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I. INTRODUCTION

When a linear network whose transmission characteristics are
nonlinear functions of frequency is excited by a frequency-modulated
wave, the response will generally be a distorted "hybfid" wave. A
hybrid wave is one which exhibits both amplitude modulation and
frequency modulation. The amplitude modulation arises from ﬁhe fact
that the sideband componentsypf/the FM wave are subjected to different
attenuation due to the frequency-dependent attenuation characteristic.
If, in addition, the attenuation characteristic is nonlinear, the
amplitudé modulétion will also be distorted. Generally speaking, the
presence of amplitude modulation, distorted or not, is not considered
to be of greatggoncern since most FM systems utilize amplitude limiters
to suppress this characteristic.

Of primary importance is the phase distortion generated in the
FM wave due to a nonlinear phase characteristic. The distortion arises
because each sideband undergoes a phase shift which is not linearly
related to the phase shifts of the other sideband components. If the
network phase shift is a linear function of frequency, the output wave
will be shifted with respect to the input wave but no distortion will
result., This will be illustrated during the course of this investi-
gation. Since the output of the FM discriminator is proportional to
the derivative of the phase of the applied wave, any distortion in the
phase will result in distortion of the detected signal. Furtherﬁore,
one cannot easily compensate for this distortion, so it is highly

desirable that it be avoided.
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The analysis of distortion generated in FM waves by linear networks
has been the subject of considerable research dating back to the 1930's
when frequency modulation was shown to be a practical and sometimes
desirable means of transmitting intelligence. There are essentially
two basic approaches to the analytical analysis of the distortion. The
first of these is known as the Fourier method in which the frequency-
modulated wave is broken up into its Fourier spectrum. Each of these
"sidebands' is then operated on by the network, and the output wave is
then obtained by taking the _vector sum of the "weighted" sidebands.
This method is simple in concept and'straightforward in application.

It is an example of the powerful superposition principle used so often
in engineering to solve very complex problems. The chief disadvantage
of the Fourier ggthod is the extremely large number of computations
involved whenevf; the modulation index is large (resulting in a large
number of sidebands). In this case, the task is simply too formidable
to be done by hand. 1In the past, the Fourier method has usually been
abandoned at this point in favor of other schemes.

The other approach which has been employed to amalyze FM
distortion is the so called '"Quasi-steady-state'" or '"Quasi-stationary"
method. In this method the frequency-modulated wave is considered to
be varying slowly enough in frequency that the transients caused by the
fact that the frequency is varying are negligible. This method is
particulagly applicable at very low modulating frequencies with respect

to the frecuency deviation (large values of modulation index). As the

frequency of the modulating wave is allowed to become higher, the
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assumption that the transient components are negligible becomes less
acceptable and correction factors must be added to yield an accurate
response. These correction factors usually appear as an infinite
series of very complex terms, but supposédly one can obtain the
desired degree of accuracy by including more'and more of these terms.

In the following chapters the two methods given above will be
explored with the main emphasis on developing digital computer
techniques for application to the Fourier method. It will be shown
that the use of the digital computer now makes it practical to usé
the Fourier method even fof’relatively large values of modulation
index. This method will be extended to apply to modula;ion by a pair
of sinusgidal waves.

A fairly simple form of the Quasi-steady-state method is also
programmed on thte digital computer. Although an extended rigorous
investigation of this method is not given, certain characteristics
inherent in the analysis are pointed out for the sake of comparison
with the Fourier method. The comparison of the two methods features
an application to a reasonably complex multi-section filter.

The experimental verifica;ion of the theoretical predictions is
obtained by analog simulation techniques. This rather novel approach
is found to have some distinct advantages over more conventional
techniques.

Digital computer programs written in the FORTRAN IV language for
processing on the IBM 7040/1401 system are given for each method of

analysis along with various supporting programs. Some of these
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supporting programs are capable of being applied to other problems
since they are complete and independent on the main program. Among
these are programs for computing Bessel functions of the first kind
and for computing the phase characteristic of a network when the

attenuation characteristic is known.
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II. THE REVIEW OF LITERATURE

The first publication of significance to treat in detail the
problem of distortion in frequency-modulated systems was the classical
work of Carson and Fry [1]! published in 1937. This paper includes a
rigorous mathematical treatment of the theor; involved when waves with
varying frequency are applied to electrical networks. It furnishes the
mathematical foundation for the '"Quasi-steady-state' method and

expresses the correction terms required by this method in terms of an

i

infinite series. Further iﬁvestigagion of this method was done by
Van der Pol [2] and Stumpers [3] . Stumpers limited his analysis
to periodic freguency modulation and succeeded in demonstrating the
convergence properties of his correction-term series as well as for
the series of QE?SOH and Fry. Baghdady [4,5] summarized the series
of Carson and Fry, Van der Pol, and Stumpers and then presented his own
development. Rowe [6 ] pointed oﬁt certain errors in the analysis‘of
Baghdady that appeared in both [4] and [5] . Other investigators
[7-10] made significant contributions to the further development of
the Quasi-steady-state analysis.

The Fourier method of analysis has received much less attention
in the literature than has the Quasi-steady-state method. One of the
earlier publications was due to Frantz [l11] who developed an elaborate

scheme for manually calculating the output. Following closely the work

1 Numbers appearing in brackets refer to the Bibliography.
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of Cherry and Rivlin [12], Frantz's method required that the network
response be expressible in terms of a finite power series or trigono-
metric seriesl The following procedure is also outlined by Frantz

as a rigorous and general method of obtaining .the output-voltage
envelope for a network excited by a frequency-modulated wave:

1. Measure or calculate the steady-state amplification versus
frequency and phase-shift versus frequency characteristics
of the network in qggg;ion.

2. Express the frequency-modulated input wave in terms of its
steady-state spectrum of sinusoidal'side frequencies.

3.hPass the individual side frequencies through the network,
altering the amplitude and phase of each according to the
steadyﬁgtate amplification and phase characteristics of the
network at the particular frequency of the side frequeney.

4. Plot the sum of the altered side frequencies point by‘point
to obtain the output wave as a function of time.

5. Draw a smooth curve through the carrier voltage peaks to
obtain the response envelope of the output voltage.

Frantz goes on to 'state, '"The method is rigorous and general,
but not practical." This conclusion was based on the assumption that
the calculations involved in applying this method were to be performed
by hand. The development and availability of modern high speed digital
computers renders this judgement rather harsh. At this point Frantz
leaves the "rigorous and general' approach and concentrates on

developing approximations to be applied in more of a "pseudo-Fourier"
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method.

.

Certain other investigators [13,14] have applied this pseudo-
Fourier method to networks for special cases where the departure from
linearity of the network characteristics was small. However, no
references were found which indicate that the exact Fourier method has

been adapted for solution on a digital computer.



16

III. THE FOURIER METHOD OF ANALYSIS

Mathematical Development

Consider the equation of an angle modulated wave

e(t) = E sin §(t) (II1-1)

where E is a constant independent of time and é(t) is the phase angle
which is assumed to vary with time in accordance with the modulating
signal. 1In the case of frequency modulation, which is classified as a
special case of angle modulation, th; frequency of the sine function in
equation (III-1) needs some clarification. Since the argument of the
sine function is continuously changing, to épeak of frequency in the
conventional sense has little meaning. To avoid this ambiguity, it

has been the prjitice to introduce a quantity known as the
"instantaneous frequency' defined as the time derivative of the phase

angle, just as angular velocity is defined as the time derivative of

angular displacement. Mathematically, the instantaneous frequency is

w = 9__.3.;:(9. . (I11-2)

In frequency-modulated systems the frequency of the carrier wave is

varied by the modulating signal and can be represented as
w; = we + s(t) (1I11-3)

where &w. 1is the frequency of the unmodulated carrier and s(t) is

proporiional to the modulating signal. Substituting (III-3) into
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(III-2) and solving for § (t) yields

t
$(t) -/ wgdt + (,Do

(8]
t
nj' [wc+s(t)] dt"’(Po
o}
t I11-4
- Wt +){ s(t)dt + qpo . ¢ )

o
In this equation gpo is the phase angle of the carrier at t= 0 as

required in the case where s(t) is always zero and §(t) = w.t + (Po.

The equation for the frequency-modulated wave can now be written as

T

t [ 4
e(t) = E sin [mct +[ s(t)dt + (Po] e (111-5)
o

This equation, which is applicable for any modulating signal, is

general and will be referred to several times later in this paper.

Mod{lyiation by a Single-Frequency Sinusoid

As the first study in this analysis, the very important case of
single-frequency sinusoidal modulation will be considered. This
development is especially important to some of the later distortion

analyses. Let the modulating wave be
en(t) = K cos @t : (I1I-6)

where K is the peak value of the modulating wave and &, is the
angular frequency of the modulating wave. Since s(t) in equation

(I11-3) is proportional totlemodulating signal, then

s(t) = O w cos wyt (111-7)
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where Aw is known as the "maximum frequency deviation'" and is

linearly related to K by the modulation circuit constants.

Substituting
this value of s(t) into Equation (III-5) yields
(t) =E sin [ ot + =2 4 o
e sin e o sin @t + o
= E sin ‘_mct-f-mf sin wmt+(P°] . (I11-8)

The quantitymg = Aw/ay, 1is termed the "modulation index" and is

large for low modulation freq’iéﬂéies and small for high modulation

frequencies. In the following analysis

P, will be assumed to be

zero. No loss of generality occurs because of this simplification. Thus,

e(t) = E sin {u)ct + me sin wmt] .

,ﬁy'

(I11-9)

This expression can be expanded by trigonometric identities to yield
e(ty = E Y_ sin w.t cos (mg sin wnt)

+ cos W.t sin (mg sin @ t)] . (111-10)

This equation can be further expanded in terms of Bessel functions by

making use of the following identities:

(- -}
cos (x sin y) = J (x) + 2 Z Jok(x) cos Z2ky;

(ITI-11)
=1

o
sin (x siny) = 2 Z Jok-1 (x) sin (2k-1)y.

(I11-12)
k=1

Making the substitutions suggested above and introducing the normalized

variable F(t) = e(t)/E, Equation (III-10) can now be written
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(¢ 24
F(t) = sin W t [Jo(mf) + 2 Z JZk(mf) cos 2k wmt]
k=1

©0
+ cos wet | 2 ) Jpko1(mg) sin (2k-1) apt |

k=d
(=<4
= Z{Jo(mf)sin Wt + 2 Joy (mg)sin w .t cos 2kt
TE
+2 Jy _q(mg) cos .t sin (2k-1) ape | . (1I1-13)

Recombining the trigonometric_terms yields

F(t) = Z {Jo(mf) sin wct"l' J2i (me) [sin (wet2ka ) €
k=i
+ sin(w.-2Zkwy) t]-i' J2k_1(mf) Isin {‘“c + (Zk-l)mm} t

- jiln{wc - (2k-1) @ } t]} - (III-14)

Expansion of this equation yields the Fourier spectrum of the FM wave.
In order to more fully appreciate the properties of this spectrum, the

expansion will be carried out for a few terms.
F(t) = Jo(mf) sin w t + Jl(mf) [ sin (mc-iwm)t - sin (wc-cnm)t]
+ J?_(mf) [sin(a)c+2wm)t + sin (mo-&um) t]
+ J3(mg) [sin( +30 )t - sin (@_~3a)c]

+ 3, () [sin(oay) t + sin(w ~dap)t ]

+ e e o
. (I11-15)

The spectrum of this FM wave is found in Figure 1 for a modulating

frequency of 1000 hertz and a peak frequency deviation of 2000 hertz.
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A
T+
.6 T
.5 .
4+
3+
2+
g4+
1 1 ,
-5 =4 -3 -2 - o) i 2 3 4 5 f—cc(xuz)
=T Mg =2
o ———-‘F-
” Jo(@) = .224
’ J (2= 577
Jp (2) = .353
-3 4+ Jg(2) =129
Jy (202 034
- 4 Jg (2)= .007
_.‘5 -
-6 +
-7 +
FIGURE | —SPECTRUM OF FM WAVE GIVEN BY EQUATION (II-15)

WITH wy * 2w X000 AND Aw =2w X2000
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Equation (III-15) can be expressed in a more compact form by noting

that J (X) = (-1)"J_ (X). Thus,

F(t) = Z Jp(mg) sin (@, +n wot . (I11-16)

M= ~0o

Distortion Analysis

Let F(t) be applied to the input of a linear network whose
transmission characteristics are functions of frequency as depicted in

Figure 2. For simplicity, let Ay = A (w,) andf, = 6(w,) wheren

g
PUN—— Linear Network ___}
T Transfer Function:
F(t ; G(t)
(| ) Hw) = A(@)ed®@ |
>l S ——

Figure 2., Transmission of FM wave through linear network.

is the order of the sideband component. For example, A_3 indicates the

network gain at the 3rd lower sideband frequency. Since each sideband

will be operated on by the linear network, the output wave will have

the form

Oo
6(t) = ) A I (mg) sin (@t + nae + Op) (111-17)

N=-6o
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- Z Apd, (mg) [ sin @ t cos (nayt + 8p)
N=-e0

+ cos w.t sin (nupt + Gn)] - (I11-18)
At this time it will be convenient to write G(t) also as

G(t) = R sin @t + S cos Wt (I11-19)

where R and S are given by -

e

L]

(=]
R = }Z: Aan(mf) cos (nut + 6p) (111-20)
W "= -0
and
x .
S = zzglAan(mf) sin (nayt + 6,) . (I1I-21)
MNsc--c0 :

Equation (III-19) shows that R and S can also be interpreted as the
horizontal and vertical components of the angular displacement of the
output wave, respectively. This is illustrated in Figure 3. From the

figure it is seen that

Magnitude = /R? + §2

Phase Angle = ¢ = arctan (S/R)

(Reference w .t = 90°)

Figure 3. Phasor diagram for G(t).

