9.0 .263 . 247 . 247
12.0 .259 .248 . 249
15.0 .256 . 248 .250
Uz
0.4

0.3

0.25

0.2

0.1}

Fig. I. The three curves (the largest variance first)
are for: 1. Poisson, ¥x ,
2. Type III, 7/x |,
3. Poisson, x+y .
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Thus above a mean of 10, say, 7x may be considered;
from 10 to about 2 or 3,J§I§ is preferable. Below a mean of
about 2 or 3 the discontinuous nature of the Poisson distri-
bution has, of course, become so violent that any variate is
of little‘use quite apart from questions of variance, unless

a large number of replications is available.

1.8.3 Efficiency of square root transformation: Bartlett

states that it is hardly possible to consider very fully the
question of efficiency without carefully specifying the
nature of the experiment to be analyzed. The efficiency
depends, for example, on how we choose to define our treat-
ment effects. As a rough guide, however, we may note tha£
the value of r2, where r is the correlation of /X or Vx+s
with x for a Poisson distribution, is high. Thus the per=-
cent efficiency 100r® of the total (3 vxk) in large samples
for estimating m, in comparison with the sufficient statis-
tic Zx, has a minimum of about 88 perceﬁt at about m = 2;
that of JEI% falls to 96% percent at the same value of m.
In so far as these figuves differ, they favour J§:§. The
reason for computing the efficiency is that we want to have

some confidence that the treatment means given in terms of
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the new variate do adequately summarize our data, and this
they could not do if their efficiency for estimating the
true parameter means m on the original scale was low.

The transformation will probably make our variate nearer
normal than before. However, this point will be discussed
in greater detail in the sequel.

If m is very small but a fairly large number of repli-
cations is available, it might sometimes be advisable to

add, say, pairs of replications before square root are taken.

1.8.4 Binomial type of data - stabilization of variance in

small samples:

We have found that for a Binomial type of data the
angular transformation is effective, but no work has been
done on the question of how large a sample size n must be
used to ensure a reliable transformation. Bartlett (1936)
investigated the effectiveness of the inverse sine transfor-
mation in small samples. He regards n = 10 as a lower limit
for n because it is hardly likely that any experiment would
be carried out with n { 10. The variance of y = fj sin "ty %
for n = 10 was examined together with the variance of the

corresponding continuous Type I distribution,
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P o xa-l -(l--x)s_a dx . {(48)
Q oy

.._(l__ ) 1 )
The mean in (48) is -g'_ and the variance is 2 10 2 = mLiom)

(m is the mean) so that we have exactly the same relation

between the mean and the vériance as in a Binomial with

n = 10. By analogy with v% the variance of z=% -l/--—
was also found, t being the Binomial variate, and % being
added or subtracted according as t § 5. The binomial vari-
ances were computed directly. For the continuous case we

have:

~1 r "L -1
E(sin /%) = Sh sin ~vx Pdx

l 1 i,
= [sin ls"}?:' pﬁx]é—-g bx °(1~-x) “[Xpdx]dx
0 : ’

and may be evaluated for o and P (=9-c) integers.
Further we have:

1
E(sinnlfi)z = S (siz'xm']'zﬂs-f)"2 Pdx
0 .
1
= [(sin~ f*)agde] - gs:m
0

andz -
« x (1-x) [ \Pax]ax

Expanding £ = sin*lﬁf in a Maclaurin series in 1/32, we gets

Y /2 , 42,5/2 . 3252,7/2 .
(S ? 3! 51 7l e o 0
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which can be used to evaluate the second integral. The
results are given in Table III for @ = 0 to 4 and in Fig. II.
| The curves for the Binomial depart considerably from
that for the continuous distribution. That for y has a dis-
crepancy at the two ends analogous to that for vx in the
case of a Poisson variate. The curve for 2z shows the antici-
pated drop in the center due to the use of +% . For larger
n, the curve z will become more stable. The large sample
efficiencies of y and z,like those of JE; and J§;§ remaiﬂ.
high, that of y having a minimum of abéut 91 pércent in the
neighbourhood of m z-%. Méreover, the efficiency for z is
about 96 percent in the neighbourhood of the middle of thé/
range. For the two variates y and z, 2 would naturally be
used if the observed limit of the range was near the end
roints, otherwise y would be preferred. Fig. II shows how,
when n = 10, the variance of y depends very markedly on the

true proportion P.

1.8.5 Eurther consideration of the effectiveness of the

angqular transformation: We have mentioned before
that when P is near to 0 or to 1, the transformation is not

useful for small samples. Bartlett (1936) remarks that a
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Table III. Comparison of Variances

mean m Binomial y Binomial 2z Continuous y
0 .0 .0 .0
1/9 .0170 .0076 .0100
2/9 .0149 .0091 .0108
3/9 .01l26 .0081 | .0111
4/9 .0117 ‘ .0067 .0112
0,2

.002

.0015

.00l

1 1 L. A I I

n A L m
0.2 0.9 0.6 0.8 1.0

Fig. II. Change in variance with m.

1. Binomial (n

]
=
(@)
N
-
=

2. Type I (a + B =29), y.

3. Binomial (n

il
-
(@]
A

-
N
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good correction is to replace P = 0 by P -'ﬁz s and P = 1 by

P =1-£;. Tables IV, V, VI and the corresponding Figures III,
IV, and V were given by Eisenhart (1947) showing a comparison
bétween o(p) = 2 arcsin/p = arccos(1-2p), (ngg__.l, Og_.cp iw)
and the adjusted ¢(p), ﬁamely ¢B(p)= o(p) for (0 < p< 1),
but ¢B(O = ¢( ), @B(l) =T - ¢B(0). The sample sizes were

= 10, 20, 30, respectively. The cuxve for Var(p) is drawn
for comparison in sach figure.

If the inverse sine transformation completely stabilized
the variance in small samples, then nv{g) would be unity in
all cases, or at least would be constaﬁt for a given value of
n. This is not the case, as is apparent from the tables IV
to VI. Generally the following conclusions may be drawn:

1. For'nlé 10 and .05 g P i .95, nv(gp) and nv(QB) are
less variable than 4nv(P). |
| 2. For n > 20 and .05 g P g .95, nv(mB) is less vari-
able than nv(tp) ,

3. For n > 10 and 075 ﬁ .925, nv(¢B) is less
variable than av(g).

It is quite apparent from the foregoing that the inverse
sign transformation, especially with Bartlett's correction,

is advantageous from the viewpoint of variance stabilization,
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Table IV. Mean and variances of various functions of a
sample proportion for selected values of the pop-

ulation proportion when the sample size = 10.

P=E(p) ¢(P) E(g) 10 v(g) E(gp) 10 vigy)
.0500 .4510 .2856 1.2917 0.4757 0.4481
.1000 .6435 .5134 1.6567 0.6241 0.7489
.1500 .7954 .7006 1.6529 0.7632 0.9363
.2000 .9273 .8598 1.5332 0.8939 1.0436
.3000 1.1593 1.1260 1.2968 1.1350 1.1224
.5000 1.5708 1.5708 1.1433 1.5708 1.1258
.7000 1.9823 2.0156 1.2968 2.0066 1.1224
.8000 2.2143 2.2818 1.5332 2.2477 1.0436
.8500 2.3462 2.4410 1.6529 2.3784 0.9363
.9000 2.4981 2.6282 1.6567 2.5175 0.7489
.9500 2.6906 2.8560 1.2917 2.6659 0.4481

'

2.0r

1.8}

Fig. III. Dependence of the variances of 3 functions of the
sample proportion p on the population proportion
P when the sample size = 10.

=4P(1-P)=4x 10 v(p), =10 v(g), v_= 10 V(@B)

V1 Vo 3
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Table V. Means and variances when the sample size is 20.
P=E(p) o(P) E(g) 20 v(g) E(pp) 20 v(gg)
.0500 .4510 . 3541 1.6315 - .4344 0.7247
.1000 .6435 . 5866 1.5458 .6139 1.0138
.1500 . 7954 .7602 1.3240 .7688 1.0974
.2000 .9273 .9035 1.1810 .9061 1.1051
. 3000 1.1593 1.1469 1.0858 1.1471 1.0784
.5000 1.5708 1.5708 1.0562 1.5708 1.0561
.7000 1.9823 1.9947 1.0858 1.9945 1.0784
. 8000 2.2143 2.2381 1.1810 2.2355 1.1051
.8500 2.3462 2.3814 1.3240 2.3728 1.0974
. 9000 2.4981 2.5550 1.5458 2.5277 1.0138
.9500 2.6906 2.7875 1.6315 2.7072 0.7247

v
2.0¢

L [l

4 5 6 7

.9

Dependence of the variances on P.

4P(1-P) = 4 x 20 v(P)

20 v(o)
20 V(@B)

1.0
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Table VI. Mean and variances when the sample size is 30.

P=E(p) p(P) E(q) 30 v(g) E(¢B) 30 V(¢B)
. 0500 .4510 . 3885 1.6443 .4278 .8985
.1000 .6435 .6119 1.3359 .6197 1.0921
.1500 .7954 L7757 1.1560 L7771 1.0987
.2000 .9273 .9134 1.0885 .9163 1.0773
. 3000 1.1593 1.1516 1.0484 1l.1516 1.0481
. 5000 1.5708 1.5708 1.0358 1.5708 1.0358
.7000 1.9823 1.9900 1.0484 1.9900 1.0481
.8000 2.2143 2.2282 1.0885 2.2280 1.0773
.8500 2.3462 2.3659 1.1560 2.3645 1.0987
. 9000 2.4982 2.5297 1.3359 2.5219 1.0921
. 9500 2.6806 2.7531 1.6443 2.7138 .8985

v
2.0r
t.8f

i I ' A Al n 'y

o | 2 3 49 5 .6 7 .é .é LOP
Fig. V. Dependence of the variances on P.

v, = 4P(1-P) = 4 x 30 v(p)

v, = 30 v(g)

<
w
i

30 V(¢B)
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its effectiveness in this regard increasing rapidly as the
sample size n is increased. A comparison of the values of
o(P), E(9), and E(mB) shown in the above tables reveals that
E(g) and E(@B) generally are less than @(P) when P { %,
greater than @(P) when P > %. The three are equal when

P = .5, in agreement with what we have found theoregtically
in section1.7.3. Furthermore, E(@B) is always closer to ¢(P).
In fact when .05 i P < .95, the bias E(@B) - @(P) is less
than 15 perceat of thé standard deviation of @(B) for n‘i 10,
and thus is of negligible magnitude for most practical pur-
poses. Thus Bartlett's correction tends to reduce the biases
to negligible quantities.

In conclusion, it must be remembered that while in
large samples the variance of a transformed proportion is
independent of the true proportion for most practical pur-
poses, the variance of the transformed value ¢ is still pro-
portional to %; where n is the number of observations upon
which the observed proportion is based. Consequently, if
Pys pz, p3 <« are proportions based on different numbers

of observations fys Doy Dy oo and if the n's differ widely,

3

then the variances of the corresponding angular values may

be so unequal, because of the variation of the n's, that the
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advantages of the transformation are lost almost entirely.
Similarly the advantages of the iaverse sine transformation
may be lost to a large extent when the data to be analyzed

is subject to other forms of variability in addition to
sampling variation. In this éase the variancetof an observed
proportion p is given by _1i_21 %-oz s where the first terxm
represents simple sampling variation and the second term the

extraneous variation.

1.8.6 A method of discovering Bartlett's adjustmenté
Bartlett (1936) gives his adjustment @(0) = ¢(4n),
(1) =7 - @(0). Wwithout any justification Eisenhart
(1247) therefore suggests the followings
Let the values of @(p) = 2 arcsin/p where p = =
(x, 0, 1, 2 ... n), be plotted on the arithmetic scale of
arithmetic-probability paper against the cumulative proba-
bility Eo 'fl—z'(l_rlf?ﬁ p¥ (1-2)™F, plotted on the probability
scale for a particular value of n and a selected value of P.
If n 2 10 and .05 & P .95 it will be found that the plot-
ted points for 2 § n=2 are nearly lznear, that the points
for x = 1 and x = n~1l depart slightly from linearity, but
that the points for x = 0 and x = n show considerable devia-

tions. If the values ¢(0) = 0 and @(l) = 7 are replaced by
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écores ¢(0) = a_ and p(l) = b such that the correspoanding
plotted points fall on» a gently curvihg extrapolation of the
curve through the plotted points for 2 g x g n=2, it will be
found that~éﬂ = 2 arcsin JZ%? approximately.

bn =T = an a@proximately.

The foregoing suggests that a better adjustment than
Béntlett’s could be obtained by extending in both directions
the line of best £it through the points for 2 g x § n-2 and
using this line to define the scores for x = 0, 1, n-1l, and
n. Eisenhart states that this was tried and some improve=-
ment was noted, but for n:z 10 and .05 £ P g .95 the improve-

ment did not appear to be worth the trouble.

l'g

mentss Beall (1942), in a study of experimental results

from seven field exéeriménts on the control of insects,

shows that the variance as a function of the mean is not
exactly ¢ = M as in the Poisson case but is better expressed
as 0 = M + kM®. The experiments are particularly designed
so that the constant k can be estimated from the data. The
transformation applied is x' = k-% sinh_l(kx)%, where k is a
positive constant and x an observation. The data was put in

a form for which the standard deviation approached a constant



independent of the mean. Practically, the transformation
gave good results so that the analysis of variance could be
applied. From the analysis of the transformed data, the‘
results were found to differ markedly from those which would

have been obtained from the original data.

1.10 ZTransformations related to the anqular and the square

xoot: Freeman and Tukey (1950) report on an empirical

study of a number of approximations to the normal deviate K
exceeded with the same probability as the number of successes
x from n in a Binomial distribution with expectation np,

5t

T ey-
which is defined by: ‘5]';',_‘ SR e dt=prob. {x gk]Binomial,n,p} .
-0

They also describe an angular and a square root transforma=
tion which yield better stabilizations of the variance.

The approximations to K in terms of n, p, k are given as:

N = 2(/(k+1)q - /(n=K)p ) .

N* = N + Nt2p-l B = lesser of np and ndg.
12 /&

N* = N + gN-2}(N*2) ( 1 — . 'Al )
‘ 12 Vnp+l  Yng+l

NE* = N* + N*+29’l
12 /&

(E as above) .



For variance stabilization, the averaged angular trans-

. s - , =1, x+1 . ‘e
formation, sin J;;T + sin /zm+l has a variance within +6%
_ PR | , ai 821 e .
of the quantities e (angles in radian), L (angles in
_ n+73 73 o

degreed; for almost all cases where np<2 1. 1In the Poisson
case this amounts to using X + YXFL as having variance 1.
Fig. VI shows a comparison betwaen the variances of the
following five transformationss:
/=, 7L, /%%, m Z o+ AT .
The figure indicates that for m < 3, the various trans-
formations may be arranged from the worst to the best as

follows:

Tx, T=x+1, J=+s, %;;g, % + /x4

2. [Theoretical treatment of the stabilization of variance

~ the Poisson or Binomial law:

2.1.1 Poisson case: The first step in an exact statistical
analysis of the results of any field experiment is to specify
in mathematical terms (1) how the expected values 0Of the
yield of the plots are‘obtainea in terms of unknown parameters
representing the treatment and block (or row and column)

effects, and (2) how the observed values of the yields of
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the plots vary about the expected values. We assume here
that variations follow the Poisson law.

Proceeding from the assumption that treatment and bleck
(or row and column) effects are additive, we can specify the
éxpected yield m, 6f the ith plot, which receives the tth
treatment and occurs in the rth row and the c¢th column as:

= G + + )
mi=G‘Tt Rr-n-cc s {49)

where G is a parameter representing the average level of the
yield in the experiment and Tt’ Rr’ Cc represent the respec~
tive treatment, row, and column effects, to which the plot
corresponds. We may put as usual,

E Tt = ? Rr = % Cc =0 . (50)

If the errors are normally and indepéndently distributed
with equal variances, this will lead to simple equations of
estimation. In our case the probability of obtaining a

given set of plot yields xy with expectations m, may be
~m, X,
i i
e mi

written as II . Thus L, the logarithm of the like=-

i xil
lihood is given by

L = ?(xilog mi~mi) - ? log xil . (51)
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Hence the maximum likelihood equation of estimation foxr any

parameter 9 assumes the forms:

B g

m, 36

L

=0 s (52)

where the summation extends over all plots whose expecta-
tions involve 6. The function ég% will usually involve a
number of parameters. Since the specification of row,
column and treatment effects in a 6x 6 Latin square requires
16 independent parameters, the solution of these equations
may be expected to be laborious. The problem of obtaining
exact tests of significance is also difficult. The method of
maximum likelihood provides estimates of the asymptotic var-
iances and covariances of the treatment constants, which
undexr certain conditions can be assumed to be asymptotically
normally distributed. These asymptotic properties will hold
if there is sufficient replication but will not apply in
general for small samples. These remarks show that the
exact solution is somewhat too complicated for frequent use.
The difficulty arises principally because the typical equa-

tion of estimation consists of a weighted sum of the devia-

tions of the observed from the expected values, the weights
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om, ,
being ;%'-gé'. The factor ;}'would be removed from the
i i
weight function by using a square root transformation of the

observations. For a Latin sguare, this prediction formula

is writtens:

Jﬁz =a =6+T +R +C, , (53)
where

ST =3R =3¢C =0 . (54)

t t Y X C c ‘

To £ind the maximum value of (51) subjeét to the restrictions
(54), we may use the method of undetermined multipliers,
maximizing with respect to the parameters

L+ x(g Tt) + u«ﬁ Rr)+ y(g cc) . (55)

The equation of estimation for a typical treatment constant

Tt becones,

b3 -~ 3o, ST +A=0 ‘ {56)
i i t
dmi — aai
Since EE; = 2‘mi s and SE: =1, (56) becomes:
2(xi—m.) ,
35 emm—meS— gk A= 0, (57)
ﬁni :

The summation in (57) is extended over all plots receiving

the treatment. If ai = Ix

i 0 then we might writes



dm &%m.

