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Physics Informed Machine Learning for Digital Twins of Metal Ad-

ditive Manufacturing

Raghav Gnanasambandam

(ABSTRACT)

Metal additive manufacturing (AM) is an emerging technology for producing parts with
virtually no constraint on the geometry. AM builds a part by depositing materials in a
layer-by-layer fashion. Despite the benefits in several critical applications, quality issues are
one of the primary concerns for the widespread adoption of metal AM. Addressing these
issues starts with a better understanding of the underlying physics and includes monitoring
and controlling the process in a real-world manufacturing environment. Digital Twins (DTs)
are virtual representations of physical systems that enable fast and accurate decision-making.
DTs rely on Artificial Intelligence (AI) to process complex information from multiple sources
in a manufacturing system at multiple levels. This information typically comes from partially
known process physics, in-situ sensor data, and ex-situ quality measurements for a metal AM
process. Most current Al models cannot handle ill-structured information from metal AM.
Thus, this work proposes three novel machine-learning methods for improving the quality
of metal AM processes. These methods enable DTs to control quality in several processes,
including laser powder bed fusion (LPBF) and additive friction stir deposition (AFSD). The

proposed three methods are as follows.



1. Process improvement requires mapping the process parameters with ex-situ quality
measurements. These mappings often tend to be non-stationary, with limited ex-
perimental data. This work utilizes a novel Deep Gaussian Process-based Bayesian
optimization (DGP-SI-BO) method for sequential process design. DGP can model
non-stationarity better than a traditional Gaussian Process (GP), but it is challenging
for BO. The proposed DGP-SI-BO provides a bagging procedure for acquisition func-
tion with a DGP surrogate model inferred via Stochastic Imputation (SI). For a fixed
time budget, the proposed method gives 10% better quality for the LPBF process than
the widely used BO method while being three times faster than the state-of-the-art

method.

2. For metal AM, the process physics information is usually in the form of Partial Differ-
ential Equations (PDEs). Though the PDEs, along with in-situ data, can be handled
through Physics-informed Neural Networks (PINNs), the activation function in NNs
is traditionally not designed to handle multi-scale PDEs. This work proposes a novel
activation function Self-scalable tanh (Stan) function for PINNs. The proposed ac-
tivation function modifies the traditional tanh function. Stan function is smooth,
non-saturating, and has a trainable parameter. It can allow an easy flow of gradients
and enable systematic scaling of the input-output mapping during training. Apart
from solving the heat transfer equations for LPBF and AFSD, this work provides ap-
plications in areas including quantum physics and solid and fluid mechanics. Stan
function also accelerates notoriously hard and ill-posed inverse discovery of process

physics.

3. PDE-based simulations typically need to be much faster for in-situ process control.
This work proposes to use a Fourier Neural Operator (FNO) for instantaneous predic-

tions (1000x speed up) of quality in metal AM. FNO is a data-driven method that



maps the process parameters with a high dimensional quality tensor (like thermal dis-
tribution in LPBF). Training the FNO with simulated data from PINN ensures a quick
response to alter the course of the manufacturing process. Once trained, a DT can

readily deploy the model for real-time process monitoring.

The proposed methods combine complex information to provide reliable machine-learning
models and improve understanding of metal AM processes. Though these models can be
independent, they complement each other to build DTs and achieve quality assurance in

metal AM.



Physics Informed Machine Learning for Digital Twins of Metal Ad-

ditive Manufacturing

Raghav Gnanasambandam

(GENERAL AUDIENCE ABSTRACT)

Metal 3D printing, technically known as metal additive manufacturing (AM), is an emerging
technology for making virtually any physical part with a click of a button. For instance, one
of the most common AM processes, Laser Powder Bed Fusion (L-PBF), melts metal powder
using a laser to build into any desired shape. Despite the attractiveness, the quality of the
built part is often not satisfactory for its intended usage. For example, a metal plate built for
a fractured bone may not adhere to the required dimensions. Improving the quality of metal
AM parts starts with a better understanding the underlying mechanisms at a fine length
scale (size of the powder or even smaller). Collecting data during the process and leveraging
the known physics can help adjust the AM process to improve quality. Digital Twins (DTs)
are exactly suited for the task, as they combine the process physics and the data obtained
from sensors on metal AM machines to inform an AM machine on process settings and
adjustments. This work develops three specific methods to utilize the known information
from metal AM to improve the quality of the parts built from metal AM machines. These
methods combine different types of known information to alter the process setting for metal

AM machines that produce high-quality parts.
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Chapter 1

Introduction

1.1 Motivation

Digital Twin (DT) is a virtual representation of any physical entity [131]. A DT typically
performs several functions including monitoring, simulation, and planning[137]. Industry
4.0 [26] has enabled continuous sensing with edge computation capabilities that are in-
terconnected. The interconnected nature of the systems allow continuous monitoring and

control of variety of physical entities, including manufacturing processes.

Metal Additive Manufacturing (AM) is a manufacturing process to build a part in a layer-
by-layer fashion. AM facilitates manufacturing parts with complex geometries that is not
possible with traditional manufacturing processes. For instance, Laser Powder Bed Fusion
(L-PBF) is a common metal AM process that melts the metal powder to build a part.
Despite commonly used, ensuring quality of the products built from L-PBF is difficult. The
issue with quality assurance can be primarily attributed to the poor models that represent

the process.

Enabling DT for L-PBF requires models that can accurately simulate the process. Modeling
an AM process is challenging since the process physics is not well-known [67]. In addition,
data-driven modeling techniques are not good enough since the data collection is expensive.

Addressing these limitations are necessary for building a DT for L-PBF. This work attempts
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to address these limitation in three parts.

1.1.1 Data-Driven Models

Since the L-PBF experiments are expensive, it is necessary to collect the data that is oriented
with a goal. This work proposes DGP-SI-BO to design expensive experiments that are
most useful for the optimization goal. The proposed method uses a Deep Gaussian Process
(DGP) [27] as the Bayesian prior. DGP is a composition of multiple traditional Gaussian
Processes (GPs) that can model highly non-stationary functions with limited data. Due to
the compositional structure, inference in DGP is challenging. Variational Inference (VI) [27,
124] is the most common inference but the poor uncertainty quantification makes it not
effective for Bayesian Optimization (BO). In this work, Stochastic Imputation (SI) [95] is
used for the posterior inference in DGP. SI inference provides posterior samples that are
combined with a novel bagging procedure. The applicability of the proposed algorithm is

shown in optimizing the process parameters of L-PBF through simulations.

1.1.2 Physics Informed Models

Another way to minimize the costly experiments is make accurate physics-based simula-
tions that can replicate experiments computationally. Traditional simulations use the first-
principles based Partial Differential Equations (PDEs) to simulate the L-PBF process. Apart
from the PDEs being an inaccurate representation of the actual process, these simulations
use meshing-based numerical methods to solve the PDE system. This work uses Physics-
Informed Neural Networks (PINNs) [112] to get more accurate simulations of the L-PBF.
PINNs can solve the PDE system mesh-free and can also combine process-data potentially
obtained from sensors to get a realistic model. One of the major limitations of PINN is to get
multi-scale solutions required for the L-PBF process. This work proposes a novel activation

function Stan (Self-Scalable Tanh) to efficiently solve PDEs with multi-scale solutions. The
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novel activation function is provided with strong theoretical justifications and case studies

that extend beyond the L-PBF.

Though the PINNs can provide mesh-free solutions, the PINNs have to be re-trained for
individual set of process parameters. The re-training makes the simulations unsuitable for
process optimization. In this work, we propose using the Fourier Neural Operator (FNO) [7§]
as a data-driven model to map the process parameters directly to the simulation output.
Results show promising direction in instantaneously predicting the thermal history of a

manufactured part with the process parameters.

1.2 Literature Review

Enabling Digitial Twin (DT) for metal Additive Manufacturing (AM) is an actively re-
searched topic [40, 83, 101, 104, 106, 154]. One of the key enablers for DTs is Machine
Learning (ML) [24, 65, 126]. ML allows for processing huge amounts of possibly ill-structured
data. Traditional ML methods require large amount of data to build an accurate model [46].
Physics-based information can help in decreasing the amount of data required to train a ML
model. Likewise, physics-based ML models are used recently in the DT development [81].

This work addresses two main issues in the current literature regarding Physics-based ML.

1. Current Physics-based ML, particularly Physics-informed Neural Networks do not scale

for different solutions scales.

2. Current methods do not predict an entire thermal distribution tensor (typically 4-
dimensional tensor) from the process parameters (typically less than 10 significant

parameters).

Further, uncertainty quantification and subsequent decision-making is not well studied though
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necessary for the development of digital twins. This work proposes a Bayesian Optimization
method to optimize process parameters of L-PBF under uncertainty. The rest of the chapter

reviews specific literature with respect to each of the topics descibed in Chapter 1.

1.2.1 Bayesian Optimization with Deep Gaussian Process

Additive manufacturing (AM) processes (particularly Laser Powder Bed Fusion) are complex
with multiple process parameters/control inputs - laser power, scanning speed, powder bed
temperature, hatch spacing, etc. These input parameters directly influence the output char-
acteristics like the average dimensional accuracy and mechanical properties like the strength
and hardness of the manufactured part, that determine the quality of the process. The
relationship between the output characteristics and the input process parameters is usually
complex and has no closed-form. Expensive experiments (in terms of cost and time) typically

inform these relationships.

Optimal process conditions are crucial for achieving the necessary characteristics of the
manufactured part. The optimization problem for finding the best process parameters can be
mathematically formulated as optimizing a function f (output property) defined on = € X,
where X is the process parameters space. The function f(z) is unknown, and thus considered
as “black-box”. f(x) can represent one or more characteristics of the manufactured part, such
as surface quality, distortion in the dimensions of the part, residual stress accumulated, and
so on. Without loss of generality, the problem is assumed to be a minimization problem and

is formulated mathematically as finding the optimal process parameters,

r* = argminf(z). (1.1)
reX

Optimizing specific characteristics of the process or part might require repetitive experiments
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over various process parameters (inputs) to obtain the right combination [1, 28]. For finding
the appropriate optimal process parameters, the number of simulations or experiments must
be minimal to reduce costs. Classical Design of Experiments (DoE) [99] provides numerous
ways to strategically sample the input space to construct a response surface by optimizing
the measurement of input space [51]. These DoE techniques determine the evaluation points
before conducting the experiments and are often not very helpful in identifying the optimal

process parameters for non-linear response [121].

The model-based experimental design can adaptively sample the input space depending on
the response surface and balance exploration and exploitation to obtain a more accurate
data model [15, 51, 84]. Among those, Bayesian Optimization (BO) [17, 38, 51, 64, 97, 129]
stands out due to its effectiveness in optimizing the response (output) of any expensive
“black-box” function. Wide variety of applications use BO, including hyper-parameter tun-
ing in deep learning models [132], designing sensor networks [89], experimental designs in
various fields [51], policy search in reinforcement learning [85], preference learning in com-

puter graphics [16], and natural language processing [149].

BO typically consists of two components: (1) a surrogate model of the available data points;
and (2) an acquisition function to find the next point to sample. The surrogate model
represents the explicit relationship between input and output . The surrogate model should
be able to give accurate output predictions with uncertainty quantification to further use an
acquisition function. The acquisition function is defined on the posterior of the surrogate
model over the support X, and optimizing the function provides the next sampling point.
Gaussian Process (GP) regression surrogate model [118] is the widely used surrogate model
for BO [38]. Expected Improvement (EI) and Upper Confidence Bound (UCB) are well-

known acquisition functions for a GP model [129].

BO does not rely on the structure of the function in terms of the function’s derivatives
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but relies on the prior assumption of the surrogate model [38]. The prior assumption of
a standard GP regression model limits its modeling capabilities to stationary functions.
However, the input-output relationship in AM processes are not necessarily stationary. For
example, the mechanical properties of a printed metal part, such as strength, ductility, and
fatigue resistance, are affected by various process parameters, such as laser power, scanning
speed, layer thickness, and powder bed temperature. Increasing the laser power or decreasing
the scanning speed may improve the mechanical properties in some regions of the part, but
may degrade them in other regions. Similarly, changing the layer thickness or powder bed
temperature may have different effects depending on the geometry of the part and the
material being printed. This motivates the investigation of a better surrogate model for

modeling the non-stationarity in AM processes.

[56] and [105] used direct formulations to extend the GPs to non-stationary functions
whereas [48] used a Locally approximate GP (LaGP) model for the same. These tech-
niques either involve high parameterization or use some information on the structure of the
function, making these methods not quite useful for BO with limited data. [133] used a
warping approach to use a standard GP for BO, but the approach is not as expressive as a

Deep Gaussian Process (DGP) [54].

Previous studies suggest the DGP model [27], inspired by the Deep Learning [46], for mod-
eling the general class of functions [95, 128]. A “multi-layered” DGP is similar to a neural
network consisting of layers of perceptrons [46]. A DGP uses multiple GPs combined to
project the input space into alternate spaces defined by the GP layers to conveniently model
the non-stationarity. Several studies point to the better expressiveness of a DGP over a GP
in a small data regime [27, 31, 95, 124, 128]. Also, the DGPs have been proven to be superior

to the GPs in several surrogate modeling tasks [54, 113, 128].

Nevertheless, using the DGP for BO is quite challenging in two aspects: (1) the inference
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method; and (2) the acquisition function. A fully Bayesian (FB) Markov Chain Monte-
Carlo (MCMC)-based inference [128] conceivably addressed the former, since the state-of-
the-art method, Doubly Stochastic Variational Inference (DSVI) [124] has poor uncertainty
quantification. For the acquisition function, [50] provided a way to use the posterior samples

of FB inference by averaging a traditional acquisition function (EI) over the samples.

However, the MCMC-based procedure is notably slow in handling sizeable data with several
process parameters. Stochastic Imputation (SI)-based inference [95], also a sampling-based
method, promises a faster inference while preserving the benefits of the FB inference. This
work extends [50]’s averaging of acquisition function over the components by a bootstrap
aggregation (bagging) for SI-based inference. Specifically, this work proposes an algorithm
DGP-SI-BO to facilitate the use of DGPs for BO using SI-based inference. The case studies
suggest that the proposed algorithm is better suited for BO than the FB inference based

BO [50]. The main contributions of this work are as follows.

« Propose a procedure to use the SI-based inference [95] for BO using a DGP surrogate
model. Specifically, an acquisition function, defined as a Sample Average Approxi-
mation (SAA) [130] over several components of the posterior distribution [50], can
be improved using bootstrap aggregation (bagging) [5]. Given a dataset, bagging is

helpful in reducing the variance of the estimated next evaluation point for BO.

e Present an algorithm DGP-SI-BO which uses the proposed methodology. Multiple
analytical test functions and a case study in AM simulation testify the usefulness of

the presented algorithm.

1.2.2 Multi-scale Solutions for PINNs

Deep Learning (DL) has revolutionized many facets of our modern society, such as self-
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driving vehicles, recommendation systems, and web search tools. Apart from the end-
user applications, DL is also accelerating solutions to problems in engineering and sci-
ence, such as fluid dynamics[70], transportation systems[150], geotechnical engineering[151],
manufacturing[111], biomedical engineering[36], biology[146], and physics[136]. Despite the
successes when analyzing complex physical systems, much of the DL literature is purely
data-driven, ignoring a vast amount of prior knowledge. This knowledge is typically in the

form of differential equations from the principled physical laws.

From the seminal work on solving differential equations with a Neural Network (NN)[72]
and its major revival as Physics-informed Neural Network (PINN)[112], it is striking that a
simple NN can inherently solve any general differential equation (with boundary conditions).
Since then, a wide variety of applications (e.g.,[12, 18, 32, 88, 116, 119, 122, 125]) used PINNs
to model processes with little to no data. PINN is typically a multi-layered fully-connected
neural network|[66] designed for the mapping between the input spatio-temporal location and
the output, which is the solution to be learned. The loss function embeds the differential
equations together with the fitting loss of available data (like initial /boundary conditions or
experimental data), such that learning the weights (and biases) of the NN directly implies

learning the solution of the differential equation.

Traditional methods to numerically solve differential equations, like the Finite Element Meth-
ods (FEM)[29], create a mesh to interpret the solution approximately at discrete points in
the spatio-temporal domain. On the other hand, PINNs can solve the differential equations
mesh-free, provide a pseudo closed-form solution, and can also combine the data from actual
experiments to generate a more accurate model[20]. Further, PINNs can solve the inverse
problem of discovering the parameters of the differential equations provided the observed
experimental data[66, 112]. The inverse problem is unsolvable with the traditional numerical

methods and not well explored by the standard DL methods.
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Despite the extraordinary advantages, the success of PINN is limited to a handful of represen-
tative problems, and broader adoption is still far-fetched due to a wide range of issues. The
unconventional loss function with multiple competing objectives explains the poorly under-
stood loss landscape and substandard training [143, 145]. One line of work addresses the con-
vergence of the loss function through adaptive hyper-parameters (e.g.,[60, 61, 63, 91, 143]).
Wang et al. [143] proposed a learning-rate annealing procedure to adaptively weigh the dif-
ferent parts of the loss function to overcome the difference in the convergence between these
parts, whereas McClenny et al.[91] provided a way to adaptively weigh the sampled points
that constitute the loss function. Both of these works use the tanh activation function
and rely on the statistics of components of the loss function to improve the convergence.
Jagtap et al. (refer to [60, 61, 63]) used adaptive activation functions to improve the con-
vergence for any general NN problem. Another line of work utilizes domain-decomposition-
based approaches to avoid the spectral-bias' of NN [100] and obtain well-scaled solutions

(e.g.,[59, 62, 100)).

This work examines the loss function of PINNs to analyze the poor training from the point
of view of the activation function, particularly the tanh[75] function. The widely-used tanh

function

1. has conflicting requirements on its first derivative,
2. can lead to poor gradients for the physics-informed loss function, and

3. can fail to efficiently solve problems with multi-scale solutions.

These issues motivate the design of a new activation function. This work proposes a novel

activation function, Self-scalable tanh (Stan), for extending PINNs to solve a variety of

!Spectral-bias is the term referred to the NN model learning the lower frequencies faster than the higher
frequencies.
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Figure 1.1: Schematic of PINN for a general differential equation system. The training of
the PINN starts with the sets of points F, U;, and Uy which are subsets of €2,0€;, and 0€),,
respectively. The points in set F form the first part of the loss function, the points in set U,
form the second part, and the points in set i/, form the third part, as determined by the NN
at current training step. The loss is back-propagated to train the parameters of the NN.

differential equation systems at different scales. The Stan function has a tanh term and an
additional self-scaling term with a trainable parameter similar to the Swish function[114].

To summarize, the contributions of this paper are as follows:

o Derive the first and the second derivative terms of any differential equation for a general
fully-connected NN model. The derivation provides insights into some failure modes

in training PINN.

o Derive the gradients of the loss function for training the PINN. The gradient cal-
culations provide unique requirements concerning the higher-order derivatives of the

activation function.

« Propose a new Self-scalable tanh (Stan) activation function, which enables learning

outputs (solution) with values of potentially higher orders of magnitude.

o Empirically show superior training and better solutions of differential equation sys-

tems with the proposed activation function in both forward problems (to obtain the
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approximate solutions) and inverse problems (to identify the parameters involved in

the governing equation), compared to the state-of-the-art activation functions.

Related Work in Activation Functions

Designing activation functions for NNs has been an active research areal6]. The activation
function and its gradient play an important role in the training process, influencing the gra-
dients of the loss function for the optimization of parameters (weights and biases)[52]. A
poorly designed activation function causes loss of input information during forward propaga-
tion and exponential vanishing/exploding of gradients during back-propagation, leading to
poor convergence. There is no single activation function that works well for all the problems

in DL[115].

For PINN, the tanh[75] and its adaptive modification[60, 61] have been the most successful
activation functions. The popular Rectified Linear Units (ReLU)[103] are not suitable for
PINN[96]. Hennigh et al.[55] and Al-Safwan et al.[3] had some successful cases with the
Swish activation function. More recently, Jagtap et al.[63] proposed the Rowdy activation
function, which adds sinusoidal fluctuations with trainable parameters to the tanh activation

function. Nevertheless, these works do not consider the unique loss function formulation of

PINN.

1.2.3 Fast Thermal Simulations

Quality issues in a metal AM process mainly arise from poorly designed process parame-
ters [76]. Physics-based simulations [47] indirectly inform these process parameters. These
numerical simulations predict the quality metrics or Quantities of Interest (Qol) given a

process parameter setting with a Partial Differential Equation (PDE)-based model [47]. The
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PDE-based models are fundamental physical laws that typically predict temperature and
displacement at a macroscale that define the Qol by quantifying the heat flow and the me-
chanical forces during the AM process [34]. Simulations allow experimenting with different
process parameter settings, solving a PDE-based model for each setting, and optimizing the
Qol. However, these PDE-based simulations are time-consuming [4], even for a single design,

making design optimization expensive.

One way to reduce the time consumed by repeated experimentation is to use a surrogate
model-based sequential experimental design for one or more predefined quality goals [44].
However, this approach is inefficient since changing the design goal requires new experiments
for a new surrogate model. Additionally, this approach does not allow an understanding of
the exact influence of process parameters, preventing possible expert decisions on redesign
or post-processing of the concerned part. Thus, the entire PDE solution, i.e., temperature or
displacement as a spatial-temporal function, is generally desirable with lesser computational

time than the simulation software.

