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Abstract

Understanding the mechanisms responsible for different clinical out-
comes following hepatitis B infection requires a systems investigation
of dynamical interactions between the virus and the immune system.
To help elucidate mechanisms of protection, we developed a deter-
ministic mathematical model of hepatitis B infection that accounts
for cytotoxic immune responses resulting in infected cell death, non-
cytotoxic immune responses resulting in infected cell cure and pro-
tective immunity from reinfection, and cell proliferation. We analysed
the model and presented outcomes based on three important dis-
ease markers: the basic reproduction number R0, the infected cells
death rate δ (describing the effect of cytotoxic immune responses),
and the liver carrying capacity K (describing the liver susceptibil-
ity to infection). Using asymptotic and bifurcation analysis techniques,
we determined regions where virus is cleared, virus persists, and
where clearance-persistence is determined by the size of viral inoculum.
These results can guide the development of personalized intervention.
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1 Introduction

Despite effective vaccines and improved treatment strategies, hepatitis B virus
(HBV) continues to be a global health burden with over 3.5% of the world
population being chronically infected [1]. HBV spreads vertically from mother
to child, through sexual contact and after exposure with infected blood or body
fluids [2]. The risk of progression to chronic disease is dependent on host age,
viral characteristics, and immune responses. While acute infection is generally
cleared in adult immunocompetent patients, up to 90% infants, 50% children
younger than five, and 5-10% adults develop chronic infections which lead to
liver disease such as cirrhosis and hepatocellular carcinoma [3, 4, 5]. Extensive
work has been conducted that focuses on understanding of key immunological
interactions, as well as hepatitis B virus molecular dynamics, that dictate
the infection outcome [6]. HBV has developed multiple strategies for avoiding
innate and adaptive immunity, with hepatitis B e- and s-antigens (HBeAg and
HBsAg) being responsible for the suppression of interferon responses [7] and
of natural killer cell function [8]; the impairment of dendritic cells [9]; and
the exhaustion of cellular T-cell function [10]. Chimpanzee inoculation studies
have linked the magnitude of the HBV dose with infection outcomes, which
range from no infection, to acute infection (where the entire liver is infected
prior to viral clearance), to chronic viral persistence [11]. They determined
that the varying outcomes are immune-dependent, with medium inoculum dose
leading to CD8 T-cell mediated immune response that synchronize with HBV
dynamics and result in low or no liver infection; low inoculum dose leading to
improper CD8 T-cell responses, 100% liver infection, and viral persistence; and
high inoculum dose resulting in acute infection of the entire liver followed by
viral clearance [12, 11]. Understanding the mechanisms responsible for different
outcomes requires a systems investigation of dynamical interactions between
host and virus (described using theoretical tools, such as mathematical models)
in order to provide testable biological hypotheses for the observed empirical
outcomes.

Previous modeling work has helped understanding the relationship between
inoculum dose, immune responses, cell depletion, and infection outcomes [13]
for hepatitis B viral infections [14, 15, 16, 17], HIV [18], respiratory viral
infections [19], and vaccine induced immunity [20]. Non-autonomous systems of
differential equations, who incorporate time dependent functions for infection
rates [17, 21] or immune responses [14] (assumed to be dose dependent), have
predicted that delayed immune responses lead to acute infections followed by
clearance, weak immune response lead to viral persistence, and strong immune
responses block the infection altogether. In autonomous systems of differential
equations, however, the dependence of outcomes on initial inoculum, i.e. the
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initial condition of the virus concentration variable (rather than parameters
or time-dependent functions), requires the presence of bistable dynamics. The
target cell limited model of viral infection (see [22, 23, 24, 21] for a review)
that assumes interactions between target cells T , infected cells I and virus V
according to the following system:

dT

dt
= s− βTV − dT,

dI

dt
= βTV − δI,

dV

dt
= pI − cV,

(1)

predicts no infection when R0 = spβ
dδc < 1 and viral persistence when R0 >

1, regardless of initial conditions. In this paper, we show that an extended
autonomous system, incorporating additional hepatitis B-specific viral-host
mechanisms into the model Eq. (1), such as the proliferation of uninfected and
infected cells [25, 26, 16, 27], cytolytic and non-cytolytic immune responses [25,
26, 15], and the emergence of cured cells that are protected to reinfection [26,
28], results in bistable dynamics. Here, we determine conditions for bistability
and investigate the relationship between inoculum dose and model outcomes.
Armed with these insights, we propose target mechanisms and interventions
that induce viral clearance.

2 Immunological model of HBV

We expand the classical viral dynamics model Eq. (1) by assuming the interac-
tion between hepatitis B virus (V ) and three classes of liver cells (hepatocytes
- the main target of hepatitis B virus): uninfected (T ), infected (I), and
protected from (refractory to) reinfection cells (P ). We model homeostatic
proliferation of each hepatocyte family via logistic growth rates with the same
carrying capacity K and different per capita proliferation rates rT , rI , and
rP for uninfected, infected, and protected cells, respectively. In addition, we
assume that uninfected hepatocytes die naturally at per capita rate d. Upon
interaction with virus, target cells become infected at rate β and infected cells
are removed via either immune-mediated killing at rate δ or immune-mediated
cure that moves them into the protected class at rate ρ. In addition, infected
cells produce π virions per day and virus is cleared at rate c. Lastly, the
immune-protected state of class P wanes at rate µ. A model diagram for these
interactions is given in Figure (1) and the corresponding autonomous system
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of differential equations, describing these interactions is given by:

Target
dT

dt
=

logistic growth︷ ︸︸ ︷
rTT

(
1− T + I + P

K

)
−

absorption︷ ︸︸ ︷
βTV +

waning︷︸︸︷
µP −

death︷︸︸︷
dT

Infected
dI

dt
=

logistic growth︷ ︸︸ ︷
rII

(
1− T + I + P

K

)
+

absorption︷ ︸︸ ︷
βTV −

cure︷︸︸︷
ρI −

death︷︸︸︷
δI

Protected
dP

dt
=

logistic growth︷ ︸︸ ︷
rPP

(
1− T + I + P

K

)
+

cure︷︸︸︷
ρI −

waning︷︸︸︷
µP

Free virus
dV

dt
=

virus prod.︷︸︸︷
πI −

clearance︷︸︸︷
cV −

absorption︷ ︸︸ ︷
βTV .

(2)

The initial conditions are T (0) = T0, I(0) = 0, V (0) = V0 and P (0) = 0.

Fig. 1 Diagram for model Eq. (2), where T , I, P , and V represent the uninfected cells,
infected cells, protected from reinfection cells, and free viruses, respectively.

Next, we will investigate the long-term dynamics of model Eq. (2) via sta-
bility analysis. Moreover, we will determine relationships between outcomes
of model dynamics, parameters, and initial conditions via both bifurcation
and threshold analysis along with numerical simulations similar to previous
studies [29, 30, 31, 32, 33].
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3 Threshold dynamics, equilibria, and
bifurcation analysis

The analytical results suggest that the model Eq. (2) has three boundary
equilibria. The first boundary equilibrium is the trivial equilibrium

E0
0 = (0, 0, 0, 0),

corresponding to clearance of infection in the presence of liver failure. It exists
for all model parameters. The second boundary equilibrium is the infection-free
equilibrium (IFE)

E0 = (T
0
, 0, 0, 0),

where T
0
= K(1− d

rT
). It is biologically relevant if and only if the uninfected

cells’ per capita division rate exceeds their per capita death rate, i.e. rT > d.

