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1. Introduction

Spin stabilization has been used as a means of maintaining
spacecraft in a fixed orientation with respect to an inertial space.
It is well known that rotational motion of a torque-free rigid body
is stable if the rotation takes place about the axis of the maximum
or minimum moment of inertia and unstable if the body rotates about
the axis of intermediate moment of inertia (Ref. 1, Sec. 6.7). The
tumbling motion of the Explorer I satellite, which was stabilized
about the axis of minimum moment of inertia, revealed that a space-
craft equipped with flexible antennas cannot be idealized as a rigid
body. Thomson and Reiter2 were able to show that the phenomenon can
be attributed to energy dissipation resulting from the vibration of
the flexible antennas. They used the energy sink method to reach the
conclusion that a flexible spacecraft cannot be stabilized about the
axis of minimum moment of inertia. In 1961 Meirovitch3, using a mathe-
matical model consisting of two circular elastic disks connected by a
rigid shaft, confirmed the conclusions reached in Ref. 2. As a by-
product, he obtained the elastic solution for the vibration of the

disks subjected to gyroscopic forces.
With spacecraft increasing in size, flexibility has become an
important factor in the spacecraft attitude stabi}ity. In 1963 and

45 examined the influence of elasticity on the attitude

1965, Buckens
stability of a spinning satellite. In a 1966 paper, Meirovitch and
Nelson6 showed the effect of flexible antennas upon the stability of

motion of a spin-stabilized satellite which consisted of a symmetric



rigid body with two flexible rods extending along the symmetric axis
in opposite directions. The flexible antennas are first replaced by
viscously damped oscillators and then considered as elastic rods whose
displacements are discretized by normal modes. On the basis of a line-
arized infinitesimal stability analysis they concluded that the motion
is unstable for any condition if the system rotates about the axis of
minimum moment of inertia, and it is stable if the body rotates about
the axis of maximum moment of inertia provided that a minimum require-
ment of the stiffness of the rods is fulfilled. They also pointed out
that the inclusion of an additional mode of elastic motion does not
appreciably alter the results obtained by using only one mode. The
analysis in Ref. 6 appears to have the first use of the assumed-modes
method to study stability of flexible spacecraft.

Dokuchaev7 used a similar approach to that of Ref. 6 to study
the stability of a spinning rigid body with four radial rods in a
plane perpendicular to the spin axis and one axial rod along the spin
axis. Ref. 7 considers several special cases, one of them being that
of Ref. 6. For this case, his results agree with those of Ref. 6. For
other cases, he concludes that rotation about the axis of maximum
moment of inertia is stable for all spinning rates.

The Liapunov direct method, generally used for stability

8,9

analysis of discrete systems, has been extended to distributed

systems.]o']5 In the area of attitude dynamics of flexible space-
crafts, Nelson and Meirovi'cch]6 used this method to investigate the

stability of a rigid satellite with elastically connected moving



parts, which is a simplified model of that of Ref. 6. At the same

WV also used this method to study the stability of a

time, Pringle
body with connected moving parts. Since the distributed elastic
members are simulated in Ref. 16 by means of discrete masses, both
Ref. 16 and Ref. 17 essentially deal with discrete systems.

In a first attempt to apply the Liapunov direct method to
study the stability of hybrid systems, i.e. systems governed by both
ordinary and partial differential equations, Meilr‘ovi'cch]8 presented
a general formulation for a gravity-gradient stabilized satellite
with flexible antennas. The method consists of an'extension of the
Liapunov direct method by considering a hybrid form for testing pur-
pose, i.e., a form which is a function and functional at the same
time. The method also uses the bounding property of Rayleigh quo-

tient]g'22

to place a bound on the elastic potential energy; there-
fore it involves no series truncation or spatial discretization. As
an illustration, he used the continuous model of Ref. 6. The simple
form of the integrals in the testing functional enables him to define
the so called density function. Results are in agreement with those
of Ref. 6.

23 tried to use the hybrid form of system

Hughes and Fung
Hamiltonian as Liapunov functional for stability analysis of a spin-
stabilized satellite which consists of a rigid body and seven booms
in a plane perpendicular to the spin axis, but they could only obtain
the "closest" positive definite form for the testing functional. It
turns out that they did not incorporate certain motion integrals in

the analysis.



Meirovitch24 overcame this difficulty by an approach similar
to that of Ref. 18, but took into account automatically motion inte- .
grals resulting from conservation of angular momentum. In doing so,
the matrix of moments of inertia must be inverted and terms of order
higher than second are dropped. As an application, he considered the
problem of a spinning rigid body with two axial thin rods. However,
some integrals in the testing functional prevented the definition of
a density function. To circumvent this problem, he employed Schwarz's
inequality for functions to replace these integrals. The results ob-
tained are more general than those reached in Ref. 6. These are the
well-known "greatest moment of inertia" requirement and the maximum
spin-rate restriction.

Both Ref. 18 and 24 were extended to hybrid dynamical systems
with multi-elastic domains.25 The example used was an earth-pointing
satellite with three pairs of rods extended along the principal axes
of the static equilibrium state.

In a 1972 paper Ku]]a26 studied the dynamics of spinning
bodies containing elastic rods and rigid symmetric rotors. The rods
are along the spin axis and perpendicular to it and the rotor is
paraliel to the same axis. Linearized partial and ordinary differen-
tial equations are transformed to the frequency domain. The system
becomes unstable when the Towest natural frequency approaches zero.
It is shown that the system becomes less stable if the translational
motion of the center of mass is suppressed. Part of the results are
in good agreement with the parameter plot given in Ref. 6.

Meirovitch and Cah’co27 again use the formulation of Ref. 24



to investigate the stability of a spin-stabilized satellite with six
booms extended along the principal axes of the rigid body. Note that
this example was used in Ref. 25, where the satellite was gravity-
gradient and not spin stabilized. The analysis of Ref. 27 shows

that the stability criteria obtained by ignoring the motion of the
center of mass, although more conservative, can be used to predict
stability for cases with arbitrary motion of the mass center. This
is in agreement with a similar statement made in Ref. 26. The analy-
sis was performed by the assumed modes method and by the method of
integral coordinates. In the latter, the integrals of the continuous
coordinates are treated as new generalized coordinates, which depend
on time only. In addition to verifying the results of Ref. 24, they
showed that a satellite which is stable without radial rods remains
stable if radial rods are added.

A11 previously-cited papers discuss stability of satellites
with flexible rods which are moderately Tong ¢nd which are extended
along the principal axes of the body. These spacecrafts have negli-
gible static deformation of the flexible parts if the elongations
of the rods are neglected. Static deformations of a spinning space-
craft occur when the flexible parts are inclined to the plane perpen-
dicular to the spin axis or when they are exccssively long. Barbera

28 considered the stability of a ricid, spinning body with

and Likins
an arbitrary attached appendage by idealizing the flexible appendage
as a collection of elastically interconnected particles and used the
Hamiltonian, constrained by the motion integril, as Liapunov function.

The condition for positive definiteness of th: function could be es-



tablished in any case by means of numerical procedures. In order to
obtain literal closed-form stability criteria, they restricted the
flexible appendage model to lie in a plane containing the center of
mass and normal to the spin axis. Their work provided a preliminary
analysis for stability study of more complex spacecraft. However,

the question remains as to what extent the flexible appendages can
be simulated by a collection of elastically interconnected particles.

In 1974, Meirovitch29

published a paper on the Liapunov sta-
bility analysis of gravity-gradient stabilized hybrid dynamical sys-
tems in the neighborhood of nontrivial equilibrium, where the latter
is defined as an equilibrium in which the angular coordinates are
nonzero and the elastic members are in deformed state. Assuming small
time-dependent displacements from the nontrivial equilibrium, the
Liapunov functional is expanded in Taylor series up to the quadratic
terms, then the sign property of the Hessian matrix associated with
the quadratic form is evaluated by Sylvester's criterion. The theory
has been used to test the stability of the RAE/B satellite which is a
gravity-gradient stabilized satellite.

In the present study, we shall first formulate the equations
of motion of a spin-stabilized spacecraft possessing flexible parts,
some of them being parallel to the principal axes}of the body (but
not in the same plane) and some of them being inclined to the plane
normal to the spin axis. The assumed-modes method will be emh]oyed
to discretize the kinetic energy and potential energy. Then we use

the constrained Hamiltonian as a testing function. The system dynamic

characteristics are determined both from a stability analysis and the



solution of the eigenvalue problem.



2. Mathematical Formulation

2.1 Problem Description

Let us consider a body consisting of n+l parts, of which one
part is rigid and n parts are flexible. The body is defined over a
domain of extension D which can be regarded as the sum of the subdo-
mains D, (i=0,1,...,n) (see Fig. 1), where Dy is the domain occupied
by the rigid part and Di (i=1,2,...,n) are the domains occupied by
the flexible parts when in undeformed state. Correspondingly, the
masses associated with the domain Di are denoted by Mi (i=0,1,...,n)
and the total mass is denoted by M, so that M=120Mi. The domains D,
(i=1,2,...,n) are rigidly attached to D0 and have common boundaries
only with DO’

The body is assumed to move around a fixed center in an iner-
tial space XYZ and spin freely in space with constant angular veloci-
ty Q. The present study is concerned with the dynamic characteristics
and stability of motion when the body is perturbed slightly from the
uniform spin equilibrium state.

In describing the motion of M, it will prove convenient to
identify a system of axes xyz (see Fig. 1) with nominal undeformed
state, namely the state corresponding to the static equilibrium of
M. The origin 0 of xyz is taken to coincide with the mass center of
M in the undeformed state and axes xyz themselves are taken to coin-
cide with the principal axes of M in the same state. We note that
the system xyz is embedded in the rigid body D0 but may not be a set

of principal axes for that part. Because the center rigid body plays
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a significant role in the motion description, we set up a system of
axes xoyozo with origin at the mass center O0 of MO' The directions

of XgYZqy 2re chosen along the principal axes with principal moments

0
of inertia AO,BO,C0 respectively. In measuring elastic deformations,

we consider reference frames xiyizi fixed relative to the flexible
domains Di (i=1,2,...,n). The directions of axes X:Ys2, depend on

the nature of the flexible deformations. They are chosen so that the
displacement components are parallel to these axes. Due to the motion

of the flexible parts relative to the undeformed state, the mass cen-
ter of M does not generally coincide with 0. We shall denote the cen-
ter of mass of M in the deformed state by c¢ and introduce a system of
axes gnr parallel to xyz with the origin at c. The set gng does not
form, in general, a principal set of axes for the deformed body. For
convenience, we also introduce sets of axes PR parallel to X;¥i2;
(i=0,1,...,n) but with the origins at the mass center c.

