
Functional Data Models for Raman Spectral Data and Degradation
Analysis

Quyen Ngoc Do

Dissertation submitted to the Faculty of the

Virginia Polytechnic Institute and State University

in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

in

Statistics

Pang Du, Chair

Inyoung Kim

Xinwei Deng

Yili Hong

August 3, 2022

Blacksburg, Virginia

Keywords: Functional data analysis, degradation data analysis, functional linear

regression, nonparametric regression, Raman spectra, Lithium-ion batteries

Copyright 2022, Quyen Ngoc Do



Functional Data Models for Raman Spectral Data and Degradation
Analysis

Quyen Ngoc Do

(ABSTRACT)

Functional data analysis (FDA) studies data in the form of measurements over a domain

as whole entities. Our first focus is on the post-hoc analysis with pairwise and contrast

comparisons of the popular functional ANOVA model comparing groups of functional data.

Existing contrast tests assume independent functional observations within group. In reality,

this assumption may not be satisfactory since functional data are often collected continually

overtime on a subject. In this work, we introduce a new linear contrast test that accounts

for time dependency among functional group members. For a significant contrast test, it

can be beneficial to identify the region of significant difference. In the second part, we

propose a non-parametric regression procedure to obtain a locally sparse estimate of func-

tional contrast. Our work is motivated by a biomedical study using Raman spectroscopy

to monitor hemodialysis treatment near real-time. With contrast test and sparse estima-

tion, practitioners can monitor the progress of the hemodialysis within session and identify

important chemicals for dialysis adequacy monitoring. In the third part, we propose a func-

tional data model for degradation analysis of functional data. Motivated by degradation

analysis application of rechargeable Li-ion batteries, we combine state-of-the-art functional

linear models to produce fully functional prediction for curves on heterogenous domains.

Simulation studies and data analysis demonstrate the advantage of the proposed method in

predicting degradation measure than existing method using aggregation method.



Functional Data Models for Raman Spectral Data and Degradation
Analysis

Quyen Ngoc Do

(GENERAL AUDIENCE ABSTRACT)

Functional data analysis (FDA) studies complex data structure in the form of curves and

shapes. Our work is motivated by two applications concerning data from Raman spec-

troscopy and battery degradation study. Raman spectra of a liquid sample are curves with

measurements over a domain of wavelengths that can identify chemical composition and

whose values signify the constituent concentrations in the sample. We first propose a statis-

tical procedure to test the significance of a functional contrast formed by spectra collected at

beginning and at later time points during a dialysis session. Then a follow-up procedure is

developed to produce a sparse representation of the contrast functional contrast with clearly

identified zero and nonzero regions. The use of this method on contrast formed by Raman

spectra of used dialysate collected at different time points during hemodialysis sessions can

be adapted for evaluating the treatment efficacy in real time. In a third project, we apply

state-of-the-art methodologies from FDA to a degradation study of rechargeable Li-ion bat-

teries. Our proposed methods produce fully functional prediction of voltage discharge curves

allowing flexibility in monitoring battery health.
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Chapter 1

Introduction

1.1 Motivating Applications

1.1.1 Monitoring hemodialysis procedure through Raman spectra

data

The first two parts of this dissertation are motivated by the need to monitor the efficacy

of hemodialysis procedure. Hemodialysis is one of the two types of dialysis treatment for

patients with end-stage renal disease (ESRD). ESRD is caused by kidney failure and com-

monly treated by either kidney transplant or dialysis. Because the number of people on the

kidney transplant list far exceeds the number of available kidney donors, kidney transplant

is not a viable treatment for everyone and dialysis is the popular alternative treatment for

ESRD patients who continue to live with kidney failure or are waiting for a kidney trans-

plant. According to Centers for Disease Control and Prevention [8], 71% ESRD patients in

the US are on dialysis. According to the Annual Data Report by the United States Renal

Data System [67], the number of prevalent ESRD has steadily increased since 2000.

There are two common dialysis procedures: hemodialysis and peritoneal dialysis. As the

dominant one of the two procedures, hemodialysis aims to perform the function of a kidney in

filtering chemical and toxic waste out of patient’s blood. During the hemodialysis procedure,

1
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patient blood is transmitted to a dialyzer where blood is cleaned by passing through hollow

fibers as dialysis solution (or dialysate) moves in opposite direction outside the fibers to

collect chemical waste (Figure 1.1b). Used dialysate is removed from the dialyzer while fresh

solution is continuously pumped into the dialyzer; at the same time, filtered blood exits and

is transmitted back into patient body completing the filtering cycle (Figure 1.1a).

(a) Hemodialysis procedure diagram (b) Dialyzer diagram

Figure 1.1: Hemodialysis procedure [39]

It is well-known that hemodialysis is a costly and time-consuming procedure, and above

all, painful experience for patients. On top of it, the filtration effect of hemodialysis decays

within days requiring patients to undergo multiple treatment sessions a week with each lasts

from three to four hours. Currently, the monitoring of hemodialysis for each patient is still

done through monthly lab tests to obtain measures such as urea reduction ratio (URR)

or kt/V. Both measures communicate the reduction in urea in patient blood post-dialysis;

however, they are only useful in signifying the dialysis efficacy to the extent of the frequency

of the blood work. Thus, there is a need for real-time monitoring of the dialysis procedure.

Used dialysate leaving dialyzer after filtering patient blood carries chemical compounds that

provide critical information for the determination of hemodialysis efficacy in real time. In a

study, Virginia Tech researchers utilize an established chemical concept called Raman spec-

troscopy to extract Raman spectra from liquid sample. Data from Raman spectra contain
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important qualitative and quantitative information on the compounds that make up the

liquid sample [60]. The biomarker ability of Raman spectra allows one to view peaks in

the spectra as the intensity of a chemical component with the specific chemical component

identified by the wavelength they reside in. Raman spectra can be obtained fast and non-

destructively from a liquid sample. This makes it ideal for Raman spectra to be obtained

from used dialysate. In our motivating dataset, Raman spectra are collected from used

dialysate samples collected at different time points during hemodialysis sessions of several

ESKD patients.

We seek to develop a statistical method to not only test for difference in Raman spectra

collected at different time points during hemodialysis treatment, and thus detect progress

in-session. Moreover, our method can detect regions along the wavelength of Raman spec-

tra, and help inform physicians of chemical components that are not filtered out by the

hemodialysis process.

1.1.2 Degradation analysis of rechargeable batteries through Volt-

age discharge curves

Chapter 4 of this dissertation explores the application of functional data data analysis to

reliability data analysis, specifically degradation studies. This is motivated by a life testing

study from the NASA Ames Prognostics Data Repository [54]. In this study, NASA scien-

tists continuously charge and discharge rechargeable Lithium-ion batteries under different

experimental conditions, namely temperature, level of discharge current, and level of stop-

ping voltage. Throughout charge and discharge cycles, detailed data are recorded for each

battery through sensors and impedance tests. We are interested in voltage discharge curves

(VDC) collected throughout the discharge cycles. Figure 1.2 plots the voltage discharge
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curves of the first battery in the dataset.
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Figure 1.2: Discharge voltage curves throughout discharge cycles of battery B0005

It is not surprising that repeated charge and discharge hasten battery degradation. In

Figure 1.2, this degradation can be visualized through the gradient of colors representing

the discharge curves over the cycles. While most literature has concentrated on studying

battery degradation through the use of a scalar measurement. With the availability of VDCs,

we are motivated to take full advantage of the whole discharge curves to learn more about

battery performance. It can be seen from Figure 1.2 that each VDC has a shape of a smooth

curve, calling for an approach of functional data.

In Chapter 4, we propose a method to study the degradation of rechargeable batteries

through VDCs collected longitudinally across discharge cycles. With the incorporation of ex-

perimental variables, our method provides insights into battery performance and degradation
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under a give condition. More importantly, it provides prediction for battery performance

in future discharge cycles in fully functional form, allowing scientists to apply their own

degradation measurement and soft failure threshold in monitoring battery health.

1.2 Functional Data Analysis

1.2.1 Functional data

Advancement in technology has enabled data to be collected in higher volume and at finer

interval. Due to the continuation of this process, statistical methods that normally operate

under the assumption of independence between data points are no longer appropriate for

analyzing this type of data. Functional data analysis is developed to deal with this aptly

called “functional data”, data that are assumed to be generated from an underlying smooth

function because of their high dimension nature. In practice, a functional data observation

is composed of discrete data values collected over a fine grid. These data points may be

contaminated by some amount of noise, but the underlying signal is a smooth curve, and in

the case of two or three-dimensional grids, surface or shape.

Since the 1990s, Functional data analysis (FDA), as a field of statistics, has seen a steady

increase in interest due to its wide applications. Early applications of FDA include weather

and climatology (studying the relationship between daily temperatures and annual precipi-

tation [51]), physiology (longitudinal study of children growth curves [50]), and ergonomics

(analysis of body movement [62]). Recently, spectral data are recognised as functional data

due to high-dimensional nature. The fact that these data, usually collected over a fine grid

of wavelengths and values, reflect some physical and chemical phenomenon makes FDA an

ideal method to apply. Several applications of FDA on spectral data have been published
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in the field of chemometrics [22], food and nutrition science [58], and medical [60].

The monograph by Ramsay and Silverman [51] includes an overview of functional data anal-

ysis together with methods for exploratory and descriptive analysis of functional data. Sta-

tistical methods and models that have been established in univariate or multivariate analysis

are extended to functional data like functional classification, functional principal component

analysis. There is also a class of methods used for models involved both functional and mul-

tivariate data. For example, functional multiple regression or ANOVA (functional response

and scalar covariates), scalar-on-function regression or functional linear regression (scalar

response and functional covariates), function on function regression. General overview of es-

tablished methods mentioned above as well as recent developments in the field of functional

data analysis can be reviewed in [69], [35] and [1].

The following subsections present some background on FDA techniques that are used preva-

lently throughout this dissertation. Section 1.2.2 covers representing functional observation

with basis functions, one of the first steps in the exploration of a functional dataset. Section

1.2.3 covers the essential FDA topic of functional principal component analysis. Sections

1.2.4 and 1.2.5 introduce two popular models within the family of functional linear regression

dealing with functional response and scalar response respectively.

1.2.2 Smoothing using basis functions

In reality, functional data almost always come with none or very limited knowledge of the

real form of the underlying function f(t). In most cases, a functional datum consists of a set

of discrete measures, yj where j is the index of the sampling points within the data. yj is

the realization of f at a point tj, contaminated by noises: yj = f(tj)+ ϵj. It is not necessary

to recover the true form of f , but it is important to identify a representation of f using the
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data on hand so that further analysis can be done. Smoothing is the process of using the

observations yj, j = 1, 2, . . . , T to find a good representation of f so that the evaluation of f̂

at any value t∗ can be done and the result is a reasonable estimate of f(t∗).

There is a vast literature on identifying f̂(t) based on the prior assumption on the true form

of f(t). For example, if f(t) is assumed to be a linear function, then one can treat the pairs

(yj, tj) as observations in an ordinary linear regression model and apply the least squares

method to obtain the estimate f̂(t) = β0 + β1t. For nonlinear forms of functions, common

methods include kernel smoothing, splines, and Gaussian processes. In this dissertation, we

concern with representing f through a basis expansion with a roughness penalty.

To perform smoothing with basis functions, we use a set of known functions, {ϕk(t), k =

1, 2, . . .}. This set of known functions constitute a basis system in which all member functions

are linearly independent of each other. Other desirable features of basis function are that

they should be fast and easy to compute. If desired, basis functions should be sufficiently

smooth to accommodate derivatives of various orders. To represent a function f , we form a

linear combination of L basis functions from the chosen basis system.

f(t) =
L∑
l=1

clϕl(t) (1.1)

There are many basis systems that have been discovered and utilized for different situations.

B-spline basis systems are one of the most popular due to its advantage in efficient computa-

tion and compact support property. A set of B-spline basis functions are uniquely identified

through a number of, say, M locations (called knots) on the domain and a common order,

d+1, for the basis functions. The number of basis functions, L, is then equal to M + d− 1.

The actual form of B-spline basis functions are quite complicated. Due to its popularity,

B-spline functions are built in many statistical packages like R [48], and JMP [47]. The
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B-spline function can be evaluated once the order and the number of knots (or specific knot

placements) are given. Equation (1.2) displays a recursive format of the ith B-spline function

in a B-spline system of order d+ 1 and M knots.

ϕdi (t) =
t− ti

ti+d+1 − ti
ϕd−1
i (t) +

ti+d+2 − t

ti+d+2 − ti+1

ϕd−1
i+1 (t), i = 1, 2, . . . , L (1.2)

with

ϕ−1
i (t) =


1 ti ≤ t < ti=1

0 otherwise

B-spline functions are not orthogonal of each other. However, B-spline functions are con-

structed such that the derivatives of the representer at each knot are continuous up to order

(d + 1). Besides smoothness, another appealing feature of B-splines is that each B-spline

basis function is nonzero over at most d+1 consecutive intervals or over the intervals formed

by d+3 adjacent knots. This property is highly advantageous when it comes to representing

a function with local sparseness using B-splines.

The representation (1.1) now connects the real data observation yj, j = 1, . . . , T and the

basis functions through a linear model yj =
∑L

l=1 clxjl + ϵi where xjl = ϕl(tj). This can

be rewritten in matrix form to be y = Xc + ϵ. To estimate c, we can apply least squares

to minimize the mean squared errors MSE = ||y −Xc||22, leading to the familiar estimate

ĉ = (X⊤X)−1X⊤y.

A commonly used B-spline family is the cubic splines with d = 3. The choice for M is a

lot more varied and could have great impact on the final estimates. Too small an M could

lead to an overly smoothed function while a large M will produce a wiggly representation
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overfitting the raw data. To reduce the dependence on the choice of number of basis functions,

a preferred approach is to attach a penalty term to the objective function to penalize the

roughness of the function estimate.

Q =MSE + γPEN(f) = ||y −Xc||22 + γPEN(Xc)

The penalty, PEN(f) quantifies the roughness of a function f and is often set to be the

integrated squared second derivative, PEN(f) =
∫
[D2f(t)]2dt. The rougher the representing

function Xc is, the higher penalty PEN(Xc) it adds to the objective function Q. Hence, the

final estimate is a compromise between a good fit to the observed data and a smooth function.

The parameter γ, called the smoothing parameter, controls the tradeoff. When γ = 0, the

roughness of the representing function is disregarded. The larger γ is, the smoother the

function estimate will be.

1.2.3 Functional principal component analysis

Functional principal componenet analysis (FPCA) is one of the most popular topics in func-

tional data analysis. The core idea behind FPCA is to represent a group of functional

observations as linear combinations of empirical orthogonal basis functions called functional

principal components (FPC). While basis function representation in the above section relies

on a set of basis function specified a priori, functional principal components are data-driven

bases that can be obtained from a group of functional data. To perform FPCA, one starts

from a number of functional observations. The goal of FPCA is to extract core function

features called functional principal components that are the modes of variations for the

functional observations.
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FPCA seeks to represent each functional datum xi(t) as a linear combination of orthogonal

FPCs ξk(t) weighted by functional scores fki such that

xi(t) = µ(t) +
∞∑
k=1

fkiξk(t) (1.3)

where µ(t) is the overall mean function. This is guaranteed by the Karhunen-Loève expan-

sion. Note that that for each component i and j, ξi(t) and ξj(t) are orthogonal, that is∫
ξi(t)ξj(t)dt = 1 when i = j and 0, otherwise.

In reality, we observe discrete measures, yij from a n functional data, xi(tij), where i =

1, . . . , n and j = 1, . . . , Ti. That is

yij = xi(tij) + ϵij (1.4)

The sample mean function for these functional data can be obtained as x̄(t) = 1
n

∑n
i=1 xi(t)

and sample covariance function σ̂(s, t) = cov(x(s), x(t)) = 1
n

∑n
i=1 (xi(s)− x̄(s)) (xi(t)− x̄(t)).

We carry out the FPC decomposition using the sample covariance function σ̂(s, t) follow-

ing the sequential steps. First, we identify ξ̂1(t) such that ξ̂1(t) maximizes 1
n

∑n
i=1 f̂

2
1i =

1
n
Σn
i=1

(∫
ξ̂1(t)[xi(t)− x̄(t)]

)2
dt subject to

∫
ξ̂21(t)dt = 1. Then, we find ξ̂2(t) to be the max-

imizer of 1
n

∑n
i=1 f̂

2
i2 subject to

∫
ξ̂22(t)dt = 1 and the additional constraint for orthogonality∫

ξ̂2(t)ξ̂1(t)dt = 0. ξ̂3(t), ξ̂4(t), . . . are obtained similarly in sequential order. Note that,

throughout the algorithm, principal component scores are defined as f̂ki =
∫
ξ̂k(t)[xi(t) −

x̄(t)]dt. In practice, we usually obtain up to p number of components that explain a specific

percentage of total variation in the data, defined as
∑p

k=1
ek∑∞

k=1 ek
where ek = 1

n

∑n
i=1 f

2
ki.

The final reconstruction of xi(t) is
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xi(t) ≈ x̄(t) +

p∑
k=1

f̂kiξ̂k(t)

This FPC decomposition could be used in many stages within the analysis of functional data.

In data plotting and exploration, the shapes of principal functions help visualize the biggest

mode of variations compared to the mean trend. After FPCs and their corresponding scores

pairs are obtained, the FPC scores could be used as response variables in predictive models

with the goal to forecast functional response. The literature on FPCA is ever expanding.

The fundamentals are covered in [51] as explained above. Since then, new FPCA techniques

are introduced to adapt to challenges from new and complex types of functional data. For

example, FPCA for sparse data in [72], spatially correlated data in [26], and longitudinal

functional data in [42].

1.2.4 Functional analysis of variance

The problem of comparing between the means among groups of functional data has been a

popular subject in the past decades. One of the earliest work is [14] where testing of difference

among means of groups of functional data could be viewed as a regression problem with a

functional response and a categorical predictor. The approach is to rewrite the model in

a matrix form with the functional response treated as a multivariate vector and the design

matrix comprised of indicator variables representing the group labels. The author then

took a multivariate analysis approach in estimating the regression coefficients. The test

statistic for testing the significance of a full model (using indicator variables for the groups

are meaningful) versus a reduced model (intercept only model is better) was estimated at

first through a bootstrap method, and later was given a more theoretical treatment in [62].

Taking a more functional approach, Ramsay and Silverman [51] compared the means of k
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groups of functional data through the model:

yij(t) = µ(t) + αi(t) + ϵij(t), i = 1, 2, . . . , k; j = 1, 2, . . . , ni (1.5)

Here, µ(t) is the grand mean function and αi(t) is the effect function of group i. Each

group has its own size, ni, the number of curves belonging to group i. The total number of

curves in the data is denoted by N = Σk
i=1ni. The zero sum constraint is imposed so that

Σk
i=1αi (t) = 0, ∀t. The model above can be transformed into a functional regression model

with the same design matrix Z as that in the classic one-way ANOVA model. The regression

coefficient vector β consists of functions. The matrix notation of this regression model is

y(t) = Zβ(t) + ϵ(t). (1.6)

The least squares method is used to estimate β, resulting in the estimate of the coefficient

function, β̂ (t) =
(
ZTZ

)−1
ZTy(t). It is not hard to recognize that the value of β̂(t) at a

specific point t is the classic least square estimate of the coefficient if treating the data at

each t value as a separate one-way ANOVA problem. On the other hand, the estimation

of the coefficient function β(t) can also use a penalization approach with β(t) represented

by a system of basis functions. The task is now to estimate the coefficients of these basis

functions as the optimizer of an objective function formed by combining the MSE and a

roughness measurement with a smoothing parameter.

Inference from this model can also be done through the functional version of the familiar

tools for evaluating goodness of fit in a one-way ANOVA model. Specifically, the F-ratio

function,

F -ratio(t) = MSR(t)

MSE(t)
(1.7)
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This is the functional version of the F-statistic, computed as the ratio between the mean

squared regression error, MSR (t) = SSY (t)−SSE(t)
df(regression)

and the measure squared error MSE (t) =

SSE(t)
df(error)

. The test of significant difference between the group means of functional data can

be done point-wise by comparing the value of the F-ratio at a fixed t to a significant value.

To avoid the naive pointwise multiple tests, researchers have introduced a variety of treat-

ments toward the F-ratio function in (1.7). Cuevas et al. [9] compressed this function into

one statistic by calculating the L2 norm ratio of the numerator and denominator. An asymp-

totic parametric bootstrap method was implemented to determine the significant level of this

test statistic. Zhang et al. [78] considered the test statistic supt∈T F-ratio(t) in a procedure

named as the “Fmax” test. The null distribution of this test statistic was provided and could

be estimated by bootstrap methods. Zhang and Liang [76] proposed a globalizing pointwise

F test by integrating F -ratio(t) over the region of interest. They proved that the asymptotic

null distribution for this test statistic is a mixture of chi-square distributions with the weights

determined by the eigenvalues of the correlation matrix shared by data from all groups.

