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(ABSTRACT)

It is well known that Fourier series of discontinuous functions converge slowly and
that the derivatives of the series may not converge at all. Since modal expansion
of structural response is a generalization of the Fourier series, slow convergence of
modal expansion can be expected when the applied loads exhibit discontinuities
in time or space. Thus, in a structure controlled by point actuators, slow conver-
gence of derivatives of structural response with respect to system parameters can
be expected. To demonstrate this, the sensitivity of the closed-loop response to
structural changes is calculated for a multi-span beam with three control systems
of increasing complexity that utilize point actuators. Reduced models based on the
natural modes of the structure are formed and derivatives of the damping ratios
of the closed-loop eigenvalues are calculated. As expected, the convergence of the
derivatives of the damping ratios with increasing number of modes is slower than
the convergence of the damping ratios themselves. The convergence is improved
when distributed actuators replace the point actuators. When the control system
is designed based on a reduced model, the damping ratios also converge slowly.
In transient response problems, it is known that complementing the vibration

modes with a mode representing static response to the loads can greatly improve



convergence. Indeed, for the examples studied, when Ritz vectors corresponding to
static responses due to unit loads at the actuators are added to the basis vectors, the
convergence of the reduced-model derivatives is greatly enhanced. Also, when the
control system is designed using a reduced model containing both vibration modes

and Ritz vectors, its prediction of the full-model response is greatly improved.
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Chapter 1

Introduction

Modern aerospace vehicles are highly complex and greatly coupled interdisciplinary
systems. Traditional compartmental design procedures, in which each discipline
(i.e. structures, aerodynamics, control) is designed separately, can produce final
designs that are inefficient or infeasible. Therefore, interdisciplinary design proce-
dures are necessary. For example, in hypersonic design, the coupling between struc-
tures, aerodynamics, control, and thermal considerations make interdisciplinary
design necessary in order to produce a feasible design.! The interest in interdisci-
plinary design has grown so much in the past few years, that two conferences have
been devoted to this area and the closely related subject of sensitivity analysis.2—4

Interdisciplinary design can also be beneficial for large space structures (LSS).
Due to the high cost of transporting mass into space, space structures tend to
be very flexible and have little inherent damping, thus active control systems are
needed to damp out vibrations. Previously, the structure and the control system
have been designed separately. First a structural engineer would design the struc-

ture to minimize the weight while meeting certain stress and geometric constraints.
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Then a control engineer would design the control system to provide the necessary
damping in the system. Recently, however, there has been interest in combined
structure-control system design (see for example, Refs. 5 — 10).

Many different strategies were used for the combined design. Reference 5
shows that a synergistic effect exists between the control performance and struc-
tural parameters. It demonstrates that by adding concentrated masses at strategic
locations on a structure, the control system effort can be reduced.

References 6-8 use variations on the idea of minimizing the mass of the struc-
ture while constraining closed-loop eigenvalues or damping ratios. References 9
and 10 included both control and structural design variables in the objective func-
tion; however, Reference 10 accomplished this indirectly by adding the mass of
the control system actuators and power supply to the total mass of the structure.
Then the mass of the control system was related to the control effort required to
satisfy a specified response constraint.

One of the major problems in the design of control systems for LSS is how to
accurately model the structure. The finite-element model of a structure can have
thousands of degrees-of-freedom, which makes it impractical for use in control
system design; therefore, some kind of reduced model must be used. In control
system design, a reduced model based on a small number of vibration modes is
typically used to model the structural dynamics. However, the errors associated
with the reduced model can cause the control system to become unstable. For
example, spillover instability is associated with the excitation of higher-order modes
which are not included in the reduced model.}! However, it is usually possible to
overcome these instabilities by special techniques (e.g. Ref. 12), or by building in

enough robustness into the control design.
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The reduced models used for control design are usually based on the low-
est natural vibration modes according to frequency. This procedure may neglect
important higher frequency modes since for a LSS, the higher modes can still
have very low frequencies and strong coupling with the lower modes. Modal cost
analysis techniques were developed for choosing the best modes to include in the
model.!3~17 Each mode is assigned a cost depending on characteristics of the mode,
the type of control system, the type of analysis or design being performed, and the
location of the sensors and actuators for the case of control design. Reference 15
also investigates the type of finite element to be used in the finite-element model
of the structure. There are also model reduction schemes that are not based on
vibration modes (e.g. Ref. 18).

In order to integrate the control and structural designs, the sensitivity of the
control system to changes in the structure is needed. Errors associated with model
reduction can be magnified by the process of differentiation. It has been shown that
the convergence of the derivatives of the structural response with increasing number
of modes can be much slower than the convergence of the response itself.!® That is,
more modes are required to accurately calculate the derivatives. The problem of
slow modal convergence of derivatives can be expected to be more severe for large
space structures which typically have a large number of closely spaced frequencies.

Modal expansion is a generalization of the Fourier series. It is well known
that Fourier series of discontinuous functions converge slowly with respect to the
number of series terms, and that the derivatives of the series may not converge
at all. Accordingly, slow convergence of modal expansion can be expected when
the applied loads exhibit discontinuities in time or space. This is demonstrated
for the transient response of a string under a point load in Reference 20. In a

controlled structure, where most of the damping is supplied by the control system,
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convergence problems may be caused by point actuators. The purpose of this
research is to demonstrate that such convergence problems can be encountered for
the eigenvalues of the controlled system and to suggest a possible remedy.

In transient structural and thermal dynamics, methods have been developed
which accelerate convergence when using mode superposition.21—3° Refs. 28 and 29
use a pseudo-static load (mode-acceleration method) or Ritz vectors corresponding
to static displacement to accelerate the convergence of a transient analysis. This
dissertation will similarly show that Ritz vectors corresponding to static displace-
ments due to unit loads at the actuators can improve convergence in both the
control performance and its derivatives.

A simple multispan beam is investigated with three control systems of increas-
ing complexity. The control systems are designed to produce similar damping in
all three cases. The damping ratios and derivatives of the damping ratios with
respect to structural parameters are calculated with the full finite-element model
and compared with similar calculations using reduced models.

It will be shown that reduced models based only on vibration modes are very
poor for calculating derivatives of the damping ratios with respect to structural
parameters when point actuators are used. However, it will also be shown that if
Ritz vectors corresponding to static displacements due to unit loads at the actuator
locations are added to the reduced basis, the accuracy of the derivatives is greatly
improved.

Chapter 2 describes a study involving a direct-rate feedback control system
with colocated velocity sensors and force actuators. This is a good example to start
with because it is easy to analyze and is guaranteed to be stable. The damping
ratios and their derivatives with respect to both structural and control parameters

are studied. Reduced models based on finite-element models of varying meshes
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and an exact continuum model are investigated. Distributed control and very low
damping control are also investigated. Ritz vectors added to the reduced models are
shown to improve the convergence of both the damping ratios and their derivatives.

Chapter 3 discusses a more advanced control system consisting of an optimal
Linear Quadratic Regulator (LQR) and a simple modal filter. The convergence of
damping ratios and their derivatives is again investigated so as to verify that the
same conclusions reached in Chapter 2 apply to an optimal control system.

In Chapter 4, the more realistic Linear Quadratic Gaussian (LQG) control
system is investigated. This consists of a LQR described in Chapter 3 coupled
with a Kalman filter for state reconstruction. Analysis of this system is more
difficult due to the observer poles in the closed-loop system. Also, the addition of
Ritz vectors to this analysis is not as straight forward as in the previous analyses.
Also, the effect of Ritz vectors in the design of the control system is investigated.
It is well known that when a control system is designed using a reduced model,
the design does not accurately predict the actual control on the structure. It is
shown that Ritz vectors included in the reduced model improve the accuracy of
the control design.

Finally, Chapter 5 summarizes the results of the previous chapters, forms some
conclusions, and proposes areas for future research.

Most of the work reported in this dissertation can be found in more widely
available form via References 31 and 32.

It should be noted that reference 33 describes another possible solution to the
slow modal convergence shown in this dissertation. It utilizes a “ficticious mass”
technique of component mode synthesis for generating an improved set of natural
vibration modes. With the improved set, the reduced-model damping ratios and
derivatives are shown to be more accurate than reduced-model values calculated

using the natural vibration modes of the original structure.
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Chapter 2

Rate-Feedback Control

In this chapter, a simply-supported, multispan beam controlled by a direct-rate
feedback control system with colocated velocity sensors and force actuators is in-
vestigated. This type of control system can be thought of as an electric dashpot
(i.e. the control force is proportional to the velocity at the controller), and since
the forces always act opposite to the sensed velocities, the control system is always
stable; i.e. there is no spillover.

In the introduction, it was stated that it is well known that Fourier series of
discontinuous functions converge slowly and that the derivatives of the series may
not converge at all. For completeness, this chapter starts by demonstrating this

fact.

