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This dissertation examines the application of the
Liouville operator to problems in classical mechanics. An
approximation scheme or methodology is sought that would
allow the calculation of the position and momentum of an
object at a specified later time, given the initial values
of the object's position and momentum at some specified
earlier time. The approximation scheme utilizes matrix
techniques to represent the Liouville operator.

An approximation scheme using the Liouville operator
is formulated and applied to several simple one-dimensional
physical problems, whose solution is obtainable in terms of
known analytic functions. The scheme is shown to be
extendable relative to cross products and powers of the
variables involved. The approximation scheme is applied to
a more complicated one-dimensional problem, a quartic
perturbed simple harmonic oscillator, whose solution is not
capable of being expressed in terms of simple analytic
functions. Data produced by the application of the

approximation scheme to the perturbed quartic harmonic



oscillator is analyzed statistically and graphically. The
scheme is reapplied to the solution of the same problem
with the incorporation of a drag term, and the results
analyzed. The scheme is then applied to a simple physical
pendulum having a functionalized potential in order to
ascertain the limits of the approximation technique. The
approximation scheme is next applied to a two-dimensional
non-perturbed Kepler problem. The data produced is
analyzed statistically and graphically. Conclusions are
drawn and suggestions are made in order to continue the

research in several of the areas presented.



ACKNOWLDEGEMENTS

Not wishing to become intellectually stagnant, I began
pursuing graduate studies almost immediately after my
arrival at, what was then, the Naval Weapons Laboratory by
enrolling in the off-campus program operated by Virginia
Tech, who, shortly thereafter, had just hired a unique
individual to teach, administer, and run the off-campus
program in Physics. That individual was Dr. Samuel P.
Bowen. Due to a work committment in California, my
graduate program for the masters degree was interrupted,
and I began to make trips to Blacksburg to meet with Dr.
Bowen to alleviate incompletes. After obtaining a master's
degree, studies were continued in a off-campus situation.
When the opportunity to become a full-time graduate student
in residence presented itself, I applied for it.

It is with a great deal of gratitude and appreciation
that I now take the opportunity to acknowlédge and hereby
thank the many people that have provided me assistance in
one form or another over the years while I was pursuing
graduate study. Foremost among these is my advisor and
friend, Dr. Samuel P. Bowen. He suggested a dissertation
topic that he thought would eventually be useful to the
Navy, a requirement for obtaining support for the graduate

research program. He has been an unending source of

iv



inspiration to me during these endeavors. When
circumstances looked bleak, to me at least, he has always
been opftimistic and encouraging. I will always value the

many brief conversations that we have had together

discussing ideas, laying out the best approach to solve a
critical problem, and in the oral reporting of progress on
the work of this dissertation. It is to his credit that,
when considering all other academic disciplines offered at
NSHC, there have been more graduates in physics at NSWC at
both the Masters and Ph. D. levels than any other
discipline. That track record is a tribute to his success.

I would also 1like to thank the members of my
dissertation committee, most of whom I have had the
oppportunity to take a class from.

Being a full time civilian employee of the Department
of the Navy at the Naval Surface Warfare Center has
provided both advantages and disadvantages during the
period. The obvious advantages include financial support
provided by the opportunity to participate in the Full Time
Study Program during 1984-1985, allowing me to take up
full-time residence at the university for that timeframe,
and by the opportunity to partcipate in the Graduate
Research Program during the 1987-1988 academic year, again
allowing me the chance to take up residency at the

university. The uninterrupted period of time away from the



interruptions of work will always be remembered and
cherished. The disadvantage has been the time constraint
imposed (even if artificial and self imposed in nature),
feeling that one must be finished by a certain time, and
not allowing for the investigation of interesting but
tangential topics unearthed by the progress of the
research. There are several individuals at NSWC that I
would like to thank and acknowledge. Foremost among these
is Dr, Charles F. Fennemore, my supervisor and colleague,
who, I suspect, has looked after my interests and run
interference on my behalf more times than I probably know.
His support is greatfully acknowledged. I would also like
to thank Dr. Normand Auger, a past branch head who
initially supported me for the Full Time Study Program, and
, a past and current branch

head, who approved me for both the Full Time Study Program
and, later, the Graduate Research Program. Thanks is also
extended to , who, as my division
head, approved me for the Full Time Study Program, and who
later, as assistant department head, approved me for the
Graduate Research Program.

Among the other people that I am greatly indebted to
is my brother, , who provided me with the
necessary communicational support, via forewarding

important mail and in relaying information to and from my

vi



employer, and with the problems associated with maintaining
two residences while I was in residence in Blacksburg.

Among the fellow students that I have had the good
fortune to be associated with, the one that I have had the
longest acquaintance with is , also a
fellow NSWC employee, who provided support and
encouragement during times of stress, and showed me that it
was, indeed, possible to obtain a Ph. D. while a full time
civilian employee of the Navy. Among the graduate students
on campus, I must single out and pay special thanks to

» who helped me with the commands of the RIDGE
minicomputer. The friendship of ,
’ » ’ , and
is also acknowledged and appreciated.

Finally, one individual deserves very special thanks
for assisting me in getting the right forms to the right
people at the right time, always willing to help in
executing the required transitional paperwork from off-
campus to on-campus student status and back again, and back
again is . Her assistance is greatly

appreciated and acknowledged.

vii



Table of Contents

Title Page . ... ... ... i e e e e i
Abstract ... ... e, ii
Acknowledgements ... ..... .. ... . ... ... ... e iv
Table of Contents .............. . ... . . ... viii
List of Tables ......... ...ttt xi
List of Figures ....... ... ... . .. ... Xiv
Figure Captions . ... ... ... ... .ttt xxii
Chapter 1: Introduction and Theory .................... 1
Chapter 2: Putzer Theorem, Simple Applications to

Classical Problems ............c.ovuvrunennnn 12
Chapter 3: Study of Approximation Technique Using

Putzer Algorithm on Simple Harmonic

Oscillator with x4 Perturbation ............ 26
Chapter 4: Study of Approximation Technique Using

Putzer Algorithm on Simple Harmonic

Oscillator with x4 Perturbation and Drag

Linear in the Velocity ..................... 87
Chapter 5: Exploration of Approximation Technique with

Putzer Algorithm on Hamiltonians Having

Simple Functional Dependence ............... 123
Chapter 6: Application of Approximation Technique to

Kepler Problem .. ......... ... .. ... 137

viii



Appendix G: FORTRAN Listing for Eigenvalue Calculation

of 10x10 L Matrix for Kepler Problem ......

Appendix H: FORTRAN Listing for Approximation Scheme

Using Putzer Algorithm for 6x6 Truncation

of L Matrix for Kepler Problem ............

Appendix I: FORTRAN Listing for Runge-Kutta-Gill

Numerical Integration of Kepler Problem ...

..................................................

ix



Chapter 7:

Literature

Appendix A:

Appendix B:

Appendix C:

Appendix D:

Appendix E:

Appendix F:

Conclusions and Suggestions for Extending

and Continuing the Work ....................

FORTRAN Listing for Eigenvalue Calculation

of 56x56 L Matrix for Perturbed SHO .......

FORTRAN Listing for Approximation Scheme
Employing Putzer Algorithm with 20x20

Truncation of the L Matrix for the

Perturbed SHO ............c.c0 e,

FORTRAN Listing for "Exact"” Runge-Kutta-

Gill Numerical Integration of the

Perturbed SHO ........ ... .. ... . ... ..

FORTRAN Listing for Eigenvalue Calculation
Using EISPACK HQR Subroutines for 54x54 L

Matrix Truncation of Perturbed SHO With

Drag Force ........ ... .. .

FORTRAN Listing for Approximation Scheme
Employing the Putzer Algorithm for the

20x20 Truncation of the L Matrix for the

Perturbed SHO With Drag Force .............

FORTRAN Listing for "Exact"” Runge-Kutta-
Gill Numerical Integration of the 20x20
Truncation of the I. Matrix for the

Perturbed SHO With Drag Force

.............



Table

Table

Table

Table

Table

Table

Table

Table

List of Tables

Eigenvalue spectral structure for perturbed

Statistics for Ax and Ap for analytically
calculated e“* for 6x6 truncation and

exact solution ...... ... . ... . ... . .. ...
Statistics for Ax and Ap for analytic

e-* and numerical e“' for 6x6 L truncation...
Statistics for Ax and Ap for exact solution
and 6x6 approximation using Putzer algorithm
with RKG integration ........................
Statistics for Ax and Ap for exact solution
and 12x12 approximation using Putzer
algorithm with RKG integration ..............
Statistiecs for Ax and Ap for exact solution
and 20x20 approximation using Putzer
algorithm with RKG integration ..............
Statistics for Ax and Ap for exact solution
and 30x30 approximation using Putzer
algorithm with RKG integration ..............
Statistics for Ax and Ap for exact solution

and 42x42 approximation using Putzer

algorithm with RKG integration ..............

xi

57



Table

Table

Table

Table

Table

Table

Table

Table

Eigenvalue Spectrum by Partitiion of L

Matrix for Perturbed SHO with Drag .........

Statistics for Ax and Ap for exact solution
and 9x9 approximation using Putgzer

algorithm with RKG integration for Drag

Coefficient of .15 ... ... . . . i unn..

Statistics for Ax and Ap for exact solution
and 14x14 approximation using Putzer

algorithm with RKG integration for Drag

Coefficient of .15 ... ... . . e,

Statistics for Ax and Ap for exact solution
and 20x20 approximation using Putzer

algorithm with RKG integration for Drag

Coefficient of .15 ... ... ... ... . . . ... ..

Numerical Eigenvalues of L Matrix for up to

54x54 truncation - Drag Coefficient .15

Eigenvalue Spectrum for Two-Dimensional

Kepler Problem .......... .o uemuennnnen.

Statistics for AY, Aq, and Ap for exact

solution and 3x3 approximation using Putzer

algorithm with RKG integration .............

Statistics for Ar, Aq, and Ap for exact

solution and 6x6 approximation using Putzer

algorithm with RKG integration .............

xii



Table 6. 4:

Statisties for AY, Aq, and Ap for exact
solution and 10x10 approximation using

Putzer algorithm with RKG integration .......

xiii



Figure 3.1:

Figure 3. 2:

Figure 3. 3:

Figure 3. 4:

Figure 3.5:

List of Figures

Phase Plot comparing exact & analytically

calculated solution using exp(Lt) for 6x6

truncation over 7 cycles of data .......... 50
Phase Difference Plot comparing differences

of exact and analytically calculated

solution using exp(Lt) for 6x6 truncation

over 7 cycles of data ..................... 53
Phase Plot comparing analytically calculated
approximation using exp(Lt) for 6x6

truncation with numerically calculated
approximation of 6x6 truncation over

7 cycles of data .............. .. ... ... ..., 54
Phase Difference Plot comparing differences

of analytically calculated approximation

using exp(Lt) for 6x6 truncation with
numerically calculated approximation of

6x6 truncation over 7 cycles of data ...... 56
Phase Plot comparing exact solution and
approximation with 6x6 truncation using

Putzer algorithm with RKG integration over

7 cycles of data ............. .. .. .. .. ..... 58

xXiv



Figure

Figure

Figure

Figure

Figure

Figure

.10:

.11

Phase Difference Plot comparing differences
of exact solution & approximation with 6x6
truncation using Putzer algorithm with

RKG integration over 7 cycles of data ..... 59

Phase Plot comparing exact solution and
approximation with 12x12 truncation using
Putzer algorithm with RKG integration over
7 cycles of data ............. ¢t 62
Phase Difference Plot comparing differences
of exact solution & approximation with 12x12
truncation using Putzer algorithm with
RKG integration over 7 cycles of data ..... 63
Phase Plot comparing exact solution and
approximation with 12x12 truncation using
Putzer algorithm with RKG integration over
2 cycles of data ............ ... .. .. ... 65
Phase Difference Plot comparing differences
of exact solution & approximation with 12x12
truncation using Putzer algorithm with
RKG integration over 2 cycles of data .... 66
Phase Plot comparing exact solution and
approximation with 20x20 truncation using
Putzer algorithm with RKG integration over

7 cycles of data ........... ... .. ... . ... 67



Figure

Figure

Figure

Figure

Figure

Figure

.12:

.13:

.14:

.15:

.16:

.17:

Phase Difference Plot comparing differences

of exact solution & approximation with 20x20
truncation using Putzer algorithm with

RKG integration over 7 cycles of data .... 68
Phase Plot comparing exact solution and
approximation with 20x20 truncation using
Putzer algorithm with RKG integration over

2 cycles of data ......................... 70
Phase Difference Plot comparing differences

of exact solution & approximation with 20x20
truncation using Putzer algorithm with

RKG integration over 2 cycles of data .... 71
Phase Plot comparing exact solution and
approximation with 30x30 truncation using
Putzer algorithm with RKG integration over

4 cycles of data ............ . ... . ... ..... 73
Phase Difference Plot comparing differences

of exact solution & approximation with 30x30
truncation using Putzer algorithm with

RKG integration over 4 cycles of data .... 74
Phase Plot comparing exact solution and
approximation with 30x30 truncation using
Putzer algorithm with RKG integration over

2 cycles of data ............ .. ... . ... 76

xvi



Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

4.

.18:

.19:

. 20:

. 21:

.22:

. 23:

. 24:

1:

Phase Difference Plot comparing differences
of exact solution & approximation with 30x30
truncation using Putzer algorithm with

RKG integration over 2 cycles of data .... 77

Phase Plot comparing exact solution and
approximation with 42%x42 truncation using
Putzer algorithm with RKG integration over

1 eyecle of data ........... ... .. .. . . .. 78
Phase Difference Plot comparing differences

of exact solution & approximation with 42x42
truncation using Putzer algorithm with

RKG integration over 1 cycle of data ..... 79
Statistics by Truncation Size for 1 Cycle

of data ...... .. e e e e e e 82

of data ........ ... e e 83

of data .. ... i e e e e e e e e 84

Of data . ... ..t it e e e e e e e e e e 85

Phase Plot comparing exact and 9x9

approximation using Putzer algorithm for

drag of .15 over 6 cycles of data ......... 101

xvii



Figure

Figure

Figure

Figure

Figure

Figure

Figure

Phase Difference Plot comparing differences
of exact and 9x9 approximation using Putzer

algorithm for drag of .15 over 6 cycles of

Phase Plot comparing exact and 14x14
approximation using Putzer algorithm for

drag of .15 over 6 cycles of data ......... 104
Phase Difference Plot comparing differences

of exact and 14x14 approximation using Putzer

algorithm for drag of .15 over 6 cycles of

Phase Plot comparing exact and 20x20
approximation using Putzer algorithm for

drag of .15 over 6 cycles of data ......... 109
Phase Difference Plot comparing differences

of exact and 20x20 approximation using Putzer

algorithm for drag of .15 over 6 cycles of

Statistics by Truncation Size for

Approximation Using Putzer Algorithm for

1 Cycle of Data ..........¢.¢uuiinennnen. 113
Statistics by Truncation Size for

Approximation Using Putzer Algorithm for

2 Cycles of Data ............ ... . ... ... .. .. 114

xviii



Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

4.

9.

.10:

.11

.12

-
.

Statistics by Truncation Size for
Approximation Using Putzer Algorithm for

3 Cycles of Data ......... ...
Statistics by Truncation Size for
Approximation Using Putzer Algorithm for
4 Cycles of Data ............ .0 ...
Statistics by Truncation Size for
Approximation Using Putzer Algorithm for
5 Cycles of Data .........................
Statistics by Truncation Size for
Approximation Using Putzer Algorithm for

6 Cycles of Data ......... ... .. ...

1 Cycle Statistics COS(x) via Taylor Series
Truncation for 20x20 Approximation Using

Putzer Algorithm ........ ... ... ... .........
2 Cycle Statistics COS(x) via Taylor Series
Truncation for 20x20 Approximation Using

Putzer Algorithm ............. ... ... .. .....
3 Cycle Statistics COS(x) via Taylor Series
Truncation for 20x20 Approximation Using

Putzer Algorithm .............. .. ... ... ...,
4 Cycle Statistics COS(x) via Taylor Series

Truncation for 20x20 Approximation Using

Putzer Algorithm ................. . .0 .0......

xix

130

131

132



Figure

Figure

Figure

Figure

Figure

Figure

Figure

Figure

. 5:

5 Cycle Statistics COS(x) via Taylor Series
Truncation for 20x20 Approximation Using
Putzer Algorithm ....... ... ... ............. 134
6 Cycle Statistics COS(x) via Taylor Series
Truncation for 20x20 Approximation Using

Putzer Algorithm .......................... 135

Gamma vs Time for exact & 3x3 approximation
using Putzer algorithm for 2 Orbits........ 148
Square of Error in Gamma vs Time for 3x3
approximation using Putzer algorithm for

2 Orbits. ... ... . . . 150
Phase Plot for radial variables of exact

and 3x3 approximation using Putzer

algorithm for 2 Orbits............ .. ....... 151
Phase Difference of radial variables of

exact & 3x3 approximation using Putzer
algorithm for 2 Orbits............. . ....... 152
Gamma vs Time for exact & 6x6 approximation
using Putzer algorithm for 2 Orbits........ 153
Square of Error in Gamma vs Time for 6x6
approximation using Putzer algorithm for

2 Orbits ... ... 155

XX



Figure

Figure

Figure

Figure

Figure

Figure

Figure

.10:

.11

.12

. 13:

Phase Plot for radial variables of exact
and 6x6 approximation using Putzer

algorithm for 2 Orbits..................... 156
Phase Difference of radial variables of
exact & 6x6 approximation using Putzer
algorithm for 2 Orbits..................... 157
Gamma vs Time for exact & 10x10
approximation using Putzer algorithm for
2 Orbits . ..., . . . e e 158
Square of Error in Gamma vs Time for 10x10
approximation using Putzer algorithm for

2 Orbits, .. ... . . . e e e 159
Phase Plot of radial variables of exact

and 10x10 approximation using Putzer

algorithm for 2 Orbits............ .. ...... 161
Phase Difference of radial variables of

exact and 10x10 approximation using Putzer
algorithm for 2 Orbits.................... 162
Statistics by Truncation Size for Kepler

Problem over 2 Orbits ............... . .... 167

xxi



FIGURE CAPTIONS

Figure 3.1: Phase Plot comparing exact & analytically
calculated solution using exp(Lt) for 6x6

truncation over 7 cycles of data

Figure 3.2: Phase Difference Plot comparing differences
of exact and analytically calculated
solution using exp(Lt) for 6x6 truncation

over 7 cycles of data

Figure 3. 3: Phase Plot comparing analytically calculated
approximation using exp(Lt) for 6x6
truncation with numerically calculated
approximation of 6x6 truncation over

7 cycles of data

Figure 3. 4: Phase Difference Plot comparing differences
of analytically calculated approximation
using exp(Lt) for 6x6 truncation with
numerically calculated approximation of

6x6 truncation over 7 cycles of data

xxii



Figure 3. 5:

Figure 3. 6:

Figure 3. 7:

Figure 3. 8:

Figure 3. 9:

Phase Plot comparing exact solution and
approximation with 6x6 truncation using
Putzer algorithm with RKG integration over

7 cycles of data

Phase Difference Plot comparing differences
of exact solution & approximation with 6x6
truncation using Putzer algorithm with

RKG integration over 7 cycles of data

Phase Plot comparing eiact solution and
approximation with 12x12 truncation using
Putzer algorithm with RKG integration over

7 cycles of data

Phase Difference Plot comparing differences
of exact solution & approximation with 12x12
truncation using Putzer algorithm with

RKG integration over 7 cycles of data

Phase Plot comparing exact solution and
approximation with 12x12 truncation using
Putzer algorithm with RKG integration over

2 cycles of data

xxiii



Figure

Figure

Figure 3.12:

Figure

Figure

3.10:

3.11:

3.13:

3.14:

Phase Difference Plot comparing differences
of exact solution & approximation with 12x12
truncation using Putzer algorithm with

RKG integration over 2 cycles of data

Phase Plot comparing exact solution and
approximation with 20x20 truncation using
Putzer algorithm with RKG integration over

7 cycles of data

Phase Difference Plot comparing differences
of exact solution & approximation with 20x20
truncation using Putzer algorithm with

RKG integration over 7 cycles of data

Phase Plot comparing exact solution and
approximation with 20x20 truncation using
Putzer algorithm with RKG integration over

2 cycles of data

Phase Difference Plot comparing differences
of exact solution & approximation with 20x20
truncation using Putzer algorithm with

RKG integration over 2 cycles of data

xxiv



Figure 3.15:;

Figure 3. 16:

Figure 3.17:

Figure 3.18:

Figure 3.19:

Phase Plot comparing exact solution and
approximation with 30x30 truncation using
Putzer algorithm with RKG integration over

4 cycles of data

Phase Difference Plot comparing differences
of exact solution & approximation with 30x30
truncation using Putzer algorithm with

RKG integration over 4 cycles of data

Phase Plot comparing exact solution and
approximation with 30x30 truncation using
Putzer algorithm with RKG integration over

2 cycles of data

Phase Difference Plot comparing differences
of exact solution & approximation with 30x30
truncation using Putzer algorithm with

RKG integration over 2 cycles of data

Phase Plot comparing exact solution and
approximation with 42x42 truncation using
Putzer algorithm with RKG integration over

1 cycle of data

b &.4'4



Figure 3. 20:

Figure

Figure

Figure

Figure

Figure

Figure

.21

.22:

.23:

. 24:

.1

Phase Difference Plot comparing differences
of exact solution & approximation with 42x42
truncation using Putzer algorithm with

RKG integration over 1 cycle of data

Statistics by Truncation Size for 1 Cycle

of data

Statistics by Truncation Size for 2 Cycles

of data

Statistics by Truncation Size for 3 Cycles

of data

Statistics by Truncation Size for 4 Cycles

of data

Phase Plot comparing exact and 9x9
approximation using Putzer algorithm for

drag of .15 over 6 cycles of data

Phase Difference Plot comparing differences
of exact and 9x9 approximation using Putzer
algorithm for drag of .15 over 6 cycles of

data

xxvi



Figure 4. 3:

Figure 4. 4:

Figure 4.5:

Figure 4. 6:

Figure 4. 7:

Figure 4. 8:

Phase Plot comparing exact and 14x14
approximation using Putzer algorithm for

drag of .15 over 6 cycles of data

Phase Difference Plot comparing differences
of exact and 14x14 approximation using Putzer
algorithm for drag of .15 over 6 cycles of

data

Phase Plot comparing exact and 20x20
approximation using Putzer algorithm for

drag of .15 over 6 cycles of data

Phase Difference Plot comparing differences
of exact and 20x20 approximation using Putzer
algorithm for drag of .15 over 6 cycles of

data

Statistics by Truncation Size for
Approximation Using Putzer Algorithm for

1 Cycle of Data

Statistics by Truncation Size for
Approximation Using Putzer Algorithm for

2 Cycles of Data

xxvii



Figure

Figure

Figure

Figure

Figure

Figure

. 9:

.10:

.11

.12:

Statistics by Truncation Size for
Approximation Using Putzer Algorithm for

3 Cycles of Data

Statistics by Truncation Size for
Approximation Using Putzer Algorithm for

4 Cycles of Data

Statistics by Truncation Size for
Approximation Using Putzer Algorithm for

5 Cycles of Data

Statistics by Truncation Size for
Approximation Using Putzer Algorithm for

6 Cycles of Data

1 Cycle Statistics COS(x) via Taylor Series
Truncation for 20x20 Approximation Using

Putzer Algorithm

2 Cycle Statistics COS(x) via Taylor Series

Truncation for 20x20 Approximation Using

Putzer Algorithm

xxviii



Figure

Figure

Figure

Figure

Figure

Figure

. 3:

3 Cycle Statistics COS(x) via Taylor Series
Truncation for 20x20 Approximation Using

Putzer Algorithm

4 Cycle Statistics COS(x) via Taylor Series
Truncation for 20x20 Approximation Using

Putzer Algorithm

5 Cycle Statistics COS(x) via Taylor Series
Truncation for 20x20 Approximation Using

Putzer Algorithm

6 Cycle Statistics COS(x) via Taylor Series
Truncation for 20x20 Approximation Using

Putzer Algorithm

Gamma vs Time for exact & 3x3 approximation

using Putzer algorithm for 2 Orbits

Square of Error in Gamma vs Time for 3x3

approximation using Putzer algorithm for

2 Orbits

XXix



Figure

Figure

Figure

Figure

Figure

Figure

Phase Plot for radial variables of exact
and 3x3 approximation using Putzer

algorithm for 2 Orbits

Phase Difference of radial variables of
exact & 3x3 approximation using Putzer

algorithm for 2 Orbits

Gamma vs Time for exact & 6x6 approximation

using Putzer algorithm for 2 Orbits

Square of Error in Gamma vs Time for 6x6
approximation using Putzer algorithm for

2 Orbits

Phase Plot for radial variables of exact
and 6x6 approximation using Putzer

algorithm for 2 Orbits

Phase Difference of radial variables of

exact & 6x6 approximation using Putzer

algorithm for 2 Orbits

XXX



Figure

Figure

Figure

Figure

Figure

6.

9:

.10:

.11

.12:

.13:

Gamma vs Time for exact & 10x10
approximation using Putzer algorithm for

2 Orbits

Square of Error in Gamma vs Time for 10x10
approximation using Putzer algorithm for

2 Orbits

Phase Plot of radial variables of exact
and 10x10 approximation using Putzer

algorithm for 2 Orbits

Phase Difference of radial variables of

exact and 10x10 approximation using Putzer

algorithm for 2 Orbits

Statistics by Truncation Size for Kepler

Problem over 2 Orbits

xxxi



CHAPTER 1

INTRODUCTION AND THEORY

This dissertation describes an attempt to find a new
method that embodies an approximation scheme allowing the
Liouville operator to be expressed via a matrix
represention in a practical, easily realizable
implementation which can be formulated into a calculational
scheme. The Liouville operator is defined, in the
classical case as the Poisson bracket of the function to be
operated upon and the Hamiltonian, H. The Liouville
operator in the quantum context has been used in other
methods including a group of convergent methods known as
Liouville resolvent methods (Bowen 1975) which are designed
to construct a sequence of app}oximants useful in
calculating approximate thermodynamic Green's functions for
some specified Hamiltonians. The Liouville resolvent
method has produced exact solutions when simple
Hamiltonians are considered (Bowen et al 1984). This
dissertation will be limited to the study of the Liouville
operator in areas of classical mechanics where the
Hamiltonian is time independent.

A study of different methodologies was performed to

identify plausible approaches capable of yielding useful



results. Consideration will be given to a method utilizing
the best representation and a reasonable rate of
convergence that can be quantified by a measure of the
errors involved when implemented under different
situations. One goal of the research is the computational
improvement, in speed and accuracy of the determination of
position and velocity of a satellite in a perturbed Kepler
problem, for example. Virtually all currently implemented
solutions of such a problem now employ Cowell's method
(Bate et al 1971). Cowell's method is a technique that
obtains an iterative numerical integration solution whose
time range validity is [usually] relatively small for the
computational effort required to produce the solution, Our
search for an approximation scheme will be guided by the
objective of trying to keep the computational effort to a
minimum, Application of the matrix technique will then
yield analytical expressions of approximinants capable of
enhancing computational algorithms for the short time
regime. The above provides much of our motivation in
pursuing this research.

A short discussion of the problem to be investigated
and the proposed method and techniques used in the main
body of the text is presented next. Let £ denote the

Liouville operator, defined by

(o = [<,H), (1.1)



where 7 is some arbitary function of interest, where [ , ]

is the c¢classical Poisson Bracket, and H is the Hamiltonian

of the system. For any function u(t) defined on phase
space T(x,p), it is well known that {(for U = (x,p) " }
du - -
- = [u,H] = f(u), (1. 2)
dt

which has the formal solution

ut) =

LtAI
e u o (1. 3)

Specializing to the variables x and p, the solutions as a

function of time are

o ¢" n
x( ) eI'txlo = E:n_'{dt x}

= nEg o (1. 4a)
and
o ¢
It I Z —1{2"
p(t) = e Pplo = n&g n o .(1.4b)

The Laplace transform of these equations gives the

frequency dependence of x and p, as

oo ® (£7%) |o
N -st £t -1 —_—
X(s) = e e x(0)dt = (s- x(0) =L, s""!
o
(1.5a)

and



0 © (£7p) |
R -st £t -1 =P e
P(s) = e e p(0Xdt = (s- p(O) = 4 s ,
o]
(1.5b)

where the (hat) notation, X(s), is utilized to indicate
that the time variable has been Laplace transformed.
Examination of the right side of the equations (1.5) shows
that they are moment expansions, hence the calculation of
all of the required terms can be performed provided a
truncation limit exists for some suitable integer N. The
central question is how to represent the inverse operator
(sI-2) ! or resolvent using matrix techniques. If such a
representation is found, the time dependence can be
recovered by taking the inverse Laplace transform. Note
that the resultant expression is dependent upon the initial
conditions.

Suppose, for the moment, that we have found a way to
relate the operator £ to its matrix analog, denoted by L.
The eigenvalues of the matrix L are denoted by Xi, and the
eigenvectors are denoted by Z., where 1 $ i < N. In
general, both the eigenvalues and components of the
eigenvectors &, can be complex. Let & denote the vector
in the transformed space containing the initial condition

information, with
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where X and P are taken as the

-

X(0)
pCO)
Fa(0)
du( 0)
. , (1.6)

Pnt 0) |

first and second components

of ®o. The first two components of ®o are chosen as X and

P since the position and momentum are the observables we

are most interested in. The components ®s through $n must

be chosen as linearly independent of each other and of X

and P. Since the ®;, are linearly independent, the set of

£, (the eigenvectors) are also

be able to solve the system of

- . - 1 r 1
X(0) oy
pc0) o2
$a( 0) X3
Bul0) = (€41, (E2), ..... , [EW) S,
$s(0)

| #n0) | ] IR

independent, and one should

equations

1.7)



for the o coefficients if the basis eigenvectors &, are

known. In the above matrix equation [Z.,] denotes the

2]

column of components of the i*" eigenvector. Then since

ao =‘21“l[€l])

and £&, = LZ, = »&, , we have
- -1 -1 IT ] v [ -1
B(s) = (s-2) Bo = (s-2) 14 ou[E.]J= b out(s-.r,) 3 |
o &y
& s) & (s - 2,

(1.8)

which can then be inverted to obtain the time dependent
vector ¥(t), whose first two components are x(t) and p(t).
Taking the inverse transform of the above, we obtain

st

Z e
s oyl £ ds

2nmi (s - Ay)

Ik

st
ety = }e ®(s)ds

21

X At
&) e y

J4

Ik

Bty

(1.9)

P column eigenvector

where the notation [Z,) denotes the j*
of L. The above outline constitutes an approach that could
be used. This Laplace transform approach requires a
knowledge of both the eigenvalues and their associated
eigenvectors. Generally, eigenvalues are usually easier to

obtain than eigenvectors. For some matrices eigenvectors

are not easily obtained due to numerical instabilities in



the components which present difficulties in the
determination of eigenvectors.

Consequently, a method that avoids eigenvector
determination will be sought. He return to the expression
for the formal solution given in equation 1.3 . The
critical term in this formal solution is the exponentiation
of the operator involved. At the heart of the
approximation is the replacement of the operator in the

exponential

It Lt
e = e s (1.10)

by an nxn matrix L. This suggests that the matrix
exponential be examined. He focus upon finding a technique
relating £ to its equivalent in matrix form, L. No mention
has been made on how large a dimension L should have in
order to have an effective representation of £.

The basis set chosen to represent the matrix L
determines the form of the elements of the matrix. One of
the problems is determining criteria with which to pick a
basis set. Once this basis set has been selected, the
initial mode of attack will be to apply the Liouville
operator to the initial basis, and then examine the
resultant expressions produced. Do the results contain
linear combinations of the initial basis? Are any terms in

the resultant expression not expressible as a linear



combination of the initial basis vectors? If so, can these
new terms be categorized or classified in any way?

The choice of bases that will be tried initially will
be simple monomials and polynomials of position and
momentum, taking a clue from the work of Douglas (Douglas
1982). Two possibilities for the dimensionality of L come
immediately to mind. The first possibility is that for
which the dimension of L is finite. This case is
frequently encountered when the problem has an exact
solution that is easily obtained. The other possibility is
one in which the dimensionality of L is infinite. The
expectation is that the individual nature of the
Hamiltonian deftermines which of the two possiblities is
realized.

The justification that our approximation scheme
Wwill work has its roots in the work of Masson ( Masson
1970:197). Working on a quantum mechanical problem,

Masson has shown that, once an orthogonal basis set of
vectors is picked through which the resolvent (s - )71 jg

represented, increasing the size of the basis set used by
passing to larger truncations of the matrix should increase
the accuracy of the approximation provided by the
resolvent. Although the resolvent techniques require that
the operators involved be self-adjoint, a more general

approach can be used that does not require that the



operator be self-adjoint. This approach is termed the
method of moments (Masson 1970: 206). While the method of
moments 1s not used explicitly here, an equivalent method
employing the matrix exponential is used. The
approximation technique of building a sequence of larger
and larger matrices is applied hoping to find similar
improvement in the specific problems which we are
considering. An inner product has not been found for the
space in which we are working, consequently the space does
not qualify as a Hilbert space. The space may be a Banach
space if the absolute value function is taken as the norm
of the space. The sets of polynomials and monomials with
which we will be working with are known to be complete in
the Banach spaces of continuous functions (Riesz & Nagy
1955) . A set of theorem(s) similar to Masson's theorem(s)
requiring Hilbert spaces needs to be proven for Banach
spaces. He will not provide proofs of the necessary
theorem(s) here. No functional analysis has been conducted
on the spaces involved, because this was not deemed the
intent of the research, however such an analysis may yet
have to be performed. As will be seen, the approximation
scheme produced good results for a short time then the
results diverged from the exact solution. A concise
analysis of the possible causes of this behavior is

presented in the last chapter, Current thinking is that
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not all of the prerequistes of Masson's theorems were met.
Either the approximation scheme will have to be repeated
using the bases and operators meeting the Masson theorems
or new theorems analogous to the Masson theorems will have
to be proven.

Our plan of attack will now be briefly outlined.
A method was found that is only dependent upon the
eigenvalues, regardless of their multiplicities. This
procedure calculates a matrix exponential by using the
Putzer algorithm. The approximation scheme is formulated
using this algorithm and in Chapter 2 several examples
applying this approximation plan to simple Hamiltonians
will be presented. A more complicated test of the
approximation technique will be conducted in Chapter 3.
This chapter examines the performance of the approximation
methodology when applied to a perturbed simple harmonic
oscillator. An examination of how the approximation
methodology performs when a dissipative (drag) force is
introduced to the same problem will be conducted in Chapter
4. Exploration of how the approximation scheme behaves
when monomials and polynomials are omitted and a simple
function of position is employed in the Hamiltonian is the
objective of Chapter 5. The approximation method is

applied to the unperturbed Kepler problem in Chapter 6 to

ascertain how the approximation scheme handles a two-
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dimensional problem. Finally, Chapter 7 offers conclusions
and ideas, areas, and suggestions by which the research
might be continued and extended. A unifying discussion of
the behavior of the approximation scheme as applied to the
test of the various classical mechanical problems contained

in this dissertation is also presented.



CHAPTER 2

PUTZER THEOREM, SIMPLE APPLICATIONS TO CLASSICAL PROBLEMS

In this chapter, an examination of an evaluation
procedure for the matrix operator e®' is conducted.
Standard evaluation techniques do not generally work, so we
use the Putzer algorithm. After exhibiting how to apply
this algorithm, the application of the approximation scheme
incorporating this algorithm to several simple Hamiltonians
each having an exact analytical solution is conducted.

This will serve as a standard by which to examine
Hamiltonians that do ﬁot have exact solutions.

Having seen the exponential matrix e®* as the key to
the approximation procedure, a practical evaluation scheme
is sought that separates out the time dependence and allows
that time dependence to be evaluated analytically. This
process must also allow for the proper treatment of
degenerate eigenvalues (those eigenvalues having
multiplicities greater than one) of the matrix A.

Attention is now focused on a viable means of constructing
and calculating the matrix exponential,. The standard
series definition is not suitable due to the infinite sum
involved. A good survey of various techniques is the one

performed by Moler and Van Loan ( Moler and Van Loan 1978).

12
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A practical and straight-forward technique was found that
permits the calculation of e®*, where A is an nxn matrix of
real constants. This technique, based upon the
Cayley-Hamilton Theorem and known as Putzer's algorithm of
calculating the matrix exponential, is dependent only upon
the eigenvalues of the matrix, A, and takes into account
the multiplicity associated with each eigenvalue of A.

(Putzer 1966):

Putzer's Theorem:

Let A be an nxn matrix with possibly non-distinct

eigenvalues Ai,Az,A3,Au,... ,An, listed in some arbitrary
but specified order. Then an explicit formula for ef* is
given by
NnN—1
et = Lorivi(t) Py, (2.1

where, if I represents the identity matrix,

Po = I,
J
P, = L J (A - AxD) J = 1,2,....,n-1% (2. 2)
and the functions ri(t),..,rn(t) are solutions of the

triangular system of equations expressible in matrix form

as
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Ir 9
A1 0 0 . . . . .
1 A2 O - . . . .
0 1 A3 0 - - . -
dr -
— | = . 0 1 Au - . . . r |,
dt
. . 0 1 - An-2 - .
. . . 1 An—1 0
0 0 0 0 © 0 1 An
(2.3)
with the initial conditions that '
re(t = 0) = 1
ryg(t = 0) =0 for J = 2,....,n,

Note that for eigenvalues having multiplicity greater than
one, the frequency of appearance of these eigenvalues
along the diagonal of the above matrix is in accordance
with their multiplicity. In general, the n*" function, rn,

is given in terms of the previous function rn-i as

Ant ~Ané&
rn(t) = e 0 e rn-1(£&)deg n 2 2
(2. 4)

with the initial value condition rn(0) = O. For higher

dimensional L matrices calculation of the rw(t) functions
becomes gradually more difficult and prone to error. An
alternate means of calculating the scalar r«(t) functions

is now presented.

In general, the most effective way to solve for the
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scalar functions involves taking the Laplace transform of
the defining differential equation of the Putzer algorithm
and utilizing the proper initial conditions, solving
algebraically for the function and taking the inverse
transform. The differential equation of the Putzer

algorithm is

rult) = ry—g(t) + Aur,(t)
with r:(0) = 1 and rs(0) = 0 i2 2

Taking the Laplace transform of the differential equation

one obtains

S Ty =~ ru0) = Fy_y + NP,
or .
A ryg—-1 + ryco)
ry =
(s - AJ)
Two cases exist, for j = 1, and for j 2 2. For j = 1, the

above equation reduces to

1

ry = _—
S - As
since To = 0 by definition. For j 2 2 the above equation
yvields
- Fu-1 1
rJ = = s
8 ~ Ay 3
I I(S—?\b)
b=1
since r,(0) = 0. One could then take the inverse Laplace

transform to obtain the time dependent function once the
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eigenvalue spectrum is known. Under either method, ri(t)

is given by

At
r{(t) = e

As examples of the application of the Putzer
algorithm, the approximation technique will be applied to
several simple physical systems. The first illustration
will be that of the unperturbed simple harmonic oscillator.

The Hamiltonian is

Application of £ on the initial basis, x and p, gives

Lix) = p/m ,
L(p) = -kx ,

so that the corresponding L matrix is

1
0 p—
L = m
-k o
The eigenvalues are *iJk/m, denoted by =*igy. The r(t)

functions are

ri(t) = e'@t |
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1
ratt) = — sin(wt) ,
W
while the P matrices are Po = I, and
] 1
-iw -
P1= m
-k -iw
The matrix for e-* is
1
Lt cos(wt) — sin(wt)
e = mw
-mw sin(wt) cos(wt)
Employing u(t) = e“* U(0), gives
Po
¥(t) = xo0 cos(uwt) + sin(uwt) ,
mw
p(t) = -Xomwsin(wt) + Pocoslut) ,

as required.

The second illustration will be that of the free

particle. The Hamiltonian is

p2
2m

H =

Taking x and p as the variables, the Liouville operator

applied, and the matrix

is
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o
n
o 3 |-

becomes the representation of Z. The eigenvalues are both

zero, producing

ra(t)
ra(t)

1} 1]
o+ -

and Po = I, Py

1}
[

The Putzer algorithm then gives

1 ! t
et = m ,
1] 1
yielding
Po
x(t) = Xo + — ¢t |,
m
p(t) = Po ,

again as required.

The next application of the method will be to the one-
dimensional constant-gravity Hamiltonian. (This
application is examined to provide a framework in which to
test a basis feature of the approximation method; see
below.) The Hamiltonian is

p2

H= — + mgx ,
2m

and the Liouville operator acting on x and p gives
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Z(x)

p
[x,Hl = — | L(p) = [p,Hl = -mg
m

If the vector u is taken as

where the constant 1 has been included into the initial
basis so that the results of the Liouville operator upon p

can be incorporated into the matrix producing

0 1/m O
du
— = fu = (U, H = 0 0 -mg w ,
dt

0 0 0

so the roots are Xi=A=2=X3=0, yielding

ra(t) =1
ra(t) =t
1 2
ra(t) = — ¢t
2
for the r functions, and Po = 1,

0 1/m O ]
Py = 0 0 -mg
0 0 0
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0 0 -g
P = 0 0 0
0 o 0
for the P matrices. The Putzer theorem thus gives
2
At Z
e = ry+1(t) Py, = re(t)Po + ra2(t)Py + ra(t) P>
J=0
1t L
/m T—gt
2
o 1 -mgt
0 0 1
Then utt) = e-* Uo gives
B 7 - 1 Po 1 =21
x(t) 1 t/m “—gt? Xo Xo + — t - —gt
2 m 2
p(t) ) = 0 1 mgt Po = Po - mgt ,
1 0 0 1 1 1

which is the result expected.