- = 32=g® = _.._......... - :a_i!-°
x;-m; = ay o (a ai) + (a a, ) dai (58)

If»mi is reasonably large, oanly the first term on the right-
hand side need be retained. When m. is small, we may use,
instead of the exact square‘rOOE, a quantity ai defined so
that

= 2#5; (a'—ai) . (59)

Thus if the analysis is performed on the quantities ai
instead of on the original data, equation (57) becomes:

éi 4(ai—ai) +A=0 . (50)

On substituting the expectations for ai from (53) and usiang
(54), we obtain

2 4(a'-C=T.) + A =0 (c6l)

p i t

t .

because S R =3 R =0, 3 C =23 C_ = 0. (The treatment
Ty ¥ r T T c c © ‘

Tt occurs once in each row and once in each column.) The

corresponding equation for G is

3 4({a!-¢) =0 , ‘ (62)
i 1 .

so that G is the general mean of the gquantities ai. By

summing equation (6l) over all treatments and comparing the
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total with (62) we find N = 0. Hence Tt is the difference

between the mean yield of a‘ over all plots receiving Tt and
the genéral mean of a'. With this scale the simplicity of
the normal theory equations has apparently been reco#ere&,
Actually the quantities a' are not known exactly since we
have by (59)

X~m

al =0 + =% = (a : ﬁ? R (63)

2Vm
where o is the expected value of V/%. However, this process
pr¢vides a means of successively épproximating the maximum
likelihood soiutian by starting with approximations to the
quantities o, then constructing the a'’s and solving for the‘
unknown constants and hence obtaining se¢ond approximations
to the expected values. The closé relation of a' to /X is
seen by remembering one of the common rules for findi&g
square rogts. This consists in guessing an approximate root
¢y, dividing x by the approximate root and taking the mean of
the approximate root o and the resulting quotient'ﬁ. The
suitability of the linear prediction formula in square roots
must be considered in any example in which the above analysis

is being employed.
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In this connection it should be noted that an approxi-
mate "goodness of f£it" test of the validity of the implied
assumptions may be obtained. Since the quantities ai enter
into the equations of estimation with weight 4, the guantity
4 ?(ai—ai)e is distributed approximately as X® with the
number of degrees of freedom in the erxror term of the
analysis of variance. Some ldea of the closeness of the
approximation may be gathered by considering the simplest
case in which only the mean yield is being estimated. In
this case the observed value x are assumed to be drawn from
the same Poisson distribution, and the sufficlent statistic
for the mean G is knowan to be 2'%% . Since, however, the
prediction formula is invariant undei the transformation,
and siace the maximum likelihood solution is invariant to

changes of scale, the mean value ¢ of a‘' must be exactly

ZXj , 1,x
/ &= . Thus a'-o =*‘5(E- Q)
and
[ i) 2. 2 . -:-—. 2
S a(a'-a)2 = z(z{—g‘é)" = 29‘—5}9- : (64)

The usual X2 test for examining whether a set of values of x
come from the same Poisson distribution may be assumed.

A high value of X2 means either that the prediction
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formula is not satisfactory or that the experimental errors
are higher than the Poisson distribution indicates, or that

both causes are operating.

2.1.2 Binomial case: 1In this case the yields are obtained
by examining a constént number n per plot and noting those
which possess a certain attribute (e.g., plants which are
diseased). Experimental variatianof the observed fraction
P possessing the attribute about the expected fraction 2.
The proportion P is specified in texms of unknown parameters
representing the treatment and soil effects.

If xy is the number possessing the attribute on a
Y.

typical plot, so that Py ='7% , the likelihood function takes
the form,
nl Xy nery {65!
? rl({n-x)! Pi Qi : (65)
Hence
L = ?{ri log Pi + (n~ri) log Qi] . (66)

The egquation of estimation for a typical parameter 6 is

n

PiQi

_ OPy o
> (pi~Pi)~§§ =0 , | (67)

where the summation is over all plots whose expectations

involve 6.
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As in the Poisson case, an exact solution is laboxious
n aPi
because of the weights 3 =~ —<= . The unequal weighting
PiQi o6
_ o1
may be removed by transforming to the variate ai = sin JPi
and assuming that the prediction formula is linear in the
transformed scale. For a Latin square the prediction formula

is assumed to be:

@, =G+ T +R +C, , (63)

where the ith plot receives treatment t and lies in the xth

row and cth column. Further

ST =3R =3C =90 . (c9)
£ t ry x c C
éPi
Since EE— = 2#P1Qi ,» We introduce a set of variates ai =1o)
i T _
that on each plot,
ap, da,
Py = Py = (3ym0y)3a, S0
= a'leq . v
2¢Pioi (ai i) (70)
With these substitutions the equation of estimation for T,
for instance, becomes
S 4n(a'~=a.) + A = (71
7. (i. i) , A=0 (71)

where as before, A is an undetermined multiplier. The
remainder of the solution proceeds exactly as in the Poisson

case, Tt being found to be the difference between the mean
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Avalue of ai over all plots receiving this treatment and the
general mean of ai. A X2 test may be made'with 2 4n(ai-ai)2.

From (70) we have:

1 , ‘
ai ai + ;7%23? (pi.Pi)

+ "

Q ——————
i )
2JPiQi

(Qi—qi)

i

1l
a + 5 cot a, =9, cosec(Zai) s (72)

where a; is the observed fraction which does not possess the
attribute.

The calculation of approximations to ai thus involves
finding a predicted value ai from the treatment and block (or

row and column) means, and using equation (72). Tables [Fisher

and Yates (1953)] of the values of sin-lJPi, o, +'% cot Oy s

and cosec(2ai) have been prepared to facilitate the computa~
tions. It should be noted that these tables are in degrees,
whereas the above equations assume that ai is measured in

radians. In degrees, equation (71) above becomes

s I8 (i =0 (73)
Te 8100 i i i
while
. - 180 1 . _
a; = a, + - {2 cot o,-q, cosec(2ai)} . (74)
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It must be emphasized that the solutions for the
Poisson and Binomial situations given above apply to the
case where the wholé of the experimental erxor variation is
of the Poisson or Binomial type. The methods are therefore
likely to be useful in practice.only where the experimental
conditions have been carefully controlled, or where the data
are derived from such small numbers that the Poisson or
Binomial variation is much larger than any extraneous Varia—:
tion. The X% test is helpful in deciding whether this |

assumption is justified.

2.2 Asymptotic theory and applications:

2.2.1 Introduction: Curtiss (1943) provided a general
theoretical approach to the préblem of transformations. 1In
the framework of this theory he discussed in particular the
square root and inverse sine transformations and also several
logarithmic transformations.

In general we can state the problem of stabilizing a
variance functionally related to a mean as follows:

Suppose X is a variate whose mean p = E(x) is a real
variable with a range s of possible values and whose standard

deviation o = o, = o) is a function of pu not identically



- 58 -

constant. We desire to find a function T = £(X) such that

both £(X) and o§ are functionally independent Qf 18 for B oon s.
Curtiss first of all criticizes any transformation which

purports to produce an absolutely constant variance. Taking

for instance a Poisson variate X and assuming the identity:

Bl {£(x) - E[f(x)']a}]ag

2

or equivalently,

B([£(x)]2) F c + (E[£(x)1)2
we have:
oo - K o “u k
2 e v = &l s .
S LERIE S De L 2 [£0)] SR 12, b0

We need only equate the coefficients of the zero-th power of
i on each side to find that [£(0)]2 = ¢ + [£)0)]® which
implies that ¢ = 0 and hence tﬁaﬁ £(0) = £(1) - £(2) ... ,
so that the solution is trivial, naﬁely = Const. As to
the problem of choosing T = £(X) so that its distribution is
exactly normal, we can observé immediately that a single
valued function £(X) will never transform a variate X with

a discrete distribution into a variate with a continuous one.
On the other hand, any variate X with a continuous distribu-
tion function F(x) can be transformed into a normally dis-

tributed variate T by the transformation T = f(X) defined by
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- ;éta

T
the equation F(x) = 5‘ 7%? e dt. However, aside from
-0

the practical difficultyhof solving this equation for T, the
resulting function T = £(X) will not generally be functionally
independent of the mean of X.

This consideration leads Curtiss to seek asymptotic
solutions to the problem of normalization and stabilization,

In the following asymptotic theorems we suppose that
the distribution of X depends on a parameter n which is to
tend somehow to infinity. The mean p = B, and the range S,
of X will in general depend on n (We include the case
”n = Const. for all n.) and perhaps will depend also on some
further independent parameters which we shall denote collec-
tively by 0, with range 2. We shall seek a transofrmation
T = £(X) in which £(X) is functionally independent of p and
of 8 for p on s and é on Z,and such that the distribution
of £(X) - f(un) tends to normality as n - @, while

lim c; = ¢2, where c¢® is an absolute constant.
n—00

2.2.2 Theorem: ILet Wn(X) be a non=negative function of x
and n, defined almost everywhere and integrable with respect

to x over any finite interval of the x-axis for each a > 0.



et
X
Ynfx)dx R (75)

q.‘«-“w

T = £(X) =

a

where a is an arbitrary constant. Let Fn(y) be the distri-
bution function (d.f.) of the variate Y = (X - Mn)wn(un).
Suppose further that a continuous d.f. exists such that
lim F_(y) = F(y) for all values of y. Then either one of the
n-oo B
following two conditions is a sufficient condition for the
distribution function Hh(w) of the variate W = £(X) - f(un)
to tend uniformly to F(w), = { w<{ +m®.

a) To each w for which 0 { F(w) ¢ 1, there corresponds
for all n sufficiently large at least one root x = x of the
equation

o X

3 Wn(u)du =w (76)

n
and this root X has the property that

%;rgo(xnmn)‘l’n(un) =w . (77)

b) For all n sufficiently large, Wh(un) > 0, ané
lim qn(w) = 1 uniformly in any closed finite subinterval of
00 .
the opéen interval defined by 0 < F(w) < 1, where
-1
Wn(w[wn‘gn)] H )
v W)

q (w) = (78
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To prove this theorem we first suppose that condition

(a) is satisfied. Let W, and W, be the end points of the

open interval (possibly infinite) defined by 0 < F(w) <{ 1.
If w lies in this interval, and if n is large enough for the

root X in (76) to exist, then from the monotonic character
ﬁx
of | Wﬁ(x)dx we can infer that
Ha

H (w) P[f(X) f(u ) Swl = P[§ v (x)ax { w]
Ko S

i

X £
P[g ¥ (x)dx < (‘ ¥ (x)ax]
Mp Bn

=plx$x ] = p[¥$ (o0 )Y ()
= F (G )Y )] . (79)

Since F(w) is continuous, lim F (w) = F(w) uniformly
n-oo n

on any finite or infinite interval of values of w. There~

fore lim F (w ) = F(w) if lim w = w. Thus from (77) and
n-oo B n-sco B

(72), we £1nd that

lim H, (w) = F(w) for Wy w<lw

. 80
oo 2 (0

If w' g'wl, and Wy { w*<{ w_, then 0 & I—In(w') é Hn(w")

2,
= F(w") + [Hh(w“)~F(w“)]. We can make the right-hand member
of this relation less than any given positive number g by

first choosing w" so that £(w") { L e (it will be remembered



that F{w) is a continuous d.f., and F(wl) = 0) and then
choosing n so large that the guantity in square brackets is
also less than % in absolute value. Thus lim H (w') = 0.

-0

Similarly if w':i w, we can show that lim H (w') = 1.
2 n—co I

Hence liﬁbﬁ (w) = F(x) for all w, and it follows that the
limit holds unlformly on any finite or infinite interval of
values of w. | |

We show now that condition (a) in the theorem ié a
consequence of condition (b). The result follows at once
from the following lemma.
| lemma: If yh(w) is a non-negative fuanction, integrable
over any finite interval of w, and if %igoyh(w) = 1 uniformly
in any finite closed subintexrval of anvinterval wl<vv<m§;

then for every value of w in this interval there exists for

all n sufficiently large a solution y = y of the equation:
Y
. Th(z)dz =w (s1)
° .

and the solution Y, has the property that lim Y, = v
n-ao
It is clear that if w satisfies the inequality
wy {w{ w,, and if 7 > 0 be chosen so that wl< wen < win < W,

then for all n sufficiently large,



l AU
if yh(z)dz g w'g SW yn(z)dz s

0
(because we know that yn(z) is a non~negative and integrable
and %im Th(w) = 1 in any finite closed subinterval of w).
Thus for each n sufficiently large, there exist a root Y, of
the equation (81), and furthermore, this root satisfies the
inequality w-n é Y, g wim. Since 1 is arbitrarily small,
lim y = w and the proof of the lemma is complete.

n-on N
To apply the lemma we make the change of variables,

zZ = (u-un)wh(un) or u = [z/Wh(un)] o
¥ (0 = wn[zwn_mnn‘l + ]

Substituting in the integral (76), it becomes

y
g q (z)az (82)
0

where y = (xﬁun)Yn(un), and the conclusion that (a) is

implied by {(b) now follows at once.

2.2.3 Theorem: Let T (or £(X), ¥, Fn(y), and F(y) be
defined as in theorem (2.2.2).. Let the ﬁean and variance of
the distribution defined by F(y) éxiSt and have respective
values zero and c¢®. Then the following three conditions,

taken together:
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(1) B(¥®) exists for n » 0, and lim E(Y2) = c2 ,
n~00
(ii) Condition (b) of theorem (2.2,2) holds ,
(iid) f(Y[Wﬁ(un)] +u ) - £u,) = = 0}Y| uniformly in

n as |¥| - o, are sufficient that,

lim [E(T) -~ £(u )] =0 , (83)
n-00 _ ~n

lim o2 = ¢ . (84)
n-xon - ) .

The proof is divided into four partss

a) As a preliminary step in the proof, we observe that
| (*00 .
condition (i) and the relations, lim F (y)=F(y), c®=\ y2dr{y),
n- n N

imply that the improper integral 5%q;2an(y) convergeé uni-
formly in n for n » 0. As the inEquand is positive, the
following result is equivalent to the uniform convergence of
the integral; for every € » 0, there exist numbers Al and Az,
a, 4 a,, such that for all n sufficiently large

(\ C )yadl’*‘(y)<e . ' (85)

To prove (85) we write:

2
( ﬁﬁ Frvzar () = [£(¢2) --c21+[§A aasz 2ar (y)]
—@® Az AJ. Ay

LA) :
+ {ca-f y2dr(y)]
By
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We first choose A A2 so that the last bracket approaches

1’
zero as n - o, and then Helly-Bray theorem (G. C. Evans,
1227) states that the second bracket also approaches zero as
n->o. S0 for all n sufficieatly large, the sum of the
first two brackets is in absolute value < Le.

It is important to notice that we can choose Al
in the above demonstration so that a > Wy, B, £ w,, where

and A2

v, and w, are as usual the endpoints of the intexrval defined
by 0 < £(w) < L.

(b)' We try now to express (83) and (84) in terms of
the variate W = £(X) = f(un) ané:theﬂ to establish a xelation
between (W) and ¥ =’(Xkun)wg(un). For we need merely to
notice that

W= f'(X)“f(LLn)=SM\l’n(X) dx - gun'Yn(X)dxs‘gx ‘l’n(X)dx
» a a

Hn
and then to make a change of variable similar to the one

used to derive (82). Now we can write

X 5’4
W= Y ¥ (x)dx = f q (wyaw = o (¥v) , (86)
T . 0 : ,

where qn(wd is given by (78).



In terms of W, (83) and (84) become respectively:

lim Elf(x)—f(u )1 = ‘lim E(W) =0 (87)
N=00

Lin (E(W2)-[E(W)]®] = o2 = of =c® . (88)
n-Qo ‘

We need to establish now (87) and (88) instead of (83) and
(c) For (87), condition (ii) states that for all n
sufficiently large Y {4 ) > 0 and 1lim g (w) = 1 uniformly in
n‘ a n-on n

any closed finite subinterval of the open interval defined

by 0  F(w) < 1. This implies that
| o oy v
lim 9 (y)=1im } ¢ (w)ﬁw=ﬂg lim g {w)dw = Sxdw =y
n-oo o n—ooy 1 p n-o 1 )

uniformly in any f£inite closed subinterval of the interval
Wy {yX w,: condition (iii) states that

f(y[wh(un)]“lﬁin) - f(un) = o[yl uniformly in n as IYI - 0.
Since Y = (Xﬂ¢n)wﬁ(un) this relation may be written as

£(X) - £(u_) =0|¥| as |¥| - oo; this implies that there
exists a constant M such that |£(x)-£(u_ ) |=lwl=|o_ ) 1)y

for all n. Moreover if E(Y®) exists, so will E(Y).

(e | .
Now E(W)=) Q (v)aF (y)=) Q (v)aF (y)-} ydF (y) (E(y)=0)
-0 = OO -~00 ‘ v

= §A + ; )[Q (y)-y]dF (v)+ SA o (y)-y]uF v}



where w, < A, < a, < w,. Therefore

IE(W) < ( §A (OO(MH.HY!d By lv) +

,.

<

lQn(y)~YId F (y) .

(;Az
A

400
From the uniform convergence of g yaciFn(y), proved in
-

part {a) we can conclude that the first pair of integrals
can be made less than an arbitrary %e > 0, by proper choice

of Al, Az. The third integral approaches zero by the

general Helly-Bray theorem (Wé have shown that llm Q (y)'== ¥-)
and sO becomes less than %g for all n sufficiently 1arge
Thus |[E(W) | g e for all n sqfficiently large and we have
established (87).

(d) To show that (88) is true, we have merely to prove

oo
that lim E(W®) = c2., Since E(Y®) = i: v2 4 F {y) , we may
n-¥00 - n
writes
oo
E(W2)-c® = ([o (y)12-y2}aF _(y)+[E(¥®)-c®]
But

+00 : +A
(le, (¥)12-y2}ar (v)= (f ﬁ{m (y)]12-y2}eF (y)
@
Bz

2
+ SA (Lo (v)12-y®}aF (y)
Ay

é(SA Sm)(ml)yadﬁ‘ (y)*SA (Lo (v)I®-y*}oF (v) .
-0

Ay ; Ay,
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€0
Since S* yad.Fn(y) is uniformly convergent we can choose A
=00

and A, such that the first part { e (e > 0). Again by the

general Helly-Bray theorem, the second part approaches zero,

1

and so for n sufficiently large, it can be made < %eg. Hence

o)

o
2_,214 \
r (Lo (v)]5-y=}aF_(y)
approaches zero, as also does [E(Y®)~c?] by condition (i) so
that B(W®) = c® - 0, or

E(W2) - c? as n -» @

The proof of the theorem is now established.

2.2.4 Theorem: Let the distribution of a variate Y depend
upon a parameter n. Let Fn(y) be the d.f. of ¥, and let
F(y) be a continuous d.f. with the property that
lim F (y) = F{y). Let a_ be a function of n such that
n-co 8 o n ‘
lim a_ = a # 0. Then the distribution function of the vari-
n-00 .
ate gz = anY tends as n - @ to the distribution function
F(i‘) if a> 0, and to the d.f. 1 - F('g‘) if a< 0. 1If the
variance of Y exists and tends to c¢® as n - w, then the
variance of a ¥ tends to a%c® as n - .