2.1 Convergence of Fourier Series and Derivative of a Step
Function

Consider part of a periodic step function

f(z) = {2 RO (2.1)
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The Fourier series for the function is

f@) =2+ 22 Z (2,,,1_ ) sin | B2 (2.2

The derivative with respect to the length of the interval [ is

af _ 2pz 2m — 1
8—{ ;z Z cos [——( bl ; )wz] (2.3)

m=1

The derivative with respect to ! was chosen since / changes the basis functions of the
series much like a change in a structure would change the mode shapes in a modal
analysis. Figure 2.1 shows the convergence of the series and its derivative for p = .75
at z = 1/10, [The exact values are f(//10) = .75 and %{(1/10) = 0]. The figure
shows that even though the function converges fairly quickly, the derivative never
converges. This demonstrates that sines and cosines are not good basis functions
for describing the derivative of a step function. Similarly, it will be shown that
mode shapes are not a good set of basis functions for calculating the derivative of

closed-loop eigenvalues when point actuators are used.
2.2 Eigenvalue Derivative Calculation

2.2.1 Finite-Element Formulation

The equations of motion for an n degree of freedom structure with direct rate

feedback control produced by velocity sensors and force actuators are
Mi+Dq+Kq=0 (2.4)

where M, D, and K are the mass, damping, and stiffness matrices and q is the
structural response vector. The inherent damping of the structure is neglected in

this chapter so that for colocated velocity sensors and force actuator pairs, the
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Figure 2.1: Convergence of Fourier Series of a Step Function and its
Derivative

damping matrix (D) has nonzero entries (d;) on the diagonal corresponding to the
location of the sensor-actuator pair. The value of d; depends on the magnitude of

the control gain. Assuming a solution of the form
q(t) = que™** (2.5)
the associated eigenvalue problem is
MM+ MD+Klqe=0 (2.6)
The solution of Eq. (2.6) yields 2n real and complex eigenvalues
Ak = Ok + 1wk k=1,...,2n (2.7)

where o; and wy are the real and imaginary parts of the eigenvalues. For the
lightly damped systems discussed in this dissertation, the eigenvalues are complex
conjugate pairs.
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The damping ratio (¢x) is defined as

G = ——
\/az + wz

The damping ratio is a measure of the effectiveness of the control for a particular

(2.8)

mode, and it is used here to represent the control system performance.
To find the derivative of the damping ratio (¢x) with respect to a structural pa-
rameter, it is necessary to calculate the derivative of the eigenvalue. Differentiating

Eq. (2.6) with respect to a structural parameter, it is seen that
[A2M + \eD + Kl + |20 MM + XM’ + XD+ M D' + K'[q =0 (2.9)

where the primes denote derivatives with respect to the structural parameter.

Equation (2.9) is pre-multiplied bv qx7 and then simplified to get

A = _AZQkTMIQk +2xqxTD'qx + qx TK'qx (2.10)
¢ 22xqx TMqx + qx T Dqx '

Equation (2.10) can be expressed as
k = Ok T iwg (2.11)

The derivative of the damping ratio can now be calculated by differentiating

Eq. (2.8) to get
o= wi (okw) — wko})
! =
(0} + wi)¥/?2

(2.12)

To calculate the derivative of the damping ratio with the full finite-element
model, first solve Eq. (2.6) for the eigenvalues and eigenvectors. Then calculate the
derivative of the mass, stiffness, and damping matrices either by finite differences
or analytically. Use Eq. (2.10) to calculate the derivative of the eigenvalue and
finally, calculate the derivative of the damping ratio from Eq. (2.12). The derivative

obtained by this process is denoted the “full-finite-element” derivative.
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2.2.2 Reduced-Model Formulation

Assume the displacement can be approximated as a linear combination of N modes
N

q= va; N<n (2.13)
1=1

where ¢; is the #*2 natural mode shape and v; is the modal amplitude. The reduced

eigenvalue problem corresponding to the modal coordinates is
[,\,EM + D + K] v =0 (2.14)
where vy is the k! reduced-model eigenvector and
M=8TM® D=8TD® K=90TK® (2.15)

where ® is a matrix with columns corresponding to the N modes used in the
reduced model. When natural vibration modes are used, M and K are diagonal
matrices, but for point actuators, ﬁ, in general, is not diagonal.

There are several ways to calculate the derivatives of the damping ratios ob-
tained from the reduced model. The first is to approximate qx in terms of vy using
Eq. (2.13) and then use Eqs. (2.10) and (2.12) as before. A second approach is to
proceed as in equations (2.10-2.12), replacing M, D, K, and qg with M,D,K, and
vk respectively. The derivatives of M, D, and K can be obtained in terms of the

derivatives of M, D, K and ®. For instance, M is given as
M = [8TM3]) = 9'TMS + 8TM'® + T MO (2.16)

If the modes used in Eq. (2.13) are fixed as the structure changes, the first and
third terms in Eq. (2.16) are zero, which gives the same approximation as with
the first approach above. This approximation is denoted here the “fixed-mode”

derivative.
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Figure 2.2: Multispan Beam Geometry

If the modes depend on the structure (as is the case with natural vibration
modes), Eq. (2.16) requires the derivatives of the modes. Since this reduced-model
derivative reflects the updating of the modes, it will be called the “updated-mode”
derivative.

In the present work, the natural vibration modes of the structure are used
to reduce the model. To avoid calculating derivatives of the updated modes in
Eq. (2.16), ¢ is calculated by finite differences. That is, the design variable is
perturbed, new modes are calculated, a new reduced model is formed, and ¢ is

recalculated.

2.3 Multispan Beam Example

To simulate a flexible space structure, a multispan, flexible beam (Fig. 2.2) was
chosen because its frequencies are closely spaced. A closed-form, continuum solu-
tion (Ref. 34 and Appendix) is available for mode shapes and frequencies. How-
ever, since the formulation involves hyperbolic sine and cosine functions, quadruple
numerical precision (128-bit floating-point precision) was needed to calculate the

higher modes, and even then, only 60 modes could be calculated accurately.
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The five-span beam was also modeled with beam finite elements using Engi-
neering Analysis Language (EAL), a general purpose, finite-element and structural-
analysis program.3® EAL is composed of processors that perform calculations such
as model formulation, stress analysis, and dynamic response. It is possible to add
user-written processors which have access to the program data base. Most of the
derivative calculations in this chapter were performed using EAL processors.

Several finite-element models of the beam were analyzed ranging from three
elements per span (15 elements total) to twelve elements per span (60 elements to-
tal). Table 2.1 shows the first ten natural frequencies obtained from the continuum
solution and from the three finite-element solutions.

Table 2.1 : Natural Frequencies(Hz) of Multispan Beam

Continuum Finite Element Models
Mode Model 15-Element 30-Element 60-Element
1 1.159223 1.160160 1.159281 1.159227
2 1.286099 1.287377 1.286179 1.286104
3 1.608256 1.610749 1.608414 1.608264
4 2.025720 2.030678 2.026035 2.025737
5 2.432052 2.440590 2.432600 2.432082
6 4.636892 4.691668 4.640615 4.637102
7 4.901461 4.,965402 4.905860 4.901711
8 5.508898 5.596371 5.515144 5.509262
9 6.239599 6.357656 6.248659 6.240135
10 6.922233 7.063390 6.934594 6.922976

Two massless controllers were placed on the beam as shown in Figure 2.2;
the first is a displacement-rate controller on the second span, and the second is
a rotation-rate controller on the middle span. The controllers, which consist of a
force (moment) actuator colocated with a velocity sensor, act as viscous dampers

with damping constants d; and dz, and they were designed to produce damping
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ratios between one and ten percent for the first ten modes. Table 2.2 shows the
damping ratios of the first ten modes for the three finite-element models, with
d; = 0.008 lb-s/in and d; = 1.2 lb-in-s. From Tables 2.1 and 2.2 it is clear that
even the coarsest model is quite accurate for the first six frequencies and damping

ratios.

Table 2.2 : Damping Ratios of First Ten Modes

Mode 15-Element 30-Element 60-Element
1 .0907109 .0904736 .0904462
2 .0255612 .0255043 .0254988
3 0778104 .0774696 .0774506
4 .0574582 .0571145 .0570915
5 .0955770 .0947231 .0046659
6 .0145501 .0143603 .0143460
7 .0312876 .0300424 .0299601
8 .0145351 .0142391 .0142142
9 .0392655 .0376863 .0375407
10 .0195291 .0188517 .0187872

The structural design variable used in the sensitivity analysis is the addition
of a concentrated mass at points A or B on the beam (see Fig. 2.2). To begin,
the addition of a mass at point A is studied. First, the damping ratios (¢x) and
the derivatives of the damping ratios with respect to a concentrated mass were
calculated analytically using the full finite-element model. Then the vibration
modes were calculated for the finite-element model, and reduced-model derivatives
of the damping ratios were computed for increasing number of modes (up to a
number of modes equal to the number of unrestrained degrees of freedom in the
finite-element model). The fixed-mode derivatives were calculated analytically.

