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A novel Adaptive Filtering approach to Drive File Identification for
Service Environment Replication

Bharath Balasubramanya

(ABSTRACT)

Service Environment Replication refers to the process of using test machines to apply con-

trolled dynamic loads to test articles in order to replicate operating conditions that the

article was designed for. Such test machines hence require the development of dynamic time

series commands that drive the actuators in order to replicate the responses of the actual

dynamic system measured separately in its service environment.

A novel adaptive filtering approach, called the Pulse Train Filtered-x Least Mean Square

algorithm for waveform generation and drive file identification is proposed in this thesis

based on methods developed for Active Noise and Vibration Control. Simulation studies are

considered using various test benches with varying degrees of nonlinearity to validate the

performance of the proposed algorithm to rapidly converge to a dynamic solution in a small

number of iterations. The PT-Fx-LMS algorithm is also shown to enable targeted iteration

over isolated time slices within the data set, which challenge conventional iterative DFID

techniques. Further modifications to the algorithm are proposed that uses a completely

offline workflow using the estimated dynamics of the plant and an empirical termination cri-

teria to improve performance and ensure stability of the adaptive process. The architecture

developed is applicable for a wide array of dynamic systems with single or multiple actua-

tors and sensors. Experimental validation of the proposed algorithm is conducted using an

acoustic setup to replicate target sound fields for a wide array of configurations.



A novel Adaptive Filtering approach to Drive File Identification for
Service Environment Replication

Bharath Balasubramanya

(GENERAL AUDIENCE ABSTRACT)

Testing an article in the environment where it is designed to be operated can be a time-

consuming and expensive process without laboratory-based, repeatable testing environments.

The goal of these test rigs is hence to replicate the service environment in order to design,

develop and validate the article-under-test. Different methods have been developed over the

years by manufacturers to replicate such environments within the confines of a laboratory

where the most important task is to generate the required control signals to drive the actu-

ators on the test rig to induce the required responses from the dynamic system under test.

The objective of the thesis is to develop a novel time-domain based algorithm that can

be used to iteratively derive the control signals required to replicate the responses of the

dynamic system on a simulated test bench in as few iterations as possible, thereby saving

computation time, experiment time and cost. The proposed algorithm is compared against

conventional methods for deriving these control signals and further improvements to the

proposed method are suggested in order to improve performance, stability, safety and ease

of workflow on the test rig.
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Chapter 1

Introduction

The testing of mechanical systems to study the dynamic behavior of the test specimen, its

durability during operation through its service time, develop system models to aid in design

of control strategies and optimize its vibrational characteristics has been a major part of

the design process in product development. Validating complex mechanical and mechatronic

systems only in its service environment is a time-consuming and expensive process, which has

prompted manufacturers to test these systems on hardware-in-the-loop (HiL) test benches,

that provide major savings in time and cost while also allowing repeatable results in a

controlled environment. With the advancements in sensor technology and signal processing

tools, the field of research focused on improving the efficiency, in terms of accuracy, reliability,

speed and cost of such testing procedures has seen many advancements in the last decades.

For testing procedures that require the dynamical system to follow a certain trajectory, a

large number of industrial mechanical test machines require some method for synthesizing

a set of command input signals that cause multiple system outputs to closely match a set

of desired target responses. This dissertation is focused on developing a novel time domain

based algorithm that improves the identification of these input command signals for a specific

class of dynamical systems and applications that provides certain advantages over the current

state-of-the-art. It is also the objective of this work to investigate the questions of existence

and uniqueness as applied to the derivation of said command input signals for mechanical

test-rigs in order to guide the user through the testing process.

1
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The remainder of this chapter is devoted to briefly describing the problem of Service

Environment Replication (section 1.1), the current solutions and their limitations, which

leads to the motivation for this work and the problem statement. The contributions of the

author to this work and the road map to the rest of this thesis is provided at the end of the

chapter.

1.1 Service Environment Replication

Mechanical fatigue occurs in components that do not always sustain damage when a force

is applied just once, but rather when variable stresses are repeatedly applied over its service

lifetime. In many cases, such stress levels are less than the yield strength of the material and

the damage that occurs in the internal structure of the material that could lead to formation

of cracks and fractures, and eventually failure. Research into fatigue began in the early 19th

century and was quickly adopted by the ground vehicle industry after catastrophic accidents

due to wagon axle failures [75]. Subsequent research in and analysis of various accidents

across industries due to stress concentration factors, fatigue limits of metals, metallurgy,

corrosion and temperature effects have reinforced the importance of fatigue testing in the

design cycle of every mechanical structure, especially considering the dynamic loads that the

structure will endure through its service life in its service environment.

Another important application of vibration testing is in the field of seismology, where

large-scale models of critical infrastructure like tall buildings, bridges, nuclear reactors etc.

are tested on periodic actuators or shakers for the design and development of earthquake-

proof structures [38, 59]. Combined with sensing of the deformations and acceleration of

these structures during actual earthquakes, such testing methods on shaker tables can be

used to further analyze and optimize building designs using much more repeatable tests using
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scaled-models.

In the vehicle industry, durability tests, both on physical structural components or in

computer aided simulations form a critical phase of the design process during the validation

of components for ground vehicles such as automobiles, motorcycles, trucks, agricultural ve-

hicles, trains etc. [24, 60] and aerospace vehicles such as planes, helicopters [65, 84] and even

satellites and space stations [80, 83]. Aside from safety considerations, testing of components

play a huge role in the characterization, optimization and performance enhancement of var-

ious subsystems. Indoor laboratory testing of suspension components and sub-assemblies,

wheels, brakes, steering systems, seats, engine parts etc. are commonplace in the modern

automotive industry [36, 60] and more recently, full-scale dynamic testing of an entire vehicle

is used to analyze dynamic motions of the vehicle and/or suspension components for ride,

handling and durability studies [5, 8, 48, 82].

Many of the testing applications presented above require a test specimen to be excited by

actuators in a controlled laboratory environment that apply a pre-defined excitation sequence

such that it replicates the motions and forces experienced by the test specimen in its actual

service environment. This process is called “Service Environment Replication”, or SER. A

successful SER scheme allows accurate, repeatable, safe, fast and a cost-effective method for

various design and optimization requirements of the dynamical system-under-test.

1.1.1 Hydraulic Test Rigs in the Automotive Industry

Since the motivation for this thesis was based out of the challenges faced with SER in the

automotive industry, this section gives a brief background of the hydraulic test rigs that

are most commonly used for the dynamical testing of specimens, from small components to

complex assemblies or entire vehicles. This section serves to discuss the different types of test
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rigs prevalent in the automotive industry used for different applications like durability test-

ing, optimization of performance characteristics like Noise, Vibration and Harshness (NVH),

comfort and safety [5, 48, 102]. Understanding the different types of test rigs currently in

use in the industry will help to develop the simulation test benches that will be used to test

the SER algorithms in this thesis.

The goals and in turn, the complexity of such test benches vary depending on the applica-

tion and industry in which they are utilized. Automotive manufacturers would be primarily

interested in NVH and durability studies of the automobiles they develop, while the racing

industry would focus on the durability and performance characterization and tuning of vari-

ous suspension and chassis components to improve ride and handling. Efficient SER testing

of the components would require predefined control inputs to be fed to the actuators on the

test rig in order to measure the responses as desired on the test specimen for further analysis.

Hydraulic actuators are commonly used for such applications because of their excellent

power density, precise control, and the large forces they can develop. The test rigs are usually

classified based on the degrees-of-freedom of actuation or the specific subsystem they serve

to test.

1.1.1.1 Complex Shaker Rigs

Some of the most complex test benches are 4-post, 7-post and 8-post shaker rigs that are

designed to test using the entire automobile instead of a representative scaled-model. These

full-scale test benches overcome the difficulty of modeling highly complex, nonlinear dynamic

systems and allow engineers to validate simpler models developed during the initial design

phases of the product development, test high-risk, edge-case conditions in the safety of

a laboratory environment and provide the ability to produce repeatable test conditions to
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refine various mechatronic components and iterative versions of hardware components, while

incurring lesser penalty of cost and time through field-testing.

Servo-hydraulic 4-post systems are usually tire-coupled test benches that can apply ver-

tical forces to the 4 wheels of the vehicle independently. Each actuator supports the vehicle

on a platform under each tire. Such test rigs are usually the simplest forms of these complex

shaker rigs and are useful for durability, comfort and NVH applications. An example of such

a test bench is the MTS Systems’ Model 320 Tire-coupled simulator shown in Figure 1.1.

Modern test benches like MTS Systems’ Model 329i Spindle-coupled Road simulators can

provide up to an 80 Hz frequency road input [87], and it is noted that the bandwidth of

most servo-hydraulic test systems is 100 Hz or less [94].

Figure 1.1: MTS Systems’ Model 320 Tire-coupled Road Simulator [89]

Kinematic and Compliance (K&C) deflections of an automotive suspension can also be

measured using 4-post test benches, like the MTS K&C System shown in Figure 1.2. These

can be used to analyze the ride and handling characteristics of a vehicle in response to

precisely controlled displacements and forces applied to the four tires. As an improvement

on the vertical actuation of the test bench in Figure 1.1, a K&C test bench can also apply

moments in all three directions and has the capability of providing steering inputs to analyze
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axle and suspension behavior in almost any road condition. While the test bench shown in

Figure 1.1 and Figure 1.2 are tire coupled road simulators, spindle coupled simulators also

exist that can be used to serve similar applications.

Figure 1.2: MTS Systems’ K&C Deflection Measurement System [88]

The most advanced shaker rigs currently used in the industry are the 7-post test rigs

which offer immense capability in terms of exactly replicating the conditions required to test

advanced vehicles like race cars and high performance road cars that experience high aerody-

namic loads in their service environment. The three additional electromagnetic, pneumatic

or hydraulic actuators in addition to the 4-post test rigs are usually attached to the chassis

of the test vehicle to simulate the aerodynamic and inertial loading of the chassis. Conse-

quently, these test rigs are extremely complex Multi-input/Multi-Output (MIMO) systems

that require specialized algorithms to replicate the target responses for full-scale dynamic

testing of these vehicles [5, 8, 48, 82]. Since these test rigs are usually used by major au-

tomotive manufacturers for in-house testing, race teams, an example of which is shown in

Figure 1.3 and developed by a handful of suppliers, very little literature exists that dis-
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cuss the specific algorithms used by such test systems in order to protect their intellectual

properties and competitive advantage.

Figure 1.3: The Servotest 7-post Vehicle Ride Simulator used by TRE [40]

While the test benches mentioned above are some of the most complex examples of the

test rigs used in the industry, they are also significantly expensive to build and maintain,

require fully built prototypes of vehicles and require skilled engineers with controls knowledge

to operate the equipment and interpret the results. The test benches for specific subsystems

that are much smaller in scale are also used very commonly during the design process and

are much more ideal for prototyping and fine-tuning these subsystems.

1.1.1.2 Suspension Test Rigs

Instead of considering the entire dynamic system of the vehicle, it is often more convenient to

model and test just one quarter end of the vehicle dynamics using a suspension test rig, often

called a quarter-car rig. This greatly reduces the complexity and computational time and

can also be more easily modeled for hardware-in-the-loop simulation purposes. Depending
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on the application, the test rig can accommodate the exact vehicle suspension prototype

or could be built as a representative dynamic model. Figure 1.4 shows a proof-of-concept

quarter-car rig that integrates an actual vehicle suspension with the sprung mass modeled

using metal plates mounted on linear sliders. The actuation is provided by an electronically

controlled servo-hydraulic system with the tire resting on a platform. Such test benches are

very useful for rapid prototyping of suspension components, dynamic and K&C analysis of

just one quarter-end of a vehicle.

Figure 1.4: MTS Systems’ Mechatronics Development and Validation Bench [52]

Just as for the 4-post test rigs presented previously, additional actuators, or degrees-of-

freedom can be introduced to suspension test rigs in order to further replicate the service
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environment when testing suspension components. These are more common in the racing

industry where track-specific loads need to be simulated to fine-tune setup changes for just

the suspension components. The additional degrees-of-freedom are introduced by allowing

not only vertical forces acting on the spindle, but also the lateral and longitudinal forces

along with all three moments. Such actuation can be introduced using different concepts,

the easiest of which is by simply adding more actuators that impose individual degrees-of-

freedom or by using a hexapod test-rig [49]. An example of the former as used by Formula

1 teams is shown in Figure 1.5.

Figure 1.5: Multi-DOF Suspension Test rig used by Formula 1 Teams [73]

1.1.1.3 Shaker tables

Multi-axis shaker tables are widely used not just in the automotive industry, but also in

the aerospace and civil engineering industries to evaluate the behavior of components un-

der a diverse array of real-world vibration phenomena. Automotive subsystems like seats,

dashboards, body components, exhaust systems, fuel and storage tanks and more recently,
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lithium-ion battery packs are tested on such tables for durability, NVH, ride comfort and

modal evaluation before being integrated into the full vehicle. Modern shaker tables can ap-

ply forces and motions with six degrees-of-freedom using a hydraulically actuated hexapod

systems that can simulate a vide range of forces and motions up to a frequency of 100-150

Hz, an example of which is shown in Figure 1.6. Such hexapod design simulation tables are

also used for many driver-in-the-loop virtual simulators for testing of active safety systems,

driver characterization and performance enhancement [96].

Figure 1.6: MTS Systems’ Multi-Axial Simulation Table (MAST) system [90]

Outside the automotive industry, shaker tables also find extensive usage for similar

durability and vibration analysis and much larger structures than the one shown in Figure 1.6

are used in the civil engineering industry for seismic studies of critical infrastructure.

1.1.2 The SER testing procedure

As has been described using various examples in section 1.1.1, the SER testing procedure can

be used for various applications like durability testing, system characterization, performance

optimization of components etc. The specifics of each testing procedure differ slightly but
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also have many commonalities with respect to the replication of the service environment on

the test rig. The key difference would be the “drive files” that need to be fed to the actuators.

A drive file is simply a synchronized batch sequence of dynamic time-series commands that

are sent to each actuator defining what forces or displacements should be achieved by the

actuators (posts). For example, for modal testing and specimen characterization, sine-sweeps

or white-pink noise drive files are commonly used that would excite all the modes of interest

on the specimen within the bandwidth capabilities of the actuators. Certain durability

studies can also use standardized, artificial road profiles, for examples those defined by ISO

8608 for different classes of road roughness which defines the spectral characteristics of the

road profiles for testing purposes [36, 93]. In such cases, the identification of the drive files is

a straightforward process and can be designed irrespective of the responses of the specimen

in its service environment.

Of more interest to this thesis are the cases where the drive files need to be identified

such that they replicate the target responses of the dynamic system on the test rig, which

is the case for many durability studies and track testing. In the case of durability test

programs, vehicles are often tested on special test tracks that include specific classes of

potholes, road roughness, impact loading profiles or off-road tracks [104]. These special

tracks are designed based on rainflow counting matrices that allow equivalent fatigue loading

in a much shorter time than running the vehicle on public roads for hundreds of thousands

of kilometers and significantly reduce the testing time required [4, 37]. The exact description

of the development of such durability test programs is outside the scope of this thesis. For

comfort optimization studies in vehicles, the test program is developed similarly, but instead

of fatigue loading, the displacement and acceleration levels of the driver, chassis or the

suspension subsystems are of more interest.

The SER testing procedure for vehicle testing can hence be broken down into a few key
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stages. An overview of the SER testing procedure is shown in Figure 1.7.

Test

Program

Test

Program

Response 
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track

Drive File 

Identification
Rig Testing

Target 
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Actuator 

Drives

Figure 1.7: Overview of the SER Testing procedure

Design of the test program Based on the application, a test program should be designed

that will be appropriate to be replicated on the test rig. In the case of a durability

test program, as previously mentioned, the vehicle could be driven over a special track

that is best suited for fatigue loading of the components of interest. Based on the

rainflow counting matrices [4, 37], the actual loading caused by these specific tracks

are higher than normal roads but accumulate to the representative fatigue loading in

a significantly reduced time.

In the motorsport industry, restrictive rules often govern the amount of track testing

that any team can perform per season, meaning that instrumented track testing for

iterative tuning is almost impossible. Hence, teams often have to always rely on track

models and complex shaker rigs to fine tune the performance characteristics of the

car prior to even arriving at the track. The design of the test program in such cases,

which are usually track-specific, becomes extremely crucial in a competitive and cost

intensive environment. Teams usually have access to very detailed track maps, road

profiles and historical telemetry data to design these test programs for testing their

current racecars on the test rigs.

Response Collection on track Prior to generating a drive file, the test vehicle must be in-

strumented with a set of sensors such as wheel force transducers, shock potentiometers,



1.1. SERVICE ENVIRONMENT REPLICATION 13

wheel hub accelerometers, spring load cells, and/or laser ride height sensors. Typically,

only a few sensors are used for each corner of the vehicle. Once instrumented, data

is collected from all sensors while the vehicle is driven on a track or test course. This

data and the instrumented vehicle would then be brought back to the shaker rig for

testing. The measured loads and responses of just one loop can be applied over a num-

ber of repetitions as required by the test program on the test-rig in a test laboratory

for durability analysis or performance optimizations [24]. This was a novel idea first

proposed by Cryer et al. [13] who termed this stage as “Response Simulation”.

Drive File Identification The measured data set, which constitute the reference signals, is

called the “target data”, since the primary objective of drive file identification (DFID)

is to find a set of commands to send to each actuator such that the sensor response

measured on the test rig matches the target data that was recorded during the road

or track test. In general, it is not possible to perfectly match the target response data,

but it is often possible to match very closely, for which different error measures are

typically used to quantify the performance of the DFID process. The ability to closely

match the target response using a test rig will largely depend on how well correlated

the test rig actuation inputs are to the real vehicle inputs during the road or track test

[82].

Figure 1.8 gives a schematic representation of the DFID process and the different

components of the same are listed below which will be used throughout the thesis.

• Control Inputs (“drives”): the control inputs are the signals sent to the dynamic

system, which in this case is the test rig with the vehicle/test specimen mounted

on it. The number of control inputs depend on the type of test rig which could

have one or many actuators.

• Dynamic System: the dynamic system consists of the test rig with the hydraulic
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Figure 1.8: Schematic representation of the Drive File Identification process

actuators, a set of controllers that control each actuator and the vehicle/test

specimen mounted on the rig. For real world test rigs and test specimen, the

dynamic system constitutes a highly nonlinear dynamic system which makes the

multi-variable problem of DFID very complex. The performance of the actuator

controllers are bound to affect the outputs measured on the test specimen, but

many strategies have been developed over the years that have optimized perfor-

mance such that their effect on the SER testing procedure is minimal. While

there could exist some bandwidth limitations, for most test rigs, a conventional

PID controller is usually sufficient [9, 19, 86]. More advanced control strategies

for the actuators in cases of large cross-coupling between actuators or nonlinear

dynamics have been discussed in [10, 30, 67, 76, 81] that improve reference track-

ing, allow for compensation of nonlinear effects and increase the bandwidth of

the closed-loop system.

• Outputs: the outputs of the system are the displacements, forces or accelerations

measured on the specimen on the rig. They are measured using different sensors

usually mounted on the spindles, chassis, shocks etc. For the case of DFID, these

sensors are attached in the same way as the instrumented vehicle on the test
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track.

• Reference signals (“target”): these are the signals that have been measured by

the instrumented vehicle during the response collection stage of the SER testing

procedure that need to be reproduced on the test rig, i.e. the outputs should

match the target data.

Rig testing Once a suitable drive file is generated, it is played out many times on the

test rig as required by the designed test program. Additional sensors are usually

attached to the test specimen to monitor all critical locations, especially for durability

studies. Different physical setup combinations can also be tested while recording all

the pertinent vehicle dynamic motions that engineers can analyze to select or design

an optimal setup based on performance requirements.

1.2 Drive File Identification methods

This thesis focuses on one specific stage of the SER testing procedure, namely the Drive File

Identification process. This section will focus on a brief summary of the different methods

that have been developed over the years for DFID.

1.2.1 Iterative Learning Control

The first iterative frequency domain based road replication method was developed by Dodds

[26]. While this method focused on replicating the spectral characteristics of the road, an

Iterative Learning Control (ILC) scheme to accurately replicate road vibrations on test vehi-

cles for service environment replication was first presented by Cryer et al. [13] because road

profile replication using standard Power Spectral Density (PSD) profiles were insufficient to
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replicate edge case loads and accelerations on test vehicles that were nonlinearly coupled.

Instead, the sole objective for this development was to replicate the measured responses,

which is the crucial element for durability testing, and not the road profile itself. The devel-

oped method allowed for computing the required drive files to match both the response time

history for test-critical events and also a statistical domain validation to study the vehicle

response for a broader class of road profiles and excitations. The DFID using the method

presented by Cryer et al. [13] was completely off-line using frequency domain based system

identification methods followed by a regular inversion of the model. An initial estimate of

the required drive file was derived by filtering the required response through the identified

inverse model and then an iterative process is used to update the drives until the response

error is reduced to an acceptable level.

This process is represented in Figure 1.9 and the iterative process is considered off-line

here because the computation of the modified drives is not performed until after the response,

and consequently the error, has been measured on the test rig. A more thorough discussion

of the conventional ILC method, including its formulation and convergence criteria will be

presented in Chapter 2.

Many commercial packages from servo-hydraulic test bench manufacturers have been

developed based on this scheme, for examples, MTS Systems’ widely reputed “Remote Pa-

rameter Control” RPC® was initially developed in 1977, [2], Spectral Dynamics’ JAGUAR

MIMO waveform replication [99] and “Time Waveform Replication” TWR® by LMS Interna-

tional [15]. These solutions all use the same fundamental approach to derive the drive files,

but they differ slightly in algorithmic detail and over the years, with extensive research and

improvement in computational capabilities, the performances of these methods have been

improved for the specific applications they cater to.

The simplicity of the approach offers many advantages. The use of the Fast Fourier
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Figure 1.9: Schematic representation of the Iterative Learning Control scheme

Transform (FFT) algorithm enables fast computation of the drive files in the frequency

domain. Each iteration of the scheme starts and ends in a steady-state condition, and this

scheme can be used for controlling multi-axis systems, like the ones presented in section 1.1.1

where controlling four to six actuators are common. It also has the distinct advantage that

the target signals need not be the targets of the closed-loop variables, i.e. they may be

targets for sensors placed elsewhere on the dynamic setup [67]. The frequency domain based

identification of the forward linear model can lead to the identification of a non-minimum

phase plant, but since the off-line approach can compensate for non-causal controllers with

delays and since the reference signal is completely known a priori, this is not a limitation



18 CHAPTER 1. INTRODUCTION

[21, 79]. The requirement of a global linear model identification means that it forms the

basis for the main limitation of the ILC scheme because the linear model identified would

only be an estimate of the generally nonlinear test rig. To ensure stability of the iterative

process, a conservative iterative process is required that significantly slows down the time

required until an acceptable error is achieved in the responses.

1.2.2 Advances to the Iterative Learning Control scheme

Many variations to the ILC scheme have been suggested in literature to compensate for the

deficiencies encountered in the control of the hydraulic actuators, plant modeling and the

iterative process.

1.2.2.1 Frequency domain methods

The first method of improving the ILC scheme is with the system identification phase of

the process. The most convenient method, and the one most commonly used in commercial

DFID software, is to identify the Frequency Response Function (FRF) using the H1 estimator

technique [3], which is appropriate here since the input drives sent to the actuators are known

exactly, and it is assumed that there is no noise present in the inputs. This is, by definition, a

linear model estimate of the dynamic system which usually shows many nonlinear behaviors

especially at higher amplitudes. A “good” identification of the forward system model hence

requires uncorrelated inputs with higher amplitudes, or at the correct excitation levels that

produce such nonlinear behavior across the frequency band of interest. This might not

always be possible since the actuators may be limited in the magnitude of displacements

or excitations they can produce especially at higher frequencies or the specimen could be

damaged during the identification phase due to larger sustained excitations which then yields
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a “poorer” linear model of the nonlinear dynamic system [66]. The poor identification of

the nonlinear behavior can lead to slower convergence during the iterative scheme or even

divergence in the case of harsh nonlinearities. For displacement-controlled actuators, “white-

pink noise” drives with constant magnitude spectrum at the lower frequencies, a decreasing

amplitude spectrum at higher frequencies and uniformly distributed random phase for all the

frequencies of interest is suitable for initial system identification, since this is uncorrelated

in nature and also prevents large amplitudes at higher frequencies from endangering the

specimen or the equipment [19].

As shown in Figure 1.9, the purpose of an improved forward model identification is

the computation of the inverse model that is consequently used for the derivation of the

drive files. Cornelis et al. describe an adaptive modeling technique that improves the TWR

convergence for nonlinear systems by updating the identified inverse model based on the

difference between the predicted (produced by the identified forward linear model using

the H1 estimator technique) and measured responses on the test rig. Updating the inverse

model between each off-line iteration was shown to produce improved convergence rates and

also prevent divergence in some cases of harsher nonlinearities. Manabe and Miyazaki also

suggested a similar tuning of the inverse model in the frequency domain based on a local

linearization approach.

While improving the H1 estimation technique can yield good results, other methods of

system identification have been described in detail in the literature. The Recursive Least

Squares (RLS) or the Recursive Extended Least Squares (RELS) algorithms are used for

parameter estimation of closed loop dynamics [78], which can lead to identification of a

system with unstable zeroes, i.e. a non-minimum phase (NMP) system. Tomizuka presented

the Zero Phase Error Tracking Algorithm for NMP systems that was further discussed by

Butterworth et al. for DFID applications to derive stable inverse feed-forward controllers
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that can be used in the ILC scheme.

An extension to the frequency domain based ILC scheme was presented by Cuyper et al.

that describes an augmented, real-time, mixed sensitivity H∞ optimization based feedback

controller that reduces the tracking error in the frequency band of interest. While this

formulation can reduce the number of iterations required to achieve an acceptable level

of error for the ILC scheme, the author states that the feedback controller has limited

performance in cases where the identified dynamic system contains delays or NMP zeroes.

Tang et al. proposed a DFID method that combined the identification of a system using the

RELS algorithm, an internal model control scheme to compensate for the modeling errors

due to nonlinearities present in servo control systems and the real-time feedback controller

proposed in [16].

1.2.2.2 Time domain and online methods

Despite frequency domain iterative techniques being widely used in the industry, time domain

methods have also been developed over the years. With increasing computation capabilities

in modern signal processing tools, time domain methods have found increasing potential

for using nonlinear techniques for the DFID problem. Raath and Waveren introduced a

DFID method that makes use of state-space models instead of the typical frequency domain

transfer function models that replace the use of FFT analysis. The authors describe a

method of formulating a state space model using Autoregressive Moving Average models with

exogenous inputs (ARMAX) that also allows direct inversion to derive the inverse required for

determining the required drive files. Cuyper and Verhaegen also presented a novel approach

for DFID by using a developed class of “MOESP Subspace Identification Method” [101] to

identify a state-space model for which the computation cost is comparable to conventional

FRF techniques and the inversion of the state-space model is performed using the Stable
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Dynamic Inversion procedure [35]. The determination of the required control inputs using

this method then becomes a state reconstruction problem which can be solved using the

Kalman filtering framework.

System identification of the forward model and the inverse model can also be performed

using adaptive techniques such as the Least Mean Square (LMS) algorithm. The gradient

descent LMS algorithm was first introduced by Widrow and Stearns and can be used for

system identification of dynamic systems as Finite Impulse Response (FIR) filters. This

thesis will use the LMS algorithm as the basis for system identification procedures for DFID

and will be discussed further in Chapter 2.

Roberts and Hay recast the DFID problem as a system of algebraic equations for which

numerical solutions exist in the form of iterative Newton’s method. The authors describe

that derivation of the ideal solution requires knowledge of the explicit form of the nonlinearity

to compute the Jacobian of the vector-valued function which is not known in most practical

applications. Hence, a “quasi-Newton” method is considered where an initial estimate of the

Jacobian is considered, usually the circulant matrix constructed using the FIR filter of the

identified nonlinear system that is then updated iteratively. While the algorithm presented

is computationally efficient, care must be taken in choosing the initial estimates and the

step-sizes used for the iterative procedure to ensure global convergence even in the cases

where a unique solution exists.

Many of the methods described previously in this section have focused on off-line iterative

methods, i.e. the system identification phase and the update of the drive files based on the

results of the previous iteration are computed away from the test rig and the responses from

the dynamic system are measured in batches. Off-line methods have the distinct advantage

that linear NMP plants or plants with delays do not affect the adaptation process and can be

accurately controlled. But, this requires accurate estimation of the dynamic system model
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and the inverse function for accurate response replication and the dynamic system has to un-

dergo repetitive excitations which can break the specimen [98]. Additionally, the assumption

is that the dynamic system and its inverse model, especially in the case of nonlinear sys-

tems are time-invariant through the course of the testing procedure which need not be true

[67]. Inverse frequency response functions also may not satisfy the real-time requirements

of these test rigs due to the computational burdens of the FFT and inverse FFT algorithms

that form the basis for many of the frequency domain iterative controllers. Online adaptive

controllers such as the gradient descent based LMS algorithm and its derivatives for system

identification [105], the Adaptive Inverse Controller (AIC) [106] for direct identification of

the inverse model of the dynamic system and the Minimal Control Synthesis (MCS) algo-

rithm developed as an extension to the Model Reference Adaptive Control algorithm [85]

have been investigated for DFID applications to remedy these shortcomings [20, 34, 45, 77].

1.3 Problem Statement

The main challenge in the Service Environment Replication problem for dynamic system

testing in a lab is the Drive File Identification phase, which is a practical control problem with

the requirement of achieving accurate tracking results of responses on test rigs in the shortest

amount of time. Drawing inspiration from the many solutions presented in literature and

using the signal processing tools available, it is the objective of this dissertation to develop a

novel algorithm for DFID with the ability to synthesize arbitrary time domain waveforms. In

addition to the primary DFID objective of achieving accurate tracking of responses, there is

a fundamental need for a mathematical foundation to quantify the achievable performance,

both in terms of the final responses achieved by the system-under-test and the amount of

time required to converge to those results. The latter is a non-trivial problem considering
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that in real-world test rig experiments, the time spent is dependent on operator skill and

experience, software packages available to process data and the ability to tune the DFID

algorithms for a range of dynamic systems and target responses. In this thesis, for the

iterative solutions that will be investigated, the number of iterations required to achieve an

acceptable error in the target response will be the quantitative measure for the time spent.