Remark 1 Here we introduce existence conditions guaranteeing the positivity of
equilibria:

(a) Let

T
0
= K

(
1− d

rT

)
be the concentrations of uninfected liver cells in the absence of virus. It is
positive if and only if rT

d > 1,

(b) Let

I
0
= K

(
1− δ + ρ

rI

)
be the concentrations of infected liver cells in the absence of virus. It is
positive if and only if rI

δ+ρ > 1,

(c) Let

P
0
= K

(
1− µ

rP

)
be the concentrations of protected liver cells in the absence of virus. It is
positive if and only if rP

µ > 1,

(d) The concentration of protected liver cells exceeds the concentration of
uninfected liver cells in the absence of the virus,

P
0
> T

0
,

if and only if rP
µ > rT

d .
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The viral clearance is the desired outcome of any exposure to hepati-
tis B virus. The third boundary equilibrium is the clearance with immunity
equilibrium (ClImE)

Ecl
0 = (T

∗
, 0, P

∗
, 0),

where T
∗
= P

0

1+
rT
Kµ (P

0−T
0
)
, and P

∗
= rT

Kµ (P
0−T

0
)T

∗
. It is biologically relevant

if and only if the per capita division rate of the protected cells over their
lifespan is bigger than the per capita division rate of the uninfected cells over
their lifespan and the per capita division rate of the protected cells is bigger

than their per capita death rate i.e. rP
µ > min

{
1, rT

d

}
(alternatively, P

0
>

min{0, T 0}, see Remark 1).
Lastly, model Eq. (2) has up to three biologically feasible interior equilib-

ria, corresponding to different types of chronic infection equilibrium (CIE)

E†
i = (T

†
i , I

†
i , P

†
i , V

†
i ), i = 1, 2, 3.

Their general expressions and conditions for existence will be presented in
theorem 4 and proposition 5.
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Table 1 Equilibria and conditions for their local stability

Equilibrium Notation (T , I, P , V ) and the
existence condi-
tion(s)∗

Threshold condition(s)

(i) Clearance with
liver failure
equilibrium

E0
0 (0, 0, 0, 0)

max
{

rT
d
, rI
δ+ρ

, rP
µ

}
< 1

(see proposition 1 )

B
o
u
n
d
a
ry

(ii)
Infection-free
equilibrium (IFE)

E0
(T

0
, 0, 0, 0), where

T
0
= K(1− d

rT
)

R0 < 1, where

R0 = rI
(δ+ρ)

(1− T0

K
)

+ π
(δ+ρ)

βT0

(c+βT0)

(see theorem 2)

(iii) Clearance with
immunity
equilibrium (ClImE)

Ecl
0

(T
∗
, 0, P

∗
, 0), where

T
∗
= P0

1+
rT
Kµ

(P0−T0)
,

P
∗
= rT

Kµ
(P

0−T
0
)T

∗

rP
µ

> rI
δ+ρ−π

(see theorem 3 )

C
o
ex

isten
ce

(iv)
Chronic infection
equilibrium (CIE)

E†
i

(T
†
i , I

†
i , P

†
i , V

†
i )

(see theorem 4 and proposition 5)

Backward bifurcation
condition

rT
d

> max
{
1 + µ

d
, rP

µ

}
Condition Eq. (F24) holds
(Theorem 6).

*Existence conditions guaranteeing the positivity of equilibria E0
0 , E0, Ecl

0 , and E†
i , are given in

Remark 1.

3.1 Asymptotic stability of equilibria

So far, we presented conditions for the existence of equilibria. In order for
the solutions of model Eq. (2) to converge to these equilibria in the long-
term, we need to determine conditions for local asymptotic stability of each
equilibria, given that the model’s initial conditions are sufficiently close to the
equilibria. In this section we will identify the parameter space that guarantees
equilibria’s local asymptotic stability. In general, asymptotic stability occurs
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when all eigenvalues of the Jacobian matrix

J(T ,I,P ,V ) =


rT − rT (N+T )

K − βV − d − rTT
K − rTT

K + µ −βT

− rII
K + βV rI − rI(N+I)

K − δ − ρ − rII
K βT

− rPP
K ρ− rPP

K rP − rP (N+P )
K − µ 0

−βV π 0 −c− βT


(3)

evaluated at an equilibrium point (T , I, P , V ) are negative or have negative
real parts, where N = T + I + P .

Proposition 1 The clearance with liver failure equilibrium E0
0 is locally asymptoti-

cally stable if max
{

rT
d , rI

δ+ρ ,
rP
µ

}
< 1, and unstable otherwise.

Proof See the proof in Appendix A. □

Since clearance with liver failure is not a biologically desired out-
come, for the rest of the paper (unless otherwise stated) we assume that

min
{

rT
d , rI

δ+ρ ,
rP
µ

}
> 1. Note that this is a necessary and sufficient condition

for the existence of infection-free equilibrium, E0. Next, we derive the local
stability condition for E0.

Let us define the basic reproduction number, R0, as follows:

R0 =
rI

(δ + ρ)
(1− T

0

K
) +

π

(δ + ρ)

βT
0

(c+ βT
0
)
. (4)

The threshold quantity R0, given by Eq. (4), gives the average number of
secondary infected cells produced by one infected cell during its lifespan in

a fully susceptible target cell population. The first term rI
(δ+ρ) (1 −

T
0

K ) is the

average number of offspring produced by an infected cell during its lifespan

(through vertical transmission) and the second term π
(δ+ρ)

βT
0

(c+βT
0
)
describes

the average number of secondary infections produced by one infected cell
during its lifespan in a completely naive cell population (through horizontal
transmission) [30, 29].

Theorem 2 The infection-free equilibrium (IFE) E0 is locally asymptotically stable
if R0 < 1. Otherwise, if R0 > 1, E0 is unstable.

Proof See the proof is in Appendix B. □

Theorem 3 Let T
0
, I

0
, P

0
> 0 (see Remark 1) and assume that P

0
> T

0
. If

rP
µ

>
rI

δ + ρ− π
,
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then the clearance with immunity equilibrium (ClImE) Ecl
0 is locally asymptotically

stable. Otherwise, it is unstable.

Proof See the proof in Appendix C. □

The chronic infection equilibria (CIE), E† = (T
†
, I

†
, P

†
, V

†
), are given by

P
†
=

[
− (c+βT

†
)d

βπ − T
†
rT

rI
+ (c+βT

†
)(ρ+δ)rT

βπrI

]
[
µ
ρ + βT

†
πrP

ρrI(c+βT
†
)
− (ρ+δ)rP

ρrI
− µ(c+βT

†
)

βπT
†

] ,
I
†
=

rPP
†

ρ

[
βT

†
π

rI(c+ βT
†
)
+

µ

rP
− ρ+ δ

rI

]
,

V
†
=

πI
†

c+ βT
† ,

(5)

where T
†
is the positive root of the following quadratic polynomial:

P (T
†
) = a0T

†4
+ a1T

†3
+ a2T

†2
+ a3T

†
+ a4 = 0. (6)

Detailed derivations and expressions for coefficients a0, a1, a2, a3, and a4 are
given in Appendix D. We next investigate conditions needed for the positivity

of chronic infection equilibrium E† = (T
†
, I

†
, P

†
, V

†
) .

Theorem 4 Assume that rT > rI , I
0
> 0 (see Remark 1), and

max

{
rT
d
,
rP
µ

}
<

rI
δ + ρ

. (7)

Then equation Eq. (6) has at least one and at most three positive values of T
†
.

Proof See the proof in Appendix D. □

Proposition 5 Assume that T
†
> 0 and

rI
δ + ρ

<
rP
µ

(
1− βπT †

(δ + ρ)(c+ βT †)

)
+

rIρ(c+ βT †)

βπ(δ + ρ)T † . (8)

Then I† > 0, V † > 0, and P † > 0, ensuring the positivity of the chronic infection
equilibrium (CIE) E† given by Eq. (5).

Proof See the proof in Appendix E. □
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Next, we will show analytically and numerically that model Eq. (2) can
exhibit bistable dynamics with two local attractors. Here, such bistability
occurs via backward bifurcation. In the next subsection, we will derive a
condition for the existence of backward bifurcation.

3.2 Bifurcation analysis

Bifurcation analysis is a powerful mathematical tool for exploring the complex
behavior of mathematical models and identifying critical parameters (named
bifurcation parameters) leading to transition between different outcomes [29,
30, 31, 32, 33]. Of particular interest to HBV infection is determining biological
markers responsible for the shift from clearance of the virus in some patients to
development of chronic infection in others. By determining such parameters in
the modeling framework presented here (through bifurcation analysis), we aim
to provide a quantitative framework for understanding the dynamics of HBV
infection, suggesting potential interventions, and informing clinical decision-
making to improve patient outcomes.

In this section, we prove the existence of backward and forward bifurcations
in model Eq. (2) using a theorem developed by Castillo-Chavez and Song [34].