The updated-mode derivatives were calculated by central finite differences as

¢k(Am) — ¢ (—Am)
2Am

’

Sk

IR

(2.17)
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Figure 2.3 shows the value of ¢{ as a function of the step size (Am) using 15
modes and the 15-element model. For small values of Am, accuracy is poor due to
roundoff errors, while for large values of Am, the truncation error is excessive. A

step size of 5 x 10~7 1b-s?/in was selected.

65.0

63.0

[o)]
-—
o

8¢/dm (in/lb=s*)

57.0
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10 10 107 10 10~®* 10 10°°
Am (Ib—s® /in)

Figure 2.3: Derivative of First Damping Ratio Vs. Finite-Difference
Step Size

2.4 Error in Derivative of Damping Ratio

2.4.1 Coarse Finite-Element Model

The first set of results were obtained for the 15-element model, which has 26 un-

restrained degrees of freedom. The first six damping ratios for this model have
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errors of less than 1.5% (with respect to the 60-element model), while the seventh
damping ratio has more than 4% error. Therefore, derivatives of the first six damp-
ing ratios with respect to the added mass were calculated using the finite-element

model without any modal approximation (see Table 2.3).

Table 2.3 : Derivatives of First Six Damping Ratios With Respect to
Added Mass at Two Locations (refer to Fig. 2.2)

Derivative (in/1b-s?)

Mode Point A Point B
1 65.72374 20.47085
2 -19.62912 7.540893
3 -34.53779 -34.16656
4 3.3944869 22.11590
5 -31.18742 6.653129
6 55.11845 36.93203

Next, damping ratios and their derivatives based on reduced models with up
to 24 modes were calculated. Errors in the damping ratios and their derivatives
were calculated with respect to the full-finite-element results. Figures 2.4, 2.5, and
2.6 show the absolute value of the relative errors in the second, fourth, and sixth
damping ratios, respectively, and their respective derivatives versus the number of
modes in the reduced model. The solid line represents the error in the damping
ratio and dashed lines represent the errors in the updated-mode and the fixed-mode
derivatives. Clearly, and not surprisingly, the errors in the derivatives are much
larger than the errors in the corresponding damping ratios.

The fixed-mode and updated-mode derivatives were of comparable accuracy.
The agreement between the two types of derivatives indicates that the errors as-
sociated with the finite-difference calculation of the updated-mode derivatives are

small.
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Figure 2.6: Convergence of Mode 6 Damping Ratio and its Derivative

The results of damping ratios and their corresponding derivatives for other
modes are similar to those presented in that errors in the derivatives are about an
order of magnitude larger than the errors in the damping ratios. The comparison
of the fixed-mode and the updated-mode derivatives indicates that in the zone
where the errors are acceptable, there is no substantial difference between the two
methods; thus the cheaper, fixed-mode method is preferred.

The convergence of the reduced-model derivatives is also a function of the
damping in the system. For lower damping, the coupling between the modes de-
crease and the convergence rate is accelerated. For example, Figure 2.7 shows the
convergence of the fourth mode damping ratio and its derivative for gains (d1 and
d2) that are reduced by one half. This figure shows that for one-half decrease in
the damping in the system, the errors in the derivative are reduced by an order of

magnitude (compare with Fig. 2.5).
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Figure 2.7: Convergence of Mode 4 Damping Ratio and its Derivative
with Reduced Damping

As in the Fourier example (Fig. 2.1), it has been shown that while the con-
vergence of the damping ratios is good, the convergence of the derivatives of the
damping ratios can be poor. However, the modal convergence is misleading when
the number of modes approaches the number of degrees of freedom of the finite-
element model. When the number of modes is equal to the number of degrees of
freedom, the modal and finite-element analyses are identical. Therefore, the accel-
erated convergence seen in Figures 2.4-2.6 when the number of modes exceeds 20
may be a consequence of the use of finite-element modes instead of exact modes.

To check on this possibility, more refined models were investigated.
2.4.2 Refined Finite-Element Models

To further explore the slow convergence of the fourth-mode derivative, finite-

element models with finer meshes, including 6, 9, and 12 beam elements per span
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(30, 45, and 60 total elements, respectively) were formed. The reduced-model,
updated-mode derivatives were calculated, and the errors were referenced to an
“exact” derivative value calculated by extrapolating the derivative calculated us-
ing the two finest meshes as follows.

Reference 36 shows that the error in the finite-element eigenvalues decreases
asymptotically with the fourth power of the number of cubic beam elements used
in the finite-element model. This can be applied to the derivative of the eigenvalue

(thus the derivative of the damping ratio) to give us the relation

fn=fo—an™* (2.18)

where f, is the finite-element derivative obtained with n elements, fo is the exact
value of the derivative, and « is a constant. The values fo and a were calculated
for the fourth-mode derivative using the results of the 45- and 60-element models.
The value of fo obtained (3.56527 in/Ib-s?) was used as the “exact” value of the
derivative.

To complete the analogy with the Fourier example, the fourth damping-ratio
derivative was also calculated using gradually increasing, reduced-order models
based on continuum modes (see Appendix). As in a Fourier series, the continuum
formulation gives us an infinite number of modes to work with. Also, the continuum
modes are exact, as opposed to the approximate modes produced by the finite-
element formulations. Again, the errors were calculated with respect to the “exact”
value calculated above.

Three types of models are now available. Two use vibration modes, one with
finite-element modes and one with continuum modes, and the third is the full-

finite-element model. The order of the model for the first two types is equal to
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the number of modes while for the third it is equal to the number of finite-element
degrees of freedom.

The errors in the derivative of the fourth damping ratio for the three types of
models are given in Figure 2.8 as a function of the order of the model. The top
solid line is the error in the derivative calculated using the continuum modes (see
Appendix). The dashed lines are the errors in the derivative for the four finite-
element models using updated modes (and finite differences), and the bottom solid

line is the error in the four, full-finite-element derivatives, using Eqgs. (2.10-2.12).
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Figure 2.8: Convergence of Mode 4 Derivative — Reduced Models and
Finite-Element Models

From Figure 2.8 it is clear that the convergence of the continuum, reduced-
model derivative is much slower than the finite-element derivative. For the same
order, the finite-element derivative is two to four orders of magnitude more accu-

rate. For example, with 26 degrees of freedom, the coarsest finite-element model
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has an error of about 5%, whereas 26 continuum modes result in an error of about
350%. Clearly, for this problem, the use of vibration modes to reduce the model is
counterproductive.

Following the convergence of any of the finite-element, reduced-model cases, it
is seen that for the low-order models, the convergence follows that of the continuum
case. This is expected since the lower modes of a finite-element formulation are
quite accurate. But as the higher, less accurate modes are added, the rate of
convergence tncreases. This is not because the less accurate modes are better at
calculating the derivative; it is because, when all of the modes of the finite-element
model are included, the result must be the same as for the full-finite-element model.
Thus the reduced-model, finite-element derivatives eventually converge to the full-
finite-element value. This produces the paradoxical result that for a fixed number
of modes, the accuracy of the derivative deteriorates as the finite-element model is
refined. For example, with the coarsest model, 26 modes give the same derivative
as the full-finite-element calculation, i.e., an error of 5%. When 26 modes are used
with the 30-element model, the derivative is very close to the continuum results,

thus the error increases to about 350%.
2.4.3 A Different Derivative

So far, only the derivative with respect to an added mass has been examined.
The reason for this is that it is easy to calculate the analytical derivative of the
mass matrix. However, it is necessary to show that poor convergence occurs for
derivatives with respect to other parameters. To demonstrate this, the derivatives
of the damping ratios with respect to the cross-sectional width (b) of the beam are

calculated using the updated-model, finite-element technique.
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The same‘convergence study as described earlier is performed on the 26-mode
model. Figure 2.9 shows the convergence of the mode 2 damping ratio and deriva-
tive with respect to the width of the beam. This shows that the derivative does not
converge to within 10% until 23 out of 26 modes have been included in the reduced
model. This example is sufficient to prove that poor convergence can occur for

derivatives with respect to other structural parameters.
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Figure 2.9: Convergence of Mode 2 Damping Ratio and its Derivative
With Respect to Beam Width

2.5 Improved Convergence

The slow convergence of the derivative of the Fourier example is associated with
the step discontinuity. To show that the slow convergence of the derivative of the

damping ratios is associated with the discontinuities introduced by point damping,
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the structure was reanalyzed with distributed damping. Rotation-rate controllers
were used at every node and translation-rate controllers at every node except at
the supports. Each type of controller has the same gain.

As before, the gains were designed to produce damping ratios between one and
ten percent for the first 10 modes. This was accomplished with a translation-rate
gain d; = .0003 Ib-s/in and rotation-rate gain d; = .024 lb-in-s. Table 2.4 shows
the full-model (30-element) damping ratios and derivatives of damping ratios with

respect to an added mass at point A for the first 10 modes.