R=R%45% cos ¢ and S = | R%4+S2 sin 6 . (II1-22)

Making these substitutions into Equation (III-19) yields
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G(t) =\/ R%+52 [sin Wet cos ¢ + cos @ t sin é]
=\/R%52 sin (@ t + ¢) . , (111-23)

The instantaneous frequency of the output wave can now be found by
recalling the definition given in Equation (III-2). Thus,

d -
o= L ath

- + 46 : (I11-24)
c de °

Making use of the fact that ¢ - arctan (S/R), @ can be written

W = R(dS/dt) - S(dR/dt)
e R2 + 52

(I11-25)

where dR/dt and ds/dt are obtained by differentiating Equations (III-20)

and (III-21) with respect to time. Thus,

o

drR
q =" ) m @I @) sin (e + 6y, (1I1-26)

Yi=-00

and
So

g 5
ac n oA J (me) cos (nuyt +6,). (I11-27)

MN=-20 .

The output of the discriminator will be proportional to dé¢/dt or

e ok [ R(ds/dt) - s(dR/dt)] (111-28)

RZ + s¢

where K is the constant of proportionality. It should be noted that

Equation (III-26) assumes that the amplitude variations given by
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\/Ein;fg? have been eliminated by limiting action before reaching the
discriminator.

It is of interest to observe what effects the network has on
the amplitude of the output wave before limiting. In the case of constant
attenuation at all frequencies, the amplitude of the output will be
constant. When the network attenuation varies with frequency, the output
wave will exhibit amplitude modulation in addition to the frequency
modulation. If the variation of-the attenuation characteristic with
frequency is linear, the amplitude moéulation will be undistorted, but
a nonlinea; attenuation characteristic will result in distorted amplitude
modulation. This action is illustrated in Figuré 4. A few comments can
also be made concerning the phase characteristic of the network. If the
phase characterisﬁic of the network is constant, the output wave will be
identical in phase to the input. 1In the case of a phase characteristic
which varies linearly with frequency, the output will not exhibit phase
distortion but will suffer a time delay with respect to the input.
Finally, a nonlinear phase characteristic introduces phase distortion
in the output wave. This behavior can be understood by recalling that
the discriminator output is proportional to the derivative of the
instantaneous phase of the applied wave.

Equation (II1-28) specifies the demodulated signal which results
when the FM wave is passed through any network whose transmission
characteristic can be determined at the various sideband frequencies.

The distortion in the output signal can now be determined by using a

Fourier series to represent the waveform and then using the following
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formula for total harmonic distortion:

ES +E3 +. ..
X 100 (II1-29)

5

EZ2 +ES +EJ +...

- N

where E, represents the r.m.s. value (or peak value if more convenient)
of the nth harmonic.

It should be pointed out that Equation (III1-28) suffers no
restrictions with respect to/size,of.modulation index or small
departure from linearity of the transmission characteristics as do
some of the other popular methods of distortion analysis for FM waves.
The most sérious drawback to this method in the past has been the
enormous amount of labor involved in calculations whenever the
modulation indexzéés even moderately large. The development of ultra-

fast digital computers now essentially eliminates this disadvantage.

Digital Computer Analysis

Pages 27 through29 show a digital computer program which is
used to evaluate Equation (111-28). Sample output data is given omn
pages 30 through 32. In addition to the main program, there are also
some supporting subprograms which perform various important.tasks.
Although it has been stated that Equation (III-28) suffers no restrictions,
the limits of practicability require placing restraints on the computer
analysis. Since the digital computer is inherently an approximation

device, the question arises, "Just how much accuracy is required in the
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answer?"' Thus, economics is brought into the picture and plays an
important role in the overall analysis. One must weigh improved
accuracy against increased cost and strive to obtain the optimum
efficiency. It is with this philosophy in mind that the computer
program will now be analyzed.

In order to calculate the output waveform as a function of time
using Equation (I1I-28), the values of w_, @ &nd A® gre read into
the program. Also supplied initially is the increment in the frequency
of the modulating wave which determines the value of w that will be
used in the calculations. After these quantities have been entered,
the modulation index my is calculated. At this point in the program,

a very important decision must be made concerning the number of side-
bands to take iﬁigrder to achieve the desired accuracy. Equation (III-16)
shows that each sideband is multiplied by a Bessel function of the same
order as the sideband. Figure 5 shows some properties of Bessel
functions of the first kind which will help in making the decision. As
- seen from the curves the magnitude of the Bessel function is very small
whenever the order is approximately five greater than the argument. This
means that little error would be introduced by neglecting sidebands of
order greater than mg # 5. The curve in Figure 6 gives some indication
of the error introduced by neglecting these higher sidebands. This

curve is actually a plot of the magnitude of the sideband of order

mf # 6 and shows that the coefficient of the mgf # 6 order harmonic is
equal to or less than 0.0l for mg equal to or less than &44. Thus, the

error introduced by neglecting these sideband components (and all higher
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order components) is indeed small. Figure 6 also shows that the error
is very small at low values of modulation index which indicates that
sideband components of lower order than the 6Lth may possibly be
neglected. 1In fact, Hund [18] shows that a single pair will suffice
up to a modulation index of 0.4 and only the first 3 orders are
necessary for values of modulation index up to and including unity.
Hence, the number of sidebands to be used in the calculations will be
either 1,3, or m; # 5 depending on whether 0 < mg £ .4, .4< meg< 1,
or mgy > 1, respectively. The computé% variable which determines the
number of'sideband pairs to be used is IMAX. The group of statements
starting after statement number 70 down to and including statement 7
is where the computer decides how many sideband pairs to use.

| Statementfﬁumber 14 in the program is a call to a subroutine
named TFCN2 which is the network transfer function. FORTRAN programs
of a few typical transfer functions are contained in Appendix E. At
this time the TFCN2 subroutine compufes the magnitude and phase of the
network transfer function for all sideband frequencies to be used later
in the program and stores the values in storage common to the main
program. The reason for this is to save time by not having to call the
subroutine each time a magnitude or phase angle is needed. The cost of
this time saving is the loss of storage space. These values are also
printed outafor convenience and checking. At this point a simple
example will be worked out by hand to show the sequence of calculations

to be made so that the rest of the computer program will be easier to

understand. For convenience the phase shift and attenuation
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characteristics will be assumed to be linear functions of frequency so
that the demodulated output will be undistorted but shifted by an angle
equal to the amount that the first sideband is shifted by the network.
In addition, the FM wave should exhibit undistorted amplitude modulation
due to the linear amplitude variations with frequency.

Example: Let the frequency-modulated wave be

represented by the equation

e(t) = E sin 0»;; + 1 sin ayt) , (I11-30)

so that mg = 1. The normalized function can then be

represented by Equation (III-15) as

F(t)¥= Jo(1) sin @t
+ J1(1) [sin (w oty )t - sin(mc-a.}n)c:\

+3,(1) [ sin (@2m)t + sine -2u)¢]

+33(1) [ sin@ta)t - sin( -3t ] . (111-31)

This series has been terminated after only 3 sidebands
have been taken into account. This is in accordance
with the previous discussion. The normalized output
‘wave is now obtained by multiplying Equation (III-31)

by the network transfer function. Hence,
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G(t) = AoJo(l) sin Gbct +8,)
+ J3(1) {Al sin(wet + @t + e1) - Ay sin(mct-wmtﬂ_l)]

+32Q1) [Ap sin@ce + 2t + 0)) + Ay sin(@ct-2u;e40_))]

+ J3(1) [A3 sin(w.t + 3t + 83) - A__3 sin(uncfl-ﬁqug)e-;;)].

It will now be assumed that the gain and phase
‘characteristics of the network are linear and

can be represented as follows:

A5z 1.0 | 8, = 0°

# o o
A1 = 0.9 Ay = 1.1 6; = -10 9_1 - 10
Ay = 0.8 A.g = 1.2 8, = -20° 6_p = 20°
A3 = 0.7 A3z 1.3 83 = -30° 6_3 = 30°

The values of the Bessel functions with orders
0, 1, 2, 3, for argument 1.0 are

Jo(1l) = 0.7652 J1(1) = 0.4401

J,(1) = 0.1149 J3(1) = 0.01956.

In order to simplify the calculations, Equation
(I1I1-32) will be expressed in phasor form taking

sin &.t as reference. Thus,
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G(t) = A Jo(1) L8 + A1I1(1) Jaygt+6) = ALy J1(1)/-wnt+6_q

+ AJ2(1) /[2upt+6) + A_pJ5(1) /-2umtiO_p

+ A3J3(1) /3 t+63 - A-3J3(1) /=3 t+6.3

Substituting the values from the transfer function

and the Bessel function values yields

G(t) = 0.7652(1.0) (0O + 0.4401 (.9/wyt-10° = 1.1 /=wt+10° )

+ 0,1149 (.8/2wpt-20° + 1.2 /-2upt + 20°)

+ 0.01956 (.7/3w,t-30° = 1.3 /-3, t+30°) .

In order to complete the calculations, certain values
of t*; modulating wave will be substituted in and the
corresponding value of the output wave will be
obtained. The plot of the resulting data will yield
the output waveform.

wt = 0°

G = 0.7652 + 0,3961 /-10° - 0.4841 /10°

+ 0,0919 /-20° + 0.1379 /20°
+ 0.0137 /-30° - 0.0255 /30°

= 0,898 /-10.8°
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@t = 30°

T = 0.7652 + 0.3961 /20° - 0.4841 /-20°

+ 0,0919 /40°  + 0.1379 /-40°

+ 0.0137 /60° - 0.0255 /-60°

= 0.905 /19.7° .,

These two calculations illustrate the method and

Table (1) summarizes the results of other calculations.
‘These values are plotted in Figures 7 and 8 in order to
analyze the results. Referring first to Figure 7 one
observéé that the phase of the output wave as a function
of time is a sine wave shifted by 10° from the origin.
Since the demodulated signal is proportional to the
derivative of this phase angle, the output sigmal

will be a cosine wave delayed by 10° with respect to
the modulating wave. This is in agreement with what
was predicted. The peak value of the phase variation
is seen to be 57.5° or approximately one radian which
agrees with the value given in Equation (III-30).
Figure 8 shows the sinusoidal amplitude variation

of the FM wave that was caused by the linear
attenuation ;haracteristic of the network. It should
be pointed out that some inaccuracies are encountered

in this example, especially in the amplitude calculations.
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TABLE 1

COMPUTED VALUES FOR THE EXAMPLE PROBLEM

apt (degrees) E(t) w t (degfees) E(t)

0 0.898 /-10.8° 180 1.094 /9.92°
10 0.895 / 0.0° 190 1.095 /0.0°
20 0.898 / 10.8% 200 1.094 /-9.9°
30 0.905 /19.7° ° 210 1.092 /-19.5
40 0.915 / 28.7° 220 1.083 /-28.7
50 0.928 / 36.7° 230 1.080 /-36.7
60 0.939 / 43.7° 240 1.069 /-43.8
70 * 0.950 ] 49.4° 250 1.053 /-49.6°
80 0.964 / 53.8° 260 1.042 /-54.2°
90 0.981 / 56.5° 270 1.016 /-56.6°
100 0.996 / 57.5° 280 0.996 /-57.5°
110 1.016 / 56.6° 290 0.981 /-56.5°
120 1.042 / 54.2° 300 0.964 /-53.8
130 1.053 / 49.6° 310 0.950 /-49.4
140 1.069 / 43.8° 320 0.939 /-43.7
150 1.080 / 36.7° 330 0.928 /-36.7
160 1.083 / 28.7° 340 0.915 /-28.7
170 1.092 / 19.5° 350 0.905 /-19.7
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These inaccuracies result partly because of being
restricted to slide rule accuracy in the calculations
and partly because of neglecting some of the higher
order sidebands. It should also be observed that
the demodulated wave was never actually calculated
by the method given in the section on distortion
analysis (see Equation (III1-28)). The reason for
this was that the ﬁofk involved was too tedious to
be readily performed by hand even for this simple
example. In addition, since no distortion was
present, it was easy enough to deduce the output
from ghe curve of phase as a function of time. The
chief purpose of this example has been to understand
the basic mechanics involved in making certain
calcu{ations.

With the above example in mind, let us now return to the analysis
of the computer program. Assume that the computer has determined how
many sidebands to use and has called the transfer function subroutine
which has already calculated the values for the gain and phase angle
at each one of the sideband frequencies and has these values stored.
The next step is to determine at what values of time it would be best
to compute the output wave. The obvious choice is to obtain values of
the output signal over a full cycle of the modulating wave, 'This will

assure that all pertinent data is available. The value of the
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angular increment in the modulating wave that is initially read into
the program (DWID) allows for the selection of the times (or angles)
into which the wave will be divided. The statement MX = 360.05/DWID
is the way the computer decides how many sets of calculations it is

to make. For example, if one wished to obtaim the output signal at
each 10° of the modulating wave throughout a full cycle of the
modulating wave, it would be necessary to make a total of 36 sets of
calculations--one for every 10° of the 360° in a full cycle. Note that
since MX is a fixed point"éoggéant,.the calculation made by the
computer will be made in floating-point arithmetic and then everything
to the right of the decimal will be truncated. .The reason for the
decimal fraction added to 360 to give 360.05 is to assure that no
relevant integigs are lost during the floating-point to fixed-point
arithmetic conversion.

The program now enters that portion where the calculations are
made to determine the magnitude and phase of the frequency-modulated
output wave and the values of the demodulated signal as a function of
time. The first set of calc#lations is made at Nt - 0°and each
subsequent set is made at @Wut plus the increment as stated above.