Frequency domain based methods, as discussed in section 1.2.1, inherently assume lin-

earity and salvage performance for nonlinear dynamic systems using iterative algorithms or

complicated compensators. The use of adaptive time domain algorithms is hypothesized

to be more robust to a wider class of nonlinearities with improved modeling performance,

better control over inversion algorithms and faster convergence of the drives that produce

acceptable target responses on test rigs. A time domain based DFID method would also

serve the requirement to select unique convergence rates over different time intervals in a

test sequence for which the conventional frequency domain iterative methods show poor

performance.

While many solutions have been developed for the DFID problem, the question of ex-

istence and uniqueness of a solution, in this case, the drive files that replicate the target

responses on a test rig, has not been thoroughly investigated in literature. When a “per-

fect” solution does not exist, it is still possible to derive drive files that reduce the tracking

error of the responses to a certain degree, but this usually takes a large amount of time and

resources. The lack of guidelines, based on the dynamic system-under-test and the set of

target responses to be achieved, in order to identify the method of DFID that would best

provide the solution to the DFID problem is a research gap.
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1.4 Contributions

The first novel step in the development of the proposed approach to this problem was to

recognize the DFID block diagram of Figure 1.8 as a representation of the Active Noise and

Vibration Control (ANVC) dynamics associated with using secondary path inputs to cancel

noise and/or vibration caused by the primary path. Although the diagram is essentially the

same for both ANVC and DFID, the nomenclature, objectives, causality, and the known

solution approaches have significant differences. More importantly, there are no known

control solutions from ANVC, which can directly be applied to the DFID problem.

The first main contribution of this thesis is the development of a novel DFID algorithm,

called the “Pulse Train Filtered-x Least Mean Square (PT-Fx-LMS) algorithm for DFID”,

leverages existing structures from ANVC, where possible, to build the foundation of a general

methodology for the DFID problem with the ability to synthesize arbitrary time domain

waveforms. The design of the controller is discrete-time oriented and hence does not require

any discretization of continuous-time models and the system models exclusively use Finite

Impulse Response (FIR) models to enforce stability and safety of actuator limits during tests.

The architecture of this method is consistent with the online adaptive methods discussed in

section 1.2.2. Since off-line iterative methods also offer specific advantages related to ease of

computation and independence from time delays and effects of NMP systems, the novel DFID

method is extended using an estimation based approach that can further reduce the number

of actual test runs on the test rig that constitutes the bulk of the time-consuming DFID

process. A termination criterion for the adaptive process is presented here that also makes it

more robust to harsh nonlinearities in the dynamic system and simulation results show that

divergence in the tracking error can be avoided. The performance of the novel approach to

DFID is benchmarked against a conventional ILC approach for DFID using simulation tests
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for a simple Single-Input Single-Output (SISO) dynamic system that is still representative of

certain automotive rig testing scenarios considered for this thesis. The dynamics considered

for these systems are a simple linear spring, mass and damper system, a piece-wise linear

model and also cubic nonlinear models that show varying degrees of nonlinearities.

The Multi-Input Multi-Output (MIMO) implementation of the PT-Fx-LMS algorithm

beginning with the construction of generic MIMO, Linear Time Invariant (LTI) systems that

have a desired range of FIR filter lengths, are causal, minimum phase and fully controllable

is presented. Similar to the benchmarking considered for the SISO dynamic systems, the

performance of the PT-Fx-LMS method is compared against a conventional ILC implemen-

tation that uses adaptive inverse based methods. Simulation study for a quarter-car model

that more closely represents the requirements in industrial automotive testing that consid-

ers linear and nonlinear dynamic system models is conducted. Specific attention is paid to

cases where there exist more sensors than actuators, that is more target signals need to be

matched than the number of actuators that can control the dynamic system.

An acoustic experimental study is conducted to validate the proposed DFID algorithm

for an SER testing procedure for a range of configurations considering multiple sensors (mi-

crophones) and actuators (loudspeakers) in an anechoic chamber. The testing procedure

includes the initial measurement of the target response as a stand-in for the service environ-

ment response, identification of the dynamic plant and iteratively deriving the drive files.

Considerations were made for different bandwidths of the target signals and the effect of

shifted dynamics during the replication step compared to the initial reference measurement

step.

This research work has resulted in the following accepted and planned peer-review journal

publications:
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• Balasubramanya B, Southward S C. Pulse Train Fx-LMS Algorithm for Drive File

Identification. Published: Machines. 2024; 12(5):286. https://doi.org/10.3390/machines12050286

• Balasubramanya B, Southward S C. Estimation-based approach and advancements

to the Pulse Train Fx-LMS Algorithm for Drive File Identification Minor revisions

recommended before publication

• Balasubramanya B, Southward S C. MIMO architecture for Drive File Identification

using the PT-Fx-LMS algorithm Under preparation for submission

1.5 Thesis Outline

The rest of this dissertation is organized as follows:

Chapter 2 discusses in detail the system identification and inverse model identification

methods employed for the development of the proposed DFID algorithm and its comparative

methods. This chapter also discusses in more detail the conventional Iterative Learning

Control scheme that is widely used in the industry.

Chapter 3 presents the dynamic system test benches under consideration for the valida-

tion of these DFID methods, the example target response and discusses in detail the results

of the forward system and inverse model identification procedures.

Chapter 4 presents the novel DFID algorithm and a series of case studies demonstrat-

ing the performance of the proposed algorithm for the dynamic system test benches under

consideration and compares it against the conventional DFID methods. Two particular case

studies that closely resemble certain difficult procedures in the SER testing procedure are

considered in this chapter that demonstrate the effectiveness of the proposed algorithm.
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Chapter 5 improves upon the previously presented novel DFID algorithm using the

estimated linear model to run completely offline iterative updates of the drive files in a

simulation domain to further reduce the number of batch iterations required to arrive at a

suitable drive file to replicate target responses. A termination criterion is also presented that

can be used to reduce the number of batch iterations in the simulation domain and ensure

stability of the iterative process for harsher nonlinearities of the test bench or deficiencies in

the model estimation.

Chapter 6 introduces the architecture for the MIMO implementation of the PT-Fx-LMS

algorithm. The novel method for direct control synthesis is demonstrated using a simple,

linear, discrete-time test bench and the performance is characterized against a conventional

DFID method. An additional case study using a quarter-car dynamic system test bench is

also presented considering both square and non-square system functions.

Chapter 7 details the set up of a series of acoustic experiments in various configurations

conducted to validate the proposed DFID algorithm.

Chapter 8 concludes this thesis document by providing a summary of the research study

and recommendations for future work.



Chapter 2

Background

2.1 Introduction

This chapter will focus on detailing the different signal processing tools that form the basis

for the formulation and analysis of the DFID process that will be described in this thesis.

The methods described in this chapter are prior art material and is only meant for the reader

to be introduced to these tools that will be leveraged for building the architecture of the

novel PT-Fx-LMS algorithm for DFID and for setting up a state-of-the-art method used for

benchmarking the former.

Section 1.2.1 briefly introduced the workflow used by ILC approaches, which begins

with first identifying the forward system model. Section 2.2 will discuss in more detail

the system identification phase of the DFID process, for which a frequency domain based

approach and a time domain based adaptive method will be presented. The next phase in the

DFID process is the identification of the inverse model of the plot which will be discussed

in section 2.3. The inverse model can be identified using conventional frequency domain

methods, as is used in many industrial solutions, and an adaptive inverse identification

method from an identified FIR model will also be presented. The formulation for the Filtered-

x LMS algorithm that forms the basis for an adaptive inverse modeling method and the novel

algorithm developed in this thesis is introduced in section 2.3.2.2. Section 2.4 discusses in

more detail the conventionally used frequency domain implementation of ILC and a similar

28
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implementation using digital filters without loss of generality. Finally, section 2.5 introduces

the concept of Normalized Error Energy (NEE) that will be used throughout the thesis to

assess iteration quality for adaptive methods.

2.2 System Identification Methods

Different types of hydraulic test rigs have been shown in section 1.1.1 that were classified

based on the design of the test rig, the components to be tested, number of actuators,

degrees of freedom of control and the sensors used on such test rigs. This section focuses on

the identification algorithms that can be used that forms the first step of the DFID process.

2.2.1 Components of a hydraulic test rig

To properly understand the importance of the identification of a “good” system model, it is

first necessary to describe the system that is being identified in this process. The purpose

of the system identification phase for DFID is not to identify the individual parameters of

the system, but the overall dynamics of the plant, denoted in Figure 2.1 by G, between the

control inputs (or “drives”) and the measured output responses from the test rig. The main

components of the test rig that form the dynamic system to be identified are shown in the

schematic in Figure 2.1 and are listed below:

Test specimen: This would be the same specimen that has already been tested in its service

environment and the objective of the SER process is to replicate the target responses

on the test rig. It could be an instrumented vehicle, a component or a subassembly,

such as a suspension system.
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Figure 2.1: Schematic representation of a hydraulic test rig

Mechanical components on the test rig: These form the mounting points, levers, rods

and joints that interface the test specimen with the hydraulic actuators. In order to

minimize its impact on the overall dynamic system, they are designed to be lightweight

and have high stiffness.

Hydraulic actuators: These are the actuators that induce the motions to and forces on

the test specimen. The actuators are regulated by servo-valves that control the oil

flow rates to the actuators. Actuators in modern test rigs are capable of motions that

range from ± 200 mm and can apply forces up to 50–80 kN in the vertical direction

at operating frequencies of 50–80 Hz [87], depending on the application.

Actuator controllers: As mentioned in section 1.1.2 on p. 14, the actuator controller can

be a PID controller or other forms of feedback controllers that have been developed

to control hydraulic actuators. Based on the designed drive files and the measured

actuator responses, they generate the current signals that drive the servo-valves.

Sensors: Two sets of sensors are used on test rigs: one set to measure the internal feed-

back signals used by the actuator controllers and a different set of sensors on the test

specimen used to measure the output response of the system.

• Internal feedback signals are usually the displacement and actuator force sig-
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nals measured with a Linear Variable Displacement Transducer (LVDT) and load

cells respectively. The choice of feedback signals depends on the design of the

controller.

• Output responses being measured on the test specimen are usually the displace-

ments and accelerations on different parts of the test specimen that are of interest

for the SER testing procedure. These are the responses that need to track the

target responses measured on the specimen in its service environment.

The DFID process is aimed at deriving the drive signals u that produces a response

y from the overall dynamics of the test rig, G. It does not constitute the tuning of the

actuator controllers or make use of the internal feedback signals. Deriving a model, say Ĝ,

of the dynamic system is necessary for the next phase of the conventional DFID method,

which is the inversion of the dynamic system model to derive the drive files which will be

discussed further in sections 2.3 and 2.4 respectively.

2.2.2 Frequency domain approach

A frequency domain based, iterative approach to the multi-variable tracking problem of

DFID was first suggested by Dodds and has been used extensively since on many industrial

test rig implementations. A linear, frequency domain model of the dynamic system, the

Frequency Response Function (FRF) is first identified using the H1 estimator technique [3]

over a frequency range that covers the spectral energy in the target data, typically from DC

to some finite bandwidth.
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2.2.2.1 H1 Estimator technique

The drive signals used for system identification here are distinct from the drives to be derived

using the DFID process, and consequently so are the responses of the system during the

identification process and the target responses of the SER process. This estimation can

be accomplished with a random band limited noise excitation or a swept sine excitation;

specific choices about excitation drives will be discussed in section 2.2.2.3. Independent

random excitations can be applied to each actuator simultaneously, or alternatively, the

excitation can be applied to one actuator at a time. For SISO or for MIMO systems, given

the Discrete Fourier Transform (DFT) of the designed input and measured output signals,

u and y respectively are given by Uk and Yk, and are related to the FRF model Ĝ at each

spectral line ωk as

Y (ωk) = Ĝ(ωk)U(ωk) (2.1)

From 2.1, a relationship between the cross power spectrum Syu and the input auto power

spectrum Suu can be determined as

Syu(ωk) = Ĝ(ωk)Suu(ωk) (2.2)

Hence, the H1 technique identifies the FRF model, Ĝ of the dynamic system G, at each

spectral line ωk as

Ĝ(ωk) = [Syu(ωk)][Suu(ωk)]
−1 (2.3)

The coherence function is used to validate the identified model since it gives a measure

as to what extent the output behavior is explained by the identified linear model excited by
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the designed inputs, defined as the ratio of the predicted to the measured output auto power

spectra:

C(ωk) = [Ŝyy(ωk)][Syy(ωk)]
−1 (2.4)

From 2.1, the predicted auto power spectrum is given by

Ŝyy(ωk) = Ĝ(ωk)Suy(ωk) (2.5)

Substituting 2.3 and 2.5 into 2.4, the coherence function for a SISO system is given by

C(ωk) =
|Suy(ωk)|2

Suu(ωk)Syy(ωk)
(2.6)

For MIMO systems with M input channels, the multiple coherence function for the ith output

is given by [46]

CUyi(ωk) =
S∗
Uyi

(ωk)S
−1
UU (ωk)SUyi(ωk)

Syiyi(ωk)
(2.7)

where:

• U corresponds to the matrix of M inputs

• SUyi is the M -dimensional vector of cross power spectral densities between the array

of inputs and output yi

• SUU is the M×M matrix of power spectral densities and cross power spectral densities

of the inputs

• Syiyi is the auto power spectral density of the output yi
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• The ∗ stands for the complex conjugate transpose, also called the Hermitian transpose.

Relatively high coherence (i.e. > 0.75) is required between each sensor and at least one

actuator and poor coherence is usually indicative of poor excitation or nonlinearities [24]. An

identified linear model will only be able to estimate the nonlinear dynamics of the plant up

to a certain extent and is one of the deficiencies of this method, which is compensated during

the DFID process by an iterative approach with a conservative iterative step size. It is also

common practice to hence limit the frequency range of model inversion to frequencies that

correspond with high coherence values. The system identification results can be slightly

improved by proper choice of the excitation drives in the identification phase which will

depend on the degree of nonlinearity in the dynamic system.

2.2.2.2 Sources of nonlinearities in hydraulic test rigs

A linear model, be it the one developed in section 2.2.2.1 or the time domain FIR filter model

that will be developed in section 2.2.3 will only be estimates of the usually nonlinear dynamics

that are the components of the hydraulic test rig. Different approaches can be implemented

to improve the estimation that will make the DFID process more stable and allow for faster

computation of the required drive files using iterative methods. The nonlinear effects of the

different components of the test rig appear at different frequencies and amplitudes which

determine the ideal choices to be made in the design of excitation inputs of the system

identification phase.

In the case of suspension test rigs, which are the primary focus of this thesis, the DFID

process primarily focuses on the frequency range from 0 to 50 Hz, with the nonlinear effects

most apparent between 0 and 20 Hz due to the dynamic system and convergence issues

above 20 Hz due to poor coherence and modeling deficiencies in the identification phase
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caused by insufficient excitation levels [19]. In the test specimen itself, the shock absorbers

contribute to the majority of the nonlinear characteristics of the plant. This is usually

by design to provide adequate comfort to passengers in the vehicle and to limit excessive

displacements of the shock absorbers by the use of rubber “bump-stops”. While the spring

rates are usually fairly linear in the operating range of the suspension, at higher amplitudes

closer to full compression of the springs, the bump-stops induce a much higher spring rate

limiting vertical deflections despite increased loading [70]. Another nonlinear effect that

feature in most suspension springs is the effect of hysteresis, caused by material properties

in compression springs [33], frictional (in the case of leaf springs [108]) or thermodynamic

(in the case of air springs [55]) dissipation of energy in loading and unloading cycles of the

spring. Figure 2.2 shows a representative spring force profile of the vertical force to the

vertical displacement of a suspension shock absorber that shows both the bump-stop and

hysteretic nonlinear behavior. Beyond the binding point of -50 mm of spring compression,

the stiffness of the spring shows a nonlinear increase to almost 10 times the value in the rest

of its operating range.

These nonlinear effects only play a significant role for large vertical compressions of the

spring and hence their effect is predominantly at the lower frequency ranges from 0 to 10 Hz

because higher frequency excitations do not reach such large amplitudes, both in real world

testing and on the test rig where the actuators cannot sustain that level of energies. Lateral

and longitudinal dynamics are not considered in this thesis, but it is important to note that

in real world quart-car suspension test rigs and full vehicle test rigs, bushings in the suspen-

sion elements and coupling between horizontal and vertical displacements due to suspension

geometry also impart nonlinear dynamics in the lateral and longitudinal directions.

In addition to the test specimen itself, the test rig itself exhibits nonlinear behavior

due to the fluid flow in the hydraulic actuators. But these nonlinear effects are slightly
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Figure 2.2: Representative nonlinear behavior of a suspension shock absorber in the vertical
direction

relaxed by the linearizing effect of the feedback actuator controllers. While PID controllers

have limited bandwidth, other controllers like Three-Variable Controllers can increase this

bandwidth and the linearizing effect is most strong within this bandwidth [19].

2.2.2.3 Design of excitation drives for system identification

Since the objective of SER is most importantly to reproduce conditions that cause failures

in the test specimen, such conditions often involve high-amplitude loading which can lead

to the test specimen to behave nonlinearly as described in section 2.2.2.2. The design of the

drive files that include correct excitation levels producing good estimation of these nonlinear

characteristics is hence critical.

The ideal amplitude spectrum for excitation drives for system identification would be

an all-pass, white noise spectrum and the phase is uniformly distributed, random sequence
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over the entire frequency bandwidth of interest. This is because equation 2.3 requires that

the matrix Suu(ωk) be full rank at each frequency for inversion, i.e. the excitation drives for

system identification need to be uncorrelated. The amplitude of the excitation drives also

need to be at an operating level comparable to the actual service environment where the

nonlinear dynamics come into play for the best possible linear approximation. These require-

ments are often not possible to be met on the test rig because of actuator limitations where

it is not possible for the hydraulic actuators with limited bandwidth to provide such high

energy (high frequency and high amplitude) excitations to the test specimen. Additionally,

repeated high level excitations during the identification phase can often break specimen even

before the SER process which undermines the whole durability testing objective. Uncorre-

lated drives also require no phase relationship between different actuators which is often not

possible without causing damage to the test rig components where fixtures and movements

are coupled.
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(b) Frequency domain representation

Figure 2.3: Typical identification drive for a test rig with force controlled actuators

Nevertheless, identification drives are designed to approximate the operational conditions
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as closely as possible for both the frequency and amplitude requirements without endangering

the test specimen. “White-pink noise” drives are hence most commonly used such that

high and constant amplitude spectrum is designed for low frequencies with a decreasing

amplitude spectrum at higher frequencies to excite the specimen at a sufficient but safe

level for “good” identification results. A typical representative identification drive for a force

controlled actuator is shown in Figure 2.3 where the uncorrelated, random nature of the

drive is evident in Figure 2.3a and the power spectrum that incorporates the requirements

of typical force controlled actuators discussed previously is shown in Figure 2.3b where the

spectrum shows a constant amplitude from 0 to 5 Hz and the amplitude spectrum decreases

at a slope of approximately 20 dB/decade up to 150 Hz and then at a faster rate beyond

the typical limits of force controlled actuators for suspension test rigs. To improve model

accuracy even further, the identification can be performed with different sets of identification

drives, maybe with different excitation spectra, and an average FRF model can be calculated

with the coherence function used as a weighting factors for different frequency bandwidths.

2.2.3 Adaptive modeling using the LMS algorithm

Adaptive filters can be used to be model a dynamic system to imitate the input-output

characteristic of a plant. The dynamic system is considered as a “black box” with one or

more inputs and outputs and both the plant and the adaptive filter are driven by the same

excitations and the filter is allowed to adjust, based on different strategies until it converges

such that the output of the adaptive model matches the output of the plant. The adaptive

filter must contain enough “degrees of freedom”, or adjustable weights in order to achieve

a close fit or even a perfect fit of the plant response. Even if the structure of the adaptive

model may or may not match the dynamic system, the input-output relationship can be

replicated to a high level of accuracy [105].
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This section will focus on introducing the basic concepts of the adaptive linear combiner

that forms the basis of the adaptive modeling technique that utilizes the Least Mean Square

algorithm for gradient estimation.

2.2.3.1 Adaptive Linear Combiner

An adaptive linear combiner is one of the most fundamental structures in adaptive signal

processing, that can be defined as a time-varying, non-recursive digital filter [105]. It consists

of an input signal vector x, a corresponding time-varying set of adjustable weights wk and

an output signal vector y. The “linear” characteristic of the combiner comes from the fact

that for a particular setting of the weights, the output is a linear combination of the input

signal.

Figure 2.4: Adaptive linear combiner represented as a single input transversal filter with
desired response and error signal

The elements of the input signal could be from simultaneous multiple input sources at

the kth or described as a sequence of elements collected at time indices k, k − 1, · · · . The

latter is presented as the temporal form of the adaptive filter, referred to as the adaptive

transversal filter, shown in Figure 2.4. The input signal for the single input transversal filter
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at the time instant k for an L+ 1 length adaptive filter is given by

xk =

[
xk xk−1 · · · xk−L

]T
(2.8)

The scalar output at the kth time step is hence obtained as

yk =
L∑
l=0

wlk xk−l (2.9)

Similar to 2.8, the weight vector is given as

wk =

[
w0k w1k · · · wLk

]T
(2.10)

With the definitions in 2.8 and 2.10, the output signal in 2.9 can be denoted in vector form

as

yk = xT
k wk = wT

k xk (2.11)

The weight vector typically depends on the output signal and a target signal or desired

response in closed-loop, performance feedback systems, where the weight vector is driven

towards values such that the output signal closely matches the target signal by minimizing

the mean-square value of the error signal. The desired response and the error signal are

denoted by dk and ϵk respectively in Figure 2.4. The error signal at the kth time step is

simply given as follows

ϵk = dk − yk = dk − xT
k wk = dk − wT

k xk (2.12)
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2.2.3.2 Gradient descent and the Wiener solution

An adaptive algorithm seeks to minimize a cost function by various methods. In the case of

the adaptive linear combiner, the cost function is usually the Mean-Square Error (MSE) and

the final weight vector upon convergence is the solution that minimizes said cost function.

The subscript k is dropped for the weight vector for this analysis since they are not yet being

adjusted and the instantaneous squared error can be obtained by squaring 2.12

ϵ2k = d2k + wTxkxT
k w − 2dkxT

k w (2.13)

Making the assumptions that ϵk, dk,xk are statistically stationary, the expected value of 2.13

is considered

E[ϵ2k] = E[d2k] + wTE[xkxT
k ]w − 2E[dkxT

k ]w (2.14)

Let R be the square, input correlation matrix, with the diagonal elements are the mean

squares of the input signal elements and the off-diagonal terms are the cross correlations

among the input components.

R = E[xkxT
k ] = E



x2
k xkxk−1 xkxk−2 · · · xkxk−L

xk−1xk x2
k−1 xk−1xk−2 · · · xk−1xk−L

... ... ... . . . ...

xk−Lxk xk−Lxk−1 xk−Lxk−2 · · · x2
k−L


(2.15)

Similarly, defining P as the column vector of cross correlations between the desired response
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and the input signal as

P = E[dkxk] = E

[
dkxk dkxk−1 · · · dkxk−L

]
(2.16)

Note that R and P have been defined in 2.15 and 2.16 respectively for the single input signal

case and can be defined similarly for the multiple input case for the kth time instant. Using

2.15 and 2.16 in 2.14, the MSE, designated as ξ can be expressed in matrix form as

MSE ≜ ξ = E[ϵ2k] = E[d2k] + wTRw − 2PTw (2.17)

The expression in 2.17 clearly shows that the MSE is a quadratic function of the given

weights under the assumption that the input signal and the desired response components are

stationary stochastic variables. The “performance surface” for example, for a single weight,

say w0, the MSE function would be a parabola and for an adaptive filter with exactly two

weights, the performance surface would be a paraboloid (and a hyper-paraboloid for >2

weights), with a single global minimum value, which is the optimum weight vector.

Gradient descent methods seek to adapt the weight vector to the minimum of the per-

formance surface and the gradient, ∇(ξ) of the mean-square error performance surface can

be calculated by differentiating the expression for ξ derived in 2.17 as

∇(ξ) ≜ ∂ξ

∂w =

[
∂ξ
∂w0

∂ξ
∂w1

· · · ∂ξ
∂wL

]T
(2.18)

= 2Rw − 2P (2.19)

Considering that at the minima of the performance surface, the weight vector w is at its



2.2. SYSTEM IDENTIFICATION METHODS 43

optimal value w∗ and the gradient is zero

∇(ξmin) = 0 = 2Rw∗ − 2P (2.20)

the Wiener solution for the optimal weight vector can be given by the Wiener-Hopf equation

as

w∗ = R−1P (2.21)

The minimum mean-square error can hence be derived from 2.17 by plugging in the optimal

value of the weight vector as follows. Detailed derivation of this expression is shown in [105,

pp. 22].

ξmin = E[d2k]− PTw∗ (2.22)

2.2.3.3 The LMS algorithm

While an exact solution to the optimal weight vector is numerically ideal, in many practical

applications, the performance surface is not known and needs to be measured or estimated,

and a slow adaptation process is desired for stability, improved performance and robustness.

Different gradient search methods have been proposed in literature, discussed by Widrow

and Stearns. An iterative gradient search algorithm can be represented generally as

wk+1 = wk + µ(−∇k) (2.23)

Note that here, the subscript k is the step or iteration number and rather than the time

index used previously. The parameter µ is the iteration constant that is tuned to ensure
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stability and maintain a good rate of convergence of the iterative process and ∇k is the

gradient measured for the iteration number k when the weight vector is given by w = wk.

Even 2.23 assumes the existence of an exact measurement of the gradient ∇k at each

iteration step for the adaptive process which is usually not available in many practical ap-

plications. The estimation of the gradient and its effect on the adaptive process has been

thoroughly discussed in [105, ch. 5], but this section is focused on one such estimate of

the gradient that forms the basis of the LMS algorithm for the adaptive linear combiner

discussed in section 2.2.3.1.

The LMS algorithm considers the square of the error, ϵ2k itself, and not its expected

values as an estimate of the MSE, ξ. Using 2.18 and 2.12, the gradient estimate at each

iteration step k is hence given by

∇̂k =


∂ϵ2k
∂w0

...
∂ϵ2k
∂wL

 = 2ϵk


∂ϵk
∂w0

...
∂ϵk
∂wL

 = −2ϵkxk (2.24)

Substituting 2.24 in to 2.23, the LMS algorithm is hence given by

wk+1 = wk + 2µϵkxk (2.25)

The gradient estimate used in the LMS algorithm is convenient since it is obtained

from a single sample of the error without any squaring, averaging or differentiation. The

adaptive process can be noisy, i.e. does not follow the path of steepest descent on the

performance surface due to the imperfect estimate of the gradient, the noise is attenuated by

the adaptive process and its convergence characteristic can be investigated for the case when

the input signal is considered statistically stationary. Considering that the weight vector is
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held constant for this analysis, taking the expected value of 2.24

E[∇̂k] = −2E[ϵkxk]

= −2E[dkxk − xkxT
k w]

= 2(Rw − P) = ∇ (2.26)

The mean value of the gradient estimate is hence shown to be equal to the true gradient

derived in 2.19, hence ∇̂k is an unbiased estimate of the gradient. The weight vector wk

is also shown to be a function of the past input vectors, and if successive input vectors are

independent over time, it can be shown that the expected value of the weight vector E[wk]

also converges to the Wiener solution given in 2.21 [105, pp. 102].

The above described convergence is guaranteed, as given by Widrow and Stearns, only if

the iteration constant is bound by the maximum eigen value of the input correlation matrix,

R

1

λmax
> µ > 0 (2.27)

It is also noted that λmax cannot be grater than the trace of R and hence, for a transversal

filter as given in Figure 2.4

0 < µ <
1

(L+ 1)(signal power) (2.28)

The above methods and conditions for convergence have been described considering the

stationarity of the input vector. This is necessary for analytic convenience to derive necessary

conditions for convergence, but in practical applications, this condition can be relaxed to

utilize the LMS algorithm, but in those cases, the analysis becomes much more complex with
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no known unconditional proofs of convergence in the literature.

2.2.3.4 System Identification

With the structure of the adaptive transversal filter presented in Figure 2.4, plant modeling

or system identification of an unknown dynamic system follows naturally from the developed

LMS algorithm in section 2.2.3.3. A basic block diagram for the modeling of a SISO plant is

shown in Figure 2.5 and its similarity to the structure in Figure 2.4 can be easily seen. The

same input signal is played out to both the unknown dynamic plant to record the desired

response signal and to the adaptive transversal filter that estimates an FIR filter model of

the unknown plant such that the output of the filter closely matches the desired signal by

minimizing the mean-square error.

Dynamic Plant

Adaptive filter

Figure 2.5: System identification of a SISO noise-free plant using an adaptive filter

While the block diagram and the LMS methods presented previously have been for the

noise-free case, in real-world test rigs and sensor measurements, the dynamic plant to be

modeled and the output responses measured will have a component of noise that will be

added to it. This noise is usually uncorrelated with the plant input and the adaptive process

will be unaffected by the presence of plant noise, in the sense that upon convergence to a

level of MSE determined by the signal power of the noise, the expected weight vector of the
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adaptive model will remain unaffected as long as the adaptive filter has sufficient degrees of

freedom to model the dynamic system.

The requirements of the excitation input signal are similar for this time domain adaptive

system identification method as the ones mentioned in section 2.2.2.3. While the conditions

for convergence described in section 2.2.3.3 require uncorrelated input signals, the LMS

algorithm can still be used for system identification with correlated drives, although this is

known to affect the rate of convergence as a consequence. It is still necessary for the input

drives to excite the dynamic system similar to its service environment and to a sufficient

level so that any nonlinear dynamics are reproduced on the test rig during the identification

procedure in order to estimate a reasonably accurate linear FIR model. Hence, similar drives

as in Figure 2.3 can be used for the method described in this section as well.

While the derived FIR filter form of the model will be sufficient for most of the algorithms

used in this thesis, it is quite straightforward to derive the equivalent frequency domain

transfer function from the derived FIR model by taking the z-transform of the impulse

response filter or Discrete Fourier Transform of the impulse response as follows

Ĝ(z) ≜
∞∑

l=−∞

wlK z−l =
L∑
l=0

wlK z−l (2.29)

Ĝ(ω) = Ĝ(z)
∣∣
z=ejω

=
L∑
l=0

wlK(e
jω)−l (2.30)

where:

• ω represents the frequency in normalized units (radians/sample) and the substitution

ω = 2πf/fs can be made to change the units of frequency to cycles/second, where fs

is the sampling rate of the input signal in samples/second.

• The summation only ranges from 0 to L, because for a causal filter, the value of the
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filter coefficients for l < 0 are zero and the filter has a finite length L.

