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Term

Pl n-dimension vector of outputs (states)

u m-dimension vector of inputs (controls)

A n x n matrix of coefficients of the outputs

B n x m matrix of coefficients of the inputs

y n-dimension vector of identifier outputs

C n x n matrix of coefficients of the identifier error
G n x n matrix of coefficients of the identifier outputs
H n x m matrix of coefficients of the identifier inputs
gij an element of G -~ row i, column j

hij an element of H -~ row i, column j

e error -=- y - X

V(e;t) Lyapunov function

P n x n coefficient matrix of the error

% n x n coefficient matrix -- G - A

¥ n x m coefficient matrix -- 1 - B

¢E n x 1 column matrix of

W n x 1 column matrix of ¥

Axi difference betvween the state and the equilibrium value
Auk difference between the kth input and the corresponding

equilibrium value
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n x m matrix of parameters of I

v velocity (ft/sec)

¥ flight path angle (rad)
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partial derivative of the coefficient of pitching moment
with respect to elevator angle

partial derivative of the coefficient of pitching moment
with respect to nondimensional pitch rate

time derivative
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viii



1. TiTRODUCTION

'The approach to automatic control of an aircraft can be divided
into three parts, The first is to choose a reference condition,
usually one in which the aircraft is in equilibrium. 3econd,
the equations of motion are linearized about the reference condition,
And third, a controller is designed to provide satisfactory perform-
ance of the aircraft in the neighborhood of the reference condition.
In most cases, the coefficients of the linearized equations can be
assuned to be constants if the motion remains within the specified
range of the reference conditions, and thus, a controller with con-
stant feedback elements can be developed for the linearized equations
of motion assoclated with any particular reference condition,

Automatic control by this method was first used in the develop-
ment of autopilots, Given a reference condition, in the case of
autopilots, an equilibrium condition, the controller is designed to
maintain the aircraft at the reference, Vhen a deviation from the
reference is sensed, the controller causes the aircraft to return to
the reference,

In order for the aircraft to have certain handlins qualities,
the autonatic controller was refined so that it augmented the pilot's
input, The reference condition, and thus the linearized equations
of motion and the feedback control law, is updated whenever the error
in the linearized equations of motion caused by a significant devia-
tion from the reference is greater than the allowable error. For
conventional aircraft, this type of feedbacl control can work satis-

factorily over a wide range of flight conditions because the varia-
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tion in the coefficients of the linearized eajuations of notion is
small and thus the number of reference conditions needed is also
small,

If the equations of motion are linearized for vertical and/or
short take-off and landing (V/STOL) aircraft, the cocfficients of
the equations of motion can no longer be assumed to be constant,
and in fact, because of the large variation in velocity and depend-
ence on the thrust levels, some of the coefficlents nay vary signifi-
cantly, The use of a fixed gain controller is no longer adequate and
a control program that is updated at frequent intervals becomes a
necessity. In order to develop an efficient controller for V/STOL
type aircraft, information regarding the variation of the aircraft
parameters based only on inputs and states would facilitate construc-
tion of a feedback controllerx,

The method of system identification may be useful in supplying
the information needed by a controller. Once the equations of
motion have been linearized, information regarding the variation of
the coefficients of these equations can be determined using only the
inputs and states, A feedback controller can then be designed from
the information, and as the coefficients of the linearized eguations
vary, the feedback gains can be varied in order that specific air-
craft dynamics, or handling qualities, are retained.

A nodel reference approach to the problem of system identifica-
tion has been developed (4). 1In this approach, a model is used to
identify an unknown system. By applying an input to the nodel and

the unknown system, the parameters of the model are adjusted so that
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the error between the model and the unknown system is reduced, !ith
proper nodel paraneter adjustment, the error will go to zero asymp-
totically and the model will become a representation of the system.

Lyapunov's direct method was used by ijarendra, Tripathi, ©udva,
and Liders (1) -- (4), to design a model reference systen to identify
an unknown system., Lyapunov's direct method has an advantage over
the methods that use the gradient approach because it is globally
stable, that is, convergence is guaranteed regarxdless of the size of
the errors,

itarendra first used the Lyapunov's direct method in the identi-
fication of a system of equations with constant coefficients-~the
linear time-invariant problem (1). The identification scheme was
developed in order to insure global stablility based on measurements
of the states and inputs only., Because the coefficients are con-
stants, convergence is puaranteed,

Yext, Harendra adapted the linear time-invariant resultis to a
linear problem with slowly time-varying elements, The identifica-
tion scheme was used in conjunction with a feedback control algorithm
for a VIOL aircraft (2). FPor this problem, convergence is guaran-
teed to within a bounded error which can be made smaller by a correct
choice of certain gains., The results obtained from the identifica-
tion and control of this problem were satisfactory.

