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Application of the Her schel-Quincke Tube Concept to Higher-Order Acoustic

Modesin Two-Dimensional Ducts

Lori A. Brady

(ABSTRACT)

The application of the Hershcel-Quincke (HQ) tube as a noise reduction device for one-
dimensional plane-wave sound fields has been studied in great detail in previous years. In this
thesis, an analytical technique is developed to investigate the potential of the HQ tube concept to
control higher-order duct modes. This analytica method involves modeling the tube-duct
interfaces as finite piston sources, which couple the acoustic field inside the main duct with the
acoustic field within the HQ tube(s). The acoustic field within the HQ tube is modeled as plane-
waves and the acoustic field within the main duct is modeled by expanding the sound field in
terms of the higher-order modes. This model is then used to investigate the noise reduction
mechanisms behind the attenuation of higher-order modes. These mechanisms involve both the
reflection of the incident wave as well as the reconstruction and recombination of the modal
content of the incident disturbance into other modes. The effects of the modal content of the
disturbance along with the HQ tube geometric parameters, such as tube axial position, length,
distance between interfaces, and cross-sectional area, are studied with respect to the frequencies
of attenuation and the reduction obtained. These results show the potential of the Herschel-

Quincke tube concept to reduce higher-order modes in ducts.
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Chapter 1 - Introduction

1.1 Prologue

Duct acoustics is the study of the propagation of sound within a confined space. Given a
certain noise source, the emitted sound will propagate with characteristics primarily dependent
upon the surrounding duct geometry, acoustic properties of the boundary, and the frequency of
excitation. A standard duct geometry is the infinite rigid-walled duct. The sound field within
such a duct is composed of both standing waves in the transverse direction and traveling or
evanescent waves in the longitudinal direction. At low frequencies, those below the first cut-off
frequency of the system, the sound field is one-dimensional and only the plane-wave mode will
propagate within the duct. At higher frequencies, above the first cut-off frequency, the sound
field becomes more complex due to the presence of higher-order modes. These higher-order

modes include both propagating and evanescent components [1].

There are many noise control strategies, which can be utilized to reduce noise in ducts.
In general, noise control methods can be applied to the noise source, the transmission path,
and/or the recelver. However, noise problems are often times only considered in pre-existing
systems where many of these modifications can be difficult to implement due to inherent
limitations [2]. In addition, noise control strategies can be characterized as active, passive, or a

combination of both passive and active approaches.

Active noise control techniques in ducts consist of the introduction of secondary noise
sources to either cancel, suppress, or absorb part of the original sound field [3]. This method
typically involves using a digital processor which drives a set of secondary or control noise
sources based on information gathered about the sound field from a set of sensors, i.e.
microphones. Usually, the secondary sources will produce a sound field that is out of phase with
the origina field and noise cancellation occurs due to destructive interference. The number of
secondary sources and sensors required is determined by the complexity of the origina sound
field and the magnitude of cancellation needed [4].



Lori A. Brady Chapter 1 - Introduction 2

Passive noise control techniques in ducts generally consist of either the absorption or the
reflection of the original sound field. Absorptive techniques consist of lining a duct with sound-
absorbing materials, also called liners, as shown in Figure 1.1. These liners, which typically
consist of porous materias like fiberglass or foam, react locally with the sound field and through
friction attenuate sound energy through heat. Specific properties for these materias, which will
determine its effectiveness in absorbing sound, include the thickness of the treatment, its density,
and its acoustic impedance [5]. Generally speaking, the thickness of the sound absorbing
materia is related to the range of wavelengths able to be attenuated. With increasing thickness, a
liner will be able to attenuate longer wavelengths, i.e. lower frequencies. For this reason, liners
are normally used for high frequency broad-band disturbances, which consist of mainly higher-
order modes.

Rigid-wall
boundaries

//// /7777777 /777777777777 77777

/7/7// 777/ 7777777777777 777 77777
Lining

Figure 1.1. Passive acoustic liner in rigid-walled duct

Reactive techniques consist of changes in the duct geometry, which result in a reflection
of part of the original sound field back toward the noise source. These reactive devices include,
but are not limited to, expansion chambers, Helmholtz resonators, and Herschel Quincke tubes.
All of these techniques are typically used for lower frequency disturbance applications, which

consist of the plane-wave mode [6].
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Both the expansion chamber and the Helmholtz resonator are shown in Figure 1.2. The
expansion chamber, in Figure 1.2(a), is qualified as an acoustic low-pass filter, which is
characterized by an enlarged section of duct. At low frequencies, the sound reduction is a
function of the relative difference between the duct and expansion areas. The Helmholtz
resonator, as shown in Figure 1.2(b), is used as an acoustic band-pass filter. Thus resonator
creates a band of attenuation centered on a frequency which is depended upon the resonator

volume, neck area, and neck length [7].

A
Volume
Expansion
Duct Area Area Duct Area
I Neck Length
<+—>
Neck Area
A 4
Expansion
Length
(a) Expansion chamber (b) Helmholtz resonator

Figure 1.2. Passive noise control devices — reactive type

A Herschel-Quincke (HQ) tube is essentially a hollow side-tube that travels aong a
main-duct axis and attaches to the main-duct at each of the two ends of the tube, as shown in
Figure 1.3. In general, an incident plane-wave acoustic wave, traveling to the right, encounters a
branch in the path at the first intersection of the side-tube and main-duct, named the inlet of the
HQ tube. The incident wave divides and will later recombine at the second intersection of the
side-tube and main-duct, similarly named the outlet of the HQ tube. A difference in path length
will create a phase shift between the recombined signals and consequently attenuation of sound
at a number of discrete frequencies. Changing tube parameters such as length (L), area (S), and
the distance between inlet and outlet openings, termed the interface distance (¢), the frequencies

of cancellation can be adjusted.
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This thesis will investigate the HQ tube approach for the case of higher-order acoustic
mode disturbances. This should be contrasted to previous studies of the HQ approach where

only plane-waves were considered in the system.

et MHQ Tube

s ¥
Incident x?" T Recombined
Disturbance
Sound
y
T x
[«

) D

/ >

Figure 1.3. Herschel-Quincke tube concept
1.2 Review of Literature on Hershcel-Quincke Tube Concept

Herschel [8] first discussed the idea of acoustic interference of musical tones in such a
system in 1833. He predicted that cancellation of tones would occur when the path length
difference between the recombined signals was (2m+1)(l /2), where | is the wavelength of the
acoustic wave and m is any integer. Later, in 1866, Quincke [9] experimentally validated that
Herschel’ s system did effectively cancel sound.

Stewart [10], in the 20th century, found Herschel’s theoretical explanation to be
insufficient to interpret experimental data he had observed. Using a plane-wave analysis,
Stewart derived an analytical model describing the ratio of transmitted to incident sound
intensity in the system. He verified that cancellation does occur when the path length difference
is (2m+1)(I /2), as predicted by Herschel [8]. However, it was found that attenuation also occurs

when the path length difference is ml with limited attenuation at other transitional frequencies.
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Stewart’s model assumed that the HQ tube system was composed of three duct sections,
each with constant cross-sectional area. These three duct sections described; the entrance portion
of the main-duct (up to the side-tube inlet), the HQ tube and section of main-duct between the
HQ tube intersections, and the exit portion of the main duct (following the HQ tube outlet). The
cross-sectional areas of the HQ tube and the section of main-duct between the HQ tube
intersections were assumed to be equal. Although, Stewart’ s work was a valuable contribution in
the analysis of HQ tubes, the model could only be used in the absence of flow and was ill

limited to plane wave acoustic fields.

Only recently did Selamet, et. a. [11, 12] extend Stewart’s work by deriving an analytical
model without the limitations on duct cross-sectional geometry. However this model still does
not include flow or higher-order modes. It is interesting to mention that approximately 65 years
passed between Stewart’s and Selamet’s publications. In fact, during this time period very little
work was reported in the literature on the subject of HQ tubes.

Beyond generalizing Stewart’s work, Selamet, et. al. [13-16] continued to develop the
anaysis of the HQ systems to include alternatives in both modeling approach and system
geometry. In 1994, Selamet, et. al. [13] studied multi-dimensional effects, seen at main-duct and
HQ tube interfaces, using one-dimensional finite difference and three-dimensional boundary
element numerical approaches. It was found that both numerical schemes compared well with
each other and with experimental data, indicating the one-dimensional behavior of the sound
fields well below the first main-duct higher-order mode cut-off frequency. However, some non-
planar or higher-order mode behavior was observed at the HQ tube inlet. Still, Selamet, et. al.
[13] concluded that the main-duct side-tube interfaces did not contribute to any deviation from

the one-dimensional plane-wave behavior.

In 1995, Selamet, et. a. [14] modeled several acoustic silencers, including the HQ tube
system, using a one-dimensional time-domain numerical approach. This model incorporated
nonlinear behavior by simulating unsteady compressible flow. The objective of the work was to
compare the well known linearized acoustic theory with the numerical solution, assuming zero

mean flow. In the case of the HQ tube, it was found that the numerical model correlated well
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with acoustic theory in the lower haf of the frequency range studied, but with increasing
frequency some variation could be seen. However, this discrepancy was not explained and
further validation of the model was suggested for a future paper with experimental data. They
speculated that if proven, the potential for this modeling approach is substantial for the reason
that now nonlinear flow disturbances, as seen in interna combustion engines, could be

considered. However, no publication was found for the model validation.

In 1996, Selamet, et. al. [15] looked at the influence of an expansion chamber in the HQ
side-tube using once again a plane-wave modeling approach, as shown in Figure 1.4. Typically,
in a HQ tube system without an expansion section, it is possible to control the resonant
frequencies simply by changing the length of the HQ tube. However, with the addition of an
expansion chamber, it was found that substantial shifting of the resonances can occur by
changing the distance of the expansion chamber to the HQ tubes. This can be useful in the
design of a HQ tube system for a noise control application in which the side-branched tubes are
constrained to a certain length.

“«— 0 —>
7y
0 S &
v
S ¥ K—Sg—N—T_
< ‘ >

I

Figure 1.4. Herschel-Quincke tube with expansion chamber

In 1997, again Selamet, et. a. [16] published a paper considering yet another geometrical
variation on the standard HQ tube system. This work extended the classical HQ tube system

modeling to a multiple HQ tube configuration. It was found that with an increasing number of
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HQ tubes the sound attenuation characteristics become more and more complicated. For this
reason, numerical results were limited to two and three HQ tube arrangements. In generd, it was
found that the HQ tube diameter influences the width of transmission loss bands and HQ tube
length influence system resonant frequencies. Also, it was shown that transmission loss
characteristics for two and three HQ tube configurations differ greatly. More importantly, the
intention of the paper was to simply present the modeling method for the multiple HQ tube
system. This model can be valuable in determining the cost or benefit of an increasing number

of HQ tubes for a specific noise control application.

Although these previous works produced a wealth of theoretical explanations of HQ tube
systems for various geometric and modeling configurations, till the basic understanding is
limited to systems with one-dimensional plane-wave sound fields. The influence of the HQ

tube system on more complex acoustic fields has not as of yet been addressed.

1.3 Objectives

There are two main objectives in this work. The first, is to develop an anaytical model
to address the effect of the HQ tubes when applied to a duct in the presence of a complex
acoustic field, i.e. higher-order modes. The second is to determine the potential of the HQ tube
system to suppress higher-order mode disturbances and the physical mechanisms responsible for

this attenuation.

Specificaly, the development of the theoretical model will attempt to accomplish several
tasks. The first is to model the influence of the two-dimensional HQ system on higher-order
mode acoustic fields. The second is to reevauate the relevancy of classical one-dimensional HQ
theory. Finaly, this model will be used to gain insight into the physics behind the sound
attenuation of higher-order modes. The realization of these objectives will benefit future work in
the design of HQ tubes for practical noise reduction applications.
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1.4 QOutline of Thesis

The main goa of this thesis is to investigate the potential of the HQ tube system to
suppress higher-order mode acoustic disturbances in two-dimensional ducts. Chapter 2 presents
the analytical modeling technique developed to address the effect of the HQ tubes when applied
to a duct in the presence of higher-order modes. This chapter also presents the extension of the
basic system analysis to include HQ tubes in series, a comparison with the traditional plane wave
acoustic theory, and various useful modeling simplifications.

In Chapter 3 numerical results are presented, in the form of parametric studies, to identify
and explain the physical mechanisms behind the attenuation of higher-order modes. Various
changes to the modal components of the disturbance and HQ tube geometry will be investigated.
Changes in the modal components of the disturbance will consist of increasing the modal
complexity of the disturbance while examining the system transmission loss characteristics.
Modifications to the tube geometry will include changes in tube axial locations, lengths,
interface distances, cross-sectional areas, and the addition of a second pair of HQ tubes.

Finally, in Chapter 4, the conclusions for the thesis are presented. The theory of the HQ
tube systems, incorporating higher-order mode acoustic disturbances, is reviewed. The main
conclusions are described and recommendations are made for future research and applications of
this modeling technique and the HQ tube for noise control applications.



