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Application of the Herschel-Quincke Tube Concept to Higher-Order Acoustic

Modes in Two-Dimensional Ducts

Lori A. Brady

(ABSTRACT)

The application of the Hershcel-Quincke (HQ) tube as a noise reduction device for one-

dimensional plane-wave sound fields has been studied in great detail in previous years.  In this

thesis, an analytical technique is developed to investigate the potential of the HQ tube concept to

control higher-order duct modes.  This analytical method involves modeling the tube-duct

interfaces as finite piston sources, which couple the acoustic field inside the main duct with the

acoustic field within the HQ tube(s).  The acoustic field within the HQ tube is modeled as plane-

waves and the acoustic field within the main duct is modeled by expanding the sound field in

terms of the higher-order modes.  This model is then used to investigate the noise reduction

mechanisms behind the attenuation of higher-order modes.  These mechanisms involve both the

reflection of the incident wave as well as the reconstruction and recombination of the modal

content of the incident disturbance into other modes.  The effects of the modal content of the

disturbance along with the HQ tube geometric parameters, such as tube axial position, length,

distance between interfaces, and cross-sectional area, are studied with respect to the frequencies

of attenuation and the reduction obtained.  These results show the potential of the Herschel-

Quincke tube concept to reduce higher-order modes in ducts.
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Chapter 1 - Introduction

1.1 Prologue

 Duct acoustics is the study of the propagation of sound within a confined space.  Given a

certain noise source, the emitted sound will propagate with characteristics primarily dependent

upon the surrounding duct geometry, acoustic properties of the boundary, and the frequency of

excitation.  A standard duct geometry is the infinite rigid-walled duct.  The sound field within

such a duct is composed of both standing waves in the transverse direction and traveling or

evanescent waves in the longitudinal direction.  At low frequencies, those below the first cut-off

frequency of the system, the sound field is one-dimensional and only the plane-wave mode will

propagate within the duct.  At higher frequencies, above the first cut-off frequency, the sound

field becomes more complex due to the presence of higher-order modes.  These higher-order

modes include both propagating and evanescent components [1].

There are many noise control strategies, which can be utilized to reduce noise in ducts.

In general, noise control methods can be applied to the noise source, the transmission path,

and/or the receiver.  However, noise problems are often times only considered in pre-existing

systems where many of these modifications can be difficult to implement due to inherent

limitations [2].  In addition, noise control strategies can be characterized as active, passive, or a

combination of both passive and active approaches.

Active noise control techniques in ducts consist of the introduction of secondary noise

sources to either cancel, suppress, or absorb part of the original sound field [3].  This method

typically involves using a digital processor which drives a set of secondary or control noise

sources based on information gathered about the sound field from a set of sensors, i.e.

microphones.  Usually, the secondary sources will produce a sound field that is out of phase with

the original field and noise cancellation occurs due to destructive interference.  The number of

secondary sources and sensors required is determined by the complexity of the original sound

field and the magnitude of cancellation needed [4].
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Passive noise control techniques in ducts generally consist of either the absorption or the

reflection of the original sound field.  Absorptive techniques consist of lining a duct with sound-

absorbing materials, also called liners, as shown in Figure 1.1.  These liners, which typically

consist of porous materials like fiberglass or foam, react locally with the sound field and through

friction attenuate sound energy through heat.  Specific properties for these materials, which will

determine its effectiveness in absorbing sound, include the thickness of the treatment, its density,

and its acoustic impedance [5].  Generally speaking, the thickness of the sound absorbing

material is related to the range of wavelengths able to be attenuated.  With increasing thickness, a

liner will be able to attenuate longer wavelengths, i.e. lower frequencies.  For this reason, liners

are normally used for high frequency broad-band disturbances, which consist of mainly higher-

order modes.

Rigid-wall
boundaries

Lining

Protective Facing

Figure 1.1. Passive acoustic liner in rigid-walled duct

Reactive techniques consist of changes in the duct geometry, which result in a reflection

of part of the original sound field back toward the noise source.  These reactive devices include,

but are not limited to, expansion chambers, Helmholtz resonators, and Herschel Quincke tubes.

All of these techniques are typically used for lower frequency disturbance applications, which

consist of the plane-wave mode [6].



Lori A. Brady Chapter 1 - Introduction 3

Both the expansion chamber and the Helmholtz resonator are shown in Figure 1.2.  The

expansion chamber, in Figure 1.2(a), is qualified as an acoustic low-pass filter, which is

characterized by an enlarged section of duct.  At low frequencies, the sound reduction is a

function of the relative difference between the duct and expansion areas.  The Helmholtz

resonator, as shown in Figure 1.2(b), is used as an acoustic band-pass filter.  Thus resonator

creates a band of attenuation centered on a frequency which is depended upon the resonator

volume, neck area, and neck length [7].

Expansion
Length

Expansion
Area Duct Area

 Neck Area

Neck Length

Volume

 Duct Area

(a) Expansion chamber (b) Helmholtz resonator

Figure 1.2. Passive noise control devices – reactive type

A Herschel-Quincke (HQ) tube is essentially a hollow side-tube that travels along a

main-duct axis and attaches to the main-duct at each of the two ends of the tube, as shown in

Figure 1.3.  In general, an incident plane-wave acoustic wave, traveling to the right, encounters a

branch in the path at the first intersection of the side-tube and main-duct, named the inlet of the

HQ tube.  The incident wave divides and will later recombine at the second intersection of the

side-tube and main-duct, similarly named the outlet of the HQ tube.  A difference in path length

will create a phase shift between the recombined signals and consequently attenuation of sound

at a number of discrete frequencies.  Changing tube parameters such as length (L), area (S), and

the distance between inlet and outlet openings, termed the interface distance (l), the frequencies

of cancellation can be adjusted.



Lori A. Brady Chapter 1 - Introduction 4

This thesis will investigate the HQ tube approach for the case of higher-order acoustic

mode disturbances.  This should be contrasted to previous studies of the HQ approach where

only plane-waves were considered in the system.

Recombined
Transmitted

Sound

 L HQ TubeMain-duct

S

 h

y
x

 l

Incident
Disturbance

Sound

xc

Figure 1.3. Herschel-Quincke tube concept

1.2 Review of Literature on Hershcel-Quincke Tube Concept

Herschel [8] first discussed the idea of acoustic interference of musical tones in such a

system in 1833.  He predicted that cancellation of tones would occur when the path length

difference between the recombined signals was (2m+1)(λ/2), where λ is the wavelength of the

acoustic wave and m is any integer.  Later, in 1866, Quincke [9] experimentally validated that

Herschel’s system did effectively cancel sound.

Stewart [10], in the 20th century, found Herschel’s theoretical explanation to be

insufficient to interpret experimental data he had observed.  Using a plane-wave analysis,

Stewart derived an analytical model describing the ratio of transmitted to incident sound

intensity in the system.  He verified that cancellation does occur when the path length difference

is (2m+1)(λ/2), as predicted by Herschel [8].  However, it was found that attenuation also occurs

when the path length difference is mλ with limited attenuation at other transitional frequencies.
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Stewart’s model assumed that the HQ tube system was composed of three duct sections,

each with constant cross-sectional area.  These three duct sections described; the entrance portion

of the main-duct (up to the side-tube inlet), the HQ tube and section of main-duct between the

HQ tube intersections, and the exit portion of the main duct (following the HQ tube outlet).   The

cross-sectional areas of the HQ tube and the section of main-duct between the HQ tube

intersections were assumed to be equal.  Although, Stewart’s work was a valuable contribution in

the analysis of HQ tubes, the model could only be used in the absence of flow and was still

limited to plane wave acoustic fields.

