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(ABSTRACT)

A computer program that symbolically generates and evaluates all Feynman diagrams required for
scattering amplitude for exclusive processes is tested, corrected, extended, and brought to opera-
tional status. The sensitivity of perturbative QCD predictions for the nucleon form factors,
v — pp, and yy — pp, to the theoretical uncertainties of the nucleon wave function and the form
of the running coupling constant is investigated. A new prediction for the cross section for
Yy = A**A++ with sum-rule wave functions is presented. As a product o;' the development of the
computer program, the quark amplitudes for meson-baryon scattering are obtained. Integrations
of the quark amplitudes over wave functions are carried out by cutting off singularities. The nu-
merical reliability of the integration and its sensitivity to the cut-off's and the choice of wave func-

tion are investigated.
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Chapter 1

Introduction

The deep inelastic electron-proton scattering [1] has exposed the interal structure of the proton.
Once seemingly “clementary” particles, (proton, neutron, for example) were evidently no longer
clementary anymore. Instead, they must consist of more fundamental constituents. The parton
model [2] was then proposed, which introduced point-like, free particles — partons — as the con-
stituents of hadrons. On the other hand, experiments showed that hadrons were grouped in
multiplets, each of which could be characterized by a distinct quantum flavor. The quark model
{3] successfully constructed the hadron family, which consists of mesons and baryons, by correctly
yielding the multiplets of hadrons and their quantum numbers: electric charge, spin, baryon num-
ber, etc.. The diversity of the hadron family was then organized by quarks of several different

“flavors” and three “colors”.

Flavor is a quantum number that differentiates quark species. It is generally accepted that there
are six flavors grouped in three generations, namely, « (up) and d (down); ¢ (charm) and s (strange);

b (bottom) and ¢ (top), where the ¢ quark has not been found experimentally. To form a proton,
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for example, two u quarks and one d quark are needed, and, by exchanging u and d quarks, a

neutron is formed.

Color is the charge of the strong interaction just as the electric charge is the charge of the
electromagnetic interaction, except that there are three different types of color charges; namely, red,
green, and blue. While the naming of the colors is purely artificial and conventional, the number
of the colors is physical and gives the degrees of freedom of the interaction. Just as the photon is
the mediator of the electromagnetic interaction, the gluon is the mediator of the strong interaction.
One of the differences is that, to mediate strong interactions among three different types of color
charges, 3 — 1 = 8 types of gluons are needed. Quantum chromodynamics (QCD) is the theory
that describes the interaction among quarks and gluons and is generally believed to be the best

available theory of the strong interaction.

QCD, similar to the extremely successful quantum eletrodynamics (QED), is a gauge field theory.
In the theory of gauge fields the first principle is the local symmetry of the physical sys-tem. A
symmetry is said to be local if the system is invariant under a group of transformations that are
dependent on space-time, and it is said to be global if the transformation is independent of space-
time. There are space-time symmetries and internal isotopic symmetries. The Lorentz group is an
example of global symmetry of space-time. Physical systems should be invariant under Lorentz
transformations as required by the principle of special relativity. For internal symmetries, the in-
variance under a global U(1) transformation represents, for example, charge conservétion. Both
space-time symmetry and isotopic symmetry can be local. Local space-time symmetry yielded
general relativity, about a half century before the isotopic symmetries were made local and yielded
the theory of gauge fields. A globally invariant system is generally not invariant under a certain
group of local transformations. To obtain local invariance additional compensating fields have to
be introduced. These fields play the role of interacting fields in the theory and are called gauge

fields. It should be emphasized that the gauge fields or the interactions are not assumptions inserted
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into the theory; instead, they are the natural results of and required by the symmetry principle.
Given the symmetry group under which the transformations of system are required to be invariant,

gauging the theory then gives the the interactions.

What is then the symmetry group for colors? In order to transform a three-component color state,
a 3 x 3 matrix is required. This leads naturally to the SU(3) group which has a triplet contravariant
representation that describes a unitary triplet of particles and a triplet covariant representation that
describes a unitary triplet of anti-particles. It should not be any surprise that QCD is just the gauge
theory obtained from localizing the SU(3) symmetry. SU(3) is a non-Abelian group because its
3 — 1 = 8 generators (they are 3 x 3 matrices known as Gell-Mann matrices) do not commute.
One of the significant features of non-Abelian groups is that the associated gauge theory is
asymptotically free. This is to say, that the effective color charge decreases to zero when the dis-

tance goes to zero.

Asymptotic freedom was first discovered by Gross and Wilczek [4] and Politzer [5]. Its derivation
from the renormalization group can be found elsewhere in the literature [6]. A field theory usually
contains divergences when one or more loops in the Feynman diagrams are encountered. In order
to remove the divergences, the theory has to be renormalized. Clearly, a theory is useful only if it
is renormalizable. QCD is a such theory. The effective charge, or the coupling constant 22, satisfies

the equation (see, for example, ref. 6)
2 2 .
% -p@E, gu=0=5, =0, iRy
" .

where 0? = ~¢? and ¢ is the momentum transfer, which is also frequently referred to as the
transverse momentum and denoted by p,; g is the renormalized coupling constant and p? is the
subtraction scale whereby the theory is normalized. Following the renormalization group

equations, the function B can be calculated perturbatively:
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3
= - g - g = eee ’
B(g) EU 161':2 B] (161;2)2 . (1.2)

Bo=11~2n, g =102~ 3L,

where 7, is the number of flavors. It should be pointed out here that a negative p(g) is a charac-
teristic of the non-Abelian group and is true for the leading term as long as n, < —321 < 17. Keeping
only the leading term of B(g), Eq. (1.1) leads to

2

Q) = —'g———— (1.3)
1 Bo

+ —2_g?
16n2

The plus sign in the denominator reflects the negativity of B(g) and ensures that g(t — ©) — 0, i.e.,

asymptotic freedom. With this discovery, the perturbative method is then permitted for large Q2.
Introducing a new parameter A defined by
A? = p? exp| — (1677 /Bog)), )

Eq. (1.3) can then be rewritten as

=2, 2\ 16ﬂ2 5)
—— l.

Because of the 0?-dependence, it is commonly referred to as the running coupling constant. Fur-

thermore,

a0 = £) (Q) (16)

is very often referred to, in place of g3, as the running coupling constant. Also it should be noticed
that A absorbs both p and g and becomes the only free parameter of the theory.
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Perturbative QCD was first applied to inclusive processes such as deep inelastic electron-proton
scattering and hadron production from e*e~ annihilation. The theory gave very good agreement
with experiments on scaling violation [7], and the ratio R of the total cross section of hadronic
production and the cross section of u*p~ production [8]. Only after the discovery of asymptotic
freedom, was it realized that a very much wider range of hadronic processes are at least partially
calculable by perturbative QCD at short distances or large momentum transfer. Among them are
exclusive processes of hadronic magnetic form factors, large angle scattering, strong and
electromagnetic decays of heavy quarkonia, etc.. Unlike the inclusive case where the momenta of
the final particles are not measured, the asymptotic behavior of the exclusive hadronic processes is
governed not only by the short distance perturbative physics, but also by the large distance non-
perturbative physics. Experimentally observed hadrons are always color singlets and on the mass
shell. The physics underlying the color confinement and the formation of hadrons is non-
perturbative since the hadronic size is large compared to the strong interaction range. Therefore,
in order to completely predict an exclusive hadronic process, and not just some features such as
energy dependence of it, assessments of both the perturbative hard process part and the non-
perturbative fragmentation and formation of hadrons are required.

In chapter 2 the procedure of factorization is reviewed. As indicated above, the amplitude of an
exclusive hadronic process generally depends on both hard scattering and soft hadron fragmentation
and formation. The factorization procedure separates the soft part from the hard part into a factor
which can be identified as the quark momentum distribution amplitude or the hadronic wave
function and leaves the hard part in a factor called the hard scattering amplitude. The result that
emerges from this procedure gives a very simple picture for exclusive processes and makes the cal-
culation possible to any order of the coupling constant. For example, the magnetic form factor of
the proton G, is then a product of three factors [9]: the wave function ¢ of the incident proton, the
hard-scattering amplitude T}, for the three quark state scattered by a virtual photon into the final

state and the wave function for the final proton ¢°. It can be written as
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G = [ dixdy 0’0, 0,) Tulxs. O 0(x, D), (L7)

where dyx = dx,dx,dx, 8(1 — x, —=x, —x;) and O, = min(x,Q0).

To the leading order of a,(Q?) the hard-scattering amplitude T}, is the sum of all Born diagrams, i.e.,
tree diagrams with the incident and outgoing protons replaced by three free quarks. One of the
characteristic of exclusive processes is that the number of diagrams grows factorially as the number
of quark lines increases, even at the lowest order. For a relatively simple case yy — BB, there are
already ~ 1000 diagrams involved in predicting the unpolarized cross section. It has been practi-
cally impossible to calculate processes that are more complicated. As part of this research a
computer program has been developed which is specialized to generate and evaluate all the Bom
diagrams for any given process that involves quarks, gluons, and photons. Chapter 3 discusses the

development and the applications of the computer program.

Gauge invariance plays a vital role in developing the computer program because, for an amplitude
involving a large number of diagrams, it is the most effective means to check the correctness of the
calculation. In chapter 4 the theory of gauge fields is reviewed and the Feynman rules for QCD
are rederived with the focus on gauge invariance. The implementation of the gauge invariance

testing of the computer program is also presented.

Perturbative QCD can only be used to calculate the quark scattering amplitudes. To obtain the
physical hadron scattering amplitudes these quark scattering amplitudes must be integrated over the
wave functions of the hadrons. Although the asymptotic forms of the meson and baryon wave
functions are determined by perturbative QCD, and in the case of pion, the normalization of its

asymptotic wave function is determined by its decay constant, at momentum scales relevant for
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feasible experiments, both meson and baryon wave functions are determined by non-perturbative
physics. Attempts to determine these wave functions from lattice QCD are in their infancy, and,
at present, QCD sum rules provide the best determination of these wave functions. The sum rule
technique [10] permits determination of a few low moments of the wave functions in terms of
non-perturbative quantities such as quark and gluon condensates, which have been fixed in previous
applications of the sum rule technique to such problems as the hadron masses and widths. Since
ohly a small number of moments are determined, some further ansatz must be made to fix the wave
function. The simplest choice, truncating the wave function as a polynomial of sufficiently low
degree that is completely determined by the known moments, yields quite reasonable order-of-
magnitude predictions for the nucleon magnetic form factors and the branching ratio of y — pp.
Exploring systematically and quantitatively the sensitivity of the predictions to this assumption is
another part of this research. The cross sections for yy = A**A*+* is predicted with sum-rule de-
rived wave functions [11]. Attempts were also made to improve the wave functions. Chapter §

discusses this part of the research.

Due to the large number of diagrams, the only exclusive processes for which the quark amplitudes
have been calculated to one-loop accuracy are the pion form factor and yy = n*n~. Since proc-
esses involving baryons have many more diagrams contributing to the quark scattering amplitude
for a given number of loops, for baryons only Born approximations are available. For a long time
even this Born approximation was calculated only for relatively simple cases of, e.g., the magnetic
form factors, v — pp, vy — BB, and Compton scattering. As a consequence, the dependence of the
baryon predictions on Agcp is unknown, and one does not know a priori what value of the strong
coupling should be used at a particular value of the energy and momentum transfer. As still another
part of this research, the Aqycp dependence is studied through the running coupling constant. The
sensitivity of the predictions to the choices of running coupling constant is also quantitatively
studied and the “best” choice is obtained by a simultaneous fit to the data of the nucleon magnetic

form factor and y — pp. This study is presented in Chapter 6.
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In Chapter 7, the calculations of the meson-baryon (MB) scattering amplitudes are presented.
Singularities of the quark amplitudes are regulated by cut-off's and integrations are carried out.
The sensitivity of the predictions to the cut-off, to the choice of wave functions is studied and the
comparison with experiment is discussed. Finally a summary is given in chapter 8 for what has

been done and what still needs to be done.
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Chapter II

Factorization

Factorization plays an essential role in perturbative QCD. Although asymptotic &eedorﬁ princi-
pally grants the applicability of the perturbative QCD at short distances, the actual calculation for
exclusive hadronic processes is made possible and valid only after the hard scattering part is factored
out. Consider the example of the pion form factor: A highly virtual photon comes in and is con-
verted into a pair of ¢ pairs moving in opposite directions. In the vicinity of the point where the
quarks are produced, the quarks are also of high virtuality. They then lose their virtuality by ex-
changing gluons and finally evolve into pions. As depicted in Figure 1 on page 10 many gluons
can be exchanged between both g7 pairs. There is no a priori way to tell which gluons are hard
(those with high virtuality) and which are soft. Therefore, a theoretical method must be developed
that systematically separates the perturbative part and the non-perturbative part to any order of the
coupling constant g3. In the inclusive case the Wilson’s method of operator expansion gives a rig-
orous proof [12] that the factorization is valid. In the exclusive case there are various approaches

to the question of validity of factorization in the literature. One of the common strategies is to
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calculate the exclusive processes perturbatively and then show that the non-perturbative part can
be factored out and absorbed into the hadronic wave functions [9]. Another approach is to use
operator expansion and renormalization equations [7,13]. There is a third type of approach which
has features of the first two {14, 15].

In the following factorization will be discussed by using the third approach. Before proceeding,

some discussion on the operator expansion is necessary.

2.1 Operator Expansion

The method of operator expansion was first introduced into particle physics by Wilson [16]. It was
successfully used in deep inelastic scattering {12] and other fields. In deep inelastic scattering the
fundamental amplitude is

Wiw = 4 %, [ < PO >. @1)

Defining the following variables:

Y

and x= M

then in the proton rest frame,
p=(M000) and g=(v00,/v* - ¢*),

where ¢ is the momentum transfer and M is the proton mass. The product that appears in the
exponential of Eq. (2.1) is then
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qE=vEy — &) — MxE;,

In the deep inelastic region, (i.e., v = , —g¢? - o and x remains finite) the factor exp(iqt) is

rapidly oscillating, so that the significant contribution to the integral of Eq. (2.1) comes only when
kb — & = O(<), 22)

in other words, in the vicinity of the light-cone.

Following Wilson, the product of currents, J,(x)/,(»), can be expanded as a series of products of

local operators in the vicinity of the light-cone:

J(xW(y) = Ed(a)aplau...émor'”"-“(k>, (2.3)

whereE = x—yand R = %(x + y). The superscript i denotes the type of the operator which can
be fermion or gluon, singular or non-singular. The operators Op1-¥n are of definite spin 7 and the
functions C! are coefficient functions of the expansion. In this scheme twist-two operators give
dominant contributions, where twist is a quantity that equals dimension minus spin. Contributions

from high twist operators are suppressed by powers of Q? relative to the twist two operators.

For inclusive processes the operator expansion separates the non-perturbative matrix elements of
local operators from the perturbative coefficient functions, and assures that the factorization is valid
to all orders of the coupling constant g2. The Q2 dependence of the coefficient functions can then

be found by using renormalization group equations.
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The operator expansion method can also be used in exclusive processes such as hadron form fac-
tors. In this case the amplitude to be calculated is <p|/,|[p’> .- In a simplified form, where the spin

of the operators are not explicitly given, the current has the following expansion:

J(0) = [W(OW(0)] + g*[dzdz[Wv]i0> C; <Oi[wy]
+ & [dzdzdz [y Gl|0> C; <Ol[Wv] (24)
+ g*(dz dz,dz,dz,[WoV110 > C; <Ollywy] + ...

The meson form factor, as shown in Figure 1 on page 10, can be written as

<Pl > = d'zd'2 < Pl x) explisf] do, G, (0)wp(z)}y10 >

" 5 ' (2.5)
X Tagys < OH(¥Wy(2)) expligf *doyGy()vs(O)ulr’ >,

where T2/, is the amplitude of the virtual photon transforming into two ¢g pairs, v is the quark
field and G is the gluon field. It can be immediately verified that Eq. (2.5) is the second term in
the expansion series of Eq. (2.4).

It should be pointed out that Eq. (2.4) shows the method to obtain the corresponding operator
expansion for a certain process. As to how operator expansion leads to factorization for hadron
form factors, the next section will demonstrate in full detail.

2.2 Verification

Factorization can be made more explicit by taking n+ as an example and calculate Eq. (2.5). The
twist-two local operator that dominants the n* form factor is y,y,(zy,y,u). Substituting it for the

quark field operators yy in Eq. (2.5), the matrix element takes the form:
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i -
< 0H{wy(2,) expligNws(2:)}yIn(p) > = —53—{ - %(YpYS)Sy <0ld exp(ig{)v,ysuln>}.  (2.6)

By Fourier transformation and some algebra it reduces to

<0ld(2;) explig{)v,siz))In(p) >

2.7
S ip,[dxydxyd(1 = x; = x;) expl ~ixy(2,9) = ixy(2,0)]0x(x1 ).

With Eq. (2.6-7) and using the Born approximation for T%/, Eq. (2.5) is then reduced to the
leading term:

ag e e
< OO 0> =0+ P 0:0) 57 = g7 oo @8)

with dix = dxd;3(1 — x, = x;). The factorization is now manifest. The question is then to

prove the validness of the approximation to any order of a,.

As was pointed out earlier and depicted in Figure 1 on page 10 in the vicinity of the point where
the virtual photon and the pion interact, the ¢g pair has little to do with the final (or initial) pion.
The gg components continue to interact with each other by exchanging gluons and finally evolves
to the final (or initial) pion when its virtuality is decreased from Q2 to u?. This process.can be al-
ways described by loop corrections of perturbation theory. But the interesting point is whether or
not it can be absorbed in the pion wave function and described by the dependence of the wave
function on the normalization point! p3,, ~ Q3.

The answer to the last question, i.e. the question of factorization, is that it is true in perturbative

QCD and can be generally proved. What will be demonstrated here however, is an agreement on

! The normalization point u? is the cut-off of the integration over internal mementa in the matrix element.

Factorization 14



accounting for the evolution of the ¢q pair between direct perturbative loop corrections and ab-
sorbing it in the pion wave function, i.e., factorization. If the agreement is achieved at the one loop
and two-loop levels, it is strong evidence that the factorization is generally true, and, at least, it is
verified up to the two-loop level. This method was used by the authors in the first papers on this

approach to the proof of factorization for meson form factors [14].

