Copyright by the Acoustical Society of America. Song, O., Kwon, H. D., & Librescu, L. (2001). Modeling, vibration, and stability of elastically tailored composite
thin-walled beams carrying a spinning tip rotor. Journal of the Acoustical Society of America, 110(2), 877-886. doi: 10.1121/1.1377292

Modeling, vibration, and stability of elastically tailored
composite thin-walled beams carrying a spinning tip rotor

Ohseop Song
Mechanical Engineering Department, Chungnam National University, Taejon 305-764, South Korea

Hyuck-Dong Kwon
Mechanical Engineering Department, Yonsei University, Seoul 120-749, South Korea

Liviu Librescu®
Engineering Science and Mechanics Department, Virginia Polytechnic Institute and State University,
Blacksburg, Virginia 24061

(Received 5 September 2000; revised 6 April 2001; accepted 14 April)2001

The problems of the mathematical modeling, eigenvibration, and stability of cantilevered
thin-walled beams carrying a spinning rotor at its tip are investigated. The structure modeled as a
thin-walled beam encompasses nonclassical features such as anisotropy, transverse shear, and
secondary warping, and in this context, a special ply-angle configuration inducing a structural
coupling between flapping-lagging-transverse shear is implemented. The implications of combined
gyroscopic effects and conservative force upon the free vibration and stability of this structural
system are revealed and a number of pertinent conclusions are outlined. Among others, it is shown
that the judicious implementation of the tailoring technique can yield dramatic enhancements of
both the vibrational and stability behavior of the system. 2@01 Acoustical Society of America.
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I. INTRODUCTION equipped with a gyrodevice is considered. In this sense, an
anisotropic thin-walled beam equipped at its free end with a
A great deal of interest for the study of gyroscopic sys-small spinning rotor is considered. The beam model as con-
tems has been manifested in the last decade. This interesidered in this article was developed in Refs. 6-8. In this
was stimulated by the need of a better understanding of theontext, one of the goals of this article is to model and ana-
behavior of a number of important technological deviceslyze the vibrational behavior of the gyroelastic syst&sae
such as the drive shafts of gas turbines, of rotor systems usédg. 1) as a function of the spin rat@, of the rotor and on
in helicopter and tilt rotor aircraft, as well as of robotic ma- the conservative compressive force acting along the longitu-
nipulators and gyro-devices used in space applications. Sonmtnal z axis. Another goal of this research is to put into evi-
of these robots carry tools, such as drills or grinding wheelglence the conditions under which, for the present gyroscopic
that rotate. The extensive lists of references supplied in Refsystem, the instabilities by divergenéee., the static one
1 and 2 reflect in full the interest afforded to the study of thisand by flutter(i.e., the dynamic oneoccur. In this context, it
problem. However, in the last yeafsee Refs. 3 and)4da  will be shown that the directionality property featured by the
more encompassing concept of gyroscropic systems, referrehisotropic materials of the structure can constitute important
to as gyroelastic ones, was developed. According to this cortools towards postponing the occurrence of such instabilities.
cept, a gyroelastic system is constituted of a body considere®o this end, in order to induce specific structural couplings
to be continuous in mass, stiffness, and in gyricity, as wellbeneficial for the structure, @éircumferentially uniform stiff-
Based on this concept, an efficient possibility of modelingness configurations considered. Within this ply-angle con-
elastic structures that are equipped with a large number diguration the entire system of governing equations splits ex-
small spinning rotors spread over the structure can be deactly into two independent systems, one of them involving
vised. Moreover, within this concept, also the case of thghe flapping-lagging-transverse shear coupling, and the other
continuum equipped with discrete spinning rotors can be acone involving the twist-extension coupling. For the problem
commodated. In several recent papers this concept was et hand, only the case of the system undergoing the flapping-
emplified for the case of a Bernoulli—-Euler solid beam con-lagging-transverse shear coupled motion will be considered.
taining a 1-D distribution of gyricity along the beam neutral
axis and subjected to a conservative Ida€e, e.g., Ref.)4
wh_ereas in Ref. 5 this cqnc_ept was applied to the case qf f COORDINATE SYSTEMS. BASIC ASSUMPTIONS
solid beam carrying a spinning rotor located at the beam tip.
In the present article, an encompassing structural model The case of a straight flexible thin-walled beam of
lengthL that is clamped aZ=0 and free aZ=L where it
dElectronic mail: librescu@vt.edu carries a spinning rigid rotor of mass is consideredsee
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a d(Z,1), 6x(Z;t), and 6y(Z;t) denote the twist about th2
z P axis and rotations about th¥ and Y axes, respectively,
Y ’;’ F.,(s) and na(s) that appear in the longitudinal displace-
ment play the role of primary and secondary warping func-
e Mg tions, respectively. For their definition see Refs. 6—8. In
AN, these equations, as well as in the forthcoming ones, the
primes denote differentiation with respect to the longitudinal
0 = Z Z-coordinate,s is the local circumferential coordinate mea-
sured along the mid-surface beam contour, whilés the
local normal coordinate measured from the mid-surface of
FIG. 1. Thin-walled box-beam with a spinning tip rotor. the beam cross-section through the wall thickness. The rota-
tional displacement of the beam tip can be expresse@ as
Fig. 1). The offset between the beam tip and the centroid of=[ 6y, — 6y, ¢]7, while the angular velocity)g of the
the rotor is denoted as,. The rotor is assumed to have an beam cross-section where the rotor is attached is represented
axis of inertial symmetry which is coincident with the longi- in the absolute system of coordinates through the symbolism
tudinal axis of the beam. of Hughes(see Ref. 1pas
Two sets of coordinates are considered, an inertial frame EURT . I . ) )
OXYZand a body fixed fram&xyz attached to the rotor, (8=0—2070=[0x+3(0yd—0Oyd);— v+ 2(Oxd
where G is the rotor mass center. Associated to these two