That the technique works on a set of extended
variables can be seen by keeping the last Hamiltonian and
using the set of variables x% p2 xp,x,p, and 1 as the

components of the U vector, e.gq.
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cl
I

L -

The action of the Liouville operator on each of the above

components produces

P
L x) = —
m
Z(p) = -mg
P
L(x3 = 2x—
m
2(p3 = -pmg
p2
Lixp) = — - xmg
m

so that the matrix L representing £ for this basis is

0 0 2/m

o
o
o
o
t
N
3
[fe]
o

0 1/m O -mg 0 0
du - - -
——————— = I'u = B it et ee v e e sra e ran u - Lu
dt § 0 1/m O
{ (o] 0 -mg
0 0 f 0 0 0
i

matrix for
original problem

Again the eigenvalues are all zero, as the characteristic

equation is A® = 0. The six r functions are thus again
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given by
g1
rm(t) = —m— | n =1,2,.--,6;
(n-1)1
while the P matrices are
Po = I,
0 0 2/m 0 0 0
0 0 0 0 -2mg 0
0 1/m O -mg 0 0
P1 = (L - %11)?0 =
0 0 0 1/m 0
0 0 0 0 -mg
0 0 0 0 0
P2 = (L - X2IDD(L - A1DDPo = P2

0 2/m2 0 -2g O 0
0 0 0 0 0 2(mg)?
6 0 0 0 -3g o0
) 0 o 0 0 0 -g
0 © 0 0 o 0
(1 I 0 0 0 0 ]

0 0 0 0O -6g/m O
0 0 0 O 0 0
0 0 0 O 0 3mg?
Pa = (L - XSI)PQ = 0 0 0 0 0
0 0 0 O 0
| 0 0 0 0O 0 |
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Pu = (L - Ay P33 =

o O O O o o
o O O 0 o o
o 0O O O O o
0 0O O O O o
0O O O O O o
O O O O o

while the last P matrix for this example is the null matrix

0 0 o0 0o o0 o
0O o 0 0 ¢ oO
0 0 0 0O o0 O
Ps = (L - AsI)Py = = Z.
0 0o ¢ 0 0 O
0 0 o o0 o0 o
| 0 0 0 0 0 O |
Application of the Putzer theorem yields
S
eLt = Z ri+1(t) Py, =
J=O
= Po + t Py + ltaPz + 1—t31>:3 + —ltapu + —l—tSP
2 6 24 120 s o

80 one obtains

[ 1 t2/m2 2¢/m -gt? -(g/m)t3 (1/4)g2t4
0 1 0 0 -2mgt (mgt) @
Lt 0 t/m 1 -mgt -(3/2)gt2 (1/2)mg3t3
¢ ) 0 0 0 1 t/m -(1/2)gt?
0 0 0 0 1 -mgt
0 0 0 0 0 1

Then u(t) = e“*U(0) gives
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- -

x2(t)
pa(t)
x(t)p(t)
x(t)
p(t)
! ]
i 2, 2 2 ar K
1 t&/me 2t/m -gt2 -(g/mt3 (1/4)g34 x2(0)
0 1 0 0 -2mgt (mgt) @ p3C0)
0 t/m 1 -mgt -(3/72)gt? (1/2)mg3t3 x( 0) p( 0)
0 o0 o 1 t/m -(1/2)gt?2 x( 0) ’
0 0 0 0 1 -mgt pC 0)
o 0 0 0 0 1 1L 1 ]

which, when multiplied out, can be seen to contain the
squares of x(t), p(t), and the cross term x(t)p(t), as well
as x(t) and p(t) found from the previous 3 by 3 problem.
Hence, the approximation procedure using the Putzer
algorithm is valid under an extendable set of polynomial
basis components. Thus the approach seems to be consistent
in this regard.

Recapping the work performed in this chapter, the
Putzer algorithm for calculating the matrix exponential was
introduced and shown to work on several simple physical
systems. The algorithm is capable of decomposing the time
dependence of the matrix exponential into various scalar

functions that are applied toward the matrix exponential by
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the direction of intermediate matrices dictating where

the time dependence will be applied in producing the
overall matrix function. All possible multiplicities of
eigenvalues of the matrix are able to be handled in a
natural way and without the need for their associated
eigenvectors. An alternative way of defining the necessary
scalar functions containing the time dependence was
suggested. The method was shown to work on an extendable
set of basis elements. The simple analytic examples shown
in this chapter illustrate the structure of the Putzer
algorithm and show how larger polynomial sets of functions
give a consistent representation of the motion of simple
physical systems. The success of the technique on these
simple physical systems suggests that the technique can be
applied to more complex problems. Accordingly, we will
next attack problems for which there are no simple

analytical solutions.



CHAPTER 3

STUDY OF APPROXIMATION TECHNIQUE USING PUTZER ALGORITHM
ON SIMPLE HARMONIC OSCILLATOR WITH X4 PERTURBATION

Now that the Putzer technique of constructing a closed
form solution for exp(Lt) has been shown to be tractable
for simple problems of small dimension, the technique is
next applied to a problem that has the capability of
leading to larger and larger matrices. To achieve this,
the Hamiltonian for the simple harmonic oscillator is
chosen and modified to include a gx% pertubation term in
the potential, with g being a constant. Thompson and
Stewart refer to this potential as a "stiffening spring"
potential for positive g, and a "softening spring"
potential for negative values of g (Thompson and Stewart
1986) . This chapter is confined to the investigation into
the stiffening spring potential since the majority of data
produced was for this class of potential. The suite of
computer programs written to generate the required data is
capable of handling both positive and negative values of
g. The Hamiltonian for the simple harmonic oscillator with

a stiffening potential is here expressed as

2
p 1 g

H = — + —kx2 + — x4 (3.1)
2m 2 4!

Hamilton's equations for this Hamiltonian can of

course be combined to produce the second order, non-linear

26
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differential equation (Newton's second law)

whose solution can be obtained in the form t(x) by

quadratures

dx
£t + C2 =

with the result producing an elliptical integral. Rather
than solve numerically this elliptical integal and
inverting, a fourth-order numerical Runge-Kutta-Gill
procedure may be applied directly to the set of first-order
linear differential equations produced by Hamilton's
equations (Hhite 1974). This last solution will be
referred to as the "exact"” solution.

Returning to the present approximation technique, the
monomials x and p are picked as the initial basis and
the action of the Liouville operator on this basis is given

by

L(x) = (1/m)p,

L(p) = (=K)x + (-g/3')x3,

S0 a new monomial, x3, has been generated. Applying the
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Liouville operator to this new monomial and on subsequent

new monomials generated, one obtains

2(x3 = (3/m) x2p,

L(x%p) = (=K x3 + (2/m) xp2 + (-g/31) x5
L(xp® = (-2K)x3p + (1/mp3 + (-g/3)x%p
L(p3) = (=3K xp? + (-g/2)x3p2

where the underlined coefficients make up the real elements
of the L matrix for the truncation finally being
considered. For the above, the first six basis vectors
have been operated on by the Liouville operator. This
produces the 6x6 truncation of the matrix representation of
the operator £, which we shall call L. This L matrix and

its basis vectors are illustrated below:

E X p x3 x2p xp? p3
X i- 0 1/m 0 0 0 o |
p § -k 0 -g/ 3! 0 0 1]
x3 é 0 0 0 3/m 0 0 _
x°p E 0 0 -k 0 2/m 0 -t
xp? § 0 0 0 -2k 0 1/m
p3 %_ 0 0 0 0 -3k o |

where the term operated upon by £ resides in the column to
the left of the dotted vertical line at the left, and the
basis for the N=6 truncation is exhibited in the top row

above the dotted line, e.gq.
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L{x®pInas = -kx3 + (2/m) xp?

which compares to

L{x?p) = -kx3 + (2/m xp2 - (g/31) xS
for the full complement of terms produced when the ¢
operator acts on the monomial xap. It is instructive to
note that when £ operates on the various vector monomials,
the operator produces both old vector monomials and new
vector monomials. The vector monomials of degree 3, for
instance, are all given by individual terms of the binomial

expression,

(x + p) 3 |
whose four terms are independent of each other. Since

Z(x2p) produces a term in x5, it is anticipated that the

next truncation should include the terms of

(x + p)S

which adds six more independent monomials of degree 5 to
the set of basis vectors. This six member group of basis
vectors brings the accumulated total of basis vectors to
12.

This process can be continued. The next complete

truncation includes the terms of the binomial expansion

(x + p7

which brings the accumulated total of basis vectors to 20.
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The next complete truncation includes the terms of the

binomial

(x + p %

bringing the accumulated total of basis vectors to 30, the

next includes the terms of

(x + p) 11

bringing the total to 42, and the next includes the terms

of

(x + p)13

bringing the accumulated total of basis vectors to 56.
This process can obviously be continued indefinitely
generating an infinite L matrix of coefficients. For the
purpose of this investigation the independent basis was
terminated at 56.

The structure of the 5656 truncation of the L matrix
is illustrated next. If the square matrices A, B, C, D, E,
F, and K, each of even dimension and the rectangular
matrices, G(n), which are a function of the constant g only
and where n is odd, are introduced, the entire 56x56
truncated L matrix can be represented by the matrix blocked

as follows
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| ! ! | i | 1
A G(1)§ 0 ! 0 ; 0 g 0 ; 0
0 B §G(3)§ 0 ’ 0 } 0 ; 0
0 0 f c !G(S)% 0 ; 0 ; 0 L
0 0 g 0 § D fg(7 g 0 ! 0
0 0 ; 0 ; 0 i E iG(Q } 0
0 i o ; 0 % 0 i 0 g F iG(11)'
0 0 i 0 i 0 g 0 § 0 ! K J

are given by

0 1/m
-k o0 |

[ 0 5/m

-k 0
0 -2k

- 0O o

0 0

| 0o 0

0
4/m
0
-3k
0
0

0
0
3/m
0

where 0 denotes the block zero matrix of

appropriate

dimensions and where the block matrices along the diagonal

3/m 0 0

0 2/m O

-2k 0 1/m]|’
0 -3k 1]

0

0

0

0 1]

/m

0
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0

0 7/m

-2k 0 5/m
-3k

0

4/m

o

0

-4k 0 3/m
0 -5k

0

2/m

0
-6k

1/m

-7k O

0

9/m

7/m

-2k

0 6/m

-3k

0

-4k 0 5/m
0 -5k

1]

4/m

0
-6k

3/m

2/m

-7k

-8k 0 1/m
0 -9k

0

0
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0
10/m

0 11/m

-k

0
9/m

0

-2k
0

0 8/m
-4k

-3k

7/m

0
-5k

1]

6/m

0
-6k

0

5/m

o

0

0 4/m
-8k

-7k

0

3/m

0 2/m
-10k

-9k

0

1/m

0
-11k

0

0

0

and

0
0]

0 11/m
-3k

0 13/m O

0 12/m
-2k

-k

o
0 10/m O

-4k

0

0
0

0

0 9/m O

0

0

-5k 0 8/m O

0

0

0
0

0 -6k 0 7/m 0 O
-7k 0 6/m O

o
0

0
0
4/m

0
0

-8k 0 5/m

0

-9k O

0
0

0

-10k 0 3/m

0
0

-1tk 0 2/m O
-12k

0

0 1/m
-13k 0

0

0

rows

matrices are rectangular with n+1

and where the G(n)

and n+3 columns given by
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0
-g/2

-g/3

0

0

1]

G(1)

00O

-g/ 3!

0
-g/3

-g/ 3!

0

1]

0
-2g/3

-g/2

o

1]
-5g/6 0

0

0

0

G(5)

o
-g/3

-g/ 3!

0
-g/2

0

0
-2g9/3

0
0

0
-5g/6

0
0

0

0

o

0 -7g/6 O

0

G(7)

0
0
-g/2

0

-g/3

-g/ 3!

0
0

0
-2g/3

0
0

0
-5g/6

0

0

0

0
-4g/3 0
0

-79/6 0

0
o

0

0
0

0
0

0

-3g/2

G(9)
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G(11) =

[ 0o o o © o 0o © 0 ©0o 0 0 0 0 o0

-g/3t 0 0 0 ©0 0 0 0O O 0 0 0 0 O
0-g/3 0 0 © 0 0 O 0 0O ©0 0 0 0
©o 0-g/2 0 6 0 0 O O 0O O 0 0 0O
O 0 ©0-2g/30 0 0 0 O0O O 0 O 0 O
© 0o O 0-5/60 0 ©0 0 O O 0 O 0
o o o 0o 0 -g 0 0 0 ©0 0 0 0 O,
o 0o 0 0 6 0-79/60 0 ©0 O0 0 0 O
o 0o 0 0 0 O ©0-4g/30 ©0 ©0 O O O
o 0o © 6 0 0 0 ©0-3g/20 0 0 0 O
©o o o © ©6 0 0 0 ©0-5g/30 0 0 O

11
| o 0o 0o 0o 0 0 0 0 0 0-—g0 0 O

If the 56x56 L matrix is partitioned in accordance

with the foregoing block structure, where the blocks

(partitions) are determined by each of the

successive

groups of terms obtainable from the j*" degree

terms in x and p, then certain observations follow.

First, if there are p partitions of the L matrix, the

uppermost index of the 1"

denoted by kpartshn(l), is given by

kpartshn(1l) = 1-(1+1) for 1 = 1,...

while the first index of the 1%" partition
is given by

kpartshn(1l-1) + 1 for 1

For the N = 56 truncation of L, po = 7.

partition of the L matrix,

y B

of the L matrix

2 2
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The L matrix as defined above can be classified, for
any truncation size, as an upper Hessenberg matrix of
constant coefficients. An upper Hessenberg matrix, A4, is a

matrix for which

a;, =0 whenever i > j + 1,

Most articles on Hessenberg matrices and the software
routine HQR of the EISPACK guide (Smith et al 1976) assume
that a Hessenberg matrix has been put into its upper
Hessenberg form. The importance of the matrix being in
upper Hessenberg form is that such a form facilitates the
calculation of its eigenvalues. The routine HQR performs
QR decomposition on an upper Hessenberg matrix, H, to
produce the eigenvalues of H along the diagonal of the
resultant decomposed matrix. The QR decomposition
procedure is a numerical procedure upon the elements of

a matrix that employs orthogonal iteration to produce a
sequence of matrix iterates each of which can be factored
into a product of a unitary matrix and an upper triangular
matrix which, when multiplied in reverse order produces the
subsequent matrix iterate. The matrix iterates converge to
produce a triangular matrix which can be cleanly written as
the sum of a diagonal matrix and a strictly upper
triangular matrix (Schur decomposition). Eigenvalues then
appear along the diagonal of the diagonal matrix as 1x1 or

2x2 submatrices depending upon whether the eigenvalues are
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real or complex. This enables complete eigenvalue
determination for the L matrix. The next task is the
evaluation of the eigenvalue spectrum of any partitioned
truncation of the L matrix. Let the eigenvalues of L be
denoted, in general, by A: for i = 1,...N . Since L is a
real general matrix, it is known that its eigenvalues occur
in complex conjugate pairs. This is because the
characteristic polynomial has real coefficients, is of even
degree, and contains only even powers of A. When the
constant k is positive, the eigenvalues occur as complex
conjugate pairs with zero real part. When the constant k
is negative, the eigenvalues occur in real pairs with
members having opposite sign of each other. For what
follows, it is assumed that the constant k is positive.
Then if the eigenvalue spectrum of L is denoted by o(N),
the structure of o(X) for the N=56 truncation of the L
matrix is given in Table 3.1 below. Appendix A provides
the FORTRAN source used in obtaining the eigenvalues of the
5656 truncation of the L matrix. Numerical values of the
necessary machine epsilons required to form the floating
point arithmetic system used by routines of the Eispack
guide were obtained by exercising the subroutine found in
Appendix B of Cody and Waite (Cody and Waite, 1980;
258-264). Table 3.1 is arranged in accordance with the

partition structure of L, which was discussed earlier. In
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Table 3.1 the value of the imaginary part of the smallest
magnitude eigenvalue is denoted by A.

The detailed structure of o(X) for the L matrix is
apparent. The multiplicities of the eigenvalue pairs are
as follows:

Eigenvalue Pair |+iB8 |+3iB|+5i8|%7i8|*9i8|+11i8|%13i8
multiplicities | 7 | 6| 5| 4| 3| 2 | 1

Extension to the infinite matrix for L is obvious.

The value of B depends upon the values of m, kK, and gq.
Changing the sign of the constant k appears only to affect
the conversion of the eigenvalues from complex pairs to
real oppositely signed pairs.

He have seen that the eigenvalue spectrum plays an
important role in the approximation procedure, e.qg.
in the Putzer method the eigenvalue spectrum determines the
form of the functions rw(t). The functions rw(t) have been
calculated analytically for the eigenvalue spectrum
belonging to L for the 2x2 and the 6x6 truncations for the
Hamiltonian under study. The expressions for these
functions are listed below for these truncations. For the
2x2 truncation the rw(t) functions are

iwt

ra(t) e »

1
ra(t) = — sin(wt) ,
W
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Table 3.1

Eigenvalue spectral structure for perturbed SHO

partition eigenvalue
real part | ima

number

K
B ww; 3w
fosYestesYoste

+HH K=

W Qo=
ool o oo

H it
==
HwuNo-Ww
ot To oo tolo




40

where w = 8 = J(k/m). The eigenvalue pairs for the 6x6
truncation, the first case in which repeated eigenvalues
appear, are *iw, *ip, and *iw (w = B, p = 38), and the
re(t) functions are the two functions above plus

1 iy

ra(t) = — cos(wt) - sin(uwt)
(w2 - p?d) ww? - pnd)

+t - [cos(ut) + 1 sin(ut)],

w2 - p2
-1 1
ru(t) = sin(ut) + sintut)
wlwe - p2 (w2 - p2
i iwt i
re(t) = te - sin(wt)
20 we - p?) 208 (w2 - po
1 Lt 1w
+ cos(pt) + sin(ut)
(w2 - p3 2 w2 - p2)2
1 iwt
+ ]
(w2 - ud) 2
1 1
re(t) = t cos(uwt) - sin(wt)
208 w? - u2) 2uwdcw? - n2)
1 1
- sin(wt) + sin(ut),
wlw? - n2)2 Mlw? - pey 2

In order to obtain numerical results of those r(t)

functions whose index is higher than 6, a numerical
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integrator was written to calculate the value of the k" r
function at a given time T. The numerical integrator
employed is Gill's implementation of the Runge-Kutta

Procedure. See Appendix C of Viscous Fluid Flow (Hhite

1974) for a discussion of this integrator. This integrator
is a fourth order Runge-Kutta procedure. A FORTRAN source
listing to implement this integrator to obtain numerically
an exact solution to the perturbed simple harmonic
oscillator is provided in Appendix C.

A discussion of the P matrices is given next. The P
matrices depend on the eigenvalues. They are calculated by
using a recursion relationship in which only the value of
AJ 18 needed to calculate P, if the previous Pk matrices
are known (0 S k < j-1). To save on computer storage space
only the first two rows of each P matrix is stored, since
the approximation is being used to calculate the first two
basis vectors x and p. Appendix B contains a listing of
the FORTRAN source for the 20x20 truncation of the L
matrix.

For the 6x6 truncation of the L matrix the Putzer
algorithm has been used to determine analytically the
expressions for the approximated x(t) and p(t). Attention
is now turned to the analytical expression for et
constructed in accordance with the Putzer algorithm for the

6x6 L matrix. The L matrix for this truncation is
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0 1/m 0 0 0
-k 0 -g/ 3! 0 0
0 0 0 3/m 0
L= 0 0 -k 0 2/m o |’
0 0 0 -2k 1/m
0 0 0 0 -3k o |

The eigenvalues are *iw with multiplicity 2 and, *i3w with

multiplicity 1, where w =V k/m . That there is no g

dependence in the eigenvalues for this truncation can be

verified by simple calculation. The rk(t)

ri(t)

cos(wt) + 1sin(wt),

1

functions are

r=0t) = =sin(uwt),
W
1
ra(t) = cos{wt) - cos( 3wt)
8w?
1 { 1
+ 1 —=13sin(wt) - sin(3wt)
8w? J'
1 1 b
ru(t) = sin(wt) - — sin(3ut)j,
8w3 3
S 1 !
rs(t) = i I sin(wt) + —sin(aut)J
6402 3

1
64w3

i 1
t cos(ut) +
16w3 1603

{cos(mt) - cos(3wt)}

t sintuwt),
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and
1 1 9
rs(t) = P [3 sin(wt) + 3 sin(3wt)J
1
- P t cos(uwt).
The six P matrices are Po = I, the 6x6 identity matrix,
and
r—iw 1/m 0 0 0 0 ]
-k -iw  -gs3t 0 0 0
0 0 -iw 3/m 0 0
Pe = 0 0 -k -iw 2/m o |
0 0 0 -2k ~iw 1/m
0 0 0 0 -3k -iw
[ o 0 -g/(m31) 0 0 0o |
0] 0 0 -g/2m 0 0
0 0 -2w° 0 6/m? 0
Pa = 0 0 0 ~6w2 0 2/m2|’
0 0 2k? 0 ~6w?® 0
0 0 0 6k? 0 -20?]
[ o 0 igw/2m -g/2m?2 0 o
0 0 guwes2 i3guw/2m -g/me 0
0 0 i6ws -18w3/m -i18w/m?3 6/m3
Pa = 0 0 6kw?  i18w3  _18w2/m -i6w/m2|’
0 0 -i6k2y 18kw? i18w3 -6w?/m
L 0 -6k3 -i18k2w 18kw? i6w3 |
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( 0 0 -gw/m 0 ~g/m3 0
0 0 0 -gwe/m 0 -g/m3
1] 0 0 0 0 1]
Py = ’
0 0 0 0 1] 0
0 0 0 0 0 0
0 0 0 0 0 0
and
[ a3 2,02 ; 1
0 0 igw3/m -guwc/m® igw/m3 -g/m?
0 0 gu? iguw3/m gw2/m? igw/m3
0 0 0 0 0 0
P5=
0 0 1] 0 0 0
0 0 0 0 0 0
| o 0 0 0 0 0

Performing the Putzer sum as indicated in equation 2.1

where n = 6, e-% can be written as
1 .
cos(wt) ——sin(wt) €13 ey e1s €is
mw
~-mwsin(wt) cos(wt) ez23 ezu ezs €e2s
0 0 €eas esu €ss €as
el..t = )
0 0 eus euu eyus eus
0 0 es3 esy €ss ess
0 0 €s3 €esu €ss €ess
where
1 g
€13 = - —— — cos(wt) - cos(3wt)
192 mw
1 g

- Tg — wt sinCwt)
mw



C1u

€15

ez2s

e2u

ezs
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1 g
—_ {7 sin(wt) - sin(3ut)}
64 mw3
! J t t
+ — wt cos(wt)
16 meyu3 ’
1 g
e cos(wt) - cos(3uwt)
64 m3uw?
! 9 t t
- — wt sin(wt)
16 m3p4 ’
1 g 1
— 3 sinlwt) + — sin(3uwt)
64 m4uS 3
1 g
S wt cos(uwt) ,
16 m3u5S
1 g .
—— — 311 sin(wt) + 3 sin(3uwt)
192 w
1 g
- — — wt cos(wt)
16 w
3

= 2 {cos(ut) - cos(3ut)}
64 mw?

1 g
- — —— wt sin(wt)
16 mw?

1 g

64 meu3

{5 sin(wt) - 3 sin(3wt)}

1 g

16 meyu3

wt cos(uwt) ,



euy

eyus

e3u

esu

eus

ess

€s3

1

64 m3p2

egs =

esg =

4mw

3mw

1

4mw

( mw)
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g
{cos(wt) - cos(3mt)}

1 g

16 m3u4

wt sintwt)

% {3 cos(wt) + cos(3wt)} s
1
z {cos(mt) + 3 cos(3wt)} s
{sin(wt) + sin(3ut)} ,
{sin(mt) + sin(3wt)} .
{sin(mt) - 3 sin(3mt)} )
{sin(wt) - 3 sin(3wt)} ,

{sin(mt) + sin(3ut)] .

1
{sin(wt) + sin(3mt)J ,

2
——:—— {cos(ut) - cos(3ut)} s
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3
€3s = —m— {cos(mt) - cos(3wt)} ,
4(mw) e

3(mw)3
cos(wt) - cos(3wt) s

4(mw)2

(mm)3
esa =

Cug = {cos(mt) - cos(3mt)} .

3 sin(wt) - sin(3wt)} ,

1
4(myw) 3

€3e {3 sin(wt) - sin(3wt)} .

Thus, when the calculation

Uty = e“* Ut = o) ,

is performed, the results for the first two elements of

Ult) yield

1

Xx(t) = Xo cos(wt) + po — sin(ut)
mw

1 g |
+ Xo3 §- — —— [cos(ut) - cos(3wt)J
192 mw?

1 g
- — —— wt sin(wt)
16 mwe

1 g Bl
+ Xo%po §- — [7 sinlwt) - sin(3ut) |

wt cos(mt)}
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1 g
+ Xopo?l {—— T2 [cos(ut) - cos(3ut)]
64 m°w
1 g }
- — wt sin(wt)
16 m3w4

3 { 1 g [ Cot 1 1
+ Po - — 3 sin(wt) + — sinf 3ut)
64 mduS 3 J

1 J t ( t)}
-_— wt cos(w
16 m%wS ’
and
p(t) = -Xo mw sin(wt) + po cos(wt)

1 g J
+ Xo3 §- — = [11 sin(wt) + 3 sin(3wt)J

192 w
LI |
- — — wt cos(uwt)
16 w
3 g n|
+ Xo0®po §- — — [cos(mt) - cos(3uwt) |
64 mw?s
1 g
- — —— wt sin(uwt)
16 mw?
e { ! J [ t (3wt 1
+ X - — 5 sinfwt) - 3 sin(3wt)
oPo 64 meuw3 ]
1 g
- — wt cos(ut)}
16 m2u3
1 g
+ pod §— T 2 [cos(ut) - cos(3ut)]
64 m°w
1 g
- — wt sin(wt) .
16 m3ud
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For the 6x6 truncation, at least, the first terms that are
part of an expansion in time are now apparent. For x(¢t)

the time dependence of these non-oscillatory terms goes as

Ct) g sinCut) { 3 1 s
Xnon—-osc -~ - — T X + —— X
16 mw ° (may 2 1°P°

g
g cos(wt) { s 1 3}
- Xo"Po + —— t
16 (mw) 2 (my 2 T° ’

while for p(¢t)

g 1
Pron-osc( t) -~ - — cos{wt) {x 3 4 — x 2
® 16 ° (mw) 2 1°P° J

g sin(wt) 2 1
- —= ——— {X0Po + ———— po3 t
16 mw (mw) @

Figure 3.1 shows, for 7 cycles, a phase space plot
which compares x(t) and p(t), calculated analytically using
e“* in the 6x6 truncation of L, with the exact x(t) and
p(t) as obtained from the numerical Runge-Kutta-Gill (RKG)
numerical integration of the differential equations
produced from Hamilton's equations. Table 3.2 provides a
summary of the standard deviations for the differences in
the position as well as the momentum on a per cycle basis,

The statistics contained in this dissertation are

calculated throughout with the following formulation.
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Table 3.2

Statistics for Ax and Ap for analytically calculated

e“* for 6x6 truncation and exact solution

number of 1 o values
cycles -

position | momentum

.130128 . 261736

. 368784 .619035

. 655199 .047480

.981892 .542162

. 329919 . 054819

. 679093 . 556741

. 994893 . 920290
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Differences in both position and momentum are calculated

for each data point using

(AX)1=X( - X

(Ap) i Pt - P,
where the primed variable refers to the value from the

approximation scheme,. The standard deviation for Ax is

then calculated using the usual formulation

| )%

n n "
iZ:l.((Ax)@) - [IZ;(Ax)lJ

with an analogous expression for Ap.

Figure 3.2 is a phase space plot, again for the 7
cycle case, of Ax(t) from the two positional calculations
versus Ap(t) from the two momentum calculations as
depicted in Figure 3.1 . A check of e“* as analytically
calculated with the Putzer algorithm for the 6x6 truncation
of L is provided by comparing the phase space plot of x(t)
and p(t) as derived from it, with the phase space plot of
x(t) and p(t) obtained from the numerically integrated
Putzer method using the 6x6 truncation of the L matrix.
These phase space plots are presented in Figure 3.3 , where

the solid line is a plot of the analytical results while
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the dashed line is the plot of the numerically integrated
approximation using the Putzer algorithm. Figure 3.4
exhibits the differences in phase space for the two

techniques calculating x(t) and p(t) of Figure 3.3

Obviously there is some error present in either the
analytically calculated results or the numerical technique.
It is believed that the error is in the numerical
results. The analytical results have been checked by two
different approaches on two separate occasions with the same
results obtained in both instances. The magnitude of
%(t) and p(t) of the analytical results are less than the
results of the numerical results for more remote cycles.
Table 3.3 provides a summary of the statistics associated
with the various cycles contained in Figure 3. 3.

Figure 3.5 presents the phase space plot of the exact
RKG solution (solid line) of the motion and the plot
(dashed line) of the approximation using the Putzer
algorithm with the 6x6 truncation of the L matrix and
RKG integration of the rw(t) functions. Seven cycles of
data are presented. Figure 3.6 is a plot in phase space of
the differences in x and p between the exact solution and
the approximation using the Putzer algorithm for the 6x6
truncation of L over the same 7 cycles. Table 3.4 lists
the standard deviations for both the position and the

momentum on a cycle by cycle basis for the data presented
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Table 3.3

Statistics for Ax and Ap for analytic eb-®

Lt

and numerical e for 6x6 L truncation

m= 2.0, k = 1.0, g =1.0

number of 1 o values

position | moment um

. 149060 . 183295

.316591 . 399348

.473586 .620006

. 632021 . 845761

. 789840 1.071779

. 947231 1.298060

1.078966 1.530432
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Table 3. 4

Statistics for Ax and Ap for exact solution
and 6x6 approximation using Putzer algorithm with
RKG integration
m = 2.0, k = 1.0, g =1.0

number of 1 o values

cycles o
position | momentum

. 070960 .107610

.212665 . 365961

.462109 . 755445

.801873 . 271066

1.205238 .870774

1.647972 .516208

2.074728 .121994
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in Figure 3.5

Figure 3.7 exhibits, for 7 cycles of data, the phase
space plots of the exact solution and the approximation
using the Putzer algorithm for the 12x12 truncation of the
L matrix. The phase space differences in x and p for
this case are plotted in Figure 3.8 . The associated
statistics for Figure 3.8 are presented in Table 3.5 on
a cycle by cycle basis,. The plots for two cycles of data
for the 12x12 case, presented in Figure 3.9 for the Phase
plot of the positions and momenta, and in Figure 3.10 for
the differences of the positions and the momenta in phase
space, show a reasonably good agreement between the
approximation and the exact solution.

The data produced by the 20x20 truncation of the L
matrix are given next. Figure 3.11 is a phase space plot
comparing the exact RKG solution and the approximation
using the Putzer algorithm for the 20x20 truncation of the
L matrix over 7 cycles of data. The corresponding
differences in x and p are plotted in phase space in Figure
3.12 . The statistics for these figures are presented in
Table 3. 6. Figure 3.13 contains a phase plot of 2 cycles
of data for this 20x20 case. Figure 3.14 presents a phase
Plot of the x and p differences for the 2 cycles of Figure

3.13.
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Table 3.5

Statistics for Ax and Ap for exact solution
and 12x12 approximation using Putzer algorithm with
RKG integration
m = 2.0, k = 1.0, g =10

number of 1 o values

position | momentum

cycles

.013642 . 032471

.087655 .116899

. 238248 . 324478

.496856 . 752451

. 898800 1.415691

1.530455 2.365497

2.364586 3.605183
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Table 3.6

Statistics for Ax and Ap for exact solution
and 20x20 approximation using Putzer algorithm with
RKG integration
m = 2.0, k = 1.0, g =1.0

number of

momentum

. 003996 .014167

. 0345689 . 069996

. 080963 . 216008

. 253928 . 372446

.575915 . 820773

1.022416 1.661940

1.851547 3.003603
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Moving on to the data produced by the 30x30 truncation
of the L matrix, Figure 3.15 presents a phase space plot
comparing the exact RKG solution with the approximation
using the Putzer algorithm. Differences in x and p between
the exact and approximated solutions are presented in the
phase plot of Figure 3.16 . Both figures cover 4 cycles of
data. The statistics for these figures are presented in
Table 3. 7. Figure 3.17 shows the phase plots over 2 cycles
comparing the exact RKG solution and approximated solutions
for the 30x30 truncation. Figure 3.18 presents a plot in
phase space of the x and p differences corresponding to
Figure 3.17.

Next, the position and momentum produced by the
approximation using the Putzer algorithm applied to the
42x<42 truncation of the L matrix is compared to the exact
RKG position and momentum via Figure 3.19, which presents a
pPhase space plot of the two coordinates over one cycle of
data. The corresponding differences in x and p between the
exact and approximated solutions are presented in Figure
3. 20. The statistics for these figures are presented in
Table 3. 8.

No data were produced for the 56x56 truncation of the
L matrix since the program was not small enough to be
loaded in the available memory of the personal computer

being used to conduct the investigation.
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Table 3.7

Statistics for Ax and Ap for exact solution
and 30x30 approximation using Putzer algorithm with
RKG integration
m= 2.0, k = 1.0, g =1.0

number of 1 o values

cycles
position |

momentum
.001427 . 005493
. 013289 . 050820
. 056483 . 223270

.191608 .628312
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Table 3.8

Statistics for Ax and Ap for exact solution
and 42x42 approximation using Putzer algorithm with
RKG integration
m = 2.0, k = 1.0, g =1.0

number of 1 ¢ values

position | momentum

. 000587 .001510
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A summary of how the statistics for x and p changed
when higher and higher truncations of the L matrix were
made is graphically presented in the series of Figures 3. 21
through 3. 24, covering data for 1 cycle, 2 cycles, 3
cycles, and 4 cycles respectively. Data were not
obtainable for cycles 2 through 4 from the 42x42
truncation. Considering all 4 cycles of data, the standard
deviation for the position is monotonically decreasing as
higher truncations are utilized in the approximation
scheme, The standard deviation for the momentum is
monotonically decreasing for 1 cycle and 2 cycle data as
higher truncations are implemented into the approximation
scheme, However, for 3 cycle and 4 cycle data, the
standard deviation for the momentum is monotonically
decreasing only to the 20x20 truncation of the L matrix.
This reflects the deterioration of the data mentioned
previously. The data still contain secular components
that have not been removed numerically. Perhaps these
secular components are coming into play to a greater degree
when the 30x30 and higher truncations are implemented.

As a means by which to check if the results produced
by the personal computer were not jeopardized due to the
computer's size, both the code to produce the eigenvalues

and to implement the approximation scheme utilizing the

Putzer algorithm for the 20x20 truncation of the L matrix
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were converted to run on a MicroVAX. A statistical and
graphical comparison was made between the data from the
personal computer and the resultant data of the MicroVAX.

Both sets of data produced the same graph when plotted in

Phase space. A one-sigma value for the dfferences in the
position was found to be .000340 when 282 data points were
analyzed. A one-sigma value for the differences in the
momentum was found to be .001481, again when 282 data
points were analyzed. These facts would tend to indicate
that the limited wordsize and limited memory of the
personal computer were not a factor in the deterioration of
the data. Rather these facts would tend to indicate that
there is some subtle error or errors in the code that was
used to produce data for the various truncations of the L
matrix,

In the next chapter the Hamiltonian studied in this
chapter will be modified to include a term representing the
effects of a drag force on the perturbed harmonic
oscillator. The Liouville operator will be used as before
but with a modification of one of the derivatives involved.
A matrix will be produced and data generated for various
truncations of the L matrix, and the data will be analyzed

in a manner similar to that performed in this chapter.



CHAPTER 4
STUDY OF APPROXIMATION TECHNIQUE USING PUTZER ALGORITHM ON
SIMPLE HARMONIC OSCILLATOR WITH X4 PERTURBATION AND DRAG
LINEAR IN THE VELOCITY
In order to ascertain how well the approximation
schema under consideration performs when a non-conservative

or a dissipative force such as a drag force is acting, the

Hamiltonian,

2
P 1 g
H = —_— + — ka + —_ x4
2m 2 4!

is again considered, together with a drag force having the

general form

£f = ~x(x)® |
where, for simplicity, the integer d has been taken to be 1
producing a drag force which is linearly dependent on the
velocity. Since d = 1, this f is the result of the

derivative of the Rayleigh dissipation function ~

1 :
F o= - —x (x)2
2

The Lagrangian for this case 1is

1 1 g
L= —mv® - — kx2 - — xé
2 41

Lagrange's equations for the dissipative situation are

given by

87
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d {aL } aL aF
— - - + - 0
dt 3q, 3q . 3q .,

and yield the second order non-linear differential equation

. o, k g
X - =X + —x + — x3 = 90
m m 3tm

Each term of this equation can be multiplied by x, with
most of the resultant terms rewritten using differentials

to produce

d . k 2 g 20
—_— ()2 + — x2 4 x4 } - — ) 2 =
dt { m 4'm m (20 0

Here the x term presents trouble when trying to find an
exact differential in order that a first quadrature may be
completed. An attempt to solve the original differential
equation can be made by making the following substitutions

X = 2z ,

. dz
X =z — ,
dx

and thereby transforming the differential equation into

dz o< k g
22— - —2 + —-—x + — x3 = 90
dx m m 3tm
This equation has the form
2z’ + f(x) = g(x)z

of Abel's equation of the second kind. An integrating
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factor can be found only if there exists an n such that

r rd
(n-1)g(x) = na[—] ,
g
then
f
O(x) = -n —
g

and the integrating factor is given by (Murphy 1960: 25-26 &

255)

Itx,2) = (¢ + z)— "

Such an n does not exist for this differential equation.
The Liouville operator, £, will be defined in the same

manner as before, and then adjusted, e.q.

8¢ 3H 3¢ 38H°
L&) =[&,H = — — - — —
3x 39p 3p 3x

where, for consistency, the following expression

3H’ 3H o
— = — 4+ -
Ix ax m
must be used. This replacement in the definition of the

Liouville operator produces the same results as if one had
simply differentiated the function &(x,p) with respect to ¢t

and substituted the following expression for p,

ke
i
]
=
E
]
x
w
]
3|R
b=
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A simple calculation will bear this out. Either method,
whether employing the adjusted Liouville operator and
making the necessary adjustment in the partial of H with
respect to x, or simply taking the time derivative and
using the above expression to replace p will lead to the
same L matrix. A monomial basis similar to the one
previously obtained is chosen, but with terms from all
possible integer powers, &%, of the expansion of (x + p)°'.
In the case without drag, only odd integer powers appeared.
For the purpose of the study here, the maximum value of 8
will be limited to 9, thereby producing a 54x54 matrix.
The L matrix constructed from these basis vectors for the
54x54 truncation can be partitioned into the following

block form

- ! i § | ! I ! i 1
A%O%A%OiO{O’OéO%OI
i H i 4 §
o§3§0i3%0|0§0i050|
f I . ‘ ' ! , ............ ' ............
o;ogcgosc3020!0i0|
oi%o;oingoio!o;o;ol
............ i . i e
L= |00 | 0. 0l Ej o]&io o |
ogogogogogygogﬁio|
............ ‘ cavessssratecann ssrrersanseeanne i .-..-........ ».-.........e casevenviana
Lopee)le el e leie |
o0 | o |0 0l o l 0 ! H|o. |
o;oiioiogo]:oliogoiaj
- i i i i i
where the boldface entries are blocks of various
dimensions. Those blocks along the main diagonal are

matrices whose elements are dependent upon k, m, and «,

while those non-zero blocks appearing on the super diagonal
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are matrices whose elements are dependent only on g.

various non-zero blocks are defined as follows:

1 —
0} - 0 0 s} 0
m
A = s A =
oC g
-k -- -— 0 0 0
m 3!
e -
[ 2
0 - 0 0] 0 0 0 0
m
o 1 g
B = -k -— -1, 8 = -— 0 0 0
m m 3¢
2g
0 -2k -2— -— 0 0 0
m ] 3!
3
0o - 0] 0 0 0 0 0 O
m
« g
-k -— - 0 -— 0 0 0 O
m m 3!
C = R c =
o 1 29
0 -2k -2— - -— 0 0 o
m m 3!
39
¢ 0 -3k -3— 0 - c o
m 3¢

The
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[ 9 ]
0 - 0 0 0 0 0 0 0 0
m
o 8
-k ~-- - 0 0 0 0 0 0 0
m m
7
0 -2k -2— — 0 0 0 0 0 0
m m
x 6
0 0 -3k -3— - 0 0 o 0 0
m m
5
0 0 0 -4k -4-— - 0 0 0 0
m m
7 =
o 4
0 o 0 0 -5k -5— - 0 0 0
m m
o 3
0 o 0 0 0 -6k -6— - o 0
m m
o 2
0 0 0 0 0 0. -7k -~-7- — 0
m m
o 1
1] 0 0 0 0] 0 0 -8k -8— -
m m
oc
0 0 0 0 0 0 0 0 -9k -9-—
mo

The L matrix associated with each truncation defined
by the various values of & from 1 to 9 is an upper
Hessenberg matrix. The drag coefficient has been
introduced only along the main diagonal. For values of %
greater than 1 the terms containing the drag coefficient
are contained in those non-zero blocks appearing on the
super diagonals above the main diagonal of blocks.

The super diagonal chosen to contain blocks whose elements

are dependent on the drag coefficient as a factor is
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determined by the power of the velocity taken on the drag
force. A power of 1 produces terms along the main
diagonal, a power of 2 produces terms in the block super
diagonal immediately above the main block diagonal, while a
power of 3 produces drag coefficient entries in the block
super diagonal located two block diagonals above the main
block diagonal. This pattern is continued for any size 1.
These L matrix variations will not be discussed in detail
here, however, as this study will be confined to that L
matrix produced for the drag force that is linearly
dependent upon the velocity (d=1).

An examination of the eigenvalue structure of the
54%54 truncation of the L matrix is now conducted. The
matrix is partitioned in accordance with previously
mentioned procedures. The eigenvalues are generally
characterized by either of three forms. The first form is
characterized by a negative real part and a positive
imaginary part. The second form is the complex conjugate
of the first form. The third form has a negative real part
and zero complex part, and occurs, usually only once, in
those partitions having an odd number of basis elements.
For fixed values of k and g, and for varying values of oC,
the drag coefficient, the eigenvalue spectrum, denoted by
o(X), has the structural form shown in Table 4.1 below for

the 54x54 truncation of the L matrix. Notationally, 1let
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Table 4.1

Eigenvalue Spectrum by Partition of L Matrix for
Perturbed SHO with Drag

m= 2.0 k =1.0 g =1.0

o) k
x = .15 B = - - 4 — = ,706111

partition number eigenvalue
real part | ima art

-4 ox/m) /2

-2(x/m) /2

-3(oc/m) /2

-4(xx/m) /2

-5(o/m) /2

-6(x/m) /2

-7(x/m) /2

T oto

-8(o/m) /2

H 1+ HH
N B O

O ool

-9(x/m) /2

HiHHH
I+ w30
Toto o oo
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B denote the smallest magnitude of the imaginary part of
the eigenvalue that has the lowest overall magnitude. This
structure of eigenvalues is constant regardless of the
value of the drag constant chosen. The form of the
eigenvalue structure is related to the partitions of the L
matrix. The partitions take their form from the fact that
monomials were used for a basis of independent vectors.

