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SYiL30LS 

Term 

x n-dimension vector of outputs (states) 

u m-dimension vector of inputs (controls) 

A n x n matrix of coefficients of the outputs 

B n x m matrix of coefficients of the inputs 

y n-dimension vector of identifier outputs 

c n x n matrix of coefficients of the identifier error 

G n x n matrix of coefficients of the identifier outputs 

H n x m matrix of coefficients of the identifier inputs 

8ij an element of G row i, column j 

h .. an element of II row i, column j lJ 
e error y - x 

V(e;t) Lyapunov function 

p n x n coefficient matrix of the error 

<p n x n coefficient matrix G - A 

If n x m coefficient matrix H - B 

Y?i n x 1 column matrix of <p 

'f'i n x 1 column matrix of ~ 

Ax. difference between the state and the equilibrium value 
l 

.1uk difference between the kth input and the corresponding 
equilibrium value 

r n x n matrix of parameters of G 

/\ n x m matrix of parameters of H 

'I velocity (ft/sec) 

0 flight path angle (rad) 

v:i.~-



SYJ.::SOLS ( co:n. ) 

q pitch rate (rad/sec) 

e attitude angle (rad) 

CT nonclimensional thrust factor 

~ e elevator an0le (de,:;) 

p 

3 

flap anc;le (dee;) 

angle of attack (dee) 

density (slugs/ft3) 
2 acceleration of Gravity (ft/sec ) 

wing 

drag 

2 surface area (ft ) 

(lbs) 

L lift (lbs) 

I! pitch moment (ft-lbs) 

c mean aerodynamic chord (ft) 

I moment of inertia about the y-axis (slugs/ft2 ) y 

'.:i,cD 3 x 3 x 3 coefficient matrix of the coefficient of drac; 

1C1 3 x 3 x 3 coefficient matrix of the coefficient of lift 

nc .,_ M 3 x 3 x 3 coefficient matrix of the coefficient of pitching 
moment 

partial derivative of the coefficient of draG with respect to 
elevator angle 

partial derivative of the coefficient of pitchinc moment 
with respect to elevator anc;le 

partial derivative of the coefficient of pitchini:; moment 
Hith respect to nondimensional pitch rate 

time derivative 

evaluated at equilibrium 

viH 



I. LiTHODUCTIOlT 

'Ihe approach to automatic control of an aircraft can be divided 

into three parts, '!he first is to choose a reference condition, 

usually one in which the aircra:ft is in equilibrium, Second, 

the equations of motion are linearized about the reference condition, 

And third, a controller is desig-Ded to provide satisfactory perform-

ance of the aircraft in the neighborhood of the reference condition. 

In most cases, the coefficients of the linearized equations can be 

assumed to be constants if the motion remins within the specified 

ran~e of the reference conditions, and thus, a controller with con-

stant feedback elements can be developed for the linearized eq_uations 

of motion associated nith any particular reference condition. 

Automatic control by this riethod was first used in the develop-

Plent of autopilots, Given a reference condition, in the case of 

autopilots, an equilibrium condition, the controller is desicned to 

maintain the aircra:ft at the reference, I.Then a deviation from the 

reference is sensed, the controller causes the aircra:ft to return to 

the reference, 

In order for the aircraft to have certain handlinG qualities, 

the automatic controller was refined so that it au0mented the pilot's 

input, 'Ihe reference condition, and thus the linearized equations 

of motion and the feedback control law, is up:lated Hhenevor the error 

in the linearized equations of motion caused by a si01ificant devia-

tion from the reference is ereater than the allowable error, For 

conventional aircraft, this type of feedbacI~ control can work satis-

factorily over a wide ranee of flight conditions because the varia-

1 
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tion in the coefficients of the linearized cq_uations of notion is 

small and thus the number of reference conditions needed is also 

small. 

If the equations of motion are linearized for vertical and/or 

short take-off and landinG (V/STOL) aircraft, the coefficients of 

the equations of motion can no lon(';er be assumed to be constant, 

and in fact, because of the larce variation in velocity 2.nd depend-

ence on the thrust levels, some of the coefficients nay vary si13nifi-

cantly. TI1e use of a fixed gain controller is no lo~cer adequate and 

a control program that is updated at frequent intervals becomes a 

necessity. In order to develop an efficient controller for V/STOL 

type aircraft, inforlilation regard.inc the v~riation of the aircraft 

parameters based only on inputs and states would facilitate construc-

tion of a feedback controller, 

The method of system identification may be useful in supplying 

the information needed by a controller, Once the equations of 

motion have been linearized, information reGarding the variation of 

the coefficients of these equations can be determined usin3 only the 

inputs and states, A feedback controller can then be desicned from 

the information, and as the coefficients of the linearized equations 

vary, the feedback gains can be varied in order that specific air-

craft dynamics, or handlin~ qualities, are retained. 

A mod.el reference approach to the problem of system identifica-

tion has been developed (4). In this approach, a moclel is used to 

identify an unknown system. By applyinc an input to the riodel and 

the Ui1known system, the parameters of the model are adjusted so that 



the error beb:een the model and the unknown system is red.uced. !Ji th 

proper model paraneter adjustment, the error will rr.,o to zero asyr:ip-

totically and the model will becol'le a representation of the system. 

Lyapunov' s direct l'.lethod was used by ~~arendra, Tripathi, !'~udva, 

and Luders (1) -- (4), to desiGn a model reference systen to identify 

an unknown system. Lyapunov's direct method has an advanta0e over 

the methods that use the cradient approach because it is globally 

stable, that is, converGence is Q.taranteed regardless of the size of 

the errors. 

;;arendra first used the Lyapunov' s direct method in the identi-

fication of a system of equations with constant coefficients--the 

linear tine-invariant problem (1). The identification scheme was 

developed in order to insure global stability based on measurements 

of the states and inputs only. Because the coefficients are con-

stants, convereence is euaranteed. 

Next, Harendra adapted the linear time-invariant results to a 

linear problem with slowly time-varyinc; elements. 'Ihe iclentifica-

tion scheme was used in conjunction with a feedback control algorithm 

for a VTOL aircraft (2). For this problem, convergence is guaran-

teed to within a bounded error which can be made smaller by a correct 

choice of certain gains, 'lhe results obtained from the identifica-

tion and control of this problem were satisfactory. 

The pre~ious methods of identification were based on the assump-

tion that the equations of motion are linear and that the parameters 

are either constants or slowly varying functions of time, The equa-

tions of motion for an aircraft are nonlinear, and in order to develop 



a controller for the aircraft sinilar to those used previously, the 

equations would have to be linearized about a number of equilibrium 

conditions and the consta."lts for each would have to be stored in an 

on-board computer. \.!hen the aircraft is a•~ay from this equilibrium 

condition, a new reference condition and the linearized equations 

of motion associated with this reference are used in the identifica-

tion procedure. 1hus, the identification procedure is be81lll again 

about a new set of equilibrium conditions. As the aircraft is 

flown, the reference is updated at frequent intervals. Because of 

the number of reference conditions needed to insure reliable identi-

fication, a computer with a large storage capacity is necessary. 

If a system represented by a set of nonlinear equations could 

be identified with out the need of frequent urAlatin;:; then the computer 

stora[;e and updating problems could be nininized. 'Ihe identifica-

tion of such a system, specifically the set of nonlinear equations 

that represent a VTOL aircraft, is what this paper proposes. First 

linearizing the set of nonlinear equations about a reference point, 

and then letting certain parameters in the linear equations vary, 

the work of Harendra, et al, is applied. 'fuis set of linear equa-

tions •·1hich have the same input/output characteristics as the non-

linear equations, has a wider range of validity than the linear equa-

tions with constant parameters. 'Ihis method of iden tifica ti on is 

still globally stable, but because of the varyinG parameters has only 

a bounded converc;ence, 



The linear identification schene developed by liarcndra has 

procluced sa ti sf actory :re:::;ul ts a.'1d is the basis for the sch enc pre-

sentecl in this paper (2), In order to maintain continuity in this 

paper, the sch enc Hill be presented here. 

