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ABSTRACT 
 
 
The main goal of this work is to determine values of elastic constants of orthotropic, 
transversely isotropic and cubic materials through indentation tests on thin layers bonded 
to rigid substrates.  Accordingly, we first use the Stroh formalism to provide an 
analytical solution for generalized plane strain deformations of a linear elastic anisotropic 
layer bonded to a rigid substrate, and indented by a rigid cylindrical indenter.  The 
mixed boundary-value problem is challenging since the deformed indented surface of the 
layer contacting the rigid cylinder is unknown a priori, and is to be determined as a part 
of the solution of the problem.  For a rigid parabolic prismatic indenter contacting either 
an isotropic layer or an orthotropic layer, the computed solution is found to compare well 
with solutions available in the literature.  Parametric studies have been conducted to 
delimit the length and the thickness of the layer for which the derived relation between 
the axial load and the indentation depth is valid. 
 
We then derive an expression relating the axial load, the indentation depth, and the elastic 
constants of an orthotropic material.  This relation is specialized to a cubic material 
(e.g., an FCC single crystal).  By using results of three virtual (i.e., numerical) 
indentation tests on the same specimen oriented differently, we compute values of the 
elastic moduli, and show that they agree well with their expected values.  The technique 
can be extended to other anisotropic materials.  
 
We review the literature on relations between deformations at the atomic level and 
stresses and strains defined at the continuum level.  These are then used to compare 
stress and strain distributions in mechanical tests performed on atomic systems and their 
equivalent continuum structures.  Whereas averaged stresses and strains defined in 
terms of the overall deformations of the atomic system match well with those derived 
from the continuum description of the body, their local spatial distributions differ.      
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Chapter 1 
 
Introduction 
 
Nanoindentation is a popular experimental technique to determine mechanical 

properties of thin films.  In a typical indentation experiment, a pyramidal or 

spherical diamond indenter is driven into a material while applied load and 

displacement are continuously monitored.  Most models to describe the 

load-displacement curve assume either the Hertz pressure at the contact surface 

(Johnson, 1985); or are based on Sneddon’s contributions in this area (Sneddon, 1965); 

e.g. see Oliver and Pharr (1992).  Those models adopted Hertz’ assumptions such as 

elliptical contact area, frictionless contact, small contact area compared to the 

dimensions of contacting bodies so that the indented body can be approximated as a  

half-space and that deformations occur within the elastic limit.  The Oliver-Pharr 

method, extending from prior research by Sneddon and others (Loubet et al., 1984; 

Doerner and Nix, 1986), has been successfully applied to thin films.  

 

Nanoindentation tests have also been applied to measure the elastic modulus of 

polymeric materials (Briscoe and Sebastian, 1996; Briscoe et al., 1996).  However, 

for quasi-static indentation, viscoelastic behavior affects the shape of the unloading 

curve and the corresponding obtained modulus values are high relative to that 

obtained from bulk measurements (Lucas et al., 1997).  With some experimental 

adjustment, the nanoindentation technique has also been applied to one-dimensional 

nanostructures (Zhu et al., 2007), such as multi-walled carbon nanotubes (MWNTs), 

silicon carbide nanorods (Wong et al., 1997), nanowires (Marszalek et al., 2000) and 

nanofibers (Tan et al., 2005).  The nanoindentation technique has also been applied 



 2

in bio-mechanics, bionics and related fields.  Measuring the microscopic mechanical 

properties of bone tissue is important to understand the etiology and pathogenesis of 

many bone diseases (Hoffler et al., 2005).  The intrinsic stiffness of articular 

cartilage can be estimated by the arthroscopic indentation technique (Toyras et al., 

2001).  Nanoindentation investigation of dental calcified tissues has improved our 

understanding of the mechanical behavior of enamel (Habelitz et al., 2001), dentin 

(Angker et al., 2003) and cementum (Ho et al., 2004) at a nanoscale.  Furthermore, 

in the bionics field, the nanoindentation can help to investigate the special structures 

and functions of natural biomaterials and biomimetic materials such as the cuticle of a 

Dung beetle (Sun & Tong, 2005).  In many applications, the indented sample cannot 

be regarded as a linear isotropic half space.  For example, the viscoelasticity of 

polymers, the nonlinearity of some biomaterials, and the thinness of some 

biomaterials cannot be ignored in the interpretation of load-displacement curves 

derived from nanoindentation tests.  These applications require different continuum 

models to describe the contact problem. 

 

Atomistic simulations of nanoindentation of various materials have been very popular 

in recent research and have been very helpful in revealing mechanisms of some 

interesting phenomena.  The jump-to-contact phenomenon has been observed by 

several groups (Pethica and Oliver, 1989; Landman et al., 1990; Rafii-Tabar et al., 

1992), and it describes the ‘bulging up’ of surface atoms to meet the indenter tip (with 

higher modulus than that of the indented sample) before the tip makes the actual 

contact with the surface.  Atomistic simulations of this phenomenon give further 

information on adhesive forces (Landman et al., 1992; Bhushan et al., 1995), which 

are also responsible for the formation of a connective neck of atoms between the tip 

and the sample during the retraction of the indenter.  Kallman et al. (1993) observed 

a localized crystalline-to-amorphous transition in silicon (Si) at temperatures close to 

the melting point, which is consistent with experiments performed by Clarke et al. 

(1988) and Minowa and Sumino (1992).  Their simulations reveal the dependence of 

the yield strength of Si on atomic structures, rate of deformation and temperature.  
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Solid-state amorphization has also been observed in nanoindentation simulations of 

3C-SiC (Szlufarska et al., 2004).  Defect-stimulated growth and coalescence of 

dislocation loops are found to be the atomistic mechanisms underlying the 

crystalline-to-amorphous transition.  The molecular dynamics (MD) simulations 

have also been used to study defects generated by nanoindentation.  Kelchner et al. 

(1998) reported that initial partial dislocation loops were nucleated off the indenting 

axis below the gold (Au) (111) surface.  Li et al. (2002) and Van Vliet et al. (2003) 

performed MD simulations of copper (Cu) (111) and aluminum (Al) (111) 

nanoindentations for the comprehensive study of dislocation nucleation and kinetics. 

They verified that homogeneous dislocation nucleation indeed occurs.  Furthermore, 

they obtained the transition from homogeneous dislocation nucleation to source 

formation and then to prolific heterogeneous dislocation nucleation.  Using both 

energy minimization and constant temperature MD, de la Fuente et al. (2002) 

demonstrated the formation and movement of hillocks on Au (001) surface under the 

nanoindenter. Similar investigations on the defect evolution when indenting FCC (001) 

surface were also presented by Gannepalli and Mallapragada (2002).  As for FCC 

single crystals, defect generation mechanisms in indented crystal surfaces of other 

lattice structures have been studied, such as Fe single crystal surface by Smith et al. 

(2003) and Si (001) surface by Gannepalli and Mallapragada (2001). The effects of 

grain boundary on defect formation when indenting bi- and poly-crystals have been 

examined through atomistic simulations by Feichtinger et al. (2003) and Lilleodden et 

al. (2003).  Lilleodden et al. (2003) investigated the experimentally observed grain 

boundary proximity effect, i.e., preferential dislocation emission from the grain 

boundary occurs during indentation close to that boundary. 

 

Atomistic simulations have mainly supplemented experimentally obtained 

information until now.  Nevertheless, atomistic simulations with higher accuracy, 

faster speed, and capability of dealing with lager systems are expected (Ghoniem et 

al., 2003) to provide further insight into the mechanics and the physics of the 

nanoindentation process.  The time scales for MD simulations require about 1m/s 
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indentation speed while the nanoindenter or atomic force microscope (AFM) can only 

operate at 0.001 m/s.  Limitations in computational resources affect not only the time 

duration, but also the system’s dimensions that can be simulated.  Therefore, 

multiscale techniques are very important for the simulation of real nanoindentation 

experiments.   



 5

 
 
Chapter 2 
 
Contact of a smooth rigid indenter with an 
anisotropic linear elastic layer 
 
 
2.1 Introduction 
 

Thin films are used in numerous applications such as protective surfaces in artificial 

joints, underfills in flip chip technology, and coatings on optical equipment and turbine 

blades.  Mechanical properties of thin films and nanosize objects are usually measured 

with an indentation test, and the value of the elastic modulus in the indentation direction 

is extracted from the slope of the load versus indentation curve.  Such tests are also 

used to determine elastic moduli of articular cartilage (Toyras et al., 2001) which can 

provide useful information about the health of the tissue especially when these tests are 

done in vivo.  At the other extreme, similar mechanics issues arise in contact problems 

of bearings with rubber linings, and in the textile and paper machinery where a steel 

cylinder contacts another cylinder coated with a layer of rubberlike material.  

Depending upon dimensions of the indenter, the layer, and the contact zone, the 

problem may be analyzed as either plane stress, plane strain or as three-dimensional 

(3D).  A 3D problem is usually studied numerically with the finite element method.     

 

In most applications Young’s modulus of the indenter material is significantly higher 

than that of the material of the elastic layer being indented, and the indenter can be 

regarded as rigid.  This is certainly true for the indentation of a soft tissue, and for 
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rollers used in the paper and textile industries.  Furthermore, the deformable layer is 

bonded to a material that may also be regarded as rigid.  When indentation depth is 

small in comparison to the thickness of the deformable layer, the radius of the indenter, 

and the width of the layer, the response of the material of the layer may be regarded as 

linear elastic.  Contact problems for even linear elastic materials are challenging 

because, in general, the shape of the contact area and the pressure distribution on it are 

unknown a priori.  The problem formulation usually involves mixed boundary 

conditions of normal displacements prescribed on the contact area and surface tractions 

assigned on the boundary surface close to the indenter but not contacting it.  The 

complexity of the problem increases with an increase in the degree of anisotropy of the 

material of the indented layer.  Analytical solutions of linear problems for isotropic 

materials with different approximations have been summarized by Johnson (1985).  

Whereas two elastic moduli characterize a linear elastic isotropic material, the number 

of elastic moduli for a cubic, a transversely isotropic, and an orthotropic material equal 

3, 5 and 9 respectively.  Both the analysis of the contact problem and the identification 

of material moduli from test results become more challenging when the layer material 

is anisotropic.  

   

Contact problems for transversely isotropic materials have been investigated by Green 

and Zerna (1954) and Turner (1966).  Willis (1966) employed the double Fourier 

transform technique to analyze the Hertz contact problem for a transversely isotropic 

half space.  Swanson (2004) used Willis’s method of double Fourier transforms to 

reduce governing coupled partial differential equations for the three displacement 

components to ordinary differential equations which involve derivatives with respect to 

the coordinate in the indentation direction. Assuming that each displacement 

component has the same exponential variation in the indentation direction, the problem 

is reduced to solving a system of three simultaneous algebraic equations.  By assuming 

that edges of the indented layer are simply supported, which is usually not the case for a 

layer bonded to a rigid substrate, Swanson (2004) found displacement and stress 

distributions within the layer by using an approach similar to that of Srinivas and Rao 



 7

(1970).  Swanson (2004) compared the computed solution with that of Turner (1966) 

for transversely isotropic materials, and also gave solutions for orthotropic materials.  

Swanson (2004) asserted that the solution technique can not be adopted for general 

anisotropic materials because Srinivas and Rao’s (1970) approach is only applicable to 

orthotropic materials.  

          

Swadener and Pharr (2000) simplified Willis’s (1966) method by using the surface 

Green function derived earlier by Barnett and Lothe (1975), and studied the 

indentation of an anisotropic half-space by rigid frictionless parabolic and conical 

indenters.  Fan and Hwu (1996), Hwu and Fan (1998), Ning et al. (2002), and Lin 

and Ovaert (2004) have combined Stroh’s formalism with the analytical continuation 

(Muskhelishvili, 1954) and the conjugate gradient methods to study indentation of an 

anisotropic half space by rough indenters of arbitrary profiles.  Aboussaleh and 

Boukhili (1998) have analyzed the contact between a composite laminate and a rigid 

indenter by assuming that the laminate has a plane of elastic symmetry parallel to its 

mid-surface and the variation of stresses through the laminate thickness in known.  

Wu and Yen (1994) employed Green’s function to investigate the contact between a 

simply supported orthotropic plate and a rigid sphere.  Based on experimental results, 

Yang and Sun (1982) and Tan and Sun (1985) modified the Hertzian contact law for 

an orthotropic layer by assuming that the pressure distribution on the contact surface 

and the width of the contact area for an anisotropic layer can be derived from those 

for an isotropic layer by replacing Young’s modulus by the elastic modulus of the 

anisotropic layer in the indentation direction.  It seems that the indentation of an 

anisotropic layer of finite width and thickness has not been studied analytically.    