The claim of factorization, in the case of meson form factor, is
e e
OPFy(@) = a0y oy ) sk = i Joatx 0P 29)

After some rearrangement:

=1
E=x —x, e,,=%, ed=Tv

and also notice that ¢,(§) = ¢,( —&) due to the pion’s negative G-parity, Eq. (2.9) yields ‘

QF Q") ~ o @M@, @) = . ll—ﬁ—zo,‘(g,gz). (2.100)
Here @ (x,0?) is the pion wave function renormalized at the point u3,, ~ Q3. Taking 0? = p? the

Bormn approximation of Eq. (2.10a) is obtained

OR(QY ~ adf P, = ! — L) (2.105)
where ¢,(§) = cp,(E,,Q’)laz -2 In order to make the dependence of the wave function on the nor-
malization point explicit and to compare with the direct loop diagram calculation, the wave func-
tion should be expanded into a series of matrix elements of multiplicatively renormalizable local
operators O,. The dependence of the wave function on the normalization point is determined by

the renormalization group equations:
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- -— ar(Q)ﬁ_
<0,> = <O">uzexp|: foe T y,,(a)]. | 2.11)

On the base of the Gegenbauer polynomials, C¥*(§), eigenfunctions of the evolution equation, the

expansion is
48,07 = w.,,(&)ngof,‘.")(Qz)C‘,’.”(é). 2.12)

where ¢,,, = -i—(l — &) is the wave function in the asymptotic limit. The coefficients £ are the
corresponding matrix elements of the local operators O,. The dependence of £7(Q?) on Q% is given
by

@Y = exp[ - ;‘3’{5—)-7,.@] = £ () exp( = e,0), (2.13)
g, = c,[l - 2 + "}Ell] and t=-Lip %)
" (r+Dr+2) y=2Jj] Bo  al(Q
Substituting Eq. (2.12,13) into Eq. (2.10) yields:
IPH@Y = 5 X (1+ (=00 expl — <) @14

where the superscript OE indicates Operator Expansion. Expanding exp{ —¢,t} into a power series

in a;:

2 /B0 2
exp( —5nt) = [%"—((—f-))-]’”z[l - :—;Boln%]° a-Zond .,

and collecting all first order terms into fPB, and all second order terms into fPE, Eq (2.14) yields:

2 2\ 2
[%g? = IBom{l _ (a, an_)/OB + L(&mQ_) e } (2.16)
@) =1 2 P T2\ T )
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with
fB = Cefmla(t = 7)™ + (1 - nxy ! = 2] @17

and

This completes the calculation to the order of a? relative to the Born approximation by expanding

the wave function.

For the direct loop calculation, it has been shown {17] that diagrams contributing terms of
a, In?Q?, a? In*Q? and a? In’Q? cancel in a sum. The remaining a, In Q? and a? In?Q? terms are cal-
culated in the following form:

2 2 .
Fy(Q = F,?m{l - (%ln%)Al(xo,yo) + %(g;-an_z)zAz(xo, yo)} (2.19)
n

Summing over all contributing one-loop diagrams (see Table. 2.1 of reference [18]), one obtains

= { et =507+ 1 - - 3] 4 oo}

(2.20)
Al _2
*'2[3(:A 3’7]'
The number of two-loop diagrams is very large so that only the result is quoted here
Ay = CY1n(1 - x)~" + 1n(1 =y~ Pl 1 + o —L—) 1. 2.21)
2 = Ce[ In(1 — xp) (1 =50 ] Il = %) (

Rearranging Eq. (2.19) in the form
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Floop(Q ) = FBorn ‘;s(ﬁ )) q,loop ( )q,loop( ) 2.22)

where “loop” indicates loop calculation and

w‘wp(—) -1- ( nZ )/°°*’(xo) +d (“‘ n )/‘°°*’(xo). (223

one obtains
AoBa) = Cel 3olat = 30)™ + (1 =zt - 3],

which agrees with Eq. (2.17), and

0Py = C21n2(1 —x)" ' 1+ O 1 ’
AP(x) = CEIn(1 — x)) [ (ln(l—xo))]

which coincides with Eq. (2.18). Recognizing that [, = [P™¥, the factorization is, therefore, veri-

fied to the two-loop level.

Another observation that can be made is that the Q? -dependence of scattering reactions can now
be traced to the hard scattering amplitude. It is also obvious now that the contributions of non-
valence quarks and gluons are negligible. To turn each constituent of the initial hadron into the
direction of the final hadron at least one gluon and one propagator of the constituent are required
by the Feynman rule. This gives rise to a factor a,/Q? . For high p, scattering 02 — o so that they

do not contribute.

Although the factorization statement Eq. (2.9) is only for the case of the meson form factor, it has
been shown [7,9] that it is valid for other exclusive p, processes as well. Beyond the leading order
both quark scattering amplitude 7, and hadronic wave function ¢ can be calculated to any order
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of the coupling constant a, and Eq. (2.9) holds. Therefore, factorization is indeed valid to any order
of a,.
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Chapter 111

Calculating the Quark Scattering Amplitude

At large momentum transfer the quark scattering amplitudes of an exclusive hadronic process are
calculable in perturbative QCD. They are distinguished by the topology and chiralities of the
ciuarks. Figure 2 on page 21 shows a few examples. The total quark scattering amplitude is a sum
of fundamental ones. A set of fundamental quark scattering amplitudes is chosen is such a way that
any one in the set can not be obtained from another one in the same set by space rotation, charge
conjugation, parity invariance or any other symmetry-transformation. Since QCD does not differ-
entiate between quark flavors, for a given hadronic scattering process and a given hadron multiplet,
the set of the fundamental quark scattering amplitudes constitutes a basis for the scattering ampli-
tudes of the multiplet; i.e., the total quark scattering amplitude of any hadron in the multiplet can

be expressed as a linear combination of the fundamental ones.
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Figure 2. Examples of Quark Scattering Amplitudes: The amplitudes are distinguished by quark

chiralities and topology. (a) yy — BB with spin—- baryon; (b) yy — BB with spin—-
baryon; (c) MB - MB with all quarks going straight through; (d) MB - MB with one
quark exchange.
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In the perturbative calculation the lowest-order diagram for meson-baryon (MB) scattering is a.
Thus, a minimum of four gluons is required to connect five quark lines. To find each of the fun-
damental amplitudes of O(a¢), 2,915 diagrams need to be evaluated. For nucleon-nucleon scatter-
ing, for which the fundamental quark scattering amplitudes contain six quark lines connected by
five gluons, the number of lowest order (O(as)) diagrams increases to 58,149 for each of the fun-
damental amplitudes. To predict the measurable cross sections for nucleon-nucleon scattering, lit-
erally one million diagrams must be taken into account. As the number of the diagrams becomes
enormously large the complexity of individual diagrams increases rapidly as well. Such calculation
is clearly not practical with traditional techniques, not even with the help of algebraic computer
programs like MACSYMA, SMP, REDUCE, etc.. For such a large number of diagrams, not only
the evaluation of the Feynman diagrams but also the generation of them should be computerized.
A computer program specialized in generating and evaluating all required Feynman diagrams of the
lowest order for exclusive hadronic scatterings has been written by Farrar [19]. It was debugged,
modified, extended, and brought to operational status for many applications as part of this research.
The rest of this chapter presents the development of the computer program, which will be referred
to as DIAG hereafter. |

3.1 The Original DIAG

Generating and evaluating Feynman diagrams are symbolic and algebraic operations. Traditional
scientific computer programming languages, such as FORTRAN which is widely used in numerical
calculations are not suitable for symbolic manipulations. On the other hand, symbolic and func-
tional programming languages like LISP and PROLOG are designed for symbolic applications, but

they are all lack high computing speed. DIAG is written in the C programming language which is
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much more convenient for symbolic manipulation than FORTRAN and is much faster than LISP
and the like.

The input to DIAG is a specification of a certain process, described in terms of chiralities and
topology of the quarks and external gauge bosons if there are any. DIAG operates in the frame in
which the momenta p of the hadrons all have the same magnitude. The center-of-mass (c.m.) frame
for any two particles in and two particles out is a such frame, and so is the Breit frame? for hadronic
form factors. DIAG assumes zero quark mass and evaluates in the Feynman gauge. The output
is an analytic expression of the quark scattering amplitude coded as a function in the C language
and can be called by other computer programs for, say, numerical integration. The quark scattering
amplitude is a function of the scattering angle and momentum fractions of each external quark.
Consequently, the C-function of the amplitude takes c, s, x;, X;,... as arguments where ¢ and s are

cosine and sine of the half scattering angle and the x,’s are momentum fractions.

DIAG is constituted by several modules. Module /main reads input, module gen generates Feynman
diagrams, module mom fixes internal momentum in terms of external momenta, module new eval-
uates Feynman diagrams and writes results to output, module color computes color factors, mod-

ules u and unew contain various utility functions.

The first key function of DIAG is to generate all possible Feynman diagrams once and only once.
It is done by a carefully devised algorithm that generates diagrams in a consistent order. The second
one is to compute color factors of diagrams. Cvitanovic’s graphic rules [20] for computing color
factors is implemented. Finally the last task is to evaluate spin factors of diagrams, i.e., fermion
strings consisting of propagators, vertices, and spinors, which are QED Feynman diagrams by

2 In the Breit frame the incident virtual photon and hadron collide head-on and the outgoing hadron moves
backward with the same magnitude of momentum as the incident one.
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themselves. The old technique for calculating spin factors was to square an amplitude, which is a
sum of diagrams, so that a product of spinors is converted to a trace. This method requires eval-
uating 7* terms and, therefore, is not suitable for a large number of diagrams. A new technique [19]
has been developed for computing the spin algebra. The essentials elements are sketched below:

In the Weyl basis, the 4 x 4 Dirac matrices can be written as

1 0 01 - 0-0
s = v Yo = , and ¥y = . (3.1)
0 -1 10 : c 0

The two-component spinors «, and y-matrices y, can then be defined by

Uy 0 v+
u= and Y = . 3.2)
u. Yu- O

so that the subscript + and — acquire the meaning of + and — chirality. Introducing the basis

0 1
0> = (1) and |1> = (0), (3.3)

the 2 x 2 y-matrices can then be given in terms of the basis spinors

spinors

Yz = ([10><0] + {1> <1]}, £[|0><1] + [1> <0]},

£i[0> <1f - [1> <0[, F[0> <0] — |1> <1]). 34

Other matrices ¢, and p, are easy to obtain by using Eq. (3.4). Defining another two spinors by

— sin 6/2 cos 0/2
2> = ( , and 3> = ) (3.5)
cos /2 sin 6/2
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and denoting the four scattering directions by the digits 0 to 3 as illustrated in Figure 3 on page 26
all the quantities relevant to computing Feynman diagrams can be expressed in terms of the four

spinors as follows:

Y+ =V2E>, uyy =~2E0>, w, =+2E|3>, yy, =+2E|2>,

il 3.6a
Up— = V2EI0>, uy_ = ~\2E|1>, w_ =V2E2>, u_ = — V2E 3>, (369
bo+ = p- = 2EI1> <1, py- = py4+ = 2E]0> <0, (3.68)
Prv = Py = 2E3><D|, py_ = p34 = 2E2> <2}, '
e = FV210> <1, ) = FV211> <0,
(3.6¢)

efll = £2]1> <0}, ) = £/270> <1,

The inner product of spinors are

<0]2> = c0s8/2, <12> = —sin9/2,
<03> =sin6/2, <13> = cos6/2, )
<0]l> = <2[3> =0,

The calculation of spin factors starts from the final spinor u, goes up though the fermion line,
collects all propagators p and vertices y,, and finally ends at the initial spinor 4. In the Weyl rep-
resentation the product string of u, p, and v, has a two-component form with alternating + and

—. It can be generally expressed as

D) SR SR (3.8)

if it contains an even (odd) number of y-matrices.
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(3)

Figure 3. Scattering Directions: In c.m. frame incident particles come in from directions (0) and (1),
and scattered into directions (2) and (3) with a c.m. scattering angle 6.
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Contractions of y-matrices with opposite chiralities can be performed by the identity
Vet WDt = Uyl + GOy = 288y (3.9)

If the contracting y-matrices are of the same chirality, but attached on different fermion lines, one

of them may be charge conjugated as

['4&?‘1—;‘)’«&---72""&]1‘ = ul, Y‘:t"---ﬁa; ve ;fip ~ (3.10)

where + = io,u;. Contraction can then be performed in the usual way by using Eq. (3.9).

The ease of utilizing this method is now obvious. Contractions are straightforward to carry out and
the rest of the calculation is nothing more than performing inner product for spinors. Furthermore,
this technique is most suitable for computer-program implementation because of its simplicity and

explicitness. The efficiency of DIAG is largely attributable to this.

DIAG is a complicated program that does complicate calculations. Because of the complexity, the
calculation is difficult to be made error-free. Means for checking the correctness of the calculation
must be provided. Checking the gauge invariance of the amplitude is a powerful method of such.
"It is conceivable that the amplitude will not be gauge invariant if there is a factor of 2 missing
somewhere and/or a sign is missing. DIAG was provided with U(1) and SU(3) gauge invariance
checking capability for processes involving external gauge bosons. The gauge group is U(1) if the
gauge boson is a photon and is SU(3) is the gauge boson is a gluon. To check the gauge invariance
the polarization vector of a specified gauge boson ¢, is replaced by its 4-momentum vector k,, and
the resulting amplitude should be identically zero. This can be easily seen in the U(1) case. Con-
sider a plane wave for the photon, 4,(x) = g,e~** . The Lorentz gauge 3,4, = 0 in this case re-
duces to kg, = 0. However, one can still make 4, = 4, — d,x and leave everything unchanged

as long as y satisfies the Klein-Gordon equation @y = 0. In the plane wave case, it is equivalent
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to the transformation €, — €, + Bk,. Therefore, gauge invariance requires that any amplitude

should be vanish if ¢, is replaced by £, .

The first test that DIAG met was checking its correctness in generating diagrams. DIAG performed
well. It ran through quark amplitudes of MB and BB scattering. It took only about one CPU hour
on a VAX-11/780 [19] for generating one quark scattering amplitude for BB — BB. The generated
diagrams were extensively checked and no missing nor duplicating diagrams were found.

DIAG was then used to recalculate the quark scattering amplitudes for yy — BB, which were first
calculated by another computer program {21]. In order to obtain numerical results that can be
compared with either experiment or a previous calculation, the output amplitude file must be
compiled. Unfortunately, it was too long to be compiled by the C-compiler on the VAX and some
other computers available at Rutgers university [22]. DIAG was then modiﬁed to code the output
into the FORTRAN language and avoided the compilation difficulty. When the numerical results
were obtained, they were found to be in disagreement with the previous calculation. Gauge invar-
iance checking by replacing one of the incident photon'’s ¢ with its £ also showed that the amplitude
was not vanishing. It was concluded then that the calculation of DIAG was wrong since the am-

plitude it generated failed to reproduce the previous results and was not gauge invariant.

3.2 Debugging DIAG

The C version of DIAG was chosen to be worked with because of a) the possible bugs contained
in the modified parts for the FORTRAN version can be eliminated, b) it is more convenient to
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work with only one language, and ¢) the compilation difficulty encountered on the Rutgers VAX
may not exist on the VPI&SU VAX and it is always possible to divided the amplitude function into
several smaller functions and compile them separately. A simple case yy — MM was selected with
which to begin. It was, indeed, the simplest case of DIAG concern, with only twenty diagrams for
each quark scattering amplitude of a given chirality configuration and only one topology of quarks
as shown in Figure 4 on page 30.

The amplitude file produced by DIAG was hard to read. As one may expect, computer programs
do things in an exactly programmed order. For example, in the evaluation of spin factors of
Feynman diagrams, ¢ for quark propagators is expressed as a linear combination of external quark
momenta. The product of two or more quark propagators will expand to many terms. DIAG left
the evaluation at this step. Beyond it, common factors may be extracted, similar terms can be
combined, relations like c2 + s = 1, x, + x;, = 1, and x; + x; = | can be substituted, and, best
of all, the same factors appearing in both numerator and denominator can be cancelled. These will
vastly simplify the amplitude function. As a consequence, it is much easier to read, requires much
less disk space and much less computer time to compile, and increases the execution speed and
accuracy of numerical calculations. A symbolic simplifier was developed for DIAG, which will be
described in detail in section 3.4.

A computer program as large as and as complicated as DIAG inevitably contains bugs. A distinct
difficulty of debugging DIAG is that the correctness of the amplitude function is difficult to check
because of the large number of diagrams involved. DIAG is aimed at scattering processes that are
effectively impossible to be calculated by hand, so that it is effectively impossible to be completely
checked by hand as well. Even when an amplitude function produced by DIAG is known to be
incorrect, it is still difficult to locate the diagrams that cause the problem.
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Figure 4. Fundamental Amplitudes of Photon_Annihilation to Meson Pairs: Two fundamental quark
scattering amplitudes for yy - MM for (a) spin-0 mesons and (b) spin-1 mesons.
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The strategy of checking for the correctness of the outcome of DIAG consists of three good
methods. The first one is to start the checking from the simplest scattering case and moving up step
by step. In general, functional parts of DIAG involved in lower-level scattering cases will be in-
volved in higher-level cases, but it is not true vice versa. For example, yy - MM involves the
simplest manipulation, e.g., spinor inner product, contraction, charge conjugation, etc.. One level
up, the process yy — BB requires all the above and in addition, a spinor can be charge conjugated
more than once. The three-gluon vertices already exist at this level, but they do not contribute
because the color factor for these diagrams vanishes. For MM — MM, not only diagrams with
single three-gluon vertices, but also diagrams containing double three-gluon vertices and four-gluon
vertices contribute. Beyond that, diagrams involving triple three-gluon vertices and single three-
gluon plus single four-gluon vertex are encountered in MB — MB. Finally in the BB — BB case,
diagrams with quadruple three-gluon vertices, double four-gluon vertices, and a mix of three- and
four-gluon vertices are involved. By working with DIAG step by step efforts can be concentrated

in the program sections that are functioning in the current step but not before.

The second error-checking method of the strategy is to selectively check diagrams by hand. This
is always the most reliable way to check but is also the most limited. With the first part of the
strategy, however, it is suffice to do most of the hand checking for the diagrams that possess the

new features of the step.