Chapter 2 - Analytical Modeling

In this chapter, the theoretical anaysis for the two-dimensiona HQ tube system is
presented. This analytical model is desired in order to explore the physical mechanisms behind
the attenuation of sound and to investigate how changes in geometric parameters influence this
attenuation. Of primary consideration is developing a set of equations that describes the sound
field within the duct due to a known higher-order mode disturbance and modified by the
presence of the HQ tubes. This is accomplished using a Green’s function technique assuming

that the interfaces of the duct and tubes can be modeled as finite piston sources.

This analysis is presented for both a single pair of HQ tubes and for two pairs of HQ
tubes in series. It should be kept in mind that the single-pair system is considered the primary
system of interest and is modeled in detail. The system including two HQ tube pairsin seriesis
simply an extension of the basic single-pair system model. In addition, the analysis will be
extended to include several closed form theoretical results which alows for a direct comparison
with the traditional plane-wave analysis. Also, it will be shown how to predict frequencies at
which maximum attenuation will occur including the prediction of attenuation at the mode cut-

off frequencies.
2.1 Hershcel-Quincke Tube System Concept

A disturbance noise field is assumed to propagate within a two-dimensiona duct of
height h in the positive x-direction. The pressure due to the disturbance can be found assuming
that the system can be modeled as an infinite rigid-walled duct as shown below in Figure 2.1.

/S S S

y=h
Disturbance T
Field Rigid-wall
p, (F t) h boundaries
 E—

v L

AV VeV VAV VAV SV VA AV SV SV AV VAV AV 4 y=0

Figure 2.1. Simplified duct model - two-dimensional infinite duct
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The pressure due to the disturbance, pp, a any point in the duct, ¥ =(x,y), can be

expressed as the sum of a set of Np modes of order mpropagating in the positive direction. That

is:
Np .
pD(f’,t): é AmFm(k my)el(wt- kyx) (2.2)
m=0

where An is the known complex amplitude of the n" mode (with m=0 representing the plane-

wave mode), F o{.) is the eigenfunction or duct mode, and knis the eigenvalue given as.

Fokay)=cosk,y) km:% (2.2a)

In Figure 2.2, the eigenfunctions are plotted for modes m=0, 1, 2, 3, and 4, respectively. The
positive and negative signs represent the instantaneous positive and negative acoustic pressure

fluctuations.

/S /S S S S/ y=h

§ - R //

{—

. %

+ — Fal

+
m=0 nFl + =2 E; m:S\)\ m:4\ y=0

VAV AV AV A A SV Y SNV AN A SV ANV S N AV AV AN SV SN SNV SV SN SV SV A SV A SV 4

Figure 2.2. Eigenfunctions F (kny) for m=0, 1, 2, 3, and 4
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The propagation characteristics of the modes are given by the axia wavenumber ki,
which is given by:

" _'{ 1/kz-krzn, k>k . (2.3ah)
R R -8,
T-I,/km-k , k<k,,

where k=wi/c is the free-field wavenumber and c is the speed of sound. A mode will propagate
for k>kny and will decay when k<kn The frequency a which this change in propagation

characteristic occurs is termed the cut-off frequency for mode m Itisgivenfor k =k, yielding:
cp
Wm(rad/s):?m, m=0,1,2,3... (2.4)

In Equation (2.1), only propagating modes that satisfy the condition in Equation (2.38) are
assumed in the disturbance at each frequency. The derivation of the disturbance pressure

distribution, as described above, is presented in more detail in Appendix A.

The Herschel-Quincke tube system consists of a two-dimensional infinite rigid-walled
duct which is modified to incorporate two side-branched tubes, symmetrically located about the
duct axis. These tubes are referred there as a pair of Herschel Quincke (HQ) tubes. Figure 2.3
shows the system with a single pair of HQ tubes mounted at both the top and bottom of the duct.
For the sake of clarity and understanding the dynamics of the system, the HQ tubes are described
in two dimensions. Two HQ tubes are used to take advantage of simplifications that can be
made due to symmetries when incorporating higher-order modes. The tubes are assumed to be
of constant cross-sectional area S, per unit width, and have centerline length L. The tubes axial
position is defined by the coordinate x. at the first tube-duct interface. The distance between the

tube openings along the duct axisis denoted as /.
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Main-duct L

e 0 >

HQ Tube

«——>—»
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N

Figure 2.3. Herschel-Quincke tube modeling concept

The application of these HQ tubes as a noise reduction device has been previously
studied in great detail, but for one-dimensional sound fields only, i.e. plane waves. The most
recent theoretical treatment, for the basic HQ system with a plane-wave sound field, was derived
by Selamet, et. a. [11]-[12] and for the sake of completeness is reproduced in Appendix B.
However, these plane-wave models can not be used to investigate the performance of HQ tubes
in the presence of higher-order modes. Thus, the main goal in this chapter is to develop models
to study the noise reduction mechanisms of HQ tubes for higher-order modes.

The modeling of the HQ tube-duct system is carried out by first separating the HQ tubes
from the duct at the interfaces, as shown in Figure 2.4. The models of the sound fieldsin the HQ
tubes and in the main duct are first developed independently. Then, these models are fully
coupled by matching the acoustic pressure and particle velocity at the tube-duct interfaces. The
effect of the tubes on the duct is modeled by considering the tube-duct interfaces as finite piston
sources radiating into the duct. Each piston is assumed to have an unknown velocity Vv° (s=1, 2,
3, and 4) which represents the particle velocities at the ends of the tubes. It is important to
remark that, these piston sources can generate both plane-waves and higher-order modes in the
duct.
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A/HQ Tube

1 1
ptube thube source
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radiators

NS

2 2
ptube thube

3 3 4 4
ptube thube ptube thube

Figure 2.4. Uncoupled Herschel-Quincke system with finite piston source radiators

HQ Tube Mod€

In this study, the HQ tubes have been depicted as semi-circular in shape. However, for
modeling purposes they are considered as straight tubes with uniform cross-sections, as shown in
Figure 2.5. The sound fields inside the separated tubes are assumed to consist of plane-waves,
i.e. there are no higher-order modes. This assumption is valid as long as the frequency range of
interest is well below the first cut-off frequency of the HQ tubes. This upper limit frequency is

defined as f e =C/2S.
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HQ Tube
Length L

ptube (O) > ptube ( L)
Vtube (O) B’ ei (Vt+|6() Vtube (L)

o34

(b)

Figure 2.5. Uncoupled Herschel-Quincke tube with finite piston source radiators;
() representation and (b) simplified model

The sound field inside the tube is given by:
Pue( Xt) = B el 1 g gilwt+ié) (2.5)
where B* and B’ represent the complex modal amplitudes of the plane-waves in the tube in the
positive and negative propagating directions, respectively. The axial position within the HQ tube

is denoted by the local coordinatex .

The acoustic pressures and particle velocities at the ends of the tubes, i.e. X=0and X =L,
are expressed as.

p O,t - B+ +B- iwt P L,t — B+e-ikL +B eikL iwt (26ab)
tobe i tube ikL ikL |Li
B"- B ™ Be™ . B " ™
Vtube(oit = tube(l—it = (26C’d)

V
rc rc

wherer isthe fluid density, e.g. r =1.2Nsm’" in air at 20°C. The acoustic pressure and particle

velocity at the end of the tube can be expressed in matrix form as:
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s( kL) ircs n(kL)u | Puse (O)U
kL) - cos(kL) g vy, (0)f

: Ptube (L)U

2.7
oL =7

CDiﬂT (D> -
=
(@]

Rearranging Equation (2.7), the acoustic pressure at the end of the tube can be rewritten in terms

of the velocity as:

| Pupe©)ii . écot(kL) es( KL ) Vo )i | Vi (0)id

=irca Zieli (2.8)
Pue (L) Eeso(KL)  cot(KL )i Vi (L) =7 i Viope (L)

where Zype represents the impedance matrix for the tube that relates the particle velocity to the
pressure at the two ends of the tube. Equation (2.8) is valid for both of the HQ tubes in Figure
2.4. Thus, the relationship between the acoustic pressures and the particle velocities for both HQ

tubes is conveniently written in matrix form as:

i 1
: gpt be U| : gltube U|

2
| eptube UI d:ztube] 0 Ul evtube UI
les € 0 [zoldas o 29
i gptube a e wbe JU; &V, o e a
| eptubelb % evtubelb

where the superscripts 1, 2, 3, and 4 denote the four ends of the two tubes as indicated in Figure
2.4.

Duct M odel with Finite Piston Sour ces and Disturbance

As depicted in Figure 2.6, the sound field in the separated main duct is obtained as the
linear contribution of the sound due to the four piston sources and the disturbance. The pressure
at an arbitrary point r in the main duct can be expressed as:

4

Pauct (F) é- ps( )+ Po (F) (2'10)

s=1
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where p.(7) is the pressure due to the s" piston source and pp () is the pressure due to the
disturbance. The pressure due to the disturbance is given in Equation (2.1). On the other hand,
the piston sources are assumed to move with unknown complex velocities, i.e. v§, is the

velocity of the 8" piston. Thus, the sound field generated by the piston sources is required and it
is obtained by integrating the rigid-walled Green’s function for an infinite duct over the cross-
section of the source [17]. That is:

Xs+S/2
Ps(T) =iwrvae  a5(T| T ) dxo (2.11)

Xs- S/2

where xs is the center coordinate of the s" piston source. The Green's function G( F| o) IS
defined as the pressure at any point, 1, due to a point source located at 1. This is derived in

Appendix C and is given as:

_-i N F (K Y)F n (koY) o x| iwe

G(r] 1
(|o) 220 L K,

(2.12)

In Equation (2.12) the axial wavenumber ki, eigenfunctions F (.), and eigenvalues k ,, are the
same as given in Equations (2.2)-(2.3), but distinguished by the subscript n representing the
modal order of the Green's functions. The orthogonalization constant, L, , is h if n=0 (the
plane-wave mode) and h/2 if n>0 (the higher-order modes) and Ny is the number of modes
included in the Green's function. Note that in the Green’s function in Equation (2.12) both
propagating and evanescent modes are included. Thus, the effect of the “piston source” near-

fields are included by the evanescent modes.
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Main-duct Piston Source

\ /e /
Disturbance 11 . o
i Pauct »Vauct

Sound Field
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pduct ’Vduct T
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Figure 2.6. Uncoupled main-duct with finite piston source radiators

Once the piston velocities are found, the acoustic pressure anywhere in the main-duct can
now be computed using the expressions in Equations (2.1), (2.10), and (2.11). To thisend,

0] the pressure and particle velocity at the interface between the HQ tubes and the main-duct
need to be matched. Thus, the average pressure over the piston sources will be matched
to the uniform pressure

and

(i) the piston velocity will be matched to the particle velocity at the ends of the tubes,
respectively.

Using Equation (2.10), the average acoustic pressure over the pistons can be expressed in

matrix form as:

N l . /~ g g g AR l . l N l . AN l --
: Pauct :J gGll G Gz GpuUvy,u : pD:'I ! Vduct:'l : pDI
o2 ~ ~ ~ ~ 2 L)
I Pauet | — —iwr 6y Gp Gy Gz4 O Vauet © | pD' [Z ]l,Vductl I pD' (2.13)
I 3 y= A~ G G G 13 I 3y~ Ll&sll 3 yti 3y :
i Pauct T 231 P32 33 3 Ivductl | Di i Vauet T | Poi
~ ~ o fa
| pductb @41 G Gui Gu dvductb Db |Vductb | pr
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where p5, is the average pressure over the " piston due to the disturbance and all four piston

sources and Zs is an impedance matrix that relates the piston source velocities to the average

pressure over the sources. Thus, the average pressure over the 8" piston can be written as:

Qo

Pauet =IWF & G,V + P (2.14)
1

s

The é,s element of the impedance matrix Zs, in Equation (2.14), represents the average pressure

over the r'™ piston source due to a unit velocity of the s" piston source. To derive this function,
the pressure from Equation (2.11) due to the 8" piston needs to be integrated over the surface of
the r'™ piston. From the symmetry of the problem in Figure 2.7, there are only two cases to
consider, which are presented in Appendix C. The elements of the Zs matrix are given as.

_ Py Fays) @, 0

X, =X
rs 2 o r S
wo bk g o (2.15)
~ NoF (k k o 5
G, =-|ag ( ”yr):z( ”yS)e""X”smg X—g, X 1 X
n=0 Lnkx e Zﬂ

and areillustrated in Figure 2.7.

Main-duct

Figure 2.7. Samples of the integrated Green’ s functions
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HQ Tube-Duct Coupling

Figure 2.8 shows the coupled system. The models for the HQ tubes and the main-duct
are coupled by matching (i) the pressure on the surface of the pistons to the constant pressure at
the end of the HQ tube and (ii) the piston velocity to the particle velocity at the end of the HQ

tube, i.e. Prpe = P @Nd Vipe = Vi fOr s=1, 2, 3, and 4 (see Figure 2.4). Replacing vy, by
Vi« in Equation (2.9) and substituting this into Equation (2.13) leads to a linear system of

equations that can be solved for the unknown piston source velocities, v, - That is:

iv ductu i plD :'I
:Vguctl ?Ztube] LJ [z, ]O ! pD' (2.16)
Ivductl é 0 [Zt“be] D'
FVie b fpob

Main-duct HQ Tube
pR (F’t) Vg]-uct Vguct T
% —
hE— e / > pr (Ft)
Po (F't) X h E
v G} e |

Figure 2.8. Coupled Hershcel-Quincke system

Once the source velocities are known, the pressure at any location within the duct can be
found using Equation (2.10). It is conveinent to express the pressure within the duct in terms of
the disturbance, transmitted, and reflected modal amplitudes as depicted in Figure 2.8. The
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modal amplitude of the disturbance is given in Equation (2.1), i.e. An The moda amplitudes of
both the transmitted and reflected waves are found using Equation (2.10). The transmitted

pressure is defined at X3 X+ and is given as.