 

Here we adopt Stroh’s formalism (1958, 1962) to study infinitesimal deformations of 

an anisotropic layer of finite width and thickness bonded to a rigid substrate and 

indented by an indenter of arbitrary profile with the goal of deriving a relation 

between the axial load and the indentation depth.  The analytical function in Stroh’s 

formalism is expressed as Fourier sine and cosine series with their coefficients 
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decaying exponentially in the thickness direction; e.g. see Vel and Batra (2000) who 

used this technique to analyze deformations of an anisotropic plate under different 

boundary conditions.  The unknown constants in the Fourier series are determined 

by satisfying boundary conditions in an average sense.  The convergence of the 

series solution is established by numerically solving two contact problems; one for an 

isotropic and the other for an orthotropic layer and comparing their solutions with 

results available in the literature.  Subsequently, parametric studies are performed to 

delineate the effect of various material and geometric parameters upon the load 

required to indent an orthotropic layer by a prescribed amount.  Lastly, the 

indentation of a layer by a flat indenter is studied.          

 

2.2 Problem formulation 
 

The problem studied, shown schematically in Figure 2.1, involves a linear elastic, 

homogeneous and anisotropic layer bonded to a rigid substrate and indented by a rigid 

circular cylinder.  It is assumed that the length of the cylinder and of the layer in the 

2x - direction (perpendicular to the plane of the paper) is very large as compared to 

dimensions of the layer within the plane of the paper (i.e., the length L, and the 

thickness h of the layer).  Also, the radius R of the cylinder is much smaller than the 

length L of the layer, and the applied axial load P is such as to induce infinitesimal 

deformations of the layer.  As the cylinder is pressed statically into the linear elastic 

layer, points of the layer underneath the cylinder move vertically down, those not on 

the axis of the cylinder also move axially outwards while those near the free surface 

of the layer and adjacent to the rigid cylinder move upwards.  We denote indentation 

of the cylinder into the layer by 0u , and the semi-contact width by c; 0u and c are 

depicted in Figure 2.1.  

 

We use rectangular Cartesian coordinates to describe infinitesimal deformations of the 

layer, and assume that the displacement field u  and hence stresses and strains 
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induced in the layer are functions of 1x  and 3x  only.  Thus the state of 

deformation of the layer corresponds to that of generalized plane strain.  In the 

absence of body forces, equations governing deformations of the layer are  

0, =jijσ ,         ,3,2,1=i          (2.1) 

klijklij eC=σ ,     klijjiklijkl CCC == ,       (2.2) 

( )kllkkl uue ,,2
1

+= ,              (2.3) 

where ijσ = jiσ  is the Cauchy stress tensor, jijjij x∂∂= σσ , , a repeated index 

implies summation over the range of the index, kle  is the infinitesimal strain tensor, 

iu  is the displacement of a point in the ix -direction, and ijklC  is an elastic constant 

of the material of the linear elastic layer.  Symmetries indicated in Eq. (2.2) imply 

that, for a three-dimensional problem, ijklC  can be written as a symmetric 6×6 

matrix, and ijσ and kle  as 6 × 1 matrices. Henceforth, we assume that ijklC is 

positive-definite which is equivalent to presuming that the strain energy density is 

positive for every non-rigid deformation of the body.  

 

Substitution from Eq. (2.3) into Eq. (2.2), and the result into Eq. (2.1) yields the 

following second-order coupled partial differential equations for 1u , 2u and 3u : 

     0, =kjlijkluC ,      .3,2,1=i         (2.4) 

Pertinent boundary conditions are: 

h 

P 

u0

I II III 

(L/2)-c (L/2)-c 2c 

R

x1 

x3 

Figure 2.1 Schematic sketch of the problem studied 
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03111 == σσ          on Lx ,01 = ,         (2.5.1) 

031 == uu         on 03 =x ,           (2.5.2) 

03313 == σσ      on hx =3  and cLx >− 2/1 ,      (2.5.3) 

( ) ( ) ( ) 0cossincos2cos2sincossinsin 33
2

3111
2 =−++−+ σθθθμσθθμσθθθμ ,  

)( 13 xgu =  on hx =3  and cLx ≤− 2/1 .              (2.5.4) 

Here ))2/(arcsin( 1 RLx −=θ , μ  is the coefficient of friction between the rigid 

indenter and the deformable layer, c the semi-contact width, and the function )( 1xg  

depends upon the shape of the indenter.  In cylindrical coordinates, the left-hand side 

of Eq. (2.5.4) equals ( rrr μσσ θ − ), where θσ r  and rrσ  are, respectively, tangential 

and the normal tractions at a point on the contact surface.  When the contact surface 

between the indenter and the deformable layer can be regarded as smooth, 0=μ . 

Points of the contact surface where 0≥rrσ  do not contact the indenter.  We assume 

that there is no separation between the indenter and the deformable layer; thus the 

contact surface is contiguous.  For a rigid circular cylinder of radius R,  

( )2
1

2
01 2)( LxRuRxg −−−−= ,           (2.6) 

where 0u is the indentation (e.g. see Figure 2.1).  In a 3D problem, boundary 

conditions on end faces parallel to the 31xx - plane also need to be specified.  

 

We study infinitesimal deformations of the layer, hence 1/ <<Rc .  Disregarding the 

curvature of the cylinder, we write the axial load P per unit length of the cylinder as  

     ∫
+

−
−=

cL

cL
dxP

2/

2/ 333σ .         (2.7.1) 

If the curvature of cylinder is considered, 

     ( )∫
+

−
−−=

cL

cL
dxP

2/

2/ 31333 tanθσσ        (2.7.2) 

 

Out of three variables P, c and 0u  characterizing the indentation of the cylinder into 

the layer, only one can be specified, and the other two are determined as a part of the 

solution of the problem. Here we prescribe c and find corresponding values of P and 

0u .  
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2.3 Analytical solution of the problem  
 

Following Fan and Hwu (1996), Hwu and Fan (1998), and Vel and Batra (2000) we 

use the Eshelby-Stroh formalism to find a general solution of the above formulated 

boundary-value problem.  Accordingly, we divide the deformable layer into three 

regions I, II and III as exhibited in Figure 2.1.  The region I extends from the left 

edge 01 =x  of the layer to the vertical surface cLx −= )2/(1  that passes through 

the left-most contact point, the region II of width 2c is directly under the contact 

surface, and region III extends from cLx += )2/(1  to the right edge Lx =1  of the 

layer.  We require that displacements and surface tractions be continuous across the 

interface between regions I and II, and the interface between regions II and III. That is 

  0),)2/((),)2/(( 33 =−−− +− xcLuxcLu ii ,    ,3,2,1=i        (2.8.1) 

  0),)2/((),)2/(( 33 =+−+ +− xcLuxcLu ii ,    ,3,2,1=i        (2.8.2) 

  0),)2/((),)2/(( 3131 =−−− +− xcLxcL ii σσ ,  ,3,2,1=i           (2.8.3) 

  0),)2/((),)2/(( 3131 =+−+ +− xcLxcL ii σσ ,  .3,2,1=i        (2.8.4) 

While finding a general solution of the governing equations, we assume that 

    )(zfau ii = ,  31 pxxz += ,  ,3,2,1=i       (2.9) 

where f  is an arbitrary analytic function of z , and 1a , 2a , 3a  and p are complex 

constants to be determined.  Substitution for iu  from Eq. (2.9) into Eq. (2.4) yields  

   ( )[ ] ,033
2

311311 =+++ llililili aCpCCpC           (2.10) 

where we have assumed that 0)( 22 ≠=′′ dzfdzf . We define 3×3 matrices Q , R  

and T as follows: 

     liil CQ 11= , liil CR 13= , liil CT 33= .         (2.11) 

Using symmetries of the elasticity matrix ijklC indicated in Eq. (2.2), we write the 

eigen-value problem defined by Eq. (2.10) in direct notation as  

     [ ] 0aTRRQ =+++ 2T )( pp .          (2.12) 

The positive-definiteness of C  implies that Q  and T  are positive-definite 

matrices.  With the definition 

     ( ) ( )aTRaRQb pp
p

+=+−= T1 ,         (2.13) 
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the eigen-value problem defined by Eq. (2.12) can be written as 

       ζNζ p= ,            (2.14) 

where 

   ⎥
⎦

⎤
⎢
⎣

⎡

−−
−

=
−−

−−

1T1

1T1

RTQRRT
TRT

N ,  
⎭
⎬
⎫

⎩
⎨
⎧

=
b
a

ζ ,        (2.15) 

p is the eigen-value, and ζ the eigen-vector.  For the strain energy density to be 

positive definite, p must be complex (Eshelby et al., 1953). Let ( αα ap , ), 6,...,2,1=α  

be eigen-solutions of Eq. (2.12) such that 

   0)Im( >αp , αα pp =+3 , αα aa =+3 ,  3,2,1=α ,        (2.16) 

where αp  is the complex conjugate of αp .  Assuming that all sp′  are distinct, a 

general solution of Eqs. (2.1) - (2.3) can be written as  

     [ ]∑
=

++=
3

1
3 )()(

α
αααααα zfzf aau ,         (2.17) 

where αf ( 6,...,2,1=α ) are arbitrary analytic functions of zα.  The general solution 

(2.17) holds even when the six eigen-values are not distinct but there exist six linearly 

independent eigenvectors.  Ting (1996) has discussed how to modify the general 

solution when the eigen-value problem defined by Eq. (2.12) does not have six 

linearly independent eigenvectors.  

 

Substitution for u  from Eq. (2.17) into Eq. (2.3) and the result into Eq. (2.2) gives 

     [ ]∑
=

+′+′−=
3

1
31 )()(

α
αααααααα zfpzfp bbσ ,       (2.18) 

     [ ]∑
=

+′+′−=
3

1
33 )()(

α
αααααα zfzf bbσ ,              (2.19) 

where  

 ( ) 11 ii σ=σ ,     ( ) 33 ii σ=σ .          (2.20) 

We note that σ  given by Eq. (2.18) satisfies the equilibrium Eq. (2.1) for all choices 

of the analytic function )(zfα .  In order to satisfy boundary conditions (2.5) and 

continuity conditions (2.8) we assume the following series solution for the nth 

( 3,2,1n = ) region.  
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( ) { }

{ } ,0   ,))(exp()exp(      

))(exp()exp()(

)()(
1

1

)()()()()()()(

1

)()()()()()()()(2)()()()()()(

nn

m

nnn
m

n
m

nn
m

n
m

k

nnn
k

n
k

nn
k

n
k

nnnnnnn

lxzltzs

zhprzqwzvzdzf

≤≤−++

−++++=

∑

∑
∞

=

∞

=

αααααα

αααααααααααααα

ηη

λλ

                        (2.21) 

where  

)(
3

)()(
1

)( nnnn xpxz αα += , )(
)(

n
n

k l
ikπλ α = , 

hp
im

n
n

m )(
)(

α
α

πη −= , 1−=i .       (2.22) 

The unknowns )(ndα  and )(nwα  are assumed to be real while )(nvα , )(n
kq α , )(n

kr α , )(n
ms α  and 

)(n
mt α  are complex; these will be determined from the boundary conditions, and the 

continuity conditions at the interfaces.  In Eqs. (2.21) and (2.22), )(nl  (n = 1, 2, 3) is 

the width of the nth segment.  Note that each term in series (2.21) is an analytical 

function of )(nzα .  The choice (2.21) for )(zfα  is dictated by shapes of segments.  