Let us denote the radius vector from the mass center 0 to a
point in the domain D, (i=1,2,...,n) by hi+ri’ where the point is occu-
pied by an element of mass dMi when the body is in the undeformed state.
The constant-magnitude vector bi denotes the position vector from 0 to
01 while the vector rs is the vector from 01 to the point in question.
Introducing the unit vectors ji’ gi, gi along axes Xi» ¥5» 25 respec-

tively, the vectors can be written in terms of its components

hitry = (hyy*xp)ig + (h

; )11. + (hz].+z1.)lg1. i=0,1,...,n (2.1)

y1+yi

We shall assume that the oscillations of the flexible parts
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about the nontrivial equilibrium are infinitesimally small so that the
geometric and material nonlinearities are excluded. This assumption im-
plies that the strain-displacement and stress-strain relations are all
linear. The displacement vector u, of a mass element dMi in the deformed

state can be expressed as

where UjsVs and W, are displacement components measured along X;sY;
and z, respectively. They include the steady-state deformations, Ui
Vior%io due to the spin of the body, and the oscillatory deformations,

UsqoVipoWsys due to the perturbation, so that

Up = ugg ¥ Uy = (ugghug )iy + (vggtvigdy + (W teggdky

i i Ky (2.3)

The steady-state deformations vanish if the flexible parts are axial.
Otherwise, they are determined by static methods because they are
constants in time. Denoting the position vector of the mass center c

of the deformed state relative to 0 by oo We have

™3

1 0 1
(h.+r.+u.)dM, = & 1 J u,dM, + 3 J u,.dM,  (2.4)
OJM. TETETTE M Ly Jy S100 My BT

-
n
=|—

1

where iEOJM (Qi+fi)dMi is identically zero by the definition of point
i
0. Note that the first term on the right side of (2.4) is a constant.
The absolute position R,. of dM. at any time in the inertial

space XYZ can be expressed as
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R

. =R _+h, +
~di  ~c b1

s
-

LU - (2.5)

where Bc is the radius vector of the mass cente~ in the inertial space.
For complete description of the spinning motion, we let w be the an-

gular velocity vector of the body M relative to the same inertial space.

2.2 Kinetic energy

With the various position vectors defined above, the kinetic

energy has the form

7=1 2 Gr..) - (dR,, )M (2.6)
2 .- dt~di dt~di’ i )
]-0 M.i
By (2.5), we have
1 " .
T=71 J (Bc tox (g g ) by - rc)) ) (Bc
1"0 M,i
u gty e - ) G - By (@7a)

I 1 n
T=7MR R *79'%'@*@'({ J(m+ri+%-rg
i=0 /M ‘
. . 1 " . . . .
x (u, - r )dMi) ty EO IM (u; = r) - (gi - rc)dMi (2.7b)

where gd is the inertia dyadic of the body in deformed state about axes

Eng.
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The matrix form of (2.7b) will be more convenient than the
vector form for later operations. To obtain the matrix form, let us
define the moment of inertia of the deformed i-th part with respect
to a set of axes which are parallel to X;¥52; but with the origin at
0 by the matrix [Ji] and denote the matrix of direction cosines be-
tween coordinate axes £.n.z. and gng by [zi]. The total moment of

i
inertia matrix, [Jd], with respect to £nz axes is

y2+z2 XY X2

n I cC C c C
= - - 2492 -
(4] ifo (e;1°00,10¢,] - M | -xy, x2z2  -y.z, (2.8)
- - 2 2
XCZC yCZC XC+‘yC

where x , Yo» 2, are the components of the vector r_. Written in col-

co T
umn vector form, it is {rc}={xC Ye zc} . The vectors BC, w, U ex-

(o

pressed in matrix form are just {RC}, {w}, {ui}. Because the compo-

nents of the vectors bi+ri’ Uis rc were in local coordinates Xiyizi’ if

we represent the angular momentum fM (bi+ri+gi-gc)x(gi-fc)dMi by the
i

vector {P1.}={P1.E P. P }T, which can be interpreted as the angular

in g

momentum vector of the i-th part with respect to axes FUFISIN then the

1

total angular momentum vector {P}={P Pn PC}T with respect to axes

3
Eng 1is

{P.} (2.10)

Finally, using (2.4), the last term in (2.7) can be expanded and re-

] . T L) . T .
duced to the vector form E{ig]fmi{ui} {ugddM; - M{r } {r 1), The
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kinetic energy can now be written in matrix form:.

nmo™m33

1 T 10T T 1
T=5MRIRY+ 5 [T} + (kP + 5 (

. T .
> : JM.{ui} {u, }dM,

i

« .T..
- Mr } {r.}) (2.11)

The interest lies in the spinning motion of the body and the
vibration of flexible parts, so that we can ignore the first term in
(2.11). Note that this term is constant if the orbit is circular or the
motion of ¢ is uniform or zero. Let the system &nz be obtained from
the inertial system XYZ by three consecutive rotations 93, e], 62
(see Fig. 2). The transformations between system &nz and the inertial

system can be expressed in the matrix form

El X Ell gl g E"
n'y= [T]] Y) s ({n"= [TZ] n' , ny = [T3] n" (2.12)
z' z g" g 4 "

where the matrices [T]], [Tz], [T3] are

cose3 sing 0 1 0 0
(1,1 = | -sine; cose; O [T,1=| 0 cose; sing,
. 0 0 1 ] 0 -sing; cose,

[ cose, 0 -sino,

[T3] = 0 1 0 (2.13)

s1n62 0 c0592 J

The transformation from XYZ to &nz is
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046 4

FIGURE 2. ROTATIONAL MOTION
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£ X
ny = [TV . [T] = [T,00T, 00T, ] (2.14)
4 Y4

Because the angular velocity components w,_, w_, w_ do not rep-

£ n ¢
resent time rates of change of certain angles, in order to define the
motion, they must be related to the angles e], 62, 03 just defined.

It is easily concluded from Fig. 2 that

w, = 0,C080, - (o + 63)cose]s1n62

g
w, = 0, * (o + e3)sine] (2.15)
W, = e]sine2 + (o + 63)cose]cose2

Assuming that 6, and 6, are small and of the same order as éi’ i=1,2,3,

(2.15) can be approximated by

wp = - 08y *+ 8y - 039,

w, = 98 + 0, + 0,0, (2.16)
= - a2 2 ;

w, = 0 5(63 + 03) + 070, + 65

where we keep terms up to the second order in angular displacements
and products of angular displacements and angular velocities. The
right side of (2.16) can be separated into two parts, one containing

the angular displacements only and the other angular velocities. Hence,

{w} = {wlg + {u), (2.17)

where



-6, 81-646,
{w}0 =Q 0y R {w}] = 92+e3e] (2.18)
.]_ 2402 a A
1-2(e]+02) e]ez+e3

The kinetic energy, (2.11), becomes the sum of three parts

T=T,+T +T, (2.19)
where
_ T T 1 n e T,
T, = 5 I Ju}, + (WP + 3 (‘151 JM.{U‘} (i da,
1
e Q (2.20a)
(o} C
T, = {0} [J.Jw}, + {0} (P} (2.20b)
1 obdgllely 0 :
Ty = & ([ ) (2.20c)
0 = 7 lwlgldgllulg :

in which T2 is quadratic in the generalized velocities, T] includes
linear terms in the generalized velocities, and T0 is free from them.
Note that the vector {P} consists of only first-order terms in the
generalized velocities.

For a systematic analysis, further separations of terms in
T2, T], T0 are necessary. Assuming that the generalized velocities
are of the same order as the generalized displacements, the vectors

{w}o, {w}], {P} and the inertia matrices can be separated as follows:

{w}o = {w}oo + {w}0] + {w}02 (2.2])

{U.)}'I = {t\)}]] + {w}]z (2.22)
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{P} = {P}] + {P}2 (2.23)
[0 = D941y + [0y + (34, (2.242)
[Ji] = [Ji]o + [Ji]] + [JiJZ (2.24b)
where
0 -921 0
{(ﬂ}oo =Q 0 s {w}o] =Q G]L 0 {0)}02 =Q ] 0 (2.25&)
A (a2+a2
1 0 5(02+63)
. e
% 9283
{w}]] = 62 ’ {0)}]2 = 6]63¥ (2.25b)
o3 826,
24,2 -
n yetee XYe XeZe
- T - - 24,2 _
[941; = A (6170915080 - M| -x oy xgtze -y ez (2.26)
- - 2402 |3
Xcle Ye?e Xc+yc J
J=0,1,2

On the right side of (2.21) and (2.22), the first of the double sub-
scripts are the same as the ones on the left side while the second
subscripts represent the order of the quantities. The single sub-
scripts on the right side of (2.23) and (2.24) also stand for the
order of magnitude. Note that [Jd]O is the moment of inertia matrix
of the steady-state deformed body with respect to system &nz. The
last matrix in (2.26) has elements which consist of the products of
Xer Yoo 2t Hence, by (2.4), that matrix can be separated into three

orders of matrices.
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Substituting Eqs.(2.21) - (2.24) into (2.20) and keeping up
to the second order in the generalized velocities, generalized dis-
placements and their products, we have

1

- LT 0 Tgtehyy + wheen + 3 (2 [T
2 77 Wmitadtn TRt T L ), T T
1

—
I

. T .
- M{rc} {rc}) (2.27a)

-
I

T T T
T
To= 2 (twd [0, T (0o + 200}t [0 (w)r + 2(w}] [3.] (w0}
0 2 \'*“00td70'“’00 “JootYd'0'“ 01 “ootvd0'* 02
T T
¥ {w}g][dd]o{w}o]) (2.27¢)
T T

{w}Oo[Jd]l{m}OO’ {w}OO{P}] are either constant or linear terms and

do not contribute to the differential equations. Writing the matrices

[Jd]j as
(Jai)j (Jan)J (Jac):
[Jd]j = (Jgn)j (Jnn)j <Jnc)j j=0,1,2 (2.28)
(Jsc)j (JnC)J (Jcc)J

and considering (2.25) - (2.26), the explicit forms of TZ’ T], T0 are
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—
[}

] . 2 . L3 . Ll
) 5-((ag£)oez Qg3+ (9,083 + 203, )by, + 200, )gb5s

+ Z(Jnc)06293 + Z(Pg)lel + 2(Pn).|62 + Z(PC)193

n
P J (0T d; yam, M{rc}T{%c}) (2.29a)
i=]

=0 (0,0 - Wepdglaghy + 0 )goniy * 20, dgoydy = 203, Dgegdy

—
n

t (I o810y = (9 )00, + (I )q0y + (3 )50, + (I,.) 05

F 80 - (o + () (2.29)

—
I

0= 7% ([0,)g = 900108 * [0y = (9, 610% = 2 sy,
r 202 )10y - 20, )0, + (J;c)z) (2.29¢)

Note that the steady-state deformations render the matrix [Jd]O a

general symmetric one, not a diagonal matrix.

2.3 Potential energy

The potential energy includes gravitational and elastic po-
tential energy. The gravitational potential energy is assumed to be
small compared with the kinetic energy or elastic potential energy
and will be neglected. It is further assumed that the material of the
i-th member is homogeneous, isotropic within domain Di and obeys

Hooke's law

- .30
{o;} = [E;]Me} (2.30)
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where
{0:} = {0 o o o o o }T (2.31a)
i i1 %22 %33 %12 %13 %23 :
_ T
{ejd = {ejyp €422 €433 G412 413 Si23) (2.31b)
[ 1-v v v 0 0 0 ]
v; ]-vi Vs 0 0
E. Ve V. 1-v. 0 0 0
[E,] = : v ! (2.31c)
(T+v;)(1-2v) | 0 0 0 %-v; 0 0
0 0 0 0 v O
|0 0 0 0 0 %-v,

Ei denotes Young's modulus and Vs is Poisson's ratio. Then the
elastic strain energy of the flexible parts is the sum of that of

n parts Vi’ i=1,2,...,n and can be written as

n T . .
L ID.{ei} toghdd; =7 JD.{Ei} [E; (e, 3dD, (2.32)
1 1

™3>
—

Equation (2.32) can be expressed in terms of displacement components

Ujs Vis W by virtue of the strain-displacement relations
{ei} = [Li]{“i} (2.33)

in which [Li] represents the matrix of the operator that relates the
displacements to the strain components. Its gencral form for linear

strain-displacement relations is



22

1
lw
]

— 0 0
Vs
I
3.
L
O 72
Ll=1, i (2.33b)
3y, X, O
1 1
al o
9Z. 9X.
1 1
0o A 2
L 9z; 3y, |

Some special forms of [E;] and [Li] are of interest in later

applications. For a vibrating string they are
3_

|11 0 : 3X,
[Ei] = TXi 0 : J ’ [Li] = 0

|w o

(2.34a)

QL

X

where Txi is the tension force. For a simple beam of circular cross

section in lateral vibration, we have

1 0 g§2 0
[E;] = E,I, , (L] = i (2.34b)
0 1 =

i

where EiIi is the flexural rigidity. In both cases {ui}={vi wi}T.