The last error-checking method is to utilize gauge invariance and the various symmetries of a given
process. For example, in the MM — MM case some quark scattering amplitudes can be obtained
from others by exchanging ¢ and s where ¢t = (», — p)?, and s = (p, + p,)? where p, and p, are
momenta of the incident particles in the c.m. frame and p’, and p’; are momenta of the outgoing
particles. DIAG is equipped with U(1) and SU(3) gauge invariance checking capabilities for ex-
ternal gauge bosons. It may be the most powerful method, although not conclusive. But for

photonless scattering reactions, this type of gauge invariance checking does not apply. In order to

Calculating the Quark Scattering Amplitude 31



bring the powerful checking tool to reactions with no external gauge bosons another type of SU(3)
gauge invariance testing was built into DIAG. In an arbitrary covariant gauge, the gluon
propagator takes the form (g,, — -’-c'];zﬁ)/k’ instead of g,,/k? where & is referred to as the gauge
parameter. The amplitude can then be expressed as a polynomial in &, with the highest order equal
to the maximum number of gluon propagators that can be contained in a diagram. Gauge invari-
ance requires that all terms vanish as a sum order by order in & except the zeroth order. This de-

velopment is described in chapter 4.

When a certain amplitude is concluded to be wrong either because of its failure to reproduce the
published results or its violation of gauge invariance, locating the bugs requires considerable effort.
For cases as simple as yy — MM, the best way to locate bugs is to do hand calculations diagram
by diagram until the bug is discovered. For cases as complicated as yy — BB and up it is only
practical to apply hand checking to a small selection of diagrams which represent new characteristics
of the process. A better way to locate bugs utilizes gauge invariance checking. The amplitude
produced in gauge testing mode should be identically zero. The cancellation of diagrams usually
takes place within a small group of several diagrams. By checking cancellation group by group the
.bug can be located when cancellation fails to occur. This method, however, is also impractical
without the assistance of the computer. For the case of MB — MB, the amplitude for gauge testing
can occupy one megabytes (one million characters) of disk space even after simplification. Two
computer programs were developed to perform the cancellation task. The first one goes through
the amplitude file and performs pair cancellation automatically. An amplitude file of one MBytes
can be reduced to about 300 KBytes after pair cancellation. The second one then performs group
cancellation with some human assistance. This method also enables the verification of the analyt-

ical zero of the gauge testing amplitude.

Some relatively simple hadronic scattering processes have been calculated in the literature. Among

them are, yy - MM [23), yy — BB [21], meson form factors [15] and baryon form factors [9,24].
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For the yy - MM case, DIAG did not reproduce the published results. With the simplified am-
plitude and by direct hand checking a missing sign was found in the inner product of a certain pair
of spinors. For the yy — BB case, DIAG did not agree with the previous calculation either. By
the methods described above another missing sign was located when a spinor was charge conjugated
twice. The simplified amplitude file for yy — BB is about 15 KBytes in size. The VAX C compiler
on the VPI&SU VAX compiled it flawlessly. It also compiled the unsimplified amplitude file,
which is 100 KBytes in size, with no difficulties. After correcting the bugs, both cases agreed with
the previous calculations and both were gauge invariant under U(1) for external photons and SU(3)
for gluon propagators.

The MM — MM scattering is the least complicated process that involves three- and four-gluon
vertices and has not be calculated before. Some of the diagrams are shown in Figure 5 on page
34. Furthermore, the functional parts of DIAG that are responsible for three- and four-gluon vertex
evaluation hadnot been checked nor tested after DIAG was originally written. There were some
apparent errors in the code. After correcting these errors, gauge invariance testing showed.that the
amplitude was not gauge invariant. Because of a mistake that was made in both the program
coding and the hand calculation the bug was not discovered, though a considerable portion of the
diagrams were checked. However, it must be related to the three-gluon vertex because the ampli-
tudes not containing three-gluon vertices are indeed SU(3) gauge invariant. Finally, it was observed
by the cancellation method that adding a factor 2 to diagrams containing double three-gluon

vertices would satisfy gauge invariance. An unwanted factor % was then found.

The diagrams for MM — MM can contain at most five gluon propagators; Figure S on page 34
gives such an example. Therefore, in an arbitrary covariant gauge, the amplitude is a polynomial
in & of order five. For the reason which will be made clear in chapter 4, only the linear term of &
is nontrivial. Thus, gauge invariance is verified to the first order in & for MM — MM.
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Figure S. Multi-Gluon Vertices in Meson-Meson Scattering: Both three- and four-gluon vertices
contribute in MM — MM. (a) double three-gluon vertex; (b) single four-giuon vertex; (c)
single three-gluon vertices.
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There are only two fundamental quark scattering amplitudes for the scalar MM as shown in
Figure 6(a). All the others can be obtained from symmetry considerations. Figure 6(b) illustrates
a nontrivial example in which ¢ and s are exchanged and the straight through case is transformed

to the double annihilation case. It is achieved by making the following transformations:

s s $ (3.11)

Uu=u, t—-s= —-tT; s t= —stz;

)
and renaming x,2x; and x;22x, , where ¢ and s are cosine and sine of the half scattering angle.
On the other hand, the double annihilation case can be directly calculated. The agreement between
the transformation and the direct calculation is another indication that the calculation is correct.
The correctness of MM —» MM is then supported by gauge invariance, 125 symmetry, and many

hand evaluations of the diagrams. There were no compilation problems at this stage either.

Although MB — MB scattering involves only one more quark line than MM — MM scattering, the
complexity for MB —» MB increases from several ten’s to one hundred times as much as for
MM — MM. The size of amplitude files becomes very large and much more computer time and
disk space are required to work with them. For the purpose of performing cancellation, the
simplifier expresses each term in a single line in the amplitude file. A term is equivalent to a dia-
gram if the diagram has no multi-gluon vertices. A multi-gluon-vertex diagram, on the other hand,
will expand to several terms. In the case of MB — MB some of the lines of the amplitude file get
so long that they exceed the size of the memory buffer of all the system editors. As a result,
whenever an operation on the amplitude file is needed, a program must be developed to serve the
purpose. For instance, in order to compile the amplitude file it must first be cut into several pieces,
since the size of it exceeds the limit that the compiler can accept, and next, all the lines that are

longer than the system buffer must be wrapped.
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Figure 6. Fundamental Amplitudes of Meson-Meson Scattering: (a) Fundamental quark scattering

amplitudes for scalar MM scattering; (b) transformation from straight-through case to
double-annihilation case.

Calculating the Quark Scattering Amplitude 36



As depicted in Figure 7 on page 38, MB — MB has fifteen fundamental quark scattering ampli-
tudes. Numerical verification showed that the amplitude 4, was gauge invariant but amplitudes
4; and 4, were not. It is puzzling because DIAG works in exactly the same way for all quark
topologies. By using the cancellation method the bug was located in the triple-gluon vertex eval-
uation. It was then discovered that all diagrams containing triple three-gluon vertices do not con-
tribute to 4,. In contrast to MM — MM, the &? term for MB — MB is also nontrivial in addition

to the linear term in the § gauge. Therefore, gauge invariance is verified to the second order in &.

The correctness of diagram generating was again checked for diagrams involving more than one
multi-gluon vertex, since they are the most confusing diagrams in the generating process. The

correctness was confirmed.

Debugging DIAG and its applications do not end here. For the most complicated hadronic re-
action BB — BB, more multi-gluon vertices will get involved, especially the diagrams containing
double four-gluon vertices. This is still a new territory for DIAG. Another new territory for DIAG
is reactions with external gluballs and the SU(3) gauge invariance testing associated with it. Both
of the applications are very interesting both experimentally and theoretically, but they will not be

part of the research presented here.
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Figure 7. Fundamental Amplitudes of Meson-Baryon Scattering: spin-0 meson and spin— baryon
scatterring has 15 fundamental quark scattering amplitudes. '
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3.3 Extending DIAG to Virtual Photons

Many hadronic scattering processes involve virtual photons. Among them the magnetic form factor
of hadrons is the simplest example. With the power of DIAG it is both economical and important
to extend the program to cover the class of reactions involving virtual photons. As a side benefit,
DIAG calculates two more reactions, meson and baryon form factors, that can be checked against

previous calculations.

With the well-built frame of DIAG it is not difficult to make the extension, at least, for form factors.
Hadronic form factors can be best studied in the Breit frame. Figure 8 on page 40 illustrates the
process in this frame. As far as DIAG is concemned the only difference between a virtual photon

and a real one is their polarization vector €. The polarization vector must satisfy the transverse

condition

K¥e, =0 (3.12)
and the normalization

e;e" =-1, (3.13)

where k* is the 4-momentum vector of the virtual photon. Since in the Breit frame, the initial and

final momentum of the hadron is
A= (100, -1), and p, = (1,00,1),
by momentum conservation, the momentum of the virtual photon is

k = (0,0,0,2). (3.14)
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Figure 8. Hadron Form Factor in Breit Frame
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Three independent € can be chosen that satisfy both Eq. (3.12) and Eq. (3.13). Two of them are
transverse and are the same as for the real photon. The third-one is longitudinal which only exists

if the spin-1 particle is massive. It can be written as

g = i—‘/:_i-l-(l,0,0,0). ‘ (3.15)

By using Eq. (3.4) the expression in the Weyl base can be obtained

f12 = Teth = 2L (0> <o) + 1> <1)). (3.16)

7z

The rules of DIAG for the dot product of two 4-momentum vectors are based on the assumption
that p? = ( holds for both of the 4-vectors. Clearly, the 4-momentum vector of the virtual photon
violates the assumption so that it can not be used to fix the momenta of propagators. In fact, the
momentum of the virtual photon can be determined by momentum conservation, k = p, — p,, as
in the form factor case. Therefore, the internal momenta can be completely determined. without
knowing the momentum of the virtual photon. The new scheme was incorporated into the mo-

mentum fixing part of the program.

It should be noted that the virtual photon is only allowed in the direction ‘0’. A general extension
to allow it in all four scattering directions is possible, but one incident direction for it is sufficient
for general single virtual-photon processes. For the incident virtual photon, the transverse
polarization vectors of it are independent of the form of its 4-momentum vector. The longitudinal
polarization vector, on the other hand, is dependent on its 4-momentum vector. Generalizing to
suit any form of the momentum vector is somewhat difficult. For the current DIAG it is a safe
practice to allow only transversely polarized virtual photon and always designate it in the direction
‘0.
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3.4 The Simplifier

The simplifier was developed at the very beginning of debugging DIAG. The immediate purpose
then was to make the amplitude file directly readable. As development of DIAG progressed, the
simplifier became more and more important and soon evolved to be an absolute necessity. It is
difficult to imagine now how far DIAG could go without the simplifier, for it not only greatly re-
duces the usage of computing resources and increases computing speed, but also enables various
automatic manipulations to be performed on the amplitude file, the most important among which

is automatic cancellation.

The simplifier was first developed as a separate program that took the amplitude file produced by
DIAG and made a simplified version out of it. This scheme was acceptable as long as the ampli-
tude files were relatively small but became awkward when the MB —+ MB case was being tested.
The simplifier was then built into DIAG and thus eliminated the huge intermediate amplitude file.

The simplifier was developed with no intention for general purpose usage; instead, it was tailored
to the output of DIAG and the algebraic expressions of the C language. Before developing the
simplifier the general purpose algebraic manipulation programs SMP and muMATH were tested.
Their algebraic simplifying capability were so low that the possibility of employing them was in-
stantly excluded. The only choice left was to write a customized algebraic simplifier.

Figure 9 on page 43 displaces a small section from the amplitude file of yy — BB before simplifi-
cation. It is immediately noticed that there are many redundant minus signs and parentheses in the

amplitude. The first step of simplification is obviously to eliminate all these symbols along with
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[*1*t=1xr=0;+ =(-x0)*1*c2it/ =r;

r=0;r+ =(-x0)*1*c2;r+ = (-x0)*1*s2;r + = 1*1;t/ =7r;
r=0;r-=(-x2)*x3;r- = (-x2)*x5;t/ =r;

r=0;r-=(-x2)*x5;t/=r;

r=0;r-=(-x1)*x4;t/=r;

d=tt=96/1;r=0;r+ = (-1)*x3*(-x2);t*=r;
r=0;r-=(-1)*x4*(- D *(-x2)*x5;t*=r;

r=0;r+ =(-x0)*c*(-1)*1*s*(-1)*(-x0)*s*1*1*s*(-x1);

r+ =(-x0)*c*]1*1*]1*1*s*(-x1);t*=r;

t*=d;a-=1*q0*q0;

[* 13 */ t=1;r=0;r- = (-x0)*x4;r + = (-x0)*1*c2;r- = (-x1)*x4;
r+ =(-x1)*1*c2;r-=x4*1*s2;

t/=r;

r=0;r-=(-x2)*x3;r- = (-x2)*x5t/=r;

r=0;r- = (-x2)*x5;t/ =r;

1=0;r-=(-x1)*x4;r + = (-x1)*1%c2;r- = x4*1*s2t/ =r;

r=0;r+ =(-x)*1*c2it/=r;

d=t;t=96/1;r=0;r+ =(-1)*x3*(-x2)t*=r;

r=0;x+ = (-1)*x4*(-1)*(-x0)*s* 1 *c*(-1)*(-x2)*x5;

r+ =(-1)*x4*(-1)*(-x1)*s*1*c*(-1)*(-x2)*x5;r + =x4*s*1*1*c*(-1)*(-x2)*x5;
t*= r;

r=0rxr+ =(-x0)*c*1*1*c*(-x])it*=r;

t*=d;a-=t*ql*q0;

[* 172 */t=1;r=0;r-=x3*1*s2;t/=r;

r=0;r-=(-x0)*x3;r+ = (-x0)*1*c2;r- =x3*1*s2;t/=r;

r=0r+ =(-x1)*1*s2;t/ =r;

r=0;r- = (-x2)*x4;r- = (-x2)*x5;t/ =r;

r=0;r-=(-x2)*x5t/=r;

d=tt=96/1;r=0;r- = x3*%c*1*s*(-1)*x3*(-1)*(-x2)*x5;t* =r;
r=0;r-=(-x1)*s*1*1*s*(-x0);t* =r;

=0+ =(-1)*(-x2)*x4;t*=r;

t*=d;a-=1*q0*ql;

/*203 */t=1x=0;r+ =(-x0)*1*c2;t/=T;
r=0;r-=(-x0)*x3;r + =(-x0)*1*c2;r- =x3*1*s2;t/ =r;
r=0;r-=(-x0)*x3;r + = (-x0)*1*c2;r- = (-x1)*x3;r + = (-x1)*1*c2;r- = x3*1*s2;
t/=r;

r=0;r-=(-x2)*x5;r + =(-x2)*1*s2;r- =x5*1*c2;t/=r;
r=0;r-=x5*1*c2;t/=r; .
d=t;1=96/1;r=0;r+ = (-1)*x3*(-1)*(-x0) *x5*s*(-1)*1*c*x5;
r+ =(-1)*x3*(-D*(-x1)*x5*s*(-1)* 1 *c*x5;r + = x3*s* 1 *s*x5*s*(-1)*1*c*x5;
r-=(-1)*x3*(-1)*(-x0)*s*1*(-1)* 1 *c*x5;r- = (- 1)*x3*(-1)*(-x1)*s* 1 *(-1)*1 *c*x5;
r-=x3*s*1*1%(-1)*1*c*xS5;

tt =r;

r=0;r+ =(-x1)*c*1*1*%c*(-x0)it*=r;

r=0ir+ =(-1)*(-x2)*x4;t* =r;

t*=d;a-=1*q0*q2;

Figure 9. Amplitude File before Simplification: A section of the amplitude file for yy — BB which
contains 4 diagrams.

Calculating the Quark Scattering Amplitude 43



all the blank spaces. The squeezed expressions are then stored into a linked data object term by
term and, also, similar terms are combined. A list, that is a sum of terms in the binary represen-

tation, is formed. It is the primary object of the simplifier.

One of the difficulties of algebraic simplification is that it does not follow any ordered rules. There
are usually many ways to simplify an algebraic expression and in general they do not reach the same
simplification results. In order to avoid getting into a major battle in the algebraic computation
field, yet still to have a good simplifier to serve DIAG, the major simplification method utilized by
the simplifier is substitution of known identities in addition to extraction of common factors and
combination of similar terms. By observing the unsimplified expressions it is also clear that most
of them can be satisfatorily simplified by substitution. Different scattering processes generally have
a different set of identities; the only common one is ¢ + s? = 1. Others are momentum fraction

relations. For example,
Xptxptxg=x3+ x4+ x5=1

are the other two identities for yy — BB; For MB — MB the identities are
Xptx+tx=x3+x=x+x+x=2x+x=1

These identities are primary identities because they are not derived from any others. For a given
set of the primary identities which is selected automatically by the simplifier, a set of secondary
identities is generated by joining two primary ones with all possible combinations. The identity

c2+sz—xo—xl—x2=0
is an example of the secondary ones for yy — BB. Usually a sipgle substitution is sufficient to make

the simplification, but occasionally more than one substitution are required to achieve the desired

simplification. The simplifier is capable of multiple substitutions provided that the length of the list

shall not increase at each one of the substitutions. In some very rare cases substitution of identities
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that are a product of two primary ones is desired. However, incorporating this type of substitution
increases the complexity and reduces the speed of the simplifier much more than the improvement

it achieves in simplification.

Figure 10 on page 46 shows the simplified correspondent of Figure 9 on page 43. The effect of the
simplifier is apparent. Table 1 on page 47 lists comparisons of various aspects of the amplitude file

before and after simplification for yy — BB.

Similar to DIAG itself, the simplifier must also be tested and debugged step by step along with
DIAG. The correctness of the simplifier was tested and ensured by numerically computing both
simplified and unsimplified amplitude functions and verifying the agreement. For relatively simple
cases it can be performed for the whole amplitude file. For cases as complicated as MB — MB the
numerical checking is performed by randomly selecting a group of diagrams and verifying the sim-

plification for this group. The random selective checking is also completely computerized.