The functional ANOVA problem has also received treatments from the framework of mul-

tivariate analysis, Bayesian analysis, and functional time series. Fan and Lin [12] proposed

to test the difference between mean curves from groups of functional data by first reducing

dimensionalities of curves either by orthogonal transforms or functional principal component

analysis and then applying the high-dimensional ANOVA techniques. Instead of dimension

reduction, Antoniadis et al. [2] applied wavelet representations to the ANOVA model and

produced an optimal testing method. The work also provided suggestions for ad-hoc con-

trast tests. Kaufman and Sainy [21] proposed a Bayesian approach to the functional ANOVA

problem via imposing a Gaussian process prior on the “batch” function, the analog of the

function for group effect. Nguyen and Gelfand [38] offered a Bayesian treatment of the func-

tional ANOVA problem in a non-parametric setting. Functional time series refer to data
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where functional observations are correlated over time. Horváth et al. [19] proposed a test

of equality for the means of two groups of functional time series. This approach was then

extended to the ANOVA setting with more than two groups in Horváth and Rice [18].

A natural question following the testing of difference between group means in the context

of functional data is where on the domain the mean functions differ from each other. This

question cannot be answered by papers that compressing the F -ratio(t) into a single index

by integration or taking supremum. The question has been barely addressed in the context

of functional ANOVA. One exception is Pini and Vantini [45], who proposed a procedure

for testing the equality of two group means that can also give significant levels at different

intervals on the domain. Their method involves three stages: (i) B-spline basis expansion on

the data, (ii) testing mean difference from varying-size sets of consecutive basis coefficients

from both groups, (iii) multiple comparison correction. This method was then extended to

the functional ANOVA setting in Pini et al. [46].

1.2.5 Functional linear model with scalar response

Functional linear model with scalar response is another large group of functional linear re-

gression models. Another name for this type of model is scalar-on-function regression model.

This type of regression occurs when the response is a scalar variable and one of the covariates

is functional. This model has seen its use in many applications from using the functional

temperature profile to predict annual precipitation in [51] to assessing the predictability of

feotal heart rates collected longitudinally when treated as a functional covariate toward the

continuous response, infant’s psychomotor development, in [52]. Ramsay and Silverman [51]
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specify this model with the form

yi = α +

∫
xi(t)β(s)ds+ ϵi , i = 1, 2, . . . , n (1.8)

where β(s) is the functional covariate presenting the effect of xi(t) on yi at point t and ϵi is

the noise component with mean 0 and variance σ2. Parameters can be estimated through

an objective function with penalized least squares form.

Qλ(β) =
n∑
i=1

(
yi − α−

∫
β(t)xi(t)dt

)2

+ λ

∫
[Lβ(t)]2dt (1.9)

The first term in (1.9) is the standard least square terms and the second term regularizes the

smoothness of β(t) through smoothness measurement Lβ(t). In computation, β(t) needs to

be represeneted by a system of basis functions, β(t) =
∑J

j=1 cjϕj(t). Then, by substibution,

object fucntion (1.9) can be re-written in vector-matrix form. The estimated values of α

and basis coeffients c = (c1, . . . , cJ)
⊤ can be obtained in closed-form. Tuning parameter

α can be determined through the use of selection criterion such as GCV, BIC, or through

cross-validation.

1.3 Reliability Data Analysis

1.3.1 Reliability and failure time analysis

Reliability data analysis is a popular research area in statistics. Its main goal is to study of

the reliability of a system. Reliability analysis has its roots of application in physical science

fields as opposed to its counterpart, survival analysis, which is more popular in medical and

healthcare. One of the first immediate objectives is the analysis and prediction of time to
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failure T of a product or a system. In a reliability dataset, the main response variable is

failure time with observed values ti with i = 1, . . . , n, for n units. When the unit does not

fail during the data collection period, ti is called a censored time and unit i is a censored

unit.

These types of observations create some challenges. First, time variable needs to be in

a positive domain, T > 0. Second, the existence of consored observations enforces some

complexity in the model construction and estimation. Third, reliability analysis also accounts

for situation where time observation for unit i can only be made on a certain domain, [τLi , τRi ]

instead of [0,∞]. This is the situation where data is truncated. Another challenge addressed

by reliability analysis is models that accomodate accelerating tests so that system is fast-

forwarded to failure time while inference is made in the context of regular use. These

challenges require more robust methodology that establish reliability data analysis as its

own statistical research field.

To deal with positive observations, methodologies in modeling reliability data rely on prob-

ability distributions of positive random variables as opposed to normal random variable.

Maximum likelihood estimators (MLE) are usually utilized with the likelihood constructed

from the probability distribution functions of positive random variables such as the lognor-

mal, Weibull, log-logistics, and Fréchet distributions. Let f(t;θ) and F (t;θ) respectively

denote the probability density function (PDF) and cumulative distribution function (CDF)

of the chosen probabiliy distribution where θ collects the corresponding parameters of the

distribution. The PDFs and CDFs of some of the mentioned probability distributions can

be found in [6].

We now construct the likelihood function for parameters θ given the observed data. The

contribution of a failure time ti to the likelihood is f(ti;θ). To deal with censoring, we

utilize indicator variable, δi where δi = 1 indicates ti is failure time and δi = 0 indicate ti
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is of a censoring type, for example, most popular is right censoring where the unit does not

fail when data recording stops. Hence, the contribution of a right-censored observation ti

is 1 − F(ti;θ) since the failure time for unit i is in the interval (ti,+∞). When truncation

exists, the observation domain is no longer [0,+∞), the contribution of the observation to

the likelihood needs to be adjusted with a division by the cumulative density over the real

observed domain,
∫ τR
τLi

f(t;θ) = F (τRi ;θ) − F (τLi ;θ). Hence, the likelihood function taking

into account of all observations and their censoring and truncating information has the form

of (1.10) for applications with right censoring.

L(θ) =
n∏
i=1

f(ti)
δ
i (1− F (ti))

(1−δi)

F (τRi )− F (τi)L
(1.10)

Estimation for parameters θ can be obtained by maximizing (1.10) or its logarithm form.

To account for accelerated testing or situation with covariates xi, parameters θ can be

represented by a function of the covariate xi and alternative parameters to provide interpre-

tation and insights. For example, for log-location-scale distributions like lognormal, Weibull,

log-logistic, and Fréchet, the location parameter µ can be rewritten as µ = x⊤
i β. By substi-

tution to (1.10), the new parameters become θ = (β⊤, σ)⊤ with σ denotes scale parameter.

Maximum likelihood estimator for θ can be obtained similarly.

1.3.2 Degradation analysis

Degradation analysis is another important topic in reliability data analysis. While fail-

ure time analysis constructs model on data observed after a system or product has failed,

degradation models focus on data collected while product or system is in use. Degradation

analysis is becoming more popular for many reasons. First is the advancement in mea-

surement technology that allows data about the system or product to be collected during
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operation. Second, as systems become more reliable thanks to continuous improvement and

advancement, it is more reasonable to monitor a system’s health through its continuing

degradation. Study in degradation is also motivated by a practical stand point. Certainly,

for some system, it is more sustainable and cost-effective to perform maintenance to slow

down the degradation than to replace the entire system due to a failure.

Degradation analysis relies on the collection of data throughout the lifetime of a product. The

data collected inform a product’s performance or its state of health. Example includes the

crack size in materials, the tread depth in tires, and the usage time for batteries. These data

have a longitudinal nature with repeated measurements over time. For a system or product

where degradation can be tracked, its usability is defined as the period where degradation

measure is within a certain threshold. Such a threshold is called the “soft failure”. A system

is deemed unusable when its degradation measure hits the soft failure. Hence, in degradation

analysis, the main goal is to predict the time to the event when the degradation measure

meets the pre-specified soft failure. It is also important to obtain the distribution of the

time to soft failure for uncertainty quantification.

Typically the prediction of time to soft failure can be obtained through the construction

of a degradation path model based on collected data. D(t) is a function of degradation

measure over time. Df can be used to represent the degradation measure at which soft

failure occurs. Let yij denote the degradation measurement for unit i at time tij, i = 1, . . . , n

and j = 1, . . . , ni. In reality, degradation measure collected for unit i is a realization of the

individual degradation path Di(t) with some measurement error, yij = Di(tij) + ϵij. Given

all the degradation measure and additional covariates xi, degradation measures yij can be

formally modelled as,

yij = Di(tij;xi, α, γi) + ϵij (1.11)

Vector α contains all the common fixed parameters across all the units while γi = (γ1i, . . . , γim)
⊤
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collects m random parameters representing the unit-to-unit variation. In model (1.11), we

typically assume γi to follow a multivariate normal distribution with mean 0 and covari-

ance Σ. The measurement errors, ϵij are assumed to be identically independent variables

following a normal distribution with mean 0 and variance σ2
ϵ .

The goal now is to estimate the parameters θ = {α, σ2
ϵ , Σ}. Once a functional form of

D(t) is specified, we can see that zij = yij−D(tij ;α,γi)

σϵ
follows a standard normal distribution.

Hence, the likelihood function can be constructed as follows,

L(θ; Data) =
n∏
i=1

∫ ∞

−∞
· · ·
∫ ∞

−∞

[
ni∏
j=1

1

σϵ
ϕN (zij)

]
× ϕMVN(γi;Σ)dγi1 . . . dγim (1.12)

The maximum likelihood estimates for θ can be obtained by maximizing (1.12). Notice

that the model (1.11) is a nonlinear mixed effects model, which can be estimated through

standard methods other than the maximum likelihood. Once the estimated parameters are

obtained, we can obtain the CDF for time to soft failure by finding P [D(t; θ̂) ≥ Df ] and

utilizing the inverse function T = D−1(t). When this probabiliy is not in a closed form,

a numerical CDF can be obtained through simulations. A review of current methods in

degradation analysis can be found in [34].

1.4 Contribution of this Dissertation

In my dissertation work, I expand methodologies in Functional Data Analysis under three

main projects. The first two projects focus on the setting of a functional ANOVA model.

The third project explores the modeling of longitudinally collected functional data in a

degradation analysis application for the purpose of rechargeable battery health monitoring.

Functional ANOVA is one of the topics that has garnered a lot of research ever since func-
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tional data analysis was established as a statistics field. This speaks to the wide application

of comparing groups of functional data. However, much attention has been paid to the test-

ing of difference among groups. In an application like Raman spectroscopy, it is important

to not only determine whether there is any difference among groups of functional data but

also to identify where on the domain such difference exists and estimate the magnitude of the

difference. In the first part of this dissertation, we extend the test of equality between two

groups of functional data to a functional contrast test, providing a follow-up analysis tool

after the significance of a functional ANOVA test. Another contribution is the expansion of

the two-sample test for functional time series developed by [19] into the functional contrast

test situation in functional ANOVA model so that the serial correlation among functional ob-

servations within each group is accounted for. Next, by incorporating the functional version

of smoothly clipped absolute deviation penalty proposed in [24] into the penalized smoothing

process of the functional contrast, we produce a sparse representation of the contrast, which

both identifies the domain regions where contrast is zero but also gives an estimate of the

contrast in the nonzero region.

In the third project, we investigate an application of functional data analysis methodology to

reliability and degradation study. Motivated by a battery life testing dataset, we make the

case for the use of FDA to take full advantage of functional observations which are the voltage

discharge curves (VDC) in our case. Rather than applying an off-the-shelf functional model,

we propose a procedure that model and predict functional responses defined on different

domains. This can be done through a two-step procedure that begins with scaling each

VDC onto the unit domain and save the original domain end time. The domain end time for

each cycle is interpreted as the end of discharge time of that cycle in our application. The first

step involves modeling the scaled VDCs through FPCA and modeling of the corresponding

principal component scores. Second step is the modeling of the domain end time or EOD
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time. The two steps together form a functional degradation model (FDM). The proposed

FDM incorporates the longitudinal feature of the data via mixed effects models and produces

fully functional predictions. Through numerical simulation experiments, we demonstrate

that the functional approach has more advantage over an aggregating method in predicting

degradation measures. Therefore, it is better equipped for accurate product and system

health monitoring, which is the ultimate goal of degradation analysis.



Chapter 2

Contrast Tests for Groups of

Functional Data

2.1 Introduction

Testing for difference between groups of functional data has received a lot of attention since

the start of functional data analysis as a field of statistics. Suppose k independent groups

of functional data are observed: {Xij(t) : j = 1, 2, . . . , ni}, where ni is the number of

observations for the ith group and Xij(t) is an integrable function on a compact interval T .

The seminal monograph by Ramsay and Silverman [51] considers the idea of the following

functional ANOVA model:

Xij(t) = µi(t) + ϵij(t) = µ(t) + αi(t) + ϵij(t), i = 1, 2, . . . , k; j = 1, 2, . . . , ni, (2.1)

where µi(t) is the group mean function and ϵij(t) are independent random errors with mean

zero and covariance functions γi(s, t) = Cov(ϵi.(t), ϵi.(s)). Similar to the traditional ANOVA

model, the group mean function µi(t) can also be decomposed into the sum of the grand

mean function µ(t) and the effect function αi(t) of group i. Let ni be the group size of the

ith group, or the number of functional data observations belonging to this group. The total

number of functional data observations is denoted by n = Σk
i=1ni. The zero sum constraint is

22
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often imposed so that Σk
i=1αi (t) = 0, ∀t. Inference from this model can be done through the

functional version of familiar tools for a traditional one-way ANOVA model. One important

example is the F-ratio function,

F -ratio(t) = MSR(t)

MSE(t)
, (2.2)

which carries the classic notion of signal to noise, with MSR (t) measuring the strength

of the signal and the mean squared error MSE (t) representing the noise. In Ramsay and

Silverman [51], the F test is performed point-wise through evaluating the F-ratio at a fixed t

and comparing it to the critical value from the corresponding F-distribution. This approach is

obviously naïve since it ignores the possible dependence among data points and the multiple

testings issue. Therefore, several approaches improving from the F-ratio function have been

proposed respectively by Cuevas et al. [9], Zhang et al. [78] and Zhang and Liang [76] to

determine the existence of difference among groups of functional data.

When the test is rejected and significant difference among the functional data groups is

declared, it is often of practical interest to perform follow-up analysis to determine the

pairwise difference among groups of functional data. In some cases, the separations into

groups for functional data also carry practical meaning, for example, new treatments versus

the standard or placebo treatments. Practitioners may also want to compare the means of

functional data from some groups versus those from other groups. This situation calls for a

contrast test under the functional ANOVA model. Section 13.3.3 in Ramsay and Silverman

[51] introduces a point-wise approach to the contrast test where the test is performed through

a permutation procedure. The book by Zhang [75] also includes details on post-hoc contrast

testing corresponding to the globalizing point-wise F test [76] and L2-norm test [78]. A

common drawback in these existing contrast tests is that they all require the independence

assumption for the observations within a group.
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In this paper, we propose a new contrast test that extends the two sample test on functional

time series proposed in Horváth et al. [19]. In particular, a χ2-distributed test statistic is

derived based on a weak convergence result on the error process contrast and the Karhunen-

Loève expansion of the covariance process. Similar to the two-sample test in Horváth et al.

[19], our contrast test allows dependence between functional observations in the same group.

In addition to evaluating the performance of the new contrast test, we also conduct an ex-

tensive simulation study to compare the empirical performance of all these different contrast

tests under the functional ANOVA model, aiming to provide a practical guide on the choice

among these tests under different scenarios. We consider functional data generated from

two types of mean functions: common smooth functions and rougher functions resembling

spectra. For each type of functions, we consider two types of within-group dependence,

Brownian bridge and functional AR(1), and three settings of sample sizes. In addition, both

the scenario where all groups have a common covariance and the scenario where groups have

difference covariances are studied. All the test procedures are compared in terms of their

size control and power.

The rest of the paper is organized as followed. We first give details on the existing contrast

tests and the proposed test. Description and results of the simulation studies for comparing

these tests are presented next. Then we give details on application of these tests on two real

dataset and end with some conclusions.

2.2 Functional Contrast Tests

Under model (2.1), a functional linear contrast is a linear combination of the mean functions:

ℓ(t) ≡
∑k

i=1 aiµi(t), where the coefficient vector a = (a1, a2, . . . , ak)
⊤ satisfies the zero sum

constraint
∑k

i=1 ai = 0. Similar to the linear contrasts in the traditional ANOVA model,
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functional linear contrasts are used to identify which group means are different from each

other once the ANOVA test results in a rejection. The test of interest for the functional

linear contrast ℓ(t) is

H0 : ℓ(t) = 0 v.s. H1 : ℓ(t) ̸= 0, (2.3)

where the equality is in the L2 sense such that ℓ(t) = 0 means
∫
T ℓ

2(t)dt = 0.

When q contrasts are tested simultaneously, their coefficient vectors am,m = 1, . . . , q, can

be stacked up to form a q× k coefficient matrix C, which is generally assumed to have a full

rank. Then the hypotheses become

H0 : Cµ(t) = c(t) v.s. H1 : Cµ(t) ̸= c(t), (2.4)

Let X̄i·(t) =
1
ni

∑ni

j=1Xij(t) be the sample mean function for the ith group.

2.2.1 Existing tests

Each of the following tests, collected in [75], except for the point-wise tests, has two versions:

one built under the assumption of a common covariance function for all the groups, that is,

γi(s, t) = γ(s, t), i = 1, 2, . . . , k, and the other without this assumption. In the following

we describe for each test its common covariance function version first and then the version

without the common covariance assumption.

Point-wise tests

The test statistic is

Fn(t) =
SSH(t)/q

SSE(t)/(n− k)
(2.5)
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where SSEn(t) =
∑k

i=1

∑ni

j=1 (Xij(t)− µ̂i(t))
2 and SSHn(t) = [Cµ̂(t)− c(t)]⊤ (CDC⊤)−1/2

[Cµ̂(t)− c(t)]. Here, D = diag(1/n1, . . . , 1/nk), and µ̂(t) = (µ̂1(t), . . . , µ̂k(t))
⊤ are the

estimators of the group mean functions. An example of µ̂i(t) is the unbiased estimator by

the sample group mean X̄i.(t).

The test is carried out point-wise through the null distribution Fn(t) ∼ Fq,n−k for a fixed

t. Similar to the point-wise functional ANOVA test, this approach does not give a global

conclusion for (2.4). A permutation-based version of the test is described in Section 13.3.3

of Ramsay and Silverman [51]. However, our numerical experiments with it, not shown here,

suggest that it is a very time consuming approach and often results in low test sizes.

L2-norm based test

The L2-norm based test statistic, inspired by the ANOVA test statistics in [14] and [77], is

Tn =

∫
T
SSHn(t)dt (2.6)

Let β = tr(γ⊗2)
tr(γ)

and κ = tr2(γ)
tr(γ⊗2)

, where tr(·) is the trace function defined as tr(f) =
∫
T f(t, t)dt

and ⊗ is the Kronecker product of bivariate functions, (f1 ⊗ f2)(s, t) =
∫
T f1(s, u)f2(u, t)du.

Under the null hypothesis in (2.4), the test statistic Tn can be approximated by β̂χ2
qκ̂. Two

versions of estimators for β and κ are given. Both use the estimator of γ(s, t),

γ̂(s, t) =
1

n− k

k∑
i=1

ni∑
j=1

[Xij(s)− X̄i(s)][Xij(t)− X̄i(t)]

In the first version, regarded as the naive version, β̂ = tr(γ̂⊗2)
tr(γ̂)

, d̂ = (l − 1)κ̂, and κ̂ = tr2(γ̂)
tr(γ̂⊗2)

.

A second version of estimates for β and κ, under the Gaussian assumption for the functional
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observations, are β̂ =
̂tr(γ⊗2)

t̂r(γ)
and κ̂ = t̂r(γ)

2

̂tr(γ⊗2)
where

̂tr(γ⊗2) =
(n− k)2

(n− k − 1)(n− k + 2)

(
tr(γ̂⊗2)− tr2(γ̂)

n− k

)
(2.7)

and

t̂r2(γ) =
(n− k)(n− k + 1)

(n− k − 1)(n− k + 2)

(
tr2(γ̂)− 2tr(γ̂⊗2)

n− k + 1

)
(2.8)

When used in in test of equality among group means in functional ANOVA model, these

estimates are shown to have reduced biases when compared with their naive version [15, 75].

