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This dissertation examines the application of the

Liouville operator to problems in classical mechanics. An

approximation scheme or methodology is sought that would

allow the calculation of the position and momentum of an

object at a specified later time, given the initial values

of the object's position and momentum at some specified

earlier time. The approximation scheme utilizes matrix

techniques to represent the Liouville operator.

An approximation scheme using the Liouville operator

is formulated and applied to several simple one-dimensional

physical problems, whose solution is obtainable in terms of

known analytic functions. The scheme is shown to be

extendable relative to cross products and powers of the

variables involved. The approximation scheme is applied to

a more complicated one-dimensional problem, a quartic

perturbed simple harmonic oscillator, whose solution is not

capable of being expressed in terms of simple analytic

. functions. Data produced by the application of the

approximation scheme to the perturbed quartic harmonic



oscillator is analyzed statistically and graphically. The

scheme is reapplied to the solution of the same problem

with the incorporation of a drag term, and the results

analyzed. The scheme is then applied to a simple physical

pendulum having a functionalized potential in order to

ascertain the limits of the approximation technique. The

approximation scheme is next applied to a two—dimensional

non-perturbed Kepler problem. The data produced is

analyzed statistically and graphically. Conclusions are

drawn and suggestions are made in order to continue the

research in several of the areas presented.
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CHAPTER 1

INTRODUCTION AND THEORY

This dissertation describes an attempt to find a new

method that embodies an approximation scheme allowing the

Liouville operator to be expressed via a matrix

represention in a practical, easily realizable

implementation which can be formulated into a calculational

scheme. The Liouville operator is defined, in the

classical case as the Poisson bracket of the function to be

operated upon and the Hamiltonian, H. The Liouville

operator in the quantum context has been used in other

methods including a group of convergent methods known as

Liouville resolvent methods (Bowen 1975) which are designed

to construct a sequence of approximants useful in

calculating approximate thermodynamic Green's functions for

some specified Hamiltonians. The Liouville resolvent

method has produced exact solutions when simple

Hamiltonians are considered (Bowen et al 1984). This

dissertation will be limited to the study of the Liouville

operator in areas of classical mechanics where the

Hamiltonian is time independent

A study of different methodologies was performed to

identify plausible approaches capable of yielding useful

l
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results. Consideration will be given to a method utilizing

the best representation and a reasonable rate of

convergence that can be quantified by a measure of the

errors involved when implemented under different

situations. One goal of the research is the computational

improvement, in speed and accuracy of the determination of

position and velocity of a satellite in a perturbed Kepler

problem, for example. Virtually all currently implemented

solutions of such a problem now employ Cowell's method

(Bate et al 1971). Cowell's method is a technique that

obtains an iterative numerical integration solution whose

time range validity is [usually] relatively small for the

computational effort required to produce the solution. Our

search for an approximation scheme will be guided by the

objective of trying to keep the computational effort to a

minimum. Application of the matrix technique will then

yield analytical expressions of approximinants capable of

enhancing computational algorithms for the short time

regime. The above provides much of our motivation in

pursuing this research.

A short discussion of the problem to be investigated

and the proposed method and techniques used in the main

body of the text is presented next. Let L denote the

Liouville operator, defined by

L(·c) = [·c,Hl, (1.1)



3

where v is some arbitary function of interest, where [ , 1

is the classical Poisson Bracket, and H is the Hamiltonian

of the system. For any function u(t) defined on phase

space T(x,p), it is well known that {for Ü = (x,p)T }

dä .„ ..
* = I:u,H:I = L(u), (1.2)
dt

which has the formal solution

.. Lt.„I
u(t) = e u . (1. 3)0

Specializing to the variables x and p, the solutions as a

function of time are

oo tn

.;:1 I E- i" x
x(t) = e x o = n_Ün! O (1.4a)

and

oo tn

Lt I E
·—— L" p IP(t) = G D o = n_0n! 0 .(1.4b)

The Laplace transform of these equations gives the

frequency dependence of x and p, as

¤¤ ¤¤ <;"‘x1Io
^ ·Sl’„ Lt-1x(s)

= e e x(0)dt = (s—L) x(0) =n_Üs" 1
o

(1.5a)
and



4

^

lm

'St Lt
-4,pts)= oe e pt0)dt = ts—L) pt0) =„.„Z¤s"""1 ,

where the that) notation, xts), is utilized to indica?2)

that the time variable has been Laplace transformed.

Examination of the right side of the equations (1,5) shows

that they are moment expansions, hence the calculation of

all of the required terms can be performed provided a

truncation limit exists for some suitable integer N. The

central question is how to represent the inverse operator

tsI·£)’1 or resolvent using matrix techniques. If such a

representation is found, the time dependence can be

recovered by taking the inverse Laplace transform. Note

that the resultant expression is dependent upon the initial

conditions.

Suppose, for the moment, that we have found a way to

relate the operator L to its matrix analog, denoted by L.

The eigenvalues of the matrix L are denoted by At, and the

eigenvectors are denoted by ät, where 1 S i S N. In

general, both the eigenvalues and components of the

eigenvectors ät can be complex. Let öo denote the vector

in the transformed space containing the initial condition

information, with
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Six 0)

Bx 0)
$3x 0)

,_ $0x 0)
Öo = · , (1. 6)

$Ä)x 0)

where Y and E are taken as the first and second components

of $0. The first two components of Öo are chosen as Y and

B since the position and momentum are the observables we

are most interested in. The components $3 through $N must

be chosen as linearly independent of each other and of Y

and B. Since the $1 are linearly independent, the set of
€x

(the eigenvectors) are also independent, and one should

be able to solve the system of equations

Six0) xx,

Ex 0) xx;

$3(0) xx;

$„x0) = (E.), läzl, ....., (EN) ‘
,

$5x 0)

0(N

(1. 7)
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for the an coefficients if the basis eigenvectors än are

known. In the above matrix equation [En] denotes the

column of components of the
i‘“

eigenvector, Then since

öo =‘E1Mn[än],

and Län * Län = Änän , we have

,_ —1^ -1 1ms) = (S-.;) oo = <s—.1:> iq ¤«nn€n1j= q- mins-in En}
(Ing:

&?<s> = Z-ns — >„n1 ,
(1.8)

which can then be inverted to obtain the time dependent

vector 6(t), whose first two components are x(t) and p(t).

Taking the inverse transform of the above, we obtain

st
1 st ^ e

$(1:) =———}e
('b(s)ds¢§;oc_n[E_,1§——————————;1S

2ni
“

2ni (s — AJ)

A tÖ(t) mlfäll e
J

,
(1.9)

where the notation [EJ] denotes the
j°“

column eigenvector

of L. The above outline constitutes an approach that could

be used. This Laplace transform approach requires a

knowledge of both the eigenvalues and their associated

eigenvectors. Generally, eigenvalues are usually easier to

obtain than eigenvectors. For some matrices eigenvectors

are not easily obtained due to numerical instabilities in
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the components which present difficulties in the

determination of eigenvectors.

Consequently, a method that avoids eigenvector

determination will be sought. We return to the expression

for the formal solution given in equation 1.3 . The

critical term in this formal solution is the exponentiation

of the operator involved. At the heart of the

approximation is the replacement of the operator in the

exponential

Lt Lt
e 3 e , (1.10)

by an nxn matrix L. This suggests that the matrix

exponential be examined. We focus upon finding a technique

relating L to its equivalent in matrix form, L. No mention

has been made on how large a dimension L should have in

order to have an effective representation of L.

The basis set chosen to represent the matrix L

determines the form of the elements of the matrix. One of

the problems is determining criteria with which to pick a

basis set. Once this basis set has been selected, the

initial mode of attack will be to apply the Liouville

operator to the initial basis, and then examine the

resultant expressions produced. Do the results contain

linear combinations of the initial basis? Are any terms in

the resultant expression not expressible as a linear
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combination of the initial basis vectors? If so, can these

new terms be categorized or classified in any way?

The choice of bases that will be tried initially will

be simple monomials and polynomials of position and

momentum, taking a clue from the work of Douglas (Douglas

1982). Two possibilities for the dimensionality of L come

immediately to mind. The first possibility is that for

which the dimension of L is finite. This case is

frequently encountered when the problem has an exact

solution that is easily obtained. The other possibility is

one in which the dimensionality of L is infinite. The

expectation is that the individual nature of the

Hamiltonian determines which of the two possiblities is

realized.

The justification that our approximation scheme

will work has its roots in the work of Masson (Masson

1970:197). Working on a quantum mechanical problem,

Masson has shown that, once an orthogonal basis set of

vectors is picked through which the resolvent (s — L)"1 is

represented. increasing the size of the basis set used by

passing to larger truncations of the matrix should increase

the accuracy of the approximation provided by the

resolvent. Although the resolvent techniques require that

the operators involved be self—adjoint, a more general

approach can be used that does not require that the
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operator be self—adjoint. This approach is termed the

method of moments (Masson 1970:206); While the method of

moments is not used explicitly here, an equivalent method

employing the matrix exponential is used. The

approximation technique of building a sequence of larger

and larger matrices is applied hoping to find similar

improvement in the specific problems which we are

considering. An inner product has not been found for the

space in which we are working, consequently the space does

not qualify as a Hilbert space. The space may be a Banach

space if the absolute value function is taken as the norm

of the space. The sets of polynomials and monomials with

which we will be working with are known to be complete in

the Banach spaces of continuous functions (Riesz & Nagy

1955). A set of theorem(s) similar to Masson's theorem(s)

requiring Hilbert spaces needs to be proven for Banach

spaces. We will not provide proofs of the necessary

theorem(s) here. No functional analysis has been conducted

on the spaces involved, because this was not deemed the

intent of the research, however such an analysis may yet

have to be performed. As will be seen, the approximation

scheme produced good results for a short time then the

results diverged from the exact solution. A concise

analysis of the possible causes of this behavior is

presented in the last chapter. Current thinking is that
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not all of the prerequistes of Masson's theorems were meh

Either the approximation scheme will have to be repeated

using the bases and operators meeting the Masson theorems

or new theorems analogous to the Masson theorems will have

to be proven.

Our plan of attack will now be briefly outlined.

A method was found that is only dependent upon the

eigenvalues, regardless of their multiplicities. This

procedure calculates a matrix exponential by using the

Putzer algorithm. The approximation scheme is formulated

using this algorithm and in Chapter 2 several examples

applying this approximation plan to simple Hamiltonians

will be presented. A more complicated test of the

approximation technique will be conducted in Chapter 3.

This chapter examines the performance of the approximation

methodology when applied to a perturbed simple harmonic

oscillator. An examination of how the approximation

methodology performs when a dissipative (drag) force is

introduced to the same problem will be conducted in Chapter

4. Exploration of how the approximation scheme behaves

when monomials and polynomials are omitted and a simple

function of position is employed in the Hamiltonian is the

objective of Chapter 5. The approximation method is

applied to the unperturbed Kepler problem in Chapter 6 to

ascertain how the approximation scheme handles a two-
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dimensional problem. Finally, Chapter 7 offers conclusions

and ideas, areas, and suggestions by which the research

might be continued and extended. A unifying discussion of

the behavior of the approximation scheme as applied to the

test of the various classical mechanical problems contained

in this dissertation is also presented.



CHAPTER 2

PUTZER THEOREM, SIMPLE APPLICATIONS TO CLASSICAL PROBLEMS

In this chapter, an examination of an evaluation

procedure for the matrix operator e°° is conducted.

Standard evaluation techniques do not generally work, so we

use the Putzer algorithm. After exhibiting how to apply

this algorithm, the application of the approximation scheme

incorporating this algorithm to several simple Hamiltonians

each having an exact analytical solution is conducted.

This will serve as a standard by which to examine

Hamiltonians that do not have exact solutions.

Having seen the exponential matrix
e°‘

as the key to

the approximation procedure, a practical evaluation scheme

is sought that separates out the time dependence and allows

that time dependence to be evaluated analytically. This

process must also allow for the proper treatment of

degenerate eigenvalues (those eigenvalues having

multiplicities greater than one) of the matrix A.

Attention is now focused on a viable means of constructing

and calculating the matrix exponential. The standard

series definition is not suitable due to the infinite sum

involved. A good survey of various techniques is the one

performed by Moler and Van Loan (Moler and Van Loan 1978).

12
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A practical and straight-forward technique was found that

permits the calculation of e°°, where A is an nxn matrix of

real constants. This technique, based upon the

Cayley—Hamilton Theorem and known as Putzer's algorithm of

calculating the matrix exponential, is dependent only upon

the eigenvalues of the matrix, A, and takes into account

the multiplicity associated with each eigenvalue of A.

(Putzer 1966):

Put2er's Theorem:

Let A be an nxn matrix with possibly non—distinct

eigenvalues listed in some arbitrary

but specified order. Then an explicit formula for
e“°

is

given by

n—1

P.) , (2.1)

where, if I represents the identity matrix,

Po = I,

J

PJ (A - AKI) j = 1,2,....,n—1 (2.2)

and the functions rJ(t),..,rn(t) are solutions of the

triangular system of equations expressible in matrix form

as
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Ä; Ü Ü - - - -
•

1 Ä2 Ü · · · · ·
__

Ü 1 Ä:3 Ü - - - .
dr _
t = - Ü 1 Ä:-5 - - - - P ,
dt

· · 0 1 - kn-; - .

- · . . · 1 An-; 0

Ü Ü Ü Ü Ü Ü 1 Än

(2.3)

with the initial conditions that ·

I‘;(11 = Ü) = 1

ritt = 0) = 0 for j = 2,.... ,n.

Note that for eigenvalues having multiplicity greater than

one, the frequency of appearance of these eigenvalues

along the diagonal of the above matrix is in accordance

with their multiplicity. In general, the
n°“

function, rn,

is given in terms of the previous function rn-; as

t
Änt —Än&rnttl = e 0 e rn—i(€)d& n 2 2

(2.4)

with the initial value condition rnt0) = 0. For higher

dimensional L matrices calculation of the rK(t) functions

becomes gradually more difficult and prone to error. An

alternate means of calculating the scalar rktt) functions

is now presented.

In general, the most effective way to solve for the
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scalar functions involves taking the Laplace transform of

the defining differential equation of the Putzer algorithm

and utilizing the proper initial conditions, solving

algebraically for the function and taking the inverse

transform. The differential equation of the Putzer

algorithm is

I:J( Ü) = PJ-;(Ü) + ÄJI‘J(Ü)

with r1(O) = 1 and rJ(O) = O j 2 2 .

Taking the Laplace transform of the differential equation

one obtains

S FJ " l"J( Ü) = FJ-; + ÄJFJ
or A

,„ FJ-; + I‘J(0)
PJ = .

(S ' ÄJ)

Two cases exist, for j = 1, and for j 2 2. For j = 1, the

above equation reduces to

A 1
F1 = *‘* .

S ' Ä;

since Fo = 0 by definition. For j 2 2 the above equation

yields

A FJ—1 1
PJ = *'*i‘ = llii ,

S * Ä.; j

I I(S ' Äh)
b=1

since rJ(0) = O. One could then take the inverse Laplace

transform to obtain the time dependent function once the
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eigenvalue spectrum is known. Under either method, r;(t)

is given by

Äit

r;(t) = € .

As examples of the application of the Putzer

algorithm, the approximation technique will be applied to

several simple physical systems. The first illustration

will be that of the unperturbed simple harmonic oscillator.

The Hamiltonian is

P2 1
H = —— +——kx2 .

2m 2

Application of L on the initial basis, x and p, gives

Lt x) = p/m ,

L(p) = —kx ,

so that the corresponding L matrix is

1
0 —

L = m .
—k 0

The eigenvalues are ii/k/m, denoted by tim. The r(t)

functions are

t‘1(t) =
e‘°°°,
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1
rz<t) = — sin(wt) ,

w

while the P matrices are Po = 1, and

_ 1

P1 = m ,
—k —im

The matrix for eL° is

( t
1

cos w ) —— sin(wt)
e"° = mo .

—mw sintwt) cos(mt)

Employing Ü(t) = eL° Ü(0), gives

Po
x(t) = xocos(wt) + ————sin(wt) ,

mw

p(t) = —xormusin(wt) + pocgS(wt) ’

as required.

The second illustration will be that of the free

particle. The Hamiltonian is

pa
H = —— .

2m

Taking x and p as the variables, the Liouville operator is

applied, and the matrix
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1
0 „

L = m ,

0 0

becomes the representation of L. The eigenvalues are both

zero, producing

ri( t) = 1 ,

I"2(1;) = ll ,

and Po = I, Pi = L. The Putzer algorithm then gives

1
1

teat = m ,
0 1

yielding

Po
x(t) = Xo + ———t ,

m

ptt) = po ,

again as required.

The next application of the method will be to the one-

dimensional constant—gravity Hamiltonian. (This

application is examined to provide a framework in which to

test a basis feature of the approximation method; see

below.) The Hamiltonian is

p2
H =

—— + mgx ,
2m

and the Liouville operator acting on x and p gives
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P
L<x)=lx,H1= — , L(p)=[p,H1= —mg .

m

If the vector Ü is taken as

x
Ü = D „

1

where the constant 1 has been included into the initial

basis so that the results of the Liouville operator upon p

can be incorporated into the matrix producing

0 1/m 0
dü
——

= LG = [Ü,Hl = 0 0 —mg a ,
dt

0 0 0

and the characteristic equation is

a
Ä = 0 ,

so the roots are Ä1=Ä2=Ä3=Ü, yielding

!"g(t) =1
I‘2(t)

=t

1 2
t"3(h) =-t

2

for the r functions, and Po = I,

0 1/m 0
0 0 —mg

0 0 0
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0 0 —g

P2 = 0 0 0

0 0 0

for the P matrices. The Putzer theorem thus gives

2
az9

= I".1+1(’C) PJ = I‘1(C)Po +
I‘z(

t)P; + r‘3(t)P2
4-o

1 t/m
“lgt2

2

0 1 —mgt

0 0 1

Then Ü(t) =
eL‘

Go gives

_1 Po 1 2 1
x(t> 1 t/m —gt2

Xo Xo + — t — —gt
2 m 2

D( Ü) = Ü 1 mgt po = po — mgt ,

1 0 0 1 1 1

which is the result expected.

That the technique works on a set of extended

variables can be seen by keeping the last Hamiltonian and

using the set of variables X2,p2,xp,x,p, and 1 as the

components of the Ü vector, e.g.
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xa
pa

1 XP
u = ,

x

P

1

The action of the Liouville operator on each of the above

components produces

PL(x) = —
m

Up) =—mg

D
L(x2) = 2x-

m

L(p2) = —pmg

p2
Ltxp) = — — xmg

m

so that the matrix L representing L for this basis is

0 0 2/m Q 0 0 0

0 0 0 Q 0 -2mg 0
I_ 0 1/m 0 Q —mg 0 0

du _
Fdt

0 0 0 Q 0 1/m 0
0 0 0Q0 0-mg
0 0 0 0 0 0

1

matrix for
original problem

Again the eigenvalues are all zero, as the characteristic

equation is A6 = 0. The six r functions are thus again
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given by

tn-}.
rn(t) = ——————— , n = 1, 2,- --,6;

(n-1)!

while the P matrices are

Po = I,

0 0 2/m 0 0 0

0 0 0 0 -2mg 0

0 1/m 0 —mg 0 0
P1 = (L0

0 0 0 1/m 0

0 0 0 0 0 —mg

0 0 0 0 0 0

P2=(L·7\2I)(L·—7x1I)Po=P12

0 2/m2 0 -2g 0 0
0 0 0 0 0 2(mg)2
0 0 0 O -3g 0

=
0 0 0 0 0—g0

0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 -6g/m 0

0 0 0 0 0 0

0 0 0 0 0 3mg2
P3 = (L

0 0 0 0 0 0
„

0 0 O 0 0 0

0 0 0 0 0 0
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0 0 0 0 0 6g2

0 0 0 0 0 0

0 0 0 O O 0
Pu:-(L‘7\uI)P3 = ,

0 O 0 0 0 0

0 0 0 0 0 0

0 0 0 0 O 0

while the last P matrix for this example is the null matrix

0 0 0 Ü 0 0

0 0 0 0 0 0

0 0 0 0 0 0
P5=(L•7\5I)P1.;= = Z,

0 0 0 O 0 0

0 0 0 0 0 0

0 0 0 0 0 0

Application of the Putzer theorem yields

6
8Lt

= I".1+1(t) PJ =
J•O

1 1 1 1= Po *

tplsoone obtains

1
1 ta/ma 2t/m -gt2 —<g/m>t3 (1/4)g2t4
0 1 0 O -2mgt (mgt)2

Lt 0 t/m 1 —mgt —(3/2)gt2 (1/2)mg2t3
e = .

0 0 0 1 t/m —(1/2)gt2

0 0 0 0 1 —mgt

0 0 0 O 0 1

Then Ü(t) = e“°Ü(0) gives



24

x2(t)

p2(t)
x(t)p(t)

x(t)
p(t)

1

2 1 r 1
1 1; /|'f12 2t/m —g1;2 —<g/m1u3<1/4>g21;^ x2<0>

0 1 0 0 -2mgt (mgt)2 p2(0)

0 t/m 1 —mgt —(3/2)gt2 (1/Zlmqats x(0)p(0)

0 0 0 1 t/m —(1/2)gt2 x(0)
’

0 O 0 0 1 —mgt p(0)

0 0 0 0 0 1 1

which, when multiplied out, can be seen to contain the

squares of x(t), p(t), and the cross term x(t)p(t), as well

as x<t) and ptt) found from the previous 3 by 3 problem.

Hence, the approximation procedure using the Putzer

algorithm is valid under an extendable set of polynomial

basis components. Thus the approach seems to be consistent

in this regard.

Recapping the work performed in this chapter, the

Putzer algorithm for calculating the matrix exponential was

introduced and shown to work on several simple physical

systems. The algorithm is capable of decomposing the time

dependence of the matrix exponential into various scalar

functions that are applied toward the matrix exponential by
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the direction of intermediate matrices dictating where

the time dependence will be applied in producing the

overall matrix function. All possible multiplicities of

eigenvalues of the matrix are able to be handled in a

natural way and without the need for their associated

eigenvectors. An alternative way of defining the necessary

scalar functions containing the time dependence was

suggested. The method was shown to work on an extendable

set of basis elements. The simple analytic examples shown

in this chapter illustrate the structure of the Putzer

algorithm and show how larger polynomial sets of functions

give a consistent representation of the motion of simple

physical systems. The success of the technique on these

simple physical systems suggests that the technique can be

applied to more complex problems. Accordingly, we will

next attack problems for which there are no simple

analytical solutions.



CHAPTER 3

STUDY OF APPROXIMATION TECHNIQUE USING PUTZER ALGORITHH
ON SIHPLE HARHONIC OSCILLATOR WITH

X“
PERTURBATION

Now that the Putzer technique of constructing a closed

form solution for exp(Lt) has been shown to be tractable

for simple problems of small dimension, the technique is

next applied to a problem that has the capability of

leading to larger and larger matrices. To achieve this,

the Hamiltonian for the simple harmonic oscillator is

chosen and modified to include a
gx“

pertubation term in

the potential, with g being a constant. Thompson and

Stewart refer to this potential as a "stiffening spring"

potential for positive g, and a "softening spring"

potential for negative values of g (Thompson and Stewart

1986). This chapter is confined to the investigation into

the stiffening spring potential since the majority of data

produced was for this class of potential. The suite of

computer programs written to generate the required data is

capable of handling both positive and negative values of

g. The Hamiltonian for the simple harmonic cscillator with

a stiffening potential is here expressed as

H = E+lkx2 +ix‘*
. (3.1)

2m 2 4!

Hamilton°s equations for this Hamiltonian can of

course be combined to produce the second order, non-linear

26
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differential equation (Newton's second law)

.. k 9
x = — — x — ———— xs,

m 32 m

whose solution can be obtained in the form t(x) by

quadratures

dx

ä
k 2g

C1 — "X2·m
42 m

with the result producing an elliptical integral. Rather

than solve numerically this elliptical integal and

inverting, a fourth-order numerical Runge-Kutta-Gill

procedure may be applied directly to the set of first—order

linear differential equations produced by Hamilton's

equations (White 1974). This last solution will be

referred to as the "exact" solution.

Returning to the present approximation technique, the

monomials x and p are picked as the initial basis and

the action of the Liouville operator on this basis is given

by

L(x) = (1/m)p,

l(p) = (;k)x + (-g/32)xÄ

so a new monomial, x3, has been generated. Applying the
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Liouville operator to this new monomial and on subsequent

new monomials generated, one obtains

L(x3) = (3/m)x2p,

L(x2p) = (;k)x3 + (gLg)xp2 + (—g13g)x$

L(xp2) = (;gk)x2p + (lLm)p3 + (;gLg)x4p

L(p3) = (;;k)xp2 + (;gLg)x3p2

where the underlined coefficients make up the real elements

of the L matrix for the truncation finally being

considered. For the above, the first six basis vectors

have been operated on by the Liouville operator. This

produces the 6X6 truncation of the matrix representation of

the operator L, which we shall call L. This L matrix and

its basis vectors are illustrated below:

zé.....................2as?zsfe .262323.................
x E 0 1/m 0 0 0 0

p g —k 0 -q/32 0 0 0

x 3 0 0 0 3 1 m 0 0
xap

i 0 0 —k 0 2/m 0
=L

0 0 0 -2k 0 1/m
p 3 0 0 0 0 - 3 k 0

where the term operated upon by L resides in the column to

the left of the dotted vertical line at the left, and the

basis for the N=6 truncation is exhibited in the top row

above the dotted line, e.g.
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L{x2p}~-6 = —kxs
+ (2/mlxps

which compares to

lfxzp} = —kxs
+ (2/mlxps — (g/3!lxs

for the full complement of terms produced when the L

operator acts on the monomial xap. It is instructive to

note that when L operates on the various vector monomials,

the operator produces both old vector monomials and new

vector monomials. The vector monomials of degree 3, for

instance, are all given by individual terms of the binomial

expression,

(x + pls ,

whose four terms are independent of each other. Since

L(x2p) produces a term in xs, it is anticipated that the

next truncation should include the terms of

(x + pls ,

which adds six more independent monomials of degree 5 to

the set of basis vectors. This six member group of basis

vectors brings the accumulated total of basis vectors to

12.

This process can be continued. The next complete

truncation includes the terms of the binomial expansion

(x + pl? ,
which brings the accumulated total of basis vectors to 20.
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The next complete truncation includes the terms of the

binomial

(x + p)9 ,

bringing the accumulated total of basis vectors to 30, the

next includes the terms of

(x + plil ,

bringing the total to 42, and the next includes the terms

of

(x + p)13,

bringing the accumulated total of basis vectors to 56.

This process can obviously be continued indefinitely

generating an infinite L matrix of coefficients. For the

purpose of this investigation the independent basis was

terminated at 56.

The structure of the 56x56 truncation of the L matrix

is illustrated next. If the square matrices A, B, C, D, E,

F, and K, each of even dimension and the rectangular

matrices, G(n), which are a function of the constant g only

and where n is odd, are introduced, the entire 56x56

truncated L matrix can be represented by the matrix blocked

as follows
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I I I I I I 1
....99..... I ........9..... I ........9..... I ....,...9..... I........999.........

I9.$...9.ä..I ........9..... I ........9..... I ........99......... I
L = ....999..... I9.F...9.2,„I ........9 I ........9..... I ........9......... I

....99999.„... I.....„..9999999.........
IÜIÜIÜI0IOIFIG(11).,..........I................I................I................I................ .........,......I....................

0 I 0 0 0 0 0 KI I I I I I I
where O denotes the block zero matrix of appropriate

dimensions and where the block matrices along the diagonal

are given by

0 3/m 0 0
0 1/m —k 0 2/m 0A = „ B = „

-k 0 0 -2k 0 1/m
0 0 -3k 0

0 5/m 0 0 0 0

-k 0 4/m 0 0 0
0 -2k 0 3/m 0 0

C :
0 0 -3k 0 2/m 0

’

0 0 0 -4k 0 1/m
0 0 0 0 -5k 0
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0 7/m 0 0 0 0 0 0
—k 0 6/m 0 0 0 0 0

0 -2k 0 5/m 0 0 0 0

D = 0 0 -3k 0 4/m 0 0 0
0 0 0 -4k 0 3/m 0O0

0 0 0 -5k 0 2/m 0

0 0 0 0 0 -6k 0 1/m
0 0 0 0 0 0 -7k 0

0 9/m 0 0 0 0 0 0 0 0
—k 0 8/m 0 0 0 0 0 0 0

0 -2k 0 7/m 0 0 0 0 0 0
0 0 -3k 0 6/m 0 0 0 0 0
0 0 0 -4k 0 5/m 0 0 0 0

E =
O 0 0 0 -5k 0 4/m 0 000

0 O 0 0 -6k 0 3/m 0 0
0 0 0 0 0 0 -7k 0 2/m 0
0 0 0 0 0 0 O -8k 0 1/m
0 O 0 0 0 0 0 0 -9k 0
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0 11/m 0 0 0 0 0 0 0 0 0 0
—k 0 10/m O 0 0 0 0 0 0 0 0

0 -2k 0 9/m 0 0 0 0 0 0 0 0

0 0 -3k 0 8/m 0 0 0 0 0 0 0
0 0 0 -4k 0 7/m 0 0. 0 0 0 0

F = 0 0 0 0 -5k 0 6/m 0 0 0 0 0
0 0 0 0 0 -6k 0 5/m 0 0 000

0 0 0 0 0 -7k 0 4/m 0 0 0
0 0 0 0 0 0 0 -8k 0 3/m 0 0

0 0 0 0 0 0 0 0 -9k 0 2/m 0

0 0 0 0 0 0 0 0 0 -10k 0 1/m

0 0 0 0 0 0 0 0 0 0 -11k U

and

0 13/m 0 0 0 0 0 0 0 0 0 0 0 0
—k 0 12/m 0 0 0 0 0 0 0 0 0 0 0

0 -2k 0 11/m 0 0 0 0 0 0 0 0 0 0

0 0 -3k 0 10/m 0 0 0 0 0 0 0 0 0

0 0 0 -4k 0 9/m 0 0 0 0 0 0 0 0

0 0 0 0 -5k 0 8/m 0 0 0 0 0 0 0

0 O 0 0 0 -6k 0 7/m 0 0 0 0 0 0

K = 0 0 0 0 0 0 -7k 0 6/m 0 0 0 O 0 ,

0 0 O 0 0 0 0 -8k 0 5/m 0 0 0 0

0 0 0 0 0 0 0 0 -9k 0 4/m 0 0 O

0 0 0 0 0 0 0 0 0 -10k 0 3/m 0 0

0 O 0 0 0 0 0 0 0 0 -11k 0 2/m 0

0 0 0 0 0 0 0 0 0 0 0 -12k 0 1/m

0 0 0 0 0 0 0 0 0 0 0 O -13k 0

and where the G(n) matrices are rectangular with n+1 rows

and n+3 columns given by



34

0 0 0 0 0 0
0 0 0 0], G(3) = -9/32 0 0 0 0 0

-9/3! 0 O 0 0 -9/3 0 0 0 0

0 0 -9/2 0 0 0

0 0 0 0 0 0 0 0
-9/3! 0 0 0 0 0 0 O

0 -9/3 0 0 0 0 0 0G(5) = ,
0 0 -9/2 0 0 0 0 0

0 0 0 -29/3 0 0 0 0

0 0 0 0 -59/6 0 0 0

O 0 0 0 0 0 0 0 0 0
-9/3! 0 0 0 0 0 0 0 0 0

0 -9/3 0 0 0 0 0 0 0 O

0 0 -9/2 0 0 0 0 0 0 0

G(7) = 0 0 0 -29/3 0 0 0 0 0 0 ,

0 0 0 0 -59/6 0 0 0 0 0

0 O 0 0 0 -9 0 0 0 0

0 0 0 0 0 0 -79/6 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
-9/3! 0 0 0 0 0 0 0 0 0 0 0

0 -9/3 0 0 0 0 0 0 0 0 0 0

0 0 -9/2 0 0 0 0 0 0 0 0 0

U 0 0 -29/3 0 0 0 0 0 0 0 0
G(9)=

0 0 0 0 -59/6 0 0 O 0 0 0O0

0 0 0 0 -9 0 0 0 O O 0

0 0 0 0 0 0 -79/6 0 0 0 0 0

0 0 0 0 0 0 0 -49/3 0 0 0 0

0 0 0 0 0 0 0 0 -39/2 0 0 0
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G(11) =

0 0 0 O 0 0 0 0 0 0 0 0 0 0

-9/32 0 0 0 0 0 0 O 0 0 0 0 0 0

0 -9/3 0 0 0 0 0 0 0 0 0 0 0 0

0 0 -9/2 0 0 0 0 D 0 0 0 0 0 0

0 0 0 -2g/3 0 0 0 0 0 0 0 0 0 0

0 0 0 0 -59/6 0 0 O 0 0 0 0 0 0

0 0 0 0 0 -9 0 0 0 0 0 O 0 0 ,

0 0 0 0 0 0 -79/6 0 0 0 0 0 0 0

0 0 0 0 0 0 0 -49/3 0 0 0 O 0 0

0 0 0 0 0 0 0 U -39/2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 ‘5g/3 0 0 0 0

110 0 0 0 0 0 0 0 0 0 -—gg 0 O 0

If the 56x56 L matrix is partitioned in accordance

with the foregoing block structure, where the blocks

(partitions) are determined by each of the successive

groups of terms obtainable from the
j‘“

degree

terms in x and p, then certain observations follow.

First, if there are 9 partitions of the L matrix, the

uppermost index of the
1‘“

partition of the L matrix,

denoted by kpartshn(l), is given by

kpartshn(l) = l-(1+1) for l = 1,...,9

while the first index of the
l‘“

partition of the L matrix

is given by

kpartshntl-1) + 1 for l 2 2 .

For the N = 56 truncation of L, p = 7.
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The L matrix as defined above can be classified, for

any truncation size, as an upper Hessenberg matrix of

constant coefficients. An upper Hessenberg matrix, A, is a

matrix for which

ana = 0 whenever i > j + 1.

Most articles on Hessenberg matrices and the software

routine HQR of the EISPACK guide (Smith et al 1976) assume

that a Hessenberg matrix has been put into its upper

Hessenberg form. The importance of the matrix being in

upper Hessenberg form is that such a form facilitates the

calculation of its eigenvalues. The routine HQR performs

QR decomposition on an upper Hessenberg matrix, H, to

produce the eigenvalues of H along the diagonal of the

resultant decomposed matrix. The QR decomposition

procedure is a numerical procedure upon the elements of

a matrix that employs orthogonal iteration to produce a

sequence of matrix iterates each of which can be factored

into a product of a unitary matrix and an upper triangular

matrix which, when multiplied in reverse order produces the

subsequent matrix iterate. The matrix iterates converge to

produce a triangular matrix which can be cleanly written as

the sum of a diagonal matrix and a strictly upper

triangular matrix (Schur decomposition). Eigenvalues then

appear along the diagonal of the diagonal matrix as 1x1 or

2x2 submatrices depending upon whether the eigenvalues are
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real or complex. This enables complete eigenvalue

determination for the L matrix. The next task is the

evaluation of the eigenvalue spectrum of any partitioned

truncation of the L matrix. Let the eigenvalues of L be

denoted, in general, by X, for i = 1,...N . Since L is a

real general matrix, it is known that its eigenvalues occur

in complex conjugate pairs. This is because the

characteristic polynomial has real coefficients, is of even

degree, and contains only even powers of A. When the

constant k is positive, the eigenvalues occur as complex

conjugate pairs with zero real part. When the constant k

is negative, the eigenvalues occur in real pairs with

members having opposite sign of each other. For what

follows, it is assumed that the constant k is positive.

Then if the eigenvalue spectrum of L is denoted by 0(A),

the structure of o(k) for the N=56 truncation of the L

matrix is given in Table 3.1 below. Appendix A provides

the FORTRAN source used in obtaining the eigenvalues of the

56x56 truncation of the L matrix. Numerical values of the

necessary machine epsilons required to form the floating

point arithmetic system used by routines of the Eispack

guide were obtained by exercising the subroutine found in

Appendix B of Cody and Waite (Cody and Waite, 1980;

258-264). Table 3.1 is arranged in accordance with the

partition structure of L, which was discussed earlier. In
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Table 3.1 the value of the imaginary part of the smallest

magnitude eigenvalue is denoted by 6.

The detailed structure of c(A) for the L matrix is

apparent. The multiplicities of the eigenvalue pairs are

as follows:

Eigenvalue Pair :1ß :316 :516 :716 :916 :1116 :1316
mu1:1p11c1t1esl 7l 6l sl 4I al 2 I1

Extension to the infinite matrix for L is obvious.

The value of 6 depends upon the values of m,k, and g.

Changing the sign of the constant k appears only to affect

the conversion of the eigenvalues from complex pairs to

real oppositely signed pairs.

We have seen that the eigenvalue spectrum plays an

important role in the approximation procedure, e.g.

in the Putzer method the eigenvalue spectrum determines the

form of the functions rK(t). The functions rK(t) have been

calculated analytically for the eigenvalue spectrum

belonging to L for the 2x2 and the 6x6 truncations for the

Hamiltonian under study. The expressions for these

functions are listed below for these truncations. For the

2x2 truncation the rktt) functions are

r;(t) =
eiwt,

1
r2(t) = — s1n(wt) ,

w
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Table 3.1

Eigenvalue spectral structure for perturbed SH0

m = 2.0 k = 1.0 g = 1.0

5 = J1 xx mu

partition eigenvalue
number

real part I imag part

1 2 0 :15 3

2 6 0 :35
:5

3 1 2 0 :55
:35:5

4 20 0 :75
:65« :35. :5

5 30 0 :95:7,8
:55
:35
:5

6 42 0 :11,6
8

:95:7,6
:55
:35
:5

7 56 0 $13,8t1 15
:95
:7,8
:5,8
:35:5
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where w = ß = J(k/m). The eigenvalue pairs for the 6x6

truncation, the first case in which repeated eigenvalues

appear, are iiw, tin, and tim (H = 5, H = 35), and gna

rgtt) functions are the two functions above plus

1 i L1
r tt) costwt) — —————— sin11.1t,13 (m2 — u2) w(m2 — u2)

1
+ ————————— [costut) + i sin(ut)],wa - nz

-1 1ro(t) = ———————————— sin(wt) + ——————————— sin(ut)141(142 — 1.12) 1.1(1..12 — 1.12)

i iwt i
rsft) = ————————————— t e - —————————————— sin(wt)2w(w2 — u2) 2w2(w2 — u2)

1 t i w
(w2 — u2)2 u(w2 — u2)2

1 iwt
+ -——————————— e11.12 — IJ-2)2 ’

1 1
r (t) = ————————————— t costwt) — ————————————— sin1wt)6

21.1211.12 — IJ-2) 21.1211,12 — 1421

1 1
· ————————————— sin(wt) + ———————————— sin(ut),1.111.12 - 14212 1411.12 — L12)2

In order to obtain numerical results of those r(t)

functions whose index is higher than 6, a numerical
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integrator was written to calculate the value of the
k‘“

r

function at a given time 1. The numerical integrator

employed is Gill's implementation of the Runge—Kutta

procedure. See Appendix C of Viscous Fluid Flow (White

1974) for a discussion of this integrator. This integrator

is a fourth order Runge-Kutta procedure. A FORTRAN source

listing to implement this integrator to obtain numerically

an exact solution to the perturbed simple harmonic

oscillator is provided in Appendix C.

A discussion of the P matrices is given next. The P

matrices depend on the eigenvalues. They are calculated by

using a recursion relationship in which only the value of

AJ is needed to calculate PJ if the previous PK matrices

are known (0 S k S j—1). To save on computer storage space

only the first two rows of each P matrix is stored, since

the approximation is being used to calculate the first two

basis vectors x and p. Appendix B contains a listing of

the FORTRAN source for the 20x2O truncation of the L

matrix.

For the 6x6 truncation of the L matrix the Putzer

algorithm has been used to determine analytically the

expressions for the approximated x(t) and p(t). Attention

is now turned to the analytical expression for
eL‘

constructed in accordance with the Putzer algorithm for the

6x6 L matrix. The L matrix for this truncation is
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0 1/m 0 0 0 0
—k 0 -g/32 0 0 0

0 0 0 3/m 0 0
L:

0 0 -k 0 2/m 0
’

0 0 0 -2k 0 1/m
0 0 0 0 -3k 0

The eigenvalues are iiw with multiplicity 2 and, :13w with

multiplicity 1, where w = J k/m . That there is no g

dependence in the eigenvalues for this truncation can be

verified by simple calculation. The rK(t) functions are

r;(t) = cos(wt) + isin(wt),

1
r2(t) = ——sin(wt),

w

1
r3(t) = ——— cos(wt) — cos(3wt)8wE

' 1 {3 ( t 1
+ 1 ———— sin w ) - °n(3 t)8wa si w I,

1 1 1r¤(t) = ——— sin(wt) — — sin(3wt)j,8w3 3

_ 1 1 1rs(t) = 1 ———— 3 sin(wt) + -sin(3wtJ 164w“ a

1— ———— cos(wt) — cos(3wt)
64w4

i 1— ————t ( t) ————t ' (16w3 COS w + 16ms sin mt),
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and

1 1 1r6(t) = ———— [3 sin(0t) + — sin(30t)j6405 3
1— ———— tcos(0t).1604

The six P matrices are Po = I, the 6X6 identity matrix,

and

-10 1/m 0 0 0 0
-k -i0 —g/32 0 0 0

0 0 —i0 3/m 0 0P1: _
10 0 —k -10 2/m 0

0 0 0 -2k -i0 1/m
0 0 0 0 -3k -10

0 0 -g/(m3!) 0 0 0
0 0 0 -g/2m 0 0

0 0 -202 0 6/ma 0P:2
0 0 0 -602 0 2/m2°
0 0 2k2 0 -602 0
0 0 0 6k2 0 -202

0 0 igw/2m -g/2ma 0 0
0 0 902/2 1390/2m —g/mz 0
0 0 1603 -1802/m -1180/ma 6/m3P = ,3 0 0 ökwz 11603 -1802/m -160/m2
0 0 -i6k2w 18k02 11603 -602/m I0 0 —6k3 -i18k20 18k02 1603 I
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1
0 0 -gwz/m 0 —g/ms 0
0 0 0 -902/m 0 -g/m3

0 0 0 0 0 O
Pu = ,

0 0 0 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0

and

•
3

1
0 0 igm /m —qw2/mz igw/ms —g/m“

I
Ü 0 Qwa igws/M gw?/ma igw/ms

0 0 0 0 0 0
P5 = .