The previous methods of identification were based on the assump-
tion that the equations of motion are linear and that the parameters
are either constants or slowly varying functions of time., The equa-

tions of motion for an aircraft are nonlinear, and in order to develop
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a controller for the aircraft similar to those used previously, the
equations would have to be linecarized about a number of equilibrium
conditions and the constants for each would have to be stored in an
on-becard computer. ¥hen the aircraft is away from this equilibrium
condition, a new reference condition and the linearized equations
of motion associated with this reference are used in the identifica-
tion procedure, Thus, the identification procedure is begun again
about a new set of equilibrium conditions., As the aircraft is
flown, the reference is updated at frequent intervals., Because of
the number of reference conditions needed to insure reliable identi-
fication, a computer with a large storage capacity is necessary.

If a system represented by a set of nonlinear equations could
be identified without the need of frequent updating then the computer
storage and updating problems could be ninimized. The identifica-
tion of such a system, specifically the set of nonlinear equations
that represent a VTOL ailrcraft, is what this paper proposes., First
linearizing the set of nonlinear equations about a reference point,
and then letting certain parameters in the linear equations vary,
the work of Harendra, et al, is applied. "This set of linear equa-
tions which have the same input/output characteristics as the non-
linear equations, has a wider range of validity than the linear equa-
tions with constant parameters. This method of identification is
still globally stable, but because of the varying parameters has only

a bounded convergence,
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The linear identification scneme developed by iiarendra has
produced satisfactory results and is the basis for the scheme pre-
sented in this paper (2), In order to maintain continuity in this
paper, the scheme will be presented here,

The general set of linear equations can be represented by the
natrizx differential equation

x(t) = ax(t) + zu(t) (1)

vhere % and u are small perturbations, A is an n x n natrix and
B is ann x m matrix, and A and B may or may not have time varying
elements, but they are unknown, The model ecquation to be used to
identify the elements of A and B is

o= C(y-x) + G(t)x +d(tha . (2)
Subtracting equation 1 from equation 2 gives the error equation

e = Ce + (G-A)x ++ (H=BJu . (3)

The coefficient matrices of the model equation are varied in ordexr

that

1lin

L
b ot = 0 (%)
lim A -
t —>oo” —> A (J)
1linm
b ool = B (6)

Aquation 3 is stable if the scaler function V(ejt), also Lnown

as the Lyapunov function, satisfies certain requirements (5):
i, V(e;t) has continuous first partial derivatives;
2. V(ejt) > 0 for all x # 0 and for all t,

(7)

v(0;t) = O for all t;



3. &(e;t) ¢ 0 for all x # 0 and for all +,
(8)

v(0;t) = O for all t.

The choice of the Lyapunov function is (1):

I8! N
T T T
Ve 42 PPt o K (9)
i i -
vhere
B13 T 21y Dyg = Pyy
Tpy T 8y oy = o3
¢i = . and SVi = . (10)
Bni ™ Pni s = Png |
. .th
and 1 denotes the i column of
$ =G-4A and ¥=1-3 , (11)

respectively., The first and second requirements for stability are
satisfied with this function if P is chosen to be positive definite.

Then, taking the time derivative of equation 9:

- T

n n
. m. « M T- 'Yf T.
V=c¢c P +ebe - S, o+ + 20 L 2 1% 2
< CPe*‘ZiWi‘”i e, ;) Zi(%lwl ¥ %) (12)
And, substituting equation 3 for e and rearranging terns:

= (eTCT + xT¢E + uTVI)Pe + eTP(Ce-k P+ Vu)

<
|

5 (PR, 0T 0D+ 2 (Fiy + ¥Eg)

- "I‘ m r1L1 i _ 1 ra y T_’
= eTCTle + e Ple + x'Q'Pe + eTP99x -+ u’1 Fe + e Pfu

n . i e
t22 QIp 2 2oyl
i i
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T T 2 T T
V= +20)e + D (x,Pite + e PP.x, +2Q;
e (Cc'p e Zl__( 1901 e + e Pcpl\l F 2(Pl§0i)
2 0 T T
+ g (wypyPe tePHu, +2¥ ) (13)

Lettineg
Then

1

11 n .
v T T T/ T 7
i=-ete +2 2 (x, PPt Q7 Q)2 3 (u sb;pe YY)
1 1

noo., . 1 ,
- elie 2 2 PiPexy + @) +2 2 yj'f(Peui t ) Qs)
i 1

To insure that requirement 3 (equation 8) is satisfied, | rust be
positive definite, and since it was previously shown that P is
positive definite, it follows fron equation 14 that C must be nezative
definite, 3ince the sign of the other two elements of equation 15

is unlmovia, let

¢€ = - Pex; and ¥,

L = - Peu, (16)

then equation 3 will be globally stable resardless of the value of
@i and SUi. In general matrix forn:
@ =- Pex' and = - peu’ (17)

and Y= Ii or

G

If A and B are constants, then 95=
G = - Pex' and H = - Pou’ (18)
and equation 4 is satisfied, If, however, A and B contain slowly
varying elements, the ?; and y'are approximated by é and ﬁ. In
this case, the error will not asymptotically vanisch, ‘Vhen the
error is large, the dominant term in the equation for the tine

derivative of the Lyapunov function (equation 15) is - eiQe and

the error equation (equation 3) is still olobally stable. Dut,



vhen the exror is small, the other two terms in cauation 15 besin
to doninate and zero exrroxr cannot'bo insured, Thereiore, for
slovly verying elements, the error eguation is globally stable
but the error is bounded in the neishborhood of e = 0, ‘the nami-
tude of this neighborhood is deternined by the choice of certain
parameters to be discussed later,
hen both e and e are identically zero, then equation 3

becones

0= (G-A)x + (H=DJu , (19)
and for identification the solution to this equation is trivial,