Only recently did Selamet, et. al. [11, 12] extend Stewart’s work by deriving an analytical

model without the limitations on duct cross-sectional geometry.  However this model still does

not include flow or higher-order modes.  It is interesting to mention that approximately 65 years

passed between Stewart’s and Selamet’s publications.  In fact, during this time period very little

work was reported in the literature on the subject of HQ tubes.

Beyond generalizing Stewart’s work, Selamet, et. al. [13-16] continued to develop the

analysis of the HQ systems to include alternatives in both modeling approach and system

geometry.  In 1994, Selamet, et. al. [13] studied multi-dimensional effects, seen at main-duct and

HQ tube interfaces, using one-dimensional finite difference and three-dimensional boundary

element numerical approaches.  It was found that both numerical schemes compared well with

each other and with experimental data, indicating the one-dimensional behavior of the sound

fields well below the first main-duct higher-order mode cut-off  frequency.  However, some non-

planar or higher-order mode behavior was observed at the HQ tube inlet.  Still, Selamet, et. al.

[13] concluded that the main-duct side-tube interfaces did not contribute to any deviation from

the one-dimensional plane-wave behavior.

In 1995, Selamet, et. al. [14] modeled several acoustic silencers, including the HQ tube

system, using a one-dimensional time-domain numerical approach.  This model incorporated

nonlinear behavior by simulating unsteady compressible flow.  The objective of the work was to

compare the well known linearized acoustic theory with the numerical solution, assuming zero

mean flow.  In the case of the HQ tube, it was found that the numerical model correlated well
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with acoustic theory in the lower half of the frequency range studied, but with increasing

frequency some variation could be seen.  However, this discrepancy was not explained and

further validation of the model was suggested for a future paper with experimental data.  They

speculated that if proven, the potential for this modeling approach is substantial for the reason

that now nonlinear flow disturbances, as seen in internal combustion engines, could be

considered.  However, no publication was found for the model validation.

In 1996, Selamet, et. al. [15] looked at the influence of an expansion chamber in the HQ

side-tube using once again a plane-wave modeling approach, as shown in Figure 1.4.  Typically,

in a HQ tube system without an expansion section, it is possible to control the resonant

frequencies simply by changing the length of the HQ tube.  However, with the addition of an

expansion chamber, it was found that substantial shifting of the resonances can occur by

changing the distance of the expansion chamber to the HQ tubes.  This can be useful in the

design of a HQ tube system for a noise control application in which the side-branched tubes are

constrained to a certain length.

 l1

 h l

 l3

 l2

 S2

 S3 S1

Figure 1.4. Herschel-Quincke tube with expansion chamber

In 1997, again Selamet, et. al. [16] published a paper considering yet another geometrical

variation on the standard HQ tube system.  This work extended the classical HQ tube system

modeling to a multiple HQ tube configuration.  It was found that with an increasing number of
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HQ tubes the sound attenuation characteristics become more and more complicated.  For this

reason, numerical results were limited to two and three HQ tube arrangements.  In general, it was

found that the HQ tube diameter influences the width of transmission loss bands and HQ tube

length influence system resonant frequencies.  Also, it was shown that transmission loss

characteristics for two and three HQ tube configurations differ greatly.  More importantly, the

intention of the paper was to simply present the modeling method for the multiple HQ tube

system.  This model can be valuable in determining the cost or benefit of an increasing number

of HQ tubes for a specific noise control application.

Although these previous works produced a wealth of theoretical explanations of HQ tube

systems for various geometric and modeling configurations, still the basic understanding is

limited to systems with one-dimensional plane-wave sound fields.  The influence of the HQ

tube system on more complex acoustic fields has not as of yet been addressed.

1.3 Objectives

There are two main objectives in this work.  The first, is to develop an analytical model

to address the effect of the HQ tubes when applied to a duct in the presence of a complex

acoustic field, i.e. higher-order modes.  The second is to determine the potential of the HQ tube

system to suppress higher-order mode disturbances and the physical mechanisms responsible for

this attenuation.

Specifically, the development of the theoretical model will attempt to accomplish several

tasks.  The first is to model the influence of the two-dimensional HQ system on higher-order

mode acoustic fields.  The second is to reevaluate the relevancy of classical one-dimensional HQ

theory.  Finally, this model will be used to gain insight into the physics behind the sound

attenuation of higher-order modes.  The realization of these objectives will benefit future work in

the design of HQ tubes for practical noise reduction applications.
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1.4 Outline of Thesis

The main goal of this thesis is to investigate the potential of the HQ tube system to

suppress higher-order mode acoustic disturbances in two-dimensional ducts.  Chapter 2 presents

the analytical modeling technique developed to address the effect of the HQ tubes when applied

to a duct in the presence of higher-order modes.  This chapter also presents the extension of the

basic system analysis to include HQ tubes in series, a comparison with the traditional plane wave

acoustic theory, and various useful modeling simplifications.

In Chapter 3 numerical results are presented, in the form of parametric studies, to identify

and explain the physical mechanisms behind the attenuation of higher-order modes.  Various

changes to the modal components of the disturbance and HQ tube geometry will be investigated.

Changes in the modal components of the disturbance will consist of increasing the modal

complexity of the disturbance while examining the system transmission loss characteristics.

Modifications to the tube geometry will include changes in tube axial locations, lengths,

interface distances, cross-sectional areas, and the addition of a second pair of HQ tubes.

Finally, in Chapter 4, the conclusions for the thesis are presented.  The theory of the HQ

tube systems, incorporating higher-order mode acoustic disturbances, is reviewed.  The main

conclusions are described and recommendations are made for future research and applications of

this modeling technique and the HQ tube for noise control applications.
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Chapter 2 – Analytical Modeling

In this chapter, the theoretical analysis for the two-dimensional HQ tube system is

presented.  This analytical model is desired in order to explore the physical mechanisms behind

the attenuation of sound and to investigate how changes in geometric parameters influence this

attenuation.  Of primary consideration is developing a set of equations that describes the sound

field within the duct due to a known higher-order mode disturbance and modified by the

presence of the HQ tubes.  This is accomplished using a Green’s function technique assuming

that the interfaces of the duct and tubes can be modeled as finite piston sources.

This analysis is presented for both a single pair of HQ tubes and for two pairs of HQ

tubes in series.  It should be kept in mind that the single-pair system is considered the primary

system of interest and is modeled in detail.  The system including two HQ tube pairs in series is

simply an extension of the basic single-pair system model.  In addition, the analysis will be

extended to include several closed form theoretical results which allows for a direct comparison

with the traditional plane-wave analysis.  Also, it will be shown how to predict frequencies at

which maximum attenuation will occur including the prediction of attenuation at the mode cut-

off frequencies.