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0
lo

0 0

Performing the Putzer sum as indicated in equation 2.1

where n = 6, eL° can be written as

1
costwt) ——sin(wt) 613 61u 615 616

mw

—mwsin(wt) cos(wt) ea; eau eas 6a5

Lt O O 833 83u 835 836€
=

0 0 6u3 euu eu; 6u6
’

0 O 853 85u 855 856

0 0 863 86u 865 866

where

1 Q
613 = — ·—— ———

cos<wt) — cos(3wt)
192 mw?

1 Q
-

—— ———
wtsin(wt) ,16 mo?
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1 9 . .eig = —
gz -E-E 7 s1n(ut) — s1n(3ut)mu

19
1: tt)+—-ucosu ,16 maus

1 9615 =
EZ

—;—; cos(ut) — cos(3ut)
mu

-—-u s1nu ,
19 t‘(t)

16 msu4

1 9 . 1.eig = — - —-- 3 S1H(Ut) + - s1n(3ut)64 m4u5 3
19

+ Tg utcos(ut) ,
mu

19 . .ez; = — -- - 11 S1H(Ut) + 3 SlH(3Ut)
192 u

19— -g — utcos(ut) ,
1 u

3 9egg = —
gz

-—E cos(ut) - c0s(3ut)
mu

1 g _— —— uts1n(ut) ,
16 mu

1 9 _ .eas = —
gz -E-E 5 s1n(ut) — 3 s1n(3ut)

mu

——-ucosu ,
19

t (1:)
16 maus
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1 9
626 = —*—— cos(-.1t) - cos(3wt)

64 mswa

- — ———— -.1 s1n um ,
1 g

t ' ( t)
16 m3w4

1
666 = 666 =

Z
3 cos(wt) + cos(3w1:) ,

1
6-+-+ = 666 =

Z
COS(I.-lt) + 3 cos(3-.11:) ,

mwGl-+3 = —
T sin(wt) + sin(31.1t) ,

3
G3!-L = ——— sin(wt) + sin(3wt.) ,

4mw

mwGSI-; = T {simwt) — 3 sin(31.1t;)} ,

1
6-+6 = -

·— sin(wt) - 3 sin(3wt) ,
4mw

3mw
666 = — simwt) + sin(3:.1t) ,

1
“I

666 = Ä simmt) + sin(3-.11;)] ,
4mw

(mw)2
653 = -46- cos(-.11:.) - cos(3wt) ,



47

3
666 = —————— cos<mt) - cos(3mt) ,4(mm)a

3(mm)a
664 = ———Z——

costmt) — cos(3mt) ,

1
646 =

-———*—
cos(mt) — cos(3mt) ,

4(mmla

(mm)3
666 = — ——X—— 3 sin(mt) — sin(3mt) ,

1
636 = —————— 3 sin(mt) — sin(3mt) .4<m11•13

Thus, when the calculation

Ü;(t) = 6*-* 'Gw = 01,

is performed, the results for the first two elements of

Ücw y16111
1

x(t) = Xo cos(mt) + po —— sin(mt)
mm

1 g 1
+ xo3 ‘ ‘—— ——— [cos<mt) — cos(3mt)j

192 mma

1 g _— —— ——— mt s1n(mt)16 mma

2
{

1 g 1+ x p — —— ——-— [7 sin(mt) - sin(3mt)O O 64 mama J

+ —— ———— m cos m* 9 1 1 11}16 mams
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1 Q
+ Xopoz —— ———— [costmt) — cos<3mt)]

64 mama

————m 61nm16 mam4

1 g 1 1+ Poa — —— ———— [3 sin(mt) + — sin(3mt)J64 m4mS 6

+—-——m cosm
*9 1 111}16 m4mS ’

and

p(t) = -xo mm sin(mt) + po costmt)

1 g 1+ Xoa — ——— — [11 sin(mt) + 3 sin(3mt)J192 m

1 Q— —— — mt cos(mt)
16 m

3 g 1+ Xoapo - —— ——— [cos(mt) - cos(3mt)j64 mma
1 Q— —— ——— mt sin(mt)

16 mma

2 { 1 g 1
+ x -

—— ———— 5 sin(mt) - 3 sin(3mt)opo
64 mama J

1 Q— —— ———— mt cos(mt)}
16 mama

1 Q+ pos {—— ———— [cos(mt) - cos(3mt)]
64 mam°

1 g _— —— -——— mt s1n(mt) .16 mam4
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For the 6x6 truncation, at least, the first terms that are

part of an expansion in time are now apparent. For x(t)

the time dependence of these non—oscillatory terms goes as

9 sin(wt) 1
- (5) ~ - —— —-——-—- 3 ..... 2

16 611., {"° * 1,11.,,1 2 "°"° }
19 cos(wt) { 2 1 3}

*
‘“ ”'“"‘“ X D + ————— t16 (mw)2 ° ° <m1.1)2p°

’

while for p(t)

9 1 1
Dnon—o5¢:( Ü) ” ‘

Tg COS(LJÜ) XQ3 Xopoaj

9 sin(wt) 2 1‘ ‘* ——*——"—
Xo Do +

_*"“ Pos t.16 mo (1111.1) 2

Figure 3.1 shows, for 7 cycles, a phase space plot

which compares x(t) and p(t), calculated analytically using
eL‘

in the 6x6 truncation of L, with the exact x(t) and

p(t) as obtained from the numerical Runge—Kutta—Gill (RKG)

numerical integration of the differential equations

produced from Hamilton's equations. Table 3.2 provides a

summary of the standard deviations for the differences in

the position as well as the momentum on a per cycle basis.

The statistics contained in this dissertation are

calculated throughout with the following formulation.
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Table 3.2

Statistics for Ax and Ap for analytically calculated
e“°

for 6X6 truncation and exact solution

m = 2.0, k = 1.0, g = 1.0

number of Number 1 0 values”€§€T€§__ €T—d€Fa _
" ————”"

poin s position I momentum

1 44 .130128 .261736
0

2 87 .368784 .619035
I

3 130 .655199 1.047480

4 174 .981892 1.542162

1 5 218 1.329919 2.054819

0
6 262 1.679093 2.556741

· 7 300 1.994893 2.920290
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Differences in both position and momentum are calculated

for each data point using

(Ax); = x; — x';

where the primed variable refers to the value from the

approximation scheme, The standard deviation for Ax is

then calculated using the usual formulation

„ „ 12 "
1Z;{(Ax);2} - [,Z;(Ax);J

cAx
= ———-—n——-——

°

n - 1

with an analogous expression for Ap.

Figure 3.2 is a phase space plot, again for the 7

cycle case, of Axtt) from the two positional calculations

versus Ap(t) from the two momentum calculations as

depicted in Figure 3.1 . A check of eL° as analytically

calculated with the Putzer algorithm for the 6x6 truncation

of L is provided by comparing the phase space plot of x(t)

and p(t) as derived from it, with the phase space plot of

x(t) and p(t) obtained from the numerically integrated

Putzer method using the 6x6 truncation of the L matrix.

These phase space plots are presented in Figure 3.3 , where

the solid line is a plot of the analytical results while
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the dashed line is the plot of the numerically integrated

approximation using the Putzer algorithm. Figure 3.4

exhibits the differences in phase space for the two

techniques calculating x(t) and p(t) of Figure 3.3 .

Obviously there is some error present in either the

analytically calculated results or the numerical technique.

It is believed that the error is in the numerical

results. The analytical results have been checked by two

different approaches on two separate occasions with the same

results obtained in both instances. The magnitude of

x(t) and p(t) of the analytical results are less than the

results of the numerical results for more remote cycles.

Table 3.3 provides a summary of the statistics associated

with the various cycles contained in Figure 3.3.

Figure 3.5 presents the phase space plot of the exact

RKG solution (solid line) of the motion and the plot

(dashed line) of the approximation using the Putzer

algorithm with the 6x6 truncation of the L matrix and

RKG integration of the rK(t) functions. Seven cycles of

data are presented. Figure 3.6 is a plot in phase space of

the differences in x and p between the exact solution and

the approximation using the Putzer algorithm for the 6x6

truncation of L over the same 7 cycles. Table 3.4 lists

the standard deviations for both the position and the

momentum on a cycle by cycle basis for the data presented
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Table 3.3

Statistics for Ax and Ap for analytic 6**

and numerical 6** for 6X6 L truncation

m = 2.0, k = 1.0, g = 1.0

number of Number L g values
cycles 0T Hafa— poin S ppsition I momentum

1 42 .149060 .193295

2 84 .316591 .399348

n
3 127 ' .473586 .620006

‘ 4 171 .632021 .845761

5 215 .789840 1.071779

6 259 .947231 1.298060

7 300 1.078966 1.530432
‘
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Table 3.4

Statistics for Ax and Ap for exact solution

and 6x6 approximation using Putzer algorithm with

RKG integration

m = 2.0, k = 1.0, g = 1.0

number of Number L g values
cycIes O •B B

· poin s position I momentum

1 42 .070960 .107610

2 84 .212665 .365961

3 127 .462109 .755445

4 171 .801873 1.271066

5 215 1.205238 1.870774

6 259 1.647972 2.516208

7 300 2.074728 3.121994
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in Figure 3.5.

Figure 3.7 exhibits, for 7 cycles of data, the phase

space plots of the exact solution and the approximation

using the Putzer algorithm for the 12x12 truncation of the

L matrix. The phase space differences in x and p for

this case are plotted in Figure 3.8 . The associated

statistics for Figure 3.8 are presented in Table 3.5 on

a cycle by cycle basis. The plots for two cycles of data

for the 12x12 case, presented in Figure 3.9 for the phase

plot of the positions and momenta, and in Figure 3.10 for

the differences of the positions and the momenta in phase

space, show a reasonably good agreement between the

approximation and the exact solution.

The data produced by the 20x20 truncation of the L

matrix are given next. Figure 3.11 is a phase space plot

comparing the exact RKG solution and the approximation

using the Putzer algorithm for the 20x20 truncation of the

L matrix over 7 cycles of data. The corresponding

differences in x and p are plotted in phase space in Figure

3.12 . The statistics for these figures are presented in

Table 3.6. Figure 3.13 contains a phase plot of 2 cycles

of data for this 20x20 case. Figure 3.14 presents a phase

plot of the x and p differences for the 2 cycles of Figure

3.13.
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Table 3.5

Statistics for Ax and Ap for exact solution

and 12x12 approximation using Putzer algorithm with

RKG integration

m = 2.0, k = 1.0, g = 1.0

number of Number L g values
cycles of data

poin s position I momentum

1 42 .013642 .032471

2 82 .087655 .116899
4

3 122 .238248 .324478

4 164 .496856 .752451

5 206 .898800 1.415691
1

6 250 1.530455 2.365497

7 294 2.364586 3.605183
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Table 3.6

Statistics for Ax and Ap for exact solution

and 20x20 approximation using Putzer algorithm with

RKG integration

m = 2.0, k = 1.0, g = 1.0

number of Number L g values
cycles of data

QOlH_ä position I momentum

- 1 42 .003996 .014167

2 84 .034569 .069996

3 122 .080963 .216008

4 161 .253928 .372446

5 201 .575915 .820773

6 239 1.022416 1.661940
4

7 282 1.851547 3.003603
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Moving on to the data produced by the 30x30 truncation

oF the L matrix, Figure 3.15 presents a phase space plot

comparing the exact RKG solution with the approximation

using the Putzer algorithm. Differences in x and p between

the exact and approximated solutions are presented in the

phase plot oF Figure 3.16 . Both Figures cover 4 cycles of

data. The statistics For these Figures are presented in

Table 3.7. Figure 3.17 shows the phase plots over 2 cycles

comparing the exact RKG solution and approximated solutions

For the 30x30 truncation. Figure 3.18 presents a plot in

phase space oF the x and p diFFerences corresponding to

Figure 3.17.

Next, the position and momentum produced by the

approximation using the Putzer algorithm applied to the

42X42 truncation of the L matrix is compared to the exact

RKG position and momentum via Figure 3.19, which presents a

phase space plot oF the two coordinates over one cycle oF

data. The corresponding differences in x and p between the

exact and approximated solutions are presented in Figure

3.20. The statistics For these Figures are presented in

Table 3.8.

No data were produced For the 56x56 truncation oF the

L matrix since the program was not small enough to be

loaded in the available memory of the personal computer

being used to conduct the investigation.
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Table 3.7

Statistics for Ax and Ap for exact solution

and 30x30 approximation using Putzer algorithm with

RKG integration

m = 2.0, k = 1.0, g = 1.0

number of Number L 0 values
cgcles o? data _ "

poin s position I momentum

1 42 .001427 .005493

2 83 .013289 .050820

3 126 .056483 .223270

4 171 .191608 .628312
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Table 3.8

Statistics for Ax and Ap for exact solution

and 42x42 approximation using Putzer algorithm with

RKG integration

m = 2.0, k = 1.0, g = 1.0

number of Number L g valuescycles of data
poin s position I momentum

42 .000587 .001510
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A summary of how the statistics for x and p changed

when higher and higher truncations of the L matrix were

made is graphically presented in the series of Figures 3.21

through 3.24, covering data for 1 cycle, 2 cycles, 3

cycles, and 4 cycles respectively. Data were not

obtainable for cycles 2 through 4 from the 42x42

truncation. Considering all 4 cycles of data, the standard

deviation for the position is monotonically decreasing as

higher truncations are utilized in the approximation

scheme. The standard deviation for the momentum is

monotonically decreasing for 1 cycle and 2 cycle data as

higher truncations are implemented into the approximation

scheme. However, for 3 cycle and 4 cycle data, the

standard deviation for the momentum is monotonically

decreasing only to the 20x20 truncation of the L matrix.

This reflects the deterioration of the data mentioned

previously. The data still contain secular components

that have not been removed numerically. Perhaps these

secular components are coming into play to a greater degree

when the 30x30 and higher truncations are implemented.

As a means by which to check if the results produced

by the personal computer were not jeopardized due to the

computer's size, both the code to produce the eigenvalues

and to implement the approximation scheme utilizing the

Putzer algorithm for the 20x20 truncation of the L matrix
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were converted to run on a HicroVAX. A statistical and

graphical comparison was made between the data from the

personal computer and the resultant data of the MicroVAX.

Both sets of data produced the same graph when plotted in

phase space. A one-sigma value for the dfferences in the

position was found to be .000340 when 282 data points were

analyzed. A one-sigma value for the differences in the

momentum was found to be .001481, again when 282 data

points were analyzed. These facts would tend to indicate

that the limited wordsize and limited memory of the

personal computer were not a factor in the deterioration of

the data. Rather these facts would tend to indicate that

there is some subtle error or errors in the code that was

used to produce data for the various truncations of the L

matrix.

In the next chapter the Hamiltonian studied in this

chapter will be modified to include a term representing the

effects of a drag force on the perturbed harmonic

oscillator. The Liouville operator will be used as before

but with a modification of one of the derivatives involved.

A matrix will be produced and data generated for various

truncations of the L matrix, and the data will be analyzed

in a manner similar to that performed in this chapter.



CHAPTER 4

STUDY OF APPROXINATION TECHNIQUE USING PUTZER ALGORITHH ON
SIMPLE HARHONIC OSCILLATOR WITH

X“
PERTURBATION AND DRAG

LINEAR IN THB VELOCITY

In order to ascertain how well the approximation

schema under consideration performs when a non—conservative

or a dissipative force such as a drag force is acting, the

Hamiltonian,

pa 1 <;
H = ——

+ — kx? + —— x“

2m 2 4!

is again considered, together with a drag force having the

general form

1‘=—¤<>&>=',

where, for simplicity, the integer d has been taken to be 1

producing a drag force which is linearly dependent on the

velocity. Since d = 1, this f is the result of the

derivative of the Rayleigh dissipation function F

1 .F = ——¤«<x>2,
2

The Lagrangian for this case is

1 1 g
L = — mv? — — kx? — —— x4_

2 2 42

Lagrange's equations for the dissipative situation are

given by

87
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d SL SL SF
" ""T' ' 'l' + : 0
dt GQ.: GQ.: GQ.:

and yield the second order non—1inear differential equation

.. oc. k q
x -

— x + — X + ——— X3 = g _
m m 3!m

Each term of this equation can be multiplied by x, with

most of the resultant terms rewritten using differentials

to produce

d „ k 2 g 2a
"{(X)2+*X2+lx4}-—(*)2=0·
dt m 4!m m

Here the x term presents trouble when trying to find an

exact differential in order that a first quadrature may be

completed. An attempt to solve the original differential

equation can be made by making the following substitutions

x = z ,
„ dz
x = z —— ,

dx

and thereby transforming the differential equation into

dz u k gz·— ——z + -x + ——X3
=

g_
dx m m 3!m

This equation has the form

zz’
+ f(x) = g(x)z

of Abel's equation of the second kind. An integrating
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factor can be found only if there exists an n such that

I
(n—1)g(x) = n2[—] ,

9

then

f
¢( x) E —n —

9

and the integrating factor is given by (Murphy 1960:25-26 &

255)

I(x,z) = (¢ + z)"" .

Such an n does not exist for this differential equation.

The Liouville operator, L, will be defined in the same

manner as before, and then adjusted, e.g.

ae an aa au'
Hä) =[E,H1= ————

- —···—
Sx Sp Sp Sx

where, for consistency, the following expression

au' an a
Sx Sx m

must be used. This replacement in the definition of the

Liouville operator produces the same results as if one had

simply differentiated the function &( x, p) with respect to t

and substituted the following expression for p,

.
k

9 3 ¤
P = · X ·

—*
X — —

.
3! m

p
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A simple calculation will bear this out. Either method,

whether employing the adjusted Liouville operator and

making the necessary adjustment in the partial of H with

respect to x, or simply taking the time derivative and

using the above expression to replace p will lead to the

same L matrix. A monomial basis similar to the one

previously obtained is chosen, but with terms from all

possible integer powers, R, of the expansion of (x + p)Ü

In the case without drag, only odd integer powers appeared.

For the purpose of the study here, the maximum value of R

will be limited to 9, thereby producing a 54x54 matrix.

The L matrix constructed from these basis vectors for the

54x54 truncation can be partitioned into the following

block form

I S I I I I I I 1AIOIAIOIOIOIOIOIOI
0IßI0I6I0I0I0I0I0I
0I0IcI0IcI0I0I0I0I
0I0I0IuI0I0I0I0I0I

I-=9 I99„.... I ........9„....9 I9„.... I 9 I....9..... I .
9 I „...9......... I „..„....9..... I „.......9 I9..... I9..... I9..... IIS.... I ....9..... I

„...9..... I9 I9...„. I ........9..... I ........9..... I ........9..... I ....99..... IQ........ I
999..... I ........9..... I ........9..... I ........9 I ....9..... I ....9...„ I ....9..... IM9 I °I °I 9I ¤I¤I¤I·=I

where the boldface entries are blocks of various

dimensions. Those blocks along the main diagonal are

matrices whose elements are dependent upon k, m, and a,

while those non—zero blocks appearing on the super diagonal
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are matrices whose elements are dependent only on g. The

various non-zero blocks are defined as follows:

1
0 - 0 0 0 0

m
A= „A= „

OC 9
-k -- -—- 0 0 0

m 33

2
0 — 0 0 0 0 0 0

m

m 1 g
B = -k -- — , B = ——— 0 0 0 0 ,m m 33

a 2g
0 -2k -2- 0 --— 0 0 0

m 33

3
0 - 0 0 0 0 0 0 0 0

m

a 2 g
*k —— - 0 -- 0 0 0 O O

m m 33
C= ,C—" ,

a 1 2g
0 -2k -2- - 0 -- 0 0 0 0

m m 33

a 3g
0 O -3k -3- 0 0 ——- 0 0 0

m 33
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4
0 - 0 O 0

m

oc 3
-k -- - O 0

m m

oc 2
D = 0 -2k -2- - 0 ,

m m

oc 1
0 0 -3k -3- -

|'|I m

(X
0 0 0 -4k --

m

0 0 0 0 0 0 0

9-'—' 0 0 O 0 O O
31

26:
0 -—·- O 0 0 0 0

32D = 3 ,
9

D 0 -—-* 0 O O 0
32

4q
O O 0 -- O 0 0

32
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5
0 - 0 0 0 0

ITI

oc 4—k
-- - 0 0 0

m m

oc 3
0 -2k -2- - O 0

m m
E = ,

oc 2
0 0 -3k -3- - O

ITI ITI

oc 1
0 0 Ü -4k -4- -

ITI ITI

IX
0 0 0 0 -5k -5-

IT]

0 O 0 0 0 0 0 0

9
-- 0 0 0 0 0 0 O

39

29
0 —-··· 0 0 0 0 0 0

39
E = ,

39
0 0 -- 0 0 0 0 0

39

49
O O 0 -- 0 0 0 0

39

59
0 0 0 O -- 0 0 0

39
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6
0 * 0 O O 0 0

m

oc 5
-k -* * O 0 0 0

m ITI

oc 4
O -2k -2* * O 0 0

(Tl IT!

oc 3
P = U 0 -3k -3* * Ü 0 ,

H1 ITI

oc 2
0 0 0 -4k -4* * 0

m m

oc 1
0 0 0 0 -5k -5* *

ITI m

0(
0 0 U 0 0 -6k -6*

m

0 0 O O 0 0 O 0 0

9
-'* 0 0 0 0 0 0 0 O

33

29
O -* O O 0 0 0 O 0

33

39
F = 0 0 -* Ü U 0 0 O 0 ,

33

49
0 0 0 -** O O 0 O 0

33

59
0 0 0 0 -* 0 0 0 0

33

69
0 0 0 0 0 -* 0 0 0

33
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7
O - 0 0 0 0 0 O

m

oc 6
-k -- - 0 0 0 O 0

m m

0: 5
0 -2k -2- - O 0 0 0

m m

oc 4
0 0 -3k -3- - 0 O 0

HI [TI
G = ,

oc 3
0 0 O -4k -4- - 0 O

m m

oc 2
0 O O 0 -5k -5- - 0

m m

oc 1
0 D 0 0 0 -6k -6- -

m m

Of
O D 0 0 0 O -7k -7-

m

IV
0 O 0 0 O 0 0 0 O 0
9

-- O O O 0 O O O 0 O
B!

2g
0 -- U Ü O 0 0 O 0 O

B!

3q
0 O -- Ü O 0 0 O 0 0

G = 3! ,

4q
0 0 O ··- 0 U 0 0 0 0

B!

Sg
0 0 0 0 -- 0 0 0 0 0

B!

öq
0 0 0 0 O --' O O 0 0

B!

79*0 0 0 O 0 Ü -? O Ü O•
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8
Ü * O 0 O O 0 O 0

m

oc 7—k ·* * 0 O U D Ü O
m m

cx 6
O -2k ·2* * Ü O Ü O O

m m

oc S
O Ü -3k -3- * O O O O

m m

oc 4
0 0 0 -4k -4- — 0 0 0

m m

H = oc 3 ,
O O Ü O -5k -5* — 0 U

m m

oc 2
0 0 0 0 0 -6k -6- - 0

m IT!

oc 1
0 0 0 0 0 0 -7k -7- -

m m

IX
0 0 0 0 0 0 0 -8k -8-

m
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9
O * 0 0 O O Ü Ü Ü O

m

a 8
-k -* * O O O O O O O

m m

a 7
0 -2k -2- - 0 0 0 0 0 0

m m

a 6
0 0 -3k -3- — 0 0 0 0 0

I11 m

m 5
0 0 0 -4k -4- — 0 0 0 0

m m
J = .

a 4
O Ü O O -5k -5* * U O O

ITI ITI

a 3
0 0 0 0 0 -6k -6- — 0 0

m m

m 2
Ü 0 O O U O --7k -7* * O

m m
9

a 1
Ü U O O Ü O O -8k -8* *

m m

C(
0 O O O 0 O 0 0 -9k -9*

m

The L matrix associated with each truncation defined

by the various values of R from 1 to 9 is an upper

Hessenberg matrix. The drag coefficient has been

introduced only along the main diagonal. For values of R

greater than 1 the terms containing the drag coefficient

are contained in those non—2ero blocks appearing on the

super diagonals above the main diagonal of blocks.

The super diagonal chosen to contain blocks whose elements

are dependent on the drag coefficient as a factor is
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determined by the power of the velocity taken on the drag

force. A power of 1 produces terms along the main

diagonal, a power of 2 produces terms in the block super

diagonal immediately above the main block diagonal, while a

power of 3 produces drag coefficient entries in the block

super diagonal located two block diagonals above the main

block diagonal. This pattern is continued for any size L

These L matrix variations will not be discussed in detail

here, however, as this study will be confined to that L

matrix produced for the drag force that is linearly

dependent upon the velocity (d=1).

An examination of the eigenvalue structure of the

54x54 truncation of the L matrix is now conducted. The

matrix is partitioned in accordance with previously

mentioned procedures. The eigenvalues are generally

characterized by either of three forms. The first form is

characterized by a negative real part and a positive

imaginary part, The second form is the complex conjugate

of the first form. The third form has a negative real part

and zero complex part, and occurs, usually only once, in

those partitions having an odd number of basis elements.

For fixed values of k and g, and for varying values of a,

the drag coefficient, the eigenvalue spectrum, denoted by

o(A), has the structural form shown in Table 4.1 below for

the 54x54 truncation of the L matrix. Notationally, let
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Table 4.1

Eigenvalue Spectrum by Partition of L Matrix for
Perturbed SHO with Drag

m = 2.0 k = 1.0 g = 1.0

u 2 k
¤ = .15 8 = — — 4 — = .706111m m

partition number eigenvalue

real part I imag part

1 -1<m/m)/2 :15

2 —2(¤/m)/2 :2g N

3 -3tu/ml/2 :3g
:

4 —4(¤/m)/2 :45
:25

0

5 —5<a/m)/2 :55
:65
:5

6 —6(¤/ml/2 :68
:45
:25

0

7 -7(u/m)/2 :75
:55
:35:5

8 - 8< 6:/ m) / 2 :85:65
:45
:25

0

9 —9(¤/m)/2 :98
:75
:55
:65:5
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ß denote the smallest magnitude of the imaginary part of

the eigenvalue that has the lowest overall magnitude. This

structure of eigenvalues is constant regardless of the

value of the drag constant chosen. The form of the

eigenvalue structure is related to the partitions of the L

matrix. The partitions take their form from the fact that

monomials were used for a basis of independent vectors.

The approximation scheme incorporating the Putzer

algorithm was utilized to program the 9x9 truncation, the

14X14 truncation, and the 20x20 truncation of the L matrix.

The program for each truncation was used to produce data

for the drag coefficients of .15, -30, .45, and .60, for

the times of 21.0, 30.0, and 60.0 sec. Exact RKG solution

data were obtained for each time frame. Only data for the

60.0 sec time frame using the drag coefficient of .15 are

presented here. The complete complement of the data

generated will not be shown due to its similar nature,

however a representative sample will be shown for the 9x9,

14x14, and 20x20 truncations.

For the 9x9 truncation a comparative phase plot of x

and p produced by both the exact RKG solution (solid line)

and the approximation using the Putzer algorithm (dashed

line) is presented in Figure 4.1 for 6 cycles of data with

a drag coefficient of .15 . In contrast to the non—drag

case, the motion is spirally inward indicating the
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existence of a certain amount of attenuation in the

magnitudes of both the position and momentum. A plot in

phase space of the differences in x and p between the

exact and the approximated solutions is exhibited in Figure

4.2 for the same 6 cycles of data. Associated statistics

for this 9x9 truncation are presented in Table 4.2.

For the 14x14 truncation a comparative plot in phase

space of x and p from the exact RKG solution (solid line)

and the approximation using the Putzer algorithm (dashed

line) are presented in Figure 4.3 for 6 cycles of data

using a drag coefficient ef .15 . The difference from

the 9x9 truncation is small. The motion is spirally inward

with about the same degree of attenuation of the magnitudes

as in the 9x9 truncation case. Differences in phase

space in x and p for this case are presented in Figure 4.4

for 6 cycles of data. The associated statistics for

Figure 4.3 are contained in Table 4.3, presented below.
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Table 4.2

Statistics for Ax and Ap for exact solution

and 9x9 approximation using Putzer algorithm with

RKG integration for Drag Coefficient of .15

m = 2.0 k = 1.0 g = 1.0

a E k
m = .15 B = — — 4 — = .706111

m m

number of Number L g values
cycles of data

points position I momentum

1 42 .043757 .065243

2 86 .076733 .114681

3 130 .092729 .134221

4 174 .096441 .137308

5 218 .094355 .133227

6 263 .089970 .126527
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Table 4.3

Statistics for Ax and Ap for exact solution

and 14X14 approximation using Putzer algorithm with

RKG integration for Drag Coefficient of .15

m = 2.0 k = 1.0 g = 1.0

I u 2 ka = .15 B =
Ä

— — 4 — = .706111
m m

number of Number 1 0 values
cycles of data

— —

points position I momentum

1 42 .043757 .065243

2 86 .076733 .114681

3 130 .092729 .134222

4 174 .096441 .137308

5 218 .094355 .133227

6 263 .089970 .126527
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The data produced by the 20x20 truncation of the L

matrix are examined next. A comparative plot in phase

space for x and p from the exact RKG solution (solid line)

and the approximation (dashed line) is presented in Figure

4.5 for 6 cycles of data. A drag coefficient of 0.15 was

used. The attenuation observed in the earlier truncations

is still present. The phase space differences of x and p

for the same 6 cycles of data of Figure 4.5 for this 20x20

truncation are displayed in Figure 4.6 . The differences

are centralized and bounded over the 6 cycles of data.

Table 4.4 contains the statistics associated with Figure

4.5 . Appendix D contains the FORTRAN source listing for

the eigenvalue calculation for the 54x54 truncation of the

L matrix of the perturbed simple harmonic oscillator

problem under the influence of a drag force. Appendix E

presents the FORTRAN source listing for the approximation

scheme employing the Putzer algorithm for the 20X20 L

matrix truncation for the above problem. Appendix F

contains the FORTRAN source listing for the Runge—Kutta

Gill numerical integrator used in obtaining the exact

results for the same problem.

A summary of how the standard deviations of the errors

in x and p change when progressively larger truncations of

the L matrix are made while implementing the approximation

exploiting the Putzer algorithm is graphically presented in
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Table 4.4

Statistics for Ax and Ap for exact solution

and 20X20 approximation using Putzer algorithm with

RKG integration for Drag Coefficient of .15

m = 2.0 k = 1.0 g = 1.0

a 2 k
¤ = .15 ß = — — 4 —

= .706111
m m

number of Number L g values
cycles of data

points position I momentum

1 43 .008494 .016451

2 85 .019094 .026005

3 128 .024773 .032638

4 172 .026560 .035846

5 216 .026403 .036185

6 261 .025401 .035085

7 300 .024257 .033755



112

the series of Figures 4.7 through 4.12, covering data for 1

cycle, 2 cycles, 3 cycles, 4 cycles, 5 cycles, and 6 cycles

respectively. Truncation sizes range from the 9x9 to the

20x20 in each figure.

The most notable behavior of the statistical errors in

this set of figures is that, regardless of how many cycles

are considered, there is virtually no change in the

statistics for the 14x14 truncation of the L matrix when

compared to the statistics for the 9X9 truncation. One

would naturally expect a decline in the magnitude of the

standard deviations of the errors when the larger 14x14

truncation is considered. Table 4.5 presents the numerical

values of the eigenvalues used in generating the data

contained in the above figures. The structure is the same

as that shown in Table 4.1 . Examination of the

eigenvalues reveals that not all of the previously

encountered eigenvalues are repeated in each partition.

For example, the second partition consisting of eigenvalues

numbered 3,4,5 does not contain eigenvalues numbered 1 and

2 that were found in the first partition. Similarly, the

third partition consisting of eigenvalues numbered 6-9

repeats the eigenvalues 1 and 2 of the first partition and

adds a new conjugate pair of complex numbers to the

eigenvalue list while not repeating the eigenvalues labeled

3,4,5 of the second partition. The fourth partition
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Table 4.5

Numerical Eigenvalues of L matrix for up to

54X54 truncation; m=2, k=1, g=1

a 2 k
a = .15 ß = — — 4 — = .706111

m m

t‘“
Eigenvalue Real Part Imaginary Part

i= 1 EIGENVALUE:-.3750000000D—01 .7061117121D+00(I)
i= 2 EIGENVALUE:-.3750000000D—01 -.7061117121D+00(I)
i= 3 EIGENVALUE:-.750000000OD-01 .1412223424D+01(I)
i= 4 EIGENVALUE:—.7500000000D—01 ·.1412223424D+01(I)
i= 5 EIGENVALUE:—.7500000000D—01 .0000000000D+00(I)
i= 6 EIGENVALUE:—.1125000000D+O0 .2118335136D+01(I)
i= 7 EIGENVALUE:—.1125000000D+00 ·.2118335136D+01(I)
i= 8 EIGENVALUE:—.1125000000D+00 .7061117121D+00(I)
i= 9 EIGENVALUE:—.1125000000D+00 -.7061117121D+00(I)

i= 10 EIGENVALUE:—.1500000000D+00 .2824446848D+01(I)
i= 11 EIGENVALUE:—.1500000000D+00 -.2824446848D+01(I)
i= 12 EIGENVALUE:—.1500000000D+00 .1412223424D+01(I)
i= 13 EIGENVALUE:—.1500000000D+00 —.1412223424D+01(I)
i= 14 EIGENVALUE:·.1500000000D+00 .0000000000D+00(I)

i= 15 EIGENVALUE:—.1875000000D+00 .3530558561D+01(I)
i= 16 EIGENVALUE:—.1875000000D+00 —.3530558561D+01(I)
i= 17 EIGENVALUE:—.1875000000D+00 .2118335136D+01(I)
i= 18 EIGENVALUE:-.1875000000D+00 —.2118335136D+01(I)
i= 19 EIGENVALUE:—.1875000000D+00 .7061117121D+00(I)
i= 20 EIGENVALUE:—.1875000000D+00 -.7061117121D+00(I)

i= 21 EIGENVALUE:—.2250000000D+00 .4236670273D+01(I)
i= 22 EIGENVALUE:—.2250000000D+00 —.4236670273D+01(I)
i= 23 EIGENVALUE:-.2250000000D+00 .2824446848D+01(I)
i= 24 EIGENVALUE:—.2250000000D+00 —.2824446848D+01(I)
i= 25 EIGENVALUE:—.2250000000D+00 .1412223424D+01(I)
i= 26 EIGENVALUE:—.2250000000D+00 -.1412223424D+01(I)
i= 27 EIGENVALUE:-.2250000000D+00 .0000000000D+00(I)
i= 28 EIGENVALUE:—.2625000000D+00 .4942781985D+01(I)
i= 29 EIGENVALUE:—.2625000000D+00 —.4942781985D+01(I)
i= 30 EIGENVALUE:—.2625000000D+00 .3530558561D+01(I)
i= 31 EIGENVALUE:—.2625000000D+00 —.3530558561D+01(I)
i= 32 EIGENVALUE:—.2625000000D+00 .2118335136D+01(I)
i= 33 EIGENVALUE:—.2625000000D+00 —.2118335136D+01(I)
i= 34 EIGENVALUE:—.2625000000D+00 .7061117121D+00(I)
i= 35 EIGENVALUE:—.2625000000D+00 -.7061117121D+00(I)
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Table 4.5 (Cont)

Numerical Eigenvalues of L matrix fer up to

54X54 truncation; m=2, k=1, g=1

a 2 k
¤ = .15 ß = —

- 4 — = .706111
m m

t‘“
Eigenvalue Real Part Imaginary Part

i= 36 EIGENVALUE:—.3000000000D+00 .5648893697D+01(I)
1= 37 EIGENVALUE:—.3000000000D+00 -.5648893697D+01(I)
i= 38 EIGENVALUE:-.3000000000D+00 .4236670273D+01(I)
i= 39 EIGENVALUE:—.3000000000D+00 —.4236670273D+01(I)
i= 40 EIGENVALUE:—.3000000000D+00 .2824446848D+01(I)
i= 41 EIGENVALUE:—.3000000000D+00 —.2824446848D+01(I)
i= 42 EIGENVALUE:—.3000000000D+00 .1412223424D+01(I)
i= 43 EIGENVALUE:—.3000000000D+00 -.1412223424D+01(I)
i= 44 EIGENVALUE:—.300000000OD+00 .0000000000D+00(I)

i= 45 EIGENVALUE:·.3375000000D+00 .6355005409D+01(I)
i= 46 BIGENVALUE:—.3375000000D+00 —.6355005409D+01(I)
i= 47 EIGENVALUE:—.3375000000D+00 .4942781985D+01(I)
i= 48 EIGENVALUE:—.3375000000D+00 —.4942781985D+01(I)
i= 49 BIGENVALUE:—.3375000000D+00 .3530558561D+01(I)
i= 50 EIGENVALUE:—.3375000000D+00 —.3530558561D+01(I)
i= 51 EIGENVALUE:—.3375000000D+00 .2118335136D+01(I)
i= 52 EIGENVALUE:-.3375000000D+00 -.2118335136D+01(I)
i= 53 EIGENVALUE:—.3375000000D+00 .7061117121D+00(I)
i= 54 EIGENVALUE:—.3375000000D+00 —.7061117121D+00(I)
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consisting of eigenvalues numbered 10 through 14 repeats

the eigenvalues of the second partition and adds a new

conjugate pair of numbers to the eigenvalue list omitting

the eigenvalues labeled 6-9 of the thtrd partition. This

eigenvalue placement among the partitions continues for

higher truncations of the L matrix. This behavior of the

eigenvalues was not present for the non—drag case. For the

non—drag case each new partition of the L matrix repeated

all previous eigenvalues before a new eigenvalue pair was

introduced. (See Chapter 3). This placement of the

eigenvalues determines the constant nature of the standard

deviations between the 9x9 truncation and the 14x14

truncation of the L matrix containing drag terms. The

standard deviations do decrease monotonically for both the

position and the momentum in the expected way when the

20x20 truncation is compared with the 14x14 truncation of

the L matrix for the drag case. Although only three

truncations were used to generate data, the anticipation is

that this "staircase" error behavior will be continued for

truncations greater than the 20x20.

As can be seen from the phase space plots, the

presence of drag acts to improve the quality of the

truncation approximations in the sense that the polynomial

time behavior characteristic of a finite truncation is

suppressed by the damping of the drag part of the force.
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The significance of the results of this chapter is that the

successive approximation of effective L matrix truncations

does lead to better approximations as the truncation

dimension is increased. The presence of non—conservative

forces gives this truncation scheme a wider generality than

would have been otherwise obtained.

In the next chapter the original perturbed Hamiltonian

of Chapter 3 will be modified to include a simple

non-polynomial function describing the potential

encountered by a physical pendulum. The objective will be

to examine the behavior of the approximation scheme and the

Liouville operator when simple non—polynomial functions are

used to describe the potential. The initially defined

Liouville operator will be used. Different sets of bases

vectors will be considered and matrices will be produced

and analyzed.



CHAPTBR 5

EXPLORATION OF APPROXIHATION TECHNIQUE WITH PUTZER
ALGORITHH ON HAHILTONIANS HAVING SIMPLE FUNCTIONAL

DEPENDENCE

Heretofore this investigation has utilized potentials

that were written in terms of monomial and polynomial

expressions. During application of the approximation

scheme to these potentials the Liouville operator produced

previously encountered term(s) and generated new terms.

The task of recognizing these terms is easiest when

monomial and polynomial forms are chosen to express the

potentials. The question remains as to whether the

approximation technique utilizing the Liouville operator

will work when a simple non—polynomial function is used

in lieu of monomial and polynomial functions.

The preceding truncation approximations have all used

polynomials in x and p. This chapter will investigate

different sets of functions of x and p as approximation

basis sets. A simple non—polynomial function of x, costx),

will be used. The Hamiltonian is written in the standard

form for a physical pendulum

pa
H = gg + mf[1 - cos(x)] ; f E Gl, (5.1)

where x is a small angular displacement of a physical

pendulum, and 1, is the length from the center of mass to

123
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the pivotal point. Immediately the problem of what to

choose for the initial basis of independent vectors is

encountered. For a first attempt, x and p are initially

chosen for the basis vectors, so that the Liouville

operator L then generates the following set of vectors:

1
L(x) = —p (5.2)

m

L(p) = —mf sintx) (5.3)

_ 1
L(s1n(x)) = —pcos(x) (5.4)

m

1 mfL(p cos(x)) = — —p2sin( x) — —é·—sin(2x) (5.5)
m

1
L(p2sin(x)) = ··p3cos(x) — 2mf}¤sin2(x) (5.6)

m

2
L(sin(2x)) = ··p cos(2x) (5.7)

m

1 3mf
.1;<p3c¤s<x>> = —— p4sin(x) — Tpzsimzxa <s.61

m

_ 1
L(p s1n2(x)) =

—
p2sin(2x) - mfsin3(x) (5.9)

m

When a matrix is formed of the coefficents of the

"new" vectors generated, there is no "link back" or

connection to previously generated vectors, as was the case

when polynomial Hamiltonians were studied. The matrix for

the above vectors would look like
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Ix p s(x) pc(x) s(2x) p2s(x) ps2( x) pc(2x) psc(x)

x 0ImI1é0I 0
I

0 I 0 I 0 0 0 IP 9..I..9..I..:.U1§..I..........9..........I..........Q..........I..............9..........I..............9..........I9..........I..............Q......... IP‘ "’
P..I..9..I..........9..II..........9..........I..............9..........I..............Q..........I..............Q..........I..............Q......... |PP‘

"’9..I..........9Q..........I..............9..........I..............Q......... I
SI9..I..........9..........I..........90..........I9..........I..........1..4.0......I..............0......... IP2S<><> OIOI 0I 0 I 0 I 0 I—2mf 0 1/mII..............„............ „.........„............... ............„.......„...Ps2‘ "’

9..I..9..I..........9..I..........9..........I..........9..........I..............9..........I..............9..........I..............Q..........I..............Q......... I
pc(2x) 0IoI 0I 0 0 I 0 I 0 0 0 Ips ( ) 0I0‘

0i 0 I ‘ ‘ ‘P " I ' I I P I P I P I P I P J

where the abbreviations s(x), c(x) have been used for

sin(x), and cos(x) respectively. In the above matrix,

the entries of the main diagonal are shown in boldface.