Finally, substituting (2.33) into (2.32), the potential en-

ergy becomes

il ™3
—

JD.{ui}T[Li]T[Ei][Li]{ui}dDi (2.35)
1

N —

EL j
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2.4 Nontrivial Equilibrium

The formulation so far is general in the sense that no par-
ticular form of flexible parts has been specified thus leaving the
elements of [Jd] and components of {P} undetermined. For structures
possessing flexible booms, we assume that the mass element dMi under-
goes transverse flexural, but not axial vibration. The displacement

vector reduces to two components

us(xgot) = vo(xgt)gs + walxgstk, (2.36)

The Lagrangian is defined by

n -
L=T- VEL = Lo(t) + 121 jM Li(xi’t)dMi (2.37)

In view of (2.29) and (2.35), ii is a functional of the form

Ly 0t) = (050608 60,0, (kg 00 (kg 8). Ox).i  ),
v;(xi,t),w;-(xi,t),v;'(xi,t),w‘].'(xi,t)) (2.38)

j=19233 1’=’I,2,...,n

Hamilton's principle can be stated as follows.

t
j 25Ldt =0 s 6. = v, = 6w, =0 at t = tyt (2.39)
t] J i 1 2

Thus, inserting (2.37) and (2.38) into (2.39), we obtain Lagrange's

equations for rotational motion

aL 9_{§L_9 =0 i=1,2,3 (2.40)
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as well as the equations for elastic motion

Bii 9 [8[.1] ] [aii] 32 3L_i ( )
- T 5 - 5T ‘—1‘+_2[—T]=0 2.41
avi ot avi axi avi ) 3 avi

0 < X; < Ki i=1,2,...,N

where 21 is the length of i-th member. Moreover, viis subject to

the boundary conditions

~ A

(a[i I 3{1 oL,
I T [M‘]) 6v. =0 , sorévi =0 at x.=¢, (2.42a)

(- ) e b0 w0 e

Equations similar in structure to (2.41) and (2.42) can be written
for W, by simply replacing Vs by W

The nontrivial equilibrium is defined by a set of dependent
variables ej, Vis Wi constant in time and satisfying equations ob-
tained from (2.40), (2.41), and (2.42) as well as from corresponding
equations for Wi by omitting the time derivative terms. These solu-
tions are the static displacements 850° Vio® wio,'where the first
are constants and the latter are functions of the spatial variables

Xi alone.
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2.5 The Routhian Function

Since the coordinate 03 does not appear in the Lagrangian
it is ignorable (Ref. 1, sec. 2.10, 2.11). The generalized momentum
associated with an ignorable coordinate is conserved. By (2.19),

(2.29), and (2.37), we have

5L . . o
- = + + + 2q(J - 2a(d
% (g dg0y *+ (0 Dgdy + (3 )gb3 + 2000 )gey - 2a(d, )ge,
+ + = -
a0, )y + (P)y =8 (2.43)

where the constant g is determined by the initial condition. This

equation is solved for 64

°3 7 TJZZTE(B - Ogplody = 9 Dgbp = 2009, Jgoq * 203, oo,

- o(J - (P 2.44
2, - @)) (2.44)
Next we construct the Routhian function

Substituting (2.44) into (2.29) and neglecting terms that do not

contribute to the equations of motion, we obtain
(2.46)

0083 + 2000, )

); - r(P )])é] + 2((Pn)] - rn(PC)])éz
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- (p )2 4 : (o, - ne 1 Te (2.47a)
(J N 21 . i U.i i '{Y‘C} {Y‘C} .

i

CC)O i

al Q(((Jin)o - 2 (9 )g)eg8y - (9 )g - 2rer (3 )g)oghy

+ ((3gg)g = Weglg + 2r2 (30008581 + (3 )g - 2r2(3, )g)ey8,

¥ ((Jsc)l - rE(Jcc)l)él ¥ ((Jnc)l B rn(Jcc)l)éZ ¥ 61((Pn)1

B zrn(Pc)l) B e2((P£)1 B er(Pc)l) * (Pc)z B 73;i76(dcc)l(Pc)l)

(2.47b)

Ry = %-92(((Jnn)0 - (14 ar2)(3,))03 + ((3)g - (1 + 4r2)(3,,)g)e3

- 2((J€n)0 - 4r£rn(Jcc)o]e]ez + 2((Jnc)1 - 2rn(JCC)])e] - 2((J€C)]
1
- 2r, (3, )00, + (3 ), - TJZZTa(aw)%) (2.47¢)

in which res Y, are the ratios of the elements of the matrix [JdJO

defined by

re= (G)g /W s )/ W)y (2.48)

cc)O i n

The problem is reduced to the determination of the moment of
inertia matrix, [Jd], of the deformed state and the angular momentum
vector, {P}.

A special case of interest is when all the booms and cables
are along the principal axes of the body such that no steady-state
deflection occurs. It is possible to choose the coordinate axes xyz

as the principal axes with principal moments of inertia A, B, C. Then
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the matrix [Jd]0 reduces to diagonal form with elements A, B, C.

A
[Jd]0 = B (2.49)

Therefore the elements of that matrix are

(J =0 (2.50)

(JEE)O = A s (Jnn)o = B ] (JCC)O = C L] (‘JEC)O n;)o

from which we see that rg=rn=0. Substituting (2.50) into (2.47), we

obtain the special forms of R2, R], RO’

R, = ;—(Aé% + 883 + 2(P,);8y + 2(P )8, - ]E(P;)% + ig] IM.{ﬁi}T{ai}dMi
1
- M{%C}T{%c}) (2.51a)
Ry = @ ((c - A)oy8y + Boghy + (9, )18y + (3 )18, + 0q(P )y - 8,(P.)y
F () - HI P (2.510)
Ry = 7 22 ((B - Clog + (A - Cloy + 203 )0y - 209,018, + (3,,),

- %.(Jcc)%) (2.51c)



3. Discretization

There are many discretization procedures in common use, Such
as the lumped-parameter method, the Rayleigh-Ritz method (Ref. 19, Ch.
6), the finite-element method (Ref. 20, Ch. 8), etc. The Rayleigh-Ritz
method consists of assuming the displacement field of the flexible parts
as a finite series of space-dependent functions multiplied by time-de-
pendent generalized coordinates. The space-dependent functions are eigen-
functions, comparison functions, or admissible functions associated with
the flexible member. In general, the eigenfunctions, which must satisfy
both the differential equation and the boundary conditions of the pro-
blem, are difficult to obtain. It was shown in Ref. 30, however, that
there is no particular advantage in using eigenfunctions. The admissible
functions, which satisfy geometric boundary conditions only, can yield
equally good results. The finite-element method is basically a localized
Rayleigh-Ritz method. By this method, the flexible parts are divided into
elements, then the displacement field in each element is expressed as the
sum of shape functions multiplied by the corresponding element nodal dis-
placements. This is followed by assembly and condensation procedures.
The lumped-parameter method is simply a spatial discretization. We shall

adopt the Rayleigh-Ritz method and write

"
u. z
il =1

T |
; Xij(xi’yi’zi)qij(t) = {Xi} {qi}ri (3.1a)

S.
i
Vi] .E ¢ij(xi’yi’zi)q

] (1) = (o3ad, 1712, (3.7)
J i

ot
'I,Y‘,l J

28
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t,
1
= - T
Wip © f wij(xi’yi’zi)qi,r1.+si+j(t) = {v;) oy ), (3.1¢)

Jj=1 i

where X; are space-dependent admissible functions and

j, ¢.ij’ lp.ij

q.. are generalized coordinates. Note that the vectors {xi}r R

ij .

j
{¢i}si’ {wi}ti are ri-, s.-, and ti-vectors, respectively. Equa-
tions (3.1) can be written in matrix form

{ui]} = [Ni]{qi} i=1,2,...,n (3.2)
where
{u;q} = {u V.a W }T (3.3)
il L R B I )
o} = (a5 Q4 o0 9 G,p a1 0 Yigras, Hproasal oo
i i i 7 i i
(3.4)
X‘i] x‘iz e e 0 X.I,r.i 0 0 e e 0 0 0 0 .
[Ni] = 0 0 ee e 0 q)].l ¢'i2 ) ¢‘i’si 0 0 ee o
0 0 e 0 0 0 eee 0 Vi1 ¥io
(3.5)
in which pi=ri+si+ti' The velocity is simply
(igyd = [N DG (3.6)
Next, let us define the notations:
n
P= I Py 5 G =0 5 0,0, (3.7)

qi,pi

}

T
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T T

@ = a3’ (g} tq 1 (3.8)

{q}

{a, a, @’ (3.9)

in which {q} is a p-vector and {q} is a (p+2)-vector.

The elements (JEc)l’ (Jnc)l’ (JCC)], and (JCC)Z depen@ on
the displacements of the flexible parts from the nontrivial equi-
librium and are generally functions of {rc} and {ui]}, i=1,2,...,0.

They can be written in the form

(Jg,)q = {Hg}T{a} (3.10a)
P,

(950)7 = H 1) (3.10b)

(9,0)y = {HC}T{G} (3.10¢)

(Ieg)p = {a}T[Hcg]{a} (3.11)

The components of the vectors {Hg}, {Hn}, {Hc} and the elements of
the matrix [HCC] consist of combinations of integrals of admissible
functions.

The linear momentum of the generalized velocities with res-
pect to axes &ng, (Pg)], (Pn)l’ (Pc)l contain the components of {Fc}
and the integrals of spatial coordinates multiplied by generalized
velocities. From (2.4) we see that the vector {Fc} depends on {Gi]}’
i=1,2,...,n, which are related to {é} by (3.2) - (3.5). Hence we
can write

(P); = {FE}T{é} (3.12a)
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(P); = {Fn}T{é} (3.12b)
(p,); = {FC}T{E} (3.12¢)
(p,), = {G}TLFCC]{G} (2.12d)

Note that the subscripts 1 and 2 in (3.11) and (3.12) indicate. linear
and quadratic quantities, respectively. Using (2.3) and (3.2), we

express the kinetic energy of the flexible parts in the form:

n o T, n « . T . 2 T 2
z J {ug} {ugddMe = & {q;} [m;14q;) = {q} [m 1{q} (3.13)
i=1 M, i=1
where
- T
[m.] = JM.[Ni] [N, JdM, (3.14)
[ [m,] T
[m, ]
[mg] = (3.15)
- [mn]_
I

To obtain the corresponding expression for the term M{ﬁc} {ﬁc}, we

refer to (2.4) and (3.2) and write

=|—
™3

« T
M{rc} {rc} _

n ' .
] : (jM.[NdeMj){qj}

. T T
(6 J [N, 17w,
1! ( M, ! ‘)J 1,

;
nn .7 .
L jzl CHNURICH

=|—

= & @) [n Jca) (3.16)
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where

In,.] = (j [N.]TdM.)(J [N, JdM,) i, =12, (3.7)
ij Mo LERS YRR R
1 J
and [mc] is a matrix of blocks with matrix [mij] as its i,j-block.
Both [ms] and [mc] are px p matrices.
Spatial derivatives were denoted by the operator [Li] in

(2.33). Equations (2.33) and (3.2) give

fe;} = [L;]0uy} = [D,]{q;} (3.18)
where
- 3Xi T -
Gy o 0
0¢.\T
0 {a—‘—} 0
Yy
P T
0 0 {52—} (3.19)
- _ 1
(0] = [Li][Ni] =

The strain energy, given by Eq. (2.35), becomes

N|—

EL ~

e~ >
—

JD.{qi}T[Di]T[Ei][Di]{qi}dDi (3.202)

! i
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which is further represented by

Vsl e ks = L @k @) ' (3.20b)
EL T 2,2 W EEGE T g LA :
where
[k.] = J [0.17[E. (0. 17 dD. (3.21)
1 D 1 1 1 1

i
which is the stiffness matrix of the i-th part corresponding to
e]=92=0. Although the matrix [Li] takes special forms for cables
and booms, the general expression, (2.34), will be used here. The

matrix [ks], which is a p xp matrix, is block-diagonal with the

submatrices [ki] (i=1,2,...n) on the diagonal.