No proof is provided for this ﬁheorem, but we know in a

special case that if F(y) is the d.£. 0f a reduced normal
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Lt

, L2 z
distribution, i.e., F(y) =‘7%?‘§y e dt , then F(3) is
2T _2s ‘

also the d.£. of a normal distribution with mean zero and
variance a®. More generally, any affine transiormation of a

normal variate yields another normal variate.

2.3 Applications

2.3.1 Introduction: The theorems of the preceding section
have the effect of referring the properties of the distribu-
tion of the transformation T = £(X) of theorem I; back to
those of the distribution of a related variate ¥. In the
applications given in the present section, we shall let
Wh(un) be proportional to the reciprocal of the standard
deviation of X. The preceding theorems state in this case
that if the reduced or standardized distribution of X
approaches a limiting form, then under certain circumstances
the distribution of £(X) - f(un) will approach a similax
limiting form and a; will approach a quantity independent at
least of the parameter n. In the applications considered

here, the reduced distribution of X will always approach the

reduced normal distribution.

2.3.2 The square root transformation for a variate with a

Poisson distribution: Let X have a Poisson distribution
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with parameter n. If ¢ is an arbitrary coastant, and if

| Jxra x 2 -a
e f(X) = : ' , . (89)
0 x < =o .

Then the distribution of Ti- /n+c tends as n —» 0 to a nor-

mal distribution which has mean zero and variance'% s and

lim 02 == ,

nso I 4

= /n , and it is well known
X4

Broof: Here B, =0, 0y

that the distribution of the reduced wvariate

tends to
n .

the reduced normal distribution as n - oo. By theorem
_ \ 43 ot gnde 4 oy o n l,n X=n .
(2.2.3) the dlst;Lbutlon of ¥ = SU== = 2¥£+a -, will

tend to normality as n - o and the variance of

Y=4n+aVar(’/a) -3 as n —» . The mean of ¥ = 0.

Setting:

3 |
e X D =q
v (x) = 2T | : (20)

0 b4 ﬁ -0

X D4 .
. A R SR S-Sy v
We obtain from T -— f(X) =~&ﬁwn(X)dx =§a zm : e s the
formula given in (89). Here £(x) - fp ) =Wa=T-~ /o¥a .
To complete the proof of the above statement we must show

that conditions (ii) and {(iii) of the theorem (2.2.3) are

satisfied. Assuming n > ~a, we have
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» ,, -1
Y (wl¥ (u_ )] "4 ) n
q (w) = L r\; (n ) D - ¥ (2w/n+a +n) * 2/n+a
n n I-Ln n .
- 2/n%q = ( 2w_.)—%
2/(2w¥n$a +n) + {n+a

provided that w > =L/n+a : otherwise qn(w) = 0. Hence
clearly (ii) is satisfied simply because Tﬁ‘“n) > 0 and
lim g (w) = 1. Also

n—oo 1N

W= f(YIEEI/n(un)]'lmn) - f‘un? = f(2y/nta +n) - ‘n+c

Y2¥./a%a +n+a = Yn+a when ¥ > =k/n+a
- n+a when Y g ~%/m+a

from which it follows at once that |W| < 2|¥| when W-%/AFG .

When Y > ~%/n+a we have W) 0, and we can writes:

W = Y2v/ata + n+a - Jata < 2|y| or equivalently:

Y2y /o¥a + nta < 2|¥|»oi- /n4a  or 2¥v/n+a +(n+a){(2]|y¥|+/m¥a)2
or VATe [2¢ + Ja¥a] < (2¥| + /6¥6 )2 , |

and this is intuitiQe since both Yn+o and 2Y + /OFa@ are

less or equal to 2|¥| + /n+ad . Hence condition kiii) is

satisfied for all Y.

2.3.3 [The square root transfdrmation for a variate with a I

distribution: ILet X have a distribution whose density

function is of the following type:
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0 - x€o ,
pl{x) = P . (91)
Kx;‘:zn"“ehx x%o, h> o :
If o is an arbitrary constant, and if
Xra X2 ~a
0 x £ =~a

then the distribution of T - 1/‘5*1;-!-0& tends as n - 00 to a

normal distribution which has mean zero and variance :%E ’
and 11533!30 o% =5
We know that the mean of X is Ry = £ and that the

2h
standard deviation O’X hf: The distribution of the

standardized variate tends to normality as n - @, so that
h X'-]J,. ./ n x‘”‘n
of the variate Y = 2@"“ ¥ Th+2hta . y T, tends to
h

Xy
+ Var ' which tends

1
normality and Var(Y) 4 nh+2h20&

1
to =7~ as n - @.

4h
1 .
: XD =
Setting Y (x) = 2vx4a A »
n
0 P4 g -C

we obtain

]
-Q ~ . =@

X X ._
™ = C Yn(X)dx & g -.c&._xv = = J/X+a ae in (92).
The work of verifying that the conditions of theorem II
are satisfied is the same as in the case of the Poisson dis-

tribution treated above.
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For example, if s® denotes the variance of a random
sample of n+l observations drawn from a normal parent distrié
bution with variance 0%, then it is well known that (n+l)sé'
is distributed according to (91) with h = ?163 . We can thus
deduce the further facts, also well known, that the distri-
bution of /n+l s = 0v/n tends to normality, and that the
variance of svn+l approaches the limiting value %02. If n
is an integer and h = %, the distribution defined by (92) is
called a X2 distribution with n degrees of freedom and the
variate is denoted by Xa‘ Our conclusion in this case is
that v2xZ - /2n tends to be normally distributed with zero
mean and unit variance. From this result and the fact that
/2n-1 - Jf* o(n~ a), it follows immediately that v2X= - JEKZI
has the same llmiting gistribution as J§i§ - /2an . Hence we
get the Fisher X2-transformation which”we wili discuss in a

later section.

2.3.4 The inverse sine transformation for a Binomial
variate: Let X be a Binomial variate with proportion

12 n

P (p =0, n'nt ...-n). If a is an arbitrary constant, and

if
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Jaosin i 2l xg¢1 -2
n n n

T = £(X) = ‘ g+ (93)
» 0 x < ;orx) 1-=

where T is measured in radians, then the distribution of

p R IR ¢ A , . _ .
T - J/n sin 1/P+5' is asymptotically normal with zero mean
and variance i‘ .

. ] 29 .

Here let us take p = P and o?{ = ¢ where Q = 1-P. TWe
know that the distribution of the reduced variate /n (X=-P) /JPQ
will be asymptotically normal. Hence by theorem (2 2.4) the

distribution of

M (x-p) /B0 . /4 (xX-P)

o a o Q ;
2/(pe) (0-F)  2/(P4) (@-F) TR
will tend to normality with variance=- ’g-g ———— Var ("'—1(/"‘}}.:2)‘) Z
a(p4) (-3) |
The variance of the limiting distribution F(Y) is also% .
Let
& L, s 2
- a o - n<xLi-g
24/ (x45) (L=x~%)
Y (x) = . (95)
n 0 otherwise

Then
X X - .
= S‘ ‘I‘n(x)d:x = g ‘ ‘/z g o .
: ~g  2/(x47) (L=x=3)
n n : '
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Putting x+~ = sin®t, l-x- % = cos®t, dx = 2 sint cost dt,

we get
sin‘.lv/X%%
T = g‘ : n 2 sint cost dt _ . . -1, .0
3 : 2 sint cost

which is the same as we assumed in (93).
In showing that conditions (ii) and (iii) of theorem
(2.2.3) are satisfied, we shall assume for simplicity that

¢ = 0, We f£find that.:

| Lol ” .
=,2/§§,, R
/n zJ(r Jﬁé-@-?)(l—p 2 /55
. g |
A __...%f
J[PQ T pv/'ﬁ'é-z-r.off’"
= (1 + 2w 91—-,;1;?5 - %ﬁ)‘;ﬁ ,

provided -.-%-/'&g' {w( %J% » Otherwise g (w) = 0. When
n -, qn'(w) - 1 so (ii) is satisfied.
From the law of the mean in the form due to Schlomilch

we have
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S L
W= f(Y[‘l’n{un)] "'“n) - i(un)
= £(v 2/82 4 p) - /K sin'F

= /i sin‘l¢P+2¥£%%' Y - 4@ sin /B

10 Y )
= ; 1 ’ (96)
(1+291/-9- ) (1~.-2ewf- |

= 2Y|

provided 0 { ¢ < 1, -%/ < ¥ < »21/—‘9

The square of the denominator in (96) is

-492 o . L _ B
= Y2 + 2v[e/F - e/nQ T+1 .

We are interested in the positive part of this quadratic
expression when -%1/%( Y < ‘/21/-%9 . Since the coefficient:
of Y2 is negative, the expression is convex in this intexval

and so must assume its least value in that range at one end

- 1 )
or the other. But when ¥ = -i-lﬂ'-*'nQP, we get W = 2¥[= ) ]'é ’
: l+6"‘/§

).
,2 .
. Since these are the
:I.+6-SL

maximum possible coeificients of 2Y, and since both of them

and when ¥ = %-/‘%Q , W= 2v[-

are less than one, we deduce that W is always less than (2Y)
in the range indicated. For values of Y outside the range,

the second member of the expression for W, namely -/ sin ~f§ s
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indicates that W = 0(/n) = O(Y), because we know that Y is
always of the order of Jﬁ, (Y igﬁé%Fgl s X, P, Q are less

than one). Hence (iii) is satisfied and the proof of the

statement above is complete for o = 0.

2.3.5 Other transformations of a Binomial variate: ILet X

be a Binomial variate with parameter P (P = 0, %3 %'.,. {?.
(a) 1£
/o sinh lVx= /A log(/X+ /1#X) x2 0
T = £(X) = : : : o »

0 x< o

then the distribution of T — v sinh ~/P tends as n - ® to

a normal distribution which has zero mean and variance Zf%; .
Here we have f"x) a'éj§;+x s X0 0.
Setting:
o J572J§2$§ x> 0
?ﬁ(x) = : 0" N é 0 »
we obtain

Y = (X*-P)Y (p) __-‘E:.gl. ......_?..Q._.._. ..._(.}.(.“.'_F.'.) _‘,_§_.__
B0 24P J /PO 2J1+§ )

Hence

var(y) = ....Q.... Var {.....JEQ‘:E)]

444p 4+4P *

This is also the variance of the limiting distribution of Y.



In order to establish the two properties

lim [E(T) -7/n sinh—lJ5 ] =0 and 1lim o2 = £ s we
N1~300 nsm T  4+4P

follow the agreement of the inverse sine case (see 2.2.4).

We have here

q_(w) = ¥ (2u/ BEEL 4 p) . 5y EUSR)
= [1 2-/-"-»'-—(];".—23) ‘;:2]-'5 - 1 as n - o

and

ol -1 et o
W= :t[Y[l’n(un)] ol = £ )

E4

= /n sinh—l

being the same expression as in the inverse sine case after
replacing Q by 1l+P. Hence by Schlomilch's mean value

theorem we have:

1 -0 e
1

= 2Y]
(1+26YV -‘:L-*-'-?-)(l zew

(1+P)

7 n{P+1)
0< 6< 1, -5/ y( gy RELL

For condition (iii) to be established, the same kind of

argument used in the inverse sine case holds.
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Since the limiting variance of this transformation
involves the parameter P, it is not a satisfactory solution
to the stabilization problem, but it is perhaps oi some
interest that the distribution becomes asymptotically normal.

If P is allowed to vary with n in such a way that
lim nP = 00, it is known that the reduced distribution of X

n-x00

will still tend to normality. If we suppose that lim P = 0
n—00 ,

but lEanP = o, we £ind by theorem (2.2.4) that the limiting
n

distribution of

will be normal with mean zero and variance %¥. It is easily
verified that the conditions (ii) and (iii)VOf theorem
(2.2.3) are still satisfied, so we finé the limiting distri-
bution of

/5 sinh VX - /A sinh VP
is normal with mean zero‘ané Variénma %.

(b) 1If
/a log X x>0
0 x$ o
then the distribution of T - /n log P tends as n -» @ to a
Q
P

normal distribution which has mean zero and variance

.



:?;

Setting here ¥ (x) = £'(x) = < When X> 0 and

Yn(x) = 0 otherwise, we put

= (X~P) -@'-—-Mﬂ J?PQ'

P - /PO
Then in analogy with the preceding cases,

Var(Y) Q Var (-———L}-{:—L) ~ 9

q(w')=~13--‘i’[w- £ 4p) = L, .o
n /o n n 'fﬁ wo=+ P
wP
& ] - WP"]'P‘/E - 1 as n - QO

Thus condition (ii) is satisfied but condition (iii) is not
satisfied because

W

r[Y},..-e-P] -7n log P

B

n log(-""Y-l- P) --/"' log P

¥ log(l +

§r|'<

and we are faced with the problem of proving directly that
00

=

the improper integral

s

3,

n log{l + J"{'[."ﬁ‘)ad Fn(y) converges

5}

uniformly.

2.4 The logarithmic transformations:.
2.4.1 Introduction: We shall suppose throughout this sec-

tion that X is a variate whose mean is Ky and standard
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deviation c=kn(up+a), where o is an arbitrary constant,

k > 0, and lim k_ exists and is finite. If k_ is constant
n n-00 10 n

for all n, say k =K > 0, and if we use the heuristic argu=-

ment that o, = f'(un)a1un) =k

T n
or
o n
f'(un) = a-(un,) = kn(u;-l‘a) ?
then

( _du ,
£lp ) =) o5 = logluka) .

Hence we find the transformation T = log(X+o), X > =-a. It
is the purpose of this section to study ihe asymptotic
properties of this transformation.

The theory of such a transformation diffexrs in certain
important respects from that of the transformations consid-
ered in section (2.2.2). For one thing our starting point
in the study of each transformation was the fact that
although P(X { 0) = 0, nevertheless the reduced distribution
of X tended to nbrmality as n -» w. But in the présent case,
if X is a variate such that P(X & =a) = 0, then the corres-
ponding reduced variate Y = (X#un)/[kn(un+a)] has a 4.f. Fh(y)
such that,

Pr(x & ~a) = 0 R
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or
X—u -l
; 1
Pr——2— § ] = pr(v { - 2) =0
R (L n+oa? kn (Mn"‘@ k
R S
ox Fn“' kn) =0

Thus if lim k_ = k > 0, the limiting distribution of ¥, if
n-soo0 1

it exists, must have a distribution finction F(y) such that
F(- %) = 0. Therefore the limiting distribution of ¥ can
never be normal if k > 0.

Moreover {(in contrast to the situation in theorem 2.2.2)
if the reduced variate Y does have a limiting distribution,
the variate

W=

|

log(X+a) - '3'{]“' log(p.n-i-oc)
n

L
k
n
X 1

kn (u+a}

XD =a (97)

.F“
5 Gy

may have a limiting distribution which is not the same as

that of ¥. More specifically we have the following results

2.4.2 Theorem: Let P(X g -a) = 0. Let lim kn =k >= 0, and

000
v XU
let Fn(Y) be the d.f. of the reduced variate ¥ = w s

and let Hh(w-) be the d.£f. of the variate W given by (97).

If a continuous d.f. F(y) exists such that lim Fn(y) = F(y)
N-x0



for all y, then

KV_q .
Fl on ] k>0
lim H (w) = .
h-0o & F(w) k=0
In fact
Hn(w) = Pr(w { w)
k w
1 x40 x+a, ; n
= Pr(7= log {w = ~ < e )
‘kn p,n-!-a p,n-!-(x
, X4 knw X—-p,} knw
=Pr(u +a—.1<e -l)aPr(u‘_'_a(e - 1)
n n
Kl k*hw knw
= pr(——r—8— ¢ &—=d) - pr(y ¢ ==L
k (. +a) k k
non n n
k. w
=F[en'-"l] x >0, -~ < w<{ +o

The range of Y is —%(Y( @ .
n
kw

Hence lim B (w) = F[ g"“i'{":""]"' ] , (98)
n-00

since k¥ <k, F_ - F.
ke n

In the case lim k = 0, we have lim H (w) = F(-Q'). Since
n—o0 B 0

n-xao
ekw- 1
the numerator and denominatox of the function T—- are

continuous in k, we can apply l'Hapital's rule to get

kw_ 1 w ekw
) = lim ( ’ ) = W °
k ks 1

1im (S
k0
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Hence

1im H (w) = F(w)
n-oo n v
when k = 0 .

2.4.3 Theorem: Under the hypothesis of theorem (2.4.2) and

undexr the additional conditions that the improper integral

0 0 .
S‘wedHn(w) or 5‘k;2{10g(l+kny)}aan(y)) converges uni=-
-0 ‘ 1 »
“k
N oo |
formly in n and that y2dr(y) = 1 = B(y®), the following
-0
relations hold:

Ligunmary x>0
1 |
LinB(W) = L, (99)
0 k=20
dlosany2ary) x> o0
21
lim E(W®) = K . (100)
-0 ;
1 k=0

By theorem (2.4.2) we know that

{o o] a0 ekan 1
E(W) = wdH (w) = WA F_ (S
n n Xk

) .



k w
n .
Making the change of variable = ]‘ =4 = y, we have
“n
1 . _ .
w = kn log(l+kny) . (101)

The w ranges from -co to +o as y ranges from = ?{L to w.
: n

Thus we have
i .
B(w) = g knv log(l+kny) an(y)_ .

kn

As n - @, Fn(y)waF(y), knekgo SO
PLiguamar) x> o0
-1 ‘ '
lim E(W) = ‘k .
n—x0 ,
0 k=20

Similarly for lim E(W®), but when k = 0 the limit
-0

'}-{]‘5[109(1+ky)]2 is of the form 'g' Applying 1'Hopital's
rule we get

| 2 2[log(l+ky)] - —X—
i Lloasky)1® . 2T __l+ky

k-0 x? k-0 2k
= 1ip TLAHY) e

%0 vkH(l+ky) ~ ¥ ¢

hence in the case k =

0
_ o
lim B(w3) =}V y2dF(ly) =1
1300 - 4



Thus

S =s[1og(l+ky) 12 a F(y) k>0
lim E(W8) =
N~q0

1 k=0

2.4.4 Remarks: The variance og of the variate T = log(X+a)

is given by the equation 62 = ki[E(Wa) - [BE(W)]2}. Thus if

T
F(y) is independent of any unknown.parameter 0, and if k is
positive and is presumed to be constant, then the transior-
mation T = log(X+a) is seen to yield an asymptotic stabiliza-
tion of the variance undexr the conditions of theorem (2.4.3).