This matrix yields, by inspection, only zero eigenvalues.

Hence a new basis must be found, as a matrix that yields

only zero eigenvalues is not useful for the approximation

scheme under study.

The next group of initial "candidate" basis vectors

attempted were the vectors

1,p,Here

the hope is that, by writing the cosine function in

an alternate form, an L matrix can be obtained whose

eigenvalues are not all zero. The action of the Liouville

operator, L, on this set produces

L(1) = 0 (5.10)
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_ mf tUp) = 1 —·
I:e " — e'°""] (5.11)

2

ix
-1

l><Ue )=1—pe (5.12)
m

—l>·<
1

Ue )=
-—pe""‘

(5.13)
m

_X 1 mf mfL(pe‘) = i—p2e"‘ +1—e‘2" -1——(1)
m 2 2

(5.14)

___X _1 mf mf
Upe‘)=-1—p2e“"" -i—e“‘2"+i—(1)

m 2 2

(5.15)

.x _1
.L(p2e‘)= 1—p3e"‘ +im£‘pe‘2" -im£‘p

m
(5.16)

2—‘>·< -1
Upe‘)=-1—p3e""‘ —imf°pe“‘2"‘ +im£pm

(5.17)

_ 2Ue‘2x)
= 1 -166*2** (5.18)

m

—‘
X .

2

Ue 2) = -1
—pe'°‘2"

(5.19)
m

_ 2 mf.;(pe‘2") = 1—p26‘*-’*‘
—i—e‘°"

m 2

mf+1 ?6‘3*‘ (5.20)
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_;2x _ 2 mf
Lfpe ) = -1 — p2e"‘2* + 1 —— €“‘“

m 2

mf _
-1-6**3* (5.21)

2

Continuation is obvious, but it is more useful to make

some observations about the "vectors" introduced, and then

to generalize. First, note that if n and j are integers

such that 0 S j S n-1, all "vectors" having order n can be

written down in the general form

€l|'!>-< _ €—l|'1><
Q

pJ€iIZr'1——J]>·< ; pJe—lEn—JJ>·<

p".

The L matrix constructed from this set of basis

vectors for the 36x36 truncation has the following

structural block form

2 2 2 1
....99 2 ........9..... 2 ........9..... 2 ........9..... 2 ..„...„.9..... |

0; 0; 0;
A20 02 si 0; 0;.,.......... ; ................ ; ................;L

= 0 6 0 c; H; 0 ,
0 0 ; c; 0; 0; 12
0 0 01 0% 0 2 E1 2 1 1 1 2

where boldface entries are blocks whose dimensions are

dependent upon where they are located in the L matrix.

When all of the blocks are substituted into their

respective locations in the structural form of the matrix,



128

the dimensions of the matrix truncations are proportional

to na for the basis above. That basis can be listed as

S S S
1 1 P

€*¤ e—¤¤ 1 P2 eaax e—¤2¤
1 P3 p3e4¤

P2e—1¤ peaax p€—¤2¤ ensx €—¤3¤ E p4 p3e¤¤ pge-SX pge,2„

P2e—¤2¤ pessx p€—a3¤ €¤4x €—¤4¤ Q Ps paexx p4€—4¤ pgeiax

where, for completeness, the basis vectors for up to a

36x36 truncation are shown.

For this basis, the eigenvalue determination of the L

matrix for both the 4x4 and the 9X9 truncations of the L

matrix using the above basis vectors yield zero

eigenvalues. Examination of the next higher truncation

(16x16) yielded zero eigenvalues. Proceeding successively

to higher truncations of the L matrix, three new

blocks are added to the composition of the L matrix for
I

the new row and column partition encountered. Each of the

new non—zero blocks have zero rank, and consequently the

eigenvalues of the newly constructed truncated matrix are

all zero. A zero eigenvalue spectrum gives no information

regarding the L matrix as nonzero eigenvalues are needed to

obtain the physically realistic approximations for which we

are searching. In light of this, further investigative

work on the cos(x) function contained in the Hamiltonian

was abandoned. This represents a major disappointment
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regarding the usefulness of the method, because it reveals

that the technique is limited to polynomial approximations.

The costx) function in the Hamiltonian was replaced by

the corresponding Taylor series in x, which was truncated

after the xlü term. The Liouville operator L again

produced Hessenberg matrices and all the apparatus

previously developed during the study of the prior
x‘

Hamiltonian can be applied. For comparison of the Taylor

series truncations the cos(x) function was replaced by,

successively, Taylor series having xio, xa, x6, and
x“,

as

the highest degree term of the Taylor series. Now there

are two types of truncations embedded in the method. The

first type is the truncation of the L matrix itself. The

second type of truncation is the termination of the Taylor

Series used to approximate the cosine function appearing in

the initial Hamiltonian. This truncation determines the

placement of non—zero entries in the resultant Hessenberg

matrix, and therefore the eigenvalues. Solutions to the

exact cos(x) Hamiltonian were found by Runge—Kutta Gill

(RKG) numerical integration. The qualitative nature of the

solutions from the approximation method using the Putzer

recipe were the same as those discussed in Chapter 3.

Consequently a qualitative discussion of the Putzer

approximation solutions will not be repeated here.

Figures 5.1 to Figures 5.6 contain comparison plots of
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the statistics of the position, and the momentum, when

various orders of Taylor Series truncations are used in the

approximation technique. Statistics are compared for each

terminating Taylor Series truncation on a cycle by cycle

basis. Figure 5.1 through Figure 5.6 present the

statistics of Ax and Ap as a function of truncation size

for 1 to 6 cycles of data respectively. In all cases there

is no change in the statistics produced when the xa, the

xa, and the xla truncations of the Taylor Series are used.

This indicates that there is no benefit in keeping the

Taylor series truncations for the cosine function past the

sixth order. One explanation of this behavior is that the

inclusion of xa and higher order terms of the Taylor series

truncation influences only those elements of the L matrix

beyond the 20x20 truncation limit. To include the effects

of the xa truncation of the Taylor Series, larger

truncations <30x30) of the L matrix must be made.

In the next chapter a two dimensional problem will be

examined. The problem chosen for this investigation is the

Kepler problem. Questions that we hope to investigate

include the behavior of the approximation technique on a

two dimensional problem, what is the best basis to use, and

how close the approximation results come to approximating

the exact solution.



CHAPTER 6

APPLICATION OF APPROXIMATION TECHNIQUE TO KEPLER PROBLEM

In order to further test the approximation scheme on a

two-dimensional problem, the Kepler problem for motion in a

central inverse r squared force in the plane is studied.

Using cartesian coordinates, the Hamiltonian is written as

1 1 u mH<x,y„p¤,p„.„> = — <p„>2+<p,,,>2] - i--,2m
I X2+y2

(6.1)

where u = GM, G being the universal gravitational constant

and M the mass of the earth, the gravitational potential

being described by the usual radial function

u
V(r) = — *—— .

r

The same Hamiltonian expressed in terms of cylindrical

polar coordinates (r,Y) is

1 1 T um

(6.2)

where Y is the azimuthal angle measured from the x—axis,

Since Y is an ignorable coordinate, the canonical momenta

pv is constant and will be denoted by lv. The goal of this

chapter is the application of polynomial basis vectors to

137
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this non—linear problem in an analogous manner to the

technique of previous chapters. Initially we start from

some simple solution for the motion and study deviations

from this simple motion. The simplest motion is uniform

circular motion. We will study the deviations from pure

circular motion. These deviations are expected to be

similar to those deviations produced when the trajectories

resemble epicycles.

To commence the study, a variable, qp, defined as the

fractional radial deviation of the radial component from

some the equilbrium value, denoted by Po is introduced.

Then r is expressed as

r = ro(1 + qr) , (6.3)

so that the Hamiltonian can be written

1 I’(p„)? (iv)?H(qr‘,Y,Pr—,lv) = +um

— ———————————— . (6.4)
I‘o(1 + qr)

To facilitate subsequent numerical calculations, this

Hamiltonian is converted to reflect a canonical set of

units. This amounts to a rescaling of the canonical

coordinates by taking the gravitational constant times the

mass of the earth as 1 (=u), while taking the distance unit

as the radius of the earth. This then forces a

redefinition of the time scale. Let this new time be
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denoted as 1. Then in this rescaled set of coordinates,

the velocity is given by

aF dq,-^ dv—— = r ——— e + r (1 + q ) —— ^ ,dt
O

dt
P O P

dt
ev

where er and gv are unit vectors in the radial and

azimuthal directions respectively, so that the new momenta

are given by

dqrPr'
= (ro)? ——— ; lv' = (ro)2(1 + q„)2 —— _

dt dt

(6.5)

The Hamiltonian in canonical variables, denoted by H, is

then written

Q ,7,p ' 1 ') = — —————— + ———————-—————r '—’ Y 2 (ro)? ro2(1+ q„—>2

1— ——————————— , (6.6)
t‘o(1+C[r—)

where ro is measured in units of earth radii and qp is

dimensionless. Keeping the radial deviation from

equilbrium qp small and expanding H to third order in qp,

one can obtain

17‘€(Q„7p',1')=————(p•) +l—— 1-2r ’” Y 2(ro)2 ° 2(ro)2l— qr

2 s 1 2 1
*' 3qr " 4qr· —·—I:1··Q«—+q«— ··Q1»3j.

Po

(6.7)

The equilbrium value, ro, can be determined by requiring
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that the coefficient of the term linear in qp vanish. This

is equivalent to requiring that the equilibrium radial

force vanish, which produces the equilibrium condition

Fo = (lv')2 . (6.8)

Using the coordinate—momenta pair qr,pr' and 7,lv', the

Liouville operator is defined in the usual way. Since

$(lv')=[lv',1·{]= 0

lv° is a constant, and an initial set of basis vectors is

chosen as Y, qr, and pr'. The action of the Liouville

operator on this initial basis yields

1 r 1$(7) = (lv') L1 - 2q„ + 3q„2 — 4q„3J ,

1
$<q 1 = —————— tp ')r

(Po)2
P 3

1 1
$(pp') = ————— (lv')? — ——

(ro)? ro

[
3 2 21

+ -
————— (1 ') + ——

+ —————- ') — ———1 3 22 2 312
(ro)2 Y

ro
qr 3

(6.9)

Since L<Y) gives the constant lv'/(rO)2, the constant

"vector" 1 is added to the initial basis. Under this

augmented basis, the smallest L matrix that can be

constructed is a 4x4, exhibited below:
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I1FI11.::I
1 0 0 0 0

I
I l?. *2 lv'Y I 0 ————— 0
I (ro)? (MI?
I 1

Qr I Ü U Ü LI (ro)-?
I
I <1„··12 1 a E 2

PI-' +— 0
I

(ro)2 Po (ro)2
Y

roI

Invoking the equilibrium relationship (equation 6.8), the

above matrix is recognized as an upper Hessenberg matrix

when written in terms of the constant ro,

I9Rc.?I
I1 0 0 0 0 IY 0 —2(ro)_3/2 0
I = L .qr 0 0 0 won'?

pw 0 0 —<¤—oI‘1 0
II

(6.10)
The eigenvalues of this matrix are 0 (multiplicity 2), and

:ti(ro)°3/2,

With these eigenvalues the r(t) functions are found as

I‘1(1Z) = 1

I"2( C) = 12
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1 i I' W
r‘3(t) = · coS(wt) + Etwt — sin(Ut)-‘

1
r¤(t) = —; mt — sin(wt) ,

w

where w has been used for (ro)“3’2„ The P matrices are

Po = I, P, = L,

0 0 0 0

0 0 0 -2(ro)“7/2

P2 = _ s0 0 —<:—o> 3 0

0 0 0 -<ro>*3

and

0 0 0 0
‘|

0 0 2(ro)"9/E 21<1~o>*‘—3
P = .3 0 0 1<z~o>‘9’3’ —<1~°>"3

0

0Applyingthe Putzer algorithm, the matrix for eL° is
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1 0 0 0-2
ut 1 —2sin(wt) ——————[1 — cos(mt)]

w(ro)2
ect = 1 10 0 cos(wt) —————— sin(wt)r..1(ro)2

0 0 -0c :-01 2sin( 01;) cos( um 1
(6.11)

where w = (ro)”3/2, is the magnitude of the imaginary part

of the complex eigenvalue. The time dependence of the

coordinates Y, qp, and p„' are obtainable from the matrix

multiplication

mw = 0** ü<0> ,

where the vectors Ü(t) and Ü(0) are defined as

1 1
__ 'Y(t) __ Vo
u(t) = and u(0) = . (6.12)

The time dependence of the coordinates are given by the

functions

(I‘o)2|' 1Y(t) = Vo + mt -2(q¤)osin(wt)-2(pr')o—————L1
- cos(wt)Jw

1
qr(t) = (qr)ocos(wt) + (p„')o ——————sin(Ut)

w(ro)2 ’
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pr'(t) = —(qr)ow(ro)2sin(wt) + (pr')ocos(wt) ,
(6.13)

Since the L matrix obtained above contains zeros in

the first row due to the inclusion of 1 as one of the

initial basis vectors, the first row and first column of

the above matrix and all higher truncations of the L matrix

can be dropped provided the term ((ro)“3’E)t is added to

the resultant expression for Y(t). This makes eigenvalue

calculation easier for the higher truncations. The highest

order truncation that will be discussed here is the 10x10

truncation.

Choosing the extended polynomial basis of

TRY Plüs qr + Dr' Q , (6.14)

where n is an integer, whose highest value is related to

the number of terms that one wishes to carry in the matrix

truncation. For the 10x10 truncation of the L matrix, n is

3. The L matrix constructed from these basis vectors for

the 10x10 truncation can be partitioned into the following

block form

AQAQH

L = 0 Q B Q B „ (6.15)‘_6

0@0 Q c..........., Q ................QT

T T
3 6 10

where the boldface entries are blocks of varying dimensions
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that are determined by the partitioning of the basis

vectors used. The various blocks of the partitioned L

matrix are defined in terms of canonical variables as

follows:

0 ·2ro”3/2 0

Ü Ü
I‘o—2

A = ,

0 —<ro>‘* 0

s<ro>—3’2 0 0

A = 0 0 0 ,

a<ro>*1 0 0

—4<ro>‘3’2 0 0 0

H = 0 0 0 0 ,

0 0 0 0

0
2(ro)_2

0

0
(ro)”2

B = ,
0 —2(ro)_1 0

0 0 0 0

6 = a<¤o>‘* 0 0 0 ,

0 6(ro)—1 0 0

and



146

0 a<re>‘2 0 0

—<re>‘* 0 2(ro)”2 0
C = .

Ü "2( [*0)-1 Ü
(I‘o)_2

0 0 —a<¤e>"* 0

The eigenvalue structure of the partitioned 10x10

truncated L matrix is now examined. Let the modulus of the

imaginary part of the smallest magnitude eigenvalue be

denoted by B. For example, for an ro value of 1.1,
<re>‘3’2

is (1.1)-3/2 = .6667641a6s0+00. rer the 10X10
truncation of the L matrix, the eigenvalue spectrum,

denoted by c(A), has the structural form shown in Table 6.1

below

A series of plots arranged by increasing truncation

size of the L matrix are presented next. The exact results

referred to in the plots were produced by the Runge—Kutta-

Gill (RKG) numerical integrator. Figures 6.1 to 6.4

represent the results of the approximation scheme For the

3x3 truncation. Figures 6.5 to 6.8 contain the results of

the approximation scheme for the 6x6 truncation while

Figures 6.9 to 6.12 incorporate the results of the

approximation scheme for the 10x10 truncation of the L

matrix.

Figure 6.1 contains a comparative plot of the

azimuthal angle, Y, calculated by RKG integration (solid
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Table 6.1

Eigenvalue Spectrum for Two—Dimensional Kepler

Problem

ro = 1.1, B = <ro>“3’2 = .8667640+00

partition eigenvalue
dim

number real part I imag part

1 3 0 1—1B i
0

· 2 6 0 $25
0

3 1 0 $30 ig
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line) and by the approximation scheme (line with plotting

symbol) using the 3x3 L matrix truncation. Data are

presented for 2 orbits. The approximated azimuthal angle

lags the exact azimuthal angle. Secular terms have not

been removed from either data set. Figure 6.2 exhibits a

plot of the square of the difference between the exact

solution and the approximated solution for the azimuthal

angle (Y) as a function of time. Both the oscillatory

nature and the secular nature of the errors are evident.

Figure 6.3 depicts a phase plot of the radial variables for

both the exact (RKG) solution (solid line) and the

approximation scheme (dashed line) using the Putzer formula

for the 3x3 truncation. Two cycles of data are

represented.

The phase plot of the exact data appears as egg—shaped

while the phase plot of the approximation scheme is more

elliptical in nature. This graph is not what one might

expect of the exact situation. However, in Figure 6.7 we

see that the 6x6 truncation moves closer to this shape. It

is not immediately apparent why this behavior is exhibited.

A phase plot of the differences between the exact and

approximated radial position and momentum of the data of

Figure 6.3 is presented in Figure 6.4. In the difference

phase plot the behavior of the data is noted as spiraling

outward and somewhat off center. Figure 6.5 is the 6x6
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truncation analog of Figure 6.1 for 2 cycles of data. The

azimuthal lag appears to have increased slightly. Secular

and oscillatory behavior of the square of the error in the

azimuthal angle Y are the principal features of Figure 6.6.

Figure 6.7 is a phase space plot of the radial variables

for the exact RKG solution (solid line) and the

approximation scheme (dashed line) using the 6x6 L matrix

truncation. Again two cycles are presented. In comparison

to the previous plot for the 3x3 case, we observe that the

approximation has moved closer to the exact solution of the

egg—shaped curve. Figure 6.8 displays a phase plot of the

differences between the exact and approximated radial

positions and momenta for the data of Figure 6.7. As

before, the plot of the differences in phase space opens

spirally outward and is located off center, with some

compression at the top of the plot.

Figure 6.9 is a comparitive plot of the azimuthal

angle Y showing the exact (RKG) solution (solid line) and

the approximated solution (denoted by the line containing

the plotting symbol) for the 10x10 truncation. The

azimuthal lag appears to have decreased slightly. Secular

and oscillatory behavior of the square of the error in the

azimuthal angle Y are the features of Figure 6.10. The

magnitude of the error has decreased slightly, while the

magnitude of the oscillatory component has increased.
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Figure 6.11 displays a plot in phase space of the radial

variables for the exact (RKG) solution (solid line) and the

approximation scheme using the 10x10 L matrix truncation

(dashed line). Two cycles of data are shown. In

comparison with the plot for the 6x6 case, the dashed curve

appears to be moving away from the solid line egg—shaped

curve representing the exact data. This behavior is

similar to the behavior of the approximated solutions of

the 30x30 and higher truncations of the L matrix for the

perturbed simple harmonic oscillator studied in Chapter 3.

For both cases higher order time dependent terms are a

factor when the approximation scheme is applied using

higher order truncations. Figure 6.12 contains a plot in

phase space of the differences between the exact and

approximated solutions shown in Figure 6.11. The phase

plot curve of the differences opens spirally outward.

Appendix G contains the FORTRAN source for the driver for

the eigenvalue calculation of the L matrix for the Kepler

problem using QR decomposition routines of the EISPACK

guide. Appendix H provides a listing of the FORTRAN source

for the approximation scheme employing the Putzer algorithm

for the 6x6 truncation of the L matrix for the Kepler

problem. Appendix I presents the FORTRAN source listing

for the Runge—Kutta Gill numerical integrator used for the

Kepler problem.
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Table 6.2 presents the statistics for the 3x3

truncation, while Table 6.3 performs the same function for

the 6x6 truncation and Table 6.4 contains the statistics

for the 10x10 truncation. An overall comparison of the

statistics of the radial deviation and corresponding

momentum for all truncations over two orbits can be

obtained by examining Figure 6.13. The errors of the 3x3

truncation appear to be reduced by about one—third when

compared to the errors of the 6x6 truncation. The errors

associated with the 10x10 truncation are slightly greater

than the errors of the 3x3 and appear to be twice the

errors of the 6x6 truncation. A possible explaination

for this behavior is that higher truncations tend to

produce deteriorated results in much the same way that

higher truncations of the perturbed simple harmonic

oscillator studied in Chapter 3 gave poor results.

The error in these statistics can be analyzed as coming

from two separate sources. The first source of error is

encountered by the truncation of the L matrix itself. The

second source of error is identified with the truncation of

the Taylor series expansions used in the Hamiltonian.

There is no quantifable way to identify the error from each

of these independent error sources.

Before generating data for larger truncations of the L

matrix for the planar Kepler problem, the cause of the
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Table 6.2

Statistics for AY, Aq, and Ap for exact solution

and 3x3 approximation using Putzer algorithm with

RKG integration

Po = 1.1, ,6 = <ro>‘3·’2 = .666•764¤+00

number 1 o values
o?

_ —
radial

orbits azimuth
angIe I position I momentum

2 .127799 .009075 .010470

6 .390188 .019464 .020576

10 .651213 .030875 .032147

16 1.041829 .047486 .049269
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Table 6.3

Statistics For AY, Aq, and Ap for exact solution
and 6x6 approximation using Putzer algorithm with

RKG integration

Po = 1.1, 18 = <¤~o>‘3’2 = .6667640+oo

number L g values
o? radial

orFYts azimuth
angle I position I momentum

2 .189285 .005823 .006521

6 .555482 .017438 .018299

10 .924154 .028757 .030023

16 1.476836 .044811 .046778
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Table 6.4

Statistics for AY, Aq, and Ap for exact solution
and 10x10 approximation using Putzer algorithm with

RKG integration

ro = 1.1, ß = <ro>"3’2 = .666764¤+00

number 1 0 values
o?

— ' radial
orBYts azimuth

angIe I position I momentum

.173770 .013097 .014257

.526421 .040604 .042921

.878537 .069211 .072958

1.406023 .115818 .122196
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divergence introduced by the approximation method when

larger truncations are used needs to be definitively

pinpointed and corrected. The secular terms introduced by

the approximation which grow as tn need to be studied,

identified, and possibly removed. An analytical

examination of how the approximation method employs the

information introduced by the larger truncations should

provide relevant key information to solve this problem.

The indication is that the approximation method will

work on the Kepler problem. The success of the 6x6

truncation suggests that, with more work, we can hope to

use the approximation technique in an analytic method for

making large, but relatively accurate steps whose error is

controlled and confined when solving the Kepler problem.

Such a larger step size could possibly allow a faster

method of calculating the location of satellites than the

small step size of the iterative methods currently being

used. The next chapter will outline areas and present

ideas, and suggestions on how the research may be

continued and extended. Collective comments will also be

made on the results achieved by this research.



CHAPTER 7

CONCLUSIONS AND SUGGESTIONS FOR EXTENDING
AND CONTINUING THE WORK

The purpose of this chapter is to offer some

conclusions about previous work and to indicate areas of

this research that can be constructively extended. Before

proceeding, however, a short comment should be made

concerning the computer environment and the limitations

under which this work was done. The work performed was

implemented using a small microcomputer having a 16 bit

wordsize. The intent was to study the "small" truncations

involved in an approximation scheme, consequently a small

computer could perform the study. Whether the choice of

performing the work on a small microcomputer affected the

results obtained is a legitimate issue that has not been

permanently decided. For at least one problem involving a

20x20 matrix representation for the Liouville operator (see

Chapter 3), preliminary evidence indicates that this choice

of using the microcomputer did not adversely affect the

results obtained. For this truncation, the same data were

produced by both the small microcomputer and a DEC MicroVAX

computer. The standard deviation of the differences of the

position calculated by the two computers was .000340. The

corresponding figure for the differences in the momentum

was .001481.

We now take the opportunity to reflect on the results

169
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obtained. For each of the non—trival problems examined,

the approximation scheme produced good results for the

short time regime (2-3 cycles). Beyond the short time

regime, the values obtained for the position and the

momentum deteriorated. The source of this deterioration

is the truncation approximation in which the exponential

of the Liouville operator for a finite matrix truncation.

This approximation shares with the simplest Taylor series

approximation to the motion the property that convergence

is only for short times. The approximations explored here

are not just power series in t, but oscillating factors

multiplying such a series. As seen in previous chapters

increasing the size of the truncation does improve the

approximation for short times. The fact that we get good

agreement for 2-3 cycles is quite an accomplishment for

this method in comparison to other short time

approximations.

There are several areas that are natural extensions of

the previous work which have not been considered

heretofore. Efforts can be divided into four different,

independent areas. Results from some areas have the

capacity of producing a beneficial effect on the other

areas. Each of these areas is listed and discussed in

turn. The first area is the further examination of how the

approximation method handles motion, first in two
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dimensions, and then in three dimensions to extend the

results obtained in Chapter 6. The second area involves

the extension of the Putzer algorithm to non—constant

matrices. The third area is the identification of the

complete time dependence of the solution produced by the

approximation method in solving the perturbed simple

harmonic oscillator studied in Chapter 3. A fourth area is

the formulation of implementation details enabling the

methodology to solve a practical real—life problem.

The first area is the further exploration of how the

approximation scheme treats motion in two dimensions. The

effects that multiple constants of motion have on the

selection of the set of basis vectors employed by the

approximation scheme need to be better understood. As seen

in Chapter 6, since the azimuthal momentum coordinate was a

constant, a constant vector had to be included in the

initial basis set. An L matrix was obtained relative to

this basis.

One test to ascertain the proper method for handling

multiple constants of the motion can be proposed. This

test consists of the comparison of the results produced

from the following tasks. The scheme should be applied to

the unperturbed two—dimensional harmonic oscillator

Hamiltonian
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1 2 14 1
H(x•Y»P¤1Pu) = -;;- Dx + pga +

5
xa + y2

I

in cartesian coordinates. An analytic solution can be

found. Then the scheme should be applied to the

two—dimensional analog of the Hamiltonian of Chapter 3,

e.g.

1 2 1 kf 1H(X„Y,P¤,D¤) = -5;- px + pda j + E t x2 + y2 I

+ Z? { X4 +

y4Next,the scheme should be applied to the equivalent of the

first Hamiltonian expressed in polar coordinates, e.g. the

approximation scheme should be applied to

1 2 1 1 14
Dr +';é'})v2j +*51**2 ,

and analytical results obtained. The analytical results

provide a reference point for the calculations of the

perturbed solutions. Next the scheme could be applied to

the perturbed two-dimensional harmonic oscillator whose

Hamiltonian in polar coordinates is

1 1 1 k g
=ÜBy

making careful observations of the differences between
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the results of these two Hamiltonians, better insight can

be obtained. In the above polar coordinate cases, r'1 can

be expanded in the manner of Chapter 6, e.g.

r“1
= --1--- =

(ro)“1[
1 - qo + qoz — qoä + ...]I‘o(1 +

qo)Thenext application of the approximation procedure is

to consider the celestial mechanical problem of the three

dimensional perturbed Kepler problem. This is a natural

extension of the work of the previous chapter. If a way

can be found to make the approximation scheme work more

effectively on a Kepler problem, a very valuable and

practical methodology will ensue. The first task is

finding a suitable set of coordinates and momenta to use.

It is expected that the set of coordinates and momenta

should be canonical to each other. Since most of the work

done in celestial mechanics uses the Delaunay set of

variables, this set should be tried as a natural first

choice. Use of this set would facilitate the practical

connections of any approximation scheme to be developed.

The majority of the work involves the proper conversion of

the disturbing function which is typically added to the

potential into the chosen set of coordinates and momenta.

Following the technique of the last chapter, the disturbing

function must be expanded in terms of the fractional
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deviations of the variables themselves. This is an immense

algebraic task. The difficulty is that there is no

assurance that this method of perturbation will work. The

Liouville operator, L, must be applied to each of the

canonical variable deviations as well as to any new

resultant monomials and other expressions produced. As the

coefficients are identified, the basis set of vectors is

chosen. The coefficients are taken as elements of the L

matrix while noting any pattern that develops. The

resultant L matrix must be studied for its natural

partition structure to best determine the optimal

truncation sizes. The natural truncation sizes chosen in

this way are optimal, but no rigorous way of proving such

an assertion has yet been found.

Assuming that reference values have been assigned to

the Delaunay variables (oscillating Delaunay variables),

the eigenvalues of the L matrix must be found and the

structure of the eigenvalue spectrum ascertained. The

Putzer algorithm must be applied to the smallest practical

truncation of the L matrix and approximated results

obtained. Data for successively higher orders of

truncation should be obtained. All data should be compared

to exact results as generated from a Runge—Kutta—Gill

numerical integration procedure. Statistical error

analysis for each truncation should be performed and a
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phase space plot of corresponding coordinate—momentum

deviations produced. This brief outline has given an

indication of the amount of effort required.

The second area of additional work is the

investigation of the extension of the Putzer technique to

non-constant time dependent matrices. This could be

accomplished by introducing a "forcing function" or

inhomogeneous part to the defining differential equation

for the scalar functions, ra, used in the Putzer algorithm.

This adds the capacity for handling time dependent

Hamiltonians to the approximation scheme. The basic idea

is to find functions of time, denoted by SJ(t), which, when

added to the defining differential equation system for the

rJ(t) scalar functions, i.e.

Ü) = PJ-3,(Ü) + >\JI‘,5( Ü)

with r,(0) = 1 and rJ(0) = 0 j 2 2

gives the new system

l:‘J( Ü) =
f‘J—1(Ü)

+ 7\,1(Ü)/",1( Ü) + SJ( Ü)

with ritü) = 1 and rJ(0) = 0 j 2 2.

The are the time dependent eigenvalues of the time

dependent matrix A(t) and the sJ(t) are unknown functions

satisfying whatever initial conditions that are necessary.

The new P matrices, denoted by PJ, also become functions of

time if defined in analogous fashion with the original
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Putzer definition. The new definition requires that the

form

Po('t=0) = I,

J
P.1(t) = l-;;|—(A(t) —>x«„(t)I) j =1,2,....,n—1

be tried, where AK(t) are the eigenvalues of A(t). It is

not immediately clear that this approach will work since

the time dependence is no longer separated out into

distinct functions as in the original theorem. The new P

matrices are now also time dependent. In the original

theorem the P matrices carried information of where to

apply the time dependence of the scalar functions, and

while the new P matrices still play that role, they have

been weighted by their time dependence.

The third area for further work involves the

identification of the complete time dependence employed by

the Putzer algorithm on a particular problem. The

question is whether a function of time can be found that

has the same series expansion of time produced by the usual

application of the Putzer algorithm. The intent would be

to determine if using the approximation scheme with the

Putzer algorithm employing these new functions of time

would produce results with reduced error. The

multiplicities of the eigenvalues of the L matrix play a
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crucial role. Recall from Chapter 2 that when an

eigenvalue has an algebraic multiplicty of E, the rJ(t)

scalar functions of the Putzer algorithm have a time

dependence of

R
|.".J"'['Cil.

This behavior is the foremost contributing factor in

explaining why the approximation method begins to fail at

intermediate time ranges. Such behavior has been noted by

Douglas in studying Lie algebraic methods applied to a one

dimensional perturbed harmonic oscillator (Douglas,

1982:82). This property may force any practical

utilization of the approximation scheme to be re-

initialized using a new updated initial condition vector

valid at a later time. When the eigenvalues have real

parts, as in the case occurring in Chapter 4 when drag was

introduced, the above behavior, while still present, is

attenuated. The degree of attenuation depends upon the

truncation size of the L matrix. By examining the

sequence of coefficients belonging to the powers of t

introduced into the scalar rk functions by the presence of

multiple eigenvalues of the L matrix, the hope is that the

resulting series expansion can be identified as the

expansion of some known function. This function, carrying

all of the time dependence, would then be used in place of
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the corresponding rk function of the Putzer algorithm.

The fourth area constitutes the formulation of the

details of the implementation of the approximation scheme

to a practical, realistic problem. The first thing to be

done is the determination of the optimal truncation size,

N, of the L matrix. This truncation size will, in part, be

determined by the accuracy level required. The next

consideration concerns the multiplicities of the

eigenvalues. The existence of multiple eigenvalues

requires that the approximation method be re—started or

reinitialized using a new updated coordinate vector for the

initial condition vector. The specifics of when to do this

depend upon the problem being solved and the accuracy

desired. Instead of using numerical integration to

determine the rJ(t) functions, the N rJ(t) functions should

be found analytically, in addition to the first two rows of

the N PJ matrices. Once the reinitialization time has been

determined, a time step whose magnitude is one kth of the

reinitialization time can be chosen to step through the

approximation scheme to the next reinitialization time in k

steps. The advantage would be a computationally fast

algorithm. For example, choosing the perturbed Kepler

problem as the realistic practical problem, would allow the

efficiency and accuracy of the approximation scheme to be
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compared to the efficiency and accuracy of standard Cowell

methods.

This dissertation has been a feasibility study

performed numerically to judge how the Liouville operator

can be represented by matrix techniques and applied to

both simple and complicated problems from classical

mechanics. Much has been learned. Much remains to be

done. A deeper understanding of the mathematical mechanism

by which solutions from larger and larger matrices converge

to the exact solution needs to be gained. The effects of

the different structures of the eigenvalue spectra

encountered in the different problems need to be understood

better. In many respects the research of this dissertation

opens more questions than it answers. Yet the work

presented here is a start. The work has shown methods that

produce limited successful results. Very significant

problems remain, but it is hoped that the research

contained herein can lead to a practical methodology.
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APPEHGIX A

FGRTRAH LISTIH6 FGR EIGEHVALUE CALCULATIGH GF 56x56
L HATRIX FGR PERTURBEG SHG

SGEBUG
prograr eigval56
parareterlorax=5d,npartshn=7l
irplicit real!8 la-h,u-zl
real!8 atnrax,nraxl, zlnrax,nraxl, vrlnraxl, vitnraxl, tvtlnraxl
real!8 xr, xk, g

c real zrtnrax,nraxl, zi(nrax,nraxl
real!8 aalnrax,nraxl
logical idoprint /.FALSE./
logical lsvap l.FALSE./
logical dosort /.FALSE./
integer n, nr, ratz, ivttnraxl, ierr, kpartshnlnpartshnl
integer!2 ihr,irinute,isecond,i}G0th,iyr,iron,iday
character!24 tilenare
character!24 tilenaret
character!} ransver
character!} idosort

c--) Getine partinning structure ot the ratrix...
c--) Ending partition indices are given by kpartshnljl tor
c j = },...,npartshn
c Beginning partition indices are given by kpartshntll+} tor
c l = },...,npartshn·}

do 450 j = }, npartshn
kpartshnlil = j!(j+tl

450 continue
uritel!,'t" Input the values ot r, k, gt lin SX.XXO!00l turrat"l

A')
vritet!,'t" SX.XXO+G0 SX.XXG!00 SX.XXO+00"l'l
readl!,t}}}l xr, nk, g

}}}} furrattG9.4,}x,G9.4,tx,G9.4l
vritel!,’(" Input the dirensionlorderl .le.",l3,", ot the A rat

&rix."l' l kpartshnlnpartshnl
readl!,!l n
vritel!,’l" Go you vant the ratrix printed out? y or n "l'l
readl!,}30l ransver
itllransuer .eq. 'y' l .or. (ransuer .eq. 'Y'll idoprint = .lRUE.
vritel!,'l" Do you vaot the eigenvalues sorted in ronotonic decr

8 order? ty or nl "l'l
readl!,}30l idosort
itllidusurt .eq. 'y' l .er. tidosort .eq. 'Y'll dnsort = .lRUE.

c--) nov get tilenare to use in vriting the output...

185
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write(+,'(" Please enter the (ilenaee to use in writing the outpu
_t:II)l)

read(+,160l lilenane
open(4,(ile=(ilenane,status='new')

c--) now QIT tilenane to write eigenvalues to he read hy another
c pr¤9ra•.......

write(+,'(" Please enter the filenane to use to write data (or pr
·o9ra¤ accessahility."l' l
read(+,160l tilenaeel
open(5,tile=(ilena•e1,status='new'l

c--) CALL GETDAT AN0 GETTIH (DBTAIN SYSTEH DATE AND TIME)
call getdat (iyr,i¤on,idayl
call 9etti• (ihr,i|inute,isecond,i100thl
write(4,260l
write(4,261l xn, xk, 9
i((dosortl write(4,270l
write(4,265l lilenaee
write(4,266l iron, iday, iyr, ihr, ieinute, isecond
write(5,260l
write(5,261l xn, xk, 9
iltdosortl write(5,270l
vrite(5,265l filenaeet
write(5,266l iron, iday, iyr, ihr, ieinute, isecond

c ....write data to output (ile for records ...
130 Ior•at(A1l
160 (or•at(A24l
260 (or•at(1H ,' SUHHARY DF DATA TD BE USED FDLLOHS:'l
261 fnr¤at(1H ,' XH IS!',010.4,' XK IS! ',010.4,' G IS! ',D10.4l
265 for•at(1H ,' DUTPUT DATA IS CDNTAINED DN THE FILE CALLED· ',A24l
266 tor•at(1H

,’
THE DATA DN THE ABDUE FILENAHE NAS PRDDUCED DN

’,I2,’

-~’,12,'-',14,/,35x,’ AT APPRDXIHATELY ',I2,1H!,I2,1H!,I2l
270 (or•at(1H ,' EIGENVALUES PRDCESSED T0 RUN FRDH LARGEST TD SHALLEST

- HITHIN EACH',/,' SUB-PARTITIDN DF THE L HATRIX.'l
c--) Deline the A eatrix for 56x56 truncation......

do 1000 j = 1, neax
do 1000 i = 1, nnax

a(i,jl = 0.00+00
1000 continue

c-) Deline L (Upper Hessenbergl natrix tor up to o=56 truncation....
a(1,2l = 1.00+00/xn
a(2,1l = -xk

a(2,3l = -9/6.00+00
a(3,4l = 3.00+00/xn
a(4,3l = —xk
a(4,5l = 2.00+00/xn
a(5,4l = -(2.00+00l+xk
a(5,6l = 1.00+00/xn
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a(6,5) = (-3.00+00)+xk

a(4„7) = -9/(6.00+00)
a(5,8) = 'Q/3•ÜÜ*ÜÜ
a(6«‘)) = 'Q/2.ÜÜ+Ü0
a(7,8) = (5.00+00)/xn
a(8,7) = -xk
a(6,9) = (4.00+00)/xn
a(9,8) = (-2.00+00)+xk
a(9,i0) = (3.00+00)/xn
a(i0,9) = (-3.00+0)+xk
a((0,ii) = (2.00+00)/xn
a(((„(0) = (-4.00+00)+xk
a(((,i2) = ((.00+00)/xn
a(i2,i() = (-5.00+00)+xk

a(0,13) = -9/6.00+00
a(9,(4) = -9/3.00+00
a((0.(5) = -9/2.00+00
a((i.l6) = (-2.00+00)+9/3.00+00
a(12„(7) = (-5.00+00)+9/6.00+00
a((3.(4) = 7.00+00/xn
a((4.(3) =

—xk

a((4,i5) = 6.00+00/xn
a((5,(4) = (-2.00+00)+xk
a(i5„(6) = 5.00+00/xn
a((6,i5) = (-3.00+00)+xk
a(i6„(7) = 4.00+00/xu
a((7,(6) = (-4.00+00)+xk
a((7„i8) = 3.00+00/xn
a((8„(7) = (-5.00+00)+xk
a((8,(9) = 2.00+00/xn
a((9,i8) = (-6.00+00)+xk
a(i9.20) = (.00+00/xn
a(20„i9) = (-7.00+00)+xk
a(14,2i) = -9/6.00+00
a((5„22) = -9/3.00+00
a(i6„23) = -9/2.00+00
a((7.24) = (-2.00+0)+9/3.00+00
a(i8„25) = (-5.00+00)+9/6.00+00
a(i9,26) = -9
a(20,27) = ('7•ÜÜ+Üo)*§/Ö•oÜ+Ü0
a(2(,22) = 9.00+00/xn
a(22,2i) = -xk
a(22„23) = (8.00+00)/xn
a(23,22) = (-2.00+00)+xk
a(23,24) = 7.00+00/xn
a(24,23) = (-3.00+00)+xk
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a(24,25) = 6.0D+00/xn
a(25,24) = (·4.0D+00)¥xk
a(25,2b) = 5.00+00/xn
a(2b,25) = (—5.0D+00)&xk
a(26,27) = 4.00+00lxu
a(27,26) = (·6.00+00)%xk
a(27,28) = 3.0D+00/xn
a(28,27) = (-7.0D+00llxk
a(28,29) = 2.00+00/xn
a(29,28) = (-8.00+00)%:k
a(29,30) = 1.00+00/xn
a(30,29) = (-9.0D+00)%xk
a(22,3l) = -9/6.00+00
a(23,32) = -9/3.00+00
a(24,33) = -9/2.00+00
a€25,34) = (-2.00+00)*9/3.00+00
a(26„35) = (-5.00+00Hg/6.00+00
a(27,36) = -9
a(28,37) = (-7.0D+00)¥9/6.00+00
a(29,3B) = ‘°‘•ÜÜ+0Ö)*§/3„ÜÜ*ÜÜ
a(30,39) = (-3.0D+00)%9/2.00+00
a(3i„32l = ii.0D+00lx¤
a(32,31) = -xk
a(32,33) = 10.00+00/xn
a(33„32) = (-2.00+00Hxk
a(33,34) = 9.00+00/xn
a(34,33) = (·3.0D+00)%x!
a(34„35) = 8.0D+00l:|
a(35,34) = (-4.0D+00)%xk
a(35„36) = 7.00+00/xn
a(36,35) = (-5.0D+00)%xk
a(3b,37) = 6.00+00/xn
a(37,36) = (-6.00+00)%xk
a(37,38) = 5.00+00/xn
a(38,37) = (-7.0D+00)!xk
a(38,39) = 4.0D+00/xn
a(39«3B) = (—8.0D+00)lxk
a(39,40) = 3.ÜD+00/xa
a(40,39) = (·9.00+00)!xk
a(40„41) = 2.00+00/xn
a(4i,40) = (·i0.0D+00)%xk
a(41,42) = 1.00+00/xn
a(42„41) = (-11.00+00)*xk
a(32•43) = -9/6.0D+00
a(33,44) = -9/3.00+00
a(34„45) = -9/2.0D+00
a(35„4b) = (-2.0D+00)*9/3.00+00
a(36,47) = (·5.0D+00)&g/6.0D+00

»
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6137,481 = -9
6138,491 = ('7,0Ü+ÜÜ1*§lÖ,ÜÜ+Üo
6139,501 = 1-4.00+00169/3.00+00
6140,511 = 1-3.00+001lg/2.00+00
6141,521 = 1~5.00+001l9/3.0B+00
6142,531 = 1-11.00+00):9/6.00+00
6143,441 = 13.00+00/xn
6144,431 = ·xk
6144,451 = 12.00+00/xn
6145,441 = 1·2.00+001%xk
6145,461 = 11.00+00/xn
6146,451 = 1-3.00+001:xk
6146,471 = 10.00+00/xa
6147,461 = (-4.00+001:xk
6147,481 = 9.00+00/xa
ä(48,Ö71 = 1-5.00+001%xk
6148,491 = 8.00+00/xn
6149,481 = (-6.00+001:xk
6149,501 = 7.00+00lxn
6150,491 = 1-7.00+001:xk
6150,511 = 6.00+00/xn
ü(53y50) = 1-8.00+001%:1
6151,521 = 5.00+00lxn
6152,511 = 1-9.00+001:xk
6152,531 = 4.00+00/xa
6153,521 = 1-100+001lxk
6153,541 = 3.00+00lxe
6154,531 = 1·11.00+001!xk
6154,551 = 2.00+00lxn
6155,541 = 1—12.00+001%xk
6155,561 = 1.00+00/xn
6156,551 = 1·13.00+601%xk
if1idoerint1 then

c--) Hrite out A •6trix....
urite1l,'1" Portion of A natrix used is: "1' 1
uri1e14,’1" Partien of A aatrix used is: "1' 1
do 1180 k = 1, o

vrite1:,’1" rou ",i31'1 k
Ul‘itE(*9|(H "98H8•4|3X)9l)'

11180continue
do 1190 k = 1, n

urite14,'1" rov ",i31'1 k
urite14,'1" ",81f8.4,1x1,/1' 1 161k,j1, j = 1,n1

1190 continue
endif

urite1:,’1" ",7111H:11' 1
urite14,'1" ",7111H&11’ 1
urite15,’1" ",7111H:11' 1
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( esoooueeeeeeeeusexsaesseoseneaaeexseeeaaexoooeeseieaessoeeoosseees
c Proceed to get eigenvalues of the A natrix.
c natx = 0 get eigenvalues only; eatz = 1 get eigenvectors also

natz = 0
nn = neax

c--) Use the driver routine RUHESS to get eigenvalues.
call ruhesslnn,n,a,ur,ui,0,z,iv1,fv1,ierr)

(+4+++++++++++++++++++++++++++44+++++++++++++++++++++++++++++++++++++++4
c--) Unpack eigenvector values frnn the Nxh Z array, per
c instructions and code froe Section 2.3-8 of the Eispack Guide
c pages 88-89
c do 150 k = 1, n
c iffuilk) .ne. 0.0) go to 110
c do 100 1 = 1, n
c zrlj,k) = zlj,k)
c zilj,k) = 0.0
c 100 continue
c go to 150
c 110 ifluilk) .lt. 0.0) go to 130
c do 120 j = 1, n
c zrlj,k) = zlj,kl
c zilj,k) = zlj,k+1)
c 120 continue
c go to 150
c 130 do 140 j = 1, n
c zrlj,k) = zrlj,k-1)
c zilj,k) = -zilj,k-1)
c 140 continue
c 150 continue

iflierr .ne. 0) then
iflierr .lt. 0) then

uritel&,’l" ht least one eigenvalue failed to converge in 30
8 iterations. Failure occurred for eigenvalue having index, ",i3
8)' l ierr

uritel4,'l" At least one eigenvalue failed to converge in 30
8 iterations. Failure occurred for eigenvalue having index, ",i3
8)' ) ierr

vritel5,'l" At least one eigenvalue failed to converge in 30
8 iterations. Failure occurred for eigenvalue having index, ",i3
8)' l ierr

urite(!,'l" lerninating progran—--IERR is! ",i3)' l ierr
uritel4,'l" lerninating progra•——-IERR is! ",i3)' ) ierr
vrite(5,'l" lerninating progran-—-IERR is!

