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Chapter 1 

INTRODUCTION 

Subject of the Research 

The need for cost reduction in the areas of distribution management, 

transportation, and urban planning has been continuously increasing over 

the past several decades due among other things to the growing shortages 

of natural resources. Facilities location techniques have been employed 

in these areas to help determine more efficient allocations of scare 

resources so as to reduce costs. While most applications have been made 

in industrial situations, a growing awareness in governmental areas of the 

advantages of location analysis is evidenced by an increased demand for 

personnel familiar with facilities location techniques. 

The problem to be studied in this thesis involves the determination 

of a minimum cost location of a central facility when trips taken from 

the central facility to some or all of m existing facilities form 

traveling salesman tours. The problem is probabilistic in nature in 

that many possible combinations of trips involving different existing 

facilities may occur. While the problem formulated is original, much 

of the discussion draws upon $1milar,well studied problems in the area 

of facilities location. 

The reader unfamiliar with the subject of facilities location and 

design is referred to the text of Francis and White [10]. In addition 

to presenting the basic different types of location problems they provide 

an in depth discussion of the appropriate, overall approach that one 

1 



2 

should take to both facilities location and plant layout problems. A 

comprehensive report on the more significant contributions to facilities 

location is given by Bozok [4]. Francis and Goldstein [9] and Lea 

[12J recently compiled extensive bibliographies, of facilities location 

literature that should enable the researcher to keep abreast of the 

works of other researchers with similar interests, but who are in 

different fields. 

Using the taxonomY of facilities location problems presented by 

Francis and White [10] the location problem considered in this thesis 

involves the location of a single new facility relative to a known number 

of existing facilities having known, fixed locations. A continuous 

solution space is assumed, rectilinear and Euclidean distances are 

employed, and an objective of minimizing expected total cost is specified 

for the problem under study. In fact, the location problem treated 

possesses the characteristics of the classic Steiner-Weber problem, 

which has been studied extensively over the past twenty years. 

The problem addressed herein can be referred to as the traveling 

salesman location problem. It differs from the Steiner-Weber problem on 

the basis of the travel between the new facility and the existing 

facilities. Specifically, the Steiner-Weber problem assumes that trips 

are always made between the new facility and an existing facility each 

time a trip occurs. The traveling salesman location problem allows 

more than one existing facility to be visited during a single trip from 

the new facility. Additionally, the set of existing facilities to be 

visited during a trip is considered to be a random variable. 
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Importance of the Topic 

Based on an extensive review of the facilities location literature 

it appears that the present effort is the first to formulate and study 

the traveling salesman location problem. Even though the problem has not 

been studied previously, there exist a number of instances for which the 

traveling salesman location problem formulation is appropriate. An 

obvious application is the problem of determining the location of a 

district sales office when the salesman services a number of customers; 

the location of a blood bank which supplies blood to a number of hospitals 

is another instance where the traveling salesman location problem occurs. 

Method of Approach 

The traveling salesman location problem involves the determination 

of both the location of the new facility and the routing to be taken 

when visiting the existing facilities. Given the location of the new 

facility and the set of existing facilities to be visited on a particular 

trip~ the routing to be employed in minimizing the distance traveled per 

trip is determined by solving the associated traveling salesman problem. 

Since the set of existing facilities to be visited on a given trip is a 

random variable, the location of the new facility is to be determined 

such that the expected distance traveled per trip is minimized. 

In considering methods for solving the problem, heuristic solution 

procedures will be used. Specifically, a step-wise procedure is employed 

in which search procedures are used to specify a location for the new 

facility and, given the location, a traveling salesman algorithm is 
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employed to determine the routes which yield a minimum expected cost. 

Two existing search procedures, the Hyperbolic Approximation Procedure 

[8 ] and the Successive Quadratic Approximation Search Procedure [18], 

are employed in determining the location for the new facility. The 

associated traveling salesman problems are solved using the algorithm 

developed by Little, Murty, Sweeney, and Karel [15]. 

Objectives and Purpose of the Research 

The objectives of the research include the presentation of an 

original formulation of a significant facilities location problem which 

has not been studied previously, the development of several procedures 

for determining minimum cost locations, and the comparison of the 

effectiveness of each solution procedure. An additional objective is 

to gain some insight regarding the behavior of the function under a 

variety of different conditions. 

The purpose of this research effort is to expand the existing body 

of facilities location literature to include an investigation of a 

problem that occurs quite frequently in practice. 

Order of the Discussion 

To facilitate the presentation of the results of the research effort, 

Chapter 2 presents the problem formulation and discusses the special 

features of the problem, e.g., those that prohibit minimization of the 

function through classical optimization techniques. Several examples are 

given to depict the psychotic nature of the function under investigation. 

Chapter 3 presents a solution procedure which incorporates the Hyperbolic 
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Approximation Procedure. An alternative solution procedure particularly 

well suited for problems in which there are many existing facilities 

is also advanced in Chapter 3. The technique employed here is a search 

by regression through successive quadratic approximation. Chapter 4 

p'(':::sents computational results in which the merits of each procedure are 

compared, based on computer run times and the effectiveness of the 

procedures in minimizing the function. Chapter 5 summarizes the research; 

conclusions resulting from the study are given as well as some recom­

mendations for further research. Attention is devoted to the most 

obvious extension: the multiple new facility traveling salesman location 

problem. 



Chapter 2 

PROBLEM FORMULATION 

Introduction 

This chapter consists of a mathematical formulation of the proba­

bilistic location problem and a presentation of some relatively simple 

examples. Additionally, due to the importance of the traveling salesman 

problem in the research, some of the better known solution procedures 

to the traveling salesman problem are considered. Further insight as to 

the nature of the function under investigation will be gained in the 

study of the example problems. 

Notation and Mathematical Formulation 

Where convenient to do so, the notation to be used in this thesis 

will be consistent with the notation found in most of the recent facilities 

location literature. To begin, the following notation is adopted: 

(x,y) 

m 

= the coordinate location of the new facility. 

= the number of existing facilities. 

= a unique subset of facilities, including the new 

facility, that are to be visited on trip h, h = 1, 

2, 3, ... , k. The order of visitation is not implied 

by the ordering of elements in She 

Ph = the probability of visiting the existing facilities 

contained in subset Sh' h = 1,2,3, ... , k. 

d .. (x,y) = the distance from facility i to facility j, 1 < i ~ m+l, 
lJ 

1 .::.j < m+l 

6 
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(a.,b.) = the coordinate location of the ith existing facility, 
1 1 

i = 1,2,3, ... , m 

k = 2m-l, the total number of possible distinct subsets 

qh = the number of elements contained in She 

Note that Sh can contain at most (m+l) elements since the subset that 

includes all existing facilities can be written as Sh = {l, 2, 3, ... , 

m, (m+l)~ where (111+1) denotes the new facility. Also, only one subset 

can contain (m+l) elements since (~) = 1. Note further that facility 

(m+l) must be a member of all subsets since all trips begin and end with 

the new facility. Sh must contain at least two elements, an existing 

facility and the new facility. It is easy to see that there are (~) = m 

unique subsets containing two elements. They are {l ,(m+l )}, {2,(m+l )}, 

{3,(m+l)}, ... , {m,(m+l)}. In general, for subsets containing j+l 

elements, j ~ m, there are (j> unique subsets that can be formed. The 

total number of subsets that must be considered, k, equals 2m - 1. 

The probabilistic location problem can now be expressed as 

k=2m-l 
(PO) min f(x,y) = I 

X,Y h=l 

s.t. I z .. 
ie:Sh lJ 

l z .. 
je:Sh lJ 

u. 
1 

- u. 
J 

= 1 V je:Sh 
h = 1, 2, · .. , 

= 1 V ie:Sh 
h = 1, 2, · .. , 

+ qhZij < qh - 1 , V ; ,jeSr 
irj, i;, jrl, 
h = 1, 2, · .. , 

(2. 1 ) 

(2.la) 
k 

(2.1b) 
k 

(2.lc) 

k 
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, 11 i ,jESh 
h = 1, 2, .•• , k 

where ui and Uj are arbitrary real numbers that satisfy (2.lc). For 

each h the term in brackets along with the four constraints represents 

the particular traveling salesman problem corresponding to She The 

interpretation of the first constraint, (2.1a), is that each facility 

contained in Sh must be entered only once. The second constraint 

indicates that each facility contained in Sh must be left only once. 

The first two constraints together impose the restriction that each 

facility contained in Sh can be visited once and only once .. The third 

constraint forces the solution to be a Hamiltonian circuit, i.e., there 

can be no subtours in the solution. The last constraint defines the 

problem to be a zero-one, integer programming problem. If the order of 

visitation is from facility i to facility j, then Z.· = 1. If the 
lJ 

minimum distance solution does not dictate a routing from i to j, then 

Z .. = O. 
lJ 

Problem (PO) is embedded with the minimum distance solutions to k 

different traveling salesman problems, one for each trip, h: 

s.t. 

I Z •. = 1 
. S lJ 
Je: h 

(2.2) 
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u· - u. + qh Z" < qh - 1 1 J lJ -

Z .. = 0,1 
lJ 

, 'tJ i,jESh' 
ilj, ill, jll 

where ui and uj are arbitrary real numbers that satisfy the third 

constraint. (2.2) is a slight variation of the integer programming 

formulation of the traveling salesman problem presented by Miller, Tucker, 

and Zemlin. [17J. Observe that the solution (2.2) is simply the solution 

to the traveling salesman problem corresponding to the facilities 

contained in subset Sh with the new facility located at (x,y). Notice 

that the decision variables ;n (2.2) are the Z .. IS rather than x and y. 
lJ 

(PO) can now be rewritten as 

k 
(Pl) min f(x,y) = .~ Ph[th*(x,y)] 

(x,y) h=l 
(2.3) 

Before discussing further the objective function, f(x,y), attention 

must be given to the distance measure that is to be used. The distance 

measure may be Euclidean or rectilinear. If the distance measure is 

Euclidean, then 

, i = m+ 1 , 
j = 1,2,3, •.. ~,m 

2 2 1/2 
[(a.-a.) +(b.-b.)] , i = 1,2,3, ... ,m 

1 J 1 J JO = 1 23m , , , ... , 

(2.4) 

If the distance measure is rectilinear, then 



d .. (x ,y) = lJ 

10 

lx-a ·1+ly-b·1 J J 
, i = m+l, 

j = l t 2,3, ... t m 
(2.5) 

I either case it is assumed that dij(x,y) = dji(x,y). Notice that the 

distance from facility i to facility j depends on the location of the 

new facility, (x,y), only when either facility i or facility j is the 

new facility. Letting D be the (m+l)x(m+l) distance matrix, a change in the 

location of the new facility will only change the (m+l)th row and 

column of the distance matrix. 

In Equation (2.3) the objective function, f(x,y), is a convex com­

bination of solutions to k = 2m - 1 traveling salesman problems. The 

objective is to find a value of x and y for which the convex combination 

is at a minimum. There is no apparent relationship between Ph' the 

probability of visiting the facilities contained in Sh' and the term in 

brackets, namely, the minimum distance solution to the traveling salesman 

problem for Sh" The relative frequency of occurence of subset Sh is 

given initially and does not change if the coordinate location of the new 

facility is changed. To minimize the objective function it would seem 

that primary attention must be focused on the solution of the 2m - 1 

traveling salesman problems in such a manner that their weighted sum is 

minimized. 

Before examining some of the existing solution procedures to the 

traveling salesman problem, several other features of (Pl) must be 

presented. First, note that one functional evaluation of f(x,y) requires 

the solution of 2m - 1 traveling salesman problems so that as m becomes 
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large the solution time required for even one evaluation of the function 

may become quite long. Hence, for problems involving many existing 

facilities, procedures that minimize f(x,y), but require many functional 

evaluations, may not be feasible due to the enormous computation time 

involved. For only ten existing facilities, for example, one functional 

evaluation requires the solution of 210 - 1 = 1,023 distinct traveling 

salesman problems. However, some of the traveling salesman problems 

are solved trivially. When only one or two existing facilities are to 

be visited, there is only one route that can be selected. Thus, 

(~) + (~) solutions are trivial. This reduces the number of nontrivial 

traveling salesman problems to 2m - 1 - (~) - (~) = 2m - ~m2+m+2). The 

second procedure for minimizing f(x,y) that is developed in Chapter 3 has 

a strong point in that it is designed to minimize the number of 

functional evaluations required and consequently is well suited for 

problems involving many existing facilities. There;s a trade-off in 
_. --. 

this case, though, since the procedure will only generate near optimal 

solutions. 

A second difficulty presented by (Pl) is that there is no reason 

to believe apriori that f(x,y) is a convex function. The successful use 

of quasi-enumerative techniques is heavily dependent on the convexity 

of a function. As will be seen in the examples presented at the end of 

this chapter, f{x,y) ;s not always convex. The first technique developed 

in Chapter 3, however, takes advantage of a special structure of the 

problem such that it ;s capable of recognizing a local minimum. 
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The Traveling Salesman Problem 

The well studied traveling salesman problem, while simply stated, 

has yet to have been solved by any computationally efficient solution 

technique. Given n cities and known distances between all cities, 

the minimum distance route must be determined such that the salesman 

starts at the first city, visits all other cities only once, and finally 

returns to the first city. In other words, there can be no subtours. 

One complete tour is known in graph theory as a Hamiltonian circuit. 

Starting from the first city there are (n-l)! possible routes that may 

be taken. Note that n = m+l so that there are m!possible round trips 

for the subset in which all existing facilities are visited. 

The integer programming formulation of the traveling salesman problem 

was used in the mathematical formulation of the traveling salesman 

location problem for the sole purpose of making the formulation precise. 

The solution procedures to be used will not use integer programming 

techniques. Unfortunately, the computational results reported on the use 

of integer programming to solve large traveling salesman problems have 

been unfavorable. 

There have been numerous optimal seeking procedures developed for 

the solution of the traveling salesman problem, the most famous of which 

is the branch and bound algorithm developed by Little, Murty, Sweeney, 

and Karel [15J. The solution procedures for the probabilistic location 

problem will utilize this algorithm. 

Another algorithm developed by Eastman [ 5,6] is a branch and bound 

procedure using subtour eliminations. This method is not known to have 
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been programmed, however. Bellman [2] has developed a dynamic programming 

formulation of the traveling salesman problem. The shortcoming of this 

approach is that for large problems storage requirements are excessive. 

A more comprehensive discussion of branch and bound techniques and 

strategies is given by Lawler and Wood [11], A more in depth treatment 

of optimal seeking procedures can be found in Bellmore and Malone [3] 

and Turner, Ghare, and Foulds [19]. 

Though they will not be used in this thesis, some heuristic methods 

that generate near optimal solutions to the traveling salesman problem 

will be mentioned. Such methods may have to be used for large scale 

probabilistic location problems due to the combinatorics involved with 

the location problem itself. With regard to traveling salesman problems 

it has been found that the problem is compounded by the fact that for 

optimal seeking methods the computation time required for solution of 

traveling salesman problems increases exponentially with n. One heuristic 

method is that of Ashour and Parker [1] where a look-ahead procedure is 

combined with the procedure of selecting the nearest unvisited city. The 

1t2-optU procedure of Lin [13] and the Ilk-opt" procedure of Lin and 

Kernighan [14], based on their reported computational results for 200 

city problems, seems to be another effective heuristic. Other heuristic 

procedures are di scussed by Ei 1 on, Wa tson-Gandy, and Chri s tofi des [7]. 

The solution technique to be used in this thesis, Little1s method, 

is a branch and bound method based on penalty tour building. A complete 

discussion of the algorithm, including an example, is given by Wagner [20]. 

Little, et al., report mean computation times on an IBM 7090 of 

58.5 seconds for 100 thirty-city problems and 8.37 minutes for 5 
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forty-city problems. Though they argue in favor of branching from the 

newest bounding problem t their computational results are based on the 

policy of branching from the node having the least lower bound. The 

solution procedure to be used in this thesis will adopt the recommended 

branching strategy. Another refinement especially effective on larger 

problems is suggested by Eilon t Watson-GandYt and Christofides [7 J. 

They found a reduction in computation times when the penalties were 

determined by weighting the second and third smallest row and column 

elements. Their suggested refinement was not used in this research. 

Some Simple Examples 

In order to illustrate the complexity of the problem that has been 

formulated, four relatively simple examples will be presented. These 

examples will also be used in later chapters to illustrate the various 

solution procedures. 

Consider a situation where four existing facilities are located at 

(al,bl ) = (0,0), (a2,b2) = (lOO,O), (a3,b3) = (100,100), and (a4tb4) = 
(0,100). The new facility, facility number 5, must be located so as to 

minimize the expected distance traveled. The distance measure can be 

Euclidean or rectilinear. Two of the examples use Euclidean distance 

measures and two use rectilinear distance. The relative frequency of 

occurrence of subsets of facilities to "be visited will be either the same 

over all subsets or the same among subsets involving the same number of 

existing facilities. 

Example 2.1 Let the distance measure be Euclidean and define the 

subset probabilities as follows: 
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h Ph Sh 

1 1/15 1,5 
2 1/15 2,5 
3 1/15 3,5 
4 1/15 4,5 
5 1/15 1 ,2,5 
6 1/15 1 ,3,5 
7 1/15 1,4,5 
8 1/15 2,3,5 
9 1/15 2,4,5 

10 1/15 3,4,5 
11 1/15 1 ,2,3,5 
12 1/15 1,2,4,5 
13 1/15 1,3,4,5 
14 1/15 2,3,4,5 
15 1/15 1,2,3,4,5 

Since the existing facilities are located at the vertices of a square 

and since the subset probabilities give equal weight to all the existing 

facilities, intuition might lead one to believe that the point (50,50) 

is the minimum distance location for the new facility. Figure 2.1 

provides a cutaway view of the three dimensional graph of the function, 

z = f(x,y), for 0 ~ x ~ 50, 50 ~ y ~ 100. Close examination of the 

figure reveals that the function is at a minimum somewhere between the 

points (42,50) and (46,50),with another minimum occurring between the 

points (50,42) and (50,46). ActuallY,at the point (SO,SO) f{x,y) ;s at 

a relative maximum. Figure 2.2 is a plot of f(x,y) over the entire 

square. The maximum and minimum values of f(x,y) are given in Table 2.1. 

The last four entri'es in Table 2.1 are not extreme points, but f(x,y) 

appears to be strictly convex in a neighborhood of each of the four points 

so that it is safe to conclude that a relative minimum will occur at 

x* = 50, and within either the interval 42 < y < 46 or the interval 

54 < y < 58, and by symmetry at y* = 50, and within either the interval 
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Table 2.1 

Maximum and Minimum Values of Objective Function of Example 2.1 

(x,y) f(x,y) Nature of Extreme Point 

(0,0) 280.95 Global maximum 

(0,100) 280.95 Global maximum 

(100,100 ) 280.95 Global maximum 

(100,0 ) 280.95 Global maximum 

(50,50) 260.28 Local maximum 

(50,44) 259.97 Minimum value obtained in grid search 

(50,56) 259.97 Minimum value obtained in grid search 

(44,50) 259.97 Minimum value obtained in grid search 

(56,50) 259.97 Minimum value obtained in grid search 
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Fi gure 2.1 

A Cutaway View of f(x,y) in Example 2.1 



18 

x 

Figure 2.2 

An Overall View of f(x,y) in Example 2.1 
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42 < x < 46 or the interval 54 < x < 58. Notice in Figure 2.2 the 

ridges that run from the existing facilities to the point (50,50). The 

existence of these ridges by themselves are enough to make f(x,y) 

non-convex over the entire region. Now consider a triangular region in 

the xy plane formed by any two of the four existing facilities and the 

point (50,50). It can be seen that f(x,y} is nonconvex in this region 

also. Using the triangular region formed by the points (0,0), (0,100), 

and (50,50) and then examining f(x,y = 50), a ~ x < 50, in Figure 2.1, 

an inflection point can be seen at f(l8,50). f(x,y) appears to be convex 

beyond the point (18,50), however. 

ExamEle 2.2 As a second example we will maintain the Euclidean 

distance measure and redefine the subset probabilities as follows: 

h Ph Sh 

1 .05 1 ,5 
2 .05 2,5 
3 .05 3,5 
4 .05 4,5 
5 .05 1 ,2,5 
6 .05 1 ,3,5 
7 .05 1 ,4,5 
8 .05 2,3,5 
9 .05 2,4,5 

10 .05 3,4,5 
11 • 1 1,2,3,5 
12 • 1 1,2,4,5 
13 · 1 1,3,4,5 
14 · 1 2,3,4,5 
15 · 1 1,2,3,4,5 

Thi s example can be considered to be another special case since the 

subset probabilities are equal among subsets involving the same number 

of facilities. As a result, no particular existing facility is given an 

extra weight due to the assignment of subset probabilities. As in the 
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previous example, a good intuitive guess at the minimum distance location 

would be the point (50,50). Figures 2.3 and 2.4 provide a cutaway view 

of the function and a view over the entire region, respectively, 

analagous to the figures used in Example 2.1. Notice that the four 

minimum points have shifted slightly outward in relation to the minimum 

points of Example 2.1, and that the relative maximum occurring at the 

point (50,50) is now more pronounced. The explanation for these shifts 

can be made by examining Pk' the probability of visiting all four existing 

facilities, in each example. Notice first of all, however, that if only 

all four existing facilities are to be visited, i.e., P15 = 1, the 

minimum distance solution is immediately determined by locating the new 

facility anywhere on the boundary of the square region formed by the 

existing facilities. Now Pk in Example 2.2 is slightly greater than Pk 

in Example 2.1 so that the distance resulting from visiting all four 

existing facilities is given a higher" weight in the objective function. 

Consequently, it is expected that the minimum distance location will 

shift toward the minimum distance solution that results when Pk = 1. 

The shifts occur along the lines x = 50 and y = 50 because no sing~ 

existing facility is weighted higher than another. Only the subsets 

containing a different number of existing facilities are weighted unequally. 

The shifting of the minimum points of f(x,y) is entirely due to the 

changes made in the weighting of groups of existing facilities. As an 

example in which unequal weighting of existing facilities occurs suppose 

that for 5", 5'2' 513 , and 5'4' the 'probabilities of visiting these 

subsets involving three existing facilities are changed to Pll = P12 = 

P13 = .08 and P14 = .16. $14 involves all existing facilities except 

facility number one. Hence, facility one is now weighted lower than 
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Fig~re 2.3 

A Cutaway View of f(x,y) in Example 2.2 
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Figure 2.4 

An Overall View of f(x~y) in Example 2.2 
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facilities two, three, and four. The minimum points can be expected to 

shift away from facility one somewhat, since the expected distance 

traveled has decreased for facility one, and has increased for the other 

existing facilities. 

Table 2.2 lists the maximum and minimum values of f(x,y) that were 

obtained in plotting Figures 2.3 and 2.4. The relative minima occur 

at x* = 50, and within either the interval 38 < Y < 42 or the interval 

58 < y <62, and by symmetry at y* = 50, and within either the interval 

38 < x < 42 or the interval 58 < x < 62. 

In Example 2.2 the shifts in the minimum points and the values of 

f(x,y) have changed due to the new probability assignments. It should be 

recognized, however, that the locations of the minimum points are 

dependent, not only on the probabilities of visiting various subsets of 

existing facilities, but also on the traveling salesman zones resulting 

from the configuration of the existing facilities. A traveling salesman 

zone can be defined as a region in which a new facility can be located 

such that when all other existing facility locations are held fixed, the 

set of optimal routes resulting from the solution of the traveling salesman 

problems remains the same. The symmetry of f(x,y), as given in Examples 

2.1 and 2.2, can be destroyed either by assigning subset probabilities 

so as to weight the existing facilities unequally or by altering the 

configuration of existing facilities, thus changing the traveling 

salesman zones. 

Figure 2.5 shows, approximately, the different traveling salesman 

zones that result when the distance measure is Euclidean and the four 

existing facilities have the same locations as in the previous examples. 
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Table 2.2 

Maximum and Minimum Values of Objective Function of Example 2.2 

(x,y) f(x,y) Nature of Extreme Point 

(0,0) 301.92 Global maximum 

(0,100) 301 .92 Global maximum 

(100,100) 301.92 Global maximum 

(100,0) 301.92 Global maximum 

(50,50) 285.56 Local maximum 

(50,40) 284 .. 87 Minimum value obtained in grid search 

(50,60) 284.87 Minimum value obtained in grid search 

(40,50) 284.87 Minimum value obtained in grid search 

(60,50) 284.87 Minimum value obtained in grid search 



(a, ,b,) = (0,0) 
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Figure 2.5 

Traveling Salesman Zones 
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Table 2.3 lists the non-trivial itineraries for each zone. I(Sh) is 

the optimal route or itinerary for the hth subset of facil ities to be 

visited. Facility number S, the new facility, is not given in the routes, 

I(Sh)' h = 11, 12, 13, 14, 15, since it is assumed that all tours begin 

and end with the new facility. It is interesting to note that when only 

all four existing facilities are visited, the traveling salesman zones 

turn out to be the four triangles formed by the diagonals of the 

square. This can be seen by comparing zone numbers in Figure 2.5 with 

the zones in Table 2.3 that have identical routes for 1(51S ). When the 

four combinations of unique subsets containing ~hree existing facilities 

are considered, the zones become distorted. Notice in Table 2.3 that 

traveling salesman zones change when at least one route, I(5h), changes. 

