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Abstract In this study, we present a deep reinforcement learning frame-
work for solving scenario-based two-stage stochastic programming problems.
Stochastic programs have numerous real-time applications, such as schedul-
ing, disaster management, and route planning, yet they are computationally
challenging to solve and require specially designed solution strategies such as
hand-crafted heuristics. To the extent of our knowledge, this is the first study
that decomposes two-stage stochastic programs with a multi-agent structure
in a deep reinforcement learning algorithmic framework to solve them faster.
Specifically, we propose a general two-stage deep reinforcement learning frame-
work that can generate high-quality solutions within a fraction of a second, in
which two different learning agents sequentially learn to solve each stage of the
problem. The first-stage agent is trained with the feedback of the second-stage
agent using a new policy gradient formulation since the decisions are intercon-
nected through the stages. We demonstrate our framework through a general
multi-dimensional stochastic knapsack problem. The results show that solu-
tion time can be reduced up to five orders of magnitude with sufficiently good
optimality gaps of around 7%. Also, a decision-making agent can be trained
with a few scenarios and can solve problems with many scenarios and achieve
a significant reduction in solution times. Considering the vast state and action
space of the problem of interest, the results show a promising direction for
generating fast solutions for stochastic online optimization problems without
expert knowledge.
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1 Introduction

The objective of this study is to develop a deep reinforcement learning method-
ology for solving scenario-based two-stage stochastic programs. Stochastic pro-
gramming (SP), including the two-stage scenario-based stochastic programs, is
a powerful way of modeling decision-making problems under uncertainty [78].
In two-stage SPs, the decisions in the system are made in two stages, and un-
certainty is observed between these two stages [31]. The objective function is
to minimize the first-stage and the expected second-stage costs. Two-stage SP
approaches are prevalent in many real-world applications, including but not
limited to disaster management [10], supply chain management [42], biofuel
production [27], nurse staffing [55], water resources management [48], airline
scheduling [95], and risk-averse optimization [17].

The stochastic knapsack problem is one of the most fundamental and
challenging examples of the NP-Hard SPs. The multi-dimensional knapsack
problem is considered to represent a very general structure among binary
and integer problems. Thus, the specially-designed solutions algorithms for
the two-stage stochastic knapsack can be implemented to tackle general two-
stage stochastic programs. The multi-dimensional knapsack is also commonly
used to demonstrate the computational performance of stochastic program-
ming solution algorithms, as in Angulo et al. [7], Büyüktahtakın [21], and
Büyüktahtakın [22]. In this study, we focus on the following two-stage multi-
dimensional stochastic knapsack formulation:

max
x∈{0,1}n1

c⊺x + Eξ[Q(x, ξ)] (1a)

s.t. Ax ≤ b, (1b)

where x ∈ {0, 1}n1 represent the first-stage decisions, and Q(x, ξ) is the op-
timal value for the second-stage problem. Let ξ := (q, h, T,W ) be a random
vector with support Ξ and known probability distribution. Define the first-
stage matrices c, b, and A to have sizes n1×1, m1×1, and m1×n1, respectively,
where the number of variables and the number of constraints in the first stage
are represented by n1,m1 ∈ Z+, respectively. The objective of the problem
is to maximize the sum of values for the selected subset of items and the ex-
pected sum of values from the second stage. In the multi-dimensional knapsack
problem, the sum of sizes should be less than the capacity for each dimension.
The second matrices q, h, T , and W have sizes n2 × 1, m2 × 1, m2 × n1,
and m2 × n2, respectively. The number of variables and the number of con-
straints in the second stage are represented by n2,m2 ∈ Z+, respectively. The
second-stage decisions are denoted by binary variable y:

max
y∈{0,1}n2

q⊺y (2a)

s.t. Tx + Wy ≤ h. (2b)

Once the first-stage decisions are made, the second-stage problem would be a
multi-dimensional knapsack problem. The randomness in the second stage can
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be expressed with S scenarios where some or all of the second-stage matrices
can be indexed by their scenarios as qs, hs, T s, and W s where s ∈ {1, . . . , S}.
By replicating the y-variables for each scenario s, the whole problem can be
equivalently expressed as a large-scale linear binary problem:

max
x∈{0,1}n1 ,ys∈{0,1}n2∀s∈{1,...,S}

c⊺x +

S∑
s=1

psqs⊺ys (3a)

s.t. Ax ≤ b (3b)

T sx + W sys ≤ hs ∀s ∈ {1, . . . , S} , (3c)

where ps represents the probability of realization for scenario s. The varia-
tions of the two-stage stochastic knapsack problems often arise in the industry
with various applications, from portfolio selection [71] and telecommunications
[26] to transportation planning [28]. The stochastic knapsack also has differ-
ent formulations that include quadratic objectives [66], probabilistic capacity
constraints [41], and risk-aversion measures [70].

Stochastic programs involving integers, such as the two-stage stochastic
knapsack above, are NP-hard and require specially designed solution method-
ologies, such as cutting planes and decompositions with complex implemen-
tations [36, 65]. The uncertainty can be modeled in more detail with a large
number of scenarios, also increasing the problem complexity. Researchers re-
sort to developing hand-crafted exact and heuristic approaches in an attempt
to reduce the computation burden. Exact solution approaches that speed up
the solution include the L-shaped method [7, 59], regularized decomposition
[80], dual decomposition [24], and, more recently, stochastic dual dynamic in-
teger programming [99]. Most of the formerly developed algorithms must run
from scratch for each problem without carrying information from previously
solved instances, making it impractical for large-scale real-time applications.
Online optimization requires solution speed for the real-time problem and solu-
tion times as low as milliseconds [13]. There is still a lack of solution approaches
for online applications such as ride-sharing [37] and electric vehicle charging
[93]. Online problems commonly arise in revenue management, internet ad-
vertising, and scheduling appointments in health care [53]. Some examples of
real-time stochastic programs that require solutions in seconds and can benefit
from faster solutions include energy demand-side management [6], inventory
management [98], ambulance redeployment [74], vehicle routing [23], and ma-
terial requirements planning [85]. In terms of the application of our framework,
we picked a general 2-stage stochastic knapsack problem, which could be ap-
plied in numerous contexts. The 2-stage stochastic knapsack is a stochastic
budget allocation problem that could be utilized in any resource allocation
problem as a component. Achieving fast solutions to two-stage SPs can even
be life-saving in settings like disaster and emergency management [43, 90].

Some of the recent attempts have shown the potential of deep reinforcement
learning techniques to achieve near-optimal solutions to stochastic programs,
such as the vehicle routing problem [75], the traveling salesperson problem
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[57], and the bin packing problem [9]. However, in many safety-critical appli-
cations, including energy systems and disaster management, certain stochastic
elements and realizations must be explicitly considered with scenarios to solve
by the mathematical model. In this study, our goal is to develop a framework
that can provide satisfactory solutions to such a complex system with the help
of deep reinforcement learning. Therefore, we aim to replace the tedious pro-
cess of hand-crafting heuristics with a deep reinforcement learning framework
that can get very close to optimal solutions in a fraction of a second only by
learning without any domain-specific information.