Table 2.4 : Damping Ratios and Derivatives — Distributed Damping

Mode Damping Ratio Derivative
1 0.0879556 -5.49551
2 0.0826721 -3.05576
3 0.0681830 -.487291
4 0.0558581 -5.28100
5 0.0464619 -3.27698
6 0.0540090 -3.36439
7 0.0532779 -3.38890
8 0.0480473 0.117153
9 0.0433969 -3.37636

10 0.0389295 -3.70461

Updated-mode derivatives were calculated for gradually increasing size models,
and the errors in the damping ratios and derivatives were calculated with respect
to the full-finite-element results. Figure 2.10 shows the convergence of the sixth
damping ratio and its derivative (this derivative had the slowest convergence rate
of the first six modes).

The damping ratio and derivative converge much faster than for the point-

control case. With the distributed control, the worst-case derivative converges to
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Figure 2.10: Convergence of Mode 4 Damping Ratio and its Derivative
With Distributed Control

within 10% error with about 10 modes out of 56 total modes, where as in the point-
control case, it took more than 90% of the available modes to achieve 10% accuracy,
regardless of the original size of the finite-element model. Also, the damping ratio
is essentially converged for the smallest model.

It has been shown that when obtaining an approximate solution to a dynamic
system using mode superposition, an improved reduced-basis model can be formed
by combining the vibration modes with Ritz vectors associated with the static re-
sponse to the applied loads.28:2° This accelerated convergence may be due to the
static response vectors capturing the discontinuities associated with the loading.
For the case of a point actuator, it may be similarly advisable to add the static
response due to point loads at the actuator locations. Two Ritz vectors corre-
sponding to the static response to a unit load at the translation-rate controller

and a unit torque at the rotation-rate controller were added to the eigenvectors to

Rate-Feedback Control 24



form the reduced model. Thus, for a six-mode model, the two Ritz vectors and the
first four vibration modes were used to form the reduced model. The calculations
for the reduced-model derivatives were the same as before except that the reduced
mass and stiffness matrices were no longer diagonal.

Figure 2.11 shows the effect of the additional Ritz vectors on the convergence
of the fourth damping ratio and its derivative (The errors are calculated with
respect to the full-finite-element results). It can be seen that the convergence is
greatly improved with the Ritz vectors for both the damping ratio and derivative.
Without the Ritz vectors, there is a 36% error in the derivative with 24 out of 26
modes used. However, with the Ritz vectors included, the derivative converges to

within 10% error with only 8 modes.
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Figure 2.11: Convergence Comparison of Mode 4 Damping Ratio and
its Derivative — Vibration Modes Only Vs. Vibration Modes +
Ritz Vectors
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The derivative was taken with respect to a mass located at the displacement-
rate controller, thus it is possible to infer that the desired Ritz vector is associated
with the mass rather than with the actuators. In order to separate the effects of
the actuator Ritz vectors and the mass-location Ritz vector, the derivative with
respect to an added mass located one-third span to the right of the rotation-rate
controller (point B on Fig. 2.2) was calculated.

Reduced models of v.bration modes only, vibration modes plus Ritz vectors
corresponding to unit loads at actuator locations, and vibration modes plus a
Ritz vector corresponding to a unit load at the added-mass location, are used
to calculate the fixed-mode derivative. Figure 2.12 shows the convergence of the
mode-5 derivative for the three models. As can be seen from the Figure, the Ritz

vectors should be associated with the actuators rather than the point mass.
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Figure 2.12: Effect of Ritz-Vector Locations on Convergence of Mode-5
Damping-Ratio Derivative
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2.6 Concluding Remarks

Modal expansion is a generalization of the Fourier series. It is well known that
Fourier series of discontinuous functions converge slowly and that the derivatives
of the series may not converge at all. Accordingly, slow convergence of modal
expansion can be expected when the applied loads exhibit discontinuities in time
or space. In a controlled structure, where most of the damping is supplied by the
control system, convergence problems may be caused by point actuators.

A multispan, simply-supported beam controlled with a direct-feedback control
using point actuators was used to demonstrate that convergence problems due to
point actuators do occur. The damping ratios and their derivatives with respect to
an added mass were calculated using several finite-element models. Reduced models
based on vibration modes were also formed and used to calculate the damping
ratios and their derivatives. Fixed-mode and updated-mode derivative calculation
procedures were investigated.

The results showed that errors in the reduced-model derivatives of the damp-
ing ratios were about an order of magnitude larger than the errors in the damping
ratios themselves. Also, in the zone where the error in the derivatives was accept-
able, there was no substantial difference between the fixed-mode derivatives and
updated-mode derivatives, thus cheaper fixed-mode method is preferred.

To show that the slow convergence of the reduced-model derivatives was due
to the point actuators, the beam was analyzed with distributed actuators. In the
distributed-actuator case, the derivatives converged much faster.

The convergence of the derivatives with increasing number of modes was com-
pared to the convergence with increasing number of finite-element degrees of free-

dom. For the derivative of the fourth damping ratio (point-actuator case), it was
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found that the finite-element approximation converged faster than the modal ap-
proximation. This ied to a paradoxical situation where improving the accuracy of
the modes by using a finer finite-element mesh increased the error of the modal
approximation. This indicates that in the case of point actuators, it may be imprac-
tical to use a modal approximation based solely on vibration modes to calculate
derivatives of closed-loop response with respect to structural parameters.

In transient response problems, it is known that complementing the vibration
modes with a mode representing static response to the loads can greatly improve
convergence. Similarly, for the example studied, it was shown that if Ritz vectors
corresponding to static responses due to unit loads at the actuators were added
to the basis vectors, the convergence of the reduced-model derivatives was greatly
enhanced. The only disadvantage of using the Ritz vectors is that the system

matrices are no longer diagonal.
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Chapter 3

Linear Quadratic Regulator

In Chapter 2, the effect of modal truncation on closed-loop damping ratios and
their derivatives for a simple structure with a simple control system was investi-
gated in great detail. The objective of this chapter is to verify the main results
of Chapter 2 for a more complex control system. The control consists of a Linear
Quadratic Regulator (LQR) coupled with a simple observer. The theory for the
Linear Quadratic Regulator can be found in Reference 37.

The object is to verify the main results of the last chapter for a more complex
control system, thus aspects concerning the different derivatives, derivative approx-
imations, and finite-element meshes will not be discussed. It will be shown that
the derivatives of closed-loop damping ratios with respect to an added mass con-
verge much slower than their corresponding damping ratios and that Ritz vectors
included in the reduced model accelerate convergence.

The same multispan beam will be used in this chapter; however, the units have

been changed to metric to be compatible with the literature. The geometry has
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also been changed in order to lower the natural frequencies of the structure, thus

better simulating a flexible space structure.
3.1 Analysis and Sensitivity Calculations

3.1.1 Equations of Motion

The discretized equations of motion for a flexible structure with an output-feedback
control are written

M+ Dq+ Kq=U.u (3.1)

where M, D, K, and U., are the mass, inherent damping, stiffness, and control
influence matrices, respectively, q is the n degrees-of-freedom displacement vector,
and u is a vector of control forces.

The order of the above equations is typically too large for designing a control
system; therefore, the order of the model is reduced by expressing the displacement

vector q as a linear combination of a small number of reduced-basis vectors by
q=%n (3.2)

where ® is a matrix whose columns are reduced-basis vectors and 7 is a vector
of amplitudes. As in the previous chapter, & may contain both natural vibration
modes and Ritz vectors corresponding to static displacements; however, for this
derivation, they will all be referred to as modes and the amplitudes will be referred
to as modal coordinates.

Substituting Eq. (3.2) into Eq. (3.1) and pre-multiplying by ®T gives us the

equations in modal form

Mij+ D+ Kn = 8TU.u (3.3)
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where

M=8"TM® D=0TD® K=0TK® (3.4)

It is assumed that the inherent damping matrix D can be approximated as a linear
combination of the mass and stiffness matrix, so that if & contains vibration modes

only, then D is diagonal (as well as M and K ). Multiplying through by M-1,
i+ M 'Dj+M 'Kn=M18TU.u (3.5)

Finally, in order to design and analyze the LQR control system, it is convenient to

write Eq. (3.5) in state form as

(1} 5 8](g)[er)s
] I 0 n 0 (3.6)
x = Ax + Bu

T = 5T 97).

where x nt n

The number of modes used in the reduced model determines the accuracy of
the solution. It is assumed that n. modes are used to design the control system,
and then the response of the actual structure is approximated by analyzing it with
additional modes. The modes with which the control system is designed are called
the controlled modes and are denoted with a subscript ¢. The rest of the modes
are called residual modes and are denoted with a subscript r. By appropriately

partitioning Eq. (3.6), the state equation can be written in terms of controlled and

(%]

Xe=[f1 fiz .- e M M2 ... Ml (3.8)

residual modes as

Ace Aer Xe B.
e alm E D 61)

where
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xr={ﬁc+l Ne42 ++o My TMetl MNet2 .- nr]T

If ® contains only vibration modes, A., and A,. are zero matrices.