& g X3 X, +/
pr(x,y)= ap: (x,y)+ po (x.Y), 0 yEh (2.17)

where p! is the transmitted acoustic pressure due to the s" piston. Adding the contributions of

the four piston sources and the disturbance, the transmitted sound field is given as:

h Ng sinlk. &) . o O .
P (X’y):-;l-““ égo—gf( kxf)e'kﬂc (Vi +VEie™ Joosli o)+ (s +viee™ )chos(k )
n= nfx
+i %{)Am@cos(k Ly itk
1 m=0 g
(2.18)

where the velocity terms are obtained from Equation (2.16). Thus, the moda amplitude of the

transmitted "™ modes is given as:

sn(k, 3) - . .
27 Aikyexe |y, 1 2 iKy ! 3 4 iKy !
€ [(Vduct + Vduct € )COS(k n h) + (Vduct + Vduct € )] + Ah )

n=1,...,Ng
nE (2.19)
n"*x

X>X, +/

Ay =wr

Similarly, the reflected pressure distribution is defined at x<x; and is given as:

"y R X<Xc

pr(x.y)=4& p&(x.y)

, (2.20)
s=1 O£y£h

that leads to:

¥ N, o k s ) o ] .
Pr (X’ y) = I, wr ég % e e [(Vé-UCt +V§uct e ol )COS(k n h)+ (Vguct + V:jluct e ot )% COS(k n y)el (WHkXX)
1 n=0 LKy

(2.21)



Lori A. Brady Chapter 2 — Analytical Modeling 21

where the velocity terms are again obtained from Equation (2.16). Thus, the modal amplitude of
the reflected modesis given as.
sin(kX >

E) - iky X
5 e
Lok

n=1,...,N
X< Xg

Ay =0 Vi VB ™ Joosth )+ (Vi + v ™) " (222

Using the modal amplitudes of the disturbance, transmitted, and reflected pressure
distribution, the performance of the HQ tube system will be studied. The effectiveness of the
HQ tubes as a noise control device is determined using the transmission loss (TL) as a metric.
The TL isdefined as aratio of the disturbance to transmitted power as:

TL =10log,, Po (2.23)
P

Power is the rate at which energy flows through the duct axially and is given as the acoustic

intensity in the x-direction integrated across the duct cross-section:

P =g, (F)dy (2.24)
0

where the intensity is defined as:
a1 N\ (=
Ix(r)zgreal[px(r)vx(r)*] (2.25)

and the notation * indicates the complex conjugate. The particle velocity is defined using

Euler’s equation and in the axial direction is given as:

V(7)) =- _L“L(F) (2.26)

wr  qx
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Thus, the expression for transmitted power in Equation (2.24) can be rewritten in terms of the
disturbance, transmitted, and reflected modal amplitudes:

P, :ﬁreal(k;]Amem
P. :ﬁrea](k;)ATnan (2. 27a,b,c)

Pr=- ﬁfeal(k;)p\mfl_n

where the modal amplitudes A, A;,, and Ay, are defined in Equation (2.1), Equation (2.19),

and Equation (2.22) respectively.
2.2 Herschel-Quincke Tubesin Series

The previously described model for the single pair of HQ tubes served the purpose of
describing the modeling approach in detail. To extend the model to multiple pairs of HQ tubes,
the same approach is taken. This analysis is undertaken to study whether multiple pairs have
significant attenuation benefits over asingle pair system.

The infinite duct is modified to incorporate two sets of HQ tube pairs, placed in series as
shown in Figure 2.9. The first pair of tubes has the same configuration as the single-pair system
described in Section 2.1. The second pair of HQ tubes is again assumed to be of constant cross-
sectional area S, and centerline length L,. The tubes are positioned axially at a distance X, from
the outlets of the first pair. The distance between the tube openings along the duct axis is

denoted as /5.
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Figure 2.9. Herschel-Quincke tubes in series

The modeling approach is identical to the method used for the single-pair system. The
modeling is carried out by first separating the HQ tubes from the duct at the interfaces. The
models for the sound fields in the HQ tubes and in the main duct are first developed
independently. Then, these models are fully coupled by matching both the pressure and particle
velocity at the HQ tube and main-duct interfaces. The effect of the tubes on the duct is modeled

by considering the tube-duct interfaces as finite piston sources radiating into the duct. Each
piston is assumed to have an unknown velocity vg, (s = 1 through 8) which represents the

particle velocities at the ends of the tubes. These piston sources can generate both plane-waves

and higher-order modes inside the duct.

The pressure distribution within the HQ tubes is assumed to consist of only plane-waves
as expressed by Equation (2.5). Thus, once again, the sound field within the main duct is given
as the summation of the pressure from the eight piston sources and the disturbance. That is:

8

Paue (F) = & Ps(F)+ po (F) (2.29)

s=1
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where the pressure due to the disturbance pp is evaluated using Equation (2.1) and the pressure

due to afinite piston source is again obtained by integrating the rigid-walled Green’s function for

an infinite duct, as described in both section 2.1 and Appendix C.

Once the sound fields within the separated HQ tubes and main duct are defined, the

coupling of these sound fields is accomplished by matching both pressure and particle velocity at

the interfaces. The piston velocities are now attained as:

ivl a i pt i
I dum' inggTD TDII u 2keG| L GI i % [ p-D"',
i - y= -: i
| ?/ §9TD|| : TD, H @n [ i nnBg i 8%/
i Vi b iPop
where the sub-matrices for the HQ tube dynamics are given by:
o &) bl o _de] ol
o] b1 " o] IS
and the matrices Y and z are given by:
ecot(kL) cso(kL)a écot(kl,) csc(kiy)u
- &oso(kL) eso(KL )y goso(kL, ) cso(kL, )y

The second matrix in Equation (2.29) is defined as:

(2.29)

(2.30)

(2.31)
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gcju lez les Gl4 3 gcle lee le? GlS u
— éCEZl Cizz %23 Gz4 u é‘l .= écizs Cize %27 st u
gjﬂ stz %33 Gs4 u gcjss ste %37 Gss u
€Gu Gp Gy G44 U G Gu Gy G48 U (2.32)
é(ESl Cisz ?53 Gs4 3 gciss Cise %57 %58 3
é” = éc_im CEGZ cjss GG4 u é” = écjss cjﬁﬁ Cjﬁ? cjss f
' 8%1 %72 %73 G74 u ' gcjw Cj?ﬁ %77 Cj78 3
s Gsz Ggs Gs4 9 s Ggs Ggr Ggsf

where the sub-indices | and Il denote associations with the first and second HQ tube pairs
respectively. Therefore, as an example the elements of matrix él 1 represent the average
pressure over the piston sources of the first HQ tube pair due to a unit velocity of pistons on the

second HQ tube pair.

Once the source velocities are known, the pressure at any location within the duct can be
found using Equation (2.28). Again, it is convenient to express the pressure within the duct in
terms of the disturbance, transmitted, and reflected modal amplitudes. The amplitude of the

transmitted and reflected modes are given as.

e ésin(k g)[(vl+v2e”‘X”)cos(knh)+(v3+v4e”‘X”)] 8+
Arn =Wr L K2 g+sm(k sZ)euk (/+xcz)[(v5 +vge' 2 )cos(k nh)+(v7 +vge''2 )]H (2.33a,)
s @ ik esm(k )[(vl+v2e""X” )cos(knh)+(V3 +V4e'ikxé)] y |
Ag, =W a ;

oL k2 §+sm(k sz)e ikX(MCZ)[(Vg, +vse'ikX(2)COS(knh)+(V7 +V8e-ikxﬂz)]H

where the equations are valid as long as x>x.+/+X+/2 and X<x for the transmitted and reflected

wave amplitudes respectively.
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2.3 Modeling Simplifications— Single HQ Tube Pair

The models developed in previous sections allow for the prediction of the reduction of
noise in a duct for an arbitrary configuration of HQ tube pairs. The accuracy of the model
depends on the number of modes to be included in the Green's function. However, it is
interesting to derive simplified expressions that would allow for easier understanding of the
physics as well as guide in preliminary design of the HQ tube system. In this section, simplified
expressions are presented to accomplish these goals.

The first step is to take advantage of the reciprocity property of the impedance functions

in the case of no fluid flow. That is:
érs = ég (2.34)

which implies that the average pressure at piston r due to a piston source at s is equivalent to the
pressure at piston s do to the piston source at r. In other words, it is the distance between the
observation piston and source piston which characterizes the impedance. This results from the
exponential term found in the Green’s function, which is dependant upon the absolute value of
the difference between the observation point and source location in the x-direction. In addition,
it isclear that:

C-511 = C322 =Gy = C344 (2.35)

Also, due to the symmetric placement of the HQ tubes about the duct axis, the following
simplifications can be made (see figure 2.8):

C312 = C-534 C-513 = C-524 C-514 = C323 (2.36)

Considering all of the above simplifications, Equation (2.16) can be reduced to:
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: Vet :J %CO'[( kL) cso(kL) 0 0 3 é(jll C_ilz leS Gl4 uU : pp U |
IL Véuct'{,/ geCSC( kL) cot(kL) 0 0 a. k@%lz lel %14 GlS LU l pD [} y(2.37)
T Vauot T 2 0 0 cot(kL) csc(kL )3 gcjls %14 lel Glz Y '| pD I
fvguct b g 0 0 csc(kL) cot(kL)g @Gy, Gz Gp, Gll 0 f pD b

where it is now only necessary to evaluate four impedance terms.

It is possible to further smply the previous equation by considering that the disturbance
input consists of even and odd modes separately. Due to the symmetric location of the HQ

tubes, if the disturbance is comprised of only even (odd) modes, the piston velocities at the same

axial location will be in phase (out of phase) and of equal magnitude; i.e. v, =V3, and
Vi = Vi (Vi = - Vo ad Vi, =- Vi ). Therfore, the impedance elements can be further
simplified as G;;=G,; and G,,=G,, (G,;=-G,; and G;,=-G,,). Using thisinformation, it is
now only necessary to find two piston source velocities, either Vi, and V3, 0r Ve and Vi

to specify the entire system. Equation (2.37) can now be reduced to:

~

< .. p ~ 51 ..
Vi ) s S, SR
7 Veuo b @9‘330( kL) cot(kL )U & Guog PS E

where:

(Sl
lQZ
&

=

=
=3

N—

sk g N
N, Foloh) g8 - 12 *sinl, 3) 220

G, = &
1 n=0 L nki n=0 L nkf

The system of equations in Equation (2.38) can be solved in closed form and the expressions for
the modal amplitudes of the disturbance, transmitted, and reflected waves can be obtained. They

are:
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Apn = Ay (2.40)
for the disturbance,

coslk ,h)sinlk, 5 L
A, = 2wr ( nL )kz( X 2)elkxxc (Véuct +V§uctelka)+An’ X> X, +/ (2.41)
n"*x

for the transmitted, and

k h)sinlk, 2] . o
ARn _ ZVVr COS( nL )szn( X 2) e- ikyXe (Vgi-uCt +V§uct e- iky ! )’ X < XC (242)
n-"—x

for the reflected modes, where the two piston source velocities, V3, and V3, , are given as:

, _Pil-2wG,) REb- 2w G,)
" 2wy, ) - (b- 2w G,)

= z (2.433a,b)
duct — ~ 2 ~ 2
where:
irc irc
= ; = 2.44
= () ® = gn{i) (2.44ab)

and the pressure due to the disturbance is defined using Equation (2.1). This simplified model
will be used in a comparison with the plane-wave modeling approach, to predict the frequencies
of maximum attenuation for individual modes, and to predict attenuation at the cut-off frequency

for an individual mode.
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Comparison with Plane-Wave M odeling Approach

The model developed here for the HQ tubes can be used to investigate any disturbance
modal distribution, i.e. plane-wave and higher-order modes. Thus, the model should also be
capable of predicting the response at frequencies below the first cut-off frequency where only the
plane wave mode is present. The simplified model developed above will be used to predict, in
closed form, the attenuation for the case of a plane wave mode in the disturbance. In addition,

this expression will be compared to the traditiona plane wave model.