When assumption of a common variance function among groups of functional data cannot be

guaranteed, we need to estimate the covariance function γi(s, t) of each group i separately.

The null distribution of the test statistic (2.6) becomes Tn ∼ β̂1χ
2
d̂1

where β̂1 = B̂1/Â1 and

d̂1 =
Â2

1

B̂1
. In the naive estimate, Â1 =

∑k
i=1 an,iitr(γ̂i), and B̂1 =

∑k
i=1

∑k
j=1 a

2
n,ijtr(γ̂i ⊗ γ̂j)

with an,ij being the (i, j) element in the k × k matrix An =D1/2
n C⊤(CDnC

⊤)−1CD1/2
n .

For the bias-reduced version under the Gaussian assumption, one can use

Â2
1 =

k∑
i=1

a2n,iitr
2(γ̂i) +

∑
i ̸=j

an,iian,jjtr(γ̂i)tr(γ̂j) (2.9)

and

B̂1 =
k∑
i=1

a2n,ii
̂tr(γ⊗2

i ) +
∑
i ̸=j

a2n,ijtr(γ̂i ⊗ γ̂j) (2.10)

where the unbiased estimators for tr2(γi) and tr(γ⊗2
i ) can be obtained using (2.7) and (2.8)

respectively with n replaced by the corresponding ni and k set to 1.
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F -type test

This test transforms (2.5) in a way similar to how [62] and [74] transform (2.2), and results

in the test statistic

Fn =

∫
T SSHn(t)dt/q∫

T SSEn(t)dt/(n− k)
(2.11)

Under the null hypothesis in (2.4), one has Fn ∼ Fqκ̂,(n−k)κ̂ approximately. Here κ̂ can be

computed from the naive method or the biased-reduced method described above.

The F-type test statistic with different group-wise covariance functions is Fn = Tn
Sn

, where

Sn =
∑k

i=1 an,iitr(γ̂i). Its asymptotic null distribution is Fd̂1,d̂2 with d̂2 =
Â2

1

B̂2
and d̂1 defined

as in the asymptotic distribution of the L2-norm based test statistic Tn. The naive and bias-

reduced version of Â2
1 could be obtained as above. The naive and biased-reduced versions of

B̂2 are respectively
∑k

i=1

a2n,ii

ni−1
tr(γ̂⊗2

i ) and
∑k

i=1

a2n,ii

ni−1
̂tr(γ⊗2

i ).

Bootstrap tests

When the sample sizes for groups are small or when the data deviate much from Gaussian

distributions, Zhang [75] recommends a bootstrap approach instead of using the asymptotic

distributions. In this approach, bootstrap samples are randomly drawn from the data and

either the L2-norm based test statistic (2.6) or the F -based test statistic (2.11) can be com-

puted accordingly for each bootstrap sample. The statistic obtained from real observations

is then compared with these statistic values from bootstrap samples to obtain an empirical

p-value for the hypothesis test.
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2.2.2 A new functional linear contrast test

Model, test Statistic, and its distribution

For simplicity, we only illustrate the case of testing one functional linear contrast ℓ(t) with

the notion that the scenario of multiple contrasts can be easily generalized. An unbiased

estimator of the functional contrast ℓ(t) is ℓ̂(t) =
∑k

i=1 aiX̄i·(t). Notice that

k∑
i=1

aiX̄i·(t) =
k∑
i=1

aiµi(t) +
k∑
i=1

ni∑
j=1

ai
ni
ϵij(t) (2.12)

Its L2-norm is
∫ (∑k

i=1 aiX̄i·(t)
)2
dt =

∫ (∑k
i=1 aiµi(t) +

∑k
i=1

∑ni

j=1
ai
ni
ϵij(t)

)2
dt, which re-

duces to
∫ (∑k

i=1

∑ni

j=1
ai
ni
ϵij(t)

)2
dt when H0 is true. According to Theorem 1 in Horváth

et al. [19], we have 1√
ni

∑ni

j=1 ϵij(t)
d→ Zi, where Zi is the Gaussian process in L2 with mean

0 and covariance function ci(t, s).

Consequently, the between-group independence of the processes gives

k∑
i=1

ni∑
j=1

ai
ni
ϵij(t)

d→ GP

(
0,

k∑
i=1

a2i
ni
ci(t, s)

)
(2.13)

Taking the L2-norms of the processes on both sides of (2.13) yields the weak convergence

∫ ( k∑
i=1

ni∑
j=1

ai
ni
ϵij(t)

)2

dt
d→
∫

Γ2(t)dt (2.14)

where Γ(t) = GP
(
0,
∑k

i=1
a2i
ni
ci(t, s)

)
.

We now derive our test statistics based on this convergence result.

Let d(s, t) =
∑k

i=1
a2i
ni
ci(t, s) be the covariance function of the Gaussian process in (2.13).
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Note that d(s, t) defines a covariance operator D on the space L2(T ) such that D(f) =∫
f(s)d(t, s)ds for f ∈ L2(T ).

Then by the Karhunen-Loève expansion,
∫
Γ2(t)dt =

∑∞
l=1 λlN

2
l , where λ1 ≥ λ2 ≥ . . .

are non-negative eigenvalues of D and {Nl, 1 ≤ l ≤ ∞} are independent standard nor-

mal random variables. Let φl be the eigenfunction corresponding to λl. Then D(φl) =∫
φl(s)d(t, s)ds = λlφl(t). The estimator for d(s, t) is d̂(s, t) =

∑k
i=1

a2i
ni
ĉi(t, s) where ĉi(t, s) =

γ̂i0(t, s)+
∑ni−1

j=1 K( j
h
){γ̂ij(t, s)+γ̂ij(s, t)}. γ̂ij(t, s) is the maximum likelihood estimator of the

correlation function γij(t, s), γ̂ij(t, s) = 1
ni

∑ni

k=j+1

(
Xik(t)− X̄i.(t)

) (
Xi,k−j(s)− X̄i.(s)

)
with

0 ≤ j ≤ ni− 1. Here K(.) sets the weight of the contribution from covariance of subsequent

functional observations of the same group. Input for K(.) is an index distance normalized by

smoothing bandwidth h = h(ni) satisfying h(ni) → ∞, h(ni)/ni → 0 as ni → ∞. Additional

conditions for K(.) are continuity, boundedness, K(0) = 1 and K(u) = 0 if |u| > c, for some

c > 0.

Now let D̂ be the covariance operator induced by d̂(s, t) such that D̂(f) =
∫
f(s)d̂(t, s)ds.

Then the eigenvalues and eigenfunctions of D̂ can be used to estimate the eigenvalues and

eigenfunctions of D. That is, the estimators λ̂l and φ̂l satisfy D̂(φ̂l) =
∫
φ̂l(s)d̂(t, s)ds =

λ̂lφ̂l(t), l = 1, 2, . . . .

Therefore, we can approximate the limiting random variable
∫
Γ2(t)dt in (2.14) by

∑p
l=1 λ̂lN

2
l

with p chosen to be large enough so that
∑p

l=1 λ̂lN
2
l accounts for a large portion of

∑∞
l=1 λ̂lN

2
l .

On the other hand, recall that from (2.12) we have
∑k

i=1 aiX̄i·(t) =
∑k

i=1

∑ni

j=1
ai
ni
ϵij(t) under

H0, whose asymptotic null distribution in (2.13) is GP (0, d(t, s)). Consequently, we have

E

[{∑k
i=1 aiX̄i·(t)

}2
]
→ d(t, s) as N → ∞.

Now consider the projection of
∑k

i=1 aiX̄i·(t) onto the space spanned by the orthonormal

eigenfunctions φ1, φ2, . . . , φp. Let bl = ⟨
∑k

i=1 aiX̄i·(t), φl⟩, which can be estimated by b̂l =
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⟨
∑k

i=1 aiX̄i·(t), φ̂l⟩.

Let b = (b1, b2, . . . , bp)
⊤ and Q = diag(λ1, λ2, . . . , λp). Then b

d→ Np(0, Q). Define the test

statistic U (1) = b̂⊤b̂ =
∑p

i=1 b̂
2
i . Based on (2.14), we have U (1) d→

∑p
i=1 λiN

2
i under H0,

where Ni, 1 ≤ i ≤ p, are independent standard normal random variables. A normalized

version of test statistic is U (2) =
∑p

i=1
b̂2i
λ̂i

whose asymptotic null distribution is simply the

chi-squared distribution with p degree of freedom, or χ2(p).

2.3 Simulation

In simulation studies, we consider two types of contrast function: one of a common smooth

function form and the other of a rougher form resembling spectral data that we have in the

application. Without loss of generality, three groups are considered and the functional linear

contrast of interest has coefficients a =
(
1,−1

2
,−1

2

)⊤, that is, we test on the hypotheses

H0 : µ1(t) =
µ2 (t) + µ3(t)

2
vs. H1 : µ1(t) ̸=

µ2 (t) + µ3(t)

2
(2.15)

For all the scenarios, the new contrast test is compared with the existing ones in terms of

the size control and power for a hypothesis test. The nominal levels of all the tests are set

to be α = 0.05.

We shall use the following abbreviations for all the tests evaluated in the simulations. L2N,

L2B, and L2b represent respectively the naive, bias-reduced, and bootstrap versions of the

L2-norm based tests. FN, FB, and Fb are respectively the naive, bias-reduced, and bootstrap

versions of the F -type tests. FT2-95 is our proposed test based on functional time series

using the standardized test statistic from principal components that explain at least 95% of

variation in the data. Similarly, FT2-85 refers to the proposed test where 85% data variation
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is used to set the chosen number of principal components.

2.3.1 Simulation settings

Setting 1: True contrast is a common-form smooth function

For this setting, we consider the mean functions µ1(t) = f(t)+ g(t), µ2(t) =
1
2
f(t)+ g(t) and

µ3(t) = d3f(t)+ g(t) on the domain [0, 1], where g(t) = sin
(
8π(t+ 3

40
)
)
, f(t) is a continuous

function with three pieces, equal to 2(1 − t) sin (2π(t+ 0.2)) when 0 ≤ t ≤ 0.3, 0 when

0.3 < t < 0.7, and 2t sin (2π(t− 0.2)) when 0.7 ≤ t ≤ 1, and the varying constant d3 controls

the effect size of the contrast difference. In particular, d3 = 1.5 corresponds to H0 and can

be used to assess the size control while all the other values of d3 can be used to examine

the power of a test. In our simulation study, d3 takes values on a grid ranging from 0.1 to

1.5 with step size 0.2, where a smaller value of d3 corresponds to a larger deviation of the

true contrast from 0. For ease of interpretation, we also calculated a Test Effect calculated

as 1 − 0.5(0.5 + d3). With the selected grid values for d2, the Test Effect ranges from 0

to 0.7. The data are simulated following the model (2.1). We investigate the impact of

sample sizes through three different scenarios: small and uniform number of sample curves

(n1 = n2 = n3 = 10), large and uniform number of sample curves (n1 = n2 = n3 = 50),

uneven number of sample curves (n1 = 10, n2 = 20, n3 = 30). Notice that the sample sizes

are quite small in the uneven case. We do not consider the uneven case with large sample

sizes because it is very clear from the simulation result that all the tests have high powers in

the large sample size case no matter whether the number of curves from each group are equal

or not. For the random errors ϵij(t), we consider two settings: i.i.d. Brownian bridge and

functional AR(1) (FAR(1)). Note that the second error structure induces dependence among

data within the same group. Lastly, we set the variance parameters in the error structure of
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each group to be all 1 for the common covariance case, or 1, 1.5 and 2 for groups 1, 2, and

3 respectively in the different covariance case.

Under each combination of data generation settings (d3, sample sizes, error type, and error

variance), we repeat the process 100 times to examine the power of the test. For a visual

display, Figure 2.1 shows the group mean functions of two Test Effect settings and the

corresponding randomly generated data with the Brownian Bridge noise structure and two

different sets of sample sizes.

Setting 2: True contrast function is a spectrum-like function

Spectra, such as the Raman spectra in our application, are often rougher curves than a

common smooth function and thus warrant a separate investigation here. To generate

spectrum-like data, we consider the mean functions µ1(t) = 100
∑m

i=1 pi(t), µ2(t) = 0.5µ1(t),

and µ3(t) = d3µ1(t), on the real data domain [500, 1523], where each pi is a normal density

function centered at a chosen point on the interval [500, 1523] and represents a spectral peak

at the location. The height and width of the peak is determined by the standard deviation

of the normal distribution. To set the peak locations, we first compute 1024 equally spaced

grid points on the interval [500, 1523]. We then select m = 3 peak locations respectively at

the 201st, 501st, and 801st grid points. The standard deviations of the three normal densities

are 4, 12, and 20. This is to simulate the varying degrees of peak heights. Similar to setting

1, the constant d3, varying over the grid from 0.1 to 1.5 with step size 0.2, determines the

magnitude of the functional contrast, with d3 = 1.5 corresponding to the null hypothesis.

The sample sizes, error type, and error variance settings are similar to those in setting 1.

Each data generating setting is also replicated 100 times.
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Figure 2.1: Group mean functions and sample functional data under two Test Effect values
and two scenarios of sample sizes from Setting 1 of contrast testing simulation.
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2.3.2 Result

Tables 2.1 to 2.4 display the empirical rejection percentages of all the tests under the common

function simulation settings and Tables 2.5 to 2.8 are for the spectrum-like data settings. In

scenarios where the covariance function is set differently for each group, the tests without

the common covariance assumption are named after their common covariance versions with

an affix “-het” attached to the end of the names. In each table, we present the results for

two sample size cases, small (n1 = n2 = n3 = 10) and large (n1 = n2 = n3 = 50). The

case of different sample size (n1 = 10, n2 = 20, n3 = 30) gives similar results to the case

of (n1 = n2 = n3 = 10). Basically, the performance is mostly driven by the size of the

observations, not by the difference in group sizes. We refer to the Appendix section A.1 for

the display of these results.

Table 2.1: Empirical rejection percentages: the common-form contrast function setting with
Brownian Bridge errors and a common group-wise covariance function.

N N=(10,10,10) N=(50,50,50)
Test L2N L2B L2b FN FB Fb FT2-85 FT2-95 L2N L2B L2b FN FB Fb FT2-85 FT2-95
Effect
0 7 7 8 6 7 21 11 21 7 7 7 6 7 23 9 10
0.1 10 12 15 10 10 38 38 65 58 60 63 58 58 98 72 100
0.2 56 66 66 45 54 90 59 97 100 100 100 100 100 100 98 100
0.3 99 99 98 99 99 100 85 100 100 100 100 100 100 100 100 100
0.4 100 100 100 100 100 100 90 100 100 100 100 100 100 100 100 100
0.5 100 100 100 100 100 100 95 100 100 100 100 100 100 100 100 100
0.6 100 100 100 100 100 100 95 100 100 100 100 100 100 100 100 100
0.7 100 100 100 100 100 100 97 100 100 100 100 100 100 100 100 100

Table 2.2: Empirical rejection percentages: the common-form contrast function setting with
Brownian Bridge errors and different group-wise covariance functions.

N N=(10,10,10) N=(50,50,50)
Test L2N-het L2B-het L2b-het FN-het FB-het Fb-het FT2-85 FT2-95 L2N-het L2B-het L2b-het FN-het FB-het Fb-het FT2-85 FT2-95
Effect
0 7 16 8 7 7 3 11 20 4 11 3 4 4 2 7 10
0.1 9 28 9 6 8 6 26 53 25 57 25 24 25 22 54 98
0.2 28 66 28 26 27 19 52 84 100 100 100 100 100 100 94 100
0.3 78 95 79 71 75 58 80 99 100 100 100 100 100 100 99 100
0.4 99 100 98 98 98 90 91 100 100 100 100 100 100 100 100 100
0.5 100 100 100 100 100 100 94 100 100 100 100 100 100 100 100 100
0.6 100 100 100 100 100 100 98 100 100 100 100 100 100 100 100 100
0.7 100 100 100 100 100 100 98 100 100 100 100 100 100 100 100 100
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Table 2.3: Empirical rejection percentages: the common-form contrast function setting with
FAR(1) errors and a common group-wise covariance function.

N N=(10,10,10) N=(50,50,50)
Test L2N L2B L2b FN FB Fb FT2-85 FT2-95 L2N L2B L2b FN FB Fb FT2-85 FT2-95
Effect
0 11 12 12 11 11 29 13 21 12 12 12 12 12 37 7 6
0.1 22 24 22 19 20 49 31 66 69 69 69 67 67 99 52 100
0.2 59 64 61 58 59 92 65 93 100 100 100 100 100 100 97 100
0.3 100 100 97 99 100 100 81 100 100 100 100 100 100 100 100 100
0.4 100 100 100 100 100 100 86 100 100 100 100 100 100 100 100 100
0.5 100 100 100 100 100 100 93 100 100 100 100 100 100 100 100 100
0.6 100 100 100 100 100 100 94 100 100 100 100 100 100 100 100 100
0.7 100 100 100 100 100 100 95 100 100 100 100 100 100 100 100 100

Table 2.4: Empirical rejection percentages: the common-form contrast function setting with
FAR(1) errors and different group-wise covariance functions.

N N=(10,10,10) N=(50,50,50)
Test L2N-het L2B-het L2b-het FN-het FB-het Fb-het FT2-85 FT2-95 L2N-het L2B-het L2b-het FN-het FB-het Fb-het FT2-85 FT2-95
Effect
0 8 24 11 7 8 6 15 24 12 22 13 11 12 10 8 10
0.1 13 35 14 10 11 7 23 50 28 65 29 27 27 29 33 95
0.2 35 69 34 30 32 22 43 89 100 100 100 100 100 100 79 100
0.3 74 98 75 70 71 63 65 99 100 100 100 100 100 100 99 100
0.4 98 100 98 97 97 93 80 100 100 100 100 100 100 100 100 100
0.5 100 100 100 100 100 100 87 100 100 100 100 100 100 100 100 100
0.6 100 100 100 100 100 100 89 100 100 100 100 100 100 100 100 100
0.7 100 100 100 100 100 100 94 100 100 100 100 100 100 100 100 100

The overall behavior of the tests fits the expected trend of power curves where power is lower

close to the null level and increases as the effect moves further away. The powers from all

tests also improve with higher sample size. When comparing between the tests, performances

are almost indistinguishable among the L2N, L2B, FB, and FN tests. In Setting 1 with the

true contrast being a common-form smooth function, the FT2-95 test is mostly the first

test to detect significance as the test effect moves away from H0, and sustains the superior

power performance even in the high sample size case. This test, however, suffers from a

low size control in the low sample size case. The improvement in the size control of FT2-95

when sample size becomes large is more profound compared to the other tests. The FT2-95

test shows a clear advantage when there is within-group correlation among the functional

data (Tables 2.3 and 2.4). It yields high powers in the case of small sample sizes, and

achieves better size control while maintaining the highest power with higher sample sizes.
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Table 2.5: Empirical rejection percentages: the spectrum-like contrast function setting with
Brownian Bridge errors and a common group-wise covariance function.

N N=(10,10,10) N=(50,50,50)
Test L2N L2B L2b FN FB Fb FT2-85 FT2-95 L2N L2B L2b FN FB Fb FT2-85 FT2-95
Effect
0 5 5 6 4 5 13 14 26 1 1 1 1 1 14 1 3
0.1 7 8 8 6 7 29 15 35 48 49 51 48 48 100 6 88
0.2 36 39 39 32 34 85 20 53 100 100 100 100 100 100 34 98
0.3 95 97 96 94 95 100 25 71 100 100 100 100 100 100 63 100
0.4 100 100 100 100 100 100 36 88 100 100 100 100 100 100 82 100
0.5 100 100 100 100 100 100 42 90 100 100 100 100 100 100 95 100
0.6 100 100 100 100 100 100 55 95 100 100 100 100 100 100 98 100
0.7 100 100 100 100 100 100 67 96 100 100 100 100 100 100 100 100

Table 2.6: Empirical rejection percentages: the spectrum-like contrast function setting with
Brownian Bridge errors and different group-wise covariance functions.