Reduced-order models (ROMs) [8], traditionally derived through techniques such as proper
orthogonal decomposition [22] or proper generalized decomposition [25], are less time-consuming
than the high-fidelity simulations [35, 41]. With the advent of data-driven methods in recent
years, the traditional ROMs are being replaced by Deep Learning (DL)-based ROMs [39,
98, 108]. These DL-based ROMs have been vastly adopted to accelerate simulations due to
their flexibility in learning complex non-linear relationships without explicit mathematical

formulation.

In the context of AM, DL has been used for various tasks with data from experiments and
simulations alike [92; 123]. Firstly, most applications of DL in AM focus on predicting a
categorical variable (classification-type tasks), such as detecting and identifying defects in the

built part. In addition, the works that focus on predicting continuous variables (regression-
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type tasks), such as melt pool dimensions [2], focus on one or, at most, a few quality metrics
of interest. Predicting few quality metrics is reasonable for experimental-data-based DL
models due to the limitations of metrology equipment, and the natural world is much more

complex than the physics-based models.

In the case of DL-based ROMs, since the Qol are derived fundamentally from the solutions
of PDESs, it is desirable to build unified models that predict the entire solution (for example,
temperature as a function of spatial-temporal location at a given process parameter setting).
This line of work has not been explored well since the notable DL models like ResNet [53],
UNet [120], and Vision Transformer [30] require large volumes of data to train. Physics-
informed neural networks (PINNs), a relatively new class of DL, predict the required entire
solution by directly solving PDEs, like simulations, and do not need any data upfront. For
instance, with the PDE-based heat transfer model, [152] and [82] predict temperature as a
spatial-temporal function. Nevertheless, PINNs are time-consuming and require re-training
for new process parameters [152], making them as disadvantageous as other numerical sim-

ulators for design problems.

To address these challenges, this work proposes to use Fourier Neural Operators (FNO) [78]
as a DL-based ROM to simulate AM processes. The proposed method has three main

advantages.

1. Predict entire PDE-solutions: Instead of focusing on a few quality metrics, FNO
predicts the solution of PDEs by learning the mapping from process parameters to

spatial-temporal solution function.

2. Instantaneous Predictions: Once trained, the FNO can predict the entire spatial-
temporal function at any given process parameter in a fraction of a second. Thus, a

single model can be used in various contexts with preferred quality metrics or design
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requirements.

3. Fewer Data to train: Compared to other DL methods, the FNO trains with a
small amount of data. In the context of AM, this allows for a realistic number of

data-generating simulations to build a high-accuracy model.

FNO is part of a class of methods that learn operators [69] that map between function
spaces, whereas traditional DL methods learn maps between discretized spaces (like vectors,
matrices, or tensors). FNO has previously been used in AM [23, 138, 148]. [148] used FNO
to predict the maximum bead volume and the maximum melt pool temperature in Directed
Energy Deposition (DED). The proposed method calculates Qol with Multiphysics Object
Oriented Simulation Environment (MOOSE) [153] before training instead of predicting the
entire solution of PDE. [138] used FNO to predict the final state of droplet coalescence from
an initial state in Liquid Metal Jet AM. [23] utilized FNO to capture local temperature
evolution in DED, by training with temperature data at successive timesteps as input and
output. These works did not include time-varying output, which is essential for holistically

analyzing the influence of process parameters.

The main contribution of this work is to provide an FNO-based framework to essentially
capture the entire high-dimensional solution of PDE for varying process parameters. Pro-
vided process parameters (typically 1-3 parameters used in the case studies), the proposed
method predicts the entire thermal distribution as a function of spatial-temporal location.
Training the proposed data-driven models takes only a few hundred simulations, which is

far fewer and more realistic to utilize in metal AM.
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1.3 Dissertation Organization

The rest of the dissertation is organized as follows. Chapter 2 provides the details on DGP-
SI-BO algorithm and Chapter 3 provides the details on Stan activation function. Chapter 4
gives the study on using FNO for fast thermal simulations. Chapter 5 provides conclusions

and future work.



Chapter 2

Bayesian Optimization with Deep

Gaussian Process

The chapter organization is as follows. Section 2.1 gives the theoretical background of various
constituents, which lead to the proposed Bayesian Optimization with Stochastic Imputation-
bsed inference of Deep Gaussian Process (DGP-SI-BO) algorithm. Section 2.2 describes the
proposed methodology in detail before demonstrating the use cases in Section 2.3. Section 2.5

summarizes the work and discusses some future directions.

2.1 Bayesian Optimization Theory

Let f : X € RY — R be the expensive “black-box” function to be optimized. Assum-
ing we have n observations of the function f at X = (z1,2s,...,2,) where z; € X Vi €
{1,2,3,...,n}, let y = (y1, Y2, ..., yn) denote (f(z1), f(x2),..., f(x,)). The problem is defined
to find 2* as in Eq. (1.1) in a minimum number of function evaluations. In BO, a surrogate
model is built based on these n observations (X,y), and a new point x,,; is computed
by optimizing the acquisition function defined on the model for the next evaluation of the
“black-box” function f. The surrogate model predicts the functional value of f with uncer-
tainty estimates at any x € X. The acquisition function uses these predictions to get x, 1

to reach the optimal functional value in a minimum number of evaluations.

16
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2.1.1 Surrogate Model

Gaussian Process

Let po(+) and Xg(+, ) be the prior mean and prior covariance of the given data, respectively.

Then the prior distribution of f is given as

P(f()) ~ GP(uo(-), Xo(-, ). (2.1)

For the GP prior in Eq. (2.1), finite observations of f form a joint Gaussian distribution.
The mean function pg(.) is typically considered as 0, and the covariance ¥¢(-, ) is typically
of the squared-exponential kernel form parameterized by 7, A, and g as in Eq. (2.2).

|z — &

A

k(x,£) = 7*(exp(— )+g)VA{xr, i} e X (2.2)

The parameters (7, A, and g) of the kernel function are usually estimated by Maximum
Likelihood (ML) estimation. It turns out that the posterior predictive distribution of the
functional value at any new observation f(z) at x given (X,y) is also Gaussian [118], with

a closed-form mean and variance, as in Eq. (2.3).

I(f(x)|z, X, f(X)) ~ N (pa(z), 05(x)),
pin () = po(z) + Xo(z, X)X (X, X) (f(X) — po(X)), (2.3)

o2(z) = Xo(X, X) — Doz, X)S5 (X, X)So(X, 2).

Limitations of GP Regression

Though there are significant advantages in using a GP regression model, the structure of

the covariance function, which is usually a function of (z — 2’) (for example, the kernel in
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Eq. (2.2)), limits the GP’s ability to model functions that exhibit non-stationarity. [56]
proposed a class of non-stationary kernels based on spatially-varying kernel functions, and
extended by [105] later to give a closed-form non-stationary covariance function. Eq. (2.4)
provides the spatially-varying squared exponential function [105].

_1
2

Ze P Re) Q) Y {24} € X (24)

Maﬂzfﬂ&ﬁu%ﬁ' 2

where

Q@@%=@—if(§%?%)4@—£%

Y, and X; are covariance matrix of the Gaussian kernel centered at z and £, respectively.
The spatially-varying covariance matrix ¥(-) is typically highly parameterized [105], and
therefore [105] use the domain knowledge of the data to parameterize the covariance matrix.

Thus, the non-stationary kernels are unsuitable for a general “black-box” optimization.

Another approach, to address the stationary covariance structure, is to define locally sta-
tionary GPs that would give globally non-stationary behavior [37, 48, 49, 117]. For instance,
[48] used local data subsets when the size of the training data is high. Since the data are

small in the BO task, local GPs may not have sufficient data to estimate the parameters [54].

Yet another approach is to warp the input space [133, 141]. [133] used the Beta CDF to
warp the input x to w(x), so that any stationary kernel can be used in the warped space
(an example using squared-exponential function is provided in Eq. (2.5)). The approach is

limited by the choice of transformation function w and does not capture non-stationarity as

effectively as a DGP [54].

|w(z) — w(d)?

N Y+ g) V{4l e X (2.5)

k(x, ) = 7*(exp(—
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Deep Gaussian Process

To motivate the modeling with DGP, consider the GP modeling in Eq. (2.1). Assume that
the response data y is not available, and instead, the problem is to find a low dimensional
representation of data X. Specifically, let W, (of a given dimension) be the latent (unob-
served) low dimensional representation of X and the problem is to identify ©F that projects
X to the given low dimension, where ©; denote the parameters of the GP (for the prior in
Eq. (2.1), the parameters are 7, A, and ¢ in Eq. (2.2)). To find ©7, define a prior distribution

p(W7) and marginalize it, and maximize the likelihood as

P(X|@1) = /P(X|W1,@1)p(W1)dW1
(2.6)
O] = argmax P(X|0,).
©

The integral in Eq. (2.6) is intractable even for prior p(W;) taken as Gaussian. Thus, [73]
suggested that a Gaussian prior is defined on ©1, and the likelihood of W is maximized. It
turns out that the posterior P(X|W)) is tractable, and the low dimensional representation
W, can be obtained in closed-form [73]. This is the Gaussian Process-Latent Variable model
(GP-LVM) [73], which is a particular probabilistic interpretation of the Principal Component
Analysis (PCA) [139].

[74] further showed that the W could be warped into W5, W3, and so on, creating a hi-
erarchy of GP-LVMs. [27] proposed to marginalize the latent variables in the hierarchy
(W, V1 e {1,2,3,...,L}, where L is the number of latent variables) through wvariational
inference (VI) [140]. The variational marginalizing of the latent variables by forcing inde-

pendence between them was the earliest inference method for a DGP. A DGP prior can



20 CHAPTER 2. BAYESIAN OPTIMIZATION WITH DEEP GAUSSIAN PROCESS

produce highly non-stationary mappings due to the warping of input in each layer [31]. For
surrogate modeling with a DGP, the output of the final GP in the hierarchy (also called leaf
node) is observed, i.e., y (Figure 2.1). The prior distribution for the model in Figure 2.1 is

given as

P(f(-)|W1) ~ GP(0,Zw,) (2.7)

P(Wl) ~ gP<07 E(a ))7
where the mean functions are usually taken as zero functions, and Xy, represent the prior
covariance matrix. The prior distribution of intermediate variables (1) is taken to be a

(multivariate) Gaussian distribution with covariance X.

Figure 2.1: A simple 2-layered DGP is represented in this figure. Each circle represents a
node which is a GP. Each GP,, ¥ m € {1, 2} is characterized by its corresponding parameters
O, ¥ m € {1,2}. X and y are observed variables, and W, is a latent variable.

Though the success of the DGPs are primarily due to the advancement in VI, VI is not
well suited for BO due to poor estimates of variance. [128] used a fully-Bayesian (FB)
approach to infer the posteriors of parameters ©,, ¥V m € {1,2,3, ..., L, L4+1}, latent variables
Wy v ie{l,23,.. L}, and f(z) by utilizing an MCMC-based posterior sampling through
a hybrid of Gibbs-Metropolis and Elliptical Slice Sampling (ESS) [102]. The FB inference is

free of tuning parameters and provides robust variance estimates.

More recently, [95] proposed the Deep Gaussian Process Stochastic Imputation (DGP-SI).
The idea of DGP-SI is to convert a DGP into multiple Linked GPs. A Linked GP (LGP) [94]
is similar to a DGP (in Figure 2.1), but the intermediate layer outputs W; ¥V [ € {1,2,3, ..., L}

are observed rather than inferred. Thus, for the DGP inference, the intermediate layers are
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imputed multiple times, like in a missing data problem, to get multiple LGPs [95]. The SI

method is promising in terms of speed and accuracy for BO with DGP.

Though DGPs are shown to be better at modeling non-stationary functions, particularly
in small data regime [27, 95, 128], there is less research on the usage of DGPs for BO,
mainly because of the inference methods. [54] used the DSVI method [124] for the DGP
surrogate model and approximated the posterior predictive distribution as Gaussian. The
approximation is nonviable, especially considering that DSVI [124] itself is an approximation
method with poor variance estimates [95, 128]. [50] and [127] utilized the FB approach for
BO but the approach is practically slow. This motivates us to choose the SI-based inference
method, which has better estimates for variance than DSVI and computationally faster than
FB inference. The details of the DGP-SI and the subsequent use of it in the BO are discussed

in Section 2.2.

2.1.2 Acquisition Function

For sampling the next evaluation point, an acquisition function a(z) must be defined over
the support X with the current surrogate model at every step. The acquisition function is

then optimized over the support to obtain the next evaluation point x,.1,

Tpy1 = argmaxa(z). (2.8)

TEX
The acquisition function is less expensive to evaluate than the “black-box” function f. There
are a handful of widely used acquisition functions for the surrogate methods. The most

prominent acquisition functions in the literature are Expected Improvement (EI) [132] and

Upper Confidence Bound (GP-UCB) [134].
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The Gaussian posterior, with p(z) and o(x) representing the mean and the standard devia-
tion, respectively, gives a closed-form expression (Eq. (2.9)) for the EI acquisition function.
ftest denotes the best (minimum for a minimization problem) value of “black-box” function
obtained so far. ¢ and ® denote the pdf and cdf of the standard Gaussian distribution,

respectively.

B1e) = (uto) — 0 (ML) ooy (ML) g

On the other hand, GP-UCB is more intuitive acquisition function with theoretically guar-
anteed convergence for a Gaussian posterior distribution [134]. For BO, using the posterior
predicted mean function p(x) alone would define a pure exploitation strategy and using the
predicted standard deviation function o(z) alone would define a pure exploration strategy;
combining both with a parameter § has proven to be very useful for GP-based BO [134]. For
a maximization problem, the GP-UCB (or simply UCB) function in Eq. (2.10) is maximized

to obtain the next evaluation point.
UCB(z) = p(z) + BY? x o(x). (2.10)

Since the DGP surrogate model makes the posterior P(f(z)|z, X, y) non-tractable, these ac-
quisition functions cannot be directly used for BO but need approximations. [54] successfully
used the EI with the Gaussian approximation of DSVI. [50] and [127] used the EI with the
FB inference by averaging the function over the posterior samples. While both EI and UCB
acquisition functions can be applied in SI-based BO, this work is the first to specifically

examine the use of UCB for this purpose.
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2.2 Proposed DGP-SI-BO

The outline of the methodology is shown in Figure 2.2. The algorithm starts from an initial
dataset modeled by the DGP surrogate as described in Section 2.2.1. The SI-based inference
in the surrogate model leads to the novel bagging approach developed for the acquisition
function as described in Section 2.2.2. Optimizing the acquisition function gives the next
evaluation point x,,,1. The value f(z,1) is identified by evaluating the “black-box” function
and is added to the dataset. The process of adding a datum continues till a stopping criterion

is encountered.

) re— Surrogate Modeling —p—M"'t' leLinked = Acquisition Function ‘
Data Samples . . -
(x1rf(x1)) . . of a,(x)
(xz'f (xz)) = Deep Gaussian Process .
(X3,f(X3)) - w. A W ) ]
e 0" e]= S
(xn,f(xn)) :IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII:
; 4

N
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Figure 2.2: The DGP-UCB algorithm showing the main components - (1) DGP-SI that
convert the DGP into multiple linked GPs for inference of the surrogate model; (2) The
acquisition function that uses the inference structure to provide the next evaluation point
for the “black-box” function.
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2.2.1 DGP-SI Inference

Let W = U1L—1 W, represent all the combined intermediate latent variables of the DGP model,
and let © = ULJrl O,, denote all the parameters of all the GPs in the DGP. Unlike the FB
inference [128], DGP-SI has a training procedure to infer the optimal parameters ©®* and

has a distinct prediction by imputation of intermediate variables W for ®* [95].

Training

The SI inference consists of iterating two steps [95] - (1) Imputation of W, through MCMC-
based procedure and (2) Maximizing the likelihood of individual GPs to obtain © ) at any
training step s, s € N. The SI inference is different from the FB approach of [128] as the FB

approach uses a full posterior sampling of both ® and W.

Prediction

For prediction, the latent variables are imputed to get 1" realizations Wy V ¢t € {1,2,3,...T"}
of the intermediate layers at the given ©*. A realization gives the complete pseudo data
{X,W,y} corresponding to an LGP. Each of these realizations forms an LGP with pos-
terior predictive distribution II(f(z)|z, W), X,y). These posterior predictive distributions
can be approximated (II(f(z)|x, W, X,y)) as Gaussian distributions for the prominently
used kernels [71, 94]. Thus, with the SI, the posterior predictive distribution (f(x)|z,X,y)

for the DGP is given as [95]

ke Xoy) = [ ()l WX ) HWIX,y)dW
(2.11)
1
~7

= (f(@)z. X y) & = Y T(f(2)z, W, X,y).
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With the Gaussian approximation of LGP, the distribution (f(z)|z,X,y) is an equally
weighted mixture of Gaussian. For BO, this non-Gaussian posterior is unsuitable for most of
the standard acquisition functions, and thus some approximations are required, as described

next.

2.2.2 Acquisition function for DGP-SI

There are several ways to compute the acquisition function for the BO with DGP-SI.

« Using the Gaussian approximation, similar to the work of [54], it is possible to obtain
the acquisition function (as in Eq. (2.9) and Eq. (2.10)) of the DGP model directly by
the mean (y,(z)) and variance (o (z)) estimates. But the Gaussian assumption is too

simplistic and is not well founded.

e The DGP can be approximated to an LGP by using the expected value of intermediate
variables W. In this case, the estimated mean (ﬂg[w](a:)) and the estimated variance
(UETW] (x)) are different' from the actual mean (y,(z)) and variance (o, (x)) estimates.
Note that the realizations of W for the Sl-inference depend only on the data {X,y}
and the inferred ©* (and not on x) [95]. For instance, Eq. (2.12) provides the UCB
function for the new estimates. The expectation E[W] has to be approximated as an

average of the realizations W) V ¢t € {1,2,3,...,T}.
a(x) = ™ (@) + 8% (0 (), (2.12)

This approach is again simplistic as it ignores the distribution of W.

!These estimates can be directly calculated from Eq.(3) and Eq.(4) of [95]. The value of intermediate
variables should be taken as E[W].
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o Considering each realization W ;) of the intermediate variables, it is feasible to define
a function a,, (z) denoting the acquisition function at that realization. For instance,
Eq. (2.13) denote the UCB function defined on an LGP. Note that imputing W for T

times implies that 7" number of LGPs are generated.

ay, (1) = py, (2) + 82 x 0y, (z) V1 ={1,2,3,...,T}. (2.13)

It is practical to optimize the functions a,, individually (V¢ € {1,2,3,...,T}), and
obtain the optimum 2, V¢t € {1,2,3,...,T} corresponding to each LGP (and thus,
corresponding to each realization W ). Perhaps, the average of 2, V t € {1,2,3,..., T}
can provide the required z,,;. The limitation of using this approach is the increasing

number of optimizations with increasing 7T'.

o For the mixture distribution, [50] resort to Monte Carlo integration, i.e., simply av-
eraging the acquisition function (in this case, EI) of all the components (a,, Vt €
{1,2,3,...,T}) of the mixture (also known as SAA). Since the distribution of the es-
timated z,1 is unknown, we extend [50]’s averaging strategy to propose a bootstrap

aggregation (bagging) [5] procedure to reduce the variance in estimation of ;1.

Using the Monte Carlo integration [50] with bagging, the DGP-SI is empirically shown to
optimize the functions faster than the FB inference-based BO. Though bagging can be used
with either type of inference, the effect of bagging is more pronounced in SI inference-based
BO since the number of prediction samples (T") is practically quite small. [95] recommend
a value of T' = 50, which is far too less than the number of available samples from the FB
inference (typically a few thousands). Increasing T' can significantly affect the computation

time in practice, and unnecessary for the inference [95].
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Bagging for Improved Estimation

Note that W is a realization of the random variable (intermediate latent variable) W,
and ay, () is a realization of a random function (or random process) a,(x). The aim is to
optimize the expectation of the function a,(x) to get the next evaluation point of the BO

algorithm as

Tpy1 = argmax a(x) = argmax E[a,(x)]. (2.14)
zeX zeX

The problem in Eq. (2.14) is a stochastic optimization problem where we observe only the
function realizations of the random function a,(z). Specifically, by Monte Carlo integration
(also known as Sample Average Approximation in the field of Stochastic Optimization [130]),
the function E[a,(x)] can be approximated by the average of sampled realizations as given

by

Efa, ()] ~ % Sty (). (2.15)

t=1
Substituting Eq. (2.15) in Eq. (2.14), we get

T
1
Tn1 = AIGIAX 7 Z Ay, (). (2.16)

zeX P
It is known that the expectation converges to the actual function as T" — oo. The distribution
of the estimated x,; is certainly unknown, and a simple averaging scheme might give a
poor estimation of mean of x,.;. For DGP-SI, instead of employing the costly MCMC-
based sampling, a simple bagging procedure can improve the computation of x,,.; with the
minimal number of samples. Thus, out of the T realizations of function a,(x), R realizations

are sampled (with replacement) for B times to form the sets of realizations A;, As, ..., Ag.
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Algorithm 1 DGP-SI-BO Algorithm
Require: X, f(X), T, mazxeval, B, R.
14 1;
b+ 1,
y < f(X).
while ¢ < mazeval do
t <+ 1;
O + DGP(X,y);
while ¢t < T do
Obtain a realization of W) by imputation at ©;
Calculate pu,, (v) and o, (v) by LGP Gaussian approximation;
iy (2) iy (2) + B; 0y (2);
end while
while b < B do
Ap < bootstrap({ay, (v) YVt =1,2,3,...,T}) with|Ay| = R;
Tp ¢— argmax, .y %ZaybeAb ay, (z);
end while
Tnt1 % Zszl Ty;
X <« append(X, Tpi1);
y < append(y, f(zn+1));
141+ 1;
end while
index <— arg maxke{l,Q ..... mazeval } Yk
return z;,4e.-

For each set, the optimum 2, V b= 1,2, ..., B is identified by SAA as

. 1
Tp = argmax Z a,,(r)Vb=1,2,..,B. (2.17)

zeX ay, €Ay

Once the B optimization problems are solved, the overall optimum is calculated as the mean

of the optimum of each set [5], i.e.,

B
1 Z X
Tnt1 = E Tp. (218)
b=1

A common practice is to choose R = T, and the value of B is usually much greater than
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T [5]. Egs. (2.17) and (2.18) are used in calculating the next evaluation point for the original
“black-box” function f. The data point (2,1, f(z,41)) is added to the dataset (X,y), and
the DGP model is rebuilt to repeat the procedure till the stopping criterion is reached.