The approximation scheme incorporating the Putzer
algorithm was utilized to program the 9x9 truncation, the
14%14 truncation, and the 20x20 truncation of the L matrix.
The program for each truncation was used to produce data
for the drag coefficients of .15, .30, .45, and .60, for
the times of 21.0, 30.0, and 60.0 sec. Exact RKG solution
data were obtained for each time frame. Only data for the
60.0 sec time frame using the drag coefficient of .15 are
presented here. The complete complement of the data
generated will not be shown due to its similar nature,
however a representative sample will be shown for the 9x9,
14x14, and 20x2b truncations.

For the 9x9 truncation a comparative phase plot of x
and p produced by both the exact RKG solution (solid line)
and the approximation using the Putzer algorithm (dashed
line) is presented in Figure 4.1 for 6 cycles of data with
a drag coefficient of .15 . In contrast to the non-drag

case, the motion is spirally inward indicating the
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existence of a certain amount of attenuation in the
magnitudes of both the position and momentum. A plot in
phase space of the differences in x and p between the
exact and the approximated solutions is exhibited in Figure
4.2 for the same 6 cycles of data. Associated statistics
for this 9%9 truncation are presented in Table 4.2

For the 1414 truncation a comparative plot in phase
space of x and p from the exact RKG solution (solid line)
and the approximation using the Putzer algorithm (dashed
line) are presented in Figure 4.3 for 6 cycles of data
using a drag coefficient of .15 . The difference from
the 9x9 truncation is small. The motion is spirally inward
with about the same degree of attenuation of the magnitudes
as in the 9x9 truncation case. Differences in phase
space in x and p for this case are presented in Figure 4.4
for 6 cycles of data. The associated statistics for

Figure 4.3 are contained in Table 4.3, presented below.
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Table 4.2

Statistics for Ax and Ap for exact solution
and 9x9 approximation using Putzer algorithm with

RKG integration for Drag Coefficient of .15

m= 2.0 k = 1.0 g =1.0
x}? k
x = .15 B = - - 4 — = . 706111
m m
number of Numbeg 1 o values
cycles of data
points position | momentum
1 42 .043757 . 065243
2 86 .076733 .114681
3 130 . 092729 .134221
4 174 .096441 .137308
5 218 . 094355 .133227
6 263 .089970 . 126527
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Table 4.3

Statistics for Ax and Ap for exact solution
and 14xt14 approximation using Putzer algorithm with

RKG integration for Drag Coefficient of .15

m = 2.0 k = 1.0 g =1.0
l x)? k
x = .15 ,8=J - - 4 — = . 706111
m m
numbfr of Numge€ 1 o values
cycles of data
points position | momentum

1 42 . 043757 . 065243
2 86 .076733 .114681
3 130 . 092729 . 134222
4 174 . 096441 .137308
S 218 . 094355 .133227
6 263 . 089970 . 126527
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The data produced by the 20x20 truncation of the L
matrix are examined next, A comparative plot in phase
space for x and p from the exact RKG solution (s8olid line)
and the approximation (dashed line) is presented in Figure
4.5 for 6 cycles of data. A drag coefficient of 0.15 was
used. The attenuation observed in the earlier truncations
is still present. The phase space differences of x and p
for the same 6 cycles of data of Figure 4.5 for this 20x20
truncation are displayed in Figure 4.6 . The differences
are centralized and bounded over the 6 cycles of data.
Table 4.4 contains the statistics associated with Figure
4.5 . Appendix D contains the FORTRAN source listing for
the eigenvalue calculation for the 54x54 truncation of the
L matrix of the perturbed simple harmonic oscillator
problem under the influence of a drag force. Appendix E
presents the FORTRAN source listing for the approximation
scheme employing the Putzer algorithm for the 20x20 L
matrix truncation for the above problem. Appendix F
contains the FORTRAN source listing for the Runge-Kutta
Gill numerical integrator used in obtaining the exact
results for the same problem.

A summary of how the standard deviations of the errors
in x and p change when progressively larger truncations of
the L matrix are made while implementing the approximation

exploiting the Putzer algorithm is graphically presented in



109

Sy =34nb 4
Gl*=p xoJdde QggxQg 9 1°8X® |07d JSHHJ
X
181" 1 LE9” 0go- Qsiv° - LZ0" |-
‘ SE€9° |-

seo |ofic 9

gL8° —

SESQ’

coE" |



110

g- ijm"m
Gl°"=p XoJdde ggxQg 9 10BX® 4410 3JSHHJ

X Ul 4iip
_DD.I rcao” - 8¥0° -
“0_0 hmD-|
0 mmL?
gzo - &
-
/ -+
x 000" I
O
B /] 6c0'
e =8
Za =
0" 2=w

8G0°



111

Table 4.4

Statistics for Ax and Ap for exact solution
and 20x20 approximation using Putzer algorithm with

RKG integration for Drag Coefficient of .15

m= 2.0 k =1.0 g =1.0
x = .15 B = [E]a - 4 E = ., 706111
m m

number of Number 1 g values

tycles %%T%%%g position I momentum
1 43 .008494 .016451
2 85 . 019094 . 026005
3 128 . 024773 .032638
4 172 . 026560 . 035846
5 216 .026403 . 036185
6 261 . 025401 . 035085
7 300 . 024257 . 033755
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the series of Figures 4.7 through 4.12, covering data for 1
cycle, 2 cycles, 3 cycles, 4 cycles, 5 cycles, and 6 cycles
respectively. Truncation sizes range from the 9x9 to the
20x20 in each figure.

The most notable behavior of the statistical errors in
this set of figures is that, regardless of how many cycles
are considered, there is virtually no change in the
statistics for the 14x14 truncation of the L matrix when
compared to the statistics for the 9%9 truncation. One
would naturally expect a decline in the magnitude of the
standard deviations of the errors when the larger 14x14
truncation is considered. Table 4.5 presents the numerical
values of the eigenvalues used in generating the data
contained in the above figures. The structure is the same
as that shown in Table 4.1 . Examination of the
eigenvalues reveals that not all of the previously
encountered eigenvalues are repeated in each partition.

For example, the second partition consisting of eigenvalues
numbered 3,4,5 does not contain eigenvalues numbered 1 and
2 that were found in the fFfirst¢ partition. Similarly, the
third partition consisting of eigenvalues numbered 6-9
repeats the eigenvalues 1 and 2 of the first partition and
adds a new conjugate pair of complex numbers to the
eigenvalue list while not repeating the eigenvalues labeled

3,4,5 of the second partition. The fourth partition
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consisting of eigenvalues numbered 10 through 14 repeats
the eigenvalues of the second partition and adds a new
conjugate pair of numbers to the eigenvalue list omitting
the eigenvalues labeled 6-9 of the ?Ai{ra partition. This
eigenvalue placement among the partitions continues for
higher truncations of the L matrix. This behavior of the
eigenvalues was not present for the non-drag case. For the
non-drag case each new partition of the L matrix repeated
all previous eigenvalues before a new eigenvalue pair was
introduced. (See Chapter 3). This placement of the
eigenvalues determines the constant nature of the standard
deviations between the 9x9 truncation and the 14x14
truncation of the L matrix containing drag terms. The
standard deviations do decrease monotonically for both the
position and the momentum in the expected way when the
20x20 truncation is compared with the 14x14 truncation of
the L matrix for the drag case. Although only three
truncations were used to generate data, the anticipation is
that this "staircase" error behavior will be continued for
truncations greater than the 20x20.

As can be seen from the phase space plots, the
presence of drag acts to improve the quality of the
truncation approximations in the sense that the polynomial
time behavior characteristic of a finite truncation is

suppressed by the damping of the drag part of the force.
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The significance of the results of this chapter is that the
successive approximation of effective L matrix truncations
does lead to better approximations as the truncation
dimension is increased. The presence of non-conservative
forces gives this truncation scheme a wider generality than
would have been otherwise obtained.

In the next chapter the original perturbed Hamiltonian
of Chapter 3 will be modified to include a simple
non-polynomial function describing the potential
encountered by a physical pendulum. The objective will be
to examine the behavior of the approximation scheme and the
Liouville operator when simple non-polynomial functions are
used to describe the potential. The initially defined
Liouville operator will be used. Different sets of bases
vectors will be considered and matrices will be produced

and analyzed.



CHAPTER 5
EXPLORATION OF APPROXIMATION TECHNIQUE WITH PUTZER
ALGORITHM ON HAMILTONIANS HAVING SIMPLE FUNCTIONAL
DEPENDENCE

Heretofore this investigation has utilized potentials
that were written in terms of monomial and polynomial
expressions. During application of the approximation
scheme to these potentials the Liouville operator produced
Previously encountered term(s) and generated new terms.
The task of recognizing these terms is easiest when
monomial and polynomial forms are chosen to express the
potentials. The question remains as to whether the
approximation technique utilizing the Liouville operator
will work when a simple non-polynomial function is used
in lieu of monomial and polynomial functions.

The preceding truncation approximations have all used
polynomials in x and p. This chapter will investigate
different sets of functions of x and p as approximation
basis sets, A simple non-polynomial function of x, cos(x),
will be used. The Hamiltonian is written in the standard

form for a physical pendulum

pE
H = —_ o+ mf[1 - cos(x)] y £ = Gl1, (5.1)
2m

where x is a small angular displacement of a Physical

pendulum, and 1, is the length from the center of mass to
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the pivotal point. Immediately the problem of what to
choose for the initial basis of independent vectors is
encountered. For a first attempt, x and p are initially
chosen for the basis vectors, so that the Liouville

operator £ then generates the following set of vectors:

1

Lix) = -p (5.2)
m
(p) = -mf sin( x) (5.3)
, 1
Lisin{ x)) = —pcosix) (5. 4)
m
1 mf
L(p cos(x)) = - —p@sin(x) - —2—-sin(2x) (5.5)
m
1
L(p?sin(x)) = —p3cos(x) - 2mf p sinZ(x) (5.6)
m
2
2(sin(2x)) = — Pp cos{( 2x) (5.7)
m
1 3mf
Z{p3cos(x)) = -— pbsin(x) - Tpasin(Zx) (5.8)
m
. 1
2(p sind(x)) = — p%sin(2x) - mf sin3(x) (5.9)

m

When a matrix is formed of the coefficents of the
"new" vectors generated, there is no "link back" or
connection to previously generated vectors, as was the case
when polynomial Hamiltonians were studied. The matrix for

the above vectors would look like
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ix p s(x) pe(x) s(2x) p@s(x) ps2(x) pec(2x) p3c(x)

X ofim'g'iso;; 0 ! 0 ; 0. 0.1 ..} 0 1‘
p 0§0§-mf§ 0 f 0 : 0 9 0 ; 0 5 0 |
stx)jojof ol sm | 0 10 f OO0
pe(x) |0l0o! o} O —.Smf'i -1/m ? 0 ; 0..]| 0 |
s(2x) {0i0; o0/ O 0 , 0 § 0 . .j..A/m ; 0 |
P?s(x)j0i0]l 0l 0 1 0 | 0 j-2mf | 0 | 1/m |
ps2xfojol o] o | o | o | o | o | g |
pe(2x) [010] 0§ o | o i o | o i 0 ! 0...|
p3ccxyfofol ol o | o | o | o | o | o |

where the abbreviations s(x), c(x) have been used for
sin(x), and cos{(x) respectively. In the above matrix,
the entries of the main diagonal are shown in boldface.
This matrix yields, by inspection, only zero eigenvalues.
Hence a new basis must be found, as a matrix that yields
only zero eigenvalues is not useful for the approximation
scheme under study.

The next group of initial "candidate" basis vectors

attempted were the vectors

1, P, e|)'(, e—lx'

Here the hope is that, by writing the cosine function in
an alternate form, an L matrix can be obtained whose
eigenvalues are not all zero. The action of the Liouville

operator, £, on this set produces

L1y = 0 (5.10
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L(p) = i—-[e"‘— e"‘"] (5.11)
2
‘ 1
Le'™ =i — pel'™ (5.12)
m
1
Lle ™' = - — pe—tx (5.13)
m
. 1 mf mf
Llpe'™ = i — p@el!> 4 j — gl2% _ i — (1)
m 2 2
(5.14)
. 1 mf mf
Llpe ™' ™) = -i — p2eT!X - j — gTi2% 4§ — (1)
m 2 2
(5.15%5)
, 1
L(p2e’™ = i — p3e'™* + imPpeld= _ imfp
m
(5.16)
, 1
L(pPe™'™ = -i —p3e™'* - imfpe ' 4+ imfop
m
(5.17)
_ 2
L(el2% = j — pel@x (5.18)
m
2
L(e—tzx) = -i —-pe—‘ax (5.19)
m
. mf
2ipe'd* = i — p@el2% _ j — gix
m 2
mf
+ i — et 3% (5.20)
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) mf
Lipe 18X = -3 — p2gTi2x 4 | —— g—ix
m 2
- mf .
—1—2—e"'3" (5.21)

Continuation is obvious, but it is more useful to make
some observations about the "vectors" introduced, and then
to generalize. First, note that if n and j are integers

such that 0 € j € n-1, all "vectors" having order n can be

written down in the general form

inx —inx
e H e

J_ i tn—JlIx J_ —i tA—JIx
P e 3 P e

n

P .
The L matrix constructed from this set of basis

vectors for the 36x36 truncation has the following

structural block form

i | | | 1
°, 0} 0100000
0 | A i a| 0 ; 0 ’ 0
A 0 m; B % B g 0 ; 0
L= |oi& o el H| o]
8|0 g c g 0 i D | _E
i 0 0 { 0 } D % 0 i E |

where boldface entries are blocks whose dimensions are
dependent upon where they are located in the L matrix.
Hhen all of the blocks are substituted into their

respective locations in the structural form of the matrix,
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the dimensions of the matrix truncations are proportional

to n2 for the basis above. That basis can be listed as

X
I
X

H

H
1 {1 pe e P2 pe!> pe~ !X gl2x g—iax i p3 p2etx
pze—-lx peiax pe—iax el3x e—i3>( l p4 p3elx p3e—l>< paeiax

p2e—!2ax pe ! 3% pe— 3% oiax —i4x i pS ple '™ ple—ix p3eiax

i
i

—i — —i -
pse 2% pzeisx pae i Ix pe|4x pe i 4% elsx e I §x l

where, for completeness, the basis vectors for up to a
36x36 truncation are shown.

For this basis, the eigenvalue determination of the L
matrix for both the 4x4 and the 9x9 truncations of the L
matrix using the above basis vectors yield zero
eigenvalues. Examination of the next higher truncation
(16x16) yielded zero eigenvalues. Proceeding successively
to higher truncations of the L matrix, three new
blocks are added to the composition of the L matrix for
the new row and column partition encountered. Each of the
new non-zero blocks have zero rank, and consequently the
eigenvalues of the newly constructed truncated matrix are
all zero. A zero eigenvalue spectrum gives no information
regarding the L matrix as nonzero eigenvalues are needed to
obtain the physically realistic approximations for which we
are searching. In light of this, further investigative
work on the cos(x) function contained in the Hamiltonian

was abandoned. This represents a major disappointment
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regarding the usefulness of the method, because it reveals
that the technique is limited to polynomial approximations.
The cos(x) function in the Hamiltonian was replaced by
the corresponding Taylor series in x, which was truncated
after the x19 term. The Liouville operator £ again
produced Hessenberg matrices and all the apparatus
previously developed during the study of the prior x4
Hamiltonian can be applied. For comparison of the Taylor
series truncations the cos(x) function was replaced by,
successively, Taylor series having x10, x8 x6 and x%, as
the highest degree term of the Taylor series. Now there
are two types of truncations embedded in the method. The
first type is the truncation of the L matrix itself. The
second type of truncation is the termination of the Taylor
Series used to approximate the cosine function appearing in
the initial Hamiltonian. This truncation determines the
Placement of non-zero entries in the resultant Hessenberg
matrix, and therefore the eigenvalues. Solutions to the
exact cos(x) Hamiltonian were found by Runge-Kutta Gill
( RKG) numerical integration. The qualitative nature of the
solutions from the approximation method using the Putzer
recipe were the same as those discussed in Chapter 3.
Consequently a qualitative discussion of the Putzer
approximation solutions will not be repeated here.

Figures 5.1 to Figures 5.6 contain comparison plots of



130

g Jo|he| Aq

|"g =4nb: 4
(X) G003 SJILSI1IYLS =@|°ohA]

aund] sstideg Jo|fAe)

01X gX gX %
TJH moon
B 1 0co-
% -
N |1 PEO”
0D°1=6 01 =¥ p-g=u
Iund | gexge Yy !'a xouddy

WNiuawow =

uo'!y'!sod =W
— o|oho | gv0°”

_ _

/@mwo.

—

X sub'rs

d sub's



131

g Jo|he] Aq

01X

c"g sJanb: g
(X) S00 SJI1SI1IHLE =2|°oh)

dund| sa!dsg Jo|he |

X

gX

p R

¢

o

FS0°

LL1T

081-°

£vc®

S -Tilv%

O

| X euwb!'s

d sub's



132

g <Jo|he] hAg

C-q ijm“m
(%) S0J SJI1SI1HlS @92hA]

dund| saldsg Jo|he|

o1* gX g% pX
¥ T gee"
- c9E”
0" 1=6 g1 =4 p-g=u
QunNJd ] gex*0e¢ YitM XxXoaddy
Wniuawow = §
Uuo!y'!sod =V
- so|oho ¢ - 6%°
- ¢
B 1 1E9”
| | a1V

™

| X ewb:s

d suwb's



133

¥ G ijm“m
S Joihe] Ag (x)600 SJIL1SILIHIS 2|°oA] ¢

Aund | 59! 498 JO| j@._.

01X gX g% pX
Y Y LEQ®
n
(8]
- - =2
998
0'1=B g'|=¥ g-g=u w
und ] OgxQe Yy !4 xoaddy ¢
Wnjiuawow = H
Uo'!yj'!sod =V _
— so|ofo 4 “R60° 1
n
e ¢ )
— “peerl 3
O
_ _




134

C Jo|he| Ag

G "G ijm"m

o= |

(%1603 SOIISIIHLS @|°A] g

ound ] ss!dseg Jo|he)

01X g* gX pX
¥ Y 8Y " |
W
Q
- —_ . 3
LEG] " |
0°1=6 g*|=x g-g=u v
Iund )] pgex0e Yi !4 Xouddy
WNlUawow = O X
| uo'!y'!sod =%
so|ofAo g Bl T~
n
Q
=
< %{ffffff —yeste 3
®)
_ | T~
0.8 T



135

g-q Mij"m

S -Jo|hel Aa (x)50) S3I11811HIE @|°9hA] g

dund] ss8t!ldsg Lo_JOH

ok gX g X 2
Y- Y G§/'¢C
| n
. (]
- —1 =
0L " €
0°1=6 g*| =¥ p-g=u v
JunJd)] ggx0e Yitm xoaddy ¢
wnjiuswow = {
oty '!sod = —_
— so|ofo g 11987 €
n
(]
& - TPty 32
0
_ | X




136

the statistics of the position, and the momentum, when
various orders of Taylor Series truncations are used in the
approximation technique. Statistics are compared for each
terminating Taylor Series truncation on a cycle by cycle
basis. Figure 5.1 through Figure 5.6 present the
statistics of Ax and Ap as a function of truncation sigze
for 1 to 6 cycles of data respectively. In all cases there
is no change in the statistics produced when the x6, the
x%, and the x10 truncations of the Taylor Series are used.
This indicates that there is no benefit in keeping the
Taylor series truncations for the cosine function past the
sixth order. One explanation of this behavior is that the
inclusion of x® and higher order terms of the Taylor series
truncation influences only those elements of the L matrix
beyond the 2020 truncation limit. To include the effects
of the x® truncation of the Taylor Series, larger
truncations (30x30) of the L matrix must be made.

In the next chapter a two dimensional problem will be
examined. The problem chosen for this investigation is the
Kepler problem. Questions that we hope to investigate
include the behavior of the approximation technique on a
two dimensional problem, what is the best basis to use, and
how close the approximation results come to approximating

the exact solution.



CHAPTER 6

APPLICATION OF APPROXIMATION TECHNIQUE TO KEPLER PROBLEM

In order to further test the approximation scheme on a
two-dimensional problem, the Kepler problem for motion in a
central inverse r squared force in the plane is studied.

Using cartesian coordinates, the Hamiltonian is written as

1 b L m
H(x, y, px, Pw) = - (Dx)a + (pw) 2] - N
2m J

x2 + y?2

(6.1)

where 1 = GM, G being the universal gravitational constant
and M the mass of the earth, the gravitational potential

being described by the usual radial function

81
V(r) = -~ ——
r

The same Hamiltonian expressed in terms of cylindrical
polar coordinates (r,7) is

1 » 1 21 Hm
H(r, >, pr, Py) = % (pr) + ;E( pv) J - T ’

(6. 2)

where 7Y is the azimuthal angle measured from the x-axis.
Since Y is an ignorable coordinate, the canonical momenta
Pv is constant and will be denoted by 1. The goal of this

chapter is the application of polynomial basis vectors to

137
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this non-linear problem in an analogous manner to the
technique of previous chapters. Initially we start from

some simple solution for the motion and study deviations

from this simple motion. The simplest motion is uniform
circular motion. He will study the deviations from pure
circular motion. These deviations are expected to be

similar to those deviations produced when the trajectories
resemble epicycles.

To commence the study, a variable, qr, defined as the
fractional radial deviation of the radial component from
some the equilbrium value, denoted by ro is introduced.

Then r is expressed as

r = rol1 + qr) , (6.3)

so that the Hamiltonian can be written

1 [(pmr 2 (1) 2
H(qf‘)ya pl":]-"’) =

—_ +
2ml ro® ro2(1 + qpr) 2

Hm
- . (6. 4)
ro(t + qr)

To facilitate subsequent numerical calculations, this
Hamiltonian is converted to reflect a canonical set of
units. This amounts to a rescaling of the canonical
coordinates by taking the gravitational constant times the
mass of the earth as 1 (=p), while taking the distance unit
as the radius of the earth. This then forces a

redefinition of the time scale. Let this new time be
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denoted as T. Then in this rescaled set of coordinates,

the velocity is given by

dr dqr dr _
— = ro e + ro(t1 + ) — €+,
dt dt i ar dt v

where e~ and €, are unit vectors in the radial and

azimuthal directions respectively, so that the new momenta

are given by

dqr l—d?’-]

Pr' = (ro)@ 3 1+ = (ro)%1 + qem 2 [—J
dt dt

(6.5)

The Hamiltonian in canonical variables, denoted by X, is

then written

e 1{(]31—')2 (1,)2 }
ql"xy»p 'y 1lv') =/ +
Tty 20 (ro) 2 ro2(1 + qp) 2

- , (6. 6)
ro(1 + qpr)

where ro is measured in units of earth radii and qr is
dimensionless. Keeping the radial deviation from
equilbrium qr small and expanding X to third order in dr,

one can obtain

1 . (1) 2r
H(Qr, Y, pr',1y') = —————— (Ppr')2 ¢+ ———— |4 2
PEC Y 2(roy 2 P 2(ro) 2 L ar
1 J
+ 3qr° - 4q.~3] - —[1 - qer + q,-2 - qr3J .
ro
(6.7)

The equilbrium value, ro, can be determined by requiring
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that the coefficient of the term linear in q~ vanish. This
is equivalent to requiring that the equilibrium radial

force vanish, which produces the equilibrium condition

ro = (1,)2 (6.8)
Using the coordinate-momenta pair qr, pr' and 7,1+', the
Liouville operator is defined in the usual way. Since

LC1l+') = [1+,1) =0
1+’ is a constant, and an initial set of basis vectors is

chosen as ¥, {r, and pr'. The action of the Liouville

operator on this initial basis yields

1

b —_—
(ro) 2

r hl
(1+') |1 - 2qr + 3qr2 - 4qr3] ,

1

(ro) 2

Llqgr) (pr') ,

1 1
L(pr') = — (1+')2 - —
ro

.

(ro)?2
3 2
+ [— F;:TE (1+')2 &+ ;: qu
6 3

(6.9)

Since £(7Y) gives the constant 1+'/(ro)2, the constant
"vector” 1 is added to the initial basis. Under this
augmented basis, the smallest L matrix that can be

constructed is a 4x4, exhibited below:
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1 y qr‘ p"' .......
1 0 0 0 0
]-Y' _2 17'
r — 0 — 0
(ro) @ (ro) 2
1
qr 0 0 0 — =L
(ro) 2
! (1,)2 1 3 . 2
pPr | - — o - (1,')2 ¢+ — 0
§ (ro)a ro (I‘o)2 Y ro
FL i

Invoking the equilibrium relationship (equation 6.8), the
above matrix is recognized as an upper Hessenberg matrix

when written in terms of the constant ro,

E 1 Y qr pr'
e -
i
1 % 0 0 0 0
r iltred7¥2 o -2(ro)—372 0
H = L
ar | 0 0 0 (ro)—%
pri| O 0 -(ro) 1 0
tL .
(6.10)

The eigenvalues of this matrix are 0 (multiplicity 2), and
+i(ro) 372,

Hith these eigenvalues the r(t) functions are found as

ri(t)

{]
-

ra(t)

L[]
o
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1 ifr 3
ralt) = -(;3[1 - cos(wt)] + w—alwt - 81n(mt)J
1
ru(t) = —lwt - sin(wt) s
m3
where w has been used for (ro) 372, The P matrices are
Po = I, P1 = L,
[ 7
0 0 0 0
0 0 ) -2(ro)~772
p2 = — )
0 0 -(ro) 3 0
0 0 0 -(ro) 3
and
0 0 0 0
0 0 2(ro) %72 2i(ro) S
P =
® 0 0 i(ro)—%72 _(pg)—S
0 0 (ro) 4 itro)—972
L ]

Applying the Putzer algorithm, the matrix for et is
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( 1 0 0 0
-2
wt 1 -2sin(wt) ——————[1 - cos(mt)]
wlre) @
e-t = 1 >
0 0 cos(wt) ——= sin(wt)
wiro) ©
0 0 -wlro)@sin(wt) cos(wt)
(6.11)
where w = (ro)~ 372 is the magnitude of the imaginary part

of the complex eigenvalue.
coordinates 7, qr, and p,r'

multiplication

uct) =

where the vectors uU(t) and

1
Y(t)
qr( t)

_Pr'(t)d

ut) =

The time dependence of the

functions

The time dependence of the

are obtainable from the matrix

et wo ,

u(0) are defined as

1

and u(o) = . (6.12)
(qr) o

_( Pr') o]

coordinates are given by the

(ro) 8r

]
YEE) = Yo + wt -2(qr)osin(wt) -2(pr' ) o———|[1 - cos(ut) |
W

qr(t) = (qr)o cos(uwt) +

1
(Pr')o ———= sin(uwt)
ro)

w(
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Pr'(t) = -(gqr)owlro)@sinlwt) + (pr')ocosluwt)
(6.13)

Since the L matrix obtained above contains zeros in
the first row due to the inclusion of 1 as one of the
initial basis vectors, the first row and first column of
the above matrix and all higher truncations of the L matrix
can be dropped provided the term ((ro)~372)t is added to
the resultant expression for Y(t). This makes eigenvalue
calculation easier for the higher truncations. The highest
order truncation that will be discussed here is the 10x10
truncation.

Choosing the extended polynomial basis of

IR
Y plus [ dr + pr' J , (6.14)

where n is an integer, whose highest value is related to
the number of terms that one wishes to carry in the matrix
truncation. For the 10x10 truncation of the L matrix, n is
3. The L matrix constructed from these basis vectors for
the 10x10 truncation can be partitioned into the following

block form

A A | a
............ i } - 3
L = 0/ B | & . (6.15)
............ ; Gesarainivinnane I camemsmiiieaaens ‘_ 6
0 i I C
............ | ..' evrrrnerrabe, - 1 0
t 1 ?
3 6 10

where the boldface entries are blocks of varying dimensions
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that are determined by the partitioning of the basis
vectors used. The various blocks of the partitioned L

matrix are defined in terms of canonical variables as

follows:
0 -2ro— 372 0
0 0 I‘o—a
A = 3
0 -(ro) 1 0
3(ro)—372 0 0
A = 0 0 0 ,
3(ro) 1 0 0
-4(ro) 372 ¢ 0 0
A = 0 0 0 0
0 0 0 0
( 0 2(ro) 2 0
-(ro)—1 0 (ro) 2
B = Y
0 -2(ro) 1 0
[ 0 0 0 0
8 = 3(ro) 1 0 0 0
0 6(ro) 1 0 0

and
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0 3(ro)—2 0 0
-(ro) 1 0 2(ro) ™2
C =
0 -2(ro) 1 0 (ro)—2
0 0 -3(ro)™!

The eigenvalue structure of the partitioned 10x10
truncated L matrix is now examined. Let the modulus of the
imaginary part of the smallest magnitude eigenvalue be
denoted by A. For example, for an ro value of 1.1,
(ro)™372 js (1.1)7372 = 8667841365D+00. For the 10x10
truncation of the L matrix, the eigenvalue spectrum,
denoted by o(XA), has the structural form shown in Table 6.1
below.

A series of plots arranged by increasing truncation
size of the L matrix are presented next. The exact results
referred to in the plots were produced by the Runge-Kutta-
Gill ¢ RKG) numerical integrator. Figures 6.1 to 6.4
represent the results of the approximation scheme for the
3x3 truncation. Figures 6.5 to 6.8 contain the results of
the approximation scheme for the 6x6 truncation while
Figures 6.9 to 6.12 incorporate the results of the
approximation scheme for the 10x10 truncation of the L
matrix,

Figure 6.1 contains a comparative plot of the

azimuthal angle, 7, calculated by RKG integration (solid
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Table 6.1

Eigenvalue Spectrum for Two-Dimensional Kepler

Problem

ro = 1.1, B = (ro)~372 =  866784D+00

partition ' eigenvalue
number real part |
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line) and by the approximation scheme (line with plotting
symbol) using the 3x3 L matrix truncation. Data are
presented for 2 orbits. The approximated azimuthal angle
lags the exact azimuthal angle. Secular terms have not
been removed from either data set. Figure 6.2 exhibits a
Plot of the square of the difference between the exact
solution and the approximated solution for the azimuthal
angle (7) as a function of time. Both the oscillatory
nature and the secular nature of the errors are evident.
Figure 6.3 depicts a phase plot of the radial variables for
both the exact (RKG) solution (solid line) and the
approximation scheme (dashed line) using the Putzer formula
for the 3x3 truncation. Two cycles of data are
represented.

The phase plot of the exact data appears as egg-shaped
while the phase plot of the approximation scheme is more
elliptical in nature. This graph is not what one might
expect of the exact situation. However, in Figure 6.7 we
see that the 6x6 truncation moves closer to this shape. It
is not immediately apparent why this behavior is exhibited.
A phase plot of the differences between the exact and
approximated radial position and momentum of the data of
Figure 6.3 is presented in Figure 6. 4. In the difference
phase plot the behavior of the data is noted as spiraling

outward and somewhat off center. Figure 6.5 is the 6x6
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truncation analog of Figure 6.1 for 2 cycles of data. The
azimuthal lag appears to have increased slightly. Secular
and oscillatory behavior of the square of the error in the
azimuthal angle Y are the principal features of Figure 6. 6.
Figure 6.7 is a phase space plot of the radial variables
for the exact RKG solution (solid line) and the
approximation scheme (dashed line) using the 6x6 L matrix
truncation. Again two cycles are presented. In comparison
to the previous plot for the 3x3 case, we observe that the
approximation has moved closer to the exact solution of the
egg-shaped curve. Figure 6.8 displays a phase plot of the
differences between the exact and approximated radial
positions and momenta for the data of Figure 6. 7. As
before, the plot of the differences in phase space opens
spirally outward and is located off center, with some
compression at the top of the plot.

Figure 6.9 is a comparitive plot of the azimuthal
angle Y showing the exact (RKG) solution (solid line) and
the approximated solution (denoted by the line containing
the plotting symbol) for the 10x10 truncation. The
azimuthal lag appears to have decreased slightly. Secular
and oscillatory behavior of the square of the error in the
azimuthal angle Y are the features of Figure 6.10. The

magnitude of the error has decreased slightly, while the

magnitude of the oscillatory component has increased.
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Figure 6.11 displays a plot in phase space of the radial
variables for the exact (RKG) solution (solid line) and the
approximation scheme using the 10x10 L matrix truncation
(dashed line). Two cycles of data are shown. In
comparison with the plot for the 6x6 case, the dashed curve
appears to be moving away from the solid line egg-shaped
curve representing the exact data. This behavior is
similar to the behavior of the approximated solutions of
the 3030 and higher truncations of the L matrix for the
perturbed simple harmonic oscillator studied in Chapter 3.
For both cases higher order time dependent terms are a
factor when the approximation scheme is applied using
higher order truncations. Figure 6.12 contains a plot in
phase space of the differences between the exact and
approximated solutions shown in Figure 6.11. The phase
plot curve of the differences opens spirally outward.
Appendix G contains the FORTRAN source for the driver for
the eigenvalue calculation of the L matrix for the Kepler
problem using QR decomposition routines of the EISPACK
guide. Appendix H provides a listing of the FORTRAN source
for the approximation scheme employing the Putzer algorithm
for the 6x6 truncation of the L matrix for the Kepler
problem. Appendix I presents the FORTRAN source listing

for the Runge-Kutta Gill numerical integrator used for the

Kepler problem.
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Table 6.2 presents the statisties for the 3x3
truncation, while Table 6.3 performs the same function for
the 66 truncation and Table 6.4 contains the statistics
for the 10x10 truncation. An overall comparison of the
statistics of the radial deviation and corresponding
momentum for all truncations over two orbits can be
obtained by examining Figure 6.13, The errors of the 3x3
truncation appear to be reduced by about one-third when
compared to the errors of the 6x6 truncation. The errors
associated with the 10x10 truncation are slightly greater
than the errors of the 3x3 and appear to be twice the
errors of the 6x6 truncation. A possible explaination
for this behavior is that higher truncations tend to
produce deteriorated results in much the same way that
higher truncations of the perturbed simple harmonic
oscillator studied in Chapter 3 gave poor results.

The error in these statistics can be analyzed as coming
from two separate sources. The first source of error is
encountered by the truncation of the L matrix itself. The
second source of error is identified with the truncation of
the Taylor series expansions used in the Hamiltonian.

There is no quantifable way to identify the error from each
of these independent error sources.

Before generating data for larger truncations of the L

matrix for the planar Kepler problem, the cause of the
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Table 6. 2

Statistics for AY, Aq, and Ap for exact solution
and 3%3 approximation using Putzer algorithm with

RKG integration

ro =1.1, B =1(ro)~372 = 866784D+00
number 1 o values
of radial
orbits azimuth
angle | position I momentum
2 .127799 . 009075 .010470
6 . 390188 .019464 .020576
10 .651213 .030875 . 032147
16 1.041829 .047486 . 049269
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Table 6. 3

Statistics for A7Y, Aq,

and Ap for exact solution

and 6x6 approximation using Putzer algorithm with

RKG integration

ro = 1.1, 8 = (ro)™372 =  866784D+00
number 1 o values
of radial
orbits azimuth
angle | position l momentum
2 .189285 .005823 . 006521
6 . 555482 .017438 . 018299
10 .924154 .028757 . 030023
16 1.476836 .044811 . 046778
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Table 6.4

Statistics for AY, Aq, and Ap for exact solution
and 10x10 approximation using Putzer algorithm with

RKG integration

ro = 1.1, B =1(ro)~ 372 = 866784D+00
number 1 o values
of - radial
orbits azimuth
angle i position |l momentum
2 .173770 . 013097 . 014257
6 . 526421 . 040604 . 042921
10 .878537 .069211 . 072958
16 1.406023 .115818 .122196
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divergence introduced by the approximation method when
larger truncations are used needs to be definitively
Pinpointed and corrected. The secular terms introduced by
the approximation which grow as t” need to be studied,
identified, and possibly removed. An analytical
examination of how the approximation method employs the
information introduced by the larger truncations should
provide relevant key information to solve this problem.
The indication is that the approximation method will
work on the Kepler problem. The success of the 6x6
truncation suggests that, with more work, we can hope to
use the approximation technique in an analytic method for
making large, but relatively accurate steps whose error is
controlled and confined when solving the Kepler problem.
Such a larger step size could possibly allow a faster
method of calculating the location of satellites than the
small step size of the iterative methods currently being
used. The next chapter will outline areas and pPresent
ideas, and suggestions on how the research may be
continued and extended. Collective comments will also be

made on the results achieved by this research.



CHAPTER 7

CONCLUSIONS AND SUGGESTIONS FOR EXTENDING
AND CONTINUING THE WORK

The purpose of this chapter is to offer some
conclusions about previous work and to indicate areas of
this research that can be constructively extended. Before
pProceeding, however, a short comment should be made
concerning the computer environment and the limitations
under which this work was done. The work performed was
implemented using a small microcomputer having a 16 bit
wordsize. The intent was to study the "small" truncations
involved in an approximation scheme, consequently a small
computer could perform the study. Hhether the choice of
performing the work on a small microcomputer affected the
results obtained is a legitimate issue that has not been
permanently decided. For at least one problem involving a
20%20 matrix representation for the Liouville operator (see
Chapter 3), preliminary evidence indicates that this choice
of using the microcomputer did not adversely affect the
results obtained. For this truncation, the same data were
produced by both the small microcomputer and a DEC MicroVAX
computer. The standard deviation of the differences of the
position calculated by the two computers was .000340. The
corresponding figure for the differences in the momentum
was .001481.

He now take the opportunity to reflect on the results

169
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obtained. For each of the non-trival problems examined,
the approximation scheme produced good results for the
short time regime (2-3 cycles). Beyond the short time
regime, the values obtained for the position and the
momentum deteriorated. The source of this deterioration
is the truncation approximation in which the exponential
of the Liouville operator for a finite matrix truncation.
This approximation shares with the simplest Taylor series
approximation to the motion the property that convergence
is only for short times. The approximations explored here
are not just power series in t, but oscillating factors
multiplying such a series. As seen in previous chapters
increasing the size of the truncation does improve the
approximation for short times. The fact that we get good
agreement for 2-3 cycles is quite an accomplishment for
this method in comparison to other short time
approximations.

There are several areas that are natural extensions of
the previous work which have not been considered
heretofore. Efforts can be divided into four different,
independent areas. Results from some areas have the
capacity of producing a beneficial effect on the other
areas. Each of these areas is listed and discussed in

turn. The first area is the further examination of how the

approximation method handles motion, first in two
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dimensions, and then in three dimensions to extend the
results obtained in Chapter 6. The second area involves
the extension of the Putzer algorithm to non-constant
matrices. The third area is the identification of the
complete time dependence of the solution produced by the
approximation method in solving the perturbed simple
harmonic oscillator studied in Chapter 3. A fourth area is
the formulation of implementation details enabling the
methodology to solve a practical real-life problem.

The first area is the further exploration of how the
approximation scheme treats motion in two dimensions. The
effects that multiple constants of motion have on the
selection of the set of basis vectors employed by the
approximation scheme need to be better understood. As seen
in Chapter 6, since the azimuthal momentum coordinate was a
constant, a constant vector had to be included in the
initial basis set. An L matrix was obtained relative to
this basis.

One test to ascertain the proper method for handling
multiple constants of the motion can be proposed. This
test consists of the comparison of the results produced
from the following tasks. The scheme should be applied to
the unperturbed two-dimensional harmonic oscillator

Hamiltonian
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1 k ]
H(an»px:pu) = 2m {px2+ pua} +‘2-{x2+ yaj

in cartesian coordinates. An analytic solution can be
found. Then the scheme should be applied to the

two-dimensional analog of the Hamiltonian of Chapter 3,

e.q.
H(¢ ) ! { 2 2] k[ 2 2]
X, Y, P P = + + - X +
o 2m P Pw j 2 Y J
_9 a
+ { x4 + y% + 2x2y2 } .
4!

Next, the scheme should be applied to the equivalent of the
first Hamiltonian expressed in polar coordinates, e.g. the

approximation scheme should be applied to

1 - 1 | k
HOE T b = o= Pef v @ r® | v 5r?,
and analytical results obtained. The analytical results

provide a reference point for the calculations of the
perturbed solutions. Next the scheme could be applied to
the perturbed two-dimensional harmonic oscillator whose

Hamiltonian in polar coordinates 1is

H( 1 { 2 ! 2 ] k 2 J
[‘,T ) ) = + -_— —_— —_ 4
» Pry Py om Pr 2 P~ J + 2 r< + 2 ré4 .

By making careful observations of the differences between
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the results of these two Hamiltonians, better insight can
be obtained. In the above polar coordinate cases, r~! can

be expanded in the manner of Chapter 6, e.gq.

|
-1 _ = -1 - 2
r = (ro) [ 1 + - 3 ..
(1 + qo) o do do dqo*~ + J.

The next application of the approximation procedure is
to consider the celestial mechanical problem of the three
dimensional perturbed Kepler problem. This is a natural
extension of the work of the previous chapter. If a way
can be found to make the approximation scheme work more
effectively on a Kepler problem, a very valuable and
practical methodology will ensue. The first task is
finding a suitable set of coordinates and momenta to use.
It is expected that the set of coordinates and momenta
should be canonical to each other. Since most of the work
done in celestial mechanics uses the Delaunay set of
variables, this set should be tried as a natural first
choice. Use of this set would facilitate the practical
connections of any approximation scheme to be developed.
The majority of the work involves the proper conversion of
the disturbing function which is typically added to the
potential into the chosen set of coordinates and momenta.
Following the technique of the last chapter, the disturbing

function must be expanded in terms of the fractional
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deviations of the variables themselves. This 1s an immense
algebraic task. The difficulty is that there is no
assurance that this method of perturbation will work. The
Liouville operator, £, must be applied to each of the
canonical variable deviations as well as to any new
resultant monomials and other expressions produced. As the
coefficients are identified, the basis set of vectors is
chosen. The coefficients are taken as elements of the L
matrix while noting any pattern that develops. The
resultant L matrix must be studied for its natural
partition structure to best determine the optimal
truncation sizes. The natural truncation sizes chosen in
this way are optimal, but no rigorous way of proving such
an assertion has yet been found.