N N=(10,10,10) N=(50,50,50)
Test L2N-het L2B-het L2b-het FN-het FB-het Fb-het FT2-85 FT2-95 L2N-het L2B-het L2b-het FN-het FB-het Fb-het FT2-85 FT2-95
Effect
0 7 16 6 7 7 6 18 23 4 10 4 4 4 4 7 11
0.1 8 21 8 7 8 6 18 28 19 52 20 18 18 18 7 68
0.2 16 51 20 16 16 13 19 43 100 100 100 100 100 100 15 97
0.3 61 95 60 54 56 40 20 60 100 100 100 100 100 100 33 98
0.4 94 100 96 93 93 88 30 72 100 100 100 100 100 100 62 99
0.5 100 100 100 100 100 100 39 83 100 100 100 100 100 100 85 99
0.6 100 100 100 100 100 100 41 87 100 100 100 100 100 100 94 100
0.7 100 100 100 100 100 100 46 88 100 100 100 100 100 100 96 100

We conduct additional simulation study to compare size control between existing tests and

FT2-95 when group size increases up to N = (200, 200, 200). The result tables in Appendix

A.2 demonstrate size control improves the strongest in FT2-95. By N = (100, 100, 100), this

test achieves size control close to the nominal level of 5%. These observations also apply

to the simulations with spectrum-like true contrast functions although empirical powers are

generally smaller than those in the common function setting (Tables 2.5 to 2.8).
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Table 2.7: Empirical rejection percentages: the spectrum-like contrast function setting with
FAR(1) errors and a common group-wise covariance function.

N N=(10,10,10) N=(50,50,50)
Test L2N L2B L2b FN FB Fb FT2-85 FT2-95 L2N L2B L2b FN FB Fb FT2-85 FT2-95
Effect
0 10 13 10 9 9 29 14 22 12 12 12 12 12 33 10 6
0.1 17 21 19 15 17 46 18 29 47 48 50 45 46 100 10 46
0.2 49 54 52 44 48 88 24 47 100 100 100 100 100 100 26 86
0.3 95 99 99 95 95 100 31 57 100 100 100 100 100 100 38 95
0.4 100 100 100 100 100 100 39 71 100 100 100 100 100 100 58 98
0.5 100 100 100 100 100 100 43 80 100 100 100 100 100 100 78 99
0.6 100 100 100 100 100 100 48 86 100 100 100 100 100 100 87 100
0.7 100 100 100 100 100 100 58 87 100 100 100 100 100 100 93 100

Table 2.8: Empirical rejection percentages: the spectrum-like contrast function setting with
FAR(1) errors and different group-wise covariance functions.

N N=(10,10,10) N=(50,50,50)
Test L2N-het L2B-het L2b-het FN-het FB-het Fb-het FT2-85 FT2-95 L2N-het L2B-het L2b-het FN-het FB-het Fb-het FT2-85 FT2-95
Effect
0 18 26 17 15 16 15 21 23 12 20 12 11 11 11 7 6
0.1 18 32 18 16 17 16 23 34 29 65 27 27 27 25 9 55
0.2 28 54 32 26 27 21 25 43 100 100 100 100 100 100 16 82
0.3 60 98 66 54 58 43 26 54 100 100 100 100 100 100 28 91
0.4 97 100 98 97 97 89 28 67 100 100 100 100 100 100 45 94
0.5 100 100 100 100 100 100 34 80 100 100 100 100 100 100 59 99
0.6 100 100 100 100 100 100 38 85 100 100 100 100 100 100 68 100
0.7 100 100 100 100 100 100 45 88 100 100 100 100 100 100 80 100

2.4 Real Data Example

2.4.1 Raman spectral dataset

Our real spectral data example comes from a study to improve efficacy monitoring of

hemodialysis treatment. The treatment is among the most popular for end stage renal

disease. Currently, treatments are carried out in a standard procedure for all patients. Pa-

tients undergo hemodialysis two to three times per week. Each session typically lasts four

hours. The data presented here are collected from real dialysis sessions conducted at hospital

facility in collaboration with a biomedical lab from Virginia Tech.

The hemodialysis process involves continuous dialyzing cycles where blood is drawn from

patient body into a dialyzer machine where fresh dialysate liquid cleanses metabolic waste
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from the blood. The dialyzer then replaces the used dialysate with a fresh batch and returns

the cleaned blood to the patient body while starting a new dialyzing cycle. The chemical

composition of the used dialysate solution provides critical information about the treatment

efficacy that can be extracted by Raman spectroscopy. In this experiment, samples of used

dialysate were collected at 5 different time points during real hemodialysis sessions. The

time stamps were at 10 minutes, 60 minutes, 120 minutes, 180 minutes, and 240 minutes.

Each liquid sample at a time point were divided into a number of portions from which

Raman spectrum were generated. Each spectrum from a liquid sample resides over a grid

of wavelength where specific wavelength values indicate a specific chemical compound and

its concentration in the sample is identified through the intensity on the y-axis. When

Raman spectra collected at each time point is considered as a group of functional data, a

functional ANOVA test such as the one in [75] can determine whether there is any significant

difference among the groups of Raman spectra. A question of more interest is whether the

spectra collected during the treatment are significantly different from those collected at time

point 1 when the sample would be closer to fresh dialysate. This can be answered through a

functional contrast test. Here we consider the comparison of the mean spectra at time points

2 and 3 with the mean spectra at time point 1. All of these posthoc tests can be conducted

by any of the methods studied in 2.2.2.

After preprocessing to remove baseline spectrum from the raw spectra data using Itera-

tive Smoothing-spline with Root Error Adjustment (ISREA) [71], we apply the functional

ANOVA test to all the five groups and follow up with contrast test on 3 groups of Raman

spectra data for time point 1 (10 minutes time stamp), time point 2 (60 minutes), and time

point 3 (120 minutes) using the linear contrast (1,−0.5,−0.5, 0, 0).

H0 : µ1(t) =
1

2
(µ2(t) + µ3(t)) ;H1 : µ1(t) ̸=

1

2
(µ2(t) + µ3(t)) (2.16)
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Figure 2.2: Processed Raman spectra from dialysate samples collected at 5 different time
points during hemodialysis process of two patients.

Figure 2.2 visualizes the Raman curves among the timepoint groups for two selected patients.

The left panels contain the whole spectra while the right panels zoom into the domain from

950 to 1150 Raman shifts where the peak near 1000 marks urea, an important compound in

dialysate waste. The results of the contrast test (2.16) for the two patients are presented in

Table 2.9. We used the test version where a common variance function is assumed for each

spectra group for the L2-norm based and F-type tests. The data variation for the functional

time series test was chosen to be 85%. All the tests rejected the hypothesis for Patient 1 on

both the whole spectra and the focused domain [950, 1150]. This is not a surprising result

given the strong signal displayed in Figure 2.2 by Patient 1. The tests all found that the

contrast is not zero for Patient 2 on the whole spectra. However, when focusing on the
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domain containing the urea peak, the test based on functional time series did not reject H0

for this patient.

Table 2.9: Test statistics and p-values (in brackets) for the hypotheses (2.16) on the spectra
for three patients.

Patient L2N L2B L2b FN FB Fb FT2-85
Patient 1, whole spectra 397590.13(0) 397590.13(0) 397590.13(0) 26.86(0) 26.86(0) 26.86(0) 70.31(0)
Patient 1, [950,1150] 234651.72(0) 234651.72(0) 234651.72(0) 77.76(0) 77.76(0) 77.76(0) 187.29(0)
Patient 2, whole spectra 61535.07(0) 61535.07(0) 61535.07(0) 5.27(0) 5.27(0) 5.27(0) 54.25(0)
Patient 2, [950,1150] 10434.55(0) 10434.55(0) 10434.55(0) 4.57(0) 4.57(0) 4.57(0) 16.28(0.13)

2.4.2 Orthosis dataset

The orthosis dataset has been previously studied in [2], [75], and [15]. The data were from

a study where subjects wore different types of orthosis devices and performed step-in-place

motions from which kinematic forces were recorded. The aim of the study was to compare the

effects of different orthopedic conditions on the muscle where perturbation is applied. Each

subject performed 10 stepping-in-place replications for each of four conditions: control, with

an orthosis device only, and an orthosis device with an additional spring support. There

were two types of springs (spring 1 and spring 2). Here we focus on data from a chosen

subject of the study. Figure 2.3 displays the raw observations and smooth orthosis curves

for the subject under each condition. For this particular subject, the question of interest

was whether there is difference between the control condition and the conditions with spring

enhancement.

Let µi(t), i = 1, 2, 3, 4 denotes the mean force curves under the control, orthosis only, orthosis

and spring 1, orthosis and spring 2 conditions, respectively. We’re interested in the following

contrast test:

H0 : µ1(t) =
1

2
(µ3(t) + µ4(t)) ;H1 : µ1(t) ̸=

1

2
(µ3(t) + µ4(t)) (2.17)
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Figure 2.3: Observations and smoothed force curves under four conditions from the Orthosis
experiment for Patient 1

From the figure, we can observe the variance of the orthosis curves under each condition are

dissimilar. We apply the uncommon variance case for all the tests besides the functional

time series test. Results of the contrast tests over two different time regions are presented

in table 2.10. All tests reject H0 over the entire [0, 1] region, and all agree that there is not
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enough evidence to reject H0 over the time frame toward the end of the stepping-in-place

action for this patient.

Table 2.10: Test statistics and p-values (in brackets) for the hypotheses (2.17) on two different
domains, t ∈ [0, 1] and t ∈ [0.8, 1]

Contrast L2N-het L2B-het L2b-het FN-het FB-het Fb-het FT2-95
Control vs springs,[0,1] 64919.27(0) 64919.27(0) 64919.27(0) 4.6(0) 4.6(0) 4.6(0) 39.58(0)
Control vs springs,[0.8,1] 1804.89(0.26) 1804.89(0.13) 1804.89(0.22) 1.35(0.27) 1.35(0.27) 1.35(0.24) 9.14(0.52)

2.5 Conclusion

In this work, we survey existing approaches and introduce a new procedure to perform post-

hoc contrast test among groups of functional data under the functional ANOVA framework.

The new functional contrast test procedure generalizes the two-sample test procedure in

[19] and can account for within-group dependence as well as different covariance functions

across groups. We conduct an extensive simulation study to compare these contrast tests

when data are generated under two scenarios: smooth common-form functions and functions

resembling spiky spectra.

The performance of the existing tests, L2N, L2B, FN, and FB, are similar in all scenarios.

These tests give acceptable size control when the null distribution is true. When the number

of observations is high and there is correlation between functional observation, we recommend

using the test built on functional time series. Even for the independent data case, this test

can give stronger or comparable power than the other tests when the truth deviates much

from the null hypothesis. This advantage is especially strong for high sample sizes. Hence,

we also recommend using this test under these cases.



Chapter 3

Estimating Functional Contrasts with

Local Sparsity

3.1 Introduction

Testing procedures for groups of functional data have received a lot of attention as a natural

direction for functional data analysis. Suppose k independent groups of functional data are

observed: {Xij(t) : j = 1, 2, . . . , ni}, where ni is the number of observations for the ith group

and Xij(t) is an integrable function on a compact interval T . Generalized from the classical

ANOVA model, the functional ANOVA model assumes

Xij(t) = µi(t) + ϵij(t), i = 1, 2, . . . , k; j = 1, 2, . . . , ni, (3.1)

where µi(t) is the mean function of group i, and ϵij(t) are independent random errors with

mean zero and covariance functions γi(s, t) = Cov(ϵi.(t), ϵi.(s)).

Various inference procedures have been developed based on the functional ANOVA model.

Among the first ones is the point-wise F -test introduced in [51], where the test statistic is a

straightforward extension of the traditional F -test statistic, with the mean squares calculated

at a fixed point on the domain of functional observations. This approach is obviously naïve

since it ignores the possible dependence among data points and the multiple testings issue.

44
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Therefore, several improvements have been proposed to determine the existence of difference

among groups of functional data since then. Some examples are [9], [78] and [76].

When the functional ANOVA test is rejected and significant difference among the functional

data groups is declared, a common follow-up is the functional linear contrast tests that can

determine the difference structure among the functional data groups. For example, a point-

wise functional contrast test is also introduced in [51] where the test is performed through a

permutation procedure. The other monograph Zhang [75] also includes details on post-hoc

contrast testing corresponding to the globalizing point-wise F test [76] and L2-norm test

[78]. Chapter 2 extends the two sample tests on functional time series proposed in Horváth

et al. [19] to test on functional contrasts, where within-group dependence between functional

observations is allowed.

Compared with the contrasts in a classical ANOVA model for scalar responses, a functional

contrast is itself a function on the same domain as the functional observations. Upon the

declaration of significance for a functional contrast, it is often of practical interest to identify

the subregions where the significant difference between relevant groups lies, as shown in our

motivating example on hemodialysis monitoring.

Hemodialysis is an important procedure for the treatment of end-stage kidney disease (ESKD).

It involves patient blood being continuously pumped into a chamber where a fluid called

dialysate is responsible for cleaning chemical waste out of the blood. After the filtration,

cleaned blood is transmitted back to the body while the chamber discards the used dialysate

and refills with a new batch for the next cycle. Therefore, used dialysate contains critical

information in determining the efficacy of the hemodialysis session. Such information can be

extracted through Raman spectroscopy. As a well-established method to identify molecular

components in a chemical sample, the subjects of study for Raman spectroscopy are Raman

spectra. The Raman spectrum of a sample gives a sequence of chemical intensities over a
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grid of wavelengths. In our experiment, samples of used dialysate were collected at five time

points during a standard hemodialysis session: 10 min, 60 min, 180 min, and 240 min since

the start of the session. Each sample was then split into 10 portions. Each portion was

scanned by a Raman spectroscope to produce a Raman spectrum. The goal was to monitor

the efficacy of dialysis through examining the difference between spectra. When spectra

from samples collected at several time points are found to be different from each other by a

functional contrast test, it is more interesting to find out where on the spectral domain (i.e.,

which chemicals) this difference lies. This calls for the identification of the nonzero regions

(i.e., local sparsity) of the functional contrast.

As far as we know, local sparsity of functional contrasts has not been studied yet. Pini

and Vantini [45] proposed a two-sample function test that not only performs the global

testing of difference but also gives significant levels at various intervals along the domain of

the functional data. After representing the functional observations by B-spline expansions,

they test the mean difference on an interval formed by the supporting intervals of B-spline

basis functions through comparing the corresponding consecutive basis coefficients from both

groups. This method was later generalized to the functional ANOVA setting in Pini et al.

[46]. However, this approach does not really provide a solution to the local sparsity problem.

Since the intervals where the mean difference significance levels are calculated are limited by

the supporting intervals of B-spline basis functions, these intervals may not give an accurate

description of the zero (or nonzero) regions of the contrast function.

To achieve local sparsity goal, we can recognize it as an estimation of the contrast function

where the estimate is required to be sparse on regions where the contrast is effectively zero.

The notion of “local sparseness” has attracted several works. Wang and Kai [68] proposed

the use of group bridge penalty in the estimation of B-splines coefficients in order to produce

a sparse estimate for locally sparse function in the context of nonparametric regression
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problem. More works on producing locally sparse estimate have been in the estimation of

the coefficient function in the functional linear regression problem with scalar response and

functional independent variables, yi = β0 +
∫
Xi(t)β(t)dt+ ϵi, i = 1, 2, . . . , n.

The standard approach for the estimation of the coefficient function, β(t) is to representing

it using basis functions, β(t) =
∑L

l=1 clϕ(t). Then the task becomes estimating c either

using least squares method or penalized method to control the smoothness of β̂(t). When

the true β(t) function is exactly zero in some sub-intervals, the estimate from the standard

method will still possess some wiggliness and will not entirely be flat over these regions. This

is a drawback to the interpretability of the estimated coefficient function since one cannot

conclude whether there is an effect of the covariate on the response over these regions. James

et al. [20] discretized the domain of β(t) into fine points and performed variable selection on

selected derivative orders of the bases in modB(t) using either LASSO or Dantzig selector.

They called this methodology ”Functional linear regression that’s interpretable” (FLiRTI).

Zhou et al. [79] point out some drawbacks of FLiRTI in the heavy influence of grid size on the

estimate accuracy and the unsatisfying conditions for local sparseness. They proposed an

improved method through a two-stage process: initial estimate of sparse regions then further

refine. Lin et al. [24], on the other hand, proposed ”SLoS” (Smooth and locally Sparse)

method by using two types of regularization to achieve both smoothness and sparsity within

one optimization procedure. The first penalty is the familiar L2-norm. They extended the

”smoothly clipped absolute deviation” (SCAD) penalty by Fan and Li [11] to its functional

version and use it to induce local sparsity. The functional SCAD penalty (fSCAD) has

since been used in different models such the sparse logistic regression on functional data

in [70] and the functional linear regression model with multiple responses in [13]. All of

the methods described here attempted to produce a sparse representation for the coefficient

function in the functional linear regression model. However, none has been done to directly
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detect sparseness in the context of linear contrast from functional ANOVA model.

Our paper is organized as follows: Section 3.2 explains the model and computation methods

for contrast testing and sparse contrast detection; Section 3.3 describes and presents results

from a simulation studiy on the effectiveness of sparse functional contrast estimation; Section

3.4 gives details of the application of the proposed methods on real dialysis data, followed

by conclusion in Section 3.5.

3.2 Method for Estimation Locally Sparse Functional

Contrasts

Let n = Σk
i=1ni be the total number of functional observations of all the groups. Re-

call the functional linear contrast ℓ(t) =
∑k

i=1 aiµi(t), where the coefficient vector a =

(a1, a2, . . . , ak)
⊤ satisfies

∑k
i=1 ai = 0. When the contrast ℓ(t) is tested to be significant, it is

often of interest to see which part of the domain makes the mean functions differ from each

other, that is, on which part of the domain the contrast function ℓ(t) is nonzero. Suppose

that the functional data are observed at discrete points tj, j = 1 . . . ,m. Then a simple

estimate of ℓ(tj) is given by ℓ̃(tj) =
∑k

i=1 aiX̄i·(tj). Let yj = ℓ̃(tj), y = (y1, . . . , ym)
⊤, and

ℓ = (ℓ(t1), . . . , ℓ(tm))
⊤. In order to obtain a smooth and locally sparse estimate of ℓ(t), we

cast the estimation problem into the framework of nonparametric regression and propose to

estimate ℓ(t) by the minimizer ℓ̂(t) of the doubly penalized weighted least squares

J(ℓ) =
1

m
(y − ℓ)⊤Σ−1(y − ℓ) + γ

∫
T

{
ℓ(s)(t)

}2
dt+

1

T

∫
T
pλ(|ℓ(t)|)dt, (3.2)

where the first term is the weighted least squares representing the goodness-of-fit of the

estimate, the middle term is a roughness penalty on the estimate, the third term is the
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penalty for enforcing local sparsity, and γ and λ are two positive tuning parameters. The

covariance matrix Σ is to capture the asymptotic correlations between the raw contrast

values yj. The constant s in the roughness penalty is often chosen to be 2, corresponding to

a cubic spline estimator. For the sparsity penalty function pλ(·), we will use the functional

SCAD penalty in Lin et al. [24].

A convenient choice of the covariance matrix Σ is the identity matrix, resulting in the so-

called working independence procedure, which is known to still yield a consistent mean

component (the contrast in our case) estimate despite possibly misspecifying the covariance

structure.

A tempting choice of the covariance matrix Σ is an estimate of the asymptotic covariance

based on the weak convergence results (2.13) and (2.14). However, our numerical experiments

show that this choice actually often deliver much worse contrast estimates than the working

independence procedure. Without any additional assumption, a nonparametric estimate of

the asymptotic covariance matrix often results in a singular matrix or lacks the accuracy

required by the penalized weighted least squares estimation. On the other hand, a good

contrast estimate may be achievable if a parametric form of the covariance matrix can be

assumed. In Section 3.3, we will study an autoregressive modeling of Σ against the working

independence procedure.

Computation

We shall optimize the objective function (3.2) using a B-splines expansion of ℓ(t) and a local

quadratic approximation to the sparsity penalty term.

Consider representing the contrast function ℓ(t) by an expansion of L B-spline basis functions

ϕ1(t), ϕ2(t), . . . , ϕL(t) of order d+ 1 with M + 1 equally spaced knots at 0 = t0 < t1 < · · · <



50 Chapter 3. Estimating Functional Contrasts with Local Sparsity

tM = T on the interval T . Let ℓ(tj) ≈
∑L

l=1 clϕl(tj) under this representation, where cl are

coefficients. The compact support property of B-splines, that is, each B-spline basis function

ϕl(t) is nonzero only on at most d+1 sub-intervals in succession, plays a key role in the local

sparsity estimation of ℓ(t).

Let Φ be the m × L matrix with the (j, l)th entry ϕl(tj), c = (c1, . . . , cL)
⊤, and R be

the L × L matrix with the (j, k)th entry
∫
T D

(s)ϕj(t)D
(s)ϕk(t)dt. Then the weighted least

squares part and the roughness penalty in the objective function (3.2) become respectively
1
m
(y − Φc)⊤Σ−1(y − Φc) and γc⊤Rc.