Algorithm 1 provides the complete proposed algorithm.

2.3 Analytical Tests

Since bagging is crucial for defining the acquisition function in the Algorithm 1, Section 2.3.1
shows a 1D test case to visualize and validate the effect of bagging. Further, the algorithm
is tested on multiple hard-to-optimize analytical test functions and Section 2.3.2 provides
the details of the same. The discussion in Section 2.4 shows the usefulness of the algorithm
in a case study in metal AM simulation to identify the optimal process parameters. All the
codes are implemented on an Intel(R) Core(TM) i9-9940X CPU @ 3.30GHz with 128.0 GB
RAM.

The dgpsi Python package [95] is used for implementing the proposed DGP-SI-BO. In Sec-
tion 2.3.2 and Section 2.4, the proposed algorithm is compared with the benchmark methods
including standard GP based BO (GP-BO) [38], GP based BO with input-warping (WGP-
BO) [133], DGP-BO using DSVI (DGP-DSVI-BO) [54], DGP-BO using MCMC inference
(DGP-MCMC-BO) [50], and random optimization.

For implementing the conventional GP-based BO, Sci-kit learning’s GP model [109] is used
to find the posterior mean and variance. The acquisition for the GP model is directly
calculated from the predictions as in Egs. (2.9) and (2.10). For the WGP-BO, BoTorch [9]
is utilized for implementing the Single Task GP by warping the input, and this work follows
the EI acquisition function [133]. The DGP-DSVI-BO [54] is implemented with GPFlux

package [33] for the DGP modeling with DSVI. In the work of [54], the posterior is directly
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assumed as a Gaussian distribution to utilize EI acquisition function. Thus, the obtained
mean and variance from DSVI of the DGP are used directly to calculate the pdf and cdf
of the Gaussian distribution to get the value of the EI function (as in Eq. (2.9)). Squared

exponential kernels are used for all the cases across all the algorithms.

For the UCB-based algorithms, the value of J is taken as 8 = 0.2 x log(2 x i x d) as suggested
by [134], where ¢ denotes the number of points in the dataset (X,y), and d is the dimension
of x. Unlike GP-based BO algorithms, the acquisition function do not have a closed-form
expression, and sampling from the posterior predictive distribution is computationally costly.
To overcome the cost, [128] used a fixed candidate dataset to search for the optimal of
acquisition criterion whereas [50] used a triangulation approach to choose the candidate
points at every step. In the current work, either of the approaches are used depending on the
context (detailed later), and a simple exhaustive search algorithm (direct implementations
are available in Python and R) to search within the candidates. Irrespective of the inference
method, a 2-layered DGP surrogate with the dimension of intermediate variable same as the

input dimension is utilized for all the cases.

2.3.1 1D Test Function

To demonstrate the effectiveness of bagging, a 1D non-stationary function is defined as

fz) =

{sin(m& +7m)+ax+cos2rr+7),if0<x<03o0r06<xz<1
(2.19)

—0.9 4+ 0.1sin(507z), if z > 0.3 and = < 0.6.

The 1D function is assumed to be the “black-box” function. The BO task is to minimize
the given function in minimum number of function evaluations. A DGP model with a one-

dimensional intermediate variable W is used as the surrogate model. The results are reported
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on UCB-based acquisition function?.

The number of training iterations is set to 500. Following the work of [95], the number of
realizations of the latent variables, which consequently lead to the number of components in

the mixture Gaussian, is set to 50. Appendix A.2 provides a simple illustration of bagging

procedure.
Modeling Optimization Time Comparison
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Figure 2.3: (Left) Visualization of the modeling with DGP-SI with the three sampled points;
(Center) Comparison of the Simple Regret values obtained over the next twelve evaluations
repeated five times with a UCB-based acquisition function; (Right) Comparison of time taken
per step for the two approaches (with and without bagging). Bagging does not increase the
computational time significantly.

At every BO step, the acquisition function is minimized on a uniformly chosen 100 random
points in the support. For each realization W ;) of W, there is a realization ay, (z) of a,(x).
Among the 50 realizations, R (which is again taken as 50) number of realizations are chosen,
with replacement after every selection, to form one bagging set. The bagging is repeated for
B times (taken as 400) to get 400 sets of 50 “pseudo”-realizations. The bagging procedure
brings about 400 optimal values 2, Vb = 1,2,3,...,400. These 2, Vb = 1,2,3,...,400 are

averaged to obtain the next evaluation point at every step.

The mean j,(x) and uncertainty estimates (£1.96 x o, (x)) from modeling with the DGP-SI

with 3 points in the support X' (sampled by Latin Hypercube Sampling (LHS)) are shown in

2For a minimization problem, the second term in Eq. (2.10) must be subtracted from the p(x) term to
give the “Lower Confidence Bound” (LCB). Though LCB is used for the minimization problems, the rest of
the chapter still uses “UCB” for consistency.
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Figure 2.3(a). The initial estimates are poor due to inadequate data. The surrogate model
is further used for the BO task for twelve more steps. Figure 2.3(b) shows the significance of
bagging in optimization of the 1D function(averaged over 5 repetitions). As observed from
Figure 2.3(b), the bagging procedure can get closer to the actual optimum value in fewer
steps due to better utilization of the minimal mixture components. Figure 2.3(c) shows that
the bagging procedure can lead to increase in computation time but the increase is very

small in comparison with the time taken for building the surrogate model with DGP-SI.

2.3.2 Literature Test Functions

The proposed DGP-SI-BO algorithm is tested on several difficult-to-optimize analytical test
functions from literature [135]. Similar to the 1D test function (in Section 2.3.1, the analytical
test functions are considered “black-boxes” for testing the algorithm. In this work, apart
from the 1D test function, Siz-Hump camel, Three-Hump camel, Hartmann3D, Hartmann4D,
and Michalewicz 10D functions [135] are implemented to assess the proposed algorithm. The

function equations are provided in Appendix A.3.1.

After the initial set of evaluations through 5 x d number of LHS samples, several addi-
tional points are added by BO to compare the algorithms. For all the functions except
the Michalewicz 10D, the support X is discretized with triangulation [50] for choosing the
next evaluation point. The optimal point (z,1) is then used for evaluating the “black-box”
function, and the point is added to the already evaluated dataset of points. For Michalewicz
10D, due to the computational burden of high-dimensional function, a set of 1000 points are
chosen beforehand, to search for the optimal within the dataset. Choosing a fixed number
candidate points is a common practice for high-dimensional functions [128]. Further, it is

observed that using a pre-determined candidate dataset can lead to poor convergence with
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utilizing UCB-based acquisition functions. Thus, for Michalewicz 10D, El-based acquisition
function is used for for GP-BO and DGP-SI-BO whereas for all other functions, UCB-based
acquisition functions give satisfactory performance.
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Figure 2.4: Averaged Simple Regret plots for the analytical test functions for all the consid-
ered algorithms. For Siz-Hump camel, Three-Hump camel, and Michalewicz, the proposed

algorithm converge to the lowest value whereas for Hartmann3D and Hartmann4D, DGP-
MCMC-BO converges to a better value.

The details of all the algorithms including parameter choices are provided in Appendix A.3.3.

For the DGP-SI-BO, the acquisition function is optimized for each bootstrap aggregated set
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Ay Vb e{l,2,.., B} (B values are in Appendix A.3.3) to get &, V b € {1,2,..., B}, on the
discrete points. Except Michalewicz 10D, x,1 for DGP-SI-BO is calculated as in Eq. (2.18).
For Michalewicz 10D, among the 1000 chosen points, the point that minimizes the Euclidean

distance of the average in Eq. (2.18) is taken as x4 .

For all the considered algorithms, the Simple Regret (SR) [86] values as a function of number
of “black-box” evaluations are plotted in Figure 2.4. The values at the end of stipulated
number of steps obtained from all the algorithms are tabulated in Table 2.1. Overall, the
proposed method is better at optimizing the analytical test functions in terms of SR. Though
the DGP-MCMC-BO’s [50] SR values are better than the proposed method in Hartmann3
and Hartmann/ functions, the values of the DGP-MCMC-BO are worse than the GP-based

BO for Siz-Hump camel, Three-Hump Camel, and Michalewicz 10D functions.

Table 2.1: Final averaged Simple Regret (SR) values with their standard errors at the end
of optimizing the analytical test functions. The red bold numbers indicate the smallest SR
value and the black bold numbers indicate the second smallest value for the given function.
The standard error values of Michalewicz function are skipped since a fixed candidate set is
used for optimization.

Algorithm GP-BO | WGP-BO | DGP-DSVI-BO | DGP-MCMC-BO | DGP-SI-BO

Function [38] [133] [54] [50] (Proposed)
0.0000 0.0004 0.0079 0.0000 0.0000

Test Function (1D) | (3.80e-7) | (1.67e-4) (5.60e-3) (3.43e-7) (5.59e-7)
0.0024 0.0283 0.1418 0.0032 0.0006

Siz-Hump Camel | (0.0014) | (0.0056) (0.0271) (0.0014) (0.0003)
0.0108 0.1166 0.0224 0.0312 0.0021

Three -Hump Camel | (0.0090) | (0.0450) (0.0115) (0.0282) (0.0010)
0.0739 0.0555 0.2937 0.0223 0.0456

Hartmann3 (0.0319) | (0.0138) (0.0932) (0.0077) (0.0142)
0.1202 0.1029 0.5193 0.0070 0.0575

Hartmann (0.0359) | (0.0133) (0.0731) (0.0002) (0.0252)
0.7145 0.7245 1.4919 1.0245 0.5888

Michalewicz (10D) (-) (-) (-) (-) (=)
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Figure 2.5: Comparison of the average computation time on the analytical functions for a
single BO task. Note that the evaluation of “black-box” function is instantaneous for all the
cases. The 1D test function does not follow the trend as the function typically reaches the
satisfactory optimal value much earlier than the stipulated number of steps.

The average computation times for a single evaluation step are noted and tabulated in Ta-
ble 2.2 for all the analytical functions. Though the proposed DGP-SI-BO provide competing
results in terms of SR, the computation times of the proposed method and DGP-MCMC-
BO [50] are still much higher than the other comparison methods. For instance, the proposed
DGP-SI-BO is approximately 5 times slower than the DGP-DSVI-BO and approximately 102
times slower than the GP-BO, as seen in Table 2.2. The slowness of DGP-SI-BO and DGP-
MCMC-BO can be traded-off with optimization accuracy since the BO is usually used for
“black-box” experiments whose evaluation time and cost might be much higher than what
it takes for the algorithm to obtain the next evaluation point. Table 2.2 also shows that the
DGP-MCMC-BO is approximately 3 times slower than the proposed algorithm. Conceiv-

ably, the same argument on slowness cannot be applied to DGP-MCMC-BO in comparison
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with DGP-SI-BO since the accuracy of DGP-SI based BO is better than the FB DGP-MCMC
based BO. It is also observed that the B number of optimizations for the proposed algorithm

does not affect the computation time as much as increasing the number of emulation steps

of DGP-SI.

For the sampling-based surrogates (DGP-SI and DGP-MCMC), the computation times differ
drastically with the size of the data and dimensionality of the input (and the intermediate
variable). For instance, the computation times of DGP-SI and DGP-MCMC are plotted
against the size of the data for Siz-hump camel function in Figure 2.6. Though both the
sampling-based algorithms slow down with the increase in size of the data, the rate of slow
down for FB inference with DGP-MCMC is much higher than the DGP-SI. Figure 2.5 shows
the cumulative time as bar charts for all the analytical test functions per entire run of BO.
The ratio of cumulative times of DGP-MCMC-BO and DGP-SI-BO is higher than the ratio

of inference times due to the slowdown with the increase in size of the data.

Table 2.2: Approximate computation times (in seconds) comparing the algorithms for eval-
uating a single step including building the surrogate, optimizing the acquisition function,
and evaluating the “black-box” function (negligible because of availability of closed-form
expression) for analytical functions. The values of the proposed method are shown in bold.

GP-BO | WGP-BO | DGP-DSVI-BO | DGP-MCMC-BO | DGP-SI-BO

[38] [133] [54] [50] (Proposed)
6-Hump Camel 0.1642 1.5874 26.9895 76.7331 24.4778
3-Hump Camel 0.2507 1.1377 26.9681 80.2826 24.9886
Hartmann3 0.2153 1.6542 10.1296 157.4055 48.2676
Hartmann4 0.2558 2.1577 7.3927 250.5618 89.3343
Michalewicz (10D) | 1.6841 0.4403 8.0330 148.7114 34.2952
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Figure 2.6: The average computation time of DGP-SI-BO and DGP-MCMC-EI (over 10
repetitions) for an example analytical function as the size of data increases. The DGP-
MCMC-BO slows down more significantly than the proposed DGP-SI-BO.

2.4 Process Parameter Optimization in AM

The DGP-SI-BO algorithm is applied to a case study with application in metal AM. To
build a part with AM, a number of process parameters are needed to be decided beforehand.
Inappropriate process parameters can lead to poor part quality, loss of material, labor,
and time, and increased cost. When we need a perfect part while manufacturing the part,
the process parameters need to be appropriate in terms of qualities of interest. The process
parameters depend on the material used, the geometry of the manufactured part, surrounding
conditions, etc., to get the required quality. The process parameters are required to be tuned
either based on the expert’s domain knowledge or simple trial and error to figure out the
combinations that work best. For the Laser Powder Bed Fusion (LPBF) process, a laser melts
the metal powder to guide the manufacturing process. The main influencing parameters of
the part quality are laser power, laser scanning speed, and hatch spacing. To overcome the
impractical repeated trails to close in on the appropriate process parameters, BO provides

a way to sequentially sample the support to get to the optimal input process parameters.
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Simulations mimic the actual experiment and can be considered a way to determine the
process parameters. Simulation is a mathematical model of the actual process and can
help determine some critical quality parameters. Finite Element Analysis (FEA) [47] based
simulations are popular in modeling the metal AM process. FEA simulations use a meshing-
based numerical approximation of the mathematical model to mimic the process. Though
FEA simulations are helpful, they are still costly in terms of operation cost and time. Au-
todesk Netfabb Local Simulation [7] is the state of the art FEA package used for thermal
and mechanical simulations for metal AM. For this case study, a simple cuboid of shape
2mm x 2mm x 0.2mm is chosen as the part to be studied. 0.2mm is also determined as
the thickness of the layer. The average quality measures are studied for a single-layer print.
The material is set to Ti-6Al-4V with properties at standard room temperature conditions.
The process parameters range from 50W to 416.5W for laser power, from 122.65mm/s to

1421.69mm /s for scanning speed, and from 0.0597mm to 0.2043mm for hatch spacing.
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Figure 2.7: Visualization of displacement values as obtained from the Autodesk Netfabb
Simulation software. The corresponding average Displacement values are mentioned.

For this work, two output properties are considered to be optimized simultaneously. The
first is the average displacement (distortion) of the manufactured part, sufficient time after
the process. With the dimensions of the considered part, and the time taken to finish the

process, a duration of 60s is set as a time when the part would have sufficiently cooled
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Figure 2.8: Visualization of the melt indicator on a single layer for three different values.
The blue line indicates the laser path, and the dots mark the time steps that are recorded by
the software. Red dots indicate the time steps that had a temperature greater than 1600k,
and the black ones indicate the steps that had a temperature less than 1600K.

to observe the distortions. The distortion is caused by a complex combination of melting,
solidification, and reheating. The distortion should be minimized, and often the part design
comes with tolerance specifications of the dimensions that are to be met to qualify the part.
The software output visualization for the displacement values from the top view is shown
in Figure 2.7. The color map indicates the level of displacement at that position from the
intended geometrical location. Figure 2.7a shows a relatively low displacement, whereas

Figure 2.7c shows a relatively highly distorted part.

The second output property considered is an average indicator of appropriate melting by
the laser. The melting quality determines various characteristics of the manufactured part
like microstructure, which in turn influences the physical properties. For better quality, it is
desired that all the powder in the laser path are melted. Therefore, the melt indicator (MI)
is calculated as the fraction of time steps that resulted in melting the powder as in Eq. (2.20).
The simulation software has a set minimum time step for which the software can indicate
the temperature at the position of the laser. 1600K is considered appropriate as a preheat

temperature for the titanium alloy (Ti-6A1-4V) for melting the powder. A visualization of
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the MI values is provided in Figure 2.8.

M — # of time steps > 1600K
~ Total # of time steps

(2.20)

The first property needs to be minimized, and the second property needs to be maximized.
Since the laser can fail to melt the powder at all times, the second property value can be
zero and undesired in the denominator. Thus, the two output properties are combined by
simply dividing the MI value by AD value. The combined objective needs to be maximized,

and thus the problem is mathematically written as

MI
{LP*,SS*, HS"} = argmax ——

, 2.21
(Lp.ss,asy AD (2:21)

to find the optimal laser power, scanning speed, and hatch spacing. For BO, the same
procedure and the same benchmark methods used for the analytical test functions are fol-
lowed. Initially, 5 x dimension, i.e., 15 LHS samples, are chosen from the support of the
process parameters. These samples are checked for modeling capabilities by LOOCV, and
the correlation plot is provided in Appendix A.4.1. To reduce the effort of repeated manual
simulations, a set of 1000 candidate simulations are used for making a dataset. To compare
the proposed algorithm with benchmark methods, one of the data point is chosen from the
1000 candidates at every BO step. The parameter choices for the algorithms are provided

in Appendix A.4.2.

Table 2.3: The optimal objective values obtained and the average time taken (per entire
run) for the various algorithms on the AM simulation-based evaluations. Note that the time
for the AM simulation is not included in the provided time calculations.

GP-BO | WGP-BO | DGP-DSVI-BO | DGP-MCMC-BO | DGP-SI-BO
[38] [133] [54] [50] (Proposed)

Optimum Value (mm™1) | 162.2890 | 109.6758 154.8992 177.8386 178.9485
Time (seconds) 0.4728 1.1042 6.1381 67.8220 36.4713
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Figure 2.9: Comparison of various algorithms on the AM simulation data as an average opti-
mal value of quality as function of number of evaluations (left), and in terms of computation
time per run considering each simulation takes 15 minutes (right). The exact simulation
time is unknown, and involves human-in-the-loop to get the values.

The average optimum values from all the considered algorithms are tabulated in Table 2.3.
From the table, it can be clearly seen that the DGP-SI-BO reaches a better value of quality
than the other benchmark algorithms. The performance in terms of the obtained quality is
also seen from the plot in Figure 2.9. Figure 2.9 shows the time comparisons with bar charts
of all the algorithms counting the AM simulation time as well. Even for a simple cubic part
chosen for this study, the AM simulation takes most of the computational resources making

the computation time of the algorithm less significant for “black-box” optimization.

2.5 Summary

A bagging procedure for BO with a DGP surrogate model is proposed. The suggested
algorithm takes advantage of the LGP structure-based DGP-SI inference, providing better
estimates of the sequential samples in BO by bagging. The algorithm is shown empirically

powerful in optimizing non-stationary functions compared to other benchmark methods,
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exhibited by the optimization of analytical test functions. The algorithm is also applied to a
metal Additive Manufacturing simulation-based case study of a non-stationary function. The
algorithm was able to identify the best set of input parameters consistently for optimizing
a defined quality objective based on melt indicator and average displacement. The poor
performances of the benchmark methods can be mainly attributed to the small data regime

and the simplification of posterior distribution through inference and acquisition function.

Bagging can reduce the variance of estimated x,, 1, irrespective of the inference method, and
one of the future directions is to apply the bagging procedure on other inference methods,
particularly the FB inference. Though the proposed method is well reasoned for the dis-
tinctive performance, the method needs more theory in the future to back the results and
to quantify the convergence of the algorithm. Extending the algorithm to optimize multi-
ple objectives instead of combining multiple objectives into a single one is also a suggested
future direction. The extension should be straightforward as the LGP structure allows for
multiple outputs directly. Apart from number of posterior realization samples, higher di-
mensional latent variables and deeper structures are required in higher dimensions, reducing
the computational speed. The computational aspect of the proposed algorithm needs further

investigation as well.



Chapter 3

Self-scalable Tanh (Stan) Activation
Function for Physics-informed Neural

Networks

The chapter organization is as follows. Section 3.1 introduces the proposed methodology
with the Self-scalable tanh activation function with its motivation and properties. Section
3.2 provides the results on NN approximation of discontinuous function, PINN solutions of
one-dimensional differential equations, and a brief discussion on adopting adaptive learning-
rate[143] and adaptive weighting scheme[91] with the proposed activation function. PINN-
based forward and inverse problems validate the proposed activation on several cases in
Section 3.3. Section 3.4 provides some discussion on the results. Finally, Section 3.5 presents

the conclusions and future work.