",i3)’
l ierr

stur 00001
elseiflierr .gt. 0) then

urite(%,'l" At least one eigenvalue failed to converge in 30
8 iterations. Failure occurred for eigenvalue having index, ",i3
8)' l ierr
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vritet4,’t" ht least one eigenvalue failed to converge in 30
I iterations. Failure occurred for eigenvalue having index, ",i3
Il' l ierr

vrite(5,'t" At least ooe eigenvalue failed to converge in 30
I iteratiuns. Failure occurred for eigenvalue having index, ",i3
Il' l ierr

vritet!,’t" lerninating progra¤---1ERR is= ",i3l’ l ierr
uritet4,'t" Terninating progra•---IERR ist ",i3l' l ierr
vritet5,’t" Terninating progran-··IERR is= ",i3l' l ierr
stop 00002

else
endif

else
c·—) IERR is zero, iodicating no convergence proble•s——print results

vritet*,'t" "l' l
vritet4,'t"

"l’
l

c--) Perfore sort, if requested....
iftdosortl then

c-) Sort eigenvalue nagnitudes on all partitions except the first
do 2500 j = 1, npartshn - 1

lsvap = .FALSE.
do 2800 k = koartshntjl f t, kpartshntj+1l · 3
ift .not. tdahstvrtkll .gt. dabstvrtk+2ll .or. dahstvitkll

I .gt. dahstvitk+2ll l .and. .not. lsvap l then
teepr = vrtkl
vrtkl = vrtk+2l
vrtkftl = vrtk+3l
vrtk+2l = teepr
vrtk+3l = -tener
tenpi = vitkl
uitkl = vitk+2l
vitk+1l = vitk+3l
vitk+2l = tenpi
vitk+3l = -te¤pi
lsvae = ·TRUE.

endif
2800 continue
2500 continue

endif
vl-itet5,' t" +/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/' ' V)
do 300 i = 1, o

ift ti.eq.tkpartshnt1l+1ll .or. ti.eq.tkpartshnt2l+1ll .or.
I ti.eq.tkpartshn(3l+1ll .or. ti.eq.tkpartshnt4l+1ll .or.
I ti.eq.tkpartshnt5l+tll .or. ti.eq.tkpartshnt8l+tll l
I uritetf,'t" "l'l

ift ti.eq.tkpartshnt1l+tll .or. ti.eq.tkpartshnt2l+1ll .or.
I ti.eq.tkpartshnt3l+1ll .or. ti.eq.tkpartshnt4l+tll .or.
I ti.eq.tkpartshn(5l+1ll .or. ti.eq.tkpartshnt6l+1ll l
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I urite14,'f" ")'l
uritet4,'(" i = ",i3," EIGEMVALUE= ",016.10„1x,D16.10,"

I (Il "l' ) i, urtil, uilil
Ül‘It!ug'(H = Heilen ",016.I0,1x,l)16.10,"

I (I) ")' l i, urtil, uilil
c--) Hrite eigenvalues tu nutput file fur prugran use ....

urite(5,'10Ib.10,2x,016.10)’) urli), uili)
300 cuntinue

endif
urite14,'l" ",7111H4))’ )
uritel4„'1" ",71l1H4))' )
clnsetfl
clnse15)
end

(44444444444444444s4 Elo gf PRQQRAH E16VAL§5 444444444e444e444e444444e
lt
SDEBUG
C***********SÜBRÜUTINE HUHESS IEISPACK Guide Madified HG) 44444444444444
c444444444444 Suurce listing taken freu B.T. SMITH et. al. 1979 44444444
c444444444444 Matrix Eigensysten Rnutines — EISPACK guide 2nd Ed 4444

c
( 4es4444 MDDIFIED 10/29/87 tn enly call balanc and hnr
( xx44444 Since the input eatrix is upper Hessenberg TLH
c

subrnutine ruhesslnn,n,a,ur,ui,•atz,z,iv1,fv1,ierr)
inplicit real48 ta-h,n·z)

c
integer n,n•,is1,is2,ierr,•atz
real48 a(n•,n),urtn),ui1n),z1ne,n),fv1ln)
integer ivtfnl

c
iftn .le. ne) gn tn 10
ierr = 10 4 n
gu tn 50

c
10 call balanctn•,n,a,is1,is2,fv1)

c call e)•hestn•,n,is1,is2,a,iv1)
ifleatz .ne. 0) gn tn 20

( 44444eea44444444 FIH0 EIGEHVALES UMIY 444444e44e4444444444e444e
call hgrtn•,n,is1lis2„a,ur,ui,ierr)
gn tn 50

c 44*4444444444444 FIH0 80TH EIGENVAIUES AND EIGHVECTORS 44444444
20 call eltranl¤•,n,is1,is2„a,iv1,z)

call hgr21n•,n,is1,is2,a,ur,vi,z,ierr)
iftierr .ne. 0) gn to 50
call balhakln•,n,is1,is2,fv1,n,z)

50 return
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LISTINGS FDR SUBROUTINES BALANCT HORT ELTRAN

AND BALBAK ARE CDNTAINED IN

THE EISPACK GUIDE (SNITH ei ah 1976)



APPEHUIX B ·
FURTRAH LISTIH5 FOR AFPRDXIHATIBH SCHEHE EHPLUYING PUTZER

ALGURITHH HITH 20:20 TRUHCATIUH BF THE L HATRIX FUR THE
PERTURBE0 SHU

SDEBUG
progran putzer20
paranetertn•ax=20,npartshn=4l
inplicit real!8 ta-h,n·zl
dinension alnnax,n•axl
dinension urlneaxl, uitnnaxl
dinension linefotbl
cnnplexttb catn•ax,n•axl, ceigvallneaxl, cidenttnnax,n•a:l
conplexätb ptirsttnna:,nnaxl, psecondtn•a:,n•axl, te•pt2,nnaxl
cnnplexitb exp•attt2,neaxl
coeplexfté utnnaxl, u0tn•axl, r_rkgilltn•a:l, r_lasttn•axl
integer n, nsteps, kpartshntnpartshnl
integer§2 ihr,ieinute,isecond,it00th,i1r,i•on,iday
logical doprint l.FAL5E./
lngical no_detault_ev /.FhLSE./
logical ichgstep /.FhLSE./
lugical initialze l.TRUE./
character%24 Tilenane
character!24 ev_tile
character&t2 linefo
characterft idoprint
characternt iread_ev_Tile
characterét istepans
connon lnatricesl ca, cident, n
cnnon lpeatrixl pfirst, psecond
data ev_Tile /'C=\eigval56.pg| '/
data hl.t0D+00/

c--) Detine partioning structure ot the •atrix...
c--) Ending partition indices are given hy kpartshntjl Tor
c j = t,...,npartshn
c Beginning partition indices are given bv kpartshntll+t tor
c l = t,...,npartshn·t

do 450 j = t, npartshn
kpartshnlil = i*tj+ll

450 continue
uritett,'t" Input the values of n, k, g=",/,

B" Use the fornat=",/,
I" 0B.4,tX,08.4,iX,08.4" ,/,
I" Sd.d0+XXbSd.d0+YYbSd.d0+lZ"

l’l

readt!,t229l XH, XK, G
1229 lnrnattix,0B.4,1x,08.4,tx,0B.4l

1.9-4
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writet%,'t" Input the dieensiontorderl .le.",I3,", of the A eat
drix."l’ l kpartshnlnpartshnl
read(%,nl n .
write(§,'t" Input initial values XZERD, and PZERUZ ",/,
I" Use the fornat=",l,
I" D8.4,1X,D8.4" ,/,
I" Sd.dD+XXhSd.dD+YY" l'l
read(f,123tl xzero, pzero

1231 fornat(1x,D8.4„1x,D8.4l
c--) enw get filenaee te use in writing the outrut...

writet4„’(" Please enter the filenane to use in writing the outpu
-t="l' l
readl&,160l filenaee
oeentf,file=filena•e,status='new'l
writet!,'(" Do you wish to enter the path and filenaee of the fil

de containing the cuneuted eigenvalues? (Y/Hl"l’l
read(l,'tAtl'l iread_ev_file
if(tiread_ev_file.eq.'Y'l.or.(iread_ev_file.eq.'y'll no_default_ev

d = .TRU.
iftno_default_evl then

writet%,'(" Enter eigenvaloe data PATH and FILEHAHE"l'l
readl4,'(A24l'l ev_file

endif
noenl7,file=ev_file,status='unknown'l
rewiod 7
write(&„’(" Input the init tiee, end tiee, and no.of sters.",l,
I" Use the fnr•at=",/,
d" Dt0.4„1X,D10.t,t!„I5" ,/,
d" Sd.dddD+XXhSd.dddD+YYh54321" l'l
readf§,t232l thegin„ tend, nsteps

1232 fornat(1:,010.t,1x„D10.4,1x,I5l
write(&,'t" Default value of integration STEPSIZE is:",D10.4l'l

D h
write(4,'(" Do ynu wish to change it? Enter (Y/Hl"l'l
read(¥,'lA1l'l istepans
ifltistepans .eq. 'y'l .or. tistepans .eq. 'Y'll ichgstep = .TRUE.
iftichgstepl then _

write(!,'ttx,"Enter the value of integration STEPSIZE, use tore
dat" l'l

writetl„'(1x,"5d.ddddD+XX" l'l
read(&,'lD11.4l'l h
write(*,'(Dt1.4l’l h

endif
write(!,'(" Input the tiee at which to check calculations.",/,

d" Use the foreat=",/,
d" D11.4" yl,
d" Sdd.dddD+XX" l'l

read (%,1233l tchkcalc
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1233 for•at(1x,D11.4) ‘
ifttchkcalc .91. 0.00+00) doprint = .TRUE.

c--) Calculate the increnent to advance the (ine with
dt = (tend - 1be9in)ldhle(nsteps)
10 = thegin
1 = 10c-—) CALL GETDAT AHD GETTIM (DDTAIM SYSTEM DATE AMD TIME) —

c
call QQIÜJI (iyr,inoo,ida1)
cal) gettin (ihr,i•inu1e,isecood,i100th)
write(A,260)
write(4,261) xn, xt, 9
wri1e(4,262) xzero, pzero
write(4,263)
wri1e(4,264) thegio, tend, nsteps, dt, h
write(4,2T0)
write(4,265) fileoaee
wri1e(4,266) ieon, iday, iyr, ihr, ieinute, isecond

c ....write data to output file for records ...
160 for•at(A24)
260 for•at(1H ,' SUMMARY DF DATA TD DE USED FDLLDHS:')
261 for•at(1H ,' IM IS!',D10.4,' IK IS! ',D10.4,' E IS! ’,D10.4)
262 for•at(1H

,’
YZERD IS!',D10.4,' PZED IS! ',D10.(,’ (USED IH BUIL

ADIH6 INITIAL CDHDITIUH VECTDR)’)
263 for|at(tH

,’
TRAHSFDRMATIDH BDUHDARIES FDLLDU: ')

IDPIGIIIII gl ,9

-I6,l,5x,’ DELTAT = ',D11.6,/,5x,’ AHD RKG STEPSIZE IS! ',D11.6)
265 for•at(1H

,’
DUTPUT DATA IS CDHTAIHED DH THE FILE CALLED· ',A24)

266 for•at(1H
,’

THE DATA DH THE ADDE FILEHAME UAS PDDUCED DN ',I2•'
—·',I2,’-',I4,/,35:,* AT APPHDYIMATELY ',I2,1H!,I2,1H!,I2)

270 forna1(1H ,' EIGHUALUES PRDCESSED TD RUH FRDM LARGEST TD SMALLEST
· HITHIH EACH’,/,' PARTITIDH DF THE MATRIX.’)

c--) Define the A eatrix for 20:20 truncation......
do1W0j=1,n

do 1010 i = 1, n
a(i,j) = 0.00+00

1010 continue
1000 continue

c-) Define L (Upper Hessenberg) natrix for n=20 truncation....
a(1,2) = 1.00+00/xn
a(2,1) = -xk

a(2,3) = -9/6.00+00
a(3,4) = 3.00+00/xn
IIMIII = "Xk
a(4,5) = 2.00+00lxn
a(5,4) = -12.00+00)+xk
a(5,6) = 1.00+00/xn
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a(6,5) = (-3.00+00)+xk

a(4,7) = -9/(6.00+00)
a(5,8) = -9/3.00+00
a(6,9) = °§/2.ÜÜ+Ü0
a(7,8) = (5.00+00)/xn
Öwyn = 'Xk
a(8,9) = (4.00+00)/xn
a(9„6) = (-2.00+00)+xk
a(9.i0) = (3.00+00)/xn
a(i0,9) = (-3.0))+00)+xk
a((0,ii) = (2.00+00)/xn
a(((,(0) = (-4.00+00)+xk
a((l,(2) = ((.00+00)/xn
a(l2„i() = (-5.00+00)+xk

a(8,i3) = -9/6.00+00
a(9,(4) = -9/3.00+00
a(i0,(5) = -9/2.00+00
a(((,(6) = (-2.00+00)+9/3.00+00
a((2•(7) = (-5.00+00)+9/6.00+00
a((3.(4) = 7.00+00/xn
a(i(,(3) = -xk
a((4,(5) = 6.00+00/xn
a((5,(4) = (-2.00+00)+xk
a((5,i6) = 5.00+00/xn
a((6,(5) = (-3.00+00)+xk
a((6,i7) = 4.00+00/xn
a((7„(6) = (-4.00+00)+xk
a((7,(8) = 3.00+00/xn
a(16„l7) = (-5.00+00)+xk
a(i8,19) = 2.00+00/xn
a((9„i8) = (-6.00+00)+xk
a((9,20) = 1.00+00/xn
a(20,i9) = (-7.00+00)+xk

c a((4,2() = -9/6.00+00
c a((5,22) = -9/3.00+00
c a((6,23) = -9/2.00+00
c a((7„24) = (°2•0Ü*0Ü)¥gl3•0Ü+00
c a(i8,25) = (-5.00+00)+9/6.00+00
c a((9,26) = -9
c a(20„27) = (-7.00+00)+9/6.00+00
c a(2i,22) = 9.00+00/xn
c a(22,2i) = -xk
c a(22„23) = (8.00+00)/xn
c a(23•22) = (-2.00+00)+xk
c a(23,24) = 7.00+00/xn
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c a(24,23) = (-3.00+00)+xk
c a(24,25) = 6.00+00/xn
c a(25,24) = (-4.00+00)+xk
c a(25,26) = 5.00+00/xn
c a(26,25) = (-5.00+00)+xk
c a(26,27) = 4.00+0/xn
c a(27,26) = (-6.00+00)+xk
c a(27,2B) = 3.00+00/xn
c a(26„27) = (-7.00+00)+xk
c a(26,29) = 2.00+00/xn
c a(9,28) = (-8.00+00)+xk
c a(29,30) = (.00+00Ixn
c a(30,29) = (-9.00+00)+xk

c a(22,31) = -9/6.00+00
c a(23„32) = ‘§/3•ÜÜ*Ü0
c a(24,33) = '§/2•ÜÜ+ÜÜ
c a(25,34) = (-2.00+00)+9/3.00+00
c a(26»35) = (‘5.0Ü+00/*§/Ö.ÜÜ+ÜÜ
c a(27,36) = -9
c a(2B•37) = (-7.00+00)+9/6.00+00
c a(29,38) = (-4.00+00)+9/3.00+00
c a(30,39) = (-3.00+00)+9/2.00+00
c a(3i•32) = ((.00+00/xn
c a(32,3)) = ·xk
c a(32,33) = (0.00+00lxn
c a(33,32) = (-2.00+00)+xk
c a(33,34) = 9.00+00/xn
c a(34.33) = (-3.00+00)+xk
c a(34„35) = 8.00+00/xn
c a(35,34) = (-4.00+00)+xk
c a(35,36) = 7.00+00/xn
c a(36.35) = (-5.00+00)+xk
c a(36,37) = 6.00+00/xn
c a(37•36) = (-6.00+00)+xk
c a(37,38) = 5.00+00/xn
c a(38,37) = (-7.00+00)+xk
c a(36.39) = 4.00+00/xn
c a(39,36) = (-6.00+00)+xk
c a(39,40) = 3.00+00/xn
c a(40.39) = (-9.00+00)+xk
c a(40,4i) = 2.00+00/xn
c a(4i•40) = (-10.00+00)+xk
c a(4(,42) = 1.00+00/xn
c a(42,4() = (-1).00+00)+xk

c a(32•43) = 'Q/Ö.ÜÜ*ÜÜ
c a(33«44) = -9/3.00+00
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c a(34,45) = -9/2.00+00
c a(35•46) = (°2•ÜÜ+ÜÜ)f§/3•ÜÜ+ÜÜ
c a(36,47) = (-5.00+00)*9/6.00+00
c a(37,48) = -9
c a(38,49) = (-7.00+00)+9/6.00+00
c a(39,50) = (-4.00+00)+9/3.00+00
c a(40,5() = (-3.00+00)+9/2.00+00
c a(4(,52) = (-5.00+00)+9/3.00+00
c a(42,53) = (-((.00+00)+9/6.00+00
c a(43,44) = (3.00+00/xn
c a(44,43) = -xk
c a((4„45) = (2.00+00/xn
c a(45,44) = (-2.00+00)+xk
c a(45,46) = ((.00+00lxn
c a(46,45) = (-3.00+00)+xk
c a((6,(7) = (0.00+00/xn
c a(47,46) = (-4.00+00)+xk
c a(47,48) = 9.00+00/xn
c a(48,47) = (-5.00+00)+xk
c a(48,49) = 8.00+00/xn
c a(49,48) = (-6.00+00)+xk
c a(49,50) = 7.00+00/xn
c a(50,49) = (-7.00+00)+xk
c a(50,5() = 6.00+00/xn
c a(5(„50) = (-8.00+00)+xk
c a(5i,52) = 5.00+00/xn
c a(52,5() = (-9.00+00)+xk
c a(52,53) = 4.00+00/xn
c a(53,52) = (-(00+00)+xk
c a(53,54) = 3.00+00/xn
c a(54,53) = (-((.00+00)+xk
c a(54„55) = 2.00+00/xn
c a(55,54) = (-(2.00+00)+xk
c a(55,56) = (.00+00/xn
c a(56,55) = (-(3.00+00)+xk

c--) Hrite out A eatrix....
urite(+,’(" Portion of A natrix used is! ")' )
vrite(4,'(" Portion ot A natrix used is! ")' )
do ((80 k = t, n

vrite(+,'(" row ",i3)') k
urite(+,'(" ",6(0((.5,(x),I)' ) (a(k,j), j = (,n)

((80 continue
dn ((90 k = i, n

vrite(4,'(" nov ",i3)’) k
vr(te(4„'(" ",6(0((.5,(x),/)' ) (a(k,j), j = (,n)

((90 continue
urite(+,'(" ",7((()(+))' )
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uritet4,’l" ",71(1H+))’ )
c--) convert aatrix A into natrix CA, its cooplex for:

do 1230 ij = 1, n
do 1240 ii = 1, n

calii,jj) = dcnplxl alii,jj), 0.00+00 )
1240 continue
1230 continue

c··) For! the vector of cneplex initial valued basis paraneters
u0l1) = dcnplxlxzero, 0.00+00 )
o0l2) = dcnplxlpzero, 0.00+00 )

u0l3) = dcnplxlxzero+xzero+xzero, 0.00+00 )
o0l4) = dceplxlxzern+xzero+pzero, 0.00+00 l
u0l5) = dcnplxlxzero+pzern+pzero, 0.00+00 )
u0t6) = dcnplxlpzero+pzero+pzero, 0.00+00 )

u0l7) = dcoplxlxzeroixzero+xzern+xzero+xzero, 0.00+00 )
u0l6) = dceplx(xzero+xzero+xzero+xzero+pzern, 0.00+00 )
u0l9) = dcnplxlxzero+xzero+xzero+pzerolpzero, 0.00+00 )
u0l10) = dcnplxl:zero+xzero+pzern+pzero+pzero, 0.00+00 )
u0l11) = dcoplxlxzerolpzero+pzero+pzero+pzero, 0.00+00 )
u0l12) = dcnplxlpzero+pzero+pzern+pzero+pzero, 0.00+00 )

u0l13) = dcnplx1xzerolxzero+xzero+xzero+xzero+xzern+xzero,0.00+00)
u0l14) = dcnplx1xzero+xzero+xzero+xzero+xzern+xzero+pzero,0.00+00)
u0l15) = dceplx(xzero+xzern+xzero+xzero+xzero+pzero+pzero,0.00+00)
u0l16) = dcnplxlxzero+xzern+xzern+xzero+pzero+pzero+pzero,0.00+00)
u0l17) = dcoplx(xzero+xzero+xzero+pzero+pzero+pzero+pzero,0.00+00)
o0l18) = dcnplxlxzero+xzero+pzero+pzero+pzero+pzero+pzero,0.00+00)
u0l19) = dcnplx(xzero+pzero+pzero+pzero+pzero+pzero+pzero,0.00+00)
u0l20l = dcnplxlpzero+pzero+pzero+pzero+pzero+pzern+pzero,0.00+00)

c--) Build coeplex identity oatrix of order o
do 1250 ij = 1, n

do 1260 ii = 1, o
ifljj .e1. ii) then

cidentlii,ii) = dc¤plxl1.00+00, 0.00+00)
else

cidentlii,jj) = dc•p)xl0.00+00, 0.00+00)
endif

1260 continue
1250 continue

c Read in the eigenvalues fron the file EIGVAL56.P6H.ldefault) or
c froe previously entered file.
c First read past header containing info on physical constants
c used to obtain the set of eigenvalues, and file creation info.
c l
c--) Read file until the header is passed. The header is delinited
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c--) by a line that consists of the character string,
c--) +I+/+/+/+/+/+/+/+l+/+/+/+/+/+/+l+l+/+/+/+I+I+/+l+I
c--) as a delieiter.
c--) read to get past header on file known as 'ev_file’.
tttt readt7,'t6tdt2ll',end=2t5l linefo

ifttlinefot2l .eq. ’+/+l+l+l+/+l'l .or. tlinefot2l .eq.
0 ’/+l+/+/+/+I+') l then

go to 500
else

go tu ttli
endif

c--) re—set linefo .....
500 do 335 ik = t,6

linefotik) = ' '
335 continue

c-) we eilt open the file and read in the eigenvalues for the current
c--) truocation of the L eatrix.

de t0 i = t, n
readtT,’tDt6.t0,2x,Dt6.t0)',end=225l wrlil, wilil

t0 continue
c iäfff Foru coeplex eigenvalue vector ......

do 300 i = t, n
ceigvalti) = dceplxt wrtil,witil l

300 continue
iftdoprintl then

vritet¥,'t" Ceeplex eigenvalue vector followsä "l')
writet4,'t" Conplex eigenvalue vector followsl "l'l
dll = ig B

ift ti.eq.tkpartshnttl+tll .or. ti.eq.tkpartshnt2l+tll .or.
B ti.eq.tkpartshnt3l+tll .or. ti.eq.tkpartshntf)+tll l
6 writet¥,'t" "l’l

ift li.ee.tkpartshnttl+t)l .er. ti.eq.tkpartshnt2l+tl) .or.
B ti.eq.tkpartshnt3l+i)l .or. ti.eq.tkpartshnt4l+tll )
d writet4,'t" "l’l

writet%,’t" i = ",i3," EI6ENVhLUE= ",Dt4.8,ix,Dt4.8,"t
dIl"l' l i, wrlil, wilil

writet4,'t" i = ",i3," EIBENVALDEI ",Dt4.8,tx,Dl4.8,"t
&Il"l' l i, wrlil, wilil

325 continue
endif

c Call routine Build? to build two storage areas. The first
c PFIRST contains the first row of the P natrix having indice
c INDEX, e.g. PFIRSTt1NDEX,rov). The second, PSECDND, contains
c the second row of the P natrix having indice INDEX, e.g.
c PSECDNDtINDEX,rowl.

call buildp20tceigval)

c-·) Nrite out the PFINST 0 PSECDND eatrices, if requested ......
iftdoprintl then



2()2

writet+,'(" PFIRST I PSECUND Hatrices follow:
")’

)
writef4,’(" PFIHST I PSECUND Hatrices follow! "l' )
do 3170 k = 1, n

writef+,'(" P natrix index is ",i3)’) k
writel+,’f" row 1 ")')
write(+,'f" ",6(611.4,1x),/)’ ) (pfirstfk,j), j = 1,n)
writef+,'t" row 2 ")')
writef+,'l" ",6(G11.4,1x),/)' ) tnsecond(k,j), j = 1,n)
writef+,'(1x,70f1H-))’l

3170 continue
do 4170 k = 1, n

writef4,'f" P natrix index is ",i3)') k
write(4,'f" row 1 ")')
writef4,’f" ",6fG11.4,1x),l)' l fpfirstfk,j), j = 1,n)
urite(4,'(" row 2 ")')
uritef4,'(" ",6f611.4,1x),/)’ ) fpsecondfk,j), j = 1,n)
writef4,'f1x,70f1H—))’)

4170 continue
write(+,’t" ",71f1H-))’ )
write(4,'f" ",71f1H-))' l

endif
( eeeeeeeeeee BEGIN ITERATING IN TINE eeeeeeeeeeeeeeseeeeeen

uritel+,' l" +/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+I+/+/' ')')
write(4,'f" +/+/+/+l+l+/+/+/+/+/+/+/+/+l+/+/+/+I")')
do 40 k=1,nsteps + 1

tlast = t
iffft .eq. 0.00+00) .and. tinitialzell then

r_rkgill(t) = dcnplxf1.00+00, 0.00+00)
do 8200 kl = 2, n

r_rkgillfkll = dcnp)x(0.00+00, 0.00+00)
8200 continue

initialze = .FhL5E.
else

c 0efine last values of the r_rkgi)l(n) vector for use as the
c initial condition vector for the RKGILL integration.

do 8300 kn = 1, n
r_lastfkn) = r_rkgill(kn)

8300 continue
c--) Get the entire set of polynonial functions, each evaluated at the
c integrated tioe T, given that the set of polynonials have the
c initial conditions given hy the values contained within the
c the vector r_lastfn) .....
c
c Pass 0T to deternine the nunher of tines to execute the Runge-
c Kutta—6ill integrator routine...

call getrk20fh,n,ceigval,dt,r_last,r_rkgill,tlast,t)
(•—··-----······•··•••••···••••••••••••*·••••••'••••••••'•••••••·•·····•···

endif
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c Initialize array to hold results of this particular tine.
c literatioo of deltat)

do 3050 ii = 1, 2
do 3060 jj = 1, n

expnattfii,jj) = dcnplxf0.00+00,0.00+00)
3060 continue
3050 continue

iflidoprintl .and. ldabsft - tchkcalcl .le. .020+00)) then
do 8400 kn = 1, n

urite1+,’f" For r sub ",i3,", r is! ",014.8,2x,014.8)’)
8 kn, r_rkgi))fkn)

8400 continue
do 8500 kn = 1, n

uritel4,'f" For r sub ",i3,", r is! ",014.8,2x,014.8)’)
8 kn, r_rk9illlkn)

8500 continue
endif

c--) Calculate the terns in the Putzer sun, accunulatino the sun
c continoously

do 30000 index = 1, n

do 3100 jj= 1, n
tenpl1,Ji) = r_rkgil)lindex)+pfirstfindex,jj)
tenp12,Ji) = r_rk9illfindex)+psecondfindex,JJ)

3100 continue
c esse Calculate the tern nf the Putzer son dependinq on index.
c esse Then add to the first index-1 suns stored in expnatt.

do 3200 ii = 1, 2
do 3210 jj = 1, n

expnatt1ii,ji) = exvlattliiiiil
*

lßlviiisiil
3210 continue
3200 continue

30000 continue
c--) Ioitialize the u vector to zero .....

do 50000 i = 1, n
uli) = dcnplxf 0.00+00, 0.00+00)

50000 continue
c--) Forn the courdinate vector for fine t

do 90100 i = 1,2
do 90110 j = 1, n

uli) = uli) + expnattli,j)+u0(j)
90110 continue
90100 continue

x = drealluftll
pnon = drea)fuf2))

tn X, PIIII
40 continue

uritef+,'f" ",7111H+))' )
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write(4,’l" ",71(1H+l)' )
closetfl
go to 99999

215 uritet+,'l" EOF found in header of eigenvalue data file: ",A24)
G') ev_file
writet+,’(" ",71l1H+))' l
uritel4,'t" ",T1l1H+))' l
closelfl
stop 00215

225 uritel+,'l" EOF found while reading eigenvalue data on file: ",
&h24l') ev_file
writet+,'t" ",71t1H+))' )
writel4,'(" ",71t1H+l)' l
closetfl
stop 00225

99999 continue
end

geseaesseaaaeaseaaaa {RD gf PRUQRAA PUTZER20 eeeeeeeeaeeeeeeseaaeeaaes
tt
$05006

subroutine buildp20lceigval)
gasseaaaesseesesaeseaaeseeseeaxsseaeeaaessseaaaiasexssaeaexaeeeeaeaeeeae
c+++++++ This subroutine builds the P eatrix of the Putzer Algorithe. +
c+++++++ Necessary eigenvalues are supplied via the calling line. The +
c+++++++ range of conplex natrix P is returned. The entire set of P +++
(«H}·}§H ggtrigpg iggglculatpd,paraeelertn•ax=20)

ieplicit realfö ta—h,o·1)
integer a
co•plex+1h p(n|ax,nnax), ftn•ax,n•ax), poldtn•ax,naaxl
conplexltb pfirst(n¤ax,n•ax), psecondln•ax,n•ax)
co|plex+i6 catn•ax,n¤ax), cidenltnnax,n•ax)
conp)ex+th ceigvallneaxl
coneon leatricesl ca, cident, n
connon lpeatrixl pfirst, psecond

c-) Initialize the storage area o fthe first tvo rows of the entire
c range of P natrices. REHEHBER, index is the subscript of the
c P natrix.

do 110 ii = 1, o
do 120 index = 1, n

pfirsttindex,jj) = dc•plxl0.00+00, 0.00+00)
psecond(index,jj) = dc•plxt0.00+00, 0.00+00)

120 continue
110 continue

c--) Define the first tvo rows of P sub 0 I store using index of 1
pfirstt1,i) = dc•plx(1.00+00, 0.00+00)
psecondt1,2) = dc•plxt1.00+00, 0.00+00)
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c--) Initialize the pold natrix to the couple: identity natrix.
do 400 jj = 1, n

do 410 ii = 1, n
pu)dlii,jj) = cidentlii,jj)

410 continue
400 cuntinue

c---) Conpute the renainder of the P natrices using recursiun —--···—-
do 4000 index = 2, n

do 500 jj = 1, n
do 510 ii = 1, n

iflii.eq.jj) then
flii,ii) = calii,ii) - ceigvallindex·1)

else
fliiiiil = calii,I])

endif
510 continue
500 continue

c--) Nov conoute P using the P oatrix just calculated....
do 600 ij = 1, o

du 610 kj = 1, n
do 700 kl = 1, n

p(ij,kj) = ptij,kj) + flij,kl)+poldlk),kj)
700 continue
610 continue
600 continue

c--) Transfer P natrix tu PDLD eatrix .....
de 800 j = 1, n

dn 810 i = 1, n
poldli,j) = p(i,j)

810 continue
800 cuntinue

c--) Save first tun ruus uf the P natrix sun INDEX for Putzer
c calculatiuns.......

do 900 i = 1, n
pfirstlindex,i) = p(1,i)
psecond(index,i) = pl2,i)

900 continue
c·—) Re·initialize P natrix fur eatrix nultiplicatiun luoos.

do1200k=1, n
do 1210 j = 1, n

p(j,k) = dc•p)xl0.0D+00, 0.00+00)
1210 continue
1200 continue
4000 continue

return
end

ceesseeeeeeseeeeeeeees EMU UF SUURUUTIME BUILUPZU eesessreeesisrseessee
lt
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SREBUG
subroutine getrk20th,n,cval,deltat,r_begin,r,begin_tine,end_tine)

(eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee
cttffttt This subroutine finds the nunerical values of the polyoonial I
cetttttt functions R sub K by perforning Runge-Kutta integration upon l
ctttftft the entire set of N sinoltaneous first-order linear ltftetfttt
ctltätét differential enuations. The integration is carried out fron r
cttrslel REGIN_TINE to the value contained in the variable ENO_TIKE. es
clltftft The variable R_BE6IN contains the values of R valid at the fit
ctesltte tine BE6IN_TIKE, and thus contain the initial conditions of tt
neeeeeee tnn jntngnntinn, eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee
cttlättt The array CVAL contains the set of couple: eigenvalues for tft
cttrteft the truncation being solved. The Runge-Kutta routine for N tt
ctttttft sinultaneous linear first-order equalions is taken fron ftttft
cftttltt Appendix C of the book VISCOUS FLUI0 FLUN by FRANK H. NHITE ft
qeeeeeee 1974 5c5nny·Htl| pp, 575-575 eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee
ctlélfft The systen to be solved can be represented by the following tt
cttttltf natrix eguation. ))))))))))))))))))))))))))))))))))))))))) tft
neeeeeee ee
(HHl··I~l· - · - - - - H
ctltflét I I I cvaltl) 0 0 ................0 I I rtl) I tt
mum I _ I I 1 cvalt2)0 ................0IIr-I2): H
:***4%%*

I dr I = I 0 t cvalt3) 0 ...........0 I I rt3) I tf
ctttltff I -— I I 0 0 t cvalttl 0 ......0 I I . I tf
ctttttff I dt I I 0 0 0 t cvalt5) 0...0 I I . I ft
cftttfft I I I . . . 0 \ \ 0 ..0 I I . I tf
mum I I I. . .. \\0.0II.It*
cétttffe I I I 0 0 0 0 .. t cvaltn)I I rtn) I lt
geeeeeee - - —

- - - ee
geeeeeee ee
geeeeeee ···—-—~—-·------—---·------·—-----·-—---~···------—·—-- eee
cfttttte This suhroutine builds only those polynonials for the 20:20 tt
geeeeeee trungatign nf the L gatriy, eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee
ceeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee

paranetertn•ax=20)
inplicit realtd ta—b,o—z)
integer n, n, kontrol
integer ul_steps, knt_steps
conplextlb rtn•ax), rdottnnax), cvaltnnaxl, r_begin(nIax)
data t0l0.00+00/

c--) lnitialize Runge routine variables, control index tn)
e = 0

c--) Deternine the total nunber of steps tul_steps) to nake with Runge-
c Kutta-Gill routine executing stepsize nf H to advance solution
c fron begin_tine to end_ti•e .....

yy = deltat/h
iftyy .lt. l.00+00) stop 00llt
dtt = deltat
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klie = idinttvr)
do 4545 ih = 1, klie + 2

dtt = dtt — h
ifttdtt - 0.00+00) .le. 1.00-06) so to 4550

4545 continue
4550 ul_steps = jh

c-) Initialize step counter (knt_steps) ......
knt_steps = 0

c-) Initialize the r rolynonial vector to values at tiee
c t = begin_ti•e

do 2300 ij = 1, n
rtjj) = r_begin(jj)

2300 continue
t = hegin_tiee

[ ·••--•··•··•··············••···•··••••·•······•·····-·—•-•··-·-····-·-

8 i1(knt_steps - u)_steps) 6,7,7
6 continue

cal) ronge20tn,r,rdot,t,h,e,kontrol)
go to 110,20) kontrol

c 0e1ine first-order derivatives ot the systee....
10 rdott1) = cvaltllertt)

do 3300 ki = 2, o
rdottkj) = r(kj—1) + cvaltkilertkj)

3300 continue
go to 6

20 continue
knt_steps = knt_steps + 1
go to 8

7 continue
eod_ti•e = t
return
end

gssessssssssssssssss {NU UF 5ETRK20 ssssssssssssssssssssssssssssssssss
tt
SDEBUG

suhroutine runge20tn,y,f,x,h,n,kontr))
(sssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssssss
ceseesee This suhroutine eerforns Ruoge·Kutta integration hy the Gillss
cessesee netnod. The Runge-Kutta routine tor N sesssssessssesseesesses
cesesese sieultaneous linear tirst·order equations is taken Tron essese
cesssees Appendix C of the huuk VISCUUS FLUI0 FLDU by FRANK K. IHITE es
gsssssss 1974 Uq5p;u-H11] pp, 575-575 ssssssssssssssssssssssssssssssss
cssssssssssssssssssssssssssssssssssessssssssssssssssssssssssssssssssssss

para¤eter1n•ax=20)
ieplicit reals8 1a·h,o-z)
integer n, n, kontr)
co¤nlexe16 ytneaxl, ftnnaxl, ntneaxl
n = e + 1
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go to (1,4,5,3,7) n
1 do 2 i = 1, n

qti) = dc•pIx(0.00+00,0.00+00)
2 continue

a = 0.50+00
go to 9

3 a = 1.707t0678118b54752440+00
4 x = x + (.50+00)+))
5 do 6 i = 1, n

y(i) = 1(i) + a+(((i)+h - q(i))
,11) = (2.00+00)+6)+))+111) + ((1.00+00) - (3.00+00)+a)+q(i)

6 continue
a = .2928321881345247560+00
go to 9

7 do 8 i = 1, n
)(i) = )(i) + b+4(i)/(6.00+00) - ((i)I(3.00+00)

8 continue•
= 0

kontr) = 2
go to 10

9 kontr) = 1
10 continue

return
end

gueeeaeeeeeeeueeeu {H0 UF sußküuiix RUMQEQ0 eeueeeueeueeeeeueoueueeee



APPEHDIX C

FDHTRAH LISTIH6 FDR 'EXACT' RUHGE·KUTTA·GILL HUMERICAL
IHTEGRATIDH DF THE PERTURBED SHD

SDEBUB

C PRDERAM SDLVEHAM
Cneeneeeeneennnneeenennnneenenneneneneeneeeeeeenneeneneneeenneeeneneeenn
(neenennenenenneenneenneeennenenennennnneenneeeenennnnenennnennneeenneen
ceneennnn nee
Cffffffff This prugrae solves a specified Haeiltonian by integrat- fff
Cffffffff ing the resultant Hanilton’s equations using a general-fff
Cffffffff ized fourth order RUHGE-KUTTA technique eeploying fff
ceneeneee 61LL'S gpthnd, neenennneeeeeneneeneennennenneeneenennenee
Cffffffff The Runge-Hutta routine for H sieultaneous linear fff
Cffffffff first-order equations is taken froe Appendix C ef the fff
cmmff book UISCDUS FLUID FLDU hy FRANK K. HHITE 1974 mh-aw- m
Cffffffff Hill pp. 675-678 which iepleeents GILL'S eethod of fff
CHHHH Runge-Kutta integration, ilfffififiiilfffffiifffififfffil
Cffffffff The prograe proepts the user for a filenaee (DDS) to fff
Cffffffff which it will write the data. As uritten, at eost fff
Cffffffff 500 data points uill he written. fff
cnnnennen nnn
Cffffffff H = Pf?/(2fM) + .5 M If! + 6fXfXfXfX/A! fff
cennnennn nee
cennnnenn een
Cenennnneneeneeneeeneneenneenennenneeenenneneeeneeneeenennnnnnnnnnnnnene
Cenneneenenennenenneennennennnneenenneneenennneeennneneneeeneeeneneennne
C

PARAMETER(HMAX=2)
IMPLICIT HEALf8 (A·H;D-Z)
IHTEGHIZ IHR«IMIHUTE«ISEC0HD4Ii00THvIYR«IMDH«IDAY
LDGICAL ICHSSTEP /.FALSE./
LDGICAL IHITIALZE /.TRUE./
CHARACTERf24 FILEHAE
CHARACTERft ISTEPANS
DIMENSIDH Y(2); Y_LASTt2)
DATA H/.100+00/

C--) CALL GETDAT AHD SETTIM (DBTAIH SYSTEM DATE AND TIME)
CALL GETDAT (IYH«lMOH«IDAY)
CALL GETTIM (IHR,IMIHUTE•ISECDHD•Ii00TH)

C ....HEAD SYSTEM DATA
URITEtf,’(" Input the values of o, k, g=",I,

8" Use the foreat=",/,
A" D8.4„tX„D8.4„tX„D8.f" th
A" Sd.dD+XXbSd.dD+YYbSd.dD+ZZ" l')

2<)9
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READ(*,1230l XH, IH, 6
1230 FUHHAT(1X,D8.4,1X,D8.4,1X,D6.4l

HRITE(4,'(" Input initial values XZERU, and PZERUS ",/,
D" Use the fornat=",l,
D" DB.4,1X,U8„4" il,
A" Sd.dD+XXbSd.dD+YY"

l’l

REAU(4,1231) (ZERO, PZERU
1231 FURHAT(1X,D8.4,1XiU8.4l

HRITE(%,’(" Input the init tine, end tine, and no.of steps.",l,
A" Use the fornat=",/,
A" U10.4,1X,D10.4,1X,I5" ,/,
6" Sd.dddD+XXbSd.dddD+YYb54321" l’l
READ(&,1232l TUEGIH, TEHO, HSTEPS

1232 FURHAT(1X,D10.4,1X,D10.4,1X,I5)
HRITE(&,’(" Default value of integration STEPSIZE is=",D10.4l’l

6 H
HRITE(§,’(" Do you wish to change it? Enter (Y/Hl"l')
READ(*,'(A1l’l ISTEPAHS
IFTTISTEPAHS .E0„ 'v'l .UR. (ISTEPAHS .E0. ’Y'll ICHGSTEP = .THUE.
IFTICHGSTEPT THEH

HRITE(!,’(1x,"Enter the value of integration STEPSIZE, use (urn
dat" l’l

HRITE(¥,’(1x,"Sd.ddddD+XI" l'l
READ(*,’(U11.4l'l H
HHITE(n,’(011.4l'l H

EHDIF
C--) CALCULATE THE IHCREHEHT TU ADVAHCE THE TIHE HITH

DELTAT = (TEHD - TBESIHTIDULETHSTEPSI
TD = TBEGIH

C--) Initialize Runge routine variables, control index (Hl
H = 0

C--) now get filenane, starting tine and fine step for x and p
HRITE(%,’(" Please enter the filenane to use in writing the uutpu

-t="l’ l
READ(4,'(A24)’l FILEHAHE

C-) ...0PEH FILE TU SAVE IHTEGRATED VALUES UF Y(1l, AH0 Y(2l (1,P}
UPEH(6,FILE=FILEHAHE,STATUS='HEH’l

C ....write data to output file for records ...
259 FDRHAT(1H ,'RUHHIH6 4TH URDER RUHGE-HUTTA GILL IHTEGRATIUH UH THE

SDATA BELOV.’l
260 FURHATTIH ,’SUHHARY UF DATA T0 BE USED FULLUHS:'l
261 FURHAT(1H ,'IH IS=',D10.4,' XK IS¤ ',010.4,' 6 IS! ',010.4l
262 FORHAT(1H ,'IZER0 IS: ',D10.4•’ T PZERU IS: ',D10.4l
263 FDRHAT(1H ,'IHTE6RATIUH LIHITS FULLUHi HSTEPS IS ',I6l
264 FURHAT(1H ,’TBE6IH = ',D11.6,' ; TEHD = ',D11.6,’ DELTAT = ',

· 011.6,/,5I,' AHD HHG STEPSIZE IS: ',U11.6l
265 FURHAT(1H ,’UUTPUT DATA IS CUHTAIHED UH THE FILE CALLEU· '¤A24l
266 FDRHAT(1H

,’
THE DATA UH THE ABUVE FILEHAHE HAS PRUDUCED UH ’,I2,'
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-·',I2,'-',I4,/,35x,' AT APPROXIHATELY ',I2,tH¤,I2,tH=,I2)
C ....HRITE DATA TO SCREEN FOR VERIFICATION ...