• The subscript K in wlK denotes that this transfer function is calculated for the weights

or the FIR filter at the end of the adaptation process where each iteration step is

denoted by the smaller-case k.

2.3 Inverse model identification

The next phase of the DFID procedure is the identification of an inverse model of the

identified plant. As in section 2.2, two methods of inverse model identification are presented

here: the conventional frequency domain method that is most commonly used in the current

state-of-the-art applications and an adaptive filtering method to identify an FIR model of

the plant inverse using a modification of the previously presented LMS algorithm, called the

Filtered-x LMS algorithm.

2.3.1 Frequency domain approach

In the conventional frequency domain approach, the identified transfer function, Ĝ(ωk) de-

rived in equation 2.3 is inverted at each frequency ωk. In the case of MIMO systems, the

derived transfer function matrix is inverted at each frequency and in practical applications,

it is usually the case that this matrix is not a square matrix because most test rig setups are

over-determined systems with more sensors (or targets) than actuators. It is also possible

to have under-determined systems, but this situation almost never happens in real world

applications. In either case, direct inversion is not possible and a pseudo-inverse of the

transfer function matrix is calculated in a least-squares sense. Using the pseudo-inverse, the
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left inverse of the derived FRF matrix is hence given by

Ĝ+(ωk) = [Ĝ∗(ωk)Ĝ(ωk)]
−1 Ĝ∗(ωk) (2.31)

More recently, the pseudo-inverse can be derived based on singular value decomposition

(SVD) [18] to ensure numerical stability in the case where the derived FRF matrix is close to

singular by leaving out the singular values that are close to zero. Given the decomposition

of the FRF matrix at each frequency ωk as

Ĝ(ωk) = UΣV ∗ (2.32)

where U and V are the left and right singular vectors respectively and Σ is the diagonal

matrix of singular values, the pseudo inverse is given as

Ĝ+(ωk) = V Σ+U∗ (2.33)

While the above inverse models can be directly used in the cases where the identified

model Ĝωk
is minimum phase, i.e. all the zeroes are stable and inside the unit circle, the

inverse derived from this model cannot be used directly in the cases where the identified

forward model is non-minimum phase (NMP), since the inverse would then have unstable

poles and make the ILC scheme unstable. In such cases, the inverse model poles need

to be stabilized before its use in the DFID algorithms for which different methods have

been proposed in literature [6, 71]. Most of these methods depend on introducing delays to

the transfer function that can be a detriment to real-time DFID techniques, but since the

conventional methods are usually off-line iterative methods, this is not a limitation.
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2.3.2 Adaptive inversion techniques

2.3.2.1 Adaptive inverse modeling using the LMS algorithm

The foundation for inverse modeling using adaptive technique follows from the development

of the LMS algorithm developed in section 2.2.3.3. In its simplest form, adaptive inverse

modeling can be represented by the block diagram shown in Figure 2.6a with an input xk to

the actual plant to be inverted, plant noise nk considered here for generality and an adaptive

transversal filter used to represent the inverse model that is driven by the error between the

inverse model output and the input to the plant. In the absence of the plant noise, a low

enough value of the adaptation step size µ and with enough weights included in the adaptive

filter, the transfer function of the inverse model filter would be the reciprocal of the transfer

function of the plant, and when cascaded, their combined transfer function would ideally be

close to unity upon convergence with a low enough value of the error, ϵk [105].

The presence of plant noise will affect the performance of the adaptive LMS algorithm,

raising the minimum mean-square error that can be achieved once the adaptation is con-

verged while simultaneously rejecting the noise and identifying an inverse model of the plant.

Additionally, real-world dynamic plants are causal in nature and the to ensure the inverse

is also a causal adaptive filter, it is often necessary to include a delay in the identification

of the inverse to avoid the need for a predictive adaptive filter. This scheme is shown in

Figure 2.6b with ∆ samples of delay. This enables the adaptive process to achieve a lower

minimum value of the mean-square error. Such a delay is also advantageous in the many

cases where the dynamic plant to be inverted is NMP, which would allow the inverse plant

model to be two-sided and also remain causal. In the applications of interest for this thesis,

an identified delayed inverse is perfectly applicable since the iterative algorithms are mostly

computed off-line.



2.3. INVERSE MODEL IDENTIFICATION 51

Dynamic Plant Inverse 

model

Plant 
noise

(a) Modeling scheme when no delay is considered

Dynamic Plant

Delay

Inverse 

model

Plant 
noise

(b) Modeling scheme when ∆ samples of delay is considered

Figure 2.6: Adaptive inverse modeling schemes

The choice of the number of samples of delay required depends on the length of the

adaptive filter that models the inverse of the plant, with a good rule-of-thumb being a delay

equal to half the number of samples of the filter. This choice also depends on the magnitude

of noise present in the system since distortion of the inverse solution can result in such

cases. Once the adaptation has converged, the convolution of the FIR filter that models

the dynamic plant and the adaptive filter of the delayed inverse would ideally result in a

single impulse with a delay of ∆. Although such a method of inverse modeling can yield
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good results, the least-squares solution is sensitive to noise and can result in ineffective plant

inverses being modeled that cannot be used for many practical implementations.

While a significant amplitude of plant noise is disadvantageous to the overall performance

of the adaptation in terms of the final achievable minimum MSE, a small amount of random

dither added to the reference signal of the adaptive process, in this case the estimated control

signal uk is known to promote smooth and constant adaptation, especially in cases where

the reference signal activity is insufficient to sustain the adaptive process [105]. An adaptive

inverse model based control system, as is required for the DFID process is shown in Figure 2.7

which combines the inverse model identification blocks of Figure 2.6 and the control problem

of deriving the drive file to replicate a target response. This method of DFID is similar to

the methods discussed in this thesis except that this method only gives an initial estimate of

the drive files for the iterative methods described, especially the conventional methods that

will be described in more detail in section 2.4.

Copy of delayed 
adaptive inverse 

model

Delayed 
adaptive 

inverse model

Target 
response

Random 
dither

copy weights

Plant output

error

Dynamic Plant

Delay

Figure 2.7: Adaptive inverse model based control system
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2.3.2.2 Filtered-x LMS algorithm

Looking back at Figure 2.6, it can be seen that the input to the adaptive filter model is

directly affected by the plant noise and hence, the output and the error signals are also

corrupted by the noise, with the latter driving the LMS algorithm. This was the motiva-

tion for the development of the Filtered-x LMS algorithm. The primary difference is the

commutation of the adaptive inverse filter and the plant model in the cascaded sequence

because of which the plant noise does not appear in the adaptive filter input. Considering

that the goal of an LMS algorithm is the minimization of the MSE, if the error signal, ϵk,

i.e. the difference between the plant output and the desired target response is to be used,

commuting the filter blocks consequently requires the derivation of the correct input to the

adaptive filter since dk and ϵk in this scheme would be the target response and error signal of

the plant output and not the filter output as in Figure 2.6. Widrow and Stearns suggested

filtering the reference input xk through a model of the dynamic plant, Ĝ(z) which can be

derived using the system identification procedure discussed in section 2.2.3.4, as shown in

Figure 2.8, which is why this method is called the Filtered-x LMS algorithm.

Adaptive filter

LMS algorithm

Dynamic Plant

Plant 
noise

Figure 2.8: Block diagram of the Filtered-x LMS algorithm

This adaptation scheme works under the assumption that the plant and the adaptive
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filter blocks can even be commuted as has been presented above. This is valid when the

filter blocks are linear and time-invariant. But, the adaptive filter block is neither linear

nor time invariant. Despite this fact, the plant and filter blocks are commutable to a good

approximation if the plant is linear and if the time constants of the plant and filter FIR were

long compared to the combined time constant, which is usually the case for slow adaptation

rates. In practice, rapid adaptation has been achieved using the filtered-x algorithm, with

performance and convergence conditions similar to the LMS algorithm [105].

Figure 2.9: Block diagram of adaptive inverse control using the Filtered-x LMS algorithm
combined with the system identification process

The use of the plant model to filter the reference input instead of the plant itself has

also been shown to be robust, and the model does not need to be very precise in order for

the filtered-x algorithm to drive the adaptive weights to a delayed inverse of the plant, as

shown by the adaptive inverse model control scheme presented in Figure 2.9. Note that

the system identification process can be performed separately if there is a requirement for

separate identification drives as discussed in section 2.2.2.3.

Without considering the random dither mixed with the reference input and the additive

plant noise in Figure 2.9, the adaptive algorithm for the inverse model weights at each time

instant is given as follows

wk+1 = wk + µϵkrk (2.34)

where wk is the entire FIR filter that models the inverse of the dynamic plant at time step

k with enough weights to model the dynamic inverse, ϵk is the instantaneous scalar output

error (in the case of a SISO plant) for the kth iteration at the time instant being evaluated
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and is given as

ϵk = dk−∆ − yk (2.35)

Given the plant model Ĝ is represented by an L + 1 length FIR filter with coefficients

Ĝ(z) =

[
ĝ0 ĝ1 · · · ĝL

]T
, the filtered reference signal rk is given by

rk =
L∑
l=0

ĝl dk−l (2.36)

Upon convergence of the adaptive algorithm, the filter weights represent the delayed

adaptive inverse of the dynamic plant and can henceforth be used for the iterative DFID

procedure discussed in the next section.

2.4 Conventional Iterative Learning Control scheme

Upon the identification of the forward linear model of the dynamic system and the inverse

model as discussed in the previous sections, the conventional ILC scheme, as used most

commonly in industrial test rigs, is the next phase of the DFID process which involves an

iterative process to derive the required drive files for target simulation. While the specifics of

the solutions offered by industrial manufacturers of servo-hydraulic test rigs are not readily

available in order to protect their intellectual property and competitive advantage, informa-

tion gleaned from filed patents [2, 31, 54] and available literature [13, 15, 19, 25, 26] about

this conventional method give enough details to analyze the DFID method and use as a

benchmark for the novel algorithms presented in this thesis.
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2.4.1 General frequency domain procedure

The conventional ILC method for DFID is a frequency domain based method because the

identified system is a frequency domain FRF as described in section 2.2.2.1, specifically

equation 2.3. The Discrete Fourier Transform (DFT) and its inverse (IDFT) are used to

make the necessary transformations of the signals from the time domain to the frequency

domain and vice versa respectively. Similar to the identification drives in Figure 2.3a, the

target response d is considered to be one period of a periodic signal, because the signal is

windowed at the beginning and end of the signal such that the target reference signal in one

period begins and ends at zero.

For a real-valued periodic signal of length N given by x =

[
x0 x1 · · · xN−1

]T
∈ RN ,

the DFT, X = F(x) is defined by

Xk =
N−1∑
n=0

xn · e−j 2π
N

kn (2.37)

Similarly, the inverse DFT x = F−1(X) for the complex valued sequence X is given by

xn =
1

N

N−1∑
k=0

Xk · ej
2π
N

kn (2.38)

The above defined transforms are used to transform the time domain measured signals of the

drive signal u, the target response d, the sensor output y and the error signal e = d−y into

the frequency domain representations given by U,D,Y and E respectively. The conventional

iterative method is shown in Figure 2.10 and described in equations 2.39 - 2.42 below. The

dotted lines in the figure below are used to show the operations and signals that are processed

off-line and away from the test rig and the subscript i refers to the iteration number, i.e.

i = 1, 2, · · · .
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Dynamic Plant

Figure 2.10: Block diagram of the conventional ILC scheme for DFID in the frequency
domain

In the presence of large nonlinearities in the dynamic system G and consequently poor

estimates of the forward linear model Ĝ and its inverse Ĝ−1, a conservative approach is

followed where the iteration is relaxed by an iteration constant with values between 0 and

1. In the case of a single response to be tracked, a single iteration constant µ is considered,

whereas Figure 2.10 presents the more general case with multiple target responses being

tracked requiring a diagonal matrix M of iteration constants for each channel of the output.

The iteration constants can also be iteration-dependent such that faster adaptation rates

can be set in the beginning and the iteration constant can be relaxed to smaller values to

allow for more stable and accurate adaptation results. The iterative algorithm has two main

steps:

1. Off-line calculation of a new drive signal, equations 2.39 - 2.41

2. Output acquisition on the test rig based on the derived drive file, equation 2.42

With the drive and output signals initialized at ui=0 = yi=0 = 0, an iterative algorithm is
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used to calculate the drive correction, Ucorr and the updated drive based on the response

error in the frequency domain as follows for i = 1, 2, · · · until convergence or an acceptable

level of error is achieved.

Ei = D − Yi (2.39)

Ucorr,i = Ĝ−1 Mi Ei−1 (2.40)

Ui = Ui−1 + Ucorr,i (2.41)

Yi = G · Ui (2.42)

Note that the ith drive file is calculated based on the error measured by the application

of the drive file calculated during the iteration number i − 1. Once an acceptable level of

error has been achieved, the iterative adaptation of the drive files is stopped and the final

drive file Ufinal can be transformed back to the time domain signal ufinal that can be used to

drive the test rig for the designed durability test program.

Since this is an off-line process and because the signals shown in Figure 2.10 are in the

frequency domain, the measurement of the output needs to be known completely in order

to be transformed to the frequency domain using the inverse DFT given in 2.38. Hence, the

signals are acquired, and then the drive correction is computed completely off-line. In the

presence of a perfectly identified model and a determined inverse, the iterative scheme will

show a reducing tracking error until the output perfectly tracks the target signal, limited

only by the presence of measurement noise. In practice, since the derived model is never

perfectly accurate and the dynamic plant is usually nonlinear, a safe approach is used for the

iterative scheme by using smaller values of µ in the matrix of iteration step size constants,

M . This will slow down the iterative process, requiring more number of iterations until the

desired error is achieved, but will ensure robustness to the model inaccuracies and provide
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stability to the process.

2.4.2 Convergence analysis of the ILC scheme

As has been described previously, with the objective of the ILC scheme being the reduction of

the MSE of the output response with respect to the desired target response, it is evident that

the stability and convergence of this iterative scheme depends on the identified model, the

uncertainty in the model with respect to the plant and the choice of the iterative constants.

De Cuyper presented a convergence and robustness analysis of this conventional scheme based

on the above factors which will be briefly described in this section. The analysis requires

an initial assumption to be made about the plant model uncertainty in order to describe

the convergence rate of the iterative process based on the method described in section 2.4.1.

The multiplicative output uncertainty in the plant model is shown in the frequency domain

blocks of Figure 2.11 and defined by

G = (I +∆G) Ĝ (2.43)

where G is the actual plant dynamics, ∆G describes the model uncertainty of the plant

dynamics from the identified plant model Ĝ.

Figure 2.11: Block diagram of the plant with a multiplicative model output uncertainty

Based on the iterative scheme described by equations 2.39 - 2.42 and the model uncer-
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tainty defined by 2.43, the error at iteration i can be described as a difference equation as a

function of the error at iteration number i− 1 as follows

Ei = (I − (I +∆G)Mi)Ei−1 (2.44)

For the iterative algorithm to descend the performance surface, it is evident that the error

must reduce over each iteration in order to converge to a minimum MSE. For frequency

domain signals, in this application of interest, it is often sufficient to consider a truncated

2-norm within a limited frequency band. For example, for the error signal E, the truncated

2-norm is given by

∥E(jω)∥2,t =

√∫ ωmax

ωmin

|E(jω)|2 dω (2.45)

To ensure convergence of the iterative process, it is hence required that the truncated 2-norm

of the output error reduce over iterations, that is

∥Ei∥2,t < ∥Ei−1∥2,t (2.46)

Based on 2.46, it can hence be deduced from 2.44 that

∥I − (I +∆G)Mi∥2,t < 1 (2.47)

In the case of a SISO system and considering a constant step-size 0 ≤ µ ≤ 1 across iterations,
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2.47 reduces to

|1− (1 + ∆G)µ| < 1 (2.48)

⇒
∣∣∣∣( 1

µ
− 1

)
−∆G

∣∣∣∣ < 1

µ
(2.49)

2.49 can be interpreted as follows [100]: the iterative method will converge if the model

uncertainty ∆G lies within a circle centered at
(

1
µ
− 1, 0

)
and a radius of 1

µ
on the complex

plane. While this provides a theoretical understanding for the convergence of the ILC scheme,

in practice, the iteration step-size is usually chosen by trial and error, beginning with a safe

approach and slowly tuned such that rapid adaptation and stability are maintained since

the multiplicative model error ∆G is never explicitly known.

2.4.3 Alternative time domain ILC scheme

When the identified system model and the inverse are time domain FIR filters as shown

using adaptive methods in sections 2.2.3 and 2.3.2, the ILC scheme described previously for

the frequency domain implementation can be applied in the time domain with no loss of

generality. The drive correction would hence be calculated as

ucorr,i = Ĝ−1(z) ∗ (d − yi−1) (2.50)

where Ĝ−1(z) is the FIR filter inverse of the dynamic plant as derived by the adaptive

process given in 2.34, ∗ represents the convolution operation and the error is computed in

the time domain unlike in 2.39. Despite 2.34 yielding a delayed inverse of the plant, since

this calculation of the drive is performed off-line, the delay can be easily compensated for

during post-processing before being played out to the dynamic system to measure the output



62 CHAPTER 2. BACKGROUND

responses.

Beyond the possible estimation of better system and inverse models using the adaptive

methods in the time domain that can improve the ILC scheme for DFID, time domain

ILC also provides the benefit of selectively choosing, when necessary, different convergence

rates for different time sections of the responses which can be crucial to avoid divergence

of the adaptive process when those time sections simulation highly nonlinear events like a

suspension on a vehicle hitting a curb or a pot-hole that can compress suspension springs to

its binding point or hit its bump stops. The ability to use different step sizes for different

time sections can prevent such a single event that is part of the durability testing program

from disrupting the rest of the time signal that can iteratively adapt using larger iteration

constants.

2.5 Quantification of iteration quality for adaptive meth-

ods

Various iterative and adaptive methods have been presented previously for identification of

the system model and the inverse and for the iterative control of the DFID process in this

chapter and a novel adaptive method will also be presented in this thesis. While overlaid

spectrums of the target and the obtained outputs at the end of each iteration can give an

initial qualitative assessment of the DFID process, quantification of the time domain MSE

is the most common method used in these applications. Widrow and Stearns define the

term misadjustment as a dimensionless measure of the excess mean-square error caused by

gradient estimation noise relative to the minimum mean-square error produced by an optimal

Wiener filter. A lower minimum MSE achieved by an adaptive method hence has a lower
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misadjustment since it converges to the optimal Wiener filter.

For tracking controllers, the relative mean-square error with respect to the desired target

response hence provides an easily quantifiable measure of the performance. The Normalized

Error Energy (NEE) at the end of each iteration is hence defined as

NEEi =
eT
i ei

dTd (2.51)

where ei is the entire error signal vector at the end of each batch loop iteration i. NEE is

a normalized measure of the mean-square error averaged over the entire batch of data, and

usually expressed on a decibel scale. NEE essentially measures how close the SER test rig

response data is to the desired target data. As with most real-world DFID processes, the

adaptive algorithm is terminated when the error is smaller than a predefined threshold. Since

this quantity only depends on the output measurements of any identification or adaptive

process, a similar quantification of the performance can also be considered for non-adaptive

methods like the frequency domain based system model and inverse model identification

methods described in sections 2.2.2.1 and 2.3.1.

For the adaptive delayed inverse identification method discussed in section 2.3.2, another

useful visualization of the performance of the inversion process is the cascade of the plant

model and delayed inverse model FIR filters which is plotted as the convolution of the two

filters. In the ideal scenario of the perfect identification of the inverse when the inverse

model filter has enough degrees of freedom and an appropriate amount of delay to generate

a causal inverse model, the convolution plot would show a single impulse with a value of 1

with a delay equal to number of samples of delay in the inverse model filter, ∆.

An example for a SISO FIR filter model, its identified delayed inverse and the convolution

of the two filters is shown in Figures 2.12a - 2.12c. Figures 2.12d - 2.12f presents an example
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of an imperfect inverse identification which shows the convolution of the two filter models

not having a perfect unitary impulse at ∆ and small side-lobes around the sample number ∆.

As discussed previously, such results are more common in the situations where the inverse

filter does not have enough weights to model the inverse of the dynamic plant, when the

plant shows strong nonlinearities or when the excitation drives for the inverse identification

process is not spectrally rich enough.

In the case of MIMO dynamic plants with M inputs and N outputs, the dynamic plant

model is an N×M matrix of FIR filters, the identified inverse model will consequently be an

M×N matrix and the cascade of the two will yield an N×N matrix of impulse responses. In

the case of the “perfect” identification of the inverse FIR filter model, the convolved impulse

response on the diagonal of this square matrix would have a unitary pulse at ∆ and all the

other convolved impulse responses will be zero.
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(a) Impulse response of the forward plant
model with L = 47
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(b) Impulse response of the identified inverse
plant model with L = 141 and ∆ = 47
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(d) Impulse response of the forward plant
model with L = 173
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(e) Impulse response of the identified inverse
plant model with L = 519 and ∆ = 173
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(f) Impulse response of the cascaded plant and
inverse models

Figure 2.12: Two examples of an FIR plant model with perfect (on the left) and imperfect
(on the right) identification of the inverse model



Chapter 3

Simulation Test Benches and Target

Responses

3.1 Introduction

In this thesis, the novel DFID algorithm that will be developed will be demonstrated on a

set of simulated dynamic systems and the same dynamic systems will be used to benchmark

the proposed method against the state-of-the-art DFID methods. This chapter will focus

on setting up these dynamic system test benches that will be used as a “black-box” with

a set of inputs and outputs. Currently, the dynamic system considered is a SISO mass-

spring-damper system that is considered as a very basic model of the quarter-car setup of a

vehicle. Complexity is introduced to this system by considering different force profiles of the

compression spring by introducing forms of nonlinearity that is representative of real-world

suspension systems on automobiles.

Section 3.2 will introduce the SISO mass-spring-damper systems considered for the case

studies presented in this thesis, considering four different test benches: a purely linear dy-

namic system, a piece-wise linear spring model and two cubic on-linear spring force profiles.

Section 3.3 discusses the target responses that will be considered for the simulation case

studies for the specific models being considered in line with the vehicle test rig applications

of interest in this thesis. The results of the forward model identification methods as discussed

66
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in section 2.2 and the inverse model identification as discussed in section 2.3 for the con-

sidered dynamic systems will be discussed in section 3.4. The time-domain implementation

of the novel DFID method also requires a specific representation of the nonlinear dynamic

system block for the purpose of deriving the output from the plant for simulation purposes,

which will be discussed in section 3.5.

3.2 Dynamic system test benches

For the purposes of representing a dynamic system such as a suspension test rig in a sim-

ple manner, a SISO mass-spring-damper is considered with varying forms and degrees of

nonlinearities for the spring force. Unlike Figure 2.2 which shows nonlinear behavior of the

spring rate and its hysteretic effects for a representative suspension system, the dynamic

systems considered here do not include hysteretic nonlinearities. Similarly, the damper in

real-world dynamic systems is an inherently nonlinear element in a suspension system with

both hysteretic effects that are dependent on the frequency and magnitude of operation and

the mean value of the damper force is also never a linear function of the velocity. However,

in this thesis only a linear viscous damping model, i.e. the damping force is proportional to

the velocity, is considered for simplicity.

For all the plants discussed in this section, the force input, F (t) is the single input to

the dynamic system and the vertical displacement of the point mass, y(t) is the only sensor

output. Unlike real-world automobiles and test rig setups, the mass has a single degree-of-

freedom and hence horizontal displacements or rotational dynamics are not considered.
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3.2.1 Linear dynamic system

In its simplest form, the dynamic system considered is a purely linear time-invariant system

with a constant spring rate and a linear viscous damper with a constant damping coefficient.

The schematic diagram of the dynamic plant is shown in Figure 3.1 and the specific parameter

values that are listed in Table 3.1 used to design this plant are representative of actual

quarter-car rigs and typical spring and damper rates used in automobiles.

Figure 3.1: Illustration of the simple primary suspension system used as a black-box dynamic
plant with one input F (t) and one output y(t)

Table 3.1: Parameters for the linear dynamic system used for simulation

Parameter Details Units
m 200 kg
ks 6.5e4 N/m
b 3e3 Ns/m

From first principles and the free-body diagram of the dynamic system shown in Fig-

ure 3.1, the dynamics of the plant are governed by the following second order equation

mÿ + bẏ + ksy = F (t) (3.1)

The same equation can be represented in the conventional state-space form using a pair of

first-order ordinary differential equations, with the assignment of the input as u = F (t) and
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the vector of state variables defined as x =

[
x1 x2

]T
=

[
y ẏ

]T

ẋ =

 0 1

−ks
m

− b
m

x +

 0

1
m

 u (3.2)

y =

[
1 0

]
x (3.3)

3.2.2 Piece-wise linear dynamic system

Nonlinear dynamic plants are first introduced by considering a piece-wise linear system

shown by the illustration in Figure 3.2. The dynamic system is a primary suspension with

a stiffness that enters a binding condition after a displacement of −yB. Albeit a simple

example, this is actually a very realistic dynamic occurrence for a broad class of vehicles in

the motorsports industry.

Figure 3.2: Illustration of the SISO piece-wise linear primary suspension system that enters
a binding condition

The dynamical equations are stated as follows, with the conditional nature of the effective

spring force being the nonlinear component of this plant. The parameters for the considered

plant are given in Table 3.2. Additionally, the force profile of the spring for this plant, and
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all the others presented in this section are shown in Figure 3.3.

mÿ + bẏ + Feq = F (t) (3.4)

where the equivalent spring force is given by

Feq =


ksy, if y ≥ −yB

ksy + kB(y + yB), if y < −yB

(3.5)

Table 3.2: Parameters for the piece-wise linear dynamic system used for simulation

Parameter Details Units
m 200 kg
ks 6.5e4 N/m
kB 3e4 N/m
yB 0.05 m
b 3e3 Ns/m

As with the other nonlinear plants considered in this section, the exact form of the

nonlinearity will not be used explicitly in the formulation of the problem or the solution.

The representation of the nonlinear dynamics will be used only for computing the actual

response from the plant for simulation purposes as will be discussed in section 3.5 which is

replaced in the real-world by the measurement of actual responses on the test rig.

3.2.3 Cubic nonlinear dynamic systems

While the nonlinearity defined by the piece-wise linear system in section 3.2.2 is fairly simple

in-terms of its algebraic formulation, the stiffening characteristic in real-world springs is

rarely discontinuous. Such spring profiles are more accurately represented by cubic equations,
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such as the Duffing oscillator [42] where the stiffness of the spring increases with amplitude.

Since the spring force is no longer given by Hooke’s law as in equations 3.1 and 3.4 and

Figure 3.1, and considering the spring force is denoted by the function Fs(y), the equation

of motion is given as

mÿ + bẏ + Fs(y) = F (t) (3.6)

Fs(y) = a1y
3 + a2y

2 + a3y (3.7)

Two dynamic systems are considered for this form of nonlinearity: the first, given by Fs(y)

in Table 3.3 is a mild cubic nonlinearity because it deviates from the linear spring profile less

than the second plant which has a harsher cubic nonlinearity defined by F
′
s(y) as can be seen

in Figure 3.3 which shows the spring force profiles of all the dynamic systems considered in

this section.

Table 3.3: Parameters for the cubic nonlinear dynamic systems used for simulation

Parameter Details Units
m 200 kg
b 3e3 Ns/m

Fs(y) 1.2e7y3 + 1.2e6y2 + 9.5e4y N
F

′
s(y) 2.5e7y3 + 3e5y2 + 6.5e4y N

The compression spring defined by the force profile Fs(y) shows very little deviation

from the linear spring defined by the spring constant ks from section 3.2.1 when the spring is

compressed from zero to the binding point yB and then the stiffness increases continuously

as a cubic function. The harsh cubic spring defined by the force profile F
′
s(y) shows a fairly

linear characteristic around zero but the stiffness increases in both tension and compression

at higher deflections to almost eight times the stiffness at lower deflections.
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Figure 3.3: Spring force profiles of the different linear and nonlinear dynamic plants consid-
ered

3.3 Target responses for simulation case studies

The target data used for the simulation case studies for the SISO dynamic systems is the

chassis displacement measured on an actual vehicle relative to the track surface during a

25-second lap around a test track as shown in Figure 3.4. Displacement of the chassis is

usually measured using a laser ride height sensor, and it is the objective of the DFID process

to replicate this response on the test rig to a reasonably accurate degree. The signal is

sampled at a rate fs of 1000 Hz. For the simulation case studies presented for the SISO

implementation of the current state-of-the-art and the novel algorithm, this same target

response will be used, with the aero-loader force F (t), as shown in Figures 3.1 and 3.2 being

the control input to the test rig to be derived by the DFID process.

While Figure 3.4 provides a description of a measured signal, for simulation purposes

it is also useful to define a more generalized scheme for designing target responses. Stan-

dardized, artificial road profiles such as the ISO 8608 [93] road profile characterizations are
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Figure 3.4: Target response measured on an actual vehicle around a test track used for
simulation case studies

very common in the testing industry in order to synthesize the required excitations to a test

specimen which can be used to derive the target responses for simulation purposes in this

thesis.

3.4 System model and inverse model identification re-

sults

3.4.1 System model identification

As has been discussed previously in section 2.2, “good” identification of the dynamic plant

requires an input which induces a response that is able to sufficiently excite the nonlinear

dynamics of the plant and is representative of the target response for the durability case study

discussed in section 3.3. In this case, since the displacement is all in the negative direction,
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i.e. the spring is always in compression and considering that the maximum displacement is

approximately 10 cm with the binding point for the nonlinear dynamic systems defined in

section 3.2 is at a spring compression of 5 cm, an appropriate identification drive is designed

that matches the capabilities of real-world test rigs described in section 1.1.1. Such an

identification drive is presented in Figure 3.5 which shows the time domain input signal and

its PSD.
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(a) Time domain representation
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(b) Frequency domain representation

Figure 3.5: Control inputs used for system identification of defined plants on a simulated
SER test rig

As discussed in section 2.2.2, the H1 estimator method is used to identify the forward

system model in the frequency domain using 100 batches of the identification drive in Fig-

ure 3.5. Figure 3.6 presents the coherence function and the FRF of all four dynamic systems

presented in section 3.2 for the H1 estimation procedure for each of the plants.