2.1 Hershcel-Quincke Tube System Concept

A disturbance noise field is assumed to propagate within a two-dimensional duct of

height h in the positive x-direction.  The pressure due to the disturbance can be found assuming

that the system can be modeled as an infinite rigid-walled duct as shown below in Figure 2.1.

 h

y
x

Disturbance
Field

( )t,rpD
r

Rigid-wall
boundaries

y=h

y=0

Figure 2.1. Simplified duct model - two-dimensional infinite duct
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The pressure due to the disturbance, pD, at any point in the duct, ( )y,xr =
r

, can be

expressed as the sum of a set of ND modes of order µ propagating in the positive direction.  That

is:

( ) ( )∑
=

−=
D

x
N

0

xkti
D eyA)t,r(p

µ

ω
µµµ κΦ

r
(2.1)

where Aµ is the known complex amplitude of the µth mode (with µ=0 representing the plane-

wave mode), Φµ(.) is the eigenfunction or duct mode, and κµ is the eigenvalue given as:

( ) ( )
h

;ycosy
µπ

κκκΦ µµµµ == (2.2a,b)

In Figure 2.2, the eigenfunctions are plotted for modes µ=0, 1, 2, 3, and 4, respectively.  The

positive and negative signs represent the instantaneous positive and negative acoustic pressure

fluctuations.

Figure 2.2. Eigenfunctions Φ(κµy) for µ=0, 1, 2, 3, and 4

µ=0 µ=2 µ=3 µ=4µ=1
y=0

y=h

+

_

+ + + +

+

++

+

_

_

_

_

_
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The propagation characteristics of the modes are given by the axial wavenumber kx,

which is given by:







<−−

>−
=

µµ

µµ

κκ

κκ

k,ki

k,k
k

22

22

x (2.3a,b)

where k=ω/c is the free-field wavenumber and c is the speed of sound.  A mode will propagate

for k>κµ and will decay when k<κµ.  The frequency at which this change in propagation

characteristic occurs is termed the cut-off frequency for mode µ.  It is given for µκ=k yielding:

( ) ...3,2,1,0,
h

c
srad == µµ

π
ω µ (2.4)

In Equation (2.1), only propagating modes that satisfy the condition in Equation (2.3a) are

assumed in the disturbance at each frequency.  The derivation of the disturbance pressure

distribution, as described above, is presented in more detail in Appendix A.

The Herschel-Quincke tube system consists of a two-dimensional infinite rigid-walled

duct which is modified to incorporate two side-branched tubes, symmetrically located about the

duct axis.  These tubes are referred there as a pair of Herschel Quincke (HQ) tubes.  Figure 2.3

shows the system with a single pair of HQ tubes mounted at both the top and bottom of the duct.

For the sake of clarity and understanding the dynamics of the system, the HQ tubes are described

in two dimensions.  Two HQ tubes are used to take advantage of simplifications that can be

made due to symmetries when incorporating higher-order modes.  The tubes are assumed to be

of constant cross-sectional area S, per unit width, and have centerline length L.  The tubes axial

position is defined by the coordinate xc at the first tube-duct interface.  The distance between the

tube openings along the duct axis is denoted as l.
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 L HQ TubeMain-duct

S

 h

y
x

 lxc

Figure 2.3. Herschel-Quincke tube modeling concept

The application of these HQ tubes as a noise reduction device has been previously

studied in great detail, but for one-dimensional sound fields only, i.e. plane waves.  The most

recent theoretical treatment, for the basic HQ system with a plane-wave sound field, was derived

by Selamet, et. al. [11]-[12] and for the sake of completeness is reproduced in Appendix B.

However, these plane-wave models can not be used to investigate the performance of HQ tubes

in the presence of higher-order modes.  Thus, the main goal in this chapter is to develop models

to study the noise reduction mechanisms of HQ tubes for higher-order modes.

The modeling of the HQ tube-duct system is carried out by first separating the HQ tubes

from the duct at the interfaces, as shown in Figure 2.4.  The models of the sound fields in the HQ

tubes and in the main duct are first developed independently.  Then, these models are fully

coupled by matching the acoustic pressure and particle velocity at the tube-duct interfaces.  The

effect of the tubes on the duct is modeled by considering the tube-duct interfaces as finite piston

sources radiating into the duct.  Each piston is assumed to have an unknown velocity vs (s=1, 2,

3, and 4) which represents the particle velocities at the ends of the tubes.  It is important to

remark that, these piston sources can generate both plane-waves and higher-order modes in the

duct.
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Figure 2.4. Uncoupled Herschel-Quincke system with finite piston source radiators

HQ Tube Model

In this study, the HQ tubes have been depicted as semi-circular in shape.  However, for

modeling purposes they are considered as straight tubes with uniform cross-sections, as shown in

Figure 2.5.  The sound fields inside the separated tubes are assumed to consist of plane-waves,

i.e. there are no higher-order modes.  This assumption is valid as long as the frequency range of

interest is well below the first cut-off frequency of the HQ tubes.  This upper limit frequency is

defined as S2cfupper = .
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Figure 2.5. Uncoupled Herschel-Quincke tube with finite piston source radiators;

(a) representation and (b) simplified model

The sound field inside the tube is given by:

( ) ( )x̂ktix̂kti
tube eBeB)t,x̂(p +−−+ += ωω (2.5)

where B+ and B- represent the complex modal amplitudes of the plane-waves in the tube in the

positive and negative propagating directions, respectively.  The axial position within the HQ tube

is denoted by the local coordinate x̂ .

The acoustic pressures and particle velocities at the ends of the tubes, i.e. x̂ =0 and x̂ =L,

are expressed as:

(2.6a,b)( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

c

eeBeB
t,Lv

c

eBB
t,0v

eeBeBt,LpeBBt,0p
tiikLikL

tube

ti

tube

tiikLikL
tube

ti
tube

ρρ

ωω

ωω

−−+−+

−−+−+

−
=

−
=

+=+=
(2.6c,d)

where ρ is the fluid density, e.g. ρ=1.2Ns2/m4 in air at 20°C.  The acoustic pressure and particle

velocity at the end of the tube can be expressed in matrix form as:
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Rearranging Equation (2.7), the acoustic pressure at the end of the tube can be rewritten in terms

of the velocity as:

( )
( )

( )
( ) [ ] ( )
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
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tube

tube

tube

tube

tube ρ (2.8)

where Ztube represents the impedance matrix for the tube that relates the particle velocity to the

pressure at the two ends of the tube.  Equation (2.8) is valid for both of the HQ tubes in Figure

2.4.  Thus, the relationship between the acoustic pressures and the particle velocities for both HQ

tubes is conveniently written in matrix form as:

[ ]
[ ]



















































=











































4
tube

3
tube

2
tube

1
tube

tube

tube

4
tube

3
tube

2
tube

1
tube

v

v

v

v

Z0

0Z

p

p

p

p

(2.9)

where the superscripts 1, 2, 3, and 4 denote the four ends of the two tubes as indicated in Figure

2.4.