NRITE(f,259)
NRITE(i,260)
NRITEt&,26t) KH, XK, G
HRITE(&,262) XZERO, PZERD
NRITEte,2b3) NSTEPS
NRITE(*,2bA) TDEGIN, TEND• OELTAT, N
NRITEt!,2h5) FILENAHE
NRITEt!,266) INON, IDAY, IYR, INR, ININUTE, ISECOND
RRITEf¥,’t" +/+/+/+I+/+/+/+/+/+/+/+l+/+/+l+/+l+l")')

C--) NRITE DATA TO OOTPUT FILE...
NRITEt6,259)
NRITEtb,260)
NRITEt6,26i) XN, XK, 6
HRITEt6,262) XZERO« PZERO
NRITE(6,263l NSTEPS
NRITE(6,264) TBEGIN, TEND, DELTAT, N
HRITEt6,265) FILENAHE
NRITEfh,2h6l INON, IDAY, IYR, IHR, ININUTE, ISECOND
uR1rE(5,'(·' +l+l+/+l+/+/+/+/+/+/+/+/+/+/+/+/+/+/")’)

C
C .....INITIALIZE NECESSARY VARIABLES

N = NNAX
W=0ß
T = T0

C~·——-·—·--·--—-··--·····--—--—--—--——·······-—----—---···--··—·—-—
DO 44 K=t, NSTEPS + t

T_LAST = T
IFttT .E0. 0.0) .AND. tINITIALZE)) THEN

Ytt) = XIERO
Yt2) = PZERO
INITIALZE = .FALSE.

ELSE
C--) Define last values of the YtN) vector for use as the
C initial condition vector for the RKSill integration.

Y_LASTtt) = Y(t)
Y_LASTt2) = Y(2)

C--) For the tine T, get the entire set of the Ytnl
C functions, each evaluated at the tine T, given that the set
C has the initial conditions given hy the
C values contained within the vector Y_LASTtn) .....
C
C Pass DT tn deternine the nonher of tines to execute Runge-Kutta-
C Gill routioe

CALL DORK6(N,XH,IK,6,DELTAT,H,Y_LAST,Y,T_LAST,T)
(j------------————-——-----·--·-·---·--—·—--—--—---—----

ENDIF
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C--) Hrite values to the output file ......
HRITE(6,’ttx,Di2.6,4x,0t5.9,4x,Dt5.9l' l T, Ytt), Yt2)

44 CONTINUE
C ....CLOSE OUTPUT FILE.....

HRITEt+,’(" ",7t(tH+))' l
HRITE(6,’t" ",TittH+l)' l
ENDFILE 6
REHIHO 6
CLOSEl6l
END

csssssssassaassssssssssssas [H0 OF SULVEHAH sssssasssssssaasssssssssss
SDEBUS

SUBROUTINE DORKG(N,YH,XK•G,DT,H,Y_BE6IN,Y,T_BEEIN,T_ENOl
csssasssassssssasssassassssssaassssssssasassssssaasssssssssssssassssssss
csssasas ass
Csssasss THIS ROUTINE SERVES AS THE INTERFACE TO THE RUNGE-KUTTA—6ILLass
Cssssssi SUBROUTINE rkqill. IT CONTROLS THE NUHBER OF TIHES THAT ass
Csssssss THE RUNGE STEPS OF rkqill ARE EXECUTED. IT IS DESINED TO ass
Csssssss ADVANCE THE SOLUTION O Y AT TIHE T_LAST, Y_LAST, TO THE sss
Csssssss THE SOLUTION VALID AT TIHE T, GIVEH BY Y. ssasssssasssssssssss
Cssssaaassaassaaaaassssssasssssssssssssassaassssasassssassssssasaaasssss
Casassssssssssssssaaasssassassassassasasssssssssssssssssssssssssssssssss

PARAHETER(NHAX=2l
IHPLICIT REAL+8 (A-H,O·Zl
INTESER H, N, KONTROL
INTESER DELTAT_STEPS, KNT_STEPS
DIHENSION F(2l, Y(2l, Y_BE6IN(2)
DATA FACT3/6.00+0/, FACT4/24.DD+0/

C--) Oeteraine the total nuaber ol steps (0ELTAT_STEPS) to aake vith
C Runge-Kutta-Sil) routine executing stepsize ot H to advance
C solution by anouot DELTAT, Tron T_BE6IH to T.....

YY = DT/H
IFLYY .LT. t.0l STOP 00ttt
DTT = DT
HLIH = IDIHTTYY)

C Do loop used to get precise correct value Tor 0ELTAT_STEPS
DO 4545 JH = t, KLIH + 2

DTT = DTT — H
IF(t0TT - 0.00+00) .LE. 1.00-06) SO TO 4550

4545 COHTINUE
4550 OELTAT_STEPS = JH

C--) Initialize Runge routine variables, control index tal
H = 0

C--) Initialize step counter (knt_stepsl ......
HNT_STEPS = 0
T = T_BE5IN
Yttl = Y_BE6IH(t)
Y(2) = Y_BEEIH(2)
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c—-—-—-----—------——-——---------—-—-------------—---------------------
C
C ....CALL UN 4-TH URUER RUNGE-KUTTA—6ILLS FUNCTIUN

8 IFlKNT_5TEPS - 0ELTAT_STEP51 617,7
6 CUNTINUE

CALL RKGILLlN1YrF;T«H•K,K0NTR0Ll
60 TU (10,201 KUNTRUL

c Deline first—order derivatives nl the systen....
10 Fltl = Yl2l/XH

Fl21 = —lXK + l6eYlt1+Y(t11/FACT31+Ylt1
60 T0 6

20 CUNTINUE
KNT_5TEP5 = KNT_5TEP5 + t
60 T0 8

7 CUNTINUE
T_EN0 = T
RETURN
EN0

ceeeeeeeeeeeeeeeeeeeee Elu UF DGRKG eeeeeeeeeeeeeeeeeeeseeeeeeeeeeeeees
$0EBU6

subroutine rkgillln,y,l,x,h,•,kontrl1
reeeeeeeeeeeeeeeeee;1++;+eeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee
c+++++++ This subruutine perlnrns Runge-Kutta integration by the 6ills+
c+++++++ nethod. The Runge-Kutta routine Tur N +++++++++++++++++++++++
6+++++++ sieultaneous linear first-order equatinns is taken Tron ++++++
c+++++++ Appendix C ol the book UISCUUS FLUI0 FLUU hy FRANK H. UHITE ++
geeeeeee 1974 Ngüpgg-Hill pp, 575-575 eeeeeeueeeeeeeeeeeeeeeeeeeeeeeee
Ceeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee

para¤eterln•ax=21
inplicit real+8 la-h,u-:1
integer n, n, kontrl
dinensiun ylnaaxl, llneaxl, qlnnaxl•

= e + 1
go to (1,4,5,3,71 •

1 do 2 i = 1, n
elil = 0.00+00

2 continue
a = 0.50+00
go tu 9

3 a = 1.70lt0678t18654752440+00
4 x = x + (.50+001+h
5 do 6 i = 1, n

Ylil =1li) + a+llli)+h - qlill
gti) = l2.00+00)+a+h+llil + ((1.00+001 - l3.00+00l+a)+qli)

6 continue
a = .292832l88t345247560+00
go to 9

7 do 8 i = 1, n
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!(i) = 711) + h%f1i)l(6.00+00) · 11i)/13.00+00)
8 cnntinue

n = 0
knntrl = 2
gn tn 10

9 knntrl = 1
10 cnntinue

return
end

geeerrerreenrereee EMU UF $uURUI1UF RKULLL nxnrnerxnenreenrrrxrrrrerr



APPEHOIX 0

FORTRRN LISTIHG FOR EIGEHVALUE CALCULATIOH USIH6 EISPACH
HRR SUBROUTIHES FOR 54x54 L HATRIX TRUHCATIOH OF PERTURBEO

SHO HITH ORAG FORCE

SDEBUG
progran ev54drag
paraneterln|ax=54,npartshn=9l
inplicit real¥8 (a-h,o—zl
realßö a(n•ax,n•axl, ztneax,n•axl, vrlnnaxl, uilnnaxl, fvttnnaxl
reallß xn, xt, g

c real zr(n•ax,n•axl, zi(nnax,nnaxl
logical idopriot l.FhLSE./
logical lsvap /.FALSE.l
logical dosort /.FALSE./
integer n, ne, eatz, ivilnnaxl, ierr, kpartshnlopartshnl
integer index_zero
integer%2 ihr,i•inute,isecond,it00th,i1r,i•on,ida1
charactert24 tilenaee
character!24 tilenanet
characterät eansver
characterft idosort
data tactl/6.00+00/

c--) Oeline partioning structure ot the •atrix...
c-) Ending partition indices are given BY kpartshnlj) tor
c j = i,...,npartshn
c Beginning partition indices are given by kpartshnll)+t tor
c l = t,...,npartshn—t

du 450 j = t, npartshn
kpartshnljl = l tl(j+tl%tj+2ll/2) · il

450 continue
&vritel%,'l" Input the values ot n, t, g= (in SX.XXO+00l tor•at"l
'l
urite(l,’(" 5X.XXO+00 SX.XXO+00 SX.XXO+00"l'l
readt%,t11tl xn, xk, g

till fornatl09.4,ix,09.4,1x,09.4l
urite(%,'l" Enter the value ol alpha, the drag coetticientä lin S

&X.XXXXXD+00l for•at"l’)
uritel¥,'(" SX.XXXXXO+00"l'l
read(¥,lii2) alpha

ttt2 for•at(Oi2.5l
vrite(%,’(" Input the dieensioolorderl .le.",I3,", ol the h eat

&rix."l' l kpartshntnpartshnl
readl%,!l n
vrite(!,'l" Do 1uu vant the eatrix printed out? 1 or n "l'l
readl!,t30l eansuer

2 1.5
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iftteanswer .21.
'y’

l .or. teanswer .21. ’Y'll idoprint = .TRUE.
writet%,'t" Do yuu want the eigeovalues sorted in eonotonic decr

6 order? ty ur nl "l'l
readt%,130l idosort
ifttidosort .e1.

'y’
l .or. tidosort .21. ’Y'll dosort = .TRUE.

c--) now get filenane to use in writing the output...
writ2tl,’t" Please enter the fileoaee to use in writing the outpu
-t:"l' l
readt%,160l filenaee
opentt,file=fil2nae2,status='new'l

c··) nov get filenane to write eigenvalues to he read hy another
c prograe.......

writ2t*,'t" Please enter the filenaee to use tu write data for pr
-ogra• acc2ssahility."l' l
readt!,160l filenaeet
open(5,file=filena•ei,status='new'l

c-) CALL GETDAT AHD GETTIM IDBTAIH SYSTEM DATE AHD TIME)
call getdat tiyr,i•on,idayl
call gettie tihr,ininute,isecood,i100thl
writ2t4,t80l
writet4,260l
writet4,261l xn, xt, g
writ2tf,262l alpha
iftdosortl writet4,270l
writet4,265l filenaee
writ2t4,266l ieon, iday, iyr, ihr, ieinute, isecond
writet5,180l
writet5,260l
writet5,261l xn, xt, g
writ2t5,262l alpha
iftdosortl uritet5,270l
writet5,265l filenaeei
writet5,266l ieon, iday, iyr, ihr, ininute, isecond

c ....write data to output file for records ...
130 for¤attA1l
160 foreatlA2tl
160 foreatt1H ,' DBTAIHIH6 EIEEHVALUES DF MATRIX L HITH DRA6 TERMS ADD

&DED:'l
260 for•att1H ,' SUMMARY DF DATA TD BE USED FDLLOHS:'l
261 foreatttH ,' XM IS:’,010.4,' IK IS: ',D10.t,’ 6 IS: ’,D10.tl
262 for|att1H ,' DRA6 CDEFFICIEHT ALPHA IS: ',D12.5l
265 foreatt1H ,' DUTPUT DATA IS CDHTAIHED DH TE FILE CALLED- '•A24l
266 foreatt1H ,' THE DATA DH THE ABDVE FILEHAME HAS PRDDUCED DM ',I2,’

-—’,I2,'·’,I4,l,35x,' AT APPRDXIMATELY ',I2,1H:,I2,1H:,I2l
270 foreatt1H ,' EIGEHVALUES PRDCESSED TD RUH FRDM LARGEST TD SMALLEST

- HITHIH EACH'•/,’ SUB-PARTITIDM DF THE L MATRIX.'l
c--) Define the A eatrix fer 54x54 truncation....Drag teres added..

do 1000 j = 1, neax
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do 100 i = 1, nnax
61i,j) = 0.000+00

1000 continue
c--) 0e1ine L 1Upper Hessenberg) natrix for up to n=54 Lruncation....

aon = alpha/xn
611,2) = 1.000+00/xn
612,1) = ·xk
612,2) = 'BOI

613,4) = 2.000+00/xn
614,3) = —xk
614,4) = -6un
614,5) = 1.000+00/xn
615,4) = -2.000+004xk
615,5) = -2.000+00+aon

612,6) = -9/16ct3
616,7) = 3.000+00/xn
617,6) = -xk
ä(7y7) = -6ou
617,8) = 2.000+00/xn
618,7) = -2.000+00+xk
618,8) = -2.000+00+6o•
618,9) = 1.000+00/xn
619,8) = -3.000+00+xk
619,9) = -3.000+00+aon

614,10) = 'Q/{AC3}
615,11) = -2.000+00+q/16ct3
6110,11) = 4.000+00/xn
6111,10) = -xk
6111,11) = 'äül
6111,12) = 3.000+00/xn
6112,11) = -2.000+00+xk
6112,12) = ·2.000+00+6n•
6112,13) = 2.000+00/xn
6113,12) = -3.000+00+xk
6113,13) = -3.000+00+6o•
6113,14) = 1.000+00/xn
6114,13) = -4.000+00+xk
6114,14) = '4„ÜOÜ+Ü0*ä0I

617,15) = 'glfättl
618,16) = -2.000+00+9/16c13
619,17) = '3,00Ü*00*Q/{AC1]
6115,16) = 5.000+00/xn
6116,15) = ·xk
6116,16) = *80I
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a(l6,i7) = 4.000+00lxn
a(i7,i6) = -2.00D+00%xk
a(i7•i7) = —2.000+00%a¤¤
a(l7,l8) = 3.000+00Ixn
a(i8•i7) = ·3.00D+00%xk
a(i8,i8) = -3.00D+00§a¤n
a(18,i9l = 2.000+00/xn
a(19,i8) = ·4.00D+00!xk
a(i9„l9) = -4.00D+00%a¤•
a(t9,20) = 1.000+00/xn
a(20,i9) = -5.000+00Ixk
a(20,20) = -5.00D+00la¤•

a(i1,2i) = -9/fact}
ali2,22) = -2.000+00fg/fact}
a(i3„23) = ·3.00D+00!g/fact}
a(14,24) = -4.00D+00%9lfact3
a(2i,22) = 6.000+00/xn
a(22,21) = —xk

a(22,22) =
-a¤•

a(22,23) = 5.000+00/xn
a(23•22) = —2.00D+00%xk
a(23,23) = -2.00D+00lao¤
a(23,24) = 4.000+00/xn
a(24,23) = -3.000+00fxk
a(24,24) = ·3.00D+00fa¤•
a(24,25) = 3.000+00lxn
a(25,24) = -4.00D+00%xk
a(25„25) = ·4.00D+00%a¤•
a(25,26) = 2.000+00/xn
a(26«25) = -5.00D+00!xk
a(26,26) = -5.000+00*aun
a(26«27) = 1.000+00/xn
a(27,2b) = -6.000+00*xk
a(27„27) = -6.000+00*aun

a(i6,28) = -9/fact}
a(i7„29) = '2„ÜOÜ*0Ü*9/{RC1}
a(18,30) = —3.00D+00!g/fact}
a(i9„3i) = 'Ö„00Ü*ÖÜ*9/{GC!}
a(20,32) = ‘5„ÜÜÜ*0Ü*9/f3Ct3
a(28•29) = 7.000+00/xn
a(29,2&) = -xk
a(29,29) = -a¤n
a(29,30) = 6.000+00lxn
a(30•29) = -2.00D+00!xk
a(30„30) = -2.00D+00%a¤•
a(30,3i) = 5.000+00/xn
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a(3i„30) = -3.00D+00§xk
a(3i,3i) = -3.00D+00§a0•
a(3i,32) = 4.000+00/xn
a|32,3i) = -4.00D+00&xk
a(32,32) = -4.000+00*aon
a(32¤33) = 3.000+00/xn
a(33,32l = -5.000+004xk
a(33,33) = ·5.000+004a¤•
a(33,34) = 2.0ü0+00/xn
a(34,33) = —6.00D+00&xk
a(34,34) = —6.00D+00%a¤•
a(34„35) = 1.000+00/xn
a(35,34) = -7.00D+00¥xk
a(35,35) = -7.00D+00§a¤|

a(22«3bi = —g/fact}
a(23„37) = -2.000+00lg/fact}
a(24,38) = ·3.00D+00%9/fact}
a(25,39) = -4.00D+00¥9/fact}
a(2b,40) = -5.00D+00+g/fact3
a(27,4i) = ·b.00D+00%glfact3
a(36„37) = 8.000+00/xu
a(37,36) = -xk
a(37,37) =

-a¤•

a(37,38) = 7.000+00/xn
a(38,37l = -2.000+00lxk
a(38,38) = -2.00D+00!a0•
a(38,39) = 6.000+00/xn
a(39,38) = -3.00D+00%xk
a(39„39) = -3.000+004aon
a(39,40) = 5.00D+00/xn
a(40,39) = -4.00D+00¥xk
a(40,40) = -4.000+00*aan
a(40,41) = 4.000+00/xn
al4i,40) = -5.000+00lxk
a(41,4i) = -5.00D+00&a¤¤
a(4i,42) = 3.000+00/xn
a(42,4i) = ·6.00D+00&xk
a(42,42) = —6.00D+00!a¤•
1442,43) = 2.000+00/xn
a(43,42) = —7.00D+00%xk
a(43,43) = -7.000+004aon
a(43,44) = 1.000+00/xn
a(44,43) = -8.00D+00%xk
a(44,44) = -8.000+00*aan

a(29„45) = -9/fact}
a(30,46) = -2.000+00lg/fact}
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a(3i,47) = -3.000+0049/fact}
a(32,48) = -4.00D+004glfact3
a(33,49) = -5.000+00%9/§ac!3
a(34„50) = -6.00D+00&9/fact}
a(35,5i) = -7.000+00*9/fact3
a(45,46) = 9.00D+00lx|
a(46,45) = ·xk
a(46,46) = ·a¤¤
a(46,47) = 8.000+00/xn
a(47,46) = -2.000+00fxk
a(47,47) = -2.000+004aun
a(47,48) = 7.000+00/xn
a(48„47) = -3.000+00lxk
a(4B,48) = —3.00D+00§a¤¤
atlß,49) = 6.000+00/xn
a(49,48) = -4.000+00rxk
a(49,49) = —4.00D+00¥a¤•
a(49,50) = 5.000+00/xn
a(50,49) = ·5.00D+00%xk
a(50,50) = -5.00D+00§a¤•
a(50,51l = 4.000+00/xn
a(5i,50) = -6.000+00%xk
a(5l;51) = -6.000+0*aon
a(5i,52) = 3.00D+00Ix¤
a(52,5i! = -7.000+00*xk
a(52,52) = ·7.00D+00%a¤•
a(52,S3) = 2.000+00/xn
am,52) = —8.00D+00§xk
a(53,53) = —8.00D+00!au¤
a(53;54) = 1.000+00/xn
a¢54,53) = -9.00D+00%xk
a(54,54) = -9.00D+00&a¤•

c a(37,55) = -glfact3
c a(38,5b) = -2.00D+00!g/{aci3
c a(39,57) = -3.000+0049/fact}
c a(40„5B) = -4.000+00Iq/fact}
c a(41,59) = *5„00Ü*Ü0*9/{8Ct}
c a(&2,60) = ·6.00D+00%g/fact}
c a(43,b1) = -7.000+004g/{act}
c a(44,62) = -8.000+00+9/{act}
c a(55,56) = 10.000+00/xn
c a(56„55) = -xk
c a(56„56) =

—a¤•

c a(5b•57) = 9.000+00/xn
c a(57•56) = -2.000+00%xk
c a(57,57) = -2.00D+00la¤|
c a(57,58) = 8.000+00/xu
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c al58,571 = -3.000+00:xk
c al58,581 = ·3.000+004ao•
c al58,591 = 7.000+00/xn
c al59,581 = -4.000+00:xk
c al59,591 = -4.00U+00:ao•
c al59,b01 = 6.000+00/xn
c a160,591 = -5.000+00:xk
c al60,601 = —5.00D+00!ao¤
c al60,b11 = 5.000+00/xn
c al61,601 = -6.000+00%:1
c alb1,611 = -6.000+00:aon
c al61,821 = 4.000+00lx|
c al62,611 = -7.000+00*xk
c al82,b21 = -7.000+00:aon
c al62,631 = 3.000+00/xn
c at83,621 = -8.000+00lxk
c al83,631 = -8.000+00:aon
c al83,641 = 2.000+00lxe
c al64,831 = ·9.000+00§xk
c al64,641 = -9.000+00%ao¤
c al64,651 = 1.000+00lxe
c al85,6A1 = —10.000+00&xk
c at65,651 = -10.000+00¥ao•

iflidonrintl then
c--) Urite uut A natrix ....

uritel4,’(" Pnrtion uf A natrix used is: "l' 1
uritel4,'l" Portinn uf A natrix used is: "1' 1
dn 1180 k = 1, n

uritel!,‘f" rou ",i31'1 k
Ü1‘ilE(*;'(n U;B(f8•4;1X);/V

11180continue
dn 1190 k = 1, n

vritel4,'(" rou ",i31'1 k
Hqsüöaldx);/1,

11190continue
endif

uritel&,’l" ",71l1H:11' 1
vritel4,'(" ",71l1H&11’ 1
vrite(5,'l" ",71l1H:l1' 1

c Proceed to get eigenvalues of the A natrix.
c eatx = 0 get eigenvalues only; eatz = 1 get eigenvectors also

natz = 0
nu = nnax

c--) Use the driver rnutine RUHESS to get eigenvalues.
call ruhessln•,n,a,ur,vi,0,z,iv1,fv1,ierr1

;+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
c--) Unpack eigenvector values free the NxN Z array, per
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c instructions and code froo Section 2.3-6 of the Eispacx Guide
c pages 88-89
c do 150 k = 1, n
c ifluilk) .ne. 0.0) go tu 110
c do 100 j = 1, n
c zr1j,k) = z1j,k)
c zi1j,k) = 0.0
c 100 continue
c go to 150
c 110 ifluifkl .lt. 0.0) go to 130
c do 120 i = 1, n
c zr1j,k) = zlj,k)
c zi(i,k) = zfj,k+1)
c 120 continue
c go to 150
c 130 do 140 j = 1, n
c zrlj,k) = zr1i,k-1)
c zilj,k) = ·zili,k-1)
c 140 continue
c 150 continue

iflierr .ne. 0) then
iffierr .lt. 0) then

uritel§,’l" ht least one eigenvalue failed to converge in 30
8 iterations. Failure occurred for eigenvalue having index, ",i38)’

) ierr
uritel4,'l" At least one eigenvalue failed to converge in 30

8 iterations. Failure occurred for eigenvalue having index, ",i3
8)' ) ierr

uritef5,'l" ht least one eigenvalue failed to converge in 30
8 iterations. Failure occurred for eigenvalue having index, ",i38)’

) ierr
uritef%,'1" Tereinating prngrao—--1ERR is: ",i3)' ) ierr
uritel4,’1" leroinating prngran---1ERR is: ",i3)' ) ierr
urite(5,’(" lerninating progra¤---IERR is: ",i3)' ) ierr
stop 00001

elseiflierr .gt. 0) then
vritel*,'1" ht least one eigenvalue failed to converge in 30

8 iterations. Failure occurred for eigenvalue having index, ",i3
8)' ) ierr

oritel4,'l" ht least one eigenvalue failed to converge in 30
8 iterations. Failure occurred for eigenvalue having index, ",i3
8)' ) ierr

vritel5,'f" At least ooe eigenvalue failed to converge in 30
8 iterations. Failure occurred for eigenvalue having index, ",i38)’

) ierr
uritelf,'l" leroinating prograo·--IERR is: ",i3)' ) ierr
urite14,’1" lerninating progran·—-IERR is: ",i3)' ) ierr
uritel5,'l" Terninating progra•—-IERR is: ",i3l' ) ierr
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stur 00002
else
endif

else
c--) IERR is zero, indicating no convergence proh)e¤s··print results

uritet+,'(" ")' l
vrite(4,’t" ")' )

c--) Perforn sort, if requested ....
iftdosort) then

c--) Sort eiqenvalue nagnitudes on all partitions except the first
c three...

do 2500 j = 4, npartshn
c Check if nunber of elenents in the partition is even or odd

nunelen = kpartshnlj) - kpartshntj-t)
ift nodtnunelee,2) .eq. 0 ) then

c EVER nueber
lsuap = .FAL5E.
do 6800 k = kpartshntj·i) + i, kpartshnti) - 3, 2

ift .not. t dahstuitk)) .9t. dabstuitk+2)) )
8 .and. .not. lsuap ) then

tenpr = urtk)
tenprr = urtk+t)
vrtk) = urtk+2)
urtk+t) = urtk+3)
urtk+2) = teopr
urtk+3) = teeprr
teepi = uitk)
tenpii = uitk+i)
vitk) = uitk+2)
uitk+t) = uitk+3)
uitk+2) = teepi
uitk+3) = tenpii
lsuap = .lRUE.

endif
6800 continue

else
c 000 nuaher in partition, one eleeent has zero ieag part

index_zero = 0
do 7800 k = kpartshntj—t) + 1, kpartshntj)

ift dahstuitk) — 0.000+00) .)e. 1.000-I2) iodex_zero=k
7800 continue

c Place the zero inao eleeeot at the end of the partition
tenpr = urtkpartshntjl)
teopi = uitkpartshntjl)
urtkpartshnti)) = urtindex_zero)
uitkpartshntjll = vitindex_zero)
urtkpartshntj) — 2 ) = tenpr
uilkpartshntj) · 2 ) = —te•pi
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urtkpartshnfil - 1 I = tenpr
uitkpartshntjl - 1 I = tenpi

endif
2500 continue

endif
uritet5,'t" +l+/+/+/+/+/+/+/+l+/+/+/+/+/+/+/+/+/+l+/+/+l+/"I’I
do 300 i = 1, o

ift (i.eq.fkpartshnftI+1Il .or. ti.eg.(kpartshnf2I+1II .or.
G ti.eg.tkpartshnt3I+tII .or. ti.eq.fkpartshnf4I+1II .or.
G fi.eq.fkpartshot5I+1II .or. ti.e1.(kpartshn(6I+1II .or.
G fi.eq.fkpartshnf7I+1II .or. (i.eq.tkpartshnf8I+1II .or.
G ti.eq.tkpartshnt9I+tII I
G uritef*,'(" "I'I

ift fi.eg.tkpartshn(1I+1II .or. fi.eg.fkpartshnf2I+1II .or.
G ti.eq.tkpartshnf3I+1II .or. ti.eg.fkpartshn(4I+1II .or.
G (i.eq.(kpartshnt5I+fII .or. ti.e¤.fkeartshnfbI+1II .er.
G fi.eq.tkpartshnt7I+1II .¤r. ti.eg.tkpartshnt8I+1II .or.
G fi.eg.fkpartshnt9I+1II I
G uritet4g'("

"I’I

urite(l„'f" i = ",i3," EI6EHVALUE= ",0t6.10,fx,D16.f0„"
G fil

"I’
I ig ur(iI, uifil

uritef4,'f" i = ",i3," EiG£NVALUE= ",016.10,1x,016.10,"
G (II "I' I i, urfili vitil

c--I Hrite eigenvalues to eutput file for progran use ....
urite(5,'(016.t0,2x,016.10I'l urfil, uitil

300 continue
endif
uritet!,'t" ",7itiH%II' I
urite(4,'t" ",7ff1H%II' I
closet4I
cluset5I
end

rneeeexeeeeeeeeeeeee {H0 lf PRUGRAM EVSSHRAG ee;eeieeseieeeeeeeeeeesxe
tt
SDEBUG
cHHHfHHSU8R0lITlttE RUHESS fEISPACK Guide Modified RGI mHmHHH
cHHmmH Suurce listing taken true B.T. SMITH et. al. 1979 Hmm
cHHHmm Matrix Eigensystu Huutines · EISPACK guide 2nd Ed HH

c
c flflfff HUDIFIED 10/29/87 to only call balanc and hgr
c fttffff Since the input uatrix is upper Hessenberg TLH
c

suhroutioe ruhessfo•,n,a,ur,ui,•atz,z,iv1,fv1,ierrI
inplicit realrö fa-h,o-zl
integer n,n•,is1,is2,ierr„•atz
realld a(n•,nI,urfnI,vifnI,zfnn,nI„fvffnI
integer ivffnl
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i1(n .)e. nn) gn tn 10
ierr = 10 4 n
gn tn 50

10 cal) batanc(n•,n,a,is1,is2,1v1)
c cal) elnhes(n|,n,is1,is2,a,iv1)

if1natz .ne. 0) gn In 20
( uueeeeeeueeeeuee FIHU FXUFRVALUFS UHLY 1eeusueeeeeeeuearueeeueee

cat) hqr1n•,n,is1,is2,a,ur,ui,ierr)
gn tn 50

c mmuumm FIHD Bum EIGENVALUES AND EIGENVECTURS mmu
20 cat) e)tranTn•,n„is1,is2,a,1v1,z)

cal) hqr21n|,n,is1,is2,a,ur,ui,1,ierr)
iftierr .ne. 0) gn tn 50
cal) ba)bak(n•,n,is1,is2„fv1,n,z)

50 return
end

geueeeueeeeeueeeeeee END UF 5UURUUI1UF RUUFSS eesuueueeeueseaeeseueeeuu

LISTIHGS FDR SURRUUTIHES 8ALAHC• HRR• ELTRAH

AND BALDAK ARE CUHTAIHE0 IH

THE EISPACK GUIDE (SHITH et at; 1976)



APPEHDIX E

FURTRAH LISTIHG EUR APPRBXIHATIOH SCHEHE EHPLUYING THE
PUTZEH ALGURTTHH EUR THE 20:20 TRUNCATIUH UF THE L HATRIX

EUR THE PERTURBE0 SHG HITH URAG FURCE

SUEBUG
progran ptzdrg20
paraneterln•ax=20,npartshn=5)
inplicit realfö la·h,n—zl
dinension a(n•a:,nna:l
dinension urlnnaxlp uilnnaxi
dinension linetolbl
conplexlth caln•a:,naax), ceigvaltnnaxl, cidentlnna:,n¤axl
conplexfté ptirsttneaxpnaaxlp psecondlnnaxpnnaxle tenpl2,n•axl
conplexltb e:p•attt2,nna:l
conplexllb utnoaxl, u0(n•a:), r_rkgill(n•a:), r_last(n•a:l
integer n, nsteps, kpartshntnpartshol
integer¥2 ihr,iuinulepisecond,it00th,iyr,i•on,iday
logical doprint l.FAL5E./
logical nn_default_ev I.FALSE.l
logical ichgstep I.FALSE./
logical initialze /.TRUE./
character§24 tilenaee
character%24 ev_Tile
charactertil linefo
charactertt idoprint
charactertt iread_ev_file
charactertt istepans
coeeon Ieatricesl ca, cident, n
connon Ipnatrixl pfirst, psecond
data ev_tile /'C¢\ev54drst.pg• 'I
data h/.l00+00l
data lact3I6.00+00/

c--) Deline partioning structure ot the •atri:...
c--) Ending partition indices are given by kpartshnljl tor
c j = t,...,npartshn
c Beginning partition indices are given hy koartshntll+t for
c l = t,...,opartshn-1

do 450 j = t, npartshn
kpartshnljl = l ((lj+tl%(j+2llI2l - tl

450 continue
uritet!,'l" Input the values ol es k, g=",/,

4" Use the Tor•at=",/,
4" 08.4,tX,08.4,tX,08.4" ,/,
&" Sd.d0+XXhSd.d0+YYh5d.d0+Zl" l'l
I‘!id(‘l’gi229) xnp XK, 6

226
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1229 foruat(tx,D8.4,1x,D8.4,1x,D8.4)
writet!,‘l" Enter the value of alpha, the drag coefficient= lin S

&X.IXXXXD+0D) foruat")')
writef!,'t" SX.XXXXXD+D0")')
read(!,1112) alpha

1112 furnatlD12.5)
writeff,'(" Input the dinensiontorder) .le.",I3,", of the A nat

&rix.")‘ ) kpartshnlnpartshn)
readl*,¥) n
writel%,'l" Input initial values XIERD, and PZERU¤ ",l,

A" Use the for¤at=",/,
A" DD.4,1X,D8.4" ,/,
A" Sd.dD+XXhSd.dD+YY" )')
readl!,t231) xzero, pzeru

1231 foraat(1v,DB.4,1x,D8.4)
c--) now get filenane to use in vriting the outpot...

writel%,’t" Please enter the filenane to use in writing the outpo
_t:||)| ) -

readf&,16D) filenaue
opentfhfi)e=filena•e,status=‘new')
write1§,'l" Do you wish to enter the path and filenaue of the fil

de containing the couputed eigenvalues? (Y/H)")')
readl&,’tA1)') iread_ev_file
ifl(iread_ev_file.eq.'Y’).or.tiread_ev_file.eq.'y'l) no_defaolt_ev

A = .TRUE.
iftno_defaolt_ev) then

writetf,'t" Enter eigenvaloe data PATH and EILEHAHE")')
read(%,'fA24)') ev_file

endif
opent7,file=ev_file,status='onknown')
rewind 7
writef!,’l" Input the init tine, end tine, and nu.of steps.",/,

A" Use the foruatä",/,
A" D10.4,1X,D10.4,1X,I5" ,l,
A" Sd.dddD+XXhSd.dddD+YYh54321" )')

readl%,1232) thegin, tend, nsteps
1232 fornat(1x,D1D.f,1x,D10.4,1x,I5)

writel§,'t" Default value of integration STEPSIZE is=",D10.l)’)
A h
writel%,'1" Do you wish to change it? Enter (Y/H)")')
readt&,'lA1)') istepans
ifllistepans .eq. 'y') .or. (istepans .eq. 'Y')) ichgstep = .TRUE.
iflichgstep) then

write(%,'f1x,"Enter the value of integration STEPSIZE, use forn
dat" )')

vrite(f,'ltx,"Sd.ddddD+XX" )')
read(f,'lD11.A)') h
write(!,'lD11.4)') h
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endif
writet+,’l" Input the line at which to check calculations.",/,

C" Use the fer•at=",/,
A" D11.4" ,l,
8" Sdd.dddD+XX" l’l
readl¤,1233l tchkcalc

1233 for¤atl1x,D11.4l
ifltchkcalc .gt. 0.00+00) doprint = .TRUE.

c--) Calculate the increnent to advance the tine with
dt = ttend — theginlldhletnstepsl
10 = tbegio

c--) CALL GETDAT AND GETTIK TUDTAIH SYSTEH DATE AND TIKET
call getdat liyr,inon,ida1l
call gettia lihr,i•inute,isecnnd,i10th)
writel4,260l
writel4,261l xn, xk, 9
write(4,282l alpha
writel4,262l xzero, pzero
writel4,263)
writet4,264) thegin, tend, osteps, dt, h
vritel4,270l
uritel4,265l filenaae
uritel4,266l inon, iday, iyr, ihr, ininute, isecond

c ....write data to output file for records ...
160 for•at(A24l
260 1or•att1H ,' SUHKARY DF DATA TU BE USED FDLLUHS:'l
261 for|atl1H ,' XK IS=’,D10.4,’ XK IS= ',D10.4,' S IS! ',D10.4l
262 for•atl1H ,' XZERU IS=',U10.4,' PZERD IS! ’,D1D.4,' (USED IH DUIL

ADIKG IKITIAL CUHDITIUK VECTURl')
263 for•atl1H ,' TRAKSFURKATIDH BDUHDAHIES FDLLDH: 'l
264 for•atl1H

,’
TDEGIK = ',D11.6,' ; TEHD = ',D11.6,' AKD HSTEPS = ',

-I6,/,5x,' DELTAT = ',D11.6,/,5x,’ AHD RK6 STEPSIZE IS! ',D11.6l
265 for•atl1H ,' DUTPUT DATA IS CDKTAINED DK THE FILE CALLED- ',A24l
266 for•atl1H ,' THE DATA DK THE ADDVE FILEKAHE HAS PRDDUCED DK ',I2,'