Assuming that reference values have been assigned to
the Delaunay variables (oscillating Delaunay variables),
the eigenvalues of the L matrix must be found and the
structure of the eigenvalue spectrum ascertained. The
Putzer algorithm must be applied to the smallest practical
truncation of the L matrix and approximated results
obtained. Data for successively higher orders of
truncation should be obtained. All data should be compared
to exact results as generated from a Runge-Kutta-Gill
numerical integration procedure. Statistical error

analysis for each truncation should be performed and a
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phase space plot of corresponding coordinate-momentum
deviations produced. This brief outline has given an
indication of the amount of effort required.

The second area of additional work is the
investigation of the extension of the Putzer technique to
non-constant time dependent matrices. This could be
accomplished by introducing a "forcing function" or
inhomogeneous part to the defining differential equation
for the scalar functions, rx, used in the Putzer algorithm,
This adds the capacity for handling time dependent
Hamiltonians to the approximation scheme. The basic idea
is to find functions of time, denoted by s, (t), which, when
added to the defining differential equation system for the

r,{t) scalar functions, 1i.e.

ri(t) = ru—g(t) + Aury(t)

with r.(0) =1 and r,0)

it
o
.
v
N

gives the new system

Folt) = ruoaCt) + ALY FsCE) + su(t)

with ra(0) = 1 and ri(o) 0] J 2 2

The A, (t) are the time dependent eigenvalues of the time
dependent matrix A(t) and the s, (t) are unknown functions
satisfying whatever initial conditions that are necessary.

The new P matrices, denoted by A4, also become functions of

time if defined in analogous fashion with the original
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Putzer definition. The new definition requires that the
form
Pol £=0) = I,
J
PilE) = l ! (ACLE) - A(B) D) J=1,2,....,n-1
be tried, where Ax(t) are the eigenvalues of A(t). It is

not immediately clear that this approach will work since
the time dependence is no longer separated out into
distinct functions as in the original theorem. The new P
matrices are now also time dependent. In the original
theorem the P matrices carried information of where to
apply the time dependence of the scalar functions, and
while the new P matrices still play that role, they have
been weighted by their time dependence.

The third area for further work involves the
identification of the complete time dependence employed by
the Putzer algorithm on a particular problem. The
question is whether a function of time can be found that
has the same series expansion of time produced by the usual
application of the Putzer algorithm. The intent would be
to determine if using the approximation scheme with the
Putzer algorithm employing these new functions of time
would produce results with reduced error. The

multiplicities of the eigenvalues of the L matrix play a
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crucial role. Recall from Chapter 2 that when an
eigenvalue has an algebraic multiplicty of R, the r,t)
scalar functions of the Putzer algorithm have a time

dependence of

R

e - [ *]
This behavior is the foremost contributing factor in
explaining why the approximation method begins to fail at
intermediate time ranges. Such behavior has been noted by
Douglas in studying Lie algebraic methods applied to a one
dimensional perturbed harmonic oscillator (Douglas,
1982:82). This property may force any practical
utilization of the approximation scheme to be re-
initialized using a new updated initial condition vector
valid at a later time. Hhen the eigenvalues have real
parts, as in the case occurring in Chapter 4 when drag was
introduced, the above behavior, while still present, is
attenuated. The degree of attenuation depends upon the
truncation size of the L matrix. By examining the
sequence of coefficients belonging to the powers of t
introduced into the scalar rw« functions by the presence of
multiple eigenvalues of the L matrix, the hope is that the
resulting series expansion can be identified as the
expansion of some known function. This function, carrying

all of the time dependence, would then be used in place of
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the corresponding r« function of the Putzer algorithm.

The fourth area constitutes the formulation of the
details of the implementation of the approximation scheme
to a practical, realistic problem. The first thing to be
done is the determination of the optimal truncation size,
¥, of the L matrix. This truncation size will, in part, be
determined by the accuracy level required. The next
consideration concerns the multiplicities of the
eigenvalues. The existence of multiple eigenvalues
requires that the approximation method be re-started or
reinitialized using a new updated coordinate vector for the
initial condition vector. The specifics of when to do this
depend upon the problem being solved and the accuracy
desired. Instead of using numerical integration to
determine the r, (t) functions, the ¥ r,(t) functions should
be found analytically, in addition to the first two rows of
the ¥ P, matrices. Once the reinitialization time has been
determined, a time step whose magnitude is one k" of the
reinitialization time can be chosen to step through the
approximation scheme to the next reinitialization time in k
steps. The advantage would be a computationally fast
algorithm. For example, choosing the perturbed Kepler
problem as the realistic practical problem, would allow the

efficiency and accuracy of the approximation scheme to be
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compared to the efficiency and accuracy of standard Cowell
methods.

This dissertation has been a feasibility study
performed numerically to judge how the Liouville operator
can be represented by matrix techniques and applied to
both simple and complicated problems from classical
mechanics. Much has been learned. Much remains to be
done. A deeper understanding of the mathematical mechanism
by which solutions from larger and larger matrices converge
to the exact solution needs to be gained. The effects of
the different structures of the eigenvalue spectra
encountered in the different problems need to be understood
better. In many respects the research of this dissertation
opens more questions than it answers. Yet the work
presented here is a start. The work has shown methods that
produce limited successful results. Very significant
problems remain, but it is hoped that the research

contained herein can lead to a practical methodology.
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APPENDIX A

FORTRAK LISTING FOR EIGENVALUE CALCULATION OF 56156
L NATRIX FOR PERTURBED SHD

$DEBUG

)
£-=)

program eigval3b
paraneter (omax=54,npartshn=7)
inplicit real#d (a-hyo-2)
real#d alnmaxynmax)y z{nmaxynmax) vrinmax), vi{nmax), fvi{nmax)
real#d sy xky g
real zrinmax,nmax)y zi{nmax,naax)
real#8 aalnmax,nmax)
logical idoprint /.FALSE./
logical lswap /.FALSE./
logical dosort /.FALSE./
integer a, nay matz, ivi{nmax), ierry kpartshninpartshn)
integer®2 ihryininutesisecond,ii00thyiyr,inon,iday
characterdZd filenane
charactert2d filenamet
tharacter#! mansver
charactert! idosort

Define partioning structure of the satrix...
Ending partition indices are given by kpartshn(j)} for

J = Lyueaynpartsha
Beginning partition indices are given by kpartsha(ll+l for
1 = {y...90partsha-1

do 450 j = {, npartshn

kpartsha(j} = jE{j+l)

450 continge

write(®," '’ Input the values of my ky g¢ (in SX.XXDH0O} foraat'')
$')

write(#," '’ SL.XXD+0O SX.XXD+00 SX.XXD+00'')')

read{#, 1111} xm, 2k, g

1111 format(09.4,1x,09.4,1x,09.4)

=)

weite(®,’{"" Input the dimension(order} .Ye."',13:''y of the A aat
drix.’'}" ) kpartshai{npartsha)

readl{#,#} n

write(#,"{"" Do you vant the matrix printed cut? y or n '')?)
read{#,110) mansver

if{(sansver .eq. 'y’ ) .or. (mansver .eq. 'Y*)) idoprint = .TRUE.
weite(®," "' Do you vant the eigenvalues soried in monotonic decr
& order? {y or n) '')’)

read{#,130} idosort

1f{(idosort .eq. 'y’ ) .or. {idosort .eq. 'Y')) dosort = .TRUE.

nov get filename to use in writing the output...

185



)
C

(]

186

write(#,' ('’ Please enter the filename to use in writing the outpu
_t:ll)) )
read (#,160) filenane
open{d,file=fiienane,status="nev')
nov get filename to write eigenvalues to be read by another

Prograle..es..
write(ty' '’ Please enter the filename to use to vrite data for pr

-ogram accessability.'’}’ )

read(#,160) filenamel
open(Ssfife=filenanet,status="nev’)

CALL GETDAT AND GETTIM (OBTAIN SYSTEM DATE AND TIME)
call getdat (iyr,ison,iday)

call gettin (ihryininuteyisecond,ii00th)
write{4,260)

vrite(4,261) xmy xk, 9

if{dosort) write(d,270)

write{4,265) filename

write{d,26h) imon, iday, iyry ibry ininute, isecond
vrite{5,260)

write(5,261) xay xky g

ifidesort) writel5,270)

vrite(5,255) filenamel

write(5,266) imony iday, iyry ihr, iminute, isecond

«ooourite data to output file for records ...

130 foraat (A1)

160 format{A24)

260 format(1H ' SUMMARY OF DATA TO BE USED FOLLOWS:')

261 format{iH ,* XM IS:',D10.4," XK IS: ',D10.4,' G 15: ',D10.4)

265 format (14 ,' OUTPUT DATA IS CONTAINED ON THE FILE CALLED- ',A24)
266 format(iH o' THE DATA ON THE ABOVE FILENANE WAS PRODUCED ON ',I2,'

=="y12y'~",144/,35%," AT APPROXIMATELY ' ,12,1H:,12,1H:,12)

210 fornat(H ,' EIGENVALUES PROCESSED TO RUN FROM LARGEST TO SMALLEST

)

- WITHIN EACH' /4"  SUB-PARTITION OF THE L MATRIL.")
Define the A matrix for 56x56 truncation......
do 1000 j = 1, nmax
do 1000 1 = {, naax
aliyj} = 0.00400

1000 continye

)

Define L (Upper Hessenberg) matrix for ¢p to £=56 truncation....
alfy2) = 1.00+00/xa
al244) = -1k

(2,3} = -9/6.00400
aldy4) = 3.00+00/xa
a(4,3) = -xk

(4,3} = 2.00+00/xn
al5,4) = -2,00400) #xk
(5y8) = 1.00+00/xa



al6y3) = {-3.00400) #xk

al&y7) = -g/(5.00+00)
3(5:8) = -9/3.00+00
alsy 9 = -g/2.00400
al7,8) = {5.00400} /xn
al8,7) = -xk

afd, 9} = (4.00400) /xa
a(%,8) = (-2.0D+00) #xk
a(%,10) = {3.00+00)/xa
ali0,9) = {-1.00400) #xk
alif,11) = (2.00+00) /xa
ali1,10} = {-4.00+00)#xk
al11,12) = {1.00400} /xn
ali2,11} = (-5.00+00) #xk

2(8,13) = -9/6.00+00

al%,44) = -g/3.00+00

(10,15} = -9/2.00400

alif 16} = (-2.00+00)#g/1.00+00
ali2,47) = (-5.00+00) #9/5.00+00
al13 14 = 7.00400/xa

alihyi3) = -xk

al{14,13) = 6.00400/xa

al15,44) = {-2,00+00) #xk
al15,16) = 5.00400/xa

al16,15) = (-3.0D+00) #xk

al1byd7) = 4.00400/1n
alil,16) = (-4,00+00) #xk
al1l,18) = 3.00400/xa
ali8,47) = {-5,00+00} #xk
a{18,19) = 2.00400/xa
a(19,18} = (-5.0D+G0) xk

a{19,20) = 1.00400/xa

(20,19} = (-7.00400) #xk
al14,24) = -9/6.00+00

a{15,22) = -9/3.00+00

3(16423) = -9/2.00+00

ali7,24) = (-2.00400)49/3.00+00
a(18y25) = {-5.00+00) #9/6.00+00
a{19,26) = -g

2(20,27) = (-7.00+00) ¥9/6.0D+00
a{24,22) = 9.00+00/xn

a2y 21) = -xk

a{22,23) = (8.00400)/xa
a(23,22) = (-2.00+00) #xk
a(23,24) = 7.00400/xa

a(24,23) = (-3.00+00) #xk
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3{24,23) = 6.00400/xa
2(25,28) = (-4,0D+00) #xk
a{23,28) = 5.00400/xn
3(26,25) = {-5.00+00) #xk
a(26:27) = 4.00400/xa
a(21,26) = {-6.00400) #xk
(21,28} = 3.00400/xn
(28,21} = {-1.00+00) #xk

a{28,2% = 2.00+00/xa

a{29,28) = {-B.0D+00)#xk
a{29,30) = 1.0D400/xa

a{36,29) = (-9.00400) #xk
a(22,31) = -9/6.00+00

a(23,32} = -9/3.00+00

a{24,13) = -9/2.0D400

2{25,38) = {-2.00400)#9/3.00+00
3(26433) = (-5.00+00)#9/6.00+00
3(27,36) = -9

a{28,37} = (-7.0D+00)#g/6.00+00
2(29,38) = (-4.00+00)#9/3.00400
a{30,39) = {-3.00400)#9/2.00+00
ald1d2) = 11.00400/xx
al3z, i) = -xk

all2, 33} = 10.00400/xn
al13,32) = (-2.0D+00) #xk
a{33,34) = 9.00+00/xa
ald433) = (-3.00+00) #xk
a(34,35) = 8.00+00/xa
a(15;34) = (-4.0D+00) #xk
a{35:36) = 7.00400/xa
alds,35) = (-5.0D+00) #xk
al36,37) = 6.00400/xa
al37,36} = (-5,0D400)#xk
a{37,38) = 5.00400/xn
al3d, 7} = (-7.00+00) #xk
a(38,39) 4.00400/xa
a(39,38) = (-8.0D+00) #xk
a{39,40} = 3.00400/xa
al40,37 = (-9.00+00) #xk
ald0,41) = 2.00400/xn
ald1,40) = (-10.0D+00) #xk
aldly42) = 1.00+00/xa

ald2, M) = {-11.00+00) #xk
al32,43) = -9/4.00+00

al33,44) = -9/3.00+00

alJ4,45) = -9/2.00+00

a(35,46) = (-2.00+00) #9/3.00+00
2(36,47) = (-5.00400)#g/4.00+00
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a{Jl48) = -9

a(38,49) = (-7.00+00)#g/5.0D+00
2(39,50} = (-4.00+00)#9/3.00+00
ald0,51) = (-3.00+00)#9/2.00+00
at#t,52) = (-5.00+00)#g/3.00+00
a({42,53) = {-11.00+00)#9/6.00+00
alddy44) = 1300400/ xa

a{l4,43) = -xk

al44,45} = 12,004+00/xn

ald5,44) = (-2.00400) #xk
a{d5,48) = 11.00+00/xn

a{db,45) = (-1.00+00) £xk

al4b 47} = 10.00400/xn

aldl 4b) = {-4,0D+00) #xk
a{47,48) = 9,00400/xm

a(48,47) = (-5.00+00) #xk
a(4849) = 8.00+00/xn
al49,48) = (-6.0D+00)#xk
a(49,50) = 7.00400/xa
3(30,49) = (-7.00+00}¥xk
(50,31} = 6.00400/xn
(51,30} = (-8.0D+00) #xk
(51,32) = 5.00400/xn
(52,51} = (-9.00+00) #xk
(52,33} = 4.00400/xn
{33,521 = (-100+00) #xk
(33,54} = 3.00400/xa
2(34,33) = {-11.0D+00} #xk
a{54,35} = 2.00400/xn
3(35,54) = (-12.00+00) #xk

(53,58} = 1.00+00/xn
2(56,55) = (-13.00+00) #xk
if(idoprint) then
) Hrite out A matrix....
vrite(t,"{"’ Portion of A matrix used isi '')' )
write{d,' (*" Portion of A matrix used iss '')" )
do 1180 k = {y n
write(®," ("' rov ""4i3M') k
write(dy? (' " BUEB.4, %), /) ) Lalkyi)y i = Ly0)
1180  continue
do 1190 k =1y n
weite(dy' "' row "'4i3M') K
weiteldy ' (' " BUE8. 4024 /) ) Lalkyj)y j = Lin)
1190  continue
endi f
yrite(d," "' "7, 11{{H8))" )
veite(dy' ("' "\ 71(1HE))" )
write(S,' (""" TL{tHE))' )
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HHHEH
Proceed to get eigenvaluss of the A matrix.
naty = 0 get eigenvalues oniys matz = 1 get eigenvectors also
matz = 0
M = neax
Use the driver routine RUHESS to get eigenvalues.
call rubessinmensa weywi0yz,ivl, vl ierr)
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¢ 130

Unpack eigenvector values from the NxN I array, per
instroctions and code from Sectisn 2.3-6 of the Eispack Guide
pages 88-89

do {50 k=1,
iftvilk) .ne. 0.0) go to 110
do 100 j =1y n
rljsk) = zdjk)
zitjsk) = 0.0

continue

go to {50

1flvitk) J1t. 0.0) g8 to 130
do 120 j = 4,

Zf(jj“ = Z“'H
7ilisk) = zljktt)
continue
go to 150
do 140 j =1y n
rljk) = 2rlfyk-1)
2iljok) = -2ifjk-1)
continue
continue
if{ierr .ne. 0) then
tflierr J1t. 0) then
vrite{#,''* Al least one eigenvalue failed to converge in 30
§ iterations. Failure occurred for eigenvalue having index, ''yi3
$)' ) ierr
vrite(dy' "' At least one eigenvalue failed to coaverge in 30
4 iterations. Failure accorred for eigenvalue having index, ''yid
8’ ) derr
vrite(5,' ('* At teast one eigenvalue failed ta converge in 30
§ iterations. Failure occurred for eigenvalue having indexy '*4i3
$)' ) ierr
veite(#y'{"" Terainating program—-IERR isd ''4i3)' } ierr
writeddy' ("' Terminating program—IERR is: "'413)’ ) ierr
write(5,' ("' Teraminating program—-IERR is: ''4i3)' } ierr
stop 00001
elseif(ierr .gt. 0} then
vrite(ty' ("' At least one eigenvalue failed to converge in J0
4 iterations. Failure accurred for eigeavalue having index, '',il
8 ) ierr
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vrite(dy'("" At least one eigenvalue failed to converge in 30
§ iterations. Failure accurred for eigenvalue having index, '',il
8 ) derr

write(5,"{'" At least one eigenvalue failed to converge in 30
§ iterations. Failure occarred for eigenvalue having index, ''4i3
§)' ) ierr

vrite(d," ("' Terminating program-—IERR is: ''4id)" ) ierr

write(d," ("’ Tersinating program-—-IERR is: '',i3)’ ) ierr

vrite(3," ("' Terminating prograa—IERR is: ''yid)' ) ierr

stop 00002
else
endif
else
) IERR is zeroy indicaling no convergence problems--print resylts
writel{,'{*’ "y

writeld,'{'’ i A
¢--)  Perforn sorty if requested....
if(dosort) then
) Sort eigenvalue magnitudes on all partitions except the first
do 2500 j = 1, npartshn - {

1svap = .FALSE.

do 2800 k = kpartsha(j) + f, kpartshaij+i} - 3

if{ .not. (dabs{wr(k}) .ot. dabslvr(kt2)) .or. dabs{wi(k)}

) .ot. dabstvi{k+2)) } .and. .not. Iswap ) then

tempr = wrlk)
wrlk) = wrlke2)
wriket) = urik+d)
v {k+2} = tempr
vr{kt3) = -tempr
teapi = vilk)
vilk) = vilkt2)
vilk#t) = vilk+d)
vilk+2) = tempi
vilktd) = -tempi
Isvap = .TRUE.

endif

2800 continue
2500 continge

endif
write(Sy' U7 /4/#[4[3 /3] [414]4[ 413 ]4]4[4]4] 441414 ] 41417 1))
do 300 i=1,n

10 (1.0q. (kpartsha(1)41)) .or. (i.eq.(kpartsha(2)+1)) .or.
] (i.e9. (kpartsha(3}+1}) .or. (i.eq.{kpartshald)+1)) .or.
b li.eq.(kpartsha(5)+1)) .or. (i.eq.{kpartsha(b)+i}) )
¢ vrite(#,"{"’ )
1 (i.eq. (kpartshall)+1)) Lor. (i.eq. (kpartshn(2)41)) .or.
{1.eq.(kpartshn(3}+1)) .or. (i.2q.(kpartshnid}+1)) .or.
(i.eq.(kpartshn(5)41)) .or. (i.eq.(kpartshn{8)+1)) )

e O
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] write{d,' (" N
veite(#," ("' {="''4i3,"" EIGENVALUE: '’,D16.10,1x,D16.10,""
(1 'Y ) iy erlidy wild)
vriteldy' ("' i=""4i3,"" EIGENVALUE: '',D14.10,1x,D15.10,"’
$ (1) 'V ) iy weli)y wili)
) Write eigenvalues to output file for program use ....
write(5,' (046.1042%,016.10)") wrli), wili)
300 continue
endif
write(#,' ("' "', 71{{H8))' )
write(dy' (' "'\ TH{{HE}}' )
close(d)
tlose(5)
end
CHEREEEEEE IS END of PROGRAM FIGVALSS ss3iiisiisiiiiidiiitit
it
$DEBUG
cHrraaRESUBROUTINE RUHESS (EISPACK Guide Medified RG) HEEHHEEEEHEIEE
cHHEEHHEE Source listing takea from B.T. SMITH et. al. 1979 Hisssss
ceapsristidtt  Matrix Eigensystes Rostines - EISPACK guide 2nd Ed #i3
CHEHHHH B H
€
¢ i MODIFIED 10/29/87 to ealy call balanc and har
C sH Since the input matrix is upper Hessenberg TLH
t

subroutine ruhessinmynsa vryviynatzyzyivi,fvisierr)
implicit real#d (a-h,0-2)

c
integer nonmyisiyis2,ierr matz
real#8 alnmyn)yurin)yviln)yz{nasn),fviin}
integer ivi{n)

c
ifln .le. na} go to {0
ierr =10 #p
g0 to 50

c

10 call dalancinmynsasistyis2, fvl)
c call elnhesinmynyisiyis2ya,ivi)
if(matz .ne. 0) go to 20
¢ i EEEEHE FIND EIGENVALUES ONLY Harsrsisipiiiiiiiiiiiii
call harlomynyistyis2yaguryviyiers)
g0 to 50
C trireeieaeeaeied FIND BOTH EIGENVALUES AND EIGENVECTORS #titiiid
20 call eltraninmynyistyis2,ayivi,z)
call harZinmynyisiyis2yagur viyzyiers)
iflierr .0e. 0) go to 50
call balbak({nmynyistyis2,fviyn,2)
50 return
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end
CHHERHHEREHEEEE  END OF SUBROUTINE RUHESS ¥3Eiissiitiifiisiiisssiss

LISTINGS FOR SUBROUTINES BALANC, HERy ELTRAN
AND BALBAK ARE CONTAINED IN
THE EISPACK GUIDE (SMITH et al, 1976)



APPENDIX B

FORTRAN LISTING FOR APPROXIMATION SCHEME EMPLOYING PUTIER
ALGORITHM WITH 20x20 TRUNCATION OF THE L MATRIX FOR THE
PERTURBED SHD

$DEBUS

)
(]

program putzer20
paraneter {naax=20,npartsha=4)
isplicit real#d {a-hyo-2)
dimension a{nmax,nmax}
dinension vr{nmax}, vi{nmax)
dimension linefolé)
conplextlb cainmaxynmax)y ceigval{nsax), cident{nmax,nmax)
complextib pfirst(nmax,nmax), psecond(omax,nmax); temp(2,nmax)
conplex#ib expmatt{2,naax)
conplex#ib ulnmax), ulinmax)y r_rkgillinmax}, r_last (nmax)
integer ny nsteps, kpartsha{npartshn)
integer#Z ihryiminuteisecond,i100th,iyr,inen,iday
logical doprint /.FALSE./
logical no_default_ev /.FALSE./
logical ichostep /.FALSE./
logical initialze /.TRUE./
character#Zd filename
character#24 ev_file
character#i? linsfo
character#! idoprint
character# iread_sv_file
charactert! istepans
coanon /matrices/ ca, cident, a
connon /pmatrix/ pfirsty psecoad
data ev_file /'(:\eigvalSh.pon )
data h/.100+00/
Define partioning structure of the matrix...
Ending partition indices are given by kpartsha(j) for
i = fyecernpartshn
Beginning partition indices are given by kpartsha(1)+1 for
1 = {;...¢0partshn-{
do 450 j = {, apartshn
kpartshn(j} = j#(j+1)

450 continge

weite(#,' ("' Iaput the values of my &,y gi''y/,

§'' Use the format:’',/,
' D8.4,1X,D8.4,1X,08.4"" ,/,
4'' 54.4D+XXbS4. dD+YYDSG.dDID' ' }')

read(#,1229) IN, XK, &

1229 feraat(1x,08.4,1x,08.4,1x,08.%)

194
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vrite(#," ("' Input the dimensionlorder) .le.'’,I3,'", of the A mat
drix.’')’ )} kpartshn(npartshn)
read{##) )
write(®,'('* Input initial values YZERD, and PIERD: '',/,
8’ Use the format:'',/,
&'’ D8.4,1X,08.4'"" ,/,
§'' Sd.dD+XXbSE.dD+YY'! }')
read{#,1231) xzeroy pzers
1231 format(ix,D8.4,1x,08.4)
=) nov get filename to use in vriting the output...
vrite(#,’ ('’ Please enter the filename to use in writing the outpu
-t )
read{#,160) filenane
open{d file=filenane,status="nev’)
vrite(#;' ("' Do you wish to enter the path and filename of the fil
e containing the computed eigenvalues? (Y/N)}'')')
read(#," (A1}') iread_ev_file
ifl{iread_ev_file.eq.'Y') or. (iread_ev_file.eq.'y')) no_default_ev
$ = .TRUE.
if{no_default_ev) then
write(t,' ('’ Enter eigenvalee data PATH and FILENAME''}')
read(#," (A24)') ev_{file
endif
openl7 file=ev_file,status="unknown’)
revind 7
write(#,' ("’ Input the init time, end time, and no.of steps.’’y/,
4" Use the foraati''y/,
&' 010.4,1X,010.4,1X,15'" /,
§'' 5d4.dddD+XXbSd. dddD+YYBS4I2A' ' 1)
read{#,1232) tbegin, tend, asteps
1232 format (1x,010.4,1x,010.4,1x,I5)
vrite(®,'(*' Default value of integration STEPSIZE is:'',D10.4)')
§h
vrite(#,' ("' Do you vish to change it? Enter (Y/N)'')')
read{z,’ {Af}') istepans
if({istepans .eq. v’} .or. listepans .eq. 'Y')) ichgstep = .TRUE.
tf{ichgstep) then
write(t,’ ({x,""Enter the value of integration STEPSIIE, use form
dat'' )"y
write(#,’ ({x,"'5d.ddddD+XX"’ }')
read(#," (D11.4)") A
vrite(s,' (D11.4)°) b
endif
vrite(#," ("' Input the time at vhich to check calculations.’’,/,
8'' Use the forsat:''y/,
' oL,
§'" Sdd.dddd+xx’’ )')
read (#,1233} tchkcalc
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1233 format{1x,011.4)
ifltchkcalc .gt. 0.0D+00) doprint = ,TRUE,
=) Calculate the increment to advance the time with
dt = (tend - tbegin)/dble(nsteps)
t0 = tbegin
t =t0
c--) CALL GETDAT AND GETTIN (DBTAIN SYSTEM DATE AND TINME)

call getdat {iyr,imon,iday)
call gettinm (ibr,iminutesisecond,if00th)
vrite(4,240)
vrite{4,2561) xa, xk, g
write(4,262) xzere, pzero
vrite{4,253)
write(d,264) thegin, tend, nsteps, dt, h
writel4,270)
veite(4,265) filenane
write(4,268) imony iday, iyry ihry iminute, isecond
C ..oourite data to output file for records ...
160 format{A24)
260 format({H o' SUMMARY OF DATA TO BE USED FOLLOWS:')
261 format(iH ' XM 15:',D40.4," XK IS: ',010.4,' & IS¢ ',D10.8)
262 format(iH ' XZERD IS:',D10.4," PIERD IS: ',D10.4," (USED IN BUIL
4DING INITIAL CONDITION VECTOR)')
263 format(iH o' TRANSFORMATION BOUNDARIES FOLLOW: ')
264 format(1H ' TBEGIN = ',D11.4," § TEND = ',D41.4," AND NSTEPS = ',
-16y/45%," DELTAT = *,D11.84/45x," AND RKG STEPSIZE IS: ',Di1.6)
265 format{iH ," QUTPUT DATA IS CONTAINED ON THE FILE CALLED- ',A24)
265 format{iH ' THE DATA ON THE ABOVE FILENAME WAS PRODUCED ON ',I2,'
=-'412y'-" 144/ +35x," AT APPROXIMATELY ',12,1H:,12,1H:,12)
210 format(iH ' EIGERVALUES PROCESSED TD RUN FROM LARGEST TO SMALLEST
- NITHIN EACH'/,'  PARTITION OF THE MATRIX.')
) Define the A satrix for 20220 truncatien......
do 1000 j = 1, »n
dof00i=1,n
aliy§) = 0.00400
1010  continge
1000 continue
¢-)  Define L (Upper Hessenberg) matrix for n=20 truacation....
a{142) = 1.004060/xn
al2,1) = -xk

3(243) = -9/6.00400
3(344) = 3.00+00/xn
a4y} = -xk

a(4,3) = 2.00400/xn
a{5,4) = -12.00400) #xk
al3s6) = 1.00400/xa
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(645} = (-3.00400) #xk

ald 7} = -9/ {.0D+00)
a(5¢8) = -g/3.00400
a(8,9) = -9/2.00400
al(l,8) = (5.00+00)/xa
al8,7) = -xk

a{849) = (4.00+00}/xa
a(9,8) = {-2.00+00) #xk
a(9,10) = (3.00+00) /xa
al10,9) = (-3.0D+00)#xk
ali0,41) = (2.00+00) /xn
ali1,10) = {-4.00+00) #xk
ali1,12} = {1.0D+00)/xa
ali2y 1) = {-5.00400) #xk

a(8,43) = -g/b.00+00

a(%,14) = -g/3.00+00

{10,151 = -9/2.006+00

alily16) = (-2.00+00)#9/3.00+00
al12,47) = {-5.00400)%9/6.00+00
al13,i4) = 7.00400/xm

a{id,13) = -xk

ali4,15) = 6.00400/xa

a(15,14) = {-2.00+00) #xk
a(13,18) = 5.00400/xa

a{16,43) = {-3.00400) #xk
a{16y17) = 4.00400/1a

ali7,16) = (-4.0D+00) #xk
ali7,18) = 3.00400/xn
al18,47) = {-5.00+00) #xk
a{18,19) = 2.00+00/xa
a(19,18) = (-6.00+00) #xk
(19,20} = 1.00400/xn
{20419 = (-7.00+00} #xk

alt4,21) = -9/6.00+00

al15,22) = -9/3.004+00

(16,23} = -9/2.00+00

al17,24) = (-2,00+00)%9/3.00+00
a{18,23) = (-5.00+00)#9/6.00+00
al19,26) = -9

a{20427) = (-7.00+00)49/6.00+00
a(214,22) = 9.00400/xa

a(22,21) = -xk

(22,23} = (8.00+00)/xa
3(23,22) = (-2.00400)#xk
a(23,24) = 7.00400/xn
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a{24,23) = (-3.00+00) #xk
a{24,25) = 6.00400/xa
a(25,24) = (-4.00+00) #xk
(23,26} = 5.00400/xa
2(26,25) = (-5.00+00) #xk
(26,27} = 4.00400/xn
al21,26) = (-5.00+00)#xk

(27,28) = 3.00400/xa
3(28,21) = {-7.00+00) #xk
2(28,29) = 2.00+00/xa
a{29,28) = (-8.00+00) #xk
a(2%,30) = 1.00400/a
2(30,29) = (-9,00+00) #xk

2{22,31) = -9/6.0D400

(23,32} = -9/3.0D+00

3(24,33) = -9/2.00+00

a{25,34) = {-2,00+00)#9/3.00+00
3(26433) = (-5.00400) #9/5.00+00
2(21,36) = g

al28,37) = {-7.00+00) #9/6.00+00
2(29,38) = (-4.00400)#9/3.00400
a{30,39 = (-3.0D+00)#9/2.00+00
a(31,32) = 11.00+00/xa
a{32:3) = -xk

a{32,33) = 10.00+00/xa
a(33,32} = (-2.00+00) #xk
a(33,34) = 9.00+00/xa

(34, 33) = (-3.00+00) #xk
a(34,35) = 8.00+00/xn
a(35,34) = (-4.0D+00)#xk
a(d5,36) = 7.0D+00/xa
a(38,33) = (-5.00+00) #xk
a(36,37) = 6.00400/xa
a{37,36) = (-6.00+00) #xk
al37,38} = 5.00400/xa
al38,37) = (-7.00+00) #xk
a(38,39 = 4.00400/xa
239,38} = (-8.0D+00) #xk
a(19,40) = 1.00+00/xa
a(40,39) = (-9.00+00) #xk
ald0,4f} = 2,00400/xa
ald1,40) = (-10.00+00) #xk
al#1y42) = 1,00400/xa
a(42,41) = (-11.00+00) 4k

a(32,43)
alll, 44

-9/6.00400
-9/3.00+00
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a(34,43) = -g/2.00+00
3(35,46) = {-2.00+00)29/3.00+00
a(J6y47) = (-5.00+00)#9/6.00+00

al37,48) = -g

a(18,49) = (-7.00+00)#9/6.0D+00

a{3%,50) = (-4.00+00) %9/3.00+00

a{80,31) = (-1,00+00)49/2.00+00

al#,52) = {-5.00400)29/3.00+00

2(42,53) = {-11.00+00)¥g/6.00+00
a(43,44) = 13.00+00/xn

ald4 43} = -xk

a(44,43) = 12.00400/xn
ald5,44) = {-2.00+00) #xk
(43,45} = 11.00+00/xn
al4b,45) = (-3.0D+00) ¥k
al86,47) = 10.00+00/xa
ald7,48) = (-4.00+00) #xk
a(47,48) = 9.00+00/xa
a(48,47) = (-5.00+00) #xk
a{88,49) = 8.00400/xa

a{19,48} = (-6.00+00)#xk
a{49,50) = 7.00+00/1a
2(50449) = {-7.0D+00) #xk
a{50,51) = 6.00400/xa
a{51,30} = {-B.0D+00) #xk
(51,52} = 5.00+00/xa
a{52,51} = {-9.0D+00} #xk
(52,53} = 4.00+00/xn
a{53,52) = (-10D+00) #xk
a{53y34} = 3.00400/xa
al54,53} = {-11.0D+00) #xk
2(54,55) = 2.00+00/xa
(55,54} = (-12.00+00) #xk
a{55:36) = 1.00400/xa
a(56455) = (-13.00+00) #xk

Hrite cut A matrix....
weite{#, ("' Portion of A matrix used is:
write{d,"(*' Portion of A matrix used is:
do 1180 k = §, n
veite(ty' "' rov ''4id)') &

vriteld," ("' "",6(011.54%)4 /)" ) {alkyj)y § = 14n)

1180 continue

o 1190k =1, n
veite(dy" ("' rov ''4i3)') K

vriteldy" ("1 6000500070 ) (alkyi)y § = 14n)

£190 continue

write(d,' {*7 7 TH{IHEY) )

ll)l )
’l)l )
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writeldy' U7 V', TH(1HEY) )
) convert matrix A into matrix CA, its complex fora
do 1230 jj =1y n
do {240 i1 =fy n
caliiyjj) = dompla( aliiyjjdy 0.00+00 )
1240  continge
1230 continue
) Fore the vector of complex initial valued basis parameters
u0({} = dempluixzera, 0.00400 )
u0{2} = dempluipzera, 0.GD400 )

e0(3) = dewplx(xzero#xzerotxzeray 0.00400 )
v0(4) = deaplx{xzerofxzerotpzero, 0.00400 )
g0(5) = dcaplx(xzerotpzerotpzera, 0.00400 )
u0(8)} = demplxlpzarotpzeratpzers, 0.00400 )

u{7) = dcaplx{xzerodxzerodxzerofxzerotxzera, 0.00+00 )
u0(8} = demplx(xzerotxzerodxzerodxzeratpzera, 0.00400 )
u0(9) = dceplx{xzerotxzerokyzerofpzerotpzera, 0.00+00 )
e0{10) = demplx(xzeratxzerodpzerotpzerodpzera, 0.00400 )
u0{11} = dcaplx(yzerotpzerotpzerotpzeratpzera, 0.00400 )
u0i12) = dcaplx{pzerotpzerotpzerctpzeratpzeroy 0.00400 )

u0{13) = dcaplx{xzerotxzero¥xzerotxzerobxzerokxzerotrzero,0,00+00)
u0{14) = deaplx{xzero#xzerodxzerokxzeroxzerodxzerotpzere,0.00+00)
v0{15) = domplx(xzerafxzerofxzeratxzerotxzerotpzerotpzera,0.00+00)
u0(16) = dcmplx{xzero¥xzerokxzero¥szerotpzerotpzerafpzero,0.00+00)
v0{17) = dcaplix{xzero¥xzerodxzerodpzerotpzerofpzerotpzero,0.00+00)
t0{18) = dcaplx{xzeroxzerotpzerotpzerotpzerotpzerotpzers,0.00400)
u0{i9) = deaplx(xzerotpzerotpzerodpzerotpzerotpzerotpzera,0.00400)
u0{20) = deaplx(pzerotpzerotpzerotpzerotpzerotpzerotpzero,0.00+00)
=) Build complex identity matrix of order n
do 1250 jj =1y n
de 1260 it =1y n
iflij .eq. ii) then
cident{iiyii) = dceplx{1.00400, 0.00+00)
else
cident(iiyjj) = demplx(0.00+00, 0.0D+00)
endif
1260 continue
1250 continue
(--) HEHH R R
C Read in the eigenvalues from the file EIGVALSA.PEM. (default) or
c fron previously entered file.
C First read past header containing info on physical constants
'Y used to chtain the set of eigenvalues, and file creation info.
¢
¢

--) Read file until the header is passed. The header is delilited
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c--) by a line that consists of the character string,
) HAR ]3]]I ]I ]2 143 [ [ 4 4]
--) as a delimiter.
) read to get past header on file known as 'ev_file’.
{441 read(7,’ (6{A12))" yend=213) linefo
if{{linefo(2) .eq. "#/#/4/4/+/4]') .or. {Vinefo(2) .eq.
$ /4[4 [4]414') ) then
go to 300
else
go to 1111
sndif
) re-set linefo.....
500 do 335 ik = 1,6
Jinefolik) = !
335 continge
¢—) ve vill open the file and read in the eigenvalues for the current
--) truncation of the L aatrix.
defdi=1,n
read(7,’ (D16.1042x,016.10) " end=225) weli), wili)
10 continue
c H48E Fora complex eigenvalue vector ......
do 300i=1;n
ceigval (i) = demplx{ wrlilywifi) )
300  continue
if{doprint} then
writel®,' ("' Complex eigenvalue vector follows: '')')
write{d,' ('’ Coaplex eigenvaiue vector follows: '*)')
d6351i=1,1
tfl {i.eq. (kpartshalfi+d)) or. {i.eq.(kpartsha(2)41)) .or,
{i.eq.{kpartsha(3)+1}} .or. {i.eq.(kparishaid)+1}) }
write(s,’ (" A
if( {1.eq.(kpartshai{i}+4)) .or. (i.eq.(kpartsha{2)#1)} .or.
] (i.eq. {(kpartshn{3)+1)) .or. (i.eq.{kpartsha{d}+{)) )
¢ write(d4,' ("' ")
weitel®" ("' 1 ='"yiJ,"" EIGENVALUE: '*,D14.8,1x,D14.8,'"{
)Y ) 1y welidy wili)
write(dy’'* 1 ='",i3,"" EIGERVALUE: '',D14.8,1x,014.8,"'(
8 ) dy welidy wili)
325 continue
endif
{all routine BuildP to build tvo storage areas. The first
PFIRST contains the first rov of the P matrix having indice
INDEX, e.g. PFIRST(INDEX,row). The second, PSECOND, contains
the second rov of the P matrix having indice INDEX, e.q.
PSECOND{INDEXyrov).
call buildp20{ceigval)
) Write out the PFIRST & PSECOND matrices, if requested ......
if(doprint) then

- -~
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writed®,’ ("’ PFIRST & PSECOND Matrices follow: '')' )
write(4,"("" PFIRST & PSECOND Matrices follew: *'')' )
do 70 k =1y n
write(®,' {(** P patrix index is '"4iJ)'} k
veitelsd," ("' row f '')")
vrite(®,' (' "7 b(611.4:1x)4/)" ) (pfirstikyj)y j = $yn)
vrite(dy' {*' rev 2 '')')
write(#,' ("' "' 0(611.4,1%)4/)" ) {psecond(kyj)y § = {40}
writels,’ (1x,70{1H-})")
70 continue
do M0 k=10
vrite(d,' {*' P matrix index is '"4i3)') k
yrite(dy' ("' rev i '')")
writeldy' ("0 ") 80611 4:0x),/0" ) (pfirstikyj)y § = L4n)
veite{dy' ' row 2'")")
writeldy' ("' "7 60611 441%)4/)" ) {psecondlk,jly § = 140)
write(d,' (1x,70(4H-}}")
470 continue
writeds,' (' "'\ H{H-))" )
writeldy' 7 "' UK=Y )
endif
¢ Heeea4243 BEGIN ITERATING IN TIME sResdisissiiiiisssiisd
weiteld, ("' H/414[4]4]4[4[4[4] 4[4 [4]4]2[2]4[2]3]' "))
write(dy' (7 H/4/4/4 4[4[ [ (411 [1[4]4[4[4]4]4[4]"")")
do 40 k={;nsteps + {
tlast = t
ifl{t .eq. 0.00400) .and. {initialze)) then
r_rkgill{1} = dompix{4.0D+00, 0.0D+00)
do B200 k1 = 2y n
r_rkgil (k) = domp)x{0.0D+00, 0.0D+00)
8200 tontinue
initialze = .FALSE.

else
c Define last values of the r_rkgill{n) vector for use as the
£ initial condition vector for the RKGILL iategration.

do 8300 kn = 1y n
r_last{kn) = r_rkgill(kn)
8300 continve
¢-=)  Get the entire set of polynomial functions, each evaluated at the
integrated time T, given that the set of polynomials have the
initial cenditions given by the values contained within the
the vector r_lastinl.....