It is expected that as the total number of existing facilities is 

increased, resulting in many more subsets of existing facilities to be 

visited, the zones will become even more distorted. Furthermore, any 

change in the configuration of the existing facilities will tend to 

distort the traveling salesman zones. The importance of traveling sales­

man zones in relation to the traveling salesman location problem will 

become more apparent in Chapter 3. 

Example 2.3 Consider as a third example using the equal subset 

probabilities of Example 2.1 and employing a rectilinear distance 

measure. The objective function now becomes pyramidal.in shape. Figure 

2.6 is a plot of f(x,y) over the entire square region. The point (50,50) 

has now become a global maximum with f(SO,SO) = 326.67. Any point 

lying on the boundary of the square region is a global minimum, i.e., 
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Table 2.3 

Itineraries for the Traveling Salesman Zones 

Zone 1(511 ) .1(512) 1(513 ) 1(5,4) 1(515 ) 

1 1-3-2 1-4-2 1-4-3 2-3-4 1-4-3-2 
2 1-2-3 1-4-2 1-4-3 2-3-4 1-4-3-2 
3 1-3-2 2-1-4 1-4-3 2-3-4 1-4-3-2 
4 1-2-3 2-1-4 1-4-3 2-3-4 1-4-3-2 

5 2-1-3 2-1-4 1-4-3 2-4-3 2-1-4-3 
6 2-1-3 2-1-4 1-4-3 2-3-4 2-1-4-3 
7 1-2-3 2-1-4 1-4-3 2-4-3 2-1-4-3 
8 1-2-3 2-1-4 1-4-3 2-3-4 2-1-4-3 

9 1-2-3 2-1-4 3-1-4 3-2-4 3-2-1-4 
10 1-2-3 2-1-4 1-4-3 3-2-4 3-2-1-4 
11 1-2-3 2-1-4 3-1-4 2-3-4 3-2-1-4 
12 1-2-3 2-1-4 1-4-3 2-3-4 3-2-1-4 

13 1-2-3 1-2-4 1-3-4 2-3-4 1-2-3-4 
14 1-2-3 2-1-4 1-3-4 2-3-4 1-2-3-4 
15 1-2-3 1-2-4 1-4-3 2-3-4 1-2-3-4 
16 1-2-3 2-1-4 1-4-3 2-3-4 1-2-3-4 
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Figure 2.6 

An Overall View of f(x,y) in Example 2.3 
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(x*,y*) = {(x,y) I 0 ~ x* ~ 100, y* = 0 or y* = 100, and x* = 0 or 

x* = 100, 0 ~y* < lOO} with f(x*,y*) = 320. 

Example 2.4 As the fourth example consider using the subset 

probabilities of Example 2.2 and employing rectilinear distances. The 

objective function forms a pyramid similar to the one in the previous 

example. The global maximum is still at the point (50,50) with f(50,50) 

= 350. The minimum points again lie on the boundary of the square region 

with f(x*,y*) = 340. 

It ;s interesting to note that there are only four different 

traveling salesman zones in Examples 2.3 and 2.4 whereas 16 different 

zones were formed in Examples 2.1 and 2.2. When the rectilinear distance 

measure is used, the four traveling salesman zones are defined by the 

four right isosceles triangles formed by the diagonals of the square, 

e.g., one complete zone for the rectilinear problem is given by zones 

1,2, 3, and 4 in Figure 2.5. 

Returning now to the results obtained in Examples 2.1 and 2.2, recall 

that as Pk increased from 0.067 to 0.1 that the four minimum points moved 

outward in directions perpendicular to the sides of the ~quare region. 

Figures 2.7 and 2.8 provide a cutaway view and an overall view of f(x,y), 

respectively, with P15 = 0.6, and Ph~ .0286. h = 1,2, ... ,14. The 

minimum points have now moved even closer to the sides of the square. 

When Pk = 1.0, the optimal location for the new facility will lie anywhere 

on the boundary of the square. The reason behind this is simple. The 

boundary of the square represents the path of the optimal routes for 

travel between all four existing facilities given that all four existing 

are visited in one trip. Hence, any location of the new facility off 
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Figure 2.7 

A Cutaway View of f(x,y) when P15 = .6 
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Figure 2.8 

An Overall View of f(x,y) when P15 = .6 
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the boundary of the square can only increase the travel distance since 

it is known with certainty that all four existing facilities will be 

visited each trip. Notice in Figures 2.7 and 2.8 that the point (50,50) 

now represents a global maximum for f(x,y), and in addition, the ridges 

have become much sharper. 

As was pointed out earlier, the symmetry of the objective function 

can be distorted either by assigning subset probabilities so as to 

unequally weight existing facilities or by changing the configuration of 

the existing facilities. It is instructive to examine the paths of the 

relative minima of f{x,y), for a ~ Pk ~ 1, for different configurations 

of existing facilities. 

Consider the square configuration given by the four existing 

facility locations in Examples 2.1 and 2.2. When all Ph' h < k, are 

held equal, and Pk + 0, the resulting minimum points of f(x,y) trace out 

the paths given in Figure 2.9. Each point on an arrow represents a 

global minimum point for f(x,y) for a particular Pk. When Pk = 0, the 

single global minimum is at point (50,50). As previously mentioned, when 

Pk = 1, any point on the boundary of the square represents a global 

minimum. For a particular Pk' 0 < Pk < 1, there are four global minimum 

points, one on each arrow, with each global minimum point located the 

same distance away from the point (50,50). It should be emphasized here 

that all four paths trace out global minimum points as Pk + O. 

In general, if the configuration of m existing facilities forms a 

regular polygon, and all m facilities are weighted eq~ally, then as 

Pk + 0, there will be m paths traced out by the minimum points of f(x,y), 

all m of which represent global minima. A regular polygon is defined to 
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... • 

Figure 2.9 

Optimal Paths as Pk + 0 in Example 2.2 

(a3,b3) 

(100,100) 
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be a closed figure with all sides of equal length located symmetrically 

about the IIcenter ll of the polygon. If the polygon is not regular, then 

the paths may not all represent global minima. This is the case in 

Figure 2.10. In Figure 2.10 the configuration of the six existing 

facilities shown forms a hexagon.. Since the two vertical sides of the 

hexagon are shorter than the other sides, the hexagon is not regular. 

The broken lines starting from the shorter sides represent local minimum 

paths traced out by f(x,y) as Pk -+ 0, while the solid lines represent 

global minimum paths. Since the hexagon ;s not regular, the traveling 

salesman zones are not symmetric, and therefore f(x,y) is not symmetric. 

The three existing facilities in Figure 2.11 are located so as to 

form an equilateral triangle. The traveling salesman zones are symmetric 

about the center of the triangle, and as a result, f(x,y) has three global 

minimum paths that converge on the "center U of the triangle as Pk -+ O. 

Moving any existing facility will distort the symmetry of the traveling 

salesman zones, and therefore, will cause f(x,y) to be asymmetric. This, 

in turn, will reduce the number of global minimum paths to either two or 

one) depending on the direction in which the existing facility is moved. 

For example, if (a3,b3) is moved toward (a, ,bl ) and (a2,b2) in any 

fashion, only one global minimum path occurs, its location being near 

(a3,b3). On the other hand, if (a3,b3) is moved away from (al ,b,) and 

(a2,b2) in any fashion, two global minimum paths will result, one 

located near (a l ,bl ), and one near (a2,b2). 

Not only can a non-regular configuration of existing facilities 

reduce the number of global minimum paths, but also it may alter the 

direction of the paths as well. The global minimum paths in Figures 2.12 



(a6 ,b6 ) 

(0,28.9) 
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Figure 2.10 

Optimal Paths as Pk + 0, for m = 6 

(a 2,b2) 
(100,28.9) 
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(a 3,b3) 

(50,86.6) 

Fi gure 2. 11 

Optimal Paths as Pk + 0, for m = 3 
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and 2.13 were approximated by letting Pk go to zero and employing the 

first search procedure, presented in the next chapter, to locate relative 

and global minimum points. Figure 2.12 shows the resulting distortion 

of the optimal paths when existing facility number three (Examples 2.1 

and 2.2) is moved from the point (100,100) to the point (150,150). As 

before, the broken lines depict relative minimum paths, and the solid 

lines are global minimum paths. Notice that when Pk = 0, the single 

optimal location is still at the point (50,50), just as it would be if 

the configuration of existing facilities had formed a square. The global 

minimum paths tend to favor the three existing facilities that have not 

been moved. 

When the third existing facility ;s moved to the point (25,25), the 

optimal (global) paths remain inside the closed figure. Observe in 

Figure 2.13 that the local minimum paths fall within the convex hull 

formed by the four existing facilities, however. At Pk = 0, the global 

minimum is at (25,25). 

It should now be clear that the location of the minimum point, or 

minimum points for f(x,y) is heavily dependent not only on the subset 

probabilities, but also on the configuration of the existing facilities. 

Determining the minimum points for f(x,y), even for small problems such as 

those presented in this chapter, turns out to be an exceedingly difficult 

task. Many of the results obtained in the examples thus far have been 

counter-intuitive. Fortunately, however, one of the search procedures 

advanced in the next chapter is able to deal with the psychotic nature 

of f(x,y) through the use of information given by the traveling salesman 

zones. 
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Fi gure 2. 12 

(a3,b3) 

(150,150 ) 

Optimal Paths as Pk ~ 0, for an Asymmetric Configuration with m = 4 
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Figure 2.13 

Optimal Paths as Pk + 0, for an Asymmetric Configuration with m = 4 
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Summary 

Chapter 2 has presented the mathematical formulation of the traveling 

salesman location problem. Additionally, several simple example problems 

were provided to better familiarize the reader with the nature of the 

problem under investigation. The concept of a traveling salesman zone, 

a term that will be used throughout this thesis, was introduced via the 

example problems. 

The next chapter is devoted to the implementation of two existing 

search procedures as a means of solving the traveling salesman location 

problem. The example problems discussed in Chapter 2 will be used again 

in Chapter 3 to verify the two solution procedures. 



Chapter 3 

SOLUTION PROCEDURES 

Introduction 

In the previous chapter the traveling salesman location problem was 

introduced, first by way of a mathematical formulation of the problem, 

and then by examining several relatively simple example problems. Even 

for a simple problem, it was seen that the objective function, f(x,y), 

is non-convex. The non-convexity of f(x,y) was shown to be caused by 

the different traveling salesman zones formed at various coordinate 

locations. 

Two heuristic procedures for solving the traveling salesman location 

problem will be given in this chapter. The first procedure is based on 

a structural relationship between the traveling salesman location problem 

and the well known Steiner-Weber problem. The second procedure proposed 

utilizes a search by regression. After the presentation and discussion 

of the algorithms, the effectiveness of each will be demonstrated by 

solving the problems given in Examples 2.1, 2.2, 2.3, and 2.4. 

Procedure 1: Functional Minimization Using 

the Hyperbolic Approximation Procedure 

The procedure for solving the traveling salesman location problem 

developed in this section is capable of producing solutions that represent 

local minima on f(x,y). As is usually the case when search techniques 

are employed to minimize non-convex functions, there can be no absolute 

41 
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guarantee that a global minimum will be found. It will be shown by way 

of the example problems that a judicious selection of several starting 

points for the new facility greatly increases the chances of obtaining a 

global minimum. 

All effective heuristic procedures are capable of obtaining optimal 

solutions. The strength of Procedure 1 lies in its ability both to 

produce an optimal solution and to immediately recognize that solution as 

being an optimal one. Many heuristic procedures do not possess the latter 

trait. 

Relationship Between the Steiner-Weber Problem 

and the Traveling Salesman Location Problem 

The development of Procedure 1, based on an interesting relationship 

between the Steiner-Weber problem and the traveling salesman location 

problem, is an extension of an approach originally suggested by Lohmar 

[16]. This relationship is best exposed by first discussing the Steiner­

Weber problem. 

The single facility location problem, a special case of the Steiner­

Weber problem, can be stated mathematically as 

where 

m 
minimize g(x,y) = .r Widi(x,y) 

1=1 

m = the number of existing facilities 

di(x,y) = the distance from the new facility, m+l, located at 

coordinate position (x,y), to existing facility i, 

1 < i < m. 

(3.1) 
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w. = non-negative weight between the new facility and the 
1 

ith existing facility, 1 .::. i .::. m. 

di(x,y) is given by the first equation in (2.4) for Euclidean distances 

and is given by the first equation in (2.5) for rectilinear distances. 

The weighting factor, wi' reflects the percentage of direct movement per 

unit time between the ith existing facility and the new facility. The 

coordinate positions of the existing facilities are (ai,bi ), i = 1, 2, 

3, ... , m, as given in the previous chapter. 

A sufficient condition for g to have a minimum at a point (x*,Y*) is 

that the first partial derivatives of g, with respect to x, and with 

respect to y, evaluated at (x*.,y*) both be zero. When the Euclidean 

distance measure is used, the first partial derivatives are 

ag{x,l) m 2 2 1/2 
= .r w.(x-a·}/[(x-a.) +(y-b.) ] ax 

1 =1 ' , . 1 1 
(3.2) 

ag{x,l) m 2 2 1/2 
= I w.(y-b.)/[(x-a.) +(y-b.) ] 'Oy i =1 1 1 1 1 

(3.3) 

Equations (3.2) and (3.3) could be solved by numerical techniques if the 

partial derivatives were defined at all points. Notice, however, that 

if the new facility location coincides with the location of an existing 

facility, the partial derivatives are undefined. Several solution 

techniques have been developed to handle the problem of undefined 

derivatives in the Steiner-Weber problem. The Hyperbolic Approximation 

Procedure, proposed by Eyster, Wh i te, and Wi erwi 11 e [8], has proven to 

be an especially effective algorithm for solving the facilities 



44 

location problem. Their procedure will be utilized in Procedure 1 to 

assist in the solution of the traveling salesman location problem. 

Essentially, the Hyperbolic Approximation Procedure minimizes g(x,y) by 

roughly approximating the right circular cones in Equation (3.1) with 

hyperboloids, thus forcing the derivatives to be defined over the entire 

space, minimizing the resulting function, and then sequentially making 

closer approximations until an optimal solution is obtained. A complete 

description of the algorithm and a presentation of computational 

experi ence is gi ven in [8]. 

The relationship between the single facility location problem and 

the traveling salesman location problem will now be given. Consider an 

initial location, (xO,yO), for the new facility °in the traveling salesman 

location problem. In the process of determining the expected total 

distance traveled, f(xO,yO), the optimal routing for each distinct subset 

of facilities to be visited is also determined. Recall that each of these 

routes, or itineraries, was previously defined in Chapter 2 by I(Sh)' 

h = 1,2,3, ... , k, and that while the order of visitation was given by 

I(Sh)' the new facility was excluded from I(Sh)' Since it is assumed that 

all tours begin and end with the new facility, there is no need to 

include it in I(Sh). For a specific subset, Sh' the only existing 

facilities that interact directly with the new facility, m+l, are the 

first and last existing facilities in the optimal route. These existing 

facilities are given by the first and last elements of I(Sh). In order 

to facilitate the discussion that follows, some additional notation is 

required. Specifically, let 
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1, if the first or last element of I{Sh) equals i 
(3.4) 

0, otherwise. 

Note that R = «rih )) is an m x k matrix with each of the first m 

columns having (m-l) zero entries and a single entry of one, and with 

each of the remaining (k-m) columns having (m-2) zero entries and two 

entries of one. The first m columns have only one entry of one because 

the first m subsets of facilities to be visited contain only one existing 

facility, and consequently, the first element of I(Sh)' h = 1, 2, 3, 

•. 0' m, is also the last element of I(Sh)' Therefore, for each of the 

first m subsets of existing facilities to be visited the new facility will 

interact directly with a particular existing facility twice, once on the 

trip to the existing facility, and once on the return trip. After the 

first m subsets, however, there are two or more existing facilities con­

tained in Sh' and since traveling salesman tours are required, the new 

facility must interact directly with two, and only two, existing 

facilities. The direct interaction takes place between the first existing 

facility visited and the last existing facility visited. This explains 

why the R matrix is composed of all zeroes and ones. 

The R matrix is determined by solving the "string" of traveling 

salesman problems when the new facility is located at the coordinate 

position (x,y). For example, consider the case where m = 4, and k = 2m-l 

or 15. The R matrix may appear as follows: 

R = (i 0 0 0 1 1 1 0 0 0 1 1 a 0 I) 1 0 a 1 0 a 1 1 0 1 0 0 1 
0 1 0 0 1 0 1 0 1 0 0 1 1 
0 0 1 0 0 1 0 1 1 0 1 1 a 
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The first 10 columns of R are strictly determined since the solutions to 

the traveling salesman problems involving one or two existing facilities 

are trivial. The entri'es in the last five columns of R are not strictly 

determined, but rather are dependent on the optimal routes given by the 

solutions to the traveling salesman problems for 511 , 512 , 513 , 5'4' and 

5'5' It was demonstrated in Chapter 2 that the determination of the 

non-trivial routes is dependent on the configuration of existing facilities 

and the particular coordinate location of the new facility. Recall that 

in this case, the non-trivial routes are given by one of 16 possible 

traveling salesman zones, depending on the new facility location. 

Given the initial location of the new facility, (xO ,yO), and the 

resulting itineraries, IO(5h), h = 1,2,3, ... , k, the new facility can 

be optimally located, inasmuch as the direct interactionoetween-new and 

existing facilities is concerned. This is accomplished by minimizing 

g(x,y) in Equation (3.1), the single facility location problem. Each of 

the appropriate weights to be used is given by 

k 
Wi = 2Pi + L Phr·h 

h=m+l 1 
,i = 1, 2,3, ... , m (3.5) 

where Ph is the probability of visiting subset 5h, and r ih , Equation 

(3.4), is the indicator variable for direct interaction between the new 

facility and existing facility i of 5h. 

To illustrate the method of forming the weights consider existing 

facility number 1 in the case where m = 4. 51 = {1,5}, and 51 is visited 

with probability Pl' The result"ing itinerary is 5-1-5, i.e., 1(51) = ill, 

so that for this subset, existing facility 1 interacts directly with the 
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new facility twice. Hence, wl is at least as large as 2p,. Table 3.1 

lists the subsets of facilities to be visited and the itineraries that 

are strictly determined. Recall, an it"inerary is strictly determined if 

there is only one possible Hamiltonian circuit for that itinerary. 

Observe in Table 3.1 that facility 1 is not involved in another itinerary 

until the fifth subset, and then it is involved in the fifth, sixth, and 

seventh subsets, whose itineraries are strictly determined. As a result, 

Wl is now at least as large as 2Pl + P5 + P6 + P7. Beyond this point, 

however, it cannot be determined whether or not facility 1 will directly 

interact again with the new facility without knowing the first and last 

elements of the non-trivial itineraries, I(S1')' I(S12)' I(S'3)' and 

1(515 ). The non-trivial itineraries, and, therefore, the·~":r.jh's cannot be 

determined for any new facility location without solving the associated 

set of traveling salesman problems. It is in this sense that the 

weights, wj ' j = 1,2,3, ... , m, can be viewed as random variables. 

Suppose now that the new facility is optimally located with respect 

to the direct interaction between new and existing facilities in accordance 

with Equation (3.1), using the weights given by Equation (3.5). As a 

result of solving the Steiner-Weber problem, assume that the new facility 

has been moved from (xO,yO) to (xl,y'). If the routes obtained in 

solving f(x l ,yl) are identical to the routes that occurred at (xO,yO), 

then the new facility has also been optimally located with respect to 

the indirect interaction between the new facility and the existing 

facilities. As a result, f(x,y) will have a local minimum at (xl ,yl). 

To see this, consider the internal distances given by each non-trivial 

route, I(Sh)' i.e., the distance from the first element of I(Sh) to the 
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Table 3.1 

Subsets of Facilities to be Visited and Trivial Itineraries 
for the case where m = 4 

Sh I(Sh) 
(if strictly determined) 

{l ,5} {l} 

{2,5} {2} 

{3,5} {3} 

{4,5} {4} 

{1,2,5} {l ,2} 

{l,3,5} {l ,3} 

{1,4,5} {l ,4} 

{2,3,5} {2,3} 

{2,4,5} {2,4} 

{3,4,5} {3,4} 

{1,2,3,5} 

{1,2,4,5} 

{1,3,4,5} 

{2,3,4,5} 

{l,2,3,4,5} 
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second, plus the distance from the second to the third, plus the distance 

from the third to the fourth, and so on, plus the distance from the next 

to the last element to the last element. If the itineraries associated 

with f(xO~yO) are identical with those associated with f(xl ,yl), then the 

internal distances must be the samet and since (x' ~yl) is the minimum 

distance location for the direct interaction between the new and existing 

facilities, f(xl ,yl) must be the minimum value of f(x,y) relative to all 

(x,y) in the neighborhood of (xl,yl). 

This relationship between the Steiner-Weber problem and the traveling 

salesman location problem suggests an algorithm for minimizing f(x,y). 

A general description of Procedure 1 follows: Select a starting 

position, (xO,yO), for the new facility, evaluate f(xO,yO) by solving the 

associated traveling salesman problems, relocate the new facility to 

(xl,yl) using the Hyperbolic Approximation Procedure (HAP), evaluate 

f(x1 ,yl), and compare the sets of itineraries for (xO,yO) and (xl,yl). 

If the sets of itineraries are the same, then a local minimum has been 

found at (xl,y'). If the sets of itineraries are not the same, compute 

the new weights, relocate the new facility to (x2,y2) using HAP, evaluate. 

f{x 2,y2), and compare the itineraries corresponding to (xl ,yl) and 

(;(2,y2). Continue in this manner until a relative minimum has been found 

or until a predetermined time limit is exceeded. 

Before formally presenting the algorithm an important point needs to 

be emphasized. First, suffice it to say that if successive sets of 

itineraries are the same, i.e., if It(Sh) = It+1 (Sh)' h = 1,2, 3, ... , k, 

after moving the new facility from (xt , y1) to (x1+l ,y1+l), then a local 

minimum pOint for f(x,y) has been obtained. Furthermore, if It(Sh) 
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~+l. (R. R. = I (Sh)' then the welghts, wi' i = 1,2,3, ... , m, formed at x ,y ) 

must be identical to the weights formed at the point (xR.+l,yR.+l). The 

on1y way that the weights can be the same for new facility locations 

is if the two locations are in the same traveling salesman zone. Hence, 

if the weights corresponding to the new facility location (xi,yR.) are 

equal to the weights at new facility location (xR.+l ,y~+l), then (xR.+l,yR.+l) 

represents a local minimum point for f(x,y). In other words, a check for 

optimality at each iteration can be performed either by comparing the 

routes or by comparing the weights. 

Figure 3.1 gives a macro-flow chart of the check for optimality. To 

see that the check for a local minimum point can be made by the 

examination of either the route vectors or the weight vectors suppose the 

new facility is located at (xR.,yR.), where ~ denotes the iteration number. 

In the process of evaluating the objective function, TSR., the optimal 

routes are also obtained. The new facility is moved to (xR.+l,yR.+l) by using 

the weights, W~, and the Hyperbolic Approximation Procedure. Suppose 

that the routes obtained at TSR.+1 are the same as those obtained at TSR.. 

If this is the case, then (x~+l,yR.+l) must be a local minimum point. 

Furthermore, the weights at WR.+1 will be the same as those that were 

formed at WR.. Consequently, if the new facility is moved to (xR,+2,yZ+2) 

it will be discovered that (xR.+2,yR.+2) is the same coordinate position as 

( R.+l R,+1) R.+l x ,y . This must be the case since the weights at Ware equal to 

the weights at Wi, and g(x,y) has already been minimized at iteration i. 

Hence, it makes no difference whether the optimality test is made by 

comparing the routes determined at TSi and TSi +l or by comparing the 

weights formed at Wi and wR.+l. 
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Fresentation of the Algorithm 

Procedure 1 will now be presented in a formal, step-wise fashion. 

A macro-flow chart is given in Figure 3.2. 

Procedure 1: 

1. Set i = 0. Select an initial starting location for the new facility, 

(xi,yi) = (xO,yO), and evaluate f(xO,yO). 

2. Compute We, the weight factor reflecting the level of direct 

activity between the new and existing facilities when the new 

facility is located at (xO,yO). 

3. Set i = i+1. Relocate the new facility to (xi,yi) using Wi - l and 

the Hyperbolic Approximation Procedure. 

4. Evaluate f(xi,yi), and compute Wi, based on the itineraries, Ii(Sh)' 

h = 1,2, 3, •.. , k, and the subset probabilities. 

5. Compare the weight vectors between successive iterations: if Wi 

= Wi -1, go to 7. Otherwise, go to 6. 