Reinforcement learning has long been used to tackle operations research
(OR) problems and has been a major focus area in many disciplines, includ-
ing OR, control theory, and game theory, with different names. Reinforcement
learning is generally recognized as a subfield of machine learning where a
decision-making agent learns to take actions to maximize a reward signal. The
reinforcement learning environment can be described with a Markov decision
process and can be modeled with a four tuple containing the set of states,
set of actions, state transition function, and reward function. Dynamic pro-
gramming algorithms can be utilized when there is perfect knowledge of the
model. However, when the exact mathematical model is unavailable, or the
dynamic programming-based solution has a large computation footprint due
to the large state and action space, reinforcement learning can approximate
state-value or action-value functions. Deep reinforcement learning makes use
of neural networks to learn policies by trial and error. The field of deep rein-
forcement learning is expanded significantly in recent years and has been used
for successfully solving some of the popular OR problems, including the trav-
eling salesperson problem [11], the knapsack problem [2], the vehicle routing
problem [75], and epidemic control decision making [18]. In this study, with
similar motivation, we harness the power of deep reinforcement to introduce an
end-to-end learning methodology to solve scenario-based two-stage stochastic
problems.

Our main contribution is to present a new two-stage reinforcement learn-
ing (2SRL) framework for solving two-stage stochastic optimization problems.
We propose using two different reinforcement learning agents (Agent 1 and
Agent 2) for solving each stage of the problem. We train each agent sequen-
tially. This approach prevents the complications of multi-agent reinforcement
learning training, such as instability, non-stationarity, and different learning
speeds [19, 20]. We propose training algorithms for Agent 1 and Agent 2 by
adapting the well-known policy gradient algorithm REINFORCE [82, 92] to
the case of two-stage stochastic programming. Agent 1 is trained with the
feedback of Agent 2 since the decisions made in the first stage have an im-
pact on the second-stage decisions. Further, we demonstrate the potential of
our 2SRL framework for solving the two-stage stochastic knapsack problem.
Our research objective is to achieve fast and satisfactory solutions, with the
learned policies making solutions possible for large-scale online applications.
Our 2SRL framework is general and thus can be extended to other two-stage
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stochastic programs since we do not assume any specifics of the two-stage
stochastic knapsack problem.

2 Literature Review

The usage of reinforcement learning for operations research problems is an ac-
tive research area. In their pioneering study, Bello et al. [11] present a frame-
work to solve the traveling salesperson problem with reinforcement learning.
They use the pointer network architecture to encode the input sequence and
then to decode to point to an input element, which is trained with an asyn-
chronous advantage actor-critic algorithm. Nazari et al. [75] present a frame-
work for solving the vehicle routing problem, which has a set of dynamic and
static features. The authors propose simplifying the pointer networks by elim-
inating the encoder and attending over the input embeddings along with the
decoder hidden state to select an input element when decoding. In a similar
motivation, Hu et al. [52] present a reinforcement learning-based methodology
using pointer networks to solve the three-dimensional bin packing problem and
achieve a 5% improvement over heuristics.

Khalil et al. [54] explore solving combinatorial optimization problems that
can be formulated as graphs with reinforcement learning. The featured frame-
work is shown to be effective at solving minimum vertex cover, maximum cut,
and traveling salesperson problems. Deudon et al. [33] attempt to solve the
traveling salesperson problem with reinforcement learning, but they rely on a
multi-head attention mechanism instead of recurrence. Kool et al. [57] present
a reinforcement learning-based framework to learn solutions to combinatorial
optimization problems. Their model includes an encoder with a multi-head at-
tention mechanism, and they show that their framework is more effective than
heuristics and comparable with specialized algorithms on the vehicle routing
problem, the orienteering problem, and the prize-collecting traveling salesper-
son problem.

Chen and Tian [25] leverage reinforcement learning for the local search
of an optimization problem. Instead of predicting the solutions directly, a so-
lution is iteratively improved, starting from a feasible solution. Yilmaz and
Büyüktahtakın [97] present an LSTM-optimization framework that uses the
predicted variables partially to reduce infeasibility for solving the capacitated
lot-sizing problem. Tang et al. [84] present a reinforcement learning formula-
tion and a model for selecting cutting planes. Also, the trained agent can be
used with a branch-and-cut algorithm, which is the core of commercial solvers.
He et al. [49] present a two-stage framework at the intersection of reinforce-
ment learning and operations research, where a scheduling problem is solved in
two stages. First, a reinforcement learning agent reduces the solution space in
its cyclical framework. Secondly, a mixed-integer process based on constructive
heuristics or dynamic programming is performed.

Afshar et al. [2] suggest using a stage aggregation strategy to reduce the
state space of the knapsack problem, which leads to learning faster and better
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solutions. Gu et al. [47] state that some combinatorial optimization problems
can be generalized to unconstrained binary quadratic programming, and they
propose a framework based on pointer networks to solve them fast. Delarue
et al. [32] present a framework where action selection during policy evalua-
tion is formulated as a mixed-integer program. Bushaj and Büyüktahtakın [16]
present a framework for solving the multi-dimensional knapsack problem. They
form a 2-dimensional environment to reduce the action space of the agent. The
agent can learn and generalize solution strategies for multi-dimensional knap-
sack. Yilmaz and Büyüktahtakın [96] present a learning-based framework for
solving multi-period problems, including knapsack, by utilizing an attention-
based encoder-decoder neural network.

Also, the solution algorithms using machine learning methodologies have
gained attention for tackling two-stage stochastic programs. In a recent study,
Frejinger and Larsen [38] present a framework to solve the container-railcar
load planning problem, formulated as a two-stage stochastic program. They
utilize a machine translation system based on supervised learning to predict a
less detailed solution description instead of a fully detailed one. Larsen et al.
[61] predict a less detailed solution for the same two-stage problem presented
in Frejinger and Larsen [38] using multilayer perceptrons. Abbasi et al. [1] pro-
pose a framework based on supervised learning where only first-stage variables
are predicted since second-stage variables are not implemented in practice. Wu
et al. [94] aim to solve two-stage stochastic optimization problems that can be
expressed as graphs to reduce the number of scenarios and estimate the re-
course cost. Crespo-Vazquez et al. [29] attempt to solve a two-stage stochastic
problem using clustering and utilizing recurrent neural networks to generate
probabilities for scenarios. Bengio et al. [12] propose using machine learning
to generate a representative scenario for the problem so that it can be solved
with an off-the-shelf solver in a fast setting.

Traditional solution approaches for solving two-stage stochastic problems
include the L-shaped method [7, 59], dual decomposition [24, 67], branch-and-
bound [3], progressive hedging [40, 79], and Gomory cuts [39]. More recently,
stochastic dual dynamic integer programming (SDDiP) was proposed by Zou
et al. [99] to solve two-stage and multi-stage stochastic programs with integers
and has shown to be applicable to a common range of problems. For a detailed
discussion of two-stage stochastic programs and general solution approaches,
we refer to Birge and Louveaux [14].

There is growing literature on using deep reinforcement learning method-
ologies to help solve various operations research problems in the last few years.
Despite all the advancements, there is still a research gap in integrating deep
reinforcement learning with mathematical programming to tackle stochas-
tic programming programs. Scenario-based two-stage stochastic programs are
used in numerous fields for decision-making under uncertainty. They can ben-
efit from a reduced solution time to be used in real-time applications with-
out the need for specially designed solution approaches, which require expert
knowledge and can be time-consuming.
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2.1 Key Contributions of the Study

Our objective with this study is to present a general reinforcement learning-
based framework to generate high-quality solutions to two-stage SPs as quickly
as a fraction of a second without the need for developing a special solution
methodology. Our study is motivated by the wide applicability of two-stage
scenario-based SPs and the promising results of reinforcement learning for
combinatorial optimization. Our contributions are as follows:

– To our knowledge, this is the first study that utilizes deep reinforcement
learning to solve two-stage scenario-based stochastic programs with a multi-
agent structure. Specifically, we propose using two different agents (Agents
1 and 2) to solve each stage of the problem (stages 1 and 2).