G=Aand =31 . (20)

For certain inputs, it is possible that the solution be nontrivial,
but for complete controllability and a laige input donain, the only

possible solution will be the trivial onec,
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In general, the ecuations of motion can Lo uxitten in the forn

= 1T(ust) (21)

nerc x renresents the n-dimensional vector of states, v represents
the n-dimensional vector of inputs, and £ is an n-dinensionzl vector
of nonlinear functions, The usual procedurce for solving the set of
equations is to linearize them around some reference condition, k-

. . th . - . . . . \
nending the 17 nonlincar function in a Taylor's serics about the

reference (::o T )

Au,__ + hot, (22)

1 df. n -,
I ) . .t N -z
fi(,\,u,t) fi(“o'uo"') F Z( - ) A.“ Z(éu )

1570

The hot represents higher order texrms vhich are neglected assuming

p
(<

the perturbations, A::J. and Au,, to be small, Then rearransing terns

Ao,k Z(}ﬁ") Auy (23)

In 2 more general formn, lettin-:
33 ’ ()

(2k)

the linearized equations can be written in the matrix forn given by

x = Ax(t) + Bu(t) (25)
vhere Ax is replaced by x(t) and Au is replaced by u(t), ‘Ihe cle-
nents of the coefficient matrices, A and I, are constant for constant
reference conditions and vary for nonconstant relerence conditioas,
This is the form studied by liarendra and the nonlincar cquations can
be identified as long as the states and inputs remain within relatively

snall bounds,
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In oxder to increase the range of validity of the linecriszed
equations it appears A and 3 could be allovied to vary, not only
according to the reference condition, but z2lso according to the
state, and indirectly the input., IDecause the manncr in which A
and B vary is unimown, the idenvification schenme described in the
previous section may be used to deiermine the dependence of A and
3 on the state,

"ollowing the procecusre for identification shoim in the pre-
vious secction, the identifying equation is

v = C(y=x) + (L) + 1{thu (25)
Jo that the error cquation
e = le + (G=A)x + ((=Blu (27)

ic stable, G and i are varied according to the laws given by

. m

G = - Dex (23)
Il =~ Peu’ (29)

lialking a minor modification so each element in G and i can be ad

. . . 7
Justed separately, equations 25 and 29 becoie (2):

Bl

G =-[ ® Poxt (30)
T = -Ne reu’ (31)

uhere ® represents elenent by element rultiplication and the galn
natrices, [T and [\, have positive elenents, The error in identi-

Tiecation will be bounded because the elemeintts of A and T vary.

A, ‘quations of iotion
In oxder to deternine the effectiveness of identifying a nonlinear

systen with a linear system that has varying coefficients, the two



derree of freedon nonlinezr spring problen will be used,  ‘he sprin

notion can be described by the nonlincor cruation:

roc ok gi(x)f -+ gz(x)x = gj(ﬁ)u . (32)

Por the spring problens studied:

n=1 (nass )

gl(x) = 5(1 + 6122) (danping nonlincaxrity)

gg(x) = (1 + x2) (spring stiffness nonlinecarity)
gj(ﬁ) = (1-Peq£2) (input nonlincarity)

04 1,6 <1
uation 32 can be put in the forn of cauvation 21 by letting:
— - ) l\
X =y (ch)

© =, (35)

Thus, the equations of notion hecone:
o=, -,
2, )D)

2 2
%, = - 5(1 + elxl)xz - (1 xj)ni + (1 -+ Equz)a

The equilibriun point
xy =%, =0 (37)
1 2
is used as o refcrence and the nonlinear cquations of notlon

aire linecaxrized:

Ay =(—;—£1)/ Ay l-(;ﬁ)( A3, I-(;—;-—) Au + hot

o]
7 A bfq
s, ()| 0+ +(32)
“ 3“1 A 1 3

),
A::? (—--) Au -+ hot
Then, assuning cmall nerturbations, solvins for the martial derriva-~

32)

tives, and substituting Ax with x and Au vith u, the equations in

natrix form are given by



pld 0 11 0
,1 = R (39)
% -1 -5 %, 1

Comparing the nonlinear equations with the linear equations,
37 and 39, respectively, it is apparent that the elenents of the
second row of the matrix differential equation 392 have to he allowed
to vary depending on the values of 61 and 62. The identifying model
equations Becomez

v c c ¥y = X 0 1 be 0
.1 |11 12 1 1 " 1 + u (b0)
Yo| [C21 C22) [Y2 T %] (%21 G2z [%2] [Poi

vhere Goq1 Enos and h21 are allowed to vary depending on the source

of the nonlinearity in order that equation 40, the identifier, has

the sane input/output relationship as equation 36.