coordinate frames, the systems of the unit vectors are ~0x¢)i bt 3 (OxOy— Ox6v)]T. 2
I, J, K, andi, j, k, respectively. The external foréeact- In Eq. (2), ®* is the skew-symmetric matrix expressed
ing at the beam tip is assumed to remain parallel toth&is  in terms of the elements of the column matéxas
of the inertial frame, whereas the spin rate vector of the
rotor, Q,, is Q,=Q k. 0 —¢ —oby

The adopted structural model is that of a thin-walled %= ¢ 0 —byl. (3)
beam of arbitrary cross-sectional shape. Toward its model- 0y Oy 0

ing, the following assumptions are adoptéd:the original - _
cross-section of the beam is preservéi), the secondary [N addition, the superposed dots and supersdrignote
warping effect is included(iii) transverse shear effects are fime derivatives and transpose of a matrix, respectively.
incorporated, and, finallyjv) the constituent material of the Since{lg as expressed by E@) has to be evaluated at the
structure features anisotropic properties, and, in this contexP€am tip, the terms associated with its effect appear in the
a special lay-up inducing flapping-lagging-transverse shedpoundary conditions af=L.

coupling is implemented. As a result, conditions preventing

the occurrence of the twist motion should be implemented.

Consequently, in this analysis the existence of the mass uhY- GOVERNING EQUATIONS

balance of the rotor is precluded. Toward the goal of deriving the equations of motion of

beams equipped with a spinning rotor at its tip and the asso-

ciated boundary conditions, Hamilton’s variational principle
In light of the previously mentioned assumptions and inis used. It may be stated as

order to reduce the 3-D elasticity problem to an equivalent 4

1-D one, the components of the displacement vector are rep- 6J= | (8U— 6Kg— sKgr— dWr— 6W,)dt=0, 4

Ill. KINEMATICS

resented as in Refs. 1, 2 and 6-9 as to
whereU denotes the strain energy of the elastic be&m,
UK, Y, Zit) = Ug(Zit) — YB(Z,), (13 and Kg denote the kinetic energy of the beam, and of the

spinning rotor, respectivelyWg and W, denote the work
done by spinning rotor and axial load, respectively, widile
v(X,Y,Z;t)=vo(Z;t) + Xp(Z,1), (1b) denotes the variation operator.
In the forthcoming developments, in order to render ex-
plicitly the various energies intervening in E@), the rela-

W(X,Y,Z;t)=wWo(Z,t)+ Ox(Z;1) Y(S)_nd_x tionship between the unit vectors,J,K) and (,j,k) has to
ds be established. To this end, after lengthy but straightforward
dy manipulations one obtains the relationship
+6y(Z;1) X(s)+nE | i
—¢'(Z;H)[F,(s)+na(s)]. (1o J|=[H]| |], (5)