Theorem 6 (Bifurcation at R0 = 1) Assume that rT
d+µ > 1, rT

d > rP
µ (alternatively,

rT
d > max

{
1 + µ

d ,
rP
µ

}
), and let

a =

[
2πβrI(c+ βT

0
)2

rT
+

2βπcµK

rTT
0

(
Kρ(c+ βT

0
)

rP (T
0 − P

0
)

)]

−

[
2KρrIµ(c+ βT

0
)3

rT rPT
0
(T

0 − P
0
)
+ 2βπc

(
c+ βT

0
+

Kρ(c+ βT
0
)

rP (T
0 − P

0
)
+

πβK

rT

)]
.

If a > 0, model Eq. (2) undergoes a subcritical/backward bifurcation at R0 = 1;
namely, an unstable positive equilibrium exists for R0 sufficiently close to 1 from the
left. If a < 0, model Eq. (2) undergoes a supercritical/forward bifurcation at R0 = 1;
namely, a locally asymptotically stable positive equilibrium exists for R0 sufficiently
close to 1 from the right.

Proof See the proof in Appendix F. □

Furthermore, for model Eq. (2), numerical simulations show that the
chronic infection equilibrium (CIE) is losing stability through a Hopf bifurca-
tion (see figure 7). We next derive the Hopf bifurcation condition analytically,
by using Routh–Hurwitz Criteria. By first computing the Jacobian matrix at

the CIE equilibrium E† = (T
†
, I

†
, P

†
, V

†
), we obtain
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J(E†) =


− rTT

†

K − µP
†

T − rTT
†

K − rTT
†

K + µ −βT
†

− rII
†

K + βV
†
rI − rI(T

†
+2I

†
+P

†
)

K − δ − ρ − rII
†

K βT
†

− rPP
†

K ρ− rPP
†

K − rPP
†

K − ρI
†

P
† 0

−βV
†

π 0 −c− βT
†

 ,

(9)

and the corresponding characteristic function

f(λ) = A0λ
4 +A1λ

3 +A2λ
2 +A3λ+A4, (10)

where

A0 =1, (11)

A1 =
rTT

†

K
+

µP
†

T
† − rI +

rI(T
†
+ 2I

†
+ P

†
)

K
+ δ + ρ+

rPP
†

K
+

ρI
†

P
† + c+ βT

†
,

(12)

A2 =det

− rTT
†

K − µP
†

T
† − rTT

†

K

− rII
†

K + βV
†
rI − rI(T

†
+2I

†
+P

†
)

K − δ − ρ


+ det

− rTT
†

K − µP
†

T
† − rTT

†

K + µ

− rPP
†

K − rPP
†

K − ρI
†

P
†

+ det

(
− rTT

†

K − µP
†

T
† −βT

†

−βV
† −c− βT

†

)

+ det

rI − rI(T
†
+2I

†
+P

†
)

K − δ − ρ − rII
†

K

ρ− rPP
†

K −ρI
†

P
† − rPP

†

K


+ det

(
rI − rI(T

†
+2I

†
+P

†
)

K − δ − ρ βT
†

π −c− βT
†

)
+ det

(
− rPP

†

K − ρI
†

P
† 0

0 −c− βT
†

)
,

(13)

A3 =− det

rI − rI(T
†
+2I

†
+P

†
)

K − δ − ρ − rII
†

K βT
†

ρ− rPP
†

K − rPP
†

K − ρI
†

P
† 0

π 0 −c− βT
†



− det


− rTT

†

K − µP
†

T
† − rTT

†

K + µ −βT
†

− rPP
†

K − rPP
†

K − ρI
†

P
† 0

−βV
†

0 −c− βT
†





Springer Nature 2021 LATEX template

12 Bistability in a Model of Hepatitis B Virus Dynamics

− det

− rTT
†

K − µP
†

T
† − rTT

†

K −βT
†

− rII
†

K + βV
†
rI − rI(T

†
+2I

†
+P

†
)

K − δ − ρ βT
†

−βV
†

π −c− βT
†



− det


− rTT

†

K − µP
†

T − rTT
†

K − rTT
†

K + µ

− rII
†

K + βV
†
rI − rI(T

†
+2I

†
+P

†
)

K − δ − ρ − rII
†

K

− rPP
†

K ρ− rPP
†

K − rPP
†

K − ρI
†

P
†

 ,

(14)

A4 =det


− rTT

†

K − µP
†

T
† − rTT

†

K − rTT
†

K + µ −βT
†

− rII
†

K + βV
†
rI − rI(T

†
+2I

†
+P

†
)

K − δ − ρ − rII
†

K βT
†

− rPP
†

K ρ− rPP
†

K − rPP
†

K − ρI
†

P
† 0

−βV
†

π 0 −c− βT
†

 .

(15)

Using these coefficients, we established the result below.

Theorem 7 (Hopf Bifurcation at a positive equilibrium) A Hopf bifurcation occurs

at a positive equilibrium (T
†
, I

†
, P

†
, V

†
) if and only if A1A2A3 − A2

1A4 − A2
3 = 0,

where A0, A1, A2, A3, A4 are defined by Eqs. (11)-(15), respectively.

Proof See proof in Appendix G. □

4 Numerical simulations and bifurcation
diagrams

Parameter values. We numerically investigate the parameter space where
we observe different behaviors for model Eq. (2), as described in the stability
analysis section. We use previously published parameters as a starting point in
our simulations. Briefly, we assume that the proliferation rate for uninfected
hepatocytes is rT = 1 per day [25, 26, 28], for infected hepatocytes is rI =
0.08 per day [23, 16], and for protected from reinfection hepatocytes is rP =
10−4 per day. The liver carrying capacity is K = 1.4 × 107 hepatocyte/ mL
[25, 26, 28]. The lifespan of uninfected hepatocytes was previously reported
to range between 150 to 450 days [35]. We assume 150 days as the half-life of
the uninfected hepatocytes, corresponding to a death rate of uninfected cells
of d = 0.005 per day. We consider higher death rate of the infected cells,
ranging between δ = 0.01 and δ = 0.2 per day, corresponding to infected cells
lifespan between 5 and 100 days. The infectivity rate β is assumed to range
between 10−6 and 10−4 mL/(virus× day), the cure rate of the infected cells
to be ρ = 10−3 per day, and the immune cell waning rate to be µ = 10−3 per
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Table 2 Variables and parameters used in simulations

Variables Description Value Reference

T Target cells T
0
= 1.4× 107 per mL [25, 26, 28]

I Infected cells I
0
= 0 per mL

P Protected cells P
0
= 0 per mL

V Free virus V
0
= 1-109 per mL

Parameter Description Value Reference
rT uninfected cells proliferation rate 1 d−1 [25, 26, 28]
rI infected cells proliferation rate 0.08 d−1 [23, ?]
rP immune cels proliferation rate 10−4 d−1

K hepatocyte carrying capacity 1.4× 107 ml−1 [25, 26, 28]
β infectivity rate 10−6 − 10−4 mL vir−1 d−1

d uninfected cell death rate 0.005 d−1 [23, 35]
δ infected cell death rate 0.001− .2 d−1

ρ infected cell cure rate 10−3 d−1

µ immune cell waning 10−3 d−1

π virus production rate 0.05 d−1 [23]
c viral clearance 0.67 inf−1 d−1 [25, 26, 28]

day. We assume a virus production rate of π = 0.05 virus/(infected cell× day)
[23] and clearance rate of c = 0.67 per day [25, 26, 28]. A summary of these
parameter values is given in Table 2.

Numerical simulations. We solve model Eq. (2) using ODE45 in Mat-
lab with parameters and initial conditions described above and in Table 2.