– In our 2SRL framework, we present a strategy to generate realistic second-
stage problems without the need for optimal first-stage decisions.

– We present our detailed training algorithm together with our scenario sam-
pling approach during training to reduce the correlations and ease the
training, similar to experience replay. First, Agent 2 is trained to solve
second-stage subproblems given any first-stage decision. Then Agent 1 is
trained with the feedback of Agent 2 since the decisions made in the first
stage have an impact on both stages of the problem. For this purpose,
we propose a novel policy gradient calculation for the well-known REIN-
FORCE algorithm.

– We present the quality of our 2SRL framework by presenting the time
improvement factor and optimality gap compared to a commercial solver,
a state-of-the-art solution methodology (SDDiP), and two heuristic ap-
proaches.

– We investigate the opportunity of training agents using problems with a
few scenarios and items to predict much larger instances with a higher
number of scenarios and items. The results show that the trained agents
can be used to generalize the results to a larger set of scenarios, highlighting
our approach’s computational impact.

The remainder of the study is as follows. Section 3 introduces the training
details of the 2SRL framework along with information on pointer networks.
Section 4 summarizes the details of implementation and experimentation. Sec-
tion 5 presents the computational results. Section 6 concludes the study with
a discussion.

3 Two-stage Reinforcement Learning (2SRL) Framework

Here, we present the details of the 2SRL framework and justify the need for two
different agents for two different stages. First, the details of pointer networks
are presented in Section 3.1. Then, in Section 3.2, we explain each agent’s
communication and information exchange during training by giving a detailed
algorithm based on REINFORCE [92].
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3.1 Pointer Networks

As proposed by Vinyals et al. [89], pointer networks have been essential for
many different tasks, including text summarization [81], intelligent code com-
pletion [62], and airline itinerary prediction [72]. Based on attention-based
encoder-decoder sequence-to-sequence learning architecture, the pointer net-
work utilizes a pointer mechanism to select an input element at the time of
decoding, which is required for various combinatorial optimization problems.
Pointer networks and their modifications have been trained with reinforce-
ment learning paradigm to successfully solve several types of operations re-
search problems, including traveling salesperson [11, 30, 63], vehicle routing
[15, 64, 75], max-cut [46], bin packing [35, 52], and knapsack [11, 45]. Further
studies have utilized transformers [88] based on multi-head attention to solve
optimization problems [57] and showed improvements over pointer networks
for several problems. In our study, we opted to use pointer networks instead
of a transformer architecture since the latter approach results in an optimality
gap improvement of only 0.02% for large knapsack problems over the former
architecture [58], and our motivating study [11] introduces the use of pointer
networks with reinforcement learning.

The pointer networks consist of four main components as encoder, decoder,
glimpse, and pointer mechanism. An encoder is a recurrent neural network that
processes the input sequence. The encoder aims to generate a high-dimensional
representation of input elements that ideally captures sequential relations and
hidden features. Similar to the encoder, the decoder is also a recurrent neural
network, but it selects a subset of input items in a sequential manner. A
pointer is a mechanism that chooses an element from the input sequence by
making a comparison between encoder and decoder hidden states. Glimpse is
a context-based attention mechanism employed before the pointer mechanism
is implemented to gain more knowledge of the input sequence.

Attention-based encoder-decoder models were originally developed for neu-
ral machine translation tasks [8, 68], where a fixed-sized vocabulary of words
is used for training the models. In such a setting, the vocabulary for the neural
machine translation systems must be determined before training. On the other
hand, many combinatorial optimization problems present a different paradigm
than neural machine translation by making predictions of which elements from
the input should be selected for optimal decisions. In the knapsack problem, a
subset of input items is selected by the decoder. Even though it would be pos-
sible to have a fixed-sized output for such problems, it can be impractical to
use one since adding or removing one input element would require retraining
the model or other special solution paradigm. Pointer networks eliminate this
requirement by not having a fixed-sized prediction dictionary. Instead, they
enable predicting by selecting a subset of input elements. Also, a feasibility
mask ensures the selection of only feasible items.

Our neural architecture builds upon the network presented by Bello et al.
[11]. However, we utilize bidirectional LSTM [44], an extension of the uni-
directional LSTM [51], to better capture the input temporal characteristics.
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Fig. 1: An example pointer network architecture.

Figure 1 presents an overview of the pointer network architecture utilized.
In this small example, the encoder processes the problem parameters for a
10-item knapsack problem with bidirectional LSTM layers. Then the decoder
iteratively selects a subset containing items 5, 3, and 8 for the knapsack by
utilizing the glimpse and pointer mechanism. We refer to Bello et al. [11] for
further details on the pointer networks.

The input vector for each item j has size m1 + 1 and is calculated as
[cj , Aj/b] for Agent 1’s problem from Equation (1), where cj and Aj represent
the problem parameters for item j with sizes 1 and m1, respectively. The input
vector for item k in Agent 2’s problem has size m2 + 1. It is calculated as
[qk,Wk/(h− T x̄)] from Equation (2), where qk and Wk represent the problem
parameters for item k with sizes 1 and m2, respectively, and x̄ is the solution to
the first-stage problem. Since the problem that we are trying to solve is a multi-
dimensional knapsack problem, this input structure allows us to normalize each
constraint with respect to the existing or remaining capacity.

In our learning paradigm, we resort to an algorithm known as actor-critic
training to be described in detail later in Section 3.2. In this paradigm, the
actor network learns a policy to maximize the objective function, and the critic
learns the expected objective function value given a sample problem. While
both networks contain encoders, the critic does not have a recurrent neural
network decoder.

3.2 Training Paradigm for 2SRL Framework

Here, we present a novel 2SRL training strategy for solving two-stage scenario-
based stochastic optimization problems. In our methodology, Agent 1 is the
decision-making reinforcement learning agent for the first-stage problem, and
Agent 2 decides on the values of decision variables for the second-stage prob-
lem. The environment can be defined as the agent’s interaction point with the
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problem. Decision-maker learns based on an action-reward cycle through an
environment defined by the problem characteristics. In the context of stochas-
tic programming, those characteristics are the problem’s input parameters, the
decision variables, and the constraints.

In many two-stage stochastic problems, the set of decisions that need to be
made in the first stage can be highly different from second-stage decisions. Such
examples include the cases where each of the two stages differs in their input
data’s underlying distributions, the number of constraints, and variable types,
such as continuous, binary, or integer. Therefore, using a single agent might
not be able to handle variability in the types of decisions. Even in cases where
similar decisions are taken in both stages, the structures of the input data
elements can be different. Thus, we use two agents that make decisions about
their respective stages instead of having a single agent. Also, by using different
agents for two stages, agents work with a smaller action space compared to a
problem with a single agent. In addition, this approach for training Agent 1
presents a paradigm similar to the classical solution methodologies, such as the
L-shaped method [7, 87]. We are inspired by the state-of-the-art decomposition
methods for solving two-stage stochastic optimization problems in the oper-
ations research literature. In general, such decomposition approaches utilize
a master-subproblem methodology to approximate the second-stage objective
function by solving the second-stage subproblems and using them to generate
first-stage decision variables through the master problem. Decomposition ap-
proaches are considered highly efficient and specialized for solving large and
challenging stochastic programs and provide two main advantages. First, they
replace the computationally complex and large-scale stochastic problem with a
group of subproblems that are easier to solve. Secondly, second-stage subprob-
lems can be solved using standard solvers. We are encouraged by the success
of such a decomposition framework and utilize two agents to solve each stage
of the problem rather than training a single agent.