In addition to the major extensions and modifications as to those of virtual photon, gauge invari-
ance testing, and simplification, DIAG has also undergone numerous minor modifications. Some
of them were made for the convenience of debugging the program while others were made for im-
proving the efficiency of the program and of the later numerical integration. In summary, DIAG
became progressively faster despite that many new features were added. However, as an expense,
it became more complicated to use because of the increasing new features and therefore the in-

creasing options to chose when running the program.
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/* 1 */a = a-96*q0*q0/c*s*x3*(s2*x0-1)/(x0-1)/(x4-1);

/* 13 */a = a+96*q0*ql*c*s*x0*x2*x3*x4/(c2*x2 + c2*x4-c2-x2*x4)/(x4-1)
[(c2*x1 + s2*x4-x1*x4);

[* 172 */]a = a+96*q0*ql*c/s*x0*x3*x4/(c2*x0 + s2*x3-x0*x3)/(x3-1);

/* 203 */a = a-96*q0*q2/c*s*x]1*x2*x3*x4*(c2*x5-x2*x5+ x2)

/(c2*x0 + s2*x3-x0*x3)/(c2*x2 + c2*x3-c2-x2*x3)/(c2*Xx5 + 82*x2-x2*x5);

Figure 10. Amplitude File after Simplification
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Table 1. Comparison of Amplitudes before and after Simplification

vy = BB before after
Size of sourse 53 KByte 12 KByte
Size of object 18 KByte 6 KByte

Compilation time 146 s 25s

The amplitude file is for yy — BB for spin half baryons. Both of the photons in this case are
right handed. The relatively small object size before simplification is largely due to the high
optimization capability of the VAX C compiler.
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Chapter 1V

Testing Gauge Invariance

In the course of checking gauge invariance for MM scattering, because of some subtle mistakes, the
scattering amplitude was found not to be gauge invariant. Extensive checking of the computer
generated amplitude against hand calculation did not reveal any discrepancy, while the same cal-
culation for the proton magnetic form factor and photon annihilation to hadron-antihadron pairs
did satisfy gauge invariance. The following questions were then raised: first, is the gauge invariance
theory formulated correctly for amplitudes involving three- and four-gluon vertices; and second, are
the Feynman rules correct, especially for three- and four-gluon vertices. Most of the text books
and review articles tend to restrict themselves to be very brief on these topics and still, all use dif-
ferent conventioﬁs for the Feynman rules. It is also not uncommon that the Feynman rules of
some of them contain errors. Although it is unlikely that one may actually find anything wrong
with the theory, it is very important at least to acquire a strong confidence in the theory and to

make certain that the Feynman rules that DIAG implements are definitely correct.

Testing Gauge Invariance 43



The anwers to these questions are rooted no where but in the formulation of the theory. In the
following sections of this chapter gauge theories are redeveloped with emphases on QCD and gauge
invariance. For references sce, for example, Abers and Lee [25], Cheng and Li [26], and Chaichian
and Nelipa {27]. The implementation of gauge invariance testing is presented in the last section of
this chapter. |

Gauge theories are most conveniently formulated in the Feynman path integral formalism (FPI).
To avoid making the lengthy derivation even longer, the FPI formalism for transition amplitudes
is accepted without question. Furthermore, h = ¢ = 1 is assumed throughout this chapter. The
transition amplitude in FPI formalism is:

d d
<11 Oy i > = TP iy, (@1

where g, and p, are the canonical coordinates and momenta; I(¢”,) is the action of the system de-

pending on p, ..., B, qy--s G,

In quantum mechanics, transitions always take place from a state at ¢ = — o to a state at
t = + 00, In the limit of ¥ - — %,/" = + 0, the path integral Eq. (4.1) describes vacuum-to-
vacuum transition. Therefore, as an example, for the free fermion Dirac fields for which the
Lagrangian density is defined by

Ly(x) = i y(x)y,0,w(x) — my(x)y(x), 4.2)
the transition amplitude is
§ = j’I}[dv‘t(x)lldv(x)l eXP[ij'dep(x)l- 4.3

Testing Gauge Invariance 9



4.1 Field with Constraints

One of the advantages of the path integral formalism is that it works in the canonical Hamiltonian
context and leads to quantization of the fields. As will be seen later, a gauge field is a field with
constraints and the gauge fixing will be naturally introduced in solving the constrained field prob-
lem. As for now, a Hamiltonian system with constraints shall be solved and one can easily identify

that the entire procedure is purely classical.

The system has n degrees of freedom described by the canonical coordinates ¢, and momenta p,.
The Hamiltonian of the system is H(p, ¢,). Let m constraints be imposed on the system, which can

be described by
‘pd(pl’ qi) =0, a=12..,m (4.4)

Therefore, the variables p, and ¢, are not all independent. The most straightforward way to solve
this problem is to eliminate the dependent variables by solving the constraint equations (4.4).
However, this approach may not be easy and some times is even impossible. The aim here is to
" develop an expression in the form of a path integral which incorporates the constraints in a more

convenient way.

By the means of the Lagrange muitipliers A,, the system is then described by the Hamiltonian
m
H'(pyq) = H(puq) + agllaq’a(Plr ) (4.5)

For an arbitrary function f{p, ¢q,) the equation of motion is
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fova) = (HI} + E doloaf), 46)

where the curly braces denote the Poisson brackets:

= v (0f %8 _ o %
Ve tz'l(al’: oq g apt). @

The constraints are clearly independent of time, and they lead to the consistency conditions
. ) m
0apr ) = {H, 94} + bEI)‘D{(pb, 9z} =0, (4.8)

where taking @, = 0 after evaluating the Poisson brackets is understood.

If both of the Poisson brackets are zero the consistency conditions are then said to be satisfied
which is also to say that there are no more constraints imposed on the system. The case in which
{H, 9.} = 0 while {,, p,} # 0 shall not be discussed because of its irrelevance here. The last case,
also the most important, is that {H, ¢,} = ®,, and {@,,¢,} = 0. The consistency condition re-

quires that
Q1aon q) = 0, (4.9)

which also means that more constraints should be imposed on the system. Following Dirac, the
constraints given by Eq. (4.4) are referred to as the primary constraints and the constraints given
by Eq. (4.9) are the secondary constraints. It is also clear that the secondary constraints can not

be reduced to the primary ones.
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The secondary constraints ®,, are on the equal footing with the primary ones so that it should
satisfy the consistency conditions similar to Eq. (4.8). It may yield additional secondary constraints
{H,®,} = &, = 0.

Assuming that Eq. (4.4) includes all the constraints, both primary and secondary, both Poisson
brackets in Eq. (4.8), the consistency condition, vanish. All the coefficients A, are left arbitrary.
The equation of motion for a dynamic variable f{p, ¢,) described by Eq. (4.6) is not unique due the
arbitrariness of the A,. However, all of them should be physically equivalent, because the physics
is only dependent on the set of variables p, and ¢, and is independent of the choice of A,. The set
of values of f{p, q,) corresponding to all possible coefficients A, is called an orbit. Since all the
points on the orbit describe the same physical state, it should be suffice to consider only one of

them. The point can be chosen by imposing another m conditions,

2L q) = 0, ‘ (4.10)

which is unique for a given set of A, to the system. Eq. (4.10) is referred to as subsidiary conditions.
As will be shown, it corresponds choosing a gauge when the system is a gauge field. The consist-
ency conditions for the subsidiary conditions

m
%o = {H, %} + aglla(%» X} =0 (4.11)
uniquely determine A, since
det {9z 2} #0, a=b=12,..,m. (4.12)

Now a canonical transformation from p, and ¢, to P, and Q, can be made. Because the subsidiary
conditions can be chosen in such a way that {x,,%,} = 0, one can chose P, = y, fori= 1,2,...,m
and let Q,(i = 1,2,... ,m) be their conjugate coordinates. The remaining canonical variables are
define as
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Pi=p) and Q=¢q), i=m+1,.,n (4.13)

where the variables p’, and ¢’, span a 2(n — m) dimensional subspace I"’. It should be noted that
they are also independent variables of the system as if the constraints of Eq. (4.4) had been solved.

According to Eq. (4.1) the transition amplitude in the 2(n — m) dimensional subspace I", after
eliminating the dependent variables, can be expressed as

, |
5= 11 lfa) exp{nj dr P> pm—H(Qam,m,qk.OPk)]} (4.14)

Recalling that the goal is to avoid solving the constraints equations, Eq. (4.14) should be trans-
formed back to the 2n-space I'. To achieve this, the following steps shall be followed:

1) Rewrite Eq. (4.14) equivalently into the form

m [d
5= {1 A ONd (0], gy [PONOON g 500, — 0,61,

2n k=1
. ) (4.15)
X exp {ij:d‘ [kEIP Qi + ‘=E+ lP':‘?'i = HPp Qul'vd’ 1)]} .
2) Change the variables Q, to ¢,; then & functions transform as
[8(Qu 0 ) = det | 325 | 01590 @.16)

The determinant is the Jacobian of the transformation, which can also be identified through

oo, _ oo,
{Xa: ¢c}p,q {Xas 9)po = {Pa®)po = zsal'gg—‘ = E 4.17)
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3) Make canonical transformation from P, and Q, to p, and g,; Liouville’s theorem ensures that
[dP)IdQ] = [dplldq] . Making use of the generating function. F(p,q) for which

dF = §p,dq, + ;Q,dp, + (H' — H)dt, (4.18)
the following relation is obtained
(§p,q, - Hydt = (ZI;P,Q', - Hydt + d(F - §P,Q,), 4.19)

where the fact that the function F(p,q) does not explicitly depend on ¢, and thus H’ = H, has been
used. Integrating Eq. (4.19) over ¢ from ¢ to ¢" leaves the last term of Eq. (4.19) as a constant.
Since this expression appears in an exponential, it merely contributes a constant factor. Since the
amplitude is not normalized, any constant factors can be dropped.

4) Substituting Eq. (4.19) along with Eqs. (4.16-17) and P, = y, into Eq. (4.15), the desired ex-

pression is obtained:

§= I [dp()lidgf1)]

1 1800800 et 001 exp i B - Hoa] ). @)

This path integral expression absorbs the constraints into the integrand as § functions and thus
avoids solving the constraints equations. It is then readily to be applied to the gauge field.

4.2 The Yang-Milis Field

Eq. (4.20) is a general expression for fields of both Abelian and non-Abelian groups, but only the
non-Abelian color gauge field is of interest here. The Yang-Mill’s field will be taken as an example
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to rederive the theory. From the historical view, this is what gives birth to the non-Abelian field
theory; and, for the present case, the field theory for SU(2) and SU(3) are formally identical.

The symmetry described by the SU(2) group is commonly referred to as isospin. The isospin in-
dices shall be denoted by superscript Latin letters, the Lorentz indices by subscript Greek letters
and the 3-space (£;) indices by subscript Latin letters. Summation over repeated indices is under-

stood.

The field tensor is defined as

F:

X = 0,4% — a,4% + gV*4l4l, (4.21)

where A} are the fields. The Lagrangian takes the form

L= =~ fFpFp = = 0AY = 0,40 (4.22)
in the second order formalism and
L= - -;-[auA",‘ — 0,4k + gelkqla) — % W]F,‘f\, (4.23)

in the first order formalism. Using the first order formalism, one can rewrite Eq. (4.23) in the
three-dimensional form

L = Ef4lt — HEFAD, (4.24)
where

H(E A = S[ED + @IY], Ef = Ff, and Bf = 2V}

The terms with full divergence and explicit dependence on 4, and E, have been omitted because
they vanish either by the constraints or by the subsidiary conditions that will be chosen.
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It is clear that H(E},A}) is the Hamiltonian and E}(x) and A¥(x) are canonically conjugate momenta

and coordinates. The primary constraints are obviously

P1(x) = Ef(x) = 0, (4.25)
which leads to the secondary constraints by

03(%) = {[d"xH(E AP E(x) = QE[(x) — ge"A[E] = 0. ~ (426)
The secondary constraints satisfy the following consistency conditions

(05(x), 95(x)} = g"9T'(x)5(x = y) and
([ =H(E} B, 9300} = 0,

so that there are no more secondary constraints on the field.

The subsidiary conditions can now be chosen to be associated with the constraints. It is élso said
"to choose a gauge. For the convenience of the derivation, the Coulomb gauge 9,4X(x) = 0 is cho-
sen to be associated with ¢4(x) = 0 and 4§ with E} = 0. It is straightforward to calculate the fol-

lowing Poisson brackets with respect to the canonical variables E} and 4%

(5 12 = (34f(x), 3407} = 0 and

(4.27
(0%, %8} = (AEF(x) — &= Aj(E(x), 34{»)} = MM A)S(x - y),

where
M¥ 4™y = 09" + g4, (4.28)

The analysis for the other set of constraints and subsidiary conditions is even simpler. By using the

fact that E} and S¥ are canonically conjugate variables, one obtains
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O 1)) = (48(),44)) = 0 and

(4.29)
{o%, 11} = (Ef).440)) = 848(x - ).

It should be noted that & is a unit matrix and its determinant is 1. It should also be noted that
det [{@%, x7}| is calculated as a product of det |{@f, x{}| and det |{p4, x4}|. The reason is that the two
sets of constraints and subsidiary conditions are independent to each other so that the matrix

{9%, %%} is a direct product of two submatrices for the two sets, respectively.

With the knowledge acquired from Eq. (4.24-29), the path integral over the canonical variables, in
place of Eq. (4.20), can be written for the Yang-Mill’s field as

§ = JIT{dA{CONAE () dAG(RAE (4)] det M4

x S(AFENSEFN)SBAF(x)SBENx) + g™ 4l (x)EM"(x)) (4.30)
x exp{ifdx| EfAf + Egdg — H(E{ AT, B3 A5) ]}

This expression can be further simplified. It is easy to identify that the expression in the exponential
is the Lagrangian and can be replaced with the second order formalism Eq. (4.22). By carrying out
the integration over E}, which again yields a constant factor that can singled out, the path integral
over all the fields 4}(x) is finally obtained:

S = JTTIdA CNB0A; (<) det |M (AT explifdsL (). (431)

The Coulomb gauge has been chosen in developing the path integral Eq. (4.31) for the Yang-Mill’s
field because it is the most convenient one to use for deriving the theory. However, the Coulomb
gauge is not invariant under the Lorentz transformation, so that the path integral Eq. (4.31) is not
relativistically invariant as well. For deriving Feynman rules and performing calculations, the

relativistically invariant Lorentz gauge is the most convenient one to use. To accomplish this, the
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Coulomb gauge shall be transformed to the Lorentz gauge in the path integral Eq. (4.31). The

transition procedure is known as the Faddeev-Popov method.

A functional A(A4}) shall be introduced by

A (A [TTIdg(x)8(u(A450)) = 1, (4.32)

where y is any gauge condition, and the integration runs over the entire gauge group, of which g
is an element. The Jocabian of a gauge transformation is unity because of the fact that the gauge
group under consideration is a unitary group (SU(2) for the Yang-Mill’s field). Meanwhile, the
transformation of variables from A} to A) in the 3 function yields the same unit Jacobian.

Therefore,
[dg()] = [dg’(x)] and B(x(A(x))) = Bx(AXE (x)). (4.33)

Eq. (4.33) also implies that both [dg] and 8(x) are gauge invariant, so that the functional A,>is gauge
invariant as well. For the Coulomb gauge Eq. (4.32) takes the form

A4 [TTIdg(x)8(@df ()] = 1. (4.34)

The point is to show the equivalence of the functional A{(4%) and det |]M*(4r)| so that the gauge
factors in Eq. (4.31) correspond to Eq. (4.34), which in turn is a special case of Eq. (4.32). This
will enable replacing the gauge factors in Eq. (4.31) with any desired gauge by virtue of Eq. (4.32).

The integral in Eq. (4.34) shall be calculated first. Betause of the condition §,4(x) = 0 and the §
function in the integrand, there is no contributions come from the gauge group except from the

vicinity of g(x) = 1. In this vicinity the following expansions are valid
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Ug)=1- %guk‘:k, dg = di,

AR(x) = Af(x) + g Al (%) + o), -
and

34f8(x) = ge"™ Ao’ + aau* = MH M. (4.36)
Substituting Eq. (4.35,36) into the integral one obtains

ST 1dg(auA ) = STl R0 = TIR™" = (det i M ™" @37)

The fact that the product of eigenvalues of a matrix equals the determinant of the matrix has been
used in the last step of Eq. (4.37). Thus it is proved that

(45,44 =g = det IM¥(4],

‘and, indeed, the path integral with the Coulomb gauge, Eq. (4.31), is a special case of Eq. (4.32)
with x = 0,4, Next, inserting the generalized Lorentz gauge in the form of Eq. (4.32),

Ag(Ay) i [dg(x)18(3,dkx) — a*a)) = 1, (4.38)

into Eq. (4.31), Keeping in mind that all the gauge factors are gauge invariant, the integration
j[dg] can be switched from Lorentz gauge factors to Coulomb gauge factors and the latter can be
extracted out by virtue of Eq. (4.34). The result is:

s=1 A/ ()B(0,45(x) — a*(RDAL(A) expleifdx-LFi FR)- (4.39)

Calculating the functional A,(4}) is similar to that of the functional A{A}); one finds:
A4 = det|M,], and M, = 3 + gMm(ala, + 3,4™).
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It should be noted that M, is independent of a,(x). Therefore, Eq. (4.39) can be integrated over

a,(x) by inserting a constant factor:
exp (-iz—fla(x)"dx).

This leads to the desired path integral in the generalized Lorentz gauge, which is also called the

a-gauge:

S = jﬂ [dA¥(x)] det |M, exp{-ij'dx[—l— % Fk, + %(%A{f)z]}, (4.40)

Some comments on the factor M, are desirable. The determinant of M, can be expressed as a path
integral over anti-commuting scalar fields and their interaction with the gauge fields. Upon some
choice of gauges, though, there appear no such fields. The fields are commonly referred to as the
Faddeev-Popov ghosts. They shall not be discussed in any detail here because they do not enter
the calculation unless loops are encountered.

4.3 Green’s Functions and S-matrix Element

What has been developed in the previous sections is the path integral formulation of the vacuum-
to-vacuum transition amplitude. In practice, the S-matrix is what needs to be calculated. A matrix
clement of the S-matrix describes the transition amplitude of a system for which particles are free
in both initial and final states. To calculate the S-matrix it is convenient to use a Green’s function.
Roughly, a Green'’s function describes the internal structure of the transition amplitude, that is, the
S-matrix element. It will be shown later that the propagators and vertices are associated with
Green’s functions.
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In this section, the path integral expression for Green’s functions and the S-matrix are derived.
Since path integrals are not generally analytically calculable, the method of perturbative expansion

is employed to calculate the Green’s function and the matrix element of the S-matrix.