Theoxem (2.4.2) raises the following question: Just
what limiting distribution must ¥ have if k > 0 in oxdex

that the distribution of W tends to normality? To answer

this we shall note the following non-asymptotic result.

2.4.5 Theorem: A necessary and sufficient condition that X

have a continuous distribution with density function:

~(log x+0 sz+l)2
1 ..;L_ expl Bto ] -a
- 2r1og (1+k%) ' x+o 2log(k2+1) 9
Q)(X) = . o N g . (102)

(for which o

i = k(u+aﬂ, is that the variate T = log(X+a)



have a normal distribution with mean = log(u+a) - Log7KZ+1
and variance = log(l+k®). The proof needs a routine change
of variable in the normal distribution of T. We know that

| 4 -(T—logggm)ﬂoq# K2+1)2
AF(T) = st Pl 2 log(kE+1) 197

Making the change of variable T = log(x+a), we get ¢@(x) as

[ ]

it is represented in (102).
If X is distributed according to (102), the density
function F'(y) of the corresponding reduced variate

= (x-u)/[k(uw)]‘ is:

={log[ (1+ky) /i+kZ] }2 _i
»/2'1r'10'9(1'+k‘2 l+ky expl 2 log(l+k2) 1 w=g

F'(y) = .
0 Yé‘Tli (103)

The distribution function of the wvariate
-1

W= k-l[log(x+a) - log(p+a)] is F[ 1 as we have seen
in theorem (2.4.2), since log(X+c) is normal with

mean = log(p+a) = log/i:ig and variance = log(l+k®). Thus W
is normal with mean =4-k“llogJ§§:i and variance = kﬂzlog(k2+l).
The quantity -k-llogJEEIE is the value of the integral in
(29), since the integral becomes, after substituting

dF(y) = F'(y)dy and making the change of variable log(l+ky)=t,
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o
A _ Y t =(t+log/kP+1)2.1 _t
¢2Wloglk=+li_c° ;E expl 2 log(k®+1) ]k at = “E(t)

¥
where t is N(~log¢k§+l; log(k®+1)). Hence the integral
equals (~k§llongz+l) as indicated above.

Similarly the value of the integral in (100) becomes:

1 :ou Ef,e» [..(t+logf»'k§ 1)2 ]
V2riog(+l) o oF L Tog(x3+1)

= z%'E(ta) = kfz[log(k2+l)*(logik§+l)2] .

If now the distribution of X depends on a parameter n
in such a way that as n - co, the distribution of the cor-
responding reduced vériate Y = (x&un)/kn(un+a) tends to the
distribution given by (103), it folldws from the above dis-

cussion and from theorem (2.4.2) that Ehe variate

w =‘§%~log(x+a) - ;%'log(un+a) has a normal limiting distri-
n n

bution. Furthermore, under the uniform convergence condition
of theorem (2.4.3), it follows that og tends to the value

log(k®+1l) where T = log(X+a).

2.4.6 Discussion: The above theorems and remarks provide a
mathematical basis for the use of the logarithmic transfor-
mation.

When it appears from a reasonably large number of obser-~

vations on a variate (which is essentially bounded from



below) that the standard deviatioa of the variate is propor=
tional to the mean, then a possible specification for the
variate is a distribution of the form (102). If such speci-
fication is sound then the variate T = log(X+a), where ~o is
any number less than the lower bound of X, will be exactly
or approximately normally distributed with a variance inde-
pendent of the value of p. But since (102) is only one of
an infinity of differeunt types of distribution in which the
mean and standard deviation are proportional, the user of a
log#arithmetic transformation in the analysis of variance
'sheuld always apply tests to the T-values for departures
from normality. From the point of view of specification,
the situation here would seem to be less reassuring than in
the cases considered in the angular or square root transfor-
mation. While it is true, for instance, that the Poisson
distribution is only one of many types of distributions in
which the variance and mean are equal, nevertheless the
specification of a Poisson distribution can generally be
preceded by a fairly strong reasoning which can be deduced
from the nature of the data. This would not seem to be the
case in the 5pecificat10n of (102). Theorems (2.4.2) and

(2.4.3) furnish some grounds for supposing that the
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logarithmic transformation may possibly be more successiul

in stabilizing the variance than in normalizing the data,
2.5 ©On the distribution of a variate whose logarithm is

normally distributeds

2.5.1 Moments of the distribution: Finney (1941) examined

the moments of such a distribution and their estimates. Let
y be a variate whose distribution is such that x = loge y is
normally distributed (i.e. the distribution @(x) mentioned
in the previous section, equation (102)) withvmean € and
variance ¢2. The probability density of x is then:

1

- ~sozx-§)2
£(x) = = e 20 . (104)

» 2 _'A>2‘
itx, _ e1t§+%(1t) o®

We know that Efe ) is the characteristic

function of N(£, ¢®). Replacing (it) by r we have

1.2 .
E(erx) = er€+2r 02. Since y = ex, it follows that,

Bly’) = R cialy R (105)

which defines the cumulants (and thus the moments). In

particular

T |
. (106)

uz(y) =
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For conveanience let us write

T =ce (107)
so that | |

b,ly) = p2(z-1) . (108)
The coefficient of vaiiatien is therefore (rnl)%, which |
takes the value unity when o2 = .693, higher values than
this can undoubtedly occur, buﬁ the chief practical interest
probably concerns populations of less variability. The
measures of departure from normality are

L
v, = (v=1) “(z+2)
Yy = (v-1) (z2+372+67+6) .

2.5.2 Estimation of the momentsz Suppose that a sample of
n individuals is taken from the population. It is known
that sufficient statistics for the estimation of the param-
eters of the transformed distribution are

sx

X =
n 2

(109)

2 = == B(x-H)Z . (110)

' 2
We know that (n—-l)“f;'g is distributed as X2 with n-1 degrees

of freedom and so
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n=1 ,
-(55-a)s?

SZp as® l (gcé)ﬁ(n ~1) ( 2)@(n~1)+p—l

_ _ 2a0%,~%(n-1)-p
n-1 n n=1

n-1" ’ (111)

and in particular (a = 0),

n=-1
2p I( 2. +p)
) = - 1 ...(
PC“““)

)P

B(s nwl

_ ( 2 ’J‘P‘)l ' (20,2
TN
2 .

‘ ‘j«oc X " é
o {n+l) (n+3) A £g+29 3; i (112)
 (a=1)® ,

If the infinite series g(t) is defined by

- n-1, (n-_)__; t2  (n-1)S &3 N
g(t) =1+ n n22] n+l % i§33%7 (n+l)(n+3} - (113)

then

el (n=1)’r%s®
Blg(%r2s®)] E{l'*"'"‘ Lt 22[4(n+l)+

n 3!8(ﬂ*l)(n+3)

-1)3r%g* 115,66
- l+"*"r2(n l)oa*gn 1)°r"o !n*ll (n-1)°x°%c° (n+l)§n+32

n22!4(n+1)(n—l)*' n33!8(n+l)(n-l)2

N (n-1)2 » (n~-1)2 (n-1)2 _
=1+ 00T o+ 22314 réo* +235518 © ®o® + ...

K

n-
2n x2o®
= . (114)



Also, since the sampling distribution of X is normal
N(&, o®/n), we have
£2 g2

) =e 2 . (115)

The distribution of x and s? are independent, and therefore

r€+r 02 n l 22

rx 2n

Ble™ " g(kr® sa)] = e

SFEFIE® | pt) (116)

Since the Statistics are éufficient, any function of them
alone must be an efficient estimate of its expected value.
Hence efficient estimates of the mean and variance of the y
population will be

m= e gl{ks2) (117)

(putting ¥ = 1 in (116)) and
v = [g(2s2)-g(n~l s2)] . (118)

v is chosen so that E(v) = u(y). In fact we have here,

2%

B(v) = Ele 9(252)] - EfegSE g(ﬁf% sa)]
= 2[e%% g(262)] - E(eZF) Blg(22 2))]

2
J26420% 2g+ggi 1-q)o®

_ ezg+zcy2 _ ezg+aa R

s0 that v is an unbiased efficient estimate for uz(y).
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Unfortunately the seriés g{t) is not very suitable for
computational purposes, as its éonvergence is slow, except
for small values of t. It is possible that occasionally the
value of g might be satisfactorily obtained from its repre=-
sentation in series, but the convergence of v will be very
much slower. We can, however, develop the series in ascend-
ing powers of n‘l, and thus obtain expeditiously for moder-

ately large samples, an approximation to the estimate.

2.5.3 Approximation to the efficient estimate: The esti~
mates m and v given above may be expressed in a form more
suitable for arithmetical computation if an expansion Of
g(t) in ascending powers of n’l is first obtained. For this
purpose we write,

e Egle) =1 - t‘ifll 4+ & $3t +§2t+2l} +

én

® o0

or

- 2 2,5
glt) = et[l - t(t=-1) + t §3t_+§2t+211 + .01 . (119)
n 6n
The approximations to the efficient estimates are to the

order of n-2,

R4+ks®
m=e = [1 -

s2(s242) N s*(3s*+4452+448)

4n o96n® ] (120)
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T2 o2 yo2 (a2 4 4
R T 2s2(2s2+1)  2s (;gzn:4452+g1;]

n

22y 4aatan0e2 149) . .
- [1-8 (s=+2) + & (3s +%§§3{§g1]} ] (121)

n . 6n
For values of the sample»variance s2, of the transformed
populations which approach 0.69, corresponding to 100 percent
standard deviation in the y distribution (i.e., coefficient
of variation = 1), possibly n > 50 in (120) and a > 100 in
(121) would be safe limits for practical purposes of esti-

mation.

2.5.4 Efficiency of estimation without transformation: It

is of interest to determine the efficiency with which the
mean and variance of the distribution of y are determined
without using a transformation. From the first and second

moments of the sample the estimates are:

vy= (122)
)2

The sampling variances of these are

v(y) =l _ufo=l) (124)
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K K2
cm4 i—
V(D) = " + )

= p*(r=1)2[(z*+27°+372=4)+.. . 1/n (125)
where Kz and K4 are found from (105).
In order to obtain the wvariance oOf the efficient esti-

mate, m, it is necessary to find E(m®). Now from (1ll), by

the use of Stirling's approximation,

2 o~ sy 2.4, e .
B(s2Pe57) = P07 (1, 220 *pég-@gz’fp Lo, .1 . ze)

A more detailed expansion for the case p = 0 gives:

2(e™) = T LT ELLEGMRE L )

It follows from (119) that

: .?sz s2(s2+2) . s*(3s*+44s2+48)
E{[g(%8®)]12}=E(e" [l-“*lzr)‘--i- = ~+...1)2

sén
= E{esail— %WW'.“H
= Bl - 63234- Ei‘fi-\»g%i 4--?9—8-2—2-34- 254282 ¥...)
2n n _ 8n*° _ 6n n

The equations (126) and (127) give the requixed expectations

for each term, so we get:
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« - 02 . . g%=20® | o®-40°
E{lg(%s3)]3) =e” (1L +—5— + ms::? + ...}

and _
26-!-223 2 4 2 8 6
- 2% >"'n -2 S=d
E(n?)=E(e“")E{[g(%s%)]1%])=e e? {1+g~5;g-+~g~§£§"+ el
o26+0% 02 4 Ao ' =202 | o%-40°
[l + | zne + ---][l g T——— 211 o+ —— 8!12 -+ ‘.,]
_ 28+02 o*+202 | o%+40°
=e [+ ="+ ene T el
Now
v -] 3.
Var (m) =B (12) - (B (m) ) 2=e 26 0° 148322, OB, |y 264o°
- o, 1, e, 9
- ezg-:-oz[oa + 5+ (0 + 4}]/n . (128)
The efficiency of the estimate y is thus:
_V(m) 2'5*62[024- "‘"'+""'(05+ -—-)}/n
Efficiency (¥)= T ) - 2€+62
A (v-1)/n
= {02+3*-+§Z(06+T)}/¢~1 : (129)

In large samples, and for small values of 02, the
efficiency is almost 100 percent, and never falls below 23
percent when éz is less than 0.7; even for o= = 2.5 the
efficiency is still 50 percent. The efficiency increases
slightly with smallexr values of n.

By a similar process, taking the expectation of v2

using the formulae (126), (127) and remembering that X and s2
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are independent, we get,

4 : 4
402 8g%+402 +4c2 [l+40 +402}+e202[1+20 :4QE}]

n

)2

E(v®)=e ﬁ[e
and thus,
V(v) = B(v®) ~ [E(v)]2 = E(v®) = p*(7-1)2
= e® 4 202(402(1-1)2420* (20-1)3)}/n . (130)

It follows that,

402 (1-1)2420%(27-1)2
Efficiency (D) = (r= 1)2(1 _5;3£;$f:ﬁy . (131?

This quantity also approaches 100 percent for small
values of o2, but falls rapidly with increasing o®. Thus
for o = 0.1 the efficiency is only 79 percent and for
02 = .69 it is 28 percent. The form taken by this function
when terms in n* are included has not been fully investi-
gated, but such an examination could scarcely alter the
general conclusion that the use of D as an estimate of the
variance of the y distribution is inefficient except for the
smallest values of 2.

The large sample efficiencies of the untransformed

estimates y and D are shown in Fig. VII*for values of o% up

to 2.0.

*See page 177.



the logarithmic transformation: While a useful approx-
imate null test of significanée of the heterogeneity of
variances is available (Bartlett test), it is often necessary
in more detailed investigations of variance heterogeneity to
apply the powerful technique of "analyéis of variance" to
the data, when suitably transformed. For an estimate s® of
a variance o2 based on n d.£., the disiribution of g%; is

well known to be a X® distribution with n d.f, if the esti-

mate s® has been obtained from a normal sample. The density

a 2
. -ns
2 a‘*”
function of 2Ee jo b0 252 .
function of = 1is (2 2) e 2 2 It follows

P( =)
that the distribution offar s2 - fn 02 is entirely independent
of 02, and hence that thaﬁ of Zn's2 only depends on o
through the term fn ¢® in its ﬁean value. The variate fn s@
is thus a conveniént variate to consider. We know that>
E(s2) = o2, v(s®) *'“Ei or W(s2) = /‘“ E(sa), i.e., the
standard aeV1at10n is proportional to the mean. Hence the
loéarithmic-transformation is the appropriate one for our
purpose. Bartlett and Kendall (1946) studied the properties
of this transformation and the following is a summary of

their work:
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For assessing the normality of the transformed variate

gn s2, let us take its characteristic function
n -7 ns2

1
= yit ns ~2¢% _ ns2
M(t) = (_) J ( 5% e a5 2)
N ] ns’
_ 20%.it _1 ng? 7 Tt~l -50 ns?
= G0 ? (~) §°?202) a(552)
- (jz)“‘rw +i/r@ (132).

where the cumulant function K{t) = gn M(t) is
K(t) = .u:(zn oz-zn /n)-i-,en r(—~+u—.) gn r(*“) .
Expanding the function gn r(a + it) in a Maclaurin series

around t = 0, we get

g r(-4»it)- on r(—~)+ ( )+Q1!'f-ﬁw" & ..., (133)

where ¥(x) = g nd§ X s and Y(x)(x) is the (r+l)th geriva-

tive of gn I'(x). Hence

: o I 2y a oy 2
K, = (ﬂn 02 = 4n 2) * Y(z) R (134)
k. =¥ (> 0)
r+l 2 )
. ' K3
From these results the values of Kl’ Kz, Y, < (K )3/2 and
2

@F

Y, = g2 may be computed and are given for reference in
-2

Table VII up to n = 20. For larger values of n, it is
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Table VII. Constants for the distribution of gn s2.

n K - fng® -(—*312 é; (n~i)K2 vl VZ E“( )xlOO
1 -1.27036 =1.33333 0.20264 et -1.535 +4.000 40.53
2 .57721 .58333 0.60793 1.2159 1.140 2.400 60.79
3 . 36898 .37037 1.0697 1.0697 .917 1.613 71.30
4 27036 .27083 1.5505 1.0337 .780 1.188 77.53
5 .21313 .21333 2.0393 1.0197 .688 0,931 81,57
6 .17583 .17593 2.5321 1.0128 .621 0,763 84.40
7 + 14961 .14966 3.0270 1.0090 .570 0.644 8¢.49
8 .13018 .13021 3.5233 1.0067 .529 0.557 88.08
9 .11521 .11523 4.0205 1.0051 <496 0.490 89.34
10 .10332 .10333 4.5183 1.0041 469 0.437 20.37
11 .09365 .09366 5.0165 1.0033 445 0.395 91.21
12 . 08564 .08565 5.5150 1.0027 425 . 360 91.922
i3 .07889 07820 6.0138 1.0023 ..407 «330 92.52
14 ,07313 .07313 6.5128 1.0020  .391 .305 93.04
15 .06815 .06815 6.0119 1.0017 . 377 . 284 93.49
16 . 06380 .06380 7.5111 1.0015 = .364 . 265 93.89
17 .05998 .059298 8:.0104 1.0013 .353 . 249 94,24
i8 . 05658 .055658 8.5098 1.0012 342 234 94.55%
19 .05355 05356 9.0092 1.0010 .333 221 94.83

20 -.,05083

.05083

9.5088 1.0009 =~ .324 +.210 95.09




sufficient to take

IPE S Y
K -(n + 3n2) + fn 0% |,

{135)

The values of 12 and yé are also plotted in Fig. VIII, and
the ratio of E%I to K, in Fig. IXY For the efficiency of
the mean on the transformed scale, it is noted that in the
case of complete homogeneity the information in the mean
value of a set of statistics 4n si tends, as the number in
the set becomes large, to be proportional tO‘é; » Whereas

the information in the sufficient statistics s® is propor-

tional t0'§ (Var(s2) ='g§£). A measure of the efficiency
is thus E = ;ﬁ— and this is also given in Table VII and
2

plotted in Fig. X-

While no hard-and-fast rule can be laid down, the above
results suggest that the transiformation may safely be used
for n = 10 and over, more tentatively from n = 5 to 9, and
not at all below n = 5. In the first case E is over 90 per-

cent, and in the second case between 80 percent and 90

*See pages 177-178.
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pexrcent, while in the last case E falls below 80 percent.
The values of Wl and 72 indicate however that the approach

to normality is rather slow.