‘During the course of the calculations, it is necessary to use certain
Bessel functions as has already been seen in the sample problem. This
requires that a scheme be made available to the computer to compute
Bessel functions. This is accomplished by using a function subprogram
with the main program so that the value of a certain Bessel function

is computed at the time it is needed. The details of the Bessel function
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subprogram BES (Z,N) are found in Appendix A. It will be sufficient
here just to state that BES (Z,N) is a function subprogram which
computes Bessel functions of the first kind of order N and argument Z.
The portion’of the program included in the DO-loop designated
by '"DO26" is the heart of the program since if is here that the main
calculations are made. 1In effect, Equation (II1-28) is evaluated with
the constant K assumed to be unity. In the process of calculating the
demodulated signal the ampli;ude and phase of the FM wave are also
obtained. These quantitieé along wi'th the values of @t at which the
calculations are made are all printed out for evaluation purposes.
After thé output wave is obtained it is analyzed for distortion by
first computing its Fourier series and applying Equation (III-29).
In détermining*%%e Fourier series by numerical integration it is
necessary to choose intervals of the output wave that are compatible
with the main program. In other words, the values of & chosen for
the evaluation of the Fourier series must be equal to or at least
integral multiples of wt. In this program the same number of
intervals is chosen for the Fourier series computation as for the
evaluation of the output wave, namely, 360/DWTD. Provisions are made
in the DIMENSION statement to accommodate 360 intervals. Under this
restriction DWID is limited to va}ues of 1© or greater. This is
regarded as sufficient for most purposes. If smaller increments are
desired, it is necessary only to change the DIMENSION statement to
accommodate the increased number of increments. It should be noted

that the first 10 harmonics are calculated. This again should be
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sufficient but, if not, the only change required to increase (or
decrease) the number of harmonics to be calculated is to change the
upper limit of the DO statement, D026. Finally, the distortion is
calculated from Fourier series coefficients énd printed out as the

end result.

The computer time required to make a complete analysis varies

from a couple of minutes to about 15 or 20 minutes on the IBM 7040/1401
system depending upon several factors. For example, if the modulation
index is low so that only a few sidebands are needed and the incre-
mental change in w;t is large so that only a few sets of calculations
are required, then the time will be short. On the other hand, an
increase in eigger of the above quantities will result in a corregponding
increase in computing time. An actual computer solution for the case of
a modulation index of unity evaluated for every 10° of the modulating
wave took a total of four minutes including two minutes of output time.
A second run made for the case when the modulation index was 40 and
evaluated for each 3° of the modulating wave consumed 16 minutes. Thus,
it can be seen that indiscriminate choices of input data can result in

long and expensive computer runs.

Modulation by Two Sinusoidal Waves

There are many cases where it would be convenient to be able to
determine the FM output from a network when the input FM wave has been

modulated by signals other than a single sinusoid. One such case concerns
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modulation produced by a pair of sinusoidal waves. Such modulation can
be used to determine the intermodulation distortion produced in an FM
wave due to the nonlinear transmission characteristics of the network.

Let the instantaneous frequency be represented by

w; =@, + Aw; cos wt + Awp cos wyt ., (111-33)

The equation of the FM wave is obtained as before by integrating w,
i
with respect to time and substituting into Equation (IIL-5). Again

taking (J, to be zero yields ‘
‘e(t) = E sin | @gt + m) sin @it + my sin @yt | (I11-34)

where m) = Awl/agl and mp = szlu)l. Equation (III-34) can now be
expanded as befbre except now there will be many more terms to consider,
Due to the additional complexity of the resulting expansions, it will
be advantageous to use an alternate derivation. In order to do this it

is necessary to express the wave in terms of exponentials. Hence,

. (III-35)

j(Ww.t+m, sin t+m, sin wot)

For ease of manipulation, the complex quantity C(t) will be introduced

and defined as follows:

j(wct-f-ml sin w1t+m2 sin wyt)
e

c(t) = (I11-36)

so that the FM wave normalized in amplitude is

F(t) = E%l= %{C(t)z . (II1-37)
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Now Equation (III-36) can be written

jact jmi; sin w;t jm, sin wyt
C(t) = e * e c e (I11-38)

By making use of the following identity, this expression can be

expanded into an infinite series with Bessel function coefficients:

jx sin y = jony
e = 2 Jn(x) e . (III1-39)

M- - 0o

Equation (III1-38) now becomes
hnid Jhwot

o) = j{::JN(ml) e .
N = = %o
i jku)zt jwct
) dmp) e ‘e
K==po ) (I11-40)

Since these two summations are independent of each other and neither
Jj@ct
influences the e term, both summation symbols can be grouped
together in front of the other terms. The result is
zZ, = N1 jKwot jw t
C(t) = § E In(my) e o Jg(my) e - e

N:z-0> K=-o00

©, = (@ N0 Ky £

= Z ZJN(ml) Jr(my) € .

Nzeo Kr-0o

(III-41)

The actual FM wave is obtained by taking the imaginary part of this

expression. Hence,

F(t) BZZJN(ml)JK(ﬁZ) sin (W +tNwi+Kwy) t. (I11-42)

Nz-go Kx-no
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Equation (III-42) results in spectral components of the following
frequency and amplitude:

1. Carrier component: Jo(ml)Jo(mZ)sin wct

2. Sidebands due to Wwj: Jn(ml)Jo(mz)Si“(wb + Nwj )t

3. Sidebands due to wp: Jo(ml)Jk(mz)sin(wt + Kwg )t

4. Sidebands due to @] and Wy : Jn(ml)Jk(mz) sin(w, + Navy + kwy)t

Figures 9 (a), (b), (c), and (d) show the plots of the magnitude of

these sideband components for an exa?ple case., TFigure 9(e) gives the
total spectrum for the wave taking the signs into account. In this
example the carrier is normalized to 100 for convenience while the
modulating frequencies are @y - 1 and ®y = 2. The values for the
modulation indeﬁgwere taken as-ml =2 and mp = 1. While one must be
very careful in drawing any concrete conclusions from one specific
example, there are a few interesting generalizations which can be made.
First and most obvious is the large number of sidebands that arise
because of w), wy, and particularly due to the interactions of @] and wp.
It ghould be pointed out that the spectrum shown in Figure 9(e) is
misleading in this regard. The number of sidebands shown in the total
spectrum do not greatly exceed those of the individual plots of Figures
9 (a), (b), (c), and (d). The reason for this is that the value of wy
turns out to be the first harmonic of @j. In the general case where
the two modulating frequencies are not harmonically related, all of the
sideband components would show up in the total spectrum. Nevertheless,

it is interesting to observe how the sidebands behave in the above case.



51

SIDEBANDS DUE TO

(A) -ZI CARRIER, W
g w g =100
w, w2
my 2 mogsl
A+
O
3
S0 95 100 105 1o
(8) ) SIDEBANDS DUE TO w
4t
F 34+
ol
|+
™ > > ~ 3\ > >
§ 313 MR
MR
SN EBREIRIE il
80 95 100 105 1o

FIGURE @ (A& B)-MAGNITUDE OF SIDEBAND COMPONENTS FOR
MODULATION BY TWO SINUSOIDS



52

1
o

o
3
(o]
-
cU._ wﬁm;* n n5v
D —
A
g2 mz + °m
s ¢
m
a
7] Zmtm
N o}
1 o
o
2m- Im
F3 P)
mz -7 |
(]
o

SIDEBANDS DUE TO BEAT
FREQUENCIES BETWEEN

w| AND w2

Zg 4 Y = Y]
Zmz + ‘Mg Im—="
emz +’'mz +°m
Zme -+ 'm =T~
m s ‘mg + R
2z ¢ ‘me Tm*

-y

1o

f—

n

0
- Q

Zm 4 'mz + °m

%m ¢ 'm 4 °m
Tz e 'mz-m llm.ll.l
w\UW«,\Q%l M,
20 ig + Sy N

4

Zmr oty - "m 2m 4 'z - T
Il

ST

(D)

-
¥ e

N — Fm-imz+om?

Zm-'m+9md ITmimgp Wo\uhh;!lllnuhnn
mz-'mg + M
z-mz +m

Zm—Im_-2m

Zm -z - O°m

Iz - m- o\.ulm..
Zm - mg - Imi—
g -im e M5
Zmz-'mz - °m
Tz - ‘mg - “mn

’meg-'m4 u:«m

e

FIGURE 9 (C & D)-MAGNITUDE OF SIDEEAND COMPONENTS FOR

MODULATION BY TWQO SiNUSOIDS



53

[ 1.

92 l94 S6 88 0|0 102 104 106 108

e

-8 .1..

FIGURE 9(E)-TOTAL SPECTRUM OF FM WAVE INCLUDING POLARITY



54

The spectrum takes on a very unsymmetrical shape as far as magnitude
and sign is concerned. The increased bandwidth of the spectrum is
also observed. Although the increase is not very large, it does
indicate a necessity for further investigation.

In making a study of the required bandwidth for a network to
pass an FM wave modulated with a pair of sinusoids, one first observes
that each sideband has as its coefficient the produce of two Bessel
functions. Certain properties'of Bessel functions have already been
discussed. in connection with the single frequency modulation. The
study of these properties indicated that an error of less than 1% was
obtained for th%Fsingle frequency modulation if sidebands higher than
the 5th were neglected. This same criterion seems to be a convenient
starting place in determining the maximum number of sidebands te include
in the case of double-frequency modulation. This case, however, is
complicated by the fact that there are two sets of Bessel functioms with
different arguments to be considered. It is not an easy task to deduce
for certain from looking at the expressions for the sidebands when the
product of the two Bessel functions becomes negligible. Computer results
show that if one uses my ¢ my # 5 as the number of significant sidebands,
the results are accurate to 6 significant figures. TIf this is more
accuracy than is really needed, one can use the number of sidebands as
m{ ¢ m,. In this case, the answers should be good to roughly three
significant figures or slide rule accuracy which may be acceptable for

many purposes. The decreased accuracy would be exchanged for less

computer time. ‘
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Digital Computer Analysis
Using Double-Freguency Modulation

The complete computer program which evaluates the output wave
for the case of double-frequency modulation is found in Appendix B
along with the output results. The basic philosophy of this program
is the same as that of the program using singlé-frequency modulation.
However, the increased complexity of the calculations is immediately
apparent. As mentioned eariiér, the-result of nonlinear network
characteristics will be intermodulation of the two modulating waves.
The progrém does not attempt to calculate a value for-the inter-
modulation distortion because no simple method could be obtained for
determining theﬂiecessary values. The reason for this is due to the
dependence of the shape of the intermodulated wave on the network
characteristic. The best solution for this problem seems to be to
plot the output wave and calculate the intermodulation disﬁortion
from this plot. There are two methods of defining the intermodulation
distortion generally used.! The most common of these methods, referred
to as the SMPTE (Society of Motion Picture and Television Engineers)
method, is characterized by applying two sine waves of widely differing
frequencies to a nonlinear network and observing the sum, difference,
and other frequency components generated by the nonlinearities. Typical

frequencies used in this method are 60 and 6000 hertz mixed with an

amplitude ratio of 4:1, respectively.

1See pages 335-341, Terman and Pettit [19].
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The other method employed in measuring intermodulation dis-
tortion is the so-called CCIF method recommended by the International
Telephonic Consultative Committee. In this method the modulating
frequencies are both of the same amplitude while the frequencies are
high but slightly different. Both of these methods have advantages
and disadvantages with regard to solution on the digital computer.
6ne of the major drawbacks of the SMPTE method is that the frequency
and amplitude requirements for the modulating waves result in a
modulation index ratio of 400:1 - a value completely out of the range
of the program given in Appendix B.' It is observed however, that a
frequency ratio of 10:1 (say 60 hertz and 600 hertz) instead of the
100:1 normally used results in a modulation index ratio of 40:1 which
turns out to bew;ust in the range of the computer program.