Pass DT to determine the number of times to execute the Runge-
Kutta-6ill integrator routine.,.
call getrk20{hynyceigvalydtyr_lastyr_rkgillytlast,t)

¢
<
C
¢
¢
€

<
endif
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Initialize array to hold results of this particular time.
{iteration of deltal)
do 3050 i1 = {; 2
de 3060 jj =1y
expmatt{ii,yjj) = dcaplx{0.00+00,0.00400}
continue
continue
if({doprint) .and. (dabs(t - tchkcalc) .le. .020400}) then
do 8400 kn = 1, a
write{#," ("' For r sub ''4i3,"'y r is: '*,D14.8,2x,D14.8)")
kny r_rkgill{kn)
continue
do B500 kn = &y
writeldy' ("' For r sub ''5idy""y ¢ it '’ D14.8,2%,014.8)")
kny r_rkgill{kn)
continge
endif
Calculate the teras in the Putzer sumy accusulating the sua
continucusly
do J0O000 index = {4 n

do 3100 jj= 1y n
temp{tyjj) = r_rkgilllindex)#pfirst(index,jj)
teap(24jj) = r_rkgill{index)#psecondiindex,jj)
continue
##t (alculate the term of the Putzer sum depending on index.
##t  Then add to the first index-1 sums stored in expsatt.
do 3200 i1 = {, 2
do MG jj=1 0
expaatt(ii;jj) = expmatt(iiyjj) + templiiyjj)
continue
continge
cantinue

¢--} Initialize the u vectar to zero.....

50000

do 50000 i =1y n
gli) = deaplx{ 0.0D400, 0.00+00)
continue

¢--} Fora the coerdinate vector for time t

90110
50100

do 90160 i = 1, 2

do 90140 j =1, n

uli) = uli} + expmatt{i,j)#ulij)

continue
tontinue
2 = dreallu(l))
paom = dreal{u(2))
W‘it!“y'(1!10“.4;3X1D”-912X|D”.9)' ) t, Xy phod

40 continue

vrite(d,' ("' "' T1(1HE))' )
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vriteldy' ("7 U ) )
tlose(d)
go to 99999
245 weite(®,' ("' EOF found in header of eigenvalue data file: '',AH)
t') ev_file
write(®," ' *"yTH{IHE) )" )
veitedd, ("' " H{1HE))" )
closeld)
stop 00215
225 yritel#y' ("' EOF found vhile reading eigenvalue data on file: '’,
3A24)°) ev_file
write{#y'{*'' " 71UHE) )" )
write{dy' (' "'y THUREYY )
closeld)
step 00225
99999 continue
end
CHHE PR AEEE  END of PROGRAN PUTIER2) HEiSssifiissiiiiiitiiiss
it
$DEBUGE
subroutine buildp20(ceigval)
CHAH S H  H H E  H H E E  HH E R
ciireet  This subrowline builds the P matrix of the Putzer Algoritha, #
ciHprtEE Necessary eigenvalues are supplied via the calling line, The #
ciHrEtEE range of cosplex matrix P is returned. The entire set of P ###
cHEFHE patrices is calculated, SEEEEEHHHHEREFHIBMEERESHHEEBEHHEIINE
CHHHH I B S
paraneter (nmax=20)
inplicit real#d (a-hy0-2)
integer 8
conplextis plnmaxsnmax}y flomax,nmax}, pold{nmax,nmaz)
conplex#ih pfirst{nmax,nmax}, psecond{nmax,nmax)
conplextié calnmax,nmax}, cident(nmax,nmax)
complextis ceigval {nmax)
comnon /matrices/ ca, cideaty n
comaon /pmatrix/ pfirst, psecond
t--) Initialize the siorage area o fthe first tvo rows of the entire
t range of P matrices. REMEMBER, index is the subscript of the
C P aatrix.
do 110 jj =1y 0
do 120 index = {, n
pfirst{indexyjj) = dcapix(0.00+00, 0.0D+00)
psecond{index,jj) = demplix(0.00400, 0.00+00)
120 continue
110 continue
¢-->  Define the first two rovs of P sub 0 § store using index of 1§
pfirst{i,4) = demplx(1.00400, 0.00+00)
psecond(i,2) = dcmplx(1.00+00, 0.00+00}
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c-=)  Initialize the pold matrix to the complex identity matrix.
do 400 jj =1, n
do 410 i1 = {;
poldliiyjj) = cident{ii,jj)
40  continue
400 continue
¢---) Compute the remainder of the P matrices using recursion -——--—--
do 4000 index = 2y n
do 500 jj=1yn
do 510 ii = 1y n
iflil.eq.jj) then
fliiyii) = caliiyii) - ceigval{index-1)
else
fliiyjj) = caliiyji)
sndif
510 continge
500 continue
c--) Now compute P using the P matrix just calculated....
do 600 1j = 4, n
dobi0 kj =1, n
do 700 k1 =1, n
plijski) = plijokj) + f{ij kP epaldikl ki)
700 continue
510 continue
600 continue
-2 Transfer P matrix to POLD watrix.....
do 800 j=1y0n
doB810i=1,n
poldliyj) = pliy))
810 continue
800 continue
) Save first two rows of the P matrix sun INDEX for Puizer
4 calcolations....ee.
do900i=1,2
pirst{index,i) = pUi,1)
psecond{index,i) = p(2,1)
900 continue
=) Re-initialize P matrix for matrix aultiplication loops.
do {200 k = {,
do {210 j =1, n
pliyk) = dcaplx(0.00400, 0.00400)
1210 continye
1200 continue
4000 continue
return
end
ciiiiisiisssiaaisaess END OF SUBROUTINE BUILDP20 s#ssstiiisdiiisiiiss
it
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subroutine getrk20(hsnscval,deltat,r_begin,robegin_tine,end_time)
CHEHH S R R R 4

cHHEH
CHEEEEEE
cHEHEHE
CHEH R
cHiHH
CHIHE
cHEHHE
cHEE
cHEHE
CEHEEEEEE
cHHHEHE
CHEHH
cEEEHH
cHEH
CHEHH
CHEHH
cHEEREEE
cHEEHEEE
CHEHE
cHHHH
CHEHH
cHEE
CHHHH
CHEIE
cHEREREE
cHEHEH
cHEEH
CHEHH
CHEEEEHE
CHEIEE

This subroutine finds the numerical values of the palynomial #
functions R sub K by performing Runge-Kutta integration upen #
the entire set of N simultaneous first-order linear HEEEHIEHHE
differential equations. The integration is carried out from #
BEGIN_TIME to the value contained in the variable END_TINE. #
The variable R_BEGIN contains the values of R valid at the &8+
tine BEGIN_TIME, and thus contain the initial conditions of #*
the integration, #HHEIFEERREHEEREEREIEHEEIEHIBSEEEEEEHIEEEEE
The array (VAL contains the set of complex eigenvalues for #i#
the truncation being solved. The Runge-Kutta routine for N #
siaultaneous linear first-order equations is taken from #4438
Appendix C of the book VISCOUS FLUID FLOW by FRANK M. WHITE #
1974 Mchrav-Hill pp. 675-478 HEEEEEHESEERIEFETHEHEHIEEEE
The systes to be solved can be represented by the folloving ##
natrix equation. IDNNNNIMMMMIMNINININNININN 4

#H
- - - - - - u
i oot valll) 0 0 .eeiiiienenenee 0 i) 1
- T S B 7 KV R B Y4 N °
e =100 fovali) 0 .svnnnnnnl0 L 0 (3) 1 1
HE i B I 0 tcovalho...... 03 .1 oH
H [ S T 0 0 foval(5)0...0101%F .+ #
H I « o 0V V0.0 R
H . P U 2N R |
H HE 0 0 0 .. fcvalladi |irin): &
- - - - - - u

"

HE

This subroutine builds only these polynomials for the 20220 ##
truncation of the L satriy. SESSEERREBETEEREEEE8EE3EE000EEEES

CHEHHHF I F S S
paraneter (nnax=20)
isplicit real#8 {a-h,0-2)
integer my ny kontrol
integer ul_steps, knt_steps
cosplextid rinmax), rdot(nmax), cvalinmax), r_begin{nmax)
data 10/0.0D+00/
¢--) Initialize Runge routine variables, control index (a)
=0
¢--) Determine the total number of steps {ul_steps) to make vith Runge-

Kutta-61l11 routine executing stepsize of H to advance solution

from begin_time to end_time.....

vy = deltat/h
iflyy J1t. 1.00400) stop 00111
dtt = deltat
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klin = idint{yy)
do 4545 jh = 1, Klia ¢+ 2

dtt = dtt - b
if((dtt - 0.00400) .le. 1.00-08) go to 4330

4545 continge

4550 ol_steps = jh

¢—) Initialize step counter (knt_steps......
knt_steps = 0

=)
c

Initialize the r polynomial vector to values at time

t = begin_time

do 2300 jj =1, n

rlji) = r_begin{j})

2300 continae
t = begin_time

€

B iflknt_steps - ul_steps) 47,7

& contince
call ronge20{nsryrdot,t h,mskontrol)
go o (10,20) koatrol

4

Define first-order derivatives of the systes....

10 rdot{1) = cval(}#r (i)
do 3300 kj = 2y »

rdot (kj) = elkj-1) + cval(kj)erckj)

J300 continue

go to b

20 continue
kat_steps = knt_steps + 1
go to &

T continue
end_time = t
return

end

cHEEH R R aREaaEE END OF GETRKZ0 HES3ssistiHHBHEHHIHHIHIH

it
$DEBUG

subroutine runge20{nyy,f,xsh mykontrl)
CHEH M H I H I I R

(822224
(€222221
(822233224
(§22233224
(2222224

This subreutine perforas Rusge-Kutta integration by the Gills#
nethod. The Runge-Kutta routine for N ERRHERRERREEEHEREEEELEE
sisultaneous lipear first-order equations is taken from Hirass
Appeadix C of the baek VISCOUS FLUID FLOW by FRANK M, WHITE #2
{974 Mchraw-Hill pp. 675-H78 HEEHHREHREHFEHEEIEHELEEEEEEILENE

CHHHHH I I H P H I
paraneter (nmax=20)
implicit real#d (a-h,0-2)
integer my 8y koatr!
conplextih ylnmax)y flnmax}, q(nmax)

ptd
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go to {1:4,5,3,7) »
{do2i=1n
q{i} = dcaplx{0.00+00,0.00+00)
2 continge
a = 0.50+00
go to 9
J a = 1,7071067811845475244D+00
§ x = x + (.50400)#h
S5d8bi=1
yli) = v(i} + ae{f{i}2h - q(i))
qli} = (2.00+00) #ashf (i) + ((1.0D+00) - (J.0D+00)#a)¥q(i)
& ceatinue
a = ,292832188134524756D+00
go to 9
Tdad8i=1;n
y{i) = y(i) + b#F0I)/(6.00400) - q(i)/(3.00400)
B continge
=0
kontel = 2
g0 to {0
9 kontrl = 4
10 continue
return
end
CHEHEIEEEIEEEEE  END OF SUBROUTINE RUNGE20 #333BSsisifiiiiiisiiti



APPENDIX €

FORTRAN LISTING FOR "EXACT® RUNGE-KUTTA-GILL NUMERICAL

$DEBUG

INTEGRATION OF THE PERTURBED SHD

PROGRAN SOLVEHAN

(HHHI
CHHHHHHHHH I HH R I

RITITIIT)
(H3EEEEE
(HEHEEEEE
(se3eesd
RITTEITT
(HEHEEEE
[ss3a88
(33383844
(RITTTTTE]
RETTIITY
RTITETE]
(HEEEE
IR SETIEET]
REIIIIIT)
(aseaiiss
(HEE3HEEE
IRIITIEEY)

321

This program solves 2 specified Hamiltonian by integrat- ##

ing the resuitant Hamilton's equations using a general-Hi#
ized fourth order RUNGE-KUTTA technique employing Hi
GILL'S method, HEHFFEEREIREHEHEHEHEIHEEEEEEREIEEEEEEHE
The Rumge-Kutta routine for N simultaneous linear Hi
first-erder equations is taken from Appendix C of the ###
book VISCOUS FLUID FLOM by FRANK M. WHITE 1974 McGrav- ##
Hill pp. 675-678 vhich implements GILL'S method of 1
Runge-Kutta integration. HE3SHEETHESERHMEHEHEREHNINE

The program prospts the user for a filename {DOS) to Hi

vhich it vill write the data. As written, at most  #3#

500 data points will be written. i
T3
H= Psp/(2eM) + .5 K X3f + GEYsYe{s)/4! Hi
i
$Hi

(HE I HH I HH
CHEH S P T HH

{

PARANETER (NMAX=2)
INPLICIT REAL®8 (A-H,0-1)
INTEGER¥2 IHR, IMINUTE,ISECOND,I100TH,IYR, INON, IDAY
LOGICAL ICHGSTEP /.FALSE./
LOGICAL INITIALZE /.TRUE./
CHARACTER#24 FILENAME
(HARACTER#H  ISTEPANS
DINENSION Y(2), Y_LAST(2)
DATA H/.100+00/
C--) CALL GETDAT AND GETTIN (OBTAIN SYSTEM DATE AND TINE)
CALL GETDAT (IYR,IMON,IDAY)
CALL GETTIN (IHR,IMINUTE,ISECOND,I100TH)

«..READ SYSTEM DATA

WRITE(#,' ("' Input the values of my ky 9i'',/,
8'' Use the format:'’,/,

§'' 08.4,1X,08.4,1X,08.4"" 4/,

' Sd.dD+XXbSd. dD+YYDSE.dD+I1"' )')

209
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READ{#,1230) XM, XK, &
1230 FORMAT{1X,08.4,1X,08.4,1X,08.4)
WRITE(#,’ ("' Input initial values XIERD, and PIERD: *',/,
§'' Use the format:'’y/,
&' DB.4, X084 4/,
4"’ Sd.dD+XYbSd.4D+YY'" )")
READ(#,1231) XZERO, PIERD
1231 FORMAT{1X,D8.4,1X,08.4)
WRITE(#,’ ("' Input the init time, end time, and no.of steps.'’'y/,
3'' Use the formati'’,/,
8" D10.4,1X,D10.4,1X,15'" 4/,
&'" 5d.dddD+XXbSd.dddD+YYBSA32L' " )}
READ(#,1232) TBEGIN, TEND, NSTEPS
1232 FORMAT(1X,D10.4,1X;010.4,1X,15)
BRITE(#,’ ('* Default value of integration STEPSIZE is:’’,D10.4)’)
g H
WRITE(%y' ("' Do you wish to change it? Enter (Y/N)'')')
READ(®,' {A1}') ISTEPANS
IF({ISTEPANS .EQ. 'y') .OR. (ISTEPANS .EQ. 'Y')) ICHGSTEP = .TRUE,
IF(ICHGSTER} THEN
BRITE(#,' {1x,' 'Enter the value of integration STEPSIZE, use fora
gat'’ ")
NRITE(%," (1x,''5d.ddddDeXy’" }')
READ(#," (Dt1.4)°) K
WRITE(®," (D14.4)") H
ENDIF
{--) CALCULATE THE INCREMENT TO ADVANCE THE TIME WITH
DELTAT = (TEND - TBEGIN)/DBLE(NSTEPS)
T0 = TBEGIN
(--> Initialize Runge routine variables, control index (M)
N=0
{--) now get filename, starting time and tise step for x and p
NRITE{%," "’ Please enter the filename to use in writing the ocutpu
_t:ll)l )
READ{%," (A24)"} FILENAME
- «..OPEN FILE TO SAVE INTEGRATED VALUES OF Y(1), AND Y{2) {X,P}
OPEN{4,FILE=F ILENAME ,STATUS="NEW')
{ «eawrite data te output file for records ...
259 FORMAT(1H ,'RUNNING 4TH ORDER RUNGE-KUTTA GILL INTEGRATION ON THE
$DATA BELON.')
260 FORMAT(1H o' SUMMARY OF DATA TO BE USED FOLLOWS:')
261 FORMAT(iH ' XM IS:',010.4," XK IS: ',D10.4,' & I5: ',D10.4)
262 FORMAT(fH ,'XZERO IS¢ ',D10.4," ; PIERD I5: ’,010.4)
263 FORMAT(IH ,’ INTEGRATION LIMITS FOLLOW; NSTEPS 15 ', 16)
2b4 FORMAT(1H ,'TBEGIN = '(Di1.b,' § TEND = ',D11.4," DELTAT = ',
- M1.44/,5X," AND RKE STEPSIZE IS: ',D11.8)
265 FORMAT(1H ,’DUTPUT DATA IS CONTAINED ON THE FILE CALLED- ',A24)
266 FORMAT({H ,* THE DATA ON THE ABOVE FILENAME WAS PRODUCED ON ',I2,’
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='412y'-'418,/,35x," AT APPROXIMATELY ',12,4H:,12,1H:,12)
C ««..WRITE DATA TO SCREEN FOR VERIFICATION ...

WRITE(#,259)

WRITE (2,260}

WRITE(#,261) XM, XK, 6

WRITE(#,262) YIERD, PIERD

WRITE(#,263) NSTEPS

WRITE(#,264) TBEGIN, TEND, DELTAT, H

WRITE{#,265) FILENANE

WRITE{(#,266) IMDN, IDAY, IVR, IHR, ININUTE, ISECOND

BRITE(R," ("' #/4/4[4[] 413121 414[4]4]4]4]4[4]2]4]'"}")
(>  WRITE DATA TO DUTRUT FILE...

WRITE(6,259)

WRITE(6,260)

WRITE{6y261) XNy XK, 6

WRITE{6,262) XIERD, PIERD

WRITE(6,263) NSTEPS

WRITE(6,264) TBEGIN, TEND, DELTAT, H

WRITE(by265) FILENAME

WRITE(b,266) IMON, IDAY, IYR, IHR, IMINUTE, ISECOND

WRITES' ("' HI4[4[2 14 [+ [4I 4114 [4]413] 413 1))

{
C oo INITIALIZE NECESSARY VARIABLES
N = NNAX
T0=10.0
T=T0
¢
DD 44 K=1, KSTEPS + {
TLAST =1
IFUIT JEQ. 0.0) .AND. {INITIALZE)) THEN
Y({) = XIERD
Y{2) = PIERD
INITIALIE = .FALSE.
ELSE
{--> Define last values of the Y(N) vector for use as the
{ initial condition vector for the RKGill iategration.
Y_LAST(1) = Y({)
Y_LAST(2) = Y(2)
C--> For the time T, get the entire set of the Yin)
¢ functions, each evaluated at the time T, given that the set
C has the initial conditions given by the
) values contained vithin the vector Y_LAST(n).....
C
{ Pass DT to determine the number of times to execute Runge-Kutta-
{ fill routine

CALL DORKG(NyXM,XKy64DELTAT,HyY_LAST,Y,T_LAST,T)

ENDIF
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(- Write values to the output file......
WRITE(by' (4x4D12.5,4x,015.9,4x,015.9)" )} T, Y{{}, Y(D)
44 CONTINUE
¢ «osLLOSE OUTPUT FILE.....
NRITE(®y' {** "' (7L U{HE))" )
WRITECH, " (* "'y 71 (1H8})" )
ENDFILE §
REWIND &
CLOSE(8)
END
CHEHI IR RIS END OF SOLVEHAM HSsiSBBESRdsiHHIIH
$DEBUG
SUBROUTINE DORKG(N,XM,XK&8,07,H,Y_BEGIN,Y,T_BEGIN,T_END)
CHH I H H B S R
(EE1388E H
(aea33 THIS ROUTINE SERVES AS THE INTERFACE TO THE RUNGE-KUTTA-GILL#3#
Craxtaes SUBROUTINE rkaill. IT CONTROLS THE NUMBER OF TINES THAT 33
Crasxsed  THE RUNGE STEPS OF rkoill ARE EXECUTED. IT IS DESINED TD #3
Cazxsss ADVANCE THE SOLUTION OF Y AT TIME T_LAST, Y_LAST, 10 THE #3s
Crapeset THE SOLUTION VALID AT TINE T, GIVEN BY Y. MR-
CHH I I H U R R L L R
CHER R R 4
PARAMETER (NMAY=2)
INPLICIT REAL#8 (A-H,0-1)
INTEGER M, N, KONTROL
IKTEGER DELTAT_STEPS, KNT_STEPS
DINENSION F(2), Y{2), Y_BEGIN(2)
DATA FACT3/6.0D40/, FACTA/24,00+0/
(--> ODeternine the total nuaber of steps (DELTAT_STEPS) to make vith
¢ Runge-Kutta-Gill routine executing stepsize of H to advance
{ solution by amount DELTAT, from T_BEGIN to T.....
YY = DT/
IF(YY (LT, £.0) STOP 0011
IT =101
KLIN = IDINTIYY)
{ Do loop used to get precise correct value for DELTAT_STEPS
DO 4545 JH =1, KLIM + 2
DIT=01T-H
IFC(DTT - 0.00+00} .LE. 1.00-94) &0 YO 4550
4545 CONTINUE
4550 DELTAT_STEPS = JH
{--) Initialize Runge routine variablesy control index ()
=9
{--) Initialize step counter {knt_stepsi......
KNT_STEPS = 0
T = T_BEGIN
Y{1) = Y_BERIN(1)
Y(2) = Y_BERIN(2)
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¢
{
£ voesCALL ON 4-TH ORDER RUNGE-RUTTA-GILLS FUNCTION
8 IF(KNT_STEPS - DELTAT_STEPS) 47,7
& CONTINUE
CALL RKGILL(R,Y,F,T,H,M,KONTROL)
60 10 (10,20) KONTROL
£ Define first-order derivatives of the systes....
10 F{1) = Y(2)/10
FI2) = =(XK + (G#Y(1)3Y{1}}/FACTI)#Y{1)
G0 T0 &
20 CONTINUE
KNT_STEPS = KNT_STEPS + {
6070 &
7 CONTINUE
TEND =1
RETURN
END
(eprraaassssiaaaesssr END OF DORKE #33BSisibiidiiistissssiisstiissts
$0EBUG
subroutine rkgill{neyofyxshymikontrl)
CHH I S H M
criidet This subroutine performs Runge-Kutta integration by the 6illst
cedsriet pethod. The Runge-Kutta rowtine for N SSRFRERREREBHBHEEEIIHS
cHiHrbE:  sinultaneous linear first-order equations is taken from ¥#edss

cirtiitt Appendix C of the book VISCOUS FLUID FLOW by FRANK M. WHITE #
cHieeert {974 McGrav-Hill pp. 475-478 HEFHHHEFHHIHHIHEHEHI

CHHHH T
paraseter {nnax=2)
ieplicit real#d {a-hyo-2)
integer ay ny kontrl
dinension yinmax), finmax)y q{nmax)
gt
90 to “14151317) ]
{do2i=1yn
q(i} = 0.00+00
2 continue
a = 0.50+00
go to 9
J a = 1.70710678118654752440+00
4 x =1+ {.50400) #h
5dobi=1a
yli) = y(i) + ak(f{i)#h - qli})
qli) = (2.0D+00) 2ash#f (i) + ((1.00400) - (J.0D+00)#a)#q{i)
6 continue
a = .2928321881345247560+00
go to 9
TdoBiz=1,n
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yli} = yli) + h#f(1)/(6.0D400) - q(i}/(3.00+00)
§ continue
=90
kontrl = 2
go to 10
9 kontrl = 1
10 continue
return
end
CHER R END OF SUBROUTINE RKGILL S333sBBisisitddiiiitisiis



APPERDIX D

FORTRAN LISTING FOR EIGENVALUE CALCULATION USING EISPACK
HER SUBROUTINES FOR 54x34 L MATRIX TRUNCATION OF PERTURBED
SHO WITH DRAG FORCE

$DEBUG
progran eviddrag
paraneter {naax=54,npartshn=9)
inplicit real#d (a-hyo-2)
real#d alnmax,nmax)y z{nmax,nmax}, vr(nmax), vi{nmax), fvi{nmax)
real#d 1my xky g
¢ real zrinmaxynmax), zi(nmax,nmax)
logical idoprint /.FALSE./
logical lsvap /.FALSE./
Togical desort /.FALSE./
integer ny nmy matz, ivi(nmaxi, ierry kpartshn{npartsha)
integer index_zers
integer#2 ihr,iminute,isecond,i100thyiyr inon,iday
character#24 filenase
character24 filenamel
character#{ mansver
character#! idosort
data factd/6.00+00/
=) Define partioning structure of the matrix...
¢-) Ending partition indices are givea by kpartshalj) for

¢ i = {y...ynpartshn
C Begianing partition indices are given by kpartsha(l}+1 for
c 1 = {y...onpartsha-1

do 450 j = 1, npartsha
kpartshalj) = ( ({{jHIR(+20/2) - 1)
450 continue
write(#," ("' Input the values of my ky 9¢ (in SX.XXD#00) format’')
i)
write(#,’ (*7 SLYXXD+00 SY.XXD+00 SY.XXD+00'')')
read (£, 4111} xmy 2k, o
{111 format{D9.4,1x,09.4,1x,09.8)
write(s,' ("’ Enter the value of alpha, the drag coefficient: (in §
AL XXXLXD+00) format’')’)
yritel#,’ ("7 SLIXIXXD400'')")
read(#,1112) alpha
1112 format{012.5)
veite(#,' {'’" Input the dimensionforder) .le.'',I3y''y of the A mat
drix.’’)’ } kpartshn(npartshn)
read{#,t) n
write(,’{"" Do you vant the matrix printed out? y or n '*)')
read(#,130) nansver

215
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1f{(sansver .eq. 'y" ) .or. (manswer .2q. 'Y')) idoprint = .TRUE.
vrite(#," ("’ Do you vant the eigenvalues sorted in monotonic decr
§ order? {y or 2} '*})
read{#,130} idosort
if({idosort .eq. 'y' ) .or. (idosort .eq. 'Y')) dosert = .TRUE.
--) nov get filename to use in vriting the output...
write(#,' ("' Please enter the filename to wse in writing the sutpu
_t:ll)l )
read{#,140) filename
open{dyfife=filenane,status="nev’)
-} sov get filename o write eigenvalues to be read by another
C PrOOraReecnans
write(#," ("' Please enter the filename to use te write data for pr
-pgram accessability.’'})’ )
cead{#,140) filenamef
open{Syfile=filenaned status='nev')
¢--> CALL GETDAT AND GETTIM (OBTAIN SYSTEM DATE AND TIME)
call getdat {iyryimon,iday)
call gettia {ihryiminute,isecand;i100th)
vrite{4,180)
write{4,240)
write(d,261) xmy xk, g
write(4,262) alpha
if{dosort) write(4,270)
write(4,265) filenane
write(4,266) imon, iday, iyry ihry iminute, isecond
vrite(5,180}
write(5,260)
write(5,261) xay xky g
write(5,262) alpha
if(dosort) write(5,270)
write(3,263) filenamei
vrite{3,26b) imen, idays iyry ihr, iminute, isecond
s .oowrite data to output file for records ...
130 format (A1)
160 format(A24)
180 format(iH ,' OBTAINING EIGENVALUES OF MATRIX L WITH DRAG TERMS ADD
4DED: ")
260 format(1H ,’ SUMMARY OF DATA TO BE USED FOLLOWS:')
261 fermat(iH ' XM IS:'(D10.4," XK IS: ',D10.4," & IS: ',D10.4)
262 forsat (1§ ,' DRAG COEFFICIENT ALPHA IS: ',D12.5)
265 format ({H ' OUTPUT DATA IS CONTAINED ON THE FILE CALLED- ',A24)
2bb format{1H ," THE DATA ON THE ABOVE FILENAME WAS PRODUCED ON ',I2,’
“,112""1“1I135X|' AT APPRﬂXIHATELY '1121“’“,12;”":112)
270 format (i ' EIGENVALUES PROCESSED TO RUN FROM LARGEST TO SMALLEST
- WITHIN EACH'y/4"  SUB-PARTITION OF THE L MATRIX.")
=) Define the A matrix for 54x54 truncation....Drag teras added..
do 1000 j = 1, nmax
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do 1000 i = 1, nmax
aliyj) = 0.000+00
1000 continve
¢=-}  Define L (Upper Hessenberg) matrix for up to n=54 truncation....

aoa = alpha/xa
a{ly2} = 1.00D+00/xn
al241) = -xk
af2,2) = -aom

aldsd) = 2.000400/xa
a(43) = -xk

ald ) = -aom

al&;3) = 1.000+00/xa
al5:4) = -2.00D+00%xk
a{5y3} = -2,000+00¢aon

a(2,8} = -g/factl
albs7) = 3.000400/xa
3”16) = -xk

a{147} = -am

al7,8} = 2.00D+00/xa
al8,7) = -2.00D+00%xk
a(B48) = -2.000+00%30
al8,9) = 1.000400/xa
a(9;8) = -3.00D+00%xk
3{%,9) = -3.000+00%a0m

afd,10) = -g/factd
a(3,11}) = -2.000+00%g/factd
a{10,11) = 4.000400/1n
a(11,10) = -xk

afif 11} = -aom

ali112) = 3.000400/xn
at12,11) = -2.000+00#xk
a{12,12) = -2.000+00%aon
ali2,13) = 2.000+00/xa
al13,12} = -3.00D+00#xk
a{13,13) = -3.00D+00%aca
ali3i4) = 1.000400/xa
al14,43) = -4,000+00#xk
ali4,14) = -4.00D+00%acn

al7,15) = -g/factd

a(8,16) = -2.000+00%g/fact]
a{9,47} = -1.000+00%g/factd
a{15,16) = 5.000+00/xn
al16,45) = -xk

all16,18) = -aom



218

al16417) = 4.000+00/xa
ali7,16) = -2.000+00%xk
alilyi?) = -2,000+00%a0m
ali7,18) = 3.000400/xa
al18,17) = -3.000+00#xk
ali8,18) = -1.000+00%a0n
al18,19) = 2.000400/xa
a(19,18) = -4,000+00#xk
a{19,19) = -4.00D+00%acn
al{19,20) = 1.000+00/xa
a(20,449) = -5.00D+00#xk
2(20,20) = -5.000+00¢aon

alit 24} = -g/fact3

a{12,22) = -2.000+00%g/fact3
al13,23) = -1.000+00%g/factd
ali4,24) = -4,000+002g/ fact3
{22} = 5.00D+00/xn
a(22,21) = -xk

a{22,22} = -amm

a{22,23} = 5.000+400/xa
a{23,22) = -2.00D+00#xk
a(23,23} = -2.000+00%aon
a(23,28) = 4,000+00/xa
a{24,23} = -1.000+00#xk
a(24,24) = -3.000+00%aon
a{24,25) = 1.000+00/x
3{25,24) = -4.00D+00#xk
(25,25} = -4.000+00%a08
a(25:26) = 2.000+00/xs
a(26,25) = -5.00D+00#xk
a{26,26} = -5.000+00%a0n
a{26,27) = 1.00D+00/xa
al21426) = -5.000+00#xk
al21,27} = -6.000+00%aom

al16,28) = -g/factd

a(17,29) = -2.000+00%9/factd
a{18,30) = -3.000+00#g/factd
al19,31) = -4.000+004g/ factd
(20432) = -5.00D+00%9/factd

a(28,2%) = 7.000400/xa

a(29,28) = -xk

a(29429) = -aon

2(29,30) = 4.000400/xa

a(30429) = -2.000+00#xk

a(30,30) = -2.000+00%aca
a{d0s31} = 5.000400/xa



a(31,30) = -3.000+00#xk
a{dt,34) = -3.000+00%a0n
ald,32) = 4.000400/xa
al32,31) = -4.000+008xk
al32,32} = -4.000+00%a0n
a{32,33) = 3.000+00/xa
a(33,32} = -5.000+00%xk
a{33, 33} = -5.000+00%aon
a(13,34) = 2.000+00/xa
3(34,33) = -5.00D+00#xk
a{J4,34) = -5.00D+00¢a0a
al34,33) = 1.000+00/xn
a{35,34) = -7.000+00#xk
a{J5,33) = -71.000+00%aon

(22,36} = -g/factd

a{23,37} = -2.00D+00%q/fact3
a{24,38) = -3.000400%9/factd
2(25,39) = -4.000+00%0/fact]
a{26,40) = -5.000+004g/fact3
al27,41) = -5.000+002g/ fact3
a{36,37) = 8.000+00/xa
a{37,36) = -xk

ald? 37 = -am

3{37,38) = 7.00D+00/xa
a{38,37) = -2.000+00#xk
2{38,38) = -2,00D+00#a0n
ald8,39) = 6.000+00/xa
a(39,38) = -1.00D+00#xk
3(39,39) = -1.000+00%a0a
a{39,40} = 5.000400/xa
al40,39) = -4.00D+00%xk
a(40,40]) = -4.000+00%a0n
al40,41) = 4,00D+00/xn

aldt 40} = -5.000+008xk
al41,41) = ~5.000400%a0m
al41,42) = 3.00D+00/xa

a(42,41) = -5.000+00#xk
3{42,42) = -4.000+00#a0n
a(42,43) = 2.000+00/xn
a(43,42) = -7,000+00%xk

a(43,43) = -7.000+00%a0a
al43,44) = 1,000+00/xn
ald4,43) = -8.00D+00%xk
aldd,44) = -8.000400¢30n

a(29,43)
330,46}

-g/fact]
-2.000+00%g/factd
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a{31,47) = -3.000+00%g/fact]
alJ2,48) = -4,00D+00%g/fact]
2(33,49) = -5.000400%g/ factd
2(34,30) = -.000+00%9/ fact]
a(35,51) = -7.00D+00#q/fact]
al45,48} = 9.000+00/xa
al4s,45) = -xk

afdé,46) = -aom

al46447) = B.000+00/xa
a(47,46) = -2.000+00#xk
a{41,41) = -2.000+00%a0n
a(47,48) = 7.000+00/xa
a{48,47) = -1.00D+00%xk
a{48,48) = -3.00D+00%acn
al&8,49) = 5.000+00/xa
a(49,48) = -4.00D+008xk
a{49,49} = -4,000400%a0a
a{49,50) = 5.000+00/xa
a(50,49) = -5.00D+00#xk
a{50,50) = -5.00D+00%aca
a(50,51) = 4.000+00/xa
a(51,50} = -.00D+00#xk
a{51,51) = -b.00D+00+a0n
2(51,52) = 3.000+00/xm
a(52,51) = -7.00D+00%xk
a{52,52) = -7.00D+00%a0a
a(52,53) = 2.000+00/xs
a(53,52) = -8.000+00#xk
a(53,53) = -8.000+00¢a0n
a{53:54) = 1.000+00/xa
a{54,33} = -9.00D+00#xk
a{54,58) = -9.00D+00%aom

al37,53) = -g/factd

2(38,58) = -2.00D+00%g/fact3
(39,57} = -1.000+00%q/ fact]
a(40,58} = -4,000+00%g/fact3

241,59 = -5.00D+00%g/fact]
a(42,60) = -4.000+00%g/fact]
a{43,81) = -7.000+4004g/ factd
al#d,62) = -8.000400%g/factd

a(55,56) = 10.000+00/xn
2(58435) = ~xk

2{58,58) = -aon

2(56457) = 9.000+00/xn

ai37,368) = -2.000+00%xk

(37,57} = -2.000+00¢aoa
a{57,58) = B8.00D+00/xa
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3(58,57) = -3.000+00#xk
a(38,58) = -3.000+00%a0n
a{58;59} = 7.00D400/xa
a(59,58) = -4.00D+00%xk
(59,39} = -4.000400%aoa
3(59;80) = 4.000400/1a
2{6045%) = -5.000+00%xk
a(80440) = -5.00D+00%a0a
(60481} = 5.000400/xn
alb1,80) = -4,00D+00#xk
a(bi;61) = -6.00D+00%a0n
a{b1,62} = 4.000400/xa
a{62,61) = -7.000+00#xk
a{62,62) = -7.000+00%aon
a{62,83} = 3.000+00/xn
a{bd 62} = -8.00D+00%xk
a{83,63) = -8.00D+00%30n
a{s3,84) = 2.000400/xa
albd,43) = -9.000+008xk
albd,64) = -9.000+00+a0m
albds85) = 1.000400/xn
a{h5,64) = -10.00D+00%xk
3{63445) = -10.00D+00%a0a
if{idoprint) then
) Write oot A aatrix....
vrite(#,' ("' Portion of A matrix used is: *')' )
writeldy' ("' Portion of A matrix used iss '’} )
do 1180 k= {5 »n
write{#,' ("' rov ""4i3)') K
write(d," ("7 "' 8(£8.4,1x),/)" ) Lalkyjdy j = {40)
{180 continue
do {190 k= {5 n
weiteldy' ("' pov *'41310 &
UI‘HE“;'(“ ”18”&.4111)9”' ) (i(ky”’ J = 1|ﬂ)
1190 continue
endif
weite(gy' ' "' 71 {1HE)}" )
veiteldy' (*' *4yT1{1HE)) )
write(S,y' "' 7\ HLUHR )Y )
¢ HEHH B

(e R el e B e B B B e B B e I e o e e e N e e R e e e e e N s

¢ Proceed to get eigenvalues of the A matrix.