B. Computer Solution

The equations of motion of the nonlinear spring were identified
in a continuous time mode on an IBIl 370 computer, A Dunge-utta
intesration scheme was used to integrate the equations, The tine
step was ,02 of a second over a time period of 50 seconds,

Two different control prograns Were used in the study of the
nonlinear spring. One control was a step input of . The second
control consisted of a ramp of O to .4 over the first ten scconds
and a constant value of 4 for the remaining forty seconds, Figure 1,

The controls were applied to the equations of motion for three
cases of nonlinearity in the spring., The first consisted of a non-
linearity in the spring stiffness, 61 = 62 = 0, I'or the second case
a nonlinearity in the damping was added, 61 = ,2 and €, = 0, And,

2

the third case consisted of the stiffness nonlinearity and a non-



—

0

linearity in the forecing function, 61 = 0 and 62 = .3,

In each of the cascs of nonlinearity described on the previous
paze, the initial conditions of the elements of the coefficient
natrices of the identifying equations were the linearized values of
the corresponding coefficients of the linearized equations, equation
38, \lith the elements of the G natrix, 5o and Gon having zero
initial conditions, two nore tests were run, The first consisted

of the original nonlinearity, and in the second, the nonlinearity

vias added to the damping factor, €1 = ,2 and €2 = 0,

C. Choice of Paraméters

Iefore a system of nonlinear cguations can be identified, ccr-
tain paraneters nust be chosen, ‘these parancters, the matrices C,
P, [, and N\ (see equations 26, 30 and 31), deternine the speed of
identification and the memitude of the error., To nalke it easicr
to determine the other parameters, C and P vere chosen to be diagonal
natrices, ‘his uncouples the error equations and, to some extent,
the elements in the G and H matrices.,

For stability, as was shown, C must be nesative definite,
Since it is diaronal, each element of C should be negative. The
effect of C is felt mainly in the initial stage of identification,
or when the exrror is large, and has little effect after this stage,
The identification did not appear to be greatly affected by dif-
Terent choices in the elements of U, so a value of -20 uas chosen
for each clement on the diagonal,

The choice of the elements for the P matris directly affected

the choice in the elements of [T and A, as can be scen in equa-



tions 30 and 21, DIecause of this, the elements of P were uscd to
obtain a rough identification and the clenents of [T and A vere used

Kol s
LeL -

<

to inprove the identification., for stability, ¥ is positive
nite, and for the examples solved in this section, the elenents of P
consist of 100 on the diasonal and 0 elselihere.

The porameters that had the major cifect on identification were
the elenents of [T and A. The equations in which they appear are

equations 30 and 31

- e pex?’ (i1

0!
i

)
Z1=-A@2u (h2)

These equations show that each elenent in [T and A correspond to a
specific element in G and H, Throush experinentation, it was found

T

that larse values of G and 5 caused too meat a change in G and 1

. .
Ll

and rapid identification was not possible, Also, if & and i1 uere

too small, the identification was possible only after a long time and,
even then, the bounded error was too large., If the elenents of G

ond ﬁ were on the same order as the corresvonding elenents in G and

I, then in nost cases, identification was good.

D, Results

The trajectories of the states were not affected noticeably by
the addition of the nonlinearities. The trajectories of the states
for the step input are given in Figure 2 and for the ramp input in
Mrure 3. In all the identification problens studled in this section,
the error in identification of the states is less than .15, Mioure !,

except when the initial condition of the identifying coefficients, Gy

and Gons AXC ZEYo, IMigure 5. The exror in identifying %, for this
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case reached a maximum of about 27 within three séconds of the begin-
ning of the identification, but it quickly decrcased to less than .1}
for the remainder of the identification,

"he first problen studied was the identification of the non-
linear spring equation with a nonlinearity only in the spring stiff-
ness, (1 xZ) and €, = €, = 0, Figure 6a shows the actual variation
of the spring stiffness for a step input. For an initial value cor-
responding to the linear value of equation 39, the element allowed
to vary in order to identify the spring stiffness nonlinearity is
Goq* The variation of 8oq is the same as the variation of the spring
stiffness, Figure 6b., ihen the initial condition of Coq is zero, the
difference between the spring stiffness and the identifyins element
is small after approxinately three seconds of identification, Iigure 7.