For the sparsity penalty term, Theorem 1 in Lin et al. [24] shows

1

T

∫
T
pλ(|ℓ(t)|)dt =

1

M

M∑
j=1

pλ

(
∥ℓ[j](t)∥2√
T/M

)
, (3.3)

where ∥ℓ[j](t)∥2 =
√∫ tj

tj−1
ℓ2(t)dt. Note that the right hand side of (3.3) is also quadratic in

ℓ(t) or c. Therefore, the whole objective function (3.2) is now a quadratic function of c and

can be optimized as follows.

Given the current estimate ℓ̃ of ℓ, we use the local quadratic approximation in Fan and Li

[11] to approximate the right hand side of (3.3) as

M∑
j=1

pλ

(
∥ℓ[j](t)∥2√
T/M

)
≈

M∑
j=1

pλ
(
∥ℓ̃[j](t)∥2√
T/M

)
+

1

2
.

p′λ

(
∥ℓ̃[j](t)∥2√

T/M

)
∥ℓ̃[j](t)∥2√

T/M


(
∥ℓ[j](t)∥2√
T/M

)2

−

(
∥ℓ̃[j](t)∥2√
T/M

)2

 = (3.4)

1

2

M∑
j=0

p′λ

(
∥ℓ̃[j](t)∥2√

T/M

)
∥ℓ̃[j](t)∥2√

T/M

∥ℓ[j](t)∥22
T/M

+G(ℓ̃),
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where

G(ℓ̃) =
M∑
j=1

pλ

(
∥ℓ̃[j](t)∥2√
T/M

)
− 1

2

M∑
j=1

p′λ

(
∥ℓ̃[j](t)∥2√
T/M

)
∥ℓ̃[j](t)∥2√
T/M

On the other hand, ∥ℓ[j]∥22 =
∫ tj
tj−1

ℓ2(t)dt ≡ c⊤Wjc where Wj is an L by L matrix with

entries wuv =
∫ tj
tj−1

ϕu(t)ϕv(t)dt if j ≤ u, v ≤ j + d and zero otherwise. Let

W̃ =
1

2

M∑
j=1

 p′λ

(
∥ℓ̃[j]∥2√
M/T

)
∥ℓ̃[j]∥2

√
M/T

Wj

 (3.5)

Then, the first term on the right hand side of (3.4) can be written as

1

2

M∑
j=0

p′λ

(
∥ℓ̃[j](t)∥2√

T/M

)
∥ℓ̃[j](t)∥2√

T/M

∥ℓ[j](t)∥22
T/M

= c⊤W̃c

Therefore, after dropping the term G(ℓ̃) which does not depend on ℓ or c, the objective

function (3.2) can be written fully in the vector-matrix form as

Q(c) =
1

m
(y − Φc)⊤Σ−1(y − Φc) + γc⊤Rc+ c⊤W̃c. (3.6)

Since Q(c) is quadratic in c, the updating equation at the the ith iteration can be obtained

as

ĉ(i) = (Φ⊤Σ−1Φ +mγR +mW(i−1))−1Φ⊤Σ−1y (3.7)

Therefore, the complete algorithm for estimating c is

• Step 1: Obtain an initial estimate of ĉ(0) = (Φ⊤Σ−1Φ + γR)−1Φ⊤Σ−1y. This is the

penalized least square estimate of c with no imposition on local sparsity.
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• Step 2: Using the estimated coefficients ĉ(i−1) from the previous iteration, compute

W(i) using (3.5). Then, update the estimation using (3.7) to obtain ĉ(i). Set elements

of ĉ(i) with values smaller than a threshold ϵ to 0.

• Step 3: Repeat Step 2 until the convergence criterion is satisfied.

The convergence criterion in Step 3 is whether the change in ĉ from that of the previous

iteration is smaller than a pre-defined threshold. For the tuning parameters γ and λ, we

shall study the performance of the Aikaike Information Criteria (AIC), Bayesian Information

Criteria (BIC), and Generalized Cross Validation (GCV) defined respectively as

BIC(λ, γ) = m log RSSλ,γ + (logm)df(γ, λ) (3.8)

AIC(λ, γ) = m log RSSλ,γ + 2df(γ, λ) (3.9)

GCV(λ, γ) =
m−1RSS

(m−1trace(I− Sλ,γ))2
(3.10)

Here, RSSλ,γ = (y−Φĉ)⊤Σ−1(y−Φĉ) and df(γ, λ) is the number of nonzero coefficients in

ĉ and Sλ,γ = Φ(Φ⊤Σ−1Φ +mγR +mW)−1Φ⊤Σ−1 is the smoothing matrix.

3.3 Simulation Studies

We apply our proposed method for sparse representation of contrast function in two sim-

ulations. In each scenario, three groups of functional data are generated based on model

(3.1). Two types of functional data are examined. First setting is when data are generated

from common smooth functions. In the second setting, we mimic the rough nature of Ra-

man spectra when simulating the data. The purpose of this simulation study is to evaluate

the efficacy of the proposed method in smooth estimation and sparse representation of the
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contrast function. We compare its performance with the standard roughness penalty smooth-

ing approach. The simulation study also evaluates the performance of different criteria for

choosing the tuning parameters γ and λ.

3.3.1 Simulation setting 1: Data from common functions

In this simulation setting, the mean functions for the three functional data groups are re-

spectively µ1(t) = 2f(t) + h(t), µ2(t) = 3
2
f(t) + h(t), and µ3(t) = 1

2
f(t) + h(t), where

h(t) = sin
(
8π(t+ 3

40
)
)

and

f(t) =


2(1− t) sin (2π(t+ 0.2)), 0 ≤ t ≤ 0.3

0, 0.3 < t < 0.7

2t sin (2π(t− 0.2)), 0.7 ≤ t ≤ 1

(3.11)

Therefore, the true functional contrast is µ1(t) − 1
2
(µ2(t) + µ3(t)) = f(t). The actual func-

tional observations are discretized version of Xij(t) with t from a grid of length 200 spanning

[0, 1].

We consider three cases for the distribution of the error term ϵij(t):

1. Gaussian noise, ϵij ∼MVN(0, σ2
ϵ IT×T )

2. AR(1) process, ϵij(t) = ϕϵij(t− 1) + δt with δt ∼ N (0, σ2
ϵ ) and ϕ = 0.8

3. AR(7) process, ϵij(t) =
∑7

p=1 ϕpϵij(t− p) + δt with δt ∼ N (0, σ2
ϵ )

From examining the spectral data set from our real data application, we find that the

mean-subtracted spectral data for each group seem to follow an auto-regressive (AR) pro-

cess. This is consistent with a recommendation from [51] in that an auto-regressive struc-
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ture can be assumed for the residuals. The AR coefficients in case 3 are set to be ϕ =

(2.1805,−2.7480, 2.5153,−1.7861, 0.9778,−0.3817, 0.0761)′, which is an estimate from a ran-

domly selected actual spectral profile.

For each case, the magnitude of σϵ is set to equal a fraction of the standard deviation of the

discretized true contrast function. For high noise, this fraction equals 1
2

in the Gaussian and

AR(1) noise case and 1
4

in the AR(7) case. For low noise, 1
4

is used for the Gaussian and

AR(1) case and 1
8

is for the AR(7) case. Another aspect to be evaluated is the performance

of the method under different observation curves (ni) for each group. We simulate three

scenarios: small sample size (n1 = n2 = n3 = 10), large sample size (n1 = n2 = n3 = 50),

and uneven sample sizes between the groups (n1 = 10, n2 = 15, n3 = 20). We generate 100

data sets for each possible combination of noise structures and sample size settings.

We compare our proposed method with the standard approach to smooth contrast function

with roughness penalty (abbreviated as Smooth in result figures). This is essentially setting

the sparsity tuning parameter λ to be 0 and the tuning of the smoothing parameter, γ is

done using GCV. Through this simulation study, we also want to evaluate the performance of

different selection criteria. Since the ground truth is known, we include the performance when

tuning parameters are set to produce a representation with the smallest MSE (abbreviated

as MSE-Best in result figures). This will not be possible in reality. Thus, fully data-driven

selection criteria we consider are BIC (3.8), AIC (3.9) and GCV. Instead of the GCV

expressed in (3.10), we consider an adjusted version,

GCV(λ, γ) = (
m

m− 1.2df(λ, γ)
)(

SSE

m− 1.2df(λ, γ)
) (3.12)

The multiplication by a factor of 1.2 is another layer of discounting as recommended in Gu

[16]. Here, df(λ, γ) = trace[I − Sγ,λ]. However, it is common to use the number of nonzero
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coefficients in ĉ in place of df(λ, γ). In our simulation we consider both versions of GCV:

one using the continuous degree of freedom calculated using trace of I− Sγ,λ, and one using

the discrete number of nonzero coefficients as the degree of freedom. In our reporting, we

denote the first version as GCV-s and use GCV-r to denote the latter version.

The performance of the competitors is evaluated based on the two results it promises to

deliver: identification of the zero and nonzero subregions on the domain, and estimation

of the magnitude of the functional contrast on nonzero subregions as well as through-

out the whole domain. For the first purpose, specific criteria are proportion of nonzero

regions that are correctly identified (sensitivity), proportion of null regions that are cor-

rectly identified (specificity). Both of these criteria have ranges from 0 to 1. The higher

value of each of these two proportions, the better the identification in the correspond-

ing region. To evaluate the estimation quality, we consider the mean spared error on the

whole domain, T , MSE = 1
T

∫
T

(
f̂(t)− f(t)

)2
dt; and the integrated squared error defined

on the zero subregions Z, ISE0 = 1
l0

∫
Z

(
f̂(t)− f(t)

)2
dt; and nonzero subregions T \ Z,

ISE1 = 1
l1

∫
T \Z

(
f̂(t)− f(t)

)2
dt. Below we present the results for the estimation quality

criteria, MSE, ISE0, ISE1. We prefer the readers to the Appendix section B for results on

sensitivity and specificity due to their corresponding relationship to ISE1 and ISE0 respec-

tively.

Figure 3.1 display the sparse representation of the contrast function under different selec-

tion criterion when data are generated from low Gaussian noise case with 10 sample curves

for each group. The plots illustrate the advantage of including sparsity regularization in

obtaining the representation. No matter what criterion used in selecting the tuning param-

eters, the estimates for the contrast functions are very good and match up quite well to the

true function. While the estimate from using just a roughness penalty is able to replicate

the general shape of the true function, it fails to produce a sparse estimates over true zero



56 Chapter 3. Estimating Functional Contrasts with Local Sparsity

regions.

Figure 3.1: Estimates for contrast function of three groups of 10 functional data curves
simulated with a common function contaminated with low Gaussian noise case with

Figures 3.2 and 3.4 visualize the performance by criteria in respective performance criterion

for data generated by the common functions described in (3.11) and contaminated with

Gaussian noise. Some expected results show up from the simulation study. First, the level
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of noise play a role in the performance result across the criteria. The error measures (MSE,

ISE0, ISE1) are much smaller for the low noise case than the high noise case. Second, the

increase in sample size also leads to smaller errors. These two trends are present throughout

all data generating mechanisms with different noise structures that we test.

The results from the Gaussian noise case demonstrate that when using a good setting for

tuning parameters, the estimate of the contrast function from our sparse representation

leads to an improvement over just smoothing with roughness penalty in all of the evaluation

criteria. Among the data-driven selection criteria for the tuning parameters, the GCV where

the degree of freedom is calculated by smoothing matrix (GCV-s) has performance closest

to the best performance by the criteria when the truth is known (MSE-Best). The MSE for

fits under this criteria is comparable with that of the fits when tuning parameters chosen

under a known function (Figure 3.2). The estimates using tuning parameters chosen by

BIC tend to be more accurate in identifying zero regions resulting in very good result with

specificity and ISE0 (Figures 3.3 and B.1). However, these fits tend to be on a sparser side,

leading to worse performance in terms on sensitivity and ISE1 (Figures 3.4 and B.2). GCV-r

performance is similar to that of BIC, but less stable. GCV-s does the best job in balancing

the accuracy in both zero and nonzero regions.

When the data is contaminated by non-Gaussian noises, we can apply a weight matrix to

improve the fit. This weight matrix can be obtained through AR(p) covariance matrix

calculated using estimated AR coefficients and closed-form structure of AR(p) covariance

matrix detailed in Brockwell and Davis [3]. For each iteration in the AR(1) and AR(7)

case, we include the results from the fits with and without weights across different selection

criteria. For the weighted fit, we also compare the performance when the weights are from

the true and estimated covariance matrices.

Figures 3.5 to 3.7 display the comparisons in the respective performance criterion for the
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Figure 3.2: Common function case: Mean squared error (MSE) ×10−3 of the smoothed and
sparsed contrast function from Gaussian noise case using 7 selection criteria

AR(1) noise case. Figures 3.8 to 3.10 are for AR(7) noise case. Not counting the inaccessible

case of MSE-Best (tuning parameters chosen by proximity to the true function), the fits with

weight matrix have better results than non-weight version in almost all performance criteria.

The results from using estimated covariance matrix are comparable to those using the true

matrix.

Figures 3.5 to 3.10 show that GCV-s have the best performance in terms of MSE compared

to other data-driven selection criteria. Another common result between AR(1) and AR(7)

noise case is that BIC and GCV-r tend to perform well in ISE0 and specificity, but not quite

so with ISE1 and sensitivity. This is due to the tendency of BIC and GCV-r to overestimate

the length of a sparse region leading to very accurate identification of zero regions, but low

performance with non-zreo regions as a trade off. This observation can be explained further
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Figure 3.3: Common function case: Integrated squared error in null regions (ISE0) ×10−3

of the smoothed and sparsed contrast function from Gaussian noise case using 7 selection
criteria

when we the fits from a random iteration in the AR(1) noise case.

Figure 3.11 looks into the fits by different criteria in an iteration of low AR(1) noise and 10

curves per group when estimated covariance matrix is used. BIC and GCV-r tend to pick

high λ value which will sparse out a larger region than the true zero region. This leads to

the need to compensate with low γ values for a rougher fit to match up with the data in the

nonzero regions. The results are fits that are too sparse around non-zero regions but rougher

in zero regions. GCV-s produces a reasonable estimates that identify relatively well sparse

regions and produce nice smooth estimate over nonzero regions.

Figure 3.12 plots the fits in an interaction with the same data generation mechanism as of

Figure 3.11 but the fits are done with the number of sample curves is 50 for each group. Due
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Figure 3.4: Common function case: Integrated squared error in nonnull regions (ISE1) ×10−3

of the smoothed and sparsed contrast function from Gaussian noise case using 7 selection
criteria

to the higher sample size, all of the fits are now smoother and closer to the true contrast.

However, BIC and GCV-r do not seem to produce much sparse contrast any more despite

this being their strength previously. One explanation is that BIC and GCV-r values are

based on the trade-off between how close the fit is the the sample contrast mean and the

number of nonzero basis coefficients. In the low sample size case as in figure 3.11, BIC and

GCV-r tend to pick high λ and low γ to achieve both a sparse estimate and a fit that match

up very closely to the noisy sample mean. While with the high sample size case, a sparse

fit may have small BIC or GCV-r values due to sparsity, however, still loses to a non-sparse

fit whose RSS compared to the sample mean is much smaller due to the regression of the

sample mean to a smooth and sparse true mean. On the other hand, GCV-s measures the
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Figure 3.5: Common function case: Mean squared error (MSE) of the smoothed and sparsed
contrast function from AR(1) noise case using 7 selection criteria

degree of freedom on a continuous scale, and thus, is more robust in the balance between

SSE and complexity of the representation.

3.3.2 Simulation setting 2: Spectral data as observed data

We conducted a simulation study to consider the performance of our proposed method

specifically for application onto contrast function from groups of spectral data. To simulate

mean functions of spectral data, we take the group means from two groups of Raman spectra

obtained from a dialysis session and regard them as true values from two underlying mean

functions, µ2(t) and µ3(t). To simulate situation µ1(t) = f(t) + 1
2
(µ2(t) + µ3(t)) where f(t)

is the contrast function obtained from applying the contrast (1,−1
2
,−1

2
) on the three group
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Figure 3.6: Common function case: Integrated squared error on the null regions (ISE0) of
the smoothed and sparsed contrast function from AR(1) noise case using 7 selection criteria

means, we specify function f(t) as follows. From the sample mean of the contrast of three

groups of Raman spectra obtained from a different dialysis sample, we applied B-spline

smoothing onto this function to reduce the coarseness of raw spectra data. We subset out

two intervals from the output of this representation and append the remaining positions in

the domain with zeroes to obtain true spectral underlying function. The resulting f(t) is a

sparse function that have nonzero peaks in two specified regions and is zero everywhere else

on the domain.

Ultimately, this data simulation procedure produce three groups of spectral data. The

spectra in each group are generated from the same group mean plus noise. The sample

mean of a group, which will be labeled as group 1, is only different from the average of

the sample means from the other two groups, labeled to be group 2 and group 3, at the
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Figure 3.7: Common function case: Integrated squared error on the nonnull regions (ISE1) of
the smoothed and sparsed contrast function from AR(1) noise case using 7 selection criteria

pre-determined region by an amount equal to the true function described above. The final

data are discretized representation of the mean function plus noise. The curve in spectral

data is of higher dimension, n = 1024, and domain is set to line up with the wavelength

domain in Raman spectra data from hemodialysis dataset.

The three noise structures considered are Gaussian white noise, AR(1), and AR(7). Upon

inspection of the dialysis data, we observed that Raman spectra possess some long-term

auto-regressive dependent in the neighborhood of 7 orders. Hence, the last noise structure

case is included to make the simulated data resemble the real spectral data. We consider

two noise levels. Specifications for the three noise type and level are detailed in section 3.3.1.

We evaluate the method using the same performance criteria specified in section 3.3.1. In-
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Figure 3.8: Common function case: Mean squared error (MSE) of the smoothed and sparsed
contrast function from AR(7) noise case using 7 selection criteria

stead of the exact expression of the true contrast function, f(t), we only have access to

the exact values of this function at each wavelength on the domain. Hence, the integrals

in MSE, ISE0, ISE1 criteria from 3.3.1 are replaced with a summation over the discrete

values and averaged by n = 1024. Figures 3.13 to 3.15 display the evaluation criteria under

different selection criteria. As with the case of common function, methods using sparsity

regularization outperform just smoothing with roughness penalization. Tuning parameters

chosen by all data-driven selection criteria lead to comparable MSE results, except for AIC

with some high error replications. When the number of curves increase, errors go down

for all selection methods. Compared with the common function case, we also notice some

similar behaviors among the selection criteria. Specifically, BIC and GCV-r tend to go with

a sparser representation than GCV-s, leading to low ISE0 and high specificity but with the
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Figure 3.9: Common function case: Integrated squared error on the null regions (ISE0) of
the smoothed and sparsed contrast function from AR(7) noise case using 7 selection criteria

sacrifice to ISE1 and sensitivity.

Figures 3.16 to 3.18 explore the performance of sparse contrast representation when the data

is contaminated with non-Gaussian noise. The results demonstrate that using weights to

account for non-Gaussian noise is an effective move. And the use of an estimated covariance

matrix has comparable result to when the true covariance matrix is used.

The simulation setting for spectral data with AR(7) noise is the setting that resembles our

real data. We notice that Figures 3.19 and 3.21 display similar results in terms of comparing

smoothing with weight or non-weight. One noticeable result is a slight advantage in using

BIC and GCV-r against GCV-s. We can attribute this to the tendency of BIC and GCV-r

to favor sparsity and quickly match up to the spike signal in the nonzero region, which is
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Figure 3.10: Common function case: Integrated squared error on the nonnull regions (ISE1)
of the smoothed and sparsed contrast function from AR(7) noise case using 7 selection criteria

the characteristic in this spectral data.

We display the fit from one of the replications in Figure. Under spectral data, GCV-s picks

up small deviations that caused by noise, while BIC and GCV-r choose setting that favor

sparser result, leading to fits that recreate the true contrast well.

3.4 Application

In this section, we demonstrate the application of our proposed sparse contrast testing tech-

nique on data from real hemodialysis sessions. The study and data are conducted and

collected by the lab of Dr. John Robertson and Dr. Ryan Senger from Virginia Tech. In this
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Figure 3.11: Estimates for contrast function of three groups of 10 functional data curves
simulated with a common function contaminated with low AR(1) noise case

study, patients with chronic kideny diseases went through hemodialysis treatment. Each

treatment session typically took 4 hours. During the session, a hemodialysis machine drew

blood from patient body into a dialyzer where fresh dialysate solution cleansed metabolic

waste from patient’s blood. Used dialysate was pumped out and cleaned blood was returned
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Figure 3.12: Estimates for contrast function of three groups of 50 functional data curves
simulated with a common function contaminated with low AR(1) noise case

to the patient body. Normally being discarded, used dialysate solution contains chemicals

that can be useful information to determine the efficacy of the treatment session in real time.