Moreover, we consider two initial viral inoculum, V
0

low = 1 virus/mL and

V
0

high = 109 virus/mL. As described in Section 3, model Eq. (2) has complex
dynamics. Next, we will investigate model Eq. (2)’s outcomes numerically by
varying the infected cells death rate δ and considering high and low initial

viral loads, V
0

high and V
0

low.
We find that high infected cells killing rate, δ = 0.12 per day, results

in virus clearance, corresponding to asymptotic stability of the infection free
equilibrium (IFE), regardless of the initial viral inoculum (see Figure 2(A)-
(B) and Figure 7, Region (D) and (E)). Decrease in infected cells killing rate
to δ = 0.0845 per day, results in bistability between the IFE and limit cycles
corresponding to chronic infection equilibrium (CIE), with high viral load

inoculum V
0

low = 109 virus/mL resulting in convergence to a limit cycle and

low viral load inoculum V
0

low = 1 virus/mL leading to convergence to IFE (see
Figure 3(A)-(B)and Figure 7, Region (C)). An even further decrease in infected
cells killing rate to δ = 0.07 per day, results in bistability between the IFE
and the CIE, with viral inoculum deciding which equilibrium is attracting. In

particular, high viral load inoculum of V
0

low = 109 virus/mL results in conver-

gence to CIE and low viral load inoculum of V
0

high = 109 virus/mL results in
convergence to IFE (see Figure 4(A)-(B)and Figure 7, Region (B)). To deter-
mine the transition from virus clearance to virus persistence, we plotted virus
over time (see Figure 5(A) and at equilibrium (see Figure 5(B)) based on inocu-
lum size. Numerical results suggest that with the low inoculum size (V̄ 0 < 107
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virus/mL), virus clears and with high inoculum size (V̄ 0 > 107 virus/mL),
virus persists. Finally, an even lower infected cells killing rate of δ = 0.035 per
day, results in viral persistence, corresponding to local asymptotic stability of
CIE, regardless of the viral inoculum (see Figure 6 and Figure 7, Region (A)).

Fig. 2 Population dynamics for target cells T (t) (green lines), infected cells I(t) (cyan lines),
protected cells P (t) (blue lines), and HBV V (t) (red lines) over time as given by model Eq.

(2) for: (A.) V
0
high = 109 virus/mL and (B.) V

0
low = 1 virus/mL. All other parameters and

initial conditions are given in Table 2. Note that this exemplifies convergence to the IFE, E0.

Fig. 3 Population dynamics for target cells T (t) (green lines), infected cells I(t) (cyan
lines), protected cells P (t) (blue lines), and HBV V (t) (red lines) over time as given by model

Eq. (2) for: (A.) V
0
high = 109 virus/mL and (B.) V

0
low = 1 virus/mL. All other parameters

and initial conditions are given in Table 2. Note that this exemplifies bistability between
the chronic infection equilibrium, E† which undergoes through Hopf bifurcation results in
periodic solutions converges to limit cycles (A.) and infection-free equilibrium, E0 (B.).

Bifurcation analysis. An event where equilibria emerge, vanish, or alter
their stability with respect to a set of parameter values, is called a bifurcation,
and the curve representing changes in outcomes for a bifurcation parameter
is called the bifurcation curve [36]. We next derived one-parameter (one-
dimensional) bifurcation curves, with the infected cells killing rate δ as the
bifurcation parameter. We consider three critical δ values: δc, corresponding to
a saddle node bifurcation point ; δh, corresponding to a Hopf bifurcation; and
δ0, corresponding to a transcritical bifurcation point.
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Fig. 4 Population dynamics for target cells T (t) (green lines), infected cells I(t) (cyan lines),
protected cells P (t) (blue lines), and HBV V (t) (red lines) over time as given by model Eq.

(2) for V
0
high = 109 HBV DNA per mL (A.) and V

0
low = 1 HBV DNA per mL (B.). All other

parameters and initial conditions are given in Table 2. Note that this exemplifies bistability
between the chronic infection equilibrium, E† (A.) and infection-free equilibrium, E0 (B.).

Fig. 5 Virus population V (t): (A.) over time and (B.) at equilibrium as given by model
Eq. (2) versus virus inoculum. Other parameters and initial conditions are given in Table 2,
δ = 0.07 per day, and β = 10−4 mL/(virus×day). Note that V (t) converges to IFE E0 when

V
0
< 107 virus/mL and it converges to CIE E† when V

0
> 107 virus/mL.

Next, we present different bifurcation curves for the virus population at
equilibrium given by model Eq. (2) for varied infected cell killing rates δ (bot-
tom x-axis) and basic reproduction number R0 (top x-axis) (see Figure 7),
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Fig. 6 Population dynamics for target cells T (t) (green lines), infected cells I(t) (cyan lines),
protected cells P (t) (blue lines), and HBV V (t) (red lines) over time as given by model Eq.

(2) for: (A.) V
0
high = 109 virus/mL and (B.) V

0
low = 1 virus/mL. All other parameters and

initial conditions are given in Table 2. Note that this exemplifies convergence to CIE E†.

where δ and R0 have an inverse relationship. The first bifurcation, the saddle
node bifurcation point δc, shows transition between no CIE and two CIE. In
particular, there are no CIE when δ > δc, one CIE when δ = δc, and two CIE
when δ < δc (see Figure 7, regions D and E). Note that for all the values of δ
near δc (from the left and right),where Rc < R0 < 1 (here, Rc represents the
basic reproduction number at δ = δc), the model (2) demonstrates that the
IFE is locally asymptotically stable and virus is cleared.

The second bifurcation, the Hopf bifurcation point δh, shows emergence of
limit cycles. In particular, CIE is locally asymptotically stable when δ < δh,
CIE is unstable when δ > δh, and we obtain oscillatory solutions when δ = δh
(shaded region C in Figure 7). Note that in Figure 7, Rh represents the critical
value of R0 at δ ∈ δh.

The last bifurcation, the transcritical bifurcation point δ0, shows the emer-
gence of bistable dynamics. In particular, IFE is locally asymptotically stable
when δ < δ0 (R0 < 1), and CIE is locally asymptotically stable and IFE is
unstable when δ > δ0 (R0 > 1). Furthermore, when R0 is sufficiently close to

1 from the right, an unstable positive CIE E†
1 separates the basin of attrac-

tion of IFE E0 from that of CIE E†
2 (see Figure 7, regions A and B). For

R0 ∈ [0.5913, 1], bistability between CIE E†
2 and IFE E0 occurs via a backward

bifurcation (see Theorem 6). Inside the bistable region, the viral inoculum

size determines whether IFE E0 or CIE E†
2 will be reached (see Figure 7).

Hence, R0 < 1 is a necessary but not sufficient for viral clearance.
Bistability is a natural phenomenon, occurring via backward bifurcation

(or hysteresis), and refers to dynamical systems containing multiple stable
equilibria and/or limit cycles with distinct basins of attraction. In model Eq.
(2), bistability occurs when the IFE and CIE are both locally asymptotically
stable (see Figures 7 and Table 3). Note that model Eq. (2) has periodic
solutions through Hopf bifurcation, with the CIE (inside the bistable region)
losing its stability through a Hopf bifurcation and becoming unstable (see
Figures 7 and Table 3).
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Fig. 7 Bifurcation curves for viral equilibrium as given by model Eq. (2) versus the infected
cells killing rate δ (bottom x-axis) and basic reproduction number R0 (top x-axis). Solid,
dashed, and thick solid lines represent stable, unstable, and periodic equilibria. IFE is the

infection-free equilibrium (E0), CIE is the chronic infection equilibrium (E†
1 and E†

2), δ0 is
the transcritical bifurcation point, δh is the Hopf bifurcation point, and δc is the saddle node
bifurcation point. All other parameters are given in Table 2.

Table 3 Summary of the one-dimensional bifurcation results from Figure 7.

Region from left to right E0 E†
1 E†

2 system Eq. (2)

A δ < δ0 R0 > 1 US −∗ LAS converges to E†
2

B δ0 < δ < δh Rh < R0 < 1 LAS US LAS shows bistability
C δ ∈ δh R0 ∈ Rh LAS US limit cycle converges to IFE, E0
D δh < δ < δc Rc < R0 < Rh LAS US US converges to IFE, E0
E δ > δc R0 < Rc LAS − − converges to IFE, E0

* To represent the equilibrium does not exist, we used −.

For the observed dynamics above, backward bifurcation condition (a >
0, see theorem 6) holds. We will show numerically how we can move from
backward (a > 0) to forward (a < 0) bifurcation by varying the infection
rate parameter, β. Indeed if β > 10−6 mL/(virus× day), we have a backward
bifurcation and bistability between IFE and CIE (see Figure 8A). However,
if β ≤ 10−6 mL/(virus× day), bistability is lost, a forward bifurcation occurs
and the Hopf bifurcation region is elongated (see Figure 8B).