·-’,I2,’-',I4,/,351,* AT APPRDXIHATELY ’,I2,1H=,I2,1H=,I2l
270 fornatl1H ,' EIGENVALUES PRDCESSED TU RUK FRDK LARSEST TD SKALLEST

- UITHIN EACH',/,' PARTITIUH DF THE HATRIX.'l
282 foraatl1H ,' URA6 CUEFFICIEHT ALPHA IS: ',D12.5l

c--) Define the A natrix for 20x20 truncation....Drag terns added..
do 1000 j = 1, n

do 1010 i = 1, n
ali,jl = 0.000+00

1010 continue
1000 continue

c--) Define L lUpper Hessenbergl natrix for up to n=20 truncation....
aon = alpha/xn
al1,2l = 1.000+00/xa
al2,1l = -xk
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a(2,2) =
—au¤

a(3,4) = 2.000+00/xa
a(4,3) = -xk
a(4,4) =

-a¤•

a(4,5) = 1.000+00Ixn
a(5,4) = -2.000+00fxk
a(5,5) = -2.00D+00%ao•

a(2,6) = -9/fact}
a(6,7) = 3.000+00/xn
a(7,6) = ·xk
a(7,7) =

-a¤•

a(7,B) = 2.00D+00lx•
a(8,7) = —2.00D+0O§xk
a(8„8) = -2.000+00*aun
a(8,9) = 1.000+00/xn
a(9,8) = —3.00D+00¥xk
a(9,9) = -3.00D+O0%ao¤

a(4,i0) = -9/{act}
a(5,ii) = -2.00D+0O¥g/fact}
a(i0,ii) = 4.000+00/xa
a(1i,10l = -xk
a(it,1i) = —ao•
a(i1,i2) = 3.000+00lxn
a(12,i1) = -2.000+004xt
a(12,i2) = -2.00D+00&au¤
a(i2,i3) = 2.000+00/xn
a(i3,i2) = -3.000+00*xk
a(i3,13) = ·3.00D+00%a¤•
a(13,14) = 1.000+00/xn
a(14,i3) = -4.00+00lxk
a(i4,i4l = ·4.000+00&a¤•

a(7,i5) = ·9/fact]
a(8,16) = -2.000+00+9/fact}
a(9,l7) = *3„ÜÜÜ*ÜÜ*9/{BCYZ
a(i5,i6) = 5.000+00/xn
a(l6•i5) =

—xk

a(1b,i6) =
-ao•

a(i6«i7) = 4.000+00/xn
aH7„16) = -2.000+00%xk
a(i7,i7) = -2.000+00*aon
a(i7„i8) = 3.000+00/xn
a(i8,17l = -3.000+004xk
a(i8„i8) = -3.00D+00%a0•
a(18,i9) = 2.000+00/xn



2I3O

a(i9«i8) = -4.000+004xk
a(l9,19) = -4.00D+00§a¤•
a(i9„20) = 1.000+00/xn
a(20,19) = -5.00D+00%xk
a(20«20) = -5.000+00*ann

c a(ii„21) = -9/{act}
c a(l2,22) = '2•0ÜÜ*ÜÜ*§/ÜJCYÄ
c a(13,23) = -3.000+00fq/{act}
c a(i4,24) = '4„0ÜÜ*ÜÜ*Q/ÖBCÜX
c a(2i,22) = 6.000+00/xn
c a(22„21) = -xk
c a(22•22) = ·a¤|
c a(22,23) = 5.000+00/xn
c a(23,22) = ·2.00D+00%xk
c a(23,23l = -2.000+004aon
c a(23,24) = 4.00U+00/xn
c a(24,23) = -3.000+004xk
c a(24„24) = —3.00D+00§a¤¤
c 3(24y25) = 3.000+00/xn
c a(25,24) = -4.00D+00¥xk
c a(25,25) = -4.00D+00§ao•
c a(25«26) = 2.000+00/xn
c a(26,25) = -5.000+00*xk
c a(26,2b) = -5.00D+00¥a¤•
c a(26,27) = i.00D+00Ixn
c a(27„26l = ·6.00D+00&xk ·
c a(27„27) = -6.00D+00&a¤•

c a(i6,28) = -9/fact3
c a(17,29) = -2.00D+00§g/fact}
c a(i8,30) = -3.00D+00%g/fact}
c a(i9„31) = '4„0ÜÜ*ÜÜ*Q/{ift}
c a(20,32) = -5.00D+00&9lfact3
c a(28,29) = 7.00D+00lx¤
c a(29,28) = -xk
c a(29,29l =

—a¤•

c a(29„30) = 6.00D+00/xn
c a(30„29) = -2.000+004xk
c a(30,30) = -2.000+004aun
c a(30„3i) = 5.000+00Ixn
c a(3i,30) = -3.00D+00!xk
c a(31,31) = -3.00D+00¥ao•
c a(3i,32) = 4.000+00/xn
c a(32,3i) = -4.000+004xk
c a(32,32) = -4.00D+00%a¤n
c a(32,33) = 3.000+00/xn
c a(33„32) = -5.000+00*xk
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c a(33,33) = -5.000+00§ao•
c a(33,34) = 2.000+00/xn
c a(34,33) = -6.00D+00§xk
c a(34„34) = ·6.00D+00&a¤•
c a(34„35) = 1.000+00/xn
c a(35,34) = -7.000+00%xk
c a(35,35) = ·7.00D+00!a¤•

c a(22,36) = -9/fact}
c a(23,37) = '2„00Ü*0Ü*Q/{ift}
c a(24,38) = —3.00D+00lgl{act3
c a(25„39) = —4.00D+00%g/fact}
c a(26,40) = -5.000+004glfact3
c a(27,4l) = °Ö„ÜOÜ*0Ü*§/{SCÜX
c a(36,37) = 8.000+00/xn
c a(37,36) = -xk
c a(37,37) = -a¤•
c a(37,3B) = 7.000+00/xu
c a(38,37) = -2.000+004xk
c a(38,38) = —2.00D+00%a¤•
c a(38,39) = 6.000+00/xn
c a(39,38) = -3.000+00fxk
c a(39„39) = ·3.00D+00!a¤|
c a(39,40) = 5.00D+00/xn
c a(40,39) = -4.000+004xk
c a(40,40} = -4.00D+00%a¤•
c a(40,4i) = 4.000+00/xn
c a(4i,40) = -5.000+00fxk
c a(4i,4i) = -5.0üD+00&ao•
c a(4i,42) = 3.000+00/xn
c a(42,4i) = -6.00D+00§xk
c a(42,42l = -6.00D+00%ao¤
c a(42,43) = 2.000+00/xn
c a(43,42) = -7.00U+00%xk
c a(43,43) = -7.00D+00la¤•
c a(43,44) = 1.000+00/xn
c a(44,43) = —8.00D+004xk
c a(44,44) = -8.00D+00&a¤n

c a(29,45) = -9/fact}
c a(30,46) = —2.00D+00¥glfact3
cc

a(32„48) = ·4.00D+00¥g/fact}
c a(33„49) = —5.00D+00&glfact3
c a(34,50) = -6.000+00*g/fact}
c a(35,5i) = -7.00D+00!g/fact3
c a(45,4b) = 9.000+00/xn
c a(46,45) = -xk
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c a(46,46) =
·a¤•

c a(46„47) = 8.000+00/xn
c a(47,46) = -2.000+003xk
c a(47,47) = —2.00D+00%a0n
c a(47„4B) = 7.00D+00/xn
c a(48,47) = ·3.00D+00&xk
c a(48„48) = -3.00D+00§ao¤
c a(48„49) = b.000+00/xn
c a(49„48) = ·4.00D+00&xk
c a(49,49) = -4.000+00lau•
c a(49,50) = 5.00D+00lx•
c a(50,49) = -5.000+00l:k
c a(50,50) = -5.000+00*aun
c a(50,51) = 4.00D+00lx•
c a(51,50) = -6.000+004xk
c a(5i,5i) = ·6.00D+00!a¤•
c a(5i„52) = 3.000+00/xn
c a(52„5il = -7.00D+00%xk
c a(52,52) = -7.000+00!a¤•
c al52,53) = 2.000+00lxn
c a(53„52) = -8.000+00*xk
c a(53„53) = -8.000+00+aun
c a(53,5&) = 1.000+00/xa
c a(54,53) = ·9.00D+0G%xk
c a(54,54) = -9.000+00*aon

c a(37,55) = -9/fact}
c a(38«56) = -2.00D+00%g/fact}
c a(39,57) = -3.00D+00%g/fact}
c a(40,5B) = -4.000+00fq/fact}
c a(4i,59) = -5.00D+00%9/fact}
c a(42,60) = '6•ÜOÜ*ÜÜ*§/{üC{3
c a(43„61) = -7.00D+00&9Ifact3
c a(44,62) = -8.009+00&g/fact}
c a(55,56) = 10.000+00/xn
c a(56„55) = -xk
c a(56„5b) = -a¤¤
c a(56«57) = 9.000+00/xn
c a(57,56) = -2.000+00lxk
c a(57,57) = ·2.000+00!aon
c a(57„58) = 8.000+00/xn
c a(58„57) = -3.000+004xk
c a(58,58) = -3.000+00*aon
c a(58„59l = 7.000+00/xn
c a(59„58) = -4.000+00*xk
c a(59,59) = —4.00D+00%a¤•
c a(59„60) = 6.000+00/xn
c a(60•59) = ·5.00D+00%xk
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c a160,801 = -5.000+00+aon
c a160,61l = 5.000+00/xn
c a(61,801 = -6.000+00+xk
c a181,611 = -6.000+00+aon
c al61,621 = 4.000+00/xn
c a162,611 = -7.000+00+xk
c a182,821 = -7.000+00+ann
c a162,831 = 3.000+00/xu
c a183,621 = -8.000+00+xk
c a183,b31 = -8.000+00+aon
c a163,641 = 2.000+00/xn
c a164,831 = -9.000+00+xk
c a164,641 = —9.000+00+ao•
c a164,651 = 1.000+00/xa
c al85,841 = —10.000+00+xk
c a165,851 = —10.000+00+ao•
c--) Hrite out A natrix ....

urite1+,'1" Portion ot A natrix used is:
"1’

1
urite14,'1" Portion ot A natrix used is:

"1’
1

do 1180 k = 1, n
urite1+,'1" rou ",i31'1 k
urite1+,'1" ",61011.5,1x1,/1’ 1 1a(k,j1, j = 1,nl

1180 continue
do 1190 k = 1, n

vrite14,’1" rov ",i31'1 k
urite14,'t" ",61011.5,1x1,/1’ 1 1a1k,j1, j = 1,nl

1190 continue
urite1+,'1" ",7111H+11' 1
urite14,'1" ",7111H+11’ 1

c--) convert natrix A into natrix CA, its coaplex turn
do 1230 ii = 1, n

do 1240 ii = 1, n
ca1ii,1i1 = dcnnlxl a1ii,jj1, 0.000+00 1

1240 continue
1230 continue

c--) For: the vector of couplex initial valued basis paraneters
u0111 = dcnplxtxzero, 0.000+00 1
u0121 = dcnplxlpzero, 0.000+00 1
u0131 = dcaplxtxzerolxzero, 0.000+00 1
u0141 = dcnp1x1xzero+pzero, 0.000+00 1
u0151 = dc•plx1pzero+pzero, 0.000+00 1
u0181 = dcnplx1xzero+xzero+xzero, 0.000+00 1
u0171 = dcnplx1xzero+xzero+pzero, 0.000+00 1
u0181 = dcnplx1xzero+pzero+pzeru, 0.000+00 1
u0191 = dcnplx1pzero+pzero+pzero, 0.000+00 1
u01101 = dcnplx1xzero+xzero+xzero+xzero, 0.000+00 1
u01111 = dcnplx(xzero+xzero+xzero+pzero, 0.000+00 1
u01121 = dcnplxtxzero+xzerolpzerolpzero, 0.000+00 1
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u0f13) = dcaplxfxzero4pzero+pzero+pzero, 0.000+00 )
u0(14) = dceplxfpzero+pzero+pzero+pzero, 0.000+00 )
u0f15) = dcaplx(xzero4xzero4xzero+xzero4xzero, 0.000+00 )
u0f16) = dcaplx1xzero+xzero+xzero+xzero+pzero, 0.000+00 )
u0(17) = dceplx(xzero4xzero+xzero+pzero+pzero, 0.000+00 )
u0(18) = dceplx(xzero4xzero+pzero+pzero4pzero, 0.000+00 )
u0f19) = dceplx(xzero+pzero4pzero+pzero+pzero, 0.000+00 )
o0(20) = dceplx(piero+pzero+pzero4pzero4pzero, 0.000+00 )

c--) Build coaplex identity aatrix of order n
do 1250 jj = 1, n

do 1260 ii = 1, o
iflji .eg. ii) then

cidentlii,ii) = dc¤plxl1.00+00, 0.00+00)
else

cidentlii,Ji) = dc•plxf0.00+00, 0.00+00)
endif

1260 continue
1250 continue

g--)c
Read in the eigenvalues froe the file EV540RSl.P6H.fdefault) or

c froe previously entered file.
c First read past header containing info oo physical constants
c used to ohtain the set of eigenvalues, and file creation info.
c
c--) Read file until the header is passed. lhe header is delieited
c--) by a line that consists of the character string,
c--) +/+/+1+/+/+/+/+/+/+/+/+1+/+/+/+/+/+/+/+/+/+/+/+/+/
c--) as a delieiter.
c--) read to get past header an file known as 'ev_file'.

1111 readfl,'f6(A12))’,end=215) linelo
iff(linefo(2) .eg. '+/+/+/+l+/+l’) .or. flinefof2) .eg.

S '/+/+/+/+/+/+') ) then
go to 500

else
go to 1111

endif
c--) re·set linefo .....

500 do 335 ik = 1,6
linefolik) = ' '

335 continue
c--) we will open the file and read in the eigenvalues for the current
c--) truncation of the L eatrix.

do 10 i = 1, n
readfl,'l016.10,2x,016.10)',end=225) wrtil, wilil

10 continue
c 4++++ Fore conplex eigenvalue vector ......

do 300 i = 1, n
ceigvalti) = dceplxl wrli),wili) )
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300 continue
illdonrintl then

writel¥,'l" Coenlex eigenvalue vector lollowsß "l'l
writell,’l" Conplex eigenvalue vector lollowsä "l’l
do 325 i = I, n
ill li.eq.lkpartshnlil+tll .or. li.eq.lknartshnl2l+lll .or.

8 li.eq.lkpartshnl3l+ill .or. li.eq.lknartshnlll+ill .or.
B li.eq.lkpartshnl5l+ill l
4 writel&,'l" "l'l

ill li.eq.lkpartshnltl+lll .or. li.eq.lkpartshnl2l+ill .or.
G li.eq.lknartshnl3l+ill .or. li.eq.lknartshnl4l+ill .or.
B li.eq.lkrartshnl5l+tll l
B writell,‘l" "l'l

writel§,'l" i = ",i3," EIGENVALUEI ",Dl4.B,tx,Dt4.B,"l
BIl"l’ l i, wrlil, wilil

writel4,'l" i = ",i3," EI6ENVALUE= ",Dtl.8,lx,Dt4.8,"l
dIl"l' l i, wrlil, vilil

325 continue
endil

c Call routine Build? to build two storage areas. The lirst
c PFIRST contains the lirst row ol the P eatrix having indice
c INDEX, e.g. ?FINSTlINDEX,rowl. The second, PSECDND, contains
c the second rov ol the P natrix having indice INDEX, e.g.
c PSECDNDlINDEX,rowl.

call buildn20lceigvall
c--) Brite out the PFIRST d PSECBND natrices, il requested ......

illdoprintl then
writel&,’l" PFIRST B PSECBND Natrices lnllnwä "l' l
writel4,'l" PFIRST B PSECDND Natrices lollow= "l' l
do 3t70 k = t, n

writel!,’l" P natrix index is ",i3l'l k
writel!,'l" rov l "l'l
writel¥,’l" ",3l2l6il.4,lxl,1xl,Il'l lnlirstlk,jl, j= l,nl
writel!,’l" row 2 "l'l
writel¥,'l" ",3l2lGit.4,ixl,ixl,/l’l lnsecondlk,jl,j= l,nl
uritel¥,’ltx,70llH·ll'l

3t70 continue
do llT0 k = t, n

writel4,'l" P natrix index is ",i3l'l k
writel4,'l" row l

"l’l

writell,’l" ",3l2l6li.4,txl,txl,/l'l lnlirstlk,jl, j= l,nl
writell,'l" row 2 "l'l ·
writell,’l" ",3l2lGii.4,txl,txl,ll'l lnsecoodlk,jl,j= l,nl
writell,'ltx,70llN-ll'l

4t70 continue
writel%,’l" ",7lllH·ll' l
writel4,'l" ",7lltN·ll’ l

endil
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( eeeeeeeseea BEGIN IIEBAIING IN IIHE eeeeeeseeeeeeeeeeeesee
writet+,' t" +l+/+/+/+/+/+/+/+/+l+/+/+/+/+/+/+/+/’ ' ) ')
uritet4,' t" +/+/+I+/+/+I+/+/+/+/+/+/+/+l+/+/+/+/' ' ) ')
do 40 k=t,nsteps + i

tlast = t
iftlt .eg. 0.00+00) .and. tinitialzell then

r_rkgilltt) = dc|plxtt.00+00, 0.00+00)
do 8200 kl = 2, n

r_rkgilltkl) = dceplxt0.00+00, 0.00+00)
8200 continue

initialze = .FhtSE.
else

c 0efine last values of the r_rkgilltn) vector for use as the
c initial condition vector for the RKGILL integration.

do 8300 kn = t, n
r_lasttkn) = r_rkgilltkn)

8300 continue
c-) Get the entire set of polynonial functions, each evaluated at the
c integrated tine T, given that the set uf polynoeials have the
c initial conditions given by the values contained within the
c the vector r_lasttn) .....
c
c Pass 0T to detereine the nueber of tiees to execute the Runge-
c Kutta—6i)l integrator routine...

call getrk20th,n,ceigval,dt,r_last,r_rkgill,tlast,t)
(••••·····••·•·•····••···••·•·····•·-····—-·····•·······•·•·•··••·•······••

endif
c Initialize array to hold results nf this particular tiee.
c titeration of deltatl

do 3050 ii = t, 2
dn 3060 33 = t, n

exp•atttii,iJl = dceplxt0.00+00,0.00+00)
3060 continue
3050 continue

ifftdoprint) .and. tdabsft - tchkcalc) .le. .020+00)) then
do 8400 kn = t, n

uritet+,'t" For r sub ",i3,", r is! ",0t4.8,2x,0i4.8)’)
8 kn, r_rkgilltkn)

8400 continue
do 8500 kn = t, n

Uf‘it€(45’ (H FDP F Stlb ,.5835.
'5 Pis!8

kn, r_rkgilltkn)
8500 continue

endif
c--) Calculate the teres in the Putzer sun, accueulating the sun
c continuously

do 30000 index = t, n
do 3i00 ij= t, n
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te•p11,ii1 = r_rkgi11(index1+pfirst1index,ij1
teep12,ii1 = r_rkgi111index1+psecond1index,ij1

3100 continue
c ++++ Calculate the tere uf the Putzer sun depending on index.
c ++++ Then add to the first index·1 suns stored in expeatt.

do 3200 ii = 1, 2
do 3210 ij = 1, n

exoeatt1ii,JJ1 = exp•att1ii,J11 + teeo1ii,ii1
3210 continue
3200 continue

30000 continue
c--) Ioitialize the u vector to zero.....

do 5000 i = 1, n
uli) = dcentxt 0.00+00, 0.00+001

50000 continue
c--) Fore the conrdinate vector fur tine t

do 90100 i = 1, 2
do 90110 i = 1, n

u(i1 = u(i1 + exp¤att(i,i1+u01j1
90110 continue
90100 continue

x = drea1(u1111
neon = drea11u1211
vrite14,'11:,011.4,3x,017.9,2x,017.91’ 1 t, x, neon

40 continue
urite1+,'t" ",7111H+11’ 1
urite14,'1" ",T1(1H+11' 1
c1oset41
go to 99999

215 urite1+,'1" EUF found in header of eigenvaiue data fi1e= ",A241
A') ev_fi1e
vrite(+,’1" ",7111H+11’ 1
urite14,'1" ",7111R+11' 1
c1ose(41
stoe 00215

225 vrite(+,'1" EDF found uhile reading eigenvalue data oo fi1e= ",
&A241’1 ev_fi1e
vrite1+,'1" ",7111H+11' 1
uritet4,'(" ",7111H+11' 1
c1ose141
stoe 00225

99999 continue
end
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APPEHDIX F

FDRTRAH LISTIH6 FDR 'EXACT' RUH6E·KUTTA—6ILL HUMERICAL
IHTEGRATIDH DF THE 20x20 TRUHCATIDH DF TE L MATRIX

. FDR THE PERTURBED SHD HITH DRA6 FDRCE

SDEBUG
PRDERAM SHAMDRA6

C

Ceeeeeeee ee!
Cf*&f%!%% This prugrae sulves a specified Haniltunian hy integrat· ff!
C¥4%%¥%%% ing the resultant Ha¤iltun's equatinns using a general—44%
Cffffefff ized fuurth urder RURSE-RUTTA technique eepluying fte
ceaeeeeee 6lLL'S gpthnd, eaeeeeeeeeeeeeeeeeeeeeeeeeeeeeeaeeeeeeeees
Cilireirl The Runge-Kutta ruutine fur R sieultaneuus linear *1%
C4%%¥!&!+ Tirst·¤rder equations is taken frue Appendix C nf the 4%%
Cemmr buuk VISCDUS FLUID FLDW hy FRAHH 11. WHITE 1974 McGraw- m
Cffffffff Hill pp. 675-678 which iepleeents GILL'S nethud uf fte
ceeseseee Rnngg·Knt1; intggpatinn, eeeseeeeeeeeeeeeeeeeeeeeeeeeeeee
Cfftfélif The prugrae pruepts the user fur a filename lDU5) tu I!}
C!&¥¤%l+% which it will urite the data. As written, at eust *4%
C!%l!§!4% 500 data points will he written. fff
ceseeeeee sse
ceeseeeee H = Pe?/(Zeh) + .5 K X41 + 6%X+X4X¥Xl4! 444
Ceeseeeie Drag term = F = -(ALPHA§P!P)lf2*lM!M)) fff
ceseseeee 4 = ·ALPHAeP/H 9%%
ceeeeeeee ess

Ceeeeeeeeeeeeeeeesseeeeeeeeeeeeeeeaeeeeeeeeeeeeseeeeeeeeeeeeeeeeeeeeeeee
C

PARAMETER(HMAX=2)
IMPLICIT REAL§8 (A—H,U-I)
IHTEGER!2 IHR,IMIHUTE,ISECDHD,Ii00TH,IYR,IMDH,IDAY
LDGICAL ICHGSTEP /.FALSE./
LDGICAL IHITIALZE /.TRUE./
CHARACTERTZA FILEHAME
CHARACTER%l ISTEPANS
DIMEHSIDM Y(2), Y_LASTf2)
DATA H/.i0D+00/

C--) CALL GETDAT AMD GETTIM (DBTAIH SYSTEM DATE AND TIME)
CALL GETDAT fIYR,IMDM,IDAY)
CALL GETTIM (IHR,IMIHUTE•I5ECDND,Ii00TH)

C ....READ SYSTEM DATA
HRITElf,'l" Input the values uf e, k, gt",/,

8" Use the fureatä",/,

238



239

A" D8.4,iX,D8.4,1X,D8.A" ,l,
A" Sd.dD+XXbSd.dD+YYbSd.dD+ZZ" l'l

READ(f,1230l XH, XK, B
1230 FDRHAT(1X,D8.4,1X,D8.A,1X,D8.ll

HRlTE(*«’(" ENTER TH VALUE UF ALPHA, THE DRAB CUEFFICIEHT: (IN S
AX.XXXXXD+00l FURHAT"l'l
HRITE(%,'(" SX.XXXXXD+00"l'l
READ(%,1112l ALPHA

1112 FDRHAT(D12.5l
HRITE(§,’(" Input initial values XZERU, and PZERU! ",/,

A" Use the fnr•at=",l,
A" D8.4,1X,D8.4" ,/,
A" Sd.d0+XXbSd.dD+YY" l'l
READ(!,1231l XZERU, PZERU

1231 FURHAT(1X,D8.A,1X•D8.4l
HRITE(%,’(" Input the init tiee, end tine, and n¤.uf steps.",/,

A" Use the f¤r•at=",/,
A" D10.A,1X,D10.4,1X,I5" ,/,
A" Sd.dddD+XXbSd.dddD+YYb54321" l'l

READ(&,t232l TBEBIN, TEND, NSTEPS
1232 FDRHAT(1X,D10.A,1X,D10.A,1X,I5l

HRITE(%,'(" Default value uf integratinn STEPSIZE is¤",D10.4l'l
6 H
VRITE(*,'(" Dn yeu vish tn change it? Enter (Y/Nl"l'l
READ(e,'(A1l’l ISTEPANS
IF((ISTEPANS .E0„ 'v'l .UR. (ISTEPANS .EQ. ’Y'll ICHBSTEP = .TRUE.
IF(ICHBSTEPl THEN

VRITE(&,’(1x,"Enter the value nf integratiun STEPSIZE, use fur:
dat" l'l

HRITE(&,’(1x,"Sd.ddddD+XX" l'l
READ(*,'(D11.ll'l H
HRITE(s,’(D11.4l'l H

ENDIF
C--) CALCULATE THE INCREHEHT TU ADVANCE THE TIHE HITH

DELTAT = (TEHD - TBEBINl/D8LE(NSTEPSl
T0 = TBEBIN

C--) Initialize Runge rnutine variables, cnntrnl index (Hl
H = 0

C--) nnv get filenane, starting tine and tine step for x and p
VRITE(%,'(" Please enter the filenane tn use in vriting the uutpu

-t="l' l
READ(f,'(A24l’l FILENAHE

C--) ...0PEH FILE TD SAVE INTEBRATED VALUES DF Y(1l, AND Y(2l (X,Pl
UPEN(6,FILE=FILEHAHE,STATUS='NEU'l

C ....vrite data tn nutput file (nr recnrds ...
259 FURHAT(1H ,’RUNNINB ATH URDER RUNBE-KUTTA BILL INTEBRATIUN UN THE

SDATA BELOV.’l
260 FORHAT(1H ,'SUHHARY DF DATA TD BE USED FDLLUVS:'l
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261 FDRNATXIH ,'XK IS=',D10.4,' XK IS! ',D10.4,' 6 IS! ',D10.4)
262 FDRNATXIH ,'XZERD IS! ',D10.4,' ; PZERD ISI ',D10.4)
263 FDRKAT11H ,'INTE6RATIDN LIHITS FDLLDHF NSTEPS IS ’,I6)
264 FDRNATXIH ,'TBE6IH =

’,D11.6,’
; TEHD‘= ’,D11.6,’ DELTAT =

’,

- D11.6,/,5X,' AND RKG STEPSIZE IS: ',D11.6)
265 FDRNATXIH ,’DUTPUT DATA IS CDKTAINED DN THE FILE CALLED· ’,A24)
266 FDRKATXIH

,’
THE DATA DN THE ADDVE FILENAHE RAS PRDDUCED DN ',I2,'··',I2,'·',I4,/,35x,' AT APPRDXINATELX ’,I2,1H=,I2,1H=,I2)

282 FDRHAT11H ,' DRA6 CDEFFICIEHT ALPHA IS! ',D12.5)
C ....HRITE DATA TD SCREEN FDR VERIFICATIDN ...

HRITE1§,259)
HRITE1&,260)
HRITE1*,261) XH, XK, 6
HRlTE1¥,282) ALPHA
HRITE1&,262) XZERD, PZERD
HRITE1*,263) NSTEPS
HRITE1&,264) TBEGIN, TEND, DELTAT, H
HRITE1§,265) FILENAHE
HRITE1*,266) INDN, IDAX, IXR, IHR, INIKUTE, ISECDND
HRITE1§,'1" +l+l+/+/+/+/+l+/+/+/+/+/+/+/+/+!+/+l")’)

C-) HRITE DATA TD DUTPUT FILE...
HRITE16,259)
HRITE16,260)
HRITE16,261) XK, XK, 6
HRITE16,282) ALPHA
HRITE16,262) XZERD, PZERD
HRITE16,263) HSTEPS
HRITEI6,264) TBEGIN, TEND, DELTAT, H
HRITE16,265) FILEHAHE
HRITE16,266) IHDN, IDAX, IXR, IHR, IKIHUTE, ISECDND
HRITE16,’1" +l+/+/+/+/+l+/+/+/+/+/+/+/+/+/+/+/+/")')

C .....INITIALIZE NECESSARX VARIABLES
N = HKAX
T0 = 0.0
T = T0

c---·-—-·-—-··---—------—-—-———-—-—--—---—-—--------------
DD 44 K=1, NSTEPS + 1

T_LAST = T
IF11T .EQ. 0.0) .AHO. 1IHITIALZE)) THEH

X11) = XZERD
X12) = PZERD
INITIALZE = .FALSE.

ELSEC·—) Detioe last values of the X1H) vector for use as the
C initial condition vector for the RKGill integration.

X_LAST11) = X11)
X_LAST12) = X12)

C--) For the tine T, get the entire set of the Yin)
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C functions, each evaluated at the tine T, given that the set
C has the initial conditions given by the
C values contained within the vector Y_LASTtn) .....
C
C Pass DT to detereine the nunher of tines to execute Runge-Kutte-
C Gill routine

C
CALL DDRKGlN,XH,XK,6,ALPHA,DELTAT,H•Y_LAST,Y,T_LAST,T)

ENDIF
C-) Brite values to the output file......

BRITE(6,'(1x,D12.6,4x,015.9,4x,D15.9)’ ) T, Yt1), Yl2)
44 CDNTINUE

C ....CLOSE OUTPUT FILE.....
BRITE(+,’1" ",71t1H§))’ )
BRITE(6,'(" ",71(1Hfl)’ )
ENDFILE 6
REBIND 6
CLOSEL6)
END

cssasaaaasssasaaaaaaaaaaaas [xn OF SAHDRAE aaaaaaaaaaaasaaaaaaaaasaaa
SDEBUS

SUBROUTIHE DORKE(N,XN•XK•6•ALPHArDT,H,Y_BEGIH,Y,T_BESIN,T_END)
Caaaaaaaaaaasaaaaaasaaaaaaaaaasaaaaaaaaaaaaaaasaaaaaaaaaaasaaaaaaaaaaaaa
caasaaaa ass
Caaaaaaa THIS ROUTINE SERVES AS THE INTERFACE TO THE RUN6E—HUTTA·5ILLaaa
Cassaaaa SUBRDUTINE rkgill. IT CUNTROLS THE HUBER UF TIHES THAT aaa
Caasaaaa THE RUHGE STEPS OF rkgill ARE EXECUTED. IT IS DESINED TU ass
Casaaaaa ADVANCE THE SOLUTION OF Y AT TINE T_LAST, Y_LAST, TO THE aaa
Cassaaaa THE SOLUTION VALID AT TIHE T, SIVEH BY Y. aasaaasaaaaaaaaaaaaa
Caaaaaaaaaaaaaaaaaaaaaasaasaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaaasaasasaa
Caaaaaaaasassaaaaaaaaaaasaasssaaaaaasaaaaaaaaaaaaasaaaaaaaaaaaaaaaaaaaaa

PARAHETER(NNAX=2)
IHPLICIT REAL+B (A-H,O-Zl
INTEGER H, N, KONTRL
INTEGER DELTAT_STEPS, KNT_STEPS
DIHENSIOH Fl2), Y(2l, Y_BE6IH(2)
DATA FACT3l6.0D+0/, FACT4/24.0D+0/

C--) Deteraine the total nunher of steps (DELTAT_STEPS) to eake with
C Runge-Kutta-Gill routine executing stepsize of H to advance
C solution by anount DELTAT, fron T_BEGIN to T.....

YY = DT/H
IFTYY .LT. 1.0) STOP 00111
DTT = DT
KLIH = IDINTTYY)

C Do loop used to get precise correct value for 0ELTAT_STEPS
DO 4545 JH = 1, KLIN + 2

DTT = DTT - H
IFTTDTT — 0.00+00) .LE. 1.0D·06) 60 TD 4550



2 4 2

4545 CUNTINUE
4550 D£L7A7_5TEPS = JN

C--) Initialize Runge routine variables, control index (nl
H = 0

C--) Initialize step counter tknt_stepsl ......
KNT_STEPS = 0
T = T_BE6IN
Yttl = Y_0E6lN(il
Y(2l = Y_UE6INt2l

C--—--—-—--—····-—-——·—···—-·--··----··-·----·--·-·---···-—·—-—-
C
C ....CALL 0N 4-TH 0RDER RUN6E—KUTTA·6ILLS FUNCTIDN

8 IF(KNl_STEPS · DEL7Al_STEFSl 6,7,7
6 CUNTINUE

CALL RKGILLtN,Y,F,T,H,H,KONTROLl
60 70 (i0,20l KDNTRUL

c Detine first-order derivatives nt the systee....
10 Fttl = Yt2l/IH

F12) = -tXK + (6+Y(il+Y(1ll/FACT3l+Y(tl - ALPHA+Yt2l/XH
50 TD 6

20 CUNTINUE
KNT_STEPS = KNT_57EPS + i
60 TD 8

7 CUNTINUE
T_EN0 = T
RETURN
END

ceaeeeeeeeaeaeaaeseeae END BF h0RK5 eaaeaaaaeaeeeeeeaasaeeeeeeeaeaeeeae
SDEBUG

subroutine rkgilltn,y,f,x,h,e,kontrll
ee};aaeeaeeeeaaaae&eeaeeeeeaeaaaaaeaaeeaaaeaaeaee;}eeaeaaaeeaaeaeaeaeeea
c+++++++ This subruutine nertoras Runge—Kutta integration by the Gillsf
eieeeeaa |e{hnd, The Rehge-Kette reutihe The M eaaeeaaeeeaeaeaaeaaeaee
c+++++++ sieultanenus linear tirst·order eguations is taken Tron ++!+++
c+++++++ Appendix C oi the book VISCDUS FLUI0 FLDH by FRANK H. NHITE ++
eeeeaaaa 1974 heüpee-H11} pp, 575-673 aaaeeeaaeeaaaeeeaaaaaaeaaeaeaaee

eara•etertneax=2l
ieplicit real+8 ta—h,o—z)
integer e, n, kontrl
dieension ytneaxl, ttneaxl, qtneaxl
e = e + 1
go to (1,4,5,3,7) e

1 do 2 i = 1, n
qtil = 0.00+00

2 continue
a = 0.50+00
go tn 9
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3 a = 1.7071067&118654752440+00
4 x = x + 1.50+00)!h
5dBÖi:1|1I

y1i) = 11i) + a!111i)%h - q1i))
q1i) = 12.00+00)%a%h!f1i) + 111.00+00) - 13.00+00)&a)¥q1i)

6 continue
a = .2928321881345247560+00
go to 9

7 do 8 i = 1, n
11i) = 11i) + n111i)l16.00+00) - o1i)/13.00+00)

8 continue
| = 0
kontr) = 2
go to 10

9 kontr) = 1
10 continue

return
end

geineeeeeeeeereiee {Np OF Qußkßulixi RKGILL eineeeeeneeeieeeeeeeueeiei



APPEMOIX G

FORTRAM LISTIMG FOR EIGEKVALUE CALCOLATIOM OF t0xi0
L MATRIX FOR KEPLER PROBLEM

SOEBOG
progran evkeplt0

ceeseeessseeeeeseseeeseesssseseeeseeeseeeseeeeseeesssssssesseeseesessese
cesseeessesessessseseeeeeeeesessseeeeeeeeeeessseesseeeeesssseeeeseesssse
clelllll This prugrao is a driver progran fur use with the EISPACK llll
clllllll guide. The intent of the progran is to calculate eigenvalues!
clllllll only. It sets up the natrix to be used by the subseguent lll
clllllll driver subrootine R6. All rnutines are taken fron the lll
clllllll EISPACK guide. If nu external radial force is applied the lll
clllllll eatrix reduces to an upper Hessenberg eatrix. This prograe lll
clllllll obtains the eigenvalues for the i0xi0 truncatiun of the ll!
clllllll natrix. The eatrix is partitioned to nhtain its general llé
clllllll structure with respect to the polynoeial basis. Logic tu lll
clllllll order the eigenvalues within each partition frne largest tolll
clllllll snallest in the direction of increasing index is installed.lll
clllllll The execution of this logic is at the option of the user. lll
clllllll The resultant eigenvalue inforeation is written to a data lll
celeesll file capable ul being read by an external prugraer or to a lll
cseessee {ile which can he printed nut, eseeeesseseeeeeeeesssseeeesesee
clllllll In either case a header containing inforeation uf physical lll
clllllll constants and units used is placed at the tup nf each file.lll
ceseeseseeseeeeseseeeeseseeseseeesseeeeeeeeesseessssesseeeeseseseeeesese
cseeesese sse
cllllplel This prograe solves for the eigenvalues uf the L natrix lll
clllellll produced by the action ut the Liouville operator upon lll
cllslllll a basis consisting of phi, and polynonials consisting l
cllllllll uf g, the radial deviation true an equilbriun circular lll
cleelleel nrbit, and p, the correspnnding cnnjugate eonenta. The lll
cllllelll Maeiltonian used is that for the Kepler problee in a lll
cslllllll plane. Two sets of units are provided in which the lll
clllllell prnblen can be wurked. They are the physical units lll
cllllllle provided by the MKS systeer or the cannnical units lll
cflllllll deternined in such a way that GM = t. lelsllllllllllllllll
cllllllee The prograe pronpts the user for a tilenane (DOS) to lll
cllllllll which it will write the eigenvalue data. lee
cssseesee The Henittnninn ig an fnllnwg: esseeeessessseeeeeseseeseseee
csseeseee ess
cllllllll In MKS units... lll
ceeeeeeee H= tPrletPrl/t2¤er0lr0l + t(lphilll2l/(2l¤lrOlr0l eee
ceseeeeee tt + Qlll2l · GM:/tr0l(l+0ll lll
cseeesese sse

2¢14
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ctffttttf In CANUKICAL units.... fi!
c4&%l&%%4 K = 1Pr)t1Pr)lt2%r0&r0) + l()vhi)!%2)/(2%r0§r0% lit
mmm tt + QH42) - 1/lr0§(1+R)) m
geeeeeeee ess
c&4¥%+&%¥ The user is proepted tor his choice of units to uurk in. tt!
geeeeseee ee;
geeeeeeeeeeeeeeseeseneeseeseeeeeeeeeeeeeseeeeeeeeeseeneeeeeeeeeeseeeseee
c&§&§%%¥ Units are in the HKS systee. K9, Ke, sec UR a CRURICAL UKIT r
cléftttä systen K9, Radius ut earth in Ke, CTU tßanunicat Tine Unit) tf
c%%%44%4 = 806.5 sec = 13.44 ein, at the choice nf the user. tfiliffllf

cfttfftf Cylindrical cnnrdinate systee is assueeed. r, phi,

zgseeeeseseeesseeseseeeesseeeeseeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeesseeee
paraeeter1neax=10,npartshn=4)
iepticit rea)%8 1a·h,n-z)
rea)f8 a1n•ax,neax), ztn•ax,neax), urtneaxl, uitnaaxl, lvttneaxl
reall8 xn, xk, 9

c real zrln•ax,neax), zi1n•ax,n¤ax)
dieensinn rinit13), vinitt3), aeoeinit13), :13)
logical canonica) /.FhLSE./
lngical ich9step /.FdLSE.l
lnqical idoprint l.FALSE./

‘

logical lsuap l.FhLSE./
lngical dosurt /.FALSE./
tugical initialze /.TRUE.l
integer n, ne, eatz, ivttneax), ierr, kpartshnlnpartshnl
inte9er&2 ihr,ieinote,isecund,i100th,iyr,ieon,iday
character¥24 fitenaae
character&24 filenaaet
characterét nansuer
charactertt idnsnrt
characterft i_pick_units
characterfö 6Hunits
character&2 Runits
character¥3 Tunits
characterth Uunits
character%9 Punits
charactert10 hHunits

c--) Physical cnnstant data ....
data convek•/1.0U·03/
data pil3.1415927D+00/
data 6/6.670-17/, earth_nas/5.980+24/, r_earthl6.378165U+03/
data ctu_per_sec/1.23985210-03/

c··) Call GETDAT and GETTIH (obtain systen date and tiee)
cal) getdat (iyr,i•nn,iday)
call gettie lihr,ieinute,isecond,i100th)

c--) Ueline partinning structure nl the •atrix...
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c·-) Ending partition indices are given hy kpartshnljl tor
c j = t,...,npartshn
c Beginning partition indices are given hy kpartshnIlI+t Ior
c I = t,...,npartsho·t

do 450 j = I, npartshn
kpartshnljl = I (j§Ij+tll/2 I

450 continue
write(¥,’(" Input the dinensiontorderl .le.",I3,", ol the A eat

drix."I' I kpartshntnpartshnl
readI!,4I n
writet&,'I" 0o you want the oatrix printed out? y or n "I'I
readt¥,t30l eanswer
iftloanswer .eq. 'y' I .or. Ioanswer .eg. 'Y'II idoprint = .TRUE.
writeI%,'I" 0n you want the eigenvalues sorted in oonotonic decr

A order? Iy or nl "I'I
readt%,t30l idosort
ilttidosort .eg.

’y'
I .or. Iidusort .eg. ’Y'II dosort = .TRE.

c--) now get tilenaae to use in writing the output...
writeI&,‘l" Please enter the Iilenane to use in writing the outpo

-t="I’ I
readt&,t60I tilenaoe
openin,file=filena•e,status=’new'I

c·-) now get tilenaee to write eigenvalues to he read hy another
c progran.......

writeI%,’t" Please enter the Iilenane to use to write data tor pr
·ogra¤ accessabiIity."I’ I
readt&,t60I tilenaoet
openI5,fiIe=filenanet„status='new'I
writeI+,'I" Input the value ol

•
in Kg=",/,

&" Use the Ior•at=",/,
A" 0tI.4" ,/,
A" Sd.dddd0+XX" I'I
read(%„t229I xn

t229 Ioreatttx,0tt.4I
writeI¥„'I" 0eIauIt coord systeo units is the HKS syste|."I’I
vriteI*•'I" 0o you wish to use CANUHICAL systen ot units? Enter

BY or N"I'I
read(§,'IAtI'I i_pick_units
iIIIi_pick_units .eq. 'Y'I .or. Ii_pick_units .eg.