TI1e ceneral set of linear equations co..'1 be rcp::..·esented by the 

natri;: differential equation 

;{ ( t ) = Ax ( t ) + Lu ( t ) ( 1) 

uh ere ;~ and. u are sraall perturbations, A is an n x n r~la tr ix a.ncl 

B is an n x m matrix, and A and B may or may not have time varyinc 

elenents, but they are unlmonn, 'Ihe model equation to be used to 

identify the elements of A and B is 

y = c(y-;:) + G(t)x + iI(t)u (2) 

3ubtractinc; equation 1 from equation 2 civcs the error equation 

e = Ce + (G-A)x + (H-B)u (3) 

'The coefficient natrices of the mod.el eq_uation c.re va:!'.'icd. in order 

that 

lin 0 t _,,,ooe ~ 
liJ;1 ,.., A 

t -+="-' ~ 
lir;i H _.,. B 

t ~00 

:!l:J.uation 3 is stable if the scaler function V(e;t), also known 

as the Lyapunov function, satisfies certain requirements (5): 

1, V(e;t) has continuous first partial derivatives; 

2. v(e;t) > 0 for all x / 0 ancl for all t, 

V(O;t) = 0 for all t; 

5 

(!-:-) 

(5) 

(6) 

(7) 



3, 

L"ne choice of 

Hherc 

6 

':'( c: t) f: 0 for all I- 0 a11cl for all J • ... .,, 
,j-(o;t) = 0 for all t. 

the Lyapunov function is (1): 

(/Ji = 

Gni· - a . lU 

and ~. 
J. 

h1i - b1i 

h'). - b?. r_l ~J. 

h . - b . ni ru 

2.ncl i denotes the i th colurm of 

<p = G - A and Y" = 11 - D 

(8) 

(9) 

( 10) 

(11) 

i~espectively, 'Ihe first 2.ncl second requircncnts for stabiJ.i ty arc 

satisfied with this function if Pis chosen to be positive definite, 

Then, takinr.; the time derivative of equation 9: 

"1 M · ·'!' T· 1 ·T T· .. ''f T· v = e ?e + c Pe + L. ( rp. rp. + rp. <p. > + ~ ( 't'. ~- + v-. </-'. ) ( 12) 
• ]. ]. ]. J. • l ]. ]. ]. 
]. ]. 

And, subs ti tu tine; eq_ua ti on 3 for e and rear .. :anc;in{; terns: 

T T T T T T T V = ( e C + x <:p + u 'f )Pe + e P( Ce + rp :c + lt-u) 

11 'T T · ' m 0 '1' T. 
+ L. ( ~. r. + rp · <p. > + L ( ~ · 'f' · + <ti· <fi· > . ]. ]. ]. l . ]. 1 

]. ]. 

+ 2 f_ r.p! (p. + 2 t yl ~-
i ]. ]. i ]. ]. 
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v T T n 7 'T' m • 
c ( C P + I\! )e + L ( x. <p :- I?e + e -P <p. x. + 2 qJ ~ ({J. ) 

. i l i i l i 
i 

(13) 

Lcttinr; 

( 1L~) 

,. 
~ 

T 11 T T • n "' '"" . 
- e (l,e + 2 L (x. <{J.Pe + <p. ({J..) + 2 ~ (u. </-'~Pe + If: ~J 

i i i i i i i i ~ ~ 

= T.i - e 1,e 
n '.i' + 2 2= cpi (Pexi + <pi) + 2 
i 

!1 'T' L. ~~(Peu. + 
. i i 
i 

(15) 

To insm:·e that requirement 3 (equation 8) is satisfied, -~ nust be 

positive definite, and since it was previously shonn that P is 

positive definite, it follows fron equation 11+ that C must be nec;ative 

definite, Since the si{';l1 of the other tlro eler~ents of e~uation 15 

is unI:nmn1, let . 
(7)4 = - Pev and 't' ~ "~i 

(16) 

then equation 3 uill be c;lobally stable re.::;a.i'Clless of the value of 

(n. and 'f. , In General ma t::cix f orn: ri i 

~=- T pcu . 
If A and :ll a.re constants, then r1 = G and Y,- = H or 

. T 
G = - Pex and H - - '.i' Peu 

(17) 

( 18) 

and equation l.J. is satisfied, If, however, A and B contain slowly . 
va.ryinc; clements, the <p and 'f are apriroxirnatcd by G nml II, In 

this case, the crro:::- will not asymptotically vanish, :;nen the 

error is lar{je, the dominant term in the equation for the tine 

derivative of the Lyapunov function (equation 15) is - eT~e and 

the error equation (equation J) is still 3loba.lly stable. Dut, 



C> 
') 

11hen the e:t"ro:r is sr:ia.11, the other tuo terRs in cq_uation 15 becin 

to doninate and zero error cannot be insured. 'lherefore, for 

slowly varyinc; eler;ients, the error eCJ_uo..tion is c;lobally stable 

but the error is bounded in the nei,jhborhood of e = o. '.lhe m~ni-

tude of Jchis neic:1borhoocl is deternincd by the choice of corteJ.n 

pai~ameters to be discussed later, 

'.!hen both e and ~ are identically zero, then equation 3 

becones 

0 = (G-A)x + (H-D)u (19) 

and for identification the solution to this equation is trivial, 

G = A and i-I = D (20) 

For certain inputs, it is possible that tho solution be nontrivial, 

but fm~ cor:1plete controllability and a 12..:Lc;e input clona.in, tho only 

possible solution nill be the trivial one. 



In ccneral, the ec:!_uations of r:totion CC'.il 'uc 1;::-ii:.tcl1 u1 the forr.1 

= f(::,u;t) (21) 

11here x represents the n-c"i.irnmsiono.l vec-C.o:: of ::;tates, u rcp:r-cscnts 

the n-cUr,1enciono.l vecto:!:' of inputs, o.nc~_ f is o.;1 n-dir,1ension.:::.l vector 

of nonlinoo.r ftmctions, Ihe usual procedure fo:::- sol vine the sot of 

equations is to linearize them a.rouncl sone reference condition. :_j;:-

:;::ic.21clin~ the i th nonlineo.."L fw1ction in o. 'i'aylor' s series about the 

reference (:: , u ) : 
0 0 

f. (;:,u;t) = f. (;: ,u ;t) + L -::?: l'.1::. + L \;-?: fJur. n (df . ) I l1 (di' . ) I 
l l 0 0 • d" . J ,_ c1Ur. ., 

J_ J 0 .. ~- 0 

+hot, 

1he hot :!:'epresents hi0her Ol"llcr terns 11hich ci2'e neclectccl assu ... '1linc 

(22) 

the pe:rturbo.tions, ~ .. j ancl flu::' to oc smo.11. 'i11en rc:J.r.caJ.1c;inG tc::ns 

L\::. = f
1
. (x,u;t) - f. (;: ,u ;t) = f"i(~~~)I fS;:. 

i i o o . a~. J 
J_ J 0 

In 2. more r,encr2.l form, lettinc:;: 

a" ( ~i)/ a = ---
ij a:=j o 

and b .. 
1K 

_ ( ar ~-}\ - ---
'\UT 
(} :: 0 

(2l:.) 

the linearized equations can be Hritten in the mD.tri:: forn r;iven by 

;{ = A::(t) + Du(t) (25) 

(23) 