A Green'’s function can be formulated as a path integral. Since the construction of the path integral
was skipped for the vacuum-to-vacuum transition amplitude of Eq. (4.1), it should also be skipped
for the Green’s function_. Nevertheless, it is instructive to compare Eq. (4.1) with

G(x1,%gy e %n) B <OT(@1(x1)P2(x2) .. P(xn))I0>

= [T1Id0(x)101(x1)02(%2) - , @nl) exp (ifdLix)). “4h
The generating functional W(J) for a Green'’s function can be defined as
W) = [Tldo(] exp (ifdslLix) + @1(aM1(x) + = + QuxMrCx)]), (442)

where an auxiliary current J(x) is introduced for each field 9(x). The Green'’s function can then

be obtained by taking derivatives with respect to the currents and then setting the currents to zero:

= (0 ) o
G(xy, .. Xn) = (-i) S, Sty ST WDy, = = 7, =0 (4.43)

The Green'’s function defined above contains both connected and disconnected diagrams. However,
only connected ones are of interest. To accomplish this, another generating function Z(J) shall be
introduced and defined by

Z( = - iln W), (4.44)

By differentiating both sides of the above equation with respect to J directly, it is straightforward
to see that the quantity
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= (\B— )
G o1 g0 ) = () 531 S B2 = = =0 (445)

is the connected Green's function as the subscript ¢ denotes.

It is convenient to introduce a generating functional I'(®) which generates the vertex Green'’s
functions. Since the Feynman rule for vertices can also be deduced from the Green’s function
generated by Z(J/) and the S-matrix element, as will be shown later, only the the expressions of the
functional and the Green'’s function are quoted here:

L(®) = Z(J) — [dx/{x)Px), (4.46)
where
_ 5ZU)
d(x) ey (4.47)

The n-point vertex Green's function is then obtained through

n o _ST®) (4.48)
rf 3R, .

The functional I'(®) can be expanded in terms of the number of loops. The leading order gives
only tree diagrams and is referred to as the tree approximation. Again, without derivation, the tree

approximation functional is given by
Tiee(®) = I(®) | (4.49)

where I(®) is the classical action.
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Before getting to the S-matrix, the functional W(J/) shall be further transformed to a more con-
venient form for calculating the Green’s functions, and thus, deducing the Feynman rules. First,
by separating the Lagrangian of interacting fields from the Lagrangian of the free fields,
L(x) = Ly(x) + L/(x), the functional W(/J) can be rewritten as

W) = [[ldey(0)] explifdeLo(x)] exp (ifdxiLyix) + @u(xMix)])- (4.50)

The last factor in the above equation can then be written as

5
explifdxL(-i &,l(x) e e )>1 exp(ifdx/,9y), | (4.51)

for the obvious reason that the Lagrangian L, is a function of the fields ¢,. In a compact form Eq.

(4.50) is rewritten as
W) = exp[ijde,(-i&,ik)l [Tl exp (ifdxiLy + 9/l). (4.52)

The integral in the above equation containing the free Lagrangian Ly(x) can be written in another

form:
JdxLo(x) = 3-fdxdypf0Kyx = D)o 0, (4.53)

where K (x — ) is the differential operator determined by the free Lagrangian Ly(x). Substituting
Eq. (4.53) into Eq. (4.52) and making a further change of variables,

ofx) = @'x) = [Ky (x = pM)dy, (4.54)

the following path integral is obtained:

THtdoe) expl - fxdvoiIR G = Yo + if ekl

! (4.55)
= Cexp| A fasdya e = M)
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where
€ = [Yidoye)l exp| L faxaor it ~ y)oro0 |

Dropping the constant factor C and substituting Eq. (4.55) into Eq. (4.52), the desired form of
W(J) is finally achieved:

W) = exp[ij'de,(-' )] exp[—;-jdxdyll(x)Ky—](x - y)Jj(y)]. (4.56)

i—0
8J(x)
The generating functional for the S-matrix element can now be constructed with the functional
W(J) of Eq. (4.56): |
Slpp) = ¢ [1 dxLA- ]
P = exp|ifdxLy- VAT ))

(4.57)
x exp| ifarofols) = Lfasdnsi] ' = W01y = = 4, w0

The matrix element, for example, for  initial free particles scattering into 7 free final particles can
be obtained by

d S
Sm—n =9 ()————<p (x) ) P (v)——
e " 50 ""‘&pm()”"“ 502, +107) s
X Qi 2P—go—— @ ,,m——sw g
I e T sl )k

In Eq. (4.57) and (4.58), ¢{(x) are arbitrary functions and served as external free points to which
the external free fields can be attached. The external free fields are denoted as @,,(x) for initial free
fields and @,,(x) for final free fields.

By far, various Green’s functions and the S-matrix element have been derived in the exact path
integral form. In order to calculate them, perturbation theory shall be applied. The perturbative
expansion is obtained by expanding the interacting term exp[ijde,(x)] in the path integral
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explifdeL(x)] = ngo%j'dxl ety e [tnL o)L %3) o Ly o L), (4.59)

All the Green's functions, as well as the S-matrix elements, can then be calculated order by order.
Outlined below are such calculations for QCD to the leading order.

4.4 Feynman Rules for QCD

To each order of the perturbative expansion there exists a set of Green’s functions such that any
member in the set can not be decomposed into a product combination of two or more members
of the set and any Green’s function which is not in the set can be decomposed into a product
combination of two or more members of the set. This set is commonly referred to as the Feynman

rules of the same order.

Deriving Feynman rules is a very tedious and lengthy procedure. Although it is the utmost goal
of this study, the detailed derivation will not be shown. However, some cautions will be pointed

out for the derivation.

The QCD Lagrangian is given by
L= = ZFFh + T @,D, —mv’, (4.60)
where
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Fy, = 0,4% — 0,AF + g4l 4] and
—a _ 1k, k
Du = 6” -2—gl All'

(4.61)

The color indices are denoted by superscript Latin letters and the Lorentz indices by subscript

Greek letters. A} are the gluon fields, y* are the quark fields, A* are the Gell-Mann matrices, f* is

the structure constant of the SU(3) group, and g is the coupling constant.

By imposing the generalized Lorentz gauge condition and omitting all the terms containing the

ghost field, the free Lagrangian and the interacting Lagrangian can be written, respectively, as

Ly = = 0L = 0,40" = S(0,AD" + T — my® and

L= - QA0S — LS AALATAT + Sy a0,

The generating functional W(J), according to Eq. (4.56), is

(4.62)

W 1%, 0%) = Rexp (-ifdsdyt ok x = p)AG) + T@KHx = ymll), (4.63)

where .

- 1 H 8 H 8 H 8
R = exp (=LA ‘&I;(x)’ x| n(x) »-

Following Eq. (4.59) R can be expanded into a power series:

R =1+ ifdxLf-i—2—,..) + %jdxjdyz,,(-i 8 L

d
8/L(x) 8J4(x) 3G

where the fields in L(x) are substituted according to

k . 9 =d . O a . &
An"—‘_—k" v -’-IW' and vy -o—nW.
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The propagator of the free quark and gluon fields are found through

— &z = - K%x - y)‘-‘ (4.67)

A B ’ '
and

—Lzou,’f. ek o mp = — Klx =571, (4.68)

S (=)L) b |

respectively. Here Zy(J) = Z(/)|,.,. The gluon propagator (K&)-!, the only gauge dependent
Feynman rule, can be calculated now. As is stated in Eq. (4.53) the gluon propagator is determined
by the form of the free Lagrangian which, for the gluon fields, is

Lox) = = {3,y = 3,AL) = S0,AN*. (4.69)
Integrating by parts gives
JxLo(x) = Lfdxal{ g - (1 = D30, |4k ~ (470)

According to Eq. (4.53) one can identify immediately that
Ky = ) = 8%0x - y)gu?® - (1 - Drg,a ] @)

In momentum space Eq. (4.71) becomes:

KR(k) = [ — gk + (1 = Dk, ] 5. (4.724)
Upon direct verification one finds that
Ky = 7‘2-[ — g *+ (1 = o)k, ] 8% (4.725)

is the inverse of Eq. (4.72a). Finally, in the a-gauge, the gluon propagator is abtained:
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PR P =_-_5L.4.’§_[ Ca- k,,]ik(x_y) .
W) T e [T “)f,tz_ G (4.73)

The quark-gluon vertex, the three-gluon vertex, and the four-gluon vertex are determined to the

leading order as follows:
irkab ’ = i 83 r (] Ak’ oe = . =0 4.74
p (xXp2) Iy :(x) va(z) 59°0) tree( Ay - )4 0 (4.74)
3
T e ,2) = i 8 TueeldE - Ny= o =00 4.75)

54X x)541(1)547(2)

and

ik (x poz,u) = i 5 Firee(AY, )= o =00 4.76
lf lp(xly 2, u) 54 {l(x)SA ‘l’t(y) 54 {(z) 54 g'(u) tree( " )IA 0 ( )

where

Tiree = fdxL{A4;5(x), ¥*(x), ¥°(x)) @477

as given in Eq. (4.49).

In momentum space these Feynman rules are derived as

iEpqn) = - —;—gv,.(l" @, (4.78)
ir¥ = g%(g = Phgue + (@ = Nyga + = Duards (4.79)
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i {llflli.np = 132[/ "mfkb' Bu&ip — 88vp)
+ L o, — Burkup) | (4.80)
+ f' n{,kmn(guvglp - gppgvl)]

In the multi-gluon-vertex cases all indices circulate counter-clockwise and are associated in order.
For example, k, p, and p are the color index, Lorentz index and the momentum of one gluon as

in Eq. (4.79). Furthermore, all momenta are out of the vertices.

In order to define the Feynman rules a convention needs to be chosen. There are several con-
ventions for defining Feynman rules. For example, one can change the coupling constant
& - —g without changing the physics. Furthermore, each propagator and vertex is normally as-
sociated with a factor (i) or (-i) so that collectively a diagram consistint of propagators and vertices
would have the correct sign and the phase (i). There are various ways to assign these factors to
propagators and vertices. The convention used here is to assign a factor (-i) to each propagator and
a factor (i) to each vertex, as is shown in deriving the gluon propagator and vertices in Eq. (4.73-76).
This convention is verified by directly evaluating the S-matrix element containing a certain diagram
by using Eq. (4.58), and the overall factor agrees with what should be obtained from calculating the

same diagram by using the Feynman rules.

It is noteworthy to point out that directly calculating the matrix element containing a certain dia-
gram is much more complicated than using the Feynman rules. In order to get a complete diagram
the calculation has to be done at higher order while the Feynman rules are only elements of a dia-
gram so that its calculation can be done at the lowest order.
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4.5 Implementation of Gauge Invariance Testing

As mentioned earlier, DIAG can check gauge invariance by replacing the polarization 4-vector €,
of a specified external gauge boson with its momentum 4-vector k,. This checking scheme, obvi-
ously, can not apply to processes that do not involve external gauge bosons. For such a class of
processes the most convenient method to check for gauge invariance is to calculate an amplitude

under an arbitrary covariant gauge and verify that the result of the calculation is gauge-invariant.
1

In an arbitrary covariant gauge characterized by the gauge parameter £ = 1 — o as demonstrated
in the previous section, the only gauge-dependent Feynman rule is that for the gluon propagator.
The amplitude in the &-gauge, as discussed before, is a polynomial in & Gauge invariance is
equivalent to &-independence here and, therefore, coefficients of any non-zero order of & vanish
identically. To incorperate this scheme into DIAG the most suitable and general approach is to
calculate the amplitude-coefficient for a specified order of § by replacing a specified number (equal
to the specified order of £) of g,,’s with k,k,/k*s. This replacement and calculation must be allowed

for any order of &.

Unlike gauge invariance testing performed on external gauge bosons where the replacement
k, — €, takes place for and only for a specified external boson, the replacement kk,/k* — g,, for
that testing performed on internal gluons takes place a certain number of times for each diagram
with all possible combinations. Taking MB — MB as an example and assuming that the amplitude
of & is in question, for simple diagrams that do not contain multi-gluon vertices there are four
internal gluons for each diagram. In order to collect all £ terms two of the four gluons’ g,, should
be replaced by k,k,/k? and the diagram must be calculated for all possible C? = 6 double replace-
ments. For diagrams with triple three-gluon vertices in which seven internal gluons are involved,

cach diagram has C¥ = 21 possible double replacements.
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The implementation of this scheme is very sophisticated and complicated, especially when more
then one three-gluon vertex is involved. Since DIAG was designed for calculations under Feynman
gauge, the spin-factor evaluation part of it must be redesigned and rewritten. The program must

be capable of:

¢  generating all possible combinations of the replacement kk,/k? — g,, for gluon propagators

once and only once for a given order of &,

¢ remembering and identifying the gluons having the replacement in effect and applying different
computing rules accordingly,

¢ tracking a gluon “tree” if two or more multi-gluon vertices are present since, in that case, the
computing rule for a certain gluon propagator is dependent on its neighbouring multi-gluon

vertices.

This type of gauge invariance checking was expected to be a very powerful one since, still taking
MB — MB for example, the vanishing of the amplitude-coefficients can be checked order by order
up to &’. It was later discovered that high-order amplitude coefficients are trivially zero. It can be

easily seen as follows:

Suppose that a quark line is attached by one and only one gluon propagator; then the momentum
of the gluon can be assigned as k, — k, where X, is the momentum of the incident quark and %, is
that of the outgoing quark. If the gauge replacement is in effect for this gluon, the quark line then
evaluates to a factor ut/ k)t — k)u(k) = 0 because of the fact that ku(k) = 0. For the
MM — MM case at most one gluon can attach both of its ends to quark lines that also have other

gluons attached on them. Therefore only single gauge replacement yields a non-trivial amplitude.
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For the MB — MB case the amplitude of &2 is also non-trivial, and finally for BB — BB only the
amplitudes for the first three orders of & are non-trivial.

It should be noticed that the trivially vanishing amplitudes are not results of gauge invariance, which
always reveals itself as cancellations in a sum of diagrams. In the MM — MM case, for example,
a diagram with a four-gluon vertex does not contribute in gauge invariance testing so that the testing
can not discover any mistake within the calculation for the four-gluon vertex. Fortunately there is
only one dlagram with a four-gluon vertex for MM — MM. Caution must be taken, though, should
a similar situation arise in other scattering reactions. Although the trivial amplitudes of higher order
€ make the gauge invariance checking less complete and powerful than it was expected, it is still the
best available method to ensure the correctness of DIAG's calculation.
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Chapter V

Hadron Wavefunctions

Factorization separates the non-perturbative part of a scattering reaction from the perturbative part
and absorbs it into hadronic wave functions. In the asymptotic limit 02 — 0, the form of hadron
wave functions is purely perturbative and is independent of its Q%-evolutionary history [10] and,
therefore, is universal for baryons or mesons. It can also be casily derived [18] for baryons that
Puy(X) ~ X X%, Where x,, x;, and x; are momentum fractions of the valance quarks. At the scale
of momentum transfer that is experimentally accessible, however, the asymptotic form resembles
little the true hadron wave functions. Although the Q2-dependence of hadron wave functions is also
determined by Mve QCD, the wave functions themselves are determined by non-
perturbative QCD.

QCD sum rules provide a very promising approach to determine these wave functions. With the

sum-rule derived wave functions QCD calculations for the nucleon magnetic form factors and for
the branching ratio of br(y — pp)/br(y — e*e~) [10] give good agreement with experiments. On
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the other hand, the perturbative QCD calculation for yy — pp is about an order of magnitude
smaller than the experimentally measured cross section at W,, ~ 2.5GeV, even when the sum-rule
derived wave functions are used [21]. Although such a barely above threshold center-of-mass energy
may be too low to justify the application of perturbative QCD, it is interesting and important to
get an assessment of the accuracy of the wave functions and the sensitivity of perturbative QCD

predictions to variations in the wave functions.

5.1 Sum-Rule Derived Wave Functions

The wave function for the proton, for instance, is the amplitude for finding the three-quark valence
state in which the momentum partition of the three quarks is (x,p, x,p, x) where p is the longi-
tudinal momentum of the proton and x; + x; + x; = 1. The transverse momentum of the quarks
in the proton state can be neglected in the leading twist approximation since they are very small
relative to the momentum transfer Q? and, hence, the longitudinal momentum p of the proton.
As mentioned earlier at momentum scales relevant for experiments (Q? = 15 ~ 20 GeV for the
nucleon magnetic form factors) the proton wave function differs significantly from its asymptotic
form @, ~ x,%,%;. This is mainly due to the extremely slow evolution of the wave function with
0% when Q2 is large. The dependence on @2 of the wave function can be determined by the evo-
lution equation [9]
29 a (0} 1

Q Py o(x,0) = _Ttn—jo dy V(xy) 0(».Q), (5.1)

in the leading order, where ¥ can be evaluated from a single-gluon-exchange kemel. Following

reference [9] the general solution of the evolution equation takes the form

Hadron Wavefunctions 74



@ . |ad0h [™

(p(x,Q) = fN (Pasy(x) z Cn RN Pn(x)v . (52)
n=0 [ as)

where fy is the decay constant, ¢,.,(x) ~ x,x,x, is the asymptotic wave function, P,(x) are Appel

polynomials (eigensolutions of the evolution equation), y, are associated anomalous dimensions

and C, are coefficients to be determined, which contain all non-perturbative information of the

wave function.

The moments of the wave function,

<x{txgixgt> 2 = j'ol dyxex[ x5 (x, 1), (5.3)

can be studied by QCD sum rules. At present only p = n, + n, + n, < 2 moments have been
determined so that further approximation must be made to Eq. (5.2). Since there are six inde-
pendent p < 2 moments, all the coefficients C, can be uniquely determined if only the first six
terms of Eq. (5.2) are kept. Further setting 02 = u2 ~ 1GeV? at which the moments are evaluated,
Eq (5.2) is reduced to

5
O 1) = Puay(X) E Cy Prx). - (54)
The determination of the six C, by the six p < 2 moments is then straightforward linear algebra.
To illustrate how the moments could be calculated the familiar example of the n-meson should be

taken. Following Chemyak and Zhitnitsky [18] the leading twist matrix element of the n-meson is

determined by:
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<0ld(2)tvs expligf” doray ()]l —2)in” (p)>
=z ‘LT< \d#vs(iz, D )OI * () > (5.5)
= i(eplfyf_ & P,

where
- - - - -
D =D~ D, D=9 -igd°(1%2),

and §{ = x; — x; is the relative momentum fraction. At large Q3( 22 ~ 1/0? — 0) the left side of
Eq. (5.5) can be evaluated to the form:

<0/d#vs(izD)uin(p)> = 2,242, <Oldv,¥5i Dyi Dy tlpi> = ()"t 'D,  (56)
where D, are some constants. Expanding the exponential in the right side of Eq. (5.5) yields

i & Po,0) = fEL [ &0 = I L <t (5)
By relating Eq. (5.6) and (5.7) through Eq. (5.5) it can be found easily that

D, = ify<{">. (5.8)

The matrix elements of Eq. (5.6) can be calculated with the assistance of the QCD sum rules so that

the moments can be determined.