K k

In these equationgy(Z;t), vo(Z;t), andwy(Z;t) denote the where, by using the concept of small angles of rotation, we
displacements along th¢ Y andZ axes, respectively, while have
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cosQ)t— ¢ sinQt —(sinQt+ ¢ cosQt) — 6y
[H]=h;j=| sinQt+ ¢ cost cosQt— ¢ sinOt —6Ox|. (6)
Oy sinQt+ 6y cosQt Oy cosQt— by sinQt 1

By virtue of (2), the total angular velocity of the rotor can be ty t .
f 5KRth f dtf pRRR‘ 5RRd TR)
t to TR

expressed as
0

Qr=0p+ 0,k =[— MRUy Uy — MRV 4 80— MW, OW,,

R y; R R y;
=[Ox+ X Oyd— Oyd) ]I +[ — Oy + X Oxp— Ox )1 ™ (rcgyPx ™ 30z260) 965 (Jeyy v

: . +303%,05) 66y—IpSp1—. . 12
+[h+2(Ox0y— OxOy) IK+Q .k 220%) 60y =I5, 6171 (12)
B As basic prequisites, we will list also the variation of the
= wpxl T 0gyJ T 0gK QK work done by the spinning tip rotor:
= (wpxh111+ wpyho1+ wpzhs) i+ (wexhiot+ weyhyy . . .
_ OWR=[MRI by U+ MR(T mbx—9) 6V o+ MRl (Vo1 9)
+ wpzh3o)j + (wpxhiat wgyhost wpzhast O, )k

X 80y + Mgl U, S0y ], - 13
EwRXi-I-wRyj-l-szk. (7) X R' mYo Y]Z L (

and also that done by the axial load

On the other hand, keeping in mind the expression of the L
position vector of the rotor SWp=— Pfo (Ul Suy+vidvy) dZ+ Plu)dug+ U(’)gvo]g_
) — Cu (14
Rr(X,Y,Z;t) =ugl +voJ+ (L +wo) K+ Xi+yj+(r,+2)k,
(8) Finally, keeping in mind that the position vector and its time
derivative of a deformed point of the beam are given, respec-

one obtains tively, as
. . . L. Rp(X,Y,Z:t)=(X+uwl+(Y+0v)I+(Z+wW)K,
Rr=Ugl +voJ+ WK +Xi+yi+zk, 9 ol )=( N+ (Y+o)d+( ) (15)
Rp(X,Y,Z;t)=ul+uvJ+WwK,
wherefrom, by virtue of Eqs(5) and (6), its expression be-
comes one can easily obtain the associated kinetic enégyand
also
Rr=Uol +0oJ+WoK + (— Ywgr,+ Zog,)i t; o[
f 5Kbdt5 _f dtf Rb'(stdT
+ (X0r;~ Zogy)| + (— XOryt+ Yor)K. (10 to to T
t . . . ..
As a result, it is possible to obtain the kinetic energy of the = —f dtf |(u0—Y¢)5u+(vo+ X¢)bv
rotor as o I
.. ax| . dy
KRZEJ pr(Rr"RR)dp(Z—L)d7gs
R
S S : —¢'[F,+na] b\N]pdT
= H{Me(Ug+u5+Wo) + 5 (0%+ 60) + 7] (¢+0)° ;
P t L
+3Q(Oxby = OxOy) 2= - (12) =—f 1dt“ {K18Uo+ K28,
to 0
: R_4R _ 1R _ 2, 1,2
Herein, ‘JXX_‘JW_IJXXVY_RmR(lrm+2“k.R) are the + K 30Wg 80+ K 4 Oy + K 550y
rotor mass moments of inertid,,= smgkg is the polar mo-
ment of inertiakg is the radius of gyration of the rotor, and L
Mg is the rotor mass, whilép(-) stands for the Dirac’s delta +(Ke=Ky7)d¢1dZ—[K76¢]5 |dt. (16)
function. _
As a result, by using Hamilton’s condition consisting of In the above equatiorK; (i=1,7) denote inertia terms.
6v;=0, atty, t;, one obtains Their expressions, restricted toircumferentially uniform
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stiffness_gogfi_gupr\ationg_sept\hat is considered in this article, 56y : az0%+ ag,(us+ 6%) — ass(v s+ Oy) — ag6%
are provided in Appendix A. _ .
As concerns the variation of strain energly, of the (ba+ 0nb1g) 0x=0, (189
beam, its expression is . na , ,
P 00y @nby+as(vet Ox) —as(Ust Oy) —assbx