3.1 Physics-informed Neural Networks

Let x €  C R? denote the spatio-temporal location and u(x) € R V x €  denote the solu-

tion' to be determined from an Ordinary Differential Equation (ODE) or Partial Differential

!The paper considers u(x) as a scalar field for the sake of simplicity. For the general case, u(x) can be a
vector.

43
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standard activation functions in PINN (2-layer 50-units width NN). Notice the shrinkage in
standard deviation for most activation functions in calculating the first derivative.
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Equation (PDE) system

5

=4

Kb
I

f(x), x€Q,
u(x) = g1(x), x € 0, (3.1)

Vu(x) = go(x), x € 0Qy;

where L represents a linear/nonlinear differential operator, V denotes the gradient oper-
ator, f, g1, and g5 are known functions, and wu is the unknown solution to be learned.
u(x) = ¢g1(x), x € 92y and Vu(x) = go(x), x € 98y are the Dirichlet and Neumann
boundary conditions (DBC and NBC), respectively. To find the solution u(x), Section 3.1.1
introduces the training of the Physics-informed Neural Networks (PINN) [112]. Section 3.1.2

subsequently describes the proposed activation function.

3.1.1 Training

Consider a fully-connected NN of depth D+1 corresponding to a network with d-dimensional
inputs, D hidden layers, and an output layer. Assume all the hidden layers have P neurons

each. x € Q is the input to the NN, and the NN approximation of the solution function u(x)
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is the output. For a given input x, the fully connected NN can be represented as follows.

Ll = W1X + b1
Zr = O'(Lk) Vk= {1,2, ,D}

(3.2)
L,=W,z,_1+b,VEk= {2,3, ,D}

U(.)(X) = WD+1ZD + bD+1

where Wy V k € {1,2, ..., D+ 1} represent the weight matrices and by ¥V k € {1,2,..., D+1}
represent the bias vectors of corresponding layers in the NN. Note that W), € RP*P VYV k ¢
{2,...,D}, by e RP*1 Y k€ {1,2,..., D}, W € RP*4 and for a scalar output u(x), Wp,; €
R™>™F and bpy; € Rz, € REXIV k€ {1,2,..., D} is the output vector of & hidden
layer of the network and input to the next layer. o(-) is the activation function that acts
element-wise on vector L, € RP*1 ¥V k€ {1,2,..., D}. © collectively denotes all the trainable

weights and biases.

Learning the solution to Eq. (3.1) implies ug-(x) ~ u(x), where @* is the optimal value of
®. Choosing three finite sets of points, F, U;, and Us, such that F C Q, Uy C 0%, and

Uy C 0f)5 aids in learning the @*. These sets define the loss function as

J(@) = w;MSE; -+ wulMSEul + IUMQMSEMQ, (33)

where
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and wg, wy,, and wy, are the corresponding weights for each segment of the loss function.
The points in the set F are the PDE/ODE residual points or the collocation points since
the residual of the PDE/ODE;, i.e., (Llueg(x)] — f(x)) uses these points for calculation.
Likewise, MSE £ is the PDE/ODE residual loss. MSE,, is the Dirichlet Boundary loss
or simply Data loss, since these are the only directly available data in the form of inputs
and outputs to train the PINN. Also, note that any available data adds to Data loss part of
the loss function, relaxing the condition that this part should be from the boundary (052;).
This relaxation makes the PINN more flexible than the FEM and capable of solving inverse

problems. The third part of the loss function MSE,, is the Neumann Boundary loss.

The optimal set of parameters @* minimizes the loss function in Eq. (3.3). To solve the
system in Eq. (3.1), all the chosen points in the corresponding sets F, U;, and Uy should
satisfy the corresponding conditions in Eq. (3.1), and thus should minimize the mean-squared

errors. Hence, the training to solve the PDE/ODE system involves finding ®* where

©* = argmin J(O). (3.4)
)

One of the forms of gradient descent algorithm, Adam[68] or L-BFGS[19] approximates the
solution to the problem in Eq. (3.4) iteratively. Figure 1.1 shows the schematic for the PINN

training.
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3.1.2 Issues with Training

Further elucidation of the training procedure and motivation of the proposed activation

function is set forth by a simple second-order ODE system. The problem is

v du
—+——6u=0 0,2
Tz o —6u=0,z¢€[0,2]
u(0) = 2, (3.5)
du
— |0 = —1.
d:z;‘ 0

U, and U, are singleton sets in this problem since the corresponding boundary conditions are
available only at = 0. Assume Ny number of points are chosen randomly from the domain

0,2] for the set F. For sake of simplicity, let wr = wy, = wy, = 1. Thus, the sum of

Ny
1 d? d 2
MSEz =—— 3~ (52211, + 521, — buel(w:))

Ny — dz? dzx
2
du 2
s (20 1)

gives the loss function.

Constructing the loss function in Eq. (3.6) requires the first and the second order derivatives

of the output ue with respect to the independent (input) variable z (i.e., %@ and Luo pe

dx dz? >
spectively). For instance, ‘Z‘—x@ |z=z; at some x; can be calculated by Automatic Differentiation
(AD) [10] at any given training step. AD uses the chain rule of differentiation considering

the NN parameters © as constant at the given training step.

To make the arguments uncomplicated, this sub-section continue the usage of NN with one-

dimensional input and one-dimensional output. Higher-dimensional problems can adopt the
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(1)

same arguments. Let ug’ and ug) denote the first and the second derivatives (i.e., ‘i;‘—f and

dfl;;@ ), respectively. This work sticks to differential equations with orders less than or equal to

2. For disambiguation, hereon, the word “derivative” typically refers to the partial derivative
of output of the NN with respect to the input of the NN (i.e., ug) and ug)) at constant NN

parameters, and the word “gradient” refers to the partial derivative with respect to the NN

)
parameters with constant x in the typical sense of DL (i.e., for example, ag(e()a) and 8:;8 ).

Calculating the Derivatives

As in Eq. (3.6), most of the information to train the PINN comes in the form of derivatives.
Since the PINN hinge-upon the Universal Approximation Theorem[57, 112], it is easy to
imagine that the derivatives of NN should be as expressive as the NN itself. But there are
some practical concerns about the expressivity of derivatives to train the NN. To delve deeper

into this concern, it is imperative to derive the expression for the calculation of derivatives

: dug d2ue
(1.8., dr and d2 )

Lemma 3.1. For the NN in Eq. (3.2), Eq. (3.7) provides the expression for calculating the
first derivative of a single-input and single-output NN in closed form at any x (derivation is

in Appendiz B.1).

H,=W,
Gi=0(L)®H;Vie{l1,23,..,D}

(3.7)
H=W,G,_Vie {2,3, vy D+ 1}

ug)(x): Hpy

where o is an element-wise operator which gives the derivative of the activation function
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at LYV k€ {1,2,3,....D}, Vp e {1,2,3,..,P} and ‘@’ is the element-wise multiplication
operator. H; € RP*Y( Vi € {1,2,3,..,D}) and G; € RPN (Vi € {1,2,3,...,D}) are
intermediate variables to show the iterative calculation. Hp1 € R for one-dimensional ue

and one-dimensional x.

In Eq. (3.7), note that o’ is the only source of non-linearity in calculating ug). These o terms

are the same terms that are encountered in the backpropagation of a purely data-driven loss

function. For instance, consider the MSEy, in Eq. (3.6),

% —2 x <u@(0) - 2) x 0“39(0) (3.8)

for some NN parameter 6. If 6 is one of NN weights, then the gradient of § in the intermediate

layers evaluates to Eq. (3.10) (backpropagation).

A=Wp
Y=o (Lp_;) ®A; Vie{l,23, .., D} (3.9)

Ai=Wp X, 1 Vie{23, ., D}

0
v =P Tha Vi€ (1,2, D~ 1) (3.10)
D—i

A, € RPN Vi e {1,2,3,..,D}) and X; € RP*Y(V i € {1,2,3,...,D}) are intermediate
variables to show the iterative calculation.

It is easy to see the similarity between Eq. (3.9) and Eq. (3.7) (note that {z%_i_l{ is less than
1 for the tanh function). Evidently, the success of the tanh as an activation function rests on

its property that it can evaluate to normalized values close to zero[42, 75], and hence these



CHAPTER 3. SELF-SCALABLE TANH (STAN) ACTIVATION FUNCTION FOR PHYSICS-INFORMED NEURAL
50 NETWORKS

o terms are close to one for effective gradient computation (Eq. (3.9) and Eq. (3.10)). As
expected, the derivative of the tanh closer to one provides robust gradients to train a purely
data-driven NN[75]. The following analysis shows that the same property of the tanh can
be problematic for PINN. Let the tanh function evaluate to a normal distribution with zero
mean and s? variance. It is straightforward to show that (derivation is in Appendix B.2), if
o is tanh,

Elo)=1-e (3.11)

Vo' |]= 25
Perhaps, s can be low, say 0.3, since the tanh is restricted between -1 and 1. In this case, the
expected value of ¢ is 0.91, and the variance is 0.0162. As a consequence of ¢ having mean
close to one (also, bounded by one) and low variance, Eq. (3.7) can evaluate to a constant
value irrespective of x. The tanh function moving away from this linear-regime is necessary
for the NN to express more complex functions and hence solve the given differential equation
system (successful training in Figure 3.2). At the same time, moving away from the linear-
regime of the tanh, makes the ¢ values closer to zero affecting the gradient computation in

Eq. (3.9). This dichotomy on the requirements for ¢ can lead to failed training of PINN.

The second derivative of the NN does not have this issue due to a higher variance of ¢~ at

the linear-regime as further explained by Lemma 3.2.

Lemma 3.2. As a follow-up of Lemma 3.1, the equation below provides the second derivative
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of the NN at any x.

Fi=0

Ci=0¢ (L) @H,®H,; Vic{1,23, ., D}

E=Ci+o(L)®F; Vie{1,23,.. D} (3.12)
F,=WE,_;Vie{23,.,D+1}

Ug) ()= Fpy

where o is an element-wise operator which gives the derivative of the activation function
at LYV k€ {1,2,3,...,D}, ¥ p € {1,2,3,..., P} and '®’ is the element-wise multiplication
operator. C; € RE*Y (Vi € {1,2,3,...,D}), E; € RP*Y(V i € {1,2,3,...,D}) and F; €
RPNV i € {1,2,3,...,D}) are intermediate variables to show the iterative calculation.

Fp.i1 € R for one-dimensional ue and one-dimensional x.

Consider o as the second derivative of the tanh function (derivation is in Appendix B.3),

(3.13)
V[o'|= 4s*(15s* — 652+ 1).

For the same value of s = 0.3, the variance of ¢ is approximately 0.21, which is significantly
higher than the variance of ¢’ (and ¢). As a consequence, the second derivative is better

expressed than the first derivative for the tanh function.

The o' values around 1 for the tanh causes a shrinkage in expressiveness of the first deriva-
tive ug) of NN as compared to the NN’s (ug) expressiveness for a typical Glorot normal
initialization [42] (as in Figure 3.1). The shrinkage in expressiveness at initialization is ob-

served across the literature activation functions. The improved standard deviation for the
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calculation of ug) for the tanh activation function can be attributed to the improved vari-
ance in Eq. (3.13). Further, Figure 3.2 compares a successful and unsuccessful case in PINN

training to substantiate the argument on the tanh function.

Layer 1 Layer 1 Layer 1

o T " ———

—— Succesful Training 02 —— Succesful Training \ —— Succesful Training
Failed Training Failed Training 03 e Failed Training

1 20 3 4 50 6 70 1 20 3 4 50 6 70 0 20 3 4 50 6 70
Epochs Epochs Epochs

Layer 2 Layer 2 Layer 2

4

5 00 W—

—— Succesful Training —— Succesful Training —— Succesful Training
Failed Training 1 Failed Training Failed Training

10 20 30 50 60 70 10 20 30 50 60 70 10 20 30 50 60 70

40 40 40
Epochs Epochs Epochs

Figure 3.2: Comparison of a successful training and an unsuccessful training on second-
order ODE with the tanh activation function (2-layer 50-units width NN). The mean of the
activation function, its first, and its second derivative values are plotted during the course
of training, along with one standard deviation error-bar. Note the distributions of ¢ and ¢"
are not as vastly different as the distribution of ¢ between the two cases.

Adaptive tanh [60, 61] partially overcomes this issue by multiplying an extra trainable co-
efficient to the input of the tanh function (which can increase the variance of ¢'). Rowdy
activation [63] overcomes the same by adding several sinusoidal terms along with the extra
trainable coefficient to the input of the tanh function. The Swish function[114] empirically
seem to be affected by shrinkage as well. Appendix B.4 provides a visualization of the

distribution of the activation functions and its first and second derivatives during training.
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Flow of Gradients

Learning the solution of any NN happens through the gradients of the loss function. The
most intriguing part of the loss function is MSE . Analyzing the gradient of MSE is the

foremost task in studying the training of PINN.

Ny
PO 2% (s + ) (2 ~ bea)

i=1

0(u) () + ud)(z:) — bue (1))

o0 (3.14)
N
OMSEx(©) 2 <L/ 1)
—a _Ff ; (u@ (z;) +ug’ (z:) — 6U@(%’)> X
(auﬁ.%)(xi) L Oug)(w) 66ue<xi>>
06 00 06

Inspecting the particular form of the loss function in Eq. (3.14) is hard and perhaps useless

8u8>(xi) aug) (z4)
a0 o0

for extending to other differential equation systems. Instead, the terms , and

aug—ém that determine the gradient of the loss function irrespective of the particular form

of differential equation can be more useful. This section provides some insights into these

gradient terms to validate the appropriateness of the activation functions for PINN.

To keep the arguments simple, for a single-layer NN, Eq. (3.7) reduces to

P
ug (x)= > Wi Wi.o' (Wiz +bi). (3.15)
=1

For the single hidden-layer derivative expression in Eq. (3.15),
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From Eq. (3.16), the gradient of weights in the first layer depend on the second derivative
of the activation function at that layer. As the tanh supposedly operates in the linear-
regime[42], from the second derivative’s expectation value of zero in Eq. (3.13), the loss
gradients can be poor. Therefore, the tanh function can cause poor training in learning the
first derivative of the target function. Figure 3.3 shows a way to compare the activation

functions in regards to Eq. (3.16).

102 { —— Stan (Proposed)
— tanh
=== tanh(AF)

Value

0 10 20 30 40 50 60 70
Epochs

W W?)26" (Whatb)| - .
at some z over 50 neurons for training a single

Figure 3.3: Average of 2
ow?

layer PINN for the motivational second-order ODE problem. Higher values imply better
contribution of the second derivative term in Eq. (3.16).

Example 3.3. This example shows that the tanh activation function exaggerates the spectral-
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bias of PINNs (refer to[100, 144, 145]). Moseley et al. [100] used a domain-decomposition ap-
proach and Wang et al. [144] suggested a novel network architecture to overcome the spectral-
bias of PINNs. Indeed, spectral-bias is a well-known issue of any general NN[110, 147]. The

motivating example in Moseley et al’s[100] work inspired the considered first-order ODE.

Consider modeling the function u = sin(10z), = € [—1, 1] using traditional NN with the tanh
activation function using sufficient data. Observe that the NN can model the function pretty
well (Figure 3.4), resulting in an MSE of 2.6e — 4, ruling out the possibility of spectral-bias
in NN itself.

Now, use the derivative information ‘;—; = 10 cos(10z), and a single data point to do a PINN
training on the same architecture and activation function. The points of set F are the same
as the data points. Note the significant drop in performance (MSE = 0.46) as clear from the

figure.

Further, to confirm the role of the tanh activation function in the failed training, simply add
a linear term (with coefficient 1) to the activation function as suggested in the key literature
on the tanh activation function[75]. Though the second derivative does not change with the
additional linear term to the activation function, the expressivity of the first derivative (as
discussed in Section 3.1.2) does not change either. This addition improves the performance
drastically (MSE = 2.4e — 3). Conceivably, the improvement is due to the extra weight (of

value 1) added to the first derivative term in Eq. (3.16).

Again for a single-layer NN, Eq. (3.17) gives the second derivative of the NN and Eq. (3.18)

gives the second derivative’s gradients.

P
ug (r) =Y Wi(Wi)2e" (Wiz + b)) (3.17)
=1



CHAPTER 3. SELF-SCALABLE TANH (STAN) ACTIVATION FUNCTION FOR PHYSICS-INFORMED NEURAL
56 NETWORKS

—— Exact
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== PINN Prediction
== PINN Prediction (modified tanh)
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Figure 3.4: Comparing the predictions of a PINN training with and without modifiying the
tanh activation function and prediction of a data-driven regular NN of the same sinusoidal
function.

dug) (z)
OW?
dug) (z)
OW?

= (Wi)o" (Wi + b))
= WH(Wh)*o" (Wir + b)) (319

+2WEW?s" (WP + bi)

o" is the third derivative of the activation function. For the normal assumption of the
tanh function (with s = 0.3 in Section 3.1.2), the expectation of the third derivative is
around —1.43. Therefore, there is no issue with third derivative in Eq. (3.18), whereas the
gradient issue persists because of the second derivative. These arguments on gradients can

be extended to multi-layer NN as well (see Appendix B.4)

Though the adaptive activation function[60, 61] may follow a similar trend in the activation
function’s derivatives, Swish[114] and Rowdy|[63] activation functions may not. For the latter
two concerned activation functions, this work resorts to empirical results (in Section 3.2 and

Section 3.3).
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Output Scaling

Another identified reason for failure of PINN, is the unknown output range. Though this
issue is particular to PINNs, the reasoning does not involve solving differential equations
using the unconventional loss function. In a purely data-driven NN, irrespective of the
depth of NN, the gradient of weights of the last layer depends on just the outputs of the

penultimate layer.

8u@
oW,

=z (3.19)

In Eq. (3.19), Z7, is the output of the penultimate layer. For the tanh and its adaptive
modification[60, 61], z', is restricted between -1 and 1. The lower magnitude (compared to
the magnitude of the solution of the differential equation) of z7, implies ineffective gradients

for the final layer weights.

For example, the motivational problem in Eq. (3.5) has the analytical solution u(z) =
exp(2x)+exp(—3z). The function u(x) takes a minimum value of 2 at z = 0 and a maximum
value of 54.6 at x = 2. If this solution function were to be modeled with an NN provided
sufficient data, the usual practice is to scale down the data such that it is normalized or
standardized[75]. Though the last layer is typically linear for regression problems, scaling-
down makes the function converge faster[75]. Scaling down requires statistics of the provided
data. For PINN, as apparent from the boundary conditions in Eq. (3.5), it is impossible to
know the range of values the solution u(x) might take. As the converse of scaling down the

data accelerating convergence, the unscaled output might slow down the convergence.

In PINN, the effect of output scaling might not be limited to a mere slowdown in the

convergence. It is more likely to affect the derivative and gradient computations subsequently
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making the loss get stuck. From Lemma 3.1 and Lemma 3.2, the role of the last layer weights
(Wp,1) is apparent in the derivative calculation. All the gradients of weights from the first
layer to the penultimate layer depend on the final layer’s weights (Egs. (3.9), (3.16), and
Appendix B.4). All the numerical studies (especially the regression problem in Section 3.2.1)

and case studies testify the argument.

Swish and Rowdy activation functions [63, 114] are possibly immune to this issue due to
unbounded output. Also, the scaling problem can be avoided altogether for certain forms of

differential equations using the non-dimensionalization trick [13].

3.1.3 Proposed Self-scalable Tanh Activation Function

Though most of the theoretical arguments in the previous sections centered around the
tanh function, Figure 3.1 and Figure 3.3 show that the arguments can be extended to other
activation functions of PINN as well. After all, the tanh function remains the most sought-
after activation function for PINN. Adaptive tanh function[60, 61] is a trainable version of
a modification proposed by LeCun et al. [75]. Another modification provided by LeCun et
al. [75], adding a linear term, is used in Example 3.3. The modification with a linear term

still does not address the derivative expressivity issue discussed in Section 3.1.2.

To summarize the lessons from previous sections,

1. The expressivity of the first derivative (ug)) should not be detrimental to the gradient

calculations and vice versa.
2. The second derivative of the activation function should not concentrate around zero.

3. The magnitude of the output of the activation function should not be restricted too

much.
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Naturally, LeCun et al’s addition of a linear term[75] provides a base to build on. Accord-
ingly, the proposed Self-scalable tanh (Stan) activation function for the i*® neuron in k'
layer (k=1,2,...,D—1; i=1,2,...,Ng) is

o}(r) = (1 + Bx) - tanh(z), (3.20)

ef—e” "

where tanh(z) = S22

and (! is the neuron-wise parameter optimized during training
along with NN parameters ©. (i, typically initialized as 1, predominantly controls the
expressivity, along with the tanh non-linearity to maintain the gradients when solving higher-
order derivatives. Figure 3.5 shows the visualization of Stan activation and its gradients for
various 3} values. From Figure 3.5(a), note that the linear-regime of the tanh is not affected
by the proposed modification. Also note from Figure 3.5(b), the maximum of activation
function’s derivative is not at the [inear-regime, allowing better expressivity of the first

derivative ug). Also note that, unlike tanh, the extrema of derivative (i.e., second derivative

equals zero) are not at the linear-regime.