Agent 2 is trained before Agent 1. Our aim here is to provide feedback to
Agent 1 on the quality of decisions during its training since the first-stage deci-
sions must be determined based on their impact on the second-stage decisions
as well as the objective function value. Additionally, stability can be challeng-
ing when two agents are trained and act in the same environment, especially
when they are competing [20]. Even though both agents try to maximize a re-
ward in the form of the objective function, the decisions made in both stages
might need to be different to maximize their reward in their respective stages.
Therefore, each agent might be working towards a different set of decision-
making strategies, and this might result in competition between them. To
eliminate that possibility, we train both agents sequentially. Furthermore, the
non-stationarity of multi-agent environments is a challenge in multi-agent re-
inforcement learning since each agent is learning simultaneously. Each agent
tries to solve a moving-target problem meaning that the optimal policy for
an agent changes as the other agents’ optimal policy changes [19, 76]. In our
framework, we handle this prospect by learning sequentially. Also, the varying
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learning speed of different agents increases the need for hyperparameter tuning
and coordination between agents [20].

Hierarchical reinforcement learning is a growing field of study that shows
similarities with the training paradigm of 2SRL. In hierarchical reinforcement
learning, a task is divided into subtasks by a higher-level policy to decom-
pose the long-horizon problem [77]. The subtasks can be learned through a
reinforcement learning agent as well. Hierarchical reinforcement learning pro-
vides advantages by reducing the subtask complexity, increasing reusability,
reducing network parameters, and handling the curse of dimensionality [5].
However, they would often require task-specific design [73], which can hinder
the generalization properties of the solution. Also, more research is needed
to understand when hierarchical reinforcement learning can provide recogniz-
able benefits [77]. Moreover, the approach of hierarchical reinforcement learn-
ing has only been studied recently for solving operations research problems
[69]. Therefore, we propose the 2SRL framework without a hierarchical rein-
forcement learning perspective to achieve generalization by exploiting widely
utilized and tested training paradigms based on policy gradient methods.

(a) Agent 2 training overview. (b) Agent 1 training overview.

Fig. 2: 2SRL training overview.

Figure 2 presents the training overview for Agent 1 and Agent 2 by high-
lighting their respective states, actions, and rewards. The high-level train-
ing procedure for Agent 2 with the 2SRL paradigm is presented in Figure
2a. Agent 2 solves the second-stage problem given a particular realization of
the uncertain data in the form of a scenario. The state space consists of the
data for that second-stage scenario problem, i.e., the second-stage matrices
q, h, T , and W from Equation (2) and the second-stage decisions initialized
as all zeros, y0. The initial state space is denoted as S(q, h, T,W, y0). The
agent generates a solution ȳ where the action space represents all second-
stage variables. Then, Agent 2 transitions into the new state S(q, h, T,W, ȳ).
The reward that the agent observes is a measure of the solution quality, i.e.,
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the objective function value q⊺ȳ, where q is the objective function coeffi-
cient. Agent 2 can be described as a Markov Decision Process with a four
tuple ⟨S(q, h, T,W, y), y, q⊺ȳ,P(S(q, h, T,W, ȳ) | S(q, h, T,W, y0)) = 1⟩ having
set of states, actions, rewards, and transition probability function, respec-
tively. Note that the transition from initial state S(q, h, T,W, y0) to end state
S(q, h, T,W, ȳ) is deterministic once Agent 2 generates the solution ȳ. This is
because the item selection for the whole instance takes place at once within
the pointer network rather than a step-by-step cycle that takes place in con-
ventional Markov decision processes (MDPs).

The training of Agent 1 is presented in Figure 2b. There is a major differ-
ence in training between Agents 1 and 2. While Agent 2 only gets feedback
from its environment where Agent 1 decision variables are fixed, Agent 1 gets
feedback from both Agent 2 and its environment. This is for the fact that the
objective function in the first stage involves the minimization of both the first-
stage and expected second-stage costs. The state space for Agent 1 consists of
first-stage parameters of the problem, i.e., the matrices c, A, and b given in
Equation (1) and the first-stage decision initialized as all zeros x0. We denote
this initial state space as S(c, A, b, x0). For Agent 1, the action space repre-
sents the first-stage decision variables. Agent 1 samples a complete first-stage
solution x̄ as action and transitions into a new state S(c, A, b, x̄). Agent 1
gets a reward for the first stage as c⊺x̄ and the second stage as Eξ[Q(x̄, ξ)]
from the trained Agent 2 model, where ξ denotes the uncertainty. The whole
process can be expressed as a Markov Decision Process with a four tuple
⟨S(c, A, b, x), x, c⊺x̄ + Eξ[Q(x̄, ξ)],P(S(c, A, b, x̄) | S(c, A, b, x0)) = 1⟩ contain-
ing a set of states, actions, rewards, and transition probability function, re-
spectively. Here, note that the initial state is S(c, A, b, x0) and the transition to
end state S(c, A, b, x̄) happens deterministically after the complete first-stage
solution x̄ is sampled rather than a step-by-step cycle where the transition is
probabilistic.

3.2.1 Agent 2 and Simulating Subproblems

Our aim here is to train Agent 2, which can solve second-stage scenario prob-
lems given a set of second-stage problem parameters. However, this raises a
complication for Agent 2. Problem (2) includes the first-stage decision vari-
ables in constraints (2b), but their optimal values are unknown during training.
We propose a strategy to generate realistic second-stage problems by reduc-
ing the right-hand sides of constraints (2b) by the amount of capacity used
by the first-stage decisions. To represent this, a set of first-stage coefficients
F is calculated and saved before the training starts. The aim is to simulate
first-stage decisions similar to true first-stage decisions in the second-stage
problem without having to solve them throughout the training. To calculate
F , first, a small fixed number of randomly generated two-stage problems given
in (3) are solved to optimality. Then, using the optimal first-stage decisions
x∗, we calculate the coefficient fs = T sx∗

hs ∈ [0, 1], where fs represents the
fraction of the capacity used in the first-stage problem in Equation (3c) for
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all s ∈ {1, . . . , S}. Those calculated fs values are saved without noting sce-
nario superscript s to constitute F . During training, we sample a coefficient f i

from F as independent and identically distributed for each training instance
i and modify the right-hand side hs in Equation (3c) to simulate the remain-
ing capacity as hs(1 − T sx

hs ). With this approach, remaining capacities that
are simulated would be changing at each iteration based on sample F . The
sample F is generated by solving a substantially low number of instances com-
pared to the number of training instances to reduce computational complexity.
Consequently, remaining capacity can overestimate or underestimate the ac-
tual remaining capacity calculated if the optimal first-stage decision has been
known for all training instances. However, the critical point of our approach is
that Agent 2 would not be trained using unrelated, significantly different, or
extremely shifted distributions; rather, Agent 2 is trained with a wider distri-
bution of problems compared to the distribution created by solving training
instances. In addition, it would be very unpractical and computationally ex-
pensive to solve all training instances to extract the second stage problem for
Agent 2, which would defeat the purpose of using a reinforcement learning
approach.