Lastly, we derived a two-parameter (two-dimensional) bifurcation diagram
by varying the infected cells killing rate δ between 0.01 per day and 0.2 per
day and the liver carrying capacity K between 106 hepatocytes/mL and 1.4×
107 hepatocytes/mL, representing 7 − 100% of the liver being susceptible to
hepatitis B infection (see Figure 9). We find that the system displays viral
persistence for low δ values, regardless of the carrying capacity K (see Figure
9, regions A and B). This means that the transcritical bifurcation occurs at the
infected cell killing rate δ0 = 0.04977 per day, for all carrying capacity values
K considered. As the infected cell killing rate increases, the carrying capacity
influences the results. In particular, the saddle node bifurcation point changes
from δc = 0.08229 per day for K = 106 hepatocytes/mL to δc = 0.1117 per
day for K = 1.4 × 107 hepatocytes/mL (see Figure 9, region D and E) and
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Fig. 8 Bifurcation curves for V (t) at equilibrium as given by model Eq. (2) for varied
basic reproduction number R0 values. Solid lines, dashed lines, and star represent stable,
unstable, and periodic equilibria, (A.) β = 2 × 10−6 mL/(virus× day), (B.) β = 1 × 10−6

mL/(virus× day), and the rest of the parameter values are given in Table 2.

the Hopf bifurcation point varies from δh = 0.06931 per day for K = 106

hepatocytes/mL to δh = 0.08423 for K = 1.4 × 107 hepatocytes/mL (see
Figure 9, region C). The two-parameter bifurcation diagram shows that there
is a tradeoff between target cell susceptibility to infection and host immune
responses, with less infected cell killing needed for viral clearace when fewer
hepatocytes are susceptible to viral infection.

Table 4 Summary of the two-dimentional bifurcation diagram results (Figure 9)

Shaded region from left to right No. of equilibria Stability Outcome
A IFE:1, CIE: 1 CIE is stable and IFE is unstable viral persistence
B IFE:1, CIE: 2 IFE is stable, one stable and one unstable CIE bistablity with IFE and CIE
C IFE:1, CIE: 2 IFE is stable, one stable and one unstable CIE bistablity with IFE and limit cycles
D IFE:1, CIE: 2 IFE is stable, both CIE are unstable viral clearance
E IFE:1, CIE: none IFE is stable viral clearance

Fig. 9 Two-parameter bifurcation diagram for model Eq. (2) with varying parameters δ
(killing rate of infected cells) and K (hepatocytes carrying capacity).

The basic reproduction number (R0) is an important threshold in epi-
demiology. Generally, the condition R0 < 1 is associated to viral clearance
(i.e., the IFE is locally asymptotically stable) and the R0 > 1 condition is
associated to viral persistence (i.e., CIE is locally asymptotically stable) (see
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Figure 7). Since model Eq. (2) displays bistability, there are parameter regions
where the IFE and CIE steady states are both stable when R0 < 1 (shaded
region in Figure 7). More precisely, model Eq. (2) predicts virus clearance
when R0 < Rh = 0.5913, regardless of the size of virus inoculum. When
0.5888 = Rh < R0 < 1, however, the outcome is dependent on the size of the
viral inoculum, with low inoculum dose leading to viral clearance (i.e. solu-
tions are attracted to the IFE equilibrium) and high inoculum dose leading to
viral persistence (i.e. solutions are attracted to the CIE equilibrium).

5 Discussion

We developed a mathematical model of hepatitis B infection and used it
to determine the virological and immunological factors that result in viral
clearance or chronic hepatitis. In previous work, we incorporated immune
populations into our models, including CD8 T-cells (and their cytotoxic and
non-cytotoxic functions) [26, 25, 37], antibody molecules (and their neutraliz-
ing and non-neutralizing functions) [28], as well as liver cells protected from
(refractory to) reinfection [26, 38]. Here, we simplified these previous model-
ing assumptions by only including the population of protected liver cells, while
ignoring immune populations. We did, however, include immune functions, in
particular the cytotoxic CD8 T-cell immune responses (parameter δ) and non-
cytotoxic CD8 T-cell immune responses (parameter ρ). A novel feature of the
model is the assumption that all classes of liver cells (uninfected, infected,
and protected from reinfection) proliferate at different rates. While it is well
established that liver regenerates following cellular stress and death [39], the
exact contribution to liver reconstitution of each of these liver classes is not
understood.

We examined the model using asymptotic analyses, and found that is
exhibits rich dynamics. They include parameter regions where we approach a
monostable viral clearance equilibrium, parameter regions where we approach
a monostable viral persistent equilibrium, and parameter regions where we
have bistability of viral clearance and viral persistence equilibria.

We presented the transitions between these different outcomes in the con-
text of three important disease markers: the basic reproduction number R0

(describing the expected number of infections one infected cell generates dur-
ing its life span through horizontal and vertical transmission), the infected
cells death rate δ (describing the effect of cytotoxic immune responses), and
the liver carying capacity K (describing the liver susceptibility to infection).

We found that for low R0 values (R0 < 0.5913) virus is cleared and for
high R0 values (R0 > 1) virus persists. For intermediate R0 values (0.5913 <
R0 < 1), however, viral clearance is dependent of viral inoculum size, with
V (0) < 107 HBV/mL leading to clearance and V (0) > 107 HBV/mL leading
to persistence. Bistability can occur in two ways: a parameter region where
both clearance and persistent equilibria are stable (see figure 7 region (B)),
and a parameter region where periodic positive solutions (through a Hopf
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bifurcation) and the clearance equilibrium are bistable (see figure 7 region
(C)). While the first region is biologically relevant and numerically achievable,
the second region is narrow, not biologically relevant, and hard to achieve
numerically.

Given that cellular immune responses (early in the infection) are crucial for
viral control [40, 11, 41, 42], we described the model results through the lens
of the infected cell killing rate parameter δ. We found that when δ > 0.08456
per day (corresponding to an infected cell lifespan of 11.8 days, 8-times higher
than the death rate of an uninfected hepatocyte), virus is cleared; when δ <
0.0498 per day (corresponding to an infected cell lifespan of 20 days, 4-times
higher than the death rate of an uninfected hepatocyte), virus persists, and
when δ ∈ (0.0498, 0.08456) per day, we have bistability between clearance and
persistence. In this case, clearance depends on the size of viral inoculum, with
V (0) < 107 HBV/mL leading to clearance and V (0) > 107 HBV/mL leading
to persistence.

Lastly, we investigated how susceptibility to hepatitis B infection affects the
results, by varying the susceptible target cell population’s carrying capacity
parameter K, from 7% to 100% liver size. The δ − K bifurcation diagram
showed that the carrying capacity K can influence the results at intermediate
and high killing rates δ but has no effect when the killing rates are low (see
figure 9).

Taken together, these results suggest that strong immune-mediated killing
is important for viral clearance, and that the awakening of the cellular immune
response is crucial to ensure viral clearance [40, 11, 41, 42]. At the intermediate
killing rates, however, viral clearance can still happen depending on the size
of the inoculum. Since our study investigates acute hepatitis B infection, we
can relate the viral inoculum size with the routes of transmission. Hepatitis B
is transmitted through sexual contact, contaminated blood (through sharing
needles, syringes, and other drug-injection equipment), other body fluids, and
prenatal transmission. Depending on the mode of transmission, the amount
of virus inoculum establishing the infection varies, with higher levels needed
for viral invasion during sexual transmission and lower levels needed for viral
invasion during infected blood transmission. Therefore, the transmission route
is an important heterogeneous factor that needs consideration when making
personalized recommendations.

Our model has several limitations. First, we did not explicitly model the
dynamics of CD8 T-cells populations. While we showed that strong cellular
immune responses are needed for clearance, our model does not distinguish
between immune cell population sizes and the immune potency in induc-
ing the required response strength. Second, we ignored the dynamics of viral
markers, such as serum hepatitis B surface-antigen and serum hepatitis B
e-antigen, which are known to induce immune tolerance during chronic infec-
tions [43, 21, 44, 45, 46, 47]. Lastly, our results are theoretical and rely on
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unknown parameters (or parameters estimated in other studies). Data vali-
dation is needed before being able to quantify the tradeoff between inoculum
doses, routes of transmission, and the strength of the immune response.