To determine the effect of control on the identification of the
nonlinearity in the spring stiffness, the previous problem was studied
With a second control scheme, This control scheme consisted of a
ranp from 0 to ,4 for the first ten seconds and a constant value of
4 for the remainder of the identification, Figure 1b, The differ-
ence in the variation of the identifier, Goqr and the variation of
the spring stiffness is negligible, Figure 8,

A second nonlinearity, a nonlinearity in the damping, was added
to the spring equation, 61 = ,2, TFor identification of this non-
linearity, a second elenent, Ton of the identifier, had to be allowed
to vary, equation 40, Both the spring stiffness and the damping

nonlinearities were identified successfully for each of the control

programs, For the step input, Figure 9 shows the variations in the



stiffness nonlinearity and the identifier clement Tpqo and Fisure 10
shous the variation in the damping and the identifier element Tpos
Firures 11 and 12 show the variation of the nonlincarities and their
respective identifying elements for the case of the ramp input.

Setting the initial conditions of Goq and €or to zero, the
step input was applied to the identifier., Identification of tiwe
nonlinecarities was successiul shortly after the step input was ap-
plied, The variations of 1 and Gpp BT given in Piguces 13 and 1,
respectively,

Including nonlincarities in the step and ranp inputs, the inputs
were applied to the equation of motion that had a stiffness non-
linearity only. The nonlinearities in the stiffness and inputs uere
not successfully identified, FMigures 15 to 13, ‘The problen of non-
triviality discussed earlier may have occurred., The ervor in the
identifier of X, can be written as:

S = Copey + (Gpq = 2p )%y + gy - 3y )iy + (Bpy = ByyJu . (83)
At equilibriun for a step input and no error in the identification
of the states, the error equation becones:
= o - ar a - l
0 (021 uzi)ﬂl k (hZ1 bZi)u . (ud)
Any nunber of sets of values for Goq and h21 exist that will satisfy
equation M, ihus, equation 44 has a solution other than the trivial
solution, Goq = anq and h21 = b21.
Por the problem when the nonlinearity was in the danping and
the stiffness, cquation 13 becomess
= (& - > !
0 (021 a21)x1 (45)

vhen equilibrium is reached, In this case as in tne last discussed,
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%y = 0 and the element Goon does not enter into the identification
eonation, OCnly one value of o1 vill satisfy equation 45, Cpq = 8nqs
This may cause some problen in the identification of the damping non-
linearity, but this does not appear to be the case,

For the identification problems studied, the choice of inputs
did not affect the identification of the nonlincarities, This
fact is apparent in the last case studied, the identification of
nonlinearities in the svring stiffness and the input, Thoursh the
nonlinearities were not identified, the equilibriun value of =
for the stev input, Fisure 15b, was the sane as the equilibriun
of 3p1 for the ramp input, Fisure 17b., The equilibriun values of
h21 for the two inputs were also the same. Fifure 16b shous the

variation of h21 for a step input, and Fi~ure 18b shows the varia-

tion of h21 for a ramp invut,



IV, IDJIOTRICATION OF mmi/570L

The identification scheme developed in the previous section
was adapted to the problem of identifying the nonlinear cquations of
notion of an externally blown flap short talke-off and landing air-
craft. ‘The eguations of motion are developed in Appendix A, The
identification scheme uwas developed for continuous time identifica-
tion, therefore, the equations of motion and the identification
equations were integrated using Hamming's fourth order predictor-
corrcctor integration method on an IBIi 370 computer. This nethod
uses the values of the four preceding time steps to compute the next
set of values, The time step was ,01 of a second and the eguations
vere intesrated for 100 seconcs,

Pron Appendix A, the states used in the identification are the
velocity, the flight path angle, the pitch rate, and the attitude
angle. The controls used as inputs are nondimensional thrust fac-
tor, elevator deflection, and flap deflection, As was stated in the
developmont of the identification scheme, a set of equilibriun values
is needed as a reference for the identification ecuations, This

reference was arbitrarily chosen as:

statest = 180 fp=s,
Y=0
(:5)
q=0
6= -,00048°
controls: CT = .5399
S = =3.976° (®7)
_ 0
Sf = )4’9197



and is the reference for all problems solved in this section re-ord-
less of the values of the states,

To study the problem, tio control prosrams were used, The Tirst
consisted of keeping the elevator and flap angles at the cquilibrium
values while applying a sinusoidal variation to the non-dimensional
thrust factor about the equilibrium condition, A\ comparison was nade
of the outputs from the nonlinear equations, the identification equa-

tions, and a linear set of equations based on the equilibriun condi-

For the second control program, a lincar variation in controls
was used so that the states would begin at the equilibriun values
and change until another equilibrium condition was attained when the
velocity vas approximately 120 feet per second, The controls varied
linearly for the first hali of the computation and then were held
constant for the remainder of the time, Using this control schene,
the effect on the error of identification of the number of elements
in the G and 1 matrices calculated using the identifying equations,
30 and 31, was studied, as was the effect of differcnt initial suesses

of certain elements in the G matrix,

A, Choice of Parameters

The manner in which the parameters were chosen in this section
is the same as that used in the nonlinear spring problem. ‘The matrices
C and P were argain chosen to be diasonal to uncouple the error equa-
tions, C consisted of -50 for each element on the diajonal and each
element of the diagonal of P was 1000, The elements of [T and A\ were

chosen so that the elements G and H were on the same order as the



respective clenents 1n ¢ and I, These values ore siven in Table 2,
ree ~ h AT I BRI N I ok 1 L . KXl JORPIR, B KR AN N - R §
Me snoed of identification is affectied in aonothe:r namex sinilar
o the one cited in the previous section,  Gtulying equntions 20 and