The plane-wave analysis method for investigating the HQ tube is shown in Appendix B.
For the sake of comparison, the higher-order mode model as derived in Section 2.1 can be
simplified for direct comparison with the plane-wave model. Assuming no fluid flow, the ratio
of the disturbance to transmitted wave amplitude for a single mode can be found using Equation
(2.40) and Equation (2.41) as:

Lnkfgfa - 2iwr Gy, ) - (b - 2iwr élz)zg

Aon _
A awr cosfk sh)? sinfk, S - 2iwr Gy )- (b - 2iwr Gy Joos(i )]

1 (245)

This expression can be further ssimplified for the plane wave mode, by setting n=0, k=k, and

L »=h giving:

A k2gh - 2iwr Gy, ) - (b - 2iwr G,
0 _
Ao Awr sin(kg)

+1 (2.46)

a - 2iwr Gy, )- (b - 2iwr Gy, Jcos(ke)

p—

Additionally, it is assumed that the acoustic wavelength is much larger than that of the source

dimension, | >>S. The harmonic function can then be approximated as.

singix EQ@kx S ; cosgix 59@& (2.47ab)
e 29 2 e 2g
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Taking into account these approximations and evaluating éu and 512 using Equation

(2.39a,b) the ratio of the disturbance to transmitted wave amplitude for the plane wave mode is

given by:
Poo 86 2 ° o +1 (2.48)
Aro 2rch;a rCSO a% rﬁse'”“gcos(ké)z
] u

and rearranging for comparison with the plane-wave model, as depicted in Appendix B, gives:

é o _ o 2kl F2K okl geikL ) g U
é46a ° +AR£]'-|<+('e 2'k|2e ) T+ AR? u
Aoy _ & T 5 Uiw

~é - : & (2.49)
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where:

AR:Z_hS (2.50)

is known as the system area ratio. Using Equation (2.23), the TL for the plane wave mode can

be written as:
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Comparing this expression for TL to the expression derived in Appendix B using the
traditional plane-wave analysis shows that the expressions are identical. Therefore, it is proven
that the higher-order mode modeling approach is equivalent to the plane-wave approach when
considering only the plane-wave mode in both the disturbance and Green’s functions. Thus, the
traditional plane-wave model is a special case of the higher-order model developed here.

Frequencies of Maximum Attenuation

Another useful application of the simplified model developed in Section 2.3 is that it can
be used to predict the frequency of maximum attenuation for individual modes. Maximum
attenuation is obtained when the numerator of the ratio of the transmitted to disturbance wave
amplitudes is set equal to zero. Thisratio is defined, using Equation (2.40) and Equation (2.41)

as:

Aro _ awr coslk ,h)? Sin(kX %)[(a - 2iwr 511)- (b - 2iwr élz)cos(kxé)]

Aoo L ki - 2wr Gy, - b 2wr G, )¢

+1 (2.52)

Using again the approximation in Equation (2.47a,b) and setting the above equation to zero, the
frequencies of optimum attenuation for the selected mode n is obtained. This leads to the

following transcendental equation:

sin(kL) =- - sin(k, /) (2.53)

The significance of this expression is that for a fixed set of HQ tube parameters, eg. L, 7/, and S
Equation (2.53) shows that each mode has a set of optimum frequencies of attenuation, which
increases with increasing modal orders. The left hand side of the equation depends only on the
tube length. The right hand side of this equation is a function of the tube cross-sectional area,

distance between interfaces, and the modal order. Thus, the optimal frequency of attenuation is
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different for each mode present in the duct. This is depicted in Figure 2.10 where the left and
right hand side of equation (2.53) are plotted as a function of the frequency. For a given tube
length, the left hand side function is a single curve shown in Figure 2.10 (black line). The right
hand side of the equation depends on the mode axial wavenumber k. The curves for modes O, 1,
2, and 3 are shown in the figure. The frequency of optimum attenuation occurs when the left and
right hand side curves intersects as shown in the figure. For the same mode, there are many
frequencies where the curves intersects, i.e. roots of equation (2.53). It is also interesting to
show that as the area of the HQ tube is reduced (S2>0), the optimum frequency of attenuation
approaches the natura frequencies of the HQ tube assuming pressure release boundary
conditions, i.e. kL=0. It is also interesting to note that for the plane-wave mode, i.e. n=0 and
k=K, Equation (2.53) is the same expression found by Selamet et. a. [11, 12] using the
traditional plane-wave analysis. Numerical results using this equation will be presented in
Chapter 3 of thisthesis.

sin(kLk
1- HQ - Tube 1% Resonance
SH |2 sin(k, )

N\

HQ - Tube 2™ Resonance

Freg. Optimum
Attenuation

wy

0 S04 1000 150D 2000 2500 3000
Frequency (Hz)

Figure 2.10. Single-mode frequencies of maximum attenuation

(h=25.4 cm, S=1.27 cm, L=12.7 cm, and /=10.16 cm)
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Attenuation at M ode Cut-Off Frequencies

Additionally, it is also of interest to note that the simplified model can aso be used to
predict attenuation at the cut-off frequency for an individua mode. This can be shown
mathematically by looking at the limit of the transmitted to disturbance wave amplitude as the
mode wavenumber approaches zero:

Lim 2 =0 (2.54)
k®0 Ap,

where the ratio of transmitted to disturbance modal amplitude is given by Equation (2.52).
Again assuming that that the acoustic wavelength is much larger than that of the source
dimension, i.e. | >>S and using the resulting approximations as stated in Equation (2.47a,b),
thisratio is reduced to:

7

. . e é ak, - bk, - iCrk u u
Lim 2 = Lim&2Ce—— XX ——(+10(2.55)
k@0 Ay, k®0a ga 2k? - 2Cak, - b ?kZ +2Cbk, - 2iCbrk2 +2iC2¢k, +C?1%k2 g

where C is defined as;

C= (2.56)

The limit in Equation (2.55) is actually undefined because of the first term in the expression, i.e.
0/0. This undefined term can be manipulated to obtain its limit using L’Hopita’s rule [18].
L'Hopital’s rule states that for a given ratio f(x)/g(x), for which both f(x))=0 and g(x0)=0, it
can be shown that:

f(x)

imit L) 2 g £ 0%0) (2.57)
@x g(x) x®x g (x)
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as long as f(x) and g(x) are continuous and have derivatives that are continuous on some open

interval that contains X, . Equation (2.55) can now be reduced to:

é -b-i u
LimAT”:ZCé 5 5 a-b '_Cg — 50+l
ke®0 Ap 82a 2k, - 2Ca - 2b 2k, +2Cb - 4iCbrk, +2iC?/+2C?/%k, §

_éa-b-iCs @+ -0
& a+b+ic/l

(2.58)

where the ratio of transmitted to disturbance wave amplitude approaches zero in the limit as the
wavenumber approaches zero. Thus, at the cut-off frequency the attenuation produced by the

HQ tubes is perfect independent of the tube dimensions.



Chapter 3—Numerical Analysis

In this chapter, the numerical analysis for the two-dimensional HQ tube system is
presented. These numerical results are desired in order to explore the physica mechanisms
behind the attenuation of sound, in particular the attenuation of higher-order acoustic modes. To
accomplish this, it will be necessary to investigate how varying both the modal components of
the disturbance and the system geometric parameters influence this attenuation. The HQ system
transmission loss characteristics will be examined first with only a plane-wave disturbance, but
this disturbance will be increased in complexity to include both even and odd higher-order
modes. Also, the influence of geometric parameters such as tube axial position, length, distance
between interfaces, cross-sectional area, and the number of tube arrays will be examined.

3.1 Modal Analysiswith Increasing Distur bance Complexity

The following section describes the noise reduction mechanisms involved in the
attenuation of high-order mode acoustic disturbances. This is accomplished by examining
several aspects of the system characteristics by gradually increasing the modal complexity of the
disturbance. The numerical results were computed for the two symmetrically located HQ tubes
as shown in Figure 2.3. It was assumed that there was no fluid flow in the system, but that the
fluid isair, i.e. c=343 m/sand r =1.21 Ns/m".

Comparison with Plane-Wave M odeling Approach

The first case investigated compares the ssmplified higher-order model developed in
Section 2.3 for a plane-wave disturbance to the traditional plane-wave analysis by Selamet et. al.
[10-11], which was reproduced in Appendix B. The dimensions of the system are h=4.9 cm,
S=2.45/2 cm, L=0.8 m, and /=0.4 m for the higher-order mode model and the parameters for the
plane-wave model are §=4.9 cm, S=2.45 cm, /3 =0.8 m, and /,=0.4 m. The first cut-off
frequency, i.e. m=1, is 3500 Hz. For this comparison, several system characteristics will be
investigated including, the frequencies of maximum attenuation, the phase relationship between

the recombined waves at the outlet of the HQ tube, and the transmission loss.

35
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Equation (2.53) is used to predict the frequencies of maximum attenuation assuming a
single mode both in the disturbance and in the Green’s function. This equation is best depicted
by plotting the left and right-hand sides on the same plot, as is shown in Figure 2.10. The
frequencies of maximum attenuation occur at the intersections of these curves. The significant
of these results is that for a given set of system geometric parameters (h, S L, and /) each mode

has a set optimum frequencies of attenuation, which increases with modal order.

This analysis can be taken a step further by investigating the phase relationship between
the recombined waves. The phase relationship is easily explained using Figure 3.1. In this
figure, the incident sound field, traveling to the right, encounters a branch in path at the inlet of
the HQ tube. The incident wave then divides into the wave travelling through the HQ tube and
the wave remaining in the main-duct. At thisfirst intersection, it is assumed that all of the waves
are in phase. Both of these divided waves travel and recombine at the outlet of the HQ tube.
The waves in the HQ tube and main-duct travel a distance of L and ¢ respectively. Therefore, the

relative phase between the recombined waves is defined as:

KL - K/ (3.1)

Assume waves arein phase\ /\ kL

The relative phase
between the two waves
is KL-ky¢

\EJ Nk

\_V_

Figure 3.1. Phase relationship between recombined waves
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Figure 3.2 shows these system characteristics over a frequency range below the first cut-
off frequency, i.e. 3500 Hz. The top subplot is the left and right-hand side of Equation (2.53),
the center subplot is the phase difference between the recombined waves, and the bottom subplot
is the transmission loss comparison between modeling approaches. The higher-order mode
results were calculated assuming that only the plane-wave is present in the disturbance, but that
the finite piston sources are capable of generating higher-order modes in the duct, i.e., the

evanescent modes were included in the Green’s functions or Ng=129.
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Figure 3.2. Comparison of plane-wave and higher-order mode models including; frequencies of
maximum attenuation, phase difference of recombined waves (rad), and transmission loss (dB)

As seen in the top subplot of the previous figure, the frequencies of maximum attenuation
occur a the intersections of the two sinusoidal curves. Two such intersections have been
highlighted and occur at 421 and 1261 Hz. At these frequencies the phase difference between
the recombined waves are 3.1 and 9.4 rad, corresponding to path length differences of | /2 and
3l /2, respectively. Also of note is the increasing discrepancy with frequency between the plane-
wave and higher-order mode transmission loss curves in the bottom subplot. The differences
between the two curves are due to the inclusion of the near-field effects of the evanescent modes
in the higher-order mode model. The effect of the evanescent modes becomes more significant
as the frequency increases and approaches the cut-off frequency of the first higher-order mode.
Thus, the traditional plane-wave approach is only valid at very low frequencies, well below the

cut-off frequency of the m=1 mode. When the evanescent modes, created by the finite piston
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sources, are removed the plane-wave and the higher-order mode results are identical. In fact, it
has been shown analyticaly that the traditional plane-wave model is a particular case of the
higher-order model, see Section 2.3 for details.

Single-Mode Analysis

In order to address the performance of the HQ tube to suppress higher-order modes, an
analysis was performed in which the disturbance is comprised of asingle mode. In this anaysis,
the finite piston sources generate the same single mode as included in the disturbance and the
system dimensions are as follows; h=25.4 cm, S=1.27 cm, L=12.7 cm, /=10.16 cm, and x.=25.0

cm.