Raman spectroscopy provides information on the chemical composition of the used dialysate

in the form of spectra data along a dense curve. It is a mature technology and can obtain
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Figure 3.13: Spectral data case: Mean squared error (MSE) ×10−3 of the smoothed and
sparsed contrast function from Gaussian noise case using 7 selection criteria

information without destructing the samples.

Our data sets are Raman spectra of used dialysate samples from real hemodialysis sessions.

In each session, used dialysate samples were collected at 5 different time stamps from the

start of the session: 10 minutes, 60 minutes, 120 minutes, 180 minutes, and 240 minutes.

The liquid sample from each time point was divided into 10 portions. Each portion was

scanned in a Raman spectroscope to produce a Raman spectrum. Therefore, a group of 10

spectra was used to represent the chemical composition in used dialysate from a time point.

Prepossessing for each Raman spectrum consisted of a critical step of baseline correction to

remove a baseline spectrum from the raw data. The baseline spectrum contained fluorescence

or Rayleight scattering information, which are not of interest and may contaminate the

interpretation of Raman spectrum if not removed. We performed this step using Iterative
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Figure 3.14: Spectral function case: Integrated squared error in null regions (ISE0) ×10−3

of the smoothed and sparsed contrast function from Gaussian noise case using 7 selection
criteria

Smoothing-spline with Root Error Adjustment (ISREA) [71]. We applied the sparse contrast

test to 3 groups of Raman spectra data for time point 1 (10 minutes time stamp), time point

4 (180 minutes), and time point 5 (240 minutes) for the contrast hypotheses

H0 : µ1(t) =
1

2
(µ4(t) + µ5(t)) vs. H1 : µ1(t) ̸=

1

2
(µ4(t) + µ5(t)) (3.13)

This is equivalent to detect whether there exists any difference between the mean Raman

spectra at the first time point and the average of the last two time points, and if so, where

on the spectral domain the difference lies. The result of this step will inform the efficacy of

the hemodialysis treatment session for a patient. We present the results from three different

hemodialysis sessions in Figure 3.24.



3.4. Application 71

Figure 3.15: Spectral data case: Integrated squared error in nonnull regions (ISE1) ×10−3

of the smoothed and sparsed contrast function from Gaussian noise case using 7 selection
criteria

We first apply the contrast test on the data for each patient for the hypothesis (3.13). The

test results across two test statistics proposed in (2.12) are consistent with each other for

all three patients. The hypothesis is rejected for patient 1 (p1 = 1e − 04, p2 = 0), and for

patient 2 (p1 = 0.0085, p2 = 0.00043). The test did not reject the hypothesis for patient

3 (p1 = 0.62, p2 = 0.60). Using our sparse interval detection technique, a sparse estimate

is obtained for each patient. We use the BIC to select the tuning parameters since the

criterion performs pretty well in the spectral data simulation. The sparse representations of

the contrast function detect null regions and give estimation for region of difference. Based

on this estimate, we can identify chemicals with peaks falling within nonzero regions whose

intensities reduced within the used dialysate from time point 1 to the later two time points.
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Figure 3.16: Spectral data case: Mean squared error (MSE) of the smoothed and sparsed
contrast function from AR(1) noise case using 7 selection criteria

3.5 Conclusion

In this work, we propose a method to obtain a locally sparse representation of the contrast

function under a functional ANOVA model. When the functional ANOVA test and followed-

up contrast test is rejected, our method provides a local sparse representation, which could

help practitioners pinpoint the subregion(s) of the domain where the difference of functional

data groups exists. We expanded the standard roughness penalty smoothing by adding an

L1 penalty term to the objective function to obtain a sparse representation. The estimation

is through a B-spline expansion and the final presentation using B-spline basis is a sparse

function with smooth estimates over nonzero regions, enhancing the interpretation ability of

the contrast test. We also examine a variety of tuning parameter criteria.
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Figure 3.17: Spectral data case: Integrated squared error on the null regions (ISE0) of the
smoothed and sparsed contrast function from AR(1) noise case using 7 selection criteria

Our extensive simulations demonstrate the benefit of the sparse representation of a contrast

function. With the additional functional SCAD penalty, the sparse representation outper-

forms the standard smooth only representation. GCV with a continuous degree of freedom

and some correction is showed to effectively tune smoothing and sparsity parameters in the

case when the underlying function is smooth and sparse. When the underlying function is

rougher and spectrum-like, the BIC and GCV using a discrete degree of freedoms stand out

to be the best tuning criteria. We applied the procedure to the monitoring of hemodialysis

adequacy via the comparisons of Raman spectra generated from dialysate samples collected

at different times points of the treatment session. The nonzero regions identified in the

study provide useful information on critical chemicals that play a key role in hemodialysis

monitoring.
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Figure 3.18: Spectral data case: Integrated squared error on the nonnull regions (ISE1) of
the smoothed and sparsed contrast function from AR(1) noise case using 7 selection criteria
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Figure 3.19: Spectral data case: Mean squared error (MSE) of the smoothed and sparsed
contrast function from AR(7) noise case using 7 selection criteria
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Figure 3.20: Spectral data case: Integrated squared error on the null regions (ISE0) of the
smoothed and sparsed contrast function from AR(7) noise case using 7 selection criteria
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Figure 3.21: Spectral data case: Integrated squared error on the nonnull regions (ISE1) of
the smoothed and sparsed contrast function from AR(7) noise case using 7 selection criteria
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Figure 3.22: Estimates for contrast function of three groups of 10 functional data curves
simulated with spectral data contaminated with low AR(7) noise case
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Figure 3.23: Estimates for contrast function of three groups of 50 functional data curves
simulated with spectral data contaminated with low AR(7) noise case
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Figure 3.24: Sparse contrast testing result of the contrast µ1(t)− 1
2
(µ4(t) + µ5(t)) of Raman

spectra data for three different patients (column). Top row plots the data by time points.
Bottom row plots the estimated sparse contrast function. Gray shade mark regions where
contrast function is estimated to be zero.



Chapter 4

Reliability Study of Battery Lives: A

Functional Degradation Analysis

Approach

4.1 Introduction

Renewable energy plays an important role in global energy security and in the controlling

of global warming [40]. Commonly used renewable energy technologies include solar power

technology, wind turbines, biomass technology for power generation and tidal energy tech-

nologies (Bull [4] and Panwar et al. [41]). Once electricity is generated from those renewable

energy technologies, energy storage batteries are needed for energy to be stored when avail-

able and released to when needed. Li-ion batteries are widely used for energy storage and

one significant application is on electric vehicles (Diouf and Pode [10] and Castelvecchi et al.

[7]).

An important question in these applications is the assessment of battery life under a certain

use condition. An accurate assessment of battery lives is critical for the large-scale deploy-

ment of renewable technology. This motivates battery life studies like the one reported in

Saha and Goebel [54], where the question of interest is how many charge-discharge cycles a

81
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battery can have before it reaches a failure threshold in terms of capacity loss.

Even though there is vast literature on the modeling and prediction of Li-ion battery lives,

existing analyses are mostly straightforward applications of traditional statistical methods

from a simplistic view of the data. For example, existing studies do not take full advantage

of the whole discharge curves, whereas each curve gives much more details, than a simple

summary number such as the area under the curve, on how the battery performed in a cycle.

Figure 4.1 illustrates the available voltage discharge curves (VDCs) of two batteries in the

data set of interest. An aggregation summary such as area under the curve does represent a

type of degradation measure, but there is clearly the risk of information loss since the whole

curve is not taken into account. This motivates us to adopt the functional data analysis

(FDA) approach to model and predict battery lives. Under the FDA framework, each curve

is viewed as a functional observation and we shall model the VDCs directly through mixed

effects models. Ever since its introduction by the seminal monograph Ramsay and Silverman

[49], FDA has found many extensions to various areas in statistics; see, e.g., the recent reviews

in Wang et al. [69], Aneiros et al. [1], and Li et al. [23]. To the best of our knowledge, our

work is the first FDA approach in the area of battery life modeling, and more generally, in

the area of degradation modeling.

Modeling functional curves with covariate information falls under the umbrella of functional

response models. Existing functional response models require a common domain for the

functional responses. However, in our battery data, each VDC has its distinctive domain,

ranging from the start of the discharge cycle to the so-called end of discharge (EOD) time

[55]. Therefore, we first introduce a scaled version of VDCs where each VDC is scaled by

its EOD to lie on the common domain of [0, 1]. Then we consider a model consisting of

two parts. One part models the EODs and the other models the scaled VDCs. For the

predictors in the models, experimental conditions are the natural covariates to include. The
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cycle number is also necessary for the modeling of the degradation patterns. Some other

covariates in consideration include the resting time between cycles, the EOD of the previous

cycle, and the scaled VDC itself. To model the scaled VDCs, we first conduct a functional

principal component analysis to represent each curve by its projected scores into the leading

functional principal components. Then a multivariate mixed effects model is fitted with the

random effects introduced to incorporate the within-battery correlations between VDCs. For

the EODs, we consider two version of mixed effects models, with or without the inclusion

of the functional covariate of scaled VDC. Our degradation analyses, with three versions,

are all based on these functional models of the scaled curves and EODs. The first version

is the standard general path model where degradation amounts computed from fitted VDCs

at the observed cycles (or training cycles) are the only inputs to fit the prediction model for

degradation amounts. The other two versions, corresponding to the two versions of EOD

models, would use the functional models to predict scaled VDCs and EODs first and then

use them to calculate the predicted degradation amounts.

Through extensive simulations and comprehensive analysis of the battery data, we show the

great potential of a fully FDA approach to degradation analysis of batteries. In particular, it

has the following advantages against the standard or existing approaches: (i) the framework

allows an easy incorporation of covariates such as experimental conditions, which are critical

factors for battery degradation but have been largely ignored by the existing literature;

(ii) it makes full use of the whole VDCs, ensuring a minimal loss of information from the

original data; (iii) it is demonstrated in our numerical studies to have much better prediction

performance than the traditional aggregration methods, which is essential in degradation

analysis; and (iv) its predictions include the predictions for the EODs and scaled VDCs,

which can be assembled to obtain a prediction for the original VDC at a future cycle.

The rest of the paper is as follows. In Section 4.2, we introduce the NASA battery dataset



84
Chapter 4. Reliability Study of Battery Lives: A Functional Degradation

Analysis Approach

for the analysis. We give an overview of the existing liturature studying this dataset under

battery degradation and health monitoring framework. We discuss insights we gain from

these work as well as their gaps in modeling VDCs that inspire this work. In Section

4.3, we present the methodology in details including notations, modeling, predicting and

degradation analysis. In Section 4.4, we conduct a simulation study to test the performance

of our proposed method against a standard method when we hold the truth about the data

generation mechanism. In Section 4.5, we present the real data analysis using the developed

framework. Finally, we conclude with some summaries and areas for future research in

Section 4.6.

4.2 Battery Life Study from NASA Ames Prognostics

Data Repository

The study we consider here is from the NASA Prognostics Data Repository [54]. In the

study, Li-ion batteries were tested through cycles of charge and discharge at different room

temperature and conditions. Experimenters performed the same charging procedure for all

batteries after each discharge cycle. The lifetime measure for batteries was the number of

discharge cycles. The experimental conditions for discharge cycles varied among batteries.

We focus on the following conditions.

• Testing temperature (temp): room temperature (24◦C), elevated temperature (43◦C),

or low temperature (4◦C).

• Discharge current (dc): 1 Amp, 2 Amps, or 4 Amps.

• Level of voltage where discharge ends or stopping voltage (sv): 2 Volts, 2.2 Volts, 2.5

Volts, or 2.7 Volts.
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The data were collected from 20 batteries with constant experimental conditions across

discharge cycles in the experiment. Throughout the discharge cycles of each battery, mea-

surements of discharge voltage levels were recorded. As shown in Figure 4.1 for two batteries,

the VDCs for each battery clearly show a degrading pattern. In early discharge cycles, the

battery voltage stays high for a longer time until a sharp drop at a later time in the cycle. As

the cycle number increases, the battery voltage sustains for a shorter time and drops sharply

at an earlier time in the cycle. This pattern is revealed by the motion of the discharge curves

moving inward in Figure 4.1.
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Figure 4.1: Voltage discharge curves by cycles number for battery B0005 (discharge current:
2 Amps, Stopping voltage: 2.7 Volts, temperature: 24◦C) and battery B0030 (discharge
current: 4 Amps, Stopping voltage: 2.2 Volts, temperature: 43◦C).

This is a well-known dataset in the literature of battery health prognostics. The main focus

of health prognostics is on studying the state of health (SOH) of batteries with the goal of
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Figure 4.2: Degradation amount by cycle number and battery determined by L1-norm of
batteries’ voltage discharge curves.

predicting the remaining useful life (RUL). The RUL is determined by how close a battery’s

capacity is to a preset threshold. As a standard measurement, the battery capacity at a

cycle is closely related to the area under the corresponding VDC. Therefore, most existing

methods have focused on direct modeling and predicting battery capacity along discharge

cycles on the degradation path.

Among the earliest work, Saha and Goebel [55] proposed to predict battery capacity under

the particle filtering (PF) framework. They also developed a Rao-Blackwellized PF approach

in Saha et al. [56] to reduce uncertainty on capacity prediction. A comparison of their

methods is available in Saha et al. [57]. Since then various statistical and machine learning

methods have been proposed for the battery capacity prediction problem. Examples of

statistical models include stochastic models through the use of autoregressive processes [27]
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or Wiener processes (Tang et al. [65], Shen et al. [63]), and Gaussian process regression

(Liu et al. [28], Liu et al. [29], He et al. [17], Richardson et al. [53], Tagade et al. [64]).

Examples of machine learning techniques include naïve Bayes [37], support vector machine

[43], relevance vector machine [31], genetic algorithms [73], and neural networks (Sbarufatti

et al. [59], Nascimento et al. [36]). Liu et al. [30] provided a fusion method integrating

regularized particle filtering and autoregressive models. A comprehensive review of these

methods can be found in Martin et al. [33].

However, none of the aforementioned work included all the 20 batteries in their analyses.

Most work focuses only on the first four batteries (B0005, B0006, B0007, and B0018). These

batteries shared the same experimental conditions of temperature and discharge current,

although their stopping voltages were different. Other studies, such as Tagade et al. [64], Ng

et al. [37], and Patil et al. [43], built up predictive models for more than these four batteries,

but focused on only the prediction of battery capacity. Sbarufatti et al. [59] considered the

prediction with a cycle, that is, to predict the discharge voltages after a time point given

the discharge voltage observations prior to the time point within the same discharge cycle.

Recently, Nascimento et al. [36] studied 12 out of the 20 batteries and combined recurrent

neural networks with physics-based knowledge on battery aging to predict discharge curves

for a battery. However, they did not take into account of the different experimental conditions

that could affect the aging behaviors of batteries, which is also the common drawback in the

other work mentioned above.

There are useful insights we can gain from the work above. For example, Saha and Goebel

[55] mentioned the importance of considering the rest period between discharge cycles. This

is denoted as ∆ic, which is the elapsed time between cycle c and c − 1 of battery i. The

effect of ∆ic is known as self-recharge, a phenomenon where battery capacity increases after

resting. This is due to the dissipation of build-up materials around electrodes. The authors
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suggest accounting for ∆ic in the form of an exponential process. Since an increase in battery

capacity leads to a larger EOD, we use exp(−1/∆ic) as a covariate in modeling the EOD.

Saha and Goebel [55], Liu et al. [27], and Liu et al. [30] also considered autoregressive

effects in their modeling of battery capacity and found that the inclusion of an order-one

autoregressive term in the EOD model would significantly increase its prediction power.

In the next section, we describe the details of our functional degradation models. Instead

of relying on historical capacity measurements, we take full advantage of all the information

contained in voltage curves from the past discharge cycles to make predictions of the entire

voltage discharge curves in future discharge cycles. Predicted VDCs allow battery users the

access of specific features that can be extracted from a complete VDC. For example, besides

the EOD of a discharge cycle, the decomposition of a VDC curve into components for an

impedance model can be useful for discharge performance evaluation and voltage unloading

within the cycle [32]. Once voltage discharge curves are available, degradation measure can

be calculated based on the chosen health indicator, leading to more versatile battery health

prognostics as demonstrated in Section 4.5.

4.3 Functional Degradation Model

4.3.1 Notation

Suppose that there are n batteries. For battery i, ni cycles are tested with each cycle

producing a discharge curve. Let yic(r) be the original discharge curve for battery i at cycle

c, c = 1, · · · , ni, and i = 1, · · · , n. Here the discharge time r ∈ [0, bic], with bic being the

end time for this cycle. The technical term for bic in the context of battery discharge is end

of discharge time (EOD). The experimental conditions are collectively represented by the
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covariate vector zi of length m, which includes the temperature, the discharge current, and

the stopping voltage.

To make the discharge curves comparable across different cycles, we first re-scale the dis-

charge time by the end time to obtain a scaled curve. Namely, we consider the re-scaled time

t = r/bic such that t ∈ [0, 1]. And the scaled curve is xic(t) = yic(r) = yic(bict). Now each of

the original discharge curves is represented by the pair (bic, xic(·)), with bic being the EOD.

Then the observations for battery i become (bic, xic(·), zi), a mix of a scalar component, a

functional component and a vector component. The first three plots in Figure 4.3 provides

an illustration of this data processing step.

Our goal is to model yic(r)|zi, that is, to model (bic, xic(t))|zi, a response consisting of the

scalar component bic and the functional component xic(t). Based on a conditional distribu-

tion argument, this is equivalent to modeling bic|xic(t), zi and xic(t)|zi.

4.3.2 Step 1: Predictive modeling of xic(t)

The first step is to develop a predictive model for the scaled curves xic(·) with the incorpora-

tion of the covariates zi. The model must have the ability to predict the scaled curve xic(·)

at a future cycle c. This is achieved through performing a functional principal component

analysis (FPCA) on xic(·) and then develop a linear regression model with the FPC scores

as the responses against the cycle index number c and experimental conditions zi.

Suppose Σ(s, t) is the covariance function for the random functions xic(t). Let λj and

ϕj(t), j = 1, 2, . . ., be the eigenvalues and eigenfunctions of Σ(s, t). Then xic(t) admits the

Karhunen-Loève expansion

xic(t) = µ(t) +
∞∑
j=1

γic,jϕj(t), (4.1)
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Figure 4.3: Diagram of voltage discharge curve processing for a toy example of battery.
Top left: VDCs yic(r) from three example cycles (c = 1, 50, 100) plotted on their original
discharge time domain (solid curves). Top right: scaled VDCs xic(t) with discharge time
rescaled by the EODs. Dashed line is the predicted curve for cycle 120. Bottom left: EODs
bic plotted against the cycle index c. Dashed part is the predicted EOD after cycle 100.
Bottom right: Predicted VDC for cycle 120 superimposed on the plot of observed VDCs on
the discharge time domain.

where µ(t) is the mean function and γic,j =
∫ 1

0
xic(t)ϕj(t)dt are uncorrelated random coeffi-

cients with mean 0 and variance λj. In practice, a truncated expansion is often used such

that

xic(t) ≈ µ(t) +
K∑
j=1

γic,jϕj(t), (4.2)

where K is a pre-selected truncation point. Let γic = (γic,1, . . . , γic,K)
⊤. We consider the
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multivariate mixed effects model

γic = v0 + u0i + (v1 + u1i)c+ Pzi + δic, (4.3)

where v0 = (v01, . . . , v0K)
⊤ is the vector of intercepts, u0i = (u01i, . . . , u0Ki)

⊤ is the vec-

tor of random intercepts for battery i, v1 = (v11, . . . , v1K)
⊤ is the vector of slopes, u1i =

(u11i, . . . , u01i)
⊤ is the vector of random slopes for battery i, P = (p1, . . . ,pm) is a K by

m matrix with column h being ph = (ph1, . . . , phK)
⊤, the vector of slopes for covariate h,

zi = (zi1, . . . , zim)
⊤ is the vector of m covariates for battery i, and δic = (δic,1, . . . , δic,K)

⊤ is

the vector of random errors.