31, if the differences in the actuzl values of the states and inpu

-

and thelr respective refcrence values, the noriturbotlion values X and

.
1

v, chance by o factor of 10 or more, then the najnitudes of ¢ and I
cnanze for constant crrors, ﬂﬁscmmyzth“mtha'wcsmm
effect as inpromer choices of " ana A, thus " and N st bo changed

. ~

accordingly to maintain small criors in icentifica
T""‘]l

Tic variation of the elenments of [N end A for the 531/ ICL prob-

cns studied uas deternined erxperimentally. ‘The control Drosrans were

1

run and, whenever the elenents of G and Il nere oo srall or too laxrse,

the corresponding elements of [" and A were chanred by o factor of 10

in oxder to offset the nasnitude of the pesturbation values, The

values of [T and [\ are given in Table 2., “henever an elencat in A or

B vas Imoun to be constant, then the valuc for the corresponding cle-
A

nent of [ and A\ was zex "0, This vas the case in the fourtihr rou of A

and 3 which will be discussed later,

B, Mrst Control Program: Sinusoidal variation of one control

In this program, the flap and elevator oiigles uere held at the

equilibriun values, equation b, vhile the nondimensional thrust
varied sinusoidally about the equilibriunm value, Minure 19:
C. = .5399 + ,1 sian(xt/10). (1)

This control scheme was applied to the threec sets of equations --
the nonlinear eguations of motion Ifrom Appendi:t 4, the lincar equa

tions of motion based on the equilibrium valucs of cquations 443 and
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Itly, and the nonlinear identifying equations., ‘The variations in the
states produced by the nonlinear equations of motion are given in

Figures 20 and 21, A relative per cent erior ziven by
e,
€i = per cent error = == x 100 , (49)

“\ .

]

n . . . R
perturbation state of the nonlinear eouations of

. . .th ... .
notion and e, is the 1™ difference between the nonlinear perturba-

vhere xi is the i~t
tion state and the state calculated by the identifyins equations

of the linear equations of motion, was used to compare the identi-
fier and linear equations of notion with the nonlinear ecuations of
notion,

The initial values of the elements of G and U were those given
in Table 1., Using the identifier equations, 2, &5 and 46, three
elements in G, 511r Cpoo and g32, were allowcd to vary while the
other elements in G and all the elements in i were held constant,
he variation of 3110 8o and g32’ as calculated by the identifier,
are given in Figure 22,

The errors in identification of all four states were less than
the errors of the linear equations of motion, Figures 23-26, Ior
the linear equations of motion, the relative error vas smallest in

the velocity equation., It was on the order of 37 or less, The iden-

tifier was able to reduce the error by a factor of 10-2, and the error
in identification was on the order of .017 or less, I'irure 23, ‘The
reduction in error of the flight path angle was not as rreat, althoush
the identifying error was one-tenth that of the lincar error, IPigure
2L, The per cent error of the linear equation for the flight path

angle was 10,5 or higher, while the error of the identifier was less

than 17 at all times.
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The nost disappointing result for this problen was in identi-
fication of the pitch rate, The crrors for both the linecar and
identifier equations were at most times less than 107, and, on the
average, the identifier had errors less than the linear equations,
but there is not a significant reduction in error by the identifier,
Maoure 25.

As was cited earlier, there is no need to identify the nonlinear
equation describing the attitude angle because it is always given by
é = g which is a linear equation., Iecause it is linear and the fact
that the identification is based on the actual states, in this case,
pitch rate, q, there is no error in the identification of the attitude
angle, Althoush the linearized equation and nonlinear edquation for
attitude angle are the sane, the linearized eguation is based on re-
sults obtained from the linearized equations of notion, specifically
the linear value for pitch rate, Since the linear value for pitch

rate is in error the linearizZed equation describing attitude ansle

ON

produces on error, These errors are found in Fimure 20,
Studying the variation in the errors shous pealis 2t certain
intervals, It appears that these peals occur when the correcs-
ponding states intersect the equilibriun values, Because of the
choice of equation for error analysis, equation %3, it is obvious
that the per cent error will be undetermined when the perturbation,
X{» is zero, For this reason, when the perturbation nears zero the

error increases greatly in nagnitude,
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C, ©Second Control Frogram: Linear variation three controls,