Figure 3.3 depicts this analysis for the first four modes, i.e. m=0, 1, 2,and 3. Each subplot
in this Figure contains three graphs. The first is the left and right-hand side of Equation (2.53),
the second is the phase difference between the two waves at the second tube-duct interface, and
the third is the transmission loss. For example, Figure 3.2a shows that for the m=0 mode
maximum attenuation of 29 and 36 dB occurring at 1377 and 2747 Hz, respectively. This
subplot also indicates a phase difference of 0.64 and 1.3 rad at these frequencies. The
significance of these phase differences is that for a small area ratio they do not correspond to
multiples of | /2. Similar results are presented for the first three higher-order modes, i.e. n¥1, 2
and 3, in Figures 3.2(b), 3.2(c) and 3.2(d), respectively. What is obvious is that the frequencies
of maximum attenuation are different for each mode and that with increasing modal order these

frequencies also increase.
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Figure 3.3. Single-mode frequencies of maximum attenuation, phase difference of recombined

waves, and transmission loss for modes; (a) m=0, (b) m=1, (¢) m=2, and (d) m=3

This same type of single-mode analysis can be used to investigate how system geometric
parameters influence the frequencies of maximum attenuation. This is presented in Figure 3.4,
for several values of the HQ tube cross-sectional area, S=0.32, 0.64, 1.27, 2.54, and 5.08cm and
for the first four system modes. These areas correspond to area ratios ranging from 2.5% - 40%,
see Equation (2.50). It should be kept in mind however that in practice implementation of a HQ
tube in an engine would be limited to area ratios of 10% or less. For this reason the baseline
system has an arearatio of 10%.
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Figure 3.4. Single-mode analysis of system characteristics with varying HQ tube area, S=0.32,
0.64, 1.27, 2.54, and cm, for modes; (@) m=0, (b) m=1, (c) =2, and (d) n=3

In the previous figure, it isinteresting to see graphically that as the area of the HQ tubeis
reduced (S® 0), the optimum frequencies of attenuation correspond to the natural frequencies of
the HQ tube, i.e. 1350 and 2700 Hz. Also, the highest-order mode presented, the =3, is
affected more than the lower modes by the cross-sectional area. Although this type of analysisis
shown only for variations in HQ tube cross-sectional area, once the tube length is selected it is
useful for investigating any of the other system geometric parameters.
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Odd Disturbance M odes

To better understand the performance of the HQ tubes to suppress multiple higher-order
modes, a disturbance containing the first two odd modes was next considered. In this analysis,
the finite piston sources are capable of generating higher-order modes in the duct, i.e. Ng=129.
The dimensions of this system remain at h=25.4 cm, S=1.27 cm, L=12.7 cm, /=10.16 cm, and
X=25.0 cm. For this system, the cut-on frequencies for the m=0, 1, 2, 3, and 4 modes are 0,
675.2, 1350, 2026, and 2701 Hz, respectively. The two odd modes, m=1 and 3, are assumed to
be present in the incident disturbance field with equal amplitude, Api=Aps=1. Note that due to
the symmetric configuration of the HQ tubes, the even modes will not be excited in this system.
Thus, the m=1 is the only propagating mode in the duct below 2026 Hz while a higher
frequencies both the m=1 and 3 are propagating. The resulting transmission loss characteristic
are shown in Figure 3.5 for a disturbance comprised of both odd modes, Figure 3.5(a), and for a
disturbance comprised of each odd mode individually, Figure 3.5(b).
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Figure 3.5. Transmission loss (dB) versus frequency (Hz) for HQ system with disturbance

comprised of the odd modes m=1 and 3; (&) together and (b) independently

Substantial attenuation is clearly achieved at 1250 Hz due to the reflection of the only
mode present, i.e. m=1 at this frequency. This result is not unexpected since the HQ tubes are
very effective at suppressing single modes as in the case of plane-wave mode in Figure 3.2. On
the other hand, at 2495 Hz the transmission loss is 4.5 dB due to the attenuation of both odd
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higher-order modes, i.e. m=1 and 3. This is evident by plotting the complex amplitude of the
incident, transmitted, and reflected waves for each mode at the frequency of 2495 Hz. Thisis
shown in Figure 3.6.
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Figure 3.6. Modal amplitude vectors at 2495 Hz for disturbance comprised of m=1 and 3 modes;

(@) m=1 modal amplitudes and (b) m=3 modal amplitudes

Figure 3.6(a) shows that the n¥1 incident mode, Ay, =1, was reflected back with

complex amplitude Ag,, yielding a net transmitted wave with amplitude A;,. Figure 3.6(b)

shows the same analysis for the m=3 mode. From the modal amplitudes, the sound power
reduction of the m=1 and 3 modes is 3.2 and 8.0 dB, respectively. Thus, these results
demonstrate that the HQ tubes are also effective in reducing multiple higher-order modes in a
duct. It is also very interesting to note that the amplitude of the reflected m=3 mode is larger
than the amplitude of the incident m=3 mode, i.e. Ars > Aps, see Table 3.1 which lists the power
and the amplitude of each of the of the modal components. This clearly implies that some of the
acoustic energy from the m=1 mode has to be spilled over into the m=3 mode. Thus, the
attenuation due to the HQ tubes can not simply be explained as reflection of the mode back to the

source.
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Power (dB) Magnitude of Modal Amplitude
nFl m=3 nFl m=3
Disturbance 81.7 79.5 1.00 1.00
Reflected 76.1 80.5 0.52 1.12
Transmitted 78.5 71.5 0.69 0.40

Table 3.1. Power and amplitudes of modal components at 2495Hz for odd modes m=1 and 3

In order to gain further insight into the noise control mechanisms involved in the

suppression of multiple higher-order modes, a modal analysis is carried out where the amplitude

of the reflected and transmitted waves are computed for each of the incident modes applied

independently. This analysisis presented in Figures 3.7(a) through 3.7(d). For example, Figure

3.7(a) shows the incident m=1 mode amplitude, A,, =1, and the resulting transmitted, A}, and

reflected, A',, wave amplitudes for mode m=1. Note that these amplitudes are different than the

ones in Figure 3.6(a) which again indicates that there are interaction effects between the modes.

Figure 3.7(b) shows the resulting transmitted, A, and reflected, A',, wave amplitudes for mode

m=3 due to the disturbance mode m=1. The conclusion of this is that some of the energy from

the m=1 mode is spilled over into the m=3 mode. Figures 3.7(c) and 3.7(d) show the same

analysis for the case of the disturbance consisting of only the m=3 mode with the same general

conclusions. This sort of analysisis valid because the system is linear.
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Figure 3.7. Modal amplitude vectors at 2495 Hz; (a) and (b) disturbance consists of m=1 mode,

(c) and (d) disturbance consists of m=3 mode only

These plots clearly demonstrate that there are two mechanisms in the reduction of the
incident modes. Firstly, the energy in an incident mode is in part reflected back to the source,
the same as in the classical plane-wave analysis. Secondly there is some energy spilled from one
mode into the other mode. The results in Figure 3.7 also suggest that there is more energy
spilled from the low-order mode n¥1 into the higher-order mode m=3 than vice-versa, i.e.
A%, > A3. Note that the energy spilled into other modes will propagate both upstream and
downstream as transmitted and reflected waves, respectively. This is evident in the fact that

L=AY and A3=A°. The upstream or transmitted components, Al and A3, will then
3 3 1 1 3 1
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contribute to the total transmitted sound power. Thus, the suppression of a particular mode is
due to the combination of the spilled-over contributions from the various incident modes. Thisis

demonstrated in Figure 3.6(b) which illustrates the suppression of the m=3 mode. Using the

principle of linear superposition, the resulting transmitted wave of the n¥3 mode, A;;, isdueto
the vector sum of the spill of the m=1 mode into the m=3 mode, A%, and the transmitted
component due to the same n=3 mode, A>. Thus, the net transmitted wave for the =3 mode is

the vector sum A, = A, + A% which isindicated in dotted lines in Figure 3.6(b). This behavior

should be contrasted to the traditional plane-wave analysis of the HQ tube where the only noise
reduction mechanism that takes place is reflection of the incident plane-wave.

Even Disturbance M odes

Using the same method to illustrate the dynamics of the odd modes, the even modes for
the same system will be described. Again, the system dimensions are h=25.4 cm, S=1.27 cm,
L=12.7 cm, /=10.16 cm, and x.=25.0 cm resulting in cut-on frequencies for the m=0, 1, 2, 3, and
4 modes of 0, 675.2, 1350, 2026, and 2701 Hz, respectively. The three even modes, m=0, 2 and
4, are assumed to be present in the incident disturbance field with equal amplitude, Apo=Ap2=
Aps=1. Note that due to the symmetric configuration of the HQ tubes, the odd modes will not be
excited in this system. Thus, the m=0 is the only propagating mode in the duct below 1350 Hz,
above 1350 Hz but below 2701 Hz both the m=0 and 2 modes are propagating, and at higher
frequencies, those above 2701 Hz, al of the even modes m=0, 2 and 4 are propagating. The
resulting transmission loss characteristics are shown in Figure 3.8 for both a disturbance
comprised of all three even modes, Figure 3.8(a), and for a disturbance comprised of each mode
independently, Figure 3.8(b).
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Figure 3.8. Transmission loss (dB) versus frequency (Hz) for HQ system with disturbance

consisting of; (@) al even modes, m=0, 2 and 4, and (b) even modes independently

Referring to Figure 3.8(a), which depicts the transmission loss characteristics for a
disturbance comprised of all three even modes, substantial attenuation again is clearly achieved
at 1111 Hz due to the reflection of the only mode present, i.e. m=0, at this frequency. This result
is not unexpected since the HQ tubes are very effective at suppressing single modes. However,
what is also apparent is that, unlike the odd modes case, there is not any other substantial

attenuation at another frequency. Specifically, at 2495 Hz there is less than 1 dB in noise
attenuation.

Shown in Figure 3.8(b) are the transmission loss curves for the system with a disturbance
comprised of each even mode individually. In this figure, it is clear that there is substantial
power attenuation, 5.3 dB, of the m=2 mode at 2495 Hz. To gain further insight into the
performance for these modes, further studies are carried out by plotting the complex amplitude

of the incident, transmitted, and reflected waves for each mode at the frequency of 2495 Hz
This analysisis shown in Figure 3.9.
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Figure 3.9. Modal amplitude vectors at 2495 Hz for disturbance comprised of m=0, 2, and 4

modes; (a) m=0 modal amplitudes and (b) m=2 modal amplitudes

Figure 3.9(a) shows for the m=0 mode that only a small amount of the incident wave,

Ay =1, was reflected back with complex amplitude Ag,, yielding a net transmitted wave with

amplitude A;,. Figure 3.9(b) shows the same analysis for the m=2 mode, where again most of

the incident wave was transmitted with complex amplitude A;,. From the modal amplitudes,

the sound power reduction of the m=0 and 2 modes is 0.96 and 0.16 dB, respectively. This

information is summarized in Table 3.2 which lists the power and the amplitude of each of the of

the modal components. Thus, these results again demonstrate, that for a disturbance comprised

of all of the even modes, there is negligible reduction at 2495 Hz. Note that the n=4 mode has a

cut-on frequency of 2701 Hz and is therefor not present at this frequency.

Power (dB) Magnitude of Modal Amplitude
m=0 m=2 m=0 m=2
Disturbance 84.9 81.1 1.00 1.00
Reflected 71.3 77.1 0.21 0.63
Transmitted 83.9 80.9 0.90 0.98

Table 3.2. Power and amplitudes of modal components at 2495Hz for even modes m=0 and 2
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In order to again gain further insight into the noise control mechanisms involved, a modal
analysis is carried out where the amplitude of the reflected and transmitted waves are computed

for each of the incident modes independently. This analysis is presented in Figures 3.10(a)

through 3.10(d). For example, Figure 3.10(a) shows the incident n=0 mode amplitude, Ay, =1,
and the resulting transmitted, A%, and reflected, AS, wave amplitudes for mode m=0, while

Figure 3.10(b) shows the resulting transmitted, AOZ, and reflected, AOZ, wave amplitudes for

mode n=2 due to the disturbance mode m=0. Figures 3.10(c) and 3.10(d) show the same

analysis for the case of the disturbance consisting of only the m=2 mode.
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Figure 3.10. Moda amplitude vectors at 2495 Hz; (a) and (b) disturbance consists of m=0 mode;

(c) and (d) disturbance consists of m=2 mode only
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Considering the case in which the disturbance is comprised of the m=0 mode only, Figure

3.10(a)-(b), it is clear that most of the incident wave energy, Ay, is transmitted in the m=0
component of the transmitted wave, termed A}. However, there has been a small amount of
energy reflected in the m=0 component of the reflected wave, Ago , and some spill of energy into

both the transmitted and reflected components of the =2 mode, A%and A respectively. This

behavior illustrates what is aready known about the sound attenuation at this frequency from
Figure 3.8(b). Namely, that for a disturbance comprised of the m=0 mode only, there is very

little transmission loss at 2495 Hz.

Figure 3.10(c)-(d) depict the case in which the disturbance is comprised of the m=2 mode

only, A,,. From these plots, it is evident that a small portion of the incident wave energy has

spilled into the transmitted and reflected components of the m=0 mode, A; and A%
respectively. In addition, it can be seen that most of the incident wave energy is reflected in the
2 component of the reflected wave, A% . This explains the reason there is sound attenuation

at 2495 Hz for a disturbance comprised of only the m=2 mode, as seen in Figure 3.8(b).

Like the odd modes case, these plots show that there are two mechanisms involved in the
modal reconstruction of the incident modes. First, the incident wave energy is in part reflected
back to the source, and second there is some energy spilled into the other higher-order modes.
This spilled energy will propagate both upstream and downstream as transmitted and reflected
waves respectively. The upstream component contributes to the total transmitted sound power.

These results also suggest that there is more energy spilled from the low-order mode m=0 into

the higher-order mode n¥2 than vice-versa, i.e. A, > Aj.

As mentioned before, the suppression of a particular mode is due to the combination of
the spilled-over contributions from the various incident modes. This is demonstrated in Figure

3.9(b) as vector sums indicated as dashed lines. For example, the resulting transmitted m=2

mode, Aris due to the vector sum of the spill of the m=0 mode into the n=2 mode, A%, and the
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transmitted component due to the same =2 mode, A, i.e. A, = A +A%. However, in this

case the two components A% and A2 are nearly in phase and their contributions do not cancel

each other, as was the case for the odd mode disturbances in Figure 3.6. Further investigation in

later sections will show that various system parameters affect the spill-over / addition behavior.
All Disturbance Modes

In the two previous sections, the suppression of the even and odd disturbance modes has
been studied in detail, but independently. For the sake of completeness, the analysis of the HQ
tube system is extended to include al of the even and odd cut-on disturbance modes in the
frequency range of interest. The same system geometric parameters are used with h=25.4 cm,
S=1.27 cm, L=12.7 cm, /=10.16 cm, and X:=25.0 cm. Resulting in cut-on frequencies for the
m=0, 1, 2, 3, and 4 modes of 0, 675.2, 1350, 2026, and 2701 Hz, respectively. The first five
modes, =0, 1, 2, 3, and 4, are assumed to be present in the incident disturbance field with equal
amplitude, Apo=Ap1= Ap2= Aps= Aps=1. The resulting transmission loss characteristic is shown
in Figure 3.11.