Hherc A:: is replaced by x(t) and 6u is replaced by u(t), '1110 ele-

nents of the coefficient mn.tricos, A c-.1:cl D, arc consto.nt for constant 

reference cond.i tion.s .:'..ncl vci:ry for nonconstant reference conditions, 

111is is tho form studied by ITarendra and tho nonlinear equations can 

be identified as lone as the states and inputs rer.uin within relatively 

sr:iall botmds , 

9 
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L':. o~~_er to incre'-1.se the ranc;c of validity of the line2.rized 

e']_U2. tions it a:i_)pears A a;1d J could be allrn1ecl to vc.:ry, not only 

o.ccm.."'(_l_:inc; to the rc:forence condition, but ;::.l::;o o.ccoi--d.inc; to the 

::;fa.tc, and inclircctly the inrmt, Decau::;e the f.lD...tJ.ner in uhich A 

2.i1d E vary i::; Ui.J.:;nmm, the ldenti::ic2.tion ::;chci.le tlc::;cribccl in the 

:previous section may be u::;ed to dctei~wino tho do:pendoncc of A and 

j3 on tho stc.. te, 

l·'ollmdn.~ the p:roccc_t'.:::'e for id.entif:i.c~.tion sbo::n in the pre-

viou.s section, the idcntifyinc equation is 

y = C(:,r-:d + C(t)x + '.I(t)u 

:3o that the error equation 

e = Se + ( G-A):: + (:~-D )u 

is stable, :.; arid ii Ll.I'e VD.:'-ied 2.ccordinc to the la11s c,i vcn by 

G - -

lI - - T B:m 

(2G) 

(27) 

(28) 

(29) 

iial::inc a minor r.i.odification so each eleI'.1cnt in G and :i C2.11 be ad-

justed sep2.:rafoly, cq_m.tions 28 and 29 become (2): 

G = -r ~ Pc:: 
rr (Jo) 

'.T -/\. ® Pcu 'l' (31) = 

uhcrc ®represents elonent by elencnt nultiplieation D.ncl the c;o.in 

natriccs, r and 1\., have positive elonents, '.i:he error in iclcnti-

fication 11ill be bounded because the cler::onts of A and :C vo:ry, 

A. ;.quation::; of Lotion 

In o:rdor to de-ternine the eff ecti venos:::; of identify in::; a nonline2x 

syster.i uith a linear system tha.t has varyil1G coefficients, the t1w 



(l_c,~.ccc of :LrcecJm~ nonlinc2.r ::;p:.:-inc; problcr.1 Hill be u::;cc~. 'chc 0pri:1c-:'s 

r:ot:ton can be clcscri bee~ b~· the nonl:tncc..r Cfl UD.tion: 

~ .. + '"'° (··).'. + r• ("')\ •• • • .... l-> 1 . . " '--'2 • • • • 

r1 = 1 

01 (;:) 

.:-s2 (::) 

= 5 ( 1 + E 1 ::2) 

= (1 + x2 ) 

,~- ( ,: ) = 
~)J -~ ( 

• ? 1 + (; .. ~) ,., .. 
L.. 

( c.ln.r.1pin::_; nonlinca=ity) 

( "tl"Y'l·n~ '"-" 4""'-"'nc'""" 1·0111 411 c,.,1·i·-~·r) u __ lJ t...)l,,..l.-1.~ ... - .... ».J l. -U.J. c:....J. l...J' 

(input no~linc.:'.2'it;-/) 

'.J:]_uatlo:1 J2 cc:u1 be nut in the forr.1 o:C' c:i_u.2:tion 21 by lcttinc: 

'.Lhus, the eq UD. t:to;10 o:f notio:-::. bccor.10: 

"1 
., 
"2 

= 

= 

.. ,.., ,_ 

1hc c~ullib2:'iun point 

:c,., 
L, 

= 0 

is used as D. ro:forcncc and the nonlinear cquu.tion::; of notion 

D.:LC lincurizcc.l: 

(J5) 

(37) 

('.32) 

·J:hcm, o_::;suHin.:; Gl1k1.ll J!C::!:'tu:cba ti on:>, sol vi;13 :Lor tho J}c..rtia.l clc~.:-i vo..-

tivcs, and substitutinc- flx Hith ;~ a.'1cl 6.u Hith u, the eq_uations in 

r:1a tr ix f orra arc c;i ven by 1 



t2 

(39) 

Cor1!JariniZ the nonlinear equations with the linear equations, 

37 and 39, respectively, it is apparent that the elcncnts of the 

second rm1 of the watrix differential equation '.39 have to be all0l1ed 

to vary dcpenc1.inG on the values of E: 1 and E2 , The identifyinc r:iodel 

equations becomes 

uhere G21 , c22 , and h21 a.re allowed to vary depend.in,:; on the source 

of the nonlinearity in order that eriuation l-1-0, the identifier, has 

the sane input/output relationship as equation 36, 

D, Computer Solution 

The equations of motion of the nonlinear spri11G nere icientified 

in a continuous time raode on an IBH J?O cor:iputer, A rtunce-Kutta 

i11tec;ration scheme uas used to inte[7'ate the equations. The time 

step nas ,02 of a second over a time period of 50 seconds, 

'1'110 different control prOGTar:is were ur;ed in the study of the 

nonlinear sprinc. One control was a step input of ,If, 'Il1e second 

control consisted of a ramp of 0 to ,4 over the first ten seconds 

and a constant value of • 4 for the rer.iaininc; forty seconds , l<,icure 1, 

111e controls 11ere applied to the equations of r.1otion for three 

cases of nonlinearity in the sprint;. The fir::;t consisted of a non-

linearity in the spring stiffness, ~ 1 = E2 = 0, For the second case 

a nonlinearity in the danping was added, E-1 = ,2 and E-2 = 0, And, 

the third case consisted of the stiffness nonlinearity and a non-



linearity in the forcinc flillction, t- 1 = 0 <md f 2 = ? . __,. 

In each of the cases of nonlinearity clescribcd on the previous 

pc:i,::~e, the initial conditions of the elenents of thG coefficient 

a1.tricGs of the identifyinc equation:::; uerc the linearized values of 

the CO!'".ccsponclinc coefficients of the linen.rizGd equations, equation 

JG, ;Ji th the elements of the G natrix, c-21 and 022 , havinG zero 

initial conditions, trzo .r.i.oY-"e tests 11ere run, 'lhe first consisted 

of the ori13inal nonlinearity, and in the second, the nonlinearity 

was added to the dam:pinc factor, E1 = ,2 and E2 = 0, 

C, Choice of Farameters 

J~Gfore a system of nonlinear equations C.:?...'1 be identified, ccr-

fa.in paranctcrs r;mst be chosen, 'mose parar.:eters, the r1atricos C..:, 

P, r, andf\(see eq_uatioEs 26, JO and Jl), deternine the speed of 

identification and the r.ta,::;ni tude of the error, To r:ui:e it easier 

to determine the other parameters, C and P l1cre chosen to be diac;onal 

natrices, 'Ihis rmcouples the error equations and, to some extent, 

the elements in the G and H .r:iatrices, 

For stability, as Has sboHn, C must be ncGativo definite, 

Since it is d.iac;onal, each element of C should be necative. '1110 

effect of C is felt mainly in the initial sto.ce of identification, 

or when the error is ln.rr;e, and has little effect after this stac;c, 

'Ihe identification clicl not appear to be c;reatly a:ffcctec1 by dii'-

ferent choice::; in tho clements of C, no 2. vo.lue of -20 Ho.G chosen 

for each clenent on the diac;onal. 

'lhc choice of the elements for the P na.tri~: directly affected 

the choice in the eler.ien-ts of r and A, as C.'.111 be seen in equa-



tions JO 2.ncl J 1. :Cece:?. use of this, the elcr1ci1 ts of P l1ere used to 

obtain a rouc;h identification and the clencnts of r ci.i1d f\ Hero USGd 

to in:prove the identification. i•'or st<J.bility, P is positive ciefi-

nitc, and for the c;::ar.1ples sol vecl in this section, the elcnents of P 

consist of 100 on the cliac;onal and 0 clsemhere. 