6. If i = the maximum number of iterations allowed, go to 8. Otherwise, 

go to 3. 

7. (x,y)i represents a local minimum point for f(x,y). Write out the 

minimum point and f(xi,yi). Go to 9. 

8. Terminate search: write out the lowest f(x,y) value found. Go to 9. 

9. Stop. 

Example 3.1 To emphasize the importance of selecting several 

different initial locations for the new facility when employing Procedure 

1, several starting points will be used on Example 2.1. Recall that in 
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START 

Evaluate f(xO,yO) and compute weights, WO, 
based on optimal routes and subset probabilities 

Relocate new facility to (x~,y~) using HAP 

Evaluate f(x!~y!) and compute weights, W1
, 

based on optimal routes and subset probabilities 

Figure 3.2 

Macro-Flowchart of Procedure 1 
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Example 2.1 the distance measure was Euclidean, all subset probabilities 

were equal, and that the four existing facilities were located at 

coordinate positions (0,0), (100,0), (100,100), and (0,100), 

respectively. Table 3.2 lists 10 different initial locations for the 

new facility and the resulting paths to the optimum. Figure 3.3 and 

Figure 3.4 provide a graphical view of the movement of the new facility 

at each iteration, for each of the 10 initial locations. Observe that all 

of the final minimum distance locations fall within one of the intervals 

of uncertainty for the optimal locations given in Exarrlple 2.1. In all 

cases the objective function value, z* = 259.965, was .01 less than any 

value obtained in plotting the function in Example 2.1. As a result, it 

is reasonably safe to conclude that the four different, final locations 

for the new facility, given in Table 3.2, all are global minimum points. 

Notice that Procedure 1, in this example, achieves the optimum in 

at most two iterations, and when the new facility is located initially 

at (50,SO), only one iteration is required. Fronl this example there 

appears to be no advantage in selecting the existing facilities as 

starting points since the optimum is achieved in no fewer iterations. 

When Procedure 1 is applied to the problem given in Example 2.2, 

using the same starting locations for the new facility, si-mi1ar paths to 

the local minimum points are obtained. Table 3.3 lists for each starting 

point the movement of the new facility location at each iteration of 

Procedure 1. The four global minimum points obtained are the points 

(50,40.3), (40.3,50), (59.7,50), and (59.7,50). The expected total 

distance traveled at all of these points is z* = 284.868, and is 0.002 
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Table 3.2 

Effect of Using Different Starting Points for Example 2.1 

Starting Point No. Path to the Optimum 

1 (O,O) to (31.9,50) to (43.4,50) 

2 (100,0 ) to (62.8,49.1) to (56.6,50) 

3 (100,100) to (50,68.1) to (50,56.6) 

4 {0,1 OO} to (31.9,50) to (43.4,50) 

5 (30,20) to (49.1,37.2) to (50,43.4) 

6 (50,0) to (50,31.9) to (50,43.4) 

7 (100,50) to (68. 1 ,50) to (56.6,50) 

8 (50,100) to (50,68.1) to (50,56.6) 

9 (0,50) to (31.9,50) to (43.4,50.0) 

10 (50,50) to (50,56.6) 
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Figure 3.3 

Paths to the Optimum Using Different 
Starting Points in Procedure 1 
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Figure 3.4 

Paths to the Optimum Using Different 
Starting Points in Procedure 1 
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Table 3.3 

Effect of Using Different Starting Points for Example 2.2 

Starting Point No. Path to the Optimum 

1 (O,O) to (25,50) to (40.3,50) 

2 (100,0) to (68.3,47.9) to (59.7,50) 

3 (100,100) to (50,74.9) to (50,59.7) 

4 (0,100) to (25,50) to (40.3,50) 

5 (30,20) to (49,36.2) to (50,40.3) 

6 (50,0) to (50,25) to (50,40.3) 

7 (100,50 ) to (60.2,50) to (59.7,50) 

8 (50,100) to (50,60.2) to (50,59.7) 

9 (0,50) to (25,50) to (40.3,50) 

10 (50,50) to (50,59.7) 
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less than any objective function value obtained in plotting f(x,y) in 

Example 2.2. Notice in Table 3.3 that at most two iterations are required 

to obtain an optimal solution. 

Recall, in Examples 2.3 and 2.4, that f(x,y) formed a pyramid such 

that the global maximum occurred at the point (50,50). For any starting 

point selected in the square region formed by the existing facilities, 

Procedure 1 locates the optimum in one iteration. This is to be expected 

since it was mentioned in Chapter 2 that when the rectilinear distance 

measure is used, only four traveling salesman zones result. Hence, any 

starting point selected must be in one of four traveling salesman zones, 

and when the new facility is relocated so as to minimize the distance 

traveled according to Equation (3.1), the new facility is IIpulled ll down 

the side of the pyramid to a point on the boundary of the square region. 

The ability of Procedure 1 to obtain optimal solutions has been 

verified by applying the procedure to the four example problems in 

Chapter 2. Procedure 1 was also used to determ"ine the minimum paths f(x,y) 

takes as Pk ~ 0 for the different configurations given in Figure 2.9 

through Figure 2.13. Procedure 1 is quite effective in solving traveling 

salesman location problems involving only a few existing facilities. 

However, as m becomes large, more traveling salesman zones are formed, 

and consequently, it is anticipated that the number of iterations required 

to find a local minimum will increase. Furthermore, for asymmetric 

configurations of existing facilities and unequal weighting of facilities 

due to the subset probability assignments, several different starting 

points should be used so that all local minima are explored. The procedure 

proposed in the next section may have an advantage for larger problems 
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since it may require fewer functional evaluations in finding "improved" 

locations for the new facility. 

Procedure 2: Functional Minimization using a Successive 

Quadratic Approximation Procedure 

The search technique employed in Procedure 2 assumes that f{x,y) is 

a convex function which can be closely approximated by a quadratic 
,. 

function, f(x,y). The approximation of f(x,y) is accomplished through 

the use of regression analysis. The search technique, which will be called 

a search by regression, was developed by Schmidt and Taylor [18]. A 

complete description of the algorithm can be found in [18]. Essentially, 

the procedure is carried out by 

1) Initially evaluating f(x,y) at a number of points, 

2) Fitting f(x,y} with f(x,y) by the method of least squares, 
..... 

3} Minimizing f(x,y) using classical optimization techniques, 

4) Replacing the worst observation with the new min"imum point, 

5) Evaluating f(x,y) at the new minimum point, and then 
.... ..... 

6) Successively fitting f(x,y) with f(x,y), minimizing f(x,y), 

and replacing the (x,y) coordinate corresponding to the 

highest value contained in the observation vector with the 

new minimum point, continuing in this manner until some set 

of termination criteria are satisfied. 

There are three factors of the search by regression that make it an 

appealing solution procedure for the traveling salesman location problem. 
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1) Only one functional evaluation is required per iteration. As 

m increases the computation time required for solving 2m-l 

traveling salesman problems becomes excessive. Therefore, 

for large problems it is desirable that the amount of time 

used per iteration in evaluating the objective function be 

minimized. In contrast, pattern search may involve as many 

as four perturbations about a point at each iteration. 

2) The step size at each iteration is unlimited in magnitude and 

direction. This desirable feature is possessed by both of 

the solution procedures considered. 

3) The iterative scheme need be carried out only once. Thus, after 

generating enough points to approximate f(x,y), and f(x,y) 

is sequentially minimized, it is not necessary to return to 

other initial starting points and repeat the entire procedure. 

Ideally, the search by regression will ignore relative minima 

and locate the new facility near the global minimum. It is not 

expected that the procedure will locate the new facility at 

the exact min"imum point, however, since f(x,y) is non-convex. 

The search by regression has several drawbacks in its application 

to the traveling salesman location problem. 

1) The procedure is relatively ineffective in finding improved 

locations for the new facility when the rectilinear distance 

measure is used. Recall in Example 2.3, that f(x,y) turned 

out to be a concave function. When the search by regression 

is applied to Example 2.3, the new facility is continually 
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located at the maximum point (50,50). The search procedure 

is unable to detect that the function is concave instead of 

convex, and as a result, the stationary point selected is a 

relative maximum point. Procedure 2 can be modified slightly 

to handle the situation where f(x,y) is concave over a small 

part of the solution space, but even with the modification the 

search procedure cannot find a minimum point when f(x,y) is 

concave over the entire solution space. 

2) In contras.t to Procedure 1, an optimal location, if obtained, 

cannot· be recognized since the search by regression does not 

utilize any of the information given by the traveling salesman 

zones. Only the objective function values obtained in previous 

iterations are retained for purposes of comparison. 

The point should be stressed that Procedure 2 is most applicable as 

a means of solving the traveling salesman location problem when the 

number of existing facilities is so large that many functional evaluations 

cannot be performed because of the enormous computation time involved. 

In this case, the advantage of gaining more information regarding f(x,y) 

through many evaluations is outweighed by the high cost involved. 

Presentation of the Algorithm 

,.. 

Let the approximating function, f(x,y), be the quadratic function 

given by 

(3.6) 
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"'-

where the 8j'S, j = 1, 2, 3, 4, are coefficients determined by ordinary 

least squares. Cross product terms of the form xy, x/y, and y/x may be 

included in f(x,y), if necessary. A derivation of the least squares 

estimates for a second order model containing two independent variables 

is given in Appendix A. 

Procedure 2: 

1) Determi ne the mi nimum and maximum x and y coord-j nate va 1 ues 

of the m existing facilities, (aj,b j ), j = 1,2,3, ... , m, 

and denote these values as La' Lb, Ua , Ub. 

2) Randomly generate n, n ~ 5, (x,y) coordinate values: 

xi = (Ua-La)r + La' i = 1,2,3, ... , n 

where r is a uniformly distributed random number. 

3) Evaluate zi = f(xi'Yi)' i = 1,2,3, ... , n. Set 1, the 

iteration number, equal to one. 

4) Denote the (xi 'Yi) coordinate with the greatest zi value by 

(X
1

i ,yl i). 

step 12. 

This point ;s to be replaced with a new point in 

5) Compute the values of the A matrix (see Appendix A) and the 

c vector, and then determine ~ = A-leo - -
6) Set the first partial derivatives of f(x,y) with respect to x 

and y equal to zero, and solve for the minimum point for f(x,y): 
R. R. A ~ A A 

(xo 'Yo) = (-8,/283, -S2/284)· 



64 

7) Constrain (X01'Y01) to be in the solution space, i .e. , 

Of R, , Xo < La' set x R, = 0 La' 

of 1 
1 Xo > Ua , set x R, = 

0 
Ua , 

Of R, 
1 YO < Lb , set YoR, = Lb, 

and Of 1 , YO > Ub, set YO 1 = Ub" 

8) Evaluate zOl = f(x0
1'Yo1), and store 1 (R, 1) Zo and Xo ,YO • 

9) If 1 is equal to the maximum number of iterations allowed, go 

to 13. Otherwise, go to 10. 

10) If 1 > 1, check the termination criteria: 

If successive Qbjective function values differ by less than a 

. . I 1 R,-1 I 11 predetermined value, 0, 1.e., If Zo -ZO < 0, go to . 

Otherwise, go to 12. 

11) Before terminating make certain that a relative maximum point 

has not been obtained by performing the following test: 

If z01, the stationary point for the current regression surface, 

f(XoR,'Y01), differs from Z01-1 by the specified 0, and ZOl-1 

is the worst observation determined in step 12, then f(x,y) must 

be concave in the region given by the vector of observations. 

Rather than terminate at a relative maximum point, move away 

from the point (X0
1'Y01), and evaluate the objective function 

at the new point. Hopefully, the random move away from a 

maximum point will place the new current observation, 

f(x01+1,yo1+1), in a region where f is convex. Such random 

steps should be made only several times during the entire 
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search,however. If the random move has been made, and the 

function has been evaluated at the new point, (xot+l,yot+l), 

replace (xot'Yot) with (xo
t +1 ,yot+l), and go to 12. Otherwise, 

the termination criteria has been met. Therefore, go to 13. 

12) Replace (x,t'Yl t ), the worst observation, with (xot,yot), the 

minimum point on the approximating surface. Set t = t + , , 

and go to 4. 

13) Stop. Write out the lowest Zo obtained and its coordinate 

position, (xo'Yo). 

The check made for a relative maximum given by step 11 allows the 

procedure to work effectively on functions that are only approximately 

convex. This is best seen by applying Procedure 2 to Examples 2.1 and 2.2. 

Example 3.2 Consider again the traveling salesman location problem 

of Example 2.1. Applying Procedure 2 to this problem, using as the 

stopping criterion a 0 of 10-5, the minimum point is obtained at the 

eleventh iteration. The total number of iterations is 11 also. It should 

be recognized that the minimum point is not necessarily a.lways found on 

the last iteration. The minimum value obtained in the search is f(x,y) 

= 259.967 at (x,y) = (43.0,50.2). The minimum value of f(x,y) ,here is 

only .002 greater than the minimum value obtained using Procedure 1. 

During the first few iterations of the search the minimum points of the 

regression surfaces occur near the known relative maximum point, (50,50), 

but the test for a relative maximum moves the predicted minimum point 

away from the point (50,50), thus allowing the procedure to find a point 

very close to the true minimum distance location. 
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When Procedure 2 is applied to Example 2.2 using 0 = 10-5, the 

minimum value obtained is f(x,y} = 284.872 with (x,y) = (40.9,49.5). The 

minimum value is only .004 greater than the best value obtained using 

Procedure 1. The minimum value ;s obtained on the twelfth iteration, 

but because the termination criteria, 0, is so small, the search 

continues for a total of 30 iterations. By increasing 0 from 10-5 to 

5 x 10-2, the search terminates at iteration number 5, with f(x,y) = 

285.043 at (x,y) = (43.4,46.2). Clearly, there is a trade off involved 

between the cost savings resulting from finding the optimal location for 

the new facility and the cost of computer time incurred in finding the 

optimal location. This trade off should be kept in mind whenever the 

total, overall objective is profit maximization or cost minimization. 

SUJlJ11ary 

Chapter 3 has proposed two heuristic solution procedures for the 

traveling salesman location problem. By applying each procedure to 

several of the example problems contained in Chapter 2 it was verified 

that both procedures are capable of obtaining optimal solutions. 

Procedure 1 has two advantages over Procedure 2. First, Procedure 1 is 

capable of recognizi:ng an optimal solution as soon as it ;s obtained, 

whereas Procedure 2 cannot recognize a solution as being optimal. 

Second, Procedure 1 works well for either Euclidean or rectilinear 

distance measures. Procedure 2 appears to be ineffective when applied 

to rectilinear distance problems. An appealing feature of Procedure 2 is 

that it minimizes the number of functional evaluations required. As a 
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result, Procedure 2 may be preferred to Procedure 1 for large problems 

since as the number of existing facilities increases, the time required 

for one functional evaluation becomes quite lengthy. 



Chapter 4 

COMPUTATIONAL EXPERIENCE 

Introduction 

In the preceding chapter of this thesis two heuristic procedures for 

solving the traveling salesman location problem were proposed. The 

purpose of this chapter is to compare the two procedures by applying 

them to a number of problems of varying size. The bases for comparison 

of the procedures will be: 

1) The effectiveness of each procedure in minimizing the 

objective function, and 

2) The amount of time required for each procedure to obtain 

an "optimum" solution to the traveling salesman location 

problem. 

After a discussion of problem generation and the presentation of compu­

tational results, inferences will be drawn regarding the performance of 

the two procedures. 

Problem Generation 

In order to examine the effectiveness of each procedure under a 

variety of conditions a large number of problems were randomly generated. 

The solution space was constrained to the square region of Examples 2.1, 

2.2,2.3, and 2.4, i.e., the existing facility locations were randomly 

generated according to the following probability density functions: 

68 
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f{a i ) = .01 o < a; < 100, i = 1 , 2, 3, ... , m, 

f(b i ) = .01 o < b. < 100, i = 1 , 2, 3, ... , m. 
1 

The existing facilities were constrained to be within the square region 

in order to facilitate the comparison of the procedures. The numerical 

values obtained for f(x,y) would be in the same range as the objective 

function values obtained in the example problems. The ratios of the 

maximum values to the minimum values in Examples 2.1 - 2.4 were 1.08,1.06, 

1.02, and 1.03, respectively. These ratios were low due to the manner in 

which the subset probabilities were formed. In generating the subset 

probabilities for some of the randomly generated problems a number of the 

subset probabilities were forced to be relatively large with respect to 

all other subset probabilities. This was done to prevent the loss of 

generality that would result by examining only problems whose objective 

functions were IIsmoothed" out due to equal subset probabilities. Hence, 

it was intended that all types of general problems be evaluated. All 

problems generated had asymmetric configurations of existing facilities; 

some had relatively identical subset probabilities, and some had subset 

probability assignments favoring particular existing facilities. 

Each procedure was applied to the same randomly generated problems. 

The size of the problems examined was limited to m < 11 due to excessive 

storage requirements and lengthy execution times for problems involving 

more than 11 existing facilities. For the same reasons, the number of 

problems generated and solved decreased as m was increased. Specifically, 

50 problems were generated and solved for m = 4, 40 problems for m = 6, 

30 problems for m = 8, 15 problems for m = 10, and 1 problem was solved 

for m = 11. 
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computational Results 

The effectiveness of each procedure was determined by comparing the 

minimum values obtained for f(x,y), and by comparing the execution times 

required to achieve the minimum values. The computational results 

dealing with the relative accuracies of the procedures will first be 

presented, after which the results relating to the execution times for 

the procedures will be glven, followed by a discussion of the merits of 

each basis for comparison. 

Since the global minimum points for the randomly generated problems 

were not known, the two procedures were compared by examining the ratios 

of the minimum values obtained for each problem. For any given problem 

the ratio was set up so that the ratio was greater than one. If Procedure 

1 yielded a solution with objective function value less than the objective 

function value obtained using Procedure 2, then the ratio used was 

Rl = f2/f,. If Procedure 2 yielded the lower objective function value, 

then the ratio formed was R2 = f,/f2. Hence, the subscript of R denotes 

which of the two procedures located the new facility closer to the global 

minimum of f(x,y), and the value of (l-R) indicates the percent improve­

ment in the minimum value obtained resulting from using the preferred 

procedure. 

Table 4.1 lists the overall performance of each procedure based on 

the number of times Procedure 1 yielded better solutions than Procedure 2. 

Considering only the first method for comparing the procedures and using 

the percentages given in Table 4.1, it would appear that Procedure 1 

is overwhelmingly more effective than Procedure 2. However, it must be 

determined how much more effective Procedure' is. To this end, 
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cumulative frequency distributions are given in Tables 4.2 - 4.5 for 

each set of problems generated. The distance measure used for all 

problems was Euclidean. Tables 4.1 and 4.2, together, indicate that 

even though Procedure 1 yielded functional values lower than Procedure 2 

98 percent of the time, 77.5 percent of those functional values differed 

from the values obtained using Procedure 2 by a factor of no more than 

.0076. This factor is hardly significant even when considering the low 

maximum/minimum ratios of Examples 2. 1 - 2.4. In the one instance when 

Procedure 2 achieved a lower value, the percentage difference, .01 percent, 

was even less significant. less than 3 percent, (1-.979), of the problems 

solved using Procedure 1 differed from Procedure 2 by more than 2.28 

percent. The greatest difference in minimum values obtained was 3.8 

percent. Thus, it must be concluded that for m = 4, there is no signifi­

cant difference between Procedures 1 and 2. 

In Example 2. 1 the percentage difference between the global maximum 

and the global minimum values of the objective function was only 

8 percent. In Example 2.2 the difference was only 6 percent. In view of 

these small differences it seems reasonable to assume that a difference 

of 2 to 3 percent between solution values obtained using Procedures 1 

and 2 can be considered to be significant. Hence, if a large enough 

percentage of the problems solved show one procedure to be significantly 

better than the other, then a decision can be made as to which procedure 

is better. 

Table 4.3 gives the cumulative frequency distributions of R, and R2 

for the 40 problems solved involving six existing facilities. Procedure 1 

yielded a lower cost solution for 87.5 percent of the problems solved. 
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Table 4.1 

Overall Performance - Procedure 1 vs. Procedure 2 

Number of Percentage Percentage 
m Problems of R,S of R2S 

4 50 98 2 

6 40 87.5 12.5 

8 30 90 10 

10 15 86.67 13.33 

11 100 0 
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Tabl e 4.2 

Cumulative Frequency Distributions 
for Problems Involving Four Existing Facilities 

R, F (R, ) R2 F(R2) 

1 .0076 .775 1 .0001 1 .0000 

1 .0152 .878 

1.0228 .979 

1 .0304 .979 

1.0380 1.000 



R, 

1 .0104 

1 .0208 

1 .0313 

1 .0417 

1 .0521 
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Table 4.3 

Cumulative Frequency Distributions 
for Problems Involving Six Existing Facilities 

F (Rl ) R2 

.571 1 .0005 

.771 1 .0006 

.857 1.0009 

.971 1 .0148 

1.000 

F(R2) 

.200 

.600 

.800 

1.000 
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Table 4.4 

Cumulative Frequency Distributions 
for Problems Involving Eight Existing Facilities 

Rl F (R, ) R2 F(R2) 

1 .0123 .444 1 .0024 .667 

1 .0246 .741 1 .0101 1.000 

1 .0369 .852 

1 .0492 .926 

1 .0614 1.000 
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Table 4.5 

Cumulative Frequency Distributions 
for Problems Involving Ten Existing Facilities 

R, F (R, ) R2 F(R2) 

1 .0088 .615 1.0074 .500 

1.0176 .769 1 .0144 1 . 000 

1 .0262 .846 

1.0350 .923 

1.0429 l. 000 
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About 23 percent, i.e., (1-.771), of the problems having ratios Rl 

differed from Procedure 2 solutions by a factor of .0208. In other words, 

about 20 percent, or (87.5%)(23%), of all problems solved had ratios 

favoring Procedure 1 by a factor of more than 2 percent, (.0208). Notice 

in Table 4.3 that of the five problems solved favoring Procedure 2,all 

of the ratios were less than 1.02. 

Tables 4.4 and 4.5 present the cumulative frequency distributions of 

R, and R2 for the problems involving eight existing facilities, and 10 

existing facilities, respectively. Only one problem involving 11 existing 

facilities was solved. 

Based on the assumption that a ratio starting somewhere between 1.02 

and 1.03 indicates significant improvement of one procedure over another, 

the results obtained thus far can be summarized as follows: 

1) There;s no significant difference between Procedure 1 and 

Procedure 2 for m = 4. 

2) For m = 6, 20 percent of all problems solved had ratios 

favoring Procedure 1 at a significant level of R, ~ 1.0228. 

3) For m = 8, 23 percent of all problems solved had ratios 

favoring Procedure 1 at a significant level of R, ~ 1 .0246. 

4) For m = 10, 13 percent of all problems solved had ratios 

favoring Procedure 1 at a significant level of R, ~ 1.0262. 

5) For m = 11, the ratio obtained was Rl = 1.0211. 

It was suggested in Chapter 2 that Procedure 2 would probably not 

be very effective if rectilinear distances were used. Procedure 2 was 

tested against Procedure 1 using rectilinear distances for m = 4 
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and m = 6. fvIore than 80 percent of the problems solved in both cases 

had ratios of Rl , 1.08 < Rl < 1.12. Furthermore, there were no R2 ratios 

formed. At this point it was concluded that Procedure 2 is totally 

ineffective when rectilinear distances are used. Apparently, f(x,y) 

is more concave than it is convex even when configurations of existing 

facilities and subset probabilities are randomized. 

It is interesting to note in passing that the resulting ratios of 

minimum rectilinear distance solutions to minimum Euclidean distance 

solutions obtained by Procedure 1 was always greater than one. This 

result should be intuitive. The ratios ranged from a minimum of 1.0925 

to a maximum of 1.4692, with the overwhelming majority of the ratios being 

about 1.3. This result is useful for real world applications of the 

traveling salesman location prob1em, since it indicates that selection 

of the appropriate distance measure is rather important. 

A discussion of the shortcomings of the first measure of effective­

ness will be postponed until the results regarding the second measure of 

effectiveness are presented. Recall that the second measure of 

effectiveness was based on execution times required to achieve a minimum 

solution for each procedure. The average execution times, T, and the 

standard deviations of execution times, aT' for Procedures 1 and 2 are 

given in Table 4.6. The computer programs for Procedures 1 and 2 were 

written in Fortran IV and were run on an IBM 370/Model 158 computer and 

are presented in Appendix B. There are no claims made regarding the 

efficiency of the programs. 

Comparisons of the effectiveness of Procedures 1 and 2 on the basis 

of mean execution times must be carried out with great caution. The 



No. of 
m Problems 

4 50 

6 40 

8 30 

10 15 

11 
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Tabl e 4.6 

Execution Time Data for Euclidean Distance Measure -
Procedure 1 and Procedure 2 

Procedure 1 Procedure 2 
Mean Execution Std. Deviation Mean Execution Std. Dev; ation 

Time f (sec. ) of T Time T (sec.) of T 

2.9 .9 3.5 1 .5 

15.5 6.5 39.3 15.0 

90.3 32.8 102.4 40.8 

376.5 90.3 304.1 82.1 

792.4 604.3 
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execution time data for the two procedures is highly unreliable for two 

reasons: 

1) Due to the time-sharing nature of the operation of the computer 

facility at Virginia Polytechnic Institute and State 

University, execution times cannot be accurately measured. 