The valgig of modulation index cause no problems in the CCIF
method since the amplitudes of the modulating waves are equal aﬁ& the
frequencies are very close to being equal. The main problem encountered
in this method is that the difference frequency between the two waves
carries considerable significance and to obtain this waveform accurately
the two modulating waves must be evaluated at a large number of points
in each cycle. 1In addition, the calculations must be made over a
complete cycle of the beat frequency wave. TFor example, if the
frequencies of the modulating waves are 1000 and 1010 hertz, calcu-
lations woﬁld be necessary every few microseconds (since the period of

each modulating wave is about 1 millisecond) in order to obtain an

adequate beat frequency component of the output wave. 1In addition,
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one must make sure that the calculations are made over the complete
period of the 10 hertz beat frequency wave. Thus if the high frequency
waves are sampled about every 10° and over a full cycle of the 10 hertz
wave, calculations would be necessary at approximately every 25 micro-
seconds over a period of 10 milliseconds or about 400 sets of
calculations. Since each set of calculations involves evaluating
several equations each of which is composed of a large number of
sidebands, it is easy to see<5hgt the work soon gets prohibitive even
for a digital computer. )

Based on the above discussion and the relative ease with which
the answér can be obtained from a plot of the data, the SMPTE method

seems to be the most promising. Figure 10 illustrates this method in

a little more dé?ail.
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IVv. THE QUASI-STEADY-STATE ANALYSIS

The analysis of distortion in FM systems by approximations based
on ''quasi-steady-state" conditions was first introduced by Carson and
Fry'DJin a paper entitled Variable-frequency Electric Circuit Theory.
Basically, this method amounts to assuming that the input frequency is
varying slowly enough so that the output frequency is at every instant
equal to tﬁe input frequency plus a small (hopefully) correction term.
The correction term is necessary since a varying frequency will give
rise to transients no matter how sméll the variation. It is very
importan; to recognize that error is inherent in this method of

analysis and most of the effort in this area has been directed toward

reducing the error to acceptable proportions.

o

Mathematical Treatment

Again, consider the FM wave at the input to the filter to be

AW

e; = E sin(ct +‘TE; sin wat) . (Iv-1)

1

The phase angle of this wave is the argument of the sine function and
the instantaneous frequency is the time derivative of the phase angle.
Likewise, the instantaneous frequency of the output is the time
derivative of the output phase angle. To a first approximation the
output pha;e will be equal to the phase angle of the input plus whatever

phase shift is introduced by the network. Hence,

bout = Pin + O (1v-2)
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where ﬁou is the phase angle of the output wave, ﬁin is the phase angle

t
of the input wave, and 6 is the phase shift introduced by the network.
The instantaneous frequency of the output is obtained by differentiating

Equation (IV-2):

s = 48out = d¢in +‘22 -
(w’.‘)out dt dt dt (1v-3)

where d@in/dt is recognized as the instantaneous frequency of the input
wave and d8/dt is a characteristic of the network. It is the d6/dt
term that gives rise to a correction term to compensate for the
inability of the network to respond'instantaneously to a change in the

input frequency. From Equation (IV-1) the phase angle of the input wave

is

Pigh= @t + .%.%) sin wpt (Iv-4)

and

d@in (1Iv-5)
= A
ac @O + W cos Wpte

The instantaneous frequency of the output can now be written as

de -
(u:,i)out = w. + Aw cos wyt +EE . (1Iv-6)

Since the phase response of the network is usually easier to obtain in
the frequency domain than as a function of time, it will be necessary
to express d8/dt in terms of the frequency domain. This is easily

accomplished by observing that

d6 - d8  dwy (IV-7)
dt  dwy ~ dt
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where d6/dw; is the desired network characteristic and dwj/dt is easy

to obtain from Equation (IV-5) as

dwi -
E‘E"=-<qn Aw sin wyt. (1v-8)

Making these substitutions into Equation (IV-6) yields

, d6
@) gyp = O + Aw|cos tpt - Wy sin Gt Ei]‘ (1v-9)

The demodulated output signal--is now obtained by separating the

¢

carrier frequency from the total instantaneous frequency:

o AW cos Wt -~ a9 w, bw sin wyt. (Iv-10)

e .
S1g dwl

Equation (IV-10) clearly indicates the dependence of the distortion
term on both thg network phase characteristic and the modulating
frequency. Criteria for low distortion can be inferred from a study

of this equation. Low distortion will result in the case of networks
which have a small change in phase angle as the frequency is changed
and then only if the modulating frequency is relatively low. It is
important'to note that both a small d8/dwj and a low &y are necessary
in order to insure low distortion. The results obtained for a specific

application and reported in Chapter V graphically illustrate this point.

Digital Computer Program

In order to compare the Quasi-steady-state method of analysis
with the Fourier method,Equation (IV-10) was programmed on the digital

computer. Appendix C contains the resulting programs which consist of
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a main program and two subprograms. Again, the main program establishes
the program philosophy and directs the solution procedure while the
subprograms assist the main program by making certain frequently
occuring routine calculations.

Network data are first entered into the program in numerical
form as a table giving the frequency and the corresponding network
phase shift. These values allow the subprogram named "FUNCTION DER(W)"

to calculate d6/dw; with the aid of the subprogram "FUNCTION SLOPE(L)".

o

After the network data have/Seen entered, the program reads in values
for the carrier frequency, WC, the modulating wave frequency, WM, the
- maximum ffequency deviation, DEV, and the incremental steps in
frequency, DWID at which successive calculations are made. This
portion of the pﬁogram is consistent with the program for the Fourier
method as given in Chapter III.

After a few mechanical details such as determining how many
calculations to make and at what frequencies to make them, the
computer evaluates Equation (IV-10) for angles of the modulating wave
from 0° to 360° spaced DWID degreés apart. The values of the output
wave are then printed out along with the angle of the modulating wave
at which they were calculated and the corresponding values of the imput
wave. All input data are also printed out for ready reference. For

more details concerning the digital computer program refer to Appendix C.
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Higher-Order Corrections to the
Quasi-Steady-State Method

As previously stated, Equation (IV-3) is only a first approxi-
mation to the output wave. The correction term d@/dt is not adequate
to compensate for the error when the network phase shift is large

.and/or the modulating frequency is high. The problem of developing an
equation for the output that is less restrictive has been the subject
of intensive study since ;he early days of FM. One of the better known
expressions for the frequency-modulated wave at the output of a network
is that due to Van der Pol and Stumpers [2]. A modified form of this

expression is

.
eq = E e [-‘Dct + ‘[o s(t)dt]q{ﬂ(w) +

5 %n ids(t)] d2H(@) ; mm?-ld%(t) d3H (w)

2 | dt da? 6 | dt2 dw3
y 2 &
Jwp [ ds(r) | dAH(@) -
3 l at ] P + e o } (Iv-11)

where e, is the FM output wave, E is the amplitude of the input wave
and assumed to be constant, s(t) is the modulating wave, and H( @) is
the network transfer function. Equation (IV-11) is a rather complicated
expregsion involving both time - and frequency-domain terms. In fact,
it is the difficulty encountered in attempting to apply this expression
to a practical problem that makes the Fourier approach look promising.
In order to more fully appreciate this last statement, consider that

the first two correction terms in the braces are sufficient to yield

the desired accuracy. Also consider sinusoidal modulation of the form
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s(t) = Aw cos wt ‘ (V-1
so that
~ : Lo
f s(t)de = am 53 Ypt (1v-13)
o
and
ds () (IV-14)

ac =-%Awsinu>mt.

Equation (IV-1ll) can now be written

n.t + yAY 1 \ 2
eo = E It T 52 sin apt) .{a@) il Ao
‘ 2

d2H () (IV-15)

sin Wpt -
d(w)?

Now assume that the network transfer function can be expressed as
H(wp = Aw)eIfW) ' (IV-16)

Differentiating this expression twice with respect to ¢ yields

a%n _ .36 [dzA oA (QY-J+
das® du? \d

d2g
& dé dA
] IA(de) + 2 (a} (d—m)}} (IV-17)
where H= H( w), 8= 6( @), and A = A( w). Making this.substitution

into Equation (IV-15) gives for the output wave
. JaY . .
e; = E eJ(mCt ¥ wp Sin mmt) - e A
2 T 2
v e [ ()2 @8
2 ws:_ncqntLA(dwz 3 (da)

2 2 (Iv-18)
-j Y N as g@)
J_Z_Awsmamt[an—z A(dus J} .
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It is observed that the quantities within the braces of the above
expression represent the real and imaginary parts of a complex function.
Let this complex function be designated by

Q(w)edY ) . QelY

where Q is the square root of the sum of the squares of the real and
imaginary parts and y . is the angle whose tangent is the imaginary part
divided by the real part. Egquation (IV-18) now simplifies to

AG

e, = Eed@ct T == sin dmt) .30 _ ey, (IV-19)

Combining the exponential terms yields

5 JAYC .
eo = EQei@et ¥ = sin e + 6+ v) (1v-20)
Finally, the instantaneous frequency is obtained by taking the time

derivative of the phase angle. Thus,

(mi)out =W, + Awcos @t + g-g- + %—g (1v-21)

where
1 - "%2 . dZA A (éﬁ) 2 }
y = tan 5 Aw sin @pt | G2 T dw

2 .
A+ %_2_ Aw sin gt [A %2 + 2\%)(%)] (Iv-22)

The first three terms of this equation are recognized to be the same

as were obtained by the first approximation method in Equation (IV-6).
The dy /dt term gives a second-order correction to the output wave and,
in doing so, the accuracy of the Quasi-steady-state method is extended.

The problem encountered in trying to apply Equation (IV-21) is the
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evaluation of dy /dt. Equation (IV-22) shows that y depends on the
first and second derivatives of the amplitude and phase characteristics
in addition to other quantities. Needless to say, the algebra involved
in obtaining an analytic expression for y would be exceedingly
complicated for any networks except very simple ones. Even assuming
that one did obtain the analytic expression for y , it must then be
differentiated before it could be applied to Equation (IV-21).

One might argue that dy /dt could be evaluated numerically
instead of analytically as was done in the case of the first-order
approximation. Indeed, this could be done, but by the time one has
differentiated vy, the first, second, and third derivatives of the
amplitude and phase have been evaluated. The inherent error in
numerical diffiéentiation would either yield meaningless results or else
require such sﬁall increments in the phase and amplitude versus frequency
input data to make this approach impractical.

As can be observed from the above discussion, the addition of
even one extra correction term results in very complex expressions. No
doubt higher-ordered terms would become so complex as to be completely
impractical to apply to more complicated networks. The Van der Pol-
Stumpers expansion used here is typical of the approach and is
considered to be a refinement of previous efforts. In no case was this

method found to be practically applied to a circuit more complicated

than the simple three-branch, parallel-tuned circuit.
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V. APPLICATION TO A MULTI-SECTION FILTER NETWORK

The Filter Network

In order to test and compare the methods of analysis discussed
in Chapters II1 and IV, a practical bandpass filter network was
selected. The network used was composed of a number of lossy constant-K
filter sections connected in tandem. Figure 11 shows the details of the
filter including the circuit diagram of a single section and the inter-
connection of ﬁhe various sections. For this analysis, data giving
the magnitude and phase as a function of frequency were obtained for
filters composed of 10, 6, 3, and 1 sections. Appendix E contains the
digital computer program used to evaluate the network. The filter was
designed so that each section would have a bandpass of about 5 kilo-
hertz. This de;ign was made assuming lossless components and when the
dissipation in the series arm (representing a coil with a Q of 100 at
100 kiloﬁertz) is taken into account, the aétual stage bandpass is
found to be closer to 6 kilohertz as can be seen in Figure 12 for
N ® 1. Figure 12 also shows the magnitude of the filter transfer
function as a function of frequency for the 3-section, 6-section, and
the 10-section filters when the terminating impedance is 1000 ohms
resistance. The effect of the series arm dissipation is appareht from
the curves inasmuch as the attenuation in'the passband gets
progressively larger as more sections are added. Without attenuation
the magnitude of the transfer function would always be unity within

the passband. TFigures 13, 14, and 15 show the phase characteristics
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of the network as a function of frequency. The reason for plotting
these curves on three separate sheets was to display more clearly any
nonlinear properties that may be present. From the curves one

observes how the phase shift varies with frequency for each of the
filters being considered and also the way in which the magnitude of the
total phase shift at any given frequency increases as more sections are
added. Figure 13 which is plotted for the single~-section filter
clearly shows some small nonlinearities present in the curve while the
curve for the 10-section filter shown in Figure 15 seems to be very
linear over most of the pass band. This is contrary to what one would
expect since it would be assumed that nonlinearities appearing in the
single-section filter would be magnified when 10 sections are taken
into account. Jhe fact is that there are indeed relatively large
nonlinearities present in the curve for the 10-section filter, but they
are masked by tﬂe extremely large total phase shift. 1In order to better
observe the characteristics of these nonlinearities, the data has been
altered and re-plotted in Figure 16 for the 10-section filter. The
single-section filter phase characteristic is also replotted for
comparison. The extent of the alteration in the data was merely to
subtract a linear ramp function from the curve. According to the
theory of Chapter III, this should result in a fixed phase shift of

the output signal but should not affect the distortion. Hence, Figure
16 more realistically compares the nonlinearity of the‘lo-sgction fitter

with that of the single section.
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Exact Analysis by Fourier Method

A frequency-modulated wave is now to be applied to the input
terminals of this filter and the wave at the output of the filter is
to be determined. Since the Fourier analysis gives the exact response
(within about 1% as indicated in Chapter III), these data will be used
as reference and the values obtained from the Quasi-steady-state will
be compared to them. Figure 17 illustrates how the output wave is
expected to vary as a function of the number of filter sections when
the frequency deviation is 2000 radians/second and the modulating
frequency is 100 radians/second. One observes that the curves are not
greatly distorted even for a large number of sections. This is because
of the relatively large modulation index which results in a large
number of closeﬁ% spaced sidebands of small amplitude which are
essentially confined to the passband. In addition, the larger of the
sidebands is located close to the center of the passband where the
phase characteristic is fairly linear. On the other hand, one would
expect the distortion to increase greatly as the modulating frequency
increases since the sidebands become more spread out and would tend to
have significant components in the region of extreme nonlinearity. This
is indeed the case as can be seen from Figure 18, which shows the output
wave for various modulating frequencies when the frequency deviation is
held constant.

Returning once again to Figure 17, it is interesting to make

some observations concerning the phase shift (or delay). The discussion
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in Chapter III indicated that the phase shift of an undistorted output
wave arising from passage of the wave through a network with a linear
phase characteristic should be equal in value‘to the phase shift
occurring in the first sideband. From the plotted data one should be
able to verify this theory even though the waves are somewhat distorted.
Consider the case of the 10-section filter in Figure 17. The phase delay
of this wave with respect to the input is approximately 23°. The phase
shift of the 1l0-section filter at the first sideband is obtained from
Figure 15 as approximately 20° (for a frequency of 100 hertz). The
accuracy of this reading is somewhat'poor due to the scale factors;
therefore, the actual data were consulted which gave a value of 22.9°
for the phase shift at the first sideband. This value is very close

to that read from Figure 17.