2.0 I |
m— =0 (tanh) - o | — B=0 (tanh) .
15{ — g=05 ! — =05
—_— B=1.0 | c —_ B=1.0
Lol =15 i QL 1| g=15
o 8 ! 2 8
g 05 | o
S i 5 o] =
N 0.0 N S s e o § .
: & !
-05 | |
I (a) | (b)
-1.0 -2
-1 0 1 2 0
X T

Figure 3.5: Visualization of the proposed Stan activation function in comparison with the
tanh. At x = 0, the function value is 0 and the gradient is 1. The point of zero gradient and
mazimum gradient are dependent on [3.

The tanh non-linearity is to make use of its continuity and differentiability, providing a

smooth gradient over the entire support[75]. The second term, namely, iz - tanh(z) is the



CHAPTER 3. SELF-SCALABLE TANH (STAN) ACTIVATION FUNCTION FOR PHYSICS-INFORMED NEURAL
60 NETWORKS

self-scaling term that can help to better map different orders of magnitude of the output from
the input. As observed from Figure 3.5, the proposed Stan activation function is unbounded

above and does not saturate? as established by the following proposition as well.

Proposition 3.4. If 8 # 0, the proposed activation function in (3.20) is not a saturation

function.

Proof. The first-order derivative of o} () is

(08)(2) = (1 + Biz) (1 - tanh2(a;)) + 3 tanh(z).

Therefore, we have

i (o}) () = 5,

lim (03,)'(z) = =6,

T——00

]

The proposed Stan contributes additional ZkD;ll N, parameters to optimize. Thus, we have
© = {W* bF1P | {B*}P-]! as trainable parameters, where 85 = (8}, 5%,...,58,*) . The

expression

Opi1 = Oy, — 1V I(0,,), (3.21)

updates the parameters ©, where 1, € (0,1] is the learning rate at m'" training iteration.

Convergence

Analyzing the theoretical convergence with the proposed activation function is challenging

due to the complicated loss function. Instead, looking at empirical results gives some idea

2Saturates only when (3 = 0, which is just the tanh function.
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of the loss landscape created by the proposed activation function.

The Standard Condition Number (SCN)[11] provides insight into the loss landscape (low
SCN is better). SCN is the ratio of the largest to smallest eigenvalues of Hessian Matrix for
the loss function with respect to all the trainable parameters. Consider a first-order ODE
system (provided in Eq. (3.23) with C' = 100). Figure 3.6 shows the SCN values for the first
few epochs for various activation functions®. Note that the SCN is low for the Stan function
over the epochs, similar to the tanh. The results in the next two sections show the benefits

of using the Stan activation function over the tanh.

103 4

=
O 1024
wn

1
10 —— Stan (Proposed)

— tanh
—== tanh(AF)
..... SWiSh

Figure 3.6: The SCN values corresponding to activation functions used in this work for
solving a first-order ODE.

3.2 Numerical Studies

A regression problem and two one-dimensional ODE problems described in Section 3.2.1 and

Section 3.2.2 demonstrate the effectiveness of the proposed Stan function. Each problem is

3Rowdy activation function[63] is skipped due to large number of trainable parameters.
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solved at three levels (dubbed as high(H), medium(M), and low(L)) to give a better idea of
the significance of the proposed activation function. The three levels, defined individually for

each problem, typically point to a high, an intermediate, and a low range of output values.

In all the analyses, the benchmarks for comparison are the state-of-the-art activation func-
tions for PINN, namely Rowdy[63] and Swish[55], along with the tanh and the Neuron-wise
Locally Adaptive Activation Function (tanh(AF))[60]. In addition, Section 3.2.3 provides
some results and discussions on state-of-the-art methods to accelerate convergence in PINN
using adaptive hyperparameters. All the presented results are repeated ten times with differ-
ent initializations of NN weights and biases and the appropriate sets F, U;, and Us to obtain
the average performance. The learning rate and other hyper-parameters corresponding to
the activation functions are tuned using a grid search of feasible values (see Appendix B.5
for more details). All the codes! employ Python 3 with Pytorch 1.9.0 package run on an
NVIDIA 2080 Ti GPU.

3.2.1 Neural Network Approximation of Function

For this numerical study, a non-linear discontinuous function highlights particularly the
output scaling issue discussed in Section 3.1.2, decoupling the issue from involvement of

derivatives. The function definition is

C x (0.2sin(6x) exp(—x)), —4 <z <0
u(z) = (3.22)
C x (11 + 0.1z exp(z)), 0 < z < 3.75,

4The codes are easy to implement as a simple modification to the activation function. Nonetheless, the
codes will be made available in a public platform once the paper is published.
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Figure 3.7: Training loss convergence plots averaged over 10 different initializations of
weights and biases of the NNs/PINNs with various activation functions for (a) regression
problem (b) first-order differential equation, and (c) second-order differential equation at
the corresponding three levels low, medium, and high. The convergence of § parameters are

provided in Appendix B.10.

which is discontinuous at x = 0. Here, C is a constant and taken as 1, 10, and 50 for the

three levels low, medium, and high, respectively. Training of the NN models used a set of

300 randomly sampled points with their corresponding u(z). Adam optimizer is employed

to train the NNs with four hidden layers of 50 neurons each. The loss function is the mean
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squared error of prediction on the training data as given below.
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Figure 3.8: Representative predictions of the trained NNs/PINNs with various activation
functions in comparison with the exact function for (a) regression problem (b) first-order dif-
ferential equation, and (c) second-order differential equation at the high levels. Appendix B.6
provides predictions at the other levels.

Table 3.1: Test performance from the numerical studies on the regression problem, the first-
order ODE, and the second-order ODE in terms of RE. Appendix B.6 provides the same
test performance in terms of MSE.

‘ Regression First-order ODE  Second-order ODE
'L M H L M H L M H
Stan (Proposed) | 0.04 0.05 0.05 |0.00 0.00 0.02|0.00 0.00 0.25

tanh | 0.05 011 031 | 000 0.14 096 | 0.00 0.25 1.00
tanh (AF) [60, 61] | 0.51 0.41 047 | 0.00 0.60 1.03 | 0.00 0.95 1.00
Swish [114] | 033 033 0.33 | 0.00 0.00 0.02]0.00 040 1.00
Rowdy [63] | 0.06 0.06 0.05 | 0.00 0.00 0.10 | 0.10 0.24 1.00

The purposely non-standardized output emphasizes the importance of standardizing the out-
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Figure 3.9: Comparison of activation functions on the numerical studies on the regression
problem, the first-order ODE problem, and the second-order ODE problem in terms of
relative error in prediction.L’ denotes low, ‘M’ denotes medium, and ‘H’ denotes high as
described in the main text for related problems. The proposed activation function is robust
to the magnitude of the output. Table 3.1 provides the values.

put for the traditional activation functions and signifies the suitability of the Stan activation
function. Figure 3.7 shows the convergence of the average training loss for all the considered
activation functions at all levels. As expected, the tanh is good at the low level problem
but not so good at higher levels. The Rowdy activation function and the proposed Stan
activation function converge to better values than other activation functions irrespective of

the level.

Further, the trained models used a set of 1000 evenly spaced points from the support
(—4 < x < 3.75) to predict the functions in Eq. (3.22). Figure 3.8(a) provides a represen-
tative prediction plot (at the high level) for all the models, corresponding to each activation
function, along with the exact functional curve. The predicted functional values from the
NNs with the Stan and Rowdy activation function closely match the exact function. Ta-
ble 3.1 summarizes the relative errors (RE) at all the three levels. As seen in Table 3.1
and Figure 3.9, the Rowdy activation function is almost as successful as the proposed Stan

function, whereas the other activation functions show poor performance on this problem.
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3.2.2 One-dimensional ODEs

In addition to the significance of output scaling, the PINNs suffer from issues related to
the calculation of derivatives and gradients, discussed in Section 3.1. Solving first-order and
second-order ODE problems with the PINNs underlines the importance of these issues. For

PINNSs, the L-BFGS optimizer is empirically better than the Adam optimizer.

First-order ODE

The considered first-order ODE is

du_ ooos@) e oo,
dx 2 (3.23)
u(0) = 0.

Specifically, considering the problem in Eq. (3.23) with three levels of C values at 1, 20,
and 100, the loss function follows the formulation presented in Eq. (3.3) as restated for this

problem as

; é B we 10000 du(;) CCOS(.T?-) i
( )_10000; O (3.24)

T w, ug(0) - u(0).

The weights wr and w,, are 100 and 1, respectively, and at every epoch, the training procedure
chooses a set of 10,000 residual points. An NN of three hidden layers with 50 neurons in
each layer is utilized for training. Unlike other activation functions, the average training
loss for NNs with the Stan activation function converges to a much lower value early in
training, as shown in Figure 3.7. The low initial loss for Stan function can be attributed to

the expressiveness at initialization described in Section 3.1.
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The problem in Eq. (3.23) has the known solution u(x) = C’w + %2 and testing and
comparing the NNs utilized 1000 evenly spaced points in the support. Figure 3.8(b) displays
a representative prediction from the PINNs with all the activation functions individually (at
the high level). As a direct consequence of superior training, the prediction from PINNs
with Stan activation functions approximate the exact function extremely well. The data in
Table 3.1 shows the wide margin of difference (in terms of RE) between the PINNs with

Stan and Swish activation functions and those with other activation functions. Figure 3.9

conveys the same.

Second-order ODE

Increasing the order of the problem further makes it harder for the benchmark activation
functions. Solving the representative problem described in Section 3.1.2 provides a clearer
picture of the complexity of the PINNs. The problem in Eq. (3.5) is taken to be the medium

level problem that is defined more generally as

du du
o T — 9
dx2+dx Cu=0, x€]|0,2],
u(0) = 2, (3.25)
du
o= 1.
dac‘ 0

C takes three values 2, 6, and 12 for the low, the medium, and the high levels, respectively.
To solve this ODE system, let Ny be 1,000. Eq. (3.26) provides the loss function used in
training the NNs with all the activation functions. An NN of nine hidden layers with 50

neurons in each layer is utilized for training.
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(3.26)

The training loss plots in Figure 3.7 show a distinctly better convergence of the proposed
activation function. As expected, a representative prediction on a set of 100 evenly spaced
points in Figure 3.8 shows the almost perfect approximation (at the high level) of the exact
function by the NNs with the Stan activation function. Table 3.1 displays the corresponding
RE values for all the benchmark activation functions and Figure 3.9 shows a bar chart on

the RE values.

3.2.3 Adaptive Hyperparameters

This section adopts some recent developments in the PINN literature to the proposed acti-
vation function. Particularly, the works of Wang et al.[143] and McClenny et al.[91] can be
easily extended to the proposed Stan function. Wang et al.[143] proposed a learning rate
annealing procedure (Adaptive Learning Rate - ALR) whereas McClenny et al.[91] proposed
a weighting scheme (Adaptive Weighting - AW) for the points of the sets F, U, and Us. The

default activation function is the tanh in both of these works.

The results in Figure 3.10 and Table 3.2 shows the adoption of ALR and AW for numerical
studies on first-order and second-order ODE at the high level averaged over ten initializations.
It is easy to see that both methods fail to significantly improve the tanh activation function.

The significantly higher RE for the Adaptive Weighting scheme[91] (with Stan activation
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function) might originate from alternating L-BFGS optimization for the NN parameters

with Adam optimization for the adaptive paramet

First-order ODE

ers.
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Figure 3.10: Comparison of the tanh and the proposed activation function on the study on

adaptive hyperparameter in terms of relative error
and second-order ODEs. “Vanilla” denotes PINN

in prediction at the high level of first-order
without any adaptive modifications.

Table 3.2: Test performance on adopting adaptive hyperparameters for the high level of
first-order second-order ODE problems in terms of RE. “Vanilla” denotes PINN without any

adaptive modifications.

First-order ODE Second-order ODE

Vanilla ALR

AW  Vanilla ALR AW

Stan (Proposed) 0.02 0.02

0.08| 0.26 0.28 0.51

|
|
|
| 096  0.94

tanh

1.35 | 1.00  1.00 1.00

3.3 Case Studies

Solving more elaborate differential equations that model complex physical systems further

show the utility of the proposed Stan function. There are two types of problems considered
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Table 3.3: Average performance in predicting the entire solution for the case studies on
Klein-Gordon equation, Non-linear Heat Transfer in a Thin Plate, and Mass-Spring-Damper
system in terms of RE.

‘ Klein-Gordon Equation Non-linear Heat Transfer Mass-Spring-Damper

L M H L M H L M H
Stan (Proposed) | 0.01 0.01 0.01 [0.01 0.04 0.12 |0.00 0.00 0.00
tanh | 002 016 004 |003 0.18 039 | 0.13 040 0.44
tanh (AF) [60, 61] | 0.02 0.01 0.06 | 0.03 0.14 035 | 018 042  0.52
Swish [114] | 0.04 083 050 | 0.02 0.06 014 | 0.02 0.00 0.00
Rowdy [63] | 0.07 0.04 004 | 004 017 029 | 0.04 0.01 0.00

in this section: (1) forward problems in Section 3.3.1 and Section 3.3.2, where the goal is to
identify the solution of given a differential equation with its corresponding initial/boundary
conditions similar to Section 3.2.2, and (2) inverse problem in Section 3.3.3, where the goal is
to discover the coefficients of the differential equation given the solution at a selected number
of points. Ten repetitions with different initializations of NN parameters and sets F, U, and
U, bring about the reported average performance metrics. Similar to the numerical studies,
all the case studies are solved at three levels. The problem definition and results are provided
in the main text. Appendix B.7 provides the loss function expressions and implementation
details for all the case studies. Appendix B.8 and Appendix B.9 includes several additional

case studies.

3.3.1 Klein-Gordon Equation

The time-dependent Klein-Gordon equation has several applications in solid-state physics
and quantum physics[58]. The one-dimensional version of this equation is a benchmark
problem in PINN[61, 143]. Consider the version of the problem provided by Wang et al.[143].

The governing differential equation system is as follows.
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Figure 3.11: Comparison of activation functions on Klein-Gordon Equation, Non-linear Heat
Transfer in a thinplate, and system identification of Mass-Spring-Damper in terms of relative
error in predicting/reconstructing the solution. ‘I’ denotes low, ‘M’ denotes medium, and
‘H” denotes high as described in the main text for corresponding problems. The proposed
activation function is more robust than other activation functions to the magnitude of the
output. Table 3.3 provides the values.

Exact Stan (Proposed) tanh tanh(AF) Swish Rowdy
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Figure 3.12: A representative prediction and corresponding error contours for solving the
Klein-Gordon equation at the high level. The tanh function performs as good as other
activation functions in this problem, whereas the proposed activation function is much better,
as summarized in Table 3.3.

o2 a2 +ud= | — 25m%x cos(5nmt) + 623t — 6t
+(zcos(5mt) + (at))? |, Vo € .t € [0,1] (3.27)
Ju
= —_ = Q
u(ac, 0) 0, ot ’U(Z’7O) O,V x €

u(z,t) = h(z,t) V (x,t) € 0Q x [0, 1]
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The function h(z,t) can be determined from the closed form solution u(x,t) = x cos(bnt) +
(xt)? (refer to [143]). Choosing various 2 gives the three levels for the problem. The low
level is the same as in Wang et al’s[143] work, i.e., Q = [0,1]. Let Q = [0, 2] be the medium

level and Q = [—2,2] be the high level.

Figure 3.12 shows the prediction and error contours at representative repetition for all the
activation functions at the high level. Table 3.3 and Figure 3.11 convey the consistent
performance of the proposed activation function across the levels. Note that the results
shown are an average of 10 repetitions. Additionally, supplementing with ALR[143], the
Stan function can achieve an average RE of 1.5e-3 at the low level, which is lower than the

best value reported by Wang et al.[143].

3.3.2 Non-Linear Heat Transfer

Insulated

LY
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Ug
Figure 3.13: Problem setting for finding the transient temperature in the thin copper plate
by applying a constant temperature of ugy at the bottom of the plate.

Heat transfer in a thin plate is a well-studied problem with a wide range of engineering
applications ranging from cooling computer systems to identifying the thermal history of an
additively manufactured part. The characteristics of a simple version of the problem include
a constant temperature applied to a square plate with relatively small thickness. Particularly,

Figure 3.13 shows a copper plate with dimensions 1m x 1m x 1lem with a constant temperature
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Figure 3.14: Comparison of the FEA solution of thermal history in a thin plate with PINN
solutions of various activation functions at few representative time steps for the medium
level. Except at t = 0s, which is the initial condition, the thermal history of FEA and the
proposed Stan activation function look similar.

up maintained at the bottom of the plate. Three values of ug, 500K, 1000K, and 2000K,
define the three levels low, medium, and high, respectively, for this problem. The ambient
temperature is the room temperature, at 300K. The other three sides of the square insulate
the plate. Convection and radiation in the top and bottom surfaces give away the heat to the
surroundings, and conduction transfers the heat within the plate. A nonlinear PDE system

in Eq. (3.28) models the transient temperature u(x,y,t) in the plate.

Ou

PDE: pCpt.— — kt.V2u 4 2he(u — ug)

ot (3.28)
+2e0(ut —ul) =0, {r,y,t} €Q
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DBC : u(x,0,t) = ug, {x,t} € 0ppc

Ju ou

NBCL : o~ lwwn = 5 lwe =0 {9t} € Owpar (3.29)
ou

NBC2 : a_y|(x’1’t) =0, {l’,t} S OQNBCQ.

In Eq. (3.28), p, C,, and k are the density, the specific heat, and the conductivity of copper,
respectively. Modeling the thermal history of the plate assumes all these material properties
as constant irrespective of temperature. t. is the thickness of the plate (1em), u, is the
ambient temperature (300K), A, is the convection coefficient, € is the emissivity, and o is the
Stefan-Boltzmann constant. Appendix B.7 provides the values of these constants. Assume

that the heat transfer process starts at ¢ = 0, when the whole plate is at 300K.

Finite Element Analysis (FEA) using MATLAB R2022a[90] simulated the case, providing
the approximation of the unknown solution. FEA assumed a mesh of 497 points at 101 times
steps from 0 to 3000s to obtain the discrete solution. Note that PINNs provide (pseudo)
closed-form solutions to the problem without discretization. The sample points chosen for
PINN (for the sets F, U;, and Us) are flexible, unlike the curated nodes in an FEA. Also,
the time complexity of FEM increases rapidly with the number of nodes, whereas this is not

the case with sampling points of PINN.

Figure 3.14 shows the solution in comparison with the PINNs’ solutions in various time steps
(for a representative initializing repetition) at the high level. PINN solution from the Stan
activation function is much closer to the solution from FEA. Table 3.3 recorded the value
of RE at the mesh points combining all the time steps, considering the FEA solution as
the ground truth. The proposed Stan activation has the least error values in comparison
with the other activation functions. The RE values are high, in comparison with other case

studies in Figure 3.11, since the numerical solution dictates the reported values in this case.
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3.3.3 System Identification of Mass-Spring-Damper

5

Figure 3.15: Problem setting for identifying the mass, spring constant and the damping
constant for the known applied force.

Table 3.4: Average predictions (over 10 repetitions) for estimating the parameters in a Mass-
Spring-Damper system. The proposed activation function can predict the system parameters

consistently well.

Low Medium High

Actual Values | 500 1.00 1.00 5.00 1.00 0.05 500 1.00 0.01
Average Estimates ‘ m ¢ k m ¢ k m ¢ k

Stan (Proposed) |4.99 1.00 1.00 |5.00 1.00 0.05|5.00 1.00 0.01
tanh | 222097 1.00 | 0.00 -0.01 0.07 [ 0.00 0.05 0.04
tanh (AF) [60, 61] | 0.55 0.59 1.00 | 0.00 -0.01 0.07 | 0.00 0.05 0.04
Swish [114] | 449 090 1.00 | 499 100 0.05] 352 1.06 0.01
Rowdy [63] 312 130 0.99 | 0.06 0.66 0.05 | 0.03 042 0.02

Mass-Spring-Damper (MSD) system is one of the classical and well-studied models in the

field of mechanical engineering[93]. It has several applications ranging from vehicle dynamics

to simulating human tendons[14]. A typical MSD system (in one-dimension) is modeled by

Az

dx

m—— + c— + kx = Fy,

dt?

dt

(3.30)
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Figure 3.16: Average (of 10 repetitions) over training epochs of error in predicting the
parameters m, ¢, and k at the high level with different activation functions for the system
identification of a Mass-Spring-Damper. Stan function converges better than the benchmark
activation functions.
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Figure 3.17: A representative output of PINN in learning the data along with the physics-
information for Mass-Spring-Damper system at the high level for various activation functions.

where z is the displacement from the equilibrium position, t is the time, Fj is the external
force on the system, m is the mass, ¢ is the damping coefficient, and k is the spring constant.
A typical problem is to monitor the system response, i.e., x at several discrete steps of ¢ a
known force Fy to estimate the system parameters (m, ¢, and k). Assume that the object
in consideration is initially in rest at equilibrium (i.e., 2(0) = 0 and %|,_) = 0). Consider
applying a constant known external force (Fy) of 100 Newton from time ¢t = 0 as shown in

Figure 3.15. The objective is to obtain m, ¢, and k given measured = at every 0.1s from 0

to 60s.

Similar to the forward problems, the PDE, the boundary conditions, and the data make up
the loss function[112], where the system parameters (m, ¢, and k) are trainable along with

the NN parameters. Particularly, Eq. (3.31) gives the loss function.