If one program solving the same problem is submitted twice, 

the resulting execution times may be quite different. 

2) There is certain to be a difference in the degree of efficiency 

between the computer program written for Procedure 1 and 

the computer program written for Procedure 2. 

Judgements regarding the effectiveness of Procedures and 2 based on 

relative differences in execution times is therefore reserved only for 

large relative differences. 

Returning now to the mean execution time data given in Table 4.6, 

it is seen that for m = 4, the mean execution times required for each 

procedure were approximately the same. Each functional evaluation 

requires the solution of only four non-trivial traveling salesman 

problems. Consequently, the execution times are quite low. Procedure 2 

probably required a longer execution time due to the fact that eight 

functional evaluations were required before beginning the regression 

procedure. 

The difference between the mean execution times for m = 6 is 

significant. A possible explanation for the difference ;s that 

Procedure required fewer evaluations of f{x,y) than did Procedure 2. 

Procedure 1 usually required about six iterations, i.e., seven 
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evaluations of f(x,y), whereas Procedure 2 required a minimum of 10 

evaluations, an initial eight plus two iterations, and usually required 

about 15 evaluations. 

Notice that as m is increased the mean execution time for Procedure 

eventually becomes larger than the mean execution times required for 

Procedure 2. The most probable cause for the differences is the greater 

number of functional evaluations required for Procedure' to find a 

local minimum. For m = 10, the differences in mean execution times may 

or may not be significant. It is felt that the differences are significant 

due to the different upward trends in execution times. For m = 11, the 

differences are certainly significant. Unfortunately, however, the 

great reduction in execution time resulting from the use of Procedure 2 

occurs at a point where the solution of larger problems becomes 

infeasible. The solution of larger problems becomes infeasible due to 

excessive storage requirements and lengthy execution times. The time 

required to solve a problem can probably be reduced significantly by 

employing one of the heuristic solution procedures for solving the 

traveling salesman problem, however. 

Table 4.7 lists the mean execution times required for solving each 

set of problems for each distance measure. The execution times required 

.for solving the traveling salesman location problem using rectilinear 

distances and using Euclidean distances were about the same. This 

result was anticipated since the majority of execution time is used in 

evaluating f(x,y), and there is no reason to believe that the traveling 

salesman problems involving rectilinear distances are solved faster than 

traveling salesman problems involving Euclidean distances. 



Distance 
Measure 

Eucl idean 
Rectilinear 

Eucl idean 
Rectilinear 

Euclidean 
Rectilinear 

Eucl idean 
Rectilinear 
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Table 4.7 

Execution Time Data for Euclidean and Rectilinear 
Distance Measures - Procedure 1 

No. of Mean Execution Std. Deviation 
m Probl ems Time T (sec.) of T 

4 50 2.9 .9 
4.6 4.4 

6 40 15.5 6.5 
11 .9 2.5 

8 30 90.3 32.8 
86.5 27.7 

10 15 376.5 90.3 
352.7 95.7 
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Discussion 

A few qualifications must be added before any final conclusions can 

be made regarding the effectiveness of Procedures 1 and 2. Each 

procedure might be improved in several ways. For example, experimentation 

with different values of 0, the stopping criteria for Procedure 2, might 

lead to reduced execution times for Procedure 2. Increasing the value 

of 0 tends to decrease execution time, but increase the value of the 

minimum solution. Small values of 0 tend to make the procedure terminate 

on the maximum number of allowable iterations. The values of 0 that 

were used in obtaining the computational results were selected not to 

bias the results, but rather to prevent execution times from being 

excessive. For m = 4 and m = 6, a value of 0 = 5 x 10-2 was used. For 

m = 8, m = 10, and m = 11, a value of 0 = 10-1 was used. 

A similar refinement can be made with Procedure 1. The Hyperbolic 

Approximation Procedure begins by setting the hyperboloid constant equal 

to 10-2, and the value is then sequentially reduced at each approximation 

until the optimal solution to the Steiner-Weber problem is obtained. 

Rather than go through many approximations to get the optimal solution 

to the Steiner-Weber problem, an improved strategy would be to go through 

one or two approximations, and then check to see if the new facility has 

been moved to a new traveling salesman zone. Most of the movement of 

the new facility takes place during the first few approximations. If 

the new facility has moved to a new traveling salesman zone in the first 

few approximations, further approximations are just wasted execution time. 
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Another manner in which the execution time and the minimum value 

obtained can be affected is by altering the number of starting points to 

be used in Procedures 1 and 2. The minimum number of starting points 

required by Procedure 2 is five. When only five starting points were 

used for Procedure 2, it was found that the matrix A, used in the 

regression procedure, often became close enough to being singular that 

the search procedure was abnormally terminated. It was found by 

experimentation that the best balance between execution time and near 

optimal solutions is achieved by using eight starting points. 

For m = 4, five initial starting points were randomly generated for 

each of the 50 problems solved using Procedure 1. The resulting 

execution time data were T = 4.6 seconds and aT = 1.0. The same sets 

of problems were then solved using three randomly generated starting 

positions. The resulting execution time data were as given in Table 4.6, 

f = 2.9 seconds and aT = .9. Using three random starting positions, the 

same minimum values for f(x,y) were obtained for all 50 problems. Hence, 

it was observed that increasing the number of start"ing points adversely 

affects execution times while doing little to improve the minimum values 

obtained. Additional starting points should not be used unless they 

can be placed strategically. Since little was known regarding the 

randomly generated problems, only one starting point was used for the 

problems solved for m = 6, m = 8, m = 10, and m = 11. The starting point 

generated for each problem was constrained to be within the smallest 

square containing all the existing facilities. 

It is interesting to note that in using Procedure 1 local minimum 

points were found in all problems generated. However, there appears to 
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exist a mathematical possibility that Procedure 1 may lead to cycling 

difficulties. Figure 4.1 depicts the conditions under which cycling 

would occur. Suppose the new facility is located in Zone 1 at the point 

(xl'c), and the weights formed at this point place the new facility on 

91' the function that is to be minimized using HAP. Suppose that in 

minimizing 91' the new facility is moved into Zone 2 to the point 

(x2,c). If the weights formed at (x2,c) place the new facility on g2' 

then Procedure 1 will cycle indefinitely between Zones 1 and 2. Notice 

that the minimum distance solution in this case is at the point of 

intersection of g2 and the boundary line for Zones 1 and 2. In all the 

problems solved to date, no cycling difficulty has been encountered. 

Conclusions 

No absolute judgement can be made regarding the effectiveness of the 

two solution procedures. On the basis of the computational results 

obtained,three rather general statements can be made: 

1) Procedure 1 obtains better solutions than Procedure 2 about 

90 percent of the time. 

2) About 20 percent of the time Procedure 1 locates the new 

facility such that the resulting expected distance traveled 

is at least two percent less than the solution given by 

Procedure 2. 

3) As m becomes large the computation time becomes excessive for 

both procedures, especially Procedure 1. 

Chapter 5 summarizes the research effort contained in this thesis 

and suggests some areas for further research. 
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Chapter 5 

SUMMARY AND RECOMMENDATIONS FOR FURTHER RESEARCH 

Summary 

The objectives of this research were to present an original 

formulation of a significant facilities location problem, the traveling 

salesman location problem, and to develop several heuristic solution 

procedures for determining minimum distance locations. Despite the wide 

applicability of the traveling salesman location problem, a survey of 

the facilities location literature revealed that this research effort 

apparently was the first to address the problem. 

After mathematically formulating the problem, several rather simple 

example problems were investigated in order to gain some insight 

regarding the behavior of the function under a variety of different 

conditions. Many of the results stemming from the study of the simple 

examples were counter-intuitive. Additionally, it was demonstrated that 

even for problems involving only a few existing facilities the resulting 

objective function is non-convex. 

Due to the non-convexity of the objective function and the over­

whelming combinatorics involved with just one functional evaluation, it 

was desired that the solution procedures developed be capable of 

obtaining near optimal solutions in the shortest time possible. One of 

the solution techniques proposed, Procedure 2, was based on the Successive 

Quadratic Approximation Procedure. This procedure was selected for 

two reasons: 
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1) It was expected that the procedure would yield minimum 

solutions to large problems rather quickly, and 

2) It was hoped that by approximating the function over the 

entire solution space, the procedure would tend to overlook 

local minimum points, and instead, find a global minimum 

po'; nt. 

It was demonstrated that while Procedure 2 is capable of obtaining 

optimal solutions, it does not immediately recognize a particular 

solution as being optimal. The other procedure proposed, Procedure 1, 

based on a relationship between the Steiner-Weber problem and the 

traveling salesman location problem, was selected because of its ability 

to immediately recognize a particular solution as being a local minimum 

point. At each iteration Procedure 1 required the solution of a 

Steiner-Weber problem as well as solutions to the IIstring" of traveling 

salesman problems. The Steiner-Weber problems were solved through the 

use of the Hyperbolic Approximation Procedure. It was verified that 

both procedures are capable of obtaining optimal solutions by applying 

each procedure to several of the example problems. 

The effectiveness of each procedure in finding minimum distance 

solutions was determined by applying each procedure to a number of 

randomly generated problems, and then comparing the resulting execution 

times and minimum distance solutions. A difference of two percent or 

more between the minimum distance solutions obtained for a given problem 

was considered to be significant. Problems involving 4, 6, 8, 10, and 

11 existing facilities were solved. No attempts were made to solve 

larger problems due to the excessively long execution times required. 
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On the basis of the computational results obtained, it was concluded 

1) There is no significant difference between Procedures 1 and 2 

for problems involving four existing facilities. 

2) For about 15 to 20 percent of the problems involving 6, 8, 

10, or 11 existinq facilities, Procedure 1 performs better 

than Procedure 2. 

By examining the mean execution times for each procedure, it was 

found that there was little significant difference between the two 

procedures until rather large problems were solved. Procedure 2 required 

relatively shorter execution times than Procedure 1 for problems involving 

10 or 11 existing facilities. However, the reduction in execution time 

for Procedure 2 occurred at a point where it was considered economically 

infeasible to continue to examine larger problems. The length of 

execution times for larger problems can probably be reduced by: 

1) Eliminating the need to evaluate all traveling salesman' 

problems by setting many of the PhiS, the subset 

probabilities, equal to zero, and 

2) Replacing the branch and bound algorithm for solving 

traveling salesman problems with one of the more effective 

heuristic procedures that have been developed. 
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Recommendations for Further Research 

The results of this research suggest two major areas for extended 

research: 

1) Concentration on the development of more efficient 

techniques for solving the traveling salesman location 

pro b 1 em, and 

2) Extending the problem formulation to include multipl~ new 

facilities. 

One method of reducing the time required to evaluate the objective 

function has already been mentioned: apply some of the existing 

heuristic methods for solving the traveling salesman problem. Ideally, 

one would like to be able to evaluate all 2m-l traveling salesman 

problems at once. However, a great deal more must be learned about 

the traveling salesman problem itself before such an approach can be 

taken. 

Another possible approach would be to attempt to reduce the problem 

size by representing a number of existing facilities located in the same 

area by a "pseudo" existing facility. Figure 5.1 shows graphically how 

IIpseudo" existing facilities might be located. The XiS represent the 

existing facilities, and the circled XiS denote the "pseudo" existing 

facilities. If the XiS can be separated according to major traveling 

salesman zones, and a weighting factor can be given to the "pseudo" 

existing facilities, then the new problem to be solved is a much smaller 

one. The difficulty presented here is determining the manner in which 
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the "pseudo" existing facilities are to be weighted. Clearly, these 

weights will be heavily dependent upon the subset probabilities and the 

distances between all the existing facilities in a zone. 

Much of the success in the second major area for further research 

will be dependent upon the advances made in the first major area. 

However, there is one avenue of approach that may be taken using the 

procedures proposed in this thesis. Suppose that in the multiple 

traveling salesman location problem there are m existing facilities and 

n new facilities. The proposed method of solution would be to define 

(n-1) of the new facilities to be "pseudo" existing facilities. Holding 

the locations of the IIpseudo ll existing facilities fixed, the single 

facility traveling salesman location problem involving (m+n-l) existing 

facilities could be solved using either Procedure 1 or Procedure 2. 

After relocating the new facility, its location would be fixed, and one 

of the other IIpseudo" existing facilities would be treated as a new 

facility. After solving n of these single new facility traveling salesman 

location problems, a second pass would be made to see if any of the n 

new facilities are moved. If none of the new facilities are moved on 

the second set of problems solved, then the solution might be optimal. 

If the cost of maintaining the operating new facilities is included in 

the analysis, the optimal number of new facilities needed to minimize 

total cost can also be determined. 

One of the first efforts directed at studying further the traveling 

salesman location problem should be to establish more exact relationships 

between particular configurations of existing facilities, the number of 
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existing facilities, and particular probability distributions of the 

subsets to be visited. After these relationships are better understood, 

the minimum distance locations for new facilities will be more easily 

obtained. A more thorough understanding of the behavior of the 

objective function under various conditions may lead to the development 

of better and faster solution methods for the traveling salesman location 

problem. Additionally, it may be possible to develop a procedure that 

will solve the traveling salesman location problem in a non-sequential 

fashion. Such a development would quite likely result in a great 

reduction in solution times. Consequently, much larger problems could 

be solved. 

The traveling salesman location problem as formulated in this thesis 

assumes a continuous solution space. An examination of the problem 

using a discrete solution space might lead to new and more efficient 

solution procedures for the continuous case. The multiple new facility 

traveling salesman location problem might be solved using the Quadratic 

Assignment problem, just as the Hyperbolic Approximation Procedure can be 

used for a continuous solution space. Unfortunately, however, the 

existing techniques for solving the Quadratic Assignment problem are not 

very efficient. 

The traveling salesman location problem as formulated assumes that 

there is only one salesman. An interesting extension would be to study 

the problem as an n traveling salesman location problem. In this case 

the objective would be to locate the new facility so as to minimize the 

expected distance traveled given n salesmen and 2m-l different subsets 

of facilities to be visited. The problem can be solved using the 
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existing techniques with but one modification. The distance matrix must 

be augmented to solve the n traveling salesman problem. There is no 

reason to believe that for a given problem the minimum distance location 

for the new facility in the n salesman problem will coincide with the 

minimum distance location for the one salesman problem. Many of the 

larger itineraries may be broken up so that more than one salesman is 

involved in the optimal route. The addition of time and/or capacity 

constraints can be added to the n traveling salesman location problem as 

well as the single salesman problem. While these additions would make 

the problem more interesting, the procedures developed to solve such a 

problem would most certainly have to be heuristic procedures. 
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The method by which the least squares estimates are obtained for 

use in Procedure 2 will now be given. 

Assume that z = f(x,y) is a non-convex function that ;s well 

approximated by a quadratic function: 

(A.l ) 

By obtaining five or more paired observations, (xi,y;), zi' i = " 2, 3, 

4, 5, ... , the objective function, f(x,Y), can be fitted by the method 

of least squares. The least squares estimates are found by minimizing 

where k, k ~ 5, is the total number of observations. Setting the first 

partial derivatives with respect to 80, 8" 82, 83, and 84 equal to 

zero, the following system of equations is obtained: 

" " 2 " 2 r z. - k 6 + 81 ~ Xi + 62 r y. + 63 I x. + 84 r Y i 1 - a 
1 ' 

• 1 1 , , 1 

..- A 

l x. 2 " 3 A 2 
L x· zi = 80 Z Xi + 8, + 82 r x·y. + 83 l x· + B4 r x.y. 
; 1 . , 1 1 1 · 1 1 1 1 1 1 1 

L y. z· 80 Z Y; ~ x;Y; 
" 2 A 2 A 3 

= + 81 + 82 r y; + 83 I x. y. + 134 r Y; 
• 1 1 • , 1 , 1 1 1 1 1 

2 " 2" r x. 3 A 2 . 
A 4 " 2 2 L x. z· = BO f x; + Bl + B2 r x. y. + B3 L x· + B4 r x· y. 

· 1 1 1 1 1 1 1 · 1 111 
1 1 

2 A 2" 2 " 3 A 2 2 A 4 
L Y· z· = So r Y; + 8, I x.y. + 82 r Y; + 133 I x. Y' + 134 , Yi 
· 1 1 • 1 1 • 1 , 
1 1 1 1 1 1 
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The above system of equations can be expressed in matrix notation as 

" 
A S = c , -

where 

and 

and 

A = 

A, = ~ x· 
1 1 

A2 = ~ Y; 
1 

A = L x. 2 
3 . 1 

1 

A4 = L y.2 
i 1 

Cl = f Zi 

C2 = ~ x·Z· 
1 1 1 

k 

Al 

A2 

A3 

A4 

Al 

A3 

A5 

A6 

A7 

A2 A3 

A5 A6 

A4 AS 

AS AlO 

Ag All 

A5 = ? xiYi 
1 

A = r x. 3 
6

1
1 

2 A7 = , x.y. 
1 1 1 

_, 2 
AS - xi Yi 

1 

C3 = ~ y.Z. 
1 1 1 

2 c4 = , x· Z· 
111 

A4 

A7 

Ag 

All 

Al2 

Ag - L 3 - y. 
; 1 

AlO = , x;4 
1 

All = L x. 2y.2 
. 1 1 
1 

A12 = ~ Yi 
4 

2 c5 = L y. z .. 
• 1 1 
1 

(A.3) 
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The vector of least squares estimates is given by 

(A.4) 

The next step in Procedure 2 is to find the'minimum point on the 

regression surface: 

~ ~ A 

(x*,y*) = (-81/283, -82/284) . (A.5) 

Recall that it is assumed in Procedure 2 that the sufficient conditions 

for a minimum at (x*,y*) are always satisfied. 



APPENDIX B 

Documentation of Computer Programs 

101 



102 

A. TITLE 

Two separate programs, each designed to minimize the expected total 

distance traveled. 

Program 1 - Procedure 

Program 2 - Procedure 2 

1. Programmer - Robert C. Burness 

2. Machine - IBM 370/158 

3. Language - FORTRAN IV 

4. Date completed - April 1, 1974 

5. Approximate compile time - Program 1 - 17 seconds 

Program 2 - 18 seconds 

6. Execution time - Variable, depending on the number of existing 

facilities and the number of iterations required by each search 

technique. 

7. Lines of output - Program 1 - Approximately 2,000 lines 

Program 2 - Approximately 2,000 lines 

8. Storage required - Program 1 - 140,000 characters for 

B. PURPOSE 

6 existing facilities 

Program 2 - 140,000 characters for 

6 existing facilities 

Program 1 - This program finds the minimum distance location for the 

new facility by utilizing the Hyperbolic Approximation Procedure 

(Procedure 1, Chapter 3). 

Program 2 - This program finds the minimum distance location for 

the new facility by utilizing the Successive Quadratic Approximation 

Procedure (Procedure 2, Chapter 3). 
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C. RESTRICTIONS 

Programs 1 and 2 - All subscripted variables must be dimensioned 

exactly as indicated in the comments sections since variable 

dimensions are used in subroutines. 

D. DEFINITIONS 

The subscripted and unsubscripted variables are described in the 

listing. 

E. COMPUTER SYSTEM LANGUAGE LIMITATIONS 

F. 

The input and output statements are written with I/O numbers 5 and 6 

respectively. Other systems may require different unit 

specifications. 

Subroutines TIMEON and TIMECK, used for determining execution times~ 

are supplied by the computer facility at Virginia Polytechnic 

Institute and State University. 

LISTING OF PROGRAMS 

Name of Subroutine First Seguence No. 

MAIN PROGRAM - PROCEDURE 1 PR1- 1 

RANDU PRl-332 

HAP PRl-344 

OBJ PRl-426 

UPDATR PRl-458 

UPDATE PRl-495 

MAIN PROGRAM - PROCEDURE 2 PR2- 1 

RANDU PR2-471 

GELS PR2-48l 
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The fo 11 ow; ng subroutines a re used in both programs: 

TSP TSP- 1 

REDUCE 

PENALT 

NUL INK 

TSP-233 

TSP-298 

TSP-380 
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C*********************************~*******.~***************************.PRI 
c 
c 
c 
c 
c 
( 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

DR1 
XPl t~NAT ION CF Vi\RIABLES-SUSSCRI D VARIA,BlES ARE TO BE DIME~JS I 0 PRI 
XACIlY AS GIVEN. PPI 

flRl 
~-THE NUMBER OF FXlSTING FACILITIES P 1 

PRI 
,,~ - N + 1. - T H f T [I TAL ~HH< B f R n F r I tIT I F S P 1 

P 1 
~p OR-THE ~UMBfR Of SUBSET PROBABIlITI S PRI 

PPI 
X 1(M).XN2tM)-CODRUINATE P SITICN F F ILITY M PRI 

PRI 
P?[R(~PROB)-Vr(TCQ OF SUBSET PROBABILITIES PRI 

PHI 
O(M,M,N),f(M,M)-DISTANCE ARRAYS,THF M-TH ROW AND COLUMN DF WHICH DRl 
C0 N1AIN DISTANCES FROM NEW TO EXISTING FACILITIES PRI 

C PRI 
C RPEN(M),CPfNCM)-ARPAYS CONTAINING ~OW !NO COLUMN PENALTIES-USF) IN DRI 
C T~P PRl 
C DRl 
C H(\),W:\l(N)-ARPAYS rCt\lTAINING lG~~FR BOU1\IOS-US D 1"1 TSP DRl 
C PPI 
C lP(M),JP(M)-RnUT~ VECTORS-USED IN TSP PRI 
C PRI 
C ITINR(N~lQJ-ARFAY CONTAINING OPTIMAL RDUTES- EO I TSP PRI 
C PRI 
C ~PUINT(M)-ARRAY OF INDICATOR VARIABLES-USED T8 GEN RAT VA IQUS PPI 
C SUPSETS UF FACILITIES TO HE VISITED DRl 
C PPI 

1 
2 
3 
4 
5 
6 
7 
8 
q 

lO 
11 
12 
13 
14 
15 
16 --' 

17 0 
01 

IB 
19 
20 
21 
22 
23 
?4 
25 
26 
27 
28 
29 
30 
31 
32 



c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

LINK(Z,N)-ARRAY USED IN TSP T PREVENT FORMATION OF SUATnU~S 

WGT(l,N)-~EIGHTS USED IN HAP 

lrJ L t.\ S T ( 1 , N ) - !,1 E I G H T SUS E n I r-,l HAP THE PRE V I D tJ S J T ERA rf 1) N - USE D WIT "-I THE 
WGT :\RPAY FOR THE OPTIMALITY CHECK 

V(l,l}-ARRAY USED IN HAP 

x ( 1 ) , Y ( 1 ) -I\; r: W f A elL 1 T Y L OC 1\ T I 0 f\l-H E T URN E D F l~, 0 M HAP 

!\(N).O(N)-FXISTI f/l,CILITY LOCATIONS-USED IN HAP 

CQ~MON/HYPER/X,y,EPS,V,~LM,IPRINT 

(O~ SP Nl/NTS tNRTE 
COMMON/ALL/M, ,KtITFR,NOUT 
DOUBLE PRECIS! X(1),Y(lJ,EPS,A(SJ,B(8) 
DIMENSION X~1(9),XN2(9)tpr255)tr(q,9tB)tE(9,9)tWGT(1,8),V(1,1), 

lCPEN(9),R (9),W(SJ,WN(B),WlAST(1,B) 
INTfG[R*2 lINK(2,B),IP(9),JP(9),NPOINT(9),ITINP(8,lO) 

C 
C IF IPRINT=l,PERTINENT INrORMATIO~ BETWEEN ITERATIONS IS PRINTED JUT. 
e [F IPKINT=O,(lNLY FINAL SOlUTIO~j VAlUfS PRINTED OUT. 
e 

c 

READ (5,460) IPRINT 
WRITE (6,460) IPRINT 

C NSTART 15 THE TOTAL NUMBER Qf DIFFERENT STARTING POSITIONS. 
C 

c 

AD (5,460) ~'START 

ITE (6,460) NSTART 

PEl 33 
PRI 34 
PRI 35 
PR 1 36 
PPI 31 
PHI 38 
PRl 39 
PRI 40 
PRI 41 
DRl 'i'2 
PR 1 43 
PFI 44 
PRI 45 
PRI 
PHI 4'1 
PPI 48 .....I 

PRI 'i-9 0 
0'\ 

P 1 5" \.1 

PRI 51 
PRl 52 
DRl 53 
PRI 54 
PPI 55 
PRl 56 
PRI 57 
PRI 58 
PPI 59 
PRI 60 
PPI 61 
PRl 62 
?Rl 63 
PRI 64 



C ~ITER IS TH MAXIMUM NlJMRER OF ITEPATIONS PER STARTING POSITIJN. 
C 

c 

READ (5,460) ITER 
WRITE (6,460) NITER 

C IF ISTART=-l,SlARTING POSITIONS APF GENERATED RANDOMLY. 
C IF ISTART= Q,STAPTING POSITIONS ARE TO BE READ IN. 
C IF ISTART= 1,STA TING POSITIQNS Apc THF EXISTING FACILTITY l CATI 
C 

c 

FEAD (5,460) ISTART 
WKITE (6,4fO) ISTART 

C IS THF TOTAL NJMBFP UF FACILITIES.(INClUf)ES THE NEW FACILITY) 
C 

c 

READ (5,460) ~ 

WRITE (6,460) M 

C IF KP=l,RECTILINfAR DISTANCE MEASURE IS USFD. 
C IF KP=2, EUClIOt~N DISTANCE MEASURE IS USED. 
C 

RFAO (5,460) KP 
WRITF (6,470) KP 
N=M-l 
MLM=N 
NN=N-l 
~PKOA=2**N-l 

IX=32155 
RIG=10.**20 
lBEST=BIG 
JSTART=l 
ITER=O 
t<PJINT(~n=o 

PHl 65 
PPI 66 
PRI 67 
PPI 68 
PRI 69 
PPI 70 
PRI 11 

S.PRI 72 
PP 1 73 
PH! 7 ft 

PRI 75 
PPI 76 
PRI 77 
PRl 78 
PR-I 79 
PRI 80 ---I 

PRl 81 C) 
-....,J 

PRI 82 
PRI 83 
PRI 84 
PRI 85 
PRI 86 
PRI 87 
p 1 88 
PRI 69 
PP 1 90 
PRI 91 
PPI 92 
PHI 93 
DRl 94 
Pr:tl 95 
PRI 96 



c 
r: 
c 

c 

INPUT EXISTING fACILITY LOCATIGNS. 