1 — (bg+ 8,bys) By=0. 18
5Ub:§f Uij5€ijd7 (~'§~~~r1v~1'52 v ( O)
! Associated to the governing system, the boundary conditions
are atZ=0

L
=— Y OUg+ QL ovg+Tz0We+ (My— o0
JO{Qx 0 QydvoFTzoWo+(Mx=Qy) 50 Uy=0,o= Ox=0y=0, (19

+(My—Qx) 86y + (B, +M2) 8ptdZ+[Qxdug and atZz=L,

+Qyug+ TadWo+ M, 865+ My 56y SUq 1@u30%+as(Uf+ Oy) — Pug+ mg(Uy—T n6y) =0, (208

+(By,+Mz) 86—B,, 59’ Ig, (178 5y @by +ass(vy+ Oy) — Pos+Mg(Do—Tmby) =0, (20b)

whereQy, Qy, Tz, My, My, M, andB,, are 1-D stress- i , , R 5 R
resultants and stress-couples defined in Refs. 1, 6, and 7. 00x :8g3fx” +8g4(Uo ™ Oy) Iy x— 3020720y
In addition, the variation of the work done by the gravi-

tational force is —Mgrwo=0, (200

80y 1020+ ags(v,' + Ox) + Iy, By + 3Q,IR,0x

L
SWpg=— f b.gdvodZ, (17b )
0 — MgT Uo=0. (20d)

whereg is the gravitational acceleration whilg is a mass The coefficientsy;; = a;; appearing in these equations as
term whose expression is provided in Appendix A. In such gyell as in the forthcoming ones denote stiffness quantities.
context, Hamilton's variational principle, Eq4), provides  Their expression can be found in Refs. 1 and 6—8. The terms
the equations of motion of the entire system and the assocjn Egs.(19) underscored by a solid line are associated with
ated bOUndary conditions. One of the main features of th%e gyroscopic effects, whereas those marked by an undu-
obtained governing equation system is the full coupling beiated line correspond to rotatory inertia terms. The trager
tween flapwise-bending, laterédr chordwise bending, ex-  identifies the inertia effects associated to the points off the
tension, twist and transverse shear. mid-surface of the beam. This tracer takes the value 1 or 0
In order to induce the elastic coupling between flapwisegepending on whether this effect is accounted for or dis-
bending, chordwise-bending and transverse shear, a specirded, respectively.
ply-angle distribution referred to asircumferentially uni- For locations of the spinning rotor different from that of
form stiffnes{CUS) configuration(see Refs. 6 and)7gen-  the beam tip, the gryoscopic effects would have to appear in
erated by skewing angle plies with respect to the beam axighe governing equations and not in the boundary conditions
according to the lawg(Y)=60(—Y) and 6(X)=60(—X), is  agtz=L.
implemented. It should be remarked that fat=0° and 90°, the cou-
The ply-angle configuration of this type is achievablepling stiffness quantities,s, as,, a;; become immaterial,
via winding technology. Angley denotes the dominant ply and when alsd),=0, the governing system and boundary
orientation in the top and bottom, as well as in the laterakonditions split exactly into two independent groups associ-
walls of the beam, measured from the pOSiWﬂXiS toward ated with f|app|ng and |agg|ng motions. It should be men-
the positiveZ axis. tioned that within the same ply-angle configuration an addi-
In this case, from the variational equati(m eXpressed tional System of governing equations and boundary
in full, bearing in mind thatdu,, dvo, 66 and 66y are  conditions involving the extension-twist coupling are ob-
independent and arbitrary, and setting the coefficients ofained. Being decoupled from the system involving flapwise-
these variations to zero in the variational principle, the equachordwise bending, these equations are not used in the ar-
tions of motion and the boundary conditions featuring thisticle, and as such are not displayed here.
type of coupling are obtained.
Employing  constitutive  equations and strain-
displacement relationships in the equations of motion, the
governing equations about a static equilibrium position fea": THE CASE OF UNSHEARABLE BEAMS
turing the flap-lag-transverse shear coupling expressed in