For the results shown in Figure 3.6, the model obtained from each batch of 25 seconds of

identification drive is weighted by its corresponding coherence function to derive a weighted

average model of the plant. The coherence function shown in the figure is the average
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value of the function across all batches of identification. It is clear from Figure 3.6 that

for all the dynamic plants considered, the coherence function drops off significantly beyond

approximately 25 Hz. In such cases, when deriving the inverse plant model for the DFID

process, only the frequencies with a relatively high coherence (> 0.75) is considered.
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Figure 3.6: Frequency Response Function of the considered plants derived using the H1
estimation method

System models can be analyzed and compared in the time domain through their FIR

filters or in the frequency domain as their FRF. In this case, the FIR of the identified fre-
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quency domain model can be derived by first estimating a transfer function model using the

inverse z-transform of the FRF (invfreqz function is used on MATLAB with an appro-

priate number of numerator and denominator coefficients for each model) and computing a

1000-coefficient impulse response using the impz function on MATLAB. This is compared in

Figure 3.7 against the identified 1000-coefficient FIR models of the dynamic plants derived

using the LMS System identification process discussed in section 2.2.3.
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(c) Mild cubic spring, Fs(y)
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Figure 3.7: Finite Impulse Response of models derived from the H1 estimation method and
the Least Mean Square system identification method

It can be seen from Figure 3.7 that both the H1 estimation method and the LMS iden-

tification method yield fairly similar results for all four plants. In the case of Figure 3.7a,

it can be seen that the LMSID model perfectly matches the ideal impulse response of the

purely linear plant. The accuracy of the identification methods can be more quantitatively

compared using the NEE of the output of the dynamic plant. Figure 3.8 shows the conver-
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gence of the adaptive method in terms of the output NEE as described in section 2.5 through

the iterations along with the final NEE achieved using the frequency domain model.
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Figure 3.8: NEE reduction through the 100 iterations of the LMS system identification
process and the final output NEE achieved by the H1 estimation model

The NEE results show that despite a higher degree of control with the adaptive iden-

tification process, the models identified do not show significant improvements compared to

the frequency domain H1 estimation method even for the harsher nonlinear plants. The

difference in model accuracy is much more significant for the purely linear plant as can

be seen in Figure 3.8a. Attempts were made to improve the performance of the adaptive

method by reducing the step-size to allow very slow convergence of the process through a

larger number of iterations and by increasing the degrees-of-freedom of the model, i.e. the

number of coefficients of the FIR filter. Neither method showed any significant reductions
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in the output NEE from the model, but this is to be expected since both the identification

methods seek to model a nonlinear plant using a linear model.

3.4.2 Inverse model identification

As discussed in section 2.3.1, the identification of the inverse model from the identified FRF

can be a straightforward process for SISO systems by simply taking the inverse of the derived

FRF at each frequency ωk. The inversion process is often limited to those frequencies that

have a high coherence value (> 0.75) as in Figure 3.6 in order to prevent model inaccuracies

from corrupting the inverse model. Only a narrow band of frequencies satisfies this condition

and this method also does not account for the presence of any NMP zeroes in the forward

linear model that could render the inverse model unstable. Hence, a more analytical approach

is considered here to derive the inverse model in the frequency domain. The Zero Magnitude

Error Tracking controller (ZMETC) is an appropriate candidate strategy to stabilize the

NMP zeroes with poles added to the identified model [6, 92]. For the implementation of this

algorithm, the identified FRF is first used to derive a discrete-time transfer function of the

form

Ĝ(z) =
Bm(z)Bn(z)

A(z)
(3.8)

where Bm(z) and Bn(z) denote the numerator polynomials containing all the minimum

phase and non-minimum phase zeroes respectively and A(z) is the denominator polynomial

of poles. The Bn(z) polynomial can be expressed as

Bn(z) = bnnz
nn + bnn−1z

nn−1 + · · ·+ bn0 (3.9)
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where nn is the number of NMP zeroes. For the ZMETC method, all the nn NMP zeroes

are stabilized by adding an equivalent number of poles to ensure causality and an updated

denominator polynomial is derived containing all the zeroes inside the unit circle by inverting

the corresponding coefficients of 3.9. The stable inverse model of the plant is hence given by

Ĝ−1(z) =
A(z)

znn Bm(z) (bn0z
nn + bn1z

nn−1 + · · ·+ bnn)
(3.10)
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Figure 3.9: Pole-Zero maps of the forward system model Ĝ(z) and the inverse model Ĝ−1(z)
derived using the ZMETC method for the dynamic system with a purely linear spring

Figure 3.9 shows an example of the ZMETC inversion method for the dynamic system

with a purely linear spring for which a discrete time transfer function Ĝ(z) with three poles

and zeroes was identified based on the FRF shown in Figure 3.6. This identified model had

two zeroes outside the unit-circle (NMP zeroes) which have been stabilized for the inverse

model Ĝ−1(z) by the introduction of two poles at the origin. Consistent with the results

in Figure 3.6 which do not show large differences in the estimated linear models for all the

plants, only the results for the purely linear spring have been shown in Figure 3.9 to avoid

repetition but have been included in Appendix A.1.
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The easiest method to quantify the performance of this inversion method, which also

forms the first step of the ILC procedure is to use the inverse model and the known target

data shown in Figure 3.4 and derive an initial estimate of the required drive file. This

drive file can then be applied to the actual dynamic system to measure its response and

compare against the target signal using the NEE defined in equation 2.51. Based on the H1

estimation results shown in Figure 3.6 and the ZMETC method described above, the output

NEE obtained from the initial estimate of the drive file for all the dynamic plants considered

are listed in Table 3.4. The actual simulated response and the error signals obtained from

this initial estimation of the drive file is presented in Appendix A.1.

Table 3.4: Output responses derived using the ZMETC inverse model identification method

Plant NEE reduction
(dB)

Magnitude of
maximum error (mm)

Purely linear 30.22 4.7
Piece-wise linear 21.48 10.9
Mild cubic, Fs 10.88 28.3

Harsh cubic, F ′
s 8.14 33.4

Alternatively, the inverse model can also be computed using the time domain adaptive

method described in section 2.3.2.2 using the Filtered-x LMS algorithm. The inversion

scheme aims to generate a delayed inverse of the plant modeled as an FIR filter, as in

Figure 3.7 and the number of filter coefficients in the inverse model Linv, the number of

samples of delay ∆, the reference excitation for the adaptive process and the number of

batch iterations are all individually controlled for each dynamic plant.

Since the FIR system models derived in the previous section and shown in Figure 3.7

are 1000-coefficient filters and are much more lightly damped than the examples shown in

Figure 2.12, very long filters are considered for the inverse models of the considered plants.

The reference excitation considered for these simulated test benches is the target response
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Figure 3.10: Impulse response of the cascaded FIR filters of the system model and the
delayed adaptive inverse model for the considered dynamic systems

itself with an added dither at a signal-to-noise ratio (SNR) of 1 dB. The impulse response

of the cascaded plant and inverse models also do not show a single impulse of magnitude 1,

but are many orders of magnitude smaller as can be seen from the results in Figure 3.10.

The actual inverse model FIR filters and the output response from the derived drive files

are shown in Appendix A.2. Despite this fact, an initial estimate of the drive file can be

calculated which produces comparable or even better results, as shown in Table 3.5, than

the frequency domain based results shown in Table 3.4.
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Table 3.5: Output responses derived using the Filtered-x LMS based adaptive inverse iden-
tification method

Plant Linv ∆
(
Ĝ(z) ∗ Ĝ−1(z)

)
z=∆

NEE reduction
(dB)

Magnitude of
maximum error

(mm)
Purely linear 3000 1000 0.0144 47.11 1.9

Piece-wise linear 3000 1000 0.0150 20.64 12.1
Mild cubic, Fs 5000 2000 0.0146 18.00 21.2

Harsh cubic, F ′
s 5000 2000 0.0144 14.68 24.4

In comparison to the frequency domain based ZMETC inverse identification method,

the output responses yielded from the adaptive inverse identification are comparable for the

piece-wise linear and harsh cubic nonlinear dynamic plants but significantly improved for

the purely linear and mild cubic nonlinear dynamic plants in terms of the reduction in NEE

using the initial estimate of the drive file. These inverse models will henceforth be used for

the iterative DFID algorithms as discussed in section 2.4 and their results will be discussed

directly in comparison to the novel DFID methods introduced in the next chapter.

3.5 Nonlinear test bench representation

The state-of-the-art Iterative Learning Control scheme for DFID, as illustrated in Figure 2.10

and discussed in detail in section 2.4 performs all the iterative computations of the error and

drive file updates completely off-line. The output response is measured by providing the

entire drive file as a batch to the actual test rig in the real world and the simulation test

bench in this thesis. On the other hand, time domain adaptive DFID techniques that will

be discussed in the next chapters can adapt the filter weights online, which requires the

computation of the output response on the simulation test bench in a real-time sense or with

very minimal delay.
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This motivates the development of a block-oriented representation of the nonlinear dy-

namic system purely for simulation purposes that is able to replicate the real-world practice

of measuring the output response in real-time. The specific nature of the nonlinearity will

not be explicitly or implicitly used for the adaptive algorithms developed but is considered

known for the simulated test benches based on the design of these as discussed in section 3.2.

Linear Dynamics

Vehicle on Test Rig,    

Actuator

Sensor

Responses

NM

Actuator

Command

Inputs

Nonlinear 

Dynamics

Figure 3.11: Simple feedback block-oriented representation of a nonlinear dynamic system

The representation of nonlinear dynamic systems does not typically have a universal

approach and depends on the prior knowledge of the kind of nonlinearity of the dynamical

system. Different block-oriented representations have been suggested in literature such as the

Wiener, Hammerstein, Wiener-Hammerstein or simple feedback blocks [69, 74]. The model

for G is represented here as a set of linear dynamics Gl interconnected with a nonlinear

positive feedback path. There are many possible representations for nonlinear systems;

however, the representation in Figure 3.11 reflects the common engineering practice and

desire to develop linear models of the nonlinear system while still acknowledging the fact

that nonlinearities are present in the dynamics. As indicated by the state-space formulation

of 3.11, the block diagram structure in Figure 3.11 is quite general and can be used to

represent a wide range of nonlinear time-invariant dynamic systems.

ż = Az + Bu +

[
I 0

]
u′ (3.11)
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Notice that the block diagram for G in Figure 3.11 is actually a generalization of the Lur’e

problem, where the functions f and g are memoryless sector-bounded nonlinear vector-valued

functions [47, 103].

ż = Az + Bu + f(z,u) (3.12)

y = Cz + Du + g(z,u) (3.13)

⇔

y

y′

 =


C

I

0

 z +


D

0

I

u +


[
0 I

]
0

0

u′

︸ ︷︷ ︸
Linear dynamics

and u′ =

 f(z,u)

g(z,u)

 =

 f(y′)

g(y′)


︸ ︷︷ ︸

nonlinear dynamics

(3.14)

For the nonlinear dynamic plant test benches defined in sections 3.2.2 and 3.2.3, the block-

oriented simple feedback representations are shown in Figure 3.12, where the linear dynamics

Gl are given by the purely linear plant defined in section 3.2.1.

Linear dynamics

Non-linear dynamics

(a) Piece-wise linear plant

Linear dynamics

Non-linear dynamics

(b) Cubic nonlinear plant

Figure 3.12: Simple feedback block-oriented representation of the nonlinear dynamic test
benches considered in this thesis

For the case studies presented in the next chapters, output responses from the test

benches when simulated off-line from the adaptation process, is computed as a single batch

using the constitutive second-order dynamic equations described in section 3.2 whereas the
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simulated response of the test bench is computed with a single-sample delay using the repre-

sentation in Figure 3.12 for the nonlinear dynamic plants when required during the adaptive

process at each time instant.



Chapter 4

Pulse Train Filtered-x LMS algorithm

for DFID

4.1 Introduction

This chapter introduces a novel method, referred by the author here as the Pulse Train

Filtered-x LMS (PT-Fx-LMS) algorithm, for the iterative estimation of drive files based

on methods developed for Active Noise and Vibration Control (ANVC). The initial driving

factor for this approach was the recognition of the DFID block diagram as a representation

of the ANVC dynamics associated with using secondary path inputs to cancel noise and/or

vibration caused by a primary path [27, 105].

Section 4.2 describes the ANVC architecture and how its nomenclatures, objectives,

causality and solution approaches relate to the requirements of the DFID process. The

signal definitions and the update algorithm of the proposed general-purpose DFID solution

is presented in section 4.3. To establish proof-of-concept, the performance of the PT-Fx-

LMS algorithm is demonstrated in section 4.4 using the dynamic test benches defined in

Chapter 3 and illustrated through several case studies to benchmark it against the state-of-

the-art DFID methods presented in section 2.4.

86
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4.2 Background

4.2.1 The Active Noise and Vibration Control architecture

Active Noise control is based on the property of superposition to cancel primary unwanted

noise, which could be acoustic or unwanted vibrations, using an electro-acoustic or elec-

tromechanical system to generate an anti-noise signal that combines with the primary signal

to hence cancel both [32, 50, 51, 62]. Unlike passive noise control techniques such as barriers

and silencers which are very effective over a broad frequency range but largely ineffective or

bulky and expensive at low frequency ranges, active noise control techniques have been de-

veloped and largely successful in being compact and inexpensive to attenuate low frequency

noises. Modern signal processing hardware has enabled the development of adaptive algo-

rithms and cost-effective implementations of ANC systems that allow real-time attenuation

of often non-stationary noise.

Noise
source

Primary noise

Reference

Microphone

Error

Microphone

Cancelling

Loudspeaker

ANC

Figure 4.1: Schematic of a single-channel, broad-band, feed-forward, duct-acoustic ANC
system

ANC systems have been designed over the years to meet performance requirements of

efficiency across the largest possible frequency ranges, adaptability to changes in parameters

of the dynamic system, robustness and reliability of the control system and ease of instal-

lation of the control system in terms of complexity of algorithm, manufacturing and cost.

To illustrate the general technique of ANVC for a wide variety of acoustic and vibration

applications, a schematic [51] of a general single-channel, broad-band, duct-acoustic ANC
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system is shown in Figure 4.1.

4.2.1.1 Primary and secondary path effects in an ANVC system

For ANVC applications, the adaptation process is typically some form of gradient descent

algorithm such as Least-Mean-Squares (LMS), as discussed previously in Chapter 2.

Adaptive filter

LMS algorithm

Primary path

Secondary path

Acoustic

duct

Acoustic domain

Electrical domain

Figure 4.2: Simplified block diagram of a single-channel, feedforward, duct-acoustic ANC
system

Figure 4.1 shows that the objective of the ANC system is the acoustic superposition of the

primary noise with the output of the adaptive filter from the canceling loudspeaker in order

to eliminate the combined noise measured at the error microphones. It is hence necessary to

compensate for the secondary path from the adaptive filter to the error microphone through

the acoustic duct and all the relevant measurement and signal processing equipment. When

including the secondary path transfer function, S(z), a simplified block diagram of the ANC

system is shown in Figure 4.2. Considering the objective of the ANC system is to drive the
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error to zero, the z-transform of the error signal is

E(z) = [P (z)− S(z)W (z)]X(z) (4.1)

and the auto-power spectrum of ek, given by

See(ω) = [1− Cdx(ω)]Sdd(ω) (4.2)

where Cdx(ω) is the magnitude-squared coherence function between the two wide-sense sta-

tionary random processes, the primary path noise dk and the reference signal xk and Sdd(ω)

is the auto-power spectrum of the primary path noise. This indicates that the performance

of the ANC system is limited by the coherence function, similar to the result discussed in

section 2.2.2.1. Making the assumption of ideal convergence of the adaptive filter and as-

suming the residual error converges to zero, the optimal transfer function of the adaptive

filter, W ∗(z) can hence be derived following from 4.1 as

W ∗(z) =
P (z)

S(z)
(4.3)

which shows that the filter must simultaneously model the primary path and the inverse

of the secondary path. It is often difficult to compensate for the inherent delay due to the

modeling of the inverse secondary path 1/S(z) if the primary path also does not contain an

equal amount of delay, in order to ensure causality of the filter.

4.2.1.2 Relating the ANVC architecture to the DFID problem

Although both ANVC and DFID seek to drive the output error to zero (or to the theoret-

ical lower bound) ANVC applications require real-time determination of the control inputs
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whereas the command inputs resulting from DFID can be synthesized offline and played out

in real-time as a batch that is synchronized with the target data. The signals and blocks

given in Figure 4.2 can be related to the DFID problem as follows:

• For ANVC applications, the signal dk or an array of signals D in the case of a MIMO

system represents the primary disturbance noise and/or vibration field measured by N

sensors. In the case of the DFID application of interest for this thesis, this signal is the

desired target response of the dynamic system, measured in its service environment.

• The signal yk or the array of N signals Y for MIMO systems represents the secondary

noise and/or vibration field created by M control actuators to cancel the primary

disturbance in an ANVC system. These would be the actual sensor responses of the

dynamic system on a test rig during an SER testing procedure.

• The error signal ek or an array of N signals E for MIMO systems represents the acoustic

or vibrational superposition of the primary and secondary disturbance signals which is

to be driven to zero by the ANVC system. In the case of DFID applications, this is the

error measured between the desired target responses and the actual sensor responses

of the dynamic system on the test rig.

• The xk signal, or an array of P signals X for MIMO systems represents the set of

reference inputs which for ANVC applications must be mutually independent and

highly correlated to the primary disturbance signal D [27, 32, 50, 62, 105].

• The symbol W in Figure 4.2 represents a dynamic filter or W for MIMO systems as a

bank of typically Finite Impulse Response (FIR) filters, whose coefficients are updated

in response to the measured error signals.
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• The control signal uk or an array of M control signals U for MIMO systems contains

the outputs from the bank of adaptive filters in response to the reference inputs X.

• The primary path transfer function in the ANVC block diagram, P (z) represents the

unknown dynamics of the acoustical system from the reference microphones to the error

microphones where the noise attenuation is to be achieved. In the DFID equivalent

system, this primary path represents the unknown dynamics of the dynamical system

under test in its service environment which generates the target response required to

be replicated on the test rig.

• The secondary path transfer function S(z) for ANVC systems includes the dynamics

of the signal processing, measurement and actuator apparatus and the dynamics of

the system from the noise or vibration cancelling equipment, like loudspeakers for an

acoustic duct to the error sensors. For DFID applications of interest, this secondary

path represents the dynamical system under test installed on the test rig, G with all

the dynamics of the actuators and measurement sensors.

Adaptive filter

bank
Vehicle on test rig

(Nonlinear dynamics)

Reference

Inputs

+
-

Actuator

Sensor

Responses

Actuator

Command

inputs

Target Sensor

Responses

Error

M N N

N

P

Figure 4.3: Adaptive filter architecture from ANVC applied to the general MIMO DFID
problem

The time-invariant dynamics of the vehicle on the test rig, given by the symbol G in

Figure 4.3 can be represented as a set of linear dynamics interconnected with a nonlinear
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feedback path as discussed in section 3.5. It hence follows from Figure 4.3 and as previously

presented for the conventional frequency domain ILC scheme in 2.4.1 that the dynamic

equation governing the overall block diagram is given by

Ek = Dk −GUk (4.4)

where the subscript k is a discrete time index and G is considered here to be an N × M

operator that represents the nonlinear time-invariant dynamic system, with the primary

objective of the DFID solution being to find a finite sequence Uk such that Ek is zero (or

as close to zero as possible) for the entire batch of recorded target data Dk and a secondary

objective being mathematically determining the theoretical lower bound of the error.

For ANVC applications, the adaptation process is typically some form of gradient descent

algorithm such as Least Mean Squares (LMS). One common adaptation solution developed

for the block diagram structure in Figure 4.3 is the Filtered-x LMS algorithm [27, 29, 50, 105],

previously discussed in section 2.3.2.2 for inverse model identification. Most commercially

available ANVC systems today only operate on periodic or narrowband waveforms. Even

though the structure of Figure 4.3 with Filtered-x adaptation can theoretically be used

with broadband signals, such configurations have had very limited success largely because

broadband ANVC problems have a number of severe physical restrictions such as: high modal

density, existence of sufficiently correlated upstream reference signals, high computational

burden, and zones of silence with limited spatial extent [11, 27, 32, 39, 62]. For the DFID

problem, virtually all responses generated from complex excitations will result in target

signals that have broadband spectral content, thus making DFID a technically challenging

problem.
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4.2.2 DFID solution using inversion of the plant dynamics

Inspection of the block diagram of Figure 3.11 along with 4.4 leads to one potential solu-

tion for DFID. In the special case where the dynamics G are dynamically invertible, and

because Dk is assumed to be known apriori, the multiple input command sequence Uk can

be synthesized by simply pre-filtering the target data through an inverse or pseudo-inverse

model:

Uk =


G−1Dk, if M = N and G full rank

G+Dk, if M ̸= N or G not full rank
(4.5)

Unfortunately, G is rarely invertible in practice, for example, if G has elements that are multi-

valued functions. Even if G is restricted to be linear, then several physical requirements must

still be met for an exact inverse solution to exist, as has been demonstrated for the dynamic

systems under consideration in 3.4.2. The basic adaptation procedure of a conventional

frequency domain DFID technique has been discussed previously [18, 19] in section 2.4.1,

the following requirements are well known for LTI dynamic systems; however, it is anticipated

that similar requirements will exist for nonlinear dynamic systems:

Case 1: When the dynamic system is square (M = N , same number of actuators and

sensors), then G must be minimum phase and full rank in order to be invertible. Even

if G is not minimum phase, then a delayed inverse may exist for some finite delay

time [106, 107]. For the broad class of problems of interest in this research, a delayed

inverse solution would be perfectly acceptable since absolute timing of the signals is

not important; however, relative timing is critical.

Case 2: When the dynamic system is not square (M > N , fewer sensors than actuators),

then a pseudo-inverse solution must be used (G+ in 4.5). In this case, the error E
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will only be zero if the target data D is in the column space of the dynamic system

G. This case results in an under-determined solution that can lead to additional but

manageable problems since there can be an infinite number of possible solutions that

result in the same error.

Case 3: When the dynamic system is not square (M < N , more sensors than actuators), a

pseudo-inverse solution must also be used. Again, the error E will only be zero if the

target data D is in the column space of the dynamic system matrix G. This case results

in an over-determined solution, which generally leads to a single unique solution.

In practice, it is difficult or impossible to obtain a time-domain inverse model of G

for any of the three cases above. The digital architecture of Figure 4.3 and the adaptive

inverse model identification procedure discussed in section 2.3.2.2 using the Filtered-x LMS

method shows that if the reference inputs X are chosen to be the target sensor responses

D, or a time-advanced version of them, then the converged filters W would represent an

approximation to the dynamic pseudo-inverse of the nonlinear system G. But the results

in section 3.4.2 have shown that this can be a computationally expensive method or the

obtained response can be lacking in performance for certain applications. This is a likely

justification for the prevalence of frequency domain DFID solutions, as discussed in section

2.4 since it is relatively straightforward to compute the inverse models in the frequency

domain one frequency at a time using singular value decomposition. Frequency domain

techniques necessarily assume linearity in the dynamic system, which is frequently a poor

assumption that will either lead to divergence of the iterative process or exceptionally large

amounts of iteration time. This unfortunate condition generally requires skilled engineers

to manually “steer” the iteration process. Time domain inverse models are usually only

required to have sufficient accuracy over a restricted bandwidth. It is sometimes possible

to take advantage of selectively inverting the dynamics only over the frequency range of the
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target data. A deeper study of the existence and uniqueness of solutions for MIMO dynamic

systems presented in this section is planned for the final dissertation of this research.

4.3 PT-Fx-LMS algorithm for DFID

The primary inspiration for the proposed PT-Fx-LMS algorithm for DFID comes from a

solution for narrowband ANC systems, originally conceived for removing harmonic syn-

chronously sampled interferences from signals using a generated signal to synthesize the

reference input x in Figure 4.3. Elliott and Darlington [28] showed that setting the sample

rate of the adaptive canceler to be an integer multiple of the fundamental frequency of the

interference such that it is synchronously sampled an integer number of times significantly

improves the efficiency of the noise cancellation. This technique is also known to have sev-

eral other advantages [44]: (1) preventing acoustic interference from secondary path sources,

such as secondary loudspeakers in acoustic ANC systems back to the reference signal, (2)

a synthesized reference signal prevents nonlinearities and hysteretic problems, (3) relaxes

causality constraints as delays can be more easily implemented, (4) makes the control of

individual harmonics easier, and (5) makes the modeling of dynamic plants easier since it

is only necessary to model plants in the frequency range of the harmonics of interest, thus

making FIR filter models of lower order sufficient. For narrowband ANC systems, two types

of synthesized reference signals can be used: an impulse train with a period equal to the

inverse of the fundamental frequency of the periodic interference to be canceled, and a sin-

gle or a summation of sine waves at frequencies that match the harmonics required to be

canceled.

A thorough review of the literature indicates that this particular algorithm and choice

of reference signals has not been extended to generate control inputs for MIMO dynamic
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systems, nor has it ever been applied to broadband signals. The strength of the proposed

algorithm is derived from its ability to synthesize arbitrary time-domain waveforms and using

the newly proposed formulation, this synchronous harmonic algorithm provides the basis for

a new candidate general-purpose time-domain DFID solution.

For a SISO dynamic system, and with reference to Figure 4.3, we have M = N = 1.

Similar to the original development for harmonic synchronous interferences by Elliott and

Darlington [28], the novel aspect of the proposed formulation is to select the reference input

xk to be a unitary pulse train (PT) sequence. Assuming that the entire target data of K

samples is considered as a single period T0, sampled at a period of T such that T0 = KT ,

the reference signal is a synthesized pulse train sequence of period T0, such that

xk =

[
x1 · · · xq · · · xK

]T

xq =


1 if q = k

0 if q ̸= k

(4.6)

This unique choice of reference input enables interpretation of the target response vec-

tor d as an FIR filter whose coefficients are identical to the measured set of target data.

Clearly, the output of this FIR filter excited by the unitary pulse train sequence is the

target response dk =

[
d1 · · · dk · · · dK

]T
. Referring to Figure 4.4, a second FIR filter

wk =

[
w1 · · · wk · · · wK

]T
is defined, exactly the same length as the target data set.

After convergence, and by construction, the coefficients of w will be the final drive file.

An adaptive process is used to dynamically update the FIR filter coefficients in w.

Following the practice from ANVC [105], a scalar quadratic cost function, J of the output
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Figure 4.4: Adaptive filter architecture from ANVC using the Filtered-x LMS algorithm
applied to the general SISO DFID problem with the pulse train reference input

error is established, which is to be minimized over time.

ek = dk − yk =

[
e1 · · · ek · · · eK

]T
(4.7)

J = E

{ K∑
k=1

ek
2

}
(4.8)

where E{•} is the expectation operator and yk =

[
y1 · · · yk · · · yK

]T
is the response

vector obtained from the dynamic plant to control input uk =

[
u1 · · · uk · · · uK

]T
. A

fundamental assumption in the Fx-LMS algorithm derivation is that the FIR filter wk can

be commuted with the plant dynamics, which of course requires linearity in the plant [105].

In general, commutability will not generally be possible for nonlinear systems. Disregarding

this fact for the moment and ignoring the nonlinear portion of the dynamics, a Q-coefficient

linear FIR filter Ĝ =

[
ĝ0 ĝ1 · · · ĝQ−1

]T
can be constructed to model the dynamic plant
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around an operating point. Application of the conventional Fx-LMS algorithm in Figure 4.4

and as discussed previously in section 2.3.2.2 yields the gradient descent method for updating

the FIR filter coefficients [105]:

wk+1 = wk + µekrk (4.9)

where wk is the entire K-coefficient FIR filter at time step k, µ is a small positive constant

known as the step size, which controls the convergence rate, ek is the instantaneous scalar

output error, and rk is a vector of length K constructed as the buffered output of the linear

impulse response model Ĝ due to the reference input xk. It has been shown that the step

size µ depends on the inverse of the signal power [105]; however, it is also known that these

relationships do not yield precise constraints. The simplicity of the unitary pulse sequence,

combined with the novel structure of the wk vector representing the actual drive file and

the linear FIR model Ĝ, can now be exploited to yield a remarkable simplification of the

adaptation law given by:



wq

wq−1

...

wq−Q+1


k+1

=



wq

wq−1

...

wq−Q+1


k

+ µek



ĝ0

ĝ1
...

ĝQ−1


(4.10)

where q = k mod K

where q is an index into the wk vector at the current time step k. It can be seen from the

equation that at any given time step, only a subset (Q coefficients) of the overall weight

vector wk is required to be updated, and the gradient is simply the FIR filter Ĝ multiplied

by the instantaneous error. This update law makes physical sense in that the input action at
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any time step will influence the response that lasts for the duration of the impulse response

of the plant. By construction, each weight wq represents an input action at the qth time step.

4.4 Performance evaluation case studies

This new formulation is demonstrated using multiple simulation case studies with simple

Single-Input Single-Output (SISO) linear and nonlinear dynamic systems presented in sec-

tion 3.2. The required estimated linear dynamics of the test bench of interest as described

in the previous section has been presented in section 3.4.1 and based on the results in Fig-

ures 3.7 and 3.8, the Q = 1000 coefficient FIR models derived using the LMSID method will

be used for the simulation case studies. Similarly, the output response signal at each time

instant k required for the adaptation law described in equations 4.7 - 4.10 are calculated

using the nonlinear test bench representation discussed in section 3.5. Similarly, the target

response considered for the case studies has been presented in section 3.3 and one of the case

studies presented in this section will be a slight modification of the target response shown

in Figure 3.4 to demonstrate an edge case often found in practical applications.

The performance of the proposed PT-Fx-LMS method is compared against an existing

DFID formulation based on the Iterative Learning scheme previously discussed in section 2.4.

For the case studies presented in this section, the time domain version of the ILC scheme,

presented in section 2.4.3 is primarily considered with the delayed inverse models identified

for the various test benches considered in this thesis using the adaptive inverse Filtered-x

LMS method presented in section 3.4.2 and the results of the delayed FIR inverse models

shown in Table 3.5 and in more detail in Appendix A.2.

Additionally, the quantification of the iteration quality and progression of the adapta-

tion performance using misadjustment and Normalized Error Energy (NEE) is described in
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section 2.5 that was also used to describe the performance of the LMSID system identifica-

tion and the Filtered-x LMS adaptive inversion procedures presented in section 3.4.1 for the

various test benches under consideration. For an appropriate comparison of performance of

the methods of DFID considered, the step sizes for the adaptation methods were tuned to

balance rapid reduction in NEE and stability, such that the NEE does not show divergence

and a ’ringing’ phenomenon is not observed on the adapted drive files or the output response

being generated.