Duct Model with Finite Piston Sources and Disturbance

As depicted in Figure 2.6, the sound field in the separated main duct is obtained as the

linear contribution of the sound due to the four piston sources and the disturbance.  The pressure

at an arbitrary point r
r

 in the main duct can be expressed as:

( ) ( ) ( )rprprp D

4

1s
sduct

rrr
+= ∑

=
(2.10)
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where )r(ps
r

 is the pressure due to the sth piston source and )r(pD
r

 is the pressure due to the

disturbance.  The pressure due to the disturbance is given in Equation (2.1).  On the other hand,

the piston sources are assumed to move with unknown complex velocities, i.e. s
ductv  is the

velocity of the sth piston.  Thus, the sound field generated by the piston sources is required and it

is obtained by integrating the rigid-walled Green’s function for an infinite duct over the cross-

section of the source [17].  That is:

0

2Sx

2Sx
0

s
ducts dx)r r(Gvi)r(p

s

s

∫
+

−
=

rrr
ωρ (2.11)

where xs is the center coordinate of the sth piston source.  The Green’s function )r r(G 0
rr

 is

defined as the pressure at any point, r
r

, due to a point source located at 0r
r

.  This is derived in

Appendix C and is given as:

tixxik
N

0n xn

0nnnn
0 ee 

k

)y( )y(

2

i
)r r(G 0x

g
ω

Λ
κΦκΦ −−

=
∑

−
=

rr
(2.12)

In Equation (2.12) the axial wavenumber kx, eigenfunctions (.)nΦ , and eigenvalues nκ  are the

same as given in Equations (2.2)-(2.3), but distinguished by the subscript n representing the

modal order of the Green’s functions.  The orthogonalization constant, Λn , is h if n=0 (the

plane-wave mode) and h/2 if n>0 (the higher-order modes) and Ng is the number of modes

included in the Green’s function.  Note that in the Green’s function in Equation (2.12) both

propagating and evanescent modes are included.  Thus, the effect of the “piston source” near-

fields are included by the evanescent modes.
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Figure 2.6. Uncoupled main-duct with finite piston source radiators

Once the piston velocities are found, the acoustic pressure anywhere in the main-duct can

now be computed using the expressions in Equations (2.1), (2.10), and (2.11).  To this end;

(i) the pressure and particle velocity at the interface between the HQ tubes and the main-duct

need to be matched.  Thus, the average pressure over the piston sources will be matched

to the uniform pressure

and

(ii) the piston velocity will be matched to the particle velocity at the ends of the tubes,

respectively.

Using Equation (2.10), the average acoustic pressure over the pistons can be expressed in

matrix form as:
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where s
ductp  is the average pressure over the sth piston due to the disturbance and all four piston

sources and Zs is an impedance matrix that relates the piston source velocities to the average

pressure over the sources.  Thus, the average pressure over the sth piston  can be written as:

s
D

4

1's

s
ductrs

s
duct pvG

~
ip += ∑

=
ωρ (2.14)

The rsG
~

 element of the impedance matrix Zs, in Equation (2.14), represents the average pressure

over the rth piston source due to a unit velocity of the sth piston source.  To derive this function,

the pressure from Equation (2.11) due to the sth piston needs to be integrated over the surface of

the rth piston.  From the symmetry of the problem in Figure 2.7, there are only two cases to

consider, which are presented in Appendix C.  The elements of the Zs matrix are given as:

( ) ( )

( ) ( )
sr

N

0n
x

ik
2
xn

snrn
rs

sr

N

0n

2

s
ik

2
xn

snrn
rs

xx,
2

s
ksine

k

yy
iG

~

xx,1e
k

yy
G
~

g
x

g x

≠





−=

=













−=

∑

∑

=

−

=

−

l

Λ

κΦκΦ

Λ

κΦκΦ

(2.15)

and are illustrated in Figure 2.7.
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Figure 2.7. Samples of the integrated Green’s functions
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HQ Tube-Duct Coupling

Figure 2.8 shows the coupled system.  The models for the HQ tubes and the main-duct

are coupled by matching (i) the pressure on the surface of the pistons to the constant pressure at

the end of the HQ tube and (ii) the piston velocity to the particle velocity at the end of the HQ

tube, i.e. s
duct

s
tube pp =  and s

duct
s
tube vv = , for s=1, 2, 3, and 4 (see Figure 2.4).  Replacing s

tubev  by

s
ductv  in Equation (2.9) and substituting this into Equation (2.13) leads to a linear system of

equations that can be solved for the unknown piston source velocities, s
ductv .  That is:
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Figure 2.8. Coupled Hershcel-Quincke system

Once the source velocities are known, the pressure at any location within the duct can be

found using Equation (2.10).  It is conveinent to express the pressure within the duct in terms of

the disturbance, transmitted, and reflected modal amplitudes as depicted in Figure 2.8. The
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modal amplitude of the disturbance is given in Equation (2.1), i.e. Aµ.  The modal amplitudes of

both the transmitted and reflected waves are found using Equation (2.10).  The transmitted

pressure is defined at x≥xc+l and is given as:

( ) ( ) ( )
hy0

xx
,y,xpy,xpy,xp c

D

4

1s

T
sT ≤≤

+≥
+= ∑

=

l
(2.17)

where T
sp  is the transmitted acoustic pressure due to the sth piston.  Adding the contributions of

the four piston sources and the disturbance, the transmitted sound field is given as:
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where the velocity terms are obtained from Equation (2.16).  Thus, the modal amplitude of the

transmitted nth modes is given as:
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Similarly, the reflected pressure distribution is defined at x<xc and is given as:
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that leads to:
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where the velocity terms are again obtained from Equation (2.16).  Thus, the modal amplitude of

the reflected modes is given as:
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Using the modal amplitudes of the disturbance, transmitted, and reflected pressure

distribution, the performance of the HQ tube system will be studied.  The effectiveness of the

HQ tubes as a noise control device is determined using the transmission loss (TL) as a metric.

The TL is defined as a ratio of the disturbance to transmitted power as:

T

D
10log10TL

Π
Π

= (2.23)

Power is the rate at which energy flows through the duct axially and is given as the acoustic

intensity in the x-direction integrated across the duct cross-section:

( )∫=
h

0
x dyrI
r

Π (2.24)

where the intensity is defined as:

( ) ( ) ( )[ ]*rvrpreal
2

1
rI xxx

rrr
= (2.25)

and the notation * indicates the complex conjugate.  The particle velocity is defined using

Euler’s equation and in the axial direction is given as:
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Thus, the expression for transmitted power in Equation (2.24) can be rewritten in terms of the

disturbance, transmitted, and reflected modal amplitudes:

( ) µµ Λ
ωρ

Π
2*

xD Akreal
2

1
=

( ) n
2

Tn
*
xT Akreal

2

1
Λ

ωρ
Π = (2. 27a,b,c)

( ) n
2

Rn
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xR Akreal

2

1
Λ

ωρ
Π −=

where the modal amplitudes µA , TnA , and RnA  are defined in Equation (2.1), Equation (2.19),

and Equation (2.22) respectively.

2.2 Herschel-Quincke Tubes in Series

The previously described model for the single pair of HQ tubes served the purpose of

describing the modeling approach in detail.  To extend the model to multiple pairs of HQ tubes,

the same approach is taken.  This analysis is undertaken to study whether multiple pairs have

significant attenuation benefits over a single pair system.