L (dB)
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Figure 3.11. Transmission loss (dB) versus frequency (Hz) for HQ system comprised of all six

cut-off disturbance modes <0, 1, 2, 3, and 4
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At 1111 Hz, the transmission loss is 6.7 dB due to the attenuation of both the plane wave,
m=0, and the first higher-order, m=1, modes. Centered around 2400 Hz, is a band of attenuation
with apeak of 2.0 dB. At this frequency, this reduction is due to the attenuation of the first four
modes, m=0, 1, 2,and 3. This band of attenuation is studied by plotting the complex amplitudes
of the transmitted waves for each mode for the frequency of 2400 Hz, this is shown in Figure
3.12.

1I1|i|i:

] 0.5 0 04 |
reql

Figure 3.12. Transmitted modal amplitude vectors at 2400 Hz for disturbance comprised of m=0,
1, 2, 3, and 4 modes

In this figure, the complex modal amplitudes, in black, red, blue, and green colors are
used to represent the m=0, 1, 2, and 3 modes respectively and should not be confused with the
color scheme used in previous sections to represent incident, transmitted, and reflected wave
amplitudes. It is clear that there is a reduction in the magnitude of the modal amplitudes, see
Table 3.3. This reduction in magnitude leads to the attenuation of power. In addition, it can be

seen that there is a change in phase of the complex amplitudes.
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Power (dB) Magnitude of Modal Amplitude

m=0 mel me2 m=3 m=0 mFl m=2 me3

Disturbance 84.9 81.7 81.1 79.5 1.00 1.00 1.00 1.00
Reflected 71.3 76.1 77.1 80.5 0.21 0.61 0.60 1.25
Transmitted 83.9 78.5 80.9 715 1.01 0.45 0.70 0.48

Table 3.3. Power and amplitudes of modal components at 2400Hz for modes =0, 1, 2, and 3

It is important to study how the array of HQ tubes produces this reduction in the
disturbance modal amplitudes. In order to accomplish this, a modal analysis is performed in
which the transmitted modes are computed for each of the incident modes independently. This
analysisis presented in Figures 3.13(a) through 3.13(d). For example, Figure 3.13(a) shows the

incident m=0 mode (black solid line) amplitude, Ay, =1, and the resulting transmitted wave
amplitudes, A} and, A%, for mode n=0 and m=2, while Figure 3.13(b) shows the resulting

transmitted wave amplitudes, A% and A, for mode m=0 and 2 due to the disturbance mode

m=2 (blue solid line). Figures 3.13(c) and 3.13(d) show the same analysis for the case of the
disturbance consisting of the m=1 and m=3 mode respectively. It should be noted that at this

frequency the m=4 mode is not cut-on.
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Figure 3.13. Transmitted modal amplitude vectors at 2400 Hz with disturbance consisting of
mode; (a) m=0, (b) =2, (¢) m=1, and (d) m=3

Again, from these plots it can be seen that there are two mechanisms in the reduction of
the incident modes. A part of the incident energy is reflected back to the source, and secondly
there is some energy spilled into the other higher-order modes. The suppression of a modeis due
to the combination of the spilled-over contributions from the various incident modes. This is
demonstrated in Figure 3.14 which illustrates the suppression of the m=3 disturbance mode, Ars.

The resulting transmitted wave of the m=3 mode is due to the vector sum of the spill of the m=1

mode into the m=3 mode, A, and the transmitted component due to the same n+3 mode, A3.
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Thus, the net transmitted wave for the =3 mode is A, = A + A3 which is indicated as a

vector sum in asolid linein Figure 3.14.

img

real
Figure 3.14. Modal suppression of transmitted mode m=3 at 2400 Hz, disturbance consists of
m=0, 1, 2, 3, and 4 modes

3.2 Parametric Studies

This section continues to describe the noise reduction mechanisms involved in the
attenuation of higher-order mode acoustic disturbances. This is accomplished by examining the
system transmission loss characteristics by changing geometric parameters such as tube length,
distance between interfaces, cross-sectiona area, axial position, and the number of tube arrays.
The number of modes included in the Green's functions was 130, including the plane-wave
mode, or Ng=129.

Tube Geometric Parameters. Axial Location, Length, I nterface Distance, and Area

The attenuation of higher-order mode acoustic disturbances has been attributed to the
reflection of energy, the spill of energy between modes, and the reconstruction of componentsin
each mode. Since the phase of each mode changes as it propagates down the duct, system
geometric parameters exist which influence the modally restructured magnitudes and phases to

optimally recombine, resulting in the minimum overall transmitted amplitude. Such influential
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system characteristics are tube axia position (x;), length (L), distance between interfaces (¢), and

area(S).

Numerical results were computed using the two symmetrically located HQ tubes as
shown in Figure 2.3. The baseline dimensions of this system are h=254 cm, S= 1.27 cm,
L=12.7 cm, /=10.16 cm, and x.=25.0 cm. Resulting in cut-on frequencies for the =0, 1, 2, 3,
and 4 modes of 0, 675.2, 1350, 2026, and 2701 Hz, respectively. The first five modes, =0, 1, 2,
3, and 4, are assumed to be present in the incident disturbance field with equal amplitude,
Apo=Ap1= Apz= Aps= Aps=1. The number of modes included in the Green's functions were
Ny=129.

Effect of Axial Position

In Figure 3.15(a), the transmission loss characteristic is shown versus the axial position x.
of the HQ tube for a frequency of 2400 Hz. The transmission loss for a range of frequencies, O-
3000 Hzis presented in Figure 3.15(b). Clearly, the distance x. has a significant influence on the
attenuation of specific modes. For instance, there exists alocation X oot Which is optimum for the
attenuation of al five of the disturbance modes. In addition, the optimal location repeats
periodically down the duct. Figure 3.15 (b) shows that the frequency of maximum attenuation is
insensitive of the axial position of the HQ tubes.

The reason for having an optimal axial location for the HQ tubes is that the relative phase
between the modes changes as they propagate along the duct because of their different axial
wavenumbers. This implies that at some position along the duct the phase of the modes is such
that leads to the best recombination of the spill of energy between the modes and minimum net
transmitted power. Again this behavior should be contrasted to the case of controlling a single
mode where the reduction is independent of the axial position of the HQ tubes.
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Figure 3.15. Transmission loss (dB) versus tube axia location, x. (m), with disturbance

comprised of me0, 1, 2, 3, and 4 modes at (a) 2400 Hz and (b) 0-3000 Hz

Figure 3.16 shows the modal components of the transmitted wave amplitudes at 2400 Hz
for a unit modal amplitude of the incident modes, =0, 1, 2, 3, and 4, and for the range of values
of the tube axia location, i.e. X.=0 to 0.29 m. The range of modal amplitudes corresponding to
the range of x. values are indicated by the curve connecting the two vectors associated to the
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lower and upper values of the range. This figure shows that the magnitude and phase of the
modes are greatly affected by the tube axial location.
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Figure 3.16. Transmitted modal amplitude vectors at 2400 Hz for x.=0 - 0.29 m and disturbance
comprised of me0, 1, 2, 3, and 4 modes

Effect of Tube L ength

The influence of the length of the HQ tube, L, for al five disturbance modes, is shown in
Figure 3.17 for afrequency of 2400 Hz in Figure 3.17(a) and for the range of frequencies 0-3000
Hz in Figure 3.17(b). These results show that the HQ tube length is aso a very important
parameter on the attenuation of multiple higher-order modes. In addition, this attenuation
repeats periodically, with a period of 0.143 m. It is interesting to note that considering this
periodicity in space as a wavelength, it corresponds to a frequency of approximately 2400 Hz
This result is quite logical because the attenuation occurs near the HQ tube resonance
frequencies and a change in the length of the tube results in a shift of the resonance frequencies.
For example, a tube length of L=0.13 m results in the second tube resonance to be near 2400 Hz
(KL=2p) and thus this resonance is responsible for the sound attenuation. By changing the tube
length to L+ D where D=2p/k, the fourth resonance is now near 2400 Hz and thus is responsible
for the attenuation. Within the range of tube lengths studied, maximum attenuation of
approximately 2.0 dB is achieved with a tube length of 0.1284 m at 2400 Hz. Figure 3.17(b)
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shows that changing the tube length results in a change in the frequency of maximum
attenuation. It isclear to identify the bands of attenuation for the 1st, 2nd, etc., tube resonances.

2

A

|

l

= II
1.5} \

(@

L (dB)
— -'_'_'_'_'_'_._'-'_

0.2

.15

|

L{m

(b)

(1

0.05 1% resonance

0 S0 | (0 1300 2000 2500 3000
Frequency (Hz)

Figure 3.17. Transmission loss (dB) versus tube length, L (m), with disturbance comprised of
m=0, 1, 2, 3, and 4 modes at (a) 2400 Hz and (b) 0-3000 Hz

Figure 3.18 shows the modal breakdown analysis at 2400 Hz for a unit modal amplitude
of the incident modes and for a range of values of the tube length, i.e. L=0.1054 — 0.1754 m.
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This figure shows that the magnitude and phase of the modes created by the spill of energy

mechanism is greatly affected by the tube length.
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Figure 3.18. Transmitted modal amplitude vectors at 2400 Hz for L=0.1054 — 0.1754 m and

Effect of | nterface Distance

disturbance consisting of modes; (@) m=0, (b) m=1, (c) m=2, and (d) n=3

The influence of the interface distance of the HQ tube, 7, for the disturbance comprised of m=0,

1, 2, 3, and 4 modes, is shown in Figure 3.19 for a frequency of 2400 Hz in Figure 3.19(a) and

for the range of frequencies 0-3000 Hz in Figure 3.19(b).

The HQ tube interface distance,

constrained by the system geometry as 2S< ¢ >L, aso influences the attenuation of higher-order
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modes.  Within the range of tube interface lengths studied, maximum attenuation of
approximately 2.1 dB is achieved with a tube length of 0.0874 m at 2400 Hz. Figure 3.18(b)
shows that the frequency of maximum attenuation is insensitive of the interface distance of the
HQ tubes.
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Figure 3.19. Transmission loss (dB) versus interface distance, ¢ (m), with disturbance comprised

of m=0, 1, 2, 3, and 4 modes at (a) 2400 Hz and (b) 0-3000 Hz
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Lori A. Brady
Figure 3.20 shows the modal breakdown analysis at 2400 Hz for a unit modal amplitude

of the incident modes and for a range of values of the tube interface distance, i.e. /=0.0254 —
0.1254 m. Again, thistype of analysis, shows that the magnitude and phase of the modes created

by the spill of energy mechanism is greatly affected by the tube interface distance.
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Figure 3.20. Transmitted modal amplitude vectors at 2400 Hz for /=0.0254 —0.1254 m and
disturbance consisting of modes; (@) m=0, (b) m=1, (c) m=2, and (d) n=3

Effect of Tube Area
The last parameter, for the single-array HQ tube system, to be studied is the cross-
sectional area of the side-tubes, S, for the disturbance comprised of m=0, 1, 2, 3, and 4 modes.
This analysis is shown as a function of area ratio (AR), where AR=2Sh, in Figure 3.21 for a
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frequency of 2400 Hz in Figure 3.21(a) and for the range of frequencies 0-3000 Hz in Figure
3.21(b). Within the range of tube cross-sectional areas studied, maximum attenuation of
approximately 2.0 dB is achieved with an AR of 11.8% at 2400 Hz. It should be kept in mind,
that in the modeling of the side-tube dynamics, the pressure distribution within the tubes was
assumed to consist of planes waves only. This method is therefore limited to frequencies well

below the first cut-off frequency of the transverse modes in the side-tubes, ¢/2S.
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Figure 3.21. Transmission loss (dB) versus tube arearatio, AR (%), with disturbance comprised
of m=0, 1, 2, 3, and 4 modes at (a) 2400 Hz and (b) 0-3000 Hz
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Figure 3.22 shows the modal breakdown analysis at 2400 Hz for a unit modal amplitude

of the incident modes and for a range of values of the tube cross-sectiona area, i.e. S=0.001 —

0.011 m. Again, this figure shows that the magnitude and phase of the modes created by the spill

of energy mechanism is greatly affected by the tube cross-sectional area.
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Figure 3.22. Transmitted modal amplitude vectors at 2400 Hz for S=0.001 — 0.011 m and

disturbance consisting of modes; (@) m=0, (b) m=1, (c) m=2, and (d) n=3

3.3 Tubesin Series

Now that the basic attenuation characteristics and behaviors, for a single-array HQ tube

system, have been studied, it is of interest to extend this analysis to include two HQ tube arrays.
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Specifically, it is of primary concern to learn whether or not there are attenuation benefits with
the addition of a second array of tubes. In genera, the addition of a second tube array increases
the complexity of the system. It then becomes more difficult to choose system geometric
parameters to optimize specific sound attenuation behaviors. In this case, it is assumed that the
second array of tubes has the same cross-sectional area, tube length, and interface distance as the
first array. There is then only the separation distance, X, between the two arrays that is
optimized.