IF (IPPINT.FQ.l) WRITE (6,480) 
DO 20 I=l,N 
READ f5,490) XNlfI),XN2(I) 
IF ([PRINT.FO.I) WRIT~ (6,49C1 XNl(I),XNZ(I) 

20 CJNT I NUE 
DO 30 I=l,NPprR 
READ (5,500) P(f) 

30 WRITF (6,610) t,P(I. 

c C ~PUTf THE CC~STANT ELEMENTS F THE DISTANCE MATRIX. 
C 

c 

0'1 sa I 1, N 
A « I )= XN 1 ( 1 J 
R ( I )= XN2 ( I ) 
D(I,I,l)::8IG 
IF (I.EQ.N) GL TO 50 
lI={+1 

40 J=II,N 
IF CKP.EQ.l1 (ItJ,1)=ABS(X~1(I)-XNl(J).ABS{XN2(I)-XN2(J)} 

I F «K P • EO. 2) 0 ( I , J , 1 ) = S Q R T ( « x N 1 ( I ) - X N 1 (J ) ) ~:~, 2 + ( X N 2 ( r t - X ~,J 2 ( J) ) * * 2 t 
400{J,T,11=D(I,J,1) 
fjO CONTINUE: 

LHM,M,1)=BIG 

C F PS U U P PER AND L ~j 'ri E R LIM I T ~ F n R x 1 AN f) X 2 • 
c 

X1U=XN1(1) 
X1L=XNl(1) 
X2U=XNZ(1) 

DRl 97 
PRI 98 
PRI 99 
PRl 100 
PRI 101 
PRI 102 
PHI 103 
PHI 104 
PRl 105 
?Rl 106 
PHI 107 
PR 1 108 
PRI 109 
PRI 110 
PRl 111 
PPl 112 
PRI 113 0 

co 
PRI 114 
PPl 11:, 
PRI 116 
PFI 117 
PRI lIB 
PRI 119 
PRI 120 
PPI 121 
PKl 122 
PRI 1.23 
PR 1 124 
PPl 125 
PRI 126 
PRl 127 
PRI 128 



c 

X2l=XN2(1) 
Df] 60 I=2,N 
IF (XNl(I).lT.X1L) Xll=XNl(IJ 
IF (XNl(IJ.GT.XlU) XIU=X~l{I) 

IF (XN2(I).lT.X2l) X2l=XN2(I) 
IF (XN2(I).GT.X2U) X2lJ=XN2(I) 

60 CONTINUE 

C HfGI SEARCH PROCEDURE 1. 
e SfT CL K TO IERn. 
r 
\ ... 

c 

CALL TIMFON 
70 IF (ISTART) 80,90,100 

C RANOOMlY GENERAT THE INITIAL STARTING POSITION ~F THE NEW FACILITY 
c 

c 

XN1(M)=(XIU-XIl,*RANOU(!X)+Xll 
X;\12 (M) = ( X2U-X2l) *RAf1DU ( I X) +X2l 
GO TO 110 

gO READ (S,490) XNl(M), eM) 
GO Tn 110 

1J XN1(M)=XNl(JSTART) 
XNZ{H)=XN2(JSTART) 

11 X(l)=XNl(M) 
Y(1)=XN2(M' 

C C ;)'lil P UT E T H fEW DIS T A, NC E S • 
C 

120 DO 130 J=l,N 
IF (KP.EQ.l) O(M,J,l)=ABS(XNl(M)-XNl(J»+ABS(XN2(M)-X 2(J)) 
IF (KP.EQ.2) O(M,J,1)=SQRT((XNl(MJ-XN1(J)}**2+(XN2(M)-XN2(J)**2) 

13 D(J,M,l)=D(M,J,I) 

PRI 129 
Dpl 130 
PRI 131 
PRI 132 
PHI l33 
PP 1 134 
DR1 135 
PRI 136 
PRl 137 
PPI 13B 
PHI 139 
PR 1 140 
DRI 141 
PR 1 142 
PRI 143 
PR1 144 
PRI 145 

--I 

0 

PRI 146 
\.0 

PRI 147 
PRI 148 
PR1 149 
PI-< 1 150 
PRI 151 
PRI 152 
PHl 153 
PHI 154 
DR 1 155 
?Rl 156 
PHl 151 
PRl 1 
PRI 159 
OR 1 1 



c 

IF (IPRINT) 1&0,1 t 

140 WRITE (6.580) 
WRITE (6,590) ITFR 
WRITE (6,600) JSTART 
WRITE (6,510) 
WRITE (6,550) XN1(M),XNZ(M) 
DO 150 I=l,M 

158 WRITE (6,620) (O(I,J,l),J=l,~) 

16J NTRIV=O 
FNO=O 
ITIN=l 
00 170 I=I,N 

170 kGT(l,I)=O. 

C THIS SECTION GENERATES All (N,R) crMBINATIONS, R=1.2, ••• ,N.USING A 
C GENfRALIZATION OF AN ALGORITHM PRESENTED BY WELLS (21). 
C 

(' 
v 

DO 340 JK=l t N 
NOUT=N-JK 
RA=N+l 
Rd=N-JK+l 
RC=JK+l 
NC=GA~~A(PA)/{GAMMA(RB)*GAM~A(R(») 

JF (JK.lT.3) GO Tn 180 
NTRIV=NTRIV+JK*NC 

C GEN~RATE All CCM£INATIONS OF P OPJECTS. 
C 

lS: DO 330 I=l,NC 
IF (JK.fQ.l) IeIT=! 
IF (I.GT.I) GO TO 2(0 
DO lqO J=I,N 

PRI 161 
PPI 162 
PRl 163 
PRI 164 
PHI 165 
PP 1 It;6 
PRI 167 
PRI 168 
PRl 169 
PRI 110 
DRI 171 
PRI 172 
PRI 173 
DRl 11 l t 

PRl 1 
PRl 116 ---I 

PRI 171 <=> 
PRI 178 
PRI 179 
PPI 180 
PRl 181 
PRI 182 
PPI IS3 
PRI 184 
p 1 185 
PRI 186 
PHI 187 
PRI 188 
PRl 189 
PRI 19{) 
PRl 191 
PRl 192 



NPOINTtJ)=O 
19,') IF (J.GT.JK) NPClf'iT(J~=l 

c 
C IF NPDINTlJ) E!JUt.lS 1, THFN FA.rrLI1Y J [S NCT VISITED. 
C 

GO TO 250 
c 
C [NT~RCHANGF LEfTMOST (0,1) DAIP. 
c 

c 

200 DO 210 J=l,NN 
IF (NPOINT(Jl.NE.O.OR.NPUINT{J+l).NE.l) GO TO 210 
JG=J-l 
NPOINT(J~=1 

NPOINT(J+l)=O 
GU TO 220 

210 CONTINUE 

C MOVE All ZEROES TO THF LEFT OF THE INTERCHANGE POSITION AS FAR 
C TO THE LEFT AS POSSIBLE. 
c 

220 IF (JG.lT.l) GO TO 250 
DO 240 J=l,JG 
IF (NPOINTlJ).EO.O) GO TO 240 
IF (J.EQ.JG) GO TO 240 
JH=J+l 
DfJ 230 JJ=Jtl,JG 
IF (NPOINT(JJ).tH:.O) GC TD 230 
NPOINT(JJ)=l 
NPOINT(J)=O 
CO TO 240 

230 C:JNTltJUf 
;( LtO C (jN T I t,JUE 

PRI 193 
pgl 194 
PRI 195 
PR 1 196 
PPI 197 
PRI 198 
PF 1 199 
PR1 200 
PRI 201 
PRI 202 
PRI 203 
PRI 204 
PPI 205 
PHI 206 
PPI 207 
PRI 208 
PR1 209 

......I 

PHI 210 
PPI 211 
PRI 212 
PRl 213 
PRI 214 
PRI 215 
DR1 216 
PRI 217 
PRI 213 
PRI 219 
PPI 220 
PPI 221 
PP.l 222 
PRI 223 
DPl 224 



c 
C IF NPOINT(J) EQUALS 1, THEN FACILITY J IS NOT VISITEO. 
C 

250 IF (JK-Z) 260,210,320 
260 FNO=FNO+P(ITIN)*2*O(M,ICIT,1) 

C 
C CALCULATE WEIGHTS FOR HAP. 
C 

c 

h G T ( 1 , I CIT) = v4G T ( 1 , Ie T T ) + 2 * P ( I TIN) 
GO TO 330 

270 ICIT1=0 
ICIT2=O 
DO 300 II=l,N 
IF (NPOJNT(II).NE.O) GO TO 300 
IF (ICITl) 280,280,290 

280 IeIT1=11 
GO TO 300 

290 ICIT2=11 
GO TO 31G 

300 CONTINUE 
310 FNO=FNO+P(ITIN)*(D(M,ICIT1,l)+D(ICITl,ICIT2,1)+D(ICIT2,~,l» 

C CALCULA1F WFIGHTS FOR HAP. 
c 

c 

WGT(l,ICITl)=WGT(l,ICITl)+P( IlIN) 
~GT(1,ICIT2)=~GT(ltJCIT2)+P(ITIN) 

GO TO 330 
320 CALL TSP (D,E,~,WN,CPEN,RPEN,IP,JP,LINK,NPOINTtBEST,ITINR) 

FNO=FNG+P(lTIN)*BEST 

C CALCUL~TE WEIGHTS FOP HAP. 
C 

PRI 225 
PRI 226 
Pt(. 1 221 
PRI 228 
PRI 229 
PRI 230 
PH 1 231 
PR1 232 
PHl 233 
PRI 234 
PRI 235 
PRl 236 
PRI 231 
PRI 238 
DRl 239 
PRI 240 
PRl 241 N 

PR 1 242 
PRl 243 
PRI 244 
PRI 245 
PR 1 246 
PHI 247 
PRI 243 
PHI 249 
PRl 250 
DPl 251 
PHI 252 
PHl 253 
PHI 254 
PRI 255 
PR] 256 



c 

ICIT3=ITINR(1.NRTE) 
WGT(1,ICIT3)=~GT{1,ICIT3)+P(lTIN) 

ICIT4=ITINR{JK,NRTE) 
\-1 G T ( 1 , I ( 1 T 4 ):: W G T ( 1 , I CIT 4) +P ( I T I ~i ) 

33 ITIN=ITTN+l 
34G CONTINUE 

IF (IPRINT) 360,360,350 
35) kRITF (6,57G) ITER,XNl(~},Xt~i2(M) ,FNfi 
36J IF (ITER.NE.O) GO TO 183 

DO 310 I=l,N 
370 WLAST(l,I)=WGT(l,I) 

(All HAP (A,B,WGT,NSTART,KP) 
XNl(M)=Xfl) 
X (MJ=Y(l) 
ITER=ITER+l 
GO TO 120 

C CUMPARE WEIGHT V CTORS. 
C 

c 

380 DO 390 I=l,N 
IF (WGT(191).NE.WlAST(l,IJ) GO TO 420 

39) (ONTI~UE 
IF (IPRINT) 410,410,400 

400 WRITE (6,560) 
WRIT (6,520) XN1(M),XN2fM),FNO 
WRITE (6,560) 

410 TO 440 
420 IF (ITER.EO.NITER) GO TO 440 

C SAVr MOST CURRENT EIGHT VECTOR. 
c 

eu 430 1=1, 

DRl 257 
PHI 258 
PRI 2SQ 
PR 1 260 
PFI 261 
PHI 262 
PHI 263 
pp 1 264 
PF~ 1 265 
PRI 266 
p~ 1 261 
PR 1 268 
PRl 269 
p 1 270 
PRl 271 
PR 1 272 
PRI 273 
PR 1 214 
PRl 275 
PRl 216 
PR 1 277 
PRI 278 
PR 1 279 
PRI 280 
DRl 281 
PRI 282 
PHI 283 
PR 1 284 
pp 1 285 
PRJ 286 
pp 1 281 
PR 1 288 

--I 

--' 
w 



( 

430 WLAST(l,I)=WGT(l,[) 
CALL HAP (A,B,WGT,NSTART,KP) 
XN1{M)-=X(1) 
XN2«('1)=Y(1} 
ITER-=ITER+l 
GO TO 120 

440 JSTART=JSTART+l 
IF (F~O.lT.IBfST) Z8EST=FNO 
IF (JSTART.GT.NSTART) GO TO 450 
IF (ITER.EO.NITER) GO TO 450 
ITER=O 
GU TO 70 

45:: CDNTINUE 

C CHECK fXfCUTICf\; Tlt~E. 
r v 

c 
c 

CALL TIMECK ('TIME) 
TIMf=NTIMF/IOO. 
WRITE (6,530) ZBEST 
~RITf (6,540) TIME 
STOP 

4S n fURMAT (lX,I4) 
470 FnR~'1AT (//,TIO,4HKP= ,15,//) 
480 rOR~AT (12X,6HXNl(I),T32,6HXN2(I» 
490 FURMAT (9X,FIG.3,9X,FIO.3) 
5JO FORMAT (FIO.S) 
510 FORMAl (T20,23HSTARTTNG POSITIONS APE:,/,T25,lrlX,T35,lHY) 
520 ~OkMAT (T20,46HA LOCAL MINIMUM PAS BfEN FnUN[) USING HAP: 

14,5H, X2=,FIO.4,4H, l=,FIO.4) 
53 () fUR MAT (T 1 0 , 1 9 H ililI N I ~l U M S 1) L UTI ON 1 S , 3 X , FlO. 4 ) 

PHI 289 
PRI 290 
PR 1 791 
PRI 2<)2 
PRI 293 
PRI 294 
PH 1 295 
PRI 296 
PR.l 291 
DRl 298 
PHI 299 
PP 1 300 
PRI 301 
PRI 302 
PRl 303 
PRl 304 --I 

PRl 305 ~ 

PRI 306 
PR1 307 
PRI 308 
PRI 309 
PRI 310 
PR I 311 
PPI 312 
PHI 313 
PRI 314 
PPI 315 
PRI 316 
PRl 317 

Xl=,FlO.PRl 31~ 

PPI 319 
PRl 320 



540 FORMAT (TIO,17HEXECUTION TIME= ,FIO.3,7H SEes.) 
550 fORMAT (19X,2FIO.4) 
560 FORMAT (11,llO(lH*)) 
570 FORMAT (TIO,llHITERATION #tI3,T26,25H--~EW FACILITY LnCATED 

1 (Xl,X2)=(,Fl.1,3H , ,F7.1,9H) WITH l=,F9.3) 
580 FORMAT (llO(lH-) 
590 FORMAT (T48,11HITERATTON #,13) 
6)J FORMAT (T44,lSHSTARTING POSITION #,13) 
610 FORMAT (/I,TIO,3HP( ,I2,3H )=,F7.3) 
670 FORMAT (T2,7F9.3) 

END 

PRI 
PR! 
PRl 

AT,lOYPRl 
PRI 
PHI 
PRI 
PRI 
PRI 
PRI 
PRI 

321 
322 
323 
324 
325 
326 
327 
328 
329 
330 
331 

---I 

0'1 



FUNCTIQN RANOU(IX) PRI 332 
r PPl 333 \., 

C PRI 334 
IY=IX*65539 PRI 335 
If (IY) 10,20,20 ORt 336 

1 IY=IY+2141483647+1 PRI 337 
20 YFl=IV P 1 338 

YFL=YFl*.4656613F-9 Pkl 339 
IX=IY PRt 340 
R ANDIJ=YFl PRI 341 
RETURN PPI 342 
END PHI 343 

--' 
--' 
0) 



,. , 
". 

SUBROUTINE HAP (A,B,WGT,NSTART,KP) 

C HYPERBOLIC APPROXIMATION PROCEDURE (HAP) 
C DETERMINES NEW FACILITY LOCATION FOR RFCTILINEAR (KP=l) OR fJCLIOEAN 
C (KP=2) DISTANCES 
C 

c 

COMMON/HYPER/X,Y,FPS,V,NLM,IPRINT 
DUUBlf PRFCISION X(l),Y(I),EPS,f,FSfOABS,A(MlM),P(ML~) 

DIMENSIUN V(l,ll,WGT(l,MlM) 
INTEGfR COUNT 

10 CONTINUE 
NUUT=C 
I'JSTOP=6 
IF1=2 
11:::2=12 
It:IND=2 
IF (KP.NE.4) KPl=O 
IF (KP.EQ.4) KDl=4 
IF (KPl.EC.4) KP=l 
N=l 
~~=r~LM 

V(l,l)=C. 
IF (IPRINT) 40,40,20 

20 v.iRITE (6,150) 
DO 30 I=l,M 
W R 1 T E ( 6, 140) A ( I ) , B ( I ) , ( WG T ( J , I ) t J;;;: 1 , N) 

30 CONTIr\IUf 
40 CONTINUE 
50 C ON r T ~~ U E 

~<Uf"B E Fz=O 

C SET HYPEPBUICID COf'!STANT 

PHI 344 
PRI 345 
PRl 346 
PRI 347 
PRI 3't8 
DRl 349 
PD.l 350 
PRI 351 
DRl 352 
PRI 353 
PRI 354 
PRI 355 
PRI 356 
PRl 351 
PRl 358 
PPI .3 59 
PRl 360 

---' 

PRI 361 ...... 

PHI 362 
PRI 363 
PRl 364 
PPl 365 
PRl 366 
PRI 367 
PRl 36B 
PRl 369 
PR1 370 
PR1 311 
PHl 372 
PRI 373 
PR1 37 ft 

PR1 375 



C PP1 176 
00 110 IE=IEl,IE2.IEIND pp 1 377 
IF (KP.EQ.3) GO TO 60 PR1 378 
E: P S:;:: _ 1 ~~* r E PRI 319 
If eNOUT.NE.O) WRITE (6,130) fPS PRl 380 

6=~ (' (JUNT=O PR1 381 
C PPI 382 
C CALCULATING VALU~ OF OBJECTIVE FUNCTION PPI 383 
C PRI 384 

'1 CALL [1BJ (A,B,WGT,F,KP) PRI 385 
IF (COUNT.Ee.D) GO TO 100 PRI 386 

C PR1 387 
C CHECKING STOPPING CRITERION PR1 38B 
C PRI 389 

IF (OABS(F-FS).GT •• l**NSTOP*F) GO TO lOa DRl 390 
C PRI 391 --' 

C PRINTOUT ITERATIVE RESULTS PR1 392 --' 
co 

C PHl 3G3 
IF (NCUT.EQ.O) GO TO gO PRl 394 
WHITE (6.170) NUMBER P F< 1 3q5 
[)O 80 Jc=l,N PRI 396 

8:') v..;RITE (6,160) J,X(Jt,J,Y(J) PRI 397 
WRIT'= (6,18(1) F PHI 398 

S:] CflNTlj\IUE PRI 399 
IF (KP.EQ.3) GO TO 120 PRI 400 
(; TO 110 PR 1 'tOl 

10 FS=F PRI 402 
NUMBE P:;::NUi~8ER+ 1 PR1 4C3 
CUUNT=COUNT+1 PRI 't04 

C PRI 405 
r· C4LCULATING NEXT SET OF IT R,\TIVE VALUES DRl 406 * ........ 

C PR1 401 



IF (KP.EQ.ll (All UPDATR (A,B,WGTJ 
IF (KP.EQ.2) CALL UPDATE (A,B,WGT) 
GO TO 70 

110 CONTINUE 
120 CONTINUE 

IF (KP.EQ.3) GO TO 10 
IF (KPl.EQ.4) KP=KP+l 
IF (KPl.fC.4) GO TO 50 
RETURN 

PHI 
PRI 
PRI 
PRI 
PRI 
PRI 
DRl 
PRI 

13':; fORMAT (1IIOX,23HHVPERBDLOID COt-ISTANT ,DIG.3) 
PRI 
!>Rl 

140 FORMAT (/5X,10F9.2) PRI 
l~O fORMAT (64H LrCATION OF EXISTING F~CIlITIES AND THEIR PFSPE:TIVE WPRI 

DRl 
X2(,I2,3H)= ,D20.12) PRI 
THE OPTIMAL LOCATIONS ARfPRl 

lElGHTS(w),/) 
160 FORMAT (1115X,3HXl(yI2,3H)= ,02 .12,6H 
170 fORMAT (1IIOX,6HAFTER ,t5,38H ITERATI 

1 : t 
180 FORMAT (1115X,21HGBJECTIVE F TION ,D2 .12) 

END 

DR} 
PRI 
PRI 

408 
409 
410 
411 
412 
413 
It 14 
415 
416 
417 
418 
419 
420 
421 
422 
423 
42/+ 
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SUBROUTINE GBJ (A,e,WGT,F,KP) 
c 
C l=Vt;LUATES BJfCTIVE FUNCTION 
C 

COMMON/HYPER/X,Y,EPS,V,MLM,IPRINT 
nOUBLF PRECISION D,FW,FV,F,X(l),Yfl),EPS, 
DOUBLE PRECISION GfH~DR,FACT,FAKtOABS,DS 
OIMFNSIGN V(l,l),WGT(l,MlM) 
O(R,$,G,H)=OSQRT( (R-G}**2+(S-H'**2) 
OR(R,S,G,H)=DI\8S(P-G)+OABS(S-H) 
DS(R,$,G,H):(H-G)**2+(S-H)**2 
N=l 
~;=MlM 

FV=O. 
FW=O. 
DO 30 J=l,N 
JPl=J+l 
IF (JPl.GT.N) GO TO 
DO 10 K=JPl,N 
IF (KP.EQ.l) FACT=DR(X(J),Y(J),X(K},YtK) 
IF (KP.EQ.2) FACT=O(XtJ),Y(J),X(K),Y(K) 
IF (KP.EQ.3) FACT DS(X(JJ,Y(J),X(K),Y(K» 

10 FV=FV+V(J,K.*fACT 
;:'0 CONTINUE 

DO 30 I:: 1, M 
IF (KP.fQ.l) FAK=DF(X(JI,Y(J),ACI},B(ll) 
IF (KP.EQ.2) ~AK=D(X(J),Y(JJ,A(I},B(I») 

IF (KP.EQ.3) FAK= (XfJ),Y(J),AfI),R(I») 
1 FW=FW+WGTeJ,Il*FAK 

F·=FV+FW 
RETURN 
fND 

PRl 426 
PRl 427 
PR 1428 
PR 1 429 
PRI 430 

T,R,S,.(MlM),Q(MLM) PRl 431 
PRI 432 
PR 1 433 
PRI 434 
PR 1 435 
PR 1 436 
PR 1 437 
pp 1 438 
DR 1 439 
PR 1 440 
PR 1 441 
DRl 442 
PRI 443 
PPI 444 
DRI 445 
PP 1 446 
PRI 447 
PR 1 448 
PR 1 449 
PQ 1 450 
DRl 451 
PRI 4 
PR 1 453 
PR 1 454 
of( 1 't55 
DRl 456 
pr~ 1 457 

N 
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SUBROUTINE UPDATR (A,B,WGT) 
c 
C DETERMINES NEW V~lUES FOR X AND Y FOR RECTILINEAR PROBLEM 
C 

COMMON/HVPER/X,Y,EPS,V,MlM,IPRINT 
DIMENSION V(1,1),WGT(1,MLM) 
DOUBLE PRECISION n,SUMo,SUMAtEPS,NUMVXfNUMVy,NUMWX,NUMWy,GE~OVX 
DOUBLE PRECISION DENOVYtX(l),Y(l),DSQRT,R,A(MLM),B(ML~),G 
DOUBLE PRECISION DENOWX,DENOWY 
D(RtG,EPS)~OSQRT(R-G)**2+EPSI 

SUMO(T,R,G,EPS)=T/O(R,C,EPS) 
SUMA(T,R,G,fPS)=T*G/O(R,G,EPS) 
M=MlM 
I'·j=1 
00 30 J=l,N 
NUMWX=O. 
NUMWV=O. 
DENOWX:::O. 
OENOWY=O. 
NUMVX=O. 
NU~VY=O. 