Algorithm 1 REINFORCE for Agent 2
Input: Batch size B, number of epochs E, steps per epoch T , number of scenarios S, a

set of first-stage coefficients F
Output: Trained actor network θA2 , trained critic network θC2
Procedure: Training Agent 2

1: Initialize actor network parameters θA2
2: Initialize critic network parameters θC2
3: for epochs = 1 to E do
4: for steps = 1 to T do
5: KP i ← SampleProblem() ∀i ∈ {1, . . . , B}
6: f i ← SampleCoefficient(F) ∀i ∈ {1, . . . , B}
7: KP i,s

2 ← ExtractSecondStageProblem(KP i,f i) ∀i ∈ {1, . . . , B},∀s ∈ {1, . . . , S}
8: KP i,s′

2 ← SampleScenario(KP i,s
2 ) ∀i ∈ {1, . . . , B}

9: yi ← SampleSolution(pθA2
(. | KP i,s′

2 )) ∀i ∈ {1, . . . , B}
Update the actor network:

10: z̃i2 ← θC2 (KP i,s′

2 ) ∀i ∈ {1, . . . , B}
11: gθA2

← 1
B

∑B
i=1(z(y

i | KP i
2)− z̃i2)∇θA2

log pθA2
(yi | KP i,s′

2 )

12: θA2 ← ADAM(θA2 , gθA2
)

Update the critic network:

13: LC2 ←
1
B

∑B
i=1∥z̃i2 − z(yi | KP i,s′

2 )∥22
14: θC2 ← ADAM(θC2 ,∇θC2

LC2 )

15: end for
16: end for

Input parameters to Algorithm 1 are the batch size B, number of epochs E,
steps per epoch T , number of scenarios S, and a set of first-stage coefficients F .
Algorithm 1 starts with the initialization of actor and critic networks, θA2 and
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θC2 , respectively, in steps 1 and 2. The actor network θA2 is a pointer network
that is used to make decisions for the second-stage scenario problems. Critic
network θC2 is used to estimate the expected objective function coefficient
given the second-stage problem. Training iterations are repeated for each epoch
and each step with a loop in steps 3 and 4. At step 5, a batch of training
data containing both first and second-stage parameters is sampled. Here, each
knapsack instance i is denoted with KP i ∀i ∈ {1, . . . , B}, which is given in
Equation (3) with added superscript i that denotes instance i within a batch
of problems. Then at step 6, a random first-stage coefficient f i ∈ F for all
i ∈ {1, . . . , B} is sampled. This step is taken to generate realistic second-
stage problems and therefore, to help with the quality of trained models. At
step 7, the second-stage problem KP i,s

2 for each scenario s ∈ {1, . . . , S} is
calculated for each training instance i ∈ {1, . . . , B} using the selected first-
stage coefficient f i:

max
yi,s∈{0,1}n2

qi,s
⊺
yi,s (4a)

s.t. W i,syi,s ≤ hi,s(1 − f i). (4b)

In this step, we aim to extract the second-stage problem to be used in the
training of Agent 2. In step 8, we sample a single scenario s′ from all available
scenarios ∀s ∈ {1, . . . , S} in the batch ∀i ∈ {1, . . . , B}. This step is taken
to reduce the correlation within the batch resulting from the same first-stage
decisions, especially when not all second-stage matrices are stochastic. If some
of those matrices qs, hs, T s, and W s are not dependent on scenarios, the
learning efficiency would reduce due to correlated samples. By sampling a
single scenario for each instance, we found out that the training efficiency is
increased. The second-stage solution yi is sampled using the actor model θA2
and the extracted second-stage data KP i,s′

2 within step 9. Here, the selection
of second-stage items yi is made based on the stochastic policy pθA

2
. In the next

step, a baseline for the expected objective function value z̃i2 is estimated using
the critic network θC2 , which helps reduce the policy gradient variance. In step
11, the gradients of the actor network θA2 are calculated using the well-known

policy gradient method REINFORCE. Here operator z(yi | KP i,s′

2 ) calculates

the reward for action yi given second-stage problem parameters KP i,s′

2 as

qi,s
′⊺
yi. In the next step, the parameters of the actor network are updated

based on the gradients calculated in the previous step using the stochastic
gradient update method Adam [56]. With step 13, the mean squared error loss
for the critic network θC2 is calculated by squaring the difference between the
objective function value estimated by the critic network z̃i2 and the objective

function value using the prediction made by the actor network z(yi | KP i,s′

2 ).
In the next step, the parameters of the critic network are updated using the
loss calculated in step 13 with the Adam optimizer. These steps are repeated
for all epochs and steps.
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3.2.2 Training Agent 1

In this subsection, we present the detailed trained algorithm for Agent 1 to
solve the first-stage problem after Agent 2 is trained to solve second-stage
problems. Algorithm 2 presents the details of training Agent 1 using the pol-
icy gradient algorithm based on REINFORCE. During the training, Agent 1
gets a reward based on the quality of the decisions both from its environ-
ment and Agent 2. This is one of the most important features of our 2SRL
framework for solving two-stage stochastic optimization problems. In general,
the objective function of two-stage stochastic optimization problems can be
expressed by Equation (1a). Here, the optimal decisions for the first stage are
found considering both the first-stage and expected second-stage implications.
By utilizing the feedback from the second-stage agent, we aim to ensure that
the first-stage decision-maker is aware of the reward resulting from both stages
of the problem. Similar to Algorithm 1; batch size B, number of epochs E,
steps per epoch T , and the number of scenarios S are inputs of Algorithm 2.
Additionally, trained actor θA2

∗
and critic networks θC2

∗
of stage 2 are taken

as input. The algorithm performs a training iteration to output the trained
actor θA1 and critic networks θC1 of stage 1.

Algorithm 2 REINFORCE for Agent 1
Input: Batch size B, number of epochs E, steps per epoch T , number of scenarios S,

trained actor network θA2
∗
, trained critic network θC2

∗

Output: Trained actor network θA1 , trained critic network θC1
Procedure: Training Agent 1

1: Initialize actor network parameters θA1
2: Initialize critic network parameters θC1
3: for epochs = 1 to E do
4: for steps = 1 to T do
5: KP i ← SampleProblem() ∀i ∈ {1, . . . , B}
6: KP i

1 ← CalculateF irstStageProblem(KP i) ∀i ∈ {1, . . . , B}
7: xi ← SampleSolution(pθA1

(. | KP i
1)) ∀i ∈ {1, . . . , B}

8: z̃i1 ← θC1 (KP i
1) ∀i ∈ {1, . . . , B}

9: KP i,s
2 ← ExtractSecondStageProblem(KP i,xi) ∀i ∈ {1, . . . , B},∀s ∈ {1, . . . , S}

10: yi,s ← SampleSolution(pθA2
∗ (. | KP i,s

2 )) ∀i ∈ {1, . . . , B}, ∀s ∈ {1, . . . , S}
Update the actor network:

11: zi2 ←
1
S

∑S
i=1 z(y

i,s | KP i,s
2 ) ∀i ∈ {1, . . . , B}

12: z̃i2 ←
1
S

∑S
i=1 θ

C
2

∗
(KP i,s

2 ) ∀i ∈ {1, . . . , B}
13: gθA1

← 1
B

∑B
i=1(z(x

i | KP i
1) + zi2 − z̃i1 − z̃i2)∇θA1

log pθA1
(xi | KP i

1)

14: θA1 ← ADAM(θA1 , gθA1
)