;fq,
Analysis by Quasi-Steady-State Method

It is now desirable to investigate the Quasi-steady-state method
of analysis to verify the theory presented in Chapter IV. The approach
using only the first approximation was explored because of the
difficulty in applying the higher-order correction terms to a
complicated network. Figures 19, 20, and 21 compare the output
predicted by the Quasi-steady-state method with the exact output as
given by the Fourier method. The curves of Figure 19 are plotted for -
a 3-section filter, while the curves for the 6-section and 10-section
filters are shown in Figures 20 and 21, respectively. The reason the

single-section results are not shown is that the curves practically lie
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on top of one another, and the output wave as predicted by the Quasi-
steady-state method begins to depart significantly from the exact output
wave. This is in agreement with the behavior expected from the analysis
of Equation (IV-10). It is significant to note that the greatesterror
in the Quasi-steady-state method occurs at the peak of the waves while
in between the peaks the error is quite small. 1In fact, the predicted
wave is greater in amplitude than the input wave indicating that the
deviation has been increased by the filter; that is, the results of the
Quasi-steady-state analysis would hgve one believe that as the phase
shift of a network is increased, the peak frequency deviation is also
increased. This comes about as a result of assuming that the output
follows the input almost instantaneously which obviously cannot be so.
Figure 22 showsﬁghe error in the Quasi-steady-state method as compared
to the Fourier method for the cases illustrated in Figures 19, 20, and

" 21. The error for the case of the single—sectiOn filter is equal to

or less than 1.5% at éll times, so it does not appear on Figure 22.

As was stated in Chapter IV, the Quasi-steady-state Wethod also
becomes inaccurate at low values of modulation index (i.e., higher
modulating frequencies). Results which verify this behavior for the
case of the 10-section filter are found by comparing Figures 21 and 23.
Higher modulating frequencies result in even more error than Figure 23
shows. Of course, the explanation of this phenomenon is simply that
as the frequency increases, the network can no longer respond in the

fashion assumed by the Quasi-steady-state analysis.
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VI. ANALOG COMPUTER SIMULATION

As a means of experimentally verifying the theory set forth in
the foregoing chapters,‘an FM system was simulated on the analog
computer. Until recently, the simulation of electronic systems in
which there occur widely separated frequencies has been considered to
be impractical due to difficulties encountered in time scaling such
systems. For example, consider the case of a conventional FM broadcast
receiver which receives radio frequency waves around 100 megahertz.
These RF waves are then converted into an intermediate frequency of 10.7
wmegahertz which in turn are passed through a detector to yield the
intelligence-bearing signal which lies in the audio range of 50-15,000
hertz. An attempt to simulate this system on the analog computer as it
stands would prg%ably be unsuccessful, since time scaling, which would
result in translating the carrier frequency down to the usable range
of the computer (normally from DC to a few thousand hertz), would result
in audio frequencies so low that they would become indistinguishable
from DC drift. More successful simulation schemes are based on the fact
that the Higher frequencies do not explicitly make any contribution to
the intelligence being transmitted [20,21]; that is, as long as the
frequency of the carrier is high enough to pass all of the sidebands
involved, the same intelligence could be transmitted at a much lower
carrier frequency than is conventionally employed. 1In fact, since the
ca:rier wave is merely the vehicle of propogation, one is free to choose

almost any convenient carrier frequency for the purpose of analog
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simulation. This choice would be subject to some rather loose
restrictions. First, one must make sure that the frequency is high
enough so that all sidebands of the frequency-modulated wave are
transmitted without interference. Next, the frequency should be high
enough so that wave forms throughout the simulated system have the
same characteristics as those of the actual system under study. This
is especially true whenever waveforms such as the envelope of the
carrier wave are to be studied. Finally and most importantly, the
frequency must be low enough so that the relatively limited bandpass
of the computer amplifiers does not“degrade the performance of the
overall system.

There are many advantages to using analog computer simulation
. over more conventional experimental techniques in the case of complex
systems such aggthe one studied here. 1In general, the simulation
technique allows one to predict, study, and optimize a system without
actually constructing it. It was especially advantageous when applied
to the present system inasmuch as it avoids certain problems that would
be encountered at the higher frequencies usually employed. Thus, the
use of high-frequency techniques in construction and measurement, which
are more of an art than a science, are unnecessary. In addition, the
components of the system are completely accessible for purposes of
alteration or making detailed studies. In the case of the present
problem, there exists the additional advantage of being able to
simulate any linear network for which the transfer function can be

obtained (of course, this implies that one has at his disposal a
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relatively large analog computer).

Configuration of Simulated System

The block diagram for the complete simulated system is shown in
Figure 24. The blocks inside of the dashed lines represent the portion
of system which is replaced by the analog computer while the other blocks
represent necessary peripheral equipment. The analog computer actually
used in this set-up was a combination of two Heath Model ES-400 units
slaved together. While having sefious limitations, the availability
and ease of operation of these unit; more than justified their use.

Some of these limitations will be discussed later in the chapter. A
Hewlett-Packard Model 3300A function generator was used as the FM
modulator. Thi§-piece of equipment was operated as a voltage-controlled
oscillator witﬁﬁ;he modulating voltage being supplied from a Hewlett-
Packard Model 202A low-frequency function generator. A frequency of
100 hertz was selected as the frequency of the unmodulated carrier
based on the factors already discussed above. Maximum frequency
deviations up to approximately five hertz were employed during the
course of this investigation although this figure should not be
construed to be any sort of limiting value as far as the system is
concerned. By using values of frequency deviation in the range

0 <Af < 5 end modulating frequencies in the range 0.1 ..<_ fo < 1.0
one is ablé to obtain values of the modulation index from zero to 50.

Thus, the modulation index has roughly the same range as was found to

be reasonably economical in the case of the digital computer analysis.
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The recording device used was a Tektronix Model 564 storage oscillo-
scope. This piece of equipment proved to be almost indispensible for
viewing the details of the very low frequency waveforms.

The heart of the simulator is the FM detector which can be
further broken down into three basic components as illustrated in
Figure 25. The actual analog computer circuits represented by each
of these blocks will be postponed briefly in favor of investigating
the simulation of a single-tuned parallel RLC network. This circuit
will form the basis for several of the analog computer programs which
follow. Referring to Figure 26(a) and writing the node equation at the

output terminal, one obtains after some simplification

t
d Ei E 1 E.dt .
Eo o i - Eo f o (VI-1)

dt RgC  RpC  LC

The unscaled co&puter program for this equation is shown in Figure
26(b). Note that the bandwidth and the frequency are controlled by
independent potentiometers resulting in a very versatile circuit. One
use of the single-tuned circuit will be in the construction of a
frequency discriminator. When a pair of single-tuned circuits are
connected as shown in Figure 27 so that their individual amplitude-
versus-frequency characteristics subtract, the result is a frequency
discriminator with an overall characteristic as shown in Figure 28.
In this case, the two frequency controls determine the bandwidth of
the discriminator by determining f{ and f2 while the individual
bandwidth control potentiometers determine the steepness of the

linear portion of the curve. Figure 28, which was obtained during
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Ej @ R c = L DEo
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BW=I/R,C Rp=R/Rg wo=l/Le

(A) SINGLE-TUNED CIRCUIT

(FREQUENCY)2
i

J

LC

(B) UNSCALED COMPUTER PROGRAM FOR (A)

FIGURE 26 —ANALOG SIMULATION OF SINGLE-TUNED CIRCUIT
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actual operation, shows a bandwidth in the linear region of about 15
hertz which is more than adequate to accomodate the wave discussed
earlier in this chapter. Referring again to Figure 27, the four
amplifiers to the fight of the diodes comprise a three-stage low-pass
filter with an amplifier to boost the signal. The output of the low-
pass filter is esséntially free from higher frequencies. Although this
is the desired behavior, there are drawbacks. These will be pointed
out later in conjunction with some of the experimental results.

In Chapter III it was pointed out that a frequency-modulated
wave after passing through a frequency selective network usually
exhibits amplitude modulation. Since the discriminator is amplitude
sensitive as well as being frequency sensitive, this causes the problem
of simultaneousfg detecting both AM and FM. This problem is practically
eliminated by the use of a limiter ahead of the discriminator as shown
in Figure 27. The analog computer simulation which accomplishes this
operation is found in Figure 29. The limiter is composed of a single-
tuned resonant circuit connected to the output of an amplifier which is
driven into saturation on the positive and negative peaks of the input
wave. The degree of saturation of the amplifier is easily controllable
by the two potentiometers which are connected to the reference voltages.
For the particular connection shown in Figure 29, the point of
saturation of the input wave is variable from zero to 50 volts with the
negative and positive saturation points being independently con-
trollable. The output wave which has an appearance approximating a

square wave is then applied to the input of the single-tuned resonant
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circuit. The tuning 6f this circuit is rather broad so as to pass
the carrier frequency and its sideband components while filtering
out the undesirable frequency components such as contained in the
"corners" of the square wave. Also, broad tuning is necessary in
order to assure that the tuned circuit itself does not introduce
amplitude modulation. The net result is once more an FM wave with
negligible amplitude modulation. This wave can now be applied to
the discriminator to obtain the true demodulated output without
interference due to amplitude modulation.

«

Comparison of Experimental Results

with Theory

For the experimental investigation of the theory presented 'in
Chapter III, a'single-tuned resonant circuit was chosen as the linear
network represented by the block labeled "linear network' in Figuré 24,
This network has the same configuration as shown in Figure 26 and used
several times previously, except in the present case it is sharply
tuned to purposely introduce diétortion. A resonant frequency of
10,000 radians/second, a bandwidth of 100 radians/second, and a
mid-band gain of 0.5 were selected as characteristics for the tuned-
circuit. The FM wave applied to the input of this network was assumed
to have a carrier frequency of 10,000 radians/second while the peak
frequency deviation and the modulating frequency were allowed to take
on different values.

For the analog simulation, the tuned circuit was operated at a
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resonant frequency of 100 hertz with a bandwidth of one hertz. Since
the carrier frequency must be the same as the resonant frequency of the
tuned circuit, its value must also be 100 hertz. The frequency of the
analog simulation has been lowered by a factor of 100/2T¢ which is
observed from the bandwidth requirements in the two cases above. It
should be re-emphasized that it is not necessary for the two carriers
to be related by the time-scale factor. The present case is merely a
coincidence, and the same results would be obtained if the actual
carrier frequency were allowed to be 100 kilohertz as long as the
bandwidth remained at 100 radians/second. It will be noted that the
mention of circuit Q has been avoided since if this quantity is
specified, the ratio of carrier frequency to bandwidth is fixed. Thus
one would have fo scale the carrier frequency by the same factor that
is used for the bandwidth. As mentioned previously, this requirement
would place a severe limitation on the practical aspects of the
simulation. For this problem, the Bandwidths must be scaled by the
same factor as are the peak frequency deviations and the modulating
frequencies. The only requiremenﬁ én the carrier frequency is that

it be equal to the resonant frequency of the tuned circuit.

Based on the above information, the digital computer was used
to analyze the distortion for several different combinations of frequency
deviation and modulating frequency. The results of these predictions
are shown in Figures 30-37 along-with photographs obtained from the
experimental apparatus. The agreement between the predicted and

experimental waveforms is extremely good in all cases. The only
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(a) Output signal predicted by digital computer.

(b) Experiméntal waveform from analog simulation.

Figure 30. Output waveforms for Aw = 100 and &, = 50

radians/second.
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(a) Output signal predicted by digital computer.

(b) Experimental waveform from amalog simulation.
Figure 3l. Output waveforms for A w = 200 and @, = 10

radians/second.
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(a) Envelope of FM wave as predicted by digital computer,

(b) Experimental waveform from analog simulation.

Figure 32. Envelope waveforms showing amplitude modulation

( 6w=200 « = 10 radians/second).
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(a) Output signal predicted by digital computer.

(b) Experimental waveform from analog simulation.
Figure 33. Output waveforms for A ® = 200 and &, = 50

radians/second.
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(b) Experimental waveform from analog simulation.

Figure 34. Output waveforms for AW = 200 and w,; = 100

radians/second.
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(a) Output signal predicted by digital computer.

(b) Experimentaiwaveform from analog simulation.

Figure 35. Output waveforms for & = 400 and w, = 10

radians/second.
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(a) Output signal predicted by digital computer.

(b) Experimental waveform from analog simulation.

Figure 36, Output waveforms for A w = 400 and @, = 50

radians/second.
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(a) Output signal predicté}i,, by digital computer.
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(b) Experimental waveform from analog simulation.

Figure 37. Output waveforms for A® = 400 and @, = 100

radians/second.
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discrepancies of notable significance occur when the predicted waveform
exhibits very large amplitude spikes. In these cases, the experimental
results show the proper spikes but at much lower amplitudes. This
behavior is illustrated in Figures 33, 36, and 37 and to a lesser
extent in Figure 35. The reason for the apparent conflict betweeﬁ
theory and experiment is due to poor high frequéncy response in the
simulated system caused by the log—pass filter network following the
discriminator. A solution to £he problem would be to use a higher
carrier frequency so that the break frequency of the low-pass filter
could be high enough to essentially pass the spikes while still
effectively eliminating the carrier. This could easily be done on
some of the mogg modern and elaborate analog computers but was not
considered to be practical using this experimental arrangement. In
fact, the results were good enough to completely verify the theory
from the data obtained. 1In all cases the lower frequency characteristics
of the waveforms were in very close agreement.