In conclusion, we developed a mathematical model of hepatitis B infection
and used asymptotic, bifurcation, and numerical analysis to predict the viro-
logical and immunological factors that lead to hepatitis B clearance. These
results can contribute to guiding development of interventions.
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Appendix A

Proof of Proposition 1: We consider the local stability of the clearance with liver
failure equilibrium E0

0 . The Jacobian Eq. (3) of system Eq. (2) evaluated at E0
0 is

JE0
0
=


rT − d 0 µ 0

0 rI − δ − ρ 0 0
0 ρ rP − µ 0
0 π 0 −c

 .

The corresponding characteristic equation is given by

(rT − dn− λ)(rI − δ − ρ− λ)(rP − µ− λ)(−c− λ) = 0,

with roots
λ1 = rT − d, λ2 = rI − δ − ρ, λ3 = rP − µ, λ4 = −c.

E0
0 is locally asymptotically stable if all eigenvalues have negative real parts. This

happens when
rT
d

< 1,
rI

δ + ρ
< 1, and

rP
µ

< 1.

That is, if max
{

rT
d , rI

δ+ρ ,
rP
µ

}
< 1 (alternatively, max{T 0

, I
0
, P

0} < 0, see Remark

1) then E0
0 is locally asymptotically stable, otherwise E0

0 is unstable. This completes
the proof. □
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Appendix B

Proof of Theorem 2: We linearize system Eq. (2) around the infection-free equilib-

rium (IFE), E0 = (T
0
, 0, 0, 0) where T

0
= K(1 − d

rT
) and d < rT . The linearized

subsystem can be written as Ẋ = (F − V)X where

F − V =

[
rId
rT

− δ − ρ βT
0

π −c− βT
0

]
=

[
rId
rT

βT
0

0 0

]
−

[
δ + ρ 0

−π c+ βT
0

]
.

Here, entries in F account for new infections and entries in V account for movement
in and out of compartments due to cell division, viral production, death, clearance
or cure. We apply the next-generation matrix theory [29, 48], which states that the
basic reproduction number R0 corresponds to the largest eigenvalue of the matrix
FV−1. Given that

FV−1 =

[
rId
rT

βT
0

0 0

][
1

δ+ρ 0
π

(δ+ρ)(c+βT
0
)

1

c+βT
0

]

=

[
rId

rT (δ+ρ)
+ πβT

0

(δ+ρ)(c+βT
0
)

βT
0

c+βT
0

0 0

]
is an upper triangular matrix, its eigenvalues are the diagonal elements. The largest
eigenvalue (spectral radius) is

R0 =
rId

rT (δ + ρ)
+

πβT
0

(δ + ρ)(c+ βT
0
)

=
rI

(δ + ρ)

d

rT
+

π

(δ + ρ)

βT
0

(c+ βT
0
)

=
rI

(δ + ρ)
(1− T

0

K
) +

π

(δ + ρ)

βT
0

(c+ βT
0
)
,

since T
0
= K

(
1− d

rT

)
.

This completes the proof. □

Appendix C

Proof of Theorem 3: The Jacobian matrix J evaluated at the clearance and immune
equilibrium Ecl

0 is

JEcl
0

=


rT

(
µ
rP

− d
rT

)
− rTT

∗

K − rTT
∗

K − rTT
∗

K + µ −βT
∗

0 rI

(
µ
rP

− δ+ρ
rI

)
0 βT

∗

− rPP
∗

K ρ− rPP
∗

K − rPP
∗

K 0

0 π 0 −c− βT
∗



=


− rT

K (P
0 − T

0
)− rTT

∗

K − rTT
∗

K − rTT
∗

K + µ −βT
∗

0 − rI
K (P

0 − I
0
) 0 βT

∗

− rPP
∗

K ρ− rPP
∗

K − rPP
∗

K 0

0 π 0 −c− βT
∗

 .
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The corresponding characteristic polynomial is given by

f(λ) = a0λ
4 + a1λ

3 + a2λ
2 + a3λ+ a4, (C1)

where

a0 = 1,

a1 =
rT
K

(P
0 − T

0
) +

rI
K

(P
0 − I

0
) +

rPP
∗

K
+

rTT
∗

K
+ c+ βT

∗
,

a2 =
rPP

∗

K

(rT
K

(P
0 − T

0
) + µ

)
+

rIc

K
(P

0 − I
0
) + βT

∗ (rI
K

(P
0 − I

0
)− π

)
+
(rI
K

(P
0 − I

0
) + c+ βT

∗)(rT
K

(P
0 − T

0
) +

rPP
∗

K
+

rTT
∗

K

)
,

a3 =
rPP

∗

K

(rI
K

(P
0 − I

0
) + c+ βT

∗)(rT
K

(P
0 − T

0
) + µ

)
+

(
rT
K

(P
0 − T

0
) +

rPP
∗

K
+

rTT
∗

K

)(rIc
K

(P
0 − I

0
) + βT

∗ (rI
K

(P
0 − I

0
)− π

))
,

a4 =
rPP

∗

K

(rT
K

(P
0 − T

0
) + µ

)(rIc
K

(P
0 − I

0
) + βT

∗ (rI
K

(P
0 − I

0
)− π

))
,

where T
0
= K(1− d

rT
), I

0
= K(1− δ+ρ

rI
), and P

0
= K(1− µ

rP
).

Note that if

P
0
> I

0
+

πK

rI
⇐⇒ rP

µ
>

rI
δ + ρ− π

, (C2)

then ai > 0, i = {0, ..., 4}. To establish the asymptotic stability of the Ecl
0 equilib-

rium, we are using the Routh-Hurwitz criterion. The Hurwitz matrices are

H1 = [a1] (C3)

H2 =

[
a1 1
a3 a2

]
(C4)

H3 =

a1 1 0
a3 a2 a1
0 a4 a3

 (C5)

H4 =


a1 1 0 0
a3 a2 a1 1
0 a4 a3 a2
0 0 0 a4

 . (C6)

According to the Routh-Hurwitz stability criterion a fourth-order system has eigen-
values with negative real parts if and only if the Hurwitz matrices have positive
determinants, that is det(Hi) > 0, i = {0, ..., 4}.
For simplicity, let

b1 =
rT
K

(P
0 − T

0
) +

rPP
∗

K
+

rTT
∗

K
,

b2 =
rI
K

(P
0 − I

0
) + c+ βT

∗
,

b3 =
rPP

∗

K

(rT
K

(P
0 − T

0
) + µ

)
,
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b4 =
rIc

K
(P

0 − I
0
) + βT

∗ (rI
K

(P
0 − I

0
)− π

)
.

which implies a1 = b1 + b2, a2 = b1b2 + b3 + b4, a3 = b1b4 + b2b3 and a4 = b3b4.
Notice b1, b2, b3, b4 are positive when condition (C2) holds. Hurwitz matrices become
H1 = b1 + b2, H2 = b1b3 + b2b4 + b1b2(b1 + b2), H3 = b1b2(b3 − b4)

2 + b1b2(b1 +
b2)(b1b4+b2b3), H4 = a4H3, which shows that the Hurwitz determinants are positive
if condition Eq. (C2) holds. This completes the proof. □

Appendix D

Proof of Theorem 4: Let, E† = (T
†
, I

†
, P

†
, V

†
) denote the chronic infection equilib-

ria (CIE) of system Eq. (2) with all variables in the positive orthant. Setting the
right-hand side of the system Eq. (2) equal to zero results in the following conditions

V
†
=

πI
†

c+ βT
† , (D7)

1− N†

K
=

βπI
†

rT (c+ βT
†
)
+

d

rT
− µP

†

rTT
† , (D8)

1− N†

K
=

−βT
†
π

rI(c+ βT
†
)
+

ρ+ δ

rI
, (D9)

and

1− N†

K
=

−ρI
†

rPP
† +

µ

rP
, (D10)

where N† = T
†
+ I

†
+ P

†
. From Eq. (D8) and Eq. (D9) we obtain

I
†
=

rT (c+ βT
†
)

βπ

[
µP

†

rTT
† − βT

†
π

rI(c+ βT
†
)
+

ρ+ δ

rI
− d

rT

]
. (D11)