Update the critic network:
15: LC1 ←

1
B

∑B
i=1∥z̃i1 − z(xi | KP i

1)∥22
16: θC1 ← ADAM(θC1 ,∇θC1

LC1 )

17: end for
18: end for
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Algorithm 2 starts with the initialization of the actor network θA1 and
trained critic network θC1 . In steps 3 and 4, the training loop is continued for
a predetermined number of epochs and steps. In step 5, a batch of two-stage
knapsack problems is sampled randomly from the training set. We denote
each knapsack instance i as KP i ∀i ∈ {1, . . . , B}, which is given in Equation
(3) with added instance superscript i. In step 6, the first-stage problems are
obtained for each problem in the batch. The first-stage problem KP i

1 for all
i ∈ {1, . . . , B} can be expressed as:

max
xi∈{0,1}n1

ci
⊺
xi (5a)

s.t. Aixi ≤ bi, (5b)

where xi is a sampled solution ∀i ∈ {1, . . . , B}. Here, the two-stage problem
is isolated from the second-stage problem. In step 7, a first-stage solution xi

is generated for the KP i
1 ∀i ∈ {1, . . . , B} using the first-stage actor network

θA1 . In step 8, an estimate of the first-stage objective function value z̃i1 is
made using the first-stage critic network θC1 . This predicted baseline is later
used in step 13 to make a gradient update on the actor network θA1 based on
the policy gradient theorem. In step 9, the second-stage problem is isolated
from the two-stage problem, similar to step 7 of Algorithm 1. The second-
stage scenario subproblem KP i,s

2 is expressed given first-stage decision xi for
instances i ∈ {1, . . . , B} in the formulation below:

max
yi,s∈{0,1}n2

qi,s
⊺
yi,s (6a)

s.t. W i,syi,s ≤ hi,s − T i,sxi (6b)

Here, we do not sample scenarios, unlike Algorithm 1, since no training it-
eration is performed for Agent 2. In step 10, second-stage decision yi,s for
each scenario ∀s ∈ {1, . . . , S} is generated for each problem ∀i ∈ {1, . . . , B}
given in the above formulation (6) using the actor network θA2

∗
of Agent 2

from Algorithm 1. This is achieved by stochastic policy pθA
2

∗ , trained in Algo-

rithm 1, given the second-stage scenario subproblem KP i,s
2 ∀i ∈ {1, . . . , B},

∀s ∈ {1, . . . , S}. Then in step 11, the expected second-stage cost zi2 is calcu-
lated using the predicted second-stage decision yi,s, where z(yi,s | KP i,s

2 ) =
qi,s

⊺
yi,s. To generate a realistic estimate of the baseline for the second-stage

problem z̃i2, the second-stage objective function value is predicted using the
second-stage critic network θC2

∗
within step 12. Then, in step 13, the gradients

are calculated based on a modified version of a policy gradient algorithm by
integrating the second-stage expected objective function value and predicted
second-stage baseline, where z(xi | KP i

1) = ci
⊺
xi. Here, gradients include

feedback on the decision quality for the second stage. In step 14, a gradient
update is made to the first-stage actor θA1 using the Adam optimizer. In step
15, first-stage critic loss LC

1 is calculated as the mean squared error between
the first-stage baseline z̃i1 predicted by first-stage critic θC1 and the actual first-
stage objective function value calculated by using the variables predicted by
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first-stage actor θA1 . In the next step, a gradient update with Adam is made
to the first-stage critic network θC1 by using the loss calculated in the previous
step. This training iteration is continued for all steps and epochs.

4 Implementation and Experimentation Details

In this section, we present the details of our implementation, experimentation,
and evaluation. Our computational environment is a high-performance com-
puting cluster running Linux 3.10.0 with Intel Xeon Gold 6226R 2.90 GHz,
96 GB of memory, and NVIDIA Tesla T4 GPU. To create baseline solution
times for two-stage stochastic knapsack problems, we opted to use Gurobi 9.5
instead of CPLEX 20.1.0 since Gurobi performed faster when solving various
instances in our preliminary results. All codes are written in Python 3.8.5. The
deep learning models are trained using PyTorch 1.7.1.

4.1 Generating Two-stage Stochastic Knapsack Problems

To sample two-stage stochastic knapsack problems with scenarios, we employ
a scheme similar to the one presented by Angulo et al. [7]. In their study,
authors generate two-stage stochastic multiple binary knapsack problems to
evaluate their methodology. The parameters of instances are sampled from
uniform integer distributions between u and v, denoted by U [u, v]. The mean
of matrices A, T , and W is denoted by A, T , and W , respectively. The elements
of the first-stage matrices c and A are sampled from U [1, 20]. The right-hand
side parameter b is sampled from U

[
0.4 ×A× n1, 0.6 ×A× n1

]
. The elements

of the second-stage matrices q, T , and W are sampled from U [1, 20], and h
is sampled from U

[
0.4 × (T × n1 + W × n2), 0.6 × (T × n1 + W × n2)

]
. For

training, the number of items for the first stage and the number of items for
the second stage are n1, n2 ∈ {10, 20}. Also, the number of resource constraints
for the first stage and the number of resource constraints for the second stage
are m1,m2 ∈ {5, 10}. Finally, we consider problems with 10 scenarios during
training for ease of computation. For testing, we generate instances with an
increasing number of items and scenarios. Table 1 presents the results with
the number of items n1, n2 ∈ {10, 15, 20} and m1,m2 = 5. Table 2 presents
the results with the number of items n1, n2 ∈ {20, 30, 40} and m1,m2 = 10.
For all results in Tables 1 and 2, instances with the number of scenarios s ∈
{10, 50, 100, 500, 1000} are solved.

In a recent study, SDDiP is suggested by Zou et al. [99] to solve scenario-
based stochastic problems involving integers. The SDDiP is considered to be a
state-of-the-art solution methodology and achieved significant improvements
in solution times for a wide range of problems, including hydropower schedul-
ing [50], power infrastructure planning [60], and lot-sizing [86]. Thus, we utilize
the SDDiP approach as a benchmark solution method in our experiments for
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comparison to the 2SRL. We use Python implementation of the SDDiP solu-
tion algorithm developed by Ding et al. [34] together with Gurobi. We limit the
SDDiP solution time to 2-hour or 20 stable iterations, whichever comes first.
We also utilize a heuristic to solve the knapsack problem presented. We uti-
lize the greedy primal effective capacity heuristic (PECH) designed by Akçay
et al. [4] for the multi-dimensional knapsack problems. While the heuristic is
not specifically designed to solve a two-stage problem, it delivers high-quality
solutions. Also, we generate a random feasible solution similar to Bello et al.
[11] for comparison purposes.

4.2 Model Architecture

As explained in Section 3.1, the pointer network for both agents contains four
main components: encoder, decoder, glimpse, and pointer mechanism. The
actor network for both Agent 1 and Agent 2 consists of 2 bidirectional LSTM
layers with 256 hidden units in the encoder and 2 unidirectional LSTM layers
with 512 hidden units in the decoder. We utilized a single glimpse calculation
before the selection using the pointer mechanism. The critic network for Agent
1 and Agent 2 consists of 2 bidirectional LSTM layers with 64 hidden units in
the encoder, 2 layered neural networks with 128 units, and a ReLU activation
function. Also, we utilize a dropout technique with a rate of 0.3 to achieve a
better generalization performance [83].