- k] | -

[k,]
[k] = 2 (3.22)

L [k, ]

n 4

Now we are ready to rewrite the expression for R2’ R], R0
in matrix form. Substituting (3.7) - (3.13) and (3.16) into (2.47).

we obtain

(((JEE 0" rE(JCC)O)d% ¥ ((Jnn)o ) ri(dc; )qz * ((J

o e . T Ty - . T
-7 rn(dcc) ]q]qz + 2q]({F€} - rE{FC} J{q} + 2q2({Fn}

) Tyes, o 1 2T T = - 7T -
r,(F. 1)@ zjziggq} {F HF Y {a} + {q} [m ](q}
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- %-{E}T[mc]{é}) (3.232)
Ry = @ (((‘]gn)o - arpr (3.00)930y - ((9)g - 2rer (9,,)g)a,8,

* ((0gdg = Wgglg + 2rg(9,)0) 958 * (9D - 270, )g)ars,

+ é][{Hg}T - rE{HC}T){a} + G, (tH Y - rn{HC}T){a} +qp ((F VT

- Zrn{F;}T]{é} - qz({Fg}T - ZrE{FC}T]{é} + {a}T[FCC]{é}

_ 13;i75{a}T{Hc}{Fc}T{é]) (3.23b)
R = 59 (((,)g - (g - 420 )gle + )y - ()

- 4r203,)0)93 - 2((,)g - Arer (9,0 g)aqa, + 20 (GH )T

- Zrn{HC}T){a} - 2q,((H,)T - ZrE{HC}T){a} + 13} [H, ] (@)

1 =T T,-
- m:::E:-)-(—)-{q} {Hc}{HC} {q}) (3.23c)

Using (3.10), (3.20) and (3.23), we can write

R, = % (G mled) (3.24a)
Ry = @YIF1) (3.24b)
Vg, - R =% @) [k]Ca) (3.24c)

where the matrices [m], [f] and [k] are



(m] =

(fl=a

[k]-nz

[ Wgelg ey Wenlomeralecdo : (F)orer )]
WendoremalUegdo  Wnnlo g | (F ) -r (F )T
___________________ +_____.._.__......_______
(Flor (F ) (F Jor (F,) : [ms]—%{mc]-rﬁzija{Fc}{FC}T |
[ eydom2rer () (ndo2r (3o : (F ) -2r (7T
(I do-Weelg?2red )y (0 )g*2r,r (9. )y : '{Fe}T+2r£{Fc}T
: M) G —:_ &;}%{J{ﬁ i
(#4r2) (0, )g70, g G )gmdrer (9,0 | SURETINCRY
Benlgmdrera@edy (44r2) (0 ) (0,), | ) -2 th )T
g gy
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(3.25)

[m] and [k] are refered to as the mass and stiffness matrix, respec-

tively. Note that the dimensions of the partioned matrices are 2x2,

2xp, px2, and pxp, correspondingly.

For the special case when all the rods are along the principal

axes such that conditions (2.49) and (2.50) are satisfied, the matrices

m], [f], and [k] reduce to the following.
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T A 0| {Fg}T 1
|
[m] = 0o B | 7y
______ _I._.._..__.._._._.__.__._._._____
3 Fy b o 1-dm - LF ey
L & no s Mct Czig i
0 B | (F Y 7
I n
[fl=a [C-A O | -{FE}T (3.26)
______ ..[._.__.__._]__.___T______
| (H) (Y [F, ] - ¢lH ) _
CB 0 | “(H Y ]
n
| T
[k]=¢0*| 0O C-A | {H)
______ .I.._]________T____.____
_—{Hn} tH,} | §g{ks]-[HCC]+E{HC}{HC} _

For a vibrating string or a flexurally vibrating rod, both
[Ei] and [Li] are replaced by (2.34). The displacement vector is
reduced to {Vi] wi]}T. Accordingly, the first row in [Ni] is
skipped and ri=0.



4. Equations of Motion

Considering (2.46) and (3.24), the Routhian function can be

written as

R = %-{é}T[m]{a} ¢ (@ IFIEG) - %_{q}T[k]{q} (0.1)

The equations of motion have the general form

d_[ R R\
{8 -{58)-1{0} (+.2)
which is recognized as the matrix form of the Lagrangian equations

of motion. Substituting (4.1) into (4.2), we obtain the equations

of motion of the torque-free system
[mltg} + [91(d) + [k1{a} = {0} (4.3)

where [g]=[f]T-[f] which is a skew-symmetric matrix, while [m] and

[k] are symmetric matrices.

g1 =-0g] ,» [m'=[m] . [kl =I[K] (4.4)

By (3.25) and the same partition in that expression, the explicit

form of the matrix [g] is

9771 [gy,]

[q] = @ (4.5a)

where the submatrices are

37
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2 2
[ 0 (1+2r242r2) (3

- 24912 )
) ('I+2r€+2rn)(Jcc)0+(JEg)o+(Jnn)0 0

eelo™Uge)om(ndo
[g]]]=

[y T T T T
{HE} - {Fn} - rE{Hc} + zrn{Fc}
[912]= . . . .
{(HY + (F ) - r () - 2r(F)

- (4.5b)
(9 Jr [-(H FHF Jor (H 3-2r (FLE <O 3=(F Jer G Je2r 17 )]

[ T T
[9,,1= 15;;75{{Hc}{Fc} -(F }(H ) )]

Since the equations of motion posses the gyroscopic terms,
[g]{q}, (4.3) represents a gyroscopic system.

Introducing the 2(p+2)-dimensional state vector

{ {q(t) }
{x(t)} = (4.6)
{q(t)}

Equation (4.3) can be reduced to a set of 2(p+2) first order equa-

tions.

[01(x(t)} + [G1{x(t)} = {0) (4.7)

[m] (0] (g1  [k]
0] = [ ] , [6]= { } (4.8)
(ol  [k] -kl [o]

Clearly, [J] is symmetric and [G] is skew symmetric. Equation (4.7)

where

is more convenient than (4.3) for latter analysis.



5. Stability
5.1 Preliminary

Consider the autonomous system
x = X (x) (5.1)

in which x represents a vector in a finite dimensional vector space.
The vector X satisfies the relation X(0)=0, so that the origin is a
singular point and the vector x=0 is the null solution of the system.
Denote the integral curve at a given time t0>0 by §(t0)=§0, and in-
troduce the following definitions due to Liapunov (Ref. 1, Sec. 6.7).
Definition 1: The null solution of a system (5.1) is called sta-
ble in the sense of Liapunov if for any >0 and a given toio it is

possible to find a 6=6(e,t0)>0 such that if the inequality

%ol < 8 (5.2)
is satisfied, we shall have

Ix(t)<e s tg<t<e (5.3)

If 6=6(e), i.e. independent of tys the stability is said to be uni-
form.
Definition 2: The null solution is called a;ymptotica]]y stable

if it is stable in the sense of Liapunov and, furthermore,

Tim [[x(t)] =0 (5.4)

toe
A uniformly stable solution which satisfies (5.4) is called uniformly

39
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asymptotically stable.
Definition 3: The null solution is said to be unstable if there

is an >0 and a t, such that for any &6>0, there is a t]>t0 with

0
Ixol < 6 (5.5)
and
[x(t)ll 2 e (5.6)
For the autonomous system (5.1) the stability is always uni-
form.

Next let us define a scalar function U(x) such that U(0)-0.
The total time derivative of U along a trajectory of the system is

defined by

U=Z2=vw . x=w-X (5.7)

Now consider the fo]Towing theorems for stibility and instability.

Theorem 1: If the system is such that it is possible to find a
positive (negative) definite function U(x) whose total time deriv-
ative 0(5) is negative (positive) semidefinite along every trajec-
tory of the system, then the trivial solution 559 is stable.

Theorem 2: If the conditions of Theorem 1 are satisfied and
furthermore the set of points at which U(x) is zero contains no non-
trivial positive half-trajectory, then the trivial solution is

asymptotically stable.
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Theorem 3: If the system is such that it is possible to find
a function U(x) whose total time derivative 0(5) is positive (nega-
tive) definite along every trajectory of the system and the funct-
ion itself can admit positive (negative) values in the neighborhood
of the origin, then the trivial solution is unstable.

Theorem 4: Suppose that a function U(x) such as in Theorem 3
exists but for which 0(5) is only positive (negative) semidefinite
and, in addition, the set of points at which U(g) is zero contains
no nontrivial positive half-trajectory. Furthermore, in every neigh-
borhood of the origin there is a point x, such that for arbitrary
t0>0 we have U(50)>0 (<0). Then the trivial solution is unstable
and the trajectories g(go,to,t) for which U(50)>0 (<0) must leave
the open domain |x|<e as the time t increases.

A function U satisfying any of the preceeding theorems is

referred to as a Liapunov function.

5.2 Stability of the Equilibrium

Because the system Lagrangian L does not contain the time
explicitly, the system is scleronomic. For such system there exists
a motion integral which is called the Jacobi integral.

P2, L oL

H= % —‘—qk+fé

: - L = Constant (5.8)
k=1 3q3 383 3

In general, because the Lagrangian includes the term T] containing
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the gyroscopic effects as well as the term TO containing the cen-

trifugal effects, the Jacobi integral, (5.8), becomes

H=2T,+T, - (T2 *TH T, - VEL) =T, - Ty + Vg = Constant (5.9)
" Now we have the condition
dH
’a:l::= 0 (5.]0)

In reality, damping always exists in a flexible structure causing

energy to be dissipated so that (5.10) should be replaced by

dH

a‘géo (5.11)
If we can prove that T2-T0+VEL is positive-definite then, by Theo-
rem 1, T2-T0+VEL is a suitable Liapunov function and the system is

stable. The conditions that guarantee the sign definiteness of T2-T0
+VEL constitute the stability criteria. The latter can be used to
plot stability boundaries in terms of the system parameters, thus
providing useful information for design purpose. For complicated
structures with a large number of degrees of freedom, it is not easy
to obtain these criteria in closed form, because this procedure in-
volves the evaluation of the leading principal minor determinants
of a certain matrix. In this case, we obtain the stability bound-
aries numerically, by means of a digital computer.