To test this case, the actual solutions of the MSD system are simulated in Python SciPy-
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odeint[142] at three levels. Exact k values (in N/m units) of 0.01, 0.05, and 1 are the high,
the medium, and the low levels, respectively for this inverse problem. Exact m value is 5Kg,

and exact ¢ value is 1N.s/m.

B 1 10000
J(@,m,é,k‘) - m

1=

2,
. dxg

“ dl’é
e

- +c .
t; dt |t1
2

+kzg(t;) — 100

(3.31)
600

500 Z |z (t:) — ()]’

i=1
2

Figure 3.16 shows the convergence of the system parameters to the exact value for the
proposed activation function at the high level. The Swish activation function is the closest in
performance to the proposed activation function at that level. Table 3.4 shows the predicted
system parameters (on average over 10 repetitions) for all the activation functions at all the
three levels. Further, Figure 3.17 shows the reconstruction of PINN with provided data and
physics-information at high level at a representative repetition. Table 3.3 and Figure 3.11
show the average RE values in reconstructing the solution. Overall, Stan function performs
significantly better than the other benchmark activation functions in this inverse problem.
For the tanh function, attempts on using standardized data for identifying the parameters

are not fruitful either.
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3.4 Discussion

Based on the numerical studies in Section 3.2 and case studies in Section 3.3, the proposed
Stan activation function can be significantly advantageous for the PINNs. The expressivity
of derivatives discussed in Section 3.1.2 also has an effect on the initial loss value in first-
order ODE. As expected, the first-order ODE’s initial loss value (Figure 3.7) for the proposed

activation function is significantly lesser than its counterparts.

The widely used tanh function and the adaptive modification are not very suitable for PINN,
and are particularly worse when the solution is of higher-order magnitude. The Swish ac-
tivation can potentially produce better results than the tanh in certain cases, since it has
the sigmoid function multiplied with the input to the function, which can help in scaling the
output to higher orders of magnitude. In general, the Rowdy activation function’s results
are competent with the proposed Stan activation function for PINNs. The goodness of the
Rowdy is mainly due to the several sine terms in addition to the traditional tanh function.
The nature of the Rowdy function addresses the spectral-bias[63] and can also tackle the
output scaling better than the tanh, but the function is too complicated to practically use.
The Rowdy function has too many parameters, which make it hard to tune, whereas the
proposed Stan activation function has fewer parameters to tune (Appendix B.5). Indeed,
to qualify PINN as a solver like the FEM, the convergence should not involve excessively
searching for the hyperparameters. Also, the Rowdy activation function takes longer to train
due to the computation of typically 3 to 9 terms in the activation function. The Stan func-
tion, in contrast, is very similar to the Swish activation function and the adaptive activation

function[60] in terms of computation requirement.

Though “vanilla” PINNs are utilized throughout the work, any variant of PINN (e.g.,[59, 62,

100]) can benefit from utilizing proposed activation function. Similarly, the works on adap-
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tive learning rate[143] and SA-PINN[91] can enhance the convergence even for the proposed
activation function as shown in Section 3.2.3 and Section 3.3.1. This line of work will be

explored more in the future.

3.5 Summary

This work proposed a Self-scalable tanh (Stan) for PINN, which contains a trainable pa-
rameter. Gradient descent algorithms can optimize the trainable parameter along with NN
weights and biases. Our proposed Stan performs well on all types of case studies, com-
prising a regression problem, a range of forward problems, and an inverse problem. It is
remarkably superior when the scale of the solution is potentially higher orders in magnitude.
It can achieve better convergence in training and can provide better solutions compared
to state-of-the-art activation functions. It accurately identified the system parameters of a

Mass-Spring-Damper system with the simulated positional data in the inverse problem.

Though Stan improved the PINN to solve a wide range of problems, some aspects of Stan
deserve further investigation. First, the initialization of the trainable parameters S.’s needs
additional research. This work initialized the (;’s for all the neurons with constant values
(or with a small standard deviation), and most of those values turned out to be ones after
tuning (Appendix E). The second aspect which needs attention is the loss landscape of the
PINNs. The Stan function creates a suitable loss landscape (refer to Section 3.1.3), but the
nature of the loss function constructed by any particular form of differential equation is still
not well characterized. A better understanding of the loss functions can lead to better ways

to train the PINN to solve complex problems.



Chapter 4

Fast Simulations of Additive
Manufacturing with Machine

Learning

The chapter is organized as follows. Section 4.1 provides the theoretical background for
modeling the thermal distribution in L-PBF. Section 4.2 describes the two-stage implemen-
tation in a two-dimensional plate and the FNO method for predicting highly non-stationary

heat input. Section 4.3 provides the summary and future work.

4.1 Background

The background necessary for this work is of two parts. The first aspect in Section 4.1.1
details the thermal model. The thermal model describes the thermal distribution of a part
subjected to heat input through a source. Though it is natural to extend, for simplicity, this
work ignores the fine-scale melting involved in typical metal AM processes like L-PBF. The

second aspect in Section 4.1.3 details FNO, the data-driven paradigm used in this work.

80
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4.1.1 Thermal Model of Metal AM

A generic heat transfer model, in its simplest form, is given as

oT -
P gy = —V.7+Q (4.1)
where the temperature is T, time is t, V. is the divergence operator, ¢ is heat flux, and Q
is the internal heat source. The density of the material is given by p, and the specific heat
is given by c,. The heat equation can be solved numerically with appropriate initial and
boundary conditions. Considering a solid medium, the heat flux through the manufactured

part is given as
= —kVT (4.2)

where x gives the conductivity of the medium. Note that the material properties (p, ¢,, or
k) can be a function of temperature. The heat source ) models the heat input to the part
if it is a volumetric. Considering a heat flux input for the laser source is also an acceptable
model [47]. In most AM processes that use a laser-based heat source, a Gaussian ellipsoidal
distribution is used as the heat input from the laser [45, 47]. As a 2D heat flux laser input

on a 3D part,
(4.3)

on the surface with unit normal ¢ that interacts with the laser. P denotes laser power, n
denotes the laser absorptivity of the material, vs denotes the scanning speed (the speed with
which the laser moves), and a and ¢ are the axis dimensions of the ellipsoid. z coordinate

denotes the concerned point parallel to the motion of the heat source, and x coordinate



82 CHAPTER 4. FAST SIMULATIONS OF ADDITIVE MANUFACTURING WITH MACHINE LEARNING

denotes the point in the direction perpendicular to both the motion of the heat source and

g. As a 3D volumetric heat source,

Q=

p 2 2 2
6v/3 Mo ( 3r? 3y 3(z+vs)) (4.4)

Tabe

where, apart from the variables used in Eq. (4.3), y coordinate denotes the point in the
direction of depth of the material and ¢ denotes the corresponding length of the ellipsoid
axis. For a L-PBF process, the initial temperature is typically room temperature (considered
as 300K). The space surrounding the build is filled with metal powder that dissipates the
heat. Also, convection and radiation dissipate the heat away from the build. The heat losses

are typically negligible and optional to include in the model.

4.1.2 Physics-informed Neural Networks for L-PBF

PINNSs solve differential equations in a non-traditional way. Let x €  C RY denote the
spatio-temporal location and 7'(x) € R V x € 2 denote the solution to be determined from

the PDE

0T (x)
ot

PCp —kV?T(x) =0, x € Q,

T(x) = gi1(x), x € O, (4.5)

VT'(x) = g2(x), x € 08;

where V denotes the gradient operator, ¢;, and g, are known functions, and 7T is the unknown
solution to be learned. T(x) = ¢1(x), x € 9y and VT (x) = ¢a2(x), x € 0y are the
Dirichlet and Neumann boundary conditions (DBC and NBC), respectively. For the purpose

of PINN, the initial condition is treated exactly like a DBC.
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Figure 4.1: Schematic of PINN for a general differential equation system. The training of
the PINN starts with the sets of points F, U, and Us, which are subsets of 2,02, and 025,
respectively. The points in set F form the first part of the loss function, the points in set U,
form the second part, and the points in set Uy form the third part, as determined by the NN
at current training step. The loss is back-propagated to train the parameters of the NN.

Consider a fully-connected NN of depth D+1 corresponding to a network with d-dimensional
inputs (4-dimensional (z,y,z,t) for a real case), D hidden layers, and an output layer. Assume
all the hidden layers have P neurons each. x € () is the input to the NN, and the NN
approximation of the solution function 7'(x) is the output. The fully connected NN can be

represented as follows for a given input x.

Ll :W1X+b1
VA O’(Lk) Vk= {1,2, ,D}
Lk = Wka,1 -+ bk Vk= {2,3, ceey D}

Te(x) = Wpi1zp + bpyy

where Wy V k € {1,2,..., D+ 1} represent the weight matrices and by ¥V k € {1,2,..., D+1}
represent the bias vectors of corresponding layers in the NN. Note that W), € RP*P VYV k ¢
{2,..,D}, by e REX1V k€ {1,2,.... D}, W; € RP*4 and for a scalar output T'(x), Wp,; €

R™>*F and bpy; € RV 7, € REXIV k€ {1,2,..., D} is the output vector of & hidden
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layer of the network and input to the next layer. o(-) is the activation function (Stan [43] is
used throughout this work) that acts element-wise on vector Ly € RP*'V k € {1,2,..., D}.

O collectively denotes all the trainable weights and biases.

Learning the solution to Eq. (4.5) implies Tg+*(x) ~ T'(x), where ©® is the optimal value of
©. Choosing three finite sets of points, F, U, and Us, such that F C Q, U; C 0%, and

Uy C 0y aids in learning the ©*. These sets define the loss function as
J(@) = w]:MSE]: + wulMSEul + IUMQMSEMQ, (47)

where

1 Te(x) 2 2
MSEfr = — E — T
SEF | F| < |pcy ot kV-Te(x)[%,

1
MSEy, = ] Z To(x) — g1(x)|*, and
1

xeU1

1
MSEU2 = @ Z |Vu@(x) - 92(X)‘27

xEU>

and wg, wy,, and wy, are the corresponding weights for each segment of the loss function.
The points in set F are the PDE/ODE residual points or the collocation points since the

residual of the PDE/ODE, i.e., pcpaT‘gt(x) — kV?Te(x) uses these points for calculation.

Likewise, MSE £ is the PDE/ODE residual loss. MSE,, is the Dirichlet Boundary loss
or simply Data loss, since these are the only directly available data in the form of inputs
and outputs to train the PINN. Also, note that any available data adds to the Data loss
part of the loss function, relaxing the condition that this part should be from the boundary
(0€21). This relaxation makes the PINN more flexible than the FEM and capable of solving

inverse problems. The third part of the loss function MSE,, is the Neumann Boundary loss.

The optimal set of parameters @* minimizes the loss function in Eq. (4.7). To solve the
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‘—.— Fourier Layer —> Fourier Layer — @ @ @ — Fourier Layer I‘

Figure 4.2: The process parameters (R) are the input to the FNO. The input is connected
to the Fourier layers via a projection NN that lifts it to the higher dimensional space. The
Fourier layers are again projected back to the target dimension via another NN. The target
is the thermal distribution. The architectures used in this work typically use four Fourier
layers.

system in Eq. (4.5), all the chosen points in the corresponding sets F, U;, and U, should
satisfy the corresponding conditions in Eq. (4.5), and thus should minimize the mean-squared

errors. Hence, the training to solve the PDE/ODE system involves finding ®* where

®" = argmin J(O). (4.8)
)

One of the forms of gradient descent algorithm, Adam[68] or L-BFGS[19] approximates the
solution to the problem in Eq. (4.8) iteratively. Figure 4.1 shows the schematic of training

PINN for given process parameters.

4.1.3 Fourier Neural Operator

Operator Learning

This work proposes to use Fourier Neural Operators (FNO) [78] to learn the solutions of the
heat equations in AM. Firstly, by definition, operator learning [69] learns the mapping be-
tween infinite-dimensional function spaces. Neural Operators (NO) [69] specifically is a new
class of methods that extends the existing DL to functional spaces. FNOs use Fourier layers
instead of convolutional layers in well-known Convolutional Neural Networks (CNNs) [77].
These Fourier layers better represent functional spaces than a typical discretization in con-

ventional neural networks [78]. The operator learning methods [69] have two significant
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advantages over conventional DL methods.

1. Learning in a continuous domain: Most developments in the field of DL have
focused on signals that humans can directly recognize in the form of images, videos,
or texts. These methods are limited to learning discrete spaces like vectors, matrices,
or tensors. Unlike these data, the simulation inputs and outputs are typically in the

functional space, i.e., defined at every spatial-temporal location in the domain.

2. Amount of data: Most methods in the conventional DL assume the availability of
a large amount of data to train the models. As mentioned in Section 1, one of the
significant reasons for building alternate methods to simulations is to limit the time
taken to generate data for different scenarios or process parameter settings. Thus,

generating the data required to train the conventional DL models is implausible.

Apart from FNO, there are multiple operator learning networks in the recent literature,
including DeepONets [87], Graph NO [79], and Low-rank NO [69]. Multiple studies show
the superiority of NO-based methods over DeepONets [69, 80]. The goodness of the Fourier
Transform-based NO, particularly in the context of heat equation, can be attributed to the

inherent connection between the two.

Consider the heat equation in Eq (4.1) rewritten as

pe, L 4 G s, 1) = QG (19)

where x denotes the spatial location (in a generic n-dimensional space) and ¢ denotes the
time. As in Eq. (4.4), the process parameters define the characteristics of the function
Q(x,t). We aim to solve the heat equation for a given process parameter setting to give the

corresponding T'(x,t). Let P denote the set of all the process parameters. The goal is to
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build a model Gy parameterized by #, that can be learned from data. Mathematically,

Go: P — TP(X, t) (410)

where Gy is characterized by FNO. Note that physically P characterizes the entire laser
movement, not just the variables in Eq. (4.4). Thus, the heat source term Qp(x,t) can be
considered as the function that embeds all the process parameters. The material properties
can also be considered a part of P. Still, for this work, the material is assumed to be the
same, irrespective of the process parameter setting. Thus, the modeling problem is to learn

6 such that

Go: Qp(x,t) = Tp(x, 1) (4.11)

FNOs use the well-known Fast Fourier Transform (FFT) to build a neural network architec-
ture in the Fourier space. Figure 4.2 shows an FNO architecture. In addition to a linear layer
with a non-linear activation function, each Fourier layer transforms the input to a Fourier
domain, filters the transformed input, and applies an inverse Fourier transform to retrieve
the signal in the original space. Readers are referred to [78] for the details of the Fourier
layer in Figure 4.2. Once the FNO is trained with sufficient data, evaluating thermal history
Tp(x,t) for any given process parameters P is a straightforward instantaneous evaluation

from Qp(x,t).

4.2 Case Studies

Case studies are carried out for both stages (simulation with PINN and training and pre-

diction with FNO). For simplicity, a 2-dimensional case is considered in Section 4.2.1 where
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Figure 4.3: Problem setting for modeling heat transfer in 2-dimension.

the heat transfer model is solved via PINN to generate data. The generated data is used for
training the FNO to compare it with the solution generated from FEM eventually. Initial

simulation with PINN alone is provided in Section 4.2.2.

4.2.1 Heat Source at the Boundary

Our previous work [43] shows heat-transfer modeling with PINN. For simplicity, a common
practice is to ignore the convection and radiation boundary conditions. Consider a 2-D plate
with dimensions 14mm x 5mm as shown in Figure 4.3. The laser is considered to be a point

source that moves in x-direction from one end to the other. Specifically, the heat transfer
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model in Eq. (4.5)

oT (z,y,1)

PO kV2T(z,y,t) =0, ¥V o € [0,14];y € [0,5];¢ > 0,
T(x,0,t) = 300, ¥ z € [0,14]; ¢ > 0,
T(x,y,0) = 300, V = € [0,14];y € [0,5],
o,y t), T (xy,t), ,
T’x:M = Tb:o =0, Vyel0,5];t>0,
2
T (z,y,t) —2L,y oD
— |y = Q(,1); Q(x,t) = exp T Vaxel0,14];t>0.
oxr " mr?

(4.12)

where L, is the laser power, 7 is the laser absorptivity, 7; is the radius of the laser, and x;
denotes the position of the laser in time. For this particular setting, x; = 1 + Lt, where
L, is the scan speed of the laser. The material properties and the process parameters are

considered constant in this setting.

PINN Simulation

For L, = 195W and L, = 80mm/s, simulations were carried out with PINN and FEM.
The implementation details are provided in Appendix C.2. Figure 4.4 shows the comparison
between PINN and FEM simulations at a chosen laser power. The results are very consistent.
The Root Mean Squared-Error (RMSE) at the FEM nodes between the PINN and FEM

simulations is approximately 45K.

FNO Training and Prediction

PINN, with transfer learning, is used for simulating the heat transfer with 100 different laser

power values. 80 laser power values with the corresponding thermal history are used for
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Figure 4.4: Comparing PINN and FEM prediction at 195W.

training the FNO. Figure 4.5 shows the FNO prediction along with PINN prediction and
FEM prediction at a given laser power. The RMSE between the FNO prediction and PINN
prediction is 13K, whereas the RMSE between FNO prediction and FEM prediction is 85K
at 185W. Note that the PINN predictions are mesh-free, enabling high-resolution data to be

trained on FNO.

4.2.2 Internal Heat Generation

This case study involves a more complex set of process parameters added directly to the

heat source term of Eq. (4.1). In particular, the two-dimensional plate is assumed to be
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Figure 4.5: Comparing FNO trained on PINN data with PINN prediction itself and FEM
prediction.

subject to multiple scans. In this case, the process parameters are laser power, scan speed,
and number of scans. These three process parameters create a highly non-stationary thermal
distribution in the plate. A sequential sampling of all process parameters resulted in 900
combinations with 10 levels of laser power, 10 levels of scan speed, and 9 different numbers
of scans. 400 of these experiments were randomly chosen for training, and the rest were used
to test the predicted model. In this case, the process parameters are encoded onto a matrix
as 3 Gaussian distributions, as in Figure 4.6. Each circular Gaussian distribution denotes
one of the process parameters, and the intensity in the image denotes the relative magnitude
(for example, for laser power, brightness depends on the value 50 to 250). The FNO is
compared with other well-known DL methods like UNet and ResNet, as shown in Figure 4.6.

Though all the methods learn a roughly increasing temperature trend, even visually, FNO is
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Figure 4.6: The comparison of temperature distribution predicted by different DL methods
at 230W laser power, 1.1m/s, and 10 scans.

far better than the established DL methods. In particular, UNet predicts a modification of
the input pattern, whereas ResNet learns an overall pattern far from the ground truth. The

comparison on the entire test set (500 sets of process parameters) is provided in Table 4.1.

Table 4.1: Comparison on DL methods for predicting thermal distribution in metal AM.

‘ Algorithms ‘ Testing Relative Error ‘ Training Time (minutes) ‘

FNO 0.0512 19.5
UNet 0.6437 29
ResNet 0.6056 26

4.3 Summary

The current results show promising directions of (1) using PINN as a simulator for L-PBF
and (2) using FNO to learn the operator that directly works on input process parameters
to predict the output thermal history. Using PINN is advantageous due to the mesh-free

nature of the solution and its flexibility to include process data. Using FNO is advantageous
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as we might require instantaneous predictions of thermal history for a new set of process
parameters. The future work is to add more complex heat inputs to both PINN and FNO,

and to simulate them for different geometries.



Chapter 5

Conclusions and Future Work

This dissertation implemented a Bayesian Optimization (BO) method DGP-SI-BO, Self-
scalable Tanh (Stan) activation function for Physics-informed Neural Networks (PINNs),
and Fourier Neural Operators (FNO) for enabling data analysis for metal Additive Manu-
facturing (AM). The BO method helps design the experiments towards optimizing a quality
metric whereas the activation function enables simulations to produce multi-scale solutions.
Lastly, the FNO has been shown to enable fast and accurate predictions on . The pro-
posed BO method is better than benchmark BO methods for optimizing process parameters
(particularly laser power, scan speed, and hatch spacing). Several theoretical and empir-
ical justifications were provided for using the Stan activation function over the literature
activation functions for PINNs. The applicability of the Stan activation function extends
well beyond the application at hand, i.e., Laser Powder Bed Fusion (L-PBF). FNO provides
adequate simulations (a few hundred typically) and can learn the high-dimensional map-
ping between the process parameter space and the solution of Partial Differential Equations
(PDEs). FNO is particularly suited for PDE-based data compared to any other deep learning

method.

In terms of application, the main conclusion drawn from this work is that accurate physics-
based modeling is desirable. Currently, the physics of the AM processes remains vastly a
mystery. Even with the known knowledge, solving the equations that capture multiscale

physics to replicate the process faithfully is practically impossible. So, developing tools
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for process optimization is as essential as developing tools for faster and more accurate
simulations. Along those lines, this dissertation provides three significant tools for enabling

Digital Twin in AM.

1. Sequential design of experiments is useful for process optimization, particularly when
the physics of the process is unknown, and the mapping between process parameters
and the quality output can be treated as a “black-box”. This dissertation provides
a Deep Gaussian Process (DGP)-based surrogate model for the Bayesian sequential

design of experiments (Chapter 2).

2. PINNs are a new paradigm for solving PDEs, and they provide alternate ways to
get a fast and accurate physics-based process simulation (Chapter 3). PINNs provide
mesh-free solutions, enable combining the experimental data with PDE-based mod-
els, and solve the inverse problem of identifying the system parameters (typically the

coefficients in the PDEs).