For the implementation of this part, we first perform the FPCA on all the scaled curves

xic(t), take the first K FPCs {ϕ̂j(t) : j = 1, . . . , K}, then compute the K FPC scores

{γ̂ic,j , j = 1, . . . , K} corresponding to each curve xic(t). These FPC scores are then fed into

the multivariate mixed effects model (4.3) as responses. The parameters to be estimated

include the fixed-effects components, {v0,v1,P }, and the distributional parameters of the

random effects. Suppose U = (u⊤
0i,u

⊤
1i)

⊤ ∼ N (0,ΣU) and δic ∼ N (0,Σδ). We can apply

the standard tool for multivariate linear mixed effects models (MLMMs) to estimate the

fixed effects {v0,v1,P }, and the covariance matrices ΣU and Σδ of the random effects. Let

Γi = (γi.,1,γi.,2, . . . ,γi.,K), where each γi.,k is the ni × 1 vector of the kth FPC scores for

the ni cycles of battery i. Following the suggestions in Shah et al. [61] and Thiébaut et al.

[66], we vectorize the response matrix into yi = vec(Γi) = (γ⊤
i.,1,γ

⊤
i.,2, . . . ,γ

⊤
i.,K)

⊤. Similarly,

rewrite δic as ei = (δ⊤i.,1, δ
⊤
i.,2, . . . , δ

⊤
i.,K)

⊤ with δi.,j = (δi1,j, . . . , δini,j)
⊤. Then the model

becomes

yi =X
∗
iv +Z∗

iui + ei. (4.4)

Here X∗
i is the Kni × q∗ design matrix collecting all the predictors such as cycle number,
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experimental covariates zi, and indicator vector representing the membership, among the

K components, of the FPC score in the response. Matrix Z∗
i with dimension Kni × r∗ is

the random design matrix. Vector v is the vectorized version of the fixed effect parameters

{v0,v1,P }, while ui collects individual random effects. We then estimate model (4.4) via

the maximum likelihood or restricted maximum likelihood (REML) approach.

4.3.3 Step 2: Modeling bic|xic(t) and its parameter estimation

The EOD bic is a scalar measurement with a longitudinal nature. We consider several versions

of mixed effects models here. The initial model is

bic = α0 + w0i + (α1 + w1i)c+ ϵic, (4.5)

where α0 and α1 are the intercept and slope in the fixed effects, w0i and w1i are the random

intercept and slope for battery i, and ϵic are random errors with mean 0 and variance σ2
ϵ .

The random effects, wi = (w0i, w1i) are assumed to follow N(0, σ2
ϵΨ).

Next, we consider two models with the inclusion of covariates into model (4.5). Both of these

models contain the experimental conditions zi. In addition, the second model also includes

the voltage discharge curve xic(·) as a functional covariate.

bic = α0 + w0i + (α1 + w1i)c+ z
⊤
i αz + ϵic, (4.6)

bic = α0 + w0i + (α1 + w1i)c+

∫ 1

0

(β(t) + bi(t)) xic(t)dt+ z
⊤
i αz + ϵic, (4.7)

where αz = (α2, α3, . . . )
⊤ is the coefficient vector for experimental conditions, and β(t) is the

unknown coefficient function modeling the fixed-effect of the scaled voltage discharge curve,

and bi(t) is the random coefficient function for battery i, assumed to be a Gaussian process
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with mean 0 and covariance function γ(s, t). In both (4.6) and (4.7), we assume ϵic is i.i.d

random variable following a normal distribution with mean 0 and variance σ2
ϵ . Model (4.6)

is a standard linear mixed effects model, and can be estimated through standard software

procedures for linear mixed-effects models.

Model (4.7) is a type of functional linear mixed effects (FLMM) model. Liu et al. [25]

suggested a expectation-maximization (EM) REML-based algorithm to fit a functional linear

model that allows mixed effects for both scalar and functional covariates. To fit this model,

we can expand β(t) and bi(t) as linear combinations of basis functions, e.g., B-spline basis

functions. Suppose the expansions are respectively β(t) =
∑R

j=1mjϕj(t) = ϕ⊤(t)m and

bi(t) =
∑S

k=1 qikψk(t) = ψ
⊤(t)qi. Since bi(t) is a zero-mean Gaussian process, we can assume

the coefficient vector qi ∼ N(0, σ2
ϵD) for some covariance matrix D such that γ(s, t) =

σ2
ϵψ

⊤(s)Dψ(t). Upon substituting the expansions of β(t) and bi(t), We can rewrite (4.7) as

bic = G⊤
icα+H⊤

icwi + J⊤
icm+K⊤

icqi + ϵic, (4.8)

where Gic = (1, c, zi)
⊤, Hic is the matrix collecting the corresponding random components,

Jic =
∫ 1

0
xic(t)ϕ(t) and Kic =

∫ 1

0
xic(t)ψ(t). Then the task becomes estimating the basis

expansion coefficients m = (m1, . . . ,mR)
⊤ and qi = (qi1, . . . , qiS)

⊤, the intercept and slopes

α = (α0, α1,α
⊤
z )

⊤ in the fixed effect, and the variance components σ2
ϵ , Ψ and D. Given σ2

ϵ ,

Ψ and D, the objective function for θ = (α⊤,m⊤)⊤ and ϑi = (w⊤
i ,q

⊤
i )

⊤ is

M(θ,ϑi) =
n∑
i=1

ni∑
j=1

1

2σ2
ϵ

(
bic −G⊤

icα−H⊤
icwi − J⊤

icm−K⊤
icqi
)2

+
λβ
2

∫ 1

0

{β′′(t)}2dt+ λb
2

n∑
i=1

∫ 1

0

{b′′i (t)}2dt

+
1

2σ2
ϵ

n∑
i=1

q⊤
i D

−1qi +
1

2σ2
ϵ

n∑
i=1

w⊤
i Ψwi.

(4.9)
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This objective function comprises of a least squares component, the roughness penalties for

β(t) and bi(t) with λβ and λb be the corresponding smoothing parameters, and the REML

components for the random components wi = (w0i, w1i)
⊤ and qi. Note that λb actually ab-

sorbs a term of σ−1
ϵ which is supposed to appear in the penalty for bi. Let bi = (bi1, . . . , bini

)⊤,

G̃i = (G̃i1, . . . , G̃ini
)⊤ with G̃ic = (G⊤

ic,J
⊤
ic)

⊤, and H̃i = (H̃i1, . . . , H̃ini
)⊤ with H̃ic =

(H⊤
ic,K

⊤
ic)

⊤. Define the matrices Gϕ =
∫ 1

0
d2ϕ(t)
dt2

(
d2ϕ(t)
dt2

)⊤
dt and Gψ =

∫ 1

0
d2ψ(t)
dt2

(
d2ψ(t)
dt2

)⊤
dt.

Then a full matrix-vector form of the objective function (4.9) is

M(θ,ϑi) =
n∑
i=1

ni∑
j=1

1

2σ2
ϵ

∥ bi − G̃iα− H̃iϑi ∥2 +
λβ
2
m⊤Gϕm+

λb
2

n∑
i=1

∫ 1

0

q⊤
i Gψqi

+
1

2σ2
ϵ

n∑
i=1

q⊤
i D

−1qi +
1

2σ2
ϵ

n∑
i=1

w⊤
i Ψ

−1wi

(4.10)

Objective function (4.10) can be minimized with a closed-form solutions for α and ϑi. To

estimate σ2
ϵ and D, we can employ an iterative EM REML-based starting with some initial

values for σ2(0)
ϵ and D(0). Then the M-step computes the estimates of α(r) and ϑ(r)

i as the

minimizer of (4.10), followed by the E-step of updating σ
2(r)
ϵ and D(r). The procedure is

repeated until all estimators converge within a pre-specified tolerance level. We employ

multi-fold cross validation for both the selection of smoothing parameters λβ and λb and the

selection of models and covariates to include in zi.

4.3.4 Step 3: Estimation, prediction, and degradation analysis of

yic(r)

Once the scaled discharge curve xic(t), t ∈ [0, 1], and the EOD bic are estimated through the

two steps described above, the estimate for the standard discharge curve yic(r) on its natural

domain, r ∈ [0, bic], can be constructed point-wisely by simply re-scaling the estimate x̂ic(t)
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with the EOD estimate b̂ic. The prediction of the voltage discharge curve ŷic̃(r) for a future

cycle c̃ can be obtained similarly through the predictions x̂ic̃(t) and bic̃. Then ŷic̃(r) is used

as a functional measurement prediction for the following degradation analysis.

One advantage of producing predicted VDCs in the fully functional form is the flexibility in

performing degradation analysis according to the degradation definition set by practitioners.

One can examine the full predicted VDCs and anticipate discharge voltage behavior within a

future discharge cycle. We illustrate this approach in more details in Section 4.5.3. Another

popular approach is to convert a full VDC into a scalar degradation measurement. As

demonstrated in Section 4.4, existing methods construct degradation path models directly

from a scalar degradation measurement Υic calculated from the observed VDC, yic(r). Such

scalar measurement could be the Lp-norm of the yic(r)

Υic = ||yic(r)||p ≡
(∫ bic

0

|yic(r)|pdr
)1/p

(4.11)

The power p is pre-specified. When p = 1, Υic is the area under the discharge curve, which

is directly related to battery capacity. To compare a battery’s degradation at cycle c relative

to its original state, i.e., the first discharge cycle, we can further compute the degradation

amount

dic =
Υic −Υi1

Υi1

=
||yi1(r)||p − ||yic(r)||p

||yi1(r)||p
(4.12)

The degradation amount dic in (4.12) can be interpreted as the difference between the Lp-

norm of the discharge curve at cycle c and the Lp-norm of the discharge curve at the first

cycle for battery i. This measure can be compared to any soft failure threshold Df set by

practitioners to represent the end of rechargeable battery usability. Figure 4.4 demonstrate

the degradation analysis procedure on a toy example. We consider three hypothetical batter-

ies or units (Panels 1 to 3). Each unit starts with some observed VDCs (solid curves), which
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yield a predicted VDC (dashed curve) based on a prediction model. We then computes a

degradation amount for each VDC (observed or predicted). Then the degradation amounts

for each battery are assembled to produce the degradation path in Panel 4. At last, the

degradation path can be compared with the soft failure threshold to determine the status of

the unit.
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Figure 4.4: Diagram for degradation analysis for multiple batteries simultaneously. Panel
1 (top left), Panel 2 (top right), and Panel 3 (bottom left): Voltage discharge curves of
each unit (battery). Solid curves are for modeling under procedure proposed in 4.3. Dashed
curves are predictions based on final model. For each of these VDCs, degradation amount
is measured according to equation (4.12). Panel 4 (bottom right): degradation paths for
all units obtained from VDCs with observed (solid) and predicted (dashed) values overlayed
with a soft failure threshold.
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4.4 Simulation Study

4.4.1 Existing degradation models

Current methods in degradation analysis of rechargeable batteries do not take into account

the full functional form of VDCs. The observed VDCs are transformed into a scalar degra-

dation measurement through equations (4.11) and (4.12). Then a general path model [34] is

constructed based on the observed degradation amount dic

dic = Di(c;β, ξi|zi) + ϵic, (4.13)

where zi is the vector of covariates for battery i, Di is a function of the cycle c given zi

with parameters β and ξ. In particular, β contains all the fixed parameters common across

all batteries and ξi = (ξ1i, . . . , ξiℓ)
⊤ collects ℓ random parameters representing battery-to-

battery variations. In model (4.13), ξi is assumed to follow a multivariate normal distribution

with mean 0 and covariance Σ, and the random errors ϵic are assumed to be independent

and identically distributed, following a normal distribution with mean 0 and variance σ2
ϵ .

The first step in the degradation model (4.13) is specifying the functional form of Di(c)

based on the shape of the degradation path formed by the degradation amounts dic along

the cycles. Based on Figure 4.2, we assume a linear degradation path of the form

Di(c) = β0 + (β1 + ξi1)c+ z
⊤
i βz. (4.14)

By setting exp(ζi1) = |1 + ξi1/β1|, we can see that model (4.14) has an equivalent form

Di(c) = β0 + β1 exp(ζi1)c+ z
⊤
i βz, (4.15)
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where β1 may differ from β1 in (4.14) by a sign and the random effect ζi1 now assumes a

lognormal probability distribution. The goal is now to estimate parameters θ = {β, σ2
ϵ , Σ}.

Note that in general model (4.13) is a nonlinear mixed effects model, which can be estimated

through standard methods such as ML or REML. In practice, we apply the nlme and lme

functions from the R package nlme [44].

4.4.2 Simulation settings

We conduct a numerical simulation study to compare degradation analysis performance be-

tween our functional data approach and existing methods. In numerical studies, we simulate

data from a hypothetical experiment with n number of units. For each i = 1, . . . , n, unit

i is set to go through ni cycles of action that result in its degradation. Within each cycle,

a curve observation is simulated. This curve is assembled from two components: a curve

on the standard [0, 1] domain and a domain end point that scales the standard curve to

an individualized domain. In particular, the domain end point bic for curve c of unit i is

simulated from the following model

bic = α0 + w0i + (α1 + w1i)c+ α2xi + α3bi,c−1 + α4 exp

{
−1

∆ic

}
+ ϵic, (4.16)

where w0i ∼ N (0, σ2
0), w1i ∼ N (0, σ2

1),ϵic ∼ N (0, σ2
ϵ ). The covariate xi represents a testing

condition for unit i, which is generated from a uniform distribution on [0, 1]. The time lag ∆ic

between cycles c−1 and c is set up as follows. When c is divisible by 20, we set ∆ic = 100+ℓ

where ℓ ∼ N (0, 22). Otherwise, ∆ic = 5 + ℓ where ℓ ∼ N (0, 12). In this manner, we assume

the hypothetical system has a long break every 20 cycles. Once bic is generated, the curve

yic(r) with r ∈ [0, bic] is obtained through yic(r) =
∑3

j γic,jϕijc(r), where ϕijc(r) are the first

three basis functions in the cubic B-spline basis system with 5 equally spaced knots on the
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interval [0, bic]. Models for the coefficients γic,j , j = 1, 2, 3, are

γic,j = (u01 + v0ij) + (u11 + v1ij)c+ u2xi + δicj (4.17)

where v0ij, v1ij ∼ N (0, σ2
v) and δicj ∼ N (0, σ2

δ ).

With the guidance of the application, we choose our parameter values as follows. The fixed-

effect coefficients in (4.16) are α0 = 2500, α1 = −5, α2 = 50, α3 = 0.5, and α4 = 150. The

variance of random effects and noise are σ2
w0 = 2002, σ2

w1 = 22 and σ2
ϵ = 102. In (4.17),

the fixed effects are set as (u01, u02, u03) = (10, 6, 5), (u11, u12, u13) = (−0.03,−0.02,−0.01),

and (u21, u22, u23) = (5, 4, 3). The variances of random effects and noise are respectively

σ2
v = 0.01 and σ2

δ = 12. Figure 4.5 displays data for a unit generated in this manner.

To test the efficacy of the proposed method on the simulated data, we build predictive models

from tr% of the first number of cycles of each unit. Predictions are done on the remaining

1 − tr%. We choose the degradation measure of interest to be the normalized difference

between the L1-norms, or areas under the curves, of the VDCs at cycle c and the first cycle,

namely, dic = ∥yi1(r)∥1−∥yic(r)∥1
∥yi1(r)∥1 . The accuracy in prediction is evaluated by the root mean

squared prediction error RMSPE =
√∑n

i=1

∑ni

c=ñi
(d̂ic − dic)2 where ñi = ni · tr% + 1. We

also evaluate the goodness of fit in estimating degradation amount using root mean squared

error RMSE =
√∑n

i=1

∑ñi−1
c=1 (d̂ic − dic)2.

Our simulation settings comprise of all the possible combinations of n = {20, 50, 100},

ni = {50, 100, 150}, and train ratio tr% = {50%, 80%}. Each simulation setting contains

500 data replications. Model for general path modeling is fitted with the lme routine from

the R package nlme. For the simulation study, we apply the linear degradation path in

equation (4.14). For the proposed functional model approach, we apply the functional prin-

cipal component decomposition from fdapace R package [5], then the multivariate linear
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Figure 4.5: Example of simulated discharge curves through 100 discharge cycles for one unit.
Colors ranging from blue to purple indicate increase in discharge cycle number. Left panel
displays the curves in their original domain. Right panel is the scaled curves.

mixed effects model for FPC scores are constructed using lme on the vectorised form as

demonstrated above. Two models of estimating EOD time are considered. The first is the

linear mixed effects model similar to (4.16). The second is the FLMM where we fit (4.16)

with the covariate term α2xi replaced with the functional covariate
∫ 1

0
(β(t) + bi(t)) xic(t)dt.

We customized the code provided in Liu et al. [25] to obtain the estimated parameters in

the functional linear mixed model in model (4.7).
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4.4.3 Simulation results

Figure 4.6 shows the boxplots of RMSPEs of the three methods grouped by simulation

settings. GPM stands for the general path model using the linear degradation path. Models

using functional data approach are pre-fixed with FDM followed by the method of modeling

EOD. From Figure 4.6, when training ratio is 80% and number of cycles per battery at

50 and 100, the two FDM models, FDM-LME and FDM-FLMM, produce almost identical

results and both are much better than the GPM method.
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Figure 4.6: RMSPE over all simulation settings combinations from three degradation models.

We examine the goodness of fit for these models on the training data in Figure 4.7. It is

not surprising that GPM has a better performance in fitting the training data compared to

the two FDM models. The GPM directly models the degradation amounts. Although this

yields better fit on training data, it also tends to overfit the data and thus leads to worse
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prediction performance as demonstrated above. On the other hand, the two FDM models

deal with functional VDCs from two sources: the scaled VDCs and the EODs. Although

the FDM approaches do not fit the training data as the direct GPM approach, they gain in

the prediction performance which is more important in degradation analysis.
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Figure 4.7: Boxplots of RMSE on observed data over all simulation settings combinations
from three degradation models.

We examine the functional data models further by looking at the fit and prediction perfor-

mance for scaled VDCs across different simulation settings in Figure 4.8. Using FPC scores

to model scaled VDCs gives good fit based on pointwise MSE over all simulation settings.

The disprepancy between fit and prediction MSE reduces as the number ni of cycles per

battery increases. On the other hand, the increase in the number n of batteries leads to

smaller variances in prediction errors.

Both FDM-LME and FDM-FLMM use the same method for modeling scaled VDCs through
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Figure 4.8: Boxplots of Point-wise MSE of scaled VDCs in training (Fit Type) and testing
set (Pred. Type) over all simulation settings
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Figure 4.9: Boxplots of RMSPE of EOD time by FDM-LME and FDM-FLMM over all
simulation settings.

FPC scores. They differ in modeling the EOD time. Figure 4.9 displays boxplots of RMSPE

for predicting EOD time by the two models. While the prediction performance of FDM-
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LME is slightly better for the case of small n and ni, the two methods produce almost

identical results as the number of batteries and the number of cycles per battery increase.

This explains the similarity in performance between the two models in Figure 4.6.

4.5 Data Analysis

4.5.1 Model construction

The dataset contains voltage discharge curves for n = 20 batteries under various experimental

conditions. The experimental conditions are respectively the testing temperature (temp) in

Celsius degrees, discharge current (dc) in Amp, and the stopping voltage (sv) in volts. The

number of cycles ni for a battery ranges from 60 to 200. For each discharge cycle, the end of

discharge (EOD) bic is defined to be the time elapsed from the beginning to the end of the

cycle. To obtain the scaled curves xic(t), we scale the timestamps on each voltage discharge

curve (VDC) yic(r) by the corresponding bic. Since the time grid for the scaled curve xic(t)

may differ between cycles and batteries, we interpolate each curve to obtain observations

on a uniform grid. All the covariates are modeled as continuous variables. We apply the

Arrhenius transformation for temperature using room temperature as the baseline level [34],

that is

z1 =
11604.52

temp◦C + 273.15
− 11604.52

24◦C + 273.15

For discharge current (dc) and stopping voltage sv, we use the following transformations,

z2 =
log(dc)

2
and z3 =

log(sv)
2
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This is called the power law transformation using 2 Amps as baseline level for discharge

current and 2 Volts as baseline level for stopping voltage [34]. These are standard transfor-

mations in battery studies and can enhance the numerical stability in model fitting. Fur-

thermore, the baseline levels for the three experimental conditions have a covariate value of

0 under these transformations. This makes it easier to interpret the intercept of the model

and compare the effects on the response between different levels of each covariate.

When performing the FPCA on the scaled VDCs, we find that the first three FPCs can

already explain more than 99% of the total variation in the curves. Therefore, we use K = 3

here and represent each curve xic(t) by the three corresponding FPC scores, γic,j, j = 1, 2, 3.

We fit the multivariate linear mixed effects model in (4.3) with zi = (z1i, z2i, z3i)
⊤, using the

procedure introduced in Section 4.3.