Unfortunately, T2-T0+VEL is not sign definite because ¢q

does not appear in -T0+VEL, hence it is ignorable. To remove it



43

from the formulation, we rewrite (5.8) as

p+2 . .
H= & gE_. 9 - (L --—- 8

3) (5.12a)
By (2.46) and (Ref. 1, sec. 2.11), this equation can be expressed
in terms of Routhian function

p+2

H= 3
k=1 28y

R -

9, - R (5.12b)

Substituting (2.55) into (5.12), we have

R, - R, +V

H= (2R + Ry) = (R, + Ry + Ry = Vg ) =R, - Ry + Vi

1 (5.13)

The left side satisfies (5.10) and the right side will be used as

a Liapunov function. Let us write

+ (Vo - R

EL O) (5.14)

2

and recall(3.24) and (4.6); the Liapunov function can be expressed as
H= 5 (@ Inleay + 5 @' Tkda) = 3 0719100 (5.152)

The system is stable if the testing function is positive definite,
which in turn requires that both [m] and [k] are positive definite.
A real symmetric matrix is positive definite if and only if all its
eigenvalues are positive. This property is being used for testing

large-order matrices. To obtain the stability criteria for small
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order matrices, we rely on the Sylvester's theorem, which can be
stated as follows: The quadratic form (5.15) is positive definite
if and only if all the principal minor determinants corresponding
to the symmetric matrices of the coefficients are positive.
Applying this theorem to the first two leading principal
minor determinants of [k] of the special case, (3.26), we immedi-

ately have
C-B>0 and C-A>0 (5.16)

These are the conditions for a stable motion of a rigid body, i.e.
all the flexible parts are visualized as rigid. These conditions
are only necessary as other leading principal minor determinants
lead to expressions which require that C-B and C-A be greater than

some values.



6. Eigenvalue Problem

When the equilibrium is stable which, from section 5, is
equivalent to the condition that both [m] and [k] be positive
definite, the eigenvalue problem possesses interesting properties.
We would like to demonstrate these properties as well as to show
an efficient way of obtaining the solution of the eigenvalue prob-

Tem.

6.1 Properties

Let us seek a solution of (4.7) in the form

(x(t)} = {xpett (6.1)

where {x} is a 2(p+2)-dimensional constant vector and A is a con-
stant scalar. Introducing (6.1) into (4.7) and dividing through by

A .
e t, we obtain

(x[J9] + [6]){x} = {0} (6.2)

This is the eigenvalue problem in which [J] is real symmetric and
positive definite and [G] is real skew symmetric and nonsingular.
The solution of the eigenvalue problem (6.2) consists of
2(p+2) eigenvalues AL and associated eigenvectors {x.} (r=1,2,...,
2(p+2)). First we want to show that the eigenvalues are complex
conjugate pure imaginary. Let us consider the characteristic equa-

tion

45
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det(a[Jd] + [G]) = 0 (6.3)

Since the determinant of a matrix is equal to the determinant of

transposed matrix, we must also have
det(A[3] + [6])7 = det(a[0]" + [61") = det(r[J] - [G]) = O (6.4)

Comparing (6.3) and (6.4), we conclude that if A is an eigenvalue
of the system, then - is also an eigenvalue. Next, assuming the

eigenvector associated with a known eigenvalue Ar is
{Xr} = {yr} +“{Zr} (6.5)

where both {y.} and {z } are real and £ =/-1, then the eigenvalue

problem corresponding to Ar is
A LIIx 3 + [61ix 3 = {0} (6.6)

Let the complex conjugate of {xr} be {i}}. Premultiplying (6.6) by

- . T
{xr} , we have

X 000x,} + 33T [61ex ) = 0 (6.7)
Substituting (6.5) into (6.7), solving for Ay and noting that
(v }I61ty,} = (2 3'[61iz ) =0 (6.8)
we obtain

26y, ' [6](z,) |

Ay = —— . (6.9)
{y ) [0y} + {2} [z}

r
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Since the denominator is real and tfe numerator is pure imaginary,
we conclude that Ar is pure imaginary. Hence, because A is also
an eigenvalue, it follows that all the eigenvalues are complex con-
jugate pure imaginary. We shall denote the system eigenvalues by
iimr (r=1,2,...,2(p*2)) where w, are recognized as the natural fre-
quencies of the system. If we take complex conjugate of both sides

of (6.6), we have
ALIIEx 3+ [Gix 3 = {0} (6.10)

so that if iwr and {Xr} represent a solution of the eigenvalue prob-

lem, then -4w_ and {i}} also represent a solution. Hence, the system

r
eigenvectors consist of (p+2) pairs of complex-conjugate eigenvect-
ors {Xr} and {§}} belonging to the eigenvalues iwr and -iwr respec-

tively.

6.2 Reduction of the Eigenvalue Problem

Since the matrix [J] is symmetric and positive definite,

it is possible to decomposite this matrix by Cholesky decomposition.

(37 = L]’ (6.11)

in which [L] is a nonsingular lower triangular matrix. Substituting

(6.11) into (6.2), introducing the transformation

x'} = [L1Tx) (6.12)



48
and premultiplying the whole equation by [L]-], we obtain
(A1 + [AD){x"} = {0} (6.13)

where [I] is identy matrix and
(A1 = L7 're30e (6.14)

is a skew symmetric matrix and [L]'T=([L]'])T. Hence, the system
eigenvalue problem (6.2) is reduced to a standard eigenvalue prob-
lem for a skew symmetric matrix. A Jacobi-like algorithm for skew
symmetric matrices was presented by Paardekooper.B]
Meirovitch32 showed that the eigenvalue problem (6.2) can

be solved by working with real quantities. Consider a given solut-

ion Ar=£mr and substituting (6.5) into (6.6), we have
w L0ty b + 4lz }) + [6G]({y ) + 4ilz,) = {0} (6.15)

The real and imaginary parts give two equations in real quantities

alone
-0, [z} + [6]{y,} = {0} (6.16a)
w [oly,} + [6]{z} = {0}
Equation (6.16a) yields
(z,) = %—{J]'][G]{yr} (6.17)
r

Substituting (6.17) into (6.16b), we have
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m%[J]{yr} = [K]{yr} r=1,2,...,2(p+2) (6.18a)
where

[K] = ~[610917'(6] = (617917 '[6] (6.18b)
is real symmetric matrix. Similarly

wi[d]{zr} = [K]{zr} r=1,2,...,2(p+2) (6.18c)

Hence both {yr} and {zr} solve the same eigenvalue problem with
eigenvalues w%. The eigenvalue problem (6.2) defined by one real
symmetric matrix and one real skew symmetric matrix and possessing
complex solutions has been reduced to the eigenvalue problem (6.18)
defined by two real symmetric matrices and possessing real solutions.

Introducing the decomposition (6.11) and the notation

R | vy T
{y.} = [L1{y,} , {z,} = [L]'{z.} (6.19)
and premultiplying (6.18) by [L]-], we obtain

w2yl = [K'Iyd s w3z} = [K'Hz)} (6.20)
where

[K'] = (L7 IKICLTT = (L1767 o1 ey T (6.21)

is a real symmetric matrix. In fact it is also positive definite.

this can be shown by substituting
17" = T (6.22)

into (6.17) and regrouping in the following way
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(k'3 = (L1 ee1 e Ty el = [e1'tal (6.23

where

[ql = [L17'[aICL]™" (6.24)

From (6.23) we conclude that [K'] is positive definite.

Now equation (6.20) can be solved by any algorithm for rea

33-36 37-39

symmetric matrices. Routines are available in different

computer languages.



7. Symmetric Structures

Structures symmetric with respect to z-axis are very common
in practice. We shall define the symmetric properties via the genera
expression of the partial differential equation of motion for a non-

spin, force-free, vibrating continuous system

L Lu(x,y,z,t)] + M(x,y,z) %%%(x,y,z,t) =0 (7.1)

where L is a differential operator which defines the stiffness proper-
ties and M is a function of spatial variables that defines the inertia
properties of the system. A structure is symmetric with respect to z-

axis if
L fu(x,y,z,t)] = L [u(-x,-y,z,t)] - (7.2a)

M (x,y,2) = M (-x,-y,2) (7.2t)

For this type of structure it is generally assumed that the
motion of the flexible parts is symmetric or antisymmetric. Since dis-
placements of any mass point in domain Di are expressed in terms of
coordinates X;¥5255 the origin Oi and axes X3Y52; for corresponding
symmetric parts of the structures must be chosen symmetrically with
respect to the global z-axis. Denoting the symmetric parts by Di and
Dj and imagining the origin Oi and the frame X;¥;2; are fixed in the
frame xyz, then a 180 degree of rotation about z axis should bring Oi
and x.y.z. into coincidence with Oj and ijjzj’ respectively. The two

i7i%i
types of motion are written as
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ui(xi,yi,zi,t) = - “j(xj’yj’zj’t)

Symmetric motion Vi(xi’yi’zi’t) = - Vj(xj’yj’zj’t) (7.4a)
Wi(Xs5Y55255t) = wj(xj,yj,zj,t)
Ui(Xi,yi,Zi,t) = UJ(Xj’yj’zj’t)

Antisymmetric motion Vi(xi’yi’zi’t) = vj(xj,yj,zj,t) (7.4b)

w'i(x'i "y'l ’Zi’t) = - wj(xj ayjazj st)

Utilizing (7.4), the generalized displacements of the flexible parts
are reduced to one half of the original set. Similarly, the number of
discretized equations of motion are reduced to 2+ ?éfpi, where n is
an even number.

'Physically, symmetric motion causes the mass center ¢ to
wander away from the geometric center 0. On the other hand, in the
case of antisymmetric motion the mass center c coincides with 0 at
all times. In general, the elastic displacements are linear combi-
nations of both symmetric and antisymmetric motions. If both types
of motion about the equilibrium are stable, then the general motion
about the same equilibrium point is also stable. Since each type of
motion yields different stability criteria, both cases must be con-
sidered in the analysis. However, in view of the reduction in the
degree of freedom mentioned earlier, the advantage of separating the
motion into symmetric and antisymmetric is obvious. This is particu-
larly true in the case of a system with a large number of degrees of

freedom, for which a computer storage problem may exist.



8. Application to the GEQOS satellite

The preceeding formulation has been applied to the GEOS sat-
ellite of the European Space Agency (ESA). The model which consists
of a rigid core, one pair of radial booms, one pair of cables, and
two pairs of axial booms is shown in Fig. 3. The coordinate systems
are chosen such that the xi-axis (i=1,2,...,8) are along the booms
or cables and the zi-axis (i=1,2,...,8) are in the X;-2 plane. The
stability analysis was coded in a computer program40 capable of ac-
commodating satellites with more general configurations than the
GEOS, in the sense that the number of flexible members and their
orientation relative to the rigid core is arbitrary. The spacecraft
was found to be stable about the nontrivial equilibrium in four

different cases.40

However, as it was pointed out, the margin of
safety may not be very large, and it appeared desirable to investi-
gate the characteristics of the system by examining the spacecraft
natural frequencies.

Since the cables are longer and more flexible than the booms
their effect is more critical. For the purpose of comparing with the
results of another investigator, the model was simplified to a rigid
core with all the booms considered as rigid and a pair of flexible
cables with tip masses (see Fig. 4). This is the special case of

(2.50) in which the equilibrium is trivial. Hence v10=w10=0, so that

we can drop the subscript 1 from Vi and Wiy
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X FIGURE 3. THE GEOS SATELLITE
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8.1 Explicit Expressions for Kinetic Energy and Potential Energy

The spacecraft is symmetric with respect to z-axis so that
the density, length, tip mass, and geometry of symmetric flexible

parts are identical.