From Eq. (D9) and Eq. (D10), we obtain

I
†
=

rPP
†

ρ

[
βT

†
π

rI(c+ βT
†
)
+

µ

rP
− ρ+ δ

rI

]
(D12)

Lastly, from Eq. (D11) and Eq. (D12), we obtain

P
†
=

[
− (c+βT

†
)d

βπ − T
†
rT

rI
+

(c+βT
†
)(ρ+δ)rT

βπrI

]
[
µ
ρ + βT

†
πrP

ρrI(c+βT
†
)
− (ρ+δ)rP

ρrI
− µ(c+βT

†
)

βπT
†

] . (D13)

Substituting Eq. (D13) into Eq. (D12) leads to

I
†
=

[
− (c+βT

†
)d

βπ − T
†
rT

rI
+

(c+βT
†
)(ρ+δ)rT

βπrI

] [
µ
ρ + βT

†
πrP

ρrI(c+βT
†
)
− (ρ+δ)rP

ρrI

]
[
µ
ρ + βT

†
πrP

ρrI(c+βT
†
)
− (ρ+δ)rP

ρrI
− µ(c+βT

†
)

βπT
†

] , (D14)
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and substituting Eq. (D14) into Eq. (D7) leads to

V
†
=

π

[
−d(c+βT

†
)

βπ − T
†
rT

rI
+

(c+βT
†
)(ρ+δ)rT

βπrI

] [
µ
ρ + βT

†
πrP

ρrI(c+βT
†
)
− (ρ+δ)rP

ρrI

]
(c+ βT

†
)

[
µ
ρ + βT

†
πrP

ρrI(c+βT
†
)
− (ρ+δ)rP

ρrI
− µ(c+βT

†
)

βπT
†

] .

(D15)
Substituting Eq. (D13), Eq. (D14) and Eq. (D15) into the target cell equation of

system Eq. (2), results in the quartic polynomial in T
†
given as

P (T
†
) = a0T

†4
+ a1T

†3
+ a2T

†2
+ a3T

†
+ a4.

Its coefficients are

a0 =
β2rT
KrI

[
πrP
ρ

(
rT
rI

− 1

)
+ rT +

µrI
π

+
µ(δ + ρ)

ρ

(
rI

δ + ρ
− rP

µ

)(
rT
rI

− 1

)
+d(δ + ρ)

(
rP
ρrI

+
1

π

)(
rI

δ + ρ
− rT

d

)
+

dµ(δ + ρ)2

πρrI

(
rI

δ + ρ
− rT

d

)(
rI

δ + ρ
− rP

µ

)]
,

a1 =
πβrT
KρrI

[
c

π

(
rT
rI

− 1

)(
πrP + 2µ(δ + ρ)

(
rI

δ + ρ
− rP

µ

))
+

KβπrP
rI

+
Kβµ(δ + ρ)

rI

(
rI

δ + ρ
− 1

)(
rP
µ

− ρrI
π2

)
+

2crT ρ

π
+

cd(δ + ρ)

π2

(
rI

δ + ρ
− rT

d

)(
3ρ+

2rPπ

rI
+

3µ(δ + ρ)

rI

(
rI

δ + ρ
− rP

µ

))
+

Kβµ(δ + ρ)

πrI

(
rI

δ + ρ
− rP

µ

)(
π + (δ + ρ)

(
rI

δ + ρ
− 1

))
− Kβρµ

π
+

3cρµrI
π2

],

a2 =
crT (δ + ρ)

rI

(
rI

δ + ρ
− 1

)(
βπrP
ρrI

+
2βµ(δ + ρ)

ρrI

(
rI

δ + ρ
− rP

µ

)
− 3βµ

π

)
+

cµ

Kρ

(
rT
rI

− 1

)(
rI

δ + ρ
− rP

µ

)
+

cd

K

(
rI

δ + ρ
− rT

d

)(
rP
ρrI

+
3

π

)
+

(
rI

δ + ρ
− rP

µ

)(
βπµ

ρrI
+

3cdµ(δ + ρ)

KπρrI

(
rI

δ + ρ
− rT

d

))
+

crT
K(δ + ρ)

− 2βµ

δ + ρ
+

3cµrI
Kp(δ + ρ)

,

a3 =
c2rTµ

ρrI

[(
1− δ + ρ

rI

){
(δ + ρ)

(
rI

δ + ρ
− rP

µ

)
− 3ρrI

π

}
− ρ

]
+

c3rT
Kβπ

[(
rI

δ + ρ
− rT

d

){
d(δ + ρ)2µ

ρr2I

(
rI

δ + ρ
− rP

µ

)
+

d(δ + ρ)

rI

}
+ µ

]
,

a4 = −c3µrT
π

(
1− δ + ρ

rI

)
= −c3µrT I

0

πK
.

If rT
rI

> 1 and max
{

rT
d , rPµ

}
< rI

δ+ρ (i.e., max{T 0
, P

0} < I
0
), then a0 is

positive. Moreover, if rI
δ+ρ > 1 (i.e., I

0
> 0), then a4 is negative. When a0 > 0 and

a4 < 0, the number of possible positive roots for equation Eq. (6) depends on the
signs of the remaining coefficients a1, a2, and a3. This can be analyzed by using the
Descarte’s rule of sign on the quartic polynomial function P (T †) defined in equation
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Table D1 Number of possible positive real roots of P (T †)

Cases a0 a1 a2 a3 a4 No. of sign changes No. of positive real roots
1 + + + + − 1 1
2 + + + − − 1 1
3 + + − + − 3 3
4 + − + − − 3 3
5 + − − − − 1 1
6 + − − + − 3 3
7 + − + − − 3 3
8 + + − − − 1 1

Eq. (6). The different possibilities for the roots P (T †) are tabulated in Table(D1).
Hence, equation Eq. (6) has one positive root when cases 1, 2, 5, and 8 in Table(D1)
are satisfied and three positive roots when cases 3, 4, 6, and 7 in Table(D1) are
satisfied. This completes the proof. □

Appendix E

Proof of Proposition 5: Assuming that T
†
> 0, we obtain that P

†
> 0 and I

†
> 0

when

rT
d

(
1− βπT †

(δ + ρ)(c+ βT †)

)
<

rI
δ + ρ

<
rP
µ

(
1− βπT †

(δ + ρ)(c+ βT †)

)
+

rIρ(c+ βT †)

βπ(δ + ρ)T † ,

(E16)

and

rI
δ + ρ

<
rP
µ

(
1− βπT †

(δ + ρ)(c+ βT †)

)
. (E17)

Moreover, V
†
> 0 when I

†
> 0. Combining Eq. (E16) and Eq. (E17) and using the

fact that

max

{
rT
d

(
1− βπT †

(δ + ρ)(c+ βT †)

)
,
rP
µ

(
1− βπT †

(δ + ρ)(c+ βT †)

)}
< max

{
rT
d
,
rP
µ

}
we get

max

{
rT
d
,
rP
µ

}
<

rI
δ + ρ

<
rP
µ

(
1− βπT †

(δ + ρ)(c+ βT †)

)
+

rIρ(c+ βT †)

βπ(δ + ρ)T † .

Note that T
†
is positive then

rI
δ + ρ

<
rP
µ

(
1− βπT †

(δ + ρ)(c+ βT †)

)
+

rIρ(c+ βT †)

βπ(δ + ρ)T † ,

which completes the proof. □

Appendix F

Proof of Theorem 6: In this section, we prove the backward bifurcation condition
using the center manifold theory [49]. We choose the infected clearance rate (δ) as
the bifurcation parameter, solve R0 = 1, and obtain the following critical value (δ0)

δ0 =
rId

rT
+

πβT
0

c+ βT
0
− ρ. (F18)
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To apply the center manifold theory, let us first change the variables of system Eq.
(2) to X = (x1, x2, x3, x4), where x1 = T , x2 = I, x3 = P , and x4 = V . Moreover,
we assume all but parameter δ are known. Then, model Eq. (2) becomes

dX

dt
= f(X, δ),

where
f ∈ C2(R4 ×R,R4)

is given by

dx1
dt

= f1 = rT x1

(
1− x1 + x2 + x3

K

)
− βx1x4 + µx3 − dx1,

dx2
dt

= f2 = rI x2

(
1− x1 + x2 + x3

K

)
+ βx1x4 − δx2 − ρx2,

dx3
dt

= f3 = rR x3

(
1− x1 + x2 + x3

K

)
− µx3 + ρx2,

dx4
dt

= f4 = πx2 − cx4 − βx1x4.