3. Instance-based solving of PDEs is cumbersome and time-consuming. FNO provides
a neat Fourier transform-based model to predict the simulation output by building a
data-driven mapping between the input (characterized by controllable process parame-

ters) and output (high-dimensional thermal or stress tensor) functional spaces.(Chapter 4).

The future of DTs in AM revolves around combining different machine learning techniques to
extend it to provide high-quality manufactured parts. In particular, three future directions

are worthwhile to pursue.

1. Combining experimental and simulation to accelerate process optimization. This can

be achieved by using the known-physics-based simulations as a Bayesian prior for
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experimental data. The proposed DGP-SI-BO provides a convenient framework for

the same. Case studies in Chapter 3 also show combining sensor data with PDEs.

. Multiscale integration in physics-based simulations is necessary. For instance, current

physics-based simulations approximate the melt pool level influence of process param-
eters on the part level quality. The main reason for the approximation is the hefty
computation requirement. FNOs accelerate the simulations; thus, multilevel integra-

tion is an extension that can be explored.

. Edge-device-friendly algorithms and models for process monitoring and control are es-

sential. Though edge devices are getting more powerful, there are several limitations
in using the developed models in edge devices that can be used for real-time process
monitoring using sensors and control using industrial controllers. Model order reduc-
tion and federated learning using the proposed methods is also an important direction

to pursue.
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Appendix A

Appendix for Chapter 3

A.1 DGP-SI Training Example

This section provides a brief explanation of the DGP training using Stochastic Imputation

based on a 3-layer DGP as shown in Figure A.1.

Figure A.1: Inferring a 3-layered DGP with SI involves imputing the latent variables W
multiple times using MCMC. For a realization of W, this structure (with known W) is
called the LGP. Blue circles indicate at least one of the input and output is observed whereas
orange circles indicate both the input and output are inferred.

For the DGP in Figure A.1, I/Vl(a) YV « € {1,2,3} are assumed to be conditionally indepen-
dent, and all VVZ(D‘) e RV 1 e {1,2},a € {1,2,3}. To infer this, an ESS within a Gibbs
sampler is used with the prior on I/Vl(a) Vie{l,2},a € {1,2,3} as a multivariate Gaus-
sian [95]. Thus, we get the realizations of p(VVl(a)|X, y)Vie {1,2},a € {1,2,3}. Using

these realizations, the corresponding e vm e {1,2},v € {1,2,3} and @gl) can be cal-

119
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culated by maximizing the likelihood. The imputation step and the maximization step are

repeated typically for a fixed number of iterations to get the optimal ©*.

A.2 Illustration of bagging

The illustration of bagging in the optimization of 1D function (defined in Section 2.3.1)
is provided in Figure A.2. For each realization W, of W, there is a realization ay, () of
a,(z). Among the 50 realizations (in this illustrative example), R (which is again taken as 50)
number of realizations are chosen, with replacement after every selection, to form one bagging
set. The bagging is repeated for B times (taken as 5) to get 5 sets of 50 “pseudo”-realizations.
The bagging procedure brings about 5 optimal values 2, V b = 1,2,3,4,5. These 2, V b =
1,2,3,4,5 are averaged to obtain the next evaluation point at every step. These ay, (x)Vt=
{1,2,3,...,50} are shown as realizations of a,(z) in Figure A.2. Though the value of B will
be typically higher than 5 (few hundreds were used in the case studies provided in the main

text), only five sets are shown in Figure A.2 for the purpose of illustration.

A.3 Analytical Case Studies

A.3.1 Function Equations

Several analytical functions are used to test the case studies provided in main text. These
functions are typically used for testing optimization algorithms in literature [135]. The
functions used in this work with their equations are as below. Siz-Hump Camel:f(x) =
(4 —2.1x3 + x?%)xf + X1Xo + (—4 + 4x3)x3;

Three-Hump Camel:f(z) = 2x? — 1.05x] + %? + X1Xg + X3;
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Realizations of a,(x)

ay(z)

Bagging Set 1 Bagging Set 2

Figure A.2: Tllustration of bagging with B = 5 and with R = T = 50 for the 1D test function
on a small subset of the support. The 25 realizations are sampled with replacement 50 times
to obtain the each bagging set shown.

Hartmann 8D: f(z) = — 3.+, oy exp(— 233:1 Aij(x; — Py)?);
Hartmann 4D: f(z) = 5a55[1.1 — Zle a; exp(— Z?Zl Aii(x; — Py)?)],
X; - input x in " dimension. a, A, P - constants [135].

Michalewicz 10D: f(x) = — 2321 sin(z;) sin””(%)

x; - input x in 7" dimension. m - constant (= 10) [135].

A.3.2 Comparing GP and DGP modeling

The analytical functions are tested for prediction capability in comparison with the GP, to
show the advantage of modeling with the DGP. A set of 5 x dimension or 10 x dimension
points are chosen through Latin Hypercube Sampling (LHS) from the support. The points
are checked for a correlation between the predicted and actual value by Leave One Out

Cross Validation (LOOCYV). It is observed that the predictions of the DGP are, in general,
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less spread around the 45° line showing better predictions than the GP. Table A.1 shows

the average correlation values for the five random sets of points and Figure A.3 shows the

correlation

plot.

Table A.1: Average LOOCV correlation values of five random set of point comparing the
GP model and the DGP model.

Predicted Value

DGP-SI | GP

Function Name [95] [118]

Test Function (1D) | 0.3634 | 0.1002

6-Hump Camel 0.1734 | 0.1545

3-Hump Camel 0.2578 | 0.1622

Hartmann3 0.6362 | 0.4391

Hartmann4 0.3303 | 0.0842
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Figure A.3: Correlation plot for comparing the prediction capabilities of a GP model and a
DGP model. The LOOCYV predictions for all the chosen points for each of the functions are
shown. The 45° line shows an ideal model prediction where predicted values and the actual
function values are the same.
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A.3.3 BO Implementation Details

There are several required choices for each of the implemented algorithms (including the
proposed algorithm). The parameters that are utilized for the case studies are provided in
Table A.2. For GP-BO and WGP-BO, n,,; denotes the number of optimization restarts for
the hyperparameters. [r denotes the learning rate of Adam optimizer for DSVI of DGP.
Nepochs Mmeme, and N denote the training iterations (or samples for DGP-MCMC-BO) of the
corresponding algorithms. The subscript or superscript ¢ or tnit denotes the initial number
of training iterations (or samples). The initial training iterations (or samples) are usually
longer following [128]. All the DGP surrogates utilize a 2-layer GP with the number of GPs
in the first-layer equaling the dimensionality of input, and 1 GP in the second layer. For
the proposed algorithm, T, R, and B denote the number of prediction samples, the size of
bagging, and the number of bagging sets, respectively. IC' denotes the Input-Connection,
which is a feature that is used additionally on the SI algorithm to connect the inputs to any

intermediate layer (in the case studies, it is the last layer). See [95] for more details on IC.

A.3.4 Comparisons between EI and UCB

Figure A.4 shows the direct comparisons made between UCB and EI on some of the analytical
test functions. Though UCB is empirically better unless we use a fixed candidate set (not
shown). For the cases utilizing fixed candidate set (Michalewicz 10D and AM simulation

case study), EI was used due to better performance.
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Table A.2:

proposed DGP-SI-BO algorithm.
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The technical choices of all the algorithms that are used for showcasing the

General GP-BO | WGP-BO DGP-DSVI-BO DGP-MCMC-BO DGP-SI-BO
Settings (38] (133] [54] [50] (Proposed)
Ninit = 500 (75% burn-in)
N =150 (50% burn-in)
Ir=0.01 Nt eme = 10000 (80% burn-in) | T = 50,R = 50,B = 100
Nsteps = 100 nipoch = 500,7epoch = 150 | Nypeme = 3000 (33% burn-in) 2-layers - 1 GP each
Test Function (1D) || niers = 10 | ngpe = 10 | ngpe = 10 2-layers - 1 GP each 2-layers - 1 GP each 1C = True
Ninit = 500 (75% burn-in)
N =150 (50% burn-in)
Ir = 0.01 1o = 10000 (80% burn-in) | T = 50,R = 50,8 = 400
Nsteps = 150 nf,poch = 500,7epoch = 150 | Nypeme = 3000 (33% burn-in) 2-layers - {2,1} GPs
Six-hump Camel Niters = 10 | Ny = 10 | Ngpe = 10 2-layers - {2,1} GPs 2-layers - {2,1} GPs 1C = True
Ninit = 500 (75% burn-in)
N =150 (50% burn-in)
Ir = 0.01 i =10000 (80% burn-in) | T = 50,R = 50,5 = 400
Nsteps = 150 M poeh = 500,7epoch = 150 | Tneme = 3000 (33% burn-in) 2-layers - {2,1} GPs
Three-hump Camel || Njpers = 10 | Ny = 10 | ngpe = 10 2-layers - {2,1} GPs 2-layers - {2,1} GPs 1C = True
Ninit = 500 (75% burn-in)
N =150 (50% burn-in)
Ir=0.01 niome = 10000 (80% burn-in) | T = 50,R = 50,B = 400
Nsteps = 200 nipom = 500,7epoch = 150 | Mypeme = 3000 (33% burn-in) 2-layers - {3,1} GPs
Hartmann3 Niters = 10 | Ny = 10 | Ngpy = 10 2-layers - {3,1} GPs 2-layers - {3,1} GPs 1C = True
Ninit = 500 (75% burn-in)
N =150 (50% burn-in)
Ir=0.01 N ome = 10000 (80% burn-in) | T = 50,R = 50,B = 400
Nsteps = 200 n;pwh = 500,7epoch = 150 | Mypeme = 3000 (33% burn-in) 2-layers - {4,1} GPs
Hartmann4 Njters = 10| gy = 10 | ngpy = 10 2-layers - {4,1} GPs 2-layers - {4,1} GPs 1C = True
Ninit = 400 (75% burn-in)
N =150 (50% burn-in)
Ir =0.01 n e = 5000 (80% burn-in) | T = 50,8 = 50,B = 400
Nsteps = 200 L poch = 500,7epoch = 150 | Tneme = 1500 (33% burn-in) 2-layers - {10,1} GPs
Michalewicz Niters =D | Nopr = 10 | Ny = 10 2-layers - {10,1} GPs 2-layers - {10,1} GPs IC = True
100 Six-Hump Camel Function 100 Hartmann3 Function Hartmann4 Function
A= —— DGP-SI-UCB —— DGP-SI-UCB 100 —— DGP-SI-UCB
S NeAl —-= DGP-SI-EI —-= DGP-SI-EI —-= DGP-SI-EI
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Figure A.4: Comparison of the UCB and EI acquisition functions used in the same settings
of the DGP-SI inference on few analytical test functions. For all the cases shown here, UCB
is better but EI is particularly significant when using a fixed candidate dataset.
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A.4 AM Simulation Case Study

A.4.1 Correlation Study

A LOOCYV procedure was conducted on the initial 15 LHS samples of the AM simulation
case study. Figure A.5 shows the correlation plot with the correlation values. The DGP-SI
is poor in predictions with the LHS samples, but eventually gets better to optimize the

function better.

LOOCV with AM Simulation Data
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Figure A.5: Comparison of the UCB and EI acquisition functions used in the same settings
of the DGP-SI inference on few analytical test functions. For all the cases shown here, UCB
is better but EI is particularly significant when using a fixed candidate dataset.

A.4.2 BO Implementation Details

There are several required technical choices for each of the implemented algorithms (including
the proposed algorithm). The parameters that are utilized for the AM simulation case studies

are provided in Table A.3. The parameter definitions are provided in Appendix A.3.3.
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Table A.3: The technical choices of all the algorithms used in this work for the AM simulation
case study. Note that DGP-MCMC-BO uses fewer MCMC samples than the numerical case
studies but the algorithm is still slower than the proposed method (as provided in Table 2.3

General GP-BO | WGP-BO DGP-DSVI-BO DGP-MCMC-BO DGP-SI-BO
Settings [38] [133] [54] [50] (Proposed)
Ninit = 500 (75% burn-in)
N =150 (50% burn-in)
Ir = 0.001 i = 3000 (83.33% burn-in) | T = 25,R = 25,8 = 400
Nsteps = 150 Nhoen = 500,7epoch = 150 | Nimeme = 1000 (33% burn-in) 3-layers - {3,3,1} GPs
Niters =D | Nopt = 10 | Ny = 10 3-layers - {3,3,1} GPs 3-layers - {3,3,1} GPs IC = False




Appendix B

Appendix for Chapter 4

B.1 Derivation for derivatives of NN

Derivation for the first derivative for NN follows the notations of Eq.(2) in main text. The
derivation is a straightforward application of chain rule of differentiation. Considering the

last (linear) layer alone,

T

P
o(zY
ue) = w2 (B.1)
p=1

where the p in W7, | and z7, denotes the particular element in Wp,; and zp respectively,

indexed by p.

o(zt) oLy,

_ (TP
D)), = ' (L) 52, (B2
Further,
8L’l')| _ 8(25:1[W%JZ73—1 + bqp])‘
ox T ox o
(B.3)

aL% |x:x- _ XP: qua(ZqD—l)

oz D ox o=

q=1

where ¢ denote the index in (D — 1) layer. Eq. (B.3) is similar to Eq. (B.1) and combining
Egs. (1)-(3),
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XP: [WPDHU (L7 )(iwga(?r_l) |ﬂc:m>i| (B.4)

p=1 q=1

From Eq.(B.4), it is easy to see the recurrence relationship over the layers. Introducing some

notation and generalizing the equation for any =z,

[ 0(z}) |
ox

A(z3)
ox

(=)
ox

Gy=| . | Vk={1,2,3,...D} (B.5)

a(zy)
or |

P
-y [W%Ha (L) <W%’)GD,1>} ,
p=1
where Wg) (€ R'™P") denote the all the weights connecting to node index p from the previous

layer. Let,
H, =W,;G,_; VEk=1{23,..D}.

Then,
ZW L0 (L2)HY.



B.1. DERIVATION FOR DERIVATIVES OF NN

Note that,

a(zp)
ox

— Gp = O'I(LD) @ Hp

=o' (Lp)H}

where ® denotes the element-wise multiplication operator.

Then,
P
ug) () = ZW%HG%
p=1
- U(®1)(ﬂf) = WD—HGD-
Further,
(z))
p _ 1
Gi= ox
I(oc(Whx + b}
— GY= (o( alx 1)
i
O(Whz + 1Y)

= Gl =oInTE
= G} =7 (L)W}

— G1 = O'/(Ll) ® W1
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Thus, defining H; = W1, we get the final recurrence equation of calculating the derivative
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of a simple NN. Figure B.1 provides a way to visualize the function.

H1 :W1
G,=o(L)®H; Vie{1,23, .., D}

(B.6)
H,=W,G,_, Vic {2,3, ,D -+ 1}

ue(r) =Hpy

Similarly, we get the final recurrence equation of calculating the second derivative of a simple

NN.

F,=0
Ci=0 (Ly)®@H,®H,; Vic{l23,.. D}
E,=C;+0(Ly)®F;Vie{l1,23,..,D} (B.7)
F,=WE,_Vic{23,..,D+1}

ul)(x) = Fpp

B.2 Expectation and Variance of tanh derivatives

As mentioned in the main text, let the output of tanh follow a normal distribution centered
around zero[42, 75]. Let ky denote this normally distributed random variable with a standard

deviation s.
ko ~ N(O, 82)

E[ko] = 0 (B.8)

V[ko] = s*
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Figure B.1: Visualizing the calculation of derivative of output of a PINN with respect to
its input. The nodes here are constant values of the derivative function of the activation at
the specified L. The constant valued nodes are multiplied to its input. The input to the
network is the constant value 1 and the output is the value of derivative calculated from the
PINN. Note that this is not a Neural Network but rather a representation to throw light
on the derivative calculation in the loss function. The values of the “nodes” are dependent
on the particular value of x.

The moments of a normally distributed random variables are well studied[107]. Particularly,

Elkg] =

0, if n is odd
(B.9)

s"(n— 1), if n is even

Let k; denote the i** derivative of tanh. It is well-known that the first derivative of tanh is

1 — tanh?.

ki =1-k; (B.10)
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E[kl] = E[l - kg]
— Elk] =1 - E[§

— E[kl] =1 —82

V[ki] = E[k]] — (E[k1])*
=E[(1 - k)] — (1 -5
=E[1+ ky — 2k3] — (1 — s*)?
=1+ E[ki] — 2E[k3] — (1 + s* — 25?)
=1+s%3)—2s* - (1+s*—25%

— V[k’l] = 284

The second derivative is given as,

ky = (1 — tanh?(z))’
ky = —2tanh(z)(1 — tanh?(z))
(B.11)
— ky = —2tanh(z) + 2tanh®(z)

= ko = —2ko + 2k}

E[ky] = —2E[ko] + 2E[k]]
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Vik] = E[k3] — (E[k,])?
=E[4(—ko + k3)*] — 0
= AR[k2 + k& — 2kok?]
= A(E[k2] + E[kS] — 2E[kg))
= 4(s* 4 5°(5 x 3) — 25%(3))

= Vlky] = 45*(155" — 65 + 1)

From Eq. (B.11), the third derivative of tanh,

ks = —2(tanh(z))" + 2(tanh®(x))’

k3 = —2(1 — tanh®(z)) + 2(3 tanh®*(z)(1 — tanh®(z)))

ks = —2 + 2tanh?(z) 4 6 tanh?(z) — 6 tanh®*(z) (B.12)
— k3 = —2 + 8tanh?(x) — 6tanh(x)

= k3 = —2+ 8k — 6k

E[ks] = —2 + SE[k2] — 6E[k;]
= E[ks] = —2+ 85> — 6(3s")

= E[ks] = —2 + 8s® — 185"
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B.3 Derivatives of Activation Functions during train-

ing

Figure B.2 shows the evolution of the o, ¢, and ¢ in solving a second-order ODE with the
activation functions used in this work. From the first-derivative plots, as expected, tanh tends
to move away from o value of 1 as the training proceeds. The Swish activation functions’
standard deviation remains low throughout the training. Rowdy activation function has low
standard deviation in Layer 1 and very high standard deviation in Layer 2 (not shown in

plot).

Layer 1 Layer 1 Layer 1

_— Stan (Proposed) 2

—— Stan (Proposed) e — —— Stan (Proposed)
— tanh o o — tanh
—— tanh(AF) — tanh(AF)

-

08 - — tanh
—— tanh(AF)

— Swish
— Rowdy

J——

P

-2
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Layer 2 Layer 2 Layer 2

—— Stan (Proposed) . —— Stan (Proposed)
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— tanh
—— tanh(AF)

——— —— Swish

10 20 30 40 50 60 70 10 20 30 40 50 60 70 10 20 30 40 50 60 70
Epochs Epochs Epochs

Figure B.2: The mean (with one-standard deviation error-bar) of activation function, its
first and second derivative over the training epochs for 50-units width 2-layer PINN. Rowdy
activation function is skipped in Layer 2 due to large standard deviation (of order 10') in
the course of training.
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B.4 Gradient of Loss Function for Multi-layer NN

Here, we derive the gradients of loss with respect to the weights in the last two layers.

Consider the loss function in Eq. (6) in the main text.

Ny
J©) =3 (dzu@ .+ Lo

o — 6u@(aci)) i

:Ff — dx? dx
+ (uo0)—2) (B.13)

To establish the effect of activation function in the training, we try to derive the expression

explicitly. Let,

Ny o
. 1 d ue dU/@
N1(®) = Nfz< a2 =t g

i=1

o — 6u@(:1:,-)>2

N
01(0) 2 h(due, | due (B.14)
00 _Ff i=1 ( dx? '™ + de 6u@(ac2)) x
a(dzg;a vt e 6u@(:)3i)>

06

For notational simplicity, let ug) denote (ZL_:?’ and ug) denote d;;‘?. For simplicity, start off

with the weights in the last (linear) layer, i.e., consider 6 as one of the weights W7, _ .

P
— E 14 p
Ue — WD+1ZD+bD+1
p=1

(B.15)
a’LL@ _p

—— —Z
7Y D
oW,
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P
1
u((_)) = ZW%+1G%
p=1

1
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oW,

P
2
Uéa) = Z Wi ED
p=1

2
3ug) _®,
oW,

Further, consider 6 as one of the weights W .
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Gl = o' (L) HY,

P P
= G, =0() Wizl | +b}).(d WHGH_))
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0GE Wh
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As shown above, the gradient of ug) has an extra ¢ term in addition to the ¢” and o for

a multi-layer NN.
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B.5 Hyperparameter Tuning

The parameters for each activation function are tuned with grid search using a set of ap-
propriate values at a certain level (low or medium or high), and the best combination of
parameters is chosen. Except for the NN for modeling nonlinear discontinuous function in
Section 3.1, all the PINNs use the L-BFGS optimizer. Adam optimizer[68] is used in Section

3.1.

Table B.1: Tuned learning rates for all the studies in Section 3.

Sections  Regression First-order ODE  Second-order ODE

Stan 0.008 0.5 0.25
tanh 0.008 0.25 0.25
N-LAAF 0.08 0.5 0.5
Swish 0.08 1 0.05
Rowdy 0.008 0.05 0.25

Table B.2: Tuned parameters for all the studies in Section 3. f;,;; denotes the initial 5 value
for all the neurons. RT denotes number of terms in the Rowdy activation function.