4.4.1 Case Study 1: Drive files initialized at zero

The primary case study considers the simplest case of initializing the adaptive filter, and

consequently the drive file at zero and allowing the adaptive process converge to the required

drive file that produces the desired target response. At the end of each batch loop, the

final drive signal is used as the initial drive signal for the next batch loop. For all the

simulations presented in this case study, 100 batch loop iterations have been considered,

while in practice, the adaptation process is generally stopped when the error is smaller than

a set threshold. In the presence of sensor and actuator noise which is not considered in these

simulations, an NEE reduction of approximately 40–50 dB would be considered appropriate

for the applications of interest in this thesis.

The parameters used for these simulations for this case study are presented in Table 4.1

for the four test benches considered using: (1) the conventional frequency domain ILC

method discussed in section 2.4.1 for which the inverse model derived using the ZMETC

method presented in section 3.4.2 is used, (2) the conventional time domain ILC method

that uses the delayed inverse FIR models presented in Table 3.5 are used and, (3) the

proposed PT-Fx-LMS method.
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Table 4.1: Iteration step size parameter and the NEE reduction results at the end of 100
batch loops for the iterative DFID methods used for each of the considered dynamic test
benches for Case Study 1

(a) Purely linear spring

Method
Iteration
step size

µ

NEE
reduction

(dB)
Conventional

frequency-domain
ILC

0.025 49.29

Conventional
time-domain ILC 0.2 56.93

PT-Fx-LMS
method 4e9 52.62

(b) Piece-wise linear spring

Method
Iteration
step size

µ

NEE
reduction

(dB)
Conventional

frequency-domain
ILC

0.033 46.72

Conventional
time-domain ILC 0.2 58.45

PT-Fx-LMS
method 4.6e9 53.10

(c) Mild cubic spring, Fs(y)

Method
Iteration
step size

µ

NEE
reduction

(dB)
Conventional

frequency-domain
ILC

0.031 31.70

Conventional
time-domain ILC 0.2 56.18

PT-Fx-LMS
method 4.4e9 53.15

(d) Harsh cubic spring, F ′
s(y)

Method
Iteration
step size

µ

NEE
reduction

(dB)
Conventional

frequency-domain
ILC

0.038 35.94

Conventional
time-domain ILC 0.2 57.13

PT-Fx-LMS
method 4.6e9 53.75

As has been mentioned previously for the adaptive processes in Chapter 3, the iteration

step size depends on the method of iterative process used. For the conventional ILC methods

used to derive the drive files, a conservative step size < 1 has been chosen after trials to

balance stability in order to prevent divergence or large ’ringing’ phenomena in the derived

drive files, performance in terms of fast reduction of output NEE in a reasonable number

of batch loops and convergence of the iterative process where possible. For the PT-Fx-LMS
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based methods, the step sizes are chosen with similar considerations, but owing to the pulse-

train nature of the reference inputs, the iteration constants depend on the length of the

adaptive filters and the power of the required drive files or actuator forces.
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Figure 4.5: NEE reductions through the 100 batch loop iterations for the simulation test
benches in Case Study 1

In addition to the final results of the simulations presented in Table 4.1, it is also useful

to observe the convergence process of the adaptive process and the rate at which the NEE

reduction is achieved through the batch iterations. Figure 4.5 shows the NEE reduction

through the 100 batch loops considered for this case study for the four test benches of

interest, and it can be seen that the proposed PT-Fx-LMS method for DFID achieves a low

misadjustment that is often viable enough for practical applications at a very similar rate

as the conventional time-domain ILC method. For these set of simulations, it is seen that

both these methods have a very fast rate of NEE reduction initially and with the constant
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iteration step-sizes used for these adaptive processes, the rate of NEE reduction slows down

significantly. Since the purpose of the DFID process is only to synthesize control inputs

that would generate a response as close to the desired response as possible, convergence of

the algorithm is not shown in Figure 4.5 for the conventional time-domain ILC method or

the proposed PT-Fx-LMS method. Simulations were nevertheless carried out to check for

stability and convergence of the algorithm and was found that for the systems under test and

choice of step size used here, the NEE reduction converges to -70 dB after approximately 2000

iterations which is far greater than what would be feasible due to time and cost constraints

on a real-world test rig for the DFID process.
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Figure 4.6: Maximum output error in dB through the 100 batch loop iterations for the
simulation test benches in Case Study 1

For this case study, it can also be seen that these two methods perform significantly

better than the conventional frequency-domain ILC method, which has been tuned for these
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simulations to achieve the minimum misadjustment at the end of the 100 batch loop itera-

tions. Further iterations or a higher but constant step size for this method actually increase

the misadjustment and the adaptive process diverges. This can also be observed in Figure 4.6

which shows the maximum amplitude of the output error (in dB) at the end of each iteration.

It is also necessary to note that the conventional time-domain ILC method requires

the identification of both a forward system model, identified here using the LMS system

identification procedure presented in section 2.2.3 followed by the identification of a good

delayed inverse FIR model, as given in section 2.3.2.2 using the Filtered-x LMS algorithm.

This requires the selection of appropriate reference inputs and the tuning of these algorithms

to achieve the performance presented here. In contrast, the proposed PT-Fx-LMS method

is more robust to the accuracy of the identified forward system models and does not require

the identification of any FIR inverse models.

While the final output error is of most concern for the objectives of the DFID process

alongside the necessity to reduce the number of iterations and consequently testing time to

achieve this performance, many SER testing procedures also require the spectral accuracy

of the output response in comparison to the target response and the necessity to make sure

the derived drive files do not overwhelm the capabilities of the actuators.

Figure 4.7 compares the power spectrum density of the final output responses at the end

of 100 batch loop iterations of the three methods used in this case study in comparison to

the PSD of the target response previously presented in Figure 3.4b. It is observed that the

maximum deviation of the output responses from the target response occurs in the 6–80 Hz

bandwidth and hence only this frequency range is shown in Figure 4.7. From these spectra,

it can be observed for all the test benches, the output response obtained from the final drive

derived using the PT-Fx-LMS method deviates the most from the target response in the 8–

15 Hz range, with the results from the conventional time-domain ILC method being slightly
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Figure 4.7: Final output response PSD in comparison to the target response d for the
simulation test benches in Case Study 1

closer to the ideal target spectrum in this frequency range. It could be hypothesized that

this performance could be improved by adjusting the identification drive shown in Figure 3.5

in order to further excite the system in this frequency range to improve these results. When

the iterative process is continued beyond the 100 iterations presented in this case study, it is

nevertheless seen that the output response achieved from both of these methods eventually
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approaches the target response. On the other hand, the output response obtained through

the conventional frequency-domain ILC method shows much larger deviations in the 20–60

Hz frequency range that contributes to the overall poorer results of this method as can be

seen in the final NEE reduction presented in Table 4.1. This outcome can be attributed to

the drop in the coherence function of the H1 estimation at 25 Hz as shown in Figure 3.6,

which would consequently also affect the inverse models identified using the ZMETC models,

since the inverse model identification is also weighted by the respective coherence functions

for each of the test benches.
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Figure 4.8: PSD of the derived final drive file using different methods for the mild cubic
spring model test bench in Case Study 1

While the output responses obtained for the conventional frequency-domain ILC method

could still be acceptable for most SER applications, since for all the test benches considered

the overall NEE reduction obtained is in the 30–50 dB range, see Table 4.1, the actual drive

files derived to produce these responses have extremely large actuator forces, especially at

higher frequencies (for example, up to 70 dB higher power at 33 dB in this simulated test

bench) which can overwhelm the actuator authority of many SER test rigs. This is shown
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through the actuator force PSD plot for the mild cubic spring test bench in Figure 4.8.

The time series final drive files and the final output responses for all the test benches are

attached in Appendix B.1 which shows that the drive files obtained using the conventional

frequency-domain ILC method produce actuator forces in excess of 20 kN and much more

high frequency deviations than the drive files produced by the other two DFID methods.

Such results in the DFID procedure often requires the operator to implement additional

filtering of the drive files in order to maintain safety of the SER testing equipment for

certain conventional methods and sometimes compromise on the final output responses that

can be achieved on these test rigs.

4.4.2 Case Study 2: Perturbed drive signals in time slices

In many practical DFID applications, it is often useful or necessary to have the ability to

fine-tune sections of the drive file by focusing on specific intervals in time. Frequency-domain

techniques typically have difficulty focusing on select time intervals without perturbing the

response outside those intervals, since the entire batch of data is required to be adapted. To

illustrate the ability of the PT-Fx-LMS DFID method to focus on specific time intervals,

another series of case studies are performed.

In this first time-slice study, the optimal drive signal from the previous evaluation derived

using the PT-Fx-LMS method was artificially perturbed by zeroing out the drive signal over

two time intervals: from 5–7 seconds and 15–20 seconds; such a modified drive for the purely

linear model test bench is shown in Figure 4.9. The duration of these perturbations, 2 and

5 seconds respectively, were also considered such that they are longer than the period of the

FIR filters of the estimated linear models considered. This perturbed drive signal was then

used as the initial control sequence, and the adaptation process was iterated to observe if the
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drive file would return to the original solution. Partially zeroing out the control sequence

in intervals is an extreme test to evaluate how well the algorithm works within time slices

while also not affecting the converged drive file outside these regions. In order to avoid sharp

discontinuities in the initial drive file that could lead to large spikes in actuator authority,

the transition at the intervals were smoothed. While the conventional frequency-domain ILC

implementation for DFID remains the same as set up in the previous case study where the

entire batch of data is updated for every batch loop as is required for a frequency domain

adaptive structure, the time-domain implementations of the DFID algorithms used here,

i.e., the conventional time-domain ILC scheme and the proposed PT-Fx-LMS method only

update the drive files in the neighborhood in order to isolate the adaptive process to the time

intervals of interest, hence saving computational resources and demonstrate the abilities of

such time-domain adaptive filtering processes.
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Figure 4.9: Modified initial drive for the purely linear model test bench for Case Study 2

Considering that only certain intervals of the drive needs to be updated in this case study,

fewer batch loops, in comparison to the 100 in the first case study were required to achieve

convergence or for the iterative process to achieve the minimum output misadjustment,

especially in the case of the frequency-domain DFID method which begins to diverge with
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Figure 4.10: NEE reductions through the batch loop iterations for the simulation test benches
in Case Study 2

more iterations with this specific choice of the iteration step size. Similar to the previous case

study, the simulation parameters and final NEE reduction results are presented in Table 4.2.

Of most interest in this case study is the ability of the adaptive algorithm to achieve a low

output misadjustment, shown in Figure 4.10 for the test benches of interest and the three

DFID methods considered, and also not affect the response outside the perturbed intervals

because of the adaptation of the drive files within those specified time slices. This latter

aspect is more clearly visualized by observing the final error at the end of the batch loops

as shown in Figure 4.11.

In terms of the NEE reduction achieved through the iterative processes, the conventional

frequency-domain method required much more iterations than the other two methods, espe-
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Table 4.2: Iteration step size parameter and the NEE reduction results at the end of the
batch loops for the iterative DFID methods used for each of the considered dynamic test
benches for Case Study 2

(a) Purely linear spring

Method
Iteration
step size

µ

NEE
reduction

(dB)
Conventional

frequency-domain
ILC

0.18 38.69

Conventional
time-domain ILC 0.8 36.55

PT-Fx-LMS
method 4e9 47.61

(b) Piece-wise linear spring

Method
Iteration
step size

µ

NEE
reduction

(dB)
Conventional

frequency-domain
ILC

0.2 38.40

Conventional
time-domain ILC 0.8 35.92

PT-Fx-LMS
method 4.6e9 48.01

(c) Mild cubic spring, Fs(y)

Method
Iteration
step size

µ

NEE
reduction

(dB)
Conventional

frequency-domain
ILC

0.15 31.11

Conventional
time-domain ILC 0.6 26.07

PT-Fx-LMS
method 4.4e9 48.13

(d) Harsh cubic spring, F ′
s(y), *50 batch loops

Method
Iteration
step size

µ

NEE
reduction

(dB)
Conventional

frequency-domain
ILC

0.09 35.98

Conventional
time-domain ILC 0.5 34.81

PT-Fx-LMS
method 5e9 49.55

cially in the cases of the purely linear, piece-wise linear and the mild cubic nonlinear model

test benches. Despite this method achieving a slightly lower misadjustment than the con-

ventional time-domain ILC alternative, it was observed to be more sensitive to the choice

of iteration step size and a stable convergence is not achieved since performing more batch

loop iterations leads to an increase in the output error for the choice of a constant step size.

The conventional time-domain ILC method is able to very quickly (with a few batch loops)
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reach its minimum misadjustment, but converges to an output misadjustment higher than

the proposed PT-Fx-LMS method. This is because the simulation is directed to only use

the error in the specified time-intervals to update the drive file, and not the entire batch of

data as in the previous case study. This is visualized clearly in the time-series of the final

output error in Figure 4.11 which shows good performance within the time slices, but shows

large deviations in the neighborhood of these time intervals. The proposed PT-Fx-LMS

method does not demonstrate such deviations and hence shows that the proposed method is

able to isolate adaptation to specific time slices without disturbing the previously converged

sections of the drive file. Such a feature is extremely useful in the industry when certain

time slices need to be isolated for changing SER testing requirements or for fine-tuning the

drive in a particular time interval without the need to run the whole batch of data through

the adaptive process, which is often extremely time-consuming.

The final drive files from these simulations similarly reveal the deviations obtained just

in the neighborhood of the specified time slices, despite the gentler zeroing of the initial

drive to prevent large discontinuities. Figure 4.12 shows the final drives achieved for the

mild cubic model test bench, which exhibited the largest magnitude error immediately after

the specified time intervals. From the results in Figure 4.11 and 4.12, it is also clear that

in the case of the adaptive inverse based conventional time-domain ILC method, the larger

errors outside the time intervals of interest last the length of the inverse FIR filters used in

the adaptive process. For example, in the case of the mild cubic model test bench, the larger

errors preceding the specified time intervals span the samples of delay, ∆ for the inverse

model given in Table 3.5, and lasts for the duration given by Linv − ∆ immediately after

the time slices. In contrast, the proposed PT-Fx-LMS method is able to generate a drive

file that does not affect the drive file outside the time intervals of interest, i.e., it perfectly

tracks the modified initial drive in those time intervals. The final drive obtained through the
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Figure 4.11: Final output error for the simulation test benches in Case Study 2

conventional frequency-domain method is not shown here since the derived drive file showed

very high actuator authorities in excess of 40 kN and much higher frequency content, similar

to the results in the previous case study, as shown by the results in Appendix B.1.

4.4.3 Case Study 3: Modified target data in time slices

Just as it is useful to update or fine-tune the drive files in specified time intervals, the SER

testing procedure sometimes also requires changes to the target data in such time slices and

derive the required drive files for the test rig without needing to re-equip the test specimen

and record the entire batch of target data again. An example of such target data changes

could be the simulation of a suspension system hitting a pot-hole or a curb on the road that
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Figure 4.12: Final drive files for the mild cubic model test bench for Case Study 2

leads to a large discontinuous event in a short time interval.

0 5 10 15 20 25
Time (sec)

-12

-10

-8

-6

-4

-2

0

R
es

po
ns

e 
(c

m
)

Original target response
Modified target response for Case Study 3

Figure 4.13: Modified target response for Case Study 3

As an extension of the previous case study in 4.4.2, a more extreme perturbation test was

performed in which the original optimal final drive from Case Study 1 in 4.4.1 obtained using

the PT-Fx-LMS method for the corresponding test bench was chosen to be the initial drive

signal, but for this study the target response was zeroed out over the same two time intervals:

from 5–7 seconds and 15–20 seconds. As in Case Study 2, the transition in the interval

was smoothed as shown in Figure 4.13 to prevent large spikes in the response or actuator
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authority. This is an intentionally contrived example whose sole purpose is to illustrate the

capability of the method to adapt to the modified drive signals without affecting the drive

or response in other sections of the specified time intervals.

Table 4.3: Iteration step size parameter and the NEE reduction results at the end of the
batch loops for the iterative DFID methods used for each of the considered dynamic test
benches for Case Study 3

(a) Purely linear spring

Method
Iteration
step size

µ

NEE
reduction

(dB)
Conventional

frequency-domain
ILC

0.19 42.41

Conventional
time-domain ILC 0.8 48.66

PT-Fx-LMS
method 4e9 49.05

(b) Piece-wise linear spring

Method
Iteration
step size

µ

NEE
reduction

(dB)
Conventional

frequency-domain
ILC

0.18 46.97

Conventional
time-domain ILC 0.8 42.25

PT-Fx-LMS
method 4.6e9 49.47

(c) Mild cubic spring, Fs(y)

Method
Iteration
step size

µ

NEE
reduction

(dB)
Conventional

frequency-domain
ILC

0.14 41.02

Conventional
time-domain ILC 0.6 28.56

PT-Fx-LMS
method 4.4e9 49.57

(d) Harsh cubic spring, F ′
s(y), *50 batch loops

Method
Iteration
step size

µ

NEE
reduction

(dB)
Conventional

frequency-domain
ILC

0.09 40.60

Conventional
time-domain ILC 0.06 34.04

PT-Fx-LMS
method 3e9 49.69

Figure 4.14 shows the adaptation curves for the three methods of DFID and the test

benches considered for this case study. It shows that with reducing accuracy of the models

used for the adaptive algorithms, the number of batch loops required to achieve its minimum
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Figure 4.14: NEE reductions through the batch loop iterations for the simulation test benches
in Case Study 3

misadjustment increases. The adaptive inverse based conventional time-domain ILC method

also shows poorer performance, similar to the results in Case Study 2 when only certain

time-slices of the target response is to be adapted. The frequency-domain based method

shows better misadjustment (except in the case of the purely linear model test bench) in

terms of the overall NEE performance than the conventional time-domain ILC method, but

this can be attributed to the fact that the entire batch of data is used in the adaptive

process. The proposed PT-Fx-LMS performs the best in this case study across all the

considered test bench for the selection of iteration parameters presented in Table 4.3. The

final output error time series for these tests are presented in Figure 4.15 which similarly shows

the improved performance of the proposed DFID method without affecting the response

outside the specified time slices.
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Figure 4.15: Final output error for the simulation test benches in Case Study 3

Similar to the discussion in the previous case study, the frequency-domain ILC method

shows deviations outside the time slices of interest, despite the entire batch of data being

used to update the drive files. Comparing the conventional time-domain ILC method and

the proposed PT-Fx-LMS method, it is similarly observed that while the former produces

smaller output errors within the time slices for the selected choice of iteration parameters,

except in the case of the harsh cubic nonlinear spring, the long adaptive inverse filters with

the included delay affect the performance of this DFID method outside these specified time

intervals. While this can be improved by updating the drive file using the entire batch of

data or include the time interval as long as the adaptive inverse FIR filter on either side

of the perturbed target response, this is not the purpose of this case study which is meant

to demonstrate the ability of the proposed algorithm to isolate the drive file update within
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these intervals without affecting the response elsewhere. Similarly, it was surmised that the

time slices as considered here need to be atleast as long as the length of the forward FIR

filter models used for the proposed DFID method, or in the case they are shorter (in this

case Q = 1000 coefficients), the adaptive algorithm needs to be “allowed” to update the

weight filter for atleast that many coefficients.

In the case of the harsh cubic nonlinear spring, it can be seen in Figure 4.15d that

the conventional methods fail to effectively converge to the modified target response. It

is hypothesized that the poorer quality of the forward and inverse model identification,

along with the discontinuous nature of the modified target response, despite the gentle ramp

provided at the beginning and end of the time intervals. The iteration parameters for both

the conventional methods presented here needed to be significantly relaxed to ensure viable

performance and also maintain stability within the batch loops considered for this test case.

4.5 Conclusion

A new algorithm has been proposed for the identification of drive files for Service Environ-

ment Replication applications. The proposed Pulse Train Fx-LMS algorithm is derived from

a synchronous ANVC adaptive filtering algorithm that is modified to handle the broadband

drive file identification application for dynamic systems. The two key modifications that

enable PT-Fx-LMS to be useful for DFID applications are: (1) the use of a unitary pulse

train reference input of the same length as the batch target data set, which results in (2) a

simplified adaptation methodology.

The PT-Fx-LMS algorithm was validated on simple but representative SISO linear and

nonlinear suspension test benches using actual suspension displacement time series data from

a race car. In addition to demonstrating the iterative operation of the proposed algorithm,
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its performance was evaluated and compared against conventional drive file identification

methods. The estimated linear model used by the PT-Fx-LMS algorithm for the gradient

estimate is shown to work quite well for even nonlinear test bench examples. As is common

for conventional Fx-LMS algorithms, linear models used in the gradient estimate are often

more than sufficient for nonlinear systems due to the iterative nature of the algorithm.

In order to more thoroughly evaluate the PT-Fx-LMS algorithm, several extreme tests

were performed. These tests were created specifically to highlight a common problem that

conventional frequency-domain DFID methods have difficulty performing, i.e. focusing the

iterative update on isolated time slices in the target data without perturbing the converged

response outside those time slices. In one case, the converged control solution was artificially

perturbed (set to zero) in two isolated time segments. In the second case, the target data was

artificially perturbed (set to zero) in two isolated time segments, and the control solution

started from its original converged values. In both cases, the PT-Fx-LMS algorithm was able

to converge to the appropriate solution in a small number of iterations without perturbing

the existing converged response. The success of the PT-Fx-LMS algorithm in the simulated

case studies above clearly establish proof-of-concept for this method.



Chapter 5

An Estimation based approach to the

PT-Fx-LMS algorithm for DFID

5.1 Introduction

The performance of the proposed Pulse Train Fx-LMS method for DFID was demonstrated

for deriving drive files that reduce tracking error of the target response in as few batch

iterations as possible when benchmarked against conventional DFID methods in Chapter 4.

The motivation for the developments presented in this chapter to the proposed PT-Fx-LMS

algorithm remains to reduce the cycle time through the adaptation workflow.

To establish proof-of-concept, the performance of the new algorithm is demonstrated

and compared against the previously proposed DFID method using the same test benches

presented in section 3.2 and used in the performance evaluation case studies in section 4.4.

A case study exploring the possibilities of a termination criteria are also discussed in the

paper that could be used to further speed up the adaptation process or ensure stability of the

adaptation process in the case of harsh nonlinear test benches with comparatively deficient

identified system models.

119
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5.2 Setup of the EB-PT-Fx-LMS algorithm for DFID

The implementation of the Estimation Based PT-Fx-LMS (EB-PT-Fx-LMS) method for

DFID follows the basic structure of the PT-Fx-LMS algorithm presented in Chapter 4. The

adaptive filter architecture can be divided into two domains as shown in the filter architecture

block diagram shown in Figure 5.1, with the physical domain (above the red dashed line)

represents the data collection and processing on the test rig while the simulation domain

(below the red dashed line) is where the offline adaptation algorithm is confined to. A

similar structure for conventional ILC methods was presented by Müller and Endisch for

cross-coupled vehicle test systems.

The same pulse train reference input, xk as in 4.6 is used, with a similar period of the

pulse train sequence being equal to the length K of the target response. The pulse train

sequence xn in the physical experiment domain of Figure 5.1 is identical in structure to xk,

with the change in subscript only used to illustrate that the sequences are independent of

each other. Similarly, the target response given by d =

[
d1 · · · dk · · · dK

]T
uses the

subscripts k and n to distinguish the same target responses in the simulation and physical

domains respectively. The adaptive filter given by wk =

[
w1 · · · wk · · · wK

]T
is defined

similar to the development of the PT-Fx-LMS algorithm and by construction the coefficients

of w will be the final drive file given by the sequence uk =

[
u1 · · · uk · · · uK

]T
.

The subscript s refers to the simulation iterations (1 through S) conducted between the

physical experiments p (1 through P ) on the test rig. AT the end of the convergence process

and by construction, the FIR filter wS,P =

[
w1 · · · wk · · · wK

]T
S,P

will be the final drive

file. The objective remains to achieve a low misadjustment [105] with a minimum number

of physical experiments on the test rig, p. The key contribution of this method is to carry

out a number of simulations in between these physical test runs to adaptively improve the
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Figure 5.1: Adaptive filter architecture of the Estimation Based PT-Fx-LMS algorithm for
DFID

solution before spending the time and resources on a new physical test iteration.

The workflow begins with the estimation of the nonlinear plant as a Q-coefficient lin-

ear FIR filter Ĝ =

[
ĝ0 ĝ1 · · · ĝQ−1

]T
as presented in section 3.4.1 and previously used

for the performance evaluation case studies of section 4.4. The actual sensor response,

i.e., the response of the article on the test rig when excited by the command input uS,p

is yp =

[
y1 · · · yk · · · yK

]T
p

. The simulation response zks,p =

[
z1 · · · zk · · · zK

]T
s,p

is the linear convolution of the command input uks,p, constructed after the sth simula-

tion of the pth physical test sequence, and the estimated linear FIR filter Ĝ. The er-

rors in the above responses yp and zks,p w.r.t the appropriate target response is given by
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ϵp =

[
ϵ1 · · · ϵk · · · ϵK

]T
p

and eks,p =

[
e1 · · · ek · · · eK

]T
s,p

respectively. The sub-

script k in the signals uks,p, zks,p and eks,p signifies that these signals are computed in the

simulation domain and operated on sample-by-sample, instead of the batch processes in the

physical domain.

Since the linear FIR filter estimate of a nonlinear plant is never perfect, an iterative

method is used to adaptively find the drive file. That concept is extended in this architecture

by using the difference δp =

[
δ1 · · · δk · · · δK

]T
p

between the actual response error when

a particular drive file is played out to the real test article, ϵp in the physical domain and the

response error γs,p =
[
γ1 · · · γk · · · γK

]T
s,p

when the same drive file excites the estimated

linear model Ĝ as shown in Figure 5.1.

Per the indexing convention used in this chapter, the pth simulation test sequence is

preceded by the calculation of δp using the drive file generated by the adaptive process at

the end of the previous simulation test sequence, wkS,p−1. The adaptive filter weights are

initialized at 0 and hence for the first set of simulation sequences, δ1 = 0.

δp = ϵp−1 − γS,p−1 (5.1)

Since the objective of the DFID process is to drive the actual response error, ϵp to 0, this

implies that the error for the PT-Fx-LMS adaptive process during each simulation sequence

should converge to −δp. Hence, the target response for the pth set of simulation sequences

of the adaptive process is augmented by δp. This architecture is also significant because the

adaptive process is now conducted completely offline and not real-time on a physical test

rig. The target response Dp for the adaptive process is hence given by

Dp = dk + δp (5.2)
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While Figure 5.1 shows the block diagram of the entire architecture for this proposed DFID

method at a single instant, the decision tree for this control strategy is presented in Figure 5.2

that shows the sequence of steps to be carried out when transitioning from the physical

domain to the simulation domain where the adaptive process is used to derive the drive files.

 Simulate batch PT-Fx-LMS update of 

control filter weights: 

 - Initialize control weights,

 - Initialize experiment loop index,

 - Transfer control weights,

 - Generate control signal, 

 - Increment experiment index, 

 - Compute delta signal, 

 - Reset simulation loop index,

Increment simulation 

index, 

Generate experimental response        

on the actual test rig, 

Generate simulated response             

using the linear model

is

is

yes

yes

no

no
Stop

Figure 5.2: Decision flow chart for the Estimation Based PT-Fx-LMS algorithm for DFID

As developed for the ANVC adaptive systems [105], a scalar quadratic cost function J of

the output error is established, which is to be minimized over time by the gradient descent
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algorithm.

eks,p = Dp − zks,p =

[
e1 · · · ek · · · eK

]T
s,p

(5.3)

J = E

{ K∑
k=1

ek
2
s,p

}
(5.4)

where E{•} is the expectation operator. Application of the conventional Fx-LMS algorithm

in Figure 5.1 yields the gradient descent method for updating the FIR filter coefficients [105]:

wk+1s,p = wks,p + µseks,prks,p (5.5)

where at the simulation index s and physical test index p, wks,p is the entire K-coefficient

FIR filter at time step k, µs is the positive constant step size, which controls the convergence

rate, eks,p is the instantaneous scalar output error, and rk is a vector of length K constructed

as the buffered output of the linear impulse response model Ĝ due to the reference input

xk. Performance of the adaptive process in terms of how fast a low misadjustment can be

achieved will depend on the quality of the estimated linear model Ĝ, the step size µs and

the amount of uncorrelated noise.

5.3 Performance evaluation simulations and termina-

tion criteria

The same test benches presented in section 3.2 and used for the performance evaluation

case studies in section 4.4, including the system models used in the adaptive processes to

ensure consistency for comparison of the different methods. Similarly, the performance of

the adaptation process is evaluated using the Normalized Error Energy (NEE) metric. In
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the case of the EB-PT-Fx-LMS method, two different NEE values are computed:

NEEp =
ϵp

T ϵp
dTd

NEEs,p =
es,p

Tes,p

Dp
TDp

(5.6)

where NEEp is the Normalized Error Energy computed from the actual response error ϵp

with respect to the required target response dk at the end of the pth physical experiment

on the test rig and NEEs,p is the Normalized Error Energy computed from the simulation

response error es,p with respect to the target response for the adaptation process, Dp at the

end of the sth simulation iteration of the pth test sequence.

5.3.1 Case Study 1: Drive files initialized at zero

Similar to the primary case study in section 4.4.1, the drive files are initialized at zero and

at the end of each batch loop. Considering the results from the previous chapter, only the

conventional time domain ILC method and the previously presented PT-Fx-LMS method are

shown here considering the frequency domain ILC method showed consistently poor results

for all the test benches. All the simulations in this case are also restricted to 50 batch loop

iterations, since the methods of interest here achieve most of their NEE reduction within

this range of batch loops.

Table 5.1 presents the parameters used for these simulations for the four test benches

considered. In the case of the EB-PT-Fx-LMS method presented on this chapter, the it-

eration step size is µs used for the adaptive process in the simulation domain, the total

number of simulation domain batch loops S is given and the total NEE reduction given in

Table 5.1 refers to NEEp as defined in 5.6. Unlike the regular PT-Fx-LMS algorithm, two

parameters: (1) the iteration step size, µs and (2) number of simulation domain batch loops,
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S need to be tuned for in this implementation. The parameters used for the simulations in

this study are based on the requirements of maintaining stability, good performance and a

feasible duration of computation time.