 

Substituting for )( αα zf  from Eq. (2.21) into Eqs. (2.17)-(2.19), we get the following 

for the displacements )(nu and stresses )(
1

nσ  and )(
3
nσ  in the nth segment: 

( ) ( ) ( )[ ]
⎩
⎨
⎧

++++= ∑
∞

=1

)()(
*

)()(
*

)(2)(
*

)()(
*

)()( expexp
k

n
k

n
k

n
k

n
k

nnnnnn zz rqwvdAu γβ   

 ( ) ( )[ ] conjugateexpexp
1

)()(
*

)()(
* +

⎭
⎬
⎫

++∑
∞

=m

n
k

n
m

n
m

n
m ts ξδ ,            (2.23) 

( ) ( )[ ]
⎩
⎨
⎧

+−+−−= ∑
∞

=1

)()(
*

)(
*

)(
*

)()(
*

)(
*

)(
*

)()(
*

)(
*

)()(
*

)(
1 expexp2

k

n
k

n
k

nn
k

n
k

n
k

nn
k

nnnnnn ppzpp rqwvBσ γλβλ

 ( ) ( )[ ] +
⎭
⎬
⎫

+−+∑
∞

=1

)()(
*

)(
*

)(
*

)()(
*

)(
*

)(
* expexp

m

n
k

n
m

nn
m

n
m

n
m

nn
m pp ts ξηδη conjugate,     (2.24) 

( ) ( )[ ]
⎩
⎨
⎧

−++= ∑
∞

=1

)()(
*

)(
*

)()(
*

)(
*

)()(
*

)()(
3 expexp2

k

n
k

n
k

n
k

n
k

n
k

n
k

nnnn z rqwvBσ γλβλ

 ( ) ( )[ ] +
⎭
⎬
⎫

−+∑
∞

=1

)()(
*

)(
*

)()(
*

)(
* expexp

m

n
k

n
m

n
m

n
m

n
m

n
m ts ξηδη conjugate,       (2.25) 

where  

 ]  [ 321 aaaA = , ]  [ 321 bbbB = , 
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)()()( nn
k

n
k zααα λβ = , ( ))()()()( nnn

k
n

k zhp αααα λγ −= , 

 )()()( nn
m

n
m zααα ηδ = , ( ))()()()( nnn

m
n

m zl ααα ηξ −= , 

 =*** χψφ diag [ ]333222111 ,, χψφχψφχψφ , 

 ( ) )()( nn dαα =d , =α 1, 2, 3.              (2.26) 

The unknowns )(nd  and )(nw  are assumed to be real while )(nv , )(n
kq , )(n

kr , )(n
ms , 

)(n
mt are complex and defined in a way similar to )(nd , and conjugate stands for the 

complex conjugate of the explicitly stated terms.  

 

In terms of the 3×3 diagonal matrices l
uI , l

σI , r
uI , r

σI , t
uI , t

σI , b
uI , b

σI  whose elements are 

constants, and  

    IIIIIIIII =+=+=+=+ bb
u

tt
u

rr
u

ll
u σσσσ ,       (2.27) 

where I  is the 3×3 identity matrix, boundary conditions (2.5) with 0=μ  can be 

written as 

    0σIuI =+ 1
ll

u σ     on 01 =x ,         (2.28.1) 

    0σIuI =+ 1
rr

u σ     on Lx =1 ,        (2.28.2) 

    0σIuI =+ 3
bb

u σ     on 03 =x ,        (2.28.3) 

    0σIuI =+ 3
tt

u σ     on hx =3 , cLx >− 2/1 ,    (2.28.4) 

    [ ]T13 )(00 xgtt
u =′+ σIuI σ  on hx =3 , cLx ≤− 2/1 ,    (2.28.5) 

where ( ) ( ) ( ) ( ) 3133
2

11
2

13 2cos2sincossincoscossinsin σθθμσθθθμσθθθμ +−−++=′σ . 

Instead of satisfying point-wise boundary conditions (2.28) and continuity conditions 

(2.8), we enforce them in an average sense as detailed below: 

{ }∫− =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+

)(

)(

)(
1)(

)(
1)(

1
)(

1
)(

3
)(

1
)( exp)(),(),(

n

n

l

l

n
n

n
nntnnntnnnt

u dx
l
xijxhxhx 0gσIuI π

σ ,     (2.29.1) 

{ }∫− =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+

)(

)(

)(
1)(

)(
1)(

1
)(

1
)(

3
)(

1
)( exp)()0,()0,(

n

n

l

l

n
n

n
nnbnnnbnnnb

u dx
l
xijxxx 0gσIuI π

σ ,   

j = 0,1,2…; n = 1, 2, 3,     (2.29.2) 

{ }∫− =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+

h

h

lll
u dx

h
xi

jxxx 0gσIuI 3
3

33
)1(

13
)1( exp)(),0(),0(

π
σ ,       (2.29.3) 
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{ }∫− =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+

h

h

rrr
u dx

h
xi

jxxx 0gσIuI 3
3

33
)3(

13
)3( exp)(),0(),0(

π
σ ,  j = 0, 1, 2…; (2.29.4) 

{ }∫−
+ =⎟

⎠
⎞

⎜
⎝
⎛−

h

h

nnn dx
h
xi

jxxl 0uu 3
3

3
)1(

3
)()( exp),0(),(

π
,         (2.30.1) 

{ }∫−
+ =⎟

⎠
⎞

⎜
⎝
⎛−

h

h

nnn dx
h
xi

jxxl 0σσ 3
3

3
)1(

13
)()(

1 exp),0(),(
π

,  j = 0, 1, 2…; n = 1, 2.  (2.30.2) 

Here cLll −== )2/()3()1( , cl 2)2( = ; 0] 1, diag[0,31 == t
u

t
u II , 1] 0, diag[1,31 == tt

σσ II , 

1] 1, diag[0,2 =t
uI , 0] 0, diag[1,2 =t

σI ; ,0] 1 diag[0,== r
u

l
u II , 1] 0, diag[1,== rl

σσ II ;

,0], 0 diag[0,321 === bbb
σσσ III  1]; 1, diag[1,321 === b

u
b

u
b

u III  )](  0, diag[0,)( 1
)(

1
2 xgx nt =g , 

======= )()()()()()()( 33
)(

1
3)(

1
2)(

1
1)(

1
3)(

1
1 xxxxxxx rlnbnbnbntnt ggggggg diag [0, 0, 0]. 

Eq. (2.29.1) can be directly applied to the indentation problem for a flat punch.  

However, in order to avoid the appearance of the unknown indentation depth 0u  in 

boundary conditions for cylindrical or parabolic indenters, we differentiate both sides 

of Eq. (2.5.4)2 with respect to x1, and use  

)(),( 11
)2(

3 xghxu ′=′           (2.31) 

as the boundary condition in region II where a prime indicates differentiation with 

respect to x1.  Thus in segment II, we enforce  

{ }∫− ′ =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
′−+′

)2(

)2(

)2(
1)2(

)2(
1)2(

1
2)2(

1
)2(

3
2)2(

1
)2(2 exp)(),(),(

l

l

ttt
u dx

l
xijxhxhx 0gσIuI π

σ      (2.29.1*) 

where 1] 0, diag[0,2 =′
t

uI  and )](x  0, diag[0,)( 1
)2(

1
2 gxt ′=′g .  Once the problem has 

been solved, the indentation 0u can be found from Eq. (2.29.1).  

 

By substituting from Eq. (2.25) into Eqs. (2.29) and (2.30), we determine the 

unknown parameters )(nd , )(nv , )(nw , )(n
kq , )(n

kr , )(n
ms  and )(n

mt (n = 1, 2, 3; k = 

0,1,2…; m = 0,1,2…).  The polynomial and the exponential functions corresponding 

to each unknown parameter, and the prescribed function )( 1xg′  are extended as even 

functions over the interval )0,( )(nl− .  By truncating m  to M  in Eqs. (2.29) and 

(2.30), and equating the real and the imaginary parts on both sides of those equations, 
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we obtain the number of real equations equal to the number of real unknowns.  To 

maintain approximately the same period of the largest harmonic on all interfaces and 

boundaries, we truncate k  to )(nK  for the n th segment with 

      ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

h
lMK

n
n

)(
)( Ceil            (2.32) 

where (*)Ceil  gives the smallest integer greater than or equal to *.   

 

Based on the above-stated algorithm, we have developed a computer code in 

MATLAB.  As described in the following section, the code is verified by comparing 

computed results for two problems with those available in the literature. 

 

2.4 Verification of the Computer Code 
 

We determine the number of terms to be retained in the series solution (cf. Eq. (2.23)) 

and verify our algorithm as follows.  We first obtain a converged solution for a layer 

made of an orthotropic material with principal material axes coincident with the 

rectangular Cartesian coordinate axes exhibited in Figure 2.1, and compare presently 

computed results with those available in the literature.  Subsequently, we verify the 

code for an isotropic layer.   

 

2.4.1 Indentation of an orthotropic half space by a smooth 

rigid parabolic indenter 
 

We compare our results with the analytical solution of Hwu and Fan (1998) for the 

indentation of an orthotropic half-space by the smooth rigid parabolic indenter, 

( )
R
Lxx

2
2/ 2

1
3

−
= where R is the radius of curvature of the indenter at the point (L/2, 0).   

 

For plane strain deformations in the 31xx -plane, Hooke’s law for an orthotropic 
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material can be written as 

     
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
=

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

13

33

11

55

3313

1311

13

33

11

200
0
0

e
e
e

C
CC
CC

σ
σ
σ

,          (2.33) 

where 

 1
3223

11
1 EC

Δ
−

=
νν , 3

2112
33

1 EC
Δ

−
=

νν ,   

 3
231213

1
322131

13 EEC
Δ
+

=
Δ
+

=
νννννν , 3155 GC = , 

 133221133132232112 21 ννννννννν −−−−=Δ .           (2.34) 

Here iE  is Young’s modulus in the ix - direction, 31G  is the shear modulus in the 

13xx - plane, and  

direction - in thestrain  normal
direction- in thestrain  normal

i

j
ij x

x
−=ν          (2.35) 

for a uniaxial stress applied along the ix -direction.  According to Hwu and Fan 

(1998), the normal stress, 33σ , between the indenter and the half space with the 

material principal axes coincident with the rectangular Cartesian coordinate axes is 

given by 

2
1

2
33 )2/(1 Lxc

R
−−−=

β
σ , cLx <− 2/1 ,          (2.36) 

where 

322
1 Eκα
β
= ,            (2.37.1) 

2/1
32232 )1( −−= ννα ,           (2.37.2) 

( ) 2/1

1313132 2
−

+= EEGE ηκ ,        (2.37.3) 

))(()1)(1( 122313322131322321121 ννννννννννη ++−−−= . 

                 (2.37.4) 

In order to compute numerical results we assign following values to various material 
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and geometric parameters.  

0.251 =E GPa, 0.132 == EE GPa, 2.023 =G GPa, 

5.03112 == GG GPa, 25.0132312 === ννν ,  

0.1=L  m, 4.0=h m, 5.0=R m, 1.02 =c m.              (2.38) 

Then 01.03121 ==νν and 25.032 =ν  can be calculated from values of parameters 

listed in Eq. (2.38) and the following relations: jijiji EE νν =  (no sum on i and j).  

Since 1.0/2 =Lc , it is reasonable to assume that null tractions applied on the left and 

the right vertical surfaces do not influence the solution in the vicinity of the contact 

region.  The computed value of u0 was found to be less than 0.1h signifying thereby 

the applicability of the analytical solution for the half space to the present problem.  

We have compared in Figure 2.2 pressure distribution on the contact surface given by 

the analytical solution of Hwu and Fan (1998) with that computed from the present 

code by setting K = 500 in the series solution represented by Eqs. (2.23) – (2.25).  It 

is clear that the two pressure distributions agree well with each other, and the 

maximum error in the computed pressure for cLx 9.0)2/( 1 <−  is 2.7%.   

-1.2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Present solution

Half space solution
(Hwu and Fan, 1998)

 

 

 

Figure 2.2 For an orthotropic layer, comparison of the presently computed 
pressure distribution on the contact surface with that of Hwu and Fan (1998). 

cxx /)( 01 −

 cR /33βσ
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2.4.2 Indentation of an isotropic elastic layer by a smooth 

rigid cylinder  
 

For 1/ <hc , Meijers (1968) has derived the following expression for the pressure on 

the contact surface between a smooth rigid circular cylinder of radius R and an 

isotropic elastic layer perfectly bonded to a rigid base.  

( ) ,2/    , /)2/(45
64
1

8
11

)2/(
)1(2

1

4
22

122
2
1

2

1

2
1

2

233

cLx
h
ccLx

h
c

R
LxcE

<−
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛−+++⎟

⎠
⎞

⎜
⎝
⎛+

−−
−

−=

αααα

ν
σ

     (2.39) 

where E equals Young’s modulus, and for Poisson’s ratio 3.0=ν , 7278.51 =α  and 

8479.72 −=α . Values of parameters 1α  and 2α  depend upon the value of 

Poisson’s ratio, and have been computed by Meijers (1968) for 0.0=ν , 0.3, 0.4, 0.45, 

0.48 and 0.5.  For values of c/h between 0 and 0.7, Meijers (1968) has shown that Eq. 

(2.21) gives converged values of the pressure distribution on the contact surface and 

of the indentation depth.   