'J.he parameters that had the I'.1ajo:::- effect on iclontification 11erc 

the elcnents of r and /\. 1110 eq_ua tions in which the~,r appec:.r are 

CrJ.U2.tions JO and 31: 

r 'i' 
(J:.l) G = - * fuv-.L ...... 

•J = - /\ ® ?eu 
'i, (l:,2) 

1hcse eq_ua-C.ions shm~ that each oler.1cnt in r ancl /\correspond to 2. 

syccific elci;1cnt in G anc. H, 'l11rouch e::pcrinentation, it uo.c fo1mcl 

that la:::::-c values of G ::i.nc1 ;-: c2.usecl. too c;::;:cat a chance i;1 G <1.ncl :; 

c:i.nd ra]_)icl. idcn tif ica ti on Has not ]_)ossi b1e. Also, if '._'. and ; ~ 11orc 

too snall, the identification was possible onl;/ after a lone time and., 
. 

even then, tho bounded error nas too larc;e. If the elcr.1ont:::; of G 

2.ncl II were on the sane order as the corres:ponclii1c; ele::i.cnts in G ancl 

II, then in nost cases, identification uas coocl. 

D. Results 

1110 trajectories of the states nero not affected noticeably by 

the adcli ti on of the nonlinoa.ri tics, 'Ihe trajectories of the states 

for the step input are c;ivcn in ?ic,u:re 2 ancl. for the ra1,1p in:i:mt in 

Flr_;uro J. fa all the iclentifica~cion :problcr.1s stucliecl in this section, 

the error in identification of the states is lesn than .l,~, i~i0fil'e l~, 

except when the initial condition of the id en t:i.fyinc coefficicn ts, ::;21 
and. c22 , arc zero, li'iQ.lXe 5. 'Ihe error j_n iclen tifyinc x2 for this 



case :reached a maximum of about J ; uithin three seconds of the beci;in-

nine; of the iden tifica ti on, but it quickly decreased to less than .1,; 

for the remainder of the identification. 

'lne first problen studied l1as the identification of the non-

linear sprinc; equation with a nonlinearity only in the spring stiff-

2 ness, (1 + x ) and f- 1 = €2 = O. l"iGtJie 6a shows the actual variation 

of the spring stiffness for a step input. For an initial value cor-

responding to the linear value of equation 39, the element allm-1ed 

to vary in order to identify the sprinG stiffness nonlinearity is 

c21 • The variation of g21 is the same as the variation of the sprinG 

stiffness, F'if;Ure 6b. ;1'hen the initial condition of c;21 is zero, the 

difference betHeen the sprinG stiffness and the identifyint~ ele:nent 

is small after approxinately three seconds of identification, F'iQ.ITe 7, 

To determine the effect of control on the identification of the 

nonlinearity in the spring stiffness, the previous problem was studied 

with a second control scheme. This control scheme consisted of a 

rar.ip from 0 to ,4 for the first ten seconds and a constant value of 

.1-1- for the remainder of the identification, li'icure 1b. The differ-

ence in the variation of the identifier, c21 , and the varia tio11 of 

the sprinG stiffness is neGligible, FiQ.ITe 8. 

A second nonlinearity, a nonlinearity in the damping, was added 

to the sprinG equation, E1 = .2. For identification of this non-

linearity, a second eler.ient, c;22 of the identifier, had to be all01-1ed 

to vary, equation IJ.O, Both the spring stiffness and the dar.ipinc; 

nonlinearities were identified successfully for each of the control 

pro{7ams. For the step input, Figure 9 shows the variations in the 
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stiffness nonlinca:d ty and the identifier eleraent c21 , and l"ic;ure 10 

shoirs the variation in the dam.pine and the identifier clencnt c22 • 

Figures 11 and 12 show the variation of the noi1linearities and. their 

respective identifyinc elenents for the case of the ramp input • 

.:.:.cttinc; the initial conditions of c21 ci.nd c2?, to zero, tho 

step input 11as applied to the identifier. Identification o:::' foe 

nonlinearities was successful shortly titer the step input 11as ap-

plicC,l, 'TI1e variations of ~21 and r.;22 arc c;ivcn in ~~ic;ures 13 a.""ld 11:., 

respectively. 

Includin0 nonlinearities in the step and ranp inputs, the inputs 

Here ap]!licd to the equation of motion that had a stiffness non-

lincari ty only, 'Il1e nonlinearities in the stiffness and inputs 11ere 

not successfully identified, Ficurcs 15 to 13, 'ihe p::i::-oblen of non-

ti·iviali ty discussed earlier nay have occUJ:-..ced.. TI1e errm.:- in tl1e 

identifier of ~ can be lTri tten as: 

e2 = c22e2 + (c21 - 2'21)x1 + k22 - a22)}~ + (h21 - b21)u • (4-J) 

At equilibriun for a step input and no error in the identHication 

of the states, the error equation becomes: 

tmy nunber of sets of values for c21 and h21 exist that Hill satisfy 

equation lil~. 'lhus, equation l.J-4 has a solution other t..11an the trivial 

solution, c21 = a21 and h21 = b21 • 

Foe::" the problem when the nonlinearity l:as in tl1c darapinc; and 

the stiffnes:::;, equation l1J becomes: 

( L~5) 

Hhen equilibrium is roached, In this case as in the last discussed, 
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,,,., = 0 and. the clement c;,.,2 does· not enter into the identification 
~ ~ 

eQuation. Cnly one value of r;21 Hill satisfy eq_u.'.ltion L~5, c21 = a21 • 

TI1is T'lay c2use sorae problen in the identification of the dam.pine non-

linec:trity, but this docs not appear to be the case, 

F'or the identification probleras studied, the choice of inputs 

clicl not affect the identification of the nonlinearities. 'Ihis 

fact is app8.rent in the last case studied, the identification of 

nonlineari tics in the S:';):!:'.'inr; stiffness and. the input, 'li1ow:_ .. ;1 the 

nonlinearities were not identified, the eq_uilibriun value of c21 

for the ste:p input, I•'i{~rce 15b, was the sane as the equilibriun 

of Gzi for the rarap input, Fic,ure 17b, 1ne equilibriun values of 

h21 for the tHo inputs were also the sarae. li'icure 16b sho1-1s the 

variation of 1121 for a step input, and l,'i~}lre 18b shoHs the varia-

tion of 1121 for a rarap input, 



'lhc identification schene developed. in the previous section 

Has adapted to the problem of identifyinc the nonlinear equ::i.tions of 

motion o-1: an externally blown flap short ta::e-off and la..11din3 air-

craft. 'l11e equations of iilotion arc developed in ,\ppendi:: A. 'Ihe 

iclentification scheme Has developed for continuouG time identifica-

tion, therefore, the equation::> of motion and the identification 

equations llere intocratod usinc !Iar:uninc;'s fourth order predictor-

corrector intec;ration raethod on an IBJ.l 370 cor.1puter. 'Ibis method 

uses the values of the four procedinc; tine steps to compute the next 

set of values. TI1e time step was .01 of a second and the equations 

Herc intcr:;rated for 100 seconC.s. 

Fron Appendix A, the states used in the identification o.rc the 

velocity, the flic;ht path ancle, t!ie pitch rate, a..11d the 2.ttitude 

angle. The controls used as inputs are nonclimensional th:i..--ust fac-

tor, elevator deflection, and flap deflection, As Has st::i.tecl in the 

clevclopr.10nt of the identification scheme, a se·t of cquilibriur.1 values 

is needed as a reference for the identification equations, TI1is 

reference was arbitrarily chosen as: 

states 1 V = 180 fps. 