To construct the proton wave function of the leading twist, for example, the following three-local
operator matrix element [10] should be defined:

< Oz, )udy(2;) ¥ (2) o > ¥ (59)
= - BOup1sN) Viap) + (PrsClaghod(zp) = @2 gt 1sMyT)},
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where, as before, Latin letters denote color indices and Greek letters denote Lorentz indices, [p>
is the proton state with momentum p, C is the charge conjugation matrix, N is the proton spinor
and u and d are quark fields. The general proton state (spin up) takes the form:

b+ > = [wih dfd: > + yyluldl > + a0l dTdl (5.10)

where ‘+' denotes spin-up and ‘—’ denotes spin-down. In terms of Lorentz indices ‘+’ and ‘—

correspond to 0 and 3 respectively. Transforming the quark fields in Eq. (5.9) into momentum
space and substituting Eq. (5.10) into Eq. (5.9) yields

N
= - T .

N Vx) - Ax)

VZ(x) = 2 \/-2-4— 2 )

AN VD) + AR
V3(x) 2 \/-27 2 ’

(5.11)

where T(x), V(x), and A(x) are momentum-space representations of their counterparts in Eq. (5.9).

The proton state can then be given in terms of 7', V, and 4 as

by > = fN— 'EE’:'
224 /6 (512)
[Tt > + PO g PO ]
The two w-quark symmetry requires
7(1,2,3) = T(2,1,3), V(1,23) = V(2,1,3), and A(1,2,3) = —A4(2,1,3), (5.13)

and the fact that the isospin of the proton equals % leads to

27(1,2,3) = on(1,3,2) + on(23,1), and
on(1,2,3) = ¥(1,2,3) — 4(1,2,3),

(5.19)
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where the arguments 1,2,3 fepresent x;, x,, and x;. respectively. Therefore, there is only one in-
dependent wave function for the proton. For definiteness @y, shall be chosen to be the independent

one.

For the wave functions given above two sources of uncertainty are studied. First, the moments
calculated by QCD sum rules have associated errors. How do the errors manifest themselves in
wave functions and how do they affect the perturbative QCD predictions is a question to be an-
swered. Second, the model wave function contains only quadratic terms and thus accounts only
for p < 2 moments. The contributions from p 2 3 moments are totally unknown and uncon-
trolled. Is there any clue that one can get some control on these uncertainties is another question
to explore. Two simple reactions, y — pp and the nucleon magnetic form factor G, are chosen
for this analysis because 1) they are simple and easy to calculate and 2) measurements are available

for the momentum scale that justifies a perturbative QCD calculation.

In the rest of the analysis, if not otherwise specified, all calculations for y — pp and G}y are nor-
malized to the measurements. They are calculated in the form

L 02 P2 22D _ 6 00834GeV?
[(z'nv)e] bl‘(v-’e+e_) !
Q%G = 1.17GeV*, and G}, = -%G{,

where the corresponding data are also given. yy — pp is calculated as s‘% in the unit of
pb -+ GeV®, If not otherwise specified its value is given at cos @ = 0.4 which is an approximation

of the average of the cross section over the * wide angle ” region cos = 0.0 — 0.6 .
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5.2 Uncertainties of Sum-Rule Derived Moments

Knowing the moments of the nucleon wave functions, the asymptotic form to which the wave
functions will evolve in the limit of Q2 —+ o0 and the overall normalization j:d,x on(x,0?%) = 1, one
can construct a model wave function in the form of Eq. (5.4) that possesses all these properties.
Chernyak and Zhitnitsky (CZ) [10] first did the sum-rule calculation and proposed a model wave
function. King and Sachrajda (KS) [28] redid the calculation and found some changes to CZ'’s
original calculation. The KS moments and wave function is used in this analysis. Within errors
these moments agree with those now obtained by CZ [29]. Table 2 on page 80 lists these moments

and their errors.

For p < 2 there are ten moments out of which six moments are independent because of the relation
x; + x; + x; = 1. The overall normalization factor, physically the decay constant, f is determined
by setting <000> to 1 where <mmn,> is an abbreviated notation for moment <xjlx;2x;>>.
For the analysis of uncertainties the errors of independent moments are assumed to be independent,
also. Noting that <000> must be chosen as one of the independent moments, since it is the only
p = 0 moment and also that it has no error, there are five independent errors contributing to the
uncertainty. To avoid overestimating the uncertainty five independent moments with the least error
ranges are chosen, and the error ranges of two of them are reduced by half to ensure that the re-
maining four dependent moments are within their error ranges when they are determined by the six

independent ones.

Since the five errors are assumed to be independent, each of them will introduce an independent

error for the wave function. The wave function, with the uncertainty, can be written as
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Table 2. Moments of the Nucleon Wave Functions

CZ (original) KS CZ (new)

mnn, sum rules model sumrules model sum rules model
000 1 1 1 1 1 1
100 0.60-0.75 0.63 0.49-0.59 0.55 0.54-0.62 0.579
010 0.09-0.16 -~ 0.15 0.18-0.21 0.21 0.18-0.20 0.192
001 0.18-0.24 0.22 0.22-0.26 0.24 0.20-0.25 0.229
200 0.25-0.40 0.40 0.27-0.37 0.35 0.32-0.42 0.369
020 0.03-0.08 0.03 0.08-0.09 0.09 0.065-0.088 0.068
002 0.08-0.12 0.08 0.10-0.12 0.12 0.09-0.12 0.089
110 0.07-0.12 0.11 0.08-0.10 0.10 0.08-0.10 0.097
101 0.09-0.14 0.12 0.09-0.11 0.10 0.09-0.11 0.113
011 -0.03-0.03 0.03 uareliable 0.02 —0.03-0.03 0.027

Three calculations are listed. The sum rule column gives the ranges of moments determined
by sum rules and the model column gives the values chosen for constructing the model wave

functions.
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P(x) = ON(x) £ 01(x) T 9(x) £ P3(x) £ @4(x) % @s5(x)
= 20.16x7 + 15.12x7 + 22.68x% + 8.4x, + 5.04x, — 11.76
£ [ —1.26x} — 3.78(x3 + x2) — 2.52x, + 2.1]
£ [2.52(xF — x}) — 1.68(x; — x,)] (5.15)
+ [2.52x} — 7.56x} — 12.6x3 — 11.76x, — 3.36x, + 7.56]
£ [8.82x7 + 3.78(x2 — x3) — 9.24x, — 5.88x, + 3.78]
£ [ —7.56(xF — x2) + 5.88(x, —x)]

The moments of the five wave function errors, the central part of the wave function (KS), and the
sum-rule calculation are presented in Table 3 on page 82. The errors of the moments < 001>,
<020>, <002>, <110>, and <101> are chosen to be independent and the error ranges of

<001> and <110> are reduced by half.

The effects of the uncertainties on perturbative QCD predictions are calculated for w — pp and the

magnetic form factor of the proton. The result can be represented as a matrix whose elements are

My = Jol I;dsx dyp 9;(x) Tea(x0.0%) @(x). (5.16)

where @, = @y. The results are presented in Table 4 on page 84 and Table 5 on page 85 with the
symmetric part left blank and normalized to 1 with respect to the measurements. The total error
€ is defined by

g = ) Mg,
+/>0

and is about 4% for v — pp and 40% for G

Hadron Wavefunctions 81



" Table 3. Moments of KS Wave Function and Its Error Wave Functions

nmr, sum rules PN ? 9, P D4 P
000 1 | 0 0 0 0 0
100 0.49-0.59 0.55 -.02 0.01 -.02 0.01 0.01
010 0.18-0.21 0.21 0.01 -.01 0.02 -.01 -.01
001 0.22-0.26 0.24 0.01 0.00 0.00 0.00 0.00
200 0.27-0.37 0.35 -.02 0.01 -.02 0.02 0.00
020 0.08-0.09 0.09 0.00 -.01 0.00 0.00 0.00
002 0.10-0.12 0.12 0.00 0.00 -.02 0.00 0.00
110 0.08-0.10 0.10 0.00 0.00 0.00 —.01 0.00
101 0.10-0.11 0.10 0.00 0.00 0.00 0.00 0.01
011 unreliable 0.02 0.01 0.00 0.02 0.00 -.01
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As can be seen from Table 3 on page 82, the uncertainty is still somewhat overestimated because,
when the contributions from all five error terms to a certain moment are combined it will be big
enough to exceed the error range of the moment. Nevertheless, it gives a reasonable upper bound

of the uncertainties.

5.3 Uncertainties from High Moments

Unlike the uncertainties of the p < 2 moments which are well understood and under confrol, the
uncertainties due to p 2 3 moments are totally unknown. Since the sum-rule calculation is very
difficult, it is not anticipated that the p 2 3 moments will be calculated soon. What can be done
in the absence of high sum-rule moments then? Firstly, the sensitivity of perturbative QCD pred-
ictions to the contributions of high moments, p = 3 in particular, can be studied. Secondly, one
can impose some constraints based on physically reasonable guesses for the high moments; and
finally, the contributions of the high moments can be parametrized to fit the existing data. In any
case the cubic Appel polynomials must be derived for these analyses.

There are ten p = 3 moments of which four are independent. Correspondingly, there are four
orthogonal cubic Appel polynomials. A general method of deriving Appel polynomials has been
given in reference [9] but only quadratic Appel polynomials have been derived. Defining 5 (x,Q)
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Table 4. Uncertainties for the Branching Ratio of v Decay

win PN ? P, P3 ('R Ps

On 0.9389 0.0073 0.0002 0.0278 0.0077 0.0002
s 0.0001 0.0000 0.0002 0.0001 0.0000
0, 0.0000 0.0000 0.0000 0.0000
0, 0.0010 0.0002 0.0000
' 0.0001 0.0000
@5 . 0.0000

£~ 42%
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Table §. Uncertainties for the Proton Form Factor

win PN ¢ P2 ?s P4 Ps

on 1.0683 =0.1136 0.0442 -0.1787 0.1539 -0.0838
¢ 0.0121 0.0046 0.0190 =0.0163 0.0085
R 0.0018 -0.0074 0.0060 -0.0035
P 0.0299 —0.0258 0.0138
i 0.0219 =0.0109
Qs 0.0072

£~ 40%
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by o(x,Q) = x,x,x,?p'(x,Q) and £ = Inln = & the evolution equation for baryon wave functions

AT
can be written as
x:xzxa( & " —-E—)q)( x,Q) = ——j' dyV(x5) ¢ 1Q), (5.17)
where
Cp=tl o a Bl iaas
2T T T T R

and the potential V is given by

8 -
- _ Ji| _hAy A
V(xy) 2x]x2x3l§je(}'l xl)s(xk )71[ x + x + = x,] (5.18)

= V(y.x),

where A3 (7.0) = 9 (.0) — 9 (x,Q) and 3,7 = 1(0) if the helicities of quark i and quark / arc
antiparallel (parallel). Assuming that the eigenfunction of Eq. (5.17) takes on the form: '

2]~y
PEQ) = Fae =7 ,.(x)[ 2 ] :
A
the E-dependent part can then be factored out, which leaves

ST B~ ) @a®) = Caf dV(xs) @ 0). (5.20)

The eigenfunctions of Eq. (5.20) are referred to as Appel polynomials. Because of the fact that
V(xp) is real and symmetric, V(xy) = V(y,x), the eigenvalues ¥y, are real and, therefore, it can be
easily shown that {an(x)} form a complete and orthogonal basis with weight w(x) = x,x,x;. Ex-

panding V in a polynomial basis {x{"x7} by virtue of Eq. (5.18), one obtains:
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1 1 m n
Ty Jo WYV EIWT s

Y 10 . 2)—32 x5
(m+1) =27 (a+ D) s

-i+ 1+ 5 le3
oy R NP TP (:)( —1xy*t + ( )J (5.21)
=1 i mesn
JEs Q)T E R ()]
= k=2 k mern

= §<x€x£w,,m.

where 8,; = 1(0) for spin-%(%) baryons. Substituting Eq. (5.21) into Eq. (5.20) yields an

eigenvalue system:

3 C 2C,
(2 5o~ 1 )] = el Uy (5.22)

The anomalous dimension ¥y, can be found readily

va = (3Cr = 2G5, )iBo (5.23)
where A, are the eigenvalues of the matrix U determined by

Uy =g, %7 = (1, %, X3, X2, ..). (5.24)

For m + n < 3 and in the basis {m,n} = {x]"x}} defined by
{00 10 01 20 11 02 30 21 12 03}

the matrix U for a spin-% baryon can be calculated directly from Eq. (5.21):
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2 2 1 1 2 2
1 3 3 4 0 4 15 0 15
0-5_1 3 2 _1 3 o 1 _2
6 6 4 3 2 10 4 5
0o -1 -3 _1 2 3 _2 1 0
¢ & 2 1 ¢4 3 5 40N
SR 0 S A S |
o 0 0 -3 T °5F T 7T °5 (525
o o o S _1_2 2 _1 2 af :
12 3 12 2; 52 213 l5
o 0 0 0 0 0--5 F-7F "

The matrix can be decomposed into orthogonal subspaces characterized by degree M = m + nand
of dimension M + 1. For any given M = m + n the eigenvalue problem can be solved with only

the corresponding sub-matrix. Taking M = 1 as an example, the submatrix in question is

which has M + 1 = 2 eigenvalues.

Solving the eigenvalues for the M = 3 submatrix (4 x 4) is quite straightforward, but to completely
determine the eigenvector involves the entire 10 x 10 matrix. The results, i.e., the M = 3 Appel

polynomials, are listed in Table 6 on page 89 along with the M < 3 Appel polynomials.
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Table 6. Appel Polynomials of Degrees up to Three

n t ") <o Cot n i 2 C ] Ca Cn
0 -1 1

2 -
1 3 1 1
2 1 2 -3 -3
3 -g- 2 -1 -7 8 4 8

7 -1 -4 4
3 3 3
6 258-0.119 0.715 0715 —-1.52 —-1.89 —1.52 1 1.58 1.58 1
7 288-0447 268 268 —348 -—13.7 -3.48 1 11.4 11.4 1
8 370 0 0394 —-0.394 —1.18 0 1.18 1 —-.0921 .0921 -1
9 258 0 0497 —0497 —1.49 0 1.49 1 145 —1.45 -1

@~ Teprix)
&
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If the p = 3 moments were known the nucleon wave function could be uniquely determined up to
cubic terms. 'One of the properties of Appel polynomials is.zero projection on lower moments.
For example, p < 2 moments of level-3 Appel polynomials (cubic) are all zero. Therefore, adding
high level polynomials to the model wave function will not affect its p < 2 moments. For the

analysis of p = 3 moments the best model wave function to use is naturally
9
o5(x) = on(x) + ¢.s,(x)>a“. CaPn(x), (5.26)

where @p(x) is the quadratic (KS) wave function.

The quadratic wave function @(x) has finite p = 3 moments. If the coefficients C; — G, are se-
lected such that p = 3 moments for @, vanish, it will result in a very huge correction to the wave
function and explode all predictions. A careful study of each independent p = 3 moment shows
that the perturbative QCD predictions cannot afford a 10% change in p = 3 moments. Table 7
on page 91 contains the results. It is inevitably true that QCD predictions are very sensitive to
p = 3 moments. In contrast, they are quite insensitive to p < 2 moments as is shown in Section

5.2.

There is no forcible way to put any constraint on the p = 3 moments unless it comes from an es-
tablished theory or experiment. On general physical grounds, though, one expects that the true
wave function should be smooth rather than bumpy. With this consideration, Cs — G, can be
uniquely determined by maximizing the smoothness of ¢,. Mathematically, it is equivalent to

minimizing the following expression:
KGs: €, Gy, Cs) = [ dyx] V()1 (5.27)
The following wave function

Hadron Wavefunctions 90



Table 7. Sensitivity of Predictions to p = 3 Moments

Moment A(y - pp) A(GY) A(Gr)
300 0.33 0.71 1.47
030 0.03 0.03 0.09
210 0.15 0.28 0.76
120 0.04 0.07 0.21

The percentage variation of perturbative QCD predictions due to 10% change of p = 3 mo-
ments.
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Pmsl(X) = Pagy(x) (12.28 — 46.18x) — d4.8x; + 65.52x,x; — 16.8x,x3(x; + ;)

(5.28)
+ 69.72x% — 19.6x] + 44.52x2 — 2.8x3)

is obtained when one minimizes Eq. (5.27).

Table 8 on page 93 presents the p = 3 moments for both ¢y and ¢,, and Table 9 on page 94
presents predictions of them. It can be seen from Table 8 on page 93 that ¢ and ¢, have nearly
the same p = 3 moments. Noting the sensitivity on p = 3 moments, the slight differences could
still be significant. Table 9 on page 94 shows that with ¢, and a, = 0.32 the predictions for
br(y — pp)/br(y — e*e") and G}, differ slightly from the predictions with @y and a, = 0.3. It also

shows a 20% improvement in yy — pp prediction.