3.1.2 Control System Design

The control system is a combination of a Linear Quadratic Regulator (LQR) and
a simple observer. The regulator designed on the basis of a reduced model with n.

modes produces a control output u which minimizes the performance index
o0
J =/ (xTQxc + uTRu) dt (3.10)
0

where Q is a positive-semidefinite state-weighting matrix and R is a positive-
definite control-weighting matrix. The unique control law that minimizes Eq. (3.10)
is

u=—-R BT Ppx. = —G%. (3.11)
where Pg is a constant, symmetric, positive-semidefinite matrix which satisfies the

algebraic Riccati equation
AT Pp + PrAcc + Q — PRB.R™'BTPp =0 (3.12)

and X. is the current estimate of the state x. based on the sensor measurements.
The sensors measure a subset of the full structural response, and for displace-

ments, this subset can be written in modal form as
q' - @;r’c + Q:nr (3.13)

where the asterisks represent modal matrices which include only the rows corre-

sponding to the degrees of freedom which the sensors measure.
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In designing the control system, the residual modes are neglected, thus the

second term in Eq. (3.13) is ignored. This gives us
fie =827 'q, (3.14)

Note, that since ®. is inverted, it must be square. This requires that there are as
many sensors as controlled modes. The approximation shown in Eq. (3.14) has

38,39 3nd modal filtering.4°

been called static observation
When analyzing the effect of the control system on the full model, the residual
modes must be included. Substituting Eq. (3.13) into Eq. (3.14), an expression for

the observed modal coordinates can be written
e = 971 (® ®7]n
=[I @;7'%;|n (3.15)
= Up
One way to think of this is that the control system thinks it is sensing n. but it

is actually sensing fjc, which is contaminated by the residual modes. An identical

derivation gives us the observed modal velocities
fe = U9 | (3.16)

Looking at Eq. (3.14) it is seen that ®; can indicate whether a set of sensor
locations is acceptable. Since ® has to be inverted, it should be as far from
singular as possible. By trying different sensor locations (i.e. choosing different
combinations of rows for ®:) and calculating the condition number (the ratio of
the largest to the smallest eigenvalue of a matrix) of ®;, good sensor locations
can be determined. The observer will be more robust if the sensors are in good

locations. The sensor locations are good if the condition number of ®; is small.
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Substituting Egs. (3.15) and (3.16) into Eq. (3.11), the control law can be

u=—c[‘g g}{:} (3.17)

This can then be substituted into Eq. (3.6) to get the closed-loop system

R et B R T M

% = [A— BG¥|x

written

(3.18)
X = AX

3.1.3 Dersvative Calculation

As in the previous chapter, the derivative of the damping ratios with respect to a
concentrated mass is calculated assuming that the control is fixed. The eigenvalue

problem for Eq. (3.18) and the eigenvalue for the adjoint system are written
Auy = Aguy (3.19)
VkTA = AkaT (3.20)

where Ak is the kt” eigenvalue and ug and vy are the k*? right and left eigenvectors

of the closed-loop system, respectively. Eq. (3.19) can be written
(A= Ael)ux =0 (3.21)

Differentiating with respect to some structural parameter, we get
(A= 2eDuy’ + (A" = Ay )ux =0 (3.22)

where the primes indicate derivatives with respect to the structural parameter.
Multiplying by vi T and solving for A}, we get

T &t
Moo Ve AU (3.23)

viTuy
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From Eq. (3.18), it can be seen that

A=A - BGv* (3.24)

It is easy to show that for the fixed-mode derivative with respect to an added mass

_N-1D Kk
A’=[ 0 0 ] (3.25)
and
r1—15T
B’=[M 0‘1’ Uc] (3.26)

For both of the above expressions, M'~! is needed. Using the identity MM~! = I,

differentiating with respect to an added mass and solving for M'1 results in

M-'=_M1'MM! (3.27)

Expanding M’, it is seen that

M =3TMd +8TM'® + 8T MO’ (3.28)

Using the fixed-mode approximation, this reduces to

M =3TM'® (3.29)

As discussed in the previous chapter, the matrix M’ is simply a zero matrix with
a 1 on the diagonal at the location corresponding to the added mass.
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Figure 3.1: Multispan Beam Geometry

3.2 Multispan Beam Example

As stated earlier, the multispan beam of Chapter 2 was used with SI units employed.
Also, some of the geometric and material variables were changed so that the natural
frequencies would be lower, thus better representing a flexible space structure. The
redesigned beam is shown in Figure 3.1.

The beam is again modeled with three cubic beam finite elements per span.
Table 3.1 shows the natural frequencies for the first 10 out of 26 total modes.

Two rigidly-anchored, massless actuators were placed on the beam as shown
in Figure 3.1; the first is a displacement actuator at node 6, and the second is a
rotation actuator at node 8.

Several sensor location cases were evaluated for sensing the first five modes by
looking at the condition number of ®; as described in the previous section. The
resulting condition numbers ranged from 1 to 20, indicating that the condition
number was not very sensitive to the sensor locations. However, the robustness
of the observer depends on the condition number, thus the set of sensor locations

should attempt to minimize the condition number. The only place a sensor can
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not be placed is at a restrained degree of freedom, which would result in an infinite
condition number.

The case chosen was translation sensors at nodes 6 and 12, and rotation sensors
at nodes 1, 8, and 1¢. The condition number for this case was 1.3535. This set was
chosen since the control system was stable for these sensor locations.

The control system is designed to produce damping ratios for the first five

modes between 1% and 10%. This is accomplished using

®TK®, 0

1
@=3| "0 eTke. (3.30)

and R = diag(25.0, 25.0). Inherent damping of .001 is assumed for each mode.

The damping ratios for the first ten modes are also given in Table 3.1 .

Table 3.1 : Natural Frequencies and Damping Ratios of Multispan

Beam
Mode Natural Frequency (Hz) Damping Ratio
1 .201290 .094373
2 .223363 .052569
3 279469 .084092
4 .352328 .088943
5 423448 .019499
6 .814019 .001701
7 .861512 .039547
8 970087 .001689
9 1.103073 .044838
10 1.225521 .010885
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3.3 Convergence of Damping Ratios and Derivatives

3.3.1 Reduced Models With Vibration Modes Only

The damping ratios and their derivatives with respect to an added mass at node 9
are first calculated using reduced models that contain only vibration modes. The
convergence histories are shown in Figures 3.2 and 3.3 for three controlled modes
(modes 1, 3, and 5) and one residual mode (mode 7). Tables 3.2 and 3.3 contains
the percent error in the damping ratios and derivatives, respectively, with respect

to the full-model values.

Table 3.2 : Percent Error in Damping Ratios, Vibration Modes Only

Basis $1 ¢s $s ¢t
5 52.5 143.4 1601.
10 36.8 90.2 764.7 97.1
15 10.6 26.4 117.1 9.9
20 4.1 10.3 39.4 4.7
25 g7 1.92 6.3 .62

Table 3.3 : Percent Error in Derivatives, Vibration Modes Only

Basis <1 ¢3 $6 ¢r
5 184.5 271.3 7.3x10%
10 117.5 370.8 4.0x104 152.0
15 32.8 99.9 2.69x10° 200.0
20 12.6 33.1 634.0 83.3
25 2.4 5.1 69.5 14.7

Figure 3.2 shows that the damping ratios converge slowly. For example, in or-
der to obtain 10% accuracy, 20 out of 26 modes are needed for ¢3, and 23 modes are

needed for ¢s. This is in contrast to the rate-feedback case presented in Chapter 2,
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where damping ratios converged to within 10% with between 10 and 15 modes.
The reason for the difference is that the LQR control system is designed on the
basis of a reduced model, whereas the rate-feedback system was designed using the
full model.

Figure 3.3 shows the convergence of the derivatives. The convergence of mode 5
is so poor that it distorts the convergence of the rest of the modes; therefore, the
convergence histories are repeated in Figure 3.4 on a smaller scale. One possible
reason that mode 5 is so much worse than the others is that its full-model derivative
is much smaller than the other full-model derivatives, thus making it sensitive to

numerical error.
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Figure 3.4: Convergence of Derivatives, Vibration Modes Only

From Figure 3.4, it is again obvious that the convergence of the derivatives is
very poor. Both modes 5 and 7 do not converge to within 10% with 25 out of 26

modes, and with 23 modes, the error is 272% in mode 5 and 47% in mode 7. Also,

Linear Quadratic Regulator 40



as shown in Chapter 2, the convergence of the derivatives is consistently slower

than the convergence of the damping ratios.

3.3.2 Reduced Models With Ritz Vectors and Vibration Modes

Two Ritz vectors corresponding to static displacements due to unit loads at the
actuator locations are calcplated. Reduced models containing the Ritz vectors and
vibration modes are formed. The only restriction is that the 5 controlled modes
must be the first to be included in the model. For instance, a 10-mode model would
include the first 5 vibration modes, the 2 Ritz vectors, then the next 3 vibration
modes. The convergence of the damping ratios and their derivatives are shown in
Figures 3.5 and 3.6 for modes 1, 3, 5, and 7, and the errors with respect to the full
model values are shown in Tables 3.4 and 3.5.