't = 0 

q = 0 

e = - • 090l1-B0 

co;1trols: CT = ,5399 

~e = -J.976° 

sf 49,97° 

12. 

(l-l-7 ) 



and is the reference for all problens solved in thi::; section re.:";o .. r:i-

lcss of the values of the states. 

To study the problem, t1:-o control procrar.is 11e:i..-e used. 'foe first 

consisted of kecpinc the elevator and flap ancles at the equilibrium 

values Hhilc applyinc a sinusoidal variation to the non-diP10nsional 

thrust factor about the equilibrium concli tion. 1\. cor.i.parison 1·1as r:iad.e 

of the outputs fron the nonlinear eri_uations, the identification equa-

tions, ancl a linear set of equ<:l.tions based on the ec:!_uilibriun COi1di-

tion. 

F'or the second control procram, a lineo.r variation in controls 

llas used so that the states would begin at the cquilibriu.'1 values 

and chanr;e tmtil another equilibrium concli tion uas attained 11hen the 

vcloci ty Has appro:d!'lately 120 feet per second. '111e controls V2.ried 

linearly for the first half of the computation and then were hold 

constant for the remainder of the tir:1e. Usi11c; this control schene, 

the effect on the error of identification of the number of elenents 

in the G and :-r matrices calculated usinG the identifyinG eq_uations, 

JO and Ji, was studied, as 1~as the effect of different initial viesnes 

of certain clements in the G llk!.trix, 

A, Choice of Parameters 

'ihe manner in which the paraneters wore chosen in this section 

is the so..ne ar.; tho..t used in the nonlinear sprinc; problem, 'lhe matrices 

C o..nd P 11erc ar;n.in chosen to be dia(;On::i.l to uncouple the error cquci.-

tions. C consisted of -50 for each elencnt on the diaconC1.l and ca.ch 

clcr.i.cnt of the diaconal of P was 1000, The clcnents of I' and/\. were 

chosen so that the elements G and H were on the same order as the 



rcs_pccti vc clcrnmts ia G o.nc~ ..• 

'the """"r~rl o:,: ic~cnt:t~:lcation is <1.ffoc·l;cc1- in ,'.:',no·cbc:_· u0,1mc:...~ c:tr!ilar 

-~o t'.1c o::c c:~·~cc'. i:1 the rr:-cvious sect:i.on, 

J 1, E' the c".j_f:t:crcr:ccs i;1 ·the 0,cht2.l VQlues of the stu,tc::; o .. ncJ i:1puts 

2,nc1. ti1oiJ:- respective roj:crencc values, the ?crttu·tx'.:cio~,.,_ values :: and 
. 

t~, ch2.ncc by o .. factor 0£' 10 o:: I'lO::...~c, then t!10 no.<:;nituc\.c::; of (.'. ancl ., 

c112 . .ncc f o:...~ constant ci--rors. 'lhis chan~:;c in G 2.ncl II has the S<:'.no 

n,ccorclJ.;1cly to f.laintci.in sr:nll errors in i(cntific2,tion, 

'I:1c vario.tion of tr1c clcncnts of f ancl /\.. fo::: the :Dl1'/,.i'.I'OL prob-

J.c:1s ::;·tnc1.icc1. 11n,s dctorr,1inccl e::pori!i1entalJ.y, '_i_he control :rro,:;i:-o,ns 11crc 

nm ancl., uhcncve::i:- the elcr.1cnts of G c....'1d lI 11crc too cr:v.11 or too la.rec, 

tho co:i:--l.·c::;pomlii1G olcmcn ts of f a.ad f\ Herc cl1an,::;cc1 by c. ::':'2,cto::i...· of 10 

in on1cr ·co off::;ct tho nci.::;ni tu::lc o? tl1c pcj'.'ttrrlxttion vu.lucs, '.L11e 

Values of f o.nd f\. <lre c;ivon in Table 2, .hencver an elcnc;yt:, in A or 

D 11u.s b101;n to be conntc::,nt, then tho vn,lue ior the corrcsponc:.inc; ole-

nent of r c.,nci. A HaG zero, This nas the case in the fou:rti1 l"O~l of ~\ 

and rJ Hhich 1-:ill be c1iscusscc.1_ 12.tor, 

B, ~"irst Cont::-ol Proc.cam Sinusoidal variation of one control 

fa this pro(7ar.i., the flap 2 .. ncJ. elevator 2.i1c;los Hoi·c held C'.t tho 

cg_uilib1~ium values, aqua tion liJ-~, Hhilc the nond.ir;1cnsio:1al th:..Ll.st 

v2.riccl sinusoidally about the equilibriun value, Fi~;uro 19: 

CT= .5399 + ,1 sin(?tt/10), ( 11 n) 
\~.-u 

111is control schene was applied. to the three sets of equations --

the nonlinear equations of notion fron App31ic1i:: A, the linca.t' equo..-

tions of rnotion based on the equilibrium values of eQtw .. tions 1~3 and 



!).L~, o.nd the nonlinear identifyinc equations, Tnc variations in the 

states produced by the nonlinear equations of motion are civen in 

Ficures 20 and 21. A relative per cent erJ:or Given by 

Ci = per cent error 
e. 

l .. .. 100 , 
~'"i 

h . tl . th t b t• t t " th 1. -'-. f H ere x. is 10 l per ur a ion s a e or e non inear equauions o 
l 

notion and e. is the ith difference between the nonlinear perturba-
i 

tion state and the state calculated b;:,r the identifyin,r_; eq_uations 

of the linear equations of notion, 11as used to compare tho j_clenti-

fier and. linear equations of notion with the nonlinear equ2.tions of 

r.otion, 

The initial values of the elements of G and. !{ were those civen 

in Table 1, Usin:3 the identifier equations, 2, 45 and 1~6, three 

eler,1ents in G, r;11 , c;22 , and gJ2 , were allmrnd to va:ry >:hile the 

other elenents in G and all the elements in ;{ were held constant, 

'ihe variation of G1l' g22 and c;32 , as calculated by the identifier, 

a.re given in F'icure 22, 

1ho errors in identification of all four states were less than 

the errors of the linear equations of motion, Ficures 23-26, Ii'or 

the linear equations of motion, the relative error 11as smallest in 

the velocity equation, It Has on the order of J,j OJ:' less, TI1e iden-
-'/ 

tifier Has able to reduce the error by a factor of 10 ~, ancl the error 

in iclcntifico.tion was on the order of .01·; or 10:::;0, l'ir";nrc 2J, 'il1e 

reduction in error of the flicht path a..110le 1·ias not as c;reat, al thou[jh 

the identifyinc error wo.s one-tenth that of the linear error, li'icsure 

2L~. The per cent error of the linear equation for the flic;ht :path 

ancle was 1o;; or higher, while the error of the identifier was less 

than 1.'~ at all times, 
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'fue nost disa:ppointinc:; result for this pJ:obler.1 1,1as in idonti-