2.7 Basic theorem and application:
2.7.1 Theorems Eisenhart (1947) gave a basic theorem,
although it is less appropriate from the mathematical point
of view than the approach of Curtiss. However, it is more
practical and easy to apply. The theorem is as follows.
let ef (6l g g g 92), be a parameter of a statistical
universe (population) and let T be an unbiased estimator of
g, [Tl(@) g T i Tz(e)j, based on n obsexvations from the

universe with

u(m) =6
by (T) E'Héﬁ

1 (136)
u3('r~) = 0(';) as n - @

- ~ed ]
p,4.("1‘) = O(H) as n - ® .
If the function ‘

E(T) = 51,;%1‘_)_ (137)

and its first two derivatives exist for all admissible
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- values of T, except perhaps for a set of measure zero, and
if the mean value of its second derivative and of the square
of the second derivative are finite for 6, e6< 6, and

every value of n, that is if

E[f(z)(T)]-= 0(1)

. . (138)
x*z:[f(?"(w)‘]‘2 = 0‘('1) -

as n > oo for 8, < g < 6, and T (6) §.T 2T, (e), then
VIE(T)] =T+ 0() asnoo . (139)

Proof: Let £(T) be a function of T such that its

(2 )(T) exists for T, (e) T < T,(6),

second derivative £
except perhaps for a set of points of measure zero, where
Tl(G) a T & T,(G): that is, P[T\(G) é T 2 T‘(e)] = 1. Since
E(T) = 6 by assumption, 1t follows that 6 lies in the admiss-
ible range of values for T. Hence, using Taylor's theorem,

£(T) may be expressed as follows:

£(m) = £(0)+ —i—!-f‘l’(o)+-‘——-’—- (2) (4

, (140)
vhere t = 6 + gT(T-@), 0< € < 1, and the notation En is
used to emphasize the fact that the value of £ depends upon

the value of T concerned, with Tl(e) g 7 g Tz(é).



- 105 =

Taking the expectation of each side 0f equation (140),
we f£ind that

E[£(T)] = £(0) +l’-§-’f—')- E[f‘z)(t)]a £(0)+0(1) as n-co (141)

by virtue of aésumptions (138). Thié shows that these
assumptions, together witﬁ those regarding the existence
and differentiability of £(T), are sufficient to ensure that,
as n increases without limit, the expected wvalue of the func-
tion £(T) converges to £(6).

Subtracting the left and right sides of (141) from the
left and right sides, respectively, of (140), squéring, and

taking expected values, it is found that:

(2)
vI£(T)] = B(e(T)-B[£(T) )2 = [£) (o) Ivim) + 2EELE 4(g11v2(21

ste? @nm,m Mt @ m
+ —f 4 e .
4 1

(142)
In view of the assumptions (136), this becomes:
viem 1=[£1 (0) 12v(ms0dy =11 (012 WLy o (dy (143)
as n - oo. | |

Consequently, for the function defined by equation

(137), equation (142) reduces to equation (139). This com-

pletes the proof.
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2.7.2 Ap;élicaticns:
(a) Mean of a sample from a Poisson population:
ILet 6 = |, the parameter (mean) of a Poisson popu=~
lation, and let T = X, the mean of a rando;m sample of n

independent observations from this population. It is well

known that
E(x) =u
vz =%
@ - (144)
b () = -3-%5 + B

Clearly here ;.1,3(32) and»p, 4(§) are both 0(%) as n -» 0, and
glp) = u. C:onsequently, the theorem implies that if there
exists a transformation that will stabilize the variance, it
will be

£(x) = C

ot

=2'% +¢ . (145)

WJTi8

It is convenient to take ¢ = 0, and drop the scale factor 2,
adopting the transformation y = VX (referred to previously).

The first and second derivatives of y with respect to X are
(1) 1 (2 ‘vl

y ) = s Y ) =
4(x)

5 373 and approximately

Bl
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S D I
E(Y ) = 2_/-‘1
(2), _ _=1
E(y', ) 1) 7?7
ety )2 =17f;3 '

Hence equation (142) becomes:

1 3 1,3 . |
Viy) =+ 6apne T 64 ns +4¢2n3) 8n®
g-lb - L +~—~l“~3 approximately.
4n  32un® ° 64u°2n ’ o
Therefore, as n -» @, for fixed u,
1 1
Viy) =75+ 0, (146)
and as b - oo for fixed n
1 1
viy) = ™ + O(“'). . (147)

Consequently if either n or p is large, V(y) ='£; approxi-

mately.

(k) ZEstimate of the variance of a normal population

based on n degrees of freedoms

let 6 = 0% be the variance of a normal population

ns2

and let T = s® be an estimate of ¢ such that = is distri-

buted as X2 for n degrees of freedom. Then
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H
b

E(s2)

V(s2) = =—
' (148)
w4 (s?)

"
N

12(n+4) ¢®

,u4(_52) P
‘Clearly N and b, are 0(;1‘) as n - oo and g(o®) = (03)2.
Therefore the theorem implies that, if a stabilizing trans-
formation exists, it will be
2 2 _
2y o ( _a@s® _gns® : |

f‘S)=‘}‘J§§z_ i +c={§£n s+C . (149)

For convenience, we may take C = 0 and consider the trans-

formation y = fn s = 2,30259 log, 82, Since approximately

E(y") ='j%
E(y") = - ;% (150)
[B(yM)12 =%

the type of reasoning employed in connection with the pre-

ceding example shows that

V(in s2) =;2; + 0(53:) as n-oo for fixed o , (151)

V(in s2) = i- + O(f'ol-é*) as 02- o0 for fixed n . (152)
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Consequently V(/4n s2) =‘§ approximately, provided
either n or o® is sufficiently large.

(c)

Correlation coefficient computed for noxmal samples:

Iet @ = p (the product moment coefficient of cor-
relation in a bivariate normal population) and let T = r
(a correlation coefficient computed from a random sample of
n observations). The mean, variance, and higher moments of

r are complicated functions of p and n but when n is large

and |p| < 1,
E(r) =p approximately.
—n2)2
V(x) = jl“f%‘L“" approximately.
' 1 (153)
u3(r) = 0(2) as n - oo.
1 v v
u4(r) = 0&5) as n - .

Consequently the theorem (2.7.1) suggests the use of

the following stabilizing transformation:
. i _dxr
f(r) = S‘ l“ra

1+x
= % zn:z:f f c . (154)

Taking ¢ = 0, this yields

Z=%fn 7 = tan™ r . (155)
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The transformation of r was introduced by R. A. Fisher and

will be discussed in a later section.

2.8 Anscombe's transformations of the Poisson, Binomial

and negative Binomial distributions:

2.8.1 Poisson variate: We consider now a general type of

square root transformation y = Jr#c where r is a Poisson
variate with mean m and ¢ = const. ILet t = r-m and m+c =m',
then
i i
y = (t+m+c)? = (t4m’')?

1 ‘1.
vy 72 t V2
= @)% 1+

Defining now the coefficient a, as

2 = (St LG (2543)

2% s1

s (156)

0

then for t‘L -m' we have the Taylor series expansion,

= 0 ....E..._ -t:- 2 s s ..E-. s=1 7
Y ‘m {1+ LR az(m,) ...‘ 1) as—l(m’) }+Rs . (157)

The remainder in Lagrange form is
N L8 —L ;é‘—S / /
R, = /m' a_(=5)" (146 %) , 0<0<1

This means that

asts

I®] < —y (158)
(ml) 2

provided t > 0. Considering now [t| & m', we have directly
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from (157),
e i TR PR S W -
i+l £, i .
- E DA - (159)

. £
This series converges because lfﬂ < 1 and (;'n',-)l - 0 as

A5a1 Lod Lk
i » . i+l  Z-d 4l
i - . For the series 2, let us take a =_i+l=i+l 1,
1+1 | 3/2 i
iY> %, so |== [=l-';+Ll and || = (1 1{_‘{) but
i+l .
- 342y 3/2 372, 2¢,.
(1 -39 =i+ + ()" Ute). Now
lim _i(f l 1) =1lim i "3% + lim 1(—1-') (L+g). The second
i-00 A4l i-00 + isop 1FL

term - O, the first term - 2,

a.
X l—"‘l)>l

and so lim i(la
100 i+l

and the series Zlail is convergent. Consequently 2 a, is

. 2% i+l 4 _
convergent and thus the series I (=1) ai(;l—;_) converges.
i=s

We may write

S-—;’
R_(m')” o 3
= 3 (1™ aEni (160)
t i=s

where the right-hand side again converges and is therefore

bounded. If G(s) is a bound to its absolute magnitude, then

‘RS’ g G(S) .—L..L—-..

. (161)
(m’)° _
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Comparing this inequality with (158) we see that it holds
for all t > -m'. We note now that the moments of t are:

by = 0, By =M, Py =m, “4‘= 3m®+4m, etc., (162)
and the absolute moment of order n is O(m ™ asm - ®. We
may therefore take expectations formally in the right-hand
side of (157) and its powers, and derive asymptotic expan=-

sions for the moments of vy as m - @ . We find:

| - m__ . __m _ 15m%+5m
Ely) = T (1 - geer® * Tetmrc)® - 128(mtc)® "t
o m m_15m%+5m
= Yymic 3/24- 572 » 7_/2+...
8{m+c) 16(m+c) 128 (m+c)
= Jm¥c - — l/2(1+ ) =372, 3/2(1+—) =5/2, -'-l-s?’-%%(lr-) LAY
Iom 128m
=dme - —2t— (1-2§ 4 L—_ A3 |
amt/? 2m" " emS/2 128n>?
. . , -3/2
ignoring terms of order more than m . Hence

E(y) ~ /mic - 1, -3ckl 15 = i _24c-]

Bml/z 16m3/2 128m3/2 ‘ Bml/z 128m3/2
(163)

If we set
E(y) = /my"4-¢ , (164)

then m,y is the estimate of m derived by applying the trans-

formation y = JT+c in reverse to the arithmetic mean y Of a
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large sample of observed values of y. From (163) we have

m = [E(y)]? -c

Y
{nte) izés:llkmtsl.
= m+c*"~”
6am 172 40372

- R S Sy% | 24c=1 &5
=Moo T el m) * Team (l * )

L I lc  24c-7 _ 1 ., Bc=3 ;
=m+ ddm 4 8 m + cdm 4" 3om ° (Le5)

so that setting c ='§ renders the bias my =m in my mearly
constant. |
For the higher moments we have

E(y2) = E(r+c) = mtc , (166)
E(y’)=E(y y)=E[(r+C)y]=E[(r~m%m+c)y]=e[(t*m )yl=m’ E(y)*ﬂty) .
E(y* )=E(r+c)2=v(r+c)+[n(r+c)]2=m*(m+c)2'
afterx computing ui, ué,»ué, ué for the variable y. We deduce
that

_ . L. 3-8¢c égsizézgill 7
VW)aug-u {L*sm 3om2 | §Mﬂ)

A

In particular for c =.§. we have

var(y) ~ {l + 2 } . (158)

For the skewness and kurtosis of the distribution of y we have

Ba 1 25-48¢ |
NW="EE 7T zml/z{l * tem ¢ (169?

)
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compared with m ° for the original Poisson r. Similarly

Ha 1 945-1536¢. |

Y, = %2 -3 ~={1 4 S e } o, -(170-).
and this compares with 72 = mfl for the original r. It is
to be noticed that although the transformation with c a*%

renders more stabilization for the variance, it gives ho
improvement over the original Poisson variable with regard
to normality.

It is also of interest to find the large sample
efficiency Ey of the arithmetic mean,§'of observed values of
y as a statistic for determining m. If X is a random vari-
able having a distribution such that the arithmetic mean X
is a sufficient statistic for determining a ?arameter 8, the
» Of the average'? of any function

Y
Y of X, for determining €, is the square of the correlation

large sample efficiency E

coefficient between X and ¥, i.e.,

cov{x,Y) 12

Y © Var(x)-var(y)  ° (171)

B

In the present case we have
Cov(r,y)=E(ry)-E(xr)E(y) =E[tysmy]-nE(y)=E(ty) ,

and
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For c ='§ we have,

E ~1-io =2

v T 8m | 64m® (172)

The foregoing results were published by Anscombe (1948).

2.8.2 Binomial variate: We suppose now that r is distri-

buted as a Binomial distribution with index n and mean

(0 { m<{ n). We consider the transformation

y = Jn+d2 sin lJ ;:g , (173)
: 1

where ¢, d., and d2 are constants to be determined. Setting

1

r-m = t, méc = m', n+dl =1, n+d2 =1n,, the transformation
becomes
y = /n. sin . (174)
2 ooy _

The expansion of —f'glves a Binomial series which is con-

vergent in the range Imn

| < 1, and thus the expansion of
y in (174) in ascending powers of t is also convergent in

the same range. Since we need m'+t > 0, the series for y is

convergent in the range 0 ¢z ( lLor~m'<t<n L

71
The series is,

yar((m+t 1/2 l(m+’c)3/2+ m4t,5/2, 4

-
ny ny 40" n;
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In analogy with the Poisson case, we can obtain
asymptotic expansions for the moments of y, valid for large

n and constant ratio ﬁ'. Anscombe obtained the variance of

y as
24 -1 3-gc 3+8c-8a
Vaxr(y) é L ey + gm B (o) } o (175)
So that if we choose ¢ = d ='§ A = = we have
8’ 1 4° T2 2’
1 1 -
Var(y) = z'+ 0(;;0 R , (1;6)
M a1y xt3/8 —
where y = {ﬂ+@ sin nt3/d (177)

It will be noticed here that the choice of d2 only effects
the scale of y (for n fixed), and not the constancy of
Var(y) as n varies, nor the shape of the distribution of y.

The guantitiles 71,.72, E are

Y
’Yl ~ 2m=n T o= P‘Q-‘; (178)
2[nm(n-m)]? 2(nPQ)™
¥ n ~2m§n~m) l-ZPQ (179)
2 am(n-m) " nPQ '
B (2m_ _n_l_ - - .L?__Q)_ s (180)
y ~ ~ 7 som(a-m) 8nPQ

where P =-I£- s Q = 1=P.
It should be noted that the nearer P is to a half, the

better the transformation becomes.
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2.8.3 Negative Binomial variate: Consider a Negative
Binomial variate r with mean m and exponent X (m,k > 0) such

that the probability of observing a value r is

o D(rtk) m . x m, =k . 1o
B = 1) (m+k) (L +3) (r=0,1,2 ...). (181)

Anscombe gives, in analogy with the Binomial case, the

transformation
Jﬁ-% sinh %iiﬁg (182)

valid for large m and constant ratio;n}i s with

+ o(i%) . (183)

N

var(y) =

However, it is of morxe interest to consider m large but k
Eixed. (The corresponding problem does not arise with the
positive Binomial, since m { n neéessarily.) Anscombe con=-

sideres two transformations,

y = 2 sinh tv %‘; (184)

= fn(x+d) . | (185)
It is supposed that c, k+d, and A are positive and

constant. Apart from an added constant (184) may be written

vy = 2 fa[/rrc + /(riciktd)] . (186)

When r is large, we have (again ignoring an added constant):
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y =2 2n[¢f+c + JricHK+d |= 2 ﬂn{ [(l#“) +(1+C+k+c1 5

©_1c® ctetd 1 (ctktd)?®
~ 2 dalElgn-g E T - g T e )

| 2ctk+d  2cP42¢(k+d) +(k+d) ®
= 2 sz“ + 2 fnf2 + = 2r o2 1

L. 2ctk4d c2+2cgk+a)+gk+a) , .
= fnr+ 2 zn[l - L6r2 1+ 4n 4,

ignoring fn 4 we get,

4 2ctked 2c2+zcgk+d)+gk+d12 (2c+k+d12

y~inrx 2r . .8x® l6xr®
- ;@n X + r “2:]:2 . 3 (18,7)
whezxre
1 -
A =*5(20+k+d) R
B® = é{802+8c(k+d)*3(k+d)2] . (188)
For (185) B=2

We proceed to find an asymptotic expansion ( as n - oo,
with K fixed) for the moment generating function of y,
i.e., for:

. (00}
M) = 5 ¥t p

(189)
r=0 r ,

we set,

(190)
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sothat a - 0 a m - @ and

oyt Lletk) -ra L
r(x)zt © u (a) . (191)

We state now the following lemma without proofs

Lemma: As o -0

2 u (o) - {Oau (a)dr (192)
0

r=0
tends to a finite limit (depending on k and t, and on which
function y or r is chosen, namely (184) or (185).

Applying this lemma to (189) we have:

Dy = vt lKELul =X oK ok P
M(t) Z e T(x)r! e (l=e ) = (l e ) iour(a)
= (l-e a)k éeour(a) dr + O(Qk) . (193)

In general we cannot evaluate this integral exactly.
We expand ur(a) for large r and find the first term to be

rt+k-—l Pt
= .P(ks‘ = . The error of the expansion is always less

than a multiple of the next term (independent of o) for
r-Z 1. Integrating term by term between the limité 1 and oo,
we obtain the following:

Theorem: With the definitions of (18l), (187), (189),

and (190), M(t) can be expanded asymptotically for o — 0
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in the form:

M(e) = LR e

t k+t 1

+ [ C(a-lK) 24501 €2
a I'(k) .

(194)
. _a?
)"ﬁsz)t}(k+t 1) (k#t-2) T

+(;§]§A_ -—"z'gzk(k'l'.B eos ]"‘O(CCk) N

The series in square brackets is continued as far as the
term in an, where n is the greatest integer less than k, t
is supposed confined to a neighbourhood of zero.

The cumulant generating function is

K(t) = fn M(t)= -t fn a + In DI(k+t) - fn I'(k)

+ (a-%k)t + ... (195)

k+t l
(by taking fn M(t) and expanding Bn of the square brackets

2
in (194) as fn(l+x) = x - = ...).

2
For Var(y) we need Kz. Now
In D(t+k) = ﬂﬁ P(k)+ Y(k) +'~“ Y'(x) ... R

where ¥(k), ¥'(k), etc. denote the successive derivatives of

In (k). Also we have

(A=) ot (k+e-1)"1 = 227K o (1)1 + £t
| 2 k=1
28~k £ |
=20y Qg e)
_ k=22 t2

(k‘-l)a C&"""""‘ e e 3
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Hence

K, = Varly) ~ ¥'(k) + ]:}:f?)'ea (kx> 1) . (196)

2
If A = %k, we have

K(t)=-t /n a+znP(k+t)—znP(k)+{ '+@%?~“*kik+3)- .B2) ¢t}

a2

(k=1) (k=2) (14 ) (1 Lty

k=2

in which the last texm equals

t2k _ 5k2-3k-1287 > t (2k-3)
{ Z20-1) (5-2) ~ 2ak(eel) (k-2) S1& W - (k ~1) (k—-2) ) o
) 2
For the coefficient of‘%; we get
k{k=1) (k=2) - (2k=-3) (5k2=3k-128%) o2
12(k~1)2(k~2)2 ’

and so

k(k~1) (k-2)«(2k=~3) (5k?~3k-12B%)
12(k-1)2 (k»Z)2

Var({y) ~ ¥'(k)+
(k2) . (197)
Considering y defined by (184), the condition A é 4k gives
d = =2c, and the coefficient 6f.a2 in Var(y) vanishes if ¢
takes a value dependent on k, which for lérge k is approxi-

mately

3,234 (198)

c®=g¥ilo2x

and which rises to a little above 0.4 as k decreases

towards 2. For y defined by (185), we set A = %k. 1In this
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case B = A = %k, so substituting B in (197) and simplifying

the results we get

k(3k®=9k+7 ! .
Var(y) ~ ¥' (k) ~ 1;(k-1)2(k12)2 a? (x> 2) . (199)
If k is large and m ) k, we have o ~;]§ and
1. k2 _
var(y) ~ % ‘l . 4m2. . (200)

Thus the larger k is the larger m must be for Var(y) to
approach its limiting value when m - @ . The traﬁsformation
(185) is therefore not satisfactory if k is large.
For either form of transformation, Anscombe gives the
following limiting values as m —- oo (0 - 0):
my/m = exp(¥(k) - /n k}
v, = ¥ /0¥ (0132

v, = /Y (R]2

(201)
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3. Transformations for solving the tail and confidence
yv2

and negative

interval problems in Binomial, Poisson

Binomial.