The maximum-smoothness wave function ¢, could be an alternative to the quadratic wave func-
tion. It accounts for p = 3 moments in some way and contains all cubic terms. One must be
cautious, however, since it is only a fine version of the quadratic wave function because truncating
high order terms also implies smoothness. Furthermore, the maximum-smoothness is just a general
physical consideration. The smoothest wave function, though, is the asymptotic form x,x,x, in
which one only needs the first Appel polynomial Pi(x) = 1. The true wave function is obviously
not as smooth as @,,,. The p < 2 moments introduced asymmetry into the wave function. It is
intuitively helpful to determine at which level of p the moments contribute most of the asymmetry
to the wave function. Supposing that only p < 1 moments are known, it is interesting to see what
P = 2 moments one can get from the same maximum-smoothness procedure. If the p = 2 mo-

ments obtained from the maximum-smoothness constraint agree well with that from sum-rule cal-
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Table 8. The p = 3 moments of KS and Its Alternative Wave Functions

iy Pn Prms Prie
300 2.33e—1 2321 2.33e—1
030 5.73e -2 5.77e—-2 6.8le—2
003 8.13¢e—2 8.19e—-2 8.57e—2
210 5.93e-2 5.99% -2 6.09¢ -2
201 5.73e—~2 5.79% -2 5.65¢—2
120 3.00e -2 2.96e—2 2.36e—2
102 3.20e—-2 3.15e—-2 2.80e—2
021 2.67e—3 2.79%¢~3 =17le -3
012 6.67e~3 6.63e—3 6.27¢ -3
111 1.07e -2 1.06e -2 1.54e -2
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Table 9. Predictions with KS and the Maximum-Smooth Wave Functions

win\proc a, v—pp G Gy YY = PP
PN 0.30 0.94 1.07 0.88 0.545
P 0.30 0.96 1.20 1.04 0.509
Prns 0.31 1.00 1.01 0.77 0.580
Pons 0.32 1.09 1.07 0.82 0.659
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Table 10. The p = 2 Moments of KS and Linear Wave Functions

mmry PN Plinear Pmaa

200 3.50e—1 3.05¢—1 3.09¢—~1
020 9.00e -2 5.04e -2 5.18¢—2
002 1.20e—1 7.29%¢—-2 7.17e-2
110 1.00e—1 1.19¢—1 1.15e—1
101 1.00e—1 1.26e—1 1.25¢—-1
011 2.00e—2 4.11e—2 4.29e—2

The linear wave function is obtained by truncating quadratic terms from @y. @,,, is determined
by the maximum-smoothness procedure from the linear wave function.
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culation, the p = 3 moments obtained this way may be more trustworthy. However, the

calculation does not show a good agreement, as presented in Table 10 on page 95.

QCD predictions with the quadratic wave function for y — pp and G,; agree well with experiment,
but not for yy — pp. Is it possible that the p = 3 moments are responsible for this? To explore
this possibility, the coefficients C; — C, for the level-3 Appel polynomials are parametrized to fit
v - pp, Glg, and Yy — pp simultaneously. A 30% error has been attached to .the amplitude not
to account the experimental error but for reflecting the uncertainties in the theoretical calculation.
For the cross sections of y — pp and yy — pp, this yields a 60% error. With the effective coupling
constants, 0.300, 0.306, 0.303 for v — pp, Gar, and yy — pp respectively, the best fit obtained
yields a 32 of 4.9. The fit is presented in Table 11 on page 97. The reason for using different

coupling constant a, will be discussed in the next chapter. The wave function giving the best fit is

Pt(%) = Pugy(x){ = 1.70 = 76.65x; — 30.64x, + 379.49xx,
+ 148.81x} — 4.32x% + 22.68x2 — 310.47x}x, (5.29)
— 322.01x;%3 —55.46x] + 69.87x3).

The moments of g, are given in Table 8 on page 93. Figure 11 on page 98 shows the theoretical
predictions with the quadratic and the best-fit cubic wave functions for yy — pp. The data [30] is
virtually independent of the scattering angle. Itis ~ 36 £ 12ub GeVin the 2.0 < W,, < 2.4 GeV
range and is ~ 12 = 6pb Gev!® in the 2.4 < W, < 2.8 GeV range. It should be noticed that al-
though the y? value is reasonably good, yy — BB is the major contributor and its predicted value
is still below data.
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Table 11. Fitting Cubic Wave Function to Existing Data

Process a, Experiment Theory
y - pp 0.300 0.00834 0.00630
G 0.306 -0.585 -0.457
G 0.306 1.17 1.52
YY = PP 0.303 12+ 6 113
C=4047 C=-3326 C = —62.67 G =0

x2 =49
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2.4

Figure 11. Predictions for Photon Annihilation to Baryon Pairs: s6do/d: in pb - Gev10 for YY->pp
using the quadratic (KS) wave fungEo_p_(das&ed line), using the best-fitted cubic wave
function (solid line), and for yy » A¥ TA T ¥ (dot-dashed) line.
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While the prediction for yy — pp is below data, it is important and interesting to study the cross
sections for yy — A*++A+* and other hyperon pairs and the ratios of those cross sections to that
of the proton. When the prediction of absolute cross sections is not accurate enough to match data,
relative ratios of cross sections for a family of reactions can also provide important information of
the theory. Naively, the ratio of the cross sections of yy —» A**A** and yy — pp is expected to
be [ charge of the A” 7 ]‘ = 16. By using SU(6) symmetric wave functions the ratio is found to

charge of the proton
be as large as 50 [21]. With the sum-rule derived wave functions for the A’s [11]:

1
ai*> = AT p s up >

VS 530
ai*> = Vlﬁ—ffmﬁ”’(x)lw upuy >

where

AP = (12£02) x 1072GeV?, £ = 1.4 x 1072GeV?,
Ta(x) = Quy()[420x] + x3) + 2.52x] — 6.72x,2, + 0.43x3(x, + X)) ] (5.31)

PSP (x) ~ Pagylx) = 120x,3,%5,

the ratio is found to be as small as 0.5 while experiment [31] gives an upper bound of 3. The result
is also shown in Figure 11 on page 98. The dramatic difference between the SU(6) symmetric wave
functions and the sum-rule derived wave functions for the ratio of o(yy = A**A**+)/o(yy = pp)
indicates some thing of interest but it is still necessary to have the rest of the yy — BB reactions
be predicted with sum-rule wave functions before further conclusions can be drawn.

The analysis of the sensitivity of predictions to the nucleon wave function can be summarized as
follows: With the quadratic (CZ, KS) wave function and a reasonable choice of the coupling
constant, the predictions agree very well with the data on y - pp and the nucleon form factors.
The same agreement can clearly still be achieved with a cubic wave function of the form of Eq.

(5.26) with four free parameters. The question is whether the agreement between the prediction
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and the data for yy — pp can be improved by using the cubic wave function, compared to the
quadratic wave function, while maintaining agreement within errors for y — pp and the form fac-
tors. The maximum prediction for yy — pp with a parametrized cubic wave function is found to
be about twice as large as the prediction with the quadratic wave function, but still below data.

Therefore:

¢  The uncertainty in the perturbative QCD prediction for yy — pp, due to the uncertainty in the
nucleon wave function, is at the factor-of-two level. Determination of the next set of moments
would therefore be very useful. Since there is no known reason that yy — pp is unusually
sensitive to the wave function, without better control of the wave functions, future perturbative
QCD predictions for the magnitudes of hadron scattering cross-sections can be trusted at no
better than the factor-of-four level, assuming that the contribution to the overall uncertainty

due to the wave function is comparable for each of the hadrons.

¢  The uncertainty in the nucleon wave function is probably not enough to render the theoretical
predictions for yy — pp in agreement with the presently available data. However with the
best-fitted cubic wave function discussed above, the data are not so far from the prediction as
to warrant alarm, considering the proximity of the threshold. Improving the error bars on the’
differential cross section measurements, studying the energy dependence at fixed angle with
t ~ 2GeV?, resolving the question of the possible importance of resonances, and making the
measurements available for all yy — BB reactions will be the crucial experimental contrib-
utions to the question of whether perturbative QCD predictions apply to yy = pp and, in

general, to yy ~ BB in these ranges of energy.
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Chapter VI

The Running Coupling Constant

The strength of any interaction is described by a coupling constant. In QCD there are fermion-
gluon and gluon-gluon interactions and an effective coupling constant g is associated with each
vertex for both of them. The QCD effective coupling constant has been discussed in the intro-
duction. Collectively the equations for g2 are written again as follows:
dz* . -
=@, Fu=0 =g =@,
3 5

Be) = = Bo—E — B—5 55 - .. - (6.1)

“len? | (16n) |

2 = _ 38
Bo’ll—-i'f% and Bl—102 T’y-.

As depicted in Figure 12 on page 102 a fermion-gluon vertex as well as a gluon-gluon vertex can

have one or more loop corrections and they are associated with g, g3, and g¥%, respectively. These
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Figure 12. Loop Corrections to Vertices
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corrections are described by the perturbation series of the function $ of Eq. (6.1). To the first order
ing, p = 0, so that g = gand is Q*independent. Working to the first and second loop corrections
and recalling the definition o, = g?/4r, one obtains

0(0% = —3 — and
Bo In(Q°/A%)
(6.2)
o0} = — —
By In(Q*/A?) + (By/B,) In In(Q*/A?)
respectively, and the scale parameter A is defined by
A? = p? exp| — (16n°/Bog?)). | . (6.3)

With the running coupling constant defined, one can work with perturbative QCD expansions to
all orders of it. It is instructive to distinguish the QCD prediction’s order of g and the order of
corrections contained in g itself. The coupling constant g is associated with a vertex; it can con-
strain one or more loop corrections of the vertex. The high order corrections for a QCD prediction
are contributed by, e.g., the one loop correction to fermion or gluon propagator, or non-valence

“sea” quarks.

In perturbation theory an observable p can generally be written as

2 2,2
p= coa,(Q’)[l + ey . Cz(Q’)—“‘i# + ] (6.4)

The coefficients C{Q?) are dependent on the form of @, (renormalization scheme) and the scale of
Q. The calculation for an observable must be independent of the choices of the scheme and scale
if all perturbation orders are kept and this requirement uniquely defines the coefficients C,. For
finite-order analysis, on the other hand, the calculation is scheme- and scale-dependent. In fact,
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one can set C(0?) to any value simply by rescaling Q? or redefining a, . Therefore, for a consistent
calculation both the scheme and the scale must be fixed.

There are several schemes to choose from and the modified minimum subtraction [31] MS is chosen

in this study, which is characterized by

Aqep = Ans.

As pointed out in the introduction the Aqcp dependence of the predictions is unknown for exclusive
processes involving baryons. Because of the lack of loop calculations for these processes, it is not
yet possible to determine Agcp. On the other hand, there have been several calculations to deter-
mining Agcp from e*e~ — three-jets measurement {32]. It is interesting to see, in the absence of
a Aqcp directly determined from the baryon processes, what value of Aqcp gives the best predictions
to those well-studied reactions such as y = pp and the nucleon magnetic form factors, and if it
agrees with the Agcp determined from three-jets.

Before studying the Aqcp-dependence the scale ambiguity must be solved. A procedure for fixing
the scale of 0 has been suggested by Brodsky, Lepage, and Mackenzie [33]. The essence of the
procedure is to choose a scale Q° such that both Q° and C; are independent of the number of flavors
n,. The perturbation expansion, Eq. (6.4), is then replaced by:

n

*2 2, ~*2
o= q,a,(Q")[l +C “‘(g ) 4 G “‘(Qz ) .4 ] (6.5)

Physically, it has an interpretation of absorbing quark vacuum polarization into Q2. For exclusive
processes and the MS scheme Brodsky et al found that Q° = e-%6Q ~ 0.43Q so that

a (0% = agze 3P0 ~ a(0.180%), (6.6)
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where a5 is the same one as given in Eq. (6.2). It should be warned that this method does not

apply to gluon-gluon vertices.

Unlike QED where the running coupling constant has an upper bound —l;—,’ , the QCD running
coupling constant does not have an upper bound. Furthermore, the functional form of the running
coupling constant, Eq.(6.2), is only meaningful at large 02. When one integrates the scattering
amplitude over the quark momentum distribution amplitude, the momentum fraction of each
quark goes from 0 to 1 and, thus, 02 for gluon propagators are not large at some points. Although
there are more clegant means to treat this problem anc.l it is also a topic for future study, the sim-
plest way to treat this is to impose an effective upper bound for the running coupling constant.
Therefore, where should the upper bound be is the question that must be answered before the

running coupling constant can be used for predictions.

In order to study these questions the running coupling constant is rewritten in a more suitable form:

a QY = — (6.7a)
Bo In(Q*/c,s)

or, including the next order correction to the vertex,

a QY = dn : (6.7b)
: Bo In(Q%/c,s) + (Bo/By) In In(Q¥/c,s)

when @, < ¢, or a, = ¢, otherwise. Here, ¢, = x A%/s and x is the value that fixes the scaling am-

biguity and ¢, is the effective upper bound.
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Table 12. Predictions with different choices of the coupling constant

G G v —pp G, A(MeV) Kils
0.004 0.310 0.77 1.14 85 0.104
0.009 0.305 0.85 1.10 130 0.243
0.016 0.300 0.90 1.07 170 0.448
0.020 0.300 0.92 1.07 190 0.560
f.c.c. 0.300 0.94 1.07 - -

Four sets of {c,,c;} are listed. The prediction with a fixed coupling constant (f.c.c.) is also listed

in the last line.
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QCD predictions for v — pp and G)s are calculated with different set values of ¢, and ¢ For
v — pp, q, is fixed at 0.18 for gluons attached on the charm quark [21}. Table 12 on page 106

presents several sets which give good agreement with data. Taking x ~ —L_ ~ 5.6 as advocated

0.18
in reference {33}, ¢; = 0.02 corresponds to A= 190Mev at s = 10Gev? , which agree very well with

A = 200Mev measured from three-jets experiment.

The running coupling constant is an approximation for loop corrections. It has the advantage of
including some higher order effects in a very convenient way and provides a path for studying the
A-dependence of baryon processes. On the other hand, it creates integration problem so that an
artificial upper bond has to be imposed on it. Furthermore, it destroys the gauge invariance of the
amplitude because the amplitude is composed of only tree diagrams. The amplitude is indeed gauge
invariant with a fixed coupling constant. Attaching a running coupling constant is equivalent to
. partially including loop diagrams so that the amplitude can no longer be gauge invariant. Fortu-
nately, Table 12 on page 106 shows that fixing the coupling constant at its cut-off (upper bound)
yiclds equivalently good predictions. It indicates that the running coupling constant does not really
run at energies of s ~ 10GeV2. Therefore, the running coupling constant can be well replaced by

a fixed effective coupling constant.

Since the running coupling constant is a function of &2 of the gluon propagator, the effective cou-

pling constant must be related to the average of k2 for a given process. The simplest way to estimate
L
2
constituent of a meson or a baryon, respectively. The averaged k? can then be obtained since it is

the averaged &2 is to set all momentum fractions of external quarks to — or -:13— if the quark is a

always an expression in terms of the momentum fractions of external quarks. With all the diagrams

evaluated for a given process, however, the averaged k2 can be determined in a much more precise

fashion.
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The first method gives a simple averaged absolute value of k2 for all gluon propagators of all dia-
grams. It first adds up |k?| for all gluons of each diagram, sums them over all diagrams, finds the
average by dividing by the total number of gluon propagators, and then integrates the average over
momentum fractions of external quarks. The average obtained this way is noted as I—k’—I . The
second method gives a weighted average of |k?| for all gluons. Suppose that an amplitude is given
by

j'daxds}’[¢o(x)¢o(y)Ao(xJ) + 01(x)01 (N4 (xy) + ...]
and the weighted average is defined as
<Wk?)> ~ fdyxdyy[ @o(x)0oUIKzo(xe) + @1(XIO WG 1(x) + ...], 6.7

where k3, is the averaged |4?| for all gluon propagators of the quark amplitude 4,.

Table 13 on page 109 contains both weighted and unweighted }k? and also the averages of both
kwin and k. of each diagram. Comparing the averaged |k?| with the onset of a, listed in the last
column, k3/s, of Table 12 on page 106, it can be seen again that the averaged |k?| are well below

the onset of a, and it is confirmed that the running coupling constant does not rua.

The fixed effective coupling constant for different processes and with different k2 averaging regimes
are presented in Table 14 on page 110. It is set to 0.3 for v — pp to serve as a reference point since
the value of Aycp is assumed unknown. The coupling constants obtained from the unweighted
average, [k?, are used in the fit discussed in the last chapter.
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Table 13. Averaged k* of Gluon Propagators

Process s/GeV?  [kjs  <[kd>/s  Vulls  <Wa>/s  (Buls  <[Kial>s
v-pp 96 0.11 0.12 0.02 0.011 0.24 0.31
; 10 0.095 0.064 0.041 0.018 0.15 0.11
YY—=pp S5.76 0.18 0.16 0.094 0.068 0.28 0.25
YY - pp 4 0.18 0.16 0.094 0.068 0.28 0.25
k3, and K3, for Yy — pp are averaged at cos = 0.4.
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Table 14. Fixed Effective Coupling Constant

o)
Process s/GeV:  [k¥| < k3> Kl <Ik,l> Kol <IKial>
v —pp 9.6 0.300 0.300 0.300 0.300 0.300 0.300
,}" 10 0.306 0.363 0.248 0.261 0.344 0.429
Yyy=+pp S5.76 0.303 0.322 0.233 0.220 0.336 0.383
Yw—opp 4 0.339 0.363 0.253 0.237 0.448

0.383
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To conclude this chapter, the running coupling constant is effectively fixed at s ~ 10GeV? for the
best choice of parameters ¢; = 0.02 and ¢; = 0.3; the value of ¢, indicates Aqcp = 190MeV. The
fixed effective coupling constants determined by the averaged |k?| gives a more tailored treatment
for the coupling strength process by process and also yields good agreement of the predictions with
the data on y — pp and the nucleon form factors. There remain some questions that must be
studied further, though. Table 14 on page 110 clearly shows that different averaging regime for
|k3| yields different values of the effective a,. It is important to understand and determine which
one can best represent the actual physical situation. On the running coupling constant side, more
understanding must be acquired on the origin of the cut-off ¢; and its dependence on s and Q2.
When the running coupling constant is attached to diagrams the meaningfulness of the functional
form of it, Eq. (6.2), and the treatment of it must be studied at low |k?| values. Only with the
understanding of all these questions can the running coupling constant really run and provide a
more reliable method for studying the Aqcp-dependence of baryon processes.
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Chapter VII

Meson-Baryon Wide-Angle Scattering

The development of the computer program DIAG has permitted pérturbative QCD calculations
for quark scattering amplitudes for a wide range of exclusive reactions. To obtain cross sections for
any of these reactions, howev&, requires integration of the quark amplitudes over the wave func-
tions of the hadrons involved in the scattering. For any scattering process that involves four or
more quark lines the quark scattering amplitudes contain singularities. As depicted in Figure 13
on page 113, when the external momenta of both mesons are symmetrically configured, the mo-
mentum of the marked gluon vanishes and, therefore, causes the amplitude to be infinit. For ex-
ample, the diagram is singular if all the external momenta have a fraction of —;— This type of
singularities are identified as Lanshoff singularities.

Solving the integration problem by itself is theoretically interesting because the zero-momentum
propagator is a result of free quarks. It, in turn, is a result of the fact that perturbative QCD does
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not enforce confinement [34]. To understand the theory underlying the treatment of the
singularities requires much more theoretical effort and progress. Nevertheless, the integration can
be carried out by simply cutting off the propagator momenta and many important questions can

be studied even without such theoretical progress.

