é & negl. OU negl.
'I] 'I] 20_ IP .19 Gy ﬂVr v:0
arrarvevz)+ a%r 0 At rmé 0 : ?ma O +F i -
e € ﬂu
+ MAX[Ga O] Vz,other ~ MAX[ G O] Vz (B 11)

The indicated terms are neglected per the parabolic approximation. The final equation

results after a nomenclature change (x=z, u=v_, and u=v):

1‘|] I —.adp 17é,, lluc
(rarvu)+ @Elruzo -a,” 4 & ﬂrﬂ Fintx

+ MAX[Ga O] Vz,other ~ MAX[ G O] Vz (B 12)

For the radial momentum equation:

§ar v20 +3 1 ﬂ qg@rvev) + 1 q@rvav)
- 1111P L8 an 0 rﬂq(at )+ 1 Lat.,)- 2w
ant,r +MAX[Ga O]Vr,other MAX[ G O]VF (813)

Following the procedure outlined above for the x-momentum equation, the r-momentum

eguation eventually reduces to:

1 - 'ﬂP 1'” l Tagmlus 2ma
§arv2°+ L@rm) =-ags ?armﬂ—vg e mﬂ—zg-7v

+ant,r + [Ga O]Vother [ Ga O]V (814)

B.3 Energy Equation

Following White [36], again, the First Law of Thermodynamics applied to an infinitesimal

control volume can be expressed as.

Q W— (arue)+ ﬂ(arve)+ ﬂ(arwe)udxdydz+Emt (B.15)
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where e is the total convected energy (internal+kinetic+flow work), and E, is the
interfacial energy transfer due to mass transfer. The following expressions detall these

terms specifically. The heat transfer term amounts to:
0=[N - (akNT) +g,,,]dxdydz (B.16)

where the first term is the standard conduction heat transfer occuring within the phase and
the second term is the interfacial heat transfer. For work transfer the following expression
is applicable:

;U

( ) F - lé)/ﬁ_ Vother; thdXdde (B]-?)

¥
corlpm

where the first term is work done by the shear forces, the second term is viscous
dissipation (neglected) and the third term is work done by the interfacial drag forces.
Since each phase has a different velocity, it is assumed that an average velocity is
appropriate for this work term. The interfacial energy transfer due to mass transfer is
expressed as:

- Ve 2 4
E,y = §MAX[G O~ + MAX]- G, O} - - Ghfftvayaz (B.18)
d

where the first two terms are kinetic energy transfer. These terms reflect that whatever
loss of kinetic energy that occurs in one phase is a gain for the other phase. The second
term is the enthalpy transferred between phases. Substituting the above expressions into

the First Law expression yields:
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® 2
7

N @7+ 7 - F - at ;5 +MAXG 0] -2 "”” - MAX[- GO]—+Gh+qm
® 5 ®
+%§)/+ Vother;- F . =ﬂ—1L(ar ue)+ﬂ—ﬂy(ar ve)+%(ar We) (B.19)

Using the following definition:

_ 1, P _ 1,2_ laeo, 2..20
e—u+§V +r——]’l+§V —h+§§ +ve+w g (BZO)

where uisinternal energy, and substituting gives:
® 2
N- @R+ 7 - - lm+MAX[G;O] O”W - MAX[- GO]—+Gh+qm,
1 5
aé?/ + Votherg int = 1(ar uh) + ﬂ—ﬂy(ar vh) + %(ar wh)

1Ec{al’ug—§2+vz+wzg } %{arv%§2+v2+w28ﬁ}
E{arwgi§2+v2+w28ﬁ} (B.21)

Next, the mechanical energy equation is subtracted from this expression to give the
thermal energy equation. The mechanical energy equation is formed by taking the dot
product of velocity with the momentum equation (Eqgn. B.8), which gives:

® ®® 5 ® ® . ® ®
~ O ~
V-N-Z%rVVg:-V-aNmV-gﬁl atU8+V Fo
® ® ® ®
+ MAX[G Ol V - V yper - MAX[-G, O V - V (B.22)

The details of this subtraction are not shown here since they only amount to a large

amount of tedious algebra.
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Theresult is;

N - (ar Vh) N - (akN7) + V (aNP) + Gh + g,
1.0 ® 0,1 ®y @
+MAX[G, O] 62 other +5 2 ve-v- Votherg 2 =) other ~ Vv g - F int (B-23)

viscous dissipation - always positive

Note that the last two terms represent viscous dissipation, since al mechanical energy
transferred was cancelled out with the subraction of the mechanical energy equation. The
next step is to convert enthalpy to temperature in the above equation. This is done using
the property relationship (Bgan, [37]):

1- bT~

NA =c,NT+ NP (B.24)

where b is the coefficient of thermal expansion. Taking the dot product of velocity with

this relationship multiplied by (ar) gives:

® ® ®
arV-Nh=arc, V- NT+a(l- bT)V - NP (B.25)

By the chain rule of calculus this equation can be expressed as follows:
® ®
& 0 ¢ o]
R Sr vao-mR- Gy

—G(contl nui ity)
- ® .. ®
=c,N- Br vr0- o- TN a%r 70 o+a(l- br) v - NP (B.26)

=G(continuity)

Substituting this result into the energy equation to remove / and dividing through by c,
yields:
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® 4 ®
S 0_1¢ S o DT N int
N - ?%r VT —cpN- (akNT) + e V- aNP+ TG+ e

1 ® ® o) 1 @b ®
MAX[G, 0]62 other EVZ' V- Votherg 2 £)Vother Vg' Fint (B-27)

This expression is in genera vector notation. Expanding in axisymmetric coordinates
yields:

e negl. u
19 arvny+ Larun = LEL Lo 00, Lag, 10}
rqr T Cp rqr 2 Ix€ fx ﬂH
é a
aenegl. o
+ _g ﬂP ﬂP_ + TG+ qznt
Cp ¢ 'ﬂ 'ﬂ - Cp
e ﬂ
gl&n ni{l' O negl. 8
- —
+ _MAX[G’ O ezg other + zz)ther+ v2 +u2?- Wother ~ Muozherl;l
e - u
e € a a
¢ ne y
1€ ) u
+2_Q( other ~ V)Fint,r +(u0ther - u)Fint,xU (828)

where the noted terms are neglected due to the parabolic approximation. The final form

of the energy equation is thus:

s firn = A S1 gl Ll vrov s

_MAX[Ga O]g_(uother u ) uuotherH 2c (uother u)Fmtx (829)
Cp
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