3.1 Introduction: In this section, the main idea is to

derive a transformation of the distribution under considera=-
tion which can be used to facilitate the computation of tail
sums of the distribution, that is the calculation of the
probability that the variable is greater than or equal to a
given value a, or less than or equal to a, and to provide
also a numerical determination of confidence limits for an
unknown parameter in terms of an oObserved value a. We can
formulate these two problems in compact form as follows:

Iet % be a random variable. By p(x:; ai; 0) we denote
the probability that the variable is qieater than or equal
to a, where @ is a parameter (known or unknown). p(xg a; @)
is assumed to be a monotonic function of 6 for any fixed a.
If we put

p(x2a; 6) =¢ , | (202)
the tail problem arises when g is to be calculated, and the
confidence problem if & is unknown. In the latter case

l-g is the confidence level of a one-sided intexval.
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3.2 Binomial case: Let x follow the Binomial distribution

with the parameters n and p. Further, let the variable y be

Beta-distributed with fl and f2 degrees of freedom so that y

has the frequency functions

LE -l

Af =1
217 ( 1-y) .

const. y
The two distributions are connected by means of the well-

known formula

n_ n-=1 n, a n-a_ L(n+l)
P +np g .+ )p P(a)P(n~a+l) y (l y) dy
(203)
or
plx 2 a; p) = ply $ »5 £, £) (204)
where
fl = 2a, f2 = 2(n-a+l) . (205)
f F
Using the fact that the variable has the P~distributim
_ le+fz
with fl, f2 degrees of freedom, we can write
£F
N —1 / \
ngmzﬂﬂPgﬁmﬁﬁp,%,g) s
: 172
where £,, £, are given in (205) with
a , n-a+l
¥ == * = iR o e———
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We £ind
SR e s ye p(R¥C By (5071
P(x2arp) = ( i g, )= ErE B 2z € 2) , (207)

£ *
where Ei =<§; and 2z has the Fishe: z=distribution with the
2

degrees of freedom given by (205).

For the value of Z, we can write (207) as

P(Fﬁ.g/g}) = P(} log rly log %’ log ) = P(z ﬁ z2) .
Hence

, % %*
27 = log }é - 1log ﬁ? ' (208)

It fol;ows from these rélations that the confidence
problem for a Binomial variable is identical with a pexr~
centage point problem for a z-variable. In addition, we
have replaced a discontinuous wvariable by a continuous one,

which has certain advantages.

3.2.1 The Cornish-Fisher expansion for the z-distributions

We shall now derive an important expansion by using the
Cornish-Fisher expansion of the z-=distribution. This series
runs as follows:

P(z §= Z; fl,fz) = ¢(N) s (209)
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where
e A9 S22, 9. 9,.3 62. 3 .
z = Ny = cOF+2)+/5 [57(N +3M+“7200‘ +110) 1+, .. (210)

1 -3u?

and P(A) = o) © du is the normal distribution function.
=00

Here for brevity, o =‘%‘ +‘l“ and 6 =‘J“ —'%“ . Inserting
tl fz fl £2

the values (205) of fl, £

2 and using the notation (206), we

finds

- 1 1 b o —t g¥-p*
2{n+l) phg¥ ? 2(n+l) p*g*

o
We insert these expiessibns in (210) and substitute the rightb
- member of (208) for 2Z. Combining (207) and (209) and
changing the sign of A, in order to'get the upper tail sum
of the Binomial in terms of the upper tail of the normal, we
have finally

p(x2 a; p) =1-0( , (211)

where a, p, and A satisiy the relation:

- 1oo(2) - 10g 2* % (na1y~t -2 (o1s
22-—log(q) log q,,‘i==cl(n-$-l) icz(nﬁl) +c3(nf1) . (212)

We writes



22

]

it

#
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-2x/'~ —1x2+2)+¥ (5= NPT (AZ=110) T4 . .

360’

1
p*q*(n+l)

S O ASURD SO UL - i i
7 4p*g*(n+l) 6 p*q*(n+l)

(z2+2)+v

(g*-p*) 2
144p*2q*2(n+1)2

1
24(n+l)p*q*

29 g*(n+l)

[ (=A>=32) +

. (—x’-11x)1 + ...

m(ﬁ"’l) 13 | *Gp*q* (n+l) m (n+l)

*ary¥) 2
Eég;ééll( +1) - da*p gzéiqji~hl( n+1)” 1+,

e

cl(n+l) 2-t-c (n+l) +c (n%l) 2 s, where

wl 2., -
S o SRR e oy o AT ay (prgr) L
Ap¥g*) €3 = = GprqrM +2)a z fp q }fp q*)

~13-~Al(p*q*) 2 ‘L"fiihfp*q*frg(q*-p*)e

=(C4+30) , o o =2 AP+11 -3 |
*iﬁz§~hl(p*q*) ara'A—zZZA(p*q*) % (1-4p*q*)

3, - 3 oL
(- 21 7\’'..;:%;;;2‘)(p"'q*) 2 L*~“~A(p*q*) 2

(-——-’Lﬁig-’l) (p*q*) + M—’-—"-L(p*q*) -

3, 3 3
A>+5; R B Nt 5 P>
- A...S__G.A.(P*q*) 2 4 L.;g.__(p*q*) 2

*
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3.2.2 [The Cornish-Fisher expansion for a transformed

Binomial variable: We shall apply the Cornish-Fisher

. *
method, not to loy ﬁ'* log ﬁ;»but to a general function

d(p) = O(p*). The function ¢(x) is assumed to define a one
to one correspondence betweenlpoints in some interval
0< a g x g b < 1 on the x-axis and a corresponding interval
on the ¢~axis, Fuxther, @(x) is supposed to have boun&ed-'
derivatives of the inverse Ffunction p = p(Q) with respect'ic
¢ (which are also>suppbsed to be bounded). The value §(p*)
will sometimes for brevity be denoted by ¢*.

We shall replace (212) by two other expansiéns. The

first expansion can be written in the forms:

- u 2
d(p) = ¢(p*) + al(n+l)."1/2 # az(n-!.-.l)"lq- a3('_n+l)"2+. ©+ (213)

in vwhich the coefficients a, depend upon A and p*, not upon
P. We shall call this series the first transformation
series.

The second expansion is of the same form

> - n-3
¢(p*)=.¢(p)+bl(n+1)'%+b2(n+1)'1+b3(n+1)“2 +o.., (214)

where the coefficients bv depends only upon A and p, not

upon p*. We call this the second transformation serxies.
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We begin by determining the coefficients av. Expanding
the left member of (212) forméily in Taylor series around 0%,
we finds

log §' Log 5'3*- £()-£(¢*)=a% (¢-¢%) + ST (-9*)2+.. ., (215)

where d¥ is d. after replacing p by p*. Now 4, = fq;"(d)) s

¢(4)) , etc., Thus

a. = —g-'(log E) = E"‘- =

17 a9 ¢’ " pq © $'eq (216)

o}
because pq) ¢) , and
as_ By o L el 2.._.(.&_3).
d. = —=(lo = .
2 d¢?( I dd)‘pq) pq

But the relation pé . d,)}') = 1 gives
P¢ ¢’ Pq)(‘b )¢
or
Ls 4 vy, L noo 12, b =
4, 4’ P¢(¢p)p Ph = Pg ¢P t Py ‘pp 0
or
bg = (o7 O /0) = 0",
where ‘(¢£’>) 4‘) means the derivative of ¢}; with respect to ¢.
Hence
d, = - ¢:2Dq(%.‘ o8, (217)

and similarly for d3, dd, etc.
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We determine a a. successively by inserting the series

1’ "2
wwl
(213) in (215) and comparing the coefficients of (n+l) Y in
the right member of (212) and (215). We £find
B E~ =5, -1
log g log = c (n+l) +cz(n*1) +. ..
= d¥a (n+l)“%+d*a (n+l) +'E§ a2(n+l)” +
= 1% 1924 21 “1’ e
Hence
agds
* = =
A T I P A YR
or
3 5o,
a, = “AMp*a*):? d' (p*)
; . s ‘ 218
a, = 5A2[pAa*d" (p%)+(1-K(N) (a*-p%' (GM)] (218)
where
2
k(n) =248 (219)

332

The coefficients bv may be determined directly by a

R

R
-1
g~ Lo9

modification of the above procedure. We expand log g

around ¢ instead of ¢*, yielding

B aca ¢*..¢)..——~(¢*-¢)2+... s (220)

B
2Z = log =~ loy
| 94 q*

where d, and d, are given by (216) and (217). Further, the

coefficients ¢ in (212) are also expanded around $. Aiter

substituting (214) in the resulting series and in (220), the

coefficients of (n+l) are compared and we obtain
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b, = Mpg)? 0 (),

b, = %%2[§q¢"(p)+K(A)(q~p1¢'(p)] .

(221)

3.2.3 Determination of the ‘'best' transformation of a

Binomial variable: In many practicél situations‘anly
the first two terms in (213), (214) are caiculated, and the
terms of higher order afe neglécted. It is natural then to
choose the transformation §(p) in such a way that the term
of order (n*l)‘l vanishes or ét least becomes very small.

An ap?lication of this principle gives, of course, no
guarantee-that the total error will be small, but good

results may be expected. The coefficient a,. is given in

2
(217) and may be written
. el 1 |
= 1L2\2 g , N = o ) )
2y = MERO(E) @ (M) (G - DO W],
where
2
@, (M) =1-K(A) =122 (222)
1 _ 3A
Putting a, = 0 and replacing p* by p, we obtain the differen-

tial equation:

6" (p) 1,

“(p] 1 '
¢ (p) 1‘A)(l-p p’ (223)
In terms of a general parametexr o, this eugation has, apart

from a multiplicative constant, the solution:
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o a&#L—-§? or log ¢' = -o log[p(l-p)] .

¢~ Tl-p
Thus (¢ pa(l—-'p)-al =1
p - -~
or ¢‘=’S' x (1=x) " ax . (224)
T e

Starting with b, in (221) and proceeding analogously, we

2
find the same transformation with the parametex

2,0
a,(A) = K(n) =-’*-3—;—§- . (225)

We observe that al(X) + az(k) = 1. When A varies from

0 to oo, al(k) increases from - to‘% and o_(A) decreases

3

o1 — . Y
from 400 to 3" For A = 2 we have al = az = 5

3¢

Because of the similarity of (224) with the Beta=-
integral, we shall call the transformation (224) the Beta-
transformatién. It is interestihg to note fhat most of the
transformations we have seen previously are special cases of
this transfqrmaéian. This will become clear later where
special values will be assigned to «.

The expansions (213) and (214) can be simplified when
the Beta—transformatian is used. Substituting ¢'(p*), ¢“(p*)

for the expressions obtained by differentiating (224), we

B
have in general that if §(a) = Sb fix,a)dx then
A : :
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a0e) _ \ Dren o) JastE (B, a) 9B ga
aB = S‘aB{f(x,a)]dA+f(B,a?dBv f(A,a)dB . Hence

¢* (p%)=[p* (1-p%) =(p*a*) ™S ¢*(p*)=-alpra®) " Ha-p) .
Now | | |

X -q e
a, = =-A{p*qg*) (p*q*) = =N (p*q*) s .

a, = ;’KEIP*CI*["OL(P*q*) Alq+a(p*q*) p]}-!-l"'—"(q*-p*) (prq*) ™

~a=l -q=1.., AP=1 -
= 502 (p*q*[2a(p*g*) lp*»cz(p*q*) 11+ 3 (q*-p*) (p*q*) "

%AE (p*q*)*&a[p-—q]ﬂffl(q*—-p*) (prqa*) ™"

= (p*q*) " (g*-p*) [-}%a + Z%i]

= _(______)_____2-'-3‘@67\2-2 (q*=p*) (p*q*) ™"
Hence after substituting in (213) we have
¢(P’“)=¢(P*:“)“W(P*Q*)%na(n+l)q%+12:§gébizg(q*—p*)(p*q*)-a

. (n+l)*l+... . (226)
If we solve with respect to A in the second texrm of the

right member, we obtain

1
/2

A=(%-0) (o) * 5 (4) “+~‘42—-3—‘-"-U‘—-—(q*—p*) (p*q*) " Hn+1)”
(227)
Hence we have P(x & a, p) = 1 - §(A) where A is given in

(227).
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The second transformation series leads to
P(x2a, p) =1 =0\ ,
where N\ is given as

s L -1} A8 = Ll | wis
A= (§5-9) (pa) * 2 (n+1) AELA2 (o) (pg) “Hna1) e . (228)

The gquantities p* and gq¥* which appear in the formulae
have been defined in (206). AIt is seen that the part of the
expansion (228) reproduced here is obtained from (227) by
replacing p%*, g% by p and ¢, and ¢ in the second term of the
right~hand ﬁember by 1l-a.

If we want the third terms in the series (227) and

3

(228), the coefficient of (a+l) 2 is

A

B o
36(A - pq) R (229)

where the values of A and B in the series (227) are

A = [1+12(a~1) (2a~1)]A2+48a~37

(230)
B = [1+6c(a~1) ]A%+120~7 ,
and in the series (228), A and B become
A = [1+l20(20-1) ]A2-48a+11
(231)

B = (6a2=%)AN%~120~-1 .
We have studied so far the right (upper) tail of the Binomial
distribution. The other tail is, of course, obtained by sub-

stituting’a+l for a and taking the complementary probability.
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Thus
P(x € a, p) = 1=P(x 2 a+l, p) = O(A) . (232)
. a+l n=3a
* * : lefined * = —= * o=
Also, p* and g* should now be defined by p* = il ? q el

and with this modification the formulae (226)-(231) become
true even in this case.

Attention should be drawn to the fact that the equatioas
presented so far are given in terms of n+l, not in terms of
n. Also p* is defined with n+l in the denominator. In this
way a sort of "automatic” continuity correction is made

which replaces the classical half-unit correction.

3.2.4 Application of the Beta-transformation to the con-

fidence problem: For the confidence interval problem,
it is evident that the first transformation series in the
form (226) provides the solution.
Let the desired two~-sided confidence level be l-2g.
Let Ae be defined by

¢(x€> =1l=-g . (233)

For a given value of o we insert A = Ae and p* = ;ﬁi in the
first texrms of (226) and calculate p from the inverse of ¢.
According to the equation p(x4Z a, p) = 1-0(A\) and to (233),

the value of p is an approximate solution of p(xlz a, p) = g,
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and is consequently an approximation to the lower confidence
limit P, With A = —he and p* = (a+l)/n+l, we obtain the
upper confidence limit pu by a similar procedure.

If we take the special value of o obtained by substi-
tuting a = al(ke) given by (222) in (226), we have what has
been previously called the ;best' transformation. It follows
that in this special case, the term of order (n+l)-l vanishes
in (226) so that a comparatively simple formula is obtained.

From a practical point of view, the method outlined
above is quite unimportant, as:

(i) excellent tables of confidence limits have been
published, and

(ii) tables of percentage points of the incomplete
Beta~ and F-distributions can be used for this purpose.

Theoretically the method is, however, of a cextain
interest, and we shall thereforxe illustrate the dependence
of the best transformation upon the prescxibed confidence
level by assigning some special values to the normal deviate
in (233). In the series, the term of order (n+l)_l (the
skewness correction) is also given, as it increases the
applicability of the expansions to cases where this term

differs from zero.
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Case (i): A =1, al(x) =0

When A is near 1 (e ~ 16%), it is best not to make

any transformation at all, and (17.24) becomes

p*q%* . A2-1 g*-p*
* - A .
P=p 7\J 1t 3 ot - (234)
Case (ii): A = 2, (R) = 3

When g is near 2.5%3 substituting o in (224) and
integrating, we get the inverse sine transformation as the

best transformation, and the formula (226) becomes:

- ;f
2 arc sin/p = 2 arc sin{§3 - AMn+1) *

“ (q*-»p*)(p*q*) 1’*”(n+1> e, (235)

+

or if the angle §* = ¢(p*) is introduced in the last term

(i.e., putting p* = sina'g), we get

* Q
-3 cos2 Q— ~ sin® cos b
*apk) (prg* 2 é~ = . = 2 cot Q%
(q P (P q ) cin gz* . cos Qz* %Sin 4)* 4’

In this case (235) becomes
. 2. - _
¢ = ¢* - A(n+1) A?;i(n+l) oot ¢% 4 ... .
When 95% two-sided confidence intervals are required,

it is thus advantageous to use the inverse sine transforma-

tion. This interesting property of the transformation shows
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that it may serve the double purpose of both stabilizing the
variance and furnishing approximations to the tail of the
Binomial distribution.

Case (iii): An interesting situation arises when A is
large. We should then theoretically (but not practically)

apply the following transformation:

¢(P: ) = Cp

% s (236)
o (lux)3

‘where o = 1 - as A becomes large.

e ~ 3

For the sake of comparison, two classical formulae will
be mentioned here.

If a Binomial variable is expanded directly in a Cornish-
Fisher series, and the expansion is solved with respect to p,
the following equations are obtained (half-correction being
used) s

p, = p*-/n~k J'E-g* .E&_ti (g*=p*) + ...
6n

(237)
22241 :
degy
= phabneh o B £ *aph) 4
p, =P +zn+k${ o+ en (g*-p*) + ... ,

with p* = 2 in both formulae.
A related type of formulae is constructed by solving

the equation:
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a+th-np= Aer’npq (238)

with respect to p (cf. Cramer, 1946, p. 515).