 

We solve the problem by the Eshelby-Stroh formalism given above and compare our 

solution with that of Meijers (1968).  For an isotropic linear elastic material, 

eigen-values and eigen-vectors of the eigen-value problem defined by Eq. (2.14) are  

ippp === 321 , ippp −=== 654 ,     (2.40.1) 

0a =
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−

000
01
01

i
i

,           (2.40.2) 

αα aTRb )( T p+= .         (2.40.3) 

That is, there are only two independent eigenvectors for isotropic materials, and the 

parameter β in Eq. (2.37) is given by
E

)1(2 2νβ −
= .  Ting (1982) has discussed 

modifications needed to get general solutions for an isotropic material.  However, in 
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stead of following this rather complex procedure, we alter values by %1±  of elastic 

constants to get unequal eigen-values of the eigen-value problem defined by Eq. 

(2.14).   

 

As shown in Figure 2.3, the presently computed pressure distribution on the contact 

surface matches well with that given by Meijers (1968), and the maximum deviation 

between the two pressure distributions for cLx 9.0)2/( 1 <−  is 6.0%.   
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-0.6

-0.4
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0.2

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Present solution

Perturbation solution 
(Meijers, 1968)

 

 

 

2.4.3 Effect of number of terms in the series solution  
 

The effect of the number of terms in the series solution given by Eq. (2.23) is 

investigated by comparing, for the above two problems, the total axial load (cf. Eq. 

(2.7.1)) from the analytical solution with that obtained from the numerical solution.  

For an orthotropic half space indented by a smooth parabolic indenter, Eqs. (2.7.1) 

and (2.36) give     

Figure 2.3 For an isotropic layer with v=0.3, c/h=1/3, c/L=0.05, comparison of the 
presently computed pressure distribution on the contact surface with that of 
Meijers (1968). 

cxx /)( 01 −

 cR /33βσ
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R
cP
β
π
2

2

ortho = .           (2.41) 

For an isotropic linear elastic layer bonded to a rigid substrate, we conclude from Eqs. 

(2.7.1) and (2.39) that  

   ( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
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⎝
⎛++⎟
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⎛+

−
=

4

2
2
1

2

12

2

iso 6
64
1

8
11

)1(4 h
c

h
c

R
EcP ααα
ν

π .      (2.42) 

For different values of ∑ =
=

3

1
)(

n
nKK , we have listed in Table 2.1 the percentage 

error between the axial loads given by Eqs. (2.22) and (2.23) and their values obtained 

from the solution of the corresponding problems with the present method.  It is clear 

that the retention of 1600 terms in the series solution gives an error in the axial load of 

about 3.5%. Of course, it does not provide any information about the error in the local 

stresses, strains and displacements. In keeping with the goal of finding a relation 

between the axial load and the indentation, we accept this error in the axial load, and 

compute results presented herein with K = 1600.  

 
Table 2.1 Effect of number of terms in the series solution on the percentage error in 
the axial loads for the contact problems involving orthotropic and isotropic layers. 
Orthotropic layer (c/h=0.125, c/L=0.05; 
parabolic indenter ) 

Isotropic layer (c/h=1/3, c/L=0.05, 
3.0=ν ; circular cylindrical indenter)  

Number, K, of 
terms in the 
series solution ortho

ortho

100Error %

P
PP −

⋅=
 

Number, K, of 
terms in the 
series solution iso

iso

100Error %

P
PP −

⋅=
 

400 1.9 400 7.0 
600 1.3 800 5.0 
800 1.0 1200 4.1 
1000 0.8 1600 3.5 

 

2.5 Parametric studies 
 

For an orthotropic layer bonded to a rigid substrate and indented by a smooth 

parabolic rigid indenter, we first delineate the effect of varying geometric parameters 

and then material parameters.  When studying the effect of geometric parameters, we 
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assign values to material parameters listed in Eq. (2.19); thus 1GPa49.1 −=β .  We 

also have studied the influence of the coefficient of friction between the two 

contacting surfaces on the axial load and the depth of indentation.  

 

2.5.1 Geometric parameters 

There are four geometric parameters, namely, the radius R of the indenter, the half 

contact width c , and the length L  and the thickness h  of the deformable layer. 

Recall that the indentation 0u  is computed after the contact problem has been solved. 

Eqs. (2.36) and (2.39) suggest that lengths should be non-dimensionalized with the 

semi-contact width c.  We thus need to study the effect of varying L/c, h/c and R/c.  

 

Effect of changing c/h 

With c, L and R kept fixed so that c/L=0.05 and c/R=0.05, and varying the layer 

thickness h, we have plotted in Figure 2.4 the variation with c/h of the 

non-dimensional axial load, P, and the non-dimensional indentation hu /0 .  
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Figure 2.4 For c/L=0.05 and c/R=0.05, variation with hc /  of the axial load and 
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It is clear that for c/h > 0.2, P for the finite thickness layer deviates noticeably from 

that for the half-space.  Both the non-dimensional indentation and the non- 

dimensional axial load increase monotonically with an increase in c/h.  Whereas the 

slope of the P vs. c/h curve continues to increase with an increase in the value of c/h, 

that of hu /0  vs. c/h monotonically decreases at least in the range of values of c/h 

studied herein. In addition, Figure 2.4 also shows that when c/h is less than about 0.6, 

the present computed value of P is very close to that obtained from the half-space 

solution (the error is less than 5%).  For 1.0/0 <hu , the difference between the 

presently computed value of P and that derived from the half-space solution can be 

neglected.  Thus the indented sample can be regarded as a half space if the 

indentation depth is less than 10% of the sample thickness.  

 

The least squares fit to the computed values of cP 2/β  vs. hc /  is 
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It is evident from the plot of Eq. (2.43) given in Figure 2.4 that it provides a very 

good fit to the computed values.  For 1.0/ ≤hc , one can take 0393.02/ =cPβ .  

 

Effect of changing c/R 

We now set c/L = 0.05 and c/h = 0.5, and vary R; the corresponding axial load, P, is 

plotted in Figure 2.5.  Since c/R can reach 0.5 in this case and the present analytical 

solution is only valid for small values of c/R, we calculate the axial load P by both 

Eqs. (2.7.1) and (2.7.2).  Recall that for the half space P is a linear function of c/R 

with slope equal to π/4; cf. Eq. (2.41).  For the finite thickness of the orthotropic 

layer, the slope of the P vs. c/R curve with P computed by using Eq. (2.7.2) is higher 

than π/4; the axial load P given by Eq. (2.7.1) is not a linear function of c/R for large 

values of c/R. 

 

Effect of changing c/L 
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It is clear that from the results depicted in Figure 2.6 that for 0.05 < c/L < 0.2, the 

ratio c/L has virtually no effect on the both the non-dimensional axial load cP 2/β   
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Figure 2.6 For c/h = 0.5 and c/R = 0.05, variation with Lc / of the axial load 
and the depth of indentation.  
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Figure 2.5 For c/L = 0.05 and c/h = 0.5, variation with Rc /  of the axial load. 
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and the non-dimensional indentation hu /0 .  Whereas the non-dimensional axial 

load equals 0.039 for the half space, it equals 0.042 for the finite thickness layer.  

However, for c/L > 0.25, the non-dimensional axial load for the finite thickness layer 

is much larger than that for the half space.         

 

Results plotted in Figures 2.4, 2.5 and 2.6 suggest that the half space solution can be 

used when 1.0/0 ≤hu , 4.0/ ≤hc , 2.0/ ≤Lc  and 15.0/ ≤Rc . 

 

2.5.2 Material parameters 

Equation (2.36) evinces that the axial load on a parabolic indenter contacting an 

orthotropic half space depends on the material elasticities through the parameterβ . 

With parameters assigned values listed in Eq. (2.38), we vary the value of one 

parameter at a time and determine the corresponding change in the value of β .  

Results of this exercise, listed in Table 2.2, illustrate that values of Young’s 

modulus 3E and of the shear modulus 13G  significantly affect the value of β . 

Accordingly, for c/R = 0.05, c/L = 0.05 and c/h = 0.5, we have plotted in Figures 2.7 

and 2.8 variations with 3E and 13G  of the axial load P and of the non-dimensional 

indentation 0u ; values of other material parameters are the same as those given in Eq. 

(2.38).  The axial load increases nearly linearly as 33 / EE′  is increased from 1 to 5. 

Subsequently, for the same value of the half contact width, the axial load increases 

more rapidly with an increase in 33 / EE′ .  For a ten fold increase in 33 / EE′ , the axial 

load increases by a factor of almost 10.  However, the change in the indentation 

depth is less dramatic as it decreases to nearly one-half of its initial value as 3E is 

enhanced by a factor of 10.  The increase in 13G  does not affect the axial load as 

much as the increase in 3E  does.  For example, for 1313 / GG′ = 10, the axial load for 

the same semi-contact width increases by about 90% and the depth of indentation by 

about 40%.         

 

These results reveal that Yang and Sun’s (1982), and Tan and Sun’s (1985) 
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approximation in replacing E by E3 in the axial load vs. the indentation relation for an 

isotropic material to get results for an orthotropic material dose not introduce 

noticeable errors.  This is because values of material parameters other than E3 do not 

have significant effect on the indentation load.  Their approximation is equivalent to 

assuming that the layer material is transversely isotropic with x3-axis as the axis of 

transverse isotropy.  However, it remains to be seen if the approximation is 

reasonable for a 3D indentation test, i.e., when the x3-dimension of the indenter and 

the layer is comparable to the semi- contact width. 

 
Table 2.2 Variation in the value of β with a change in the value of one material 
parameter. 
 
 

βββ ′−′ )(   
 

βββ ′−′ )(  βββ ′−′ )(

11 10EE =′  0.056 1212 10GG =′  0.000 1212 1.0 νν =′  0.004 

22 10EE =′  0.030 1313 10GG =′  1.050 1313 1.0 νν =′  0.004 

33 10EE =′  4.364 2323 10GG =′ 0.000 2323 1.0 νν =′  0.031 
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Figure 2.7 For c/R = 0.05, c/L = 0.05 and c/h = 0.5, variation with 33 / EE′ of the 
axial load and the depth of indentation. 
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2.5.3 Coefficient of friction 

Results plotted in Figure 2.9 suggest that the axial load decreases and the indentation 

depth increases gradually with an increase in the value of the coefficient of frictionμ .  

Whenμ is enhanced from 0 to 0.9, the average axial stress cP 2/β  decreases by only 

2.6% and the depth of indentation, hu /0 , increases by just 1.1%.  Thus it is 

reasonable to assume smooth contact between the indenter and the layer.  
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Figure 2.8 For c/R = 0.05, c/L = 0.05 and c/h = 0.5, variation with 1313 / GG′ of the 
axial load and the depth of indentation. 
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2.6 Indentation with flat punch 
 

In this section, we consider the indentation of an orthotropic layer of finite width L 

and finite thickness h by a rigid frictionless and flat indenter with horizontal base of 

width 2a positioned at (L/2-a, L/2+a).  The indentation depth is δ .  Figures 2.10 

and 2.11 are plots of the x3- displacement and of the normal stress 33σ  acting at 

points on the top surface of the layer.  Plots of u3 and 33σ  at points of the top 

surface that are close to the flat punch reveal that  

    −+→−+ )2/(        /)2/(/1~),( 11133 aLxaxaLhxσ    (2.44) 

++→+−− )2/(        /)2/(~),( 1113 aLxaxaLhxu     (2.45) 

These results agree with the analytical solution of the indentation of a linear 

anisotropic half space by a flat indenter (Hwu and Fan, 1998) and the asymptotic 

solution of the indentation of a linear elastic isotropic layer by a flat indenter (Haider 

hu
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/or 
2/

0

β
 

μ  

Figure 2.9 For c/R = 0.05, c/L = 0.05 and c/h = 0.5, variation with the 
coefficient of friction of the axial load and the depth of indentation.  
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and Holmes, 1995).  Except for points near the indenter periphery, the pressure 

distribution on the indented surface is uniform. 
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Figure 2.10 For a = 0.2m, L = 1m, h = 0.1m and δ =0.01m, plot of u3 on the top 
surface and singular behavior of u3 near the edge of the indenter.  