To explore this, numerical results were computed using the two symmetrically located
HQ tubes in series, as shown in Figure 2.9. The dimensions of this system are h=25.4 cm, S=
S$=1.27 cm, L= L,=12.7 cm, /=/2=10.16 cm, x.=25.0 cm, and X=6.54 cm. Resulting in cut-on
frequencies for the m=0, 1, 2, 3, and 4 modes of 0, 675.2, 1350, 2026, and 2701 Hz, respectively.
The first five modes, m=0, 1, 2, 3, and 4, are assumed to be present in the incident disturbance
field with equal amplitude, Apg=Ap1= Ap2= Aps= Aps=1. The number of modes included in the
Green's functions were Ny=129. Figure 3.23 shows a transmission loss comparison between a

system comprised of only a single array and one comprised of two HQ tube arrays.
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Figure 3.23. Transmission loss (dB) versus frequency (Hz) for both single and double tube-array

systems with disturbance comprised of m=0, 1, 2, 3, and 4 modes and X=0.0654 m

In the single array system, there is attenuation of 6.7 dB a 1111 Hz. In the double array
system, the peak attenuation has shifted to 1140 Hz and increased to 10.5 dB. In addition, in
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both systems, there is a band of attenuation centered on approximately 2400 Hz. In the single
array system, this band has a peak transmission loss of 2.0 dB where as in the double array
system there is 15.5 dB of noise reduction at 2413 Hz. The reduction at this frequency, is further
studied by computing the complex amplitudes of the transmitted waves for each mode, as a
function of the separation distance, x.;. The results are shown below in Figure 3.24. Thisfigure
shows that the magnitude and phase of the modes are greatly affected by the separation distance
of the two HQ tube arrays. Most importantly, these results show that adding more arrays of HQ
tubes can lead to significant improvement of the attenuation of multiple higher-order modes.
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Figure 3.24. Transmitted modal amplitude vectors at 2413 Hz for double array HQ system with
disturbance comprised of m=0, 1, 2, 3, and 4 modes and x.,=0.0254 - 0.0654 m



Chapter 4 — Conclusions

4.1 Summary

Although the concept of a HQ tube was envisioned by Herschel back in the early 19"
century [8], all of the analytical modeling concepts to date, have been limited to one-dimensional
sound fields [8-16]. In thisthesis, the main goa was to present an analytical modeling technique
which would model the effects of Herschel-Quincke (HQ) tubes in the presence of multiple
higher-order modes in a two-dimensional duct. This analytical method involved modeling the
tube-duct interfaces as finite piston sources, which couple the acoustic field inside the main duct
with the acoustic field within the HQ tubes. The acoustic field within the HQ tubes is assumed
to consist of plane waves only and the acoustic field within the main duct is modeled using a

higher-order mode Green’ s function technique.

A number of modeling simplifications were derived. These ssimplifications included a
closed form solution for the higher-order mode model in the absence of fluid flow. A
comparison with the classical plane-wave theory was aso made, in which the one-dimensional
model was proven to be a special case of the new higher-order model. Assuming a single-mode
in both the disturbance and Green’s function, the derivation of a transcendental equation allowed
for the prediction of the frequencies of maximum attenuation and an additional derivation

indicated attenuation at the cut-off frequencies of the modes.

The model proved that the HQ tubes were effective for reducing both the plane-wave and
higher-order modes. The mechanisms associated with the reduction of multiple higher-order
modes involve both reflection of the incident wave (as in the case of plane-waves) as well as
spill of energy into other higher-order modes. The recombination of the energy spilled between
the various modes present results in destructive interference and thus sound attenuation. Thisis
the most important noise control mechanism of the HQ tubes in the presence of multiple modes.
This noise control mechanism has been investigated using simple disturbance configurations.

66
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The destructive interference effect is greatly affected by the relative magnitude and phase
between the modes. Parametric studies have been performed to determine the influence of
various system geometric parameters, such as the tube axia position, length, distance between
interfaces, and cross-sectional area. It was determined that there is an optimum axial location for
the maximum attenuation of all of the modes that repeats periodically down the duct. At this
location, the phase of the modes leads to the best recombination of the spill of energy between
modes and minimum net transmitted power. Logically, the HQ tube length is directly associated
with the tube resonance frequencies and thus the frequencies of attenuation in the duct. Any
change in tube length will change these frequencies of attenuation. The interface distance, while
not influencing the overall transmission loss to a great degree can still be optimized. The tube
cross-sectional area is limited in size by the modeling technique. This model assumes that the
pressure distribution within the tubes consists of plane-waves only. Therefore, the modd is
limited to frequencies well below the first cut-off frequency of the side-tube transverse mode. In
practice the side-tube area is limited to an area ratio of approximately 10%. In the parametric
studies presented, the optimum area was found to have an area ratio of approximately 10%.

The addition of a second HQ tube array does indeed increase the attenuation benefits
dramatically. Here, it was assumed that the second array of HQ tubes had the same geometry as
the first array, which simplifies the study. However, a true optimization would involve the
design of both the first and second array parameters. This however, is beyond the scope of this
thesis. In general, the HQ system can be optimized to have unique attenuation characteristics as
a function of frequency such as in noise control applications with multiple resonant frequencies.
Nevertheless, the attenuation benefits need to be weighed against the cost and size constraints
with the addition of more HQ tubes.

4.2 Future Research

An interesting extension of HQ tube design, for the suppression of higher-order modes,
might include active control of an aspect of tube geometry in order to attain optimum attenuation
of sound at a range of frequencies. For instance, in some noise control applications, it may be
feasible to adjust the length of the HQ tube. Proof of the feasibility of this concept is shown in
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Figure 4.1, where attenuation is shown for a range of frequencies, 2150 - 2550 Hz, for a

disturbance again comprised of the m=0, 1, 2, 3, and 4 modes.
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Figure 4.1 Transmission loss (dB) versus frequency (Hz) with optimized HQ tube length, L (cm),

at each frequency and disturbance comprised of m=0, 1, 2, 3, and 4 modes

In this plot, the transmission loss has been optimized at each frequency by alowing the
tube length to vary. Over this 400 Hz frequency range, substantial attenuation is achieved, for
example 7.4 dB reduction is seen at 2200 Hz, 10 dB at 2280 Hz, and 4.5 dB at 2500 Hz. This
broad band reduction is accomplished by varying the HQ tube length from 12.4 - 13.4 cm, a

change in tube length of only 1.0 cm.

However, the next logical development of this work is to include three-dimensional ducts
with even more complex sound fields. Even with an increase in the sound field and system
configuration complexity, the modeling technique would remain the same. Define the acoustic
fields within the main-duct and side-tubes, assume that the tube-duct interfaces are finite piston
sources, and couple the system by matching the acoustic pressures and particle velocities at the
interfaces. It should aso be kept in mind that this modeling technique can be extended to other
systems, i.e. Helmholtz resonators, making modeling of complex sound fields within ducts easy

to incorporate.



Bibliography

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

Kinder, L. E., Frey, A. R, Coppens, A. B., and Sanders, J. V., Fundamentals of
Acoustics, (New York: John Wiley & Sons, 1982), pages 216-222.

Bies, David A. and Hansen, Colin H., Engineering Noise Control Theory and Practice,
(New York: E & FN SPON, 1998), pages 4-12.

Bies, David A. and Hansen, Colin H., Engineering Noise Control Theory and Practice,
(New York: E & FN SPON, 1998), pages 470-472.

Tokhi, M. O. and Leitch, R. R., Active Noise Control, (Oxford: Clarendon Press; New
York: Oxford University Press, 1992), pages 1-6.

Harris, David A. (ed.), Noise Control Manual: Guidelines for Problem Solving in the
Industrial / Commercia Acoustical Environment, (New Y ork, Van Nostrand Reinhold,
1991), pages 10-13.

Beranek, L. L. (ed.), Noise and Vibration Control, (New Y ork: McGraw-Hill Book Co.,
1971), pages 362-364.

Kinder, L. E., Frey, A. R, Coppens, A. B., and Sanders, J. V., Fundamentals of
Acoustics, (New York: John Wiley & Sons, 1982), pages 237-242.

Herchel, Sir John F. W., “On the Absorption of Light by Coloured Media, viewed in
connexion with the Undulatory Theory”, The Philosophical Magazine, Vol. 3, No. 18,

pages 401-412, Dec., 1833.

Quincke, G., “Ueber interferenzapparate fur schalwellen”, Annalen der Physik und
Chemie, Vol. 128, pages 177-192, 1866.

69



Lori A. Brady Bibliography 70

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Stewart, G. W., “The Theory of the Herschel-Quincke Tube”, Physical Review, Vol. 31,
pages 696-698, April, 1928.

Selamet, A., Dickey, N. S, and Novak, J. M. (1993). “The Herschel-Quincke Tube: A
Theoretical, Computational, and Experimental Investigation”, The American Society of
Mechanical Engineers Winter Annual Meeting, NCA-Vol. 16, Nov. 28 — Dec. 3, 1993.

Selamet, A., Dickey, N. S,, and Novak, J. M., “The Herschel-Quincke Tube: A
Theoretical, Computational and Experimental Investigation”, Journal of Acoustical
Society of America, Vol. 96, No. 5, pages 3177-3185, Nov., 1994.

Selamet, A., Radavich, P. M., and Dickey, N. S., “Multi-Dimensiona Effects On Silencer
Performance’, Noise-Con 94, pages 261-266, May, 1994.

Selamet, A., Dickey, N. S., and Novak, J. M., “A Time-Domain Computational
Simulation of Acoustic Silencers’, Journal of Vibrations and Acoustics, Vol. 117, pages
323-331, July, 1995.

Selamet, A., Radavich, P. M., “Effect of Expansion Chamber On the Resonance
Frequency of Side Branches and Herschel-Quincke Tubes’, Proceedings of the American
Society of Mechanical Engineers, NCA-Vol. 22, pages 127-132, 1996.

Selamet, A. and Easwaran, V., “Modified Herschel-Quincke tube: Attenuation and
resonance for n-duct configuration”, Journal of Acoustical Society of America, Vol. 102,
No. 1, pages 164-168, July, 1997.

Morse, P. M., and Ingard, K. U., Theoretical Acoustics, (Princeton NJ: Princeton
University Press, 1968), pages 310-312, 319-322, 500-501.

Hildebrand, Francis B., Advanced Calculus for Applications, Second Edition, (Prentice
Hall, Inc., 1976), pages 65-67, 653.



Appendix A — Duct Acoustics

In this appendix, the theory describing two-dimensional duct acoustics is presented.
Consider the two-dimensiona infinite waveguide of height h as shown in Figure A.1. The
boundaries at y=0 and y=h are assumed to be rigid, which results in a sound field consisting of
standing waves in the y-direction. The absence of boundaries along the x-axis allows acoustic
energy to propagate and results in a sound field pattern consisting of traveling or evanescent
waves [1]. With the defined waveguide geometry and boundary conditions, an expression of the

acoustic pressure distribution will be derived as a solution to the acoustic wave equation.

/S S

Disturbance T
Field Rigid-wall
Py (F.t) h boundaries
—_—>

l

JITT TSI/ 77 7777777777777

y
[
Figure A. 1. Two-dimensional infinite duct

In rectangular coordinates, the two-dimensional acoustic wave equation is a function of
two spatial and one temporal variable. The equation of motion and boundary conditions are

given by:
1°p(y.t), 12p(xy.t) - 1 12p(xy.t)
x? fy* ¢ 1 (A1ab)
oyt)  _Tobayit) |
=0

where p(x,y,t) is the acoustic pressure distribution and ¢ is the wavespeed. In addition to the
partial differential equation as shown in Equation (A.1d), the acoustic pressure must satisfy the
rigid boundary conditions as given in Equation (A.1Db).
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By assuming simple harmonic waves of the form:

p(x,y.t)=P(x,y)e"™ (A.2)

and substituting Equation (A.2) into Equations (A.1a) and (A.1b), the resulting expressions are:

2?2 » 0

L i k23p(x,y)=0
™ Ty? B(Xy)
Plxy)  _Pxy)
v "0 o |

(A.3a,b)

h=0

where the expression given in Equation (A.3a) is known as the time-independent Helmholtz

equation, k =w/cis the free-field wavenumber, and w is the frequency in radians per second.

The solution to the Helmholtz equation is obtained using a separation of variables technique,

which assumes a solution of the form:
P(x,y)= X (x)¥(y) (A.4)

where X(x) and Y(y) are simply the spatial solutions in the x and y-directions, respectively. The
Helmholtz equation is thus simplified to:

1 1PX(), 1 120, 2,
X() XE)* vly) TY(y)?