C satx = 0 get eigenvalues only; matz = { get eigenvectors also
ntz =9
DA = BAaX

¢--»  Use the driver routine RUHESS to get eigenvalues.

call ruhessiomynyaywrywi0yzyivifvi,ierr)
CHHHHH R R b R4
) Unpack eigenvector values from the NxN 7 array, per
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instrections and code from Section 2.3-6 of the Eispack Guide
pages 88-89
doi50 k=1, n
iflvi{k) .ne. 0.0) g0 to 110
do 100 j = {; n
rljsk) = zdjsk)
2iljsk) = 0.0

continue

ga to 150

iflvitk) .1t. 0.0) go to 130
doi20j=1,n

rljk) = 2djyk)
7i{jsk) = 2{jktl)
continue
go to {50
do 140 j =1, n
rljsk) = 2r{jsk-1)
2iljk) = -zidjsk-1)
continye

¢ 150 continue

iflierr .ne. Q) then
iflierr .1t. 0} then

writeld,{*" At least one eigenvalue failed to converge in 30
4 iterations. Failure occurred for sigenvalue having index, ''yi3
8 ) ierr

writeldy"{'" At least one eigenvaive failed to converge in 30
& iterations, Failure occurred for eigenvalue having index, '',id
8} ierr

vrite(5,'{*' Al least one eigenvalue failed to converge in 30
t iterations. Failure occurred for eigenvalue having indexy ''yil
8} ierr

writetd,' ("' Terminating program—IERR isd ''4i3)' } ierr

write{dy' '’ Tersinating program---IERR is: ''413)' } ierr

write(5;'{'" Terminating prograa—-IERR is: ''4i3)' ) ierr

stop 00001

elseiflierr .gt. 0) then

weite(#,' ’" At least one eigeavalue failed to coaverge in 30
8 iterations, Failure accurred for eigenvalue having indey, '',il
8’ ) ierr

vriteld," '’ At least one eigenvalue failed to converge in 30
& iterations, Failure occurred for eigenvalue having index, '',il
8)' ) ierr

writa(5," ('’ At least one eigenvalue failed to converge in 30
& iterations. Failure occurred for eigenvalue having index, ''4il
8)' ) derr

write(#," ("' Tersinating program—-IERR is: ''yi3}' ) ierr

write(dy' (*' Terminating program-—--IERR is: ''4iJ}’ ) ierr

vrite(S," ('’ Terninating progras—-IERR is: '',i3)’ ) ierr
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stop 00002
else
endif
else
) IERR is zero, indicating no convergence problems—print results
vrite(s,' ("’ M)
write{dy' ("' ")

¢}  Perfors sort, if requested....
if{dosort) then

) Sort eigenvalue magnitudes on all partitions except the first
¢ three...

do 2500 j = 4, npartshn
t Check if number of elements in the partition is even or odd

numelen = kpartshn(j) - kpartshn(j-1)
if{ nod{aumelens2) .eq. 0 ) then
C EVEN number
Isvap = .FALSE.
do 6800 k = kpartsha{j-1} + 1, kpartsha{j} - 3, 2
if{ .not. ( dabs{vilk)) .gt. dabs{vi(k+2)} )
] .and. .net. lsvap | thea
teapr = wr(k)
teaprr = wr{ktf)
urik) = velkt2)
wrlkt} = wrlied)
wr{k+2} = teapr
wr{k+3} = temprr
teapi = witk)
fenpii = wilk+)
vitk) = vilk+2)
vilkH) = vilk+d)
vilk+2) = tempi
vitktd) = tempii
Tsvap = . TRUE.
endif
6800 continge
else
C 00D nuaber in partition, one sleaent has zero imag part
index_zers = 0
do 7800 k = kpartsha{j-1) + {; kpartshn(})
if{ dabs{vi{k} - 0.000400) .le. 1.000-12) index_zero=k
1800 continue
£ Place the zero imag element at the end of the partition
tempr = wrikpartshn(j))
tempi = vilkpartshn(j})
wr(kpartshn(j)) = wr{index_zero)
vi(kpartsha{j)) = vi{index_zero)
velkpartsha(j) - 2 ) = teapr
vilkpartsha{j} - 2 ) = ~tempi
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vr{kpartshn(j} - 1 )} = tespr
vilkpartsha(j) - 1) = tempi
endif
2500 continue
endif
write(Sy' U7 $/+[4/4 1421413144 1114 ] 4 [1 ] 4[4[ 4 ] 4 ]4] 414117 ))
do 3001i=14,0n

tf0 (i.eq, (kpartsha{i}+d}) .or. (i.eq.(kpartshn{2)#1)) ,or,
{i.eq.(kpartsha(3)+1)) .or. (i.eq.(kpartsha(d)+1}) ,or.
{i.eq.(kpartshn(5)+1)) .or. {i.eq.(kpartshn(b)+{)) .or.
(i.eq.(kpartshn{7)41)) .or. (i.eq.(kpartsha(B)4{)} .or.
{i.eq. (kpartsha{9)¢1}) )
vrite(s,' {*’ )
1fl {.eq. (kpartsha(ti#d)) Jor. {i.eq.(kpartsha(2)41)) .or.
(i.eq.{kpartsha(d}+1)) .or. {i.eq.{kpartshn(4)+1}) .or.
{i.eq.(kpartsha(5)41)) .or. {i.eq.(kpartshn{b)+{}} .er.
{i.eq.(kpartsha(7}+1)) or. {i.eq.(kpartshn(B)+1}} .or.
{1.24. (kpartsha{9)+1})) )
write (4, ("’ )
weite(dy’{'" 1 =""4id,"" EIGENVALUE: '’,D156.10,1x,016.10,""
§ (1Y) iy wrlidy wili)
weiteddy' "' 1 ='"4i3,"" EIGENVALUE: '',D16.10,1x,D16.10,""
(DY) iy weli)y will)
- Write eigenvalues to output file for program use ....
weite(5," (D16.10,2x,018.10}") wrl1), wili)
J00  continue
endif
write(#,' " " TLUHR))' )
veiteddy ("' 7', 71(1HE))" )
close(d)
close{s)
end
CHEHEIIEIEEEEEREE  END of PROGRAN EVSADRAG #SSBiREERiBiBReditidiibi
it
$DEBUG
cHHEREHEESUBROUTINE RUHESS {(EISPACK Guide Modified AG) #RRssasssiii:
cHEHH EREIEEE Source listing taken from B.T. SMITH ot. al. 1979 #3sssess
ciiriraitdd Matrix Eigensystem Routines - EISPACK guide 2nd Ed 2344
CHEE R HE HE HE S H R L F R R H R R S S F R R R R R E R R R R RE 23181
C

e S e e Gne

e e Ow G e

C sreeeee NODIFIED 10/29/87 to only call balanc and her
C et Since the input matrix is upper Hessenberg TLH
C

subroutine rubess{omynya e viymatzyzyivi, fvd,ierr)
isplicit reals8 (a-hyo-2)

integer nynmyisdyis2,ierr matz

real#d ainmyndyur{nl,vidn)yz{nmyn)yfviin)

integer ivi(n)
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if{n .1e. na} go to 10
ierr = 10 #
go to 50
{0 call balanc(nmynyasisdyis2,fvi)
C call elmhes{nasngisiyis2ya,ivi)

if{natz .ne. 0) oo to 20
c HEHHEEIAEEEEE  FIND FIGENVALUES ONLY S833iidiPeiiiiitiviiisssd

call harinmynyisdyisZ,agnr wiqierr)
go to 50
c Hirryaaieieee FIND BOTH EIGENVALUES AND EIGENVECTORS #rseeins
20 call eltran{nm,nyistyis2yayivi2)
call har2inmynyisiyis2yaguryviyzyiere)
if{ierr .ne. 0) go to 50
call balbak{nmynyisiyis2yfviyn,z)
50 return

end
CHESHER I EF IS REEEE  END OF SUBROUTINE RUMESS HRHSB#3NHEIBEIHIHIIIH

LISTINGS FOR SUBROUTINES BALANC, HER, ELTRAN
AND BALBAK ARE CONTAINED IN
THE EISPACK GUIDE (SMITH et al, 1976)



APPENDIX E

FORTRAN LISTING FOR APPROXINATION SCHEME EMPLOYING THE
PUTIER ALGORITHN FOR THE 20x20 TRUNCATION OF THE L MATRIX
FOR THE PERTURBED SHO WITH DRAG FORCE

$DEBUG

prograe plzdrg20
paraneter (naax=20,npartshn=5)
isplicit real#d {a-hyo-2)
dinension a(nmax,nmax)
disension vrinmax}, vil(nmax}
disension linefo(b)
conplextb calnmaxynmax)y ceigval{nmax}, cident(nmax,nmax)
conplexib pfirst{nmaxsnmax)y psecond(nmax,naax), temp(2,nmax)
conplextth expmatt(2,nmax)
conplex#ib ulnmax), u0{nmax), r_rkgill{nmax}, r_last(nmax)
integer n, nsteps, kpartsha(npartsha)
integers2 ihryiminutesisecond;i100th,iyr,inon,iday
logical doprint /.FALSE./
logical no_default_ev /.FALSE./
logical ichgstep /.FALSE./
logical initialze /.TRUE./
character#24 filename
character#24 ev_file
character#12 tinefo
charactert! idoprint
character#! iread_ev_file
character#! istepans
common /eatrices/ cay cident, n
common /pmatrix/ pfirst, psecond
data ev_file /'Ci\evSddrst.pon '}
data h/.100+00/
data factd/6.00400/
Define partioning structure of the matrix...
Ending partition indices are given by kpartsha(j) for
i = Lyoooonpartshn
Beginaing partition indices are given by kpartshn(l}#f for
1 = {y..oo0partsha-t
do 450 j = 1, npartshn
kpartshalj} = { (({j+1)8(j42)/2) - {)

450 continue

write(#,' ("' Input the values of my ky 93'',/,
&'’ Use the format:''y/y
&'’ D8.4,1X,D8.4,1X,08.4'" ,/,
§'' 5d.dD+XXbSd. dD+YYDSA.4D+I1"" }")
read(#,4229) M, XK, 6
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1229 format(1x,08.4,1x,08.4,1x,08.4)
write(#," ("' Enter the value of alpha, the drag coefficient: (in §
81 XXXXD+00) format’')’)
write(#," ("' SE.XXXXXD+0O'')')
read(¥,1112} alpha
1112 foraat (D12.5)
write(#," ("' Input the dimension{order) .le.'’13;"'y of the A mat
$rix.''V ) kpartshn{npartsha)
read(,#) o
vrite(#," ("’ Input initial values XIERD, and PIERD: '',/,
§'' Use the formati'’y/,
8 DB.4,1X,DB.4'" 4/,
§'' 5d.4D+XXbSd.dD+YY"' ')
read{#,1234) xzero, pzers
123¢ format{11,08.4,1x,08.4)
) nov get filename to use in writing the output...
vrite(#,’ ("’ Please enter the filename to use in writing the outpu
-t:ll)l )
read{#,160) filename
open{fyfile=filename,status="nev’)
write{#," ("' Do you vish to enter the path and filename of the fil
de containing the computed eigenvalues? (Y/N)'')')
read{dy’ (A1}') iread_ev_file
if{(iread_ev_file.eq.'Y'}.or. (iread_ev_file.eq.’y')) no_default_ev
§ = .TRUE.
if{no_default_sv) then
write(s,' '’ Enter eigenvalue data PATH and FILENANE''}")
read{s,' (A24)') ey_file
endif
spen{7,file=ev_file,status="unknown')
revind 7
writel(#,’ ("' Input the init time, end time, and no.of steps.’’,/,
§'' Use the format:''y/,
8" D10.4,1X,D10.4,1X,I5"" 4/,
4" 54.dddDeXXbSd.dddD+YYRIAT2L' ! )')
read(#,1232) tbegin, tend, nsteps
1232 format (1x,010.4,1%,010.4,1x,I5)
writel#,' ("' Default value of integration STEPSIZE is:''D10.4)")
b
vrite(#,"("" Do yvou vish to change it? Enter (Y/N)'')')
read(#,’ (Af)') istepans
if((istepans .eq. ‘y') .or. (istepans .eq. 'Y')) ichgstep = ,TRUE.
iflichgstep) then
vrite(#,' {{x,''Enter the value of integration STEPSIZE, use fora
dat’’ )’)
vrite(#,’ (§x,’'5d.dddddexY’’ )')
read(#,' (DI1.4}') &
vrite(#," (D{1.8)') b
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endif

write(d," ("' Input the time at vhich to check calculations.”’,/,
t'' Use the format:'’,/,
ML,
4" Sdd.dddD+Xy'' }')

read{#,1230) tchkealc

1233 format{ix,D11.4)
if{tchkcalc .gt. 0.00400) doprint = .TRUE.

=) Calculate the increment to advance the time vith
dt = (tend - tbegin)/dble{nsteps)
t0 = tbegin
¢--) (ALL GETDAT AND GETTIM (DBTAIN SYSTEM DATE AND TIME)
call getdat (iyr,imonsiday)
call gettin {ihr;ininute,isecond,1100th)
write{d,260)
write(d,261) xmy xk; 9
write(4,282) alpha
vrite{d,262) xzera, pzere
vritel{4,263)
write{4,264) thegin, tend, nsteps, dt, h
write{4,270)
write{4,265) filenase
write(4,266) imon, iday, iyry ihr, ininute, isecond
c «eaurite data to sutput file for records ...
{60 format(A24)
260 format(iH ,' SUNMARY OF DATA TO BE USED FOLLOWS:')
264 format(iK ,* XM IS:',D10.4,° XK IS: *,D10.4,' & I5: ',D10.4)
262 foraat{iH ,* XZERD IS:'D10.4," PIERD IS: ',D10.4," (USED IN BUIL
ADING INITIAL CONDITION VECTOR}')
263 forsat{iH ' TRANSFORMATION BOUNDARIES FOLLON: ")
264 format{iH ,' TBEGIN = ',D11.4," § TEND = ',Di1.4," AND NSTEPS = *,
-164/,51," DELTAT = ’Dif.64/45x,' AND RKG STEPSIZE IS: ’Di1.8)
265 format (1 o' OUTPUT DATA IS CONTAINED ON THE FILE CALLED- *,A24)
266 format(1H o' THE DATA ON THE ABOVE FILENAME WAS PRODUCED ON ',I2,’
-='12y'-" 4414 35%' AT APPROXINATELY ',I2,1H:,12,1H:,I2)
270 format (1K ,' EIGENVALUES PROCESSED TD RUN FROM LARGEST TO SMALLEST
- WITHIN EACH'4/,'  PARTITION OF THE MATRIX.")
282 format(iH ' DRAG COEFFICIENT ALPHA I5: ',D12.5)
t--) Define the A matrix for 20x20 truncation....Drag teras added..
do 1000 j =1, a
do 10401 =1y n
aliyj) = 0.00D+00
{010  continue
1000 continye
¢--)  Define L {Upper Hessenberg) matrix fer up to n=20 truncation....
aon = alpha/xa
alls2} = 1.000400/xa
a2y 1) = -2k



a{2;2) = -am

a{34) = 2.000+00/xa
a{dyd) = -xk

a{dyd) = -ao

a{445) = 1.000+00/xn
ai54) = -2.000+008xk
a{3,5) = -2.000+00%a0n

a{2,4} = -g/factd
alb, 7} = 3.00D+00/x8
allyb) = -2k

a{t,7) = -ana

all,8) = 2.000+00/ya
ald 1) = -2,00D+00#xk
a(8,8) = -2.000+00%acn
a{8,M = 1.000+00/xn
a(9,8} = -3.00D+00%xk
{19 = -31.00D+00¢a0a

ald10) = -g/fact3
a{5y11} = -2.000+00%g/fact3
a{10,41) = 4.000400/xa
alit;10) = -xk

alif 41} = -ama

ali1¢i2) = 1.000+00/xa
ali2,11) = -2.000+00#xk
al12412} = -2.000+00%a0n
al12,13} = 2.000400/xa
a{13,12} = -3.00D+00%xk
a{13,13) = -1.00D+00%20n
alid 44} = 1.000400/xa
a{14,13) = -4.000+00#xk
ali4,14) = -4.000+00%ac

al?,15) = -g/factd

a(8,18) = -2.000+004g/factd
a(%,47) = -1.00D+004g/factd
al15416) = 5.000400/xn
al16,13) = -xk

al1b,18) = -aom

alibsi7) = 4,000400/xn
ali7,16) = -2,000+00%xk
ali7,17) = -2.000+00¢a0n
a2(17,18) = 3.000+00/xa
a(18,17) = -1.00D0+00#xk
al18,18) = -3.00D+00%acna
al18,19) = 2.000400/xa
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a{19,18) = -4.00D+00#xk
a{19,19) = -4,00D+00%a0n
a{19,20) = 1.000+00/xa
a(20,19) = -5.000+00#xk
a{20,20} = -5.000+00%a0m

alil 21} = -g/factd

a{12,22) = -2.00D+00#g/ factd
al13,23} = -3.00D+00%g/ factd
alid,24) = -4,000+004g/fact3
al21,22} = 4£.000+00/xa
3(22,21} = -xk

2{22,22} = -am

a{22,23} = 5.00D+00/xa
a{23,22} = -2.00D+00#xk
a{23,23} = -2.000+00%a0n
3(23,28) = 4.000+00/xn
(24423} = -3.000+00%xk
al24,24) = -3.000+00%a0n
a{24,25) = 3.000+00/xa
(25,24} = -4,00D+(0#xk
a{25,25} = -4.40D+00%acn
a{25,26} = 2.000400/xa
a{26;2%) = -5.000+00#xk
al26428) = -5.000+00%aon
a{26,21) = 1.000+00/¢n
2{21,28) = -5.00D+00%xk
al21,21} = -5.000+00%a0n

ali6,28) = -g/factd

al17,2%) = -2.000+00%g/factd
a{18,30) = -1.00D+00%g/fact]
ali%, 31} = -4.,000+004g/fact3
2(20,32) = -5.000+00%9/ fact3
a{28,29) = 7.000+00/xn
a{29,28) = -xk

a{29,2%) = -aoa

2(29,30) = 4.000+00/xn
(30429} = -2.000+00#xk
(30,30} = -2.000+00¢aon
a(30,31) = 5.000+00/xa

a(31430) = -3.000+00#xk
a{3f,31) = -3.000+002a0n
a(31,32) = 4.000400/xn
2{32,31) = -4,000+00%xk
a(32432) = -4,000+00%aon
a(32,33) = 3.000+00/xa
a(13,32) = -5,00D+00%xk
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a(33,33} = -5.000+00¢a0n
aldd,34) = 2.000400/xa
a(l4,33) = -5.000+008xk
3(34,34) = -6.000+00%aon
al{34,35) = 1.000400/xa
2(35,34) = -7.000+00#xk
a(J3,33) = -1.00D+00%aom

a(22,36} = -g/fact3

3(23,31) = -2,00D+00%g/ fact]
al24,38} = -3.000+00%g/fact3
2(25,39) = -4.00D+004q/ factd
21{26,40) = -5,00D+00%9/fact3
a{27,41) = -5.,00D+00%9/ fact3
a{l6,37) = 8.000+00/xa
ald7,36) = -2k

a{31,37) = -ama

a(31,38} = 1.000+00/xa
a{18,37) = -2.000+008xk
a(38,38) = -2.00D+00+a0a
ald83N = 4.000+00/xn
2{39,38) = -3.00D+00#xk
a{39,39 = -1.00D+00¢a0n
a{39,40} = 5.000+00/a
a{40,39) = -4.000+00%xk
a{40.40} = -4.00D+00%a0n
a(40441) = 4.000400/«a
all,40} = -5.00D+00%xk
aldf, 44} = -5.000+00+aon
ald,42) = 1.000+400/xa
3(42,81) = -5.000+00%xk
a{42,42} = -5,000+00%acn
(42,43} = 2.000400/xa
ald3;42) = -1.000+00#xk
al&3,43) = -1.00D+00%a0n
aldd, 44} = 1.000400/xn
al84,43) = -8.00D+008xk

alkd 44) = -8,00D+00¢30n

a{29,45) = ~g/factd

a(30,46) = -2.00D+00¢g/factd
a(31,47) = -1.000+00%g/factd
a(J2,48) = -4.00D+00%g/factd
a{33,49) = -5.000+00%g/fact3
a{34,50) = -5,000+00%g/fact3
a(35,51) = -71.000+00#q/factd
al45,46) = 9.000+00/xn
al46,45) = -xk
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a(db,446) = -amm

3{46,47) = B.00D+00/xn

a(47,46) = -2.00D+00%xk

ald7 47} = -2.00D+00%aon
ald7,48) = 7.000400/xa

a(48,47) = -31.000+00%xk

a{d8,48) = -1.00D+00%aon
a{48,49) = 4.000+00/xa

al49,48} = -4,00D+00%xk

(49,49} = -4,00D+00%a0n
a{49,30) = 5.000400/xa

a{50,49) = -5.00D+00#2k

2(50,50) = -5.00D+00%acn
a{50,51) = 4.000400/1a

a{51,50) = -6.000+00#xk

al51,51} = -6.000+00%aon
a(51,52} = 3.000+00/xa

a{52,51) = -7.00D+00#xk

a(52,52} = -1.000+00+acn
3{52,33} = 2.000+00/xa

a{33,52) = -8.00D0+00#xk

2(33;53) = -8.000+00%acn
a(33,54) = 1.000+00/xa

(54,53} = -9.00D+0Gxxk

a{54,54) = -9.000+00%aon

a(d7,55) = -g/factd

a{J8y58) = -2.000+00%9/factd
a{39,57) = -3.00D+00%g/ fact3
a{40,58) = -4.000+00%g/fact3
a{#1,59) = -5.000+00%g/factd
al42,40) = -5,000+004g/fact3
aldd,81) = -7.000+00%g/fact3
alk4,62) = -8.000+00%g/factd
a{55:58) = 10.00D+00/xa
3{584953) = -xk

a{56,38) = -am

2{56,57) = 9.000+00/xn

a(37,56) = -2.00D+00%xk
(37,57} = -2.000+00%aca
a(57,38) = 8.000+00/xn
2(38,37) = -3.000+00%xk
(38,58) = -3.00D+00aon

a{58,59} = 7.000+00/xa
a{(59,58) = -4,000+00%xk
{59459} = -4.00D+00%a0a
a{59,60) = 5.000+00/xa
2160,59) = -5.00D+00#xk
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c a{60,40) = -5.00D+00%aon
C a{40,81) = 5.000400/xa

c alol 40} = -5.00D+008xk

c atb1481) = -6.000+00%aon
¢ ald1482) = 4.000400/xa

C (62,61} = -7.00D+00#xk

€ alh2,62} = -7.000+00+acn
€ alb2,63) = 1.00D0+00/xm

C aldds62) = -B.00D+00%xk

£ alsd. b3} = -8.00D+00%a0n
< a{bd;68) = 2,000400/xn
'y a{b4,43) = -9.000+008xk

C albd,b4) = -9.00D+00%ac0n
c a{b4,83) = 1.000400/xn

Y alb5s84) = -10.00D+00%xk
c 3{65445) = -10.000+00#a0a
-} Write out A matrix....

vrite(#," ("’ Portion of A matrix used ist ''}' )
weite{dy' ("' Portion of A matrix used is: '’} )
do 1180 k=1,
writeldy" ("' rov "10M) &
weiteddy ("0 1 6{D11.544x)47)" ) alkyj)y j = $40)
1180 cantinue
do 1190 k=4, n
weiteldy' ("' rovw '"4i3V') K
writefdy ' "' 8001154504/ ) (alksjdy § = 440)
1190 continue
write(dy' (' "' T1(1HE}) )
writeddy’ {(** "' {0 ) )
c--? convert satrix A into matrix (A, its coaplex fora
do 1230 ji =1y n
do 1240 11 = {y n
caliiyjj) = domplx( aliiyjj)y 0.000400 )
1240  continge
1230 cantinue
) Form the vector of complex initial valued basis parameters
u0{i} = demplx(xzera, 0.000400 )
ub(2) = dcapixipzero, 0.000+00 )
u0(3) = dcaplx{xzero#xzero, 0.000400 )
ud(4) = dcapix(xzerotpzeroy 0.00D+00 )
u0{5) = dcaplx{pzerotpzera, 0.000+00 )
u0(b) = dempix(xzerotxzerotxzera, 0.000400 )
u0(7) = dcwplx{xzerotxzerotpzere, 0.000400 )
u0(8) = deapix(xzerotpzerotpzero, 0.000400 )
ud(9) = dempix{pzerotpzerotpzera, 0.000400 )
u0(30) = dcmplx(xzero#xzerotxzerofxzeroy 0.000400 )
ub(11) = domplx(xzeradxzerotxzerofpzera, 0,000400 )
u0(12) = dcaplx(xzerodxzerotpzerotpzers, 0.000+00 )
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u0(13) = deaplu(xzerodpzerotpzerodpzere, 0.00D+00 )
u0{14) = deaplxipzerodpzeratpzerotpzers, 0.000+00 )
u0{15} = deaplu{xzerotxzerodxzerodxzeratxzeroy 0.000+00 )
u0(16) = demplx(xzero¥xzeratxzerokxzeropzero, 0.000400 )
u0(17} = deaplx{xzerodxzeratyzerotpzerotpzeray 0.000+00 )
ul(18) = doaplx{xzero¥xzerotpzerotpzerotpzero, 0.000+00 )
u0{19} = deaplix(xzerotpzeratpzerotpzerotpzeroy 0.000400 )
ud(20) = dcaplx{pzero¥pzerotpzerctpzeratpzero; 0.000+00 )
) Build complex identity matrix of order n
do 1250 jj =1, a
do 1260 i1 =4y n
ifljj .2q. ii) then
cideat{iiyii} = dowplx{1.0D400, 0.00+00)
else
cident{iiyjj) = demplx(0.00400, 0.0D+00)
endif
1260 continye
1250 continue
{--) B R R L

c Read in the eigenvalues from the file EVS4DRST.PGM. (defaull) or

£ fron previcusly entered file.

t First read past header containing info on physical censtants

C used to obtain the set of eigenvalues, and file creatica info.
c

-2 Read file until the header is passed. The header is delimited
--? by a line that consists of the character string,

) A R[4+ ] 4] 4]
) as a delimiter.
- read to get past header on file known as ‘ev_file’.
{111 read{7,' (6(A12))’ send=215) linefo
1f{{Tinefo(2) .eq. "#/4/+/4[4/4]") Jor. (linefol2) .eq.
$ '[4/4/4[4/4]+') ) then
gs to 500
else
go to {41
endif
) re-set linefo.....
500 do 335 ik = 1,6
Tinefolik) =’ !
335 continue
t--> ve vill open the file and read in the eigenvalues for the current
=) truncation of the L matrix.
do101i=1yn
read(7,’ (016.1042x,016.10)" yend=225} wrli), wili)
10 continue
¢ #H44 Fora complex eigenvalue vector ..... .
do 300 i =1y n
ceigval{i) = demplx{ wrli)ywili) )
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300 continue
if{doprint) then
vrite(®," ("’ Complex eigenvalue vector follawst '*)°)
write(dy' "' Conplex eigenvalue vector follows: '')*)
do35i=1{yn
if{ {1.eq. {kpartsha{i}#D)) or. (i.eq.(kpartsha(2}+1)) ,or.
{i.eq. (kpartshn{3}+1}) .or. (i.eq.(kpartsha(d)¢i)) .eor,
{i.eq.{kpartshn{5)+1}} )
vritels,’ {*’ N
ifl (i.eq. (kpartsha(i144)) Lor. (i.eq.(kpartsha(2)41}) .or,
] {i.eq.{kpartshn{3)+1}} .or. (i.eq.(kpartsha(4)+1}) .or,
] {1.2q. (kpartsha{5)#1)) )
] write{d,'{"’ )
writeddy' ("7 1 =7""iJ,"" EIGENVALUE: '',D14.8,1x,D14.8,"'(
80 ) iy weli)y wili)
writeldy’ (*7 1 = ""yiJ,"" EIGENVALUE: '',D14.8,1x,014.8,"'(
D) iy wrlldy vili)
325 continue
endif
Catl routine BuildP %o build two storage areas. The first
PFIRST contains the first rov of the P satrix having indice
INDEXy e.g. PFIRST{INDEX,rov}. The second, PSECOND, cantains
the second rov of the P matrix having indice INDEX, e.g.
PSECOND(INDEX;rov) .
call buildp20(ceigval)
) Write out the PFIRST & PSECOND matricesy if requested ......
if{deprint) then
write{#," ('’ PFIRST & PSECOND Matrices follow: '}’ )
write(d,' {"" PFIRST & PSECOND Matrices follow: '')' )
doe 70 k=1, n
write(®,' ('’ P matrix index is '"4i3)') &
write{s," ("' rov f '")')
write(dy' (' "', 32611 4,120, 1x)4/)") (pfirstikyj)y = 14n)
vrited®' "' row 2 ''))
weite(®y' U0 17 J(2(611.44x) 42} 4/} ) (psecondlkyj)yj= fyn)
vritelsy' {1x,7004K-1)")
H10  continue
do 70 k =4, n
veite{dy' (7 P nateix index is ''(i3}') &
veite(dy," "' rov i '*)’)
writeldy' ("' "' J(2(611. 410D s 12D /)Y (pfirstikyjdy j= 14n)
vrite(dy' ("' rav 2 '')')
veite(dy' (7 "' 3020611 448x)yix) 4 /) ) (psecond{kyj)yj= {yn)
veiteldy’ {1x,70(1H-))")
470 continue
write{ty’ {'" "' T{{IK-))" )
weiteddy' ("' "'y (1K=} )
endif

o O Do

[ BN B o B o B o]
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¢ e 3EEE BEGIN ITERATING IN TINE e#3ssiiitiiisiiiiiis
write(®y (" $/4/4[4[4] 4[4 [2[4] 4] 4] [2] 4] 414147 ))
weiteldy' ("' +/+/4[4[4]4]4[4]4]4]4]4]1]4]4[4]4]4]" 7))
do 40 k={,nsteps + 1
tlast = t
1t eq. 0.00400) .and. {initialze}} thea
r_rkgil1 (1) = desplx{1.00400, 0.0D+00)
do 8200 k1 =24 »
r_rkgitl(ki} = dcaplx(0.00400, 0.0D+00)
8200 continue
initialze = .FALSE.

else
s Define last values of the r_rkgill{n} vector for use as the
c initial condition vector for the RXGILL integration.

do 8300 kn = 1y »
r_last{kn) = r_rkgill{kn)
8300 continue
t—-) Get the entire set of polynomial functions, each evaluated at the

C integrated tine T, given that the set of polynemials have the
C initial conditions given by the values contained within the
s the vecter r_lastinl.....
C
c Pass DT to detersine the nusber of times to execute the Runge-
t Kutta-6ill integrator rovtine...
call getrk20(h,nyceigvalydtyr_last,r_rkgill tlast,t)

t

endif
c Initialize array to held results of this particelar time.
'Y {iteration of deltat)

do 3050 i1 = 4, 2
do J0&0 jj =1y n
expaattiiiyjj) = deaplx(0.00+00,0.00+00)
3080 continue
3050  continue
1f{(doprint) .and. (dabs{t - tchkcalc) .le, .020400)) then
do 8400 kn = {y
write(#,"{"* For r sub ''4i3,"'y ¢ 158 7,D14.8,2x,014.8)")
] kny r_rkgili{kn)
8400 continge
do 8500 kn =1,
vrite(dy' (' For rosub ''yidy'"y r ist '7yD14.8,2x,014.8)")

! kny r_rkgilltkn)
8500 continue
endit
) Calculate the teras in the Putzer sumy accumuiating the sum
€ continuously

do 30000 index = 1, n
do 3100 ji= 1,y n
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teap{14jj) = r_rkgill{index)#pfirst{index,jj)
terp(2yjj) = r_rkgill{index)#psecond(index,jj)
3100 continue
t H##  {(alculate the ters of the Putzer sum depending on index.
it Then add to the first index-1 sums stored in expmatt.
do 3200 ii = 1, 2
do JM0 jj=1;p
expmatt{iiyjj} = expmatt{iiyjj) + templiiyjj)
3210 continue
JH0 continue
30000 continue
c--» Initialize the u vector to zers.....
do 50000 i = 15 2
wli} = deaplx{ 0.00400, 0.00+00)
50000 continue
¢--> Fora the coordinate vector for time t
do 901001 =1, 2
do 90140 j =, n
uli} = uli) + expmatt{i,j)iulij)
90110 continue
20100 continue
2 = dreal(utt]))
paon = dreal{u{2))
write(dy' (1x,D11.4,35,017.9,2%,017.9}" } t, %, pnon
40 continue
writeld," (' ' T{{1H})" )
writeldy 07 7, 1H{IHR) ) )
closeld)
go to 99999
245 weite(#,"("" EOF found in header of eigenvalue data file: '',A24)
3') sv_file
write(®,' ' " T1HUHHEY) )
writeldy' "7 " THULHEY) )
close(d)
stop 00215
225 write{#," ("' EOF found vhile reading sigenvalee data en file: '’,
S424)') ev_file
weitelsy {*" " HU1HE))' )
vrite(dy' (' "1 THHHEY)' )
closeld)
stop 00225
99999 continue
end
CHYFHHHEREEREEEHEEE  END of PROGRAM PTIDR620 His#3i3HEIIHitEHIIIIH

LISTINGS FOR SUBROUTINES CALLED ARE CONTAINE
APPENDIX B



APPENDIX F

FORTRAN LISTING FOR “EXACT® RUNGE-KUTTA-GILL NUNERICAL

$DEBUG

INTEGRATION OF THE 20x20 TRUNCATION OF THE L MATRIX

FOR THE PERTURBED SHO WITH DRAG FORCE

PROGRAN SHANDRAG

C

(HHHHHHHH R HHHHHH T H I
(HHH B

(HHEEEHE
[HHEHEHE
IRTTIEeet
(43351
(HHHHH
(HEEEEHE
IRTITIIEE
IRITITTNe
IRTITTITL
(HEREREEE
(REEEEEEE
(EEEEEEHE
{#E35014
REIIIII])
(HEEEEEHE
(EEEEEEEE
(#3835
[RTTTTTLT

H

This program solves a specified Hamiltonian by integrat- #i#

ing the resultant Hamilton's equations wsing a general-#4#
ized fourth order RUNGE-KUTTA technique employing Hi
BILL'S method., #EHEFHEEISHEFHEHHIHHHIHIIHH
The Runge-Kutta routine for N simultanesss linear H
first-order equations is taken from Appendix C of the #3
boek VISCOUS FLUID FLON by FRANK M. WHITE 1974 McGrav- ###
Hill pp. 675-678 which impiements GILL'S methed of H
Runge-Kutta integration, HEEHEREEIRSREREFEIHEBHHERHEEEREE

The program proapts the user for 3 filenase (DOS) to Hi

vhich it vill write the data. As written, at most  #4#

500 data points vill be writtea. $HE
H

H= PsP/(28M) + .5 K Y&X + QafsXsysf/a! i
Drag tera = F = -(ALPHARPEP)/ (28 (N2M)) He
t = -ALPHASP/N Hi

H

CHEHHHHHTHHH B HHHHHEH BB H
(HEHH T H

X

PARAMETER (NMAX=2)
IMPLICIT REAL#8 (A-H,0-1)
INTEGER®2 IHR, IMINUTE,ISECOND,I100TH, IYR, IMON, IDAY
LOGICAL ICHGSTER /.FALSE./
LOGICAL INITIALIE /.TRUE./
CHARACTER®24 FILENAME
CHARACTER#{ ISTEPANS
DIMENSION Y(2), Y_LAST(2)
DATA H/.10D+00/
C--) CALL GETDAT AND GETTIM (OBTAIN SYSTEM DATE AND TIME)
CALL GETDAT (IYR,INON,IDAY)
CALL GETTIN (IHR,IMINUTE,ISECOND,I100TH)

««.READ SYSTEM DATA

NRITE(%," ("' Input the values of ) ky 9'',y/,
§'' Use the formati''y/,
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§'' DB.4,iX,D8.4,1X,08.4'" /,
&'’ 5d4.dD+XXbSd.dD+YYDSd.dD+11"* }')
READ(#,1230) XN, XK, 6
{230 FORMAT(1X,D8.4,1X,08.4,1X,08.4)
WRITE(%,'{'* ENTER THE VALUE OF ALPHA, THE DRAG COEFFICIENT: (IN §
$X. XXXXXD+00) FORMAT'')')
WRITE(#," ("' SX.XXXXXDH0O''}')
READ(®,1112) ALPHA
1112 FORMAT(D12.5)
WRITE(#,’ ("’ Input initial values XIERD, and PZERD: '*,/,
8’ Use the format:’',/,
&' DB.4,1X 084" 4/,
8" Sd.4D+XXbS4. aD4YY'" )')
READ{#,4231) XIERD, PIERD
{231 FORMAT(1X,D8.4,11,D8.4)
HRITE(#," ("' Input the init time, end time, and ne.of steps.'',/,
8" Use the formats’’y/,
' 010.4,1X,D10.4,1X,15"" /4
&' Gd.4ddD+XXbSd.dddD+YYDS432L"" )’}
READ{#,1232) TBEGIN, TEND, NSTEPS
1232 FORMAT{1X:D10.4,1X,010.4,1X,15)
WRITE(%," ("' Default value of integration STEPSIZE is:'',010.4)')
i H
WRITE(®,'{'’ Do you wish to change it? Enter (Y/N)'')')
READ(#,' {A1)’) ISTEPANS
IF{{ISTEPANS .EQ. 'y') .OR. (ISTEPANS .EQ. 'Y')) ICHGSTEP = .TRUE.
IF(ICHGSTEP) THEN
WRITE(#,' (1x,''Enter the value of integration STEPSIZE, use fora
tat'' 1)
WRITE(#,' {{x,"'Sd.ddddDsXY'" }*)
READ{%,’ (D11.4)") H
WRITE(#," (DI1.40') H
ENDIF
(- CALCULATE THE INCREMENT TO ADVANCE THE TINE WITH
DELTAT = (TEND - TBEGIN)/DBLE (NSTEPS)
T0 = TBEGIN
(--> Initialize Runge routine variables, control index (M)
K=10
¢--) nov get filename, starting time and time step for x and p
WRITE(#,' ('’ Please enter the filename to use in writing the outpu
-ty )
READ(#,’ (A24)') FILENANE

{--) ...0PEN FILE TO SAVE INTEGRATED VALUES OF Y(1), AND Y(2) {X,P}
OPER{6,FILE=FILENANE,STATUS='NEN')
{ «eeovrite data to output file for records ...

259 FORMAT(H ,'RUNNING 4TH ORDER RUNGE-KUTTA GILL INTEGRATION ON THE
$DATA BELOW.')
260 FORMAT({H ' SUMMARY OF DATA TO BE USED FOLLONS:')
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2b1 FORMAT(H ' XM IS2',D10.4," XK IS: ',D10.4,' 6 IS: '4010.4)
262 FORMAT(1H ,'XZERO IS: ',D10.4," § PIERD IS: '4D10.4)
263 FORMAT(H ' INTEGRATION LINITS FOLLOW; NSTEPS IS ',14)
264 FORMAT({H ,'TBEGIN = *,D11.4," § TEND'= ',Di4.5," DELTAT = ',
- D11.6,/,5X," AND RKG STEPSIZE IS: ',D11.8)
265 FORMAT(SH ' QUTPUT DATA IS CONTAINED ON THE FILE CALLED- ',A24)
266 FORMAT(1H ' THE DATA ON THE ABOVE FILENAME WAS PRODUCED ON ',I2,’
-='412y"-"y14y/,35x," AT APPROXIMATELY ',12,{H:,12,1H:,12)
282 FORMAT(R ' DRAG COEFFICIENT ALPHA IS¢ ',012.5)
C ««».WRITE DATA TO SCREEN FOR VERIFICATION ...
WRITE(#,259)
WRITE(%,260)
WRITE(®,261) XM, XK, G
WRITE(%,282) ALPHA
WRITE(#,262) XIERD, PIERD
WRITE(%,263) NSTEPS
WRITE(#,204) TBEGIN, TEND, DELTAT, H
WRITE(#,265) FILENANE
WRITE(¥,266) INONy IDAY, IVR, IHR, IMINUTE, ISECOND
WRITELR,' (71 4/4/+[4[ 4[4[ 4[] 4[4[ 4[4[ 4[4[ 4]2]4]")")
(—>  WRITE DATA TO QUTPUT FILE...
WRITE(6,259)
WRITE(5,260)
WRITE{6,261) XMy XK, G
WRITE(6,282) ALPHA
WRITE{5,262) XIERD, PIERD
WRITE{4,263} NSTEPS
WRITE(6,264) TBEGIN, TEND, DELTAT, H
WRITE{b,265) FILENAME
WRITE{L,266) IMON, IDAY, IYR, IHR, IMINUTE, ISECOND
WRITECSy' (7 /4[4[ [ 4[4[ 4[4[ 4]4]4[4]4[+]4]4[3]+]'")")
e INITIALIZE NECESSARY VARIABLES

DO 44 K=1, NSTEPS + 1
TLAST =1
IF((T .EQ. 0.0) .AND. (INITIALIE)) THEN
Y1) = 1IERD
Y(2) = PIERD
INITIALIE = ,FALSE.
ELSE
(-~} Define last values of the YIN) vector for use as the
¢ initial condition vector for the RKGill integration.
Y_LAST{E) = Y(})
Y_LAST(2) = Y{(2)
{--> For the time T, get the entire set of the Yin)
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functions, each evaluated at the tise T, given that the set
has the initial conditions given by the
values contained vithin the vector Y_LAST(n).....

Pass DT to determine the nusber of times to execute Runge-Kutta-

Bill routine
CALL DORKG(N,XM,XK,GyALPHA,DELTAT H,Y_LAST,Y,T_LAST,T)

ENDIF
{—> Hrite values to the output file......
WRITE(b,' (1x4D12.64x,015.9,4x,015.9)" } T, YUi}, Y(2)
44 CONTINUE
{ .. CLOSE DUTPUT FILE.....
WRITE(®,' (** *1 T4 {{HE}} )
WRITE(S,' (* ' T {1H8})" )
ENDFILE &
REWIND &
CLOSE(8)
END
(HEH IS END OF SHANDRAG HSviieiiiiiBiiiistitide
$0EBUG
SUBROUTINE DORKG(N,XM,XK,6,ALPHA,DT,H,Y_BEGIN,Y,T_BEGIN,T_END)
(HEHHH I P H
CHEEEE HE
(xaz3# THIS ROUTINE SERVES AS THE INTERFACE TD THE RUNGE-KUTTA-GILL¥#2
{#reeeed  SUBROUTINE rkgill. IT CONTROLS THE NUMBER OF TIMES THAT #1s
(exzss¢  THE RUNGE STEPS OF rkgill ARE EXECUTED. IT IS DESINED TO 3¢
Crrseses  ADVANCE THE SOLUTION OF Y AT TIME T_LAST, Y_LAST, TO THE ##+
(e THE SOLUTION VALID AT TIME T, GIVEN BY Y. sesssiviiiiiiiiiit
CHEE I H HHH I HH
(HeEa I R T S HE
PARAMETER (NMAX=2)
INPLICIT REAL#8 (A-H,0-1)
INTEGER ¥, N, KONTROL
INTEGER DELTAT_STEPS, KNT_STEPS
DIMENSION F{2), Y(2), Y_BEGIN(2)
DATA FACT3/6.0D40/, FACT4/24.00+0/
{--> Determine the total number of steps (DELTAT_STEPS) to make with
¢ Runge-Kutta-6ill routine executing stepsize of H to advance
¢ sglution by amount DELTAT, from T_BEGIN to T.....
YY = DT/
IF(YY .LT. 1.0} STOP 00114
OIT = 0T
KLIM = IDINT{YY)
( Do loop used to get precise correct value for DELTAT_STEPS
DO 4545 JH = 1, KLIN + 2
DT =017 - H
IFC(DTT - 0.00400) .LE. 1.0D-06) &0 TD 4550

(20 I e B aw B oo B o0 W o'}
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4545 CONTINUE
4550 DELTAT_STEPS = JH
€--> Initialize Runge routine variables, control index (a)
N=10
(--> Initialize step counter (knt_steps)......
KNT_STEPS = 0
T = T_BEGIN
Y{1) = Y_BEGIN{{)
Y{2) = Y_BERIN(D)

{
(
( «.o.CALL ON 4-TH ORDER RUNGE-KUTTA-GILLS FUNCTION
B IF(KNT_STEPS - DELTAT_STEPS) 6,7,7
& CONTINUE
CALL RKGILL(N,Y,F,T,H,N,KONTROL)
60 10 (10420) KONTROL
c Define first-order derivatives of the systea....
10 F{1) = Y{2)/IN
FI2) = -(XK + (GaY({)#Y (1)) /FACTII#Y({) - ALPHA®Y{2)/XN
G0 1D &
20 CONTINUE
KNT_STEPS = KNT_STEPS + {
G010 8
7 CONTINUE
TEND =T
RETURN
END
Crpisssssiiiiabesitis END OF DORKG SH3Siiesiviiisssisiiiietisstad
$DEBUG
subroutine rkgillingy,fyxshyaykontel)
CHE T S
(a3t This subroutine perforas Runge-Kutta integration by the Gills#
ctirisrt pethod. The Runge-Kutta routine for N SERyisississsissidiisd
(R sinyltaneoys linear first-order equations is taken from #¥sd
cairet Appendix € of the book VISCOUS FLUID FLOW by FRANK M, WHITE #
cHEHEHE {974 McBrav-Hill pp. 675-678 HHHHIIEHEIHEHFHHH
CHEHH I H H H E  H H  F S R R R
paraneter (naax=2)
inplicit real#8 (a-hy0-2)
integer vy ny kontrl
diaension vy{nmax), finsax), q(nmax)
a=at{
go to {1,4,5,3,7) 2
fdo2i=1,n
q{i) = 0.00+00
2 continue
a = 0.50+00
go to 9



243

1.7071067811855475244D+00
1 + (.50+00) #h
6i=1,n
yli} = y(i) + ae{f(i}#h - q(i))
q(i) = {(2.0D+00) #ashef (1) + ({1.00400) - (3.0D+00}%a)¥q{i)
b continue
a = .29283218813452475460+00
gofo 9
Tdodi=1yn
pli} = v(i) + hefli)/(6.00400) - q{i)/{3.00+00)
8 continue
=10
kontrl = 2
go to 10
? koatrl = 1
10 continue
return

end
cH I EEEEEHEEEEE  END OF SUBROUTINE RKGILL eSss#siisiiiiiiiisiiiisiss

Ja:=
1=
5 do



$DEBUG

APPENDIX 6

FORTRAN LISTING FOR EIGENVALUE CALCULATION OF 10x10
L MATRIX FOR KEPLER PROBLEM

progran evkeplid
CHHHHHH R H R
CHEHHHEH I I

CHIHH
cHIEEEES
CHEEHE
cHEHEH
cEEREREE
CHEEHEE
CHEE
cHEE
cHHEE
cHEEEEEE
cHEHH
cHEEEE
cHEHEE
cHEHHE
CHEEHEEE
cEHEHEE
cHEHE

This program is a driver program for use vith the EISPACK #a#:
guide. The intent of the program is to calculate eigenvaluest
oaly. It sets up the matrix to be used by the subsequent ###
driver subrogtine R6. A1l routines are taken from the Hi
EISPACK guide. If no external radial force is applied the #a#
satrix reduces to an upper Hessenberg matrix. This program Hi#
obtains the eigenvalues for the 10xf0 truncation of the  #32
satrix. The matrix is partitioned to obtain its general #32
strocture vith respect to the poiynomial basis. Logic to ##¢
order the eigenvalues within each partition from largest tod#ds
seallest in the direction of increasing index is installed.s#s
The execution of this logic is at the option of the user.
The resultant eigenvalue inforsation is written to a data ##
file capable of being read by an external pragramy or to a ##
file vhich can be printed out. HISEEESTRIEEHEEEEHEEEREEEEEEEEE
In either case a header containing information of physical ###
constants and units used is placed at the top of each file, ¥

CHH R H H R R R R LR H R H R H E 1 H 11T

CHEREEEHE
CHEEEEEEE
CHIEEEEEE
cHEEEEE
CHEEEEEEE
cHEEREEE
CHIEEIEEE
cHEEEREEE
cHEEEEEER
cHEHHEE
CEEEREEEE
cHIE IR
CHHEEEEEE
cHHEEEEE
cHIEEEEE
CHHEEE
cHEEEEEE
cHEHEEE
cHEEEIE