Figure 2.11 For a = 0.2m, L = 1m, h = 0.1m and δ =0.01m, plot of 33σ  on the 
top surface and the singular behavior of 33σ  near the edge of the indenter.  
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2.7 Conclusions 
 

We have used the Eshelby-Stroh formalism to study infinitesimal deformations of a 

linear elastic anisotropic layer perfectly bonded to a rigid substrate and statically 

deformed by a cylindrical indenter.  The problem is formulated in terms of the a 

priori unknown semi-contact width, c. Boundary conditions on all surfaces are 

satisfied in the sense of Fourier series.  Computed axial loads for the indentation of 

an orthotropic layer by a smooth parabolic cylinder and of an isotropic layer by a 

smooth circular cylinder are found to compare well with the corresponding analytical 

solutions.  The influence on the axial load of various geometric and material 

parameters has been delineated.  These results have revealed that the non- 

dimensional axial load is independent of c/L for c/L < 0.2 where 2c equals the contact 

width and L the width of the layer.  For an indenter of radius R, the non-dimensional 

axial load varies linearly with c/R as for a half space.  However, the slope of the 

axial load vs. the indentation line for the finite thickness layer is higher than that of 

the line for the half space.  The coefficient of friction between the layer material and 

the indenter has very little effect on the axial load required to indent the layer by a 

given depth.  Among the material elasticities of the orthotropic layer, the elastic 

modulus in the direction of indentation has the most effect on the axial load and that is 

followed by the shear modulus in the plane of deformation.  Poisson’s ratios have 

negligible effects on the axial load.   

 

The half space solution can be used for indentation depths less than one-tenth the 

layer thickness h provided that 4.0/ ≤hc , 2.0/ ≤Lc  and 15.0/ ≤Rc  where L is 

the length of the layer and R the indenter radius. 

 

The problem formulation is valid for a general anisotropic layer.  Thus indentation 

problems for cubic, transversely isotropic, orthotropic and isotropic materials can be 

analyzed even though results for only isotropic and orthotropic materials are 
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presented in the paper. 

 

The problem formulation is also valid for indenters of different profiles.  Results for 

a flat punch indenting a layer comprised of a linear elastic anisotropic material are 

found to match well with results available in the literature. 
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Chapter 3 
 
Identification of Elastic Constants of FCC 
Metals from 2D Load-Indentation Curves 
 
 
3.1 Introduction 

 
Very promising engineering applications of nanocomposites and nanofilms in 

miniaturization of engineering and electronic components have aroused considerable 

interest in finding mechanical properties of these materials.  A commonly used 

mechanical test for determining elastic moduli of a material is the indentation test.  

With continuous improvements in accurately measuring very small loads and 

indentation depths, the technique is being applied to nano-materials which are 

generally anisotropic.  It is commonly believed that the indentation load vs. the 

indentation depth response during the unloading part of the test corresponds to elastic 

response of the indented material.  An interpretation of test results and the extraction 

of material moduli will be facilitated if analytical expressions relating the indentation 

load and the indentation depth were available.  For anisotropic materials one needs 

to ascertain values of more than one elastic constant.  Thus either different types of 

tests (e.g., tension, torsion etc.) or similar tests on different orientations of the 

specimen are needed.        

 

Analytical solutions of even linear three-dimensional (3D) boundary-value problems 
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for elastic bodies are hard to find.  Even though solutions in the form of infinite 

series (or finite series with a large number of terms) for some 3D boundary-value 

problems are available, they are not easily applicable to test data.  A possibility is to 

use specimen geometries and test configurations so that deformations induced can be 

approximated as either plane strain or plane stress.  The former (latter) is usually 

applicable when one of the specimen dimensions is very large (small) as compared to 

the other two lateral dimensions.  Here we study indentation problems when 

deformations of the indented body can be approximated as plane strain, and the 

indenter can be regarded as rigid.  Thus elastic constants of the indenter material are 

very large as compared to those of the material being tested.  Furthermore, by 

restricting indentation depths to very small values as compared to the smallest 

dimension of specimen, one can use solutions for the half space to interpret test 

results.      

 

Doerner and Nix (1986) and Oliver and Pharr (1992) have analyzed infinitesimal 

deformations of a half space indented by a flat punch, and a paraboloid indenter 

respectively.  The Oliver and Pharr (1992) solution has been widely adopted to 

determine the elastic modulus of the material from results of indentation tests on 

nanosize specimens.  Doerner and Nix (1986) have given an empirical relation to 

account for the compliance of the substrate to which the specimen is perfectly bonded.  

The deformations of the substrate are usually considered when the indentation depth 

exceeds about 30% of the film thickness.  Bhattacharya and Nix (1988a, b) used the 

finite element method to study elastic and plastic deformations during submicron 

scale indentations by conical indenters of a thin film bonded to a substrate.  They 

developed empirical equations to determine hardness for both hard-film/soft-substrate 

and soft-film/hard-substrate systems.  Huber et al. (2001, 2002) used neural 

networks, trained by results of the finite element simulations of nanoindentation, to 

identify values of elastic-plastic and visco-plastic material parameters.  

 

Several works on indentation of anisotropic materials have been reviewed in Chapter 
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2.  We note that Vlassak and Nix (1994) have provided an expression for the 

indentation modulus of an anisotropic solid, and have used it to interpret results of 

indentation experiments.  By changing the orientation of the specimen, they found 

values of more than one elastic constant of the material.  However, an examination 

of the indentation load vs. the indentation depth plots does not reveal any explicit 

correlation between experimental data and elastic moduli of anisotropic materials. 

Therefore, an inverse method is needed to extract values of material elasticities 

through suitable post-processing of the test data.  Depending upon the number of 

independent elastic constants for an anisotropic material, the inverse process can be 

quite complicated.  Sasaki et al. (2004) combined the finite element simulation 

results of nanoindentation tests with an optimization technique to determine five 

material parameters of a transversely isotropic material. 

 

Spherical rather than pyramid shaped indenters have been used in indentation tests to 

reduce the non-axisymmetric residual stress field generated during the indentation 

process, and obtain more reliable data before cracks are generated.  A spherical 

indenter has a simpler geometry than a Vickers or a Berkovitch indenter, and 

analytical solutions for deformations induced by a spherical indenter can be obtained 

for some specimen shapes and sizes.  

 

Here we focus on finding values of three elastic constants of a face-centered cubic 

(FCC) material such as gold, copper, and aluminum.  By assuming that the specimen 

can be modeled as a half space and its deformations as plane strain, we first derive an 

expression for the axial load in terms of elastic constants of the specimen material and 

the indentation depth.  This relationship together with results of three indentation 

tests with the specimen oriented differently enables us to find values of the three 

elastic constants.   
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3.2 Load-displacement relation for an anisotropic 

half space indented by a rigid circular cylinder 
 

As described in Chapter 2, Fan and Hwu (1996) and Hwu and Fan (1998) have used 

the Eshelby-Stroh formalism to analyze the 2D generalized plane strain contact 

problem in which a long parabolic cylinder indents a linear elastic, anisotropic and 

homogeneous half space.  They focused on finding the stress distribution on the 

contact surface, and did not provide an explicit relation between the axial load P and 

the indentation depth u0.  We derive here such a relation.  

 

A schematic sketch of the contact problem being studied is shown in Figure 3.1.  In 

rectangular Cartesian coordinates, equations governing generalized plane strain 

deformations of the half space are   

0, =jijσ ,             (3.1) 

lkijklij uC ,=σ  ,           (3.2) 

klijijlkjiklijkl CCCC === .         (3.3) 

 

 

 

 

 

 

 

 

 

 

 

Here ijσ  is the Cauchy stress tensor, ijklC  is an elastic constant of the material of 

the half space, a comma followed by index j indicates partial differentiation with 

Figure 3.1 Schematic sketch of the indentation of an anisotropic half space by a 
rigid cylindrical indenter. 
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respect to the position xj of a material point, and a repeated index implies summation 

over the range of the index.  The length of the cylinder in the x2- direction is large as 

compared to its diameter, the contact width, and the indentation depth.  Hence a 

generalized plane strain state of deformation in the x1x3- plane is considered in the 

sense that all three displacement components and stresses induced are presumed not to 

depend upon 3x .  

 

Using Stroh’s formalism (Stroh, 1958, 1962), we can write a general solution of Eqs. 

(3.1) - (3.3) as  

)()( zz AfAfu += ,        (3.4.1) 

)()( zz BfBfΦ += ,        (3.4.2) 

where ]  [ 321 aaaA = , ]  [ 321 bbbB = , T
332211 )]( ),(z ),(z[)( zfffz =f , 21 xpxz αα += , 

αp , ),( αα ba )3,2,1( =α  are eigenvalues and eigenvectors of the fundamental 

elasticity matrix N .  That is,  

ζNζ p= ,         (3.5.1) 

where ),( baζ = is an eigenvector of the matrix N with eigenvalue p,   

⎥
⎦

⎤
⎢
⎣

⎡

−−
−

=
−−

−−

1T1

1T1

RTQRRT
TRT

N ,         (3.5.2) 

and kikiik QCQ == 11 , 31kiik CR =  and kikiik TCT == 33  are 33×  matrices.  The 

function u  represents displacements, and the function Φ  serves as a potential for 

stresses.  That is   

3,1 ii φσ −= ,         (3.6.1) 

1,3 ii φσ = ,   3,1=i .     (3.6.2) 

The holomorphic complex valued function )(zf  is to be determined by satisfying the 

equilibrium equations and the prescribed boundary conditions.  The superscript T 

denotes the transpose, and the overbar over a variable represents its complex 

conjugate.  

 

When the indentation depth u0 is small as compared to the radius R of the circular 
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indenter, the profile of the circular indenter in the vicinity of the contact point (0,-u0) 

in Figure 3.1 can be replaced by a parabolic indenter without introducing a significant 

error.  The pressure on the contact surface between a smooth rigid parabolic indenter 

Rxx 22
13 = , and a homogeneous anisotropic half-space is given by (e.g., see Hwu and 

Fan (1998), Hwu (1993)) 

2
1

2
33

1 xa
R

−−=
β

σ ,         ax <1 ,         (3.7) 

where contact extends from 1x = a−  to 1x = a , 33
1)( −= Mβ , and 11 −− = ABM i .  

Since the matrix M is Hermitian (Ting, 1996), i.e., TMM = , 33
1)( −M  is a real 

number.  For an orthotropic material 

( ) ( )331113
3311551311

13331155

33
1 )2(

)(11 CCC
CCCCC

CCCC
M

+
++
−

== −β
.      (3.8) 

Here ijC  is an elastic constant of the orthotropic half space in the contracted notation 

in which the stress and the strain tensors are written as six dimensional vectors, and 

the 4th order elasticity tensor ijklC  as a 6×6 symmetric matrix.   

 

Barnett and Lothe (1975) and Ting (1996) have given the following expression for the 

displacement field in an orthotropic half-space loaded by a line force 

[ ]T321 fff−=f .   

{ }fBAu 1
*lnIm1 −><= z

π
,      (3.9) 

where ]ln,ln,[lndiagln 321* zzzz >=< .  For a line load only in the vertical direction, 

i.e., (f1=f2=0), Eq. (3.9) gives the following expression for the vertical displacement of 

a point of the half space: 

[ ]333
1

33223
1

32113
1

31
3

3 ln)(ln)(ln)(Im zBAzBAzBAfu −−− ++−=
π

.     (3.10) 

Thus for a point on the vertical axis 

[ ] xMfxBABABAfxu ln)(ln)()()(Im)0,( 33
1

3
33

1
3323

1
3213

1
31

3
13 ππ

−
−−− =++−=
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(3.11) 
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For the contact problem being studied here, the displacement of a point on the vertical 

axis can be computed from Eq. (3.11) by setting dsf 333 σ=  and integrating the 

right-hand side of the resulting equation from - a to + a. The result is 

dssxsMxu
a

a
−−= ∫−

−

ln)()()0,( 33
33

1

3 σ
π

.          (3.13) 

Substituting for 33σ from Eq. (3.7) into Eq. (3.13), we obtain  

dssxsa
R

xu
a

a∫− −−= ln1)0,( 22
3 π

.        (3.14) 

Noting that Eq. (3.14) has been derived without using any essential boundary 

condition, we remove the rigid body translation by measuring the vertical 

displacement of a point relative to that a reference point )0,( 0x ; e.g. see Johnson 

(1985, p.17). Thus 

ds
sx
sxsa

R
xuxuxu

a

a∫− −
−

−=−=′
0

122
031313 ln1)0,()0,()0,(

π
,      (3.15) 

0)0,( 03 =′ xu , and the prime indicates the displacement of a point relative to that of the 

point )0,( 0x . 

 

The indentation depth 0u can be computed from 
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                        (3.16) 

Also, the axial load P per unit length of the indenter found by integrating Eq. (3.7) 

over the contact width is given by    

      
R

adxxP
a

a β
πσ
2

)0,(
2

1133 == ∫− .         (3.17) 

We choose the reference point on the free surface of the half space and far from the 

contact area, i.e., ax >>1 .  Solving Eq. (3.17) for a and substituting for a in Eq. 

(3.16), we obtain the following load-displacement relation for the contact problem: 

0
0 lnln1 PP

P
u

−=−
π

β
 ,         (3.18) 
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where
R
exP
β
π 2

0
0

2
= .  