Stan tanh(AF) Rowdy
Regression Problem f;,;; = 0.25 n=1 n=10, RT' =3
First-order ODE Binit = 1 n=3 n=38, RT =3

Second-order ODE Binit = 1 n=3 n=>5, RT =3

For the Adam optimizer and the L-BFGS optimizer, the search space of learning rates for all
the activation functions are {8¢—6,8¢—5,8¢—4,8¢—3,8¢—2} and {1,0.5,0.25,0.1,0.05}, re-
spectively. The adaptive activation function[60] is tuned on a 2D grid with n € {1, 3,5,8,10}.
The proposed Stan function is tuned with constant /5 initialization S;,;; € {0,0.25,0.5,1}.
The Rowdy function[63] is tuned on a 3D grid with the corresponding learning rates, n €
{1,3,5,8,10} and the number of Rowdy terms RT € {3,7,9}. The tanh and Swish[114] do

not have any tuning parameters apart from the learning rates.
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B.6 More Results on Numerical Studies

The section shows the predictions at low (Figure B.3) and medium (Figure B.4) levels for the
regression problem, first-order ODE, and second-order ODE. Table B.3 shows the average
mean squared error of predictions for all the numerical studies.

Stan (Proposed)

tanh(AF)

S
(@ = ,

(b)

u(zx)

(c)

u(z)
u(z)
u(x)

X 1 15 20 00 05 10 15 20 00 05 10
x x x T T

Figure B.3: Average predictions at the low level of the trained NNs/PINNs with various
activation functions in comparison with the exact function for (a) regression problem (b)
first-order differential equation, and (c) second-order differential equation.

Table B.3: Average performance in predicting the solution for the regression problem, first-
order differential equation, and second-order differential equation in terms of MSE.

‘ Regression First-order ODE Second-order ODE
L M H L M H L M H
Stan (Proposed) | 0.24 32.32 0.04 | 0.00 0.00 2e3|0.00 0.00 2e3
tanh | 0.34 169.13  2e4 | 0.00 476.40 4e6 | 0.00 65.84 5e5
tanh (AF) [60, 61] | 33.43  2e3 6ed | 0.00  3e3  5e6 | 0.00 349.44 led
Swish [114] 1924 1e3  2e4 | 0.00 0.00 23 | 0.00 15349 led

Rowdy [63] | 051 473  745.80 | 0.00 0.04 1le6 | 1.37 60.73 led
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tanh(AF)

(a)

u(x)

(b)

u(x)
u(x)

(c)

u(x)
u(x)
u(x)

00 05 10 1s 20 00 05 10
T T T Ed T

Figure B.4: Average predictions at medium level of the trained NNs/PINNs with various
activation functions in comparison with the exact function for (a) regression problem (b)
first-order differential equation, and (c) second-order differential equation.

B.7 Details of Case Studies

The hyperparameters are given in Table B.4. Figure B.5 shows the training convergence

over the epochs. The mean squared error of predictions are provided in Table B.5.

Table B.4: Hyperparameters for all the case studies in Section 4. KG denotes Klein Gordon
Equation. NLHT denotes Non-linear Heat Transfer. MSD denotes Mass Spring Damper.

KG NLHT MSD

| Width | 50 50 50

| Hidden Layers | 4 3 3
Stan (Ir, Binit) (1,1)  (0.25,0.5)  (0.25,1)
tanh Ir 1 1 0.25
tanh (AF) (Ir,n) (1,1)  (0.1,1)  (0.5,1)
Swish Ir 1 0.05 0.05
Rowdy (Irm,RT) | (1,5,6) (0.1,1,6) (0.25,5,2)
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Figure B.5: Training loss convergence plots averaged over 10 different initialization of weights
and biases of the NNs/PINNs with various activation functions for (a) Klein-Gordon equation
(b) Non-linear Heat Transfer, and (c) Mass-Spring-Damper at the corresponding three levels
considered in the main text.

Table B.5: Average performance in predicting the entire solution for the case studies in terms
of MSE.

‘ Klein-Gordon Equation Non-linear Heat Transfer =~ Mass-Spring-Damper

'L M H L M H L M H

Stan (Proposed) | 0.00 0.00 0.00 |24.55 540.21 1le4 | 0.19 0.00 0.01

tanh 0.00 0.44 0.01 151.97 le4 led ‘245.30 3ed le6

tanh (AF) [60, 61]

Swish [114] 0.00 3.41 1.13 41.44 1,e3 led ‘19.14 0.09 158.61

|
| |
] | 0.00 0.00 0.01 | 25867  8e3 9ed | 351.70  3eb le6
| |
| 0 |

Rowdy [63] 0.00 0.00 331.42 led Ged ‘25.97 137.55 308.06




B.7. DeETAILS OF CASE STUDIES 143

B.7.1 Klein-Gordon Equation

Solving the Klein-Gordon includes choosing 6000 points for the set U, 5000 points for the

set Uy and 10,000 points for the set F. Eq.(B.26) gives the loss function.

10000
- 1 0*u O*ug
J(8) = T )~ ey + b (it
(®) = 15000 - 5 lewt — ga2 Nt + g (Tisti)
+ 25723, cos(5mt;) — 63t + 6at?
2
— (w;co8(5mt;) + (3t;)?)?
2500
2
250()Z| 6 (@maz; i) = hl@maz, 1) (B.26)
2500
2
2500 Z |ug (Tmin, ti) = P{(Zmin, t:)|
1 1000
+— > Jug (xs, 0)[
1000 —
1 3500 8U,~ 2
+_ _ey(x,y,t)GZ/{Q
3500 — dy
Exact Stan (Proposed) tanh tanh(AF)
0.0 0t5 1.0 o0 0.0 0:E§ 1.0 00 1.0
—— .
Absolute 1:5 1:5
Error 10 S10

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200

Figure B.6: Representative prediction of Klein-Gordon Equation at the medium level.
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Exact Stan (Proposed) tanh tanh(AF) Swish Rowdy
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0.75 0.75 0.75 0.75 0.75 0.75
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Figure B.7: Representative prediction of Klein-Gordon Equation at the low level.

Tmin aNd Tq. are determined by definition of €2. The predictions at the medium and the

low levels are shown in Figure B.6 and Figure B.7 respectively.
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B.7.2 Non-linear Heat Transfer (NLHT) Problem

The constant parameters used in the heat transfer equation (Eq. (28)) is given in Table B.6.

The loss function is given as

1 10000 au~
=1 o
J(e) - 10000 — p ptc at (xlf7y}7t}‘)
aQU(:) a2ué
— kt, (W (x},y},t;) + a—yQ‘(m}vy},t'})
+ 2hc(Ué(CE§c, y}) t?) _ Ua)
2
+2EO’U4~ xi7 i’ti _’LL4
( @( Y f) 2) o
1 5000 ,
5005 2 el 014,) = )
1 5000 2
5000 > |uel,, vl 0) — 300]
=1
1 3500 aué 9
3500Z Ay ’(%y,t)ebﬁ
=1

A representative prediction at the low and the high levels are provided in Figure B.8 and

Figure B.9 respectively.

Table B.6: The constant parameters in Eq.(28).

PDE Parameter Value
Convection Coefficient (h,) W/ (m*K)
Emissivity (e) 0.5
Material Density (p) 8960kg/m?
Thermal Conductivity (k) 400W /mK
Specific Heat (C),) 386.J /kgK
Thickness of the plate (t.) 0.01m

Stefan-Boltzmann Constant (¢) 5.67 x 1073W /m? K*
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Figure B.8: Comparison of the FEA solution of thermal history in a thin plate with PINN
solutions of various activation functions at few representative time steps for the low level.

B.7.3 System Identification of Mass Spring Damper

A representative reconstruction of solution at the medium level and at the low level are given

in Figure B.10 and Figure B.11.

The convergence of the predicted differential equation parameters m,c, and k is provided in

Figures B.12 and B.13.
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Figure B.9: Comparison of the FEA solution of thermal history in a thin plate with PINN
solutions of various activation functions at few representative time steps for the high level.
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Figure B.10: Representative reconstruction of solution using the data from a Mass-Spring-
Damper system and governing equation at the medium level.
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Figure B.11: Representative reconstruction of solution using the data from a Mass-Spring-
Damper system and governing equation at the low level.
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Figure B.12: Convergence of predicting the values of m,c, and k for the low level Mass-
Spring-Damper equation.
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Figure B.13: Convergence of predicting the values of m,c, and k for the medium level Mass-
Spring-Damper equation.

B.8 Additional Case Studies

B.8.1 Inverse Heat Transfer in a Rod

Figure B.14 shows a rod of unknown material, with ends maintained at a constant temper-

ature of 0 units. The rod is considered at a temperature of ug units and starts cooling down

at t = 0. Assuming we have the potentially noisy temperature data at sufficient points in

the rod throughout the cooling process, the aim is to identify the material of the rod. To

identify the material, ignoring all the thermal effects except conduction, it is sufficient to

figure out the characteristic thermal diffusivity of the rod k.

We can model the heat loss with a simple PDE system as in Eq.(B.28), considering the rod
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*u(0,t) =u(1,t) = 0 units
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<

Figure B.14: Problem setting to identify the material property, , given data at various
points over time.

-

Stan (Proposed) tanh N-LAAF Swish Rowdy

0.0 7 0.0 0.0
0.2 0.2 0.2
0.4 0.4 0.4
8 8
0.6 0.6 0.6
0.8 0.8 0.8
1.0 1 1.0 1.0

0.000 0.025 0.050 0.075 0.100  0.000 0.025 0.050 0.075 0.100  0.000 0.025 0.1 050 0.0750.100  0.000 0.025 O 050 0.0750.100  0.000 0.025 0.050 0.075 0.100  0.000 0.025 0.050 0.075 0.100
t t

0 20 40 60 80 100 120(Kelvin)

T

Stan (Proposed) tanh N-LAAF

0.0
0.2
Absolute 0.4
Error ¥ e
0.8
1.0 1.0

0.000 0.025 005000750100 000000250050 0.075 0.100 00000025005000750100 0000 0.025 0.050 0.075 0.100 0.000 0.025 0.050 0.075 0.100
t t

0 10 20 30 40 50 60(Kelvin)

Rowdy

o o © o o
© o = N o

Figure B.15: The data provided to the PINN is marked in the backdrop of the visualization
of the closed form approximation (top left). The average reconstructed visualizations from
the data points by including the physics-information (as PDE) is shown on the top for all
the activation functions. The corresponding absolute error between the reconstructions and
the closed form approximations is visualized below. The absolute error between the Stan
activation function and the Rowdy activation function look similar.

as single dimensional.

poE: 24— DU g
D =K x
ot 0x?’ ’
DBC1: u(z,0) =wup, 0 <z <1, (B.28)

DBC2: u(0,t) = u(l,t) =0, t >0,



150 ApPPENDIX B. APPENDIX FOR CHAPTER 4

The goal is to figure out the material property, k. We consider a particular instance of the
problem, where the data u(zx,t) is available at 5000 spatio-temporal points (data may or
may not be available at the boundaries) in the support. A typical NN can approximate the
solution u(z,t) with the provided data. To identify the thermal diffusivity x, the PINNs

supplement the NN with the information of the PDE. Specifically, the loss function is,

50000 2 2
~ o wF 8u®,n o a ué,n o
1O = 55000 Zil TR i e )
5000 (B.29)

u)u (u’u)

5000

where the x is unknown and a trainable parameter in addition to the PINN’s parameters
©. The collocation points for minimizing the PDE residual loss are 50,000. u denotes the
potentially noisy data available at (2%, t!) Vi = {1,2,3,...,5000}. Note that we ignore the

ur u

non-dimensionalization trick for showing the versatility of the proposed activation function.

To simulate this case, the thermal diffusivity x* = 1 is considered the ground truth. By

choosing k* = 1, the rod cools down sufficiently to reach equilibrium within ¢ = 0.1s for

up = H0units. For this particular case, the analytical solution[21] is an infinite series,

Ay S S0 ((QZ - 1)7T:1:>

u(xr,t) = — -
(z, 1) T = 2t —1

1=

exp < — (20 — 1)27r2t>. (B.30)

Choosing any finite number of terms from the infinite series results is an approximation
u(z,t) of the exact function u(x,t). The first 10,000 terms of the series u(x,t) is an
accurate enough[21] approximation of the function. Training the PINN involves using
the thermal measurement data at 5000 randomly chosen spatial-temporal locations from
0<2z<1,0<t<0.1, and their corresponding u(x,t). Figure B.15 shows the visualization

of the approximate solution and thermal measurement data.
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Training the PINN with the loss function in Eq.(B.29) involves considering unit weights for
each part of the loss function and the initial assumption of x as zero. The loss functions
for Swish and Rowdy activation functions are as good as the proposed Stan activation func-
tion, but the convergence of £ shown in Figure B.16 distinguishes the activation functions.
Table B.7 tabulates the mean predicted x* and the corresponding absolute errors. The
Stan activation function can better estimate the thermal diffusivity x with the least average

absolute error.

In addition to finding x, PINN can produce a better approximation of the temperature
distribution (i.e., solution u(x,t)) for the rod as a function of spatial location x and time ¢,

as shown in the prediction and error contours in Figure B.15.

Table B.7: The average predicted values of thermal diffusivity « using PINNs with various
activation functions.

Activation Function Predicted k* Absolute Error

Stan (Proposed) 0.9562 0.0438
tanh -0.5216 1.5216
N-LAAF[60] 0.0594 0.9406
Swish[114] 0.0219 0.9781
Rowdy[63] 0.9350 0.0650

B.8.2 Electrostatic Potential in a Rectangle

Laplace Equation models the Electrostatic potential in a 2D rectangular air-filled space with
no charge density. The Laplace equation is popular in the field of science and engineering,

particularly prominent in modeling fluid flow and gravitation in addition to electrostatics.
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Figure B.16: The convergence of absolute error in predicted the s value through PINNs with
various activation functions.
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Figure B.17: Problem setting for finding the electrostatic potential within the square using
the Laplace equation.

The two-dimensional Laplace Equation in a general form is
V2u=0; x €[0,a],y € [0,]

w(z,0) = hi(x); u(x,b) = he(z); (B.31)

u(0,y) = hs(y);u(a,y) = ha(y),

where u denotes the electrostatic potential and h; Vi € {1,2,3,4} are known functions. For

simplicity, let us assume a unit square space (i.e., a = 1,b = 1), and consider constant known
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Figure B.18: Visualization of the exact solution (with the data points used for training) in
comparison with the solutions predicted from the PINNs with mentioned activation functions
averaged over 10 repetitions. The corresponding absolute errors are shown in the figure
below. The similarity of the prediction plot and the approximate function plot and the
predominant blue color in the absolute error plot shows a better approximation of PINNs
with Stan activation function.

functions hy(x) = he(z) = 1000 and h3(y) = hs(y) = 0. Physically, this represents a square
with each opposite set of sides having the same electric potential (in Volts) as shown in
Figure B.17. The problem is to find the electric potential denoted as u(x,y) in Eq.(B.31) at

all the points within the space.

The solution to the Laplace equation using PINN for the particular setting involves choosing
a set of 5,000 points for the set U;. Note that four sides of the square define four parts of
the Dirichlet Boundary Condition. So, the set U; contains a set of 1250 (5000 divided by
4) randomly chosen points on each side of the square. The set F consists of 50,000 points
sampled by Latin Hypercube Sampling (LHS). Choosing the loss weights as 1, Eq.(B.32)

gives the loss function for solving the Laplace equation.

With the assumed conditions, the problem in Eq.(B.31) has a closed-form solution given by an
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infinite series[155]. Figure B.18 shows the contour plot of the solution u(x,y), by considering
the first 100 terms of the series, along with the averaged predicted contours corresponding
to each activation function. The Stan function approximates the exact solution remarkably
well, and the absolute error contours (in Figure B.18) further exhibit the same. Again,
this problem can be non-dimensionalized to make it easier for tanh by avoiding the issue of

output scaling.

50000 9
o 1 0*u Ug 82u(;)
1(®) =55000 Z g2 ) T 5 )
1250
125OZ|“® 2,0) = hy(2)[’
1250
T 1250 Z'“@ 2,1) = ha(x)[* (B.32)
1250
125OZ|“® (0,9) — ha(y)I”
1250

B.9 Literature Problems

In this section, we provide direct comparisons to several problems discussed in literature

without the details of implementation.

B.9.1 Burgers’ Equation

Burgers’ equation with a small value of viscosity parameter is one of the earliest examples

that garnered attention towards PINN itself[112]. The equation reads as (directly from
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[112]),

Oou Ou 0.010%u
—ty— — —— = =0 —-1.,1 1
ot ox m 0x? 0z €[=1,1]2€[0,1]

u(0,z) = —sin(mx) (B.33)
u(t,—1) =u(t,—1) =0.
The equation is solved at the usual domain [-1,1] (given in Raissi et al.[112]) and an extended
domain [-2,2]. Comparisons are shown in Figure B.19 and Table B.8.

Table B.8: Relative Error comparing the Burgers’ equation PINN prediction to simulated
solution. The proposed activation is better in performance as the domain increases.

Activation Function REin [-1,1] RE in [-2,2]

Stan (Proposed) 0.0297 0.0895
tanh 0.0252 0.1058

B.9.2 Inverse Navier Stokes Equation

Inverse Navier Stokes is another example from Raissi et al.[112]. We directly use the same

form of the equation as,

ug + M (uty + vuy) = —pr + Ao (Ugs + Uyy)
v + A (uvg + vvy) = —py + Ao (Vgy + Vyy) (B.34)

Uy + vy, =0

We use the same trick[112] to combine the velocity components into a single variable as
u = 1, and v = —1,. The problem is to predict the parameters \; and Ay and also

recover the pressure field from the given velocity field. We use the data directly from the
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Figure B.19: Comparison on solutions obtained for Burgers’ equation with tanh and proposed
activation function.

official implementation of Raissi et al. [112] without adding noise. Comparisons are shown

in Figure B.20 and Table B.9.

Table B.9: In the inverse Navier Stokes problem, predicted values of A\; and A\, match for
the proposed activation function , tanh, and the true values of 1 and 0.01.

Activation Function Predicted Ay Predicted Ay

Stan (Proposed) 0.9997 0.0107
tanh 0.9993 0.0109
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Exact Stan (Proposed)

Figure B.20: Comparison on solutions obtained for Navier Stokes equation. The recon-
structed pressure fields differ by constant for both the proposed activation function and
tanh.

B.9.3 Inverse Sine-Gordon

This problem is taken from the work on adaptive activation function by Jagtap et al.[61].
The equation is skipped here(refer to [61]). The problem is to find the parameters A; and
Az (the first 2 parameters in Table 6 of [61]) from clean data. Table B.10 and Figure B.21

summarizes the result.

Table B.10: Predicted values of \; and A\ match for the proposed activation function and

adaptive activation function in inverse Sine Gordon Equation, and the true values of 4 and
1.

Activation Function Predicted A\; Predicted Ay

Stan (Proposed) 3.9994621  1.0000045
tanh(AF) 4.0000596 0.999945

Exact Stan (Proposed) tanh(AF)

Figure B.21: Comparison on reconstructed solutions obtained for Sine-Gordon Equation.
Both the adaptive function and the proposed function can reconstruct the data accurately.



158 ApPPENDIX B. APPENDIX FOR CHAPTER 4

B.9.4 Advection Equation

Solving univariate advection equation is directly taken from the work on self-adaptive PINN

(SA-PINN) [91].

gz, t) + gy (z,t) =0, z €[0,2], t €10,0.2]
w(0,t) = u(2,t) =0,t €[0,2] (B.35)

u(z,0) = g(z),z €0, 2]

Both the tanh function and the Stan function are used with the weighting scheme used by

McClenny et al.[91]. The results are summarized in Table B.11.

Table B.11: Relative Error in solving the Advection Equation with tanh and proposed
activation function.

Activation Function RE

Stan (Proposed)  0.0827
tanh(AF) 0.1904

Exact Stan (Proposed) tanh

0.200 0.200 0.200

0.175 35 0.175 35 0.175

0.150 3.0 0.150 JE 3.0 0.150

0.125 25 0.125 25 0.125

+ 0.100 + 0.100 + 0.100

0.075 0.075 0.075

0.050 0.050 0.050

0.025 0.025 S 0.025

0.000 0.000 0.000

Figure B.22: Comparison on solving Advection Equation with tanh and Stan. Adaptive
weighting scheme[91] is used in both of the cases.
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Figure B.23: Comparison on solving Advection Equation with tanh and Stan at a few spatial

locations. The RE is lower for the proposed activation function.

B.10 Beta Convergence

This section shows the convergence of the 3 values for a representative neuron for all the

numerical studies and case studies.
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differential equation, and (c) second-order differential equation at the related three levels
considered in the main text.
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Figure B.25: Convergence of § with the epochs for a) Klein-Gordon equation (b) Non-linear
Heat Transfer, and (c) Mass-Spring-Damper at the related three levels considered in the

main text.



Appendix C

Appendix for Chapter 5

C.1 Material Properties

The material is taken to be Inconel 625 and the properties were taken to be constant (the

values at room temperature).

p = 8.44g/cc
¢y =041J/g — K
k=98W/m—k

r, = lmm

C.2 Implementation Details

PINNSs are implemented in Python3 with PyTorch2.1. The architecture is typically 4 layered
full connected NN with 50 neurons width. The parameters are optimized with L-BFGS with

a learning rate of 0.25.

FEM simulations are implemented in MATLAB.
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