fica ti on of tho pitch re. te. r1he error:::; for both the linear and 

identifie1~ eq_uations were at most times loss than 10,;, and, on the 

averacc, the identifier had eiTors less than the linen.r cq_ua tions, 

but there is not a siGilifica;1t reduction in error by the identifier, 

Ii'iQITe 25, 

As was cited earlier, there is no neecl to identi:fy the nonlinear 

equation describinG the attitude ani:;le bec<1.use it is almi.ys c;ivon by 

8 = q which is a linear equation, Because it is linear and the fact 

that the identification is based on the actual states, in this case, 

pitch rate, q, t.11ere is no error in the identification of the attitude 

onc;le, Althouc;h the linearized equation and nonlinem: eq_uation for 

attitude anc;le c..re the sane, the linearized equation is rosed on re-

sults obtained frora the linearized cq_uQ.tions of notion, specifically 

the lineD.T value for pitch rate, Since the linear value for pitch 

rate is in error the linearized equation describinc; attitude an~le 

produces o.n error, 'ihese errors are found in Fi::;u.re 2(), 

Studyin0 the variation in the errors sho11s peaI:s c.t cert<1.in 

intervci.ls. It appears that these peaI:s occur Hhen the corres-

pondinc states intersect the equilibriun values. Because of the 

choice of equation for error analysis, equation 1~8, it is obvious 

that the per cent error will be undetermined 11hen the perturbation, 

xi, is zero, For this reason, when the perturbation nears zero the 

error increases greatly in f.lalP1itude, 



C, Second Control Procra;;i1 Linoo..r variation three controls, 

For the first fifty seconds, each of the controls, nondinen-

sional t.1-irust factor, elevator an,_:;lc, and flap ancle, -:10re varied 

linearly fron the cquilibriun vo.lues used as the reference to another 

set of equilibriuI:i. values, the11 weJ:-c held constant for the renaini::ir; 

fifty seconC.s, Ii'iJU.rc 27, This control scher.1e llas applied to the non-

linear C<:J. ua tions of notion and the identifier, a.acl e:.llmrs the velocity 

to oscillo.te about another eg_uilibriun at 120 feet per second, 'Ihc 

other states oscillate around a new set of equilibriun values, F'ivrres 

28 and 29, 

'fne first :problem studied was to dcternine the effect on id.enti-

fica ti on error caused by the nunbcr of elements in G ancl 11 ['.llo:-1cd to 

vary, Usin~ the ic.entifyinc equations, the clements in the top rou 

of the G and JI matri:-: ncrc varied, since tbe errors axe lmcoupled, the 

information obtained about the error in velocity should be sufficient, 

FiQITe JO, '.Ii th the ini tfo.l values equal to the coJ..--respon::linc; linear 

values, Table 1, the elencnts of the first row in G, ,-:;- 11 , c-:12 , i: 1l~' 

ancl of the first row in H, h 11 , h 12 , h 13 , Hore vo..riec., l;'i:;u:;:-es 31 and 

J2, ('111e clement c13 is alirays ~ero and therefore identification of 

this element is not needed,) 'Ihe :per cent error in velocity uas on 

the order of 10-2 or less, 'Ihis error is on the sar.i.c order as the 

error in the first control procram yet the velocity ch211cod by more 

than sixty feet per second in this control proc,ram, Fi(;llI'C JOa, 

Ttrn of the elenent::>, c12 and h 11 , ucre held con::>tant at the 

corrcspondinG cquilibriun values and the sane control routine was 

applied, 'Ihe variation in the other four elements na::> very close 



to that obto.inecl 1;hen si;: elenen ts varied, ~·'ir;w.·es JJ a.nd Jli-, ·111e 

error obto..inecl when only four clencnts va::-icd 1ias of the sane order 

11i1en si;: ele!J.onts vo.riod, but close conpa.rison sho11s -c;1e er.Lor 

produced Hhcn four clonents Va:!:'icd to be nlichtly less, ?iQ-Lro JOb. 

· .. 11e:1 only tuo elcr,1ents wore alloued to V:J:J-:y, Gii o.ncl h:l.2 ' the 

crro~ le::;sei1cd sli[;h tly, :i'i0UI'o JOc. Conp.;:.rinc; the vo..:cia tio:1s of 

c11 , for the three cases (si;: elcncnts varyinc, Ii'iCL~o Jin., fol.IT 

clencnts varyinc, FiQ.12.'C JJ<l, o.nd · t1lo clencnts vax~-"i1lc;, :"io.rrc J5o.) 

only a slic;ht difference in the values of c11 is 2.pparci1·~. '..!.his is 

l "O _,_ e for the " ri· ti· o " o~ h (1-;ii· ,._,u:.,..,e~ "'.l?b ,,_;,.., ""'rl -:of-.).., ) a ...., ,,ru . .a.. 2. l1u :!: 12 ~~ - ..:> _,,~ ' _; ,,._,_, =· _),. "-'-• 

llotinc; the fact tho,t at least one clement in a r01: m1ct vxc·J foi· 

iclentification of tho.t r011, it a.11pcars that -C.l1e less clc:::.cnts in 

ci. c;i vei1 ro11 allo1iecl to var~r, ·foe smller tlw o:-:..Tor. :iinco onJ.y one 

olow:mt in o. Given roH nust iJC all011ocl to vc:::y for ic1ent:U'ico.tion, 

another benefit iG only a fen parameters need be adjusted. 

'J.1e control scheme 1w.s then used in tho identification of throe 

olcr;1cn-ts in G, c11 , c;22 and c32 , 2.nd throe elononts in :r, 11 12 , 1122 

2.nc.1 1133 , 11ith initial values equal to tho linear values Given in 

Table 1. 'ihe vari2 .. tion of those elcl'lcnts is civcn in l•'i,3'..rres 35 and 

JG. The en·ors in identification of velocity o .. nd flicht path anclc, 

Fic;urcs J9o. and 40a, arc small, but the error in :pitch rate often 

rco.chc::; 10. '., Fic::urc 1~1o... A::; in tho :first control schci:lC, thi0 error 

is the ho..:rd.est to dccrc.:.ce. i :ost of the pco..~:s '"G~d.n occl12:' 1-Ji1cn the 

pitch rG.te nears foe cq_uilibrium value, n.:1d thus, tho pcrccntacc 

error increases tremendously. S::ccpt for these po~)~G the error is 

on the order of tHo or three per cent, 
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121 order to cletcrr.iine the effect of the initial conditions of 

the ele1acnts of G and H on identification, the second. control proc;ran 

Has applied to the ident:llier with the initial vci.lucs of c11 , c22 , end 

c;~? set to zero, Tnese three elcr,1011ts of G and the three elenents _,,_ 

of:-:, h 12 , 1122 , ancl hJJ' uerc allmiecJ. to va:;:y and the VLl.riatlo;1s of 

these clements Herc cor,rp2.Xecl to the variatio;1s o2 ti1e sa::ie elencnts 

uhcn all ini tiaJ. values uere the linear values o:f Tuble 1, lhe re-

sul t:::; lle:.:-e ~i:cecl, '1'hc error in velocity c1.ecroased, ~:'ic;uTe J9, the 

error in fli~,ht path ancJ.e renained the same, ~·'ic;uro Li.a, o..n:: the or!:'or 

in pitch i·ate increased, ~;'icure L~1. ,\ncl of the si:: elor:lcnts allowed 

to vary, only t..11e variations of G22 a;1d 1122 , Pic;trrcs 19n. n.nd 10b, arc 

the sm10 as Hhen the initial value of G')? 11as the li1lcarizod value, 
"--'--

li'icu::-es J5b ancl J6b. 

As discussed earlier, there rny be a problcn associated uitb 

nont:Liviality, It appear::> that this probler;i has ari:::;en hoi·e, 'lhe 

elencnts in the first and third rous varied in different rnnners but 

the e::..Toi·s ~1ore always smll. As far as state iclentifico:tion is con-

corned there is no l)Yoblcn, Lut, if the variation:::; of the clements of 

i\ a;1cl :r:: m.·e needed a problem nay a.Yisc becau::~e of tho different Hays 

in which the sane elencnts of G and E varied, 



-~ sot.hod to idcntif'y a sy:::;ter,1 of nonlil1car equations u:::;in-:-; onl~· 

be a:ppliec1-, the nonline.:..r eq_uc.tio;1:::; were li!1e3.rizecl o.bout a J:cfc:::-

encc comU-tion. 'i11e coefficients of the liner.:!:' oQ.u::vt.io;.1:::; 1:erc o.1-

10~1ed to vo.:cy so that the linear eq_uations ho.rl the GaVie inriut/out:put 

relation o.s the nonlinear equations. 