Foxr the first fifty seconds, each of the controls, nondinen-
sional thrust factor, elevator angle, and Tlap angle, were varied
linearly from the equilibriun values used as the reference to another
set of equilibriun values, then vexrc held constant Tor the remaining
fifty seconds, [Migure 27, This control scheme was applied to the non-
linear equations of notion and the identifier, and z2llows the velocity
to oscillate about another equilibrium at 120 feet per second. The
other states oscillate around a new set of equilibriun values, figures
28 and 29,

Tne first problem studied was to deternine the effect on identi-
fication error caused by the nunber of elements in G and H allowed to
vary, Using the icentifying equations, the clements in the top row
of the G and 1l matrix were varied, since the errors are uncoupled, the
information obtained about the error in velocity should be sufficient,
Pisure 30, Jith the initial values equal to the corresponding linear
values, Table 1, the elements of the first row in G, Teqr Gqpr Ty
and of the first row in i, hll’ h12’ h13’ vere varied, Mimures 31 and
22, (The element 613 is always zero and therefore identification of
this element is not needed,) The per cent error in velocity was on
the order of 10-2 or less, This error is on the same oxder as the
error in the first control program yet the velocity changed by more
than sixty feet per sccond in this control program, Figure 30a,

™o of the elements, P and hil’ were held constant at the
corresponding equilibrium values and the same control routine was

applied, The variation in the other four elements was very close



to that obtained when six elenents varied, Zisures 33 and 3%, The
riror obtained when only four elenents varied uas of the sane ordexr
uhen six elenents varied, but closc conparison shows the crior
produced when four eclenents varied to be slightly less, Pigure 30D,

“hen only two elenents were allowed to vaxy, Gyq and h12, the
exrror lessened slightly, Figure 30c., Conpexing the variations of
Cyqr Tor the thrce cases (six elements varying, Fimwre 3la, four
elenents varyinsg, Ficure 332, and two clenents varying, Figure 35a)
only a slirht difference in the values of €11 is apparent., “his is
also true for the variations of hy, (Firures 22D, 3k
foting the fact that at lecast one element in o row nust vary fox
identification of that rou, it appears that the less clements in
a glven row alloved to vary, the smeller the error, Since only one
elenent in a siven row nust be alloved to vary for identificetion,
another benefit is only a few parameters nced be adjusted.

The control scheme was then used in the identificatlion of three
elenents in G, G110 Cop and 532, and three elenents in I, h12’ h22

and h,,, with initial values equal 1o the linear values given in

33°
Table 1, ‘The variation of these elements 1s given in Figures 35 and
36, The exrors in identification of velocity and flight path angle,
Mmures 3%9a and 40a, arc small, but the error in pitch rate often
rcaches 10°, Figure 4la, As in the first control scheome, this error
is the haxdest to decrease. ilost of the pea’'s azain occur when the
pitch rate nears the equilibrium value, and thus, the nercentage

error increases tremendously, Ixcept for these peals the error is

on the order of two or three per cent.
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In owder to deternine the effect of the initial conditions of

s

the elenents of G and [ on identification, the second control progran

was applied to the identifier with the initial values of Gy1r Sppo and

et to zero, These three elenents of G and the three elenents

4]

of I, h12, h22, and h33, lere alloved to vary and the variations of
these elements were conpared to the variations of the sane elements
when all initial values were the linear values of Teble 1, ‘ihe re-

N

sults were nixed, The error in veloclty decreased, Migure 39, the
error in flicht path angle renained the same, Jigure 40, and the error
in pitch rate increased, Figure 41, And of the six elenents allowed

(¥

to vary, only the variations of Goo and h??, PMimures 192 and 10b, are

thie sanc as when the initial value of Goo W28 the linearized value,
Moures 35b and 360,

As discussed earlicr, there may e a problen associated with
nontriviality. It appears that this problem has arisen here, The
elements in the first and third rous varied in differecnt nainners but
the errors uere always snall, As far as state ildentificoation is con-
cerned. there is no problen, Dut, if the variations of the clements of
A and B are nceded a problem may arise because of thce different ways

in which the sane elenents of G and I varied,



COICLUSIOND

A nethod to identify a systenm of nonlinear equations usin~ only
innuts and states has been presented, To the vorii of arcendra could
be applied, the nonlinear eaquations were linecarized about o reler-
ence concition, ‘The coefficients of the linear ecuations nere al-
loued to vary so that the lineaxr equations had the sanc input/output
relation aos the nonlinear equations,

07 the problens assoclated with identif'ication, the main drat-
bacl: is the choice of parameters, Althoush it would scen necessary
to vary all the elements, it was found that varying only one elenent
in a given equation produced reasonable identification., ‘houzh only
a feur parancters were needed, suessiuork played o lerge role in their
sclection., [Purther worii in this area would 2id in all identification
pronlens,

s e

I nost cases, state identification was satisfactory. ‘the nun-
bexr of coefTicients allowed to vary, the initial volues of thesc
cocfTicients, and different inpuis secmed to have litile erfecect on
the errors in the states, However, some of the variations of the co-
cfficients diffexred for two of these cases, The choice of input had
no effect on the identification of the cocfiicients,

The greatest effect on the identification of the coefliclents
in the nonlinear spring problen occurred vwhen elements in the i natris:
were allowed to vary. It nay be possible to inprove the identification
with another choice of the parameters or with a nonconstant input.