Let Jδ0(E0) denote the Jacobian of system Eq. (2) evaluated at the infection free
equilibrium (E0) for the critical parameter δ = δ0

Jδ0(E0) =


d− rT d− rT d− rT + µ −βT

0

0 − pβT
0

c+βT
0 0 βT

0

0 ρ drP
rT

− µ 0

0 π 0 −c− βT
0

 . (F19)

Then, the characteristic polynomial of Jδ0(E0) is

f(λ) = λ (d− rT − λ)

(
drP
rT

− µ− λ

)(
λ+ c+ βT

0
+

πβT
0

c+ βT
0

)
. (F20)

Assume that T
0
> 0 (i.e., rT

d > 1) and T
0
> P

0
(i.e., rT

d > rP
µ ), then system Eq. (2),

with δ = δ0, exhibits a non-hyperbolic equilibrium point (i.e., the linearized system
Eq. (F19) has a simple eigenvalue with zero real part and all other eigenvalues have
negative real part).

If R0 = 1, it can be shown that Jδ0(E0) has a left(row) eigenvector, v =
[v1, v2, v3, v4], corresponding to the 0 eigenvalue and given by

v1 = 0, v2 = c+ βT
0
, v3 = 0, v4 = βT

0
, (F21)

where all vi are non-negative. Similarly, Jδ0(E0) has a right(column) eigenvector,

w = [w1, w2, w3, w4]
T , corresponding to the 0 eigenvalue and given by

w1 = − πβT
0

rT − d
− (c+ βT

0
)− rT − d− µ

rT − d

(
Kρ(c+ βT

0
)

rP (T
0 − P

0
)

)
,

w2 = c+ βT
0
,

w3 =
Kρ(c+ βT

0
)

rP (T
0 − P

0
)
,

w4 = π.

(F22)
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Note that, T
0
> Kµ

rT
if and only if rT > d+µ. Moreover, w1 < 0, w2 > 0, w3 > 0,

and w4 > 0. We used Theorem 4.1 [34] to establish the existence of a backward
bifurcation for Eq. (2). The local bifurcation analysis near the bifurcation point
(δ = δ0) is then determined by the sign of two associated constants, denoted by a
and b defined (respectively) by

a =

4∑
i,j,k=1

vkwiwj
∂2fk(0, 0)

∂xi∂xj
and b =

4∑
i,k=1

vkwi
∂2fk(0, 0)

∂xi∂ϕ
,

with ϕ = δ − δ0. It is worth noting that, in fk(0, 0) the first zero corresponds to the
IFE, E0, for the system Eq. (2). In other words, fk(0, ϕ) = 0, for k = {1, ..., 4} if and
only if the right-hand side of all equations in system Eq. (2) are zero at E0. Moreover
since (δ = δ0) is the bifurcation parameter, it follows from ϕ = δ − δ0 that ϕ = 0
when δ = δ0, which is the second component of fk(0, 0).

Computation of a: To compute a, we need to find the following partial
derivatives

∂2f2
∂x21

= 0,
∂2f2

∂x1∂x2
= −rI

K
,

∂2f2
∂x1∂x3

= 0,
∂2f2

∂x1∂x4
= β,

∂2f2
∂x2∂x1

= −rI
K

,
∂2f2
∂x22

= −2rI
K

,
∂2f2

∂x2∂x3
= −rI

K
,

∂2f2
∂x2∂x4

= 0,

∂2f2
∂x3∂x1

= 0,
∂2f2

∂x3∂x2
= −rI

K
,

∂2f2
∂x23

= 0,
∂2f2

∂x3∂x4
= 0,

∂2f2
∂x4∂x1

= β,
∂2f2

∂x4∂x2
= 0,

∂2f2
∂x4∂x3

= 0,
∂2f2
∂x24

= 0,

∂2f4
∂x21

= 0,
∂2f4

∂x1∂x2
= 0,

∂2f4
∂x1∂x3

= 0,
∂2f4

∂x1∂x4
= −β,

∂2f4
∂x2∂x1

= 0,
∂2f4
∂x22

= 0,
∂2f4

∂x2∂x3
= 0,

∂2f4
∂x2∂x4

= 0,

∂2f4
∂x3∂x1

= 0,
∂2f4

∂x3∂x2
= 0,

∂2f4
∂x23

= 0,
∂2f4

∂x3∂x4
= 0,

∂2f4
∂x4∂x1

= −β,
∂2f4

∂x4∂x2
= 0,

∂2f4
∂x4∂x3

= 0,
∂2f4
∂x24

= 0,

Substituting vectors v defined in equation(F21) and w defined in equation(F22) into
the partial derivatives (evaluated at the IFE E0) simplifies to

a =

4∑
i,j,k=1

vkwiwj
∂2fk(0, 0)

∂xi∂xj
.

After some algebraic manipulation this becomes

a = 2βw1w4(v2 − v4)−
2rIw2v2(w1 + w2 + w3)

K
.

Using the values of w1, w2, w3, w4, v2, and v4

a =

[
2πβrI(c+ βT

0
)2

rT
+

2βπcµK

rTT
0

(
Kρ(c+ βT

0
)

rP (T
0 − P

0
)

)]
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−

[
2KρrIµ(c+ βT

0
)3

rT rPT
0
(T

0 − P
0
)
+ 2βπc

(
c+ βT

0
+

Kρ(c+ βT
0
)

rP (T
0 − P

0
)
+

πβK

rT

)]
= a1 − a2, (F23)

where

a1 =

[
2πβrI(c+βT

0
)2

rT
+ 2βπcµK

rTT
0

(
Kρ(c+βT

0
)

rP (T
0−P

0
)

)]
,

a2 =

[
2KρrIµ(c+βT

0
)3

rT rPT
0
(T

0−P
0
)
+ 2βπc

(
c+ βT

0
+

Kρ(c+βT
0
)

rP (T
0−P

0
)
+ πβK

rT

)]
.

Hence, a > 0 if and only if

a1 > a2, (F24)

and a < 0 if and only if

a1 < a2. (F25)

Computation of b: Similarly, to compute b, we need to find the following partial
derivatives,

∂2f2
∂x1∂δ

= 0,
∂2f2
∂x2∂δ

= −1,
∂2f2
∂x3∂δ

= 0,
∂2f2
∂x4∂δ

= 0,

∂2f4
∂x1∂δ

= 0,
∂2f4
∂x2∂δ

= 0,
∂2f4
∂x3∂δ

= 0,
∂2f4
∂x4∂δ

= 0,

Substituting the vectors v defined in equation(F21) and w defined in equation(F22)
and the respective partial derivatives (evaluated at the IFE E0) into the expression,

b =

4∑
i,k=1

vkwi
∂2fk(0, 0)

∂xi∂α

After some algebraic manipulation, we obtain

b = −w2v2 = −(c+ βT
0
)2 < 0. (F26)

Therefore, b is always negative. Meanwhile a is positive if condition F24 holds and
negative if condition F25 holds. Thus, by Theorem 4.1 [34] we have a backward
bifurcation under condition F24 and a forward bifurcation under condition F25. This
completes the proof. □

Appendix G

Proof of Theorem 7: The Hurwitz determinants obtained from the characteristic
polynomial Eq. (10), Hi, are

H1 = A1,

H2 = A1A2 −A3, (G27)

H3 = A1A2A3 −A2
1A4 −A2

3,

H4 = A4H3.

The generalized Routh-Hurwitz criterion indicates that E† is locally asymptotically
stable if and only if Hi > 0 ∀i and that a necessary condition for the existence of a
Hopf bifurcation is [50]

H1 > 0, H2 > 0, H3∥δh = 0, and
d

dδ
(H3∥δh) ̸= 0, (G28)
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where δh is the Hopf bifurcation parameter. This simplifies to

A1A2A3 −A2
1A4 −A2

3 = 0. (G29)

This completes the proof. □
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