The least complicated scattering reaction that has not been previously calculated and involves
Lanshoff singularities is meson-meson scattering. Although it is very simple and convenient to
work with, the information that can be obtained from studying it is far from adequate. For spin-0
mesons there are only two independent quark scattering amplitudes as depicted in Figure 6 on page
36 in Chapter 3. Before the singularities can be well treated, predictions for absolute cross sections
are not possible and only ratios can be calculated. For a set of two quark amplitudes only one ratio
exists. Experimentally, it is also difficult to reach very high energies for meson-meson scattering
and to extract ratios of the quark amplitudes. Meson-baryon scattering, on the other hand, has a
much richer set of reactions and quark amplitudes. For example, there are sixty-six reactions of the
type {n*, K*%} + p— (=, K, n,M’, 0} + {B,, B,;} [35]. Figure 7 on page 38 in Chapter 3 con-
tains these quark amplitudes. The cross sections of eleven reactions out of the sixty-six have been
measured at s = 20GeV? and —¢ = 9Gel? and ratios of quark amplitudes have been extracted [36].
With this rich set of quark amplitudes and measurements many interesting questions can be studied

concerning testing perturbative QCD.

Solving the integration problem is also practically difficult. For the meson-baryon scattering case
the integration is six dimensional with a huge integrand function for the amplitude formula. For
the presently accessible computing power it is practically impossible to reach high numerical pre-
cisions such as 10%. For instance, an integration with the four-point Gauss formula for each di-
mension takes twenty-five cpu minutes to complete on a VAX-11/780. Therefore, the first

important question is if the integrations are numerically reliable. It is conceivable that the ampli-
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_tudes are not smooth functions because they are singular although regulated. No physics can be

extracted from a such calculation unless the reliability is established.

The next important question to study is the sensitivity of the calculation to the cut-off values.
Without further and deeper theoretical understanding the physical cut-off cannot be obtained from
theory. However, it can be argued that the propagator cut-off should be related to the quark mass
or Aqcp. Supposing that Aycp is between 0.1 GeV ~ 0.3 GeV and the cut-off X} ~ Agcp, the
dimensionless cut-off, k;/s, should be in the range of 5 x 10-¢ ~ § x 10-? for s = 20GeV2, By
using the scale-fixing argument advocated in reference [33] and discussed in Chapter 6,
k2 ~ 0.18k3, so that k3/sis of 3 x 10~3 ~ 3 x 10-2, This argument is, of course, far from ade-
quate to reveal the underlying physics, but it sets a cut-off reference for numerical integrations
which, in turn, if reliable, can yield important information on questions such as at which cut-off
values the singular part of the amplitude dominates, at what cut-off values the singular and non-
singular parts are comparable, and when the ratios of amplitudes are relatively insensitive to the

cut-off values.

The sensitivity of physical predictions to the choices of hadronic wave functions has long been in-
teresting in perturbative QCD. As discussed in chapter S the theoretical predictions for the nucleon
form factor and photon annihilation to baryon-antibaryon pairs are very much dependent on the
choices of the wave functions. It is certainly very interesting to see if the predictions for meson-
baryon scattering are wave function sensitive. Since different wave functions differ significantly
from each other, it is also interesting to see how the cut-off dependence of the predictions is altered

by using different wave functions.

The flavor-spin state for an SU(6) symmetric wave function for the proton can be written as
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|p+> = ‘/16_[2lu+u+d_.> - |u+d+u_> - Id+u+u_>], (7,1)

Projecting relevent quark amplitudes for a given process onto the SU(6) flavor-spin state Equation
(7.1), the scattering amplitudes can be obtained. For n*p — n,p and n~p — n-p the scattering

amplitudes are, respectively:

Agry = {640 + 6 + Ldy + 4d; + Sdy + 245 + 14g + 24; + 245] and

1
Ag-p = Ti—[6.40 + 6y + 54y + 243 + 144 + 445 + 145 + 24, + 244].

(7.2)

A complete scattering amplitudes for all the sixty-six reactions can be found in reference [35]. The
sum-rule derived wave function for the proton is not SU(6) symmetric [10]; it can be written in the

form
P+ > ~ TX)lupupd_> + Bx)uydiu_ > + Cx)|dyupu_>. (7.3)

For the pions the sum-rule wave functions are

Int > ~ (p,,[lu.,.c_l.,. > + |u_d_ >] and (7.4)
] '

e~ > ~ ou[lds ity > + |d_u_ >

Projections of the quark scattering amplitudes 4, — 4, onto the wave function Equations (7.3,4)
for elastic n*p and -~ p scatterings are presented in Table 15 on page 117. The scattering amplitude
is obtained by summing up the amplitudes of the corresponding column. The difference between
the sum-rule scattering amplitudes and the SU(6) symmetric scattering amplitudes can be imme-
diately recognized.

Finally and most interesting is the question of which topologies of the quark amplitudes contribute

dominantly and how the ratios of the quark amplitudes compare with experiment. As mentioned
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Table 1S. Projection of Quark Amplitudes onto Sum-Rule Wave Functions

ntp—ntp RTpoRTp

<p.mt*|4lp,n* > = (TT + BB + CO)p,9,Aldx] = <p,n~|4jlp, n~ >

<pn*|d|lp,n* > = {(TT + BB + CO,9,4\ldx] = <p,n"|4,lp,n~ >

<p,n*|4jlp, n* > = (BB, A ldx] <p.nldilp,n= > = {(TT + CO)p,0,4,ldx]
<p,n*l4slp, n* > = [TTo9.4yldx]  <pnT|dylp,nm > = (BB + CC)9,9,4sdx]
<p,m*|dlp,n* > = (TT + COp 9 Addx]  <p,n~|dp,n~ > = [BBo,9,dJdx]
<p,n*|dslp,n* > = [(BB + CO1o.9,4sldx]  <p,n”|dslp,n~ > = [TTo,9.Addx]

<p,n*|4p,n* > = (CCo,0,4Jdx] <p,n-ldgp,n~ > = [(TT + BB)9,9,4ddx]
<p,x*|dylp, n* > = [BTo,9.A\dx] <p, %" |dslp, = > = [TBp,,4:dx]
<p,n*|4ylp,n* > = [TBo,p.Aldx] <p,n"|4ilp,n~ > = [BT9.0,4,ldx]

Amp = §<P’ nldlp,n>
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earlier, the cross sections of eleven meson-baryon scattering reactions have been measured at
s = 20GeV3. As pointed out in reference [36], the cross section of n*p — n*p is two and half times
as large as the cross section for n~p — n~p, and the cross section for n*p — n*A* is large. Both
of the data disagree with the predictions based on the Massive Quark Model formulation [37]. It
is very interesting to see if perturbative QCD calculations can produce these observations. The
authors of reference [36] grouped the thirteen quark amplitudes into four groups: gluon exchange (
A, and 4,), quark interchange (4, and 4;), annihilation (4, and 4;) and combinations of annihi-
lation and quark interchange (4,_,;). By using the symmetric SU(6) flavor-spin state for the baryon
and assuming 4, ~ A4, , A; ~ Ay, Ay~ As, and Ag ~ A, ~ ... ~ A3, it is concluded that only the
quark interchange and gluon exchange quark topologies are significant and the quark interchange
is three times as large as the gluon exchange.

The quark amplitude A, is integrated with a wide range of cut-off values. As shown in Table 16
on page 120 the integrated amplitude is inversely proportional to the cubic of the cut-off at small
cut-off's. Since most of the diagrams have three factors in the denominator, it is clear that the
singular diagrams dominate the small cut-off region. While the cut-off increases the singular part
becomes comparable with the nonsingular part and the amplitude reverses sign. Since a the
dimensionless cut-off should be 0.003 ~ 0.03 and a reasonable cut-off will not let the singular part
dominate and let the ratios of amplitudes be very sensitive to it, a range from 0.005 to 0.06 is chosen
for the dimensionless cut-off for integrating the quark amplitudes. Table 17 on page 121 presents
the numerical integrations of 4, — 4, with sum-rule wave functions for n*p — n*p at 90 degree in
the c.m. frame. Table 18 on page 122 contains the same integration with asymptotic wave func-
tions, and Table 19 on page 123 lists the integrations with equipartition wave functions. All inte-
grations are evaluated by the Gauss formula with four points for each dimension. The numerical
reliability is checked by using the eight points per dimension Gauss formula for the same inte-
grations. Since an eight points per dimension integration takes eight and one-half cpu hours on a
VAX 8600, only 4, is integrated with sum-rule wave functions for cut-off 0.01, 0.03 and 0.05. The
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results are —35.35 x 103, 4.89 x 10¢, and 2.29 x 10° respectively. Comparing them with their
counterparts in Table 17 on page 121, the discrepancy at cut-off equals 0.01 is huge and is 92%
and 40% for cut-off equals 0.03 and 0.05 respectively.

For the lower cut-off’s the calculation can not be trusted. For the upper ones the numerical pre-
cision of 40% is not good enough for a more precise and detailed study but is still acceptable for
the preliminary analysis given here. The integration results clearly show that amplitude ratios are
less sensitive at large cut-off values. Although the underlying theory governing the cut-off is not
clear, the calculations give a lower bound of ~ 0.02 for the dimensionless cut-off at s = 20GeV?.

The integrated amplitudes are also dependent on the choices of wave functions significantly. Both
sum-rule and asymptotic wave functions predict an unexpected considerable difference between 4,
and 4,. Unfortunately this inequality can not be resolved by experiment since for any meson-
baryon ‘reactions they either both contribute or both do not. The equipartition wave function
predicts 4, and 4, dominance and the asymptotic wave function predicts 4, dominance. Although
the predictions with the asymptotic wave function accounts for the inequality of the n*p and n-p
Cross section, it can not explain the the large cross section of *p = p*pand n*p — n*A* , which
do not contain contributions from 4, and 4,. The predictions with sum-rule wave functions are
most rich in structure. The integration shows dominance of 4, and A4, for n*p and 4, and 4, for

n~p. It also agrees with the measured n*p and =~ p inequality.
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Table 16. The Cut-off Spectrum of Al

cut-off <npl4,|r, p>
1.0e - 6 —1.38¢e + 18
1.0e—-5 —1.3% + 15
1.0e — 4 =1.45e + 12
1.0e -3 - 1.63e + 09
5.0e — 3 —1.18¢ + 07
7.0e -3 =3.10e + 06
9.0e — 3 —4.78¢ + 05
9.5¢ -3 —1.46e + 05
98¢ -3 1.07¢e + 04
1.0e — 2 1.05e + 05
5.0e — 2 ~ 355e+ 04
7.5¢ =2 2.00e + 04
1.0e — 1 9.62¢ + 03
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Table 17. Integrated Amplitudes with Sum-Rule Wave Functions

<n¥|d\|nt> <m*|4,n*> <mn-|4,ln->

- ES +

cut-off <nt|4ylnt > <4d,> <d> <A>
Se—3 ~352e+ 6 3.35 0.22 1.08

le=2 5.84e+5 0.18 -0.36 -2.67
2e -2 1.02¢+6 0.86 -0.09 -0.86
Je—-2 5.84e+5 0.76 -0.12 -110
4e -2 2.46e+5 0.51 -0.15 -1.30
Se—2 1.37e+5 0.26 -0.18 -1.40
6e — 2 1.05¢+5 0.23 -0.16 -1.20

<g*lAint> <nT|dynm > <ntl4jn*> <nT|4An"> <at|4in*>

<Ao> <A,> ‘<A4,> <A,> <A,>
0.23 0.11 7.73 0.57 -0.38
-0.32 -0.15 -6.59 -0.27
-0.10 —-0.05 0.19 0.07 0.20
-0.13 -0.07 1.25 0.16 0.28
-0.16 -0.08 1.50 0.20 0.28
-0.18 —-0.08 1.61 0.21 0.26
-0.14 -0.06 1.25 0.17 0.22
<n-|Asin™ >  <nt|4glnt> <nT|4gnm >  <ni|djrt >  <nE|4ynt>
<A4,> <A,> <A,> <4,> <A,>
-0.42 -0.07 -0.09 0.26 0.25
1.30 0.07 0.09 -0.25 -0.24
0.32 0.02 0.02 0.03 0.03
0.52 0.03 0.02 0.06 0.06
0.55 0.04 0.02 0.10 0.10
0.58 0.05 0.02 0.13 0.14
0.57 0.03 004 0.13 0.14

The flavor-spin state |[x* > is actually {n*p>; the notation p has been dropped for simplicity.
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Table 18. Integrated Amplitudes with Asymptotic Wave Functions

cut-off A, A4, A4, A/ A,
Se—3 5.76c+ S -207 -0.21 -0.10
le -2 3.14e+5 0.03 -0.12 -0.11
2e — 2 1.00¢+ 5 0.35 -0.16 -0.19
3e - 3.82¢+4 0.16 -0.28 ~0.30
de - 2 2.36e+4 0.14 -0.29 -0.30
Se —2 1.75¢ + 4 0.14 -0.31 -0.27
6e — 2 1.48¢+4 0.22 -0.29 -0.24
A4, Ag/4, Ag/Ay A4, Ag/A,
-0.65 -1.30 ~0.06 -0.06 -0.06
0.05 -0.10 -0.08 -0.00 0.00
0.23 0.16 -0.08 0.02 0.03
0.42 0.31 -0.09 0.05 0.05
0.37 0.21 -0.12 0.05 0.05
0.27 0.13 -0.14 0.05 0.05
0.19 0.07 -0.15 0.05 0.06

Meson-Baryon Wide-Angle Scattering

122



Table 19. Integrated Amplitudes with Equipartition Wave Functions

cut-off 4, A4, A4, A4,
Se —3 ~2.98E + 09 0.89 Se —4 -0.03
le—-2 ~2.98E + 09 0.89 ~le-3 -0.03
2 — 2 - LI2E + 09 0.88 -0.09 -0.10
3e-2 —3.59E + 08 0.87 -0.18 -0.17
de -2 - 1.14E + 08 0.83 -0.16 -0.15
S5e — 2 ~4.38E + 07 0.80 -0.10 -0.10
6e — 2 —1.90E + 07 0.77 -0.03 -0.04
AJ4, As/A, A4, A,/A4, A/ 4,
-0.36 -0.57 0.17 0.04 0.04
-0.36 -0.57 0.17 0.04 0.04
-0.26 ~0.44 0.13 0.03 0.03
-0.13 -0.29 0.08 0.02 0.02
-0.01 -0.21 0.08 0.02 0.02
0.02 -0.22 0.12 0.04 0.04
0.04 -0.26 0.15 0.06 0.06
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Table 20. Ratio of Pion-Proton Scattering Amplitudes

cut-off Sum-rule Asymptotic  Equipartition
Se—-3 0.50 1.05 1.04
le-2 0.18 0.88 1.04
2e—2 0.64 0.90 1.00
Je—~2 0.44 0.81 0.95
4e — 2 0.34 0.79 0.93
Se — 2 0.26 0.79 0.93
6e — 2 0.44 0.83 0.93

Ratios of Amp(n*p — n*p)/Amp(n~p — n~p) evaluated with sum-rule, asymptotic and

equipartition wave functions.
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Since the ratios of the quark amplitudes extracted from the data in Reference [36] are based on the
SU(6) symmetric wave function and the assumption that A, ~ 4,, 4, ~ 4;, A, ~ As, and
Ag ~ Ay ~ A,, it is not meaningful to compare them with the calculations now. It is very inter-
esting to see if sum-rule wave functions can predict the large cross section of n*p — n*A*. Besides,
the numerical precision of 40% can barely resolve the difference between the n*p and n~p cross
sections. The calculations need to be improved in precision which can only be achieved with
supercomputing power. A final conclusion can be drawn after the meson-baryon scattering spec-
trum is fully analyzed and the numerical accuracy is improved.
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Chapter VIII

Conclusion

This dissertation involved the following:

e The computer program DIAG was extensively debugged and tested. Perturbative QCD cal-
culations for quark scattering amplitudes for a wide range of exclusive reactions can now be
done with the program. The meson-baryon scattering system is one of the most interesting
reactions. To make the amplitude file useful, i.e., compilable, integrable and manageable was
made possible with the assistance of the symbolic simplifier which was developed specifically
for DIAG. DIAG was also modified and extended to include virtual photons and to test for
gauge invariance within arbitrary covariant gauges. The correctness of the computer-generated

amplitudes was ensured by extensive hand checking, gauge invariance testing and various

symmetry testing.
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® The sensitivity of physical predictions to the nucleon wave function was systematically studied.
The SU(6) symmetric wave functions were found to be generally not acceptable. The sum-rule
derived wave functions yielded good agreement with experiments on the nucleon form factors
and the branching ratio of ¥ decay. The uncertainties of the p < 2 moments were found to
be not significant but the undetermined p =2 3 moments yield a factor-of-two difference for the
cross section of yy — BB. The cross section for yy = A*+A++ was calculated with sum-rule
wave functions for A**. Calculating the full set of yy ~» BB and making corresponding
measurements available will be an important test for perturbative QCD.

¢ The running coupling constant was found to be cﬂ'ectiirely constant at the current accessible
energies and momentum transfer (¢ = 10GeV? ~ 20GeV3). The value for Agcp found from
this study is ~ 200 MeV.

¢ Quark scattering amplitudes for meson-meson scattering and meson-baryon scattering were
evaluated. Integrations of the meson-baryon amplitudes were carried out with a series of cut-
off values. Three wave functions, sum-rule, asymptotic, and equipartition, were used for the
integrations. The numerical precision for four-point Gauss integration is marginal for large
cut-off’'s but is unacceptable for small cut-off's. The dimensionless cut-off, k3/s, was deter-
mined to be not smaller then 0.02. Both asymptotic and sum-rule wave functions yield
agreement with experiment on the inequality of the n*p and n~p cross sections but the com-
putational error is large. While the SU(6) symmetric wave functions can not explain the ob-
served large A* production, it will be interesting to see if it can be explained by sum-rule wave

functions in the future.

In order to be able to predict the absolute cross sections for meson-baryon scattering, the inte-

gration problem must be solved. Much theoretical effort is required before the treatment of the
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singularity can be understood. Meanwhile, the numerical precision for the integration must also
be improved and the full set of all meson-baryon scattering system should be analyzed. With the
numerous reactions in the set, many testings can be done for perturbative QCD and much impor-

tant information and understanding can be obtained from the study.
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