 

3.3 Determination of elasticities of a cubic material 

 

3.3.1 Method 
An FCC single crystal is a cubic material and has three independent elastic constants.  

With lattice directions [100], [010] and [001] aligned along the rectangular Cartesian 

coordinate axes, the 6×6 matrix C of elasticities has the following form: 
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With respect to rectangular Cartesian coordinate axes ix′ (i=1, 2, 3) obtained by  

rotating axes jx with the matrixa given by    

        
⎥
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where ija equals cosine of the angle between ix′  and jx , the matrixC′ of elasticities 

is related to the matrix C by  
1−=′ QQCC            (3.21) 
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and 
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As shown in Figure 3.2, besides the xj-axes, we consider three sets of rectangular 

Cartesian coordinate axes ix′ , namely, those obtained by rotating the coordinate axes 

xj through o45− about the 1x - axis, the 2x - axis, and the 3x - axis. Values of β/1 with 

respect to these four sets of coordinate axes are denoted below by ( β/1 )I, ( β/1 )II, 

( β/1 )III , and ( β/1 )IV respectively; their values in terms of elements of the matrix C 

are given below as Eqs. (3.24). 
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114412 2 CCC ++=γ                 (3.24.4) 

By dividing each side of Eq. (3.24.3) by the corresponding side of Eq. (3.24.2), we 

obtain  

   
γββ
211

IIIV

=⎟⎟
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⎝

⎛
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⎠

⎞
⎜⎜
⎝

⎛ .               (3.24.4) 

The three unknowns 11C , 12C , 44C  can be determined in terms of ( β/1 )I, ( β/1 )II, 

( β/1 )III and ( β/1 )IV by simultaneously solving Eqs. (3.24.1), (3.24.2) and (3.24.4). 
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We propose the following procedure for finding the three elastic constants of an FCC 

material.  Perform indentation tests on a sample of the material with lattice vectors 

coincident with the four sets of coordinate axes ix′ given above, and find the 

corresponding values of ( β/1 ) by using slopes of the axial load versus indentation 

curves and Eq. (3.18).  Then solve simultaneously Eqs. (3.24.1), (3.24.2) and (3.24.4) 

for 11C , 12C and 44C .      

3.3.2 Application of the Method 

We use the above-stated method to find three elastic constants of a single crystal of 

gold.  We use numerical method developed in Chapter 2 to perform four virtual (i.e., 

numerical) indentation tests on a gold crystal of dimensions 204 Ǻ×102 Ǻ with 

lattice vectors oriented as stated in Section 3.3.1.  The radius of the cylinder in the 

x1 

)( 22 xx ′  

3x  1x′  

3x′  x1 

x2 

x3 

1x  

2x  

)( 33 xx ′  

1x′  

2x′  

(I) (III) 

(II) (IV) 

)( 11 xx ′  

2x  

3x  

2x′  

3x′  

Figure 3.2 (I) Rectangular Cartesian coordinate axes jx aligned with the lattice 
directions [100], [010] and [001]; (II) – (IV)  rectangular Cartesian coordinate 
axes ix′obtained by rotating axes  jx  through  o45−  about the 1x  - axis, the 

2x - axis, and the 3x - axis respectively. 
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four numerical experiments is taken to be 40Ǻ.  The bottom surface of the layer is 

kept fixed, the left and the right surfaces are traction free, and the top surface is 

indented with a parabolic indenter.  During all simulations, the indentation is kept 

less than 10.2 Ǻ, (i.e., 10 % of the height of the specimen) and the contact width less 

than 20 Ǻ (i.e., less than 10 % of the specimen width).  These constraints should 

minimize the effect of boundary conditions on the left and the right surfaces, and 

ensure that the relation (3.18) between the axial load and the indentation depth for the 

half space derived in Section 3.2 is approximately valid.    
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We assume that a gold crystal can be modeled as a continuum, and the analysis of 

Section 3.2 is applicable to the indentation of the gold crystal.  We plot results of our 

virtual tests in the form of the indentation load versus the indentation depth curves as 

shown in Figure 3.3. Eq. (3.18) implies that the plot of Pln  versus π Pu0  should 

be a straight line.  Accordingly, we fit straight lines by the least squares method to 

the data plotted in Figure 3.3 and find slopes of the lines with the following results.       

GPa1.40)/1( I =β           

Figure 3.3 Plot of the indentation load versus the indentation depth for four 
virtual experiments on a gold crystal. 
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GPa3.53)/1( II =β           

GPa0.41)/1( III =β           

GPa0.49)/1( IV =β           (3.25) 

Since results for tests 1 and 3 should be the same, we take average of values of 

I)/1( β  and III)/1( β , and set GPa55.40)/1()/1( IIII == ββ .  Substitution from Eq. 

(3.25) into Eqs. (3.24.1), (3.24.2) and (3.24.4) and solving simultaneously these three 

equations, we get   

                GPa3.17911 =C , GPa5.15412 =C , GPa3.4544 =C  

which differ by less than 3% from the values of 11C , 12C and 44C used as input into the 

code.  

 

Here we have conducted virtual experiments in which it is possible to find precisely 

the four orientations of the specimen.  However, in a laboratory, there may be errors 

introduced in rotating the specimen through the desired angle.  Accordingly, we 

conducted another set of numerical tests in which the angle of rotation was set 

randomly between o39−  and o51− .  Results of these simulations are depicted in 

Figure 3.4.  Following the same procedure as for the analysis of results plotted in 

Figure 3.3, we get GPa1.16611 =C , GPa6.14212 =C , GPa4.4744 =C , which differ from 

their values input into the code by less than 10.3% .   

    

3.3.3 Remarks 

One possible difficulty in adopting the procedure outlined above to physical 

experiments is to use a very long cylindrical indenter.  For commonly used conical 

and spherical indenters, deformations of the indented body can not be approximated 

as 2D.  Whereas one can deduce load-indentation plots through numerical 

experiments, the identification of material elasticities becomes an iterative process.  

For finding all three elastic constants of an FCC metal, the iterative process can 

become computationally expensive.  The situation is further compounded if the 

lattice orientation can not be a priori determined. 
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The proposed technique can also be applied to find elastic constants of materials of 

other symmetries.  For example, one will need five (six) suitably selected linearly 

independent orientations of the specimen for a transversely isotropic (an orthotropic) 

material so that all elastic constants appear at least once in the expression for the slope 

of the load vs. indentation curve.  Since β given by Eq. (3.8) is a nonlinear function 

of the material elasticities, one will need to solve simultaneously a system of five or 

six nonlinear algebraic equations to evaluate the material elasticities.  If necessary, 

these equations can be solved by an iterative method.   
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3.4 Conclusions 
 

We have developed an expression relating the axial load to the depth of indentation 

for plane strain deformations of an anisotropic half space indented by a rigid parabolic 

indenter.  This expression involves material elasticities.  By using results of three 

indentation tests on a face centered cubic material with each test performed on a 

differently oriented specimen, we obtain three linearly independent equations for the 

Figure 3.4 Plot of the indentation load versus the indentation depth for four virtual 
experiments on a gold crystal with specimens mis-oriented by less than o6 . 
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three elastic constants.  It is shown that when the indentation depth and the contact 

width are less than 10% of the smallest dimension of the thin layer of the specimen 

bonded to a relatively rigid substrate, then the proposed inverse method yields very 

good values of the three elastic constants of a face centered cubic material.    
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Chapter 4 
 
Relations between Continuum Stress and 
Strain Tensors, and MM Simulations of 
Mechanical Tests 
 
 
4.1 Introduction 

 
The key to multiscale modeling is to bridge length and time scales between 

continuum variables and quantities defined at the atomic level.  Thus one needs to 

establish equivalence among continuum field variables, such as stress, strain, 

temperature, elastic constants, heat flux and temperature and the atomic variables 

such as the positions of atoms, their velocities, and material parameters appearing in 

the molecular mechanics/dynamics (MM/MD) potential.  One thus needs to find 

continuum structures whose thermo-mechanical response to external stimuli (e.g., 

surface tractions, temperatures and the heat flux) is equivalent to that of the atomic 

system exposed to the same external stimuli.  For a given material, the motion of 

atoms is generally governed by the MM/MD potential which also determines 

characteristics of the equivalent continuum structure (ECS).       

 

A commonly used definition of stress tensor in atomistic studies using MD potentials 

is the virial stress that is based on a generalization of the virial theorem of Clausius 
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(1870) for gas pressure, and has two parts.  One part is associated with the motion of 

atoms across a fixed spatial surface through a point.  This motion of atoms ‘exerts’ 

forces on the surface.  The other part of the virial stress arises from interatomic 

forces. Considering these two effects Lutsko (1988) has derived, an expression similar 

to the virial stress, by applying the continuum equation of the balance of linear 

momentum to an atomic system, and averaging computed stresses over the volume of 

the continuum region perceived to equal the region occupied by the atomic system.  

However, Zhou (2003) has mentioned that Lutsko’s use of the material time derivative 

is probably incorrect.  Furthermore, there is some disagreement about contributions 

from the kinetic terms to Lutsko’s definition of the stress.  Some authors (e.g., see 

Irving and Kirkwood (1950), and Hardy (1982)) have argued that only the fluctuation 

part of the velocity of an atom should be used to find the virial stress.  Zhou (2003) 

assumed that the motion of a particle does not directly exert mechanical forces on 

other particles or surfaces, and the interatomic force term alone determines stresses 

and can be identified with the Cauchy stress tensor.  However, kinetic terms do not 

appear in MM simulations in which the temperature of all atoms is assumed to be 

steady and equal 0 K, and atoms are assumed to move rather slowly so as not to affect 

their temperatures.  Therefore, for a pair-wise inter-atomic potential, the average 

Cauchy stressσ in a region of volume Ω  can be written as  

      ∑ ∑
≠

⊗=
α αβ

αβαβ

)(2
1 frσ
Ω

         (4.1) 

where αβαβ rrr −=  gives the relative position of atom β  with respect to that of 

atom α , and αβf  is the interatomic force applied on atom α  by atom β . Here 

and below, superscript Greek indices refer to atom number, Latin letters used as 

subscripts to components of a tensor with respect to a rectangular Cartesian 

coordinate system, and summations only on Latin repeated indices are implied.  For 

radially symmetric potentials such as pairwise potentials found by the embedded atom 

method (EAM), the potential energy of a system of atoms depends only on the 

interatomic distance, and the interatomic force αβf is assumed to be given by  
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Substitution from Eq. (4.2) into Eq. (4.1) gives 

      ∑ ∑
≠

⊗
∂

∂
=

α αβ
αβ

αβαβ

αβ

αβφ
)(

)(
2
1

rr
r

Ω
rrσ ,      (4.3) 

where )( αβφ r  is the energy of the atomic system, and ⊗  denotes the tensor product 

between two vectors.  

 

Thus in MM simulations, the local Cauchy stress ασ  in the ECS at the point that 

corresponds to atom α  can be written as 

     ∑
≠

⊗=
)(2

1
αβ

αβαβ
α

α frσ
Ω

          (4.4) 

where αΩ  is the volume associated with atom α .  

 

We note that Eq. (4.4) gives stresses at discrete points, namely, present spatial 

locations of atoms in the ECS.   Zhou (2003) proposed the following expression (4.5) 

for finding the Cauchy stress at points on the line joining current positions of atoms 

α  and β .   

    )]([
2
1)(

)(

ββα

α αβ

αβαβ δ rrrfrrσ +−⊗= ∑ ∑
≠

l        (4.5) 

Here 10 << l , )]([ ββαδ rrr +− l  is the Dirac delta function and the summation is 

performed over all particles in the system.  It is non-zero along the line segment 

joining αr  and βr  and is zero elsewhere.  The integral of )]([ ββαδ rrr +− l  over 

the whole volume equals one so we can regard this delta function as having the 

dimension of (volume)-1.   Eq. (4.5) does not provide smooth distribution of stresses 

as is likely to be the case in a continuous body.   

   

Shen and Atluri (2004) have used the Smoothed Particle Hydrodynamics (SPH) 

method to smooth out discrete forces acting at the atomic positions, and used the 

balance of linear momentum to compute the Cauchy stress in the ECS.  We note that 
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the smoothing kernel of the SPH method is similar to the localization function 

employed by Hardy (1982), Hardy et al. (2002) and Zimmerman et al. (2004).  

While using the method of Fourier transform to derive an expression for the Cauchy 

stress, Shen and Atluri (2004) implicitly considered an infinite region and assumed 

that tractions vanish at the boundaries of this region.         