. c. - Equations(18)—(20), correspond to shearable beams. In
terms of displacement quantities are obtained as

order to determine their unshearable counterpart, elimination
of az4(ug+ Oy) andass(vy+ 6x) in Egs.(18a and(18b) and

Uy g3ty +8aaUg+ 8y) —D1Us—PU=0, (183 i, the boundary condition&0a and(20b) followed by con-
, y . , sideration offy= —vy and #y= —uj, results in the govern-
0V, Aspblytasg(vot Oy) —bivo—Pu=0, (18D ing equations of the unshearable beams,
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In this connection we have to remark that the characteristic

rap Uy — (bg+ 8,019 UG+ byl + PUj=0, : ;
polynomial A contains only even powers af and, as such,

U,

. . 21 o ; ;

500 a5l — (Dt 801908+ b10 o+ Pol=0, (2D th_e stab_|I|ty will be analyz_ed in terms of the nature wf. .
~~~~~~~~ SinceK includes the contribution of the external load which

and the boundary conditions At 0, can be tensile or compressive, we can hgve0,K=0 or

. K <0. As a result, one can distinguish three cases Ref.

Uo=vg=Uy=0v,=0, (22 11):

and atZ=L, (1) Pure oscillatory motion, i.e., stable motion, occurring

SUq: Azuf — (bs+bys) U+ Puy—mg(Up+rnwp) =0, whenK is positive definite, as long as; are real and

2

/. " R [ R/ ” (23)
5U0 . a22UO+ Jxxy)“O"' ‘?’QZ‘]ZZUO+ mRI’ mU(): 0,

8V g g+ IRy o~ 30,5 g+ MRT v o=0. .
In contrast to the case of shearable beams, it becomes
evident that for the unshearable beam counterpart, the
flapping-lagging coupling arises only in the boundary condi-
tions at the beam tip, and wher,=0, it is due entirely to

the gyroscopic effects.

VI. SOLUTION METHODOLOGY

Toward the goal of solving the eigenvalue problem of
the gyroelastic system acted on by a compressive edge load
applied at its tip, the following steps will be implemented.
The first one consists of the representation of displacement
guantities in the form

Uo(Z;1)=UT(Z)qu(t), vo(Z;1)=VT(Z)q,(1),
Ox(Z;1)=XT(Z)qu(t),  Ov(Z;t)=YT(Z)qy(t).

HereinU, V, X, Y are the vectors of trial functions that
are chosen as to satisfy at least the kinematic boundary con-
ditions; q,, g, , dx, dy are the vectors of generalized coor-
dinates, while superscrift denotes transpose operation. Re-
placing the energy quantities and representati@ds in the
variational integral, Eq(4), carrying out the indicated varia-

(24

positive.

Instability by divergence is found from the equation
A(w?,P)=0 whenw?=0. As clearly emerges, the insta-
bility by divergence depends on the external I¢adnly

and is the same for both the gyroscopic and nongyro-
scopic systems.

K is negative definite. In this case it is still possible to
have stable motion. In such a case the gyroscopic effects
stabilize the unstable conservative system. However,
also in the case, whel is negative definite, the eigen-
values can be complex conjugate with at least one of
them having a negative imaginary part, which results in
unstable motion of the flutter type. As the rotational
speed of the rotof), and the compressive load in-
crease, two consecutive eigenvalugsand w>+1 may
coalesce, and beyond that point of coalescence, the
eigenfrequencies become complex conjugate, and corre-
spondingly, bending oscillations with exponentially in-
creasing amplitudes will occur. The valueswfand(},
corresponding to the coalescence point are referred to as
the flutter frequencyy, , and the flutter rotational speed
Q)+, respectively. Certainly, at each magnitude of the
external loadP,ws; and (1,);; can be determined. Al-
though this type of instability is typical to nonconserva-
tive systems, this can occur in conservative gyroscopic
systems as well.

VII. NUMERICAL SIMULATIONS

The numerical illustrations are carried out for the case a

tions and the required integrations, leads to the equation composite box-beam. It features the following dimensions:
" . c=10in.,h=0.4 in.,,L=80 in. It is also assumed that the
Ma (1) +Gq(t) +Ka(t)=0, 29 material of the beam structure is of a Graphite/Epoxy com-
whereM is the real, symmetric, positive definite mass ma-posite whose on-axes elastic properties can be found in Refs.
trix, K is the symmetric stiffness matrix, including in its 1 and 6-8.