Table 5.1: Iteration step size parameter and the NEE reduction results at the end of 50
batch loops for the iterative DFID methods for Case Study 1 of the EB-PT-Fx-LMS study

(a) Purely linear spring

Method
Iteration
step size

µ

NEE
reduction

(dB)
Conventional

time-domain ILC 0.2 54.08

PT-Fx-LMS
method 4e9 50.49

EB-PT-Fx-LMS
method, S = 50

1e9 63.33

(b) Piece-wise linear spring

Method
Iteration
step size

µ

NEE
reduction

(dB)
Conventional

time-domain ILC 0.2 54.99

PT-Fx-LMS
method 4.6e9 50.90

EB-PT-Fx-LMS
method, S = 50

8e8 61.29

(c) Mild cubic spring, Fs(y)

Method
Iteration
step size

µ

NEE
reduction

(dB)
Conventional

time-domain ILC 0.2 53.49

PT-Fx-LMS
method 4.4e9 51.04

EB-PT-Fx-LMS
method, S = 85

1e8 53.18

(d) Harsh cubic spring, F ′
s(y)

Method
Iteration
step size

µ

NEE
reduction

(dB)
Conventional

time-domain ILC 0.2 54.19

PT-Fx-LMS
method 4.6e9 51.27

EB-PT-Fx-LMS
method, S = 70

8e7 52.10

The reduction of NEE through the simulated experimental batch loop iterations and the

maximum absolute error in dB for the four test benches and the three DFID methods used in

this case study are presented in Figure 5.3 and Figure 5.4 respectively. For the purely linear

and piece-wise linear test benches, it can be seen that the EB-PT-Fx-LMS DFID method
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is able to achieve very low misadjustment in just the first few experimental tests, at a rate

faster than either of the comparative methods. At the end of the 50 batch loops considered

here, the proposed method was also able to achieve a lower final misadjustment. It is also

interesting to note that while convergence was not achieved within these 50 batch loops, the

rate of NEE reduction was still faster than the comparative methods, indicating that further

reduction in NEE can be achieved, if necessary.
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Figure 5.3: NEE reductions through the 50 batch loop iterations for the simulation test
benches in Case Study 1 of the EB-PT-Fx-LMS study

It can be seen that as the degree of nonlinearity increases through the four test benches,

the number of batch loops required before the NEE levels off close to its respective minimum

misadjustment increases. For the mild and harsh cubic spring test benches, the rate of

NEE reduction for the EB-PT-Fx-LMS method is comparable to the previously proposed

PT-Fx-LMS method, if not slightly improved. All three methods also achieve a similar



128 CHAPTER 5. AN ESTIMATION BASED APPROACH TO THE PT-Fx-LMS ALGORITHM FOR DFID

misadjustment level at the end of the 50 batch loops considered in this study. To achieve

such performance, it can also be seen from Table 5.1 that the constant iteration step sizes for

the EB-PT-Fx-LMS method need to be consistently reduced and the number of simulation

batch loops tuned appropriately, which is attributed to the deficiencies in the plant model

Ĝ and the absence of the actual response error from each batch loop used for the adaptive

process due to the architecture of the proposed method.
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Figure 5.4: Maximum output error in dB through the 50 batch loop iterations for the
simulation test benches in Case Study 1 of the EB-PT-Fx-LMS study
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5.3.2 Case Study 2: Developing a termination criterion for the

EB-PT-Fx-LMS method

As observed from the results in Table 5.1 and Figure 5.3, the tuning of the adaptation param-

eters for nonlinear systems can be quite challenging while still producing only comparable

results to the previously proposed PT-Fx-LMS algorithm for DFID. For example, the 50

simulation batch loops performed for the first few simulated experimental batches for the

purely linear and piece-wise linear spring test benches in Figures 5.3a and 5.3b respectively

show the simulation loop NEE leveling off, where more simulation loops would not show any

significant improvement in performance. On the other hand, for the nonlinear test benches,

especially evident in Figure 5.3c for the mild cubic spring test bench, such a leveling off is

not achieved with the choice of µs and S which were tuned to achieve the best performance

in terms of the final output response, and not necessarily to achieve convergence of the

individual simulation domain iterative processes.
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using the EB-PT-Fx-LMS method

Figure 5.5: Case Study 2 simulation of the failure of the EB-PT-Fx-LMS method due to
poor choice of iteration parameters

Conventional rationale would suggest that convergence of the iterative process in the

simulation domain where only the estimated linear model Ĝ is used for deriving the filtered
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reference signal rk and generating the simulation response zk, either through more number

of batch loops or through a larger step size would improve performance. Figure 5.5 presents

the result of an implementation of the EB-PT-Fx-LMS method for the mild cubic spring test

bench with S = 200 and µs = 5e8, a choice of iteration parameters that drives the simulation

domain NEEs,p to converge, or atleast close to leveling off, but the actual response NEEp

shows divergence and much poorer results than the previous case study results. This also

exemplifies an initial guess of the iteration parameters which are usually tuned through

trial-and-error.

Consider the fifth adaptation sequence conducted in the above case study. While the

adaptation in the simulation domain which only uses the estimated linear dynamics is a

converging process, the actual NEEp when the drive file derived at the end of this experiment

sequence is played out to the nonlinear dynamic plant actually increases from the previous

batch sequence. This can be further understood by conducting a simulated study of the

simulation sequence. If the drive file at the end of each iteration s in this simulated sequence

were to be applied to the test rig to measure the actual response, the error energy can be

clearly seen to be diverging in Figure 5.6. This is a direct consequence of the poor estimation

of the nonlinear dynamics of the plant and an incorrect choice of simulation parameters for

this nonlinear system.

While one of the methods to prevent such divergences is to unilaterally reduce the con-

stant step size significantly for all the batch loops, this is counter-productive if the objective

is to limit the number of simulation runs or reduce the time required to develop the drive file.

This suggests that a strategy needs to be developed that allows the termination of the sim-

ulation sequence before the actual response begins to diverge. While the ideal termination

point would be the minima of the experiment NEE curve in Figure 5.6, for this example at

s = 12, this curve is presented only as a simulated study and to illustrate the behavior of
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Figure 5.6: Error energy progression for the fifth experiment sequence presented in Case
Study 2

the adaptation algorithm in the case of a nonlinear dynamic system and hence is unknown

over the course of the simulation sequence.

A termination criterion or a strategy to adjust the iteration step size hence needs to be

defined solely based on the information available within the simulation sequence. A novel

method to define such a criterion is developed by considering the deviation of the simulation

response zs,p from the actual response measured during the previous physical experiment

yp−1 in order to quantify the deviation of the estimated model using the measurable output

response. The metric ∆s,p evaluated for the sth simulation iteration in the pth experiment

sequence is defined as

∆s,p = (zs,p − yp−1)
T (zs,p − yp−1) (5.7)

The behavior of this metric in dB for the results presented in Figure 5.5a is given in Fig-

ure 5.7a computed for the experiment sequences 2 through 10 along with a marker to indicate

the iteration number s at which the experimental error energy of the curve is minimum in

the simulated study of playing out every drive file in the simulation sequence to the actual

test article, as was done was the fifth experiment sequence in Figure 5.6. As can be seen,
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a consistent trend is observed as the adaptation progresses through the simulation indices.

Based on the behavior of the curves in Figure 5.7a, for an experiment sequence when p ̸= 1

and s > 1, it can be seen that the slope reduces from an initial value to zero through the

adaptation process, as shown in Figure 5.7b. It is important to note that these curves would

not be replicated in the case where the simulations would be terminated at the listed simu-

lation batch indices where the NEE curve would be minimum, since that would change the

actual output response used to compute the ∆s,p metric. For this choice of constant iteration

step size, most of the simulated NEE curves would achieve their respective minima around

13-17 batch iterations, as indicated in Figure 5.7.
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Figure 5.7: Analysis metrics of the failed implementation of the EB-PT-Fx-LMS method due
to poor choice of iteration parameters for the mild cubic spring test bench in Case Study 2

An empirical termination strategy is to stop the simulation sequence when the current

slope of the curve ms,p is less than a certain threshold ratio c ∈ (0, 1) of the initial slope mi,p
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associated with that experiment sequence.

mi,p = 10log10

(
∆2,p

∆1,p

)
ms,p = 10log10

(
∆s,p

∆s−1,p

) (5.8)

ms,p < cmi,p → Sterm,p = s (5.9)

where Sterm,p is the simulation index of the first occurrence of the event defined by 5.9 in the

pth experiment sequence. This can hence be used to terminate the adaptive process if the

initial guess of the number of simulation loops S was set too high, hence saving computation

time in the simulation domain with no penalty accrued for the required NEE reduction.

This Fast EB-PT-Fx-LMS algorithm hence offers three main advantages: (1) compara-

ble or better performance than the previously proposed PT-Fx-LMS algorithm for deriving

the drive files, (2) increased robustness to iteration parameters compared to the regular EB-

PT-Fx-LMS algorithm while retaining the ability to fine tune the adaptation performance

especially when the estimated linear model is deficient using a single parameter c, and (3)

ability to reduce the number of simulation batch iterations required to achieve similar per-

formance saving computation time in the simulation domain without the need for extensive

tuning of iteration parameters through trial-and-error. Despite the fact that the conventional

time-domain ILC, PT-Fx-LMS and the regular EB-PT-Fx-LMS methods all show very good

performances, especially for the purely linear and piece-wise linear spring test benches in Fig-

ure 5.3, the performance of Fast EB-PT-Fx-LMS algorithm is demonstrated for the four test

benches under consideration and presented in the NEE reduction plots in Figure 5.8, with

the iteration parameters for the proposed method given in Table 5.2 and the results for the

other methods carried forward from Table 5.1 and Figure 5.3. It is noted that because of the

robustness and termination algorithm implemented for the Fast EB-PT-Fx-LMS method,
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more aggressive simulation domain step-sizes can be used and only an appropriate guess for

the number of simulation batch loops needs to be considered, without leading to instability

issues as noted in Figure 5.5, especially for the test benches with deficient estimated linear

models.

Table 5.2: Iteration parameters and results for the Fast EB-PT-Fx-LMS algorithm for DFID
considering P = 50 experiment sequences

Plant S µs c
Total Sactual

(out of P × S)
NEE reduction

(dB)
Purely linear 50 3e9 0.1 301/2500 56.29

Piece-wise linear 200 2e9 0.2 544/10000 57.21
Mild cubic, Fs 200 5e8 0.45 598/10000 52.02

Harsh cubic, F ′
s 200 2e8 0.8 1849/10000 52.28

On further inspection of the parameters used to achieve the results presented in Table 5.2,

it can be seen that threshold value c needs to be increased as the degree of nonlinearity

increases. Note that a smaller threshold value allows the iterations to progress much further

through the simulation loop indices, if required per the termination criteria of 5.9. Despite

the very small value of c and the initial guess of S for the purely linear plant, very few

simulation iterations are required since the estimated model of the purely linear plant is very

close to the actual plant dynamics as discussed in the identification results of section 3.4.1.

It is also apparent from Figure 5.8a that most of the NEE reduction is achieved in the first

experiment sequence itself, where the simulated sequences are not terminated.

While the NEE curves show similar performances using the methods presented for the

purely linear and piece-wise linear spring test benches, the maximum output error plots

through the experimental batch loops, presented in Figure 5.9 shows much improved perfor-

mance when the drive files are derived using the Fast EB-PT-Fx-LMS method. For the mild

cubic and harsh cubic spring test benches, the maximum output error curves show similar

results as the comparative methods.
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Figure 5.8: NEE reductions through the 50 batch loop iterations for the simulation test
benches using the Fast EB-PT-Fx-LMS method for DFID

The simulation index where the iteration is empirically terminated also depends on the

step size chosen, which is why the harsh cubic spring test bench required many more batch

iterations than the mild cubic spring test bench, despite the choice of a larger threshold

value for termination, which would typically terminate the adaptive process much earlier.

The results in Figure 5.8 show that the proposed Fast EB-PT-Fx-LMS method shows very

similar convergence rate in comparison to the other presented DFID methods for the purely

linear, piece-wise linear and mild cubic spring test benches and shows improved performance

for the harsh cubic spring test benches despite the more aggressive simulation domain pa-

rameters and much fewer simulation batches while also maintaining stability. The decision

tree previously presented in Figure 5.2 can hence be updated for the Fast EB-PT-Fx-LMS

method as shown in Figure 5.10



136 CHAPTER 5. AN ESTIMATION BASED APPROACH TO THE PT-Fx-LMS ALGORITHM FOR DFID

1 10 20 30 40 50
Batch Loop Index

-60

-50

-40

-30

-20

|E
rr

or
| (

dB
)

Conv. time-domain ILC
PT-Fx-LMS method
EB-PT-Fx-LMS method
Fast EB-PT-Fx-LMS method

(a) Purely linear spring

1 10 20 30 40 50
Batch Loop Index

-60

-50

-40

-30

-20

|E
rr

or
| (

dB
)

Conv. time-domain ILC
PT-Fx-LMS method
EB-PT-Fx-LMS method
Fast EB-PT-Fx-LMS method

(b) Piece-wise linear spring

1 10 20 30 40 50
Batch Loop Index

-60

-50

-40

-30

-20

|E
rr

or
| (

dB
)

Conv. time-domain ILC
PT-Fx-LMS method
EB-PT-Fx-LMS method
Fast EB-PT-Fx-LMS method

(c) Mild cubic spring, Fs(y)
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Figure 5.9: Maximum output error in dB through the 50 batch loop iterations for the
simulation test benches using the Fast EB-PT-Fx-LMS method for DFID

5.4 Conclusion

A new algorithm has been proposed as an extension and improvement to the Pulse Train

Fx-LMS algorithm for DFID applications. As with any DFID procedure, the proposed EB-

PT-Fx-LMS method attempts to reduce the number of experiments on a test rig required

to complete the adaptation process and identify a drive file that produces a response closely

matching the required target response from the dynamic system. The proposed architecture

for the implementation of the algorithm uses a unitary pulse train reference input, similar

to the PT-Fx-LMS algorithm, but the adaptation process is carried out completely offline

using an estimated linear model of the nonlinear plant dynamics. This allows for much finer

tuning of the adaptation process, i.e., smaller step sizes and a large number of iterations in
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Figure 5.10: Decision flow chart for the Fast EB-PT-Fx-LMS algorithm for DFID

the simulation domain without the need to perform this adaptation process on the experi-

mental test rig itself. This architecture also ensures the safety of the test rig since real-time
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adaptation on a test-rig can be dangerous if the process becomes unstable and exceeds the

bandwidth and control authority of the actuators.

The proposed EB-PT-Fx-LMS algorithm was validated and compared with the previ-

ously proposed PT-Fx-LMS method for four test benches of differing harshness using actual

suspension displacement time series data from a race car. The proposed algorithm was able

to converge faster, i.e., in lesser number of physical runs on the test rig and also achieve a

lower misadjustment as compared to the previously proposed PT-Fx-LMS method. With

harsher nonlinearities in the dynamic system, small step sizes and a large number of adapta-

tion iterations in the simulation domain caused the Normalized Error Energy of the response

to diverge. This is clearly caused by a deficient estimation of the nonlinear dynamics used

for the adaptation process and hence motivated the development of a termination criterion

to limit the number of simulation iterations as a function of the difference in responses gen-

erated by the actual nonlinear plant and the estimated linear model. It is observed that a

termination criterion as presented not only preserves the stability of the adaptation curve

but also reduces the number of simulation iterations required for the architecture presented

without much loss in performance.

The working of the EB-PT-Fx-LMS method for DFID has been demonstrated in the

case studies above and establish a proof-of-concept for this method that can be integrated

into the workflow usually used in the DFID process. While it has been validated for the

class of nonlinearities relevant to the applications of vehicle testing, it could be expanded

further to MIMO systems and other classes of nonlinearities commonly encountered in Service

Environment Replication applications.



Chapter 6

Drive File identification for

Multi-Input Multi-Output systems

6.1 Introduction

The development of the MIMO implementation of the PT-Fx-LMS algorithm for DFID uses

the same pulse-train reference input and the filter weights that will be adapted through

the iterative process will be a multidimensional bank of FIR filters. The update algorithm

for the filter weights that will be used to generate the drive files will be derived as an

extension of the SISO PT-Fx-LMS algorithm derived in chapter 4 considering each error

vector and each filtered reference signal due to the multiple paths of a MIMO dynamic

system [29]. This chapter focuses on the architecture being expanded to MIMO systems,

and the demonstration of the performance of the MIMO PT-Fx-LMS algorithm for DFID will

begin with the construction of generic MIMO, Linear Time Invariant (LTI), causal, minimum

phase and fully controllable systems that have a desired range of FIR filter lengths. System

identification of these dynamic systems also requires a MIMO implementation of the LMS

system identification procedures previously presented for the SISO case in section 2.2.3.

Similar to the case studies presented in section 4.4, the performance of the proposed DFID

algorithm will be benchmarked against conventional DFID methods that iteratively derive

the drive files using adaptive inverse models of the dynamic systems.

139
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6.2 Architecture of the MIMO Fx-LMS algorithm

The general Filtered-x LMS architecture remains the same for the updating the filter weights

as described previously in section 4.3 and Figure 4.4 for SISO systems. The functional

difference is the dimension of the signals and the multidimensional filter banks implemented

for the adaptive filter and the plant models used for the adaptive algorithm.

For a generic multidimensional system described by plant dynamics G with N output

sensors and M actuator inputs, and each path in this N × M system is given as a Q-

coefficient Finite Impulse Response filter. Figure 4.3 already describes this multidimensional

DFID architecture for SER applications with the appropriate signal dimensions for clarity.

Figure 6.1 further expands the block diagram for an example 2×2 MIMO system that shows

the signal flow applicable to the implementation of the previously described Filtered-x LMS

algorithm, with the pulse train reference input structure that enables the direct generation

of command inputs in the adaptive filter bank without the need to first derive an inverse

FIR model.

The cross-coupling of signals is evident in the MIMO architecture, and it can be seen

that a filtered reference input needs to be generated for each of the N × M path in the

plant model and then used appropriately for each LMS update law. Considering the use of

FIR filters to model the plant dynamics, the superposition principle and the unique choice

of the pulse-train reference input allows for the direct generation of the control inputs that

are then applied to the actual plant to derive the actual response of the system. It is also

important to note that each of the N output errors are used in filter update law and hence

require N target inputs, d ∈ RN .

Consequently, considering the N × M filtered reference inputs, each update law also

requires its own step-size, or iteration constant. Considering the theoretical limits of the
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+-

+-

Figure 6.1: Signal flow block diagram for the MIMO DFID architecture for a 2× 2 dynamic
system

iteration constant for the typical LMS algorithm given in 2.28, the iteration constant for

each update law is given as

µnm =
2

K × rnm × (fos)
(6.1)

where the indices n,m represent the path on the plant model and the respective filtered
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reference input r, K is the length of the filtered reference input, and also the total length

of the desired target response in this architecture, and fos is a tunable factor-of-safety

parameter since the step size often requires to be relaxed from the theoretical limits for

practical applications. This tunable parameter can be further investigated to be variable

for each path for more targeted adjustments and to refine performance, but that is outside

the purview of this work. An alternate solution to relax the overall iteration constant to

preserve adaptation stability will be discussed in Chapter 7.

Performance characterization for the adaptive process is consistent with previous pre-

sentations of the Normalized Error Energy for each output channel, normalized by the ap-

propriate target response. The following sections in this chapter present the setup of the

simulation test benches considered for MIMO dynamic systems and for comparison, a DFID

method using a Filtered-x LMS based MIMO adaptive inverse identification step followed

by the conventional iterative learning control scheme.

Higher order systems also present significant challenges when it comes to the different

classes of systems that can exist. The effect of the relative number of control inputs and

response outputs has been described previously in section 4.2. Additionally, from a classical

control theory perspective, considerations have to be made regarding the system if they are

minimum or non-minimum phase when an inverse problem such as DFID is concerned, if

the system is controllable or output-controllable. In this chapter, MIMO systems that are

minimum-phase (i.e., a stable inverse exists) and fully controllable are first considered, to

validate the presented MIMO PT-Fx-LMS algorithm for DFID on simulated test benches.
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6.3 Setup of a simple MIMO test bench for simulation

validation case study

While the SISO test benches presented in Chapter 3 was a simplified mass-spring-damper

dynamic system, when constructing MIMO test benches for simulation validation, it has to

be made sure that each of the plant dynamic paths share the same set of poles, as required

for a real system. Hence, to make the dynamic systems under test to be as modular as

possible in terms of the number of inputs and outputs, pole-zero locations, controllability of

the system, MATLAB’s drss, or Discrete Random State Space command is used to generate

random dynamic systems and an iterative search is conducted to find systems that match

the conditions required.

For the first system considered in this section to demonstrate the DFID algorithm, a

system with M = 2 inputs and N = 2 outputs that is minimum phase and fully controllable

is considered. For computational simplicity, plant dynamics with higher damping ratios

are chosen such that the number of coefficients in the FIR filter model is limited to 20–30

coefficients. Similarly, since these are constructed test cases, the designed target waveform

is also limited to a one-second sequence in order to aid rapid prototyping of test cases.

The discrete linear state space system considered is of the form

xk+1 = Adxk + Bduk (6.2)

yk = Cdxk + Dduk (6.3)

with a sample rate of 1000 Hz. The order of the system is 4, and the pole-zero map is

shown in Figure 6.2 and since all the zeroes are inside the unit-circle, this is a minimum

phase system. The first step in the DFID procedure is the identification of a plant model as
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Figure 6.2: Pole-Zero map of the MIMO 2 × 2 dynamic plant of order 4 generated using
MATLAB’s drss function considered for the simulated test bench

an FIR filter. In the case of a MIMO dynamic plant, each input-output path is identified

separately using the LMS algorithm described previously in section 2.2.3. A similar control

input as previously described in section 3.4.1 is used for the identification of the MIMO plant

model using the adaptive LMS system identification method, with the FIR filter and the

adaptation performance of each input-output path shown in Figure 6.3. Considering that

this is a very simple, noise-free, linear plant being considered for the simulated test bench,

perfect identification of the plant is achieved, both in terms of the output response for the

system identification procedure and the actual coefficients computed using the previously

described NEE metric. As discussed previously, the quality of the identified model affects

all the succeeding steps in the DFID procedure.

For comparing the PT-Fx-LMS DFID method against the conventional ILC scheme, the

adaptive inverse method described previously in section 3.4.2 is used to derive the inverse

FIR model of the plant. Since the modeled plant has Q = 21 coefficients, the inverse model
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is initialized with L = 3Q coefficients, with a delay of ∆ = Q coefficients, as shown in

Figure 6.4, despite the knowledge that the plant is minimum-phase. This is a standard

operating procedure and follows the practice from previous case studies where the actual

plant dynamics are assumed to be unknown for the DFID algorithm except to obtain the

actual responses.
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Figure 6.3: Identified FIR filter model and the performance of the adaptive LMS system
identification procedure for the considered 2× 2 dynamic system

Performance of the inverse identification procedure is characterized as previously by
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cascading the plant model with the identified inverse FIR model. In the case of this MIMO

system, the cascaded convolution of the FIR filters yields an N ×N matrix of convolutions,

with an ideal spike of 1 at sample number ∆ along the main diagonal as shown in Figure 6.5.

This characterization can be best understood as an extension of the standard linear algebra

result for a matrix A, where AA−1 = I, which when extended to a SISO FIR filter yields

results as in Figure 3.10 and for a matrix of FIR filters, the diagonal convolutions should

have a single peak of 1 at ∆ sample number. For the dynamic system considered and the

derived inverse FIR model, it can be seen in Figure 6.5 that the diagonal convolutions do

not peak to one and the off-diagonal convolutions also are not perfectly zero.
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Figure 6.4: FIR plant models of the identified inverse using the Fx-LMS based adaptive
inverse method

A simulated case study such as this gives the ability to design known ground truths for the

input waveform along with the targt output responses that allows improved analysis of the

adaptive process, especially understanding the uniqueness of the derived control sequences

in the case of MIMO systems. The designed control inputs and the target output waveforms
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Figure 6.5: Convolution matrix of each path of the cascaded FIR models of the plant model
and inverse model

with the considered dynamic plant is shown in Figure 6.6.
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Figure 6.6: Known ground truth input signals and the target responses for the considered
2× 2 MIMO dynamic plant
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The adaptive DFID procedure for both the conventional and proposed PT-Fx-LMS

methods follow the same procedures as the first case study in section 4.4.1. The drive

files are initialized at zero, the step sizes for both channels using the conventional adaptive

inverse based ILC method was set to 0.15 to balance performance and stability and for

the MIMO PT-Fx-LMS DFID method, the iteration constant per path was relaxed with a

factor-of-safety (fos in equation 6.1) of 50.

Figure 6.7 presents the results of this simulated case study, with only the trace errors

shown for the output and input channels with respect to the target response and known

ground truth control presented in Figure 6.6. The second row of plots in Figure 6.7 shows

the NEE reduction curves for each channel using both the conventional ILC method and the

PT-Fx-LMS method for the output response. The legend in the input channel plots also

presents the final NEE of the control input sequences with respect to the known ground

truth.

Both channels of the control sequence derived from the PT-Fx-LMS method are seen to

converge more closely to the known ground truth, seeing 16 dB and 33 dB of NEE reduction

on the input channels. It is hence evident that the output response also very closely matches

the respective target responses. Considering the quality of the inverse model and that the

plant has a dominant path more dependent on the adaptation performance of one of the input

channels because of the unbalanced magnitude of the Ĝ22 channel as shown in Figure C.1,

it is also seen that in such cases, a subset of the input channels can individually generate

output responses on both channels that match the target. Conditions like these can result

in non-unique solutions to the DFID problem, even if the final performance of the SER

procedure is lacking.

It can also be seen clearly in the NEE reduction curve of the PT-Fx-LMS method that

the adaptation curve operates in multiple modes, which can be attributed to the fact that
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Figure 6.7: Response error, NEE reduction plots and the control input sequence error for
both channels of the input and output derived using the conventional time-domain ILC and
the proposed PT-Fx-LMS method for the considered MIMO 2× 2 dynamic plant.

the plant dynamics has a dominant pole and the adaptive algorithm initially targets the

most dominant response and then the less-dominant modes are adapted to at a slower rate.

It is also important to note that in this DFID architecture, the initial weights of the adaptive

filter, w are initialized at zero. While the adaptive inverse based ILC method shows poorer
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performance in the current configuration, a combination of the adaptive inverse and the

proposed PT-Fx-LMS based DFID methods can be setup to derive an initial estimate of the

control sequence using the inverse model of the plant, followed by the proposed algorithm

for further fine-tuning of the adaptive SER procedure.

While this case study presents an example where the proposed PT-Fx-LMS based DFID

method performs significantly better than the conventional ILC based method, this is not

necessarily the case for every dynamic system. Improved inverse models, such that the

convolution matrix of the cascaded model and inverse model in Figure 6.5 is very close

to identity, could result in better results being obtained with the conventional ILC based

method for such linear, controllable, minimum-phase systems.

6.4 MIMO DFID for a Quarter-car dynamic system

In the previous case study, the considered dynamic plant was constructed using the MATLAB

drss function and with poles that have very high damping ratios, with all poles having

damping ratios > 0.8. It has been observed that the adaptive inverse identification procedure

performs better for such cases and when the FIR filter of the forward model has a low number

of coefficients. While the drss method can be used with the iterative search algorithm to

select plants with longer FIR filter lengths, this section develops a quarter car model since the

motivation of this thesis and the application of Service Environment Replication in vehicle

dynamic test rigs is an active field of interest, following on from the SISO spring-mass-damper

system considered in previous chapters.

The model development for the quarter test bench to establish ground truth and target

responses in the absence of actual hardware requires special attention. In order to retain

simplicity in the model, the parameter values of the dynamic system are considered such
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that they are representative of actual suspension subsystem characteristics and only linear

dynamics are modeled. Nonlinear dynamics in the springs, dampers, tire, multi-body inter-

actions from full-vehicle models and vehicle and measurement instrument delays and noise

are not considered and is left for future work to develop more sophisticated Simulation-in-

the-Loop or Hardware-in-the-Loop test benches with real-time processing hardware.

A simple two mass, spring and damper configuration is considered to model the vertical

dynamics of a quarter-car suspension setup, the schematic is shown in Figure 6.8.

Figure 6.8: Illustration of the simple quarter-car suspension system with two inputs: the
aero-loader force Fa(t) and road input xr and multiple outputs

To define the multiple inputs to the system, the road input xr and a forcing load Fa on

the sprung mass body ms is considered. The springs ks and ku are both linear springs that

follow Hooke’s Law. No damping is considered on the unsprung mass mu, which is a regular

assumption in the literature considering the very low damping provided by stiff tires. Only

linear viscous damping is considered for the suspension damper with a coefficient bs. The

state space formulation considering 4 states is hence given as follows:
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ẋs

xu

ẋu


+



0 0

1/ms 0

0 0

0 ku/mu


Fa

xr

 (6.4)

The list of parameters considered for this model formulation are given in Table 6.1. These

parameter values are representative of the magnitude and ratios of mass, spring rates and

damper coefficients based on a survey of published literature related to quarter-car system

models.

Table 6.1: Parameters for the linear dynamic system used for simulation

Parameter Details Units
ms 1000 kg
mu 75 kg
ks 31.65 kN/m
ku 326.5 kN/m
bs 3000 Ns/m

With the choice of the above parameters, the damping ratio and natural frequencies

of the system are also modeled to be very close to real vehicle and suspension subsystem

ranges, with 4 stable poles very close to the unit circle with frequencies 5.4 Hz, 68.4 Hz and

damping ratios 0.234, 0.296 respectively. Since a square 2 × 2 was already demonstrated

in section 6.3, this dynamic plant chooses three outputs that are commonly instrumented

on suspensions under test on test rigs, namely the sprung mass displacement xs, the spring

deflection xs − xu and sprung mass acceleration ẍs.
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The aero-loader force input on real test rigs is used to simulate the effect of aerodynamic

downforce at high speeds that a shaker rig would not produce in its longitudinal and lateral

movements without a wind tunnel, while in this simulated test bench, Fa provides a distur-

bance input to the system. The designed ground truth for the road displacement excitation

is designed based on the ISO 8608 Class D road profile standard [93]. The road profile is

designed for a forward velocity of 20 m/s or 65 mph and the time sequence is windowed to

begin and end the ”lap” at zero deflection. The time series and spectrum of the designed

ground truth for the input channels and the target responses for the output channels are

presented in section C.1.2.

Similar to the previous test bench simulations, the actual dynamics of the plant are

considered unknown, a ”black-box” presented only to simulate the actual hardware system-

under-test in test rigs and a plant model is separately identified as a bank of FIR filters

for simulation validation as shown in Figure 6.9. In this case, even with uncorrelated white

Gaussian noise at a signal-to-noise ratio (SNR) of 40 dB injected to the target response,

because the plant models are completely linear, the plant model is perfectly identified using

the LMS system identification procedure. As can be seen easily from the magnitude of the

FIR channels and further evidenced by the very poor conditioning of each time-slice of the

3× 2 matrix of coefficients shown in Figure 6.10, this already indicates that the response is

sensitive to one of the inputs, in this case the second input, xr, especially considering the
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actuator limits on the aero-loader force actuator.