(A.5)

Since the first and second terms in the previous equation are a function of only the x and y
variables, each of these terms must be equal to a constant. As a result, the partial differential
eguation can be separated into the following pair of second order differential equations:

2
X0 4 kzx(x)=0
dx? dy

4k 2v(y)=0 (A.63,b)
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where k?and k 2 are the constants and are related by:
k? +k 2 =k? (A.7)
The solution to the X(x) component of the pressure expression is:
X (x) = K{e kx4 K (el (A.8)

where the first and second terms represent positive and negative x-direction propagation waves
with wavenumber k,, and K{*) and K{) are unknown constants. The solution to the Y(y)

component is conveniently given by:
Y(y)=K, coslk ny)+ K sinfk ,y) (A.9)

where K,, and K3 are constants of integration. The boundary conditions at y=0 and y=h can be
applied that leads to K3=0 and:

snk h)=0 b k,="P, m=012,. (A.10)

Thus, the y-component of the pressure is given as.
Y(y) =K, cos(k my) (A.11)

Moreover, the axial wavenumber ki can be solved by replacing Equation (A.10) into Equation
(A.7)togive:

k2 =+,k?-k2 (A.12)
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The propagation characteristics of the modes are given by the axia wavenumber ki,

which is given by:

m (A.13)

A mode will propagate for k>kmand will decay when k<k,, The frequency at which this change
in propagation characteristic occurs is termed the cut-off frequency for mode m It is given for
k =k ,yielding:

Wm(rad/s)z%m, m=0,123... (A.14)

The solution for the spatial pressure distribution can now be rewritten as:
P(x,y) = K,& F k ny)+ Ke€“F [k ny), m=012,.. (A.15)
where F () isdefined asthe m" acoustic mode or eigenfunction given as:
F (kpy)= cosk ) (A.16)

The first and second terms in Equation (A.15) represent positive and negative x-direction
propagating modes, respectively. The eigenfunctions can be described in terms of even and odd
modes. Even modes (=0, 2, 4, ...) are symmetric about the centerline of the duct, y=h/2, while
odd modes (m=1, 3, 5, ...) are anti-symmetric about y=h/2. This characteristic will be useful in
both smplifying and understanding analytical developmentsin Chapter 2 of thisthesis.
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Equation (A.2) can now be fully expressed in general form as the sum of a set of Np
modes propagating in the positive x-direction as.

ND .
Po(r.t) = éOAmF rn(k rny)e'(“”' kex) (A.17)

where A, is the complex amplitude of the " mode (with m=0 representing the plane-wave
mode). The sound field includes standing waves in the y-direction and travelling waves in the x-

direction.



Appendix B — Plane Wave Analysis

In this appendix, the plane-wave acoustic theory for the Herschel-Quincke tube system is
presented. Thistheory is considered because it is the traditional method used to describe the
sound field in such a system and many publications can be found which use this basic analysis
technique [10-16]. It isimportant to remark that this analysisis limited to one-dimensional
sound fields only, i.e. plane waves. Moreover, this plane-wave analysis will be compared to the
higher-order mode model, as developed in Chapter 2 when applied to the plane-wave case.

For clarity the following traditional plane-wave analysis will be presented verbatim from
the publication by Selamet, et. al. [12].

“The geometry of a Herschel-Quincke tube is shown in Fig.1l, aong with the
nomenclature used here: A is the cross-sectiona area, C the amplitude of pressure
oscillations, and the subscripts + and — denote propagation in the positive and
negative directions, respectively. From pressure equality at junctions | and |1,

Cp +Cp. =Cy, +C,. =C4, +Cy. (1)

Cz+e-ik(‘2 +Cz_ eikﬁz - Cs+e-ik(‘3 +C3_ eik(‘3 - C4+ +C4_ , (2)
and conservation of volumetric flow

A(C - CL )= A,(Co - Cp. )+ A(Cyu - Cs. ), ®)

Ai(Cas - €)= A[Core ™2 - C, 2 )+ As[Cae - Cy €)1

Equations (1) — (4) represent six equations and eight unknowns. Specifying the
termination properties provides an additiona equation, which allows the ratio of
any two fluctuating pressure components to be determined. The transmission
loss is then obtained from the ratio of the incident and transmitted waves as
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2
C.

TL =10log,,

(5)

4+

3

chﬁ' s cg s

Cl+ CZ+ C2+ e Ikl C4+
Ay A, Ay
o Co. C,. K2 Cs
I 1
I‘_ 05 _’|

Figure B.1. Geometry and nomenclature for Quincke tube derivations.
For an anechoic termination no reflected waves are present in the exit

duct. Combining C,.=0 and As=A; with Egs. (1) — (4) and rearranging yields the
ratio of incident and transmitted waves as

Cr __ Ady+Aas (A +AS, +Af,)

: (6)
Cus A 4A1(A23- 2 tAga 3)
where
e-ikk‘j 1+e 21k | 0
a;, =——— , = - AL,
J 1_ e- 2|kﬁJ J 1_ e- 2|kfJ

In terms of Eq. (5), the transmission loss is then given by
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| 2

Ay 6 [1H(A /A, + (A AN

TLzlologlO-aeo‘za2+—a3z+ , (8)...
Ea 2 A 0 Al AR, (A AR |

... For cases where /5t /3, EQ. (8) yields resonances for

Aa, +Aga,; =0, (11)

provided that Aj+ Axf >+ Asf 31 O at the same frequency. Inserting Eqg. (7) into Eq.
(11) and simplifying gives

sin(k/,) _ A 12)
sin(kig) Ay

for the resonance locations.”

For a direct comparison with the higher-order mode model, two aspects of the models
need to be addressed: geometry and nomenclature differences. The higher-order mode model
incorporates two identical tubes, which are symmetricaly located about the duct axis as
compared to one used in the plane-wave model. To compensate for this, the same plane-wave
analysis can be carried out with a HQ tube with twice the areg, i.e. A3=2S. Thus, due the linear
nature of these equation sets it can be shown that one or two tubes in the plane-wave model does
not make a difference. However, thisis not the case when incorporating higher-order modes.

Additionally, in the higher-order mode model, the main-duct is assumed to be of constant
cross-sectional area h. Thus, the cross sectional areas in the plane wave model need to be set to
Ai1=A,=A4,=h. The notation for both the distance between side-tube junctions and for the side
tube itself for both models are related as /,=¢ and /3=L, respectively. The final difference in

notation refers to the complex pressure amplitudes of the incident and transmitted waves. These

can be reconciled as Cp,= Ay and Cai= A .
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Taking these notation differences into account, the expression as derived by Selamet, et.
a. [12] for transmission loss can be rewritten (using the higher order model nomenclature) for a
direct comparison with the higher-order mode model when applied to the plane-wave case. After
some lengthy, but straightforward manipulation, the expression for transmission loss shown in
Equation (8) can be expressed with the substitution of Equation (7) as:

a- o 2K 4 AR+ e 2K . 2p Kk )G
4§ (1_ e-gikk)(l_ e-2ikI|_) )EL AR® s

& e-ikk‘ e-ikL

4§ﬁ +AR T
1_ e2lk( 1_ e2I|(Lg

TL =10log;,

This should be compared with the expression found in Chapter 2 of this thesis, specifically
Equation (2.51). These expressions are identical. Therefore, it is demonstrated that the plane-
wave analysisisindeed a special case of the higher-order mode model developed in thisthesis.



Appendix C — The Green’s Function

In this appendix, the derivation of the Green’s function is presented. The Green’'s
function is used in the modeling of the HQ tubes as piston sources at the tube-duct interfaces, as
presented in Section 2.1 of thisthesis. Thus, to model the HQ tubesiit is necessary to know the
sound field within the duct for a simple-source located within the duct. The Green’s function
represents this sound field [17].

The sound field generated by a simple source located at a position (Xo,Yo) in a two-
dimensional infinite duct has to satisfy the following differential equation:

éq? 2 u
o+ T k2 iB(k, v, Yo )= -d (x- o)y vo) c1
ax® Ty a

and the rigid-wall boundary conditions. In Equation (C.1), G(.) is the Green’s function which is
the solution to the non-homogenous time-independent form of the acoustic wave equation forced
by a Dirac deltafunction. The homogenous solution to the wave equation yielded the acoustic
mode shapes and eigenvalues which were derived in detail in Appendix A. Here the Green's
function is expressed as a linear combination of the acoustic modes. The boundary conditions
are thus satisfied automatically. Then, the Green’s function solution is assumed to have the

form:

G=4F, (XF A (y) C.2

which is a summation of a series of eigenfunctions and the function F.(X) representing the
variation along the duct of the pressure. By inserting Equation (C.2) into Equation (C.1),
multiplying by F , (y), and integrating over the duct cross-section, Equation (C.1) becomes:
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L O0F o Oy TR P o D) (im0 ey =

3930
o

-d(x- % )& :‘nd(y- Yo JF  (y)dy
C.3

o

in which care is taken to distinguish between the summation orders in the previousintegral. This
is accomplished using the notation n’ to indicate the summation order of the eigenfunction which
is multiplied through the equation. Using the orthogonality properties of the modes, the integrals
on the left-hand side in Equation (C.3) become :

1h

| icoslk ,y)ooslk  y)dy =0, n
1

-.-

h h h
&F n(YF o (v)ay =1 acos? ( ,y)dy = > n=n c4
[0
I
i h
i od n=n=0
10
and:
h ﬂZ X h
d: n (y)‘ﬂy_2 [F n (y)]dy =-k n d: n (Y): n (y)dy C5
0 0

Using the shifting property of the Dirac delta function [18], the integral on the right-hand side in
Equation (C.3) becomes:

h

Ay Yo o (V)dy=F (o) C6

0

Therefore, Equation (C.3) can be reduced to an ordinary differential equation of the form:
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édz U = (y) Ih, n=0
' |
& 7 KL () =- =T (k- ). Ly =) C7
€ u ih/2, nto
where:
k2 =k?- k2 C8

Due to the discontinuity at xo, the solution to the differential equation shown in Equation (C.7)

will be different at each side of Xo. On the positive side of X, i.e. X>Xo, the solution will be of
the form e ™ %) On the negative side of xo, i.e. x<xo, the solution will take the form

ek %) " gince the overall solution must be continuous across xo, it can be written as:
F, (x)=Ce Ml C.9

where the constant C must be determined such that [x- X,| = X- X, for x>xo and |X- Xo| = X, - X
for x<xo. Therefore, Fn(X) has a discontinuity in slope across x=X, and the magnitude of this
discontinuity, namely C, can be found by taking the limit as a® 0 in the integral over x from xo-

a toxt+a of Equation (C.7):

+a 42 +a +a
XO(‘) a7F ) F”Z(X) dx+k2 XO(‘)Fn (x)dx = - Fnl¥o) (%) Xodj (x- o )i C.10
X-a dx X-a L X-a
which reduces to:
dF, (x)* aF ()= - F o (Yo) c11
dx |, . x> L '

and in the limit to:
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a®0@ dX ﬂxo+a e dX ﬂxoa

For xo+a the slope of the solution is - ik, Ce” %@ and similarly for xo-a the slope of the solutions

is ik, Ce ™@ . Therefore, Equation (C.12) becomes C =- iF ,(y, )/2L .k, yielding the solution

to Fn(X) as.

H N
Fn() -1 9 F (yO) Ikx‘x-xo‘ c13

and the full solution to the Green’s function as:

-iNoF F - ik, | x-
&(f 7, ):?I ég n()I/_) kn(YO)e K x- | C.14
n=0 n™x

This Green’s function solution represents the sound field within the duct for a simple
source also located within the duct. In order to mode the HQ tubes, the tube-duct interfaces are
described as piston sources. The sound field generated by a piston source is computed by
integrating the Green’ s function over the cross-section of the piston.

In this integration, each piston source is modeled locally with coordinate x; as shown in

Figure C.1 for three possible integration scenarios. When the observation and source location

are the same, as is the case with éll, the integration is carried out as follows:

- s/2 S/2 N F(k_h ) e
Gp=2 o, =1 6 & T e ten g =
0

0 n=0 I-nkx n=0 Lnkf B

NoF (k ,h)> &
2 Fkah)

n
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where the limits of integration have been changed to twice the limit from 0 to §2 and is valid as

long as |- x;| >0, which is always true.

The second integration case occurs when the source is upstream of the observation

location, for example G,, isgiven as.

s/2 : S/2N o) by NoF (k h)2 ., .
= Gydx, =- L ue ol +)- (e 1)‘dxl = ag(—”z)e""xk sn@xig(c.m)
-s/2 2 s/zn O L k n=0 Lnkx e 2g

whichisvalid aslong as I>x;.

The third possible integration case occurs when the source is downstream of the

observation location, for example G5, isgiven as:

§/2 i 92 NoF (K ,0)° ik - (xerr-x NoF (k ,0)?
= Bk, =- ~ R F a0 i o Jx, = ag(—”Z) snai ——(c 17)
-5/2 2_gon=0 Lk, n=0 LK

which isvalid aslong as I> Xa..

Thus from the symmetry of the problem, there are really only two cases to consider and

the integrated Green’s functions can be written in general form as:

— NégF (knyr): (knys)ggikxg - 19
n=0 Lnkf 8 ;

_ N o ..
Grs :-iégF (knyr):Z(knys)e-lkxk Sinéﬁ(xig, X, 1 X

n=0 Lnkx e 2g

rs

o (C.18ab)
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dx;
Xi=5/2 Xi=-5/2
@
X1 4— X 44—
Xc—p < ¢ >

v,

(b)

Figure C.1. Integration of Green’s functions; (a) piston source local coordinate

system and (b) examples of integrated Green’ s function notation
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