The waveforms shown in Figure 32 offer further proof of the
validity of the digital computer analysis. These waveforms differ
from the other waves shown inasmuch as they show the amplitude
modulation existing on the waveform after passing through the linear
network and before limiting. The comparison between the predicted wave
and the experimental wave is remarkable. The results presented in this

chapter leave no doubt as to the validity of the digital computer analysis.
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VII. CONCLUSIONS

Two methods of predicting the distortion which is generated in
frequency-modﬁlated waves during passage through linear networks have
been investigated in this paper. The major emphasis has been placed
on the Fourier method while the Quasi-steady-state analysis received
#ttention only to the extent of discovering some of its inherent
limitations and comparing its practical application with that of the
Fourier method. In Chapter V both analyées were applied to the case
of a practical multi-stage filter circuit. Results of that study
revealed that for the Quasi-steady-state approach to be applicable,
it is‘necessary for the modulating frequency to be low and for the
network phasegz%ift to be relatively linear. Although inclusion of
additional correction terms improves the accuracy, the above
restrictions still apply, relatively speaking. In addiﬁion, the
mathematics involved for the higher-order correction terms soon gets
prohibitive. Imagine obtaining the overall transfer function for the
1l0-section filter of Chapter V, finding the magnitude and phase of
this function, and then obtaining first and second derivatives of the
amplitude and phase as a function of frequency. Nevertheless, these
are just some of the steps involved in applying the second-order
correction term of the Quasi-steady-state method to the fiiter problem.
The-Fourier method, on the other hand, suffers from none of the above

limitations, but instead, from only the enormous number of computations

required during the course of the analysis. But this is precisely the
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type of work for wﬁich the digital computer was designed and the kind
it performs best. Both of the methods mentioned above are actually
complimentary rather than competetive. To be more explicit, the
Fourier method is applicable at high modulating frequencies (low
modulation index) where the Quasi-steady-state method is invalid, and
conversely, the Quasi-steady-state analysis is applicable at very low
modulating frequencies where the Fourier method is impractical. It is
the middle range of modulating frequencies that causes most of the
problems. Most of the existing literature on this subject is concerned
with extending the range of the Quasi-steady-state analysis to take in
more of the middle range of modulating frequencies. The Fourier method
given in this paper attempts to close the gap from the other end of

the frequency ;ange. It would be desirable if one could devise some
rule which could be applied in general to an FM wave to determine

which of the two methods of analysis would be more economical and
practical to perform. The formulation of such a rule does not seem
likely however, since, as has been already shown in Chaptexr V, the
network itself exerts a strong influence on the accuracy of the Quasi-
steady-state method., It seems that experience would offer the best
guide in making a suitable choice between the two methods.

A method was also devised for obtaining the output wave of a
network when the FM wave was modulated by a pair of sine waves. The
Fourier approach was also the basis of this analysis and the remarks
made concerning single-frequency modulation generally apply to the

double-frequency case also. However, due to a much greater number of
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computations arising from the additional sidebands, it is recommended
that this method be avoided except in special cases. Since harmonic
distortion and intermodulation distortion are in actuality measurements
of the same phenomena (network nonlinearity), it would be much more
economical to use only harmonic distortion. In fact, the results
obtained in this paper show that "percent distortion" has little
significance except in cases of relatively small distortion. The main
accomplishment of this study is the ability to predict the output
waveform for any distortion. ‘

In Chapter VI an. experimental technique employing analog computer
simulation was developed in order to verify the predictions made by the
digital computer. Advantages of this technique over more conventional
arrangements éze discussed. Although not a topic of direct concern to
this paper, it was observed that circuit parameters such as inductors,
capacitors, and resistors in addition to other circuit properties were
easily altered for optimum performance, usually by the adjustment of
a potentiometer. This is an important feature of the analog simulation
technique and proves to be a valuable tool to the circuit or systems
designer. The results obtained from the simulated system were so close
to the predicted values as to leave no doubt to the validity of the
digital computer analysis and the analog simulation technique. Indeed,
the only discrepancies observed in the experimental data were easily
explained,

In evaluating the calculations for the Fourier method it was

necessary to have at one's disposal a means of evaluating Bessel
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functions. A FORTRAN program is located in Appendix A which performs
this task. The program is completely self-contained and can be used
to compute Bessel functions for other types of problems. The details
of the program are discussed in the appendix.

Appendix D contains the development of a method by which the
minimum-phase characteristic of a network can be obtained when only the
attenuation characteristic is known. Although the program appears here
as one of the accessories which makes the analysis a little more
versgtile, it can also be used independently.

FORTRAN programs for a few typical network transfer functions are
included in Appendix E. Of particular interest are the program for the
filter network used in Chapter V and the program for the single-tuned
circuit used ip Chapter VI to experimentally verify theoretical
predictions. Although all of the programs in this paper were compiled
in the FORTRAN IV language on the IBM 7040/1401 system, minor changes
would allow for processing using other versions of the FORTRAN language
on different computers. However, it is not recommended that the longer
ruhning programs be solved on computers that are much slower than the
one used in this study unless absolutely necessary.

It has been the chief goal of this investigation to develop and
explore methods whereby the distortion in FM systems could be practically
and conveniently predicted. The success or failure of this venture can
be measured by the ability to obtain answers of a desired accuracy as
quickly and efficiently as possible. The degree of flexibility of the

analysis in making changes in the FM wave and/or the networks to which
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the ?M wave is applied is another factor to be considered. The results
obtained from the detailed studies and experimental investigations
indicate that this goal has been attained. It is hoped that the
methods and results presented in this paper will prove to be valuable

to those investigators presently engaged in research in this field.

e
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APPENDIX A

Program for Computing Bessel Functions
of the First Kind

The program appearing in this appendix is a modification of one
published by McCormick and Salvadori I}Z] . The original program also
computed ordinary Bessel functions of the second kind and modified
Bessel fuﬁctions of the first and second kinds. This feature was
deleted in the present version since there was no need for these
functions. However, the present program is able to compute Bessel
functions for negative orders. The original program was found to be
extremely inaccurate at some very critical points, especially for the
higher orders.# Correcﬁion of this problem was achieved by selective
use of double-precision arithmetic. This point will be discussed in
more detail below. |

In the computer program the function BES(X,N) represents a
Bessel function of the first kind of order N . and with an argument X.
The program makes use of both a power series expansion and an asymptotic
expansion depending on the relationship between the order and the
argument. More specifically, the power series is used for arguments
less than the order plus six and the asymptotic expansion is used for

larger arguments.
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The actual expansions used are EZi]

n n+2 nté
X < n+b (.}2{) - (22&) + (%) “ o o o
T W = o TTiemT T 2] D A-D)
x 2 mtb 2
I (x) = /;&- [Pn(x) cos p - Q,(x) sin 6] (A-2)

where é,x_(%t--f- I‘_)
’

A
P (x) =1~ SenZ-1) (4n2-9) , (4n2-1) (4n2-9) (4n2-25) (4n?-49)
n 21 (8x)2 41 (8x)4 -
and 4n2-1  _ (4n%-1) (402-9) (4n2-25) L
Wb = T 31 (8x)3 .

The reason that the power series is not used for large arguments is
because of gross inaccuracies which arise due to the limited number
of significant figures carried by the computer. To illustrate this,

consider first the case of the power series expansion for X = N = 1. Thus,

noo - G2 -GRTL gt

The computer of course handles these computations using decimal fractions
with only 8 significant figures. Therefore, in the computer the above

expansion would be

J1(1) = .50000000 - .06250000 + .00260417 -~ . . .

and the results would be accurate to 8 figures after only a few terms.
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On the other hand, if the computation is made for X = 20 and n = 1, the

series used by the computer would be

J1(10) = 10,000000 - 500,00000 + B666.6667
- 69444444 + 347222,22 - 11574074,

+ 275573190, - . . .

The desired answer for J; (10) is approximately 0.04347. From the
series one observes that the terms are still growing. However, the
series would eventually reach a point where the terms waild begin
decreasing since the series is convergent. The important point is the
loss of accuracy that occurs due to the limited number of significant
figures. Since the computer carries only 8 figures, any number with
more than 8 sigﬁificant figures will be rounded off, and any significance
that the rounded off numbers might have had is lost. This occurs in the
above series after only a few ﬁerms and the significance of the second
decimal place, which is to contain the most significant figure in the
answer, becomes meaningless.

The asymptotic expansion is the semi-convergent series of Hankel
and is good when the magnitude of the argument is much less than the
magnitude of the order. The switch from the power series to the
asymptotic expansion occurs when X = n £ 6 as indicated above. The
main featuresof the computer program will now be discussed.

When the function subprogram is initially called, the order is
tested to determine if it is negative. The following relationship is

used for evaluating the function when the order is negative:
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N

Joy ) = (1 Jy &) . (A-3)
In the computer program, this is accomplished by setting the variable
IND equal to zero for positive orders or equal to one for negative
orders. The actual computations are always performed with positive
values of N and the final answer is decided by statements 600 and 601.
Next, the decision must be made to determine whether the computations
should be‘performed in single—preci;ion or double-precision arithmetic.
This is accomplished by the five IF statements appearing at the

beginning of the program. A study of the results obtained from a

program which had been run completely in single precision revealed

A

that for orders greater than 13, a significant error began to show up
for values of arguments of n f 5. For example, when The order is 20,
an argument of 25 gives an answer that is off more than one part in
the third decimal place. For higher orders the error is much worse
until the point is reached where the results have no meaning at all.
It turns out that the maximum error occurs on the last power series
expansion before the switch is made to the asymptotic expansion. In
order to compensate for this error, double-precision arithmetic is used,
but only to a limited extent. Table 2 summarizes the results of the
series of iF statements.

In the power series expansion the calculations continue term by

term until a point is reached where the last term added makes no

difference in the previous answer. The result is then returned to the
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main program. The number of terms used in the asymptotic expansion is
m=xf¢14(x2{ nz)%

provided that a test similar to that used in the power series does not

terminate the series first.

Double Precision Single Precision

Order Argument Order Argument

0 -13 None . 0 -13 All

14 - 33 N-2<X<SN¥S 14 - 33 N-2>X>N#5
34 - 50 X=2N -8 34 - 50 X<N -8

Table 2. Summary of IF statements showing the type of arithmetic used
in the computer depending on argument and order of the Bessel
function.

;& )
The results from use of this program have been checked for integer

orders from 0-50 and for integer arguments from 0-50 using published
tables of Bessel functions [26] and found to be accurate to at least

4 decimal places.
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APPENDIX B

Distortion Analysis for Modulation
By Two Sinusoids

A FORTRAN program for determing the response of a network when
the exciting function is an FM wave modulated by two sinusoids is given
on pages 134 and 135. The philosophy of this program is the same as
that of the program used to determine the response when the FM wave is
modulated by a single frequency sinusoid. Before studying the details
of the program, a discussion of the theory presented in Chapter III is
in order. The normalized FM wave at the input of the network is given
by Equation (III-42) and repeated here for convenience:

) @ o
F(t) & Z ZJN(ml)JK(mZ) sin (W HNw3+Kw) te (B-1)
N2-po Keono
The spectral components represented by this equation are shown in
Chapter III for a specific case. The distortion analysis is concerned
with evaluating the spectrum after the wave is passed through the

linear network. Again the network transfer function can be represented by

36 (w)
H(w) = A(w)e . (B-2)

It is necessary to evaluate this expression at the sideband frequencies
which are functions of the carrier and the two modulating frequencies.

As a matter of convenience, the following definitions will be made:

A Aoy Hw ) = Ay, g
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and 8 (W +Kwy) = eN,K .

The response of the network to the input wave is

G(t) = Z ZAN,K Jy(my) Jg(mp) sin (w .t + Nojt +

Nz-o0 Ke«-co

Kot + BN,K) . (B~3)

This can be expanded by trigonometric identities to yield

G(t) "Z ZAN:K Jy(my) Ig (m2) [sin Wt cos (NwytHKw2t+Oy, k)

Nx-% Kz-go

+ cos w .t sin (No;t + Kopt + BN,K )] . (B-4)

This equation is of the form

G(t) = R sin w_t + S cos W t (B-5)

which is the same as Equation (III-19). R and S are given by

R =ZZAN,K JN(ml)JK(mz) cos (M]_t:-H(wct-l-GN,K ) (B-6)

N=z-00 Ki-a0o

and

S = E E AN,K JN(ml)JK(mz) sin (NCD]_t'H(CUZt"I'eN’K ). (B-7)

N=-0 Kz-v0

As shown in Chapter III the instantaneous frequency of the FM output

wave is

R(dS/dt) - s(drR/dt) (B-8)
RZ + 32

mi-mc+
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wheré
< =D Dy gy + K0y Iy Iy ()

Nz~00o Ke=-vo

* sin (NopEHW tHy ¢ ) (3-9)

and

oo oo
ds E : §
Ne-w K=-oo (B-10)

¢ Cos(mlt + Kﬂ)zt + GN,K )o

The amplitude of the FM output wave is obtained by

le(e)y| = VRZ+sZ' |, (3-11)

The demodulated output wave is now obtained by removing the carrier

frequency fromjthe FM wave. Thus,

o, = K [R(dS/d;) - S(dr/dt) L (aetny
: R2 + s2

where K represents demodulation circuit parameters anqiydllwpghdﬁ
considered to be unity for convenience. The FORTRAN.program for
evaluating Equations (B-11) and (B-12) will now be discussed.

The input data are fed into the main program which with the aid
of the two subprograms makes the calculations necessary to solve the
problem. The transfer function subprogram for the double-frequency
modulation case differs from that of the single-frequency case in that
it is actually composed of two.subprogra@s - one for caleulating the
attenuation and the other for calculating the phase. Examples of these

subprograms are found on pages 136 and 137 following the main program.
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The FORTRAN program for the Bessel function subprogram is described in
Appendix A.