(8.1)
et = hx2 hx ’ hz] B hzZ Tz
The total mass and the distance between 0 and 00 are
M=MO+M]+MZ=MO+2(p£+m)
(8.2)

o
1

2 .
Ma(oﬂ + m)hz

The .components of the vector re from 0 to ¢ in the deformed state

are
1 L L
X. = M—(- Jopv]dx] - mv](ﬂ) + jopvzdx2 + mvz(ﬂ)]
Y = 0 (8.3)
1 L L
2, = ﬁ-(JOpw]dx] +mw, (L) + Jopwzdx2 + mw2(£))

in which the displacement components Vis W, are functions of X5 and
t only, while vi(t), wi(t) represent functional values evaluated at
£, they are also functions of time. The component yc is approximately
zero because the motion is essentially in xz-plane.

The elements of the inertia matrix, [Ji]’ of the deformed

state with respect to 0 are
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24
- 2
Iy = | ()2 + v dxg + m((hh (0))2 + v (2)
L
= 2 2
Ji2 Jop((hx+xi) + (h#w.)2)dx, + m((h +2)2 + (htw,(£))2)

r

= 2 2 2 2
Jia3 JOp((hx+x1.) + Vi)dxi + m((hx+£) + vi(t))

¢ (8.4)
it = i1 ¢ —Iop(hx+xi)vidxi - m(h,+2)v,(2)
£
Ji13 = igp = -[Op(hx+xi)(hz+wi)dx1 - m(h +2) (h_+w. (2)
L
Jizz = Y32 * 'Jop(hz+wi)vidxi - m(htwy (£)) v, (2)
i=1, 2
The coordinate transformation matrices [Ki], i=1, 2, are
0 1 0 0 -l 0
[K]] = |-] 0 0 s [EZ] = 1 0 0 (8.5)
0 0 1 0 0 1

The matrix [Jd] could be obtained by (2.8). However, we wish to ob-
tain (2.26) directly by spliting the matrices [Ji] into three parts,

[Ji]=[di]o+[di]1+[Ji]2’ according to their order of magnitude, where

[(p2+m)h2 ]
symmetric
1
2402 2 3
(3.1 . (hx+hz)+p£ hx+§p£
io +m((hx+£)2+h§)
1 1,03
- (oth, (h,+52) 0 plh, (h, +2)+50L
*mh, (h,+2)] m(h+e)
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F £ -
2hz(Joowidxi+mwi(£))
2 symmetric
-(J p(h +x,)v.dx, Y4
[Ji]1= o X V1 2hZ(J pwidxi+mwi(£))
am(h_+)v.(£)) 0
x Vi
L
-(foo(hx+xi)widxi 2 |
+m(hx+£)wi(£)) -hZ(JOpvidx1+mvi(£)] 0
) _
[Cotvzmran,
0 symmetric
+m(v$(£)+w%(£))
t 2 2
[9.1,° 0 J o (1)
L
-J pVv.w.dx. L
0 o 'V 7 J pvgdxi+mv%(£)

L -mvi(ﬂ)wi(z) 0 ]

i=1,2 (8.6)

Using (8.5) we can obtain the components [Jd]o, [Jd]l’ [Jd]2' Hence,

we write
A
2
(9430 = .2 04101041 = B | (8.7)
C
where
1
A=Ayt 2((p£(h)2(+h§) + p£2hx + ?23) + m((hx+£)2 + hg)) + Moe2 (8.8a)
B =B, + 2h§(pz+m) + M0e2 (8.8b)
1
C=Cy+ z(pzhx(hxﬂz) + -3—p£3 + m(hx+£)2) (8.8¢c)
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and
2
L]y = I [£;109;1,0¢;1 (8.9a)
[ 22 0 -X z |
c cc
2
= - 2452
[Jd]g 1_5] [zi][di]sz_i] M 0 x2+z2 0 (8.9b)
2
_-XCZC 0 Xe ]

Next, we whish to determine the elements (Jg;)]’ (Jnc)l’ (JCC)], of
the matrix [JdJ] and the element (JCC)2 of the matrix [Jd]z’ as they
are the only ones which will be needed. Substituting (8.3), (8.5) and
(8.6) into (8.9), we obtain

L L
(JEC)] = hZ(JOpv]dx] + mv](t) - Jopvzdx2 - mvz(ﬂ))
£ £
(9, - -(jop(hx+x])w]dx]+m(hx+£)w](Z)-Jop(hx+x2)w2dx2-m(hx+£)w2(£)]
(‘]cc)1 =0
¢ 2 2 ¢ 2 2 1,0t
(JCC)Z = Jopv]dx] + mv](z) + Jopvzdx2 + mv2(£) - M{fopv]dx] + mv](z)

L
- J ov,dx, - mvz(t))2

0 2772
(8.10)
The displacements with respect to axes SN (i=0,1,2) are
{hatr tu-r } = {-x 0 -(e+z )}T (8.11a)
0 00 c c o
_ T
{h]+r]+u]-rc} = {hx+x] Vit hz+w] zc} (8.11b)

_ _ ¥
{h2+r2+u2-rc} = {hx+x2 VouX. hZ+w2 zc} (8.11¢c)
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from which the velocity components with respect to the same axes are

obtained in the form

{uo-rc} = {'-xc 0 -z, } (8.12a)
L) L] - L] . L] L] T

{u]-rc} ={0 VitX, Witz ) (8.12b)

{i,-r} = {0 V.-% Wo-z 37 (8.12¢)
2 ¢ 2 “c 2 “c ’

The moment of momentum with respect to point ¢ for i-th member is

P, = JM.(bi brotuo-r) x (G- F) M i=0,1,2  (8.13)

i

Substituting the components of the vectors, (8.11) nd (8.12), into

(8.13) and noting that In rOdMO=O, we have
0
PO& = POc =0
Pon = Mol-xc2e * (etz )x ] (8.14a)

¢
Ple = Jop((v1+xc)(W1'ic)-(hz+wl'Zc)(°1+ic))dx1 F m{(vy (D) (o (2)

-iC)-(hZ+w] (‘K)-zc) (\./] (‘e)+).<c))

L
P, = -JO (htxy) (=2 )dxy = m(h,+0) (i, (£)-2 ) (8.14b)

L
Py - JO (h x, ) (V#% )dxy + m(h +£) (¥, (£)+%_)

£
Pag = Jop((Vz'xc)(WZ-ic)-(hz+w2-zc)(QZ-QC))dXZ ' m((vz(ﬂ)-xc)(Wz(ﬂ)

-z )=(h,*u,(£)-2 ) (V,(£)-% )
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R
|

L
o = -jop(hx+x2)(@2-zc>dx2 - mih, +€) Gy (£)-3, ) (8.14¢)

L
P = Jop(hx+x2)<oz-;c)dx2 + m(h,+£) (V,,(£)-% )

Note that the components of the moment of momentum vector Ei was

_ T . . '
expressed as {Pi}_{Pig Pin Pic} . Substituting (8.5) and (8.14)
into (2.10), we obtain the components of the vector {P}.

2 2
Pe = Jop(hx+x])w]dx] + m(h +£)w, (2) - Joo(hx+xz)w2dxz - m(h +2)w,(£)

£ L
P = J p(v]+xc)(ﬁ]-ic)dx] - J p(hz+w]-zc)(0]+ic)dx] + m(v](£)+xc)(

noJo 0

£
wy(e)-z.) - m(h_+w, (€)-z ) (¥, (£)+% ) - J

0p(vz-xc)(wz-zc)dx2

£
+ Jop(hz+w2-zc)(92-ic>dx2 - (v, (£)-x) (i, (£)-3 ) + m(n_tu, (2)

-2 ) (V,(£)-% ) + My (-x 2 Herz )X )

2 £
P = Jop(hx+xl)vldx1 + m(h +e)V,(e) + Jop(hx+x2)v2dx2 + m(h +£)V,(2)

(8.15’

The first order terms (Pg)], (Pn)1’ (Pc)l’ and the second order term
(PC)2 in (8.15) are

£

2
(Pg)] = Jop(hx+x])W]dx]+m(hx+z)w](z) - j p (h,#x, Wi, dx,=m(h, +£ )i, ()

0
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MO ‘e . . Z . .
(Pn)1 = - WW(hz+e)(Jopv1dx] + mv](ﬂ) - Jopvzdx2 - mvzﬂﬁo (8.16a)
z . . Z . .
(Pc)] = Jop(hx+x])v]dx]+m(hx+£)v](£) + Jop(hx+x2)v2dx2+m(hx+£)v2(£)
(P, =0 (8.16b)

Finally, using (8.12), we can show that the last term in (2.11) has the

form
: J (T M, - MO TR )
- i it c c
i=1 /M.,
1
(e (0 YT[{0 ) (0 \T( 0 Y (¢(0 YT{0 )
= | pf 0] - G] rdx, + m 0](2) V() p+ 2 Vo bV, rdx,
JO ( " J " J L w](z) J w](ﬂ) J JO "2 J "2 J
(0 \T( 0 ) (0 )T( O
+ m v2(£) x v2(£) -+ M Xe 1 3 Xe [
sz(z)J \WZ(K)J L % ) %

£ £
- | ptisinag + (i) + | o(iFHig1an + niFe)i(0)

zo 0 Zo . 2 ('Eo .
((- Jopv]dx] - mv](ﬂ) + Jopvzdx2 + mv2(£)) + (Jopw]dx] + mw](ﬂ)

|-

£ . . 2
+ Jopwzdx2 + miy(£)) ) (8.17)
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The potential energy of the cables comes from the tension
due to the centrifugal force. Refering to Fig. 5, the position vec-
tor of a mass element dMi is bi+ri+gi which can be written in term

of components in axes X:¥3Zse

hy + ry tus = (hx+xi)11 t Vst (hz+wi)gi i=1,2 (8.18)

Moreover, the angular velocity is
Q= ok, (8.19)
so that the centripetal accleration a; has the expression

a; = ax (9 X (hi tr,t 91)) = 92('(hx+xi)ii - Viii) i=1,2(8.20)

The tension along the cables, Txi’ is the integral of the inertia

force

—
"

L
- 2(_ 2
i JXin ( (hx+xi))dxi + mQ (hx+£)

92(%0((hx+£)2 - (hx+xi)2) + m(hxfg) 1:],2' (8.21)

which is a function of the spatial coordinate Xy Introducing (8.21)
into

1 2 £ v,y 2 oWy 2

we obtain the potential energy

S

2

, , v, AW 2
((hx+£) _(hx+xi) )+m(hx+£))([5§;J +[5§;J ]dxi (8.22b)

LU o B gV )
N_J)-—‘

I et
o2 %
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FIGURE 5. ROTATING CABLE
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8.2 The Eigenvalue Problem for the Rotating Cable with Tip Mass

To discretize the spatial coordinates Vis W, (i=1,2), we
need the admissible functions for the vibration of the rotating
cables. The eigenvalue problem for the rotating cable with tip

mass is defined by the differential equation (see Fig. 5).