In Table VIII a numerical comparison is made between
(234), (235), (é37) and the formula obtained by solving
(238). The skewness correction has not been included in the
calculations. The wvalue pz (exact) has been obtained 5y
interpolating in Thompson's (1941) tables.

It is seen from the table that the inverse sine formula‘
gives excellent 95% wvalues. This confirms the theory devel-
oped in this section. The 80 and 99% values are also good,
and better than the values obtained by meauns of the other
formulae.

The formula obtained by solving (238) can be ranked as
second. |

Equation (234) is rather inaccurate except in the 80%
case, where it is fairly good (in accordance with the theory).

The classical formula (237) provides poor values. IFf
it is used, the skewness correction (last term in the right

member) ought to be included.
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Table VIII. Lower confidence limits pz computed without

skewness correction, n = 49.

confidence p, computed f£rom:

level a pz(exact) " »:. _f% - — —
two-sided . (0 234:) (5235:) (.237.) (:238))

5 0.050 . 046 .052 .036 .051

10 0.131 .128 .133 .120 .132

80% 15 . 220 . 217 221 212 .220

20 .312 . 311 .313 .308 .313

25 .410 . 409 .410 . 408 .410

5 .034 .017 .033 .007 .038

10 .102 . 089 .102 . 081 .107

95% 15 . 182 .173 .182 . 167 .187

20 .270 . 264 270 . 260 .273

25 .363 .361 .363 . 360 .365

5 .023 o .019 <o .030

10 . 080 .054 .077 .046 .089

99% 15 .152 .133 .150 .126 .16l

20 .234  .222 . 232 - .217 .241

25 .323 .318 .322 .316 . 327
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tail problem: Applying the Beta-transformation to

the tail problem, we see that we should determine the normal
deviate A which corresponds to the tail of the Binomial,
when A has been calculated, We immediately obtain:

plx2a, p) =1 -0 or px$a, p) =0l .

ILet us apply here the second transformation series (228).
(The application of (227) is similar.)

We shall assume that only the fitst texm in the right
member of (228) is computed (if higher accuracy is required
the computations can be performed in two stages, the second
term being included in the last stage where we substitute A
as computed in the first stage). Provided we know something
in advance about the magnitude of A, the equation (225) should,
theoretically, govern our choice of a. If the same values
are assigned to A as in the confidence intexval problem, we

have the following transformationss

Case (i): A =1 az(k) = 1

" ¥ a-1 a1 P g Q 93
O(p¥*,1) = % T(l-x) “dx= "'—:-—zleg - log = .
x(1-x) q
- pg 54 0

(239)
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(The new integral is gotten from (224) by replacing p by p*
and a by l=c.)

Thus the logarithmic function which connects the
Binomial distribution with the z-distribution is a prominent
member of the class of Beta-transformation.

Case (ii): A =2 az(x) =

* 1. =C -‘-&.d}“-;”n.: . 2 SR - T PR sy
O(p*,%) - g* it 2 arc s;nfp 2 arc sin/p¥ .
0 .

Hence the inverse sine transformation is the best and the
first few terms of the expansion (228) run in this case as
follows:

A=(2 arc sin{E“ 2 arc 81nJ~)(n+l) +A-~(q~p)(pq) 1/‘(r:ri-l.)‘";‘:"+.,.. .
(240)

This formula should be compared with a very similaxr
expression which Freeman and Tukey (1950) have constructed

empirically as we have seen previously. In their formula,

the quantity Jm;:IT-— is rxeplaced by JE%?T - Jﬁéff .

1

Case giill. A~ az(h) =~§

This leads to the transformation

o dax
d(p* 4‘) =b§ e . (241)
23 L1/3 (l-x)l/3 |
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Again the inverse sine method is recommended here for

practical use,

3.3 Transformation of the Poisson and X2 distributions:

3.3.1 gcornish-Fisher expansion and the best transformation

of a Poisson variate: Regarding the Poisson as a

limiting form of the Binomial case, we can treat the trans-
formation problem of a Poisson variable in a similar way to
the corresponding problem for a Binomial variate. In fact,
wé can utilize the results of the Binomial case as it stands
in (213) and make the necessary changes which are imposed by
the new characteristics of the quantities n and p. For that
we use (213) after substituting a; and a, from (218) to get:
$(p) =0 (%)~ (p*a*) i (pW(atl) Aa[p*q*¢"+a (Ng*-p*) 9" (p*)]
. (n+l) + ... . (242)
Now as n becomes very larée and np - m(constant), we
find that ¢(p) becomes ¢(m), np* - a or p¥ ewi s 80 that
¢(p*) becomes §(a); noting also that ¢'(p)= ¢ (p)—-==n¢ (»),
and ¢"(p) = n2¢“(p), then (242) becomes |
d(p)=p(p*)-Aa’ i‘ti‘%m (p4) w2 (222 g2

n=2a+l | .
+ Seee— ' *¥ |
al (11 l)a n¢ (P )] » o o
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Taking the limits as n - o, we get

¢(m) = ¢(a)—ka%¢'(a)+%)2[a¢"(a)+al(k)¢(a)]+... . (243)
This is the generalvtransforﬁatibn‘¢(x) bf a Poisson variate
X which we need for treating confideﬁcé and tail problems.
Equating the expression within brackets in (243) to zero,
replacing al(k) by ¢ and a by m, we have a simple differen=-

tial equation which has the solution

I%a % 4 const. a1
P(m) = &m x O dx = . (244)
. mOv log ﬁ% w1

Deriving ¢', ¢" from (244) and substituting in (243) we get

. Lo 230 A2 ? . S
d(m)=d(a)~-ra* Q+L3~§géb—~ga %vgéa 4 a[(l*&a(q~l))xé

+ A(12a~7)]+;.. . (245)

(244) and (245) may be considered as limiting expressions of
(224) and (226). BAnalogously the second transformation

series gives

A= [¢(a)*¢(m)ma a*iéﬁui%l~.3 m d-v%z[12a2~l)k3

_ -1 :
= (24042)Alm "+... . (246)
The discussion of the choice of o follows exactly the
same lines as in the Binomial case. The results are sum-

marized below.
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3.3.2 Determination_pf.confidencevlimits for the mean of
the Poisson distribution: From (245) we obtain three
confidence formulae by giving N the values 1, 2, ®w. We
then finds
Case (i): A=1, al(x) =0 with

1. 2 3 )
: a7, AS=d AT=TA =%
m = a=ha“+ 3«- =T a

Case (ii): A =2, o, =% with
m% = a%~h4-xg—4 a-% +.Aii2l a~l :
- 12 72 ’

+ e 2 (247)

]

(248)

Case (iii): A - o, o (d) -5 with

L A =k 1 =l Ad=3)\ =2 .
m a3[1 3 2 o3 ¥ T35, @ +...] . (249)

The lower confidence limit m, may be obtained from any

)/
of these formulae by substituting A = Ae, and the upper

limit mu by substituting A = *Re and replacing a by a+l.

3.3.3 Determination of the tail of the Poisson distribution:

The area of a tail of the Poisson distribution can, in
analogy with the Binomial case, be calculated either from
(245) or from (245) by assigning special values to «.

We shall list a few of these formulae in a form suitable

for computation. If we omit the last term in (249) and



solve with respect to A, we have:

1
= 3/a &3 - L 250
A (1 ( ) ) P (250)
4
If we put @ = 3 in (246), we get a similar formula.
A = 2o [(—-)3 -1l - == . (251)
2 3/m _

In Table IX a numerical comparison is made between
(250), (251) and the formula obtained by taking a = % in

(246) This formula may be used in two ways:

(a) A= 273 - 2/m

(252)
() A = AO is computed from (252), and the :
value then obtained is inserted in
2g=4 1
A= %0 + 12 . (253)

In Table IX, the column &enoted by A(exact) gives the
correct value of A computed by means of Mblina'é (1947)
table. Apart from the fact that (253) gives poor wvalues
when A is very different from A = 2, all the formulae are
fairly accurate. |
3.3.4 Determination of percentage points of the XZ-

distribution: ILet X be a Poisson variate with mean

m so that
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Table IX. Numerical study of the accuracy of formulae
(250) ~ (253).

}( £) _ A_computed from_
e & e (17.49) (7.50)  (17.51)  (17.52)

m=l 1 - .34 - .33 - .33 .00 - .33
2 .63 .64 .55 .83 .55
3 1.40 1.40 1.29 1.46  1.31
4 2.08 2.05 1.95 2.00 2.00
5 2.68 2.64 2.55 2.47 2.65
6 3.24 3,17 3.12 2.90 3.27
7 3.77 3.66 3.66 3.29 3.86
8 4.27  4.12 4.17 3.66 4.44

m=2 1 -3.92 -3,80  ~3.83 ~4.32 ~3.94
2 -3.29 ~3.25 -3.23 -3.50 -3.28
3 ~2.77 -2.76 -2.72 -2.86 -2.75
4 -2.31 -2.31 -2.27 ~2.32 -2.29
5 ~1.89 -1.89 -1.86 -1.85 ~1.87

10 - .11 - .11 - .11 .00 - .11
15 1.38 1.38 1.37 1.42 1.37
16 1.66 1.66 1.64 1.68 1.64
17 1.93 1.92 1.91 1.92 1.91
18 2.19 2.19 2.71 2.16 2.18
20 2.70 2.69 2.68 2.62 2.70
25 3.90 3.88 3.89 3.68 3.93
26 4.13 4.11 4.12 3.87 4.16

27 4,36 4,33 4.35 4.07 4.40
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rla ,
Pr(xjg a; m) = §» P(a)(l t) m(l—t) at |,

and putting m{l-t) = 4X2, we get

m Ry _
ée X% (x2)3 L gy2

Pr(xz_ a; m) = 3%
2°T(a)

= Pr(X2_ <om) . (254)
Let us denote the degrees of freedom of the X®-variate
by £. Replacing a by %£, m by %X2, and A by (-A) in (251)
and (245) and-remembering that the best transformation is

d(:X3) = *‘*(;Xa) we get for a < 1:

002 1% =T O () T 4 22302y o

+<§Z(%f)‘%“a[(1+6a(a-1))x3+(12a-7)x] ,

Multiplying both sides by (%)apl, we gets

. —t | . P - 2. -
—-]-'-..(x2)l Q= __]_-___ fl u'_'_)\& fz C¥.+ 2-~30 «2 =0

£
1-a . v 3 (255)
- —irn
+ 1%- [(1+60(0=1))A+(120-7)A]E =% ...

For o = 0 we have a series given by Peiser (1943) and

Goldberg & Levine (1946),

2 3
x2=f+?\,/—+.—‘.L——2. -—M_‘_'..

8 /e . (256)
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For o = % we haves

2 3, -
JovZ = 5E e e =t L A k2 L oy

It is of interest to compare this formula with Fisher's

X2~approximation

Y2X% ~ v2E-1 + A .
Finally for o =A§ we obtain after dividing by 3£> and

putting ¢ =‘£L :

9f
X235 . 4 A2-3N 3
517 =1 +Ac"-c- e 4+ . (258)

If the last term is neglected, we have Wilson and
Hilferty's X2~approximation. Thus we conclude that the
results of these authors may be regarded as variations of
one single theme. The three formulae are accurate,if‘severél
terms are computed, but if only the first two terms are
retaineé; the desired confidence level should determine which
formula is to be preferred.

We finally observe that the logarithmic transformation
obtained in (244) for the case a = 1 has been applied to the

X2~distribution by Bartlett and Kendall (1945).

3.4 QNegative Binomial: The theory which has been developed

in the preceding cases can be extended to the case of a
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negative Binomial variable. Only a few of the results will
be briefly mentioned here.

We denote the parameters of the negative Binomial vari-
able x by N, P and Q = 14P. The probability that x assumes
a given value A is given bys:

N+A=-1
- (

Pri{x = A) = A A o~N-A

)y U o .

We introduce the notation P¥* = A

§ . The analogues of

(213), (214) are of the form

¥(P) = ¥Y(p*) + A1N + AZN + ae. (259)

where the coefficients AV depend upon P¥*, but not upon P,

ands

Y(P*) = ¥(P) + 1311\7"’é + Bzm'l * eue (260)

where the coefficients Bv depend upon P, but not upon P*,
The coefficients of N‘l in both expansions vanish if

¥{P) is of the form

¥(P; a,B) = S‘ x  (l+x) dx . {261)
P .
0

In (259) the parameters o and B should be chosen as follows:

. A342 . 2(A342)
a=1= %;5- , B =-—1%x5—1 . (262)
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In (260) the parameter values are:

\242 2(7%+2)
«=i5E,  emu-GEE (263)

By assigning special values to A, a variety of different
transformations is obtained. We give here only two brief
remarks:

(i) If we take A = 2 in (263), we finda =%, B = 0,
and Y(é) = ZP%. Thus, when the tail of the negative Binomial
distribution corresponds to a normal deviate equal to about
2, a simple square root transformation is preferred to an
inverse sinh transformation.

(ii) The inverse sinh transformation is not 'best' for
any vélue of AN in the meaning which we have assigned to the
term here. It belongs, however, to the class of functions

(261) and is obtained for a = B = %,
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4, Z~transformation.

4.1 Properties of the Z-transformation: With large samples

and moderate or small correlations, the correlation obtained
from a sample of n pairs of values is distributed normally
“p2y2

about the true value p, with variance = el .

therefore usual to attach to an observed value r a standard

1-x2 L-r2 . .
error = or ~=— . This procedure is only valid under the
o A o iy oo

restrictions stated above. With small samples the value of
r is often very different from the true value p and the fac~
tor 1-r? correspondingly in error. In addition, the distri-
bution of r which can be written as:

- _p2y3(n=1)
£(x,p) = ‘n gll;pw) -

(n=4) gw

(1-r®) T
0 (cosh w.-rp)n !

(264)
-1 g xr g +l, is far from normal, so that tests of significance
based on the large sample formula are often very deceptive.
Since it is with small samples less than 100, that the prac~
tical research worker ordinarily wishes to use the correla-
tion coefficient, Fisher introduced the transformation

3

a = %{loge(l+r)-loge(l-—r)} =1 + .ér + érs

.., (265)

~

which leads approximately to the normal distribution. We

notice that as r changes from 0 to 1 Z will pass from 0 to oo.
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For small values of r, Z = r approximately, but as r
approaches unity, Z increases without limit. For negative
values of r,Z is negative. The advantage of this transfor-
mation of r into Z lies in the distribution of these two
quantities in random samples. The standard deviation of r
depénds on the true value of the correlation p as is seen
from the formula o, = %%%% . Since p is unknown, we have to
substitute for it the'bbserve& value r and this value will

not in small samples be a very accurate estimate of p. The

mean of Z is 6 = %loge %%% or slightly more accurately

Liog 140 P

v . 1 .
e 1-p + Z2(n-1) + texms in (n-1)2 ° The standaxrd error

of Z is (n-3)”%, practically independent of ghe value of the
correlation in the population from which the sample is drawn.
In the second place the distribution of r is not normal
in small samples and even f£or large samples it remains far
from normal for high correlations. The distribution of 2 is
not strictly normal, but it tends to normality rapidly as
the sample is increased, whatever may be the value of the

correlation. In fact it can be shown that for the distribu~

tion of Z,
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B, = p°(-1) + 0(m-1)7F)

-1 3 (266)
B, =3 +2(-1)"" + 0((n-1)"") . |

Thus for n = 11, ﬁl is of the order of .00l even if p is
high and 52-3 is of the order 0.2. In such a case the true
mean of Z differs from 6 = % loge %%% = arctanh p by 0.05
which is not large but might be importént in some cases.
Finally the distribution of r changes its form rapidly
as p is changed. On the contrary the diétribution of Z is

nearly insensitive to changes in p.

4.2 pAppilications of the Z-transformation: We can utilize
this transformation in the following situations:
1. To test the hypothesis p = p* (p* known). For we
consider the variate
u = (arctanh r - arctanh p¥*)+/n-3
as approximateiy normally distributed &(O,l).
2. Suppose that K-bivariate normal populations have

and that r . ee. ¥

1’ "2

are the estimates based on samples of size Nyy By eee M,

correlation coefficients Pys Py e

Px k

respectively. To test the hypothesis HO: p1=p2=¢..=pk=p*

k i
(p* known), the quantity U=.Zl(arctanh ri—arctanh p*)z(nieB)
i=l
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has an approximate X2 distribution with K degrees of free-
dom. We rejectfHo with probability @ if Ufg Xg(k), where
Xi(k) is the appropriate X® value for K degrees of freedom
and probability a.

3. Suppose in the preceding case we wish to test
Ho: pl=p2=.,.=pk without specifying the common value of the

p's. Then we can use W = Z(nivB)(ZiJ§)2 as a X2 variate

with K-1 d.f. where:
2{n.=3)2Z,
i i

Zi = arctanh ri and Z = 2‘“1"3) .

4. It Py=P =+ =Py in the preceding case, then the

"best” linear combined estimate r of the common correlation

me* =

p'is given by r = tanh Z* where Z* = % - =~ and % is
. 1 _ Zl(n;-3)/(n;-1)]
defined in (3) and p = X Zri s WM = Z(ni-S)

5. To set approximate l-a confidence limits on p.
3
Here we use the fact that (n-3)“%(arctanh r =- arctanh p) is
approximately distributed N(0,1). A confidence interval at

the level l-a on p is:

2z z
.agz a/2,
tanh{arctanh r = § » tanh tanh + ,
( /..5) ap i anh(arctanh r J""§) R

where Za/ is the appropriate value for the standardized

2

normal distribution.