Figure 6.9: Finite impulse response matrix of the 3 × 2 quarter-car model simulation test
bench identified using the LMS system identification method

In real world applications, the identified plant FIR model can be used to derive a state-

space realization using the Eigen Realization Algorithm (ERA) introduced by Juang and

Pappa. The implementation of the ERA used in this study is described in section. This

transformation also allows conventional linear system analysis to identify controllability and

allow for model reduction to simply complex dynamic systems, especially in the cases of ill-

conditioned plant models. For this designed quarter car system, the threshold on the singular

values was set to 10−10, a very small value that can be explained by the conditioning of the

system in Figure 6.10 to realize a stable, matching dynamic system.
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Figure 6.10: Condition number of each 3×2 matrix of the FIR filter bank for the quarter-car
model simulation test bench.

The conventional model-inverse based ILC method for control synthesis performs very

poorly in this case because of the quality of the model inverse that can be derived for such an

ill-conditioned dynamic system. This is analogous to the pseudo-inverse derivation procedure

using singular value decomposition. In literature, for the applications of blind-equalization,

one of the standard assumptions made to define existence and uniqueness conditions is that

each N ×M frame of the Q-coefficient FIR filter must be full rank [41, 53, 56, 97]. While

the blind equalization architecture is more aligned with signal reconstructions in the signal

processing community, the various mathematical formulations and methods could be valuable

to the analogous question for DFID applications. Further study of these methods is outside

the scope of this thesis.

With the formulation of the PT-Fx-LMS method for DFID, there is no explicit step to

first derive an inverse and allows for direct synthesis of the control inputs. Figures 6.11 and

C.5 show the derived input and output signal time series and the NEE reduction through the

200 batch iterations of the DFID procedure. Further performance improvements are possible

with targeted adjustments to the step-size of each channel, initializing with an approximate
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Figure 6.11: Response error, NEE reduction plots and the control input sequence for the
3× 2 quarter-car simulation test bench DFID procedure.

drive file using any model inversion method, other estimation-based algorithms to improve

performance as discussed in section 5. In HiL configurations, the conditioning of such FIR

models should be paid special attention to when designing input-output mappings for signal

replication.

6.5 Conclusion

The Pulse Train Fx-LMS algorithm is demonstrated for a simple class of MIMO dynamic

systems that often form part of the SER testing applications in the automotive industry.
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The novel algorithm is applied for direct control synthesis for linear, controllable and min-

imum phase systems including a representative model of a quarter-car vehicle suspension

subsystem. In real-world applications, the number of inputs and outputs are often much

bigger than the considered case studies, but the simulation test benches in this study illus-

trates the architecture of the algorithm for MIMO systems. The modeling considerations

and comparisons against the conventional inverse-based ILC methods for this test bench

show the advantages of the novel method in terms of performance and simpler modeling

conditions.

Further learning from adjacent scientific areas should be leveraged to develop a more

comprehensive mathematical framework to derive the required conditions for existence and

uniqueness of solutions. This chapter presents a proof-of-concept for the novel algorithm to

be applied and scaled up as necessary for MIMO dynamic systems and such test benches

can be developed to prove out a wider class of systems with non-linear dynamics, time-slice

adaptation, non-minimum phase plants, combinations and evolutions of presented methods

etc. In real world applications, performance characterization of SER algorithms is still a

very subjective and is dependent on the nature of testing requirements, hardware limitations

and the signals of interest.



Chapter 7

Validation of proposed algorithm

through acoustical experiments

7.1 Introduction

The test benches presented in previous chapters are all simulated systems designed to either

demonstrate the capabilities of the algorithm or to match common applications in the vehicle

industry like suspension subsystems of varying complexity. Certain inherent limitations en-

countered in real-world applications like uncertain dynamics, data acquisition systems used,

hardware limitations, environmental conditions etc. have not been investigated through

these simulation test benches despite the modeling of such systemic and environmental fac-

tors.

Section 7.2 discusses the hardware setup for the experiment used for validation of the

DFID method, the experimental layout to present the SER scenario and the data acquisition

and processing methods used. With the defined experimental setup, many different versions

of the SER experiment is run, considering different input-output layouts, the audio signal

considered for the ground truth input and target response, time or frequency-domain driven

adaptation sequences and performance characterization methods. The results and follow-up

discussions for the chosen experiment sequences is described in detail in section 7.3.

158
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7.2 Design of the experimental setup

This validation experiment is designed to demonstrate the SER testing procedure, where

initially the target responses are measured, the dynamics of the system are identified and

a set of control inputs need to be derived to replicate the responses on a set of measure-

ment sensors. Since the development of the PT-Fx-LMS algorithm was motivated by initial

advancements in the Active Noise and Vibration cancellation (ANVC) community, an acous-

tical experiment was considered to be an ideal and cost-effective candidate for experimental

validation of the developed algorithms as part of this thesis. This section describes the cho-

sen hardware components, the layout of the speakers (actuators) and microphones (sensors)

and the data acquisition tools used for automated batch sequences that are required for the

adaptive process.

7.2.1 Hardware resources to set up the experiment

The main considerations when selecting the hardware for the experiment conducted were

based on the available data acquisition devices, the frequency bandwidth of the audio signals

considered for the tests, cost-effectiveness and the ability to produce and record clean audio

signals. In the absence of dedicated hardware to process the high frequency signals associated

with audio waveforms for real-time control, the experimental tests in this thesis are restricted

to offline, batch processing of the signals and the derivation of a control sequence in a

separate, sequential process to the playing out of the control signals and measurement of

response waveforms. Figure 7.1 shows a general schematic of the components used in the

experimental setup.

As shown in the schematic, the speakers and microphones, multiples of each in the

case of a MIMO setup, are placed in an anechoic chamber for the best signal clarity, avoid
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environmental noise factors and maintain a consistent signal-to-noise ratio throughout the

duration of the adaptive learning procedure. A single USB Data acquisition device, with

two waveform generator channels to drive the control signals to the speakers and two scope

channels to measure the response from the microphones, is connected to a computer that

batch processes the signals during the iterative algorithm. The voltage signals sent to the

speakers are first amplified using a dedicated audio amplifier and the microphone output is

first conditioned before being digitized by the data acquisition device.

Waveform
generator

Scope 
channels

USB Data acquisition device

Signal 
conditionerAmplifier

Data 
processing 
computer

Anechoic chamber

Figure 7.1: Schematic of the hardware devices used in the acoustic experiment

The specific details of the components used in the experiment are listed below:

Anechoic Chamber Following from the simulated test benches in previous chapters, the

demonstration of the DFID algorithm in an experimental setting requires controlled

environments where as a starting point, characterization of the dynamics of the actu-
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ators and the data acquisition are not significantly affected by external noise factors,

preserve the linear dynamics and ensure harsh nonlinearities are not introduced. Ac-

cess to an anechoic chamber allows the mitigation of all of these external noise factors,

since disturbances from outside the chamber are heavily isolated, the primary path

between the speakers and microphones are not heavily corrupted by reflections from

the chamber’s foam wedge walls and precise measurements can be made about the

sound sources’ and microphones’ locations with reference to their boundaries. With

the measurement devices and data acquisition system, the sound pressure level in the

chamber with the necessary devices in the chamber was measured at 15.5 dB SPL.

Speakers Considering the intended audio signal chosen as the target response is a speech

signal, and the human voice covers a wide bandwidth with dominant frequencies in

the 100-500 Hz range for average men and women [7], mid-range woofer drivers were

considered the best performing for good fidelity in sound replication. Different speakers

with good low-frequency performance and a flat frequency profile up to the desired

frequency range based on the manufacturer’s provided Sound Pressure Level (SPL)

frequency response specifications were considered.

Figure 7.2: Pair of woofer drivers used as speakers secured in their enclosures

The Dayton Audio DC160S-8 61/2” aperture, 8Ω impedance shielded woofer [17],
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capable of delivering 50 W of RMS power, was chosen considering its effectiveness

as a high-quality, affordable woofer driver. The specifications state a flat frequency

response up to 2 kHz under the manufacturer’s testing conditions and this is validated

in the lab during this experiment, and the resonance of the speaker is lower than

the frequency band of interest at 32 Hz. Such woofer drivers also require a sealed

enclosure, carpeted with sound absorbing material to achieve the cleanest acoustical

outputs without rattles and distortions, and hence an enclosure with the required

recommended volume is used to mount the speaker drivers as shown in Figure 7.2.

Use of suitable audio cables, soldered joints at the speaker terminals and high quality

BNC cables and connectors are used to supply the speaker signals in order to preserve

signal integrity and achieve a high signal-to-noise ratio.

Amplifier Since a USB DAQ device based waveform generator does not output enough

wattage to drive the speakers on its own, an amplifier is required to operate the speak-

ers at a reasonable SPL. The chosen amplifier is an ART SLA-4 that is capable of

delivering about 100 W/channel RMS when driving an 8Ω impedance speaker. The

specifications list [1] a flat frequency response through the entire range of human hear-

ing and extremely low noise amplification with hum and noise being measured > 100

dB below clipping.

Microphones Considering the speech signals under consideration which will be described

in section 7.2.2, a free-field directional microphone that performs with a flat frequency

response in the frequency range of interest is desired. The PCB Piezotronics 130D20

is chosen for the purpose since the specifications [63] state a ±1 dB bandwidth in the

100–4000 Hz range, and an even extended -2 to 5 dB bandwidth in the 20 to 15000

kHz range. It has a sensitivity of 45 mV/Pa at 1 kHz, and a sound pressure of 1 Pa is

equal to an SPL of 94 dB. The inherent signal-to-noise ratio at 1 kHz is >15 dB and
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is designed to be powered by simple, inexpensive, constant current signal condition-

ers. The free-field type microphones are direction sensitive and hence executing the

experiment in a noise-absorbing chamber is necessary to avoid non-linear effects due to

reverberations from the boundaries. In order to keep the units consistent between mi-

crophone measurements and speaker inputs, the spectral analysis of measured sound is

retained in units of dBV, and given the sensitivity of the microphone and the constant

gain applied on the amplifiers throughout all the experiments, the sound pressure level

in dB SPL can be calculated.

The design of these microphones make them suitable for building a 2D array of micro-

phones for complex measurements, but in this case, a pair of such microphones will be

used in the experiment. In order to further isolate rattles and nonlinear effects in the

primary path, these microphones are fixed securely on vibration dampening mounting

mechanisms that are 3D printed and mounted on steady tripod ball-heads as shown

in Figure 7.3.

Figure 7.3: PCB Piezeotronics Model 130D20 microphone mounted top tripod ball-head
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Signal Conditioner The microphones are paired with a matching constant current signal

conditioner from the same manufacturer, which is a PCP Piezotronics Model 482A22

[64]. Signal from the microphones are conditioned and the output of the conditioner is

digitized and scoped using the data acquisition device. The constant current excitation

of the conditioner is kept at the default 4 mA as specified by the manufacturer for the

length of cables being run, and the signal conditioner is designed to produce minimal

distortions, voltage offsets or spectral noise.

Analog Discovery USB DAQ With the available computational and equipment resources,

the data acquisition platform of choice is a USB-based test and measurement device

called Analog Discovery 2 shown in Figure 7.4, designed and manufactured by Digilent

[22].

Figure 7.4: Analog Discovery 2 used as the USB-based data acquisition and waveform gen-
eration device

The onboard 2-channel oscilloscope has a resolution of 14-bits and is capable of sample

rate of up to 100 MS/s, a 10 MHz bandwidth, 1 MΩ input impedance and a voltage

range of ±25V . The USB device also includes a 2-channel, 14-bit waveform gener-
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ator capable of up to 100 MS/s and a voltage range of ±5V . Unlike conventional

and dedicated oscilloscopes and arbitrary waveform generators, USB DAQs are ca-

pable of logging extended signal files and also ”playing out” much longer waveforms,

respectively. In conjunction with Digilent’s own Waveforms application and the in-

cluded Software Development Kit (SDK) [23], a custom data acquisition and waveform

generation configuration is used to automate the sequential data collection and pro-

cessing steps required for the iterative DFID process. More details on the specific data

acquisition and waveform generation configuration is discussed in section 7.2.3.

7.2.2 Experimental layout for acoustic SER testing

In the setting of an anechoic chamber where external disturbances and reflections from walls

have been significantly minimized, the primary path dynamics are primarily defined by the

distances between the speakers and the microphones. In this study, it is the objective to

validate performance of the novel DFID algorithm in various configurations for service envi-

ronment replication. The speakers and microphones are arranged in the anechoic chamber

as shown in Figure 7.5. This configuration is the initial setting for the tests conducted and

allows modularity for the different experiments.

A 3-dimensional schematic of the anechoic chamber and the relevant equipment is shown

in Figure 7.6a, which details the locations of the speakers and microphones with reference

to the walls of the chamber. With the choice of two speakers and microphones each, the

nature of acoustical signals and the directional nature of the sound field and the free-field

microphones as shown in Figure 7.6b and the nature of SER testing, the following test

conditions are considered:

Number of inputs and outputs With the ability to turn on and off each of the speakers
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Figure 7.5: Initial arrangement of the speakers and microphones in the anechoic chamber

(a) 3-dimensional view of the arrangement
of speakers and microphones in the anechoic
chamber for the initial (solid lines) and shifted
(dashed lines) layouts
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tions in which the equipment are pointing

Figure 7.6: Schematic of the initial and shifted setups of the speakers and microphones in
the anechoic chamber

and microphones, four different configurations are chosen for this experimental study:
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• SISO (Single Input Single Output) - Speaker 1 and Mic 1

• SIMO (Single Input Multiple Output) - Speaker 1 and both microphones

• MISO (Multiple Input Single Output) - Both speakers and Mic 1

• MIMO (Multiple Input Multiple Output) - Both speakers and both microphones

Known and unknown ground truths Experiments are conducted with the initial setup

as shown in Figure 7.6a where at first the designed speaker inputs are played, and the

target waveforms are measured at the microphones. Following this, the DFID algo-

rithm identifies the path dynamics and DFID algorithm is used to generate the control

sequence that replicates the measurements at the speakers. In such an experiment,

the ground truth control sequence is known, even if not explicitly used but makes for

a convenient method to validate the derived speaker inputs.

In an alternate experiment, after the target waveforms are measured, the microphones

are slightly shifted, as shown in Figure 7.6. Relating to the motivational application

presented in previous chapters, this change of dynamics between the input-output pair-

ings is representative of a vehicle being mounted on a test rig for waveform replication

compared to when the target waveforms were measured on the vehicle in its service

environment. In this acoustical experiment, the shift in dynamics is primarily because

of the change in distance between the speaker and microphones and also the directional

nature of the microphones.

Target waveforms In order to simplify the signal processing and analysis of the DFID

process, single-tone sinusoidal waveforms are first considered. This allows for easier

alignment of signals in the time-domain, which is required for the iterative algorithm,

since the error sequence between the desired and measured waveforms is used to drive

the Pulse Train Filtered-x LMS algorithm.
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The second and more challenging case for time-alignment and signal processing is a

sample speech signal. The considered speech signal is an 8-second sound clip of the

commentary from Manchester United’s iconic winning moment at the 1999 Champions

League Final. The target waveform is pre-processed and filtered to have a cutoff

frequency of 4000 Hz, in order to limit the number of samples in the sound signal and

make the most efficient use of the computational resources available. The spectrum

of this target speech signal in dBV is given in Figure 7.7. For reference, this recorded

signal is approximately 48 dB SPL, or 33 dB SPL above the noise floor of the anechoic

chamber and the single tone sinusoidal signal has a recorded sound pressure level of

54 dB SPL, in this case the measurements given for the SISO case.
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Figure 7.7: Sound signal and spectrum of speech sample used for SER validation experiment

The test matrix can hence be given as shown in Table 7.1. In the case of single tone

sinusoidal waveforms played to the speakers, a single tone is played on one or both speakers

and in the case of speech signals, one of the speakers plays the speech signal and the other

speaker plays a single tone sinusoid to distinguish the signals in the sound measurements,

visually.
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Table 7.1: Test matrix for acoustical experimental validation of novel DFID algorithm

System Unshifted configuration Shifted configuration
SISO (1× 1) Single sine input Single sine input

Speech input Speech input
SIMO (2× 1) Single sine input Single sine input

Speech input Speech input
MISO (1× 2) Single sine input on each speaker Single sine input on each speaker

Single sine and speech inputs Single sine and speech inputs
MIMO (2× 2) Single sine input on each speaker Single sine input on each speaker

Single sine and speech inputs Single sine and speech inputs

7.2.3 Data Acquisition methods and signal processing considera-

tions

Time-domain adaptive filtering methods are not often used for high frequency audio signals

considering large number of data samples and because for most audio applications, real time

processing requirements constrains the typical signal processing methods to block frequency-

domain algorithms. Considering that the speech signal is filtered to suppress all frequencies

beyond 4 kHz and the limited computational resources available to process large number of

data samples in an iterative algorithm, the data acquisition has a sampling rate fs of 12 kS/s,

unlike typical audio applications that sample at 44 kS/s. While this acoustic experiment

is still capable of demonstrating the effectiveness of the proposed DFID algorithms, data

processing workloads are significantly lower in other applications of interest such as suspen-

sion shaker rigs, vibration shake tables or powertrain dynamometers, where the sampling

requirements are much more relaxed. The target signals are 8.33 s long, and hence 100,000

samples are recorded for each microphone during the test.

The DFID procedure described in previous chapters is similarly followed in this ex-

periment with batch collection of the system responses, offline processing of the measured

data for system identification or iterative control synthesis and repeating these steps until
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an appropriate drive file is identified. The Analog Discovery and Waveforms application

based data acquisition system described in section 7.2.2 allows for synchronous, program-

matic triggering of the waveform generator and scope channels. Considering the length of

the acoustic signals and the turnover time of the computational steps in each iteration, test

automation is a critical requirement in the data acquisition and processing scripts. While

the WaveForms SDK provides significant documentation related to creating custom Python

based scripts, better success in terms of predictable and reproducible triggering, playing and

recording longer duration sound clips and modularity with channel and file selections was

found with launching a JavaScript based data acquisition project directly on the dedicated

WaveForms GUI application. As with previous simulated test benches, the initializations,

computation algorithms and data processing are configured in a modular MATLAB envi-

ronment that automates the data collection and processing steps but allows for configuring

the different experimental test cases presented in Table 7.1 and making performance and

stability based adjustments to the different parameters in the adaptive algorithms used in

the DFID framework.

System identification of the primary paths between the speakers and microphones re-

quires careful considerations. In all the tested configurations: shifted or unshifted, or the

different number of inputs and outputs, each input to output path is individually identified

to preserve the maximum possible signal-to-noise ratio and aid in faster convergence of the

LMS algorithm. Through testing, it was found that in this configuration, better coherence

in identification was obtained with a swept-sine or chirp signal instead of a broadband white

Gaussian noise signal. This identification drive is shown in Figure 7.8 with the relevant

spectrogram that shows the linear frequency sweep from 60 Hz to 4000 Hz over 40 seconds.

In the DFID procedure of all the test cases, the filter bank is initialized at zero, the

iteration step-size is initialized as in the case studies in Chapter 6 and equation 6.1. Addi-
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Figure 7.8: Spectrogram of the reference identification chirp signal with a linear sweep from
60 Hz to 4000 Hz

tionally, considering that the test turnover time is critical and instability in the convergence

process based on an initial estimate of the factor-of-safety for the iteration constant often

leads to repeated calibration of the iterative process, a step-size relaxation scheme is applied

where the step size is halved and the particular batch iteration repeated if the overall MSE

diverges. This brute force methodology can be inefficient for performance optimization in

the case of poorly identified models, but always ensures a stable adaptation curve.

Comparative studies are not conducted in these validation experiments for multiple rea-

sons. For the presented comparative ILC methods in previous chapters, the derivation of

the inverse model was found to be extremely challenging considering the low damping in

the system, sensitivity to path delays and the modeling quality required for the derivation

of usable inverse models. Alongside other challenges related to the experimental appara-

tus and data processing considerations, the quality of the sound field produced using the

conventional ILC methods were deemed unusable for this study.

The final consideration with signal processing techniques for experimental validation is

the challenge presented with using a time-domain based algorithm in combination with lim-
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ited quality of the data acquisition apparatus and requirement of time-alignment of the pas-

sively measured signal to the reference target waveform. Conventional alignment algorithms

using peak matching or using the cross-correlation to determine relative delay in signals are

insufficient for audio waveforms with large bandwidths and deficient data acquisition sys-

tems with large jitter errors. Accounting for the frequency-dependent phase delays requires

the development of a zero-phase error tracking controller to derive the inverse model. This

experimental demonstration steers away from deriving inverse models for control synthesis.

Instead, performance characterization is simplified and appropriate using power spectrum,

where a Normalized Spectrum Error Energy is used to track adaptation progress. Since a

time-aligned error signal is still needed to drive the iterative algorithm, for most of the test

cases discussed in section 7.3, the experimental recordings are only used for validation and

the control synthesis is performed with the Model-in-Loop. This architecture is equivalent

to the first sequence of batch iterations as presented in the Estimation-Based PT-Fx-LMS

DFID method in Chapter 5.

7.3 Results and discussions

7.3.1 System Identification results

Given the layouts presented in section 7.2.2 and the identification drive for each channel

given in Figure 7.8, the LMS system identification method is used to characterize the FIR

model between each actuator and sensor in this experimental setup. The control signal

and mic data used for this identification step is attached in Figure D.1. The identified

transfer function model for the initial unshifted configuration in which the reference target

waveforms are measured is shown in Figure 7.9, which also presents the coherence function
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Figure 7.9: Frequency response transfer function estimate of the initial unshifted experimen-
tal layout for the 2× 2 MIMO acoustical setup

of the transfer function estimate. The identified frequency response function matches very

well with the manufacturer presented response of the speakers [17].

It can be seen that the speaker indeed produces a very flat response in the acoustical

range of interest for speech signals in the 100-500 Hz range. The identification drive used

also guarantees high coherence in the identified model in this bandwidth. Since these woofer

drivers are not designed for flat response fidelity at the higher frequencies of the audio

bandwidth. This is also seen in the fact the coherence drops below 0.75. The actual FIR

models that are used for the adaptive time-domain based algorithms for DFID is shown in

Figure 7.10 which also includes the identified FIR models of the shifted configuration to
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illustrate the changes in proximity of the microphones to the speakers.
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Figure 7.10: FIR models of the initial unshifted and shifted layouts of the acoustical exper-
iment setup

It can be seen in all the FIR models that the propagation delay of the sound pressure

waves from the speakers to the respective microphone is clearly identified and changes in

the layout is also clearly observed in the models, for example, this is most obvious for

the P22 model, i.e., the transfer function mapping the second microphone output from the

second speaker input is clearly seen to moved farther away from the speaker, considering
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no amplifier level changes have been made between experiments. The slight magnitude and

shape differences seen in the impulse response models and the equivalent frequency response

models are attributed to the shifted layouts changing the distance between the actuators and

sensors and also the angle at which these free-field microphones are pointed at the sound

source.

It is also to be noted that all the NEE reduction curves have converged for the results

shown in Figure 7.10, and while only 8–11 dB of NEE reduction has been achieved across

all paths, in a clean, low noise-level environment such as the anechoic chamber, the model

quality is usable for the applications considered as will be shown in the next sections. The

presented FIR models are also used for the other layouts with fewer actuators or sensors and

the FIR matrix model would be a subset of the above results.

7.3.2 SISO experiment configuration

7.3.2.1 Initial unshifted layout

In the simplest form of the experimental configuration, the reference input is a 200 Hz

monotonic sinusoidal input. It is seen in the measured target signal that despite attempts

to reduce rattles, vibrations and harmonics in the spectrum of the signal, the waveform gen-

erator introduces harmonics in the signal, which are much smaller (> 45 dB) in magnitude.

The PT-Fx-LMS algorithm is driven by the time-aligned processed measured signal. In the

simple case of a single sinusoid, the signal alignment algorithm based on the cross-correlation

shows a constant deviation from the reference signal and hence can be used directly to com-

pute the time-domain error signal based NEE performance evaluation metrics as shown in

Figure 7.11.

This test routine using actual measured response to drive the DFID algorithm is further
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Figure 7.11: Experimental result of PT-Fx-LMS DFID algorithm for the unshifted SISO
configuration with a single sinusoid target output

validated by comparing the wavelet coherence plot of the final measured microphone re-

sponse against that of the simulated model output trace. The wavelet coherence [58] plot in

Figure 7.12 is used to analyze signals in a time-frequency domain and allows for the observa-

tion of the phase vector shifts (shown with black arrows) in zones of high coherence between

the signals. In the case of the single sinusoid input, it is clearly seen that both the measured

and modeled output shows high coherence and no relative phase-delay with the reference

target signal in the frequency bandwidth of interest for this test. In this experimental study,
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the wavelet coherence is found to be a useful tool to recognize the nonlinear effects of the

waveform generation and data acquisition pipeline.
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Figure 7.12: Comparison of the wavelet coherence plots of the measured and modeled output
for the unshifted SISO configuration with a single sine 200 Hz target response

For the speech sample target reference signal shown in Figure 7.7, the test routine is set

up to use the simulated model output to drive the DFID algorithm because conventional time

alignment algorithms fail to capture the frequency-dependent phase delays and would require

more advanced synchronization techniques like Dynamic Time Warping which stretches the

signal to minimize the distance between the measured and reference signals, which is not

appropriate for speech signals. The results for the experiment presented in Figure 7.13

show more clearly the effect of time synchronization of signals being a critical factor in

analyzing the effectiveness of the time-domain DFID algorithm, with the left column of plots

illustrating the large errors seen purely as a consequence of lack of proper time-alignment

using standard techniques. This misalignment in the time history of the signal prevents its

use directly in time-domain based adaptive filtering methods for iterative control synthesis.

Such behavior is not observed in the power spectrum that shows a 15 dB reduction in the
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Normalized Spectral Error energy in the frequency band of interest. The results on the right

column show much lower misadjustment when only tracking the performance metrics of the

modeled outputs that drives the adaptive algorithm, which are not corrupted by nonlinear

time-synchronization noise factors.
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Figure 7.13: Experimental result of PT-Fx-LMS DFID algorithm for the unshifted SISO
configuration with the speech sample target output. Left column: Measured response; Right
column: Modeled output

As a contrast to the wavelet coherence plots for the single tone sinusoidal inputs, the need

for a Model-in-Loop implementation of the DFID algorithm for speech signals is reinforced by

its respective wavelet coherence plots shown in Figure 7.14 where it can be much more clearly

seen that the phase vectors of the measured signal with reference to the target response varies
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Figure 7.14: Comparison of the wavelet coherence plots of the measured and modeled output
for the unshifted SISO configuration with a speech sample target response

nonlinearly across both frequency and time axes which needs to be time-aligned before direct

use for control synthesis. On the other hand, the wavelet coherence of the model output

with reference to the target shows perfect alignment and high coherence across the frequency

bandwidth of interest in Figure 7.14b.

While the performance metrics of the studies above show a global error energy reduction,

the adaptive algorithm always attempts to ”attack” the peak prominences in the spectrum

in order to maximize the global error convergence to the minima under the restrictions

of measurement noise and iteration step-sizes. This is hence used for a final sanity check

on the converged control sequence and the final measured output response by using sound

engineering judgment by listening to the actual target and measured sound signals, where

sample delays are inconsequential for the SER application being evaluated. This is best

illustrated by plotting the progression of the response spectra through the multiple batch

iterations in Figure D.2, which shows clearly that the peak prominences in the spectrum
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are adapted very quickly, and the algorithm works on finer adjustments through many more

iteration sequence to minimize the misadjustment in less-dominant bandwidths.

7.3.2.2 Shifted layout

In the case of a single speaker used as an actuator, the major difference when the layout is

shifted as in Figure 7.6, is directly correlated to the change in dynamics of the primary path

between the speaker and the single target microphone as in Figure 7.10. Considering that

the amplifier gain settings remain unchanged, the derived input sequence that minimizes the

output response error shows a clear change in the magnitude of the signal, in comparison to

the known control sequence used when measuring the target response. The derived control

sequences for both the single sinusoid and speech sample target response tests are given in

Figure 7.15 with reference to their respective initial known ground truths.
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Figure 7.15: Experimental result of PT-Fx-LMS DFID algorithm derived control sequences
for the shifted SISO configuration with a single sinusoid (top) and speech sample (bottom)
target outputs
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7.3.3 SIMO and MISO experiment configurations

7.3.3.1 SIMO experiment configuration

The experimental results for the Single Input Multiple Output configuration with Speaker 1

stimulated and both microphone channels being measured with its respective target responses

follows similar trends as the SISO configuration results in section 7.3.2. The derived control

sequence matches the known ground truth very accurately in the unshifted layout with

the adaptive algorithm being driven by the model output and the performance metrics

being characterized using the Normalized Error Energy of the power spectrum, in order to

not consider the previously described time-synchronization issues with the data acquisition

system. For concision, only the model output time-histories and power spectrums are shown

in Figures 7.16 and 7.17 for the single sinusoid and speech sample target responses.

Note that in Figure 7.17, the error reduction at the lower frequency range is much more

significant than at frequencies over 1500 Hz, which aligns with the coherence of the model

identification being lower at these higher frequencies for a woofer driver designed for more

accurate bass and mid-range, compared to the higher treble frequencies. While the actual

spectrum-based NEE reduction of the measured signals show similar misadjustment levels

as the SISO tests, the modeled output is much more consistent with the measured responses

in the SIMO configuration. In these tests, after each batch iteration, the control sequence

derived using the model output error is played to the actual system and the NEE reduction

for the actual measured responses are calculated. If there exists confidence in the model

quality, extensive batch iterations can be run in a simulated domain before playing the

control sequence to the actual unit-under-test saving significant experiment turnover time,

as laid out in the EB-PT-Fx-LMS architecture of Chapter 5.

Other results related to derived control traces, time-domain versus spectrum-based NEE
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Figure 7.16: Experimental result of PT-Fx-LMS DFID algorithm for the unshifted SIMO
configuration with the single sinusoid target output.

performance metrics, the wavelet coherence plots of the measured and model-output re-

sponses with respect to the target response for the unshifted SIMO configuration follows

similar trends as the SISO experiment and are attached in Appendix D.3.