elements the external lod® G is the skew-symmetric gy-
roscopic matrix, whileqz[qI,QI:QI,qg]T is the overall

vector of the generalized coordinates. Notice that in the case

The numerical simulations are displayed in terms of the

following dimensionless parameters of the system:

of the nonspinning rotor, i.e., whe®,=0, in the absence of Y% 5 :& :E —:E
structural damping the matri becomes immaterial. The Ywog T o] c’ P’
expressions of the matricdd, K, and G are supplied in m (29)
Appendix B. _ , Mr=r—=05, rp=-"=02, kg=-—-=0.2.
For synchronous motion, upon expressing(t) b;L L L

=Z exp(wt), whereZ is a constant vector and is a con- R
stant valued quantity, both generally complex, and followingHerein wo=164.73 rad/s while®=81178.1 Ib.
the usual steps, one obtains the eigenvalue problem In Figs. 2a)—4(a) there are depicted, in the absence of

— w?MZ +iwGZ+KZ =0, (26) j[he compressive Iogﬂ,_the_ dependence of the three no.rmal-
. o ) ized eigenfrequencies; (i=1,2,3) versus the normalized
wherew must satisfy the characteristic equation . —
rotor spin speed),. The results were generated for a square
A(w? P,Q,)=del— w’M+iwG+K|=0. (27 cross-section R=1), unshearable beam, and for selected
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(b) (9] (b) Q

FIG. 2. (a) Influence of the ply-angle of the beam material on the upper and™!G. 3. (8) The counterpart of Fig.(2) for the second mode natural dimen-
lower branches of the rotating dimensionless fundamental frequency. Ursionless frequencyb) The counterpart ofa) for the shearable beam model.

shearable beam mod&=1. (b) The counterpart ofa) for the shearable
beam model.

tances between the upper and lower frequency branches as
o compared to those appearing in the lower modes tend to
values of the ply-angl®@. For ,=0, i.e., for the nonspin- reduce in magnitude, a trend that is independent of the varia-
ning rotor, having in view that for this case the bendingtion of the ply-angle. In Figs. (®)—4(b) the shearable coun-
stiffnesses inX andY directions are equal, the flapping and terparts of Figs. @)—4(b) are depicted. Comparison of these
lagging eigenfrequencies in each mode coincide. As soon dfgures reveals that the classiqainshearablebeam model
the rotation starts, i.e., fof2,# 0, implying that gyroscopic Overestimates both the nonrotating and the rotating frequen-
forces are generated, a bifurcation of rotating eigenfrequerfies.
cies is experienced, resumng in the upper and lower fre- In Flg 5 the variation of the lower branch of the first
quency branches. The rotor spin rate at which the lowesgigenfrequency of the system versus the rotor spinning rate
rotating eigenfrequency becomes zero-valued is referred 1, is depicted in logarithmic scale, for selected values of the
as the critical spinning speed)().,, and corresponds to the ply-angle. The beneficial effects induced by the increase of
divergence instability. However, as it will appear later in Fig. the ply-angle on both the lower branch of rotating fundamen-
5, this critical spinning speed is extremely large. From theséal eigenfrequency and on the rotor spinning divergence
plots it can readily be seen that implementation of the tailorspeed clearly emerge from this plot. The same trend appears
ing technique can yield a dramatic enhancement of the vibralso in the case of the variation of the cross-section param-
tional behavior of the system. In this sense, the increase fterR, in the sense that the increaseRp¥ields an increase
the ply-angled, which is accompanied by an increase of of both the rotating/nonrotating lower branch of eigenfre-
bending stiffnesseee Ref. ¥, results in an increase of both quencies and of the divergence spinning speed of the rotor.
nonrotating and rotating eigenfrequencies. In Figs. 6—8 there are plots depicting the variation of the
From the same figure it clearly appears that, with thefirst three eigenfrequencies versQls for selected values of
increase of the mode number, for fixed spin rates the disthe cross-sectional parametrand for a fixed value of the