The infinite duct is modified to incorporate two sets of HQ tube pairs, placed in series as

shown in Figure 2.9.  The first pair of tubes has the same configuration as the single-pair system

described in Section 2.1.  The second pair of HQ tubes is again assumed to be of constant cross-

sectional area S2 and centerline length L2.  The tubes are positioned axially at a distance xc2 from

the outlets of the first pair.  The distance between the tube openings along the duct axis is

denoted as l2.
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Figure 2.9. Herschel-Quincke tubes in series

The modeling approach is identical to the method used for the single-pair system.  The

modeling is carried out by first separating the HQ tubes from the duct at the interfaces.  The

models for the sound fields in the HQ tubes and in the main duct are first developed

independently.  Then, these models are fully coupled by matching both the pressure and particle

velocity at the HQ tube and main-duct interfaces.  The effect of the tubes on the duct is modeled

by considering the tube-duct interfaces as finite piston sources radiating into the duct.  Each

piston is assumed to have an unknown velocity s
ductv  (s = 1 through 8) which represents the

particle velocities at the ends of the tubes.  These piston sources can generate both plane-waves

and higher-order modes inside the duct.

The pressure distribution within the HQ tubes is assumed to consist of only plane-waves

as expressed by Equation (2.5).  Thus, once again, the sound field within the main duct is given

as the summation of the pressure from the eight piston sources and the disturbance.  That is:
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rrs
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where the pressure due to the disturbance pD is evaluated using Equation (2.1) and the pressure

due to a finite piston source is again obtained by integrating the rigid-walled Green’s function for

an infinite duct, as described in both section 2.1 and Appendix C.

Once the sound fields within the separated HQ tubes and main duct are defined, the

coupling of these sound fields is accomplished by matching both pressure and particle velocity at

the interfaces.  The piston velocities are now attained as:








































−








=















 −

8
D

1
D1

II,III,II

II,II,I

III

III

8
duct

1
duct

p

p

G
~

G
~

G
~

G
~

k2
TDTD

TDTD
ci

v

v

MM ρ (2.29)

where the sub-matrices for the HQ tube dynamics are given by:

[ ] [ ]
[ ] [ ]

[ ] [ ]
[ ] [ ]






=








=

ζ
ζ

ψ
ψ

0

0
TD

0

0
TD III (2.30)

and the matrices Ψ and ζ are given by:
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The second matrix in Equation (2.29) is defined as:
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where the sub-indices I and II denote associations with the first and second HQ tube pairs

respectively.  Therefore, as an example the elements of matrix II,IG
~

 represent the average

pressure over the piston sources of the first HQ tube pair due to a unit velocity of pistons on the

second HQ tube pair.

Once the source velocities are known, the pressure at any location within the duct can be

found using Equation (2.28).  Again, it is convenient to express the pressure within the duct in

terms of the disturbance, transmitted, and reflected modal amplitudes.  The amplitude of the

transmitted and reflected modes are given as:
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where the equations are valid as long as x>xc+l+xc2+l2 and x<xc for the transmitted and reflected

wave amplitudes respectively.
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2.3 Modeling Simplifications – Single HQ Tube Pair

The models developed in previous sections allow for the prediction of the reduction of

noise in a duct for an arbitrary configuration of HQ tube pairs.  The accuracy of the model

depends on the number of modes to be included in the Green’s function.  However, it is

interesting to derive simplified expressions that would allow for easier understanding of the

physics as well as guide in preliminary design of the HQ tube system.  In this section, simplified

expressions are presented to accomplish these goals.

The first step is to take advantage of the reciprocity property of the impedance functions

in the case of no fluid flow.  That is:

srrs G
~

G
~ = (2.34)

which implies that the average pressure at piston r due to a piston source at s is equivalent to the

pressure at piston s do to the piston source at r.  In other words, it is the distance between the

observation piston and source piston which characterizes the impedance.  This results from the

exponential term found in the Green’s function, which is dependant upon the absolute value of

the difference between the observation point and source location in the x-direction.  In addition,

it is clear that:

44332211 G
~

G
~

G
~

G
~ === (2.35)

Also, due to the symmetric placement of the HQ tubes about the duct axis, the following

simplifications can be made (see figure 2.8):

12G
~

= 34G
~

  13G
~

= 24G
~

  14G
~

= 23G
~

(2.36)

Considering all of the above simplifications, Equation (2.16) can be reduced to:
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where it is now only necessary to evaluate four impedance terms.

It is possible to further simply the previous equation by considering that the disturbance

input consists of even and odd modes separately.  Due to the symmetric location of the HQ

tubes, if the disturbance is comprised of only even (odd) modes, the piston velocities at the same

axial location will be in phase (out of phase) and of equal magnitude; i.e. 3
duct

1
duct vv =  and

4
duct

2
duct vv =  ( 3

duct
1
duct vv −=  and 4

duct
2
duct vv −= ).  Therfore, the impedance elements can be further

simplified as 11G
~

= 13G
~

 and 12G
~

= 14G
~

 ( 11G
~

=- 13G
~

 and 12G
~

=- 14G
~

).  Using this information, it is

now only necessary to find two piston source velocities, either 1
ductv  and 2

ductv or 3
ductv  and 4

ductv

to specify the entire system.  Equation (2.37) can now be reduced to:
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( ) ( ) ( )
∑∑
=

−

=

−

−=





 −

=
g xg

2
s

x
N

0n
2
xn

2
s

x
ik2

nn
12

N

0n
2
xn

ik2
nn

11
k

ksineh
iG

~

k

1eh
G
~

Λ

κΦ

Λ

κΦ l

(2.39a,b)

The system of equations in Equation (2.38) can be solved in closed form and the expressions for

the modal amplitudes of the disturbance, transmitted, and reflected waves can be obtained.  They

are:
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µAADn = (2.40)

for the disturbance,
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for the transmitted, and
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for the reflected modes, where the two piston source velocities, 1
ductv  and 2

ductv , are given as:
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where:
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ci
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kLtan

ci ρ
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ρ
α == (2.44a,b)

and the pressure due to the disturbance is defined using Equation (2.1).  This simplified model

will be used in a comparison with the plane-wave modeling approach, to predict the frequencies

of maximum attenuation for individual modes, and to predict attenuation at the cut-off frequency

for an individual mode.
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Comparison with Plane-Wave Modeling Approach

The model developed here for the HQ tubes can be used to investigate any disturbance

modal distribution, i.e. plane-wave and higher-order modes.  Thus, the model should also be

capable of predicting the response at frequencies below the first cut-off frequency where only the

plane wave mode is present.  The simplified model developed above will be used to predict, in

closed form, the attenuation for the case of a plane wave mode in the disturbance.  In addition,

this expression will be compared to the traditional plane wave model.

The plane-wave analysis method for investigating the HQ tube is shown in Appendix B.

For the sake of comparison, the higher-order mode model as derived in Section 2.1 can be

simplified for direct comparison with the plane-wave model.  Assuming no fluid flow, the ratio

of the disturbance to transmitted wave amplitude for a single mode can be found using Equation

(2.40) and Equation (2.41) as:
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This expression can be further simplified for the plane wave mode, by setting n=0, kx=k, and

Λn=h giving:
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Additionally, it is assumed that the acoustic wavelength is much larger than that of the source

dimension, λ>>S.  The harmonic function can then be approximated as:
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Taking into account these approximations and evaluating 11G
~

 and 12G
~

 using Equation

(2.39a,b) the ratio of the disturbance to transmitted wave amplitude for the plane wave mode is

given by:
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and rearranging for comparison with the plane-wave model, as depicted in Appendix B, gives:
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where:

h

S2
AR = (2.50)

is known as the system area ratio.  Using Equation (2.23), the TL for the plane wave mode can

be written as:
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Comparing this expression for TL to the expression derived in Appendix B using the

traditional plane-wave analysis shows that the expressions are identical.  Therefore, it is proven

that the higher-order mode modeling approach is equivalent to the plane-wave approach when

considering only the plane-wave mode in both the disturbance and Green’s functions. Thus, the

traditional plane-wave model is a special case of the higher-order model developed here.