DENOVX·=O. 
OENOVY=O. 
DO 10 1=1,"'1 
NUMWX=NUMWX+5UMA{WGT(J,I),X{J)yA(I),EPS) 
NUMWY=NUMWY+ ~A(WGT(J,I),Y(J)tB(I)tEPS) 

D NGWX=DENOWX+SUMO(WGTeJ,I),X(Jl,A(I),FPS) 
1 n NDWY=OENOWY+SUMO(WGT(J,I),Y(J),B(I),FPS) 

20 K=1,N 
f\: tJ t", V X:: N U f~ V X .... SUM A ( V ( J , K ) , X { J ) , X ( I( ) ., f P S ) 
NUMVY=NUMVV+SUMA(V(J,K),Y(J),Y(K),EPSJ 
n i:?V X=O E NOVX'" SU MfH V (J ,K ) ,X ( J ) ~ X ( K ) , E PS ) 

p 1 458 
PRI 459 
PRI 
PRI 461 
PRI 462 
PRI 463 
PRI 464 
PRI 465 
PPl 466 
PRI 467 
PRI 468 
PR.l 469 
PRI 470 
PRI 471 
PRI 412 
PRI 473 

--I 

PRI 474 N 

PRI 475 
PRI 476 
PRI 477 
PRl 478 
PRI 479 
PRI 480 
PR 1 481 
PRI 482 
PPI 483 
PRl 484 
PRI 485 
PRI t,. 86 
PHI 481 
PRI 488 
pp 1 489 
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SUBROUTINE UPDATE (A,B,WGT) PRI 
C PR 1 
C OETFRMINES NEW VALUES FnR X AND Y FOP EUCLIDEAN PROBLE~ PRl 
C PR1 

CJMMON/HYPfR/X,Y,EPS,V,MLM,IPRINT PRI 
OIMFNSION V(l,l),WGT(l,MLM) PRl 
[lUUBL E PP. EC I S ION 0, SUMD, SUf>.1A ,SUt"'18, EP S, NUMVX, NU~VY, N!JM''} X, NJ~tJY, H PR 1 
DOUBLE PRECISIUN DENOMV,DENIMW,X(l),Y(l),nSQRT,R,S,A(ML~),B(MLM),GPRl 
DOUBLE PRECISION E PR1 
O(R,S,G,H,E)=DSQPT«R-G)**2+(S-Hl**2+E) PRI 
SUMD(T,R,S,G,H,El=T/O(R,S,G,H,f) PRI 
SUMA(T,R,S,G,H,E)=T*G/O(R,S,G,H,E) PRI 
SUMBfT,R,$,G,H,[)=T*H/D(R,S,G,H,E) PR1 
E=EPS PDl 
N'=l 
""=MlM 
OJ 30 J=I,N 
NU"'1htX=O. 
NUMWY=O. 
DENOMW=O. 
f\JUMVX=). 
~~UM\JY =0. 
OENOMV=O. 
DU 10 I=l,M 
N I J M \'1 X = N U M \oJ. X + S U i\1 A ( W G T ( J , I ) , X ( J ) ,Y ( J ) , A ( I » , 8 ( I ) , E ) 
NUMWY=NUMWY+SUMB(WGT(J,II,X(J),Y(J),A(I),B(I),E) 

10 D~NOMW=DENO~W+SUMO(WGT(J,I),X(J),Y(J),A(I),B(I),E) 
DCI 20 K=l,N 
NUMVX=NUMVX+SUMA(V(J,K),X(J),Y(J),X'K),Y(K),Et 
~" iH., V Y :: N II M VY + SUM B ( V ( J , K) , X ( J ) , Y ( J ) , X ( K ) ,Y ( K) , E ) 

200ENOMV=DENGMV+SUMO(V(J,K),X(J),Y(J),X(K),Y(K},E) 
X (J) = (NUr"1VX+NUt-1WX) I (DENCi~1V+O[NO~tiW) 
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PRI 
PRI 
PRI 
PRI 
PP 1 
PRI 
PRI 
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PRI 
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PR1 
PRI 
PRI 
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511 N 
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** * *************~****************************************************PR2 1 
AIN PROGRAM--PRJCEOURE 2 PP2 2 

c **~~~************~*~********************~*****************************PR2 3 
eXPLANATION OF N~W VARIABLES UBSCRIPTEO VARIABLES ARE TO BE PR2 4 
C DIMENSIONED EXACTLY AS GIVEN. PR2 5 
C PR2 6 
C H-THE NUMBER Of INITIAL OBSERVATIONS PP2 7 
C PR2 8 
C XICNOS).X2(NOB)-COQRDINATf POSITIONS OF RANDOMLY GENE ATcD NF~ PR? q 

C FACILITIES PR2 10 
C PR2 11 
C YCNOB)-OBJECTIVE FUNCTION VAlUfS crRR~SPONDING TO RA~OOMLY ~ERATEO PR2 12 
C COORDINATE POSITIONS PR2 13 
C PR2 14 
C A(lS)-ARRAY USED IN P~GRESSION PROCEOURE (hB=C) PR2 15 
C PR2 16 
C B(S)-VECTOR USED IN REGRESSION PROCEDUPE PQ2 17 

--' 
N 

C PR2 18 0'1 

C SUM(20)-USED FOR ACCUMULATING EN IES IN THE A ARRAY PR2 19 
C PP2 20 
C AUX(4)-AUXILTARY ARRAY USED IN GELS PR2 21 
C PR2 22 
C lTA-STUPPING CRITERIA FCR PROCEDURE 2 PR2 23 
C PR2 24 

CQMMON/TSP NL/NTSPS,NRTE PR2 25 
COMMUN/ALL/M,~,K,lTER,NCUT PR2 26 
OIMFNSION SUM(20),A(15),R(S),AUX(4) PR2 27 
DIMENSION XNl(7),XN2(7),Xl(lO),XZ(lO),Y(lO),P(63) PR2 28 
CIMENSICN RPEN(7',CPEN(7),C(7,l),W(6l,WN(6) PR2 29 

IMENSIGN 0(1,7,6) PR2 30 
INTEGfR*2 LINK(Z,6},NPGINT(7),ITINR(6,lO).IP(1),JP(1) PR2 31 

c DR2 32 



C IF IPRINT=l,PERTINENT INFCPMATION BETWEEN ITERATI IS PRINTE 
C IF IPF{YNT=O,GNlV FINAL SOLUTION VALUES ARE pRr~TED OUT. 
C 

c 

PEA (5,470) IPRINT 
WRITE (6,410) IPRINT 

C \JITER IS THE MAXIMU~; NUMBEP Of ITERATIONS. 
c 

c 
c 
c 

c 

READ (5,470) NITER 
WRITE (6,41 ) NITFR 

IS THF TOTAL NUMBER OF ~ACIlITIES.(I 

READ (5,470) M 
WRITE (6,l,.70) M 

C NOB IS THE NU~BEP OF INITIAL OBSERVATIONS 
C 

c 

R AD (5,470) NOB 
~RITE (6~470) NOB 

UDES THE NEW FAClllfY) 

C IF KP=l,RfCTILINEAP DISTANCE MEASURE IS USED. 
C IF l<P=2, EUClIDE~!N OISTANC MEASURE IS ED. 
!'"' 
V 

READ (5,47 ) KD 
~ IrE (6,480) KP 
N=~J!-l 

NN=N-l 
~~ROB=2**N-l 
~POINT(M) 0 
ITER=O 
BIG=10.**20 

DUT. PP2 33 
PR2 :Vt 
PR2 35 
PR2 36 
PR2 37 
PR2 38 
PR2 39 
PR2 40 
PP2 41 
PR2 42 
PR2 43 
PR2 't4 
PR2 45 
PR2 46 
PR2 47 
PR2 48 ....... 
PR2 49 N 

en 
PR2 50 
oR2 51 
PR2 52 
PR2 53 
PR2 54 
PP2 55 
PR2 56 
PR2 51 
PR2 58 
PP2 5<) 
PR.2 60 
PR2 61 
P 62 
Pt<.2 63 
PR2 64 



c 

STARTY=BIG 
BESTY=8IG 
I I 1=1 
ISTCJP=O 
DElTA=5.*lO.**(-2) 
fP$=l .**(-6.5) 
NEQ=5 
NCOEF=(NEQ*(NEQ+l»)/2 
MAUX=f\lEQ-l 
NSU/'v1,=20 
BIG=10.**20 
IX=32155 

C INPUT EXISTING FACILITV LOCATIONS. 
C 

IF ({PRINT.EQ.l) WRITE (6,4QO) 
00 20 I=l,N 
READ (5,500) XN1(1),XN2(I} 
IF CIPRINT.EQ.l) WRITE (6,500) XNlfI),XN2(I) 

20 CONTINUE 
DO 30 I=I,NPR B 
READ (5,510) PII) 

30 WRITE (6,660) I,PCI) 
e 
C EGIN SEARCH PROCEDURE 2 
C SFT CLOCK TO IERJ. 

CALL TIMEUN 
c 
C FIND UPPER AND LOWER LIMITS FOR Xl AND X2. 
C 

XIU=XNICl} 
X2U=XN2(1) 

PR2 65 
PR2 66 
PR2 61 
PR2 68 
PR2 69 
PP2 70 
PR.2 71 
PR2 72 
PR2 73 
PR2 74 
PR2 15 
PP2 76 
PR2 77 
oP2 78 
PR,2 79 
pp-,Z 80 ...... 
PR2 81 N 

....... 
PR2 82 
PR2 83 
PR2 84 
PR2 85 
PR2 86 
PP2 87 
PR2 88 
PR2 89 
PP2 C;Q 

PP2 91 
PR2 92 
PR2 93 
PR2 Cf4 
PR2 95 
PR2 96 



c 

XIL=XNl(l) 
X2l=XN2(1) 
DO 40 I=2,f'1 
IF (XNl(l).LT.XllJ X1L=XNl(I) 
If (Xr.!l(I).GT.XIU) XIU=XNl(I) 
IF {XN2(I).LT.X2l) X2L=XN2(I) 
IF (X~;2(I).GT.X2U) X2U=XN2(1) 

40 CO;\jTINUF 

C COi\ljPUTE CCNSTANT ElEt«1ENTS OF THE- DISTANCE MATRIX. 
C 

c 

DO 60 I=1,N 
IF (IPRINT.EQ.l) WRITE (6,540) I,XN1(I),I,XN2fI) 
D(I,I,l)=RIG 
IF (I.EQ.N) GU TO 60 
lI:;;!+1 
no 50 J=II,N 
IF (KP.fQ.l) Q(I,J,1)=A8S(XNltI)-XNl(J»)+ABS(XN2(I)-XN2(J» 
I F (K P • F Q • 2) [1 ( I , J , 1 ):;; S Q R T ( ( X ~J 1 ( I ) - X N 1 (J ) ) *::!~ 2 ... ( X N 2 ( I ) - X N 2 ( J) ) *"* 2 ) 
O(J,I,l)=D(I,J,l) 

500lJ,I,1)=OtI,J,11 
60 CilNTlf'-IUF 

D(M,M,l)=BIG 

C RANDOMLY GENERATE THE INITIAL lnCATIGN OF THE NEW FACILITY ANn 
C COMPUTE THE NEW rISTANCFS. 
c 

78 XNl(M)=(XlU-X1L)*RANDUeIX)+Xll 
Xl\l2(~1):;;(X2U-X2L)i,~HANDU( IX)+X2L 
Dn 80 J=l,N 
IF (KP.EQ.l) U(M,J,1)=APS(XNl(M)-XNl(J»+A6S(XN2(MJ-XN2(J) 
IF (KP.EQ.2) D(M,J,1)=SQRT«XNl{M)-XNl(J»**2+(XN2(M)-XN2(J})**2) 

PP2 97 
PR2 98 
PR2 99 
PH2 100 
PR.2 101 
PR2 102 
Pf?2 103 
PR2 104 
PR2 105 
PP2 106 
PR2 107 
PP2 108 
PR2 109 
PR? 110 
PR2 111 
PR2 112 --' 

PR2 113 N 
co 

PP2 114 
PR2 115 
PR2 116 
PR2 111 
PR2 lIB 
PP2 119 
PR2 120 
PR? 121 
PP2 122 
PR2 123 
PR2 124 
PR2 125 
PP2 126 
PR,2 121 
PR2 128 



c 

8 D(J,M,l)=O(M,J,ll 
GO TO 200 

90 Y(III)=FNO 
Xl(III)=XNlfM) 
X2(III) XN2(M) 
IF (IPRINT.EQ.l) WRITE (6,550) III,XltIII),X2(III),Y(III) 
IF (IPRINT.EQ.l) WRITE (6,600) 

C RETAIN BFST EVALUATION OBTAINED RANDOMLY. 
c 

c 

IF (Y(III).GT.STARTVt GO TO 100 
STARTY=V(IIl) 
START1=Xl(IIll 
START2=X2(III) 

100 111=111+1 
IF (III.lE.NOr) GO TO 7J 
IF (IPPINT.EQ.l) WRITE (6,560) 

C PLAC~ lAST OPTIMAL POINT IN THE LAST P ITION OF THE ARRAY. 
C 

\>;ORST=O. 
XITEMP=Xl '''1GB) 
XlTEMP=X2tND8) 
YTEMP=Y(NOR) 
DO 110 I=l,NOP 
IF (Y(I). .WORST) WORST=V(I) 
IF (V(I}.EO.WORST) lDUM=! 

110 CONTINUE 
YfNOR)=¥(IDUM) 
Xl {NOB )=Xl ( I Dur:1 ) 
X2(NOB)=X2(IDUM) 
Y ( I DU t;IJ ) == V, EM P 

PP 2 12q 
PR2 130 
PP2 131 
PR2 1 
PR2 133 
PR2 134-
PRl 135 
PR2 136 
PR2 137 
PR2 138 
PR2 139 
PR2 140 
PR2 141 
PR2 142 
PR2 143 
PR2 144 

~ 

PR2 145 N 
~ 

PH2 146 
PP,2 141 
PR2 148 
PH2 149 
PR2 150 
PR2 151 
PR2 15? 
PR2 153 
PR2 1 51.,. 
°RZ 155 
PR2 156 
PP2 157 
PC{2 158 
PR2 159 
f)-r. ? 

1' ..... 160 



Xl( IDlH.t1)=X1 Tf~P PR2 161 
X2(IOUM}=X2TEMP PR2 162 

C PR2 163 
C :\CCUi'1UlATE SUMS f'OP PEGRESSIor\! PROCEDURE. PR2 164 
C PR2 165 

DC 120 1= 1 ,NSU~1 PP2 166 
120 SUM(I)::O. PP2 161 

DO 130 I=l,NOP PR2 168 
SUM(l)=SU~(l)+V(I) PR2 169 
SUM(Z)=SUM(Z)+Xl(I) PH2 170 
SUM(3)=5UM(31+Xl(I)**2 PR2 171 
SUM(4)=5UM(4)+X2(I) PP2 172 
SUM(5)=SUM(S)+Xl(I)*XZ(!) PR2 173 
SUM(6)=SUM(6)+X2(I)**2 PP2 174 
SUM(8J=SUM(S)+Xl(I)**3 DR2 175 
SUM(9)=$UM(9)+XlrI)**Z*X2(!1 PR2 176 

--' 
SUM(10)=SUM(lO)+Xl(I)**4 PR2 l77 
SUM(12)=SUM(12)+X1(I)*X2(I)**2 PP2 178 
SUM(13)=SUM(13)+X2(I)**3 PR2 119 
SUM( 14)=SUM( 14)+( X2( I )*X1( I) )*);"2 PR2 180 
SUM(lS)=SUM(lS)+X2(I)**4 oR2 181 
SUM(16l=SUM(16t+Y(I) PR2 182 
SUM(17)=SUM{17)+Xl(I)*V(Y) PR2 183 
SUM{lB)=SUM(18)+X2(I)*YCll PP2 184 
SUM(19)=SUM(19)+Y{I)*Xlfl)* 2 PP2 185 

13 (20)=SUM(2C)+Y(Il*X2(I) PR2 186 
Y BAR=SU"H 1) INC B PP,2 187 
A{l)=NOe PR2 188 
AfZ)=5UM(2) PP2 189 
i\ ( 3 ) ~ SU~q 3 ) PF2 190 
A ( 4 ) = S U ~l ( 4 ) PP2 1<;11 
A ( 5) = SUI'; ( 5 ) PR2 192 



A(6)=SUM(6) PR2 
A(7)=A(3) PR2 
A(8)=SUM(S) PR2 
A(9)=SUM(9) PP2 
A(lO)=SUM(lO) PR2 
A(11)=A(6) PR2 
A(12)=SUM(12) PR2 
A(13)=SUM(13) PP2 
A(14J=SUM(14) PR2 
A(15)=SUM(15} PR2 
F(1)=SUM(16) PR2 
R(Z)=SUM(17) PP2 
R(3)=SU~(18) PR2 
R(4)=SUM(19) PR2 
R(5)=SUM(20) PP2 

C PR2 
C SOLVE FOR THE REGR[SSInN CDEFFICJENT ESTIMATES. PR2 
C PR2 

140 CALL GELS (Rf~' EQ,l,EPSfIERtAUX,NCOE~,MAUXJ PP2 
ITER=ITER+) PR2 
IF (ITER.EQ.NITER) GO T 460 PP2 

C PR2 
C FIND COffFICIfNT OF DETERMINATION. PR2 
C PR2 

SST=O. PR2 
5SR=C. PR2 
DU 150 I=l,NO~ PR2 
SST=SST+(Y(I)-Y8AR)**2 PP2 

15 SSR SSR+(R(1)+R(2)*Xl(I)+R(3)*X2(I)+R(4)*Xl(I)**2+R{S)*X2(I)**2-YRP?2 
lAR)**2 
R2=SSP/SST 
IF CIPRINT) 170,170,160 

DR2 
PP2 
PP2 

lq3 
194 
195 
196 
191 
198 
199 
200 
201 
202 
203 
204 
205 
206 
207 
20B 

--' 
209 w 

--' 
210 
211 
212 
213 
214 
215 
216 
111 
218 
219 
210 
221 
222 
223 
224 



c 
c 
c 
c 

160 WRITE (6,510) 
WRITE (6.580) ITER 
WRITE (6,640) (R( 1),1=1,5) 
WRITE (6,670) SSR,SST 
WRITE (6,100) YBAR 
WRITE (6,680) R2 

170 XIDUT=Xl(NOB) 
X20UT=X2(NOB) 
Y OUT=Y ("'.108 ) 

DETERMINE THE MINIMUM POINT 
LEAST GPTI~Al POINT IN SOLUTI 

Xl(NOB)=-R(ZJ/12.*P(4)) 
X2(NUBl=-R(3l/{2.*R(5}) 

THE REGRESSION SURFACE AND REPLACE 
• 

PH2 
PF2 
Pf~2 

PP 2 
PP2 
PR2 
PR2 
PP2 
PR2 
PR2 

THEPR2 
PR2 
PR2 
PR2 
PR2 

C PR2 
C C STRAIN THE COflRDINATES OF NF\;i F ILITY lDCATI N TO BE WITHl\J THE PP2 
C tI ITS ESTA3LISHEO FOR Xl AND X2. PR2 
C PR2 

r F (X 1 ( t'\I) B ) • G t. X 1 U ) Xl ( NOB) :: X 1 U P R 2 
IF (Xl(NOB).LT.XlLJ Xl(NOB)=Xll PR2 
If (X2(NOB).GT.X2U) X2(NOB)=X2U PR2 
IF (X2(NOR).lT.X2L) X2(NOB)=X2l PR2 
Y Y = R ( 1 ) + P (2 ) * X 1 ( NOB) + R« 3 ) * X 2 ( N fJ B ) .. R ( It ) "*)( 1 (\1 R) * * 2 .. Q. ( 5) * X 2 ( 'l'J g )~( -* 2 p R 2 
If (IPRINT.FQ.l) WRITE (6.650) XlfNOB),X2(NOB),YY PR2 

C PR2 
C CALCULATE N W DISTANCE MATPTX ElEMfNTS. PR2 
C PR2 

DO laG !=1, PR2 
IF (KP.FQ.l) (,I,1)=ABS{Xl(NGR)-XN1(I»+ABS(Xl( )-X~2(I» PR2 
IF (KP.bQ.2) OlMtI,1)=SQR1(XIINOBJ-XNl(I» *2.(X2(~JR)-X~2(I)'**2PR2 

1) p~ 2 

225 
226 
227 
228 
229 
230 
2.31 
232 
233 
234 
235 
236 
231 
238 
239 
740 ---' 

241 w 
N 

242 
243 
244 
245 
246 
247 
248 
24q 
250 
? 51 
252 
253 
254 
255 
256 



c 

18 D(I,M,I)=OCM,I.l) 
D(M,M.l)~8IG 

IF (IPRINT.NE.I) GO TO 200 
DC lqO I=l,M 

190 ~RITE (6,690) (DCI,J,l),J=l,H) 

C THIS SECTION GENERATES All (N,R) COMBINATIONS, R=1,2, ••• ,N. 
C 

c 

200 NTRIV=Q 
FNO=O 
ITIN=l 
no 310 JK=l,N 
NDUT=N-JK 
RA=N+l 
R8=N-JK+l 
RC=JK+l 
NC=GA~MA(RA}/(GAMMA(RB)~GAM~A(RC) 

IF (JK.lT.3) GO TO 210 
~TRIV=NTPIV+JK*NC 

C G NEKATE All COMBINATIONS Of R OBJECTS. 
C 

c 

210 V 36 I=l,NC 
IF (JK.EQ.l) leIT=! 
IF (I.GT.l) GU TO 230 
DO 220 J l,N 
~POINT(J)=O 

220 IF (J.GT.JK) NPGINT(J)=l 

C I~ NPOI~T(J) EQUflS 1, THE FACILITY J IS NOT VISITEO. 
C 

GO TU 280 

PP2 251 
pro( 2 258 
PP 2 259 
PP2 260 
PR2 261 
PR2 262 
PR2 2 
oP2 
PR2 265 
PR2 266 
PR2 267 
PP2 268 
PH2 269 
PF2 210 
PR2 271 
PR2 212 ...... 
PR2 273 w 

w 
PR2 274 
PP2 275 
PR2 276 
PR2 271 
PR.2 278 
PP2 279 
PP2 280 
PP,2 281 
P?2 2H2 
PF2 283 
Pk2 1.84 
PP2 285 
PJ.t2 286 
PR2 287 
PR2 288 



c 
C INTfRCHANGE LEFTMOST (0,1) PAIR. 
c 

c 

23J 00 240 J=l,NN 
IF (NPOINT(J).Nf.O.OR.NPOINTfJ+ll.NE.l) GO T~ 240 
JG=J-l 
NPOINT(J)=l 
~POINT(J+l)=O 

GO TO 250 
240 CONTINUf 

C Mt}VE ALL ZEROES T THE l FT OF THF INTERCHANGF POSITION AS 
C TO THE LEFT AS PGSSIBLE. 
c 

c 

250 IF (JG.LT.l) TO 280 
DO 270 J=l,JG 
IF (NPOI~T(J).EQ.C) GO TO 270 
IF (J. .JG) GO TO 270 
JH=J+l 
DO 260 JJ=JH,JG 
IF (NP(}INT(JJ).Nf.O) GU TO 2t,(J 
NPUINT(JJ) 1 
NPGINT(J)=O 
GO TO 270 

260 CONTINUE 
21() CONTINUE 

C IF NP INT(JJ 
C 

LS I, THEN FACILITY J IS NOT VISITED. 

280 IF (JK-2» ,3 0,350 
29 FNO=FNO+P(ITI ) 2*D(~,ICIT,1) 

GO TO 360 

PR2 289 
PR2 290 
PR2 291 
PR2 2 
PR2 2<13 
PR.2 294 
PP2 295 
PP2 296 
PP2 297 
PR2 298 
PR2 299 

FAR PR2 300 
PR2 301 
PR2 302 
PR2 303 
PR2 304 ....." 