Hi

This program selves for the eigenvalues of the L matrix #3#
produced by the action of the Liouville operator upon #i

a basis consisting ef  phi, and polynomials consisting &
of 9y the radial deviation from an equilbrium circular #44
erbity and py the corresponding conjugate momenta. The ##
Hamiltonian used is that for the Kepler problem ina #8
plane. Two sets of units are provided in which the  #4
probles can be worked. They are the physical units  #3
provided by the MKS system; or the cananical units Ht

determined in such a vay that G = {. FeEeEREREERHIEEIEEHE
The progran prospts the user for a filename {DOS) to iH
vhich it vill veite the eigenvalue data. HE
The Hamiltonian is as follovs: tHHEEEIERERE3EEEEEE33E3EEEEE
i

In MKS units... #Hi
= (Pe)#(Pr)/(2a#r08r0) + {{1phi)##2)/(28asrQfr0F #i#

(1 + @122} - GMa/ (rO2({+Q)) i

1
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§2222222]
€ 2222122
(82222228
(822432234
822322227
[€2222322)
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In CANONICAL units.... Hi
H= (Pris{Pr)/ (2800800} + ({1phi)##2)/ (287080 0% H
{1+ 8)882) - {/{r02(1+8)) Hi

H

The user is prompted for his choice of units to verk in. ###
Hi

CHAH I H R
ctissit Units are in the MKS systes. Kgy Ky sec OR a CANONICAL UNIT #
cieisiet system Kg, Radius of earth in Kmy CTU (Canonical Time Unit) ##
cHiiEet = B04.S sec = 13.44 niny at the choice of the user. HEFHHIIH
CHHH S HHHH
cireriit (ylindrical coordinate system is assusaed. ry phi, 2 HHEHHH
CHHHH T
CHH I H

paraneter (nmax=10,npartshn=4)

inplicit real#8 {(a-hy0-2)

realdd alamaxsnmax)y z{nmax,nmax), vrinmaxl, vi{nmax), fvi{nmax)

realdd xmy xky g
C real zr(nmax,nmax)y zi{nsax,nmax)

dimension rinit{3)y vinit (3}, amominit{3), c{(3)

legical cananical /.FALSE./

Yogical ichgstep /.FALSE./

legical idoprint /.FALSE./

Togicai lswap /.FALSE./

Yogical dosert /.FALSE./

legical initialze /.TRUE./

integer ny nay matzy ivi{nmax), ierry kpartshn(npartshn)

integer#2 ihryiminute,isecond,1100thsiye,inon,iday

character®2d filenane

charactert24 filenamel

character#! mansver

character#t idosort

character#! i_pick_units

charactertd GNunits

character#? Runits

character#d Tunits

character#b Vunits

character#9 Punits

character#10 AMunits

)

Physical constant data....

data convaka/i.0D-03/
data pi/3.14459270400/
data 6/6.670-17/, earth_was/5.98D+24/y r_earth/6.3781650+03/
data ctu_per_sec/1,23985210-03/
¢--) Call GETDAT and GETTIM {obtain system date and time)
call getdat {iyr,imon,iday)
call gettis {ihryininute,isecond,i100th)

c--)

Define partioning structure of the matrix...
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¢--) Ending partition indices are given by kpartshalj} for

c i = 1y...enpartshn
C Beginning partition indices are given by kpartsha(l)+{ for
c I = {y..0ynpartshn-1

do 450 j = 1, npartsha
kpartshn(j) =  {j®{j#1}}/2)
450 continye
write(d,' ("' Input the dimension{order) .le."' I3'"y of the A amat
grix.’'} ) kpartshn{npartsha)
read{t,#)
weite(d,' ("' Do you vant the watrix printed out? yorn *'')')
read{#,130) mansver
if((sanswer .eq. 'y’ } .or, (mansver .eq. 'Y'})} idoprint = .TRUE.
write{#,"{'* Do you vant the eigenvalues sorted in monatonic decr
$ arder? {y or 0} '')’)
read(t,130) idosert
if{{idosert .eq. 'y’ )} .or, {1dosort .eq. 'Y'}} dosert = TRUE.
-} nov get filename to use in writing the sutput...
writel{®,' U’ Please enter the filename to ase in writing the outpu
e EA R
read{%,160) filename
gpenibyfile=filenane,status="nev’)
=) nov get filename to write eigenvaives to be read by ancther
C PrOgraR..... .
write(#,'{*' Please enter the filename to use to write data for pr
-ogram accessability.'’'} )
read{#;140) filenamel
open{3sfile=filenanei status="nev')
veite(s," "' Input the value of a ia Kgi''y/,
§'' Use the foreati'’,/,
AR} § O S
4t 5d.4dddD4XX*" )')
read{#,1229)
1229 format(ix,0i1.4)
veite{#,' ('" Default coord system upits is the MKS sysies.'’)')
write{#,"’" Do you vish to use CANONICAL system of units? Enter
& or H''))
read (®,' (Af}') i_pick_units
(i _pick_units .eq. 'Y") .or. (i_pick_units .eq. 'y'}) canenical
§ = .TRUE.
¢--)  Iaput initial components for position vecter....
write(#,' ('’ Input initial values RINITIAL(radial} in Ka: '',/,
g'' Use the format:'’',/,
v uLTr
4’ 54.dddddddDexx'r 1)
read (8,231} rinit_radial
1231 foraatix,Di4.7)
1232 foraat{ix,D14.7)
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vrite{#,1232) rinit_radial

if{ .not. {cansnical} } then
6f = Gearth_mastconvaka
rinit{{) = rinit_radial
rinit(2) = 0.00+00
rinit{3} = 0.00+00

glse
6 = 1.00+00
m = 1.00+00

rinit{t) = rinit_radial/r_earth
rinit(2) = 0.00+00
rinit{3} = 0.00+00
endif
t--)  Input initial components for momentua vector....
write{#,' ('’ Input initial velocity valees VINITIAL(radial}, and V
SINITIAL(transverse): in Ka/sec '/,
$'* Use the format:'’y/,
EARR LIRS § 1Y L ST ALY
&' Sd.dddddddD+XXbSd. dddddddD+YY' 1)
read {#,1233) vinit_radial, vinit_trans
yrite{#,1234) vinit_radial, vinit_trans
1233 format{ix,014.7,1x,014.7)
1234 format (1x,014.7,1x,014.7)
if{ .not. (canonical) } thes
vinit{l) = vinit_radial
vinit {2} = vinit_trans
vinit(3) = 0.00+00
else
vinit{l) = {vinit_radial/r_earth)/ctu_per_sec
vinit{2) = {vinit_trans/r_sarth)/ctu_per_sec
vinit (3} = 0.00+400
endif
) {alculation of inttial angular momentun....
call crasspririnit,vinityc)
anoainit{1) = xafc(i)
anoninit(2) = xac(2)
anoninit (3} = xatcid)
=) Calculation of magnitude of initial angular moaentum....
x1phisq = dot (amominit,amominit)
xlphi = dsqrt(xlphisq)
) Calculation of circular orbit radius....
i .nat. {canonical) ) then
r0 = xlphisq/(GNExatxn)
rOoverre = r0/r_earth
else
0 = xlphisq
rOoverre = 10
endif
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aa =rf
) (alculation of initial peried using Kepler's Third Lav

if{ .not. {canonical) ) then

peried = {2.0D+00%pifaatdsqrt (aal)/dsqrt (GN)

peried_nin = period/60.00+00
glse

period = 2.00+00fpitaatdsqrt(aal

period_nin = period#{1.00+00/ctu_per_sec) #{1.0D+00/60.0D+00)
endif

¢—-)  (alculate the constants gsed in the satrix of the L matrix.....

if{ .not. {canonical) } then
alpha = 1.00400/ (xa¥r02r0)
alphasq = aiphatalpha
beta = GMExn/rd

pise
alpha = 1.00400/ {r0#r0)
alphasq = alphataipha
beta = 1.00400/r0

endif

4 ....urite data to output file for records ...

if{ .not. {canonical) } thea

GHunits = 'Knd/sec2’

Runits = 'Ka’

Yunits = 'Ka/sec’

Tunits = 'sec’

Punits = "Kg-Km/sec’

AMunits = 'Ko-Ka2/sec’
else

GMunits = 'Red/CTU2’

Runits = 'Re’

Vunits = 'Re/{TV"

Tunits = 'V

Punits = "Kg-Re/(TU!

Aunits = 'Kg-Re2/CTU’
endif
writels,239)
vrite(4,258)
write{4,255)
write(b,250)
write(b,260)

writelby261) xa, oMy GHunits

vrite(6,262) rinit(1), Runits

write{h,263) vinit{1}y Venits, vinit(Z), Vunits
vrite(4,250)

vrite{hy263) (amominitli}, i = 1,3

write(6,266) xlphisq, AMunits, xlphi, AMunits
vrite{4,267) 0y Runits, periody Tunits, period_nin
vritels,268) rOoverre
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write(8,250)
if(dosort) write(s,270)
write{64272) filenane
vrite(6,273) imon, idayy iyrs ihr, iminute, isecond
vrite data to file to be ysed by external progran...
vrite(5,259)
write{5,258)
write(5,255)
vrite(5,250)
write(3,240)
urite(5,251) xm, €N, GMunits
write(3,262) rinit{l), Runits
writel3,263) vinit{1), Venits, vinit(2), Vunits
write(5,250)
write{5,265) (amominitii}, i = 1,3
write(5,266) xlphisq, AMunits, xlphi, AMunits
write(5,267) r0y Runitsy period, Tunits, period_min
write(3,268) rOoverre
vrite(5,250)
if{dosort) write(5,270)
urite(3,272) filenamef
vrite(5,271) imony iday, iyr, ihr, iminute, isecond
««oourite data to screen for verification ...
vrite{#,259)
write{#,258)
vrite(#,253)
vrite{#,250)
write(#,240)
vrite(#,261) xa, GM; GMunits
write(#,262) rinit{l), Runits
write(#,263) vinit{1); Vunits, viait{(2), VYunits
write(#,230)
write(#,265) (amominit(i)y 1 = {,3)
write(#,250) xlphisqy AMunitsy xiphi, ANMunits
vrite(#,267) r0, Runits, periody Tunits, period_nin
weite(#,268) rOoverre
write(#,250)
if{dosort) write(,270)
vrite{#,272) filename
veite(#,273) imony 1day, iyry ihry inminute, isecond
130 foraat (Af)
160 foraat (A24)
250 format({H ,’ ")
235 format(ih ' BASIS VECTORS USED ARE PHI, Q, P, @##2, 4P, PH#2, ETC
3. ')
238 forsat{iH " KEPLER PROBLEM in a PLANE, DEVIATIONS FROM CIRCULAR 0
4RBIT 2.")
239 tormat (1H ,"CBTAINING EIGENVALUES FOR THE LIOUVILLE GENERATED MATR
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$1X FOR KEPLER PROBLEM'¢/,5x," IN A PLANE W/ RADIAL DEVIATIONS FROM
$ A CIRCULAR EQUILIBRIUM',/,5x,’ORBIT.")
260 format (i ' SUMMARY OF DATA TO BE USED FOLLONS:')
261 format{iH ,' Sat XM is:'\Dif.4y' Kg 6N is:’ D14.56,{x,A8)
262 format(1H ,' Rinit_radial is’,D12.5,1x,42
§ /yi0x,’ (ABOVE USED IN CALC INITIAL ANGULAR MOMENTUX VECTOR)')
263 format (14 ' Vinit_radial iss',D12.841x,Aby 1%, Vinit_trans iss',D
812.6411,Ab4/(10x,' (ABOVE USED IN CALC INITIAL ANGULAR MOMENTUM VEC
LT0R)’)
265 format (1§ ' INITIAL ANGULAR MOMENTUM VECTOR IS¢',J{D12.4,2x} )
266 format (14 ' MAGNITUDE 5Q OF INITIAL ANG MOM VECTOR is:'
$,D16.8,° ('(AL0,")##2' /,10x," ANG NOM MAGNITUDE IS: ',D14.8,1x,
$ AD)
267 format(iH ," EQUILIBRIUM RADIUS RO IS:',D12.6,1x,A2,' PERIDD IS: '’
‘1012.611!|A3;/|10X|' PERIOD in MINUTES is: '9012.6)
268 format(iH o' Equilbrium radius in EARTH RADII is: 'D12.6)
210 foraat{iHf ,' EIGENVALUES PROCESSED TO RUN FROM LARGEST TO SMALLEST
- WITHIR EACH'y/,"  SUB-PARTITION OF THE L MATRIX.')
212 format (1K o' QUTPUT DATA IS CONTAINED ON THE FILE CALLED- ',A24)
273 foraat (14 ' THE DATA DN THE ABOVE FILENAME WAS PRODUCED ON *,I2’
"'112;"’11‘1/135X1' AT APPRUXI"ATELY '11211H5112|1H:|12)
) Define the A matrix for 10x10 truncation......
do 1000 j = 1, nmax
do 1000 i = {, nmax
aliyjd = 0.00+00
1000 continye
¢-)  Define L eatrix for up to #=10 truncatios....
al1y2) = -2,00+00%alphatxlphi

2{2,3) = alpha
a{3;2) = -3.0D0+00%alpha®xlphisq + 2.00+00#beta

ali 4} = 3.00+00%alphatxlphi

alds4) = 3.00+00%(2,00+008alphatxlphisq - beta)
aldy5) = (2.00400)2alpha

a(5,2) = alphatxlphisq - beta

al54) = aldi2)

a{5:8) = alpha

a{6,3) = (2.00400)#a(5,2)

a{dy5) = (2.00+00)#a(3,2)

ally7) = -4,00+400%alphatxiphi
3(517) = 3(3")

alby8) = (2.00+00)#a(3,4)
a{1:8) = (3.0D+00)#alpha
al8s4) = al52)

3(817) = a(3|2)

al8,9) = (2.00+00) #alpha
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al%;5) = (2.00+00}#a(5,2)
a{9:8) = 2.00+00#3(3,2)
a{%:10) = alpha
a{10,6) = 3.00400%a(5,2)
al10,9} = 3.0D+00#a(3,2)
¢-)  Check for exceedingly small residua) olements....
4 lero all elesents vhose magnitude is less than 10 times the
C sachine epsilon (machep)
do 1111 j = 1, naax
do 1112 i = 1, nsax
1{ (dabs(aliyj))) .le. 1.00-12 ) aliyj) = 0.00400
{112 continue
1111 centinue
1flidoprint} then
--) Nrite out & matriz....
writedd,'{*" Portion of A matrix used ist '’} )
write(éy' ('* Portion of A satrix used is: '} )
do 1180 k =1, n
write(d' "' row "Hid)") k
write{d," ("' 5T 7) ) alkyj)y § = L)
1180  continue
o0 k=10n
vritelsy' ('" row "'4i31') &
Urit!(bg'(” ”15(01‘-711“1/)' ) (a(k,j), J = 11")
{130 coatinue
sndit
yrite(sy’ ("' "y 7HU{HE})" )
weitedSy' ("7 "'y TH{iHE)) )
write(b,’ U "' H{U{H) )" )
writel®,' U7 $/3[4]414]4]2[4]4]4]4]4[3]4]4]4]4]4] 7))
write{oy' U7 $/+/+/H[4] 4[4 14]4 4[4[ 14[3] 4[4[ 4]3]" 1))
HHH M H I
Proceed to get eigeavalues of the A matrix,

'Y patz = 0 get eigenvalues anly; matz = 1 get eigenvectors alse
matz =0
7 = neax

¢-}  Use the driver routine R6 o get eigenvalues.
¢ call rolnmynyasvryviy0yzyiviyfviyierr)
¢--)  Use the driver routine RUHESS to get eigenvalues.
call rahess{nmsnya,wrowi 0y2eiviy vl ierr)
CHEH PR A E P H PR H EEH E AR H bR 4434

=) Unpack eigenvector values from the NxN 1 array, per

C instructions and code from Section 2.3-6 of the Eispack Guide
¢ pages 88-89

C de §50 k = fy n

C iflvitk) .oe. 0.0) go to {10

C do 100 § = 1y &

C r{jk) = 205k}



¢
c 100
¢
¢ 110
¢
<

<
120
C
¢ 130
€
¢
¢ 140
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2i{jyk) = 0.0

continue

go to 150

iflvif{k) .1t. 0.0) go to 130
do 120 j =1, n

Zf(j,k) = Z(jgk)

Zi(j,k) = z(j|k+i)
centinue
go to 150
do 40 j = 4, n

rljyk) = 2l k1)
2iljsk) = -z2idjk-1)
continue

¢ 150 continue

tflierr .ne. 0) then
tf{ierr .11, 0) then
write(®," ("' At least one eigenvalue failed to converge in J0

& iterations. Failure occurred for eigenvalue baving index, '',i3
8 ) dere

writelsy' ("' At least one eigenvalue failed to converge in 30

4 iterations. Failure occurred for eigenvalue having index, '',i3
$' ) ierr

veite(5y' (*" At least one eigenvalue failed to converge in 30

& iterations. Failure occurred for eigenvalue having index, '',i3
81 ) terr

write(s,"{'" Tersinating program-——-IERR is: '"4i3)' ) ierr
write(by' ("' Terminating program-—IERR is: ''4i3)' ) ierr
write(3y'("* Terminating program——IERR is: *"4iJ}’ ) ierr
stop 00001
elseif{ierr .gt. 0) then
writel#," ("' At least one eigenvalue failed to converge in 30
& iterations. Failure occurred for eigenvalue having indexy '',i3
81" ) derr
write(by'{'" At least one eigenvalue failed te converge in 30
& iterations, Failure occurred for eigenvalue having index, '',i3
8 ) ierr
vrite(5,' ("' At least one eigenvalue failed te converge in 30
& iterations. Failure occurred for eigenvalue having index, '',iJ
8} ierr
vrite(#,' ("' Terminating progran—-IERR is: '',i3)’ ) ierr
vrite{by' ("' Terminating program—-IERR is: ''4i3)’ ) ierr
write(5,'{** Terainating progras-—IERR is: '*,i3)’ ) ierr
stop 00002
else
endif
else
IERR is zeroy indicating no convergence problems--print results
Linit real and imaginary parts to greater than {.0D-{2
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do {33 ii=1y0n
if( dabslur(1i}) 1. 1.0D-12 ) welii) = 0,00+00
if{ dabstwilii}) .1t. 1.00-12 ) vilii) = 0.0D+00
1331 continge

vrite(s,' ("’ "))
vrite(3," ("' LR
vriteldy’ ("' )

¢-->  Perfors sorty if requested....
C if{dosort} then
) Sort eigenvalue magnitudes on all partitions except the first

c Pack inte the various partitons the eigenvalues in

C increasing order

s do 2500 j = 1, npartshn -1

t Tsvap = .FALSE.

c puminpart = kpartshn{j+i) - kpartshn(j}

C 1f{ nuapartshn .gt. 2} then

t do 2800 k = 1, numinpart - 2

4 if( .not. (dabs{ur{kpartshn(j) + &)} .gt. dabs{ur(

S kpartshaljl + &k + 2) ) ,or. dabs(wilkpartshaij) + k})

t ¢ .0t. dabs(vilkpartshn(j) + k + 2}} } .and. .nol. lsvap)

O then

C tespr = wrlkpartshn(j) + k)

'Y wrlkpartsha(j} + k) = wrlkpartshn(j} + k + 2)

¢ wrlkpartshn(j) + k + 2) = teampr

c urikpartshn(j) + k + 3) = -tempr

C tempi = wilkpartshalj} + k)

C vilkpartshn{j) + kI = vilkpartsha(j} ¢+ k + 2)

4 vilkpartsha(j) + k + 2} = tespi

C vilkpartsha(j) + k + 3} = -tempi

t Iswap = .TRUE.

s endif

2800 continue

C endif

2500 continue

¢ endif
weite(Sy' U7 #/#[4 /-] [4 1[R[ IR1R ] ] 1411 ] 4[4 [4]4[4] 1))
do 300 i=1,n

if( {i.eq. (kpartsha()+1)) .or. (i.eq.{kpartshal2}+i}) ,or.

] {i.eq. (kpartsha(3)¢{}) .or. {i.eq.(kparishaid}+i)} )
i writels," ("’ I

tf{ (i.eq. (kpartsha(1)+1}) .or. (i.eq.{kpartsha{2}+1)) .or.
] (1.eq.(kpartsha(3}+1)) .or. {i.eq.(kpartshn(d)+1}) )

] write(hy' ("' ")
weite(®y’ "' 1 ="'"413;"" EIGENVALUE: '',D14.10,1x,014.10,"’
§ (D ")) iy weli)y wifl)
writelby't'" 1 =""413y"" EIGENVALUE: '',D16.10,1x,015.10,""
g (1) ') iy weli)y wili)
=) Write eigenvalues to output file for program use ....
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write (5, (016,40, 20, D16.10)7) wrli), wili)
300 continue

endif

vrite(d, (" "'\ TH{{HR )} )

yriteld, ("' "' TH{1HE}) )

close(é)

close(s)

end
CHHHH I END of PROGRAM EVKEPLI0 SHEHEHEERSIHEFIHEHH
$DEBUG

subroutine crosspriabyc)
CHEHHHH S H LS R
cirrtart  This subroutine, provided with the vectors a and b, vhich 43
cHEHEE have real companents, performs double precision arithaetic #4#
ciiirett  {o obtain the cross product of the vectors a and b. The cross
cH#EH  product operation is defined in the standard manner. The s3s#
ceeat result is stored in the vecter c. AlT vectors have J component
CHEHHHHH B I

isplicit real#d {a-hyo-2)

dinension a{3}y b{3)y ()

cii)= al2)eb{3) - b{2}¥ald)

c{2)= ald)abil) - B(3)4ali)

cl3)= alt}sbi2) - bi1)#a(2)

return

end
ciiiEEEsEEEREEEEEEE  END of SUBROUTINE CROSSPR 3¥fftiiisiiitiHifsiiids
$DEBUG

double precision function doti{asb)
CHEHHIHH S H T
cereirdt This function, provided with the vectors a and by which havest
cHerEH real components, perforas double precision aritheetic to v
ciireirt  oblain the dot product of the vectors a and b. The dot HHHHE
cHEE product operation in the standard manner, $HHHEERREHEHEEEREEHE
ciipitid ALl vectors are assummed to have J or less coaponents. HEdE#E
CHHHHHH S H P H T H

isplicit real#d {a-hyo-2)

diaension a(3)y b{J)

dot = alf)abif) + al2)¥b(2} + a(3)#b(3)

return

end
cHsaEHEE END of DOUBLE PRECISION FUNCTION DOT #Hpisssiiiiiiiiins
$DEBUG
cH3#ieeeERHISUBROUTINE RUHESS {EISPACK Guide Modified RG) #essipeiississ
cHeaREREEHEEE Source listing taken from B.T. SHITH et. al. 1979 #a3isiss
ctirisredast Matrix Eigensystes Routines - EISPACK guide 204 Ed #3132
CHHHH I H R
'Y
C seeeess MODIFIED 10/29/87 to only call balanc and hqr
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C 18888 Since the input matrix is upper Hessenberg TLH

subroutine ruhess{nmyn,ayur vimatzyzyivlyfvlyiers)
implicit real#8 {a-hyo-2)
integer nynmyisiyis2sierrymatz
realdd alnmyndywrin) viln)sz{nmsn) fviin)
integer iviin)
ifin .le. nn) go ta 10
ierr =10 %0
go to 50
10 call balancinmynya,isisis2,fvi)
t call elahesinmynyisiyisZyasivi)
if{zatz .ne. 0) go to 20
c HEEEEE18EE4EEE  FIND EIGENVALUES ONLY SHREES3RRRiiiissiiiiiiesd
call hqr{nmynyisdyis2 asuryvigierr)
go fo 59
L ppeaeaiiets FIND BOTH EIGENVALUES AND EIGENVECTORS #epsssss
20 call eltraninaynyistyis2sagiviyz)
call har2inmynyisiyis2yaguewiszyiers)
if{iere .ne. 0) g0 to 50
call balbakinmsnyisiyis2sfviynyz)
50 return
end
cERHHEEERRRRRREREEEE  END OF SUBRGUTINE RUHESS 3333iffftiitiitiiiisitis

LISTINGS FOR SUBROUTINES BALANC, HeR, ELTRA
AND BALBAK ARE CONTAINED IN
THE EISPACK GUIDE (SMITH et al, 1976)
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APPENDIX H

FORTRAN LISTING FOR PUTIER ALGORITHM FOR &xb TRUNCATION
OF L MATRIX FOR KEPLER PROBLEM

progras putkepd
CHHHH I F RS R F R S HHE R L R R 1 43

CHEEHEEE
CHEI
CHEHH
CHI
CHEEEEEE
cHEHIEE
cREEIEEE
cEEEEEEE
cHHEH
CHEHHH
cHEEHEEE
cHEEEEE
cHHH
cHEHH
CHIEIEEE
cEHHEEEE
CHEEEEEE
CHEREEHE
CHHEHME
cHEHH
cHHIH
cHE
cHH
c
CHIE
CHEHHE
cHEEEEE
cHIEEHEE
CHIEIH
CHEHH
CHEEEIE
cHERHEEEE
cHEHEH
cHEEEHEHE
cHEHEH
cHiH
cHEEREEEE
cHEE

This program perforas the Petzer algoritha for the 6xb trunc
of the L matrix vhich is Upper {Hessenberg) found from the ###
action of the Liouville operator upon 2 polynomial basis in 8
phiy and povers of q and p. Eigenvalues are found by using ##
a sodified version of the driver subroutine RG from the #H¥E#
EISPACK gquide, HHIHHHHIIHHHHHHHHHHHHHIIHHR
Eigenvalues are read in from the file EVKEP10.PEM &/MAY/8S 42
The L matrix used must be a even dimensioned satrix for the #
EISPACK routines to return the proper eigenvalues. Because ¥
of thisy the final expression for phil{t) must include alpha #
tises xlphi (vhich is omega) times the time. This is the ###+
only contribution that is left out when chopping the initial #
f1x41 L watrix down to a 10x10 by deleting the first rov and #
column of the 11x11 L matrix and the basis vector of . #3Hit2
Rotines BUILDP and GETRK calculate pieces required by the ###
Patzer Algorithe for calculating e#d(Lt}. HHEREREEEHHEERELIEHE
If no external radial force is applied the matrix reduces ###
to an upper Hessenberg matrix. The matrix is partitioned to #
to obtain its general stracture vith respect to the polynomial
Using the eigenvalue information, the scalar functions Rit) ##
are produced by the numerical integration using the Runge- ###
Kutta Gill aethod. A basis consisting of phiy and polynomials
consisting of qy the radial deviation from an equilibrium #44
circular orbity and py the corresponding conjugate somenta. it
The Hasiltonian used is that for the Kepler problem in a #i3
plane. Twe sets of units are provided in which the problestss
can be vorked. They are the physical units provided by the #&

HKS systemy or the canonical units, determined in such a vay &
that 6N = {, HEERERREREEEREHRRREEEREERERES R EERE IR EIEHE

The program prompts the user for a filename {DOS) to i
vhich it vill veite the resuitant data. . Hi
The Hamiltenian 1s as follovs: FEERERsidSitsiiesiiitsssd
11

In MKS unmits.,. i
H= (Pr)&(Pr)/(2a%c08r0) + ({1phi)®82}/{28atr04r02 #3%

{1 + Q)#12) - GNa/(r02(1+Q)) i

i

In CANONICAL units.... i

256
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CHHHH H= (Prie(Pr)/(28008r0) + ((1phi)#52}/(28r04r0#
cHHHHH (1 +Q)382) - {/{r0r{1+@))
CHEHHH

ctiriddtt  The user is proapted for his choice of units to work in.
CHEREREHE

HE
11
H
it
1

CHEH P
ctitiett Units are in the MKS systes. Kgy Kmy sec OR a CANONICAL UNIT #
ciiiEt  system Ko, Radius of earth in Kmy CTU {Canonical Time Unit) #
cHiHE = 806.5 sec = 13.44 min; at the choice of the user. #EREiiEHEE
CHEHH T HHH I H I
cHe (ylindrical coordinate system is assumsed. r, phiy 7 HEREHEHE
CHHHHH T H I I HH
CHEH S H H H H H HH HHE  HH EH E

paraneter (nmax=6,npartshn=1)

implicit real#8 {a-hyo-2)

real#8 alnaaxsnmax}y vrinaax}, vi(nmax)

real#d rinit(3)y vinit (3}, amominit(d}, c{3)

dimension linefol6)

conplextié cainmax,nmax), ceigval(nmax), cident{nmax,nnax)
complextid pfirst(nmax,nmax), psecond{nmax,nmax), tesp(J,nmax)
complextis pthird{nmax,nmax)

conplextis expaati{J,nmax)

coaplextié ulnmax), u0(nmax}y r_rkgill(nmax}, r_last(nmax)
integer ny amy matzy ivi{nmax), ierry kpartsha(nparishn)
integer#2 1hryiminute,isecond,1100th,1yr inon,iday
charactert2d filenane

character#2d ev_file

charactert{Z linefo

character#{ idoprint

character#! mansver

character#{ iread_ev_file

character#! istepans

charactert! i_pick_units

character#d GMunits

character#2 Runits

character#d Tunits

character#t Vunits

charactert9 Punits

character#10 AMunits

logical canonical /.FALSE./

logical ichgstep /.FALSE./

togical doprint /.FALSE./

logical docheckr /.FALSE./

ogical lsvap /.FALSE./

logical initialze /.TRUE./

logical no_default_ev /.FALSE./

conson /matrices/ cay cidenty n

comaon /ematrix/ pfirst, psecond, pthird



)

-

)
)
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data ev_file /'C:\evkepi0.pon '
data h/.100+00/

Physical constant data....
data convake/1.00-03/
data pi/J. 14159270400/
data 6/6.670-11/ earth_sas/5.98D424/4 r_earth/b.J781650+03/
data ctu_per_sec/1.2398521D-03/
Call GETDAT and GETTIN (obtain system date and time)
call getdat (iyr;imon,iday)
call gettin (ihr,ininute,isecond,ii00th)

Define partioning structure of the matrix...
Ending partition indices are given by kpartsha(j) for

i = 1ye.aonpartsha
Beginning partifion indices are given by kpartsha{l}+i for
1= {y...onpartsha-1
do 450 j = 1, npartshn
kpartsha(j} = ( (jE{j#3)/2)

450 continue

=)

write(®y' ("' Input the dimensionlorder) .1e.’''yI34'"y of the A mat
drix.’’)' ) kpartshn{apartshn)

read{s ) n

write(,'(*" Do you vant the matrix printed out? y or n ''}')
read(#,130) aansver

1f{(aansver .eq. 'y’ ) .or. (mansver .eq. ‘Y')) doprint = .TRUE.

nov get filename to use in writing the guiput...

write(#,' ("' Please enter the filename to use in writing the cutpu
-t

read{¥,160) filepane

openibyfile=filename,status='nev')

weite{d,' ("’ Do you wish to enter the path and filename of the fil
de containing the computed eigeavalues? (Y/M)'')'}

read(#,’ (A1)'} iread_ev_{ile

if{liread_ev_file.eq.'Y'oor. (iread_ev_file.eq.'y'}) no_default_ev
§ = .TRUE.

if{no_default_sv) then

vrite(s,’ ('’ Enter eigenvalue data PATH and FILENANE'')'")
read(®,' {A24)') ev_{ile

endif

gpeni7 fite=ev_fileystatus='unknown')

revind 7

weite(#,’ ("' Input the value of & in Kg:'',/,

§'' Use the formati’’,/,

i L,

&' Sd.ddddD+xx'’ 1"y

read(#,1229) xa

1229 format(ix,01f.4)

veite(dy' ("" Default coord system units is the BKS systes.'’})')
write{#,' ("' Do you vish to use CANONICAL systea of units? Enter
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&Y or N'')')
read(#,' (A}'} i_pick_units
H{(i_pick_units .eq. 'Y') .or. {i_pick_unils .eq. "y')) canenical
4= .TRUE.
c--)  Input initial coaponents for position vector....
veite(#y'{** Input initial values RINITIAL{radial) in Ka:i '',/,
8" Use the formati'’y/,
8 MAT oy
&' Sd.dddddddD+XY'" ')
read{#,1231} rinit_radial
1231 forsat{ix,0{4.7)
1232 foraat(ix,014.7)
vrite(#,1232) rinit_radial
if{ .not. (canonical} )} then
6 = Gearth_mas¥convaka
rinit (1) = rinit_radial
rinit(2}) = 0.00+00
rinit(3) = 0.00+00

else
6 = 1.00+00
i = 1.00+00

rinit{l) = rinit_radiai/r_earth
rinit{2) = 0.0D+00
rinit{d) = 0.00+00
endif
t--)  Input initial components for aomentua vector....
write{#,' (** Input initial velocity values VINITIAL(radial); and V
LINITIAL (transverse)® in Ka/sec ’'y/,
8 Use the formati'’',/,
0 MAT AT
4’ 5d4.4ddddddD+XXbSd. dddddddD+YY' ' }*)
read{#,1233} vinit_radial, vinit_trans
vrite{#,1234) vinit_radial, vinit_trans
1233 foraat{ix,D14.7,1x,014.7)
1234 forwat{ix,D14.7,1x,014.7)
if{ .not. (canonical) } then
vinit (i} = vinit_radial
vinit(2) = vinit_trans
vinit (3} = 0.00+00
else
vinit{1) = {vinit_radial/r_earth)/ctu_per_sec
vinit(2) = {vinit_trans/r_sarth) /ctu_per_sec
vinit{d) = 0.00+00
endif
¢--}  Input initial values for phiy 4 and p......
veite(#y'{"’ Input initial valves of PHI, radial deviation @, and
4P in rady unitlessy & Ko-Ka2/sec''y/y
4" Use the format:'’'y/,
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' MAT AN T, 1,0/,
8'' 5d.dddddddD+XXbSd. dddddddD+YYDSd. dddddddD+11"" }')

read(#,1235} phizero, qzeroy pzero
weite(#,1236) phizero, qzero, pzers

1235 fornat(ix,014.7,1x,014.7,1x,014.7}
1236 tornat{ix,014.7,1x,D14.7,1x,014.7)

)

=)

ificanonical) then
pzere = {pzers/(r_earthir_earth})/ctu_per_sec
endif
{alculation of initial angular mementus....
call crossprlrinityvinit,o)
anoainit{i) = xadcii)
anoainit(2) = xatc(2)
anominitid) = x#c{3)
Calculation of sagnitude of initial angular momentun....
tlphisq = dot{amominit,anoninit)
xiphi = dsqrtixlphisq)
Calculation of circular orbit radius....
if{ .not. {canonical) ) then
10 = xiphisq/ (GNExatxn)
r0overre = r0/r_earth

else
0 = xlphisq
rloverre = ¢
endif
FEIE

Calculation of initial period using Kepler's Third Lav
i .not. {canonical) } then
period = {2,0D+00%pikaakdsqrt (aa)}/dsqrt (EM)
period_min = period/50,00+00
else
period = Z,00+00¢pitaatdsqrt {aa)
period_sin = period#{1.00+00/ctu_per_sec)#{1.00+00/40.00+00)
endif
yrite(s,’ ('’ Input the init time, no of orbils, and no.of steps.”’
§:/4'" Use the format:’’,/,
8 D10.4,1X,D10. 441,15 4/,
4'' 54.4d30+XXbSd. dddD+YYDSAT2L"" }')
read (¥,1245) tbegin, znorbits, nasteps

{245 format(1x;010.4,1x,010.4,1x,15)

)

Calculate the increment to advance the time with

tend = znorbits#period

deltat = (tend - thegin)/dble{nsteps)

10 = tbegin

vrite(d,' ("' TEND is:'’\D12.8,1x,A3)') tend, Tunits

write(t," ("’ Input the time at vhich to check calculations.'’,/,
§'' Use the format:'’,/,
0477 4,
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4" Sd.dddddddpexy’’ )')
read (#,{433) tchkealc
1433 format(1x,014.7)
if{tchkcalc .gt. 0.00+00) docheckr = .TRUE.
writeld,"('" Size of DELTAT is:'’,012.6,1x,A3)") deltat, Tunits
write(s," ("' MWant STEPSIZE .LE. DELTAT ''}'}
vrite(#," ("' Default value of integration STEPSIZE is:'’,D10.4)")
§h
veiteld,' ("' Do you vish to change it? Enter (Y/N)'*)")
read{#,' (Af}') istepans
if((istepans .eq. 'y') .or. (istepans .eq. 'y')) ichgstep = .TRUE.
iflichgstep) thea
vrite(#,’ ({x,''Enter the value )= 1) to divide DELTAT by te pro
dduce the value for STEPSIIE, use format'’')’)
vrite(#,' (1x,''Sd.dddddddD+rx"" )"}
read(¥,’ (D14.7)') hfactor
weiteld, " (D14.7}') Mactor
h = deftat/hfactor
write(#," ("' RKG STEPSIZE is: '',M4.7)') h
endif
c--}  (alculate the constants used in the matrix of the L matrix.....
if{ .not. {canenical} ) then
alpha = 1.00+00/ (xa#r0#rf)
alphasq = alphatalpha
beta = Gfxw/r0
else
alpha = 1.00400/ {r02r0)
alphasq = alphatalpha
beta = 1.00+00/r0
endif
C «..urite data to sutput file for records ...
1f{ .not. {canonicall ) then
Glunits = 'Kad/sec?’

Runits = 'Ka’
Yonits = 'Ka/sec’
Tunits = 'sec’
Punits = 'Kg-Ka/sec’
AMonits = 'Kg-Ka2/sec'
else
GMunits = "Red/CTY2
Runits = 'Re’
Vunits = 'Re/CTY
Tunits = (T
Punits = 'Kg-Re/CTU'
ANunits = 'Kg-Re2/CTY'
endif
vrite(6,259)

vrite(,258)
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vrite(4,255)

vrite{6,250)

write{h 260

write{s,251) xa, GM, GMunits

write{by262) rinit(1}, Runits

writeld,263) vinit{1}, Vupitsy vinit(2}, Vunits

writelb,250)

vrite{b,264) phizers, qzers, pzero

write(,265) (amominit(i}y i = 1,3)

writelb,266) xlphisq, AMunits, xlphi, AMunits

vrite(dy267) 0y Runits, period, Tunits, period_min, znerbits

write{6,268) rOoverre

vrite (4,250

write{b,270) nsteps

write(6,271) tbegin, tend, Tunits, deltat, Tunits, h, Tunits

writel6,272) filename

write(,273) imon, idayy iyry ihry ininute, isecond
«eoWrite data to screen for verification ...

vrite{#,259)

urite(#,258)

vrite(#,255)

write(#,250)

vrite{#,250)

vrite(#,261) xn, OM; GMunits

writel#,262) rinit{l}, Runits

write{#,263) vinit{1), Vuaitsy vinit{2)y VYunits

vrite(#,250)

write(%,264) phizero, gqzero, pzero

write(#,265) (amominit{ily i = {,d)

write{#,266) xlphisqy AMunits, xlphi, AMunits

vrite(%,267) 0y Runitsy period, Tunits, period_ain, znorbils

write(#,268) rlcverre

write(#,250)

write{#,270) nsteps

write{,271) tbegin, tend, Tunits, deltat, Tunits, h, Tunits

vrite(,272) filenaae

write(#,273) imon, idayy iyry ihry iminute, isecond

{30 format{Af)

160 format (A24)

250 forsat{il ' ')

255 format(ih ' BASIS VECTORS USED ARE PHI, @, P, @##2, @P, P##2 =fxb
$ ')

238 format({H ' KEPLER PROBLEM ia a PLANE, DEVIATIONS FROM CIRCULAR 0
SRBIT 4.")

259 foraat (1H ,"PERFORMING PUTZIER ALGORITHM TO CALCULATE EXPILt) FOR T
$HE FOR KEPLER PROBLEM',/,5x," IN A PLAKE W/ RADIAL DEVIATIONS FROM
$ A CIRCULAR EQUILIBRIUM',/,5x,'ORBIT.')