The execution of the main program is quite similar to that of
the single-frequency modulation program. It begins by calling in data
which describe the FM input wave. The computer variables WC, W1, W2,
DEV1, DEV2, and DWID represent, respectively: the carrier frequency,
the frequency of the first modulating wave, the frequency of the
second modulating wave, the frequency deviation of the first modulating
wave, the frequency deviation of the second modulating wave, and
the incremental change in the angle of the first modulating wave at
which successive calculations are to be made. All of the above values
are in radians/second except DWID which is in degrees. It is important
that the loweé@modulating frequency be identified as W1 since it is
for this wave that the calculations are made over a full cycle. Failure
to comply with this requirement will result in incomplete output data.
The program next computes the values of modulation index, Z1 and Z2
for the two waves. These values are then used to determine the
maximum number of sidebands to be used during the course of the
calculations as discussed in Chapter III. The remainder of the program
is essentially the same as that for the single-frequency modulation case
with the exception.that the arithmetic statements used to evaluate R,
S, DR, and DS appear in a different form. In the present case, Equations
(B-6), (B-7), (B-9), and (B-10) were programmed directly on the computer,
Each of these equations requires a double summation over intervals that

include negative indices. The summations are easily implemented in the

program by the two '"DO 5" statements. However, FORTRAN IV does not
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accept negative values for the index of a "DO" statement. This
restriction was circumvented by the introduction of the variables NS,
NP, and KP. The net effect is that the summations are made over the
intervals from - NMAX to NMAX. These equations also make use of
Bessel functions of negative orders as discussed in Appendix A.

Figure 38 shows the result of simultaneously applying two
sinusoids with frequencies of 50 and 500 hertz to a sharply tuned
resonant circuit. This is ;'£ése of extreme distortion and indicates
the futility of trying to compute the intermodulation distortion by
the computer program. In fact, the intermodulation effect cannot
even be detected in thg figure. Thus, one concludes that inter-
modulation meigurements only have significance when the distortion
is reasonably small.

As previously indicated in Chapter III, the execution of the
program given in this appendix is generally uneconomical. The time
required for the computations involved in obtaining data for the plot
in Figure 38 was 22 minutes on the IBM 7040/1401 system. Several
other times the program ran for more than 30 minutes. The long
running times are due to several factors. First, the number of
sidebands which is used in each calculation is greatly increased over
that for the case of the single modulating frequency. Secondly, the
output data must be obtained for smaller angular increments of the
low frequency wave to assure that adequate information on the high
frequency wave is obtained. For the curve shown in Figure 38, a

calculation was made at every 3° of angle of the low frequency input
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modulating wave. Since the ratio of the two modulating frequencies
was 10:1, the calculations were only made at every 30° of angle of

the high frequency wave. Finally, another probable cause for the long
running time was due to underflows occurring in the program. Normally,
one is allowed 10 underflows (or overflows) in the execution of a
program before the program is terminated. Each time an underflow is
encountered, the computer generates an error message and then returns
to the execution of the program. The statement "NOLMUN'" protects

the program from being terminated but does not prevent the computer
from generating 30 or 40 extra instructions.

Based on the above results it is recommended that distortion
analyses be made using a single modulating frequency when possible.
However, it shbuld be pointed out that the method presented in this
appendix can theoretically be extended to accommodate any number of
modulating frequencies. This would allow one "construct" waveforms
of any type for purposes of modulation. At this time, however, the

practical end economic aspects of such a venture are prohibitive.
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APPENDIX C

FORTRAN Programs for Quasi-steady-state Analysis

Three FORTRAN programs, consisting of a main program and two
subprograms, are used in the Quasi-steady-state anmalysis. These programs
are located on pages 142 through 145. As stated in Chapter VI, the

problem is simply to evaluate the equation.
a6 \. .
Csig a 4w cos Wt - (d—wl} W, Aw sin ayt. (c-1)

A study of this equation reveals that every quantity on the right-hand
side is known (except d6/d w;). Thus, the problem actually boils down
to finding th_eh slope of the phase-versus-frequency curve. The
subprogram DE-I;:&W) is used to make this computation with the aid of the
subprogram named SLOPE(L). The method of numerical differentiatioﬁ is
used in evaluating the derivative. Figure 39 will be used to illustrate
the method used in calculating d8/d® ;. Suppose that it is desired to
find the value of d6/dwj ataw; = w, given that the other points on

the curve are known. The method employed to approximate this value

was to use

de A
A (C-2)

wiausp
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Figure 39. Typical curve of phase shift as a function of

N frequency for a linear network.

A
The simplest approach to solving Equation (C-2) is to assume that
Af = 83-62 and Aw = wg - Wy. This means that the slope at any
frequency between @y and W3 is considered to be the same. Depending
on the shape of the curve in this range and the closeness of the points
of known 0, thevaccuracy can vary considerably. There must be at
least one frequency at which the approximation is exact but it may be
in considerable error at other points even for a smooth curve.
Frequencies close to the end points (@02 and ®3 ) would usually show
more error than those close to the center of the region if one assumes
a monotonically increasing or decreasing function. This leads to a

method of improving the accuracy of the approximation especially if

equally spaced frequencies are used for the points of known 6. The
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slope of the curve at wpcan be obtained to a fairly good accuracy
since wp is equally spaced between @] and ®3. The same is true for
obtaining the slope at wy since wj lies exactly between wjand wy, -
Thus, it can be assumed that the slopes of the curve are known at wp
and ®3. It is now a simple mattef to use linear interpolation to
find the slope at any point in between @2and @3. This method of
improving the accuracy actually is equivalent to assuming a constant
second derivative as opposed to the constant first derivative
assumption of the previous method.” Of course, further improvement
could be obtained by working with higher derivatives but the second
derivative method was sufficient for the present appligation.

In analyzing the main program, it is observed that the input
data represenﬂing the variation of phase with frequency are entered
in the form of two one-dimensional arrays called WL and THETA. . -Ee
maximum size of each of these arrays is limited to 99 values by the
DIMENSION statement and could be increased if desired. The arrays
are actually used in the subprograms and are made available to them
by means of the COMMON statement. The quantity N determines exactly
how many values of WL and THETA are to be entered. The fixed point
variable M determines the number of times the input arrays will be used.
After the input data are all entered, they are printed out again for
reference purposes. The program then calls for the values of the
carrier frequency WC, the modulating frequency deviation DEV, and the
angular increment DWTD.

After the input wave characteristics are entered, the program
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proceeds to evaluate Equation (C-1). The values of the output wave,
the input wave, and the angle at which they were calculated are then
printed out. At this point the control returns to one of two places
depending on the value of the fixed-point variable M which was entered
initially with N and the arrays. The purpose of specifying M is to
have the increased flexibility of being able to change networks as
well as input waveforms. It is not necessary to specify M in which
case the program will never call for other network data. If M is
specified, read statement 33 wiil be executed M times and then the
control will be automatically returned to statement 41 which in turn
will call for new network data. Sample output data are found on
page 146,

The'égecution time of this program is reasonably short, being in
the order of three minutes for a single run taken at every three degrees
of the input modulating wave. However, there are other disadvantages

to using this method as discussed in Chapters IV and V.
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APPENDIX D

Calculation of the Phase Shift of a Network
from the Attenuation.l

Frequently in practical situatiomns, the attenuation (or gain)
characteristic of a network will be known while the phase characteristic
is not. This may result due to difficulty in measuring phase although
the attenuation is easy to obtain; or design criteria may specify the
attenuation while ignoring the phase specifications. Sometimes the
attenuation may be specified by a set of numerical data or by a curve.
In any event, there are times when it would be convenient to have a
method by which the phase could be obtained from the attenuation in a
relatively easy manner. The digital program included in this appendix
enables one to pepform this operation. The input data to the program is
in the form of specific values of attenuation and the frequency
corresponding to each value and the output consists of the frequency,
the magnitude of the gain (corresponding to the attenuation), and the
phase of the network transfer function.

In order to understand the philosophy of the calculationms,
certain integral relationships first developed by Bode will be derived.

These relationships will then be linearized for numerical solution on

IThis method of calculating the phase of a network from its
attenuation characteristic was conceived by Bode [24] but the approach
used here is basically that used by Tuttle {25} .
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the digital computer. Consider the function H(s) that is analytic
(no singularities) within and on a closed contour, C. Then, according

to a fundamental theorem due to Cauchy

Jfr H(s) ds = O (p-1)
c

where -é’ indicates the integral around the closed contour, C. Now
let the(ilosed contour be the border of the right half plane as shown
in Figure 40. Notice that the path of integration has avoided the
singularity on the jw axis by taking a small semicircular path around

it. Since the function is observed to have a pole on the jw axis, it

can be written as

w
g 22—,
r
. ¢
JL\J' o
3
TR
Y Yo
o
4 — > 1
Y

Figure 40. Path of Integration for evaluating the line integral
around the closed contour, C.



149

H(s) = XL, (0-2)

S - jwl

Furthermore, this function can be integrated around C to yield zero

since the closed path has carefully avoided the point S = jw;. Thus,

F() 4 . -
/c S-gap 450 - | (D-3)

The complete integral can now be evaluated by breaking the path up

into the four sections shown in Figure 40:
Jﬂr = J/—q-lj + /[ + J/' =0 .
c 1 3 by (D-4)

These integrgls will now be evaluated separately. The first integral
R . ' . ' . _ ngig
on the right is to be taken over the semicircle specified by s = -
from the limits -n/2 to +4nx/2 . Since it is desired to include the
complete right half plane, the integral will be evaluated as R — 0o0.

By use of the Cauchy Integral Formula the value of this integral is

/2
;( UM F(ReJe) o
R == 00 /2 Reja_-—-jml Red® jd6 = jnF(e). (D-5)

Integral 3 is evaluated in the same manner except that r is allowed to
shrink to zero and the equation of the small semicircle is s = jw; # rejé.

Therefore, the value of this integral is

-x/2

: jé
iim /2 F(jwljz e ) et jag = -gnFCiep) . (D-6)
re
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The combination of integrals 2 and 4 represent integration along the
entire jw axis except for the singular point at s = jw;. These
integrals will be written

W, +r

Lo [FG 4 + [_F_c.mdw /_lmz -7
r—0 (D-(D (D-(DI

where the asterisk indicates that the integral must be evaluated by

the limiting process indicated. Equation (D-4) can now be written

jnF(oe) - jnF(jw;) + /;u-u-luwj—)— dw = (D-8)
- @
or ;
F(jop) = F(e) + 2 /—F%’ll w . (0-9)

Now let F(jw) = x(w) £ jy(w) so that

x(@g) + jy(@;) = x(00) + jy(oo) + ® - w)

% - oo
-].'.. _ﬂb)- dw.

- xn w - Wy
oo (D-10)
Equating real and imaginary parts yields
x(@) = x() -2 e) doo (D-11)
7T w - w1

Oo
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and

¥ - 0
1 (w)
y@) = y(eo) + /w }f ™ dw . (D-12)

©o

Various manipulations are used to reduce these equations to a more

" usable formlz

oo
x@)) =x(ee) +_1 [ d@y) 4 [© =01 0. (D-13)
Wy dw w + W]
= ® - ® 14
- D-
yp) = -1 /i&lnl—_—lldw. (D-14)
7 dw W + wy

o

In Equation (B-14), y(oo) has been taken to be zero. This will yield
a so-called "minimum function".

Until now no restriction has been placed on F(s) as to the type
of network function. The formulas are equally applicable whether F(s)
is taken to be an impedance function, an admittance function, or a
transfer function. However, the purpose of this study is to obtain a
method of obtaining the phase of a network transfer function when the

attenuation is given. In this case, it will be convenient to let F(s) be

F(s) = a + jB {(D-15)

where  is the attenuation constant and‘ﬁ "is the phase constant. Alse

leor details see Tuttle, loc.cit.
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since  is known, it is only necessary to write Equation (D-14) in

terms of these quantities. Thus,

o0

B = - = [%m

w - o]
w+ wy | :

(D-16)

This equation is still rather difficult to use in its present algebraic

form. However, a method using linear approximations allows one to get

an approximate value for /3 . Note that if dx/dw is a constant, the

integral simplifies considerably. In the case of the attenuation

function, the behavior is such that the function becomes asymptotic

to a straight line at high and low frequencies if one uses a

logarithmic fypequency scale. Furthermore, the function will be well

behaved as w —» 0 and w-— 0. Figure 41 shows how a typical

attenuation function can be broken up into a series of linear segments.

ATTENUATION

FREQuUeENGCY
{Log Scave)

Figure 41. Typical curve of ¢ and its linear approximation,
as a function of frequency.

o=
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The phase shift, ﬁ3 can now be approximated by Equation (D-16).

Rather than try to apply Equation (D-16) directly to the curve g,
it will be much more convenient to use the method of representing the
curve as a sum of "semi-infinite segments'". Figure 42 indicates how
this method works. Figure 42(a) shows the linear approximation of the
attenuation curve of Figure 41 while Figure 42(b) shows how this
approximate curve can be broken up into the sum of a series of ramp
functions (called "semi-infinite segments'"). Note how the slopes of
the ramp functions behave in going from one linear segment to the next.
First the slope of the previous ramp must be compensated for and then
the actual slope of the segment as shown in Figure 42(a) is then added.
The phase can now be calculated for the individual ramps and added to
obtain the total phase at a particular frequency. The fact that the
slopes are ig&errelated illustrates the network property whereby the
attenuation characteristic over the whole frequency band influences the
phase shift at any particular frequency. For example, the shape of the
attenuation curve at 10 kilohertz will have some influence on the phase
shift at 100 hertz however small it might be. One of the chief
advantages of the ramp function approach is that the segmented curve is
now represented by a series of functions of one basic type. The only
difference between individual functions is the slope which is assumed
to be constant. Hence, it is sufficient to calculate a representative
phase shift for a ramp of a given slope. This will be done for a slope
of unity and then the other phase shifts (due to other ramps) can be

obtained by simply multiplying the representative phase shift by the
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(a)

(Loa Scave)

FREQUENCY

B T T T S T O

- = m e e Em e e o Em W e e o= om % e w = e = =

FrREQUENCY
{(Log Scavrg)

M0
A

(b)

- Figure 42. (a) Linear approximation of attenuation curve.