L4 pl 2 _ 2 }QHL. = 12
Q & \2 o[(hx+£) (hx+x1.) 1+ m(hx+£) o A2p4

1 (8.23a)

0> X5 > £ i=1,2

and the boundary conditions
=0 at X; = 0 (8.23b)
- 2do 2, = -

m(hx+£)9 o T A% 0 at x, L (8.23c¢)

i
where ¢ and A are the eigenfunctions and eigenvalues respectively.
The problem (8.23) has no closed-form solution. We observe, however,
that the eigenvalue problem of the rotating string with hx=0'and
without tip mass is satisfied by the Legendre functions. Hence, the
Legéndre functions of odd degree can be used as admissible functiors
in conjunction with a Rayleigh-Ritz solution of the eigenvalue prob-
Tem (8.23). Note that admissible functions need not satisfy the dy-
namical boundary condition of the problem. The admissible functione

are

E=3
—

—

>
-

o

]

h4dx

-
N
—~
>
-l o
S
[}
~o|—
m~m
(6]
—~
|
N
)
w
—~~
=
o
| —
-
]
pre— )
-
N
——~
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They possess the orthogonality property

£
fo oI =0, k1,2, 3, . (8.25)

and they satisfy the relation

. |
]0 62(x,)dx; = 5573 §=1,2, 3, .. (8.25b)

8.3 Equations of Motion and Stability Criteria

The number of degrees of freedom of the whole structure de-

pends upon the series truncation of (3.1). The equations of motion
[m{G) + [g]{q} + [k]{q} = {0} (8.26)

represent a gyroscopic system. We shall discuss three cases, namely,
the rigid-body case (when V;=W.=0, i=1,2), one admissible function
approximation for Vs and W and two admissible functions approxi-

mation.

(a) Vi =W, o= 0o, i=1,2
If we consider the cables as rigid, then the equations of

motion reduce to

-(C-A-B) 0 q
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which yields the eigenvalues squared. For convenience we normalize

the eigenvalues by dividing them with the spin rate Q.

(A] / 9)2 -1

(8.28)

O, /22 == (E-1)@E-1)

The necessary conditions of a stable equilibrium of a rigid body,

(5.16), imply that the eigenvalues are complex conjugate pufe imag-

inary.
A] /] Q=+ 4
c c 1/2 (8.29)
Az /] Q= ¢ (K'- ])(—'- ])) L
(b) One admissible function approximation
Letting ri=0, Si=t1=] (i=1, 2) in (3.1) we obtain
Vi = 41 (x)a5 (8)
i=1,2 (8.30)

W. = wi](xi)in(t)

The elastic displacement vector {ui} and the generalized coordinate
vector {qi} are related by (3.2) where

(
vi 97 b7 O

{u.} = s {q-} = ’ [N'] =
1 1 1
LE 92 0 vy

i=1,2 (8.31)
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The vectors {q}, {q} defined by (3.9) and (3.10) are

T

{q} {{q]}T {qz}T}T } (8.32a)

fay; 9 9y 9y

_ T,T T
tar =day ap (@3} =day q Ay G5 Gy 9!

Substituting (8.30) into (8.10) and (8.16) and referring to Appendix 1
any time integration of admissible functions is required, we have the

following vectors in term of parameters defined in Appendix 1.

~ T
(H}=hla; 0 -o 0
(H} =100 -y- 0 vy} (8.33a)
n 1 1 :
_ T
Hr=10 0 0 0
-, , )
B] a]/M 0 a]/M 0
0 0 0
[HCC] = : (8.33b)
B]-a]/M 0
symmetric
L 0
(FY={0 v, 0 -y}
£ 1 1
Mo 1
(FY=-jglhte)a; 0 = 0 (8.34a)

- T

[Fcal = [0] (8.34b)
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[ms] = (8.35a)

a% 0 a%
m]-= (8.35b)
¢ a% 0
symmetric
i o} |

Similarly, introducing (8.30) into (8.22) and referring to Appendix 1,

we obtain

iy Q

[k,] Q

i
9
N

[ks] = (8.36)

The matrices [m], [g], [k] are obtained from (3.26), (4.5),
and (8.33) - (8.36) in the form



[m] =

(g)=n

[k]=02

69

A 0 0
B ‘Mhz(!]
v
M2
symmetric
0 C-A-8  (h,#h )o,
0 0
0

skew-symmetric

symmetric

N

Mﬁza-l

._+,\I1m2

c 1

By=g Moy

o 2
Q]‘l ‘+M(!-|

n e

a2

(8.37)
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~in which M=M/M, M=1/M, h_=h_te.

It was pointed out in Sec. 5 that if both [m] and [k] are
positive'definite fhen the eigenvalues of (8.26) are complex conju-
gate pure imaginary. It is not difficult to show that [m] is always
positive definite. We proposed to check this property of matrix [k]

by means of Sylvester's theorem which, in this case, yields two in-

equalities
Q]((C - B)Qy - 27%) >0 (8.38a)
of
(Q] - B])((C - A)(Q] - Bt 2 M—J - 2h§a%) >0 (8.38b)

Because Q]>0, Q]-B]>0, if we use the system parameters represented

by aps Bys Yy listed in Appendix 1, then (8.38) can be written as

C-B> zz(pt(%hx + %ﬂ) + m(hx +,€a (8.39)
(%02 +m)
C -A>2h? (8.40)
’ E5—+ Z(lpg +m)
£ M'2

Inequalities (8.39) and (8.40) represent the conditions which must
be satisfied by the various structural parameters and the spacecraft
geometry for the equilibrium to be stable.

Letting £=0 and m=0 in (8.39) and (8.40), we have

Ch-B,>0 (8.41a)

0 0

Ch - A, >0 (8.41b)

0 0
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which are the well-known conditions for stable rotation of a rigid

body about the axis of maximum moment of inertia.

(c) Two or more admissible functions approximation

Letting ri=0, si=ti22 (i=1,2) we have two or more admissible
functions approximations. The derivation of the equations of motion
follows the pattern of Part (b) and will not be repeated here. The
matrices [m], [g], and [k] for two admissible functions approxima-

tion are listed in Appendix 2, for reference.

8.4 The Motion of the Mass Center

First let us assume that the motion of the center of mass is
zero, xc=yc=zc=0, so that the term a%/M disappears from all the ele-

ments of the matrix [k]. The inequality (8.40) becomes

h

- A)-X 2(]
(c A)E > 2h2(§o£ +m) (8.42)

If hi# 0, inequality (8.42) can be rewritten as

- L h2(d
C-A> 2hx h2(zeg + m) (8.43)

Oﬁ the other hand, inequality (8.40), which contains the motion of

the mass center effect, can be written as

. £ 2
C A>2hxhz (2p£+m

T , hx #0 (8.44)

(3

=] —

|
1+ %— pL + m)
X
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Clearly, inequality (8.44) implies inequality (8.43) because the
last factor in inequality (8.44) is smaller than one. Hence,.it is
immaterial whether movement of the mass center is neglected as far
as the stability criteria are concerned. The stability criteria ob-
tained by neglecting such shifting of the mass center are more con-
servative than those obtained by keeping it in the analysis. This
conclusion confirms the results obtained in Ref. 40 and Ref. 41.

However, for hx=0 and (8.38) reduces
C-A>Mn (8.45)

If this condition is satisfied by the system parameters, the matrix
[k] is still positive definite. But inequality (8.42), which is ob-
tained by neglecting the motion of mass center, can never be satis-
fied such that matrix [k] is not positive definite. Hence, this is

the circumstance that motion of the mass center cannot be neglected.

8.5 Symmetric and Antisymmetric Motion

The GEOS satellite is a symmetric structure, satisfying (7.1)
and (7.2), so that it is possible to assume symmetric and antisym-

metric motions to reduce the order of the problem.

(a) Symmetric motion

By (7.4) we have the equations

v](x],t) = - v2(x2,t) (8.46a)

w](x],t) = w2(x2,t) (8.46b)
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Introducing (8.46) into (8.10) and (8.16), eliminating the gener-
alized displacements Vo and Wos and discretizing v, and Wy by (8.30),
we obtain matrices [m], [g], [k]. A1l these operations can be per- |
formed by means of a coordinate transformation. From (8.46) and

(8.30), we have the relations for the generalized coordinates

A1 = - 9 , G2 = 992 (8.47)

so that the generalized coordinate vector is transformed from {a.}

to {q} by
{q} = [T J{q.} (8.48)
where
(@)= 1o G oy G Gy G (8.492)
_ T
fagh = fa; a, ;7 q;,) (8.49b)
10 0 0]
o 1 0 o0
[rJ=(0 o 1 0 (8.49¢)
0 0 0 1
0o 0 -1 o0
0 0 0 1]

Using transformation (8.48), we have new forms of expressions (3.24).

X
1]

1 . e
» 5—{qS}T[m g}

=
n

ERCRUTHER (8.50)

VEL = RO = ;_{qs}T[k']{qs}
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where
'] = (127 md07 1 5 061 = [T TCFIETD o [k'D = [T 0'CkICT ]
(8.5])

In addition, the matrix [g'] defined by [g']=[f']T-[f'] has the

tfansformation
[g'] = [T, 1 [g1T,] (8.52)

Expressions (8.51), (8.52) together with (8.4Sc) yield the matrices

A 0 0 0
B -zﬁﬁza] 00
m] = ,
2(61-2Ma%) 0
symmetric -
2(81-2Ma%)
0 C-A-B 2(hz+Mhz)a] 0
0 0 0
[g']= « (8.53)
0 0
antisymmetric
0 i
[ C-B 0 0 0 1
C-A tha] 0
k'] = 2 .
z(Q]-s]+2Ma%) 0
symmetric
! 20, |

Matrix [k] is positive definite if and only if
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C-B>0 (8.54a)
2h2(%p£ +m)
C-A>c 4 (8.54b)
X . 2 1 +
z twGeetm

Note that (8.54b) was obtained in sec. 8.3, but (8.39) cannot be

obtained from [k'].

(b) Antisymmetric motion

The constraint equations now are

Vi(xpst) = vy(x,st) (8.55a)

w](x],t) = - w2(x2,t) (8.55b)

so that we can write the transformation

{q} = [T, Haq,} (8.56)
where
{qa} = {q.} (8.57a)
10 0 0]
0o 1 0 0
(r,J=(0o o 1 o0 (8.57b)
o 0 0 1
0o 0 1 0
0 0 0 -1]

The matrices [m"], [g"], and [k"] are derived in the same way as

[(m'], [g9'], [k'] and have the form
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A 0 0 ZY] i
B 0 0
2
1) - Y .
[m'] = 2(81-2_8_) 0
symmetric
i 28] |
0 C-A-B 0 0 7
0 0 0
(8.58)
[g ] =0 0 0
antisymmetric
L 0 4
T C-B 0 0 ZY]"
C-A 0 0
[k"] = 92
symmetric
L 2Q; |
Positiveness of [k"] requires that
C-A>0 (8.59a)
C-8> z(oz(-]zhx + %{) + m(h, + t)) (8.59b)

Of these two criteria, only the second one is a sufficient condition.
Approximations using more admissible functions can be obtained
using exactly the same procedure. Matrices corresponding to two- and

three-admissible functions approximation are listed in Appendix 3.
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8.6 Data and Results

= 87.7 kgm® , B

2 2

138.9 kgm , C

A = 137.0 kgm

0 0

0

p = 0.5 kg/m s M 100.0 kg ,» m=20.1 kg
hx =0.73m 4, h,=0 4, h_,=0 , £=20m
Q= }.04719755 rad/sec
Using the above data, we see that inequalities (8.39) and
(8.40) are satisfied so that the equilibrium is stable. The natural
frequencies are tabulated in the following in nondimensional form

wr/Q.