For different initial conditions on the identifier elencnts in

the EBF/STOL problen, the equilibrium values of the elements differcd.
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~

Althoush the choice of initial conditions did not effeect tihe final

values uwhen only one coefficient of a given ecuation was 2lloued to
vary, vhen two coefficients wexe allowed to vary, different initial
conditions produced diiferent final values in the cocfficients.

The nunber of coefficients allowed to vary in the identifiexr
for the BRF/STOL problem seencd to have 1litile effect on the varia-
tion of these elements, ‘henever o coefficient was held constant,
the other verying cocificients secened to adjust slightly.,

The problems cncountered zbove are siniler to the nontrivi-
ality nroblems cived earlicr, To avoid these problens and to Leepn
the nunber of paraneters to be considercd at a nininun, it appecrs
practical to allow only one cocfficient in a given cauation to vaiy.
And so that the coefficient is demendent on that state rather than
control, a coefficient of the state should be chosen.,

Por further study along this line of nonlinear system identifica-
tion, a largze number of distinet control prosrans nay be applied to

LA

deternine to a greater extent the dependence of the identification

on contrel, Also, studying the effect of vhich coefficients axe
alloved to vary should prove beneficial in cdeveloping a useful identi-
Tication algorithmn,

The identification procedure presented nay be used in feedbacl
control problems, 3ince the use of a feedback controller necessi-
tates Inouledge of the coefiicients of the cquation of notion, the
identification of the trajectorics of the cocfficicnts should help

in adjusting the feedback parameters in orxder to maintain the de-

sired aircraft handling qualities.
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Cocfficient matrices:
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Iuilibriun states:
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-0,00172
-0,93662

0.0

v = 180 fi/scc

fpuilibriun controlss

Table 1

= 0 rad
a = 0 rad/scc
= -,09848 rad
Cp = 5399
o = -3.976°
o = 19.97°

0.0
0,0

1,0

-0.36385
-0.00220
0.51330

0.0

-26,53200
1,11252
22,92350

0.0

Values for the A and B coefficient nmatrices when
the BRF/37T0L equations of notion are linearized

about the equilibrium values for V,
and controls CT’
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"he Tnuations of iliotion of IBF/3TOL

‘The nodel used as an ciianple Jor the identification procedure
mas the set of cauations of notion of a shoxrt tale-of nd land-
ins (J00L) aireraft, Sovecifically, a type of 3T0L that utilizes
the deflection of the exhaust gases fronm Jet engines to augment the

1ift of the aircralft during tale-olf and landine, nis is Imovm as
an exvernally blown flap short talie=off ond landing aireraft, o
sinply w3h /

he cquations of motion were derived by sunming the forces and
nonents about the aiis systen chowun in Fi~ure 13,  “he thiuvst
Torces do not appear cinlicitly because thoy cre incorvorated in
e 1ift and drag forces, The lonsitudinal cguations uwere used to
describe the notlon of the alrcralt since the motion 15 esseaticlly
uncoupled from the lateral motion (6).

owming the forces alonst cach aiiis in the -5 nlane

.

F'= = D« nrsin = nV

it

r L - ng cos =m’~[‘:f;
and, swwin~ the moments about the y-aiis

i, = be' =1 .
“he anlar velocity about the y~ais ic:

6

And, the ansular acceleration 1s ~iven by:

The four equations of motion are:

- & sinb/
m

18

74
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For this problen, it is assumed that the cerodynanic coefiicicents,

Gj, CI, and UW’ are functions of the variables:
4 J 1
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They can be crmanded in a least squares data Tit of second oxder

of three of the variables
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formed by the data fit., Then including the dependence on g: and q,

no and. QCV are the coefficients of the cguations
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A SCHEE FOR IDSUTIFICSATION OF A

SET OF HOTLIUTEAR LOUATICNS

by

Terrence Joseph lertz

(ABSTRACT)

A method for the identification of a nonlinear set of equations
is presented., The method is based on the work done by ilarendra, Tri-
pathi, udva, and Iuders for lincar identification. The nonlinear
equations are linearized and the coefficients of the linear eguations
are allowed to vary so the input/output relationship of the tuo sets
of equations are the same, The variation of the coefficients of the
linear equations are then ildentified using a form of Harendra's, et
al, identification scheme.

The scheme was used to identify a set of nonlinear equations
that describe the motion of a STOL vehicle, Two control schemes
vere employed, The first control program maintained the states
close to an equilibrium position and the second caused the states

to vary from one cquilibrium to another,
v
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