OJ:~ the problems associated ni th identification, the nain c.lrau-

bacI~ is t!1e choice o:f paraneters. Al thouc;h l t 1:ould seer.i nece:::;sary 

to vnry all the elenents, it was fmmd ·t.!1at vnryinc only one eler:1ent 

L1 a civen equation produced reasonable identification. 'li"ouch only 

a feH p::i.r2.nete:!'.'s ue:re neoclecl, cues::rnorI~ plo.ycc1_ a 12.rcc role in their 

selection. li\ffthe:!'.' nor:'.~ in this nroa Houlc1_ 2J.d in all ldon·C.ification 

problen:::;. 

In nost cases, state identifica·cion Has satisfacto:::-y. '.lhc nun-

ber of coei'flcients 2.llo1rncl to v::i:ry, the ini·tin.l voJ.ues of these 

coefficients, ancl different inputs scened to have little effect on 

the ori~ors in the states, Ho1;ovor, sor::c of the variations of the co-

efficients differed for t10 of these cases, 'ihe choice of inpu.t had 

no effect on the identification of tho coefficients. 

The greatest effect on the identlficatio:1 of the coefficients 

in the nonlinec..r sprinc problen occm~.;:-cd irhcn elements in the H mtri:: 

l:crc allotred to V<ll7. It ruy be possible to inp~ove tho iclcn tif ica ti on 

llith another choice of the parameters or with a nonconatant input. 

For different initial conditions on the identifier elcnonts in 

the EIW/3TOL :problen, the eq_uilibriun values of the clements differed. 
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,\1 thou,)1 the choice of initial conditions c~id not effcc·::. t;1c final 

values 11bcn only one coefficient of a ci ve11 eQ.ua tio"1 iras all011eC. to 

vary, lihcn two coefficients l1ere allm1ecl to va:ry, diff e:rent ini tio.1 

cornlitim~s produced clii'fcrent finCJ.l vc::.lucs in the coefficients. 

'Inc m.i.nbcr o-f: coefficients alloucd to vo:::y in ti1c identifier 

fo:r ·::.he E:JF/STOL problem secr.1ed to have little effect on t'.10 varia-

tio11 of these clements. '.:henever a coefl'icient Has held coi1st2.l1t, 

the other vn.ryinc; coefficients scer:!cC.. to v.djust slichtly. 

'Ihe probJ.ens cncolL'1terccl above 2.I'C siriil2.r to ti1e nontrivi-

ali ty :r1roblens citecl eo.rlier. To e.void these :proble:1s and to I:ee:r1 

tho nunbcr of :p~.:-anctcrs to be consiclered at a ninir:u;.1, it Ll.:ppc2.rs 

practical to allow only one coefficient in o. civen eq_uation to va::i:y. 

/t1d so tb2.t the coefficient ic de]_)endent on that state rather than 

control, a coefficient of the state should be chosen, 

For further study alone this line ol' nonline<l.r system identifica-

tion, a lCJ.Yc;e number of distinct control proc;rans f.lc.1.Y be a1)plied to 

cleterr.i110 to a GJ.'.'Gater extent the dependence of tho iclent:ii'ication 

on coatrol. /uco, studyi;1~ the effect of 11bich coefficients c:.re 

all01wd to va:ry should prove beneficial in c:.evelo:pinc; a l'.Seful identi-

f ica ti on alc;ori t.}i;;i, 

Tue identification procedure prese!ltecl nay be used in foeclbacI: 

cont:col problem:::;. 3ince the uce of o. feeclbo.cI: controller necessi-

tates I:nouledge of the coefficients o:': the ecitw .. tion of notion, the 

identific:J.tion of the trajectories of the coefficients should help 

in a.djustinG the feedback paraneters in order to mintain the de-

sired aircraft handlinG qualities, 
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have initial value zero) 



8 

ODO 21 C1l 

000 20. OJ 

8 
N) 

.-f 
I 

8 

'iO. C1l 
T (gec:l 

-+O. OJ 
T (gec:l 

60.a:l 

60. OJ 

c. h")•) 
.) .J 

BO. C1l LOO 00 

BO. OJ LOO 00 

~;-~~~~.-~~~~~~~~--,r--~~~---..~~~~--. 
ODO ::;n C1l 

Fi,n;lITC 3 8 : 

'iO. C1l 
T (gecl 

60.a:l BO. C1l LOO 00 

Variation of elenents i..r1 H (lionconstn.nt elements 
of G have initial values of zc:i:o) 



.., 
I 

8 
2., In:i:U.c.l v<J.1ucs of G 

o.::o linear values 

Do 
..... 0 
~_p-t---~-'-"""""":M""~~~~~-.....,~-------.,ftt-+--.--.-~~---"'\-:71-'._...""""'-.d-"-

t.J 

8 

8 
oil 

CJ ...... 
>< ... i.so 

DOD 2J. (l] 10.m Bo.m BO. (l] LOO 00 
T l9ecJ 

b, L'rli-CiLl.l v2.luGs of G 
m:'e zero 

a-ic::: ...... "'Clll---__.~------~~----...... --~~--~~~~~~~---o 

8 
000 al. ClJ 10.ClJ 60.ClJ 80. a:J LOO CD 

T lsecl 

Fic;ure 39: :.nor in identifier velocity 



8 

000 

8 

8 

000 

21 Cil iO. Cil 
T (gecl 

:20. Cll iO. Cil 
T (gecl 

60. Cil 

o,, I.!1~_t:b.:1_ vG.lucs of G 
arc J :i.ncc::.r 

BO. Cil 100 CD 

b, b:i.-C:i.al vo.lucs of G 

60.Cil BO.Cil LOO 00 

li'iorre l~O: Error in identifier flij1t path anc;lc 



·n 
•.)' _ _) 

<::.., Init:i.2.l vnluos of G 
8 <UC lino<1.l'.' voJ.uos 
d 
~ 

8 
a 
-f-+-~~~-&..--~~~~~....-~~~~--.-~~~~__,.--~~~---, 

I 

8 
d 
~ 

000 :20. (lJ -to. m 
T (gecl 

60.ClJ BO. ClJ LOO 00 

b, D1i tial v~ .. luec of 8 
are so:co 

J'b 
g-ft."'7'7"'"'".L....~.....::....-=--1-~~~:.____::::==ir--l-\.-~---,;::::.==~Lt._.:_..i.. 

8 
a 
~-t-~~~~--~~~~~----~~~~---..._~~~~~~~~~~ 

I 

000 21 (lJ -fO.ClJ 60.ClJ BO.CD LOO 00 
T (gecl 

1''iG'LlTe 41 : !error in idcn ti:f ier pitch ra to 



8 

Jo 

a. Initici.J. v.:i.luos of G 
a;:c lincnr vu..lucs 

g-;-~~~~~~~~~~~~~~~~~~~~~~~~~~ 

8 

ODO 2:1. (lJ iO. ClJ 60.ClJ BO.CIJ LOO 00 
T (gec.J 

8 b, Initiu..J. vu..lues of G 
are ~e::::-o 

J'o 
a-+-~~~~~~~~~~~~~~~~~~~~~~~~~~ 
0 

8 

ODO 2:1. (lJ iO. (]] 60. (lJ BO. ClJ LOO 00 
T (gecl 

Figui--e 42: &:Tor in iclcntifier atti tuc1e ancle 
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Figure 4J 1 Aircraft F'orces 



Coefficient matrices: 

/\. = 

:'.3 = 

3J_uilib1~itm controls: 