- 156 =

Finally, R. A. Fisher has tabulated % loge’%fi for
various values of x and many of the approximate tests can be
readily applied by using his tables. However if n g 25, one
should use the tables prepared by David (1938) who has

tabulated the integral

o
g £(r,p)dr = Pr(r < Po/P) (267)

for various values of Pos P and n, where f£(r,p) is the
density function of r mentioned in (264). If n > 25, then

the Z~transformation is satisfactory.
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5. Transformations of X2 towards normality.
5.1 Some properties of XZ~-distribution: The density of X2

is

-ly2 Ioyjem ;
aF = ——"E (2)? L ar)  0fxr o
2% I(%v) : ' (268)

The characteristic function is:

o(t) = L . (269)

(1-2it) Y72

Whence for the cumulants we have

X =v 25t (e-1)1 . (270)

The central moments are
”2 = 2y
wy = 8v (271)

b, =48v + 12ve

As v » o the X2~-distribution tends to normality, for in

standard measure we have

vit
"—". 24k, =
o(t) = e ?5- (1 - 7%%) v/2 s (272)
so that
~yit -2it 21t

log‘(b-s ./2—;- 2[ “;’(f— .a]*)"'!éta

as v » . The tendency is rather slow because the first

M
e i‘é‘
.

term ignored is of order v The skewness and kurtosis
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coefficients are
]—
v, = (8/v)*

12
25y

(273)

5.2 The transformation ¥2Y- : This transformation was sug-

gested by Fisher for approaching normality more rapidly than

X2. For the variate X the xth moment is

V+r
£/2 P( )
p,:; =2 (274)
| F(z?
Using Stirling's expansion
1
log I'{x+1) log(ZW)+(X+ 5) log Xex4 —=— le - STt oer
we flnd
l 1 5 .
= - 4v *32vE Tiags v o)
whence

uia = y(l - - S i, R B

2v T8y * 1ev3
Moreover ué =V, ué = (v+l)ui, u& = (v+2)v. Whence for

the central moments

1

by =Tt (275)
3 _
4"
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Hence for v2X2 we have

1
e = - ——
p"2 ' 1 4v ‘

L, o

-2y

Y, = ofv
A comparison with (273) shows that Jéxa tends to normality
with considerably greater rapidity than X2. Moreover, the
: k] .
expression for u,i for X can be written as hy= N(l—%))é= fv=1;
to order v 2 and hence V¥2X% is distributed about mean

J2v—i, to the same order, with variance which is unity to

=1
ordexr v .

5.3 The transformation (X2/v)3: This transformation was

first found by Wilson-Hilfexrty (1931) as an improvement on
the preceding Fisher transformaticn. Let us find the dis-
_ s . X2.h s

tribution of (v )} = y. Writing 5 = X —v, we have

y=+fPoy B0 RED 2, (277)

Taking mean values and using the results for the moments of

X? which represent the raw moments of £, we find

" (X2 _
“1(Y) 14-21§?il-&2é§-1 ceo 1+ h 3 L
' (278)
-4




If we put rh

u;:(y) =

poly) =
paly) =

u;(y) =

u3(y) =

. If we now take 3h = 1, then the term in v

COnsequently,

by (y)

u?"(y)

-~ 160 -

= h we find the mean value of yr and thus:

1+ EEiEE:L; + ... , hence

1+

1+ 3h§3h 1) +

1+ 4h 4h*l »*

-V

u3(y) 3uu2 + 2>

“**[Sh(Bh—l)(3h~2)(9h~l)~3h(hhl)(h~2)(3h~l)

-6h(2h-1) (2h=~2) (6h~1)~36h% (h~l) (2h-1)

+6h(h~1) (h~2) (3h—l)+36h2 (h~-1)2]

+ —-;'-g[ 8h?(3h~1)2(3h=2) (2h-3)-3h2 (h=-1)2(h-2) (h~3)

—12h2(zh-1)2 (2h-2) (2h- 3)=6h3 (2h-l Y (h~-1) (h-—z) (3h-l}

-6h2 (h-1) (2h-1) (2h-2) (6h-1)+12h>(h-1)>
+602 (h-1)2 (h-2) (h-3-):+12h~2 (h=1)2(h~2) (3h~1) ]
+'0(vd4) .

2 0
- wvanishes.

_ . _ 2 ,._80 ey
= 1 ol 37"“ + 0(v ) .

_ 2 4 56
=Ll=-g 0+ 35,7 + 3T o(v” )
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u3§y) =1 .

4. 4 80 -4
(y) =1l45--35,2 +37,3 37y3 * O(V ) I

~

The central moments uz(y), u3(y), u4(y) are nows

2 104 |

32 -4

paly) =383+ 0lv ) . (279)
4 16
u4(y) *-3;;5-:'3453-*0( Y.

For the measures of skewness we have

(280)

. ) .23
Comparison with (273), (276) shows that (;;13 tends to
symmetry (as measured by %) more rapidly than either X2 or

JZXE . By (279) the variance equals é% to order v-g and

the mean 1 -'é% . The result may be expressed by saying

2

£5,3
that {( ) o+ == ov

1.
- l}(%%)z is N(0,1), approximately.
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6. Transformation of discrete variables by using an

auxiliary variable:

Budy (1949) and Stevens (1950), separately, suggested
the idea of obtaining exact confidence intervals for the
parametexr of a discrete distribution by adding a continuous
random variable distributed rectangulérly [0,1] to each
discrete observation. In (1954) David investigateﬁ the use
of an auxiliary variable in the transformation of Poisson,
Binomial and Negative BinOmial.variatés. He examined the
following transformationss

(a) T= (x + z)% R
where}x is a Poisson'variéte with parameter A and z is
rectangular [0,1]. The transformed variable appears to be
reasonably fitted by a normal curve, and it would seem that
an assumption of normality to be used for the derivation of
confidence intervals and testing hypothesis would not lead
to serious risk of error, even for A\ as small as 0.5.

- -1, Xtz
g ! .‘1 . . o ———
(b) T = 'nké sin { —~1

where x is a Binomial variable with index n and mean np, and

z is rectangular [0,1].



Treating T as a normal variate, we can compute the tail
probability of the variate x by use of normal tables. More~
over, David reports that this transformation is as good as
that suggested by Anscembe (. Jh+/ sin l%‘éfgﬁz ) foxr
stabilizing the Binomial variance,

(c) T = s;nh (*«:-l-z)2 R

where x is a Negative Binomial with index K and mean p, and

z is rectangularly distributed [0,1] as before.

The variate T turns out to be nearly normally distributed,

but the variance is not stable under changes of K and p.
FPinally, for the case of a Poisson variate, one should
refer to the work of Taylor and Tweedie (1955),who give
explicit formulae for the mean, variance, Vl and 72 of the
transformed variate in each of the three cases:
1. The auxiliary variable z is constant.

2. The auxiliary variable z is continuous uniform.

3. The auxiliary variable z is discrete uniform.
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7. The Probit transformation.

7.1 Introduction: In the majority of biological assays
there are two things to be considered, the stimulus (vitamine,
drug, physical forece, etc.) and the subject (an animal, a
plant, a piece of tissue, etc.). The stimulﬁs is applied to
the subject at an intensity spécified in units of concentra-
tion, weight, time, or other appropriate measure and as a
result of which a response is produced by the subject.
Different stimuli are then compared in terms of the magni-
tudes of the responses they produce, or more commonly in
terms of the ihtensities required to prodﬁce equal responses.
When the characteristic xesponse is quantal, for any one
subject, under controlled conditions, there will be a cer-
tain level of intensity below which the response does not
occur and above which the response occurs; such a value is
called the tolerance value. It varies from one member of
the population to another, frequently betwéen quite wide
limits. When the characteristic response is gquantitative,

we have similar variation between individuals.

7.2 [The frequency distribution of a tolerance: If the dose

is measured by A, the distribution of tolerances may be
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expressed by

dp = £(A)dan . (281)
This equation states that a proportion, dP, of the whole
population consists of individuals whose tolerances lie
between A and A+dA. If£ a dose %O is given to the whole
population, all individuals will respond whose tolerances
are less than AO and the proportion of these is

Ao
p==5 £(N)an . (282)
0 o . .

The measure of dose ranges from zero to o, response being

certain for very high doses, so that

Sme\)d?\ =1 .
0

The distribution of tolerance, as measured on the natural
scale, may be markedly skew on account of a few subjects
with extremely high tolerances. Normalization can often be
effected by expressing the tolerances in terms of the loga-
rithm of the concentrations. Thus for much insecticidal
work, if A is the concentration of the toxic agent we take
as the variate under consideration the quantity x = logl0 A
The word dose is usually restricted to the scale of A, and

x is referred to as the measure of dosage. A graph of the



percentage responding against a dose will give a steadily
rising curve. The rate of increase in response per unit
increase in dose is freguently very low in the region of
zero or 100% response, but higher in the intermediate region,
so that the curve is sigmoidal. When the stimulus is
measured in dosage units, the curve takes the characteristic
normal sigmoid form. It should be noted that if an insect

is exposed to a dose, the probability that it will respond
is P; hence if a batch of n insects is exposed to the dose

AO and all react independently, then

" 5 ' ___,Q_L_____ Y n=r
Pr‘r respondexs ) é 1 (oe2) 1 P°Q . (283)

Finally, we define the median effective dose (referred

to as E.D. 50, or L.D. 50) as the value A of A for which

o

QA £(t)at = 0.5 . (284)
0 v
When we transform to x = loglo A, the equation (281) becomes

1 ‘s
== (x-p)
- ax . (285)

dp =

N

c
Thus p is the population value of the mean dosage tolerance
and efforts must be directed towards estimating it

(b = log E.D. 50).



- 167 -

7.3 The Probit transformation: The probability integral of

the proportion p is defined as the abscissa which corrxesponds
to a probability P in a normal distribution N(5,1). In

symbols the probit of p is Y, where:

Y5 ~Lu2
SI e * au . (286)
00

S
g

P =

The effect of transforming frxom proportions to probits
is illustrated in Fig. XI. Along the left~hand vertical
axis is a linear scale of percentages with their correspond=
ing probit values, énd.on the right~hand axis is a linear
scale of probits with their correspon&ing percentage values.
The transformation may be considered as a stretching of the
left~hand scale to give that on the right-hand, during which
process the sigmoid curve becomes a straight line. We know
that the expected proportion of insects killed by a dosage

x0 is

et ()2
P == g:: e 207 (<4 ax . (287)
Comparing this with (286) we find that the probit of the
expected proportion killé& is related to the dosage by the
linear equation

Y =54 %;(x-p,) ) (288)
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By means of the probit transformation, experimental
results may be used to give estimates of ¢ and p. In par-
ticular, the median effective dosage is estimated as that

value of x which corresponds to ¥ = 5.

7.4 The Probit regregsion line: When experimental data on
the relationship between dose and mortality has been
obtained, either a graphical or arithmetical process can be
used to estimate the parameters. In order to make either
type of estimate, the percentage kill obsexved for each dose
must first be calculated aand converted to probits. The
probits are then plotted against x, the logarithm of the
dose, and a straight line drawn by eye to fit the points as
satisfactorily as possible. This line may be used to initi-
ate the arithmetical process of estimating a better fitting
line. The empirical probits plotted for a carefully.con-
ducted experiment often lie close to a straight line. The
logarithm of L.D. 50 is estimated from the line as m, the
dosage at which ¥ = 5. The slope of the line, b, which is
an estimate of 1/0, is obtained as the increase in Y for a
unit increase in x. These two parameters are then substi-
tuted in (288) to give an estimated relationship between

dosage and kill.
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29

Here the variance of the proportion killed is n and

this is inversely proportional to n. The reciprocal gz

represents the weight to be attached to the observation on
the katch in respect of the information it provides on P.

We shall see that the weight to be attached to the probit of
2
P is nw, where w = '55 . Here Z is the ordinate of the normal

distribution corresponding to the probability p, and may be

1 _-%(y-5)%

written 7 = e .

y

7.5 Working probits and the arithmetical methods: Suppose

now out of nt individuals who are given the stimulus xt

Yt
(t=1,2...K), r -
, ng
and the corresponding probits yt will be obtained £rom the

3

€ respond. We may write P_t = l-qt =

tables as indicated in Section (7.4). We fit the regression

line y = a+bx to the data obtained (namely the paired values

Writing n,w, for the weight of Yo ancd omitting the sub-

Ve

script t for convenience, standard regression theory provides

the solution as follows:

_ . - 1 Snw(x-x)(y-y) _ SawSnwxy-SnwxSawy
b = estimate of " = Snw(x-X)2 = SnwEnwx2- (Snwx) 2

(289)
a = estimate of (5 - %) =y -bx ,
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— _ Znwx . 2nwy
where x Snw ° y Sow .

The maximum likelihood method of estimation leads to
equations (289) in which the probits y, are replaced by the

working probits defined in (290), and these are used in
Z2
conjunction with weights w_ given by w_ = L. , P, Q,
t t PtQt

and Z being as defined in Sections (7.3) and (7.4). Since

the working probits and weights can only be estimated from
the data, the solution must be found by iteration. This may
be carried out as follows:

(a) From the observed Pys £ind Y, from tables (Table 6
in Biometrika tables (1958) is recommended) and make a rough
plot of Y against X, . |

(b) As a first approximation a straight line fitted by
eye to the points (yt’ xt) may be used to obtain a set of
provisional or expected pfdbits Yé corresponding to X, -

(c) The next step is to obtain a series of working
probits yé and their weighting coefficients wé to use in
relations (289) and so obtain a second approximation to the
regression line. These working probits are obtained from

eitherxr

y=Y -1-‘Q -
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or

v 2R
y=Y-_+, (291)

as most convenient, where we find the maximum working probit

o o ) »
Yax = ¥+, or the minimum working probits Yﬁin =Y -

- Yﬁ - by entering Table 6 in

and the range Yﬁa in =% ¢

X

Biometxika Tables (1258) with the expected probits Yé

L4

(d) The appropriate weights n w% are found, entering

t
the table with Yé .
(e¢) These weights and the working probits yé are then
used to compute the coefficients a and b of equations (289).
(£) The va;ues of the probits yg obtained from this
second approximation to the regression line may be used to
repeat the cycle of the iterative process, the table being
entered to obtain fresh working probits yz and weights n, w',

The iteration is continued until the process has 'settled

down ',
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8. The logistic function and its application to Bio-assay

datas

8.1 Introduction and notation: Berkson (1944), following

the method used in probit transformations, has utilized the

function Q = calling it the logistic function. The

1+ Bx
approximate shape of this function is close to that of the
normal distribution function, and may have a better theoretic
basis than the integrated aormal curve. In the logistic
function there are two parameters o and B, which, if known,
determine the effect of any dose. The L.D. 50 is given by
'% . The following definitions are used in this section:

Q

i

"true” logistic function of mortality rate for a given
X, with parameters a, B.
P=1- Q.

fitted function corresponding to estimates a and b of

0>
it

the parameters.

xi = dose in log-units.
m,
gq. = observed mortality rate for dose x, = ~& .
i i ny
Py =l-gq; .
m, = number of dead at X -
n., = number exposed at x

i i’
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ASO =‘% = log L.D. 50, the dose for which the mortality rate

is 50%.
A Pj
b = fn qi .

L = logistic function in terms of logits corresponding to Q.

£ = logistic function in terms of logits corresponding to 6.
1
? i+ ea‘BX ( ?
~ 1 , 292}
ﬂn'l'é'g=£=a-bx , (294)
BA A~ ~ AA
Se = - 0(1-Q) = - QP . (295)
aA A A
SDexoP . (296)

8.2 The Logit transformation and the computational procedures:
According to the principle of least squares, the sum of

the weighted squared differences EWi(qi--ai)2 is to be mini-

nized with respect to a and b where the weight w is taken as

inversly proportional to Var qi( = PiQi/ni)‘
P,
If instead of the obsexvation q; we deal with zi= In aé',

then for not too large differences (qi--Qi)2 is approximately
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(p,0,)2(4,-L,) (297)

Xe=1

(because we have fnx= ”

+ %(22;:{.1—.)2 , provided x > %, and

o P

x here is *L'/'—i ).
q. Q.
i i

For another approximation we might write

A A

-0 )2 = | < y(o F 2 o0\
(q;-9;) * PiQi,," (piqi) (£;-1,0° . ‘298’

If now, since we do not know the true values PQ, we define

the least square weights in terms of the fitted function, we

have, using (298),
2 ni | A2 £ y2
X =Z§i§i(qi~Qi) =2 n, Py q,i(4i~Li) . (299)

The weights in (299) do not contain the fitted values ?ﬁ,,so
that a least square solution can be obtained directly in
spite of the fact that the function (292) is not linear in
the parameters. Since £ = a+bx the prdblem is reduced to
that of obtaining a least square solution of a linear funce~
tion with weights w, =n, p, qi for zi. The method of
solution.then is as follows:

(a) For each observation a; at‘xi, the logit

l-—ql i
4. = In q is calculated.
1 i
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(b) Compute w, =n, p, a; and then the quantities

- - . 2 ;
Sw, Swx, X, Swh, b4, SwxZ, %%X-L- s Zwxf, ZW;W w. .

(c) Compute:
as=] - bx s

SWX = SwXSWL/IW.

b = swx? - (Zwx)2/Zw  °
£=a-—bx s
In L.D. 50=:f';',
a= l N r]
1+eL

>
i
-
1
{o)4
-

and X2 =3 7\"'1""‘ (qi--('ii)2 .
P;Q; -
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9. Ranked datas

Another use of transformation arises in connection with
ranked data.

It is often necessary to‘draw statistical conclusions
from data giving the order of a number of magnitudes without
knowing their quantitative values. Thus in psychological
tests, subjects can often express preferences without being
able to assign numerical values to the force with which the
preference is felt. A transformation has been used to apply
the analysis of variance in such cases. The observations
are obtained by ranking objects given the various treatments
in order of preference, say, 1,2,3...n, if there ére n
treatments. The procedure is to replace the rank r, say,
by the expected value of the xth largest of a sample of size
n from a normal N(0,1). These expected values have been
tabulated by Fisher and Yates (1953). From the order in
which any subject places a series of objects, scores may now

be assigned using these tables.,
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ABSTRACT

This paper is a review of the major literature dealing
with transformations of random variates which achieve variance
stabilization and approximate normalization. The subject can
be said to have been initiated by a genetical papexr of R. A.
Fisher (1922) which uses the angular transformation
¢ =2 arcsin{E to deal with the analysis of proportions p
with E(p) = P. Here it turns out that Var ¢ is almost inde-
penden£ of P and so stabilizes the variance. Some fourteen
years later Bartlett introduced the so-called square-root
transformation which achieves variance stabilization for
variates following a Poisson distribution. These two trans-
formations and their ramifications in theory and application
are fully discussed along with refinements introduced by
later writers, notably Curtiss (1943) and Anscombe (1948).

Another important transformation discussed is one which
refers an analysis of observations on to a logarithmic scale,
and here there are uses in analysis of variance situations
and theoretical problems in the field of estimation; in the
case of the latter, the work of D. J. Finney (1941l) is con-
sidered in some detail. The asymptotic normality of the

transformation is also considered.



Transformations primarily designed to bring about
ultimate normélity in distribution are also included. 1In
particular there is reference to work on the chi-square
probability integral (Fisher), (Wilson and Hilferty (1931)) -
and the logarithmic transformation of a correlation coeffi~-
cient (Fisher (1921)).

Other miscellaneous topics referred include

i. the probability integral transformation (Probits),
with applications in bioassay:;

ii. applicétions of transformation theory to set up
approximate confidence intervals for distribution
parameters (Blom (1954)):

iii. transformations in conhection with the interpretation

of so-called ‘ranked' data.
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