Table 3.4 : Percent Error in Damping Ratios, With Ritz Vectors

Basis $1 ¢s $s 7
5 52.5 143.4 1601.
10 .0138 .0107 1.99 4.09
15 0 .0012 041 .0329
20 4] .0012 0 .0025
25 0 0 0 0

Table 3.5 : Percent Error in Derivatives, With Ritz Vectors

Basis 1 ¢4 ¢t ¢
5 184.5 . 2713 7.3x10*
10 1.026 3.396 702.8 85.84
15 .1545 .0264 9.409 .3567
20 .0417 0217 5.946 .1075
25 .0041 .0047 1.241 .0184
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As seen from the Figures, both the damping ratios and derivatives are essen-
tially converged with 10 modes. The only exception is the derivative of mode 5,
which requires 15 modes to converge to within 10%. As stated before, this is

probably due to the relative size of the derivative.

3.4 Concluding Remarks

The main results of Chapter 2 have been shown to hold true for an LQR control
system. It was shown that the derivatives converge slower than the damping ratios.
In addition, it was shown that the damping ratios also converged slowly. This is
due to the control system being designed on the basis of a reduced model.

It was shown that Ritz vectors added to the reduced model dramatically im-

proved the convergence of both the damping ratios and their derivatives.
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Chapter 4

Linear Quadratic Gaussian Control

In the previous chapter, the control system investigated consisted of a LQ regulator
and a modal filter. In this chapter, the complexity and efficiency of the system is
increased by replacing the modal filter with an optimal Kalman filter. The Kalman
filter reconstructs the full state from a limited number of measured states, and
unlike the modal filter, the number of sensors can be different from the number of
controlled modes. The combined LQR and Kalman filter is referred to as a Linear
Quadratic Gaussian (LQG) control system.?’

In the first part of the chapter, the analyses of the previous chapters is re-
peated on the same simply-supported beam using the LQG control system. The
convergence of the damping ratios and their derivatives are examined for reduced
models containing vibration modes only and reduced models that contain both
vibration modes and Ritz vectors.

In the second part of the chapter, the effect the Ritz vectors have on the

design of the control system is examined. When a control system is designed with

a reduced model, and then analyzed with the full model, it is often found that the
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damping predicted by the reduced model is not realized in the full model. This
damping shortfall is investigated for control systems designed with reduced models
based on vibration modes only and for control systems designed with reduced

models that include Ritz vectors.

4.1 Analysis and Sensitivity Calculations

For convenience, a derivation of the LQG problem and sensitivity analysis is pre-
sented here even though some of the equations have been presented in the previous

chapters.
4.1.1 Fquations of Motion

As before the discretized equations of motion for a flexible structure with an output-

feedback control are written
Mq+Dq+ Kq=U.u (4.1)

where M, D, K, and U., are the mass, inherent damping, stiffness, and control
influence matrices, respectively, q is the n degrees-of-freedom displacement vector,
and u is a vector of control forces. To effect the control, it is assumed that n,

velocities are measured, and the sensed velocity y can be written as
y=U.q (4.2)

where U, is the sensor influence matrix.

Applying modal reduction to Eq. (4.1), and simplifying, we get

i+ M 'Dip+ M 'Rn=M'8TU.u (4.3)
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In order to design and analyze the LQG control system, it is convenient to write

Eq. (4.3) in state form as

1 S (W S
n I 0 n 0 (4.4)
X = Ax + Bu

T — [T p7).

where x n n

By appropriately partitioning Eq. (4.4) the state equation can be written in

terms of controlled and residual modes as

Xc _ Ace Aer Xc B.
(h=la {50 ®
If ® contains only vibration modes, A., and A,. are zero matrices.

Equation (4.2) can be transformed to modal coordinates and written in state

form as

y = U85 =Cx =|[C, C,]{;‘(:} (4.6)

4.1.2 Control System Design

The Linear Quadratic Gaussian (LQG) compensator combines a Linear Quadratic
regulator and a Kalman filter. The regulator designed on the basis of a reduced
model with n. modes produces a control output u which minimizes the performance

index

J= /oo (xT@xc + uTRu) dt (4.7)
0

where Q is a positive-semidefinite state-weighting matrix and R is a positive-
definite control-weighting matrix. The unique control law that minimizes Eq. (4.7)
is

u=—R BT Pgx. = —Gxc (4.8)
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where Pg is a constant, symmetric, positive-semidefinite matrix which satisfies the

algebraic Riccati equation
AT Pr + PrAcc+ Q@ — PrB:R™'BTPgr =0 (4.9)

and X. is the current estimate of the state x. based on the measurement y. This

estimate is produced by the Kalman filter, which is defined by the equation
Xc = Accke + Bou+ Kp(y — CeX) (4.10)
where the filter gain matrix Ky is given by
K;=PpCTV; ! (4.11)

where Pp is the constant, symmetric, positive-semidefinite matrix which satisfies

the algebraic Riccati equation
(Ace + al)Pp + Pp(Acc + al) — PrCIV,'C.Pr+ V1 =0 (4.12)

The matrices V; and V, represent the system and measurement noise, respectively.
Since the details of the noise are generally not known, V; and V3 are often used
as design variables for the observer (e.g. Ref. 12). The constant « is used to
enforce a predetermined degree of stability to the observer poles.*’ By adjusting
V1, Va2, and a, the observer can be designed to satisfy a rule of thumb that requires
the observer poles to be between three and ten times faster (i.e. farther left in
the imaginary plane) than the regulator poles. This produces an observer that is
fast enough to reconstruct the regulator state, yet slow enough not to be overly

sensitive to measurement noise.
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In order to analyze the combined regulator/observer system using residual

modes, it is convenient to introduce the estimator error
ec = ic - Xc (4.13)

The full, closed-loop system with both controlled and residual modes can now be

written
)‘(c Acc - BcG _BcG Acr Xe
€. p = 0 A —KsC. KsC,— Acr €c
Xe A, —B,G  -B,G Apr Xy (4.14)
= A%

The closed-loop poles of Eq. (4.14), which are the eigenvalues of A, can be written
Ak = Ok + twg k=1,2,...,4n. + 2n, (4.15)

where ox and wg are the real and imaginary parts of the eigenvalues. The damping

ratios are again used to represent the performance of the control system.

4.1.3 Derivative Calculation

In this chapter, the derivative of the damping ratio with respect to some struc-
tural parameter is again examined. Differentiating Eq. (4.15) with respect to some

structural parameter, the derivative of the damping ratio is obtained as

Wk (Uku);c - Wko';,)
Sk = (4.16)
CETIRE

where primes denote derivatives with respect to the parameter. To evaluate
Eq. (4.16), the derivatives of the closed-loop eigenvalues are needed, which, as
shown in Chapter 3, can be calculated by

W
;L vie T A'uy

= 4.17
k VkTuk ( )
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where ux and vy are the left and right eigenvectors of the closed-loop system
[Eq. (4.14))].

To calculate A’, A, B, and C are differentiated before they are split into
controlled and residual modes. Once the derivatives are calculated, they can again

be partitioned into the form of Eq. (4.14). Differentiating A, we obtain

-1 a1y A1 _ A1t
A = M DOM D M KOM K (4.18)

In this study, the structural parameter is an added concentrated mass, thus
the terms D’ and K' are both zero. The only derivative left is M'~1. As seen in

Chapter 3, this is evaluated using the fixed-mode approximation as

M-'=_-M1'eTM'dM™! (4.19)
This now gives us all the ingredients needed to evaluate Al

Following the same procedure, the derivative of B is found to be

rr—15T
B' = [M Oq) Uc] (4.20)

and C' =0.
Partitioning the above matrix derivatives, the derivative of A with respect to

an added mass can now be written
Al — B.G -B'G AL,

A= ] A, —A (4.21)
A:'c - B:'G '—B:'G A:-r
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4.2 Convergence of Damping Ratios and Derivatives

The simply-supported, multispan beam investigated in the previous chapters is
again used for this chapter. The actuators are in the same locations as before, and
as in Chapter 2, there are two rate sensors colocated with the actuators. Each
mode is assumed to have .1% inherent damping.

An additional complexity in the LQG control is that the closed-loop system
contains both regulator poles and observer poles. In this study, the regulator
poles are of concern; however, when looking at the closed-loop eigenvalues, it is
not always possible to distinguish the regulator poles from the observer poles. A
procedure was therefore developed for keeping track of the regulator poles as the
residual modes are added to the system.