-0.01:.990 -5,61796 

0,00089 -1.11252 

0,03169 22,92350 

o.o o.o 

e,31729 -0, 079L~1 

0,18315 -0,00173 

-5.28127 -0,93662 

0,0 o.o 

V = 180 ft/sec 

0 rad 

q_ = 0 rc.d/ GCC 

= - , 098l1B rad 

CT = ,5399 

= -3.976° e 

f = l~9.970 

o.o -26.53200 

o.o 1.11252 

-26,0G7L~O 22,92350 

1, 0 0,0 

-0,36J85 

-0,00220 

0,51330 

o.o 

Table 11 Values for the A anc. B coefficient natrices 11hcn 
the .SDF/'.JTOL equations of r.l.Otion are linearized 
about the equilibriu.rn values for V, , q, and 
and controls CT' e' and f' 



')2 

Gtt.i.11 n.:i.triccs: 

[' 

Va.ria tiOi1 

3'11 = 

= 

= 

i11:. = 

= 

'tf..,,, 
.J<-

= 

).12 = 

= 

= 

;. 33 = 

= 

, 1 10000 0 100 10 10 10 

0 10000 0 0 0 • 1 0 
/\_ 

0 1000 0 0 0 0 100 

0 0, 0 0 0 0 0 

of the cains1 

, 1 for 0 f ;:1 t.. 5 , 'i. 12 10000 for 0 ~ ;:2 < ,015 

,01 5 ~ < 20 = 1000 • 015 ~ ::,, < • Ql~,5 ··1 1~ 

,001 20 = ;:1 <. 50 100 • 01.~5 = x,, ,_ 

,0001 50 ~ v ··1 

100 fo:r 0 ~ ··L~ < • Qi~ ~22 = 10000 for 0 f ;:2 ~ ,022 ., 
10 • Qlj. &:... .. = 1000 O'V") "'- •• (. • Ol!j - .... 1! .. • ,._,_ - ··2 

= 100 , Ol:j ~ ;:, 
'--

1000 for 0 "- ·r L_ • 065 ~ ?.i.1 = 10 f'or 0 L u1 < • [l - ."2 

mo 01'5 L·· 1 n 
~ • '.) -·"2 • (J u1 

10 for 0 ~llz <.. ,l:j ;l1J 10 for 0 ~ t: ... < ,6 , 
) 

1 ,L~5 ~ u2 < 1.6 1 ... <. 1 = '' ~ U-:i . ·' ... 
• 1 1.6 ~ u2 = • :1. :!. <.. 11') 

.J 

100 for 0 c:.. u3 < ? . ._ 

10 ,2 c:. UJ ~ ,7 

1 ,7 !"=. U-::: 
.,J 

'fu.blc 2: Values and the variations of r and A 
for the EBF/STOL problcra 
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'.L11c ~K:i_u2.tio!1:::; of iiotion of : .. ;:.:;;_<'j3TOL 

'ihe Ftodcl uscc.l as an c::2.r.:pJ.c i'or tho 2.clc!1tifico:tion }iroccci.w~c 

11as the set of c<:!_uatioi:ls of notion of a sho::.·t tatc-off a..."lcl le.ml-

in::; (}fOL) aircro.ft, .:.;pccific2.lly, a t;:.rr,c of ::.:'i,CJL that utili~cs 

the clcflection of t.11.e e::hau:::;t c;ascs fron jct cnc_;inc:::; to auGncr..t the 

lilt of foe aircraft cl~inr; to.l:e-o:f o.nrl J_.:i....'1clin:. 

c.21 c::"cc:i..·nall:y bl Olin flap sh art t2.::e-off c.nc' .. 10.ndin;; aircroi't, 0:0 

nonei1ts about the a:::is syster:1 c::.hom1 in ~,'i.').lrC -'!·J, 

forces do !10t appear e:::'.1licitly beco.usc ti1cy ere inco:::-~10::2.tc1J .. in 

'1110 lon~~i tucJ .. inLl.l en_ uo. tio!rn '1cre us eel.. to 

c .. esc:-::-ibe ·c!1c notion of t'.10 2.ircro.ft since the rnotio;1 is c:::Jscntiall~r 

tmcouplccl from the la terc.l motion ( G), 

·~tL~1r:1in.~ tho forccG alont; cacl1 a::is i11 the 

Ii' .. ,. = J - 1:i:r, sin = n? 

F.r = L - nG cos = rf.fi 
" 

aml, s1..mnii1.-:-; the r.t01;1ents about t:1c y-a::is: 

=IG=u 
•r 
.; 

'.Ll1c an::-ulo..r velocity about the y-o.::iG is: 

e = o. 

'.'J1c four equations of motion are: 

v D 
f.1 

C sin lf 
m 

.... _f"""' 
.... .:..I ~Jlru10: 



'7~ IJ 

i L LI C00 i = 
:.1'! - \T 

e (1 

q r y 
11hcrc 

? 
D "':'_ ~r- ~ ."'1 - -p .. _, 

;; ' '-''-'1) 

L = ~ .2 .... 1 
',:"fl v ,-;l_;JJ 

') 

;1 _\pf:)~:- .c 
., ll 

~~or ·fois probJ.cn, it is as::;unecl -~i1a-C the 2.c:::-cx'.:nmnic coefficient::;, 

c1J, and •:J .• , a:rc functio:1s of tllc vn.ric.blc::>: 
ii 

c:;::i = f( ex' (!r'.'1f s s ) 
l f' c 

c = d ex, CT' sf' Sc) L 

c ~ ~ h( ~, (; 'l'' Sf, ~ C2.) 
'' .. 

'i11cy can be c:~1.11cl.cc. in a lea::::;t sg_ua.rcs 6.o..to.. fit of secom1. oc~--::~ci· 

of thrcG of the varia bl cs : 

c ( 0( n , 

c,.( ex, c,,, sf.') 
d l J. 

J 3 
=LL 

i j 

~ '? =tt 
i j 

•1hc e (-1,, ''C' "" l r'C ''"~e th' c cocf· -"'J.- J.0 ci" 011-tr-. , r ~(_,D , . , .... 1 , ci.nc -,; 1 ~ cw. - of -:J10 cq_u2..tions 

formed by the data fit. 1hcn includ.inc; the dcpcnclcncc on Sc ancl q, 

tbc t>.crod.yno..nic coefficients arc: 

'< ,., 

= t t 
i j 

') t QC ~-1C, j-1 £,,I:-1 
I D. ·r r .i. ;: J.J,~ 



,, ( ~ :' 
\J.~ f Jr-;,' 

l;. -

"" '"'.') ...... 
~ ...!-- ~ ,., i-1,, j-lc !:-1 
L.. L L- ,t..;L 0< 0 '1' a~ + CL~S"' 

l
. . r~ .. , J. .., J . :J.J.: 

x1cl ·~-- Ll-1."'0 assur.1cc."t to be co~10to..~1ts. 
,;c:!. 



The vita has been removed from 
the scanned document 



A SC;I::;;;LS FOR ID;.;;i;'l'Ili'IC:A'.rIO;: O? A 

by 

Terrence Joseph Hertz 

(A:!33~1ACT) 

A method for the identification of a nonlinear set of equations 

is presented, The method is based on the work done by fai.rend.ra, Tri-

pa thi, iCudva, and Luders for linear identification. 'TI1e nonlinear 

equations are linearized ancl the coefficients of the linear equations 

are allowed to vary so the input/output :relationship of the tlro sets 

of equations are the same, The variation of the coefficients of the 

linear equations are then identified using a forra of Harendra's, et 

al, identification scheme, 

The scheme was used to identify a set of nonlinear equations 

that describe the raotion of a STOL vehicle, Two control schemes 

Here employed, The first control procram maintained the states 

close to an equilibrium position and the second caused the states 

to vary from one equilibrium to another. 
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