 

In Section 4.2, we use the principle of virtual work to derive an expression for the 

Cauchy stress in terms of the MM potential.  In Section 4.3, we use the Cauchy-Born 

rule to find the deformation gradient at positions in the ECS that correspond to atomic 

positions in the discrete system, and use it to characterize the onset of dislocations in 

plane strain indentation of a gold crystal.     

 

4.2 Equivalent stress for a MM system 
 

For a non-polar continuum, the stress tensor is defined as follows (e.g. see Batra, 

2005).  At any time, within a body, conceive a smooth, closed diaphragm.  Then the 

action of the part of the body outside that diaphragm and adjacent to it on the part of 

the body inside the diaphragm is equipollent to a force field t  defined on the 

diaphragm.  Using the balance of linear momentum, and the assumption that 

t depends upon the orientation of the surface only through its outward unit normaln , 

i.e., )( nr,tt = , it is proved that t is a linear function ofn .  Thus  

     jiji nt )()( rnr, σ= ,   3,2,1, =ji ,                     (4.6) 

where  

     ),()( jiij t err =σ ,        3,2,1, =ji ,          (4.7) 

je is the unit vector along the jx - axis, and σ  is the Cauchy stress tensor.  In the 

absence of body forces, the conservation of linear momentum implies that  

      uσ &&ρ=div ,              (4.8) 

where ρ  and u  are, respectively, the mass density and the displacement of a 

particle, and the superimposed dot indicates material time derivative.  For a static 
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problem  

0σ =div .               (4.9) 

The conservation of moment of linear momentum is satisfied if and only if 

      jiij σσ = .             (4.10) 

 

We now briefly outline the procedure followed by Zhou (2003) and Lutsko(1988) to 

derive Eq. (4.5).  Conceive that an atom α has a small region of volume V 

associated with it, and assign the same volume V to the subregion of the ECS that 

surrounds the point corresponding to atom α in the ECS.  Then, the equation of 

motion for this region can be written as  
      ∑ −=

α

ααα δρ )( rrru &&&& m .          (4.11) 

Eq. (4.9) should be interpreted in an integral sense, i.e., its left and right sides are 

integrated over the region V.  Thus ρ and u&&  equal the mean mass density and the 

average acceleration of the material in region V of the ECS.  With ααα fr =&&m  being 

the total force on atomα , Eq. (4.11) can be combined with Eq. (4.8) to get 

      ∑ −=
α

ααδ )(div rrfσ .          (4.12) 

 

Recall that the Fourier transform )(ˆ sF  of a function )(rF is defined as  

      ∫ ⋅=
V

dVeFF rsrs i)()(ˆ .          (4.13) 

Following Shen and Atluri (2004), we take the Fourier transform of both sides of Eq. 

(4.12), and simplify the left-hand side of the resulting equation as follows. 
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      (4.14) 

For simplicity, we consider an infinite system here. But the derivation and conclusions 

apply to finite systems with external forces (Murdoch, 2007).  Thus, the Fourier 

transform of Eq. (4.12) gives 
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The inverse Fourier transform of Eq. (4.15) yields the expression given in Eq. (4.5) 

for the Cauchy stress. 

 

Instead of the Dirac delta function )( αδ rr − , Shen and Atluri (2004) use the 

localization function ( )rr −αw  in Eq. (4.12) and write it as  

( )∑ −=
α

αα rrfσ wdiv .          (4.16) 

The localization function ( )rr −αw  is a smooth non-negative function of compact 

support with the maximum value at αrr = , decays with an increase in αrr − , and 

is normalized so that  

     ( ) 1=−∫ rrr dw α .                 (4.17) 

 

One can use the bond function )(rαβB  between atoms α  and β  introduced by 

Hardy (1982) to obtain the same expression for the Cauchy stress as that derived by 

Shen and Atluri (2004).  The bond function is defined by  

     ( ) λλ ααβαβ dwB ∫ −+≡
1

0
)( rrrr        (4.18) 

The value of )(rαβB at any point equals the weighted fraction of the length between 

atoms α andβ .  Thus, it can be written as  

     ( ) ( ) ( )rrrrrr r
αβαβαβ Bww ∇⋅−=−−−        (4.19) 

which can be obtained by integrating 

   ( ) ( )rrrrrrr
r −+∇⋅−=

∂
−+∂ ααβαβ

ααβ

λ
λ

λ ww ,        (4.20) 

from 0=λ  to 1.  Since βααβ ff −= , Eq. (4.16) can be written as  
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                    (4.21) 

Therefore  

   ( )∑∑ ⊗=
α β

αβαβαβ rrfσ B
2
1 .                         (4.22) 

An interesting feature of the above derivation of the expression for the Cauchy stress 

tensor is that all six components of the Cauchy stress are obtained from three 

equations corresponding to the balance of linear momentum.  Also, while 

simplifying expressions in Eq. (4.14) the divergence theorem is applied to an infinite 

region and its boundaries are taken to be traction free.  The non-uniqueness of the 

derived expression for the Cauchy stress follows from the fact that any second order 

symmetric tensor with zero divergence and resulting in null tractions on boundaries of 

an infinite region can be added to the left-hand side of Eq. (4.12) without affecting 

any of the other steps used in deducing the expression.  

 

Here we use the principle of virtual work and the balance of internal energy to derive 

an expression for the Cauchy stress tensor.  For the sake of simplicity, we neglect 

body forces.  Using Cauchy’s cut principle we consider a part of the body comprised 

of only interior atoms as shown in Figure 4.1(a); the corresponding ECS is exhibited 

in Figure 4.1 (b).  The action of the rest of the body on that interior to the boundaries 

of the cut region is represented by tractions on the bounding surface of the cut region. 

 

 

 

 

 

 

t 

Figure 4.1 (a) Cut off region of an atomic system; (b) ECS with tractions 
on the bonding surface. 

(a) (b) 
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Corresponding to the virtual displacements αδr of atomα in the atomic system, we 

represent the corresponding virtual displacement field in the ECS by rδ .  Then, 

according to the principle of virtual work, we have   

     ∫∫ ∂
=

V iiV
dartedV δρδ ,            (4.23) 

where e is the specific internal energy.  The Reynolds transport theorem gives 
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V ii
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+=
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,δρρδ

δρρδ

ρδρδ

              (4.24) 

Using the divergence theorem to simplify the term on the right-hand side of Eq. (4.23), 

we obtain  

    ( ) .
,∫∫∫ ==

∂∂ V jiijV ijijV ii dVrdarndart δσδσδ         (4.25) 

Substituting from Eqs. (4.24) and (4.25) into Eq. (4.23) and requiring that it hold for 

every choice of the volume V, we obtain 

     ( ) ( ) ( )
jiijii rree

,, δσδρρδ =+ .          (4.26) 

 

We smoothen the inter-atomic potential αφ by multiplying it with a smoothing kernel 

function )( rr −αw  and define the internal energy density, eρ , of the ECS by 

     ∑ −=
α

ααφρ )( rrwe ,           (4.27) 

where  

     ( )∑
≠

=
αβ

αβαβα φφ r
2
1 ,            (4.28) 

for pair-wise potentials such as that obtained by the EAM; hereafter it is called the 

EAM potential.  We note that values of αφ and )( rr −αw are invariant with respect 

to rigid body displacements superimposed on the MM system.  Thus values of eρ , 

and hence e are also unchanged under superimposed rigid body displacements since 

the mass density is unaffected by these displacements.      

 

It follows from Eq. (4.27) that 
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For a MM system, 0f =∑
β

αβ .  Therefore, 

( ) 0=−∑∑
α β

αααβδ rrwrf ii ,             (4.30) 
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Hence

( ) ( ) ( )[ ] ( )( )α

α
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α β

αβαβααβ δδφδδρρδ rrrrrrrf rr −−⋅∇+∇⋅⋅=+ ∑∑∑ wBxee ii )(
2
1

,  

                   (4.32) 

By using three virtual displacements corresponding to rigid body rotations about the 

x1-, the x2- and the x3- axes, we get equations that imply the symmetry of the Cauchy 

stress tensor.  Three virtual displacements corresponding to translations along the x1-, 

the x2- and the x3- axes give three equations for finding the six components of the 

Cauchy stress tensor.  We propose that the remaining three equations be obtained by 

considering a parallelepiped with bounding surfaces parallel to the three coordinate 
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planes both in the MM system and in the ECS, and equating the work done by surface 

tractions during any virtual displacement.  However, this is left for future study.   

 

Here we choose the localization function w  to be the Gaussian function  
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where d = 1, 2 and 3 respectively for 1D, 2D and 3D problems, and h is the smoothing 

length. As 0→h , the localization function approaches the Dirac function )(xδ  and 

Eq. (4.22) becomes Eq. (4.5). Based on results of numerical experiments Shen and 

Atluri (2004) have recommended that h = 2 0a  where 0a  is the length of lattice 

vector.  

 

4.3 Equivalent strain for a MM system 
 

We now find the deformation gradient αF  at the point in the ECS that corresponds 

to the atomic position α in the MM system.  The continuum relation 

       αα
0JΩΩ =             (4.34) 

relates the present volume αΩ to the volume α
0Ω  associated with atom α  in the 

reference (undeformed) configuration.  The volume α
0Ω  equals the total volume of 

the MM system divided by the number of atoms.  In Eq. (4.34) the 

Jacobian αα Fdet=J .  

 

We use the Cauchy-Born rule to define the deformation gradient αF through the 

relation 

       αβααβ RFr =            (4.35) 

where atomβ is adjacent to atom α , and αβαβ RRR −=  is the vector between 

atoms α  and β  in the undeformed configuration.  The method of least squares is 

used to find αF , i.e., we minimize the functionΛ  defined by 
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We set 
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∂
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to obtain a system of nine simultaneous equations whose solution is  

     α
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Δ
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and α
ijΔ is calculated by replacing the thj  column of Δ  with the vector 

T

321 ⎥
⎦

⎤
⎢
⎣

⎡
∑∑∑
β

αβαβ

β

αβαβ

β

αβαβ RrRrRr iii . 

 

With αF and ασ  known, we can compute other stress and strain tensors by using 

continuum mechanics relations amongst them.  

 

Assuming that dislocations initiate where the deformation is highly heterogeneous, 

i.e., values of one or more components of αF are locally very large as compared to 

those at neighboring points we determine sites where dislocations initiate.  

Accordingly, we introduce an inhomogeneity parameter, Г, by the following 

expression: 

      
∑

∑ −
=Γ

β

αβ
β

αβααβ

α

R

RFr
.          (4.40) 

We note that the definition of Г is independent of the lattice structure, and hence is 
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applicable to FCC, BCC and HPC lattices and even an amorphous structure.  

However, the centro-symmetry parameter (Kelchner et al., 1998) is first used to 

indicate the onset of dislocations is applicable to an FCC system, and needs 

modification when applied to other lattices.  Furthermore, it cannot be applied to 

amorphous materials. 

 

 

4.4 Molecular Mechanics (MM) simulations of plane 

strain nanoindentation 
 

A schematic sketch of the problem studied is shown in Figure 4.2. A 3-D gold lattice 

with dimensions whl ××  is indented by a rigid circular cylinder.  As shown in 

Figure 4.2, the 1x -, the 2x - and the 3x - axes are aligned along the [001], [010] and [001] 

directions, respectively.  The rigid circular cylinder with the centroidal axis along 

the 3x - axis is pressed on the gold lattice in the 2x - direction.  We use the freely 

available software LAMMPS (Large-scale Atomic/Molecular Massively Parallel 

Simulator (Plimpton, 1995; Plimpton et al., 1997)) to conduct MM simulations of the 

indentation of the gold lattice by a rigid cylinder.  The problem is idealized as 2-D 

by applying periodic boundary conditions on the boundary planes perpendicular to the 

l 

  h 
]100[1x  

]001[3x  

w 

]010[2x  

Figure 4.2  Schematic sketch of the problem studied. 
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3x -axis.  Non-periodic and shrink-wrapped boundaries are used for the 1x - and the 

2x - bounding planes.  Thus the vertical left and right bounding surfaces of the gold 

lattice, and the top surface except for the area contacting the rigid cylinder, are taken 

to be traction free.  Atoms on the bottom 4 layers of the lattice are fixed; thus the 

effective thickness of the sample is less than h.   When comparing results of the MM 

simulations with those of the corresponding continuum problems, we assume that the 

thickness of the continuous body equals the effective thickness of the gold lattice 

specimen, i.e. equals h minus the thickness of atomic layers in which atoms are not 

allowed to move.  Furthermore, the continuous body is regarded as linear elastic, 

homogeneous and anisotropic with cubic symmetry.  It is perfectly bonded to a rigid 

substrate and indented by a rigid circular cylinder with the assumption that lengths of 

the cylinder and the layer in the 3x - direction (perpendicular to the plane of the paper) 

are very large as compared to dimensions of the layer within the plane of the paper.  