Once the model is fitted and the parameters are estimated, we apply

γ̂ic∗ = v̂0 + û0i + (v̂1 + û1i)c
∗ + P̂ zi (4.18)

to obtain the predicted FPC scores of the scaled voltage discharge curves xic∗(t) for a future

cycle c∗. Combining these scores with the FPCs and the estimated mean discharge function

µ̂(t) yields the prediction of the scaled curve xic∗(t) for cycle c∗.

The next step is to model the EOD time bic. Visual inspection in Figure 4.10 indicates that

a linear trend in cycle number can capture well the trajectory of EOD time. To capture

the variations between batteries, a reasonable model choice is the linear mixed effects model

with random terms for the intercept and slope for cycle number grouped by battery. Two

additional covariates are introduced following the suggestion in Saha and Goebel [55]. One

is the EOD bi,c−1 of the previous cycle, to capture the autoregressive nature of EODs found

in their analysis. The other is a transformation of the waiting time ∆ic between two cycles,
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namely, exp(−1/∆ic). Hence the first option to model bic is the form of model (4.6) with

zi = (bi,c−1, exp(−1/∆ic), z1i, z2i, z3i)
⊤.

A second option is to take advantage of the information from scaled voltage discharge curve

by fitting the functional linear mixed effects model (4.7). Since the experimental conditions

have already been incorporated into the model for xic(t), we choose not to include them again

in the models for the EOD time, and thus zi in (4.7) becomes zi = (bi,c−1, exp(−1/∆ic))
⊤.

We first fit models (4.6) to (4.7) using the training data, that is, the first tr% of data for each

battery. Based on the fitted models, we make predictions on the 1 − tr% held-out testing

data.
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Figure 4.10: End of discharge (EOD) time per cycle by each battery.

After prediction of the scaled curve xic(t) as well as domain end time bic, we reconstruct the

curve on its natural domain yic(s) and compute the degradation amount (4.12) using the Lp
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norm with p = 1. As done in simulations, we compare our degradation predictions to those

from the general path model which is based only on the degradation amounts at the training

cycles.

4.5.2 Model evaluation

We consider three levels for the train ratio, tr% ∈ {50%, 75%, 90%}. For illustrating purpose,

we present the fitted and predicted degradation paths for the 75% train ratio setting. Figure

4.11 displays the predicted degradation paths for all the 20 batteries when 75% of available

data for each battery are used in modeling. Predictions from FDM-LME and FDM-FLMM

are able to capture well the testing part trajectories of the degradation paths for most

batteries while GPM tends to overestimate degradation amounts. For a few exceptions,

such as Batteries B0055 and B0056, it is hard to tell which method predicts better. These

batteries all have rough degradation paths. While GPM does better prediction for these

batteries in the initial period, its prediction deviates more than the FDM methods in the

later period. The FDM predictions for these batteries tend to stay in the middle of the

oscillating true degradation paths.

Figure 4.12 shows boxplots of absolute errors of the three methods when fitting and predicting

degradation amount under the three train/test ratios. In contrast to the under-performance

in fitting of the two FDM models versus the GPM in the simulation study, the fits on the

training data from all three methods are quite consistent with one another. In prediction,

both FDM models give better and more consistent performance than the GPM.
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Figure 4.11: Degradation paths for 20 batteries (gray) overlayed with fitted and predicted
paths by GPM (red), FDM-LME (green), and FDM-FLMM (blue). Dotted vertical line
indicate the separation between train (first 75% of discharge cycles from each battery) and
test set (last 25% of discharge cycles from each battery).

4.5.3 Degradation prediction

Lastly, we perform functional degradation analysis using all the available data on the batter-

ies, that is, we make prediction about the battery degradation beyond the discharge cycles

available in the data. We use the results from the FDM-FLMM model as an example and

predict the VDCs and degradation paths for the next 20 cycles of each battery assuming a

5-hour lag between cycles. Figure 4.13 visualizes the results for two batteries. This routine

illustrates the benefits of functional degradation model in producing both the predictions for

VDCs and the degradation amount of interest.
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Figure 4.12: Boxplots of absolute error in degradation amount fit and prediction among
three considered methods across three train/test split ratios.

4.6 Conclusions and Future Work

In this work, we propose a functional degradation model to analyze a battery life testing

study, where voltage discharge curves form a longitudinal set of functional data observations

showing a pattern of degradation. Instead of applying standard degradation models directly

to degradation measures summarizing functional observations, our functional data approach

take full advantage of the whole VDCs. Considering the heterogeneity in the supporting

domains of the VDCs, we first re-scale each VDC to reside on the common domain [0, 1]

and then simultaneously model the scaled curves and the EOD times through mixed effects

models. Simulations show that our functional degradation model can indeed yield better

predictions than the standard general path model. Our detailed analysis of the battery life
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Figure 4.13: Predicted voltage discharge curves and degradation paths for two batteries in
the next 20 discharge cycles based on FDM-FLMM model built on entire battery dataset

testing data further reveal the great potential of the functional degradation model for more

accurate and more stable degradation prediction for Li-ion batteries.

Another advantage of the functional approach is that its prediction is not only just a predicted

value for the degradation amount but also a complete VDC. The availability of complete VDC

predictions would allow the practitioners the flexibility of defining their own degradation

measures based on the curves. In the future, it will be interesting to consider time-varying

covariates such as varying ambient temperature, and multiple loading values for discharge

current.



Chapter 5

Conclusions and Future Work

As technology advances, more and more sophisticated data are collected allowing applica-

tions and systems to be studied more indept. Functional data analysis is conceived as a field

of statistics to deal with data from complex process collected under high frequency. The

work in this dissertation contributes to the vastly expanding methodologies of FDA through

three main projects. Besides application orientation, an underlying theme of this disserta-

tion is also the study of methods involving functional data observations that are collected

longitudinally.

Chapter 2 concentrates on the functional Analysis of Variance (FANOVA) model to compare

mean functions among groups of functional data. The focus is on the post-hoc situation

where linear contrasts formed betwen group means are put to test. Existing tests focus on

situations with independent observations among group members. We propose a new test

for when dependency exists amog within-group observations. The test is robust in situation

of uncommon covariance functions across groups. Simulation studies prove the that the

empirical power of the test is comparable in situation favorable to existing tests. When

dependency exists within each group, the proposed test produces stronger power. Drawbacks

of the proposed test lie in the size control when it tends to give high type I error rate in

small size situation. Additional simulations have shown that this problem is fixed when the

number of sample size increases. In the future, it would be beneficial to investigate the

performance of the test when within-group dependency is not homogeneous. Furthermore,

111
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so far we only discuss contrast testing for one-way FANOVA model. It will be interesting to

generalize the techniques into two-way FANOVA or general designs such as random complete

block design.

Chapter 3 follows up from the linear contrast test in FANOVA model with the estimation of

the contrast function with local sparsity. This method is especially beneficial for situation

where it is of interest to pinpoint regions where contrast function is zero while estima-

tion for non-zero regions maintain accuracy. A direct application is with Raman spectral

data. Wavelength positions along Raman spectra indicate the intensity of a specific chemical

composition in the liquid sample. The proposed method produce estimated linear contrast

constructed from groups of Raman spectral data with wavelength regions of null contrast

marking chemical composition of zero influence on contrast.

Chapter 4 explores the power of functional data methodology in the context of degradation

analysis. The project is specifically calibrated towards a study on degradation of rechargable

batteries under continous charge and discharge. Fully functional approach is taken by cou-

pling two flexible functional linear models for functional response and scalar response with

functional covariate. The proposed method is able to produce prediction for future volt-

age discharge curves. We demonstrate in simulation study the superiority of a functional

approach in predicting pre-specified degradation measure compared with standard general

path model that work directly scalar measures. We hope this work motivates more appli-

cation and development of FDA methods in reliability and degradation analysis. A direct

expansion would be to examine impact of time-varying covariates toward the degradation of

data collected in functional form.
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Appendix A

Additional Results from Simulation

Study of Chapter 2

A.1 Results for settings with sample size N = (10, 20, 30)

A.1.1 Setting 1: True contrast is a common-form smooth function

Errors come from Brownian Bridge process

Test 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Common L2N 5 10 60 100 100 100 100 100
group-wise L2B 6 11 64 100 100 100 100 100
covariance L2b 8 13 72 99 100 100 100 100
function FN 4 9 57 100 100 100 100 100

FB 5 10 59 100 100 100 100 100
Fb 19 49 99 100 100 100 100 100
FT2-85 9 26 54 85 91 93 95 95
FT2-95 21 67 96 100 100 100 100 100

Different L2N-het 4 8 41 95 100 100 100 100
group-wise L2B-het 11 23 78 99 100 100 100 100
covariance L2b-het 4 8 46 95 100 100 100 100
functions FN-het 3 7 37 88 100 100 100 100

FB-het 4 7 42 90 100 100 100 100
Fb-het 3 5 28 83 99 100 100 100
FT2-85 5 24 56 84 89 99 99 99
FT2-95 13 69 96 100 100 100 100 100

Table A.1: Empirical rejection percentages: the common-form contrast function setting with
Brownian Bridge errors for N = (10, 20, 30) setting by a common or different group-wise
covariance functions.
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Errors come from FAR(1) process

Test 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Common L2N 5 12 72 100 100 100 100 100
group-wise L2B 5 14 73 100 100 100 100 100
covariance L2b 9 22 71 96 100 100 100 100
function FN 5 12 70 100 100 100 100 100

FB 5 12 71 100 100 100 100 100
Fb 28 53 93 100 100 100 100 100
FT2-85 8 31 58 72 81 85 88 89
FT2-95 21 63 91 97 100 100 100 100

Different L2N-het 13 21 56 90 100 100 100 100
group-wise L2B-het 28 39 79 98 100 100 100 100
covariance L2b-het 15 21 58 90 100 100 100 100
functions FN-het 13 20 49 87 100 100 100 100

FB-het 13 20 54 89 100 100 100 100
Fb-het 13 15 40 84 100 100 100 100
FT2-85 21 27 50 72 85 94 97 98
FT2-95 25 59 98 99 100 100 100 100

Table A.2: Empirical rejection percentages: the common-form contrast function setting with
FAR(1) errors for N = (10, 20, 30) setting by a common or different group-wise covariance
functions.
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A.1.2 Setting 2: True contrast function is a spectrum-like function

Errors come from Brownian Bridge process

Test 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Common L2N 6 8 49 100 100 100 100 100
group-wise L2B 6 9 56 100 100 100 100 100
covariance L2b 6 10 55 95 100 100 100 100
function FN 5 8 45 100 100 100 100 100

FB 6 8 49 100 100 100 100 100
Fb 22 40 93 100 100 100 100 100
FT2-85 18 19 22 26 32 44 59 63
FT2-95 33 37 56 70 79 86 91 93

Different L2N-het 4 8 37 90 100 100 100 100
group-wise L2B-het 16 24 73 99 100 100 100 100
covariance L2b-het 5 8 40 92 100 100 100 100
functions FN-het 4 8 32 88 100 100 100 100

FB-het 4 8 36 89 100 100 100 100
Fb-het 4 6 26 83 99 100 100 100
FT2-85 13 16 21 29 36 50 53 58
FT2-95 25 34 64 78 88 92 93 96

Table A.3: Empirical rejection percentages: the spectrum-like contrast function setting with
Brownian Bridge errors for N = (10, 20, 30) setting by a common or different group-wise
covariance functions.

Errors come from FAR(1) process
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Common L2N 11 16 51 100 100 100 100 100
group-wise L2B 11 16 52 100 100 100 100 100
covariance L2b 13 21 62 98 100 100 100 100
function FN 11 16 48 100 100 100 100 100

FB 11 16 49 100 100 100 100 100
Fb 34 49 98 100 100 100 100 100
FT2-85 15 16 21 29 37 43 49 53
FT2-95 29 31 50 63 77 81 87 89

Different L2N-het 18 22 45 97 100 100 100 100
group-wise L2B-het 30 38 78 100 100 100 100 100
covariance L2b-het 19 23 46 98 100 100 100 100
functions FN-het 18 21 41 93 100 100 100 100

FB-het 18 21 45 94 100 100 100 100
Fb-het 16 18 36 82 100 100 100 100
FT2-85 16 15 17 25 29 40 44 52
FT2-95 20 28 41 63 78 86 89 92

Table A.4: Empirical rejection percentages: the spectrum-like contrast function setting with
FAR(1) errors for N = (10, 20, 30) setting by a common or different group-wise covariance
functions.

A.2 Additional simulation study to examine size con-

trol

A.2.1 Brownian bridge errors

N (10,10,10) (10,20,30) (50,50,50) (100,100,100) (200,200,200)
Common L2N 5.2 4.4 4.6 4.8 4.4
group-wise L2B 5.8 5.0 4.6 5.0 4.4
covariance L2b 5.4 6.2 4.4 4.8 4.2
function FN 5.0 4.0 4.4 4.8 4.4

FB 5.2 4.2 4.6 4.8 4.4
Fb 17.6 17.4 20.6 21.4 22.6
FT2-95 21.6 19.4 8.2 6.0 5.2

Different L2N-het 5.2 5.4 4.6 6.8 6.0
group-wise L2B-het 15.6 11.6 12.0 12.6 14.2
covariance L2b-het 5.8 5.4 4.2 6.8 6.0
functions FN-het 4.6 4.6 4.4 6.8 6.0

FB-het 5.0 5.2 4.4 6.8 6.0
Fb-het 3.2 3.8 3.6 6.6 6.0
FT2-95 20.4 17.6 9.4 5.8 5.0

Table A.5: Empirical Type I errors in percentage for common-form contrast function setting
with Brownian Bridge errors using 500 replications
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A.2.2 FAR(1) errors

N (10,10,10) (10,20,30) (50,50,50) (100,100,100) (200,200,200)
Common L2N 11.8 9.8 11.8 12.2 11.4
group-wise L2B 13.0 10.2 12.0 12.4 11.4
covariance L2b 12.8 13.0 11.8 12.2 11.2
functions FN 11.0 9.4 11.8 12.0 11.4

FB 11.2 9.8 11.8 12.2 11.4
Fb 28.4 30.0 33.2 32.2 30.4
FT2-95 21.8 21.4 10.2 8.2 9.0

Different L2N-het 14.0 12.2 10.2 13.0 11.0
group-wise L2B-het 25.0 22.6 21.4 23.0 21.0
covariance L2b-het 15.2 13.2 10.2 13.2 10.8
functions FN-het 12.2 11.2 9.8 13.0 10.8

FB-het 13.6 12.2 10.0 13.0 10.6
Fb-het 10.6 10.6 9.4 13.0 11.6
FT2-95 22.0 21.6 11.2 8.2 7.4

Table A.6: Empirical Type I errors for common-form contrast function setting with FAR(1)
errors using 500 replications
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Additional Plots from Simulation

Study of Chapter 3

B.1 Simulation setting 1: Data from common functions

Figure B.1: Common function case: Specificity of the smoothed and sparsed contrast func-
tion from Gaussian noise case using 7 selection criteria
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Figure B.2: Common function case: Sensitivity of the smoothed and sparsed contrast func-
tion from Gaussian noise case using 7 selection criteria

B.2 Simulation setting 2: Spectral data as observed

data
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Figure B.3: Common function case: Sensitivity of the smoothed and sparsed contrast func-
tion from AR(1) noise case using 7 selection criteria
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Figure B.4: Common function case: Specificity of the smoothed and sparsed contrast func-
tion from AR(1) noise case using 7 selection criteria
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Figure B.5: Common function case: Sensitivity of the smoothed and sparsed contrast func-
tion from AR(7) noise case using 7 selection criteria
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Figure B.6: Common function case: Specificity of the smoothed and sparsed contrast func-
tion from AR(7) noise case using 7 selection criteria
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Figure B.7: Spectral data case: Specificity of the smoothed and sparsed contrast function
from Gaussian noise case using 7 selection criteria
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Figure B.8: Spectral data case: Sensitivity of the smoothed and sparsed contrast function
from Gaussian noise case using 7 selection criteria



138 Appendix B. Additional Plots from Simulation Study of Chapter 3

Figure B.9: Spectral data case: Sensitivity of the smoothed and sparsed contrast function
from AR(1) noise case using 7 selection criteria
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Figure B.10: Spectral data case: Specificity of the smoothed and sparsed contrast function
from AR(1) noise case using 7 selection criteria
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Figure B.11: Spectral data case: Sensitivity of the smoothed and sparsed contrast function
from AR(7) noise case using 7 selection criteria
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Figure B.12: Spectral data case: Specificity of the smoothed and sparsed contrast function
from AR(7) noise case using 7 selection criteria



Appendix C

Additional Materials from Data

Analysis of Chapter 4

C.1 Interpretation of functional principal components

for scaled discharge voltage curves

Figure C.1 visualizes the first three estimated functional principal components obtained from

FPC decompositon of the scaled VDCs from all available discharge data. This decomposition

result is used in Section 4.5.3. Visualizing the FPCs by adding and subtracting them from

the mean curves helps illustrate their interpretation. The first FPC, accounting for 89.54%

of total variation in the data, is a positive function across the domain. Besides having

values tapering toward 0 at the two ends, the first FPC is quite flat and its values consistent

throughout the domain. The top right plot in Figure C.1 suggests that scaled VDC with

positive score for the first FPC have higher voltage than the average scaled VDC almost

entirely throughout the domain or discharge cycle. On the other hand, scaled VDC with

negative score has lower voltage level than the average scaled VDC on the entire domain.

Hence, first FPC indicates the deviation from the mean scaled VDC. The sign and magnitude

of the first FPC score quantify the direction and strength of this deviation.

The second FPC explains 8.4% of total variation of the data. It has positive values approx-
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Figure C.1: First three principal component functions with their proportion of total variation
explained from FPC decomposition of scaled VDCs for available data from 20 batteries. Top
left show the plots of the three principal components. Top right and the bottom two plots
show the effect on the mean function (solid black) after adding and subtracting the FPCs.

imately before 0.7 mark and negative after that. It represents the difference in discharge

voltage in the first 70% of the cycle. This second FPC represents the contrast between volt-

age level in the first 70% of the discharge cycle and the latter 30%. Scaled VDCs with high

second FPC scores are those with higher than average voltage in the first 70% of the dis-

charge cycle but the voltage levels drop more significantly than the average in the remaining

time of the cycle. Cycles with negative scores are those with lower voltage at the beginning

of the cycle but the drop in later into the cycle is not as dramatic compared to the mean

curve.

The third FPC shows close to 0 values for the majority of the cycle except for the beginning
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and end of the cycle. This represents the variation in the scaled VDCs in terms of the

beginning voltage level and how voltage drop at the end of the discharge cycles.

C.2 Interpretation of estimates from functional linear

mixed effects model for EOD time

The model for end of discharge time bic applied in Section 4.5.3 is

bic = α0+w0i+(α1+w1i)c+

∫ 1

0

(β(t) + bi(t)) xic(t)dt+α2bi,c−1+α3 exp(−1/∆ic)+ϵic, (C.1)

The estimations for fixed coefficients and their standard errors (se) are α̂0 = −3845.733 with

standard error 931.087, α̂1 = −1.687 with standard error 0.38, α̂2 = 546.7246 with standard

error 25.2, and α̂3 = 0.59 with standard error 0.014. Figure C.2 illustrates the estimated

coefficient function β(t) of the effect of scaled VDCs on EOD plotted point-wise and Figure

C.3 shows the 20 battery-specific effect from scaled VDCs on EOD, β(t) + bi(t).

From the form of (C.1), the effect from the scaled VDCs is a weighted average of the scaled

VDC with the weight set by the coefficient function β(t) adjusted with bi(t) for each battery.

The estimated β(t) has the shape close to a straight line with negative slope and sign of

values switch at around 0.7. Recall the shape of a typical scaled VDCs (Figure C.1), we

can see that this term
∫ 1

0
(β(t) + bi(t)) xic(t)dt acts as an adjustment to EOD based on a

weighted average of scaled VDCs. Without battery specific effect bi(t), this adjustment is

similar to an area under the curve. Depending on the battery, the variations in the shapes

of scaled VDCs help set the weight to be β(t) + bi(t).



C.2. Interpretation of estimates from functional linear mixed effects
model for EOD time 145

0.0 0.2 0.4 0.6 0.8 1.0

−
20

00
0

20
00

40
00

Scaled time t

β(
t)

Figure C.2: Point-wise estimated coefficient function of the effect from scaled VDC on EOD
time, β(t). Mean estimate is in the solid black curve and red dashed curves indicated the
approximated 95% confidence band.
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Figure C.3: Estimated functional coefficients of scaled VDC by battery from FLMM model
predicting EOD time. Dashed curve represents overall coefficient function β̂(t). Battery-
specific coefficient functions, β̂(t) + b̂i(t), are depicted by solid red curves
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