An augmented closed-loop system matrix is defined as

C=A-pB (4.22)
where
0 0 0
B = 0 0 KsC, (4.23)

-B,G -B,G 0
The B matrix contains the coupling terms between the regulator and observer;
therefore, if the eigenvalues of C are evaluated with 8 = 1, the results will always
include the original regulator poles, the original observer poles, and the eigenvalues
corresponding to the residual modes with assumed damping of .1%. The regulator
poles can be easily identified since they are originally well separated from the
observer poles and the residual-mode eigenvalues. The value of B is then gradually
varied from 1 to 0, and the regulator poles can be traced by using the last two

regulator poles to predict the next one. The only requirement on 3 is that the first
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step is small enough so that the regulator poles do not change position with respect
to the rest of the eigenvalues. In this study, 8y =1 — 2°-12 for 1 =0,1,...,12.

This process of tracing the regulator poles needs to be performed each time a
residual mode is added. However, in this study, it was found that after a certain
number of residual modes were added, the regulator poles did not change position
from the previous closed-loop solution with one less residual mode, thus the tracing
after that point was not necessary.

The control system is designed using the first five modes so that, as in the
previous chapters, the full-model damping ratios are between 1% and 10%. This is

accomplished by designing the regulator using

_1[eTK®. 0 ] (4.24)

@=3] "0 eTKe.
and R = diag(45.0, 45.0). The observer is designed so that the observer poles
would satisfy the 3-to-10 rule-of-thumb discussed earlier. This is accomplished
with V3 = V5 = I and a = 0.95. Table 4.1 shows the regulator poles and damping
ratios obtained from both the initial, five-mode reduced model, and the full 26-
mode model. As the Table shows, the initial regulator poles vary by as much as

500% from their corresponding full-model damping ratios.

Table 4.1 : Control Design and Full-Model Damping Ratios

Mode Regulator Poles ¢ Observer Poles Full-Model ¢
1 (-.15216,1.2748) 11853  (-1.9362,1.3799) .07707
2 (-.07163,1.4041) .05095 (-1.9667,1.4361) .03172
3 (-.29017,1.7570)  .16294  (-2.0119,2.1487) .06367
4 (-.17675,2.2313)  .07897  (-2.8198,2.0202) .06204
5 (-.63044,2.5410) 24081  (-5.6054,3.3409) .03867
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4.2.1 Reduced Models with Vibration Modes Only

The damping ratios and their derivatives with respect to an added mass at the
translation controller are first calculated with the five controlled modes. The
residual vibration modes are then added one at a time and the damping ratios
and derivatives are again calculated. Figures 4.1 and 4.2 show the convergence of
the first 5 damping ratios and their derivatives versus the number of total modes
used in the model. Tables 4.2 and 4.3 show the percent errors with respect to
full-model values in the damping ratios and derivatives, respectively.

Table 4.2 : Percent Error in Damping Ratios, Vibration Modes Only

Basis $1 $2 ¢s $e $s
5 53.79 60.62 155.9 27.29 552.7
10 39.22 46.26 105.1 9.95 167.0
15 10.29 16.76 29.81 2.42 31.49
20 3.93 7.04 11.75 1.03 11.88
25 .79 1.28 2.31 13 2.24

Table 4.3 : Percent Error in Derivatives, Vibration Modes Only

Basis <1 ¢h ¢k A ¢
5 71.28 238.8 129.0 345.5 21.32
10 49.40 297.9 203.6 190.4 76.89
15 12.36 113.3 60.12 102.4 106.8
20 19.28 137.8 67.32 61.83 78.80
25 1.60 13.35 6.94 1.72 1.30

The damping ratios seem to converge fairly quickly up to about 15 modes and
then slow down considerably. At 15 modes, both modes 3 and 5 have errors of

about 30%. This convergence is slower than for the rate-feedback case in Chapter

2, where with 15 modes, the damping ratios had converged to within 10%.
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In Figure 4.2, it is seen that the derivatives converge more slowly than the
damping ratios. With a model of 15 modes, the error in derivatives of damping
ratios of modes 2, 4, and 5 is still larger than 100%. With 23 out of 26 total modes,
the errors in the same derivatives are larger than 20%, while the damping ratios

have converged to within 10%.

4.2.2 Reduced Models with Vibration Modes and Ritz Vectors

In the previous chapters, the Ritz vectors were normalized so that the maximum
term in each vector was 1. For the LQG control system, this will not work. The
Ritz vectors contain large contributions from the lower modes, thus when they are
added as residual modes, the physical control is changed.

The physical control force u is given by Eq. (4.8), where G is a fixed gain
matrix and X. is the current estimate of the state produced by the Kalman filter.
In a physical implementation, the Kalman filter equation [Eq. (4.10)] would be
integrated to find %X.. If a Ritz vector is added without first making it orthogonal
to the controlled modes, the modal mass matrix M will no longer be diagonal. This
will change A.. via Eq. (4.4), which in turn changes the state estimation produced
by the observer. Finally, this will change the physical control u. Therefore, since
the control system is to remain fixed, the Ritz vectors must be made orthogonal
to the controlled modes.

Letting v denote a Ritz vector, it is easy to show that a Ritz vector made

orthogonal to n, modes is given by

V=v- ) aids (4.25)
i=1
where
a; = vI My (4.26)

Linear Quadratic Gaussian Control 54



After the Ritz vectors have been made orthogonal to the controlled modes,
the convergence study is repeated as before, except that the two Ritz vectors are
the first to be added as residual modes. The results of the convergence studies
are shown in Figures 4.3 and 4.4. Tables 4.4 and 4.5 show the percent errors with

respect to full-model values in the damping ratios and derivatives, respectively.

Table 4.4 : Percent Error in Damping Ratios, With Ritz Vectors

Basis $1 $2 $3 $e $s
5 53.79 60.62 155.9 27.29 552.7
10 .0014 .0060 .0145 .0068 .0763
15 .0004 .0022 .0005 .0021 .0034
20 0 .0013 .0008 .0006 .0016
25 .0003 .0006 .0011 .0004 .0008

Table 4.5 : Percent Error in Derivatives, With Ritz Vectors

Basis 1 ¢k ¢k A ¢
5 71.28 238.8 129.0 345.5 21.32
10 18.19 230.1 77.88 50.25 73.90
15 1.655 25.10 7.943 5.367 7.665
20 2.431 23.03 8.830 5.253 8.141
25 0211 .1559 .0632 .0360 .0603

Figure 4.3 shows a dramatic improvement in the convergence of the damping
ratios. With only the five controlled modes plus two Ritz vectors, the damping
ratios are essentially converged. The convergence of the derivatives with the Ritz
vectors is not as good, but is still better than in the vibration-modes-only case.
The reason for the improvement in both the damping ratio and derivative is that
the higher modes are needed to model the spatial discontinuity of the actuator

forces rather than high-frequency actuator action. With the Ritz vectors correctly

Linear Quadratic Gaussian Control 55



0.25
3 MODE 5
3
0.20 3
o 3 MODE 3
Z .
gos |
Qo 3 \
= -
T @)
=0.10 = }
= 1 MODE 4 MODE 1
0.05 g -\
3 I - - - -----_-:
MODE 2
0.00
0 5 5 30

10 15 20 2
BASIS (NO. OF MODES)

Figure 4.3: Convergence of Damping Ratios, With Ritz Vectors

0.4
| MODE 1
0.2
f MODE 2
0.0 3 4 &2 Aas amaa 0k A
MODE 4
g-oz MODE 5 /! Shnhnhaha BE o
~N O 1
< I
Lt (
N |
N -0.4 |
I
I
-0.6 \ 'l MODE 3
\
A\
N
-0.8
—1.0 TT 81017 TTETETrTYY TIorrorrrrTy TIT00TT0r IS RSRBRRSS TTTTTETY
)y s 10 15 20 25 30

BASIS (NO. OF MODES)

Figure 4.4: Convergence of Derivatives, With Ritz Vectors

Linear Quadratic Gaussian Control

56



modeling the spatial distribution of the response to actuator forces, there is no

need for the higher modes.

4.3 Ritz Vectors in Control Design

Since the Ritz vectors accelerate the convergence of the reduced model to the full
model, it may be useful to include them in the reduced model used for the control
system design. This section considers this possibility.

It is assumed that a small number n.; of modes are to be controlled, but
in order to get a good design, a larger number of modes need to be included in
the reduced model; that is n. > n.;. Thus the case where the additional modes
are vibration modes is compared to the case where the additional modes are Ritz
vectors.