PP2 305 w 
..,J:::Io 

PR2 306 
PP2 301 
PR2 308 
PR2 309 
PR2 310 
PR2 311 
PR2 312 
PR2 313 
PR2 314 
PR2 315 
DR2 316 
p ? 317 
PR2 318 
PR2 319 
PR2 320 



c 

3 D lCIT1=0 
ICIT2=() 
DO 330 1 1=1 ,~l 
IF (NOOINT({I).N~.O) GO TO 330 
IF (ICIT1) 310,310,320 

310 lelTl=I! 
GO TO 330 

32 1CIT2=11 
G,] TO 340 

330 CONTINUE 
3 4 0 F I'l 0 = F N n + P ( I T I ~. ) ~( « D ( ~;t , { CIT 1, 1 ) + D ( leT T 1 , I CIT 2:, 1 .) + D ( Ie! T 2: , ~4 , 1 ) ) 

GO TO 360 
350 CAll T SP ( 0 , E , ~i , 1;H~ t C P F N , R P f N, r p , J P ,l I f'lK, NPO I NT , BE S r ,IT IN R ) 

FNO=FNO+P(ITIN)*BEST 
ICIT1=ITINR(1,NPTE) 
JCIT4=JTINR(JK,NRTf) 

36.J ITIN=ITIN+l 
37 CONTINUE 

IF (III.lE.NOH) GO TO 90 
Y (NOB» ==fNCl 
IF (IPRINT) 400,400,380 

3 WRITE (6,710) 
f) (1 '39<) I = 1 , Non 

3 W ITE 16,720) I,Xl(I),X2(I),YfI) 
ITE (6,590) ITER,XICNDB),X2(NPB1,Y(NOB) 

viRITE (6,60(;) 

C RETf\lN BrST FVAlU/\TIPN OBTAINED IN SEA","CH. 
c 

40 IF (Y{NOB).GT.BESTY) GU T 410 
STY=Y(NUBJ 

R STl=Xl(NOB) 

PR2 321 
PR2 322 
PP2 323 
PR2 324 
PR2 325 
PR2 .3 
PR2 327 
PR2 328 
PR2 9 
PR2 330 
PP2 331 
PP2 332 
PR2 333 
P~{ 2 334 
PR2 335 
PR2 336 ....l-

PR2 331 w 
U'1 

PR2 '::t 
~ 

PR2 339 
PR2 340 
PR2 341 
PR2 342 
PP2 343 
PR2 344 
PR2 345 
PR2 346 
PR2 347 
PR2 348 
PR2 34q 
PR2 350 
oR2 351 
PR2 352 



t .... · 

FEST2=X2(NOB) 
IBEST=ITFR 

C TfRMINATE IF DIfFERENCE BETWEEN SUCCESSIVE FUNCTIONAL EVALUATIONS 
C IS LESS THAN THE SO~CIFIED DELTA. 
C 

(' 
\ .. 

410 IF (ITER.EO.l) GO TP 420 
SAV[=Y(NOR) 

C CHFCK TO SEE IF STATIONARY POINT IS A MAXIMUM. 
c 

c 

If (ABS{SAVF-YTEMP).lE.DELTA.ANO.YTEMP.NE.VGUT) GO TO 460 
IF (YTEMP.NE.VUUT) GO TO 420 
ISTOP=ISTCP+l 
IF (ISTOD.FQ.3) GO TO 460 

C MOVE AWAY FROM MAXIMUM POINT AND EVALUATE F(X,Y)--THIS IS 
C [It-1LY AlLiTWfD TWICF. 
C 

c 

X 1 ( N n H )= ( RA !,.! 0 U ( I X ) - • 5 ) * 2 0 • 
X 2 ( NO B) = ( R A NOll ( I X ) - .5) * 2;J. 
GD TO 200 

C RFoCSITION WORST OBSERVATION TO LAST STORAGE AREA IN EACH ARRAV. 
C 

420 NM=NOB-l 
XITEMP=Xl(NOA) 
X2TEMP=X2(NOB} 
YTEMP=Y(NOB) 
WORST=O. 
DO 430 I=1,NM 
If (Y(I).GT.WDRST) W0RST=Y(I) 

PR2 353 
PR2 354 
PR2 355 
PP2 356 
PP2 357 
PR2 358 
PR2 359 
PR2 360 
PR2 361 
PP2 362 
PP,2 363 
PR2 364 
PR2 365 
pp 2 366 
PP2 361 
PR2 36B .... 
PP2 369 w 

~ 

PP2 310 
PR2 371 
PH2 372 
PR.2 373 
PR.2 374 
PR2 315 
PP2 316 
PR2 3·71 
PP..2 378 
PR2 379 
PR2 380 
PR2 381 
PP.2 382 
PR2 383 
PR? 384 



c 

IF (Y(I).EQ.WLRST) IOUM=I 
43J CONTINUE 

Xl(NOB)=Xl(IDUM) 
X2{NOB)=X2(IDUM) 
YINOS)=Y(IDUM) 
XltIDUM)=XITEPw1P 
X2(IDUM)=X2TEfltP 
Y(IOUM)=YTE~p 

C FTERMINE Nf COEFFICI~NTS IN THE A MATRIX AND THE R VEer R. 
c 

A(l)=NOB 
A( 2 )=5UMf 2 )-XICH!T+Xl TEMP 
A(3)=SUM(3)-XIJUT**2+XIT~MP**2 
A (4) =SUM (4) -X2DUT +X2 TE,...·P 
A(S) SUM(5)-XIOUr*X20UT+XITEMP*X2TEMP 
A(6)=SUM(6)-X20Ur**2+X2TEMP**2 
A(7)=A(3) 
A(B)=SUM(S)-XlnUT**3+XlTFMP**3 
A(9)=SUM(9)-XIOUT**2*X20UT+Xl MP* *X2TEMP 
i\ (lO)=SlJ>H lO)-XIOUT**4+Xl T MP**4 
rdll)=A(6) 
A ( 1 2 ) ::; S I.H-1 ( 1 2 ) - X lOU T ~t X 2 0 U T * * 2 .... Xl T E r", p * X 2 T F M P * * 2 
A(13)=SUM(13)-X20UT**3+X2TFMP**3 
A(14)=SUM(14)-(XICUT*X20UT)**2+(XITEMP*X2TEMP)**2 
A(lS)=SUM(15}-X20UT**4+X2TEMP**4 
H (1) StH4 ( 16) - YOUT +YT EtAP 
R ( 2 ) = S U r.H 11 } - y 1 U T * Xl OU T + Y T F ~A P * Xl T EM P 
R (3) = SUM ( 18 )-YCHJT *X20UT'+YTEMP*X2Tfr~p 
R ( 4):: SUM ( 19 }-Y ClljT *x 1 nUT **2+Y TF MP * Xl TEM p* *2 
R(S)=SUM(ZO)-Y T*X20UT**2+YTfMP*X2T[~P**2 

YRAP=P(lI/NUH 

PR2 385 
PP2 386 
PR.2 381 
PR2 388 
PR2 389 
PR2 390 
PR2 391 
PR2 392 
PP,2 393 
PR2 394 
PP2 395 
PR2 396 
PR2 391 
PR2 398 
PP2 3(}9 
PR2 400 
PR2 401 w 

'-J 
PR2 402 
PR2 403 
PR2 404 
PR.2 405 
PP2 4G6 
PP.2 401 
PR2 408 
PP2 409 
P 410 
PP2 411 
PR2 412 
PR2 413 
PP2 '+14 
PR2 415 
PR2 416 



c 

00 440 1=1, 15 
440 SUM(l)=A{I) 

e (' 45 (j 1= 1 6 t 2 () 
45] SUM(I)=R(I-lS) 

GO TO 140 

C TERMINATE SEAPCH. 
C CHECK EXECUTION TIME 
C 

c 
".. 

\.. 

CAll TIMECK (NTIMf) 
460 CONTl~Uf 

WRITE (6,610) IFEST,BESTY,H STl,BEST2 
RITE (6,b20) STARTY,STARTl, T2 

IF (STARTY.lT.BESTY) BESTY=STARTY 
WRITE (6,520) BESTY 
TIME=NTIME/IOO. 
WRITE (6,53C) TIME 
WRITE (6,630) 
STOP 

47D fORMAT (lX,I4) 
480 FORMAT (11,Tl ,4HKP= ,15,1/) 
49J FORMAT (12X,6HX~1(I),T32,6HXN2(I)1 

~OJ FORMAT (9X,FIO.3,QX,FIO.3) 
510 FORMAT (FIO.5) 
520 FORMAT (TI0,2CHMINIMUM S0LUTION IS ,3X,F10.4) 
530 FORMAT fTIO,16HEXECUTICN TIME: ,flO.3,6H SEeS.l 
540 FORMAT (/I,Tl ,3HXl(,I2,3H )=,F7.3,T30,3HX2(,12,3H )=,F1.3) 
550 fORMAT (/I,Tl t13HOR~ERVATION #,I3,T30,41HNE FACJLITY l ATEa 

1 (Xl, X2):( ,F7.2 t 4H, ,F7.2,11H 11TH V="F8.2,lll 
56 FORMAT (/IIII/,T70,22HBFGIN SFARCH PROCEOUR ,1111) 

PR2 417 
PP2 418 
PR2 419 
PP2 420 
PR2 421 
PR2 47.2 
PR2 423 
PR2 424 
PR2 425 
PR2 426 
PR2 421 
P 428 
PR2 42q 
PR2 430 
PR2 431 
PR2 432 

--I 

PR2 433 w 
co 

PR2 434 
PR2 435 
PR2 436 
PR2 437 
PP2 438 
PR2 439 
PR2 440 
PH2 44l 
PR2 442 
PR2 443 
PP2 44f t 

PR2 445 
AT PPZ 446 

PR2 447 
PR2 448 



510 FORMAT (TIO,lOOflH*») PR2 449 
5aJ FORMAT (T50,11HITERATION #,16) PR2 450 
590 FORMAT (//,TIO,llHITFRATION ',I3,T30,34HNEk FACILITY LOCATED AT (XPR2 451 

11,X2)=f ,F7.2,4H, ,F7.2,26H) WITH ACTUAL VALUE OF V=,F6.2' PR2 452 
6 0 FO~MAT (//,TIC,lCOCIH-)) PR2 453 
610 FORMAT (TIO,62HBEST OBSERVATION OBTAINED DURING SEARCH WAS AT PR2 454 

IlTE~ATIDN #,I4 y 9H WITH y=,FIO.~,5H ,Xl=,Fl .3,5H ,X2=,F11.3) PR2 455 
62~ fORMAT (TIO,42HBEST OBSERVATION OBTAINED AT RANDOM WAS y=,~lO.3,T6PR2 456 

15,6HAT Xl=,FlO.3,T85,4H,X2=,flO.3J PP2 451 
630 FORMAT (lHl) PQ2 450 
640 FORMAT (11,TIJ,4HY= ,FIO.3,T25,3H+ ,FIO.3,T4Q,6HXl. ,FIO.3,T58PR2 459 

1,6HX2 + ,FIO.3,T16,9HXl**2 + ,FIO.3,T97,5HX2**2) PP2 460 
650 FORMAT (1I,TIO,24HWHOSE ~INIMUM IS AT XI= ,F15.4,6H ,X2=,F15.4,9HPR2 461 

lWITH y= ,FIO.3) PR2 462 
66~ Fn~MAT (11,TIO,lHP( ,I2,3H )=,F7.3) PR2 463 
67 FORMAT (11,Tl ,4HSSR=,F12.3,T30,4HSST=,~12.3) PP2 
680 FORMAT (1I,TIO,lOHR SQUAREO=,f7.3) PR2 
690 FORMAT (11,TIO,5flO.4) PR2 

464 ....... 
465 w 
466 

\.0 

100 FORMAT (11,TIO,5HYBAR=,FIO.4) PP2 467 
71 FOR~AT (II,TIC, ,T23,1HXl{NrS),T4G,7HX2(N(lH),T55,6HY(ND8)) PR2 468 
12 FURMAT (TIO,13,T21,FIO.4,T37,FIO.4,T5?,FIO.4) PR2 469 

END PP2 470 



fUNCTI PAr--.!DJ ( I X) 
C 
C 

I Y= J X~~65539 
IF (IV) 10,20,20 

10 IY=IY+2141483641+1 
~J RANDU=IY*.4656613E-9 

IX=IY 
PfTURN 

NO 

PR2 
PP2 
PP2 
PR2 
PP2 
PR2 
PP2 
PR2 
PR2 
PR2 

47l 
472 
473 
474 
i 1 1,) 
476 
411 
473 
479 
480 

....J 

.,.J::::o 
o 



c 
r 
\.... 

c 
c 
c 
c 
c 
c 
r 

'" c 
c 
c ,.. 
L 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
r 

""' c 
c 
c 

SUBR.OUTINE GFt S {R,A,M,l'i,EPS,IEP,AUX,NCDEF,MA,I)X) PP2 
PR2 

•••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• PR2 
P:~2 

SUB~OUTINE GELS PR2 
PR2 

PUFPCSE PR2 
TO SOLVF /.1. SVS TEM OF S I MUL T ANfOUS II NEAR fQUA T IONS rJ[ TH PR 2 
SYMMFTRIC COEFFICIENT MATPIX U R TRIANGULAR PART OF WHICH PR2 
IS SUMED TO BE STORED COLUMNWISE. PR2 

PR2 
t1SA,GF 

CALL GELS{R,A,M,N,EPS,IER,AUX) 
PR2 
PR2 
PP2 
PR2 
PP2 

DESCRIPTION OF PARAMETERS 
R - M BY N RIGHT HAND SIDE MATRIX. (DEST~OYfD) 

A 

M 
N 
EPS 

If 

UN RETURN R CONTAINS THf SOLUTION OF THE E 
- UPPER TRIANGULAR PART OF THE SYMMETRIC 

M BY M C EFFICIENT MATRIX. (DESTROYEO) 
- THE NUMBER or AllONS IN THE SYSTEM. 
- THE r-.·:UMBER DF P,ICtIT HANO SIDE VECTORS. 
- t".N INPUT CONSTANT ~JHICH IS USED AS RELATIVE 

TOLERANCE F TEST LOSS OF SIGNIFICANCE. 
- RESUlTING ERROP PARAMETER CODED AS FOLLOWS 

IER=O - NO ERROR, 

~ T I O"'J S • P R 2 
PP2 
PR2 
PR2 
PR2 
PP2 
PH2 
PR2 
PR2 

I f R = -1 - N D PES ttt T BEe t\ USE [F M l E SST H A. N 1 DR 
PIVOT ELEME"'lT AT ANY ElIMTNATION STEP 

QUAL Tn 0, 

PP2 
PR2 
PR2 

IfP=K - WAPNJT\IG DUE Tf! POSSIALF LOSS f- SIGNrrI-
C NCE INDICATED AT ELI INATION STEP K+l, 
WHERE PIVOT ElE~ENT WAS LESS THAN OR 

l Tn THE INTERNAL TOLERANCE FPS TIMES 

PR2 
PP2 
PR.2 
DP2 

481 
482 
483 
't84 
485 
486 
i t S7 
488 
489 
4·90 
491 
492 
493 
494 
495 
496 ...... 
4~7 ~ ...... 
498 
499 
500 
501 
502 
.503 
504 
505 
506 
507 
508 
509 
510 
511 
512 



r 
\.F 

c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 
c 

!~BSCLUTEl Y GRf:A,TEST MAIN DIAGONAL PR2 
ELEMENT OF MATRIX A. PR2 

AU X - A N A U X I l I A R Y STOP AGE A R F'A Y WIT H D I t-1 ENS I ON M -1 • P R 2 
PR2 

RE~ARKS PR2 
UPPER TRIANGULAR PART OF MATRIX A IS ASSUMED TO BE STORED PR2 
cnLUMNWISE IN M*{M+1)/2 SUCCESSIVE STORAGE LO:ATIDNS, RIGHT PR2 
HAND SIDE MATRIX R COLIJMNWISE IN N*M SUCCESSIVE ST~RASE PR2 
LOCATIONS. UN RETURN SOLUTION MATRIX R IS STORED COLU~NWISE PR2 
TOO. PR2 
THE PROCEDURE GIVES RESULTS IF THE NUMBER OF EQUATIONS M IS PR2 
GREATER THAN C AND PIVOT ELEMENTS AT ALL ELIMINATIO~ STEPS PR2 
ARE OIFFERENT FROM O. HOWEVER WARNING IER=K - I~ GIVEN - PR2 
INDICATES POSSIBLE LOSS or SIGNIFICANCE. IN CASE OF A WELL PR2 
SCALF!) ~!.ATPIX A ANO f\PPPOPRIATE TJLERANCE EPS, IEC{=K VfAY A·E PR2 
!f\lTEPPFF TED THA r i''''ATR 1. X A HAS THE RANK K. NO HAQN I NG r S PR2 
GIVEN IN CASE M=l. PR2 
[P.ROR P/\R t,MFTfR I ER=-l Dor s NOT t'H~Cr::SSAR 1 L Y MEAN THAT PR 2 
~ATRIX A IS SINGULAR, AS ONLY MAIN DIAGONAL ELEMENTS PR2 
1:\ R F: USE fJ ASP I V 0 TEL E ~~ E: tJ T S. P ["l S SIR l Y S U g R [) UTI ~! E G [ L G (W HIe H P R 2 
WORKS ~nTH TOTAL PIVOTING) ~JOUL[J BE ABLE TO FIN\) A SOLUTION .. PR2 

PR2 
SUBROUTINES AND FUNCTION SURPROGRAMS RfQUIRED PR2 

NCNE PR2 
PR2 

~E1Hnn PR2 
SOLUTION IS DONE BY Mb~NS OF GAUSS-ELIMINATION WITH 
PIVeTING IN MAIN DIAGONAL, IN ORDER TO PPES~RVE 

SYMMfTRY I~ R~MAINING COEfFICIENT MATRICES. 

PR2 
PI~ 2 
PP2 
PP2 

c •••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••••• PR2 
C PP2 

513 
~j 14 
515 
516 
517 
518 
519 
520 
521 
522 
523 
524 
525 
526 
527 
528 

--' 

529 +::0 
N 

530 
531 
532 
533 
534 
535 
536 
537 
53R 
53<1 
540 
5 Lt 1 
542 
543 
544 



c 
c 

c 

DIMENSION A(NCUEF),R(M ),AUX(MAUX) 
IF (AA) 240,240,10 

C SEARCH fOR GRFATEST MAIN DIAGONAL ElEMfNT 
10 IER=O 

PIV=O. 
l=O 
no 30 K=l,M 
l=l+K 
T3=APSCA(l») 
IF (TB-PIV) 30,30,20 

20 PIV=TB 
I=l 
J=K 

30 CUNTINUE 
TOL=EPS*PIV 

CAIN {AGONAL ELEMENT A(I):A(J,JI IS FIRST 
C PIV CONTAINS THE AB UTE vtlUE OF ~(I). 
( 

c 
C START EL.IMINATIUN LOOP 

1 ST=O 
1\ f>1= N* 
lfND=M-l 
DC 180 K=l,M 

c 
C T EST 0 N lJ S E F U l N F S S (1 F S Y ~~ r~1 E T RIC A 0 R I T H ~A, 

IF (PlV) 240,240,40 
40 IF (lfQ) 70,50,10 
5 IF (PIV-TOl) 6J,60,10 

PR2 545 
PR2 546 
PP2 547 
PR2 548 
PR2 549 
PR2 550 
PR2 551 
PR2 552 
PR2 553 
PR2 554 
PR2 555 
PR2 556 
PR2 551 
PR2 558 
PR2 559 
PR2 560 --PP2 561 +=-w 
PR2 562 

PIVDT ElE~ NT. PR2 563 
PP2 564 
PR2 565 
PR2 566 
PP2 567 
PR2 568 
PR2 569 
PR2 570 
PR2 571 
PR2 512 
PR2 573 
PR2 574 
PR2 575 
PR2 576 



c 

60 IER=K-1 
10 LT=J-K 

LST=LST+K 

C PIVOT Rew RFOUCTJON AND ROW INTfRCHANGf IN RIGHT HAND SIDf R 
PIVI=l./A({) 
DO 80 l=K,NM,M 
lL=l+lT 
TB=PIVI*R(Lll 
R(lll=RCl) 

81 R(L)=lR 
c 
C IS ELIMINATION lERMINATED 

IF (K-i'O 90,1<;0,190 
c 
C ROW A 0 CCLUM INTERCHANGE AND PIVOT RPW RfDUCTIO~ IN MATRIX 
C ElEMf~·!TS DF DIVOT COLUMN ARE SAVED IN AUXILIARY V[CTO!<- A.UX. 

SJ lR=lST+(lT*(K+J-l»/2 
lL=lR 
L=lST 
OU 140 II=K,lENIJ 
l=l+JI 
LL=LL+l 
IF (l-lR) 120,100.110 

IOD t\ .. (ll)=AClST) 
Ti1=A(l) 
GO TO 130 

11:J LL=l+lT 
1:20 TB=A(Ll) 

A(lL)=A(L) 
1.3 AUX(II1=TB 
14 A(L)=PIVI TF 

PR2 577 
PF,2 518 
PR2 579 
PR2 580 
PR2 581 
PR2 582 
PR2 583 
PR2 584 
PR.2 585 
PR2 58f 
PP2 587 
PR.2 588 
PR2 589 
Df..:2 590 
?R2 5<;1 

A. PP2 592 
PR2 593 
PP2 5°4 
PR2 595 
PP2 596 
PR2 597 
PR2 598 
PR2 599 
PR2 600 
PR2 601 
PR2 602 
PR2 603 
PR2 6C4 
PR2 605 
PR2 606 
PR2 607 
PR2 60R 



C PR2 609 
r SAVE COLUMN INTERCHANGE INF RMATION PP2 610 ..... 

A(LST)=LT PR2 611 
C PR2 612 
C ELEMENT REDUCTICN AND SEARCH fOR NEXT PIVOT PR2 613 

PIV=O. PR2 614 
LlST=lST PR2 615 
LT=O PR2 616 
DO 180 lI=K,lEND PR2 617 
PIVI=-AUX(lI) Pf< 2 618 
ll=LLST PR2 619 
IT=LT+l PR2 620 
DO ISO LLO=II,lENO PF2 621 
Ll=ll+lLD PR2 622 
l =lL+l T PR2 623 

150 A(Ll=A(l)+PIVI*A(LL) PR2 624 --I 

LlST=LlST+II PR2 625 ~ 
(J1 

LR=lLST+LT PP2 626 
TB=ABS(A(lR») PR2 627 
IF (TR-PIV) 17;),170.,160 PR2 628 

16 PIV=TR PR2 629 
I=LR PR2 630 
J=II+l PP2 631 

170 DO 180 lR=K,NM,M PR2 632 
LL=lR+lT PR2 633 

1 0 R(LL)=R(lL)+PIVI*R(lR) PR2 634 
r PR2 635 i~ .. 