'y’lI
canonical

A = .IRUE.
c--) Input initial cooponents Ior position vector ....

write(%,’(" Input initial values RINIIIALtradiaIl in Ko! ",/,
A" Use the tornat=",/,
L" 0t4.7" ,/,
A" Sd.ddddddd0+XX" I'I
readI¥,t23tI rinit_radial

t23t Ior•atItx„0t4.7I
t232 Ior¤atttx„0t4.7I
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uritet+,1232l riuit_radial
ift .nut. tcanunicall l then

GH = 6+earth_•as+cunv•t•
rinittil = rinit_radial
rinitt2l = 0.00+00
rinitt3l = 0.00+00

else
GU = 1.00+00
xn = 1.00+00
rinitttl = rinit_radiallr_earth
rinitt2l = 0.00+00
rinitt3l = 0.00+00

endif
c--) Input initial cunpunents fur nunentun vectur....

uritet+,*t" Input initial velncity values Vlhllthttradiall, and V
&INIlIhLttransversel= in Kn/sec ",l,
U" Use the fureatä",/,
d" 014.7,1X,014.7" ,/„
L" Sd.ddddddd0+lXhSd.ddddddd0+YY" l'l
readt+,1233l vinit_radial, vinit_trans
uritet+,t234l vinit_radial, viuit_trans

1233 furnatt1x,014.7,tx,0t4.7l
1234 fnruatt1x,014.7,1x,014.7l

ift .nut. tcanunicall l then
vinitttl = vinit_radial
vinitt2l = vinit_trans
vinitt3l = 0.00+00

else
vinitttl = tvinit_radial/r_earthl/ctu_per_sec
vinitt2l = tvinit_trans/r_earthl/ctu_per_sec
vinitt3l = 0.00+00

endif
c--) Calculatiun nf initial anqular nunentun....

call crussprtrinil,vinit,cl
anueinittil = x|+ct1l
a¤u•iuitt2l = x•+ct2l
a¤u•initt3l = x•+ct3l

c--) Calculatiun uf nagnitude uf initial angular eunentun....
xlphisq = dutta¤¤ninit,an¤¤initl
xlphi = dsqrttxlphisql

c--) Calculatinn uf circular urbit radius ....
ift .nut. tcanunicall l then

r0 = xlphisqlt5H+x•+x•l
r0uverre = r0lr_earth

else
r0 = xlphisq
r0uverre = r0

endif
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aa = r0
c--) Calculatioo of initial period using Kepler's Third Lau

ift .not. tcanonical) ) then
period = t2.0D+00fpi§aa%dsqrttaa))/dsqrtt6H)
period_•in = period/60.00+00

else
period = 2.00+00%pi%aa%dsorttaa)
period_•in = periodfti.00+00/ctu_per_sec)&(1.00+00/60.00+00)

endif
c--) Calcolate the constants used in the natrix of the L natrix.....

ift .not. tcanonical) ) then
alpha = 1.00+00/tx•§r0&r0)
alphasq = alphafalpha
beta = GH%x•/rd

else
alpha = 1.0D+00Itr0%r0)
alpbasq = alphalalpha
beta = 1.00+00/rd

endif
c ....urite data to output file for records ...

ift .not. tcanonical) ) then
6Hunits = 'K•3/sec2'
Ronits =

'K•'

Vunits = 'K|/sec'
Tunits = 'sec'
Ponits = 'Kg—K¤/sec'
Aüunits = 'Kg-K•2/sec'

else
6Hunits = ’Re3/CTU2'
Ronits =

’Re’

Vonits = 'Re/CTU'
Tunits = 'CTU'
Punits = 'Kg-Re/CTU'
Aüunits = 'Kg-Be2lCTU’

endif
uritet6,259)
uritet6,258)
uritet6,255)
uritetb,250)
uritet6,260)
uritet6,2b1) xn, GH, Ghunits
uritetb,262) rinitt1), Ronits
uritet6,2b3) vinitt1), Vunits, vinitt2), Vunits
uritet6,250)
vritet6,2b5) taaoninittil, i = 1,3)
uritetb,2bb) xlphisq, hhunits, xlphi, Ahunits
vritet6,267) rd, Ronits, period, Tunits, period_•in
uritet6,268) r0overre
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vrite16,250)
iffdosortl write16,270)
write16,2T2l filenare
write16,273l iron, iday, iyr, ihr, irinute, isecond

c write data to file tn be used by external pro9rar...
vrite15,259l
writef5,258)
write15,255l
write15,250)
write15,260)
urite15,261) xr, SH, 6Honits
write15,262) rinitfil, Runits
write15,263l vinit11), Uunits, vini112l, Uunits
write15,250l
vrite15,265l farnrinitfil, i = 1,3)
write15,266) xlphisq, Alunits, xlphi, Alunits
wri1e15,267l r0, Runits, period, Tunits, period_rin
write15,268) r0overre
write(5,250)
iftdnsnrtl urite15,270l
write15,272) filenaret
write15,273) iron, iday, iyr, ihr, irinute, isecond

c ....write data to screen fnr verificatioo ...
write1f,259l
write1*,25Bl
writef!,255)
write1¥,250l
write1%,260l
wri1e1r,261l xr, EH, Güunits
write1%,262l rinitlil, Rnnits
wri1e1%,263) vinit11), Vunits, vinitf2), Vunits
write1!,250l
write(4,265l larorinitlil, i = 1,3)
write(l,266l xlphisq, Alunits, xlphi, Ahunits
write1f,267l r0, Runits, period, Tunits, perind_rin
write1%,268) r0overre
write1¥,250)
ifldnsortl write(*,270l
write1¥,272l filenare
write(+,273l iron, iday, iyr, ihr, irinute, isecnnd

130 forrat(A1)
160 forrat1A24)
250 forrat11H ,' ')
255 forrattib ,' BASIS VECTURS USED ARE PHI, B, P, Br§2, BP, P%%2, ETC

6. ')
258 forrat11H

,’
KEPLER PRUBLEH in a PLAHE, DEVIATIBHS FRUH CIRCULAR D

BRBIT B.'l
259 forrat11H ,'DBTAIHIH6 EIGEHVALUES FDR THE LIDUUILLE GEHERATED HATR
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SIX FUR HEPLER PROBLEH’,l,5x,' IH A PLAHE Hl RADIAL DEUIATIUHS FRUH
S A CIRCULAR EOUILIBRIUH’,/,5x•'UR8IT.')

260 f¤r•at(1H ,' SUHHARY UF DATA TU BE USED FULLUHS!')
261 T¤reat(1H ,' Sat XH is!',D11.4,' K9 GH is!',D14.6,11,A8)
262 f¤r|at(1H ,' Rini1_radial is!',D12.6,1x,A2

8 ,/1101,* (ABUUE USED IH CALC IHITIAL AHGULAR HUHEHTUH VECTUR)’)
263 Tornat(1H ,' Uinit_radial 1s!’,D12.6,1x,A6,11,' Vinit_trans isä',0

812.6,1x,A6«/,10x,'lAOUE USED IH CALC IHITIAL AHGUAR HUHEHTUH UEC
ATUR)')

265 f¤reat11H
,’

IHITIAL AHGULAR HUHEHTUH ECTUR IS!',3(D12.6,2x) )
266 T¤r|at(1H ,' HAGHITUDE S0 UF IHITIAL AH6 HUH UECTUR is:'

8,D16.8,' (',A10,')++2',I,10x,’ H6 HUH HAGHITUDE IS! ’,D16.8,11,
A A10)

267 f¤r•at11H ,' EUUILIBRIUH RADIS H0 IS!',012.6,11,A2,' PERIU0 IS!
’

&,D12.6,11,A3,/,10x,’ PERIUD in HIHUTES is! ',D12.6)
268 1¤r•at(1H ,' Equilbriun radius in EARTH RADII is! ’,012.6)
270 1¤r|at(1H

,’
EIGEHVALUES PRUCESSE0 TU RU FRUH LARGEST TU SHALLEST

- UITHIH EACH',l¤' SU-PARTITIUH UF THE L HATRIX.’)
272 1nrnat(1H

,’
UUTPUT DATA IS CUHTAIHED UH TH FILE CALLEO· ’•A24)

273 1¤r•a1I1H ,' THE DATA UH THE ABUUE FILEHAHE HAS PRUDUCED UH ',I2l'
--',12,'-’,I4,/,35x,' AT APPRUXIATELX ',I2,1H!,I2,1H!,I2)

c—·) Define the A natrix for 10110 truncatinn......
do 1000 j = 1, neax

du 1000 i = 1, neax
a(1,j) = 0.00+00

1000 cuntinue
c--) Define L eatrix fur up to ¤=10 truncatiuu....

a(1,2) = -2.00+00+alpha+xlphi

a12,3) = alpha
a13,2) = -3.00+00+alpha+xlphisq + 2.0D+00+be1a

a(1,4) = 3.00+00+alpha+1lphi
al3,4) = 3.0D+00+(2.0D+00+alpha+xlphis¤ · beta)
a(4,5) = (2.00+00)+alpha
a(5,2) = alpha+1lphisq - beta
a(5,4) = al3,2)
a(5,6) = alpha
a16,3) = l2.00+00)+a(5,2)
a(6,5) = l2.0D+00)+al3,2)

al1,7) = -4.00+00+alpha+xlphi
E61?) = EXJ14)
a(6,8) = l2.0D+00)+a(3,4)
a(7,8) = (3.0D+00)+alpha
alß,4) = a(5,2)
E(817) = E(312)

a18,9) = (2.0D+00l+alpha
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at9,5l = (2.00+00l&a(5,2l
at9,8l = 2.00+00!a(3,2l
at9,10l = alpha
al10,6l = 3.00+00+at5,2l
at10,9l = 3.00+00+at3,2l

c--) Check tur exceedingly seall residual eleeents ....
c Zeru all eleeents vhose eaguitude is less than 10 tiees the
c eachine epsilun teachepl

do 1111 J = 1, neax
du 1112 i = 1, oeax

itt ldahstali,illl .le. 1.00-12 l atitll = 0.00+00
1112 continue
1111 continue

ittidoprintl then
c--) Urite out A eatrix ....

urite(§,’t" Portion ot A eatrix used is; "l' l
uritel6,'t" Portion ut A eatrix used is= "l' l
do 1180 k = 1, n

uritet+,’t" rov ",i3l’l k
vritet!,'t" ",5t014.7,1xl,/l' l tatk,Jl, J = 1,nl

1180 continue
du 1190 k = 1, n

vritet6,‘(" ruv ",i3l'l k
Üt‘1tIt6g'(H Hy5(Di‘«7giX)e/)l ) (l(kej)g = iell)

1190 continue
endit
uritet%,’(" ",71t1H+ll' l
vritet5,'l" ",71t1H+ll' l
vritet6,’t" ",71t1H+ll' l
g,·;(,(e,· (" +/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/")‘)
9pitg(6,'(" +/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/")')

( eeeseeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeseeeeeseeeeeeeeeeee
c Proceed tu get eigenvalues ot the A eatrix.
c eat: = 0 get eigenvalues unly; eatz = 1 get eigenvectors also

eat: = 0
ne = neax

c--) Use the driver routine RG tu get eigenvalues.
c call rglne,u,a,vr,vi,0,z,iv1,tv1,ierrl
c--) Use the driver routine RUHESS tu get eigenvalues.

call ruhesslne,n,a,vr,vi,0,z,iv1,tv1,ierrl
;+++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++++
c--) Unrack eigenvector values true the Nxl Z array, per
c instructions and cude true Sectiuu 2.3-6 ut the Eispack Guide
c pages 88-89
c do 150 k = 1, n
c ittvitkl .ue. 0.0) go tu 110
c du 100 J = 1, a
c zrtJ,kl = z(J,kl
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c zi1j,kl = 0.0
c 100 continue
c go to 150
c 110 iftvitkl .l1. 0.0) gu to 130
c do 120 j = 1, n
c zr1j,k) = z(j,kl
c zi(j,k) = ztj,t+t)
c 120 continue
c go to 150
c 130 do 140 j = 1, n
c zr(j,k) = zrtj,k·1)
c zitj,k) = —zitj,k·1)
c 140 continue
c 150 continue

iftierr .ne. 0) then
iftierr .l1. 0) then

urite(f,'1" A1 least one eigenvalue failed to converge in 30
A iterations. Failure occurred for eigenvalue having index, ",i3
Al' l ierr

vritet6,'t" At least one eigenvalue failed to converge in 30
A iterations. Failure occurred for eigenvalue having index, ",i3
Al' l ierr

vri1e15,'(" At least one eigenvalue failed to converge io 30
A iterations. Failure occurred for eigenvalue having index, ",i3
Al' ) ierr

vritet!,'l" Teroinating progran---1ERR is! ",i3)' ) ierr
vrite(6,'l" Teroinating progra•--IERR is! ",i3l’ l ierr
vrite15,'1" leroinating progra•··-IERR is! ",i3)’ l ierr
stop 00001

elseiftierr .gt. 0) then
vri1e1!,'t" A1 least one eigenvalue failed to converge in 30

A iterations. Failure occurred for eigenvalue having index, ",i3
Al' l ierr

vri1et6,’1" At least one eigenvalue failed to converge in 30
A iterations. Failure occurred for eigenvalue having index, ",i3
Al' l ierr

vrite(5,'1" A1 least one eigenvalue failed 1n converge in 30
A iterations. Failure occurred for eigenvalue having index, ",i3
A)' ) ierr

vri1elf,’(" Teroinating progran-·-IERR is! ",i3)' l ierr
vri1et6,'(" Tereinating rrograo·--IERR is! ",i3l' ) ierr
vrite15,'t" leroinating progra•·-·I£RR is! ",i3l' l ierr
stoe 00002

else
endif

else
c--) IERR is zero, indicating no convergence rrobleos--print results
c Lioit real and ioaginary parts to greater than 1.00-12
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do 1331 11 = 1, n
111 dabs1ur1ii11 .11. 1.00-12 1 ur11i1 = 0.00+00
111 dabs1ui11i11 .11. 1.00-12 1 u111i1 = 0.00100

1331 continue
ur11e11,’1"

"1’
1

vri1e15,'1" "1' 1
vr11e16,'1" "1' 1

c--) Perfore sort, 11 requested....
c 111dosort1 then
c--) Sort e19enva1ue eagnitudes on a11 partitions except the first
c Pack into the various partitons the eigenvafues in
c increasing order
c do 2500 1 = 1, npartshn -1
c tsuap = .FALSE.
c nueinpart = 1partshn1j111 - 1partshn1j1
: 111 nunpartshn .91. 21 then

· c do 2800 1 = 1, nuninpart - 2
c 111 .nut. tdahsturtkpartshntjf 1 111 .91. dahsturt
c 8 1partshn1j1 1 1 1 21 1 .ur. dahstuitkpartshotjt 1 111
c 8 .91. dabstuitkpartshntjf 1 1 1 211 1 .and. .¤ot. 1svap1
: 8 then
c teepr = vr11par1shn1j1 1 11
c ertkpartshntjt 1 11 = urt1par1shn1j1 1 1 1 21
c urtkpartshntit 1 1 1 21 = tenpr
c vrtkpartshntit 1 1 1 31 =

-1e•pr

c teepi = vi11par1shn1j1 1 11
c vitkpartshntjt 1 11 = vitkpartshntjt 1 1 1 21
c ui11partshn1j1 1 1 1 21 = tenpi
c ui11partshn1j1 1 1 1 31 = ·1enp1
c lsuap = .TRUE.
c endif
:2800 continue
c endit
c2500 continue
c endit

urite15,'1" +/1/1/1/1/1/1/1/1/1/+/1/+/1/+/+/+/+/+/+/+/+/+/"f')
do 300 1 = 1, n

111 1i.eq.11partshn1111111 .or. 11.eq.11partsho1211111 .ur.
8 11.eq.11par1shn(311111 .¤r. 1i.eq.11par1shn1111111 1
8 vrite11,'1" "1'1

111 11.eq.11rartshn1111111 .or. 1i.eq.11par1shn(211111 .or.
8 t1.e9.11partshn1311111 .ur. 11.eq.11par1shnt411111 1
8 vr1te16,'1" "1'1

vr11e(1,'1" 1 = ",i3," E16ENVALUE= ",016.10,1x,018.10,"
8 111 "1' 1 1, ur1i1, vi1i1

ur1te1h,'1" 1 = ",13," EIEENVALUE¤ ",01b.10,1x,01h.10,"
8 111

"1’
1 1, ur111, vi111

c--) Urite eigenvatues to output 111e for pro9ran use ....
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Ufitlügl(M6•i0g2X|MÖ•i0)')FFH);300
continue

endif
vritetf,’t" ",7tttHf)l' l
vritet6,'t" ",7tttHfll' l
closetbl
closet5l
end

ceeeeeeeeoaeeoeeoese [HD nf PROGRAM EUK£PLf0 seeeeseeeeeeeoeeeeesoeeee
$UEBUG

suhroutioe crossprla,b,cl
(eeeeeeossesessseoeoeeoeeeaeseoeeeeoeeoeoooseeeeeeeeeeeeeeeeeeeeeeoeeeee
cfffffff This suhroutine, provided vith the vectors a and b, vhich ffff
cfffffff have real coeponents, perforns double precision arithoetic fff
cfffffff to ohtain the cross product of the vectors a and b. The cross
cfffffff product operation is defined in the standard eanner. The ffff
cfffffff result is stored in the vector c. All vectors have 3 cooponent
eeseseeoereiseeeeeseeeeeeeeeeeeeeeeeeeeeeeeeeoeeeoeeeeeeeseeeeeoeseoeeee

inplicit realfd ta—h,e-zl
dioension at3l, bt3l, ct3l
cttl= at2lfbt3l — b(2lfa(3l
ct2l= at3lfbttl - hf3lfattl
c(3l= attlfht2l - bft)fat2l
return
end

geeeeoeoeeroeeseeeee END gf SUBROUTIHE CROSSPR soeeeeeeeeseeeeeeeeeeee
SDEBUG

double precision function dotta,bl

cfffffff This function, provided vith the vectors a and b, vhich haveff
cfffffff real conponents, perfores double precisioo aritbeetic to fffff
cfffffff nbtain the dnt product of the vectors a and h. The dot ffffff
cfffffff product operation in the standard oanner. ffffffffffffffffffff
cfffffff All vectors are assuened to have 3 or less coeponents. fffffff

inplicit realfß ta-h,o-zi
dieension at3l, h(3l
dot = attlfbttl + oL2lfbt2l + a(3)fb(3)
return
end

cefffffffffff END of DOUBLE PRECISIOH FUHCTION DOT fffffffefeeeeeeeers
SDEBUG
cmm¤mSUBROUT1llE RUHESS tEISPhCK Guide Modified RG) mmmfme
csefefooeeeff Source listing taken froo B.T. SMITH et. al. t979 fefeeeef
cffffffffffff Matrix Eigensysteo Routines · EISPACK guide 2nd Ed ffff
(eeeoeeoesseeeeeeseeeeeeeeeeeeeeoeeeeeeeoeeeeesseeeeeeoeeeeeeeeeseeseese
c
c eeeeoee MODIFIE0 t0/29/87 to only call balanc and hgr
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c %!%!*+4 Since the input natrix is upper Hessenberg TLH
c

subruutine ruhess(n•,n,a,ur,ui,•atz„z,iv1„(v1,ierr)
inpticit rea(§8 (a-h,n—z)
integer n„ne,is1,is2,ierr,•a(z
realiö a(ne„n),ur(n),ui(n),z(n•,n),(v1(n)
integer iv1(n)
i((n .Ie. nn) gu ta 10
ierr = 10 ¥ n
gn tu 50

10 call balanc(n•,n,a,is1,is2,Tv1)
c call eI•hes(n•,n,is1,is2,a,iv1)

i((•atz .ne. 0) gn tn 20
( eeeeeeeeeeeeeeee Finn EIGEMVALUES QRLY eeeeeeeeeeeeeeeeeeeeeeeee

cal) nur(n•„n,is1,ts2,a,ur„ui„ierr)
gn tn 50

c %&4%&&%¥%%§%!4&% FIH0 80TH EISENVALUES AH0 EISENVECTURS l%%%%l¥¥
20 cat! e)tran(ne„n,is1,is2,a,iv1,z)

call hur2(n|,n,is1,is2,a,ur,ui,z,ierr)
i((ierr .ne. 0) gn tu 50
cat) batbak(n•,n,is1,is2,(v1,n,z)

50 return
end

(eeeeeeeeeeeeeeeeeen ERB UF SUBRGUTIHE RUHES9 eeeeeeeeeeeneeeeeeeeeeee1

LISTIHSS FOR SUBROUTIHES BALAHC» HRR, ELTRA

AH0 BALBAH ARE CONTAINE0 IH

THE EISPACM 5UIOE (SMITH et a)• 1976)



APPEROIX H

FORTRAK LISTIKG EUR PUTZER ALGORITHM FOR hxb TRURCATIOK
OF L MhTRIX FOR KEPLER PROBLEM

SOEBUG
prograe puttepb _

geeeeeeeeeeeeeeeeeeeaeeseeeeeeeeeeeeeeeeaeeeeeeeeeeeeeeeeeeeeeeeeeeee444
C4444444 This progran perfores the Putzer algorithn for the bxh trunc
C4444444 of the L natrix which is Upper (Hessenbergl found froe the 444
:4444444 action of the Liouville operator upon a polynueial basis in 44
c4444444 phi, and powers of 1 and p. Eigenvalues are found by using 44
(4444444 a eodified version of the driver subroutine RG fron the 444444
geeeeeee EISPACK guide, seeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeee
c4444444 Eigenvalues are read in true the file EVKEPt0.PGM 6/MAY/88 44
c4444444 The L aatrix used eust he a even dieensioned eatrix for the 44
:4444444 EISPACK routines to return the proper eigenvalues. Because 44
c4444444 nf this, the final expression for phittl eust include alpha 44
C4444444 tiees xlphi (which is oeegal tiees the tiee. This is the 4444
c4444444 only contribution that is left out when chopping the initial 4
c4444444 tixlt L eatrix dawn to a t0xi0 hy deleting the first row and 4
c4444444 coluen of the itxit L eatrix and the basis vector ef l. 444444
c4444444 Routines BUILOP and GETRK calculate pieces required by the 444
c4444444 Putzer Algorithn for calculating e44tLtl. 44444444444444444444
c4444444 If no external radial force is applied the eatrix reduces 444
c4444444 to an upper Hessenberg natrix. The natrix is partitioned tn 44
c4444444 to obtain its general structure with respect tn the polynonial
c4444444 Using the eigenvalue inforeatiun, the scalar functions Rltl 44
c4444444 are produced by the nueerical integration using the Runge- 444
c4444444 Kutta Gill aethod. A basis consisting of phi, and polynoeials
c4444444 cnnsisting of 1, the radial deviation froe an equilihriue 444
c4444444 circular orbit, and p, the correspnnding conjugate eonenta.444
(4444444 The Raeiltnnian used is that for the Kepler problen in a 444
c4444444 plane. Two sets of units are provided in which the problee444
c4444444 can be worked. They are the physical units provided by the 44
(4444444 MKS systen, or the canonical units, deternined in such a way 4
geeeeeee that GM = 1, eeeeeeeeeeeeeeeeeeeeeeeeeseeeeeeeeeeeeeeeeeeeeeee
c44444444 The progran proepts the user for a filenaee (DOS) to 444
c44444444 which it will write the resultant data. . 444
geeeeeeee Ing Hggiltonign 15 gg follngg: 44eeeeeeeeeeeeeeeeeeeeeeeeeee
geeeeeeee eee
C44444444 In MKS units... 444
c44444444 H = lPrl4lPrl/t2e4r04r0l 4 ltlphil442l/l24•4r04r04 444
C44444444 (1 + O)442) — GM;/lr04ll+Qll 444
geeeeeeee eee
:44444444 in CAKOMICAL units.... 444
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clffrfirf H = (Pr)*(Pr)l(2%r0%r0) + (t)phi)§¥2)/t2lr0%r0! 4%%
crforrfrr (1 + 0)%%2) - 1/tr0§(1+0)) !¥&
ceeeeeeee ee;
ciiiiiiin The user is pronpted tur his choice o1 units to work in.

***eeeneneea eee

c4&%%!%* Units are in the HKS systen. Kg, Kn, sec UR a CANUNICAL UNIT &
cffrffff systen Kg, Radios ot earth in Kn, CTU (Canonica) Tine Unit) tf
c¥%!%%¥§ = 806.5 sec = 13.44 nie, at the choice of the user. ¥¥%%%&&%!&

Cytindrical coordinate systen is assunned. r, phis z 44%%*%%*
(rene}eeseeeeneeeeeeeseeeeeeeeeeseeeeeeeseeeeeeeeeeeeeeeesseeeeeeeeeeeee

raranetertnnax=6,npartshn=3)
inpticit rea)%8 ta-hso-z)
reatfß atneax,nnax), wrtnnax), witnnax)
rea)!8 rinitt3), vinitt3), anoninit(3), ct3)
dinension )inefot6)
c¤np)ex!t6 catnnax,nnax), ceigva)(nnax), cidenttnnaxsnnax)
conp)ex%16 ptirsttnnaxsnnaxt, psecondtnnax,nnax), tenpt3,nnax)
conp)ex%16 pthirdtnnax,nnax)
conrtexftb expnattt3,nnax)
conptexrib utnnaxt, u0tnnax), r_rkgi))tnnax), r_)ast(nnax)
integer ne nn, natz, iv1tnnax)„ ierr, kpartshntnrartsho)
integer&2 ihr,ininute,isecond,i100th,iyr„inon,iday
character¥24 Titenane
character&24 ev_Ti)e
characterl12 tineto
characterfi idoprint
characterlt nanswer
characteréi iread_ev_ti)e
characterft istepans
characterft i_pick_units
characterrß 6Hunits
character%2 Hunits
character&3 Tunits
character46 Uonits
characterät Punits
character%10 Ahunits
)ogica) canonica) /.FALSE./
togical ichgstep /.FAL5E./
togical dorrint /.FALSE./
togical docheckr l.FALSE.l
Tngicat lswap /.FAL5E./
Tngical initialze /.TRUE./
Togical no_detau)t_ev /.FALSE.l
connon lnatricesl ca, cident„ n
connon lpnatrixl pfirst, psecond, pthird
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data ev_file I’C=\evkep10.pg• 'I
data hI.10D+00I

c--) Physical constant data ....
data convnk•I1.0D-03/
data pi/3.t41592TD+00I
data 6/6.670-17/, earth_•asl5.9BD+24I, r_earthIh.3TB165D+03I
data ctu_per_secI1.2398521D·03I

c--) Call GETDAT and GETTIH (obtain systee date and tieel
call getdat (iyr,i•on,idayl
call gettie (ihr,i•inute,isecond,i100thl

c-) Define partioning structure of the •atrix...
c-) Ending partition indices are given hy kpartshntjl for
c j = i,...,npartshn
c Beginning partition indices are given by kpartshn(ll+1 for
c ( = t,...,npartshn—t

do 450 j = 1, npartshn
kpartshntjl = ( (j%(j+tllI2 l

450 continue
writet&,'(" Input the dinensinntorderl .le.",I3,", nf the A nat
Arix."l' l kpartshntnpartshnl
read(f,!l n
write(¥,'(" Do ynu want the eatrix printed out? y er n "l'l
read(%,130) eanswer
ifttnanswer .eg. 'y' l .ur. (nanswer .eq. 'Y'l) duprint = .THUE.

c--) now get Iilenane tu use in writing the output...
write(l,'(" Please enter the filenane tn use in writing the uutpu—t="l' l
read(4,16Dl filenane
open(6,file=filena|e,status='new'l
write(%,'(" Do you uish to enter the path and filenane of the fil

he cuntaining the conputed eigenvalues? (YIH)"l'l
read(¥,'(A1l'l iread_ev_file
if((iread_ev_file.eq.’Y’l.or.(iread_ev_file.eg.’y'l) no_default_ev

4 = .TRUE.
if(nn_default_evl then

write(%,’(" Enter eigenvalue data PATH and FILEHAHE"l’)
read(&,'(A24l'l ev_file

endif
open(7,file=ev_file,status='unknown’)
rewind T
write(l,'(" Input the value of e in Kg=",I,

A" Use the fur•at=",I,
A" D1t.4" ,I,
D" Sd.ddddD+XX" l')
read(&,1229l xn

1229 for•at(1x,Dt1.4)
write(&,’(" Default conrd systen units is the HKS syste•.")')
urite(e,'(" Du you wish to use CANDNICAL systen nf units? Enter
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GY or H")'l
readt+,'tA1l’l i_pick_units
iftti_pick_units .eq. 'Y'l .or. ti_pick_units .eq.

’y'l)
canonical

0 = .lRUE.
c--) Input initial coaponents for position vector ....

uritet+,‘t" Input initial values RIHITIALtradiall in Ke: ",/,
G" Use the fornat=",/,
G" 014.7" ,/,
&" Sd.ddddddd0+XI" l')
readt+,1231l rinit_radial

1231 for•att1x,U14.7l
1232 for•atttx,014.7l

vritet+,1232l rinit_radial
ift .not. tcanonicall l then

GH = G+earth_•as+cunv•k|
rinitttt = rinit_radial
rinitt2l = 0.00+00
rinitt3l = 0.00+00

else
GH = 1.00+00
xa = 1.00+00
rinitttl = rinit_radial/r_earth
rinitt2l = 0.00+00
rinitt3) = 0.00+00

endif
c--) Input initial coaponents tor aouentun vector ....

uritet+,’t" Input initial velocity values VIHIlIALtradiall, and V
&IHIlIALttransversel= in Ka/sec ",l,
G" Use the fnrnatä",/,
&" 014.7,1X,014.7" ,l,
&" Sd.ddddddd0+XXbSd.ddddddd0+YY"

l’l

readt+,1233l vinit_radial, vinit_trans
vritet+,1234l vinit_radial, vinit_trans

1233 fornatt1x,014.7,1x,014.7l
1234 foraatt1x,0t4.7,tx,0t4.7l

ift .not. tcanonicall l then
vinitttl = vinit_radial
vinitt2l = vinit_trans
vinitt3l = 0.00+00

else
vinitttl = tvinit_radial/r_earthl/ctu_per_sec
vinitt2l = tvinit_trans/r_earthl/ctu_per_sec
vinitt3l = 0.00+00

endif
c--) Input initial values for phi, 4, and p ......

uritet+,’t" Input initial values of PHI, radial deviation Q, and
&P= in rad, unitless, d Kg—K•2/sec",/,
&" Use the for¤at=",/,
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&" Dt4.7,tX,Dt4.7,tX,Dt4.7" ,/,
d" Sd.dddddddD+XIhSd.dddddddD+YYh5d.dddddddD+ZZ" l'l
readtf,t235l phizero, nzerot pzern
writet%,t236l phizero, qzern, pzern
fDTIit(iXym‘-75iXqM‘•7yIXQMLY)
fornatttx,Dtf.7,tx,tltf.7„tx,Dt4.7l
iftcanonicall then

pzero = tpzero/tr_earth%r_earthll/ctu_per_sec
endif

c-) Calculation of initial angular nneentue....
call crossprtrinit,vinit,cl
anoninittil = xeecttl
a•o•initt2l = x|%ct2l
a•o•initt3l = x•¥ct3l

c--) Calculation of eagnitude of initial angular noeentue....
xlphisq = dotta•o•init,a¤o•initl
xlphi = dsgrttxlphisql

c--) Calculation of circular orbit radius....
ift .not. tcanonicall l then

r0 = xlphisq/töhfxefxnl
r0overre = r0/r_earth

else
r0 = xlphisq
r0overre = r0

endif
aa = r0

c--) Calculation of initial period using Kepler's lhird Law
ift .not. tcanonicall l then

period = t2.0D+00%pi%aa!dsqrttaall/dsqrttöhl
period_|in = period/60.0U+00

else
period = 2.0U+00¥pi%aa%dsurttaal
period_•in = perindltl.0D+00/ctu_per_secl!tt.0D+00/60.00+00)

endif
writet%,'t" Input the init tines no of nrhits, and no.of steps."

dt/," Use the for|at=",/,
S" Dt0.f,tI,Dt0.f„tX,I5" ,/,
&" Sd.dddD+XXhSd.dddU+YYh5f32t" l’l
readtht2f5l the9in• znorhits„ nsteps

t245 foreattix,Dt0.4,tx,Dt0.4,tx,I5l
c--) Calculate the iocreeent to advance the tine with

tend = znorbitslperind
deltat = (tend · tbeginl/dhletnstepsl
t0 = tbegin
writet!,'t" TEND is="„Dt2.6,tx,A3l’l tend, Tunits
writetl,‘t" Input the tiee at which to check calculations.",/,

G" Use the fornatl",/,
G" 0i4.7" ,/,
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D" Sd.dddddddD+XX"
)’)

readt+,t433) tchkcalc
1433 f¤reatt1x,D14.7)

ifttchkcalc .gt. 0.00+00) docheckr = .TRUE.
uritet+,'t" Size of DELTA) is!",D12.h„1x,A3)') deltat, Tunits
uritel+,'t" Hant STEPSIZE .LE. DELTA) ")')
uritet+,'t" Default value of integration STEPSIZE is!",D10.4)’)

4 h
vritet+,'t" Du you uish to change it? Enter (Y/N)"l')
readt+,’tA1)') istepans
ifttistepans .eq.

’y')
.or. tistepans .eq. 'y')l ichgstep = .TROE.

iftichgstep) then
uritet+,'t1x„"Enter the value t)= 1) to divide DELTA) by tn pro

Aduce the value fur STEPSIZE, use foreat")')
uritet+,'t1x„"Sd.dddddddD+XX" )')
readt+„'tD14.7)’) hfactor
uritet!,’tD14.))') hfactor
h = deltat/hfactor
uritet%,'t" RK6 STEPSIZE is! "„0i4.7)’) h

endif
c--) Calculate the constants used in the eatrix ef the L eatrix.....

ift .not. tcanonical) ) then
alpha = 1.00+00/txn+r0+rD)
alphasq = alpha+alpha
beta = Shfxe/rD

else
alpha = 1.00+00/trD+r0l
alphasq = alphaealpha
heta = 1.00+00/rD

endif
c ....vrite data to output file for records ...

ift .not. tcanonical) l then
Ghunits = 'K•3lsec2'
Runits = 'Kn'
Vunits = 'Ke/sec'
Tunits = 'sec’
Punits = ’Kg—Ke/sec'
Ahunits = ’K9-Ke2/sec’

else .
Elunits = 'Re3/C)U2’
Runits = 'Re‘
Vunits = 'Re/C)U'
Tunits = 'C)U'
Punits = 'Kg-Re/CTU'
Ahunits = 'Kg-Re2/C)U'

endif
uritet6,259)
vrite(6,258)
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wri{e(6,255)
write(6,25D)
wri{e(6,260)
wri{e{6,261) xn, GM, GMuni{s
wri{e{6,262) rini{(1), Runits
wri{e(6,263) vini{({), Uunits, vini{(2), Vunits
wri{e{6,25D)
wri{e(6,264) phizero, qzero, pzero
write{6,265) Ianoninitti), i = 1,3)
wri1e(6,266) xlphisq, AMuni{s, xtphi, AMonits
wri{e(6,267) r0, Runits, period, Tunits, period_•in, znorbits
wri{e(6,268) r0overre
writelb,250)
write(6,27D) nsteps
wri{e(6,2T1) {begin, {end, Tonits, deltat, Tunits, h, Tonits
writeib,272) filenane
writetd,273) inon, iday, iyr, ihr, ininute, isecood

c ....write da{a to screen for verification ...
wri{e(%,259)
wri{e(*,258)
wriieif,255)
wri{e(*,25D)
vri{e(*,260)
wri{e(*,261) xn, GM, 5Muni{s
wri{e{*,262) rinitti), Runits
wri{e(*,263) vinitit), Vunits, vini{(2), Uonits
wri{e{*,250)
wri{e(*,264) phizero, gzero, pzero
wri{e{*,265) ianoninitii), i = 1,3)
wri{e(*,266) xlphisg, AMuni{s, xlphi, AMuni{s
wri{e{*,267) r0, Runits, period, Tuniis, period_•in, znorbits
wri{e(*,268) rüsverre
wri{e{*,250)
wri{e(*,270) osteps
wri{e(%,271) {begin, {end, Tunits, de)ta{, Tunits, h, Tunits
wri{e(*,272) fi)enane
wri{e(*,273) inno, iday, iyr, ihr, ininute, isecood

{30 f¤r|a{{A1)
160 fornat {A24)
250 {or•a{(1H

,’
')

255 fornatiih ,' BASIS VECTORS USED ARE PHI, 9, P, 9%*2, 9P,
P**2

=6x6
8. ')

258 f¤r¤a{(tH ,' KEPLER PROBLEM in a PLANE, DEUIATIORS FROM CIRCULAR D
ARBIT 9.')

259 for•a{(1H ,'PERFDRMIM6 PUTZER ALGDRITHM TO CALCULATE EXP{Lt) FOR T
SHE FOR KEPLER PROBLEM’,/,5x,' IM A PLAME H! RADIAL DEVIATIOMS FROM
$ A CIRCULAR E9UILIBRIUM',/,5x•'ORBIT.')

260 for•a{(tH
,’

SUMMARY DF DATA TD BE USED FOLLOHS=')
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TUFIIIIIH gl SGI IS:'gUII•4g’ Kg is!',0i4.6,1x,A8l
262 lor•atl1H ,' Rinit_radial is!’,0t2.6,1x,A2

A ,/110x,' IABDUE USED IH CALC IHITIAL AHGULAR HUHEHTUH VECTOR)')
263 fnr¤atl1H

,’
Vinit_radial is!',0t2.6,tx,A6,tx,’ Vinit_trans is!',0At2é6a1x•A6•/,10x•'(AOVE USED IH CALC IHITIAL AHGULAR HUHEHTUH UEC

ATU
)’)

264 for|at(1H ,' PHIZERU IS!’,012.6,’ Rad OZERD IS!',012.6,’ PZERU IS
A!',D12.6¤/,10x•' IABDVE USED IH DUILDIHG IHITIAL CUHDITIDH VECTDR)
A')

265 for|atliH
,’

IHITIAL AHGULAR HDEHTUH UECTUR IS!',3(D12.6,2x) )
266 for|at(1H ,' HAGHITUDE S0 DF IHITIAL AHG HUH VECTUH is:'

A,016.8,' (',A10,')*+2',/,10x,* AH HDH HAGHITUDE IS! ',016.8,1x,
A A10)

267 T¤r|atl1H ,' EQUILIBRIUH RADIUS R0 IS!',012.6,1x,A2,' PERIUD I5!
III is! 'gUI2•6gIXg'N4)ofAS

is: °•D12.6)
268 fnr•at(tH

,’
Equilbriun radius in EARTH RADII is! ',012.6)

270 tnr|at(1H ,’IHTEGRATIDH LIHITS FULLUHT HSTEPS IS '•I6)
TUFIBIIIII

gl·',014.7,1x,A3,!,5x,' HHU IS: |gUIU«7gIXgM)
272 t¤r|at(1H ,' UUTPUT DATA IS CUHTAIHED UH THE FILE CALLEO* 'sA24)
273 f¤r!at(1H

,’
THE DATA UH THE ADUVE FILEHAHE HAS PRUDUCED DH °1I21'

·—',I2,’—',I4,/,35x,* AT APPHDXIHATELY ’,I2,1H!,I2,1H!,I2)

c-) Define the A eatrix for 6x6 truncatinn......
do 1000 j = 1, nnax

do 1000 i = 1, naax
a(i,j) = 0.00+00

1000 continue
c--) Deline L natrix tor up tu n=6 truncatinn ....

al1,2) = -2.00+00+alpha+xlphi

a(2,3) = alpha
a(3,2) = ·3.00+00+alpha+xlphisg + 2.00+00!beta

al1,4) = 3.00+00!alpha+xlphi
al3,4) = 3.00+00+l2.0D+00+a)phalxlphisq - beta)
a(4,5) = (2.0D+00)+a)pha
a(5,2) = alphaixlphisq - beta
a(5,4) : a13g2)
al5,6) = alpha
alb,3) = l2.00+00)+a(5,2)
a(6,5) = (2.00+00)+a13•2)

c a(1,7) = ·4.00+00¥alpha+xlphi
c a(5,7l = a(3,4)
c a(6,8) = (2.00+00)Ia(3,4)
c a(7,8) = (3.00+00)+alpha
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c at8,4l = a(5,2l
c a18,7l = a(3,2l
c a(8,9l = l2.00+00l+alpha
c al9,5l = l2.00+00l+a(5,2l
c a19,8l = 2.00+00+at3,2l
c a(9,10l = alpha
c aümü =3ßMMhßJl
c a(10,9l = 3.00+00+al3,2l
c-) Check fur exceedingly soall residual eleoents ....
c Zero all eleeents uhose aagnitude is less than 1.00-12

do 2111 j = 1, nnax
do 2112 i = 1, neax

ift (dabs(ali,illl .le. 1.00-12 l a(i,jl = 0.00+00
2112 continue
2111 continue

iffdnprintl then
c--} Brite out A eatrix ....

urite(+,'(" Portion of A eatrix used is! "l' l
urite16,’(" Portion of A oatrix used is! "l' l
do 1180 k = 1, n

urite1+,'t" rou ",i3l'l k
2(athjl,1180

continue
du 1190 k = 1, n

uritet6,'1" row ",i3l'l k

21190continue
endif
uritef+,'1" ",71(1H+ll' l
uritef6,’1" ",7111H+ll' l

c--) convert eatrix A into eatrix CA, its conplex for:
do 1230 ii = 1, n

do 1240 ii = 1, n
ca(ii,3il = dcoplxf a1ii,iJl, 0.00+00 l

1240 continue
1230 continue

c--) For: the vector of conplex initial valued basis paraoeters
u0f1l = dceplxlphizero, 0.00+00 l

u0l2l = dceplxlqzero, 0.00+00 l
u0(3l = dcoplxlpzero, 0.00+00 l

u0l4l = dcoplx(qzero+qzero, 0.00+00 l
u0l5l = dcoplxtqzero+pzero, 0.00+00 l
u0l6l = dcoplx(pzero+pzero, 0.00+00 l

c--) Build coeplex identity oatrix of order n
do 1250 ij = 1, n

do 1260 ii = 1, n
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iftjj .eq. ii) then
cidenttii,ii) = dc•plxt1.00+00, 0.00+00)

else
cident1ii,lJ) = dc•plxt0.00+00, 0.00+00)

endif
1260 continue
1250 continue

q--) eeeeeeseeeeeeeeeeeeeseeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeesseeee1
c Read in the eigenvalues fron the file EVEP10.P6H.tdefaul1) or
c froe previously entered file.
c First read past header cnntaining infn un physical constants
c used to nhtain the set uf eigenvalues, and file creation info.
c
c--) Read file until the header is passed. The header is delieited
c--) by a line that consists nf the character string,
c--) +/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/
c——) as a delieiter.
c—-) read to get past header nn file knoun as 'ev_file'.