While Figure 7.17 shows good tracking of the target response spectrum at the end of the

iterative algorithm for the unshifted layout, upon moving the two microphones to their new

locations as given in Figure 7.6, anti-resonance harmonics are introduced in the measured

signal spectra that severely limits the minimum misadjustment that can be achieved as
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Figure 7.17: Experimental result of PT-Fx-LMS DFID algorithm for the unshifted SIMO
configuration with the speech sample target output.

shown in Figure 7.18. While these notches in the spectrum were not observed in any other

measurements, including in the system identification procedure for the SIMO configuration,

such limitations are expected with fewer degrees of freedom and hardware modifications

including relocation of actuators and sensors could be necessary to continue performance

evaluation and SER testing. Such deficiencies were similarly observed for the shifted SIMO

configuration with the single sinusoid target response.
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Figure 7.18: Experimental result of PT-Fx-LMS DFID algorithm for the shifted SIMO
configuration with the speech sample target output.

7.3.3.2 MISO experiment configuration

For the under-determined case with two actuators and one sensor, the primary focus is

observing the uniqueness of solutions obtained and how they correlate to known ground

truths for the control sequences. As planned in Table 7.1, for the MISO configuration, the

target response is measured on the single microphone with the speakers stimulated with

either a single sinusoid of different amplitude and frequency to aid analysis on each speaker

or the speech sample on one speaker and a single sinusoid on the other.
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Figure 7.19: Experimental result of PT-Fx-LMS DFID algorithm for the unshifted MISO
configuration with the dual sinusoid target response

The modeled response in Figure 7.19 shows the designed target response, where the

measured response due to distinct frequency and amplitude sinusoids being played on the

speakers. The modeled response which drives the DFID algorithm also shows very low final

misadjustment and good performance on the actual measured response using the derived

control sequences. Figure 7.20 shows the control sequences that have been derived for this

test case. Despite the known ground truths having distinct sinusoids on each speaker, i.e. a

100 Hz monotone on the first speaker and a 440 Hz monotone on the second, the iterative

algorithm does not make such distinction and distributes the required energy across the

available actuators to simply produce the required target waveform. It should hence be
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expected in the case of under-determined systems to converge to non-unique solutions while

producing the same desired outputs at the sensors.
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Figure 7.20: Experimental result of PT-Fx-LMS DFID algorithm derived control sequences
for the unshifted MISO configuration comapring the derived control with the known ground
truth for the sinusoid input test case

For the shifted experimental layout with sinusoid inputs, the results are consistent with

previous test cases and the derived control inputs are attenuated again to account for the

change in path dynamics. The time-frequency analysis is also consistent with previous results

for simple sinusoid target responses where the measured response only shows good coherence

around the monotone frequencies of interest and conventional time-alignment methods are

sufficient to significantly reduce time-shift errors in the output response.

When considering separate inputs to the speakers when recording the target responses,

the sample speech signal input is played on the first speaker and a 440 Hz single sinusoid

is played to the second. As in the test cases above, the derived control sequences shown

in Figure D.6 do not distinguish between the sources and the energy required to replicate



7.3. RESULTS AND DISCUSSIONS 187

0 2 4 6 8

Time (sec)

-0.02

-0.01

0

0.01

0.02

R
e
s
p
o
n
s
e

Output channel 1, fos = 10

Desired

Actual

Error

0 2 4 6 8

Time (sec)

-0.02

-0.01

0

0.01

0.02

R
e
s
p
o
n
s
e

Output channel 1, fos = 10

Desired

Final model output

Model output error

100 500 1000 5000

Frequency (Hz)

-160

-140

-120

-100

-80

-60

P
S

D
 (

d
B

 :
 r

e
f 
1
 V

)

Desired

Actual

Error

100 500 1000 5000

Frequency (Hz)

-160

-140

-120

-100

-80

-60

P
S

D
 (

d
B

 :
 r

e
f 
1
 V

)

Desired

Final model output

Model output error

0 2 4 6 8 10 12 14 16 18 20

Batch Loop Index

-60

-40

-20

0

N
E

E
 (

d
B

)

Total NEE Reduction :   6.08 dB

Total NEE Reduction modeled :  60.60 dB

Figure 7.21: Experimental result of PT-Fx-LMS DFID algorithm for the unshifted MISO
configuration with the speech sample and sinusoid combined target output. Left column:
Measured response; Right column: Modeled output

the target waveform is distributed between both the actuators. With the initial unshifted

layout, it can be seen in the spectrum of the final measured output in Figure 7.21 that the

adaptive algorithm targets the peaks in the spectrum through the batch iterations, but there

exists larger errors in the measured output at specific frequencies (543 Hz, 1693 Hz and 2795

Hz) that are not captured in the model output. This is hypothesized to be because of the

layout of the speakers and microphones leading to destructive interferences at these specific

frequencies.
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While the modeled output keeps achieving a lower misadjustment level and has not yet

converged in the 20 batch iterations conducted in this test, it can clearly be seen that running

more iterations does not improve the actual measured response which converges within just

4 iterations. This is more clearly observed in Figure 7.22 which tracks the progression of

the measured output spectrum through the batch iterations. The peaks in the response

quickly converge to their final values and the later batch iterations target the response in

the 1600–3500 Hz frequency range that is known to have poorer coherence in the identified

model. The poor response replication in the 350–750 Hz range is also clearly seen in the drop

in wavelet coherence in this bandwidth with the measured output as seen in Figure D.7a.

Considering the convergence of the actual measured output at a higher misadjustment level

and earlier than the modeled output, a termination criterion, similar to the development in

section 5.3.2 can be considered to further reduce testing turnover time.
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Figure 7.22: Progression of the output response through the batch loop iterations for the
MISO unshifted configuration experiment

When the sensors have been moved to their new shifted positions, the troughs in the

spectrum are no longer observed in the measured output as shown in Figure 7.23. On the

other hand, the model output does not show the same level of performance which can be
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attributed to model deficiency for the shifted configuration and poorer woofer performance

beyond the 1500 Hz bandwidth that these woofers have not been primarily designed for.

Additional plots for this test case have been attached in Appendix D.4.
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Figure 7.23: Experimental result of PT-Fx-LMS DFID algorithm for the shifted MISO
configuration with the speech sample and sinusoid combined target output. Left column:
Measured response; Right column: Modeled output
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7.3.4 MIMO experiment configuration

As an extension of the SIMO and MISO tests conducted in section 7.3.3, in the MIMO con-

figuration, both the speakers inputs are stimulated in order to replicate the target responses

on both the speakers. Similar to the results in section 7.3.3.2 for the MISO configuration,

it is seen that the shifted layout allows for better replication of the sound field, most likely

because the microphones are closer to the speakers or the free-field microphones are point-

ing directly at them. Figure 7.24 presents the model output response results for the shifted

configuration with dual sinusoid target response and Figure 7.25 presents the model output

results for the unshifted configuration with the combined speech sample and sinusoid in-

puts. These two results show the best to worst results obtained for the test cases considered.

Additional validation results are presented in Appendix D.5.

While harmonics have been observed in all the other test cases with pure sinusoids, in

this MIMO test case, the derived control sequence is also close to the defined soft limits in

control voltage of 3.5 V built in to protect clipping on the amplifiers, as seen in Figure D.10.

Saturation controls are always built into actuators and can lead to nonlinear effects in the

measured response.

The response progression of the measured response in Figure D.11 shows clearly that

the adaptive algorithm again tracks the dominant peak in the target spectrum. Much of

the attenuation with subsequent batch iterations involves corrections in response to the

harmonics around the 1000 Hz range. It is hypothesized that the slight peaks in the frequency

response of the model shown in Figure 7.9 in this bandwidth affects the initial estimates of

the drive files derived. Further analysis of this behavior with specific target responses that

dominate this bandwidth could provide more insights.

In the case of the dual sinusoid target response, the model output also does not achieve a
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Figure 7.24: Experimental result of PT-Fx-LMS DFID algorithm for the shifted MIMO
configuration with the dual sinusoid target output.

very low misadjustment as in the previous test cases because the cross-correlation based time-

alignment method only captures and aligns the phase-delay associated with the dominant

sinusoid at 200 Hz and the second sinusoid at 440 Hz remains misaligned, as can be seen in

Figure D.12.

While anti-resonances were observed in the case of the shifted SIMO configuration, the

sound field produced by the unshifted MIMO configuration shows similar anti-resonances

even in the modeled output as shown in Figure 7.25. This affects the final misadjustment

that is achieved by the adaptive algorithm which produces a stable NEE reduction curve
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only because of the global step-size relaxation strategy that repeats the batch iteration with

a reduced iteration constant.
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Figure 7.25: Experimental result of PT-Fx-LMS DFID algorithm for the unshifted MIMO
configuration with the combined speech and sinusoid target output.

These anti-resonance troughs are also seen distinctly in the spectrum of the derived

control sequences in Figure D.13 that also do not match the known ground truth. The

wavelet coherence plots in Figure D.14 also show that there exist phase delays across the

time-frequency axes even for the modeled output. Compared to the other presented wavelet

coherence analysis, this test case presents the worst-case scenario, which is often best tackled
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in practice by changing the paths of energy transfer. A complete analysis of the environment

to map out the locations of maximum destructive interference as a function of frequency will

better provide insight into allowable configurations or indicate the primary path dynamics

that might be difficult to replicate.

7.4 Summary of results and conclusion

This chapter validates the developed novel PT-Fx-LMS algorithm for Drive File identification

in an acoustic experiment to replicate the sound field generated by either one or two speaker

drivers in multiple configurations. The performance of the algorithm is analyzed for a simple

SISO system, over-determined SIMO and under-determined MISO systems and a MIMO

configuration by choosing the number of active speakers and microphones. The experiment

layout is described in detail and designed to reduce external noise factors, with the available

resources. The experiments are conducted with two different types of target responses,

with monotone sinusoid signals chosen to aid in time-alignment of signals for the offline

batch iterative algorithms and a sample speech signal to test a more real-world relevant and

challenging application. In the initial configuration, the microphones are left in the same

locations as when the target responses are measured so that the derived control sequences

can be directly compared against the known ground truths. When the layout is shifted, the

primary paths are re-identified before the DFID process and the speaker inputs required

to replicate the sound field consequently do not match the reference control waveforms, as

expected. In cases where there are multiple inputs (MISO and MIMO), the derived drive

files also do not match the reference because the required sound output energy is shared

across the speakers. The adaptive algorithm in all the test cases are model driven in order

to simplify data processing and while this is not an ideal case for real-world applications,



194 CHAPTER 7. VALIDATION OF PROPOSED ALGORITHM THROUGH ACOUSTICAL EXPERIMENTS

Table 7.2: Summary of spectrum-based NEE (in dB) results for the series of model-based
DFID experiments conducted with the acoustical setup

System Sinusoid Target† Speech sample target††
Unshifted Layout Shifted Layout Unshifted Layout Shifted Layout

SISO (1× 1) 17.97 46.43 14.95 16.19
SIMO (2× 1) [40.58, 31.34] [2.06, 0.85] [17.71, 17.51] [4.63, 3.81]
MISO (1× 2) 11.56 20.72 6.08 11.89
MIMO (2× 2) [5.28, 1.33] [12.58, 10.40] [3.17, 3.87] [10.35, 9.93]
† Single sinusoid in the case of single input, two separate sinusoids for multiple inputs
†† Single Speech sample in the case of single input, the speech sample and a single sinusoid for multiple
inputs

the use of Model-in-the-Loop control architectures is widespread in various industries to still

make this a relevant test case.

Performance of the algorithm is characterized by tracking the Normalized Error Energy

of the spectrum of the signals instead of the time-domain error sequences and are summarized

in Table 7.2. Subjective interpretation of the results is also detailed through analysis of the

progression of the measured output spectrums, the wavelet coherence plots and physically

listening to the final output responses.

Many improvements to this experimental workflow are possible, the most important of

which is running the tests in a Hardware-in-the-Loop configuration as is most desired for

SER applications. With the ability to accurately time-align signals and use data acquisition

systems that are more robust to jitter and do not introduce phase delays across time and

frequency, measured signals instead of a model output can be used to drive the adaptive

algorithm. The experimental layout can also be designed with injection of various non-

linearities to further validate the applicability of the time-domain based DFID algorithm for

such dynamical systems. Development of a functioning comparative ILC scheme for DFID

could allow for further insights into the performance of the proposed novel algorithm.



Chapter 8

Conclusions and Future Work

The main research objective of this dissertation was the development of a time-domain based

Drive File identification algorithm using adaptive filtering techniques for direct synthesis of

control sequences to achieve accurate tracking of responses for Service Environment repli-

cation. This objective was achieved by reformulation of the adaptive filtering architecture

used for vibration and noise cancellation of primary path disturbances using the Filtered-x

LMS algorithm. By choosing a pulse-train reference input, direct synthesis of the control se-

quences is possible, without the need for the derivation of inverse models that pose challenges

in various applications.

Through various case studies, the novel method for DFID is validated on simulated

test-benches for different classes of nonlinearities in the dynamics of the unit-under-test and

demonstrate the performance of the algorithm in comparison to conventional Iterative Learn-

ing Control schemes using frequency domain techniques and adaptive inverse models. Case

studies related to replicating target waveforms in certain intervals of time without interfer-

ing in the already adapted sections outside of such time slices. The novel algorithm shows

better performance than the considered conventional methods in these relevant practical re-

quirements. Improvements to the DFID workflow using a model estimation based iterative

algorithm by leveraging computational resources to iterate many more times in a simulation

domain using the identified plant model before adding the corrections to the target using

the actual measured responses. A termination criterion is also introduced to further reduce

195
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the number of batch iterations required to reach the threshold accuracy desired.

The Pulse Train Fx-LMS architecture is expanded to MIMO applications and validated

for both square and non-square systems with a randomly generated dynamic system with

considerations for stability, controllability and minimum-phase dynamics. It has been shown

in the case studies demonstrating the proposed novel methods of DFID that the presence of

nonlinearities in the dynamic system test benches, as is generally found in most real-world

systems, makes the identification of their estimated models and consequently the derived

drive files to be deficient in performance compared to linear dynamic systems. In order

to align the test benches to more real-world applications, a simulation study considering a

quarter-car model of an automotive system that more closely represents the SER testing

requirements in the automotive industry is demonstrated. These empirical case studies

show significant improvement in response replication using the workflow presented for the

proposed algorithm.

While the proposed DFID methods have been previously validated on simulated test

benches, with the resources available for this project, an acoustic experimental demonstration

for this method of waveform replication is conducted. With the use of two speakers and

microphones and the data acquisition system used, different configurations are tested. The

novel algorithm achieves acceptable signal replication, characterized by the spectrum errors

for acoustic signals.

8.1 Future work

The following research and investigative studies are proposed for the future:

• Nonlinear system dynamics, as were considered for a SISO mass-spring-damper system
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in section 3.2.3 can be considered for the quarter-car suspension test bench. This

expands the applicability for a broader class of applications and the consideration of

other external noise factors.

• For the main application of interest in this thesis, real-world experiments should be

conducted on quarter-car test setups with the required system identification steps in-

stead of using black-box simulated dynamic systems with apriori knowledge of system

parameters. Fidelity of the identified system models used for the adaptive filtering

based DFID methods has been shown to be critical and hence the logical extension

for validation requires implementation on actual hardware where the effects of nonlin-

ear dynamics, noise factors, real-time data acquisition and processing pose significant

challenges to this practical problem.

• Inclusion of real-time control methods can allow for online adaptation of the drive file,

instead of offline batch processing as presented in this thesis. Appropriate resources

for such implementation can also reduce issues with time-synchronization of the target

and measured signals that forms a critical noise factor for time-domain implementation

and performance characterization.

• Further investigation of the Drive File Identification procedure for MIMO systems is

proposed by considering a wider array of generated dynamic systems of various dimen-

sions previously mentioned in section 4.2.2, different FIR filter lengths, minimum and

non-minimum phase systems, full-rank or rank deficient systems in order to further

understand the existence and uniqueness questions related to DFID solutions. The

conventional time-domain DFID method using adaptive inverse models and the novel

PT-Fx-LMS method should be utilized to develop a set of guidelines based on the

estimated dynamics of the system and the desired target responses to inform the user

about the best-practices for the DFID procedure for SER applications. Hence, evalu-
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ating the proposed test matrix involves a large number of empirical experiments. Such

a survey was conducted but a discernible pattern was missing and specific guidelines

for predicting if a solution exists was not arrived at. A more fundamental mathemat-

ical formulation of the problem, combining with research in other scientific fields, is

required.
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Appendix A

Simulation test bench identification

results

A.1 Inverse model identification using the frequency

domain ZMETC method

This section presents a compilation of the results of the frequency domain based ZMETC

inverse model identification for all four dynamic plants under consideration in this thesis.

The pole-zero maps of the identified frequency domain forward model which contains NMP

zeroes and the stabilized inverse model are presented as was provided for the purely linear

plant in the main text in Figure 3.9. Additionally, the identified inverse model is used to

derive an initial estimate of the drive file considering the target response shown in Figure 3.4a

and the simulated plant response is presented here for all four dynamic plants considered

which were listed in Table 3.4.
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A.1.1 Purely linear plant
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(c) Output response obtained from the initial estimate of
the derived drive file based on the ZMETC inverse model

Figure A.1: Frequency domain based identification of the inverse model for the purely linear
plant
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A.1.2 Piece-wise linear plant

-1 -0.5 0 0.5 1 1.5
-1

-0.5

0

0.5

1
System model
Inverse model

Re(z)

Im
(z

)

(a) Pole-Zero map for the system model and
identified inverse model for the piece-wise
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(b) Bode plot for the system model, identi-
fied inverse model and the cascaded models
for the piece-wise linear plant
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(c) Output response obtained from the initial estimate of
the derived drive file based on the ZMETC inverse model

Figure A.2: Frequency domain based identification of the inverse model for the piece-wise
linear plant
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A.1.3 Mild cubic nonlinear plant
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(a) Pole-Zero map for the system model and
identified inverse model for the mild cubic
nonlinear plant
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(b) Bode plot for the system model, identi-
fied inverse model and the cascaded models
for the mild cubic nonlinear plant
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(c) Output response obtained from the initial estimate of
the derived drive file based on the ZMETC inverse model

Figure A.3: Frequency domain based identification of the inverse model for the mild cubic
nonlinear plant
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A.1.4 Harsh cubic nonlinear plant
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(b) Bode plot for the system model, identi-
fied inverse model and the cascaded models
for the harsh cubic nonlinear plant
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(c) Output response obtained from the initial estimate of
the derived drive file based on the ZMETC inverse model

Figure A.4: Frequency domain based identification of the inverse model for the harsh cubic
nonlinear plant



A.2. INVERSE MODEL IDENTIFICATION USING THE FILTERED-x LMS METHOD 221

A.2 Inverse model identification using the Filtered-x

LMS method

This section presents a compilation of the results of the Filtered-x LMS based adaptive

inverse model identification for all four dynamic plants under consideration in this thesis.

The identified FIR filters for the delayed inverse models are presented, which is consequently

used to derive an initial estimate of the drive file considering the target response shown in

Figure 3.4a and the simulated plant response is presented here for all four dynamic plants

considered, the results of which were listed in Table 3.5.

A.2.1 Purely linear plant
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(a) FIR filter of the delayed inverse model for
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Figure A.5: Filtered-x LMS based identification of the delayed inverse model for the purely
linear plant
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A.2.2 Piece-wise linear plant
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Figure A.6: Filtered-x LMS based identification of the delayed inverse model for the piece-
wise linear plant

A.2.3 Mild cubic nonlinear plant
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Figure A.7: Filtered-x LMS based identification of the delayed inverse model for the mild
cubic nonlinear plant
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A.2.4 Harsh cubic nonlinear plant
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Figure A.8: Filtered-x LMS based identification of the delayed inverse model for the harsh
cubic nonlinear plant



Appendix B

Performance evaluation case studies

for the PT-Fx-LMS algorithm

B.1 Case Study 1: Drive files initialized at zero

This section presents a compilation of the results for the simulation Case study 1 presented

in section 4.4.1 for the different test benches using the three DFID methods presented: (1)

the conventional frequency-domain ILC method which uses the inverse plant model using

the ZMETC method, (2) the conventional time-domain ILC method using the delayed FIR

inverse models and, (3) the proposed PT-Fx-LMS method for DFID. These plots additionally

show the time series final drive files, the final response errors obtained from the simulated

test benches using the above-mentioned DFID methods and the final actuator force (the

drive files) PSD for all the test benches as previously shown in Figure 4.8 for the mild cubic

nonlinear plant.
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B.1.1 Purely linear plant
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(b) Time series of the final output error
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(c) PSD of the final drive file for Case Study 1

Figure B.1: Additional plots for the Case Study 1 simulation for the purely linear model test
bench
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B.1.2 Piece-wise linear plant
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Figure B.2: Additional plots for the Case Study 1 simulation for the piece-wise linear model
test bench
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B.1.3 Mild cubic nonlinear plant
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Figure B.3: Additional plots for the Case Study 1 simulation for the mild cubic nonlinear
model test bench
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B.1.4 Harsh cubic nonlinear plant
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Figure B.4: Additional plots for the Case Study 1 simulation for the harsh cubic nonlinear
model test bench



Appendix C

MIMO Simulation test bench details

C.1 Plant dynamics and case studies

This section presents a compilation of additional characteristics of the plant dynamics and

results of the DFID methods considered in this thesis.
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C.1.1 Case Study 1: MIMO 2× 2 dynamic system
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Figure C.1: Frequency response function of the considered 2 × 2 dynamic plant model,
illustrating the difference in the magnitude of the plant dynamics along each path.
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Figure C.2: Spectral comparison of the target response and final response errors using the
two considered DFID methods for the MIMO 2× 2 dynamic system



232 APPENDIX C. MIMO SIMULATION TEST BENCH DETAILS

C.1.2 Case Study 2: MIMO 3× 2 quarter-car dynamic system

Figure C.3: Time history of the designed ground truth input signals and target output
responses for the 3× 2 quarter-car system.
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Figure C.4: Spectrum of the designed ground truth input signals and target output responses
for the 3× 2 quarter-car system.
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Figure C.5: Spectrum of the input and output signals for the 3 × 2 quarter-car system at
the end of the 200 batch iterations of the PT-Fx-LMS method for DFID.



C.2. EIGEN REALIZATION ALGORITHM IMPLEMENTATION 235

C.2 Eigen Realization Algorithm implementation

Please refer to Juang and Pappa for more formulation details. This section only describes

the implementation for this thesis study.

For the discrete-time state space formulation, with states x ∈ RP , inputs u ∈ RM and

outputs y ∈ RN ,

xk+1 = Axk + Buk (C.1)

yk = Cxk + Duk (C.2)

For the impulse response of the system

ui(0) = 1 ∀i = 1, · · · ,m (C.3)

ui(k) = 0 ∀k > 0, i = 1, · · · ,m (C.4)

The Markov parameters Y ∈ RN×M of the Pulse response matrix is given by:

Y0 = D

Y1 = CB

Y2 = CAB

...

Yk = CAk−1B

(C.5)

The objective of the realization is the computation of the A,B,C matrices from the Markov

parameters. The minimum realization with the smallest state-space dimension among all

realizable systems is desired. The system realization begins with the construction of the
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Hankel matrix from the Markov parameters

H(k − 1) =



Yk Yk+1 · · · Yk+β−1

Yk+1 Yk+2 · · · Yk+β

... ... . . . ...

Yk+α−1 Yk+α · · · Yk+α+β−2


(C.6)

If α ≥ P, β ≥ P

H(k − 1) = PαA
k−1Qβ (C.7)

where the observability matrix Pα and controllability matrix Qβ are given as

Pα =



C

CA

CA2

...

CAα−1


Qβ =

[
B AB A2B · · ·Aβ−1B

]
(C.8)

For an observable and controllable system, the rank of the Pα and Qβ matrices are P and

the minimum dimension of the state matrix is P × P and hence the rank of the H(k − 1)

matrix is also P if α ≥ P, β ≥ P .

Assuming that H† exists satisfying

QβH
†Pα = IP (C.9)

H(0)H†H(0) = PαQβH
†PαQβ = PαQβ = H(0) (C.10)
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Hence, H† is the pseudo-inverse of H(0).

To derive the shifted Generalized Hankel matrix H(1), first perform a singular value

decomposition of the H(0) Hankel matrix.

H(0) = RΣST = PαQβ (C.11)

where columns of R and S are orthonormal and Σ is the rectangular matrix:

Σ =

ΣP 0

0 0

 (C.12)

ΣP = diag(σ1, σ2, · · · , σP ) is the diagonal matrix of monotonically increasing singular values.

Let RP and SP be the matrices formed by the first P-columns of R and S respectively.

H(0) = RPΣPS
T
P , RT

PR = IP = ST
PSP (C.13)

Since, H† is the pseudo-inverse of H(0).

H† = (SPΣ
−1
P RT

PRPΣPS
T
P )

−1(SPΣ
−1
P RT

P ) = SPΣ
−1
P RT

P (C.14)

Model reduction can be achieved by setting tolerance on the singular values to reduce the

dimension of P . The shifted Hankel matrix is hence given by

H(1) = PαAQβ = RPΣ
1/2
P AΣ

1/2
P ST

P (C.15)
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The realized state matrix is hence given as a function of the Markov parameters as

Â = Σ
−1/2
P RT

PH(1)SPΣ
−1/2
P (C.16)

Define the pair of matrices EN and EM such that

EN =

[
IN 0N

]T
∈ RαN×N EM =

[
IM 0M

]T
∈ RβM×M (C.17)

Since Yk = CAk−1B and also Yk = ET
NH(k − 1)EM

Yk = ET
NPαA

k−1QβEM

= ET
NPα[QβH

†Pα]A
k−1[QβH

†Pα]QβEM

= ET
NH(0)[SPΣ

−1
P RT

PRP ]PαA
k−1Qβ[SPΣ

−1
P RT

PRP ]H(0)EM

(C.18)

With the choice of Pα = RPΣ
1/2
P and Qβ = Σ

1/2
P ST

P and simplifying Equation C.18

Yk = (ET
NRPΣ

1/2
P )Ak−1(Σ

1/2
P ST

PEM) (C.19)

Comparing with Equation C.5,

B̂ = Σ
1/2
P ST

PEM (C.20)

Ĉ = ET
NRPΣ

1/2
P (C.21)

This hence completes the algorithm to derive the minimal state-space realization with

Â, B̂, Ĉ matrices using the ERA.



Appendix D

Additional Experimental validation

resources

D.1 System identification procedure for the MIMO ex-

perimental setup

The time history and spectrums of the identification drive and the measured mic data are

given in Figure D.1. Note that for a 2 × 2 MIMO system, two separate identification runs

are required where only one of the speakers are played during each test. During each of these

runs, the microphone signal from both the sensors are simultaneously recorded to identify

both the transmission paths. Stimulating the actuators one after the another ensures max-

imum signal-to-noise ratio and vastly speeds up the number of batch iterations required in

the LMSID adaptive procedure. The test shown here is for the initial unshifted configuration

of the experimental layout.
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Figure D.1: Time history and spectrum of the control signals and measured responses for
the MIMO identification procedure of the acoustical experiment for the initial unshifted
configuration



D.2. UNSHIFTED SISO EXPERIMENT CONFIGURATION 241

D.2 Unshifted SISO experiment configuration
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(a) Unshifted SISO configuration with single sinusoid target re-
sponse
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Figure D.2: Progression of the output response through the batch loop iterations for the
SISO unshifted configuration experiments

D.3 SIMO experiment configuration
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(d) Output channel 2 Modeled response

Figure D.3: Comparison of the wavelet coherence plots of the measured and modeled output
for the unshifted SIMO configuration with a single sinusoid target response
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Figure D.4: Comparison of the wavelet coherence plots of the measured and modeled output
for the unshifted SIMO configuration with the sample speech target response
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Figure D.5: Experimental result of PT-Fx-LMS DFID algorithm derived control sequences
for the shifted SIMO configuration with a single sinusoid (top) and speech sample (bottom)
target outputs
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D.4 MISO experiment configuration

0 2 4 6 8

Time (sec)

-4

-2

0

2

4

C
o

n
tr

o
l 
in

p
u

t

Input channel 1, fos = 10

Known control

PT-FX-LMS DFID method

100 500 1000 5000

Frequency (Hz)

-120

-100

-80

-60

-40

P
S

D
 (

d
B

 :
 r

e
f 

1
 V

)

Known control

Final control

error

0 2 4 6 8

Time (sec)

-4

-2

0

2

4

C
o

n
tr

o
l 
in

p
u

t

Input channel 2, fos = 10

Known control

PT-FX-LMS DFID method

100 500 1000 5000

Frequency (Hz)

-140

-120

-100

-80

-60

-40

P
S

D
 (

d
B

 :
 r

e
f 

1
 V

)

Known control

Final control

error

Figure D.6: Experimental result of PT-Fx-LMS DFID algorithm derived control sequences
for the unshifted MISO configuration comparing the derived control with the known ground
truth for the combined speech and sinusoid input test case
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(a) Wavelet coherence between final measured
and target response
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output and target response

Figure D.7: Comparison of the wavelet coherence plots of the measured and modeled output
for the unshifted MISO configuration with the speech and sine combined target response

102 103

Frequency (Hz)

-130

-120

-110

-100

-90

-80

-70

R
e
s
p
o
n
s
e

Output channel 1

Desired

Actual

0

5

10

B
a
tc

h
 L

o
o
p
 I
n
d
e
x

Figure D.8: Progression of the output response through the batch loop iterations for the
MISO shifted configuration experiment
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Figure D.9: Experimental result of PT-Fx-LMS DFID algorithm derived control sequences
for the shifted MISO configuration comparing the derived control with the known ground
truth for the combined speech and sinusoid input test case
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D.5 MIMO experiment configuration
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Figure D.10: Experimental result of PT-Fx-LMS DFID algorithm derived control sequences
for the shifted MIMO configuration comparing the derived control with the known ground
truth for the dual sinusoid target test case
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Figure D.11: Progression of the output response through the batch loop iterations for the
shifted MIMO configuration experiment with the dual sinusoid target response
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(a) Output channel 1 Measured response
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(b) Output channel 1 Modeled response
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(c) Output channel 2 Measured response
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(d) Output channel 2 Modeled response

Figure D.12: Comparison of the wavelet coherence plots of the measured and modeled output
for the shifted MIMO configuration with the dual sinusoid target response
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Figure D.13: Experimental result of PT-Fx-LMS DFID algorithm derived control sequences
for the unshifted MIMO configuration comparing the derived control with the known ground
truth for the combined sample speech and sinusoid target test case
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Figure D.14: Comparison of the wavelet coherence plots of the measured and modeled output
for the unshifted MIMO configuration with the combined sample speech and sinusoid target
test case
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