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FIG. 4. (a) The counterpart of Fig.(2) for the third mode natural dimen-
sionless frequencyb) The counterpart ofa) for the shearable beam model.
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FIG. 5. Variation of the lower branch of the first natural rotating frequency

for selected values of the cross-section param@temd two values of the
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883  J. Acoust. Soc. Am., Vol. 110, No. 2, Aug. 2001

FIG. 6. Influence of the cross-section param&esn the upper and lower
branches of the first natural dimensionless rotating frequefiey45 de-
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FIG. 9. Stability boundaries for the box-beam with a spinning roRr ( FIG. 11. Counterpart of Fig. 9 fof=90 degrees.

=1,0=0).

gn this case the divergence boundaries marked aandD,
are associated with double roots, and consequently these can
be interpreted as divergence regions of zero thickness.

In the load interval (%E<ED1, the frequencies? re-

ply-angle #=45 degrees. The figures reveal that for beam
characterized byR+ 1, the nonrotating frequencies in flap-
ping and lagging do not coincide.

It clearly appears that the natural frequency pairs asso- =
ciated to the cas®+1 are lower as compared to the onesmain positive for any value di?, indicating that in this load
associated to a square beam cross-section counterpart.  range the system is stable.

Moreover, with the increase of the mode number, the For a S||ght increase d?beyondED and for low val-
eigenfrequencies associated to the lower branch of each fre- ~ . ot :

ues of ()5, a pair of complex conjugate eigenfrequencies

quengy pallr, mstgad of detleasmg, have the tendency (?f Ir?ﬁdicating instability by single flutter is observed. However,
creasing with the increase 6¥,, a trend that is more promi- —

2 .
nent for lower values of the parameRr as ()5 increases, due to the gyroscopic effects, the system

In Figs. 9—11 stability plots for the case of a Squarefeaturlng real positive roots; enters into a stable region.

(R=1) cross-section beam are supplied. These were gene(r)_ne can interpret this behavior as the stabilization of a con-

. . . ! ; servative system by gyroscopic forces.
ated by representing the trial functions in E¢&4) by six- X . .
function approximation. In these figures the domains of sta- -Howgver, atthe ”ght of mze resulting stabWty bour.1dary,
bility are marked by, and those by single and double flutter YNt P=Pp, and for arbnrarﬁ.z , the frequenC|e§ COﬂSISt.Of'
instability by F andFF, respectively. For this case, since the two positive values and a pair of complex conjugates indi-

beam features equal bending stiffnesses in bondY di-  cating instability by single flutter. FoP> Pp,, two flutter
rections, the divergence instability under the compressivgegions are featured.
axial load occurs simultaneously in bahandY directions. In one of these, the frequencies consist of two positive
values and a pair of complex conjugates, indicating instabil-
5000 'D,' e .Dz. I ity by single flutter(regionF), while in another one, frequen-

cies consist of two pairs of complex conjungates, indicating
instability by double fluttefregionFF).

From Figs. 9—11 one can infer that with the increase of
the ply-angle the stability domains are greatly enlarged and,
at the same time, the instability boundaries by divergence

4000 |- -

3000 I ] and flutter are shifted towards larger compressive Idads
? 1 It should be remarked that the stability behavior of the

S S|S F F s .

2000 |- ] beam modeled within the thin-walled beam theory, as re-

ported here, agrees qualitatively well with that obtained
within the solid isotropic beam modeled within Bernoulli—
1000 | : 3 Euler theory(see Ref. &

[ ] As concerns the stability of rectangular cross-section
[ FF (R#1) thin-walled beams, their behavior is much more
U — complex than that featured by their square cross-section

6 : . " .
o 4 ® B 2 ! 2 beam counterparts, in the sense that in addition to regions
corresponding to instability regions by single flutté) and
FIG. 10. Counterpart of Fig. 9 fof=45 degrees. divergence D), regions by double D), triple (DDD),