C PP2 636 
C ACK SU8STITUTICN AND BACK INTERCHANGE PR2 631 

190 IF (LEND) 240,230,200 PR2 638 
200 II=i'<1 PF2 639 

00 :) T=2,f~ PF2 640 



LST:LST-I I PR2 641 
lI=II-l PR2 642 
L=A(lST)+.5 PR2 643 
00 220 J=IJ,NM,M PR2 644 
r[):R(J) PR2 645 
lL=J PR2 646 
K=LST PR2 647 
00 210 IT=II,l[ND PP2 648 
LL=lL+l PP2 649 
K=K+LT PP2 650 

71 T B= TB- /.~ ( K) *R f ll} PP2 651 
1<. =J +l PP2 6 
P(J)=RfK) PP2 653 

220 R(K)=TB PR2 654 
23J PETURN PR2 655 .- PR2 656 --I '., 

C PR2 657 
C ERROR RETURN PR2 658 

240 IER=-I PR2 659 
RETURN PF2 660 
END PR2 661 



RJUTINf TSP ( ,E,W,WN,CPEN,PPEN,IP,JP,LINK,NPOINT,BEST,ITI ~) 

c 
C SUlVES NONTRIVIAL TRAVELING SALESMAN ppnBLEMS,RETURNING MINIMU~ 

C ['IT ANCE SOLUTION AND prIMAL POUTE. 
c 

c 

C [jf1MCt\ IT S P Nl/ NT S P S, NRT 
C Or~:'4 fJ N I A l tIM, r-,; , K , I T E R , N CHJ T 
DIMENSION O(M,M,N),E(M,M),WfN),WN(N),(PEN(M),RPENCM), 

lRET(4)tIRFT(4),JRET(4),TFST(lO) 
INTEGER*2 LINK{2,N},NPUINT{M),ITINQ'Ntl ),IP(M),JP(~) 

NRTE=O 
NTSPS=O 
ISW=O 
KSfJ=O 
SIG=lO.;:Q"20 
DEL''::TE=lO.**l 
BF.Sl=BIG 
~HT1=M-NOUT 

t-ti\j= N- NOU T 
DO 2\) 1= 1,4 

20 HET(I)=-4. 

C PRESERVE INITIAL nISTANC~ MATRIX FOR RETURN TO MAIN A~D FOR P]SSIBLE 
C uSt UN HFTURN TO r~CDE LEVEL OhIE. 
c 

c 

Dn 40 I=lt~/i 

D 30 J=1,f's1 
3) E{[,J)=D{I,J,l) 
4:J C ONT I r-HJE 

K=l 
~l;) CALL REDUCE (f),H,NPrINT) 

TSP 1 
TSP 2 
TSP 3 
TSP 4 
TSP 5 
TSP 6 
TSP 7 
TSP 8 
TSP q 
TSP 10 
TSP 11 
TSP 12 
TSP 13 
TSP 14 
TSP 15 
TS? 16 
TSP 11 

......I 

~ 

TSP 18 '-J 

TSP 19 
TSP 20 
TSP 21 
TS? 22 
TSP 23 
TSP 24 
TSP 25 
TSP 26 
TSP 21 
TSP 28 
TSP 29 
TSP 30 
TSP 31 
TSP 32 



C O[TERMINF l~WfR POUND AT NODE LEVEL K. 
C 

C 

IF (K.NE.l) GG TO 60 
w(KJ=H 
GO TO 70 

60 W(K)=W(K-l}+H 
7) CONTtNUf 

IF (ISW.EQ.O) GO TO 80 

G CnMPARE REST LOWER BOUND WITH BEST FEASI l~ SOLUTION Q3ThINED 
C THUS FAR. 
c 

c 

1 F (W (K) • G T • B [S T) GO TO tH)(; 
AD CAll PENAlT (DtIP,JP,RPEN,CPENtNPOINT~PENMAX) 

IR=IP(K) 
IC=JP(K) 
C All NUL INK. ([', I R tIC t l I f\·JK» 

C 0 TERMINf l(WER fOUND IF LINK(IP,IC) IS NOT FORMED. 
C 

( 

WN(K)=W(K)+PfN~AX 

IF (KSW.~Q.l) WN(K)=AIG 
KSYI:-.:O 
K-:::K+l 
If (K.GT.NN) GO TO 110 

C FURM APPROPkIATE DISTANCE ~ATRIX FOR NEXT NDDE LEVFL. 
C 

D 100 I=l,M 
C 90 J=lt M 
O(I,JyK)=O(I,J,K-l) 

a IF (I • • IP(K-l' •• J.EQ.JPtK-l» D(I,J.K) BIG 

TSP 33 
TSP 34 
ISP 35 
T5P '36 
TSP 37 
TSP 3B 
TS? 39 
TSP 40 
TSP 41 
TS'P 42 
TS? 43 
TSP 44 
TS? 45 
TSP 46 
rsp 47 
TSP 48 
TSP 49 +::0 

co 
TSP 50 
TSP 51 
TSP 52 
TSP 53 
TSP 54 
TSP 55 
ISo 56 
TSP 57 
TSP 58 
TSf.l 59 
TSP 60 
TSt> 61 
TSI) 62 
TSP 63 
TSP 6 /+ 



100 CDNTINUE TSP 65 
IA=IP(K-l) TSP 66 
JA=JP(K-IJ TSP 61 
D(JA,IA,K)=BIG TSP 68 
IF (K.LF.NN) TO 50 TSP 69 

C TSP 70 
C FIND LINK NECE A,RY TO MAKE urION FEASIBLE. TSP 71 
C TSP 72 

lIn 00 130 I=l,M TSP 73 
IF (NPOINTCIJ. .1) GO Tf) 130 TSP 7'+ 
no 120 J=l,NN TSP 75 
IF (I.EC.IP(J) GO TO 130 TSP 76 

120 CONTINUE TS? 77 
I B= I TSP 78 
GO TO 140 TSP 7~ 

130 CONTINUE TS? 8 0 ,-, 
---I 

14':; 0 16C J=l,M TSP 81 .,J:::o 

IF (NPCJlNT(J). .1) GD TO 160 TSP 
\.0 

82 
DO 15C I=l,NN TSr> 83 
IF (J.EQ.JP(I) GO TO 160 TSP B4 

1'50 CO:\~Tlt-HJf: TS? 85 
JB=J TSP 86 
r; TO 170 TS? 87 

16J CONTI TSP 88 
170 IP(K) 18 TSP 89 

JP(K)=JB TSP 90 
NRTE=NRTf+l TS? 91 
DO 18C I:::l,~M TSP CJ2 
IF (IP(I).NF.tq GO Tn 180 TSP 93 
INDIC-=,JP( I) TS" 94 
ITINR(l,NPTF) INDIC TSP 95 
GO Tn 190 TSP 96 



c 

1HO CONTINUE 
190 DO 210 K=2 t NN 

DC 200 I=l,MM 
IF (IP(I).NE.INDIC) GO TO 200 
INDIC=JP(I) 
ITINR(K,NRTE)=INOIC 
GU TO 210 

200 CDNT I f'·!UE 
210 (IJNTINUE 

IF (NHTE.LE.l.) Gfl TO 260 
NRT=NRTt-l 
DO 250 J=ltNRT 
~TEMP=NN 

DO 220 I=l,NN 
If (ITINR(I,NRTE).Nf.ITINR(NTEMP,NRTE-J» GO TO 230 

220 NTEMP=NTEMP-l 
GO TO 430 

230 00 240 I=l,NN 
IF (ITINP(I,N?Tf).Nf.ITINR(I,NRTf-J) GO TO 250 

240 CGNTINUE 
GO TO 430 

250 CONTINUE 

c rO~lPARt CUP-RENT FF{I,.SrBlE SGll.JTION ~!ITH BEST SOLtJTION OBTAI'JED 
C THUS Fl\P. 
C 

2 6:~; T EST ( f',!P T ~ ) = ':H ~: N ) 
IF (TrST(NRT[).lT.BbST) RFST=TESTtNPTF) 
ISW=IS\>'J+l 
IF (ISW.FO.l) G0 TO 270 
K=Mf1 
G,J TO 400 

TSP 97 
TSP 98 
TSP 99 
TSP 100 
TSP 101 
TSP 102 
TSP 103 
TSP 104 
TSP 105 
TSP 106 
TSP 107 
TSP 108 
TSP 109 
TSP 110 
TSP 111 
TSP 112 ---' 

TSP 113 (J1 
a 

TSP 114 
TSP 115 
TSP 116 
TSP 117 
TSP 118 
TSP 119 
TSP 12G 
TSP 121 
TSP 122 
TSP 123 
TSP 124 
TSP 125 
TSP 126 
TSP 127 
TSP 12H 



C TSP 129 
C t C:[,'lK f Ui\iP~Af\.JCHED NDDES !,-lITH lOl-JFR BOUf\,lD LESS THAN 8FST FEASlaLE TSP 130 
C S LUTlON OBTAJf\JED THUS FAR. TSP 131 
C TSP 132 

270 DO 280 K=l,NN TSP 133 
If (WN(MM-K).lT.H~ST) GO TO 290 TSP 134 

280 CUNTINUE TSP 135 
GO TO 430 TSD 136 

29 K=MM-K TSP 131 
300 CONTINUE TSP 138 

IT=IP(K) TSP 139 
JT=JPtK) TSP 140 

C TSP 141 
C RFTIJRN TO NOOE lrVEl K. TSP 142 
C TSP 143 

I F (K. N E • 1) G [, T f} 3 50 T S P 144 
~ 

DQ 320 J=l,M ISP 145 U'1 
--I 

OJ 310 I=I,M TSP 146 
31 O(I,J,1)=E(1,J) TSP 147 
320 CONTINUE TSP 148 

C TSP 149 
C RFTAIN ORIGINAL FLEMENT IN DISTANCE MATRIX FOR PROPER RETURN TJ MAIN.TSP 150 
C TSP 151 

DO 330 1=1,4 TSP 152 
IF (RET(I).GE.O.) GO TO 330 TSP 153 
RFT(I) E(IT,JT) TSP 15't 
IRET( I )::::IT TSP 155 
JRET(I)=JT TSP 156 
GO TO 340 TSP 157 

330 CONTINUE TSP 158 
340 NTSPS=O TSP 159 

C TSP 160 



C UPDATE DISTANCE TPIX BY I TING INFINITY IN O(IT,JT) TO PREV~NT 

C LINK P~EVIOU Y S l 0 AT THIS NODf LEVfl FROM BEl SELECTED 
C AGAIN. 
C 

c 

OlIT,JT,I)=BIG 
E(IT,JT)=BIG 
KSW=l 
GO TO 50 

350 O(IT,JT,K}=BIG 
KK=K-I 
NTSPS=O 

C UPJATE MATRIX LINK TO INCLUDE ONLY LINKS SELECTED PRIOR TO 
C f'.Iilf)F LEVEL K. 
c 

r 
\.1 

DU 37 I I,M 
D 360 J=l,M 

36 D(I,JtK)=O(I,J,~K) 

37 C INUf 
o I=l,KK 

IR=IP(I) 
IC=JP(I) 
CALL NUlINK , ,IR,IC,llNK) 

(IC,IR,K)=AIG 
o 380 J=l,~ 
orr ,J,KJ=BIG 

3B O(J,IC,K)=BTG 
39J CONTINUE 

C t.IPDATE DISTLNCE V!ATRIX i3Y If\}SEPTING INFINITY IN O( IT,JT) 
C T PREVFNT tINK PREVIDUSLY SELf-ClEO AT THIS NODE lEVFL FROM PEING 
C SfLECTED AGAIN. 

TSP 161 
TSP l62 
TSP 163 
TSP 164 
TSP 165 
TSP 166 
TSP If:? 
Tsr 168 
TSP 169 
TSP 170 
TSP l71 
TSP 172 
TSP 173 
TS? 114 
TSP 1 75 
TSP 176 --' 

TSP 177 01 
N 

TSP 118 
TSP 179 
TSP 180 
TSP 181 
TSP 182 
TSP 1 
TSP 184 
TSP 185 
TSP 186 
TSP 181 
TSP 188 
TSP 189 
TSP 1 
TSP 191 
TSP 192 



C TSP 193 
D( IT,JT,K)=P.U-; TSP 194 
KSw=l TSP 195 
G TO TSP 196 

4 DO 410 I=l,N TSP 1.g7 
IF «(K-I).[Q.C) GO TO 430 TSP 198 
IF (WN(K-IJ.lT.BEST) GO TO 420 TSP 199 

410 CONTINUE TSP 200 
GO TO 430 TSP 201 

420 K=K-I TS? 202 
GO TO 300 TSP 203 

4,{) CON r I NUf TSP 204 
DO 440 1=1,10 TS? 205 
IF (TEST(I).EQ.RESTl GO TO 450 TSo 206 

440 CJNTINUE TSP 207 
450 COT\;T INUf TSP 208 

NRT E= I 
.....I 

TSP 209 0'1 

C TSP 210 
w 

C. RFTURN ORIGINAL DISTANCE ~ATRIX. TSP 211 
C TSP 212 

o fj 470 1= 1 , M TSP 213 
D(I,I,1)=[(1,1) TSP 214 
IF (I.EQ.M) TO 470 TSP 215 
11=I+1 TSP 216 
00 460 J=II,M TSP 211 
D( I,J,l)=E(I,J) TSP 218 

-4tSO D(J,I,ll=Df(,J,l) rsp 219 
47r; CGNTINUE TSP 220 

on 480 I=1.4 TSP 221 
If (PET(I).lT.O.) Ie '.,.90 TSo 222 
ll=IHET(I) TSP 223 
L2=JRET(}} TSP 22 ft 



D(Ll,l2,1)=RET«() 
D(L2,ll,1)=RETtl) 
fCll,L2)=PETII) 

480 (l2,Ll,=RET(I) 
49) CONTINUE 

RETURN 
C 

[Ni) 

TSP 
TSP 
TSP 
rsp 
TS? 
TSP 
TSP 
TSP 

225 
226 
227 
228 
2 
230 
231 
232 

--' 
U1 
..j::::o 



r 
\.F 

c 

c 

SU8RDUTU'·JE REDUCE (lJ,H,NPJINT) 

CGMMON/AlL/M,N,K,ITER.NDUT 
DIMENSI O(M,M,N) 
INTEGE NPOINT(M) 

REAL MIN 

C FI~D MINIMUM ELE~ENT Of EACH ROW AND SllBTPACT THAT ElE~ENT F~DM 

C EA.CH If:j\ijENT It~ THAT HO"J. 
c 

DELET~=lO.**lO 
R=O. 
00 50 I=l,M 
If (NPOINT(I).~Q.l) GO TO 50 
MIN=D(I,l,K) 
IF (NPOINTll).NE.ll GO TO 20 
DO 10 JJ=2,M 
IF (NPOINTfJJ).EQ.IJ GC TO 10 
IF (JJ •• 1) GO TO 10 
MIN=D(I,JJ,K) 
G TO 20 

1 CONTINUE 
20 0 30 J=lt M 

IF (NPOINT(J).fQ.IJ GO T8 30 
IF (MIN.GE.O(I,J,KI) MIN=O(I,J,K) 

30 CONTINUE 
IF (MIN.GE.OELFTF) GO TO 50 
IF (MIN.EQ.G.) GO TO 50 
P=R+MIN 
DO 40 J I,M 
IF (NPOJNT(J).EQ.l. GO TO 40 

TSP 233 
TSP 234 
TSP 235 
TSP 236 
TSP 237 
TSP 238 
TSP 239 
TSP 240 
TSP 241 
TSP 242 
TSP 243 
TSP 244 
TSP 2'+5 
TSP 246 
TSP 241 
TSP 248 ...... 
TSP 249 (J1 

TSP 250 
(J1 

TSo 251 
TSP 2 
TSP 2 
TSP 254 
TSP 255 
TSP 256 
TSP 251 
TSP 258 
TSP 2SQ 
TSP 260 
TSP 261 
TSP 262 
TSP 263 
TSP 264 



c 

O(I,J,K)=D(T,J,K)-MIN 
40 C Oi\JT I NUf 
50 CUNT[NUE 

C FINO MINIMUM ElEM~NT IN EACH C LUMN AND SUBTPACT THAT ELEMENT FROM 
C ALL El~MFNTS [N THAT cnlU~N. 

C 
c=o. 
Drl 100 J=l,M 
IF (NPOINT(Jl.EQ.l) GO TO 1 0 
~q N =iJ ( 1 , J, K ) 
IF (NPOI~T(l).NF.l) GO TO 70 
DCJ t,;J I I=2,~-1 
l~ (NPOINT(II).EQ.l) GO TO 60 
IF (II • • J) GO TO 
t~H N = 0 ( I I , J t K ) 
GO TO 10 

60 C ONT I NlJE 
70 on PO I=l,M 

IF (NPOINT(I).EQ.l) GO TO 80 
IF (MIN.GE.OtI,J,K» MIN=D(I,J,K) 

<1 D C;J NT I N U E 
IF (MIN.GE.DELETE) GO TO 100 
IF (MIN.FQ.C.) GO TO 100 
C=C+~HN 

[) 9{) I=l,M 
IF (NPOINT(I). .1) TO 90 

([,J,K)=DCI,J,KJ-MIN 
() CONTINUF 

100 CCtNTINUf 
H=R+C 
RETURf':! 

TSP 265 
TSP 266 
TSP 267 
TSO 268 
TSP 269 
TSP 210 
TSP 211 
TSP 212 
TSP 273 
T~P 274 
TSP 215 
TSo 276 
TSP 21"' 
TSP 278 
rs p 279 
TSP 280 --' 

TSP 281 0'1 
0"\ 

TSP 282 
TSP 283 
TSP 284 
TSP 285 
TSP 286 
TSP 287 
TSP 288 
TSP 289 
TSP 290 
TSP 291 
TSP 292 
TSP 293 
TSP 294 
TSP 295 
TSP 296 



o 
Z 
LW 

157 



c 
c 

c 

SUB R t1 UTI /-,1 E P E ~,L~ l T (D, I P , J P , P P [ N, C P E r-.l , ~l P (] I NT, PEN M ,1\ X ) 

CUMMON/AlL/M,~,K,ITFR,NOUT 

DIMENSION D(M,M,N)tCPE~(M),RPEN(M) 
INTEGfR*2 IP(M),JP(M),NPOINT(M) 
PEAL MIN 

C r:I\!D SECOND SMALLEST ELFIVlFNT IN FACH ROW. 
e 

c 

DO 30 I=l,M 
MIN=lO.**20 
IF (NPOINT(IJ.EQ.1) GO TO 30 
NCOUNT=O 
DO 1) J=l,M 
IF (NPOINTfJ).EQ.1) GO TO 10 
IF (n(I,J,K).LT.MIN.ANO.O(I,J,K).NE.O.) MIN=O(I,J,K) 
IF (O{I,J,K).FQ.O.) NCOUNT=NCOU~,:T+l 

IF (NCDUNT.FQ.2) GO TO 2J 
RPEN( T )=fJlIN 

1:) C Gi\JT I NUE 
CD TO 30 

.2:J FPEN{I)=O. 
JO Ct)NTINUf 

C Flt-j(j SECCND SMALLFST flEMENT I~J EACH COLUM1'J. 
C FI~D MAXIMUN PENALTY ~OR NOT TAKING A BRANCH. 
c 

CO 60 J=l,M 
IF (N~OINT(J).FQ.l. GO TO 60 
~IN=lO.**20 
NCOUNT=Q 

TSP 298 
TSP 299 
TSP 300 
TSP 301 
TSP 302 
TSP 303 
TSP 304 
TSP 30S 
Tt"· p :) 306 
TSP 307 
TSP 308 
TSP 309 
TSP 310 
TSP 311 
TSP 312 
TSP 313 
TSP 314 <.n 

co 
TSP 315 
TSP 316 
TSP 317 
TSP 31R 
TSP 319 
TSP 320 
TSP 321 
TSP 322 
TSP 323 
TSP 324 
TSP 325 
TSP 326 
TS? 327 
TS P 328 
TSP 329 



c 

on 40 I=l,M 
IF (NPOINT(I).FQ.l) GO TO 40 
IF (O(I,J,K).LT.MIN.ANO.O(I,J,K).NE.O.) MIN=DtI,J,K) 
IF (O(I.J,K).~Q.O.) NCOUNT=NCOUNT+l 
IF (NCDUNT.EQ.2) GO TO 50 
CPENt J J=~H N 

40 CONTINUE 
CO TD 60 

SO CPEN(J)=O. 
60 CONTINUF.: 

C FINO MAXIMUM PENALTY ffR NOT TAKING A RANCH. 
C 

PENMAX;:O. 
DO 90 I;:l,M 
IF (NPOINT(l).EQ.l) GO TO 90 
DO 80 J;;1,fv1 

IF (NPOTNT(J).EQ.l) 
1 F (D ( t , J , K ) • \) E • 0 • } 
A=RPEN(I)+CPEN(J) 
IF (A.GT.PfNMAX) GO 
GC TO 80 

70 P NMAX=A 
IP(K)=I 
JP(K)'=J 

f~ C ONT I NUE 
q C LJNT I NUE: 

GO TO 80 
GO TO 80 

TO 70 

IF (PENMAX.GT.O.) GO TO 150 
DO 11 I 1, M 
IF (NPOINT(I).EQ.l) GO TO 110 
DD 100 J=l,,~ 
IF (NrnINT(JJ.EQ.l) GO TO 100 

TSP 330 
p 331 

TSP 332 
TSP 333 
TS? 334 
TSP 3 
TSP 336 
TSP 337 
TSP 338 
TSP 339 
TSP 340 
TSP 341 
TSP 342 
TSP 343 
TSP 344 
TSP 345 

--' 
TSP 346 (J1 

t..O 
TSP 341 
TSP 348 
TSP 349 
TSP 350 
TSP 351 
TSP 352 
TSP 353 
TSP 354 
TSP 355 
TSP 356 
TSP 357 
TSP 358 
TSP 359 
TSP 360 
TSP 361 



IF (D(I,J,KJ.fQ.O.J GO TO 120 TSP 362 
100 CUNTINUE rsp 363 
I1J CDNTINUE TSP 364 
12f') TP(K)=I TSP 365 

JP(K)=J TSP 366 
IF (I.LE.~.rH.J.LF.M) Gn TO 150 TS? 367 
KK=K-l TSP 368 
D 140 l=1,t-1 TSP 369 
IF (NPOINT(L).NE.l) TO 140 TSP 370 
[P(K)=l TSP 371 
JP(K)=l TSP 3 
DO 130 lL=l,K¥ TSP .3 
IF (IP(lL).EQ.l) GO Tn 140 TSP 374 

130 CONTINUE TSP 375 
GO TO 150 TSP 376 

IttO CUNTINUF TSP 371 --I 

15D FETUKr--.1 TSP 378 m 
0 

END TSP 319 



c 
c 

c 

SUBROUTINE NUlTNK (D,IR,IC,lINK) 

COMMON/TSP NL/NTSPS,NRTE 
C OM r~o f\ I A II / M , N , K , I T f R , NO U T 
DIMENSION O(M,M,N) 
INTEGER*2 lINK(2,N) 

C AGU ON TC l.INKS ALREADY FORMED IN MATRIX LINK. 
c 

c 
r 
.... , 

c 

~R=O 

~C=O 

SIG=lO.~*20 

If (NTSPS) 90,QO,lO 
10 rn 50 1=1,NTSPS 

IF (Ie-LINK(l,I)) 30,20,30 
~0 ~R=I 
30 IF (IR-lI~K(2,I» 50,40,50 
40 NC=I 
50 CUNTINUE 

FURM NEW PARTIAL SGLUTIONS IN MATRIX LINK. 

IF «NR+NC).ED.O) CO Te 
IF (NP.GT.O.AND.NC.GT.O) 
IF (NR.GT.O.ANO.NC.EQ.O) 
IF (NR.EQ.O.ANO.NC.GT.0) 

60 lINK(l,NR)=IR 
lINK(2,NC)=IC 
CO TO 100 

7n lINK(l,NR)=IR 
JA=LINK(2,NP) 

90 
GO TO 60 
GO TO 70 
GO TO BO 

TSP 380 
TSP 381 
TSP 382 
TSP 383 
TSP 384 
TSP 385 
TSP 386 
TSo 387 
TSP 388 
TSP 389 
TSP 3QO 
TSP 391 
TSP 392 
TSP 393 
TSP 394 
TSP 395 
TSP 3<16 0"1 

TSP 397 
TSP 398 
TSP 399 
TSP 400 
TSP 401 
TSP 402 
TSP 403 
TSP 404 
TSP 405 
TSD (tCb 
TSP 407 
TSP 408 
TSP 409 
TSP 410 
TSP 411 



c 
c 
".. 
'-' 

c 

O(JA,IR.K}=BIG 
GO TO 100 

80 LINK(Z,NC) Ie 
IA=lINK(l,NC) 
otIc,IA,KJ=BIG 
GO TO ICO 

90 ~TSPS=NTSPS+I 
LINK(I,NTSPS) IP 
lINK(2,NTSPS'=IC 
O(IR,IC,K)=BIG 
O(IC,IR,K)=EIG 
GO TO 140 

REDUCE MATRIX II K IF IT CONTAINS IR (FROM) ROW 1,COLUMN JfA~O 
It (TO)I RUW 2,COlUMN 1, 1 NOT EQUAL TO J. 

100 OU 130 I=l,NTSPS 
00 120 J=l,NTSPS 
IF (LINK(2,().EQ.IC.ANO.lINK(1,J).EQ.IR.AND.I.NE.J) GO TO 110 
GU TO 120 

11 lI~K(2fI)=lINKf2tJ) 
IU-=lII'H«I,I) 
IV=lI K(2,I} 
(IV,IU,K)=BI 

IF (I.lT.J) GG TO 150 
L L'>J j{ ( 1 ., J J :: L I ~~K ( 1 , I) 
lINK(2,J)=LINK(2,I) 
GU TO 150 

120 CDNTIr-..lUF 
130 CONTINUE 
1 40 F E T U R 1'1 
150 ~TSPS=~TSPS-l 

TSP It 12 
TSP 413 
TSP 414 
TSP 415 
TSt> 416 
TSP 417 
TSP 418 
TSP 419 
TSP 420 
TSP ·421 
TSP 422 
rsp 423 
TSP 4?4 
TSP 425 
TS? 426 
TSP 427 ...... 
TSP 428 (j') 

N 
TSP 429 
TSP 4 
TSP 431 
TSP 
TS? 433 
TSP 434 
TSP 
TSP 436 
TSP 437 
TSP 438 
TSP 43'1 
TS? 440 
TSP 441 
TSP 442 
TSP 441 
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CENTRAL FACILITIES LOCATION PROBLEMS 

INVOLVING TRAVELING SALESMAN TOURS AND EXPECTED DISTANCES 

by 

Robert C. Burness 

(ABSTRACT) 

The problem of locating a single new facility relative to m 

existing facilities has been studied extensively under the assumption 

that trips are always made between the new facility and a single 

existing facility each time a trip occurs. A variation of the problem 

involves a traveling salesman who services m customers. Each time a 

trip occurs the salesman visits one or more customers during the trip. 

Thus, 2m-l different itineraries can be formed, each occuring with a 

given probability. The new facility, which is the starting and ending 

point for each itinerary, is to be located such that the expected 

distance traveled per unit time is minimized. Computational experience 

in solving the problem is presented for both Euclidean and rectilinear 

distance measures. 