260 format ({K ' SUMMARY OF DATA T0 BE USED FOLLOWS:')
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261 forsat(iH ' Sat XM is:' D1.4," Ko &M is:',Di4.6,1x,AB)

262 foraat (10 ' Rinit_radial iss' D12.4,1x,A2
¢ 4/y10xy" (ABOVE USED IN CALC INITIAL ANGULAR MOMENTUM VECTOR}')

263 format (44 o' Vinit_radial ist'yD12.641x:88,1x,’ Vinit_trans is:',D
$12.6,4x,Ab¢/10x,' (ABOVE USED IN CALC INITIAL ANGULAR MOMENTUM VEC
LTOR}")

264 format(iH ,' PHIZERO IS:',Di2.6,’ Rad QIERD IS:’,D12.4," PIERD IS
$:'5042.6,/,10%," (ABOVE USED IN BUILDING INITIAL COMDITION VECTOR)
i)

265 format(iH ' INITIAL ANGULAR MOMENTUM VECTOR IG:',3(D12.6,21) )

266 format{iH ," MAGNITUDE 5@ OF INITIAL ANG MOM VECTOR is:’
$:016.8," (' ,AL0,") 882",/ 10x%," ANG NOM MAGNITUDE IS: ',Di8.8,ix,

4 AD)

267 forsat (i ' EQUILIBRIUM RADIUS RO I5:',D12.4,1x,A2,' PERIOD 1S: '
$,012.6,1x,43,7,10x," PERIOD in MINUTES ist ’¢D12.5,4x'No of ORBIT
45 152 '4D12.6)

268 format (i ,' Equilbrium radius in EARTH RADII is: ',D12.8)

270 format {1} ' INTEGRATION LIMITS FOLLON; NSTEPS IS *y16)

214 format{iH ' TBEGIN = ',D12.64' ; TEND = *,D12.6,1x,A3,' DELTAT =
=" D14, 7 1x4434/49%," and BKG STEPSIZE is: ',D14.7:1x,Ad)

212 format {14 ' OUTPUT DATA IS CONTAINED ON THE FILE CALLED- ',A2§)

273 fornat{{H ,' THE DATA ON THE ABOVE FILENAME WAS PRODUCED ON ',I2,'
='¢I2y'-" 144/, 35x," AT APPROXIMATELY *,I2,1H:,12,1H:,12)

- Define the A matrix for &x6 truncation......
do 1000 j = 1, nmax
do 1000 1 = 1, naax
aliyi} = 0.00400
1000 continue
¢—->  Define L malrix for up to a=b truncation....
ally2) = -2.00+00%al phatxiphi

a{24d) = alpha
a{3y2} = -3.00+00%alphatxlphisq + 2.0D+00#beta

all,4) = 1.00+00%alphatxiphi
a(3,4) = J.00+400#(2.0D+00%alphatxiphisq - beta)

a(4,5) = (2,00+00)#alpha
3(5,2) = alpha#xlphisq - beta
a5, 4) = a{l,2)

al§¢h) = alpha

alby3) = (2.00400)#a(5,2)
alhy5) = (2.00400)#3(3,2)

ally7) = -4.00+00%alphatxiphi
a5, = all&

a(6,8) = (2.00+00)%a(3,4)
a(1,8) = (3.00+00)#alpha

[ BN e BN o BN o )
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c ald4) = a5,

C al8,7} = ald,2

C a(8,9) = (2.00+00)#alpha

c al9y5) = {2.00+00)#a{5,2)

c al%,8) = 2.00+00#a(3,2)

c a{9,10) = alpha

s ali0,6) = J.0D+00#a(5;2)

C al10,9) = 3.00+00#a(3,2)

¢}  Check for exceedingly small residual elements....

s lero all elements vhese magritude is less than {.00-12

do 21t j =1, nsax
do 21121 = {; nmax
it {dabs{aliyj))) e, 1.00-12 ) atiyj) = 0.00+00
2112 continue
2111 continue
if{doprint) then
-} Hrite out A matrix....
vrite{#;' (*" Portion of A matrix used ist ''})' )
write{d,’{*' Portion of A matrix used is: '')' )
do 1180 k =1y n
write{#y' ' rovw ""4i3)') k
veited®," "' ",5(044.7,10,7)" ) {alkyjly § = 1)
{180  continue
de 1190 k =1y n
writelhy' U7 row ""yidMV' ) K
Uf‘ite(by'{“ “15(01‘-71“)1”' ) (a(k,j), J = 11")
1190  continue
endif
weitels,’ ("' "V THUHD) ) )
write{dy’ U7 " T1UIHEY) )
) convert matrix A into matrix CA, its complex fors
do 1230 jj =1y n
do 1240 ii =1y n
cafiiyij) = demplx( aliiyjjdy 0.00400 )
1240 continue
1230 continue
--) Form the vector of complex initial valued basis parameters
u0{{) = deaplxiphizera, 0.00+00 )

v0{(2) = dcaplx(qzera, 0.00400 )
u0(3} = deapix(pzern, 0.00400 )

ul(4) = dcapix(qzerotqzera, 0.0D4G0 )
u0(5) = demplx{qzerotpzero, 0.00+00 )
u0(s) = dcaplx(pzerotpzero,y 0.00400 )
) Build complex 1dentity matrix of order
do 1250 jj =1,
do 1260 i1 = {y n
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ifljj .eq. ii) then
cident{iiyii) = demplx(1.00400, 0.00400)
else
cident(iiyjj) = dcaplx(0.00+00, 0.00+00)
endif
1260 continge
1250 continge
)  HHHHHHBHE I H I
c Read in the eigenvalues from the file EVKEP10.PEM. (defaull) or
¢ from previousiy entered file,
c First read past header centaining info on physical constants
'Y used to obtain the set of eigenvalues, and file creation infe.

) Read file until the header is passed. The header is delimited
--) by a line that consists of the character siring,
-} AR [ ] 44 [ 14 [ 4] [ 1414441414 ]
) as a deliniter.
--) read to get past header on file known as 'ev_file’.
1111 read(7,' (b{A12})" yend=215) linefo
if{{linefal2) .eq. '#/4/4/4/4/4/') ,or. (1inefo(2) .eq.
$ 'J4/4/4/4]4]4') ) thea
go to 500
else
go to 1ifl
padif
) re-set linefo.....
500 ds 335 ik = 1,6
Tinefolik) =/ !
335 continge
c--) ve vill open the file and read in the eigenvalues for the current
) truncation of the L satrix.
dof0i=1,0n
readi7,’ (016.10,2x,016.10) yend=225) wriil, vili)
10 continue
C 4+ Fora cosplex eigenvalue vector ......
do J00i=1yn
ceigval{i} = demplx( wrli)swili} )
J00  continue
1f{doprint) then
write(#," ('’ Complex eigenvalue vector follows: '')’')
weite(d,' (" Complex eigenvalue vector fellows: '')’)
dolS5i={,n
H{ {i.eq. (kpartsha(1)+1}) .or. li.eq.(kpartshn(2)41)} ,or.

] (i.eq. (kpartshn(3)+1)) )
$ vrite(#,' ("’ i
il (.eq. (kpartsha{l)+1)) .or. (i.eq.(kpartsha(2)+1}) .ar.
¢ {i.eq.(kpartshn(J)41)) )
4 writeldy' ("' RS |
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weitel(ty" ("' 1 ="'4i3,"" EIGENVALUE: '',D14.8,1x,014.8,''(
80 ) Ay wrli)y wili)
writeldy''* 1 ="'413,"" EIGENVALUE: '',D14.8,1x,D14.8,"'(
80 ) iy welidy vili)
325 coatinue
endif
C Call routine BuildP to buiid two storage areas. The first
'S PFIRST contains the first rov of the P matrix havisg indice
C INDEXy e.q. PFIRST(INDEX;rov}. The secand, PSELOND, contains
C the second rov of the P matrix having indice INDEX, s.g.
c PSECOND(INDEX,row). The third, PTHIRD, contains the third
C rov of the P matrix having indice INDEX, e.q. PTHIRD{INDEX,
C rovl.
call buildpbiceigval)
-} Write out the PFIRST, PSECOND & PTHIRD aatrices, if requested.
if{deprint) then
write{#,’ ('’ PFIRST. PSECOND, PTHIRD Matrices follow: '')' )
yritelb,' {"" PFIRST. PSECOND, PTHIRD Matrices follows '*)' }
do MW k=11
vrite{#,"{’' P matrix index is ''yid)') k
write(#' " rov i ')')
writel#, ('" "' 30206114, 4x) o 1)y /) MpHirstikyjly § = 140)
write(#," "' row 2 ''}")
writeld," (' "' 3020611 4,10) 1) 4/} Mpsecondikyj)sj= 140}
vrite(s,'{"' row 3 ''}")
vriteldy' (' "1 22061140 40) o5} 571 ipthird(kyidsj= fon)
writeld,’ (1x,7004H-1}")
W continue
oMW k=11
write{s,' (** P matrix index is '"yiJ}') Kk
writeldy' U rov i "))
vriteldy' (' "1, J2{611. 4580 s 1x) o /Y M phinst (kyidy § = 140)
weitedd" ' row 2 1))
writelby " "1, 30206118 8x) 1)y /)" ) (psecond(kyj)yj= 14n)
writeddy' (" row 3 ''V')
writelhy' ("7 17 H2064 . 4dx) D004/} Y (pthird(kyj)yi= 14n0)
writelby' {1x,70(4H-))")
4470  continue
vrite(d,' (' "', 71(8H-))' )
weiteldy U " THUHH-)) )
endif
¢ sapeeiieesd BEGIN ITERATING IN TIME H33#REsftisitisiiss
t =10
veite(dy' U' t/4/4/4[4] 4] 112[4] 4] [+ [1 1214 [4 ][44 [4]4]4[4]{4]+
')
writeldy' "' /4/H[2[3[ 4[4[ 4[1[4[4] 4] [1[4[4]4]3]4]4]4]4]2]+]4
8/
do 40 k = {4 nsteps + 1§
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tlast =t
Lt Jeq. 0.00400) .and. {initialze)) then
r_rkgill{1) = domplx(1.00400, 0.00+00)
do 8200 k1 = 2y n
r_rkgill(k1} = doaplx{0.00+00, 0.0D+00)

8200 continge
initialze = .FALSE.
else
< Define last values of the r_rkgilli{n) vector for use as the
c initial condition vector for the RKGILL integratios.
do 8300 kn = 1, n
r_last{ka) = p_rkgifl{kn)
8300 continye
c--> et the entire set of polynomial functisns, each evaluated at the
c integrated time T, given that the set of polynomials have the
£ initial conditions given by the values contained vithin the
'Y the vector r_last(nl.....
'Y
t Pass DT to determine the number of times to execute the Runge-
C Kutta-6ill integrator routine...
call getrkéihen,ceigval deitat,r_lastyr_rkaill tlast t)
c
endif
Initialize array to hold results of this particular time.
{iteration of deltat)
do 3050 i1 = 1, 3
4o 3060 ji =1y n
expmattliisjj) = domplx(0.00+00,0.00400)
3040 continue
3050  continue
if{(dacheckr) .and. {dabs(t - tchkcalc) .le. .008D+00)) then
do 8400 kn = 1, n
write(t," "' For r sub "'5i3y""y ¢ 158 "' (D14.8,2x,014.8)")
& kny r_rkoili{kn)
8400 continue
do 8500 kn = 1, n
writedhy'{"" For r sub ''4idy"'y r ist "' D14.8,2x,D14.8)")
) kny t_rkgilldkn)
8500 continue
if(t .eq. 0.00400 ,and. (docheckr)) then
writeddy' U1 $/4/4/4[4[3[4]4[4[3]4[4[4[4[3]1] 4[4 15[ 4]4]4]4] 4]+
LY
writelby' U'" /4/4/3[4]4]4[4[414[4] ][ 4[4[ 412]2]4]4]4]4]4]4
')
endif
endif
¢--) (alculate the teras in the Putzer sumy accumulating the sus
C continugusly
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do J0000 index = {y n
do 3100 jj=1, n
teap(1,ij) = r_rkoill(index)#pfirst{index,jj)
teap(24ji} = r_rkgilli{index)¥psecond{index,jj)
teap(3sjj) = r_rkoill{index)#pthird{index,jj)
J100 continue
c #+## (alculate the term of the Putzer sum depending on index.
'y 14t Then add to the first index-1 sums stored in expmatt.
de 3200 i1 =1, 3
do 320 jj =158
expmatt(ily§j) = expmatt(iiyjj) + templil,ji)
3210 continge
1200 continue
36000 continue
¢} Initialize the u vector o zers.....
do 50000 1 =1, »n
uli} = desplxt 0.00400, 0.00400)
50000 continue
¢--> Fors the ceerdinate vector for time t
do 90100 1 = 1, 3
do 90110 j =4y n
uli} = uli} + expmattii,j)eud{j)
90110 centinye
96400  continue
phi = dreallu{i}) + alphatylphist
g = dreal{ul2})
p = drealiu{d))
Ul‘itﬂ(b;’(“1m“-é1331“?.91231017.912}(1017.9), ) ty Phiy i P
40 continge
writaley' ("7 " THUHEY ) )
writeldy’ (*7 *' T1{1H8}}" )
tlose (b}
go to 99999
215 weite(®," ("' EOF found in header of eigenvalue data file: '',A24)
§') ev_file
write(#,' '’ "7 71 (1He})" )
write{sy' ' "' TL({HE))" )
close(d)
stop 00215
225 write(#," ("' EOF found vhile reading eigenvalue data on file: '’,
§428)') ev_file
weite(d,’ ("' "', 71 {IHEY) " )
weiteldy' (' "' 71 (IHEN)' )
close(d)
stop 00225
99999 continye
end
CHERRRERRRERRERREEE END of PROGRAM PUTKEPS #33333isdifitiiiiiissdiss
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$0EBUG

subroutine crosspriashic)
CHHH I
ceatdt  This subroutine, provided vith the vectors a and by vhich #3#
cHHHisH  have real cosponents, perforas double precision aritheetic #3#
cHitit#t  to obtain the cross product of the vectors a and b. The cross
ciesstd product operation is defined in the standard manner. The tes#
ceitibet resylt is stored in the vector c¢. A1l vectors have 3 component
CHH S A R E H HEFE S HE R R R R A R R E R R I 4

implicit real#d {a-hy0-2)

dinension a(3), b3}, c(3)

cli)= al2)8b(3) - b{2)1#ald)

c{2)= aldlab{l) - bid)#all)

c{3}= a(1)ab(2} - b{{}+af(2)

return

end
cHEEsEHEERRERE8EEE  END of SUBROUTINE CROSSPR #3issiiiifitiiHiidieisd
$DEBUG

double precision function dot(a,b)
CHEH T HE R F R HE R R H 38
cteesest This function, provided with the vectors a and by vhich haveis
cHHri4Et real coaponents, perforas double precision arithaetic to ####
ciieeiet pblain the dot product of the vectors a and b. The dot ###tss
ciaediid product cperation in the standard manner. HEHHEHEHHEIHIHEEHE
chiett Al) vectors are assusmed to have J or less components. fHEdbHE
CHH T I H H I R R 8

iaplicit real#d (a-hyo-2)

dinension a(3), b{J)

dot = a{{)ebil) + a{2}#b(2) + a(J)#b(3)

return

end
ciepritieaeEt END of DOUBLE PRECISION FUNCTION DOT sdsssissiisitiiiifi
$DEBUG

subroutine buildpbiceigval)
CHHHH M S
cistitd  This subroutine builds the P satrix of the Putzer Algorithe. ¢
cHHEHEHE Necessary eigenvalues are supplied via the calling line. The ¢
cEEREEE range of complex matrix P is returned. The sntire set of P #3#
cHHHiEEE matrices is calculated. Real#8 arithaetic is gsed. HEEEREEEE
CHEH T TR L H R H L HE R HE R R R R R R R HE R B 111 1S

paraneter (naax=4)

inpticit real#d {a-hyo-2)

integer n

conplex®ib plnmaxynmax), f(nmax,nmax), poldinmax,naax)

conplex#ib pfirst(nmax,nmax}y psecond(nmaxnzax)pthird{nmax,nnax)

conplex#{s calnmaxysnmax)y cident(nmax,nmax)

conplextib ceigval (nmax)

connen /matrices/ ca, cidenty n
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cosmon /paatrix/ pfirst, psecond, pthird
¢--) Initialize the storage area of the first three rovs of the entire
C range of P matrices. REMEMBER, index is the subscript of the
4 P nmatrix,
do 140 jj =1y n
do 120 index = {,y n
pfirst{index,jj) = deaplx{0.00+00, 0.00+00)
psecond(indexyjj) = demplx{0.00+00, 0.00+00)
pthird{index,jj) = dcaplx(0.00+00, 0.0D+00)
120 continue
110 continue
¢=->  Define the first three rows of P sub 0 & store using index of 1
pfirst{f,1) = deaplx(1.0D400, 0.0D400)
psecond(fy2) = deaplx(1.00400, 0.00400)
pthird({,3) = deaplx(1.00400, 0.00+00)
- Initialize the pold matrix to the complex identity matriy.
do 400 jj=1{yn
do H0 i1 =1, n
poldliiejj) = cidentlii,jj)
410  continue
400 continue
c-=-> Coapute the remainder of the P matrices using recursign -——----
do 4000 index = 2, n
do 500 jj =1,
do 540 11 =1y n
iflii.eq.jj} then
f{iiyii) = caliiyii) - ceigval (index-1)
glse
i1y} = calilyjj)
endif
510 continue
500 continue
) Now compute P using the P matrix just calculated....
ds 600 ij = {y n
do b0 kj =1y
do 700 k1 = {yn
plijokj) = plijykj) + Flijok1iepoldikl k)
700 continue
610 continye
600 continue
=) Transfer P matrix to POLD matrix.....
do 800 j =1, »n
do B0 i=1yn
peld(iyj) = pliyj)
810 continge
800 continue
--) Save first tvo rovs of the P matrix sub INDEX for Putzer
c calculations.......



271

do 9500 i = fy n
pfirst{indexyi) = pifyi)
psecond{indexqi} = pl2,1)
pthird{index,i = p{3yi)

300 continue
=) Re-initialize P matrix for matrix aultiplication loops.
do 1200 k =1, a
do 1210 j = {5 n
pljsk} = demplxn{0.00400, 0.0D+00)

1210 continue
1200 continue
4000 continue

retura

end

cHtH s R END OF SUBROUTINE BUILOPS Hesisiasisdiiiiidssis

$DEBUG

subroutine getrkb(hynycvalydeltat,r_begin,robegin_tine,end_tine)
CHEFHHHHH

CHEEEEEE
cEEEERME
cHEH
cHEEHEHE
CEEEEEEE
cHEHEHE
cHHH
cHEHH
cHEHH
cHEEEEEE
cHEH
CHEEEEHE
CEHEEEHE
cEHH
cHEH
CHHH
cHEEEEE
cHEHHHE
cHEHH
cHiEHH
CHEEEEEE
cHiH
cHEEEEE
cHEH
cHHER
cHEHHE
cHEHH
cHEHH
cHEREHEE
cHEHH

This subroutine finds the numerical values of the polynomial #
tuncticns R sub K by performing Runge-Kutta integration upon #
the entire set of N simultaneous first-order linear HEEHHEHH
differential equations. The integration is carried out fros #
BEGIN_TIME to the value contained in the variable END_TIME. #
The variabie R_BEGIN contains the values of R valid at the ###
tise BEGIN_TINE, and thus contain the initial conditions of ##
the integration., HEHHEHHHIHFEHPHHIHHIHSHH
The array (VAL contains the set of complex eigenvalues for ##%
the truncation being solved. The Runge-Kutta routine for N #4
siayltaneous linear first-order equatisns is taken from ¥¥iiss
Appendix € of the book VISCOUS FLUID FLON by FRANK M. NHITE ##
1974 Hcbraw-Hill pp. 675-678 HEHEHEHFEIBEHFRREERERRERHISENE
The system to be solved can be represented by the following ##

aatrix equation. DNMMNNNINDNMMIININIMMININMN 114
#

- - - - - - B
H otovalit) 0 0 ... PP N VI
o1 val(2) 0 ..., P | I I X 7 BRI
HE R | {cvaltd) 0 ........ee 0y il B
IR S | 0 fevaltd) 0...... 0y . B
| S T R 0 0 f cval(s) 0...014 ¢ 1
' N 0V V0.0 o
H P e U O I T A
1 R 0 0 0 . fovallndi irln} ) 1
- - - - - - H
"

1

This subroutine builds only those polynomials for the 6xb #
truncation of the L matpriy, #33483338RR3863 880888408043 84088
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CHHH I HEH I T HH I H

paraneter {nnax=6)
implicit real#8 {a-h,o-2)
integer my ny kontrogl
integer ul_steps, knt_steps
coaplext{s rinmax)y rdot{nmax), cval(nmax}, r_begin{nmax)
data 10/0.00+00/
¢--} Initialize Runge routine variables, control index (s)

=10
¢} Detersine the total number of steps {ul_steps) te make vith Runge-
c Kutta-6ill routine executing stepsize of H to advance solution
from begin_time to end_time.....
C YY corresponds to hfactor...

vy = deltat/h
iflyy .1t. 1.00400) stop 00111
dtt = deltat
klin = idint{yy)
do 4545 jh = 1, klin ¢ 2
gtt = dtt - b
if{(dtt - 0.00400) .le. 1.0D-08) go to 4550
4545 continue
45350 ul_steps = jh
¢--) Initialize step counter (knt_steps)......
knt_steps = @
¢--)  Initialize the r polynomial vector to values at time
C t = begin_tise
do 2300 jj =1y n
r{ji} = r_begin(jj)
2300 continue
t = begin_tise

¢
8 if{knt_steps - ul_steps) &,7,7
b continue
¢all rungebinyryrdatythysykontrol)
g0 to {10,20) kontrol
c Define first-order derivatives of the systen....
10 rdot {1} = cval ({)#r(4)
do 3300 kj =2y n
rdot(kj) = rlkj-1) + cvallkj)ler(kj)
3300 continue
go to b
20 continoe
knt_steps = knt_steps + §
90 to 8
1 continue
end_time = t
return
end



273

ciifpiteaiaeesssss END OF GETRKS SRS HEEHHBMHHFIFIEMEEEEEEEEEE

$DEBUG

subroutine rungebinyysfyxyhomskontrl)
CHEHH S H H H H H I H

cHEH
cHHH
cH
cHEEHEEE
CHH

This subroutine performs Runge-Kutta integration by the Gillst
aethod. The Aunge-Kutta routine for N HERHEHEHEHHIIHH
sinultaneous finear first-order equations is taken from HERIER
Appendiz C of the book VISCOUS FLUID FLOW by FRANK M. WHITE #
{974 Mcbrav-Hill pp. £75-678 HHERHEEHHHEHEHHHHEHHEHHIH

CHHHH T H H
paraneter {nmax=4)
isplicit real#d {a-hy0-2)
integer ny 0y kontrl
complex#ib yinmax), finmax); qlnmax)

ptd

g8 to (1,4;5131” ]
fdo2i=1y0n
qli) = dompix{0.00400,0.00+00)
2 continve

a=

0.50+00

go o 9

Ja
4
5 do

1.7071067811865475244D+00
% + (50400} #h

6i=1|n

yli) = yli) + a#{f{i)sh - q(i})
qli} = (2,0D+00) rash#f (i} + ({1.0D0+00) - (3.0D+00)#a)#qli)
& continue

a=

. 2928321 88134524756D+00

go o 9
TdoBi=1n
yli) = y{i) + hef0)/6.00400) - q(i}/{3.00400)
8 continue

0

kontrl = 2
g0 to 10
9 kontrl = 1
10 continue
return

end

cHERRSRREREEEEREE END OF SUBROUTINE RUNGES RSB SRiiiiSitiiisiiiitil



APPENDIX 1

FORTRAN LISTING FOR RUNGE-KUTTA-GILL NUMERICAL
INTEGRATION OF KEPLER PROBLEM

$DEBUG
program solvekep

¢

CHHEHHH R
CHEHHH T HH B I
CH iR 1
(rsreeee2 This program solves the Hamiltonian for ihe Kepler H
(eeerress  problen in 3 plane by integrating the resultant Hamilton's#
(1aeeaed equations using a generalized fourth erder RUNGE-KUTTA ##
R332 28 technique esploying GILL'S sethod. HHIEHEHHHEEHERHEHEEAEE
2333313 The Runge-Kutta routine for N simultaneous linear i
LHpseeess first-order equations is taken from Appendix € of the #3¢#
R22328121 boek YISCOUS FLUID FLOW by FRANK M. WHITE 1974 Mchrav- 34
32222231 Hill pp. 675-578 which implements GILL'S msthod of Hi
CHEEHEREE Runge-Kutta integration, HHEHHHHEEIEEELHEEEEEREHEHHEEIEE
CHHH I L R R E
(sz21334%  The program prospts the user for a filename (DOS) to Hi

(k322323 vhich it will write the data. As writteny at most  #3#
(HH13EHE 500 data points will be written. Hi
(HEEEEHE 3
Cepsssset  [n MKS units... H
R3222221] H= (Prit(Pr)/(2oer08r0} + ({iphi)#22)/(28ntr0#rOs #3#
(HEEEEEEE {{ + Q)#22) - Gia/(rOE{1+4)) H
(€2332223) H
Ceraeess I CANDNICAL units.... Hi
(si383444 = (Pr)a(Pr)/(28r0800) + {{1phi)#22)/(24rQ8r0t Hi
(eeiiiees {1+ )#£2) - /(r08{144)) H
(HEHEEEE Hi
(eezeaest  The yser is prompted for his choice of units to work in. #3#
(e2322383) i

CHER S R R M HH
Cazzaeet Units are in the WKS system. Ko, Kay sec OR a CANONICAL UNIT +#
Cereaasd  system Koy Radius of earth in Kay CTU {(Canonical Time Unit) ##
(reprt = 06,5 sec = 13.44 niny at the choice of the user. HEHEEIHHE
CHEHH I HH I T HH
(#23ee8¢ (ylindrical coordinate system is assummed. r, phi, 2 HHEEIIIE
(I H T H I T H I
(HHHHH HHHH H  H H H H H H H  EEE F R
{

paraneter (naax=3)

inplicit real#d (a-hyo-2)
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integer ny asteps
integer#2 ihryininute,isecondyi{00th,iyr inonyiday
charactart24 filenase
character#{ istepans
characterH i_pick_units
character#8 GHunits
character#? Runits
charactersd Tunits
character#d VYunits
characters? Punits
character#10 AMunits
Yogical canonical /.FALSE./
logical ichgstep /.FALSE./
logical initialze /.TRUE./
dimension y{3}y y_last(d)
dinension rinit{3), vinit{3), amominit(3), c{3)
--) Physical consiant data....
data convaka/1.0D-03/
data pi/3.14159270+00/
data 6/6.670-17/, earth_mas/5.980+24/, r_earth/6.3781650+03/
data ctu_per_sec/1.2398521D-03/
data h/.100+00/
¢--} {all GETDAT and GETTIM {obtain systea date and time)
call getdat liyr inen,iday)
call gettin {ihr,ininute,isecond,i100th)
N = nmax
write{,'{'" Input the vaiue of & in Kg2''y/,
§'' Use the format:'’s/,
g LA o/,
4" Sd.ddddD+iy't )')
read(#,{229) xa
1229 forsatiixDif.4)
weite(d,'{'" Default coord system units is the MKS systes.”’}’)
write{®,' ('* Do you vish to use CANONICAL system of units? Enter
8 or N'')’)
read(#,' (Af}') 1_pick_units
if{{i_pick_units .eq. 'Y’) .or. (1_pick_units .eq, 'y')) canonical
i = .TRUE.
¢-->  Input initial components for pesition vector....
write{#y' (*' Input initial values RINITIAL{radial) in Ka: '*,/,
' Use the format:'’y/,
¢ONLT
L' Sd.dddddddD+Xx"’ })
read(#,1231} rinit_radial
1231 format(ix,014.7)
1232 format{ix,014.7)
vrite(#,1232) rinit_radial
if{ .not. {canonical} ) then



276

&M = Giearth_mastconvaka
rinit{t) = rinit_radial
rinit{2) = 0.00+00
rinit(3) = 0.00+00

else
6N = 1.00+00
= 1,00+400

rinit{d) = rinit_radial/r_earth
rinit(2} = 0.00400
rinit{d) = 0.00+00
endif
¢--}  Input initial components for momentus vecter....
weite(d,' ("' Input initial velocity values VINITIAL(radial), and V
SINITIAL{transversel: in Ke/sec ''y/,
§'' Use the format:'’y/,
' MATALMALT 5,
8" Sd.dddddddDeXXb5d. dddddddD+yYy' " }'}
read(#,1233} vinit_radial,y vinit_trans
vrite{,1234) vinit_radial, vinit_trans
1233 format{1x,D14.7,1x,014.7}
1234 forsat(ix,D14.7,1x,014.7}
ifl .not. {canonicall } then
vinit (1} = vinit_radial
vinit(2} = vinit_trans
vieit{3) = 0.00400
else
vinit(4) = {vinit_radial/r_sarth)/ctu_per_sec
viniti2} = {vinit_trans/r_sarth}/ctu_per_sec
vinit(3) = 0.00+00
endif
t--)  Input initial values for phiy 45 and p......
write(®," '’ Input initial values of PRI, radial deviation @y and
4P: in rad, unitless, & Ko-Ka2/sec'’,/,
&' Use the format:'’y/,
8 MAT DT 01T
4" Sd.dddddddD+XXb5d. dddddddD+YYbSd. dddddddD+11'’ }')
read{#;1235) phizero, qzero, pzero
vrite(#,1236) phizeroy qzero, pzero
1235 format (1x,014.7,1x,014.7,12,014.7)
1236 format(1x,014.7,1x,014.7,1x,D14.7)
if{canonical) then
pzero = {pzero/(r_earth#r_earth}}/ctu_per_sec
endif
--) «..open file to save integrated values of y{(t), y(2), & y(3)..
write{s," (' Please enter the filename to use in writing the outpu
-tit) )
read(#,460) filename
spenlbyfile=filenaneystatus='nev'}
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) Calculation of initial angular momentus....
call crosspririnit,vinityc)
anominit{f) = xadctf)
anoainiti2) = m#c(2)
aneainit(3) = xn¥c(d)
-2 Calculation of magnitude of initial angular momentus....
siphisq = dot{amoninit,amoninit)
xlphi = dsqrt(xlphisq)
2 Calculation of circular orbit radius....
if{ .not. (canonicall } then
r) = xlphisq/ (GMExatxe)
rQoverre = r0/r_earth
else
rd = xiphisq
rQoverre = rf
endif
a =
=) Calculation of initial period using Kepler's Third Lav
1f{ .not. (canonical) ) then
perind = (2.00+00%pitadsqrt (a})/dsqrt (GN)
period_min = period/60.00400
else
period = 2.0D+00%pitatdsqrt{al
period_ain = period#{f.00+00/ctu_per_sec)#{1.00+00/40,00+00)
endif
¢--»  {alculate the aon zero eigenvalues of the 4x4 L matrix.....
if{ .not. (canonical) )} thes
alpha = 1.00+00/ (xn#r08r0)
alphasq = alphatalpha
< beta = GN#xa/rd
gnega = {GNaGM)Exmtxatxa/ (xiphisqdxiphi)
gmegasq = oaegatonega
else
alpha = 1.0D+00/ {r0#r0)
alphasq = alphatalpha
c beta = 1.00400/10
onega = 1.00400/ (r02dsqrt{r0})
onegasq = 1.00400/ (r0#r0#r0)
endif
vrite(#,"{'" Input the init time, no of orbits, and no.of steps.”’
$:/y'" Use the formati’’,/,
' 010.4,4X,010.4,4X,15"" o/,
§'' 54.dddD+XXbSd. dddD+YYDS432{*" )')
read(#,1245} tbegin, znorbits, nsteps
1245 “l‘lﬂt“X,Dlo.hih010-41“115)
-} Calculate the increment to advance the time with
tend = znorbitstperiad
deltat = (tend - tbegin)/dble(nsteps)
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t0 = thegin
+oewrite data to output file for records ...
il .not. (canonical) )} then
tunits = 'Knd/sec?’

Runits = 'Ka'

Yunits = 'Ka/sec’

Tunits = ‘sec’

Punits = 'Kg-Kn/sec'

AMunits = 'Kg-Ka2/sec’
else

GHunits = 'Red/CTUZ'

Rupits = 'Re’

Vupits = 'Re/{TV’

Tunits = 'C{TW°

Pupits = 'Kg-Re/CTU"

AMunits = 'Kg-Re2/CTU?
endif

writel#," ("' OSize of DELTAT iss'',012.5,1x,A3)") deltat, Tunits
write{#,’ ('’ Want STEPSIZIE .LE. DELTAT '*)’)
write(#,' ("' Default value of integration STEPSIZE is:’’,010.4}°)
$h
yrite(d,' ("' Do you vish ta change it? Enter (Y/N)''}")
read(#,’ (Af}') istepans
1f{{istepans .eq. 'y') .or. (istepans .eq. 'y'}) ichestep = .TRUE.
if{ichgstep) then
writelty’ {1y "Enter the value ()= 1) to divide DELTAT by to pro
dduce the value for STEPSIZE, use forsat’’')’)
weite{#,’ (1x,''5d.dddddddDeix'’ }')
read{#,’ (}14.7)') bfactor
write(d,’ (M44.7)') Mactor
b = deltat/hfactor
endif
Initialize Runge routine variablesy control index (a)
=9
vrite(4,257)
vrite{b,258)
vrite(4,250)
vrite(by260)
write{by261) xmy GM, GMunits
vrite(8,262) rinit(1), Runits
write{b,263} vinit(1}, Vunits, vinit(2), Vunits
write{b,264) phizera, qzers, pzero
vrite(8,250)
vrite(,263) (amominit{il, i = {,J)
write{b,266) xiphisq, AMunits, xlphi, AMunits
vrite{8,267) 0y Runitsy period, Tunits, period_min, znorbits
write{,268) rOoverre
write(64269) omega



279

urite(4,250)
vrite(8,270) nsteps
vrite(b,271) tbegin, tend, Tunits, deltat, Tunits, hy Tunits
vritelb,272) filename
vrite(,273) imon, iday, iyry ihr, ininute, isecond
writelby' ("' +/4[3[4[4]4[{4[3[4[4][414]4]4[4]4]'}})
.o write data to screen for verification ...
write{#,257)
vrite(#,258)
write(#,250)
vrite(t,260)
write(t,261) x», GM, GNunits
vritel#,262) rinit(1}; Runits
yrite(s,263} vinitid), Vunitsy vinit{2}; Vunits
write(#,264) phizera, qzeroy pzers
write(#,250)
write(#,265) {amominiti{i}, 1 = 1,3}
vrite(#,26b) xiphisq, AMunits, xlphi, AMusits
vrite{%,267) r0, Runits, period, Tunits, period_sin, znorbits
vrite{#,268) rOoverre
vrite(#,269) omega
write{#,250)
write(#,270) nsteps
write(#,271) thegin, tend, Tunits, deital, Tunits, h, Tunits
vrite(#,272) filename
vrite(#,273}) imony iday, iyry ihr, iminute, isecend
write(®y' ("7 $/41414] 4 [4[4]4] R [1{4[ 4] 4[4[ 14 ) )

160 foraat{A24)

250 format(1H ' ')

257 foraat(1H ' EYACT SOLUTION BY RUNGE-KUTTA €ILL INTEGRATION.')

258 foraat (10 ' KEPLER PROBLEN in a PLANE, DEVIATIONS FROM CIRCULAR 0
4RBIT 4.M)

259 forsat (1H ,"RUNNING 4TH ORDER RUNGE-KUTTA GILL INTEGRATION ON THE
$DATA BELOW.’)

260 format(1H ,' SUMMARY OF DATA YO BE USED FOLLOWS:')

261 foreat(iH ,' Sat IM is:' Dif.4y" Ko &M is:',D14.6,1x,AB)

262 format (1M o' Rinit_radial isd'D12.6y1x,A2
§ /,0xy" (ABOVE USED IN CALC INITIAL ANGULAR MOMENTUM VECTOR)')

23 format(iH ' Vinit_radial is:’ D12.6,1x,A6,1x," Vieit_trans is5:'yD
412.641x4Ab4/,10x,’ (ABOVE USED IN CALC INITIAL ANGULAR MOMENTUNM VEC
4T08)*)

264 format(iH ' PHIIERD IS:',D12.4,' Rad QIERD IS:',D12.6,' PIERD IS
4:'\D12.64/,10x," (ABOVE USED IN BUILDING INITIAL CONDITION VECTOR)
{)

265 format (1H ,' INITIAL ANGULAR MOMENTUM VECTOR I5:',3(D12.5,2x) )

266 foraat (14 ' MAGNITUDE 5@ OF INITIAL AN6 MOM VECTOR is:’

4,016.8" (" ,A104')#42',/,10x," ANG MOM MAGNITUDE IS: ',D16.8,1x,
§ A10)
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267 foraat(1H ,° EQUILIBRIUM RADIUS RO IS:',D12.4,1x,A2," PERIDD IS: ’
$,012.644x,A34/,10x,' PERIOD in NINUTES is: '(D12.643x,'Ne of ORBIT
45 is: ' 012.8)
268 format (1M o' Equilbrium radius in EARTH RADII is: ',D12.4)
269 format(1H ,' Eigenvalue omega (nen-zere) is : ',D14.8)
270 format (1 ' INTEGRATION LINITS FOLLOW; NSTEPS IS ',I6)
21 forsat (il ," TBEGIN = ',D12.6," § TEND = ",Di2.6,11,A3," DELTAT =
=" yD44.7,1x,434/45%+" and RKG STEPSIZE is: ',D14.7,1x,A3)
212 format ({H o' OUTPUT DATA IS CONTAINED ON THE FILE CALLED- ',A24)
273 format {1 ,' THE DATA ON THE ABDVE FILENANE WAS PRODUCED ON °,I2,’
“11121"'1141/135){1' AT APPRUXIHATELY '112;““112)1":112)
£ «onesinitialize necessary variables
n = nmax
t0 = 0.0
=40

do 44 k=1, nsteps +1{
t_last =1t
1 (it .eq. 0.0) .and. (initialze)) then
C y{1) is PHI, y(2) is @, y(3) is Pr
y{1) = phizero
y{2} = qzero
y{3} = pzero
initialze = .FALSE.
else
¢--» Define last values of the y{n) vectar for use as the
Y initial condition vector for the RKGill integratioa.
y_last(i) = yl4)
y_lasti2) = y{2)
y_last(d) = y{3)
¢--> For the tise Ty get the entire set of the Yin)
'Y functions, each evaluated at the time T, given that the sat
C has the initial conditions given by the
C values contained vithin the vector Y_LAST(nl.....
C
Y
'y

Pass DELTAT to determine the nuaber of times to execute Runge-
Kutta-6ill routine
call dorkg(nyxmyrQe8Myxiphisq,deltat hyy_last,yit_last,t)

C

endif
¢--> MWrite vajues to the sutput file......
¢ y(1) is PHI, y{2) 1s 4, y(3) is Pr

writeddy' (xyD44.6,34,017.9,2%,017.9, 24, 17,9} } £, U4}, ¥12),
§ vl
44 continue
C ....Close output file.....
writel#, ' (*' "7, 71 {{1h8))" )
vritedd," (" "' 71{1he))" )
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sndfile 4

revind 4

close{b)

end
CHM R R REEE  END of SOLVEKER SSSSsrsdipidssdiisiiiiaes
$DEBUS

sybroutine dorko(nyxmyr0s6Myxiphisqydt hyy_beginyy,t_begin,t_end)
CHFH I H I R I SR R
cHHE I 1
ci#ititE This routine serves as the interface to the Runge-Kutta-Gillsss
cirteet  subpoutine rkgill. It controls the nuaber of times that #34
caiitert  the runge steps of rkoill are executed. It is designed to #84
(i advance the solution of y at time t_lasty y_lasty to the 4
cHEtert  the solution valid at time t, given by y. HEHEHHHIIIHH
CHE I R H
CHE S H R R E H  H EF E A L HE S L B R R EH R H

paraneter{naax=3)

iaplicit real#8 {a-hy0-2}

integer ay 0, kontrol

integer deltat_steps, knt_steps

dinension {3}, y(3}, y_begia{d)
¢--) Determine the total number of steps {(DELTAT_STEPS) to make with
c Runge-Kutta-Gill routine executing stepsize of H to advance
c solution by amount DELTAT, from T_BEGIN to T.....

yr = dt/h

iflyy W1t 1.0} stop 00118

dtt = dt

klia = idint{yy
c Do loop used to get precise correct value far DELTAT_STEPS

do 4545 jh = 1, klim ¢ 2

PIT =017 - H
if((dtt - 0.0D0+00) .le. 1.0D-06) go to 4550

4545 continye
4530 deltat_steps = jh
c--) Initialize Runge routine variables, control index (a)

I

¢--) Initialize step counter (knt_steps)......
knt_steps = 0
t = t_begin

'y yi1) is PHI, y{2) is @, y{3) is Pr

y(1) = y_begin({)
y(2) = y_beqin(2)
y{3) = y_begin(d)

c
s
C «eestall on 4-th order Runge-Kutta-6ills function
8 if(knt_steps - deltat_steps) 64747
b continue
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call rkgiliinyysfytyhomskontrol)
go to (10,20} kontrol
c Define first-order derivatives of the systea....
10 £11) = xiphisq/ (xne(r0#rQ}#(1.0D400 + y{2))8{1.0D+00 + y(2)) )
#2) = { 1.00400/ (xa#{r02r0)) }1#y(3)
f(3) = { xiphisq/(xn#{rO8r0)#(1.00400 + y{2))443) } - GMExa/(r(#
§ (1.0D400 + v(2))#{1.00400 + y(2)) )
go to &
20 continue
kat_steps = knt_steps + {
go to 8
7 continye
f_end = ¢t
retorn
end
CHEHHIHHIHEE D of DORKG $#3H83EREHI S8R E R R HEHEHELEEE
$DEBUS
sgbroutine ckaill{nyy,fyxshomokontrl)
CHHH S S R L E R R 1
citett This subroutine perforas Runge-Kutta integration by the Gills#
ciietds poethod. The Runge-Ketta routine for N $HEREHEHIHHERRRHEEREEEE
ciepidt  simultaneaus linear first-order equations is taken from HHEHEE
cHertisd Appendix € of the baok VISCOUS FLUID FLOW by FRANK M. WHITE #
chHErrie {974 Nchrav-Hill pp. 675-478 HEHEHHIHIHEHEHHEHEHH
CHE T
paraneter(nmax=1)
iaplicit real#d {a-hys0-2)
integer my 8, kontrl
disension y{nmax), fi{cmax}, q{amax)
A=t
g0 to “;4151317) |
fdo2i=1yn
qii) = 0.0D+00
2 continue
a = 0.50400
go to 9
1.70710678118454752440+00
x + (.50400) #h
§i= 1; 1}
y{id = yli) + a#(f{i)#h - ql(i})
q(1) = (2.0D+00) rathaf (i) + ((1.0D+00) - (J.00400)%a}#q(i)
6 continue
a = ,2928321881345247540+00
go to 9
Tdo8i=1n
yli) = y(i) + k#E{/(6.00400) - q{i)/(3.00400)
8 continue
=0

la
§x
5 do
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kontrl = 2
go to 10
9 koatrl = 1
10 continye
return

end
cHiFIsEEEERREE  END OF SUBRDUTINE RKGILL #3BSvssssiiissiiiiviiisss

$DEBUG

sgbroutine crosspriagb,c)
CHHHHHHHHH I H T R R R
cistirt  This subrouline, provided with the vectors a and by vhich #ies
cHHE  have real cosponents, perforas double precision arithmetic #i¢
cttiiit  to obtain the cross product of the vectors a and b, The cross
cHt it product operation is defined in the standard manner. The $###
cHrtid resylt is stored in the vector c. Al vectors have 3 cosponent
CHHEH H HH I H

inplicit real#d (2a-hy0-2)

disension a{3), 513}, ()

c{i}= a{2)3b(3) - b(2)2ald)

cf2)= a(d)eb{1) - b3 all)

cl3)= alt)abi2) - b{1)#a(2)

retura

end
CHETHEEERERERERRSEEE  END of SUBROUTINE CROSSPR #33#iiiiiisiiiBHEIHIH
$DEBUG

double precision function dot{a,b)
CHER I HHH B HH
cttitid This functiony provided with the vectors a and by which havest
cHiEE real components, performs double precision arithsetic to Hit
ciririt gbtain the dot product of the vectors a and b. The dot ##pitd
cHieetdt  product operation in the standard manner. HREREEREFHESERREEEEE
crepedsr A1l vectors are assummed to have J or less components, #iiidd
CHHEHH B E R E R E R R R H R 1 H 4

iaplicit real#d {a-hy0-2)

dinension al3}; b(3)

dot = ali}sb{1) + al2)eb(2) + a(31eb(3)

return

¢nd
cRitreieasasd END of DOUBLE PRECISION FUNCTION DOT #iiiesirstiiiiisiiss
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