(a) General Motion.

Rigid One Admiss. Two Admiss.
0.58721 0.45417 0.45264
1.00000 0.49731 0.49730

1.00000 1.00000
1.09830 1.09767
1.11312 1.10827
1.62512 1.61773
2.31917
2.33175
2.53693

2.53713
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(b) Symmetric Motion.

One Admiss. Two Admiss. Three Admiss.
0.45417 0.45264 0.45263
0.58721 0.58721 0.58721
1.00000 1.00000 1.00000
1.09830 1.09767 1.09734

2.33175 2.32626
2.53713 2.53136
3.86453
3.99184

(c) Antisymmetric Motion.

One Admiss. Two Admiss. Three Admiss.
0.49730 0.49730 0.49730
1.00000 1.00000 1.00000
1.11312 1.10827 1.10773
1.70183 1.61773 1.61698

2.31917 2.31890
2.53693 2.53650
3.85515
3.98753

The effect of the flexibility of cables on the natural frequen-
cies can be seen by comparing the fundamental frequency of the rigid

body model with that of one admissible function approximation. It drops
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noticeably from 0.58721 to 0.45417. More admissible functions approxi-
mations merely increase the dimensions of the matrices and the amount

of work but do not improve the results much.



9. Summary and Conclusions

The equations of motion of a spin-stabilized flexible body
were formulated, based on the small motion assumption and the as-
sumed-modes discretization procedure. The equations were obtained
by the Lagrangian approach in conjunction with the Routhian ignora-
tion of coordinates. The linearized equations of motion can be
defined in terms of a symmetric mass matrix, a skew-symmetric gyro-
scopic matrix and a symmetric stiffness matrix. The associated eigen-
value problem can be reduced to the standard form by changing the
problem from the configuration space to the state space. When the
mass matrix and the stiffness matrix are positive definite, the sys-
tem possesses complex-conjugate, pure-imaginary eigenvalues and com-
plex-conjugate orthogonal eigenvectors. These properties were utilized
to solve the eigenvalue problem by working with real quantities.

A stability analysis of the system was performed by the Lia-
punov direct method. It was shown that the Hamiltonian, written in
terms of the Routhian function, is a suitable Liapunov function for
stability analysis. It was concluded that the positive definiteness
of the Liapunov function, and hence the system stability, requires
that the mass matrix and stiffness matrix both be positive definite.

The elastic motion of structures symmetric with respect to
the spin axis can be separated into symmetric and antisymmetric parts.
It is easy to show that any possible motion can be regarded as combi-
nations of symmetric and antisymmetric motidns (see Ref. 19).

As an application, the simplified model of the European Space

Agency's GEOS spacecraft was studied. The stability criteria were ob-

80
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tained in terms of structure parameters. It was found that the motion
of the mass center is immaterial as far as stability is concerned ex-
cept for the case in which the flexible part is attached to the spin
axis. The natural frequencies furnished the need of quantitative analy-

sis of the stability characteristics as cited in Ref. 40.
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11.  Appendices
Appendix 1: Admissible Functions and Their Integrals

(a) Admissible Functions

$1(x) = ¢ (%)
0,(x) = T ¢,[5(3)° - 3]

04(x) = £ e (635" - 70%)° + 15(%)]

where cj (3 = 1,2,3,...) are some constants. They are chosen such

that j§p¢§(x)dx=1, (5 =1,2,3,...).

(b) Integrals

L
a, = ¢, i + mo.
3 cJ [Joo¢3(x)dx m¢J(£)]
2 (t 2 2
B. = ¢4 ; + .
=€ [Jop¢3(X)dx m¢J(£)]

2
"

£
57 c [jop(hx + )65 (x)dx + m(h, + 2)4(2)]

£ 2
c§ jOTX(X)¢j (x)dx

O
1}

L
Ry €3¢ JOTX(X)¢3(X)¢&(x)dx

j,k=]9 2’ 3, e e

86
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where primes represent derivatives with respect to x and Tx has

the expression

- o2(1 2 2
Tx(x) = Q (2 o[(hx + ) (hX +x)°] + m(hX + K))
Several integral values used in sec, 8 are 1ist below,

A = (%Dt +m) , By

2
c](%pﬂ + m)

% = Cz(%” - m) , By = Cg(%"‘i +m)

- 1 2

- hx L
Y, = c][pz(7?-+ 39 + m(hx +2)]
1
Y, = -c2[§0£hx - m(hx + 2)]
1
Y, = c3[TgO£hx + m(hx +2)]

2
c h

1
20o(5 + ) + m(h + 2)]

%
c2
0y = o253 + 3n.) + 6m(h + £)]

2

C
. 530,05, , 225
Q3 = lrL(y7E + 33

S

() + 18n(h, + £)]

9%
Qp = —g L-geeh, + m(h, +2)]

Oy = 3 oon 4 n(h. + 2)]
13~ T LtiettNy T mihy
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c,C
_ 23 2
Qp3 = =5 [- ygethy + bm(h, + 2)]

The constants C1s Cps Cg are

172 11 41/2

= (3
¢ = ( Y3

Appendix 2: Matrices [m], [f], [g], and [k] for Two Admissible
Functions Approximation.

Additional notations are introduced for convenience. They

are
C12 = Y% ’ 2 T "% ’ Y12 = 172
¢13 © 4%3 ’ @13 T @03 , Y13 T N3
Co3 = €3 ’ @p3 T agog ’ Yo3 T YpV3
Note that
M= mo/m . M= 1/M , h, = h_te

which have been defined before.



[m]

.
B -ﬁﬁza] -Aﬁzaz 0
31‘2§'ﬁa? C12m‘z%g‘ﬁa12 0
32-;§-Ma§ 0
By -
symmetric

o

-Y]

68 .




[fl=q

06

«©




[9]=0

C-A-B (hZ+MhZ)a] (hz+Mhz)a2

0 0 0
0
0
Antisymmetric

0

'(hz+Mhz)“1 -(hZ+MhZ)a2 0

L6



C-B 0 0 0 Y, Y, 0 0
C-A hza] hza2 0 0 -h a] -hzaz
a2 o a2 o
1 12 1 12
QB H Rty O 0 " N
0.2 o a2
2 12 2
Q-Botw 0 0 W W
q, Ry 0 0
[k]=q?
Q, 0 0
C!z a
1 12
Q) =Byt Rygtp-cqpm
2
o
02‘82+W%
Symmetric

26




[m]=

[(fl=0
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Matrices [m], [f], [g], and [k] for Symmetric and

Antisymmetric Motion.

(a) Symmetric motion with two admissible functions approximation.

A

C-A
2hza

2hza2

0 0 0 0 0
B ~2Mh 0 -2Mh ., 0 0
2(81-2Mu%) 2(c]2m-2ﬂa]2) 0 0
2(32-2Ma§) 0 0
Symmetric
2(By-2Ma?) 2(c]2m-2ﬁa
2(62-2Ma§)
B -2MA -2Mh o, 0 0
0 0 0 0 0
0 0
0 0
0 0
0 0

]2)

J




[g]=0

[k]=q2

[c-B
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C-A-B 2(hz+Mhz)a1 2(hZ+MhZ)a2 0

0 0 0 0
0
0
Antisymmetric
0
0 0 0 0
C-A 2hza] 2hza2 0

20] 2%

2(Qq-Bytg) 2(Rypmcqpmt—p=
o

2Q-Fpr7) O

) 0

Symmetric
ZQ]

ZR]2

202




A 0 0 0 0 0 0 0 ]
B -2Mh o -2Mhza2 -2Mh ag 0 0 0
“IOMy 2 oM _2M
2(81 2Ma]) 2(c]2m 2Ma]2) 2(c]3m 2Ma]3) 0 0 0
—IOMn 2 oM
2(62 2Ma2) 2(C23m 2Ma23) 0 0 0
[m]=
Oy 2
2(83 2Ma3) 0 0 0

_oM.2 _oM _oM
2(8y-2Ma3) 2(cq m-2Ma;,) 2(cqgm-2May ;)

Symmetric
-2Mqy 2 -2M
2(62 2Ma2) 2(c23m 2Ma23)

2(83-2Ma§)

- . J

g6

-uorjewrxoddde SUOLIOUNY S| QLSSLWPR 334Y} YILM UOLIOW ILJUIBUWAS (q)



2hza2

[fl=2
2h_a
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[9]=0

C-A-B 2(hZ+Mhz)a]

Antisymmetric

2(hz+Mhz)a2 2(hz+Mhz)a3

L6



[k]=02

C-B

0 0
C-A 2hza]
Za%
20y -8yt
Symmetric

0 0
2h a, 2h o,
20 2a

12 13
) 2(Ryp=cqpmt—g=) 2(Ryg-cq gmt—p==
203 2093
2(Qp-8p*t37)  2(Ryg=coqmi—y

205

2(Q3-83* 1)

2R]3

2R23

203

J
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(c) Antisymmetric motion with two admissible functions approxi-

mation.

( 0

C-A

Symmetric

0 0
0 0
2(81'E%i) 2(°12m'gégg

Z(Bz'zéé)
0 0
0 0
0 0
0 0
0
0

2Y

28

-ZY]

2y




[g]=0

[k]=q2

-

C-B

100

C-A-B 0 0
0 0 0
0
0
Antisymmetric
0 0 0
C-A 0 0
2(Qq-B1)  2(Ryp=cypm)
2(0,-8,)
Symmetric

2Y

ZQ.l

2Ry

202
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(d) Antisymmetric motion with three admissible functions approxi-

mation.

A

g¢

¢l

wetogz

A

g¢

A

JLUAJBWwWAS
(-9)2
e
(—ut)z (—%e)2
A2 SAy
(—uflo)z (7wl (-lo)e
Ay Ay X
0 0 0 d
0 0 0 0

[w]



[fl=q
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20l
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[k]=q2

C-B

Symmetric

Z(Q]'B])

2(Ryp7¢q;

2(Q2'82)

m) 2(R]3—c]3m)

2(R23-cz3m)

2(05-83)

2Y

2Q]

2y

2R5

20,

2Y

2R]3

23

2Q3
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DYNAMICS OF SPINNING FLEXIBLE SATELLITES
by
Ching-Pyng Chang

(ABSTRACT)

This investigation is concerned with the dynamic characteristics
and stability of a spinning rigid body with a number of flexible parts.
The system is hybrid in the sense that it is described by coordinates
depending on time alone and coordinates depending on spatial position
and time. The space-dependent coordipates are discretized by the
assumed-modes method based on the Rayleigh-Ritz approach. The matrix
form of the linearized equations of motion, which is of gyroscopic
type, can be reduced to a general matrix multiplied by the state vector.
The constrained system Hamiltonian is employed as a Liapunov function
for stability analysis. It is shown that for stable nontrivial equi-
1ibrium the mass matrix and the stiffness matrix must be positive
definite. In this case, the general matrix multiplied the state vector
becomes skew-symmetric and its eigenvalues are complex conjugate pure
imaginary.

The method has been applied to the simplified model of the European
Space Agency's GEOS spacecraft to obtain explicit forms of the equations
of motion and stability criteria in terms of system parameters. It is
found that tle motion about the equilibrium is stable but the fundamen-
tal frequency is lower than the spin rate. As a by-product, it is shown
that neglecting the motion of the mass center is immaterial as far as

the stability is concerned, except in the case in which the points of



attachment of the flexible parts are off-set along the spin axis
relative to the mass center of the spacecraft. In the later case, the

effect of the motion of the mass center must be examined carefully.
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