(b) Representation of (a) as a series of ramp

functions.
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proper slope.
Before proceeding it will be convenient to simplify Equation
(D-16) to put it into a slightly different forml. The resulting equation

is
xb

ﬁ (S.’D._) = -]‘- in
o W, b ¢
(o]

dx

+
l+x/ dx (D-17)

1 -x

where /80 is the phase of the representative ramp function whose slope
is unity, x = w1/w , and x5 = ®/W,, ®, being the "break point" frequency

of the ramp. As an illustration to show how Equation (D-17) is used to

calculate the phase at a frequency w, consider the case shown in Figure

43,
B
P
/7
/7
/
P4
L4
”
rd
zZ
o my
v A
o} Tﬂgco
1 1
4 @ w w NormMaLIzED FREQUENCY
" w1 =z1 =1
- a w, “e {Loq Scare)
4

z < |

\

\

A Y
\

Figure 43. Network attenuation for illustration.

lror details, see chapter 14 in Bode, loc.cit.
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The total phase shift will be equal to the sum qf the component phase
shifts. TFor the first segment‘where the slope of the attenuation
characteristic is zero, the phase shift contributed is likewise zero.
However, the phase shift that arises from the next three segments will

not be zero. It can be calculated from Equation (D-17) by replacing w,

by the break frequencies of the different ramps, multiplying by the proper

slope, and finally taking the*sum. The result is

5(“’) = milgo((‘i’-‘—- + mé /52’(903;) +m} /5°<%:-> +...  (D-18)

Now it is necessary to find a method for evaluating ﬁijwhich will be
relatively easy to implement on the digital computer. This will be
accomplishedkyy‘first expanding the integrand of Equation (D-17) by a

Taylor series and then integrating.

1 [
p-x [
©

~J

5
2 x X x
= -+ [ O
/6": ﬂ(xo T = —49+...),0<x0<1.

- (D-19)

Equation (D-19) is only good foru)<:uk) since the series only converges

for these values. Since /5;15 a symmetrical function, it can be shown
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that

/30(%;) =%- ﬂc(gg) , w>e . | (D-20)
This allows for Equation (D-19) to be used for all frequencies if
interpreted properly with the aid of Equation (D-20).

Finally, before discussing the actual computer program, it would
perhaps be wise to discuss what would be the most desirable forms for
the input and output data. The slopes of the ramp functions are
inherently in terms of nepers'per unit of 1In (CDﬂDo ) because of the
definitions made in Equation (D-15). That is, the attenuation constant

as defined by Equation (D-15) is in nepers. Stated mathematically,

m = %—(-: (D-21)

A
where u = In(w/wy) . If values of attenuation at frequencies Wwa
and 4y are used, then
m= 9~ G (D-22)
In(w /wy) :
It is even more convenient to express this equation in terms of decibels
in which case Equation (D-22) becomes

m= b7 %a . ' (D-23)
20 logy (W /)

Where X, and xp are expressed in decibels and related to oy and a

20
In 10

is that of a gain (e.g., output voltage divided by input voltage) instead

by the formula x = « Another form which the input data might take

of an attenuation. Also, it would be convenient to express this gain
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as a simple ratio instead of a certain number of decibels. Since
x = 20 logjpA where A is the gain, Equation (D-23) can be written as

log;( (4p/Ag)
logjq (Wy/@,)

(D-24)

It is this equation that will be used in the digital computer solution.
The computer programs on pages 160 and 16l are the result
of implementing the above method for numerical solution on the computer.

Essentially, the program evaluates Equation (D-18) by use of Equations

(D-19), (D-20), and (D-24);— The program on page 160 is the main
program which controls the overall solution, while the program on
page 161 is just used to evaluate Equations (D-19) and (D-20).

The highlights of the FORTRAN programs will now be discussed.
The executionﬁpf the main program begins by reading in NMAX, W(N), and
A(N). The quantity NMAX is used to tell the computer how many sets of
values of input data to enter. Each set of input data consists of a value
of frequency represented by W(N) and the corresponding value of transfer
function gain represented by A(N). The number of segments into which
the input data is to be divided is then determined. This number is
represented by the quantity MX and is, of course, equal to NMAX-1. The
values of slope for each segment (corresponding to the values of M shown
in Figure 42(a) are calculated next according to Equation (D-24) and
stored as, a one-dimensional array named P(I). From these values the
slopes of the semi-infinite segments (corresponding to m' of Figure 42(b))
are evaluated and also stored as a one-dimensional array as S(I). Next

Equation (D-18) is built up term-by-term until all segments have been
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included. During the course of this calculation, the function sub-
program FUNCTION BETA (Z) representing ﬁﬁﬁaﬂa%) is called upon many
times to evaluate Equations (D-19). and (D-20). This subprogram simply
makes a test to determine whether ®W<®W, or not and makes the proper
substitution into the Taylor series expansion. The series continues
until the last term is less than 107 at which time adjustments are
made according to Equation (D-20) if necessary. The value of B3,
is then returned to the main_program.

Finally, as the phase is computed at each frequency supplied by
the input data, a set of output values are printed. A set of the output
data consists of (1) the frequency at which the calculation was made,
in radians per second, (2) the value of the network transfer function
gain at thisa%requency, (3) the value of phase angle in degrees, and
(4) this same value of phase angle except converted to radians to'maﬁg
it more versatile, Sample output data for a low-pass filter are
shown on page 162. For the sample data, the program was altered slightly
by substituting values calculated from the transfer function for the
angle in radians.

In conclusion, it should be pointed out that the phase angle
evaluated by the metho& outlined here is limited to the minimum value.
This restriction came about as a result of the assumption made in
Equation (D-12) where y(® ) was assumed-to be zero. This is a

" necessary restriction, but fortunately, not normally a serious one.
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APPENDIX E

Other Related FORTRAN Programs

This appendix contains certain -other FORTRAN programs that were
used extensively during the course of the investigation. Some of these
have been mentioned previously and some have not. All are connected
with the network transfer function either as a means of making direct
éalculations or as a vehiéié’by Yhich predetermined data can be entered
into the program. The main features of each program will be discussed
so that one can obtain an understanding of the philosophy involved in
using the transfer function subprogram in conjunction with the main

program, Thgfe programs are meant merely as examples and different

programs would be written to fit particular applicatioms.

Check Program for Testing Main Program

A FORIRAN program specifically designed for checking the
execution of the main program is found on page 169. The function of
this subroutine when called by the main program is simply to stgre~ones
in all locations designated by AH, AL, or AO and zeros in all locatiomns
designated by -ANGH, ANGL, or ANGO. The quantities AH, AL, and A0 are
used to signify the gain at sideband frequenciesvhigher than the
carrier, the gain at sideband frequencies lower than the carrier, and
the gain at the carrier frequency, respectively. The subscript shown

by the number in the parenthesis in the program is the number of the
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sideband. For example, the value AL(2) is the second sideband below

the carrier. The same comments hold true for ANGH, ANGL, and ANGO
'except ANG is interpreted to be angle. These definitions are consistent
for the single-frequency modulation programs throughout this paper.

When the check program is used as the network transfer-functioﬁ, the
output wave should be exactly equal to the input wave at all times.

This allows one to evaluate the main program for errors and accuracy.

.

Program for Single-Tuned Network

The transfer function subroutine for a single~tuned circuit is
found on page 170. This program directly evaluates the transfer
function of phe circuit shown in Figure 44 at each sideband frequency.
The values of the gain and phase of the transfer function are stored
in memory locations which are common to the main program so that théy
are available for computations. Althougﬁ the values of the components
in this circuit are fixed, it would be a simple matter to write the
equations in terms of L, C, and R's. This is the circuit that was used

to obtain the digital computer results which were verified in Chapter VI.
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Figure 44. Single-tuned network and transfer characteristics.

Program for Entering Predetermined Data

b

A subroutine subprogram is shown on page 171 which allows one

to enter network data in numerical form. The READ statement calls for
IMAX sets of data to be entered in the form of four one-dimensional
arrays called AH, AL, ANGH, and ANGL. These arrays have already been
discussed in connection with the check program. The values of AD and
ANGO are also entered into storage. It should be pointed out that it
is imperative to this Fourier method that the phase angle at the
carrier frequency be zero. However, if ANGO in predetermined data is
not zero, the program will automatically normalize all of the angles

so that this requirement is met.



Program for Computing the Transfer Function amé
Input Impedance of Multistage Filters.

This program was used to determine the transfer characteristics
of the filter network described in Chapter V. Figure 11 in Chapter V
shows the details of a single section and how sections are connected
together to form the multistage filter. Actually, the program (see
P. 172) is a great deal more general than is implied by Figure 11. For
example, consider the general tee-configuration of the classical constant-
k filter terminated by the impedance Zy as shown in Figure 45. It is a
simple matter to solve this circuit for the input impedance and the’

transfer functiom.

IK+5 jEEZL EZ
o__! Z1 -1 o

2 2 o o
+ +

Figure 45. Constant-k filter, T-configuration.
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The resulting equations are

Z
L
n oz (3 %)
Zetl = gy 202 (E-1)
Zz+_z_}_+
> 7 4T

and

Zzz.r

Ve = 2 Z (E-2)
v 2 4%
k+l 2122 + 2321 + 5= +—7

Thus the input impedance and the transfer function have been obtained
for the single section. Now if an identical section is placed in
front of this one and if the input'impedance just calculated is con-
sidered to be the terminating impedance of the section just added,
then the input impedance of the added section can be obtained by

again applying‘Equation (E-1). The transfer function of the new
section can bé'obtained by making the same substitutions into Equation
(E-2). The overall transfer function of both sections is obtained by )
taking the product of the individual transfer functions. This process
can be repeated for as many sections as desired.

The FORTRAN program accomplishes this for the special case of
the circuit of Figure 11. READ statement number 13 enters into the
program the following values: NUM, R1l, RT, Fl, F2, DF, Cl, C2, L1, FA,
and FB. NUM determines how many sections are going to be used; Rl, Cl,
and L1 are the components of the series arm; C2 is the shunt capacitor;
Fl and F2 are the upper and lower cutoff frequencies for a single
section; DF is the increment in frequency which determines the spacing
between successive calculations; and FA and FB determine the range of

frequencies over which the calculations are to be made. Following the
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READ statement the program determines values for Zg, Zj, and Zo. The
input impedance and the transfer function are then computed and printed
out. After this, the whole process is repeated as described above. It
'is to be noted that many of the computations are made in complex
arithmetic and consequently the program is mot directly épplicable to
earlier versions of the FORTRAN language. A seé of sample output
data is given on page 174.

This program is not d?ygctly compatible with the main program
as a subroutine, so some éther arrangements must be made for using

the calculated data. This is done conveniently by use of the preceding

program for entering predetermined data.
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DISSERTATION ABSTRACT

A STUDY OF THE EFFECTS OF LINEAR NETWORKS

ON FM WAVES

Preston Benton Johnson
Doctor of Philosophy, June 12, 1966
(M.S5., North Carolina-State University, 1962)
(B.E.E., North Carolina State University, 1958)

Directed by Dr. Harry K. Ebert, Jr.

The analysis of the distortion which results when frequencyj
modulated waves are passed through linear networks is investigated by
the Fourier method and the Quasi-steady-state method. The major em-
phasis is placed on the Fourier method, and extensive digital computer
programs are developed to allow this method to be implemented on the
modern, high-speed digital computer. 1In the Fourier method, the freq-
uency-modulated wave which is applied to the input of a linear network
is broken up into its Fourier spectrum. Each of the resulting ''side-
band" frequencies is then passed through the network and is subjected
to alterations in amplitude and phase. The output wave is then syn-
thesized by taking the vector sum of the '"weighted" sideband components.
In contrast to the single pair of sideband frequencies generated by
amplitude modulation, the spectrum of a frequency-modulated wave con-

tains an infinite number of sideband components. Fortunately, only a



relatively small'number of these sidebands have significant influence
on the total makeup of the waveform. The number of significant side-
bands is proportional to the value of modulation index. When the mod-
ulation index is high, the number of significant sidebands is very
large and the number of computations required by the Fourier method
becomes enormous. Previously considered to be completely impractical,
the Fourier method was usually abandoned in favor of the Quasi-steady-
state approach. However, the digital computer techniques developed in
the course of this investié#£ion gllow for a fast, economical, and
convenient analysis based on the Fourier method even when the modulation
index is relatively high. Analyses were performed for values of mod-
ulation index up to 45 and techniques are discussed for increasing this
range. b

The Quasi-steady-state method is based on the assumption that the
frequency of the input wave is changing slowly enough that the frequency
of the output wave at any instant is equal to the "instantaneous freq-
uency' of the input wave. This method is inherently in error since it
neglects the transient terms generated by the changing frequenéy. To
compensate for this error, it is the general practice to incorporate
correction terms, usually in the form of an infinite series. The Quasi-
steady-state method is more effective at low modulating frequencies
(high modulation index). While the analysis contained in this paper
considers in detail only a first-order correction, the application of
higher-order correction terms is discussed. The results obtained from

applying both amalyses to a complex, multi-section filter indicate that



the computer solution of the Fourier method is preferable for interme-
diate values of modulation index.

Experimental verification of the Fourier method is obtained by
simulating the system on an analog computer. The advantages of this
rather novel approach are discussed in some detail. The agreement
between the results predicted by the digital computer and those obtained
experimentally leaves no doubt to the validity and accuracy of the
analysis.

Digital computer programs for analyzing the distortion using each
of the above methods are given. Subprograms are also included, some
of which can be used independently. Among these are a program that
computes Bessel functions of the first kind for positive and negative
orders and a program that computes the minimum phase shift of a network
from its attg%uation. All programs are written in the FORTRAN IV

computer language and were executed on the IBM 7040/1401 system.