Using the same structure and actuator/sensor locations, n.; = 3 is selected,
that is a control system that controls the first three vibration modes is designed.
It has already been seen from the previous example that more than 3 modes are
needed in the control design to insure that the damping ratios predicted by the
reduced model are close to the actual damping ratios for the first three modes.
The regulator and observer are designed to control the first three modes. Thus the

regulator is designed with

®TKo W 0

1
=z "o oTK®W (4.27)

where W = diag(3.0, 15.0, 2.0, .01, .01, ...),and R = diag(900, 900).
The observer is designed with V; = diag(1.0, 1.0, 1.0, 0.01, 0.01, ...,

1.0, 1.0, 1.0, 0.01, 0.01, ...),V2=1I, and a=0.69. Designs are obtained
with n. of 5, 10, and 15 vibration modes.
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For comparison, the control system is designed using 3 vibration modes plus 2
Ritz vectors, with R, V3, and a the same, W = diag(3.0, 15.0, 2.0, 1.0, .05),
and V; = diag(1.0, 1.0, 1.0, 1.0, 0.002). As before, the Ritz vectors must be
modified to be acceptable to the LQG control system. First, the Ritz vectors are
orthogonalized with respect to the three controlled modes. Then they are made
orthogonal to each other and normalized to unit mass. As before, the residual
modes must be orthogonal to the controlled modes, which means that the residual
modes must be made orthogonal to the modified Ritz vectors.

Table 4.6 shows the results of the initial control design and full model damping
ratios for modes 1, 2, and 3. The columns labeled 5, 10, and 15 are the 5-mode,
10-mode, and 15-mode control designs, and the column labeled 3 + 2 is the control

design using 3 vibration modes and 2 Ritz vectors.

Table 4.6 : Comparison of Control Designs: Damping Ratio Conver-

gence
5 10 15 3+ 2
1 Control Design .053257 .053265 .053264 .053205
Full Model .040325 .042201 .048682 .053213

¢2 Control Design .048571 .048588 .048587 .048420
Full Model .028116 .032910 .043238 .048666

3 Control Design .058766 058811  .058808 .058491
Full Model 043177 044472 .054168 058794

From the Table, it is seen that even with 15 vibration modes in the controlled
system, the actual damping ratios are not accurately represented by the reduced
model. For example, when using 15 vibration modes to design the control system,
the difference between the control-design and the actual damping is 12% for mode 2.

However, for the case where the Ritz vectors are added to the 3 vibration modes, the
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control-design damping ratios approximate the actual, full-model damping ratios

to within 1%.

4.4 Concluding Remarks

In this chapter, an optimal control system consisting of an Linear Quadratic regula-
tor and a Kalman filter was investigated using reduced models to both analyze the
control performance and design the control system. In the analysis, it was found
that both the damping ratios and derivatives converge slowly, but with the deriva-
tives converging more slowly than the damping ratios. However, it was shown that
when Ritz vectors corresponding to static displacements due to actuator forces are
added to the reduced model, the convergence of both the damping ratios and their
derivatives was accelerated.

It was also shown that the accuracy of the damping ratio predicted by a
reduced-model control design can be significantly improved if the Ritz vectors are
included in the design of the control system.

Thus it appears that Ritz vectors added to the reduced model of flexible struc-
tures can greatly improve the accuracy of both the design and analysis of the

structure with a control system.
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Chapter 5

Concluding Remarks

This dissertation has examined the effect of modal truncation on the analysis of
three different active control systems for a simple multispan beam. It was shown
that for all of the control systems, the derivatives of the damping ratios with re-
spect to structural parameters converge much more slowly than their corresponding
damping ratios. In the cases where the control system was designed on the basis
of a reduced model, the damping ratios were also shown to converge slowly, thus
indicating that the reduced-model control design does not accurately reflect the
actual control on the structure. These results indicate that reduced models based
solely on vibration modes are not adequate for calculating control performance or
derivatives of control performance with respect to structural parameters for flexible
structures with point actuators.

Ritz vectors corresponding to static displacements due to unit loads at the
actuators were shown to improve the reduced models. It was shown that the
accuracy of both the damping ratios and their derivatives were greatly improved

when Ritz vectors were added to the model. This indicates that when analyzing a
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flexible structure with point actuators, Ritz vectors should be added to the reduced
model in order to capture the motions caused by the actuators. It was also shown
that if the Ritz vectors were added to the reduced model for the design of the
control system, the resulting control design more accurately predicted the control
on the full structure.

Further research in this area could include the elimination of the spillover
in the LQG case. This may be accomplished by adding or moving sensors and
actuators, or by changing some of the control and observer weighting matrices.

Also, the results should be verified for a more realistic three-dimensional structure.
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Appendix

Continuum Formulation

The eigenvalue equation for the free vibration of a Bernoulli-Euler beam is

dv

where V is the transverse displacement, x is the axial coordinate, and A* =
pAw?/EI (p is the mass density, A is the cross-sectional area, w is the natural
frequency, and EI is the bending stiffness). The general solution of Eq. (A.1) can
be written

V(z) =a cosAz + b coshAz + ¢ sinAz +d sinhAz (A.2)

where a, b, ¢, and d are constants that depend on the boundary conditions.
Following Ref. 34, we consider a five-span beam, with each span of equal
length ! (see Fig. 2.2). If the coordinate system of each span is at the left end of

the span, then Eq. (A.2) can be written for the rt? span as

V(z) = a, cos Az + b, cosh Az + ¢, sin Az + d, sinh Az (A.3)
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Since at £ = 0,V = 0, this reduces to
V(z) = ar(cos Az — cosh Az) + ¢, sin Az + d, sinh Az (A.4)

Further conditions that V = 0 at all the supports and V' and V" are continuous

at the interior supports give us the following

ar(cos Al — cosh Al) + ¢, sinAl + d,sinhAl =0 (A.5)
—a.(sin Al + sinh Al) + ¢, cos Al + dy cosh Al = ¢p41 +dry (A.6)
a,(cos Al + cosh Al) + ¢, sin Al — d, sinh Al = 2a,4 (A.7)

Eq. (A.5) can be written for each span and Egs. (A.6) and (A.7) can be written
for each interior support. Since the moment at the left end of the beam is zero,
V"(0) = 0; thus a; = 0. The final equation that is needed is for the moment at
the right end of the beam equal to zero [V"(I) = 0].

At this point, we have a 14 x 14 eigenvalue problem. The eigenvalues are
found by solving a transcendental equation developed below. Then the constants
are found by dropping one of the eigensystem equations, setting the value of one of
the constants equal to one, and then solving for the rest of the constants. In this
work, we dropped the last equation [V"(I) = 0 in last span| and assumed c5 = 1.

One set of solutions corresponds to sinAl = 0 or
A= — (A.8)

For the five-span beam, this gives us the eigenvalues for every fifth mode (i.e.
A1, Ae,...). The mode shapes for these frequencies are just sine functions (ar, by,
and ¢, are zero). To find the rest of the mode shapes, Egs. (A.5-A.7) need to be

simplified.
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By adding Eq. (A.5) to Eq. (A.7) and solving for ¢,, and then subtracting

Eq. (A.7) from Eq. (A.5) and solving for d,, we get

Qr41 — @y cosS AL

or= sin Al (4-9)
—ar4+1 + ay cosh Al
d, = .
sinh Al (4.10)
as long as sin Al # 0. Adding ¢, and d,, we get
¢y +dr =ara—arp1 8 (A.11)

where a = coth Al — cot Al and 3 = cschAl — csc Al. Similarly, we can show that

Cr41 +dry1 = arp1a—ari2f (A.12)

Egs. (A.9), (A.10), and (A.12) can now be substituted into Eq. (A.6) and simplified
to get

af—2a,410+ a,428=0 (A.13)

This equation can be written for each interior support, thus for our case we have
four equations. As before, a; is zero, and since there is no sixth span, a¢ is also
zero. We are left with four equations and five unknowns (a2, a3, a4, as, and A). If

the determinant of the system is set equal to zero, we get
16a* — 122282 +p* =0 (A.14)

This equation can now be solved for the remaining eigenvalues by using a root
solver and initial estimates from the finite-element model. Then the 13-equation
system can be solved for the mode-shapes. Quadruple precision was needed to solve

for the higher frequency mode shapes because the hyperbolic functions made the
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system singular. The frequencies found from Eq. (A.14) fill in the gaps between
those given in Eq. (A.8).

Once all the desired frequencies and mode shapes are calculated, generalized
system matrices can be generated in order to calculate damping ratios and their
derivatives. This is done by assuming that the damped modes can be approximated
by a linear combination of the natural modes above. Using N modes, the damped
mode V, is obtained by solving the eigenvalue problem Eq. (2.14), where M and
K are N x N diagonal matrices with the generalized masses and stiffnesses on
the diagonals. The generalized mass {m;) and generalized stiffness (k;) for the i*t

mode t; are calculated as follows:

4
m; = pA / Yidzr (A.15)
0

l
ki = EI / (v 2dz (A.16)
0

Since the integrands are products of trigonometric functions, the integrals can
be calculated analytically. The damping matrix for the system is a full matrix

calculated as follows:

cij = c1¥i(ze, )¥5(2c,) + cavhi(zc,)¥j(2e,) (A.17)

where z., and z., are the location of the controllers. The derivative of the damping
ratios were calculated using central finite differences as

om 2Am (4.18)

where AM is a full N x N matrix corresponding to the added mass Am in gener-

alized coordinates. The elements of AM are
AM;; = Amyi(zam)¥i(zam) (A.19)

where za,, is the location of the added mass.
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