Frequencies of Maximum Attenuation

Another useful application of the simplified model developed in Section 2.3 is that it can

be used to predict the frequency of maximum attenuation for individual modes.  Maximum

attenuation is obtained when the numerator of the ratio of the transmitted to disturbance wave

amplitudes is set equal to zero.  This ratio is defined, using Equation (2.40) and Equation (2.41)

as:
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Using again the approximation in Equation (2.47a,b) and setting the above equation to zero, the

frequencies of optimum attenuation for the selected mode n is obtained.  This leads to the

following transcendental equation:

( ) ( )lx
xn

ksin
k

Sk2
kLsin

Λ
−= (2.53)

The significance of this expression is that for a fixed set of HQ tube parameters, e.g. L, l, and S,

Equation (2.53) shows that each mode has a set of optimum frequencies of attenuation, which

increases with increasing modal orders.  The left hand side of the equation depends only on the

tube length.  The right hand side of this equation is a function of the tube cross-sectional area,

distance between interfaces, and the modal order.  Thus, the optimal frequency of attenuation is
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different for each mode present in the duct.  This is depicted in Figure 2.10 where the left and

right hand side of equation (2.53) are plotted as a function of the frequency.  For a given tube

length, the left hand side function is a single curve shown in Figure 2.10 (black line).  The right

hand side of the equation depends on the mode axial wavenumber kx.  The curves for modes 0, 1,

2, and 3 are shown in the figure.  The frequency of optimum attenuation occurs when the left and

right hand side curves intersects as shown in the figure.  For the same mode, there are many

frequencies where the curves intersects, i.e. roots of equation (2.53).  It is also interesting to

show that as the area of the HQ tube is reduced (Sà0), the optimum frequency of attenuation

approaches the natural frequencies of the HQ tube assuming pressure release boundary

conditions, i.e. kL=0.  It is also interesting to note that for the plane-wave mode, i.e. n=0 and

kx=k, Equation (2.53) is the same expression found by Selamet et. al. [11, 12] using the

traditional plane-wave analysis.  Numerical results using this equation will be presented in

Chapter 3 of this thesis.

Figure 2.10. Single-mode frequencies of maximum attenuation

(h=25.4 cm, S=1.27 cm, L=12.7 cm, and l=10.16 cm)
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Attenuation at Mode Cut-Off Frequencies

Additionally, it is also of interest to note that the simplified model can also be used to

predict attenuation at the cut-off frequency for an individual mode.  This can be shown

mathematically by looking at the limit of the transmitted to disturbance wave amplitude as the

mode wavenumber approaches zero:

0
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=
→

(2.54)

where the ratio of transmitted to disturbance modal amplitude is given by Equation (2.52).

Again assuming that that the acoustic wavelength is much larger than that of the source

dimension, i.e. λ>>S, and using  the resulting approximations as stated in Equation (2.47a,b),

this ratio is reduced to:
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where C is defined as:

n

S
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Λ
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= (2.56)

The limit in Equation (2.55) is actually undefined because of the first term in the expression, i.e.

00 .  This undefined term can be manipulated to obtain its limit using L’Hopital’s rule [18].

L’Hopital’s rule states that for a given ratio ( ) ( )xgxf , for which both f(x0)=0 and g(x0)=0, it

can be shown that:
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as long as f(x) and g(x) are continuous and have derivatives that are continuous on some open

interval that contains x0 .  Equation (2.55) can now be  reduced to:
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where the ratio of transmitted to disturbance wave amplitude approaches zero in the limit as the

wavenumber approaches zero.  Thus, at the cut-off frequency the attenuation produced by the

HQ tubes is perfect independent of the tube dimensions.
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Chapter 3 – Numerical Analysis

In this chapter, the numerical analysis for the two-dimensional HQ tube system is

presented.  These numerical results are desired in order to explore the physical mechanisms

behind the attenuation of sound, in particular the attenuation of higher-order acoustic modes.  To

accomplish this, it will be necessary to investigate how varying both the modal components of

the disturbance and the system geometric parameters influence this attenuation.  The HQ system

transmission loss characteristics will be examined first with only a plane-wave disturbance, but

this disturbance will be increased in complexity to include both even and odd higher-order

modes.  Also, the influence of geometric parameters such as tube axial position, length, distance

between interfaces, cross-sectional area, and the number of tube arrays will be examined.

3.1 Modal Analysis with Increasing Disturbance Complexity

The following section describes the noise reduction mechanisms involved in the

attenuation of high-order mode acoustic disturbances.  This is accomplished by examining

several aspects of the system characteristics by gradually increasing the modal complexity of the

disturbance.  The numerical results were computed for the two symmetrically located HQ tubes

as shown in Figure 2.3.  It was assumed that there was no fluid flow in the system, but that the

fluid is air, i.e. c=343 m/s and ρ=1.21 Ns2/m4.

Comparison with Plane-Wave Modeling Approach

The first case investigated compares the simplified higher-order model developed in

Section 2.3 for a plane-wave disturbance to the traditional plane-wave analysis by Selamet et. al.

[10-11], which was reproduced in Appendix B.  The dimensions of the system are h=4.9 cm,

S=2.45/2 cm, L=0.8 m, and l=0.4 m for the higher-order mode model and the parameters for the

plane-wave model are Sd=4.9 cm, St=2.45 cm, l3 =0.8 m, and l2=0.4 m.  The first cut-off

frequency, i.e. µ=1, is 3500 Hz.  For this comparison, several system characteristics will be

investigated including, the frequencies of maximum attenuation, the phase relationship between

the recombined waves at the outlet of the HQ tube, and the transmission loss.
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Equation (2.53) is used to predict the frequencies of maximum attenuation assuming a

single mode both in the disturbance and in the Green’s function.  This equation is best depicted

by plotting the left and right-hand sides on the same plot, as is shown in Figure 2.10.  The

frequencies of maximum attenuation occur at the intersections of these curves.  The significant

of these results is that for a given set of system geometric parameters (h, S, L, and l) each mode

has a set optimum frequencies of attenuation, which increases with modal order.

This analysis can be taken a step further by investigating the phase relationship between

the recombined waves.  The phase relationship is easily explained using Figure 3.1.  In this

figure, the incident sound field, traveling to the right, encounters a branch in path at the inlet of

the HQ tube.  The incident wave then divides into the wave travelling through the HQ tube and

the wave remaining in the main-duct.  At this first intersection, it is assumed that all of the waves

are in phase.  Both of these divided waves travel and recombine at the outlet of the HQ tube.