Similar to Bello et al. [11], we make use of a softmax temperature with a
temperature hyperparameter of 1.5. Also, the logit clipping approach is taken,
which is found helpful by Bello et al. [11] for performance gains. The train-
ing set consists of 10,000 two-stage stochastic optimization problems. Since
we utilize a reinforcement learning-based approach and not supervised learn-
ing, the problems in the training set do not need to be solved before training.
However, we have solved and recorded the solutions of 50 instances to generate
a set of first-stage coefficients F and use it as an input to train Agent 2 in
Algorithm 1. Then, the training set is created by sampling from distributions
defined in the previous section. We also utilize a sampling approach during
testing, which samples multiple solutions from a stochastic policy. This ap-
proach can yield a significant improvement over the greedy decoding approach
at the cost of a very small increase in computational time. In this approach, we
do not perform any training iteration but rather just sample solutions from a
multinomial distribution with probabilities generated by the trained network.

4.3 Evaluation Methodology

Here, we describe the metrics used to measure the success of our 2SRL frame-
work to solve the two-stage scenario-based stochastic knapsack problem. We
evaluate our methodology using optimality gap and solution time reduction
with respect to the Gurobi solver, SDDiP, heuristic, and random solution.
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– timeGRB: Average solution time of test instances using Gurobi with a
2-hour solution time limit.

– time2SRL: Average solution time of test instances using 2SRL framework.
– timeSDDiP: Average solution time of test instances using SDDiP [34]

with a 2-hour solution time limit or until it reaches 20 stable iterations.
– timePECH: Average solution time of test instances using the PECH of

Akçay et al. [4].
– timeRand: Average solution time of test instances with a randomly gen-

erated feasible solution.

Further, we calculate the following metrics to compare the 2SRL framework
with other approaches:

Definition 1 Let the average objective function value for the Gurobi solu-

tion be objGRB and for the 2SRL solution be obj2SRL. The optimality gap

optGap2SRL between the base solution value of Gurobi and the solution of

2SRL framework (SDDiP solution for optGapSDDiP, PECH heuristic so-

lution for optGapPECH, and random solution for optGapRand) is given

by:

optGap2SRL(%) =
| obj2SRL− objGRB |

objGRB
× 100. (7)

Note that optGapGRB denotes the optimality gap returned by Gurobi within

the 2-hour solution time limit.

Definition 2 The solution time improvement factor timeImp2SRL result-

ing from the 2SRL framework (timeImpSDDiP from using the SDDiP,

timeImpPECH from using the PECH heuristic, and timeImpRand from

using a random solution) is defined as:

timeImp =
timeGRB

time2SRL
. (8)

Definition 3 A one-sided Wilcoxon signed-rank test [91] is carried out to

calculate the p-value, which is a statistical test that measures if the pairwise

differences between two solution times are symmetric around 0. The null and

alternative hypotheses are:

H0 : median(timePECH − time2SRL) < 0 (9a)

H1 : median(timePECH − time2SRL) > 0 (9b)

We reject the null hypothesis H0 if the p-value is less than 0.01 and con-

clude that the 2SRL framework performs statistically faster than the PECH

heuristic.
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5 Computational Results

This section presents the computational results for the 2SRL, along with a
comparison with Gurobi, SDDiP, the PECH heuristic, and a random solution
approach. For all instances in the tables, solution time is given in seconds
and rounded down to zero if they are less than 0.05 seconds. The number of
scenarios is denoted by #sc, and the number of items in the test set is denoted
by #items. Test sets contain 100 total instances, and average results over 20
instances are presented for each specific case in the first five result columns of
Tables 1 and 2. Moreover, we present the average as Avg, median as Mdn, and
standard deviation as Std for each table over 100 test instances by calculating
the metrics independently for each instance.

Table 1 presents the results for the 2SRL trained with instances having 10
scenarios and 10 items in both the first and second stages. The first dataset
given in the second column of Table 1 has the same number of items and
scenarios as the training set. For this set, 2SRL provides an instant solution
with a gap of 7.29%. The next set of test instances contains 50 scenarios and 20
items. In this case, the optimality gap increases slightly to 10.23%. Again, the
2SRL provides an instant solution and reduces the solution time by five orders
of magnitude compared to Gurobi. The remaining three sets of instances in
Table 1 have 100, 500, and 1,000 scenarios, respectively. Their optimality gaps
fall between the range of 6% to 7%. While this might be adequate for some
applications, PECH heuristic outperforms 2SRL in terms of optimality gap,
but 2SRL dominates the heuristic in terms of solution time, as can be seen from
the time improvement factors. On average, 2SRL reduces the solution time by
more than a factor of 100,000 when compared to Gurobi, with an average
optimality gap of 7.53%. Moreover, the PECH heuristic results in a 5.91%
optimality gap but takes longer than 2SRL, achieving a time improvement of
229. Furthermore, the solution time of PECH increases significantly with the
size of the problem, while the solution time of the 2SRL is a fraction of a
second for all cases with a much larger number of scenarios than the trained
instances. Besides, PECH has a higher average solution time and standard
deviation than the 2SRL. Therefore, 2SRL can be preferred over the heuristic
in an online application where a solution is needed instantly. Also, all p-values
for the one-sided Wilcoxon signed-rank test are less than 0.01, confirming that
the 2SRL is faster than the PECH heuristic. In addition, the 2SRL framework
outperforms the random solution with a very large margin of more than 40%
in terms of the optimality gap. On average, the random solution gives an
optimality gap of 48.11% while having a similar solution time to 2SRL.

Table 2 presents another set of results for 2SRL. Here, the model is trained
with 20-item problems, each with 10 scenarios. The first test set presented in
the second column of Table 2 has the same number of scenarios and items as
the training set. Here, an optimality gap of 8.47% is achieved using 2SRL in
just milliseconds. The results follow similarities to the results in Table 1, but
the optimality gaps are higher for the second and fourth sets of instances since
they have a much larger set of items. Increasing the number of items in the
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Table 1: Experimental results for 2SRL trained with 10 items and 10 scenarios

#sc 10 50 100 500 1000 Avg Mdn Std

#items 10 20 10 15 10 13 10 4

timeGRB 0.1 4,339.3 370.7 6,017.9 3,448.1 2,835.2 195.1 3,260.9

time2SRL 0.0 0.0 0.0 0.1 0.1 0.0 0.0 0.0

timeSDDiP 3.0 130.3 35.5 451.7 356.1 195.3 100.8 206.0

timePECH 0.1 4.5 4.3 253.5 513.6 155.2 4.9 211.2

timeRand 0.0 0.0 0.0 0.1 0.1 0.1 0.0 0.1

timeImp2SRL 112 374,893 52,401 85,935 52,420 113,152 8,135 182,509

timeImpSDDiP 0 38 10 15 9 15 1 22

timeImpPECH 3 1,019 93 25 7 229 10 516

timeImpRand 90 374,395 28,649 69,634 26,642 99,882 5,508 181,609

optGapGRB(%) 0.00 0.07 0.01 0.15 0.04 0.05 0.01 0.10

optGap2SRL(%) 7.29 10.23 6.66 6.63 6.86 7.53 6.30 5.49

optGapSDDiP(%) 0.03 0.01 0.03 0.02 0.03 0.02 0.02 0.01

optGapPECH(%) 6.01 5.74 5.87 5.98 5.98 5.91 4.93 4.24

optGapRand(%) 47.76 48.62 47.33 47.69 49.15 48.11 46.68 7.10

test set brings out another layer of complication to a problem that is already
challenging to predict and solve. However, those solutions are significantly
better than the random solution in terms of optimality gaps and, therefore,
2SRL can provide substantial flexibility for solving instances with a varying
number of variables. For all instances in Table 2, the p-values are smaller
than 0.01, ensuring that 2SRL results in a faster solution than the PECH
heuristic. For example, the last dataset with 1,000 scenarios is solved in almost
2 hours with Gurobi and returns an average gap of 0.41%. The SDDiP can
only decrease the solution time to around 4,600 seconds. The PECH heuristic
reduces the solution time to more than 2,000 seconds, with an impressive gap
of 4.71%. However, the solution time with PECH grows rapidly with increasing
problem size, and PECH might not be able to provide fast-enough solutions
for high-speed applications requiring solutions in less than a second. In this
case, 2SRL can provide a solution in 0.2 seconds, with a gap of 6.25%. This
gap would outperform the random solution gap of 47.63% significantly.