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The results have also revealed that in some cases the

D D
1 2
S0 —T— [ Tt 1T gyroscopic effects can stabilize the conservative system.
:
|
4000 - !
:' 1 APPENDIX A: EXPRESSIONS OF THE INERTIA
[ g 1 TERMS
3000 ] ] , _ _
0?2 [ :' ] When restricted to the CUS beam configuration the ex-
1 . . .
z [ S| S F F /1 pressions of the inertia terms are
2000 |- 1 7 . . .
! S Ki=biug; Ka=bivg; Ku=(bs+ 6,b14) bx;
1000 £ Ks=(bs+ 5,015) By .
[ FF ] In these expressiorty are reduced mass terms defined as
0 2 1 " " 1 " 1 n I i " 1 " 1 1 i
0 500 1000 1500 2000 5 U2
P (bl,b4,b5): mo(l,Y ,X )dS,

FIG. 12. Validation of the solution methodology based on the Heppler's
gyroscopic modelRef. 5; —) present EGM versug————-
Heppler’'s methodology. Stability diagram in the planélﬁ[(rad/s)z]
—P[N].

B dX\? (dY)?
(b14,b45) = fﬁmz((g) '(E) )dS,

where

and quaternary DDD) divergence and double flutter

(FF), as well as instability regions by mixed, single and

double divergence and flutter, i.eDF and DDF, respec-

tively, are featured. - . . v being the mass density of theh constituent material
For the case of a solid isotropic beam of cross—secﬂon#ayer whileN is the total number of layers

characterized bR+ 1, the complexity of the stability behav- ' '

ior was illustrated in Ref. 5.

Having in view that, to the best of the authors’ knowl-
edge, there are no similar results in the specialized literaturBPPENDIX B: EXPRESSIONS OF THE MASS MATRIX

based on the thin-walled structural model, the only possiblé, STIFFNESS MATRIX K AND SKEW-SYMMETRIC
validation would concern the solution methodology used tdVATRIX G

derive the instability boundaries. In this context, it is possible The entries of the mass mati (=M, ,) are the fol-
to apply the present methodology based on the extendelgjWing axa4

Galerkin method(see Ref. ®to the very simple structural '
model developed in Ref. 5, where the Ritz method used in —(m)
conjunction with the eigenfunctions proper to a cantilevered '
beam have been used. For the data characterizing the 9yrom,, — /5(b,UUT)YdZ—[MgUUT ],
scopic system considered in Ref. 5, Fig. 12 displays the in- Myo= My 0

stability boundaries obtained via the use of both methodolo- Mya= My 0

gies, and a good agreement of predictions of the boundariesml4 [mar nUY o,

N
ha
(mo,mz)ZEJ py(1.n?)dn,
k=1 Jn_,

Their expression

of stability/instability is revealed.
Y Y Maz ~ I5(b,WTYdZ— [mrWV T,
Ma23 [Mar VX 7,
VIil. CONCLUSIONS S~ 0

The equations governing the motion of robotic arm sys- ms,
tems consisting of a thin-walled elastic beam carrying at its ms;
tip a spinning tip rotor loaded by a compressive conservative m,,=m,;

force have been established.

Myy

In this context, the vibrational and stability responses of p,,
the considered gyroscopic system have been analyzed, and
ways to enhance its behavior, based on the directionality the entries of the gyroscopic mat(= G, ,) differ-
property of the constituent composite material,
emphasized. The results have also revealed that the system
can lose its stability by divergence by the separate_actions of G=(g;)

P and(,, and by flutter, through the joint action &f and

[mar XV T]z2

— [0yt 3,b1) XX TdZ—[ IR XXT]7—
0

[Mer YU ],

—[5(bs+ 3,019 YY TdZ—[ IR, YY T,

have beegn of zer0 are the following.

Their expressions

Q,. This implies that in the absence of the compressive load, 934

the system cannot lose its stability by flutter.
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The entries of the stiffness matrik(=K,«4) are

K=(Kjy)

Their expression

[5(a,UU T—PUU T dZ
—[a, VU’ T-PUUT],_,
0

J(aUX ) dZ—[aguX T,
I5(24UY NdZ-[aUY -
[5(asevV =PV T dZ
—[agVWV T=PW T,
I(assVX T dZ—[assVX T,
I5as VY NdZ-[asVY Tl
Ib(asXU ) dZ—[agXU T,
—[§(assXV NdZ

I5(agXX " T—ageXXT)dZ—[agXX T,
T(aaXY T—asXY T)dZ—[agXY ;-

— [5(asYU TYdZ
5apsYV N dZ—[ayYV T,

S5@psYX T—ayeYX NdZ—[amYX -,
5@ Y T—auYYT)dZ—[anYY -,

L
Kpg=— J (agsV'XNdZ,
0

respectively, wherefrom one arrives at the conclusion that the
stiffness matrixK is symmetric.
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