The waves in the HQ tube and main-duct travel a distance of L and l respectively.  Therefore, the

relative phase between the recombined waves is defined as:

lxkkL − (3.1)

y
x  l

kL

kxl

Assume waves are in phase

The relative phase
between the two waves
is kL-kxl

 L

Figure 3.1. Phase relationship between recombined waves
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Figure 3.2 shows these system characteristics over a frequency range below the first cut-

off frequency, i.e. 3500 Hz.  The top subplot is the left and right-hand side of Equation (2.53),

the center subplot is the phase difference between the recombined waves, and the bottom subplot

is the transmission loss comparison between modeling approaches.  The higher-order mode

results were calculated assuming that only the plane-wave is present in the disturbance, but that

the finite piston sources are capable of generating higher-order modes in the duct, i.e., the

evanescent modes were included in the Green’s functions or Ng=129.

Figure 3.2. Comparison of plane-wave and higher-order mode models including; frequencies of

maximum attenuation, phase difference of recombined waves (rad), and transmission loss (dB)

As seen in the top subplot of the previous figure, the frequencies of maximum attenuation

occur at the intersections of the two sinusoidal curves.  Two such intersections have been

highlighted and occur at 421 and 1261 Hz.  At these frequencies the phase difference between

the recombined waves are 3.1 and 9.4 rad, corresponding to path length differences of λ/2 and

3λ/2, respectively.  Also of note is the increasing discrepancy with frequency between the plane-

wave and higher-order mode transmission loss curves in the bottom subplot.  The differences

between the two curves are due to the inclusion of the near-field effects of the evanescent modes

in the higher-order mode model.  The effect of the evanescent modes becomes more significant

as the frequency increases and approaches the cut-off frequency of the first higher-order mode.

Thus, the traditional plane-wave approach is only valid at very low frequencies, well below the

cut-off frequency of the µ=1 mode.  When the evanescent modes, created by the finite piston

HOM
Plane-Wave
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sources, are removed the plane-wave and the higher-order mode results are identical.  In fact, it

has been shown analytically that the traditional plane-wave model is a particular case of the

higher-order model, see Section 2.3 for details.

Single-Mode Analysis

In order to address the performance of the HQ tube to suppress higher-order modes, an

analysis was performed in which the disturbance is comprised of a single mode.  In this analysis,

the finite piston sources generate the same single mode as included in the disturbance and the

system dimensions are as follows; h=25.4 cm, S=1.27 cm, L=12.7 cm, l=10.16 cm, and xc=25.0

cm.

Figure 3.3 depicts this analysis for the first four modes, i.e. µ=0, 1, 2,and 3.  Each subplot

in this Figure contains three graphs.  The first is the left and right-hand side of Equation (2.53),

the second is the phase difference between the two waves at the second tube-duct interface, and

the third is the transmission loss.  For example, Figure 3.2a shows that for the µ=0 mode

maximum attenuation of 29 and 36 dB occurring at 1377 and 2747 Hz, respectively.  This

subplot also indicates a phase difference of 0.64 and 1.3 rad at these frequencies.  The

significance of these phase differences is that for a small area ratio they do not correspond to

multiples of λ/2.  Similar results are presented for the first three higher-order modes, i.e. µ=1, 2

and 3, in Figures 3.2(b), 3.2(c) and 3.2(d), respectively.  What is obvious is that the frequencies

of maximum attenuation are different for each mode and that with increasing modal order these

frequencies also increase.
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(a) µ=0 (b) µ=1

(c) µ=2 (d) µ=3

Figure 3.3. Single-mode frequencies of maximum attenuation, phase difference of recombined

waves, and transmission loss for modes; (a) µ=0, (b) µ=1, (c) µ=2, and (d) µ=3

This same type of single-mode analysis can be used to investigate how system geometric

parameters influence the frequencies of maximum attenuation.  This is presented in Figure 3.4,

for several values of the HQ tube cross-sectional area, S=0.32, 0.64, 1.27, 2.54, and 5.08cm and

for the first four system modes.  These areas correspond to area ratios ranging from 2.5% - 40%,

see Equation (2.50).  It should be kept in mind however that in practice implementation of a HQ

tube in an engine would be limited to area ratios of 10% or less.  For this reason the baseline

system has an area ratio of 10%.

1377 2747 1428 2797

1539 2811 2756 Hz
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(a) µ=0 (b) µ=1

(c) µ=2 (d) µ=3

Figure 3.4. Single-mode analysis of system characteristics with varying HQ tube area, S=0.32,

0.64, 1.27, 2.54,  and 5.08 cm, for modes; (a) µ=0, (b) µ=1, (c) µ=2, and (d) µ=3

In the previous figure, it is interesting to see graphically that as the area of the HQ tube is

reduced (S→0), the optimum frequencies of attenuation correspond to the natural frequencies of

the HQ tube, i.e. 1350 and 2700 Hz.  Also, the highest-order mode presented, the µ=3, is

affected more than the lower modes by the cross-sectional area.  Although this type of analysis is

shown only for variations in HQ tube cross-sectional area, once the tube length is selected it is

useful for investigating any of the other system geometric parameters.
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Odd Disturbance Modes

To better understand the performance of the HQ tubes to suppress multiple higher-order

modes, a disturbance containing the first two odd modes was next considered.  In this analysis,

the finite piston sources are capable of generating higher-order modes in the duct, i.e. Ng=129.

The dimensions of this system remain at h=25.4 cm, S=1.27 cm, L=12.7 cm, l=10.16 cm, and

xc=25.0 cm.  For this system, the cut-on frequencies for the µ=0, 1, 2, 3, and 4 modes are 0,

675.2, 1350, 2026, and 2701 Hz, respectively.  The two odd modes, µ=1 and 3, are assumed to

be present in the incident disturbance field with equal amplitude, AD1=AD3=1.  Note that due to

the symmetric configuration of the HQ tubes, the even modes will not be excited in this system.

Thus, the µ=1 is the only propagating mode in the duct below 2026 Hz while at higher

frequencies both the µ=1 and 3 are propagating.  The resulting transmission loss characteristic

are shown in Figure 3.5 for a disturbance comprised of both odd modes, Figure 3.5(a), and for a

disturbance comprised of each odd mode individually, Figure 3.5(b).

(a) (b)

Figure 3.5. Transmission loss (dB) versus frequency (Hz) for HQ system with disturbance

comprised of the odd modes µ=1 and 3; (a) together and (b) independently

Substantial attenuation is clearly achieved at 1250 Hz due to the reflection of the only

mode present, i.e. µ=1 at this frequency.  This result is not unexpected since the HQ tubes are

very effective at suppressing single modes as in the case of plane-wave mode in Figure 3.2.  On

the other hand, at 2495 Hz the transmission loss is 4.5 dB due to the attenuation of both odd

µ=3

µ=1
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higher-order modes, i.e. µ=1 and 3.  This is evident by plotting the complex amplitude of the

incident, transmitted, and reflected waves for each mode at the frequency of 2495 Hz.  This is

shown in Figure 3.6.

(a) (b)

Figure 3.6. Modal amplitude vectors at 2495 Hz for disturbance comprised of µ=1 and 3 modes;

(a) µ=1 modal amplitudes and (b) µ=3 modal amplitudes

Figure 3.6(a) shows that the µ=1 incident mode, 1A 1D = , was reflected back with

complex amplitude 1RA , yielding a net transmitted wave with amplitude 1TA .  Figure 3.6(b)

shows the same analysis for the µ=3 mode.  From the modal amplitudes, the sound power

reduction of the µ=1 and 3 modes is 3.2 and 8.0 dB, respectively.  Thus, these results

demonstrate that the HQ tubes are also effective in reducing multiple higher-order modes in a

duct.  It is also very interesting to note that the amplitude of the reflected µ=3 mode is larger

than the amplitude of the incident µ=3 mode, i.e. AR3 > AD3, see Table 3.1 which lists the power

and the amplitude of each of the of the modal components.  This clearly implies that some of the

acoustic energy from the µ=1 mode has to be spilled over into the µ=3 mode.  Thus, the

attenuation due to the HQ tubes can not simply be explained as reflection of the mode back to the

source.