1111 readt7,’t6th12))',end=215) linefo
ifttlinefot2) .ee. ’+/+/+I+/+/+/’) .or. tlinefut2) .eq.

S ’l+/+l+/+l+/+') ) then
gn to 500

else
go to 1111

endif
c--) re·set linefo.....

500 dn 335 ik = 1,6
linefutik) =

’
'

335 continue
c--) ue uill open the file and read in the eigenvalues fur the current
c--) truncation of the L eatrix.

do 10 i = 1, n
readt7,'t016.10,2x,016.10)',end=225) urti), uiti)

10 cuntinue
c +++++ Fore cneplex eigenvalue vectnr ......

dn 300 i = 1, n
ceigvalti) = dcnplxt urti),uiti) )

300 continue
iftdoprint) then

vritet+,'t" Conplex eigenvalue vector follous= ")')
vritet6,'t" Conplex eigenvalue vector folloes= ")')
do 325 i = 1, n

ift ti.eq.tkpartshnt1)+1)) .or. ti.eq.tkpartshnt2)+1)) .or.
6 ti.eq.tkpartshnt3)+1)) )
6 uritet+,'t" ")')

ift ti.en.tkpartshnt1)+1)) .or. ti.eq.tkpartshnt2)+1)) .or.
6 ti.eq.tkpartshnt3)+1)) )
6 uritet6,'t" ")')
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write(!,'t" i = ",i3," EIGENVALUE: ",D14.B,1x,D14.8,"(
GII"I' I i, wrfil, witil

write(6,'t" i = ",i3," EIGENVALUE: ",D14.8,1x,D14.B,"f
GII"I' I i, wrlil, uitil

325 continue
endif

c Call rootine Build? to build two storage areas. The first
c PFIRST contains the first row of the P natrix having indice
c INDEX, e.g. PFINSTtINDEX,rowI. The second, PSECDND, contains
c the second row of the P natrix having indice INDEX, e.g.
c ?SECONDlINDEX,rovI. The third, PTHIRD, contains the third
c rov of the P natrix having indice INDEX, e.g. PTNIRDIINDEX,
c roul.

call huildnbtceigvall
c--) Brite out the PFIRST, PSECDND G PTHIND natrices, if requested.

iftdonrintl then
writeI%,’t" PFIRST. PSECBND, PTHIRD Natrices follow:

"I’
I

write(6,'t" PEINST. PSECDND, PTHIRD Natrices follow: "I' I
do 3170 k = I, n

writel%,’I" P natrix index is ",i3I'I k
writel¥,’l" rov 1 "I'I
ÜI‘IIIH'g'(H Hy3(2(EI3•‘3gIX)gIX)gl)'IIPTIFSIILIII1 = Iqlll
urite(I,’I" row 2 "I'I
vritet:,'t" ",3(2(611.4,1xI,1xI,/I' ItnsecondIk,jl,j= 1,nl
vritel%,'l" row 3 "I’I
writef%,'I" ",3l2(6t1.4,1xI,1xI,/I’ Itnthird(k,jI,j= 1,nI
writet:,'(1x,70(1H—II'I

3170 continue
do 4170 k = 1, n

uritet6,’I" P natrix index is ",i3I’I k
writet6,'t" row l "I'I
writefb,'(" ",3t2t611.4,1xI,txI,lI'IIofirstfk,jI, j = 1,nI
write(6,'(" row 2 "I'I
write(b,'t" ",3f2(61t.4,txI,1xI,/I' Ifpsecondtk,jI,i= 1,nI
writet6,’f" row 3

"I’I

write(6,'l" ",3l2l6t1.4,1xI,1xI,lI' Itpthird(k,iI,i= 1,nI
writel6,'t1x,7D(1N-II'I

4170 continue
urite(&,'l" ",71(1H-II' I
write(6,'(" ",71I1H~II’ I

endif
E ereseereeee BEGIN ITERATIN6 IN TIME eeeeeeeeeeeeeeeeeeeeee

t = t0
write(f,’t" +/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+

G/"I’I
writelb,'l" +/+/+l+/+/+/+/+/+l+/+/+/+/+/+l+/+/+l+/+/+/+/+/+l+

G/"I'I
do 40 k = 1, nsteps + 1
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tlast = t
iftlt .eo. 0.00+00) .and. tinitialzell then

r_rkgi))(t) = dcnplxlt.00+00, 0.00+00)
do 8200 kl = 2, n

r_rkgilltkl) = dc•plxt0.00+00, 0.00+00)
8200 continue

initialze = .FhLSE.
else

c Define last values of the r_rkgil)tn) vector for use as the
c initial condition vector for the RKGILL integration.

do 8300 kn = t, n
r_last(kn) = r_rkgi)llkn)

8300 continue
c-—) Get the entire set of polynneial functions, each evaluated at the
c integrated tine T, given that the set of polynooials have the
c initial conditions given by the values contained uithin the
c the vector r_last(n) .....
c
c Pass 0T to detereine the nuober of tioes tn execute the Runge-
c Kutta·6ill integrator routine...

call getrk8(h,n,ceigva),deltat,r_last,r_rkgill,tlast,t)
(··········—·········•········—······················—•·•···••·•••••‘·*·'···

endif
c Initiatize array to hold results of this particular tine.
c titeration uf deltat)

do 3050 ii = t, 3
dn 3080 ij = t, n

ezpnatttiiili) = dc•plxt0.00+00,0.0D+00)
3080 continue
3050 continue

ifttdocheckrl .and. tdahstt - tchkcalcl .le. .0080+00)) then
do 8400 kn = t, n

vritet+,'t" For r sub ",i3,", r is: ",0t4.8,2x,0i4.8)')
8 kn, r_rkgilltkn)

8400 continue
do 8500 kn = t, n

uritet8,'l" For r sub ",i3,", r is: ",0t4.8,2x,0t4.8)’)
4 kn, r_rkgil)(kn)

8500 continue
iftt .eq. 0.00+00 .and. ldocheckr)) then
urite(e,'l" +/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+}+/+/+/4}+/+/+/+/+

8/")')
urife(6,'(" +/+l+l+/+/+/+/+/+/+/+l+/+/+/4/+/4/+l+/4/4/+/+/+l+

8/")’)
endif

endif
c--) Calculate the teros in the Putzer sun, accueulating the sun
c continuously
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do 30000 index = 1, n
do 3100 jj= 1, n

teepf1,jj) = r_rkgilltindex)+pfirstfindex,i0)
teepl2,jjl = r_rkgill(index)+psecondlindex,jj)
te¤p(3,jj) = r_rkgilltindex)+othird(index,30)

3100 continue
c 4+++ Calculate the tere of the Putzer sun depending on index.
c ++++ then add to the first index—1 sons stored in exrnatt.

do 3200 ii = 1, 3
do 3210 jj = 1, n

exo•atttii,jj) = exp•atttii,jj) + te•pfii,jj)
3210 continue
3200 continue

30000 continue
c--) Initialize the u vector to zero .....

do 50000 i = 1, n
uti) = dceplxt 0.00+00, 0.00+00)

50000 continue
c--) Porn the coordinate vector for tiee t

do 90100 i = 1, 3
do 90110 j = 1, n

uti) = uti) + expeatt(i,j)+u0tj)
90110 continue
90100 continue

ehi = drealtultll + aloha+xlphi+t
g = drea)tuf2)l
o = drea)tul3))

0 0g [*0001 Q; P
40 continue

uritet+,'f" ",71t1H+))’ l
uritef6,'t" ",71(1H+))' )
closelbl
gn to 99999

215 vritet+,'l" EGP found in header of eigenvalue data file: ",h24)
S') ev_file
uritel+,’t" ",71t1H+))’ )
uritel6,’(" ",71l1H+))' )
closelbl
stoe 00215

225 uritel+,'l" EGP found uhile reading eigenvalue data on file: ",
&A24)') ev_file
uritef+,'l" ",71(1H+))' )
vritef6,'(" ",71f1H+))' l
closefb)
stov 00225

99999 continue
end

geoeeeeeeeeeeeeeoeee END of PRGGRAM PUIKEPA eeeeeeeeeeeeeoeeeoeeeeeee
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SDEBUE
subroutine crossprla,b,cl

Ceesseeeeeseeesesasaaseeseeeeseeesoseeeseeeeeseeeoeeeeeeeseaeeeeeeeeesee
cfffffff This subroutine, provided with the vectors a and b, which ffff
cfffffff have real cooponents, perforns double precision arithoetic fff
cfffffff to obtaio the cross product of the vectors a and b. The cross
cfffffff product operation is defined in the standard eanner. The ffff
cfffffff result is stored in the vector c. All vectors have 3 cooponent

ieplicit realfd la·h,o·zl
dioensioo at3l, bl3l, c(3l
clil= a(2lfhl3l — bl2lfal3l
c(2l= at3lfbltl - btllfatil
c(3l= alilfb(2l - blilfat2l
return
end

gssssseeeseeeeeeeeee [RD of SUBROUITME DROSSPR seeseeeeeesseeeeeseeess
SDEBUG

double precision function dot(a,bl
qeeaesseeeseeeesssseaeresesseeasseeseessosseeseeeaesseessesseeeeeeoeesea
cfffffff This function, provided with the vectors a and b, which haveff
cfffffff real coaponents, perfores double precision aritheetic to fffff
cfffffff ohtain the dot product of the vectors a and b. The dot ffffff
cfffffff product operation in the standard eanner. ffffffffffffffffffff
cfffffff All vectors are assunned to have 3 or less coeponents. fffffff
gseesoeeseesseeeasseseaseeeeseseesoeseeseeaeessseesssaeosoeeeeeseesseees

iaplicit realfö la-h,o·zl
dioension atll, bl3l
dot = attlfbttl + at2lfbt2l + al3lfbt3l
return
end

cmfffmfff EBD of DOUBLE PRECISLON FUNCTIÜN DOT ffffffffffffffffm
SDEBUG

subroutine boildpbtceigvall
qsaaeeaeeeoeeseessse;seeeses;eeeeeesesseeeeeseaeeesseeeeesseeeseseeseeee
cfffffff This subroutine builds the P eatrix of the Putzer Algorithn. f
cfffffff Necessarv eigenvalues are supplied via the calling line. The f
cfffffff range of conplex oatrix P is returned. The entire set of P fff
cfffffff natrices is calculated. llealfß arithnetic is used. fffffffftt
(essesssoeeeesssseseseseeeesasseeaeeeeeesesseosseeseeseoeesoseessesaeeee

paranetertn•ax=6l
inplicit realf8 la-h,o-zl
integer n
cooplexftb ptnoax,n¤axl, f(n¤ax,nnaxl, poldtnnax,n¤axl
conplexfib pfirst(n•ax,n•axl, psecondtneax,neaxl,pthirdln•ax,neaxl
conplexftb caln•ax,nnaxl, cident(neax,nnaxl
coeplexftb ceigvaltnnaxl
cooeon leatricesl ca, cident, o
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coeeon lpeatrixl pfirst, psecond, pthird
c--) Initialize the storage area of the first three rows nf the entire
c range of P natrices. REHENBER, index is the subscript of the
c P eatrix.

do 110 ij = 1, n
do 120 index = 1, n

pfirstlindex,jj1 = dceplxl0.0D+00, 0.00+001
psecondtindex,jj1 = dcep1xtD.0D+00, 0.00+001
pthird1index,jj1 = dceolxl0.0D+00, 0.00+001

120 continue
110 continue

c-) Define the first three rous of P sub 0 8 store using index of 1
pfirst(1,11 = dceplxl1.DD+00, 0.00+001
psecondtt,21 = dc¤olxt1.DD+D0, 0.00+001
pthird11,31 = dc•plxl1.0D+00, 0.00+001c·—) Initialize the pold eatrix to the coeplex identity eatrix.
do 400 11 = ii H

do 410 ii = 1, n
poldliiiiii = cidenttii,5J1

410 continue
400 continue

c---) Connute the reeainder of the P eatrices using recursion --·-···
do 4000 index = 2, n

do 500 ij = 1, n
do 510 ii = 1, n

if1ii.eu.jj1 then
flii,ii1 = ca(ii,ii1 - ceigvallindex-11

else
ftii,ij1 = calii,ij1

endif
510 continue
500 continue

c--) Nov coeoute P using the P eatrix just calculated ....
do 600 ij = 1, n

do 610 kj = 1, n
do 700 kl = 1, n

700 continue
610 continue
600 continue

c--) Transfer P eatrix to PDLD eatrix .....
do 800 j = 1, n

do 810 i = 1, n

=810continue
800 continue

c--) Save first tuo rous of the P eatrix sub INDEX for Putzer
c calculations .......
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do 900 i = 1, n
pfirsttindex,i) = p(1,il
psecondtindex,i) = p12,il
pthird(index,iT = pl3,il

900 continue
c--) Re—initialize P natrix for natrix eultiplication loops.

do 1200 k = 1, n
do 1210 j = 1, n

p(j,kl = dc•plxl0.00t00, 0.00+002
1210 continue
1200 continue
4000 continue

return
end

geeeeeeeeeeeeeeeeeeeee END UF SUBRUUTIME 8u1LOP6 eeeeeseesseeeeeeseeee
SDEBUG

subroutine getrk6(h,n,cval,deltat,r_begin,r,begin_tine,end_tinel
(eeeeeeeeeeeeseeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeseeeeeeeeeeeese
cttttttt This subroutine finds the nunerical values of the polynonial t
cttttttt functions R sub K by perforeing Runge-Kutta integration upon t
cttttttt the entire set of N sieultaneous first·urder linear tttttttttt
cttttttt differentiat equations. The integration is carried out froe t
cttttttt BE6IR_TlHE to the value contained in the variable ENO_TIKE. tt
ceeeeeee The variable R_BEGIN contains the values of R valid at the ttt
cttttttt tine BE6iN_TIHE, and thus contain the initial conditions of tt
qeeeeeee thgintggrgtinn,cttttttt

The array CVA contains the set of conplex eigenvalues for ttt
cttttttt the truncation being solved. The Runge-Kutta ruutine for N tt
cttttttt sinultaneous linear first·order equations is taken frun tttttt
cttttttt Appendix C of the book VISCOUS FLUI0 FLUH by FRANK H. RHITE tt
ceeeeeee 1974 Kgüraw-Rill pp, 575-678 seeeeeeeeeeeseeeeseeeeseeeeesese
cttttttt The systen to be solved can be represented bv the following tt
cttttttt natrix equation. ))))))))))))))))))))))))))))>)))))))))))) tte
(HIHH H
geeeeeee ·

— —
- — — se

ceeeeeee 2 2 2 cvallil 0 0 ................0 2 2 :112 2 ee
cmme 2 _ 2 2 1 cvall2l0 ................0222*1222 ee
ceeeeeee 2 dr 2 = 2 0 1 cvalt3l 0 ...........0 2 2 r(3l 2 ee
ceeeeeee 2 —· 2 2 0 0 1 cvall4l 0 ......0 2 2 . 2 te
cttttttt 2 dt 2 2 0 0 0 1 cvall5l 0...0 2 2 . 2 ee
cttttttt 2 2 2 . . . . 0 \ \ 0 ..0 2 2 . 2 ee
cttttttt 2 2 2 . . . . \ \ 0 .0 2 2 . 2 tt
cttttttt 2 2 2 0 0 0 0 .. 1 cval(nl2 2 rlnl 2 tt
gseeeeee - · - - - · es
geeeeeee se
geeseeee —··—---······-—·-··-—·-··--—---···--—--·-·——~·---- eee
cttttttt This subroutine builds only those polynonials for the 6x6 tt
(Menu trnncatinn nf the L ggtrix,
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paraoeter1noax=6)
inplicit reall8 ta·h,o-1)
integer o, n, kontrol
integer ul_steps, knt_steps
cooplex+16 rlnoaxl, rdottnnax), cvalloeaxt, r_begin(n¤ax)
data t0/0.00+00/

c--) Initialize Runge routine variables, control index le)
o = 0

c-) Deteroioe the total nuober ol steps tul_steps) to nake with Runge-
c Kutta-Gill ruutine executing stepsize ot H to advance solution
c lroo begin_tioe to end_ti¤e.....
c YY cnrresponds to htactor...

yy = deltat/h
itivv .lt. 1.00+00) stop 00111
dtt = deltat
klin = idintlvv)
do 4545 ih = 1, klio + 2

dtt = dtt - h
iftldtt - 0.00+00) .)e. 1.00-08) go to 4550

4545 continue
4550 ul_steps = ih

c--) Initialize step counter 1knt_steps) ......
knt_steps = 0

c--) Initialize the r pulynonial vector to values at tine
c t = hegin_ti•e

do 2300 ii = 1, n
rtii) = r_hegin1ii)

2300 continue
t = hegin_tioe

[ •·-•-••-•-·-·-•~--—-••··---—-•·----•-••—-·-•-•·•••••••••••••••

8 if1knt_steps - ul_steps) 6,7,7
6 continue

call runge6ln,r,rdot,t,h,•,kontroll
go to 110,20) kootrol

c Define first-order derivatives of the systen....
10 rdottt) = cvalt1)+r11)

do 3300 ki = 2, n
rdottki) = rtki-1) + cval1ki)+rtki)

3300 continue
go to 6

20 continue
knt_steps = knt_steps + 1
go to 8

7 continue
eod_ti|e = t
return
end



2'73

geneceeeeeeiireeeeae EMU UF UFTRK6 eecereeeeieeeereceieceeecegecreeee
SDEBUG

subroutine runge6(n«y«t,x„h,•,kontr))

c+++++++ This suhroutine pertoros Runge—Kutta integration hy the 6i(Ts+
c+++++++ nethod. The Runge—Kutta routine tor N +++++++++++++++++++++++
c+++++++ sinuttaneous tinear (irst—order eguations is taken (run ++++I+
c+++++++ Appeodix C ot the book VISCUUS FLUI0 FLON hy FRANK N. NHITE ++
(sonne;} 1974 Ng6e;u·UiTT pp,

675-675inpticitreatlß ta-h,o-z)
integer n, ny kontr)
co|p)ex+16 ytnnax), ((n¤ax)„ gtnnax)•=¤+1

90 tl (194955347) I
1 do 2 i = 1, n

gti) = dc¤p)x(0.00+00,0.00+00)
2 continue

a = 0.50+00
gu tu 9

3 a = 1.707106T6118654752440+00
4 x = x + (.50+00)+h
5 do 6 i = 1, n

yti) = y(i) + a+(t(i)+h - g(i))
gti) = (2.00+00)+a+h+((i) + ((1.00+00) - (3.00+00)+a)+g(i)

6 continue
a = .2928321881345247560+00
go to 9

7 do 8 i = 1, n
Yti) = yti) + h+((i)l(6.00+00) · gti)/(3.00+00)

8 continue•
= 0

kontr) = 2
go to 10

9 kontr) = 1
10 continue

return
end

geeeeeeeeeecneeere EMU UF SUURUUTTMF RUMUF6 ++4+++eeeceecraeieeeceeen



APPEHDIX I

FORTRAH LISTIRG FOR RUHGE-KUTTA-GILL NUMERICAL
INTEBRATIOH UF KEPLER PROBLEM

SOEBUG
progran solvekep

C

ceeseenee ess
Cttftfttt This progran solves the Haniltonian tor the Kepler tft
Ctttttttt problen in a plane by integrating the resultant Hanilton'st
Cttfffttf equations using a generalized tourth order RUH6E—KUTTA ftt
Ctftttftt technique enploying 6ILL’S nethod. ttttfttttffttfttttttttt
Cttftfftf The Runge-Kutta routine for H sinultaneoos linear tft
Cfffftfff first-order equations is taken Tron Appendix C ot the tft
Ctftttttt book UISCOUS FLUI0 FLOH hy FRARK M. HHITE 1974 McGraw- tft
Ctfttfttt Hill pp. 675-678 which inplenents GILL'S nethod ot tft
Cennnesan Ruhgg—Kuttaintegration,Ctftftfff

The progran pronpts the user Tor a tilenane (DOS) to ttf
Cttffttff which it eill write the data. hs written, at nost ttt
Cttfttftf 500 data points will be uritten. ftt
cieeseese ses
Cfftttttf In MKS units... ftt
Ctttttftt R= 1Pr)f1Pr)/t2ntr0tr0) + tllphi)tf2)/12tnfr0tr0t ftt
ceeeeeere t1 + 0)tf2) - SMnI(r0tti+0)) ftt
cseeeieer see
Ctttftttt In CAMOHICAL units.... rse
Ctftttttt H = lPr)tlPrl/l2tr0fr0) t (llphi)tt2)/l2tr0tr0t tft
Cttttttft tt + 0)ft2) - t/lr0ttit0)) ftt
ceneseeee see
Cttttftft The user is pronpted Tor his choice ot units to work in. ftt
ceeieeenr sse

Cttttttt Units are in the MKS systen. Kg, Kn, sec OR a CANOMICAL UMIT t
Cftttttt systen Kg, Radius ot earth in Kn, CTU lCanonical Tine Unit) tt
Cfftftff = 806.5 sec = 13.44 nin, at the choice nt the user. fffffttftf

Ctttttft Crlindrical coordinate systen is assunned. r, phi, z tttttftf

C
paraneterlnnax=3)
inplicit realt8 la-h,o-z)

274
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integer n, osteps
integer%2 ihriieinuteyisecond,i100th„iyr„i¤on,iday
character§24 filenaae
character¥1 istepans
characterfi i_pick_units
character!8 6Hunits
character&2 Runits
character¥3 Tunits
characterfb Vunits
character+9 Punits
character+1D AHunits
lngical canonical /.FALSE.l
logical ichgstep /.FéLSE./
logical initialze l.lRUE./
dieension y(3l, y_lastl3l
dieension rinitf3l, vinittll, a•n•init(3l, c(3l

c--) Physical constant data ....
data conv|k|/1.DD·U3/
data pi/3.1415927D+00/
data 6/6.dlD-17/, earth_•as/5.980+24/, r_earth/6.37B1b5D+03/
data ctu_per_sec/1.2398521D-D3/
data h/.10D+D0/

c--) Call GETDAT and GETTIH (ohtain systen date and tieel
call getdat tiyr,i•on,idayl
call gettie (ihr,i¤inute,isecond,i100thl
n = neax
writel!,’(" Input the value of n in Kgä",/,

d" Use the fornat=",/,
D" D11.4" ,/,
D" Sd.ddddD+XX" l'l
readtf;1229l xn

1229 for•ati1x,Di1.4l
writel¥„'(" Default coord systen units is the HKS syste•."l’l
writel%,’t" Du you wish to use CAHDHICAL systee nf units? Enter

BY or H"l'l
readt%,'(A1l’l i_pick_units
ifl(i_pick_units .eq. 'Y'l .or. li_pick_units .eq. 'y'l) cannnical

I = .TRUE.
c--) Input initial coeponents for position vector ....

writel%„'t" Input initial values RINITIALtradiall in Kn: ",/,
d" Use the for•at=",/,
I" D14.7" ,/,
d" Sd.dddddddD+XX" l')
read(*•1231) rinit_radial

1231 for|at(1x,D14.7l
1232 far•atl1x,D14.7l

writet!„1232l rinit_radial
ift .not. (canonicall l then
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GH = 6+earth_•as+cnnv¤k•
rinitttl = rinit_radial
rinitt2) = 0.00+00
rinitt3l = 0.00+00

else
GH = 1.00+00
xn = 1.00+00
rinitttl = rinit_radial/r_earth
rinitt2l = 0.00+00
rinitt3l = 0.00+00

endif
c--) Input initial cnnpnnents for unnentun vectnr ....

uritet+,'t" Input initial velncity values VINIIIALtradial), and V
&IHIlIALttransverse)= in Kn/sec ",/,
&" Use the furnatä",/,
G" 014.7,1X,014.7" ,/,
&" 5d.ddddddd0+IXb5d.ddddddd0+YY" l'l
readt+,1233l vinit_radial, vinit_trans
uritet+,1234l vinit_radial, vinit_trans

1233 fnrnatt1x,014.?,1x,014.7l
1234 fnreatt1x,014.7,1x,014.7)

ift .nut. tcanunicall l then
vinitttl = vinit_radial
vinitt2l = vinit_trans
vinitt3l = 0.00+00

else
vinitt1) = tvinit_radiallr_earth)lctu_per_sec
vinitt2l = tvinit_trans/r_earthl/ctu_per_sec
vinitt3l = 0.00+00

endif
c--) Input initial values fur phi, q, and p ......

uritet+,'t" Input initial values uf PHI, radial deviatinn 0, and
LP: in rad, unitless, 0 Kg·Ka2/sec",/,
d" Use the fnrnatß",/,
G" 014.7,1X,014.7,1X,014.7" ,/,
S" Sd.ddddddd0+XXhSd.ddddddd0+YYhSd.ddddddd0+ZZ" l'l
readt+,1235) phizern, qzeru, pzern
uritet+,1236) phizern, gzeru, pzern

1235 fnreattix,014.7,1x,014.7,1x,l)14.7l
1236 fnrnattix,014.7,1x,014.7,1x,014.7)

iftcanonicall then
pzern = tpzernltr_earth+r_earthll/ctu_per_sec

endif
c--) ...¤pen file tn save integrated values uf yt1), yt2l, 0 113)..

uritet*,'t" Please enter the filenane tn use in vriting the nutpu
—t¤")' l
readt+,160l filenane
open(6,file=filena•e,status=' neu')
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c--) Calculation of initial angular nonentun ....
call crossprtrinit,vinit,cl
anooinitttl = xntcttl
ano•initt2l = xn§ct2l
a¤o•initt3l = xn§ct3l

c--) Calculation of nagnitude of initial angular eooentun....
xlphisg = dotta¤o•init,a•oninitl
xlphi = dsgrttxlphisgl

c-) Calcnlatinn of circular orhit radios ....
ift .not. tcanonicall l then

r0 = xlphisg/t6H¥x|§xol
r0overre = r0lr_earth

else
r0 = xlphisg
r0overre = r0

endif
a = r0

c--) Calculation of initial period using Kepler's Third Lau
ift .not. tcanonicall l then

period = t2.0U+0U¥pi%a*dsgrttall/dsqrtt6Hl
period_nin = period/60.00+00

else
period = 2.0U+00¥pi%afdsgrttal
period_ain = periodftt.0D+00lctu_per_secl§tt.0U+00l60.0U+00l

endifc·—) Calculate the non zero eigenvalnes ot the 4x4 L natrix .....
ift .not. tcanonicall l then

alpha = t.0U+00/tx•&r0+r0l
alphasq = alphafalphac beta = Ehfxa/r0 ·
oeega = t6H46Hl%x¤lx•fx•/txlphisnfxlphil
onegasq = nnegafonega

else
alpha = 1.00+00/trU%r0l
alphasq = alphafalpha

c beta = 1.00+00/r0
onega = t.0U+00ltr04dsgrttr0ll
onegasg = t.0U+00/tr0fr04r0l

endif
writet&,'t" Input the init ti•e„ no of orbits, and no.of steps."

&,l," Use the for•at=",/,
d" Ut0.4„tX,Ut0.4,tX,l5" ,l,
&" Sd.dddD+XXbSd.dddU+YYb5432t" l'l
readtf,t245l tbegin, znorhits, nsteps

t2f5 fornatttx„0t0.4,tx,Ut0.4,tx„I5l
c--) Calculate the increnent to advance the tine with

tend = znorhitsfperiod
deltat = ttend - theginlldbletnstepsl
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t0 = tbegin
c ....write data to output file fur records ...

ift .not. tcanonicall l then
Ghunits = 'Kn3/sec2’
Runits = 'Ke'
Vunits = 'K|lsec’
lunits = ‘sec‘
Punits = 'hg—Ke/sec'
Ahunits = 'Kg-Ke2/sec'

else
Shunits = ‘Re3!CTU2’
Runits = 'Re'
Dunits = 'RelClU’
lunits = ’ClD’
Punits = 'Kg-Re/£TD'
Ahunits = 'Kg-Re2/ClD'

endif
writet¥,'t" Size of DELTAT is=",Dt2.6,tx,h3l’) deltat, lunits
writet!,’t" Hant STEFSIZE .LE. DELTAT "l'l

&w;itetl,'t" Default value uf integration STEPSIZE is=",D10.4l'l

writetf,'t" Do you wish to change it? Enter (Y/Nl"l'l
readt%,’tAtl'l istepans
ifttistepans .eg. '7'l .or. tistepans .eq. 'y'll ichgstep = .TRUE.
iftichgstepl then

writet%,’tix,"Enter the value t)= tl tu divide DELTAT by to pro
dduce the value for STEPSIZE, use for•at"l’l

writet*,'ttx,"Sd.dddddddD+XX" l'l
readt%,'tDt4.7l'l hfactor
writet%,'tDt4.7l’l hfactor
h = deltatlhfactor

endif
c-) Initialize Runge routine variables, control index tel

e = 0
writet6•257l
writet6,258l
writetb,250l
writet6,26Dl
writet6,2bil xn, GH, Gllunits
writet6,2ö2l rinitttl, Runits
writet6,263) vinitttl, Vunits, vinitt2l, Vunits
writet6,264l phizero, qzero, pzero
writet6,25Dl
writet6,2b5l tanoninittil, i = t,3l
writet6,2b6l xlphisg, Ahunits, xlphi, Ahunits
writet6,2b7l r0, Runits, period, lunits, period_ein, znorhits
writet6,268l r0overre
writet6,269l oeega
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write(6,250T
write(6,270) nsteps
writet6,271) tbegin, tend, Tunits, deltat, Tunits, h, Tunits
writet6,272) filenane
writet6,273) inon, iday, iyr, ihr, ininute, isecond
write(6,'t" +/+/+/+I+/+/+/+/+/+/+/+/+/+l+/+/+/+l"T')

c ....write data tn screen Tor verificatinn ...
write(§,257T
writet!,258)
writetf,250)
write(!,26D)
writet!,261) xn, BM, BMunits
writetl,262) rinittt), Runits
write(!,263) vinittti, Vunits, vinitt2T, Vunits
writet!,264T phizero, ozero, pzern
writet¥,250)
writet¥,265) tannninittii, i = 1,3)
write(§,266) xlphiso, AMunits, xtphi, AMunits
writet!,267T r0, Runits, period, Tunits, period_ein, znurbits
writetl,268) r0nverre
write(%,269T onega
writet*,25D)
writet4,270T nsteps
writet%,271) tbegin, tend, Tunits, deltat, Tunits, A, Tunits
writet!,272) Titenane
writetl,273T iron, iday, iyr, ihr, ininute, isecond
writet+,' T" +/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/+/"J'}

160 T¤r•at(A24)
250 1nr•at(tH ,'

’)

257 Tor•att1H ,' EXACT SOLUTION DV RURBE-KUTTA BILL INTEBRATIOM.')
258 Tornat(1H ,' KEPLER PROBLEM in a PLAME, DEVIATIONS FROM CIRCULAR O

DRDIT 9.')
259 for•att1H ,’RUMM1MB 4TH ORDER RUMBE·KUTTA BILL IRTEBRATIOM OM TH

SDATA DELOU.’)
260 Tor•at(1H ,' SUMMARY OE DATA TO DE USED FOLLOHS:'T
261 i¤r¤att1H ,' Sat XM is!',D11.4,' M9 BM is!',D14.6,1x,A8)
262 tor•att1H ,' Rinit_radiaI is¢’,D12.6,1x,A2

8 ,i,10x,' IABOVE USED IM CALC IRITIAL ANBULAR MOMEMTUM VECTOR)')
263 tor•att1H ,' Vinit_radiaI is!’,D12.6,1x,A6,1x,' Vinit_trans

is!’,D

d12.6,1x,A6,/,10x,'IABOVE USED IM CALC INITIAL AMBULAR MDMEMTUM DEC
&TORT’)

264 T¤r•att1H ,' PRIZERO IS!',D12.6,' Rad QZERD IS!’,D12.6,' PZERO IS
&:',D12.6,/•10x,' IAODVE USED IM BUILDIMB IMITIAL CORDITIOM VECTOR)
G')

265 tor•at(1H ,' IMITIAL ARBULAR MOMERTUM VECTOR IS:’,3tD12.6,2x) T
266 1¤rnat(1H ,' MABMITUDE SO OF IMITIAL AMB MOM VECTOR is:'

d,D16.8,' (',A10,’T!!2’,/,10x,’ AMG MOM MABRITUDE IS! ',D16.8,tx,
6 A10)



280

267 for•atftH ,' EQUILIBRIUH RADIUS R0 IS!',0i2.6,ix,A2,’ PERI00 IS! '
&,0t2.6,tx,A3,/,t0x,' PERI00 in HIHUTES is! ',0t2.6,3x,’Ho of URHIT
AS is: ',0t2.6l

268 for•atltH ,' Eguilbriun radius in EARTH RADII is! ',0t2.6l
269 for¤atttH ,' Eigenvalue onega tnon—zerol is ! ',0t4.8l
270 for•atltH ,'IHTE6RATIOH LIHITS FOLLOHl HSTEPS IS ',I6l
2Tt for•at(tH ,' TBEGIH = ',0i2.6,’ ; TEH0 = ',0t2.6,tx,A3,' 0ELTAT =

-',0t4.7,tx,A3,/,5x,' and RK6 STEPSIZE is! ’,0t4.7,tx,A3l
272 for•at(tH ,' UUTPUT 0ATA IS CBHTAIRED UH THE FILE CALLEO· '•A24l
273 for|attlH ,' THE 0ATA HH THE ABUVE FILEHAHE HA5 PROBUCED OH ',I2¤’

··',I2,'·',I4,/,35x,' AT APPRUXIHATELY ',I2,tH!,I2,tH!,I2l
c .....initialize necessary variables

n = nnax
t0 = 0.0
t = t0

(••··•·••·•······•-····-·-··•···•••··•····•···--············•·•·•••·•·•····

do 44 k=t, osteps + t
t_last = t
ifltt .eg. 0.0l .and. (initialzell then

c yttl is PHI, yt2l is 0, y(3l is Pr
yttl = phizero
y(2l = qzero
yt3l = pzero
initialze = .FAL5E.

else
c--) Define last values of the ytnl vector for use as the
c initial condition vector for the RKGill integration.

y_lastltl = yltl
y_lastl2l = y(2l
7_lastl3l = yt3l

c--) For the tise T, get the entire set of the Ytnl
c functions, each evaluated at the tiee T, given that the set
c has the initial conditions given by the
c values contained uitbin the vector Y_LASTlnl .....
c
c Pass DELTAT to deternine the nueber of tines to execute Runge-
c Kutta-Gill routine

call dortg(o,xe,r0,GH,xlphisq,deltat,h,y_last,y,t_last,tl
(··•··•··•·········———··-—--—··—-----—·—-·--———-—-----—--••—•·•-•·•—•--·

endif
c--) Hrite values to the output file......
c yttl is PHI, y(2l is 9, y(3l is Pr

vritet6,'(tx,0t4.6,3x,0t7.9,2x,0t7.9,2x,0t7.9)' Itg8
yl3l

44 continue
c ....close output file .....

urite(f,'(" ",7t(th*ll' l
vritel6,'l" ",7tt1hfll' l
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endfile 6
revind 6
close16)
end

gesesassesesessaseeaaasesae END D4 SDLVENEP essexeareeeseeeeeeeeaaeeaa
$0EBU6

suhroutine dorkg1n,xn,r0,GH,xlphisg,dt,h,1_begin,1,t_begin,t_end)
Eeasieressassesaaeseeseeaaeeeseeaeessaeaseaaaaeaeaeaaeeeasaeeeaaseseaaee
gaaeaaee ess
c4444444 This routine serves as the interface to the Ronge—Kutta-6ill444
c4444444 subroutine rkgill. It controls the nueber of tiees that 444
c4444444 the runge steps ef rkgill are executed. It is designed to 444
c4444444 advance the solution of 1 at tiee t_last, 1_)ast, to the 4%4
:4444444 the solution valid at tiee t, given b1 1. 44444444444444444444

ceessaeaaaeeaa1seaeeesssaaesaaaeeseeaeaaesaeaaeesasaeeaaaaaeaeeaeaaaaeea
para•etertn|ax=3)
ieplicit real48 la-h,o·z)
integer e, n, kontrol
integer deltat_steps, knt_steps
dieension T13), 113), 1_begin(3)

c--) Detereine the total nueber of steps l0ELThT_STEP5) to eake vith
c Runge-Hutta-Gill routioe executing stepsize of H to advance
c solution by aeeunt DELTAT, froe T_BEGIH to T .....

11 = dt/h
if111 .lt. 1.0) stop 00111
dtt = dt
klin = idinttyvl

c Do loop used to get precise correct value for 0ELTAT_STEPS
do 4545 ih = 1, klin 4 2

0TT = 0TT - H
iffldtt - 0.00400) .le. 1.00·06) go to 4550

4545 continue
4550 deltat_steps = ih

c--) Initialize Runge routine variables, control index ln)
e = U

c--) Initialize step counter 1knt_steps) ......
knt_steps = 0
t = t_begin

c 111) is PHI, 112) is 0, 113) is Pr
111) = 1_begin11)
112) = 1_begin(2)
113) = 1_begin13)

(••········••··•·············—····-—--··—·•·———-·----•—·--·——•—-·---—•-~-

c
c ....Call on 4-th order Runge·Kutta·Gi))s function

8 iflkot_steps - deltat_steps) 6,7,7
6 continue
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call rkgill1n,7,1,t,h,|,kontrol)
go to 110,20) kontrol

c Deline tirst-order derivatives o1 the systen....
10 111) = xlphisq/lx•+1r0+r0)+11.00+00 + 712))+11.00+00 + 712)) )

112) = 1 1.00+00/1x•+1r0+r0)) )+713)
113) = 1 xlphisq/1x¤+1r0!r0)+11.00+00 + 712))+!3) ) · GN+x•/1r0+

4 11.00+00 + 112))r11.00+00 + 712)) )
gn to 6

20 continue
knt_steps = knt_steps + 1
go tn 8

7 continue
t_end = t
return
end

geaaaeeeeaeeeeaaeeeaea END gf BURK5 eeeeeeeaeaeeaeeaeeaeeaeeeeaeeeaeeee
$0EBUG

suhroutine rkgill1n,7,1,x,h,•,kontrl)
gaeaneeeeeeaeeeaaaaeaaeeaeeeeaaeeeeeaeaeeeeeeaaaaeeeeeeeeeeaeeeeeaeaeeee
c+++¥§¥+ This subroutine nerlorns Runge·Kutta integration 07 the Eillsf
c§§+%+++ aethod. The Runge-Kutta routine 1or N §%++++++++++!+++++++¥§+
c+++++%+ sinultaneous linear 1irst·order equations is taken 1ron 1+++*+
c¥++++++ Appendix C o1 the book 9150005 FLOI0 FLON hy FRANK N. NHITE ++
geeeeeee 1974 Nq5p;g—H1)1 pp,

575-575para•etertn¤ax=3)
inplicit real!8 1a—h,o—z)
integer n, o, kontrl
dinensinn ylnnaxl, flnnax), qlnnaxl
¤=|+1
90 11) Hg4g54347) I

1 do 2 i = 1, n
uli) = 0.00+00

2 continue
a = 0.50+00
go to 9

3 a = 1.7071067ö118654752440+00
4 x = x + 1.50+00)+h
5 do 6 i = 1, n

711) = 71i) + a+111i)+h - qlil)
q1i) = 12.00+00)+a+h+1li) + 111.00+00) - 13.00+00)%a)+q1i)

6 continue
a = .2928321881345247560+00
go to 9

7 do 8 i = 1, n
Yli) = )1i) + h+11i)/16.00+00) · uli)/13.00+00)

8 continue•
= 0
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kontrl = 2
go to 10

9 kontrl = t
10 continue

return
end

ceeeeaeeeeeeeeesoe ENO UF 9UBROUT§NE RKGILL eeesesieeeoeeeeeeeeeeeeeen
SDEBUG

subroutine crossprla,b,cl

c***e***
This subroutine, provided eith the vectors a and h, which

****
c*******

have real cooponents, perfores double precision aritheetic
***ceeeeeee to ohtain the cross product of the vectors a and b. The cross

c*******
product operation is defined in the standard eanner. The

****ceeeeee* result is stored in the vector c. All vectors have 3 coeponent

ieplicit real*8 la-h,o—zl
dieension al3l, h(3l, c(3l
c(t)= al2l*ht3l · b(2l*al3l
cl2l= a(3l*b(tl · b(3l*attl
ct3l= a(il*b(2l - hltl*at2l
return
end

geeeeeeeeeeeeeeiseeo ENO of SUBROUTTNE CROSSPR aeeeeeaeeeeeeoeeeeeeoee
$05806

double precision function dotta,bl
geeeeeeaeeeneeeeeeeeeeeeeeeeeeeeeeeeeeaeeeeeeeeseeeeeeeeeeeeeeeeeseerene

c*******
This function, provided with the vectors a and b, which have**

c*******
real conponents, perforns double precision arithaetic lo

*****
c*******

ohtain the dot product of the vectors a and b. The dot
******

c*******
product operation in the standard eanner.

********************
c*******

hll vectors are assuened to have 3 or less coeponents.
*******Ceeeseeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeeoeeeeeeeeeeeeees

ieplicit real*8 ta—h,o-z)
dieension a(3l, bl3l
dot = attl*b(tl + al2l*h(2l + a(3l*bt3l
return
end

c**e*e**r*e*+ END of DOUBLE PRECISION FUNCTIUN 00T *******************