Figure 3 presents the change in the optimality gap of the 2SRL framework
with the increasing number of items for instances in Tables 1 and 2. Here,
we present the horizontal axis as the number of items in the test set divided
by the number of items in the training set since the instances in Tables 1
and 2 have a varying number of items. The figure introduces mixed results on
item-wise generalization. For example, the optimality gap initially decreases
with the increasing number of items for Table 1. However, for all other cases,
the optimality gap increases as the ratio of test to training items increases.
Therefore, the increase in the number of items might be challenging to handle,
and the solution quality should be monitored.

The results presented in Tables 1 and 2 highlight the strength and po-
tential of the 2SRL framework to tackle two-stage stochastic SPs. Our 2SRL
framework can be positioned to tackle large and challenging problems with
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Table 2: Experimental results for 2SRL trained with 20 items and 10 scenarios

#sc 10 50 100 500 1000 Avg Mdn Std

#items 20 40 20 30 20 26 20 8

timeGRB 3.1 7,200.0 6,485.7 7,200.1 6,896.3 5,557.0 7,200.0 3,023.5

time2SRL 0.0 0.0 0.0 0.2 0.2 0.1 0.0 0.1

timeSDDiP 68.1 6,357.5 497.1 7,041.4 4,644.5 3,721.7 3,788.5 3,130.5

timePECH 0.2 17.5 17.7 957.4 2,082.3 615.0 18.7 838.8

timeRand 0.0 0.0 0.0 0.1 0.2 0.1 0.0 0.1

timeImp2SRL 951 197,542 296,104 33,263 32,183 112,009 33,601 123,689

timeImpSDDiP 0 1 14 1 2 4 1 6

timeImpPECH 15 416 369 8 3 162 8 200

timeImpRand 1,284 340,555 321,654 48,832 34,393 149,344 45,836 159,850

optGapGRB(%) 0.00 0.15 0.23 0.57 0.41 0.27 0.22 0.27

optGap2SRL(%) 8.47 16.78 8.99 10.74 6.25 10.25 9.61 4.53

optGapSDDiP(%) 0.01 0.01 0.01 0.02 0.01 0.01 0.01 0.01

optGapPECH(%) 4.98 5.57 4.86 5.03 4.71 5.03 5.32 1.58

optGapRand(%) 48.05 48.93 46.93 48.55 47.63 48.02 48.46 4.91

Fig. 3: The change in the optimality gap of 2SRL with the increasing ratio of

test items to train items.

a high number of scenarios rather than smaller and easier problems, yield-
ing significant benefits in the solution time reduction. For all 10 test datasets
with different configurations, the 2SRL framework outperforms the PECH
and all other exact approaches significantly in terms of solution times. There-
fore, 2SRL creates an opportunity to be used in online applications by finding
a good-quality solution in a fraction of a second. Such applications arise in
airlines, ride-sharing, cloud data centers, and online advertising. When a so-
lution to a two-stage stochastic program is needed almost instantly, 2SRL
can be utilized with almost no upfront investment into development, unlike a
heuristic. Agents can be trained with identified distributions and can be de-
ployed without much challenge. However, the solution quality is lower than the
specially-designed heuristic. Moreover, the time to generate a random solution
is the same as the time to generate a solution with 2SRL in 9 out of 10 sets of
instances with one significant digit in the optimality gap. This highlights that
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our 2SRL framework can generate relatively high-quality solutions within the
time budget of a naive and easy-to-implement solution approach. Considering
the trade-off between the solution quality and solution time, 2SRL finds itself
a place in the approaches favoring the solution time.

6 Discussion

In this study, we presented a reinforcement learning framework to solve scenario-
based two-stage stochastic programs. Those problems commonly arise in var-
ious settings, but are NP-Hard. Their solution is not usually viable in fast,
practical applications due to their computational burden unless a special so-
lution strategy is developed. We intended to eliminate the process of crafting
special solution approaches by automating it through learning a policy. Our
2SRL framework consists of two different agents that learn to solve each stage
of the problem. We presented the details of training based on the policy gra-
dient theorem. During training, Agent 1 gets feedback on the decision quality
from Agent 2 since first-stage decisions affect both the first and second-stage
objective function values. This is achieved by developing an updated gradient
calculation equation for the REINFORCE algorithm. Furthermore, we intro-
duced a strategy to isolate second-stage problems for training by sampling
the first-stage coefficient. Additionally, we have presented a scenario sampling
strategy for training that reduces the correlations and improves the training
efficiency. The results show that the 2SRL framework can produce high-quality
solutions very fast. For example, the solution time can be reduced from more
than an hour to under a second with an optimality gap of 6.25%. Also, once a
model is trained, it can be utilized to predict instances with the same distribu-
tion and structure but a larger number of items and scenarios, which provides
a significant advantage in terms of the generalizability of the results. This
flexibility opens doors for very large-scale problems to be used in online appli-
cations since high-quality solutions can be generated in a fraction of a second.
While the heuristic solutions have a lower optimality gap, they are signifi-
cantly slower than 2SRL and require rigorous analysis to develop. With 2SRL,
the only requirement is a couple of days of training with randomly sampled
problems. Considering this trade-off, 2SRL can be utilized to provide solutions
to problems where generating special solutions is time or resource-consuming.

The 2SRL framework has the potential to pioneer and facilitate new re-
search in this field. The future direction of study can involve building on
2SRL with different neural network architectures such as transformers. Rein-
forcement learning is a constantly-evolving area of research. Therefore, new
training paradigms can increase the performance of the 2SRL framework. Fur-
ther experiments can involve investigation with different network architectures,
such as transformers based on self-attention. Different sampling methods, in-
cluding active search and problem-specific search methods can be explored.
Furthermore, new algorithms can be developed and integrated to achieve bet-
ter success when predicting instances with changing number of items. Also,
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future studies can focus on reducing the optimality gap even further while
still maintaining the speed at which the solution is generated. Hierarchical
reinforcement learning can be employed to solve multi-stage stochastic prob-
lems that can benefit from decomposing the long time horizon. In addition,
frameworks that integrate reinforcement learning with other approaches can
be investigated. For example, we can choose to use a commercial solver where
reinforcement learning is not entirely confident in the predictions. Moreover,
reinforcement learning agents can be integrated into classical operations re-
search solution approaches, such as Lagrangean and Benders decompositions,
to improve their performance.
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22. İ Esra Büyüktahtakın. Scenario-dominance to multi-stage stochastic lot-
sizing and knapsack problems. Computers & Operations Research, page
106149, 2023.

23. Pedro JS Cardoso, Gabriela Schütz, Andriy Mazayev, Emanuel Ey, and
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