Thus a plane strain state of deformation exists in the continuous body. 

 

When studying indentation into the gold crystal, the rigid indenter is moved into the 

specimen in 0.1 Ǻ increments, and the potential energy of the system is minimized 

after every incremental displacement.  Since it is difficult to simulate the 

displacement boundary conditions between the indenter and the sample, we apply 

point forces to atoms on the contact surface.  The force is given by  
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f          (4.41) 

where k  is a constant related to the stiffness of the indenter, R the radius of the 

indenter, and αr  the vector between the indenter center and the thα  atom.  We set 

k=100eV/ Ǻ3, which ensures that the indenter is essentially rigid, and take R=100Ǻ. 

Once the potential energy has been minimized, we check if all atoms on the contact 

surface are within prescribed tolerances of the profile of the rigid circular indenter.  

The force cαf  on each atom lying on the contact surface is adjusted till such is the 

case.  Once the solution has converged, we sum axial components of cαf  acting on 
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all atoms of the contact surface, call it the indentation load, and plot the load versus 

indentation curves.   

  

 

 

 

 

 

 

 

 

 

 

 

 

(b)

-30

-20

-10

0

10

-35 -25 -15 -5 5 15 25 35
x_1

x_
2

x_3=6.12

x_3=2.04

x_3=-2.04

x_3=-6.12

 

 

-200

-100

0

100

200
-10-50510

-30

-20

-10

0

x1 

(a) 

x3 

x 2 



 60

(c)
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Equivalence of periodic boundary conditions and plane deformation 

The imposition of periodic boundary conditions on the 3x bounding planes implies that 

atoms interact with each other across these boundaries, they can exit from one end 

surface of the domain of study and re-enter through the other end surface of the 

domain.   As can be seen from results plotted in Figure 4.3(a), atoms inside the 

domain do not move in the 3x - direction, and atoms in different layers have same 

displacements as is shown in Figure 4.3(b), (c).  Thus, deformations of the body 

correspond to that of plane strain, and we will only plot stress distributions within one 

layer and compare those to the corresponding results from indentation tests on a 

continuous body. 

 

EAM potential 

Interactions among atoms are modeled by the EAM potentials (Foiles et al., 1986). 

Figure 4.3 (a) 3D configuration; (b) 2D configurations of x3 = 6.12, 2.04, -2.04, 6.12 
Angstrom; (c) 2D configurations of planes x3 = 4.08, 0, -4.08, -8.16 Angstrom for 
indentation depth of 3 Angstrom. (l = 408, h = 26.52, w = 16.32, Units: Angstrom) 
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The EAM assumes that the density of the electron gas can be approximated by the 

sum of electron densities from surrounding atoms, and adds a repulsive term to 

account for the core-core interactions.  The total binding energy of a collection of 

atoms is given by the sum of energies for each atom.  That is, 
       ∑=

α

αEEb ,         (4.42) 

       ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
′′+= ∑∑

β

αβ

β

αβα ρφ )()(
2
1 rFrE .   (4.43) 

The function )( αβφ r  represents the core-core repulsion, F ′  is the embedding 

function, and )( αβρ r′  is the contribution to the electron density at the site of 

atomα from the atomβ .   

 

As derived in Chapter 3, there is a linear relation between Pln  and Pu /0π  for 

2D indentation of a half space, where 0u  and P  are the indentation depth and the 

contact load respectively.  The slope of Pln  and Pu /0π  is β/1− , which 

depends on material properties as described by Eq. (3.24.1) in Chapter 3; the value of 

β/1−  can be found from Eq. (3.24.1) and values of material elasticities listed below 

(Lilleodden et al., 2003).   

   GPa18311 =C , GPa15412 =C , GPa4544 =C       (4.45) 

For the gold crystal being studied, the ideal value of β/1−  should be -40.0GPa.  

From results of the indentation test on the MM system plotted in Figure 4.4(a), we 

find β/1−  to equal -39.6GPa.  This agrees well with the expected value of 

-40.0GPa. 
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(a) 

Figure 4.4 Plots of load vs. displacement curves; (a) Pln  vs. Pu /0π for MM 
simulations of the nanoindentation; (b) 12σ  vs. 12γ  for the simple shear test; 
and (c) 22σ vs. 22ε for the plane strain compression test. 

22ε  
(c) 
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For the indentation depth of 3.9 Angstrom, Figure 4.5a, b exhibits the variation of the 

axial strain 22ε  at points in the immediate vicinity of the indented area.  Results 

from the atomic and the continuum simulations are in qualitative agreement with each 

other.  In each case the maximum magnitude, 0.08, of 22ε occurs at a point that is on 

the axis of symmetry and is below the contact surface.   

 

The distribution of the axial stress, 22σ , in the region near the contact surface 

obtained by the continuum and the atomic simulations is exhibited in Figure 4.6a,b.  

At points away from the contact surface, the two stress distributions agree with each 

other qualitatively but at points close to the contact surface the agreement between the 

two is not that good.  The satisfaction of traction free boundary conditions in MM 

simulations is a challenge (Tsai, 1979; Cheung and Yip, 1991; Park et al., 2006), and 

is being currently pursued by several investigators.  

     

(b) 
Figure 4.5 Plot of 22ε  in the vicinity of the indentation area: (a) 
continuum level simulations; (b) atomic level simulations.  
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(a) 

(b) 
Figure 4.6 Variation of the axial stress, 22σ , in the region adjoining the 
contact surface, (a) continuum simulations, and (b) MM simulations (units: 
GPa). 
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Comaprison of results from the centrosymmetry parameter and the 

inhomogeneity parameter Γ  

In Figure 4.7a, we have plotted load-displacement curve of 2D MM simulation of 

nanoindentation of a gold lattice.  The load drop in that picture indicates the 

initiation of dislocations, or large inhomogeneous deformation.  In Figure 4.7b, c, we 

have plotted the variations of the inhomogeneity parameter Γ  right before and after 

the initiation of dislocations.  It is clear that the inhomogeneity parameter Γ  has a 

relatively higher value in the region with large inhomogeneous deformations than that 

in the homogeneously deformed region. 
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In Figure 4.7c,d, we have compared the variations of the inhomogeneity parameter Γ  

and the centrosymmetry parameter (Kelchner et al, 1998) often used in the literature 

to identify the onset of dislocations.  It is clear that the two plots agree qualitatively 

in the sense that high values of the centrosymmetric and the inhomogeneity 

parameters occur at the same points except that the centrosymmetric parameter has 

high values at points on the free surface but the inhomogeneity parameter does not.  

The MM simulations of other tests are needed to confirm the validity of using Γ as an 

indicator for the initiation of dislocations.  We note that whereas Γ can be easily 

computed for MM simulations of BCC and HCP crystals and even amorphous 

structures, the centrosymmetric parameter was developed for FCC lattice (Kelchner et 

al, 1998) and needs modifications to be applied to study the onset of dislocations in 

other lattices.  Furthermore, the centrosymmetric parameter is hard to apply to 

amorphous structures. 

Figure 4.7   (a) Load-displacement curve of 2D MM simulations of indentation 
into the gold lattice; Variation in the region close to the contact surface of (b) the 
inhomogeneity parameter Γ  before the initiation of dislocations; (c) the 
inhomogeneity parameter Γ  just after the initiation of dislocations; and (d) 
centrosymmetry parameter just after the initiation of dislocations.  

(d) 
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Plane strain simple shear and simple compression tests 

 

 

 

 

 

 

 

 

 

Figure 4.8 (a), (b) depicts schematics of configurations and boundary conditions used 

for MM simulations of the simple shear and the simple compressive deformations of a 

gold crystal.  In MM simulations for simple shearing, displacements in both the x1 - 

and the x2 – directions of atoms in the outer three layers are prescribed. The positions 

),( 21 xx ′′ of atoms in the deformed configurations of the three bounding layers are 

related to their co-ordinates ),( 21 xx  in the undeformed configurations by 

     γααα tan211 xxx +=′ ,    αα
22 xx =′ .    (4.44) 

Here γ is the shear angle.  During MM simulations, the shear angle is increased in 

increments of 0.002, and the potential energy of the system is minimized.   

 

For the simple compression test, atoms in the bottom three layers are fixed, those in 

the top three layers are displaced downward as a rigid body in increments of 0.1Ǻ, 

and then the potential energy of the system is minimized. 

 

According to Hooke’s law applicable for infinitesimal deformations of an elastic body, 

the shear stress 12σ  is related to the shear strain 12γ  by  

       121212 γσ G= ,            (4.46) 

where GPa4512 =G  is the shear modulus in the 21xx - plane. In MM simulations, we 

calculate the shear stress by using the total shear force acting on the interface between 

x3 

Figure 4.8 Schematics of 2D MM simulations of (a) simple shear, and (b) 
simple compression tests. 
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the top three layers and the inner layers, and the area A of the cross-section in 

the 31xx -plane.  The shear strain is given by γγ tan12 = .  From results of the MM 

simulations plotted in Figure 4.4 (b) we get 12G  (the slope of the shear stress versus 

the shear strain curve) equal to 44.9GPa which differs from the ideal value of 45 GPa 

by 0.2%.   

 

For plane strain deformations in the 21xx - plane due to an axial stress 22σ , Hooke’s 

law gives the following relation between 22σ  and the axial compressive strain 22ε : 

      2222 εσ E= ,             (4.47) 

where  

      GPa9.44
11

2
12

11 =−=
C
CCE .          (4.48) 

In MM simulations, the axial stress 22σ  is calculated by first finding the total axial 

force at the interface between the top three layers and the remaining adjacent layers, 

and then dividing it by the area of cross-section.  The average axial strain 22ε is 

found from    

      
0

0
22 l

ll −
=ε ,           (4.49) 

where l  and 0l  equal, respectively, effective lengths in the 2x - direction of the 

specimen in the undeformed and the deformed configurations.  We conclude from 

results plotted in Figure 4.4(c) that GPa0.44=E  which deviates from the ideal 

value of 44.9GPa by 2%.  

 

4.5 Conclusions 
 

We have reviewed the commonly used technique to derive a relation between the 

Cauchy stress tensor defined at the continuum level and the interatomic forces derived 

from a molecular mechanics potential.   By adopting the classical approach of using 

the Cauchy-Born rule and the method of least squares, we have derived an expression 

for the deformation gradient at points in the continuous body that correspond to 
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positions of atoms in the discrete system.   An inhomogeneity parameter has been 

introduced to characterize points where one or more components of the deformation 

gradients are unusually large, and indicate the initiation of dislocations.  

 

We have used the publicly available MM software, LAMMPS, to study indentation of 

a gold crystal.  For plane strain deformations, we have shown that the slope of the 

load versus indentation curve obtained from results of the MM simulations equals that 

of the curve derived from results of deformations at the continuum level.     

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 



 72

 
 
Chapter 5 
 
Contributions 
 
Contributions of the work reported in this dissertation are summarized below. 

 

We have derived an analytical solution for generalized plane strain indentation of a 

linear elastic anisotropic layer bonded to a rigid substrate and indented by a rigid 

cylindrical indenter.  Values of geometric parameters for which the solution for the 

half space can be used to approximate that for the layer of finite thickness have been 

delineated. 

 

By using Green’s function for a linear elastic anisotropic half space and the pressure 

distribution on the contact surface of a cylinder indenting it, we have derived a 

closed-form relation between the axial load and the indentation depth.  It has 

been demonstrated that one can determine values of three elastic constants of a cubic 

material by finding slopes of load versus indentation curves for three different 

orientations of a face centered cubic (FCC) material.  Up to 6% deviations in 

the orientations of the FCC cubic crystal are shown to result in nearly 10% errors in 

the values of elastic constants determined by the proposed method.  The technique 

can be easily generalized to materials of other symmetries.  

 

In an attempt to study the equivalence between deformations of an atomic system and 

the equivalent continuum structure, we have reviewed the derivation of the Cauchy 

stress tensor in terms of interatomic forces and interatomic distances.  Deformations 

during the indentation of a gold crystal by a rigid indenter have been analyzed by 
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using the software LAMMPS.  From the axial load versus the depth of indentation 

curve and an expression for it derived from simulations at the continuum level, 

the elasticity parameter appearing in the slope of this curve has been found.  Plane 

strain simple shearing and simple compressive deformations of a gold crystal have 

been simulated with LAMMPS.  Results from the averaged stresses and strains agree 

with those from the analysis of the corresponding continuum problems, but the 

evaluations of local stresses and strains need further investigation. 
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