µ=1 µ=3
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Power (dB) Magnitude of Modal Amplitude

µµ=1 µµ=3 µµ=1 µµ=3

Disturbance 81.7 79.5 1.00 1.00

Reflected 76.1 80.5 0.52 1.12

Transmitted 78.5 71.5 0.69 0.40

Table 3.1. Power and amplitudes of modal components at 2495Hz for odd modes µ=1 and 3

In order to gain further insight into the noise control mechanisms involved in the

suppression of multiple higher-order modes, a modal analysis is carried out where the amplitude

of the reflected and transmitted waves are computed for each of the incident modes applied

independently.  This analysis is presented in Figures 3.7(a) through 3.7(d).  For example, Figure

3.7(a) shows the incident µ=1 mode amplitude, 1A 1D = , and the resulting transmitted, 1
1tA , and

reflected, 1
1rA , wave amplitudes for mode µ=1.  Note that these amplitudes are different than the

ones in Figure 3.6(a) which again indicates that there are interaction effects between the modes.

Figure 3.7(b) shows the resulting transmitted, 1
3tA , and reflected, 1

3rA , wave amplitudes for mode

µ=3 due to the disturbance mode µ=1.  The conclusion of this is that some of the energy from

the µ=1 mode is spilled over into the µ=3 mode.  Figures 3.7(c) and 3.7(d) show the same

analysis for the case of the disturbance consisting of only the µ=3 mode with the same general

conclusions.  This sort of analysis is valid because the system is linear.
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(a) (b)

(c) (d)

Figure 3.7. Modal amplitude vectors at 2495 Hz; (a) and (b) disturbance consists of µ=1 mode,

(c) and (d) disturbance consists of µ=3 mode only

These plots clearly demonstrate that there are two mechanisms in the reduction of the

incident modes.  Firstly, the energy in an incident mode is in part reflected back to the source,

the same as in the classical plane-wave analysis.  Secondly there is some energy spilled from one

mode into the other mode.  The results in Figure 3.7 also suggest that there is more energy

spilled from the low-order mode µ=1 into the higher-order mode µ=3 than vice-versa, i.e.

3
1t

1
3t AA > .  Note that the energy spilled into other modes will propagate both upstream and

downstream as transmitted and reflected waves, respectively.  This is evident in the fact that

1
3tA = 1

3rA  and 3
1tA = 3

1rA .  The upstream or transmitted components, 1
3tA  and 3

1tA , will then
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contribute to the total transmitted sound power.  Thus, the suppression of a particular mode is

due to the combination of the spilled-over contributions from the various incident modes.  This is

demonstrated in Figure 3.6(b) which illustrates the suppression of the µ=3 mode.  Using the

principle of linear superposition, the resulting transmitted wave of the µ=3 mode, 3TA , is due to

the vector sum of the spill of the µ=1 mode into the µ=3 mode, 1
3tA , and the transmitted

component due to the same µ=3 mode, 3
3tA .  Thus, the net transmitted wave for the µ=3 mode is

the vector sum 3
3t

1
3t3T AAA

rrr
+=  which is indicated in dotted lines in Figure 3.6(b).  This behavior

should be contrasted to the traditional plane-wave analysis of the HQ tube where the only noise

reduction mechanism that takes place is reflection of the incident plane-wave.

Even Disturbance Modes

Using the same method to illustrate the dynamics of the odd modes, the even modes for

the same system will be described.  Again, the system dimensions are h=25.4 cm, S=1.27 cm,

L=12.7 cm, l=10.16 cm, and xc=25.0 cm resulting in cut-on frequencies for the µ=0, 1, 2, 3, and

4 modes of 0, 675.2, 1350, 2026, and 2701 Hz, respectively.  The three even modes, µ=0, 2 and

4, are assumed to be present in the incident disturbance field with equal amplitude, AD0=AD2=

AD4=1.  Note that due to the symmetric configuration of the HQ tubes, the odd modes will not be

excited in this system.  Thus, the µ=0 is the only propagating mode in the duct below 1350 Hz,

above 1350 Hz but below 2701 Hz both the µ=0 and 2 modes are propagating, and at higher

frequencies, those above 2701 Hz, all of the even modes µ=0, 2 and 4 are propagating.  The

resulting transmission loss characteristics are shown in Figure 3.8 for both a disturbance

comprised of all three even modes, Figure 3.8(a), and for a disturbance comprised of each mode

independently, Figure 3.8(b).
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(a) (b)

Figure 3.8. Transmission loss (dB) versus frequency (Hz) for HQ system with disturbance

consisting of; (a) all even modes, µ=0, 2 and 4, and (b) even modes independently

Referring to Figure 3.8(a), which depicts the transmission loss characteristics for a

disturbance comprised of all three even modes, substantial attenuation again is clearly achieved

at 1111 Hz due to the reflection of the only mode present, i.e. µ=0, at this frequency.  This result

is not unexpected since the HQ tubes are very effective at suppressing single modes.  However,

what is also apparent is that, unlike the odd modes case, there is not any other substantial

attenuation at another frequency.  Specifically, at 2495 Hz there is less than 1 dB in noise

attenuation.

Shown in Figure 3.8(b) are the transmission loss curves for the system with a disturbance

comprised of each even mode individually.  In this figure, it is clear that there is substantial

power attenuation, 5.3 dB, of the µ=2 mode at 2495 Hz.  To gain further insight into the

performance for these modes, further studies are carried out by plotting the complex amplitude

of the incident, transmitted, and reflected waves for each mode at the frequency of 2495 Hz.

This analysis is shown in Figure 3.9.

µ=2

µ=0

µ=4
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(a) (b)

Figure 3.9. Modal amplitude vectors at 2495 Hz for disturbance comprised of µ=0, 2, and 4

modes; (a) µ=0 modal amplitudes and (b) µ=2 modal amplitudes

Figure 3.9(a) shows for the µ=0 mode that only a small amount of the incident wave,

1A 0D = , was reflected back with complex amplitude 0RA , yielding a net transmitted wave with

amplitude 0TA .  Figure 3.9(b) shows the same analysis for the µ=2 mode, where again most of

the incident wave was transmitted with complex amplitude 2TA .  From the modal amplitudes,

the sound power reduction of the µ=0 and 2 modes is 0.96 and 0.16 dB, respectively.  This

information is summarized in Table 3.2 which lists the power and the amplitude of each of the of

the modal components.  Thus, these results again demonstrate, that for a disturbance comprised

of all of the even modes, there is negligible reduction at 2495 Hz.  Note that the µ=4 mode has a

cut-on frequency of 2701 Hz and is therefor not present at this frequency.

Power (dB) Magnitude of Modal Amplitude

µµ=0 µµ=2 µµ=0 µµ=2

Disturbance 84.9 81.1 1.00 1.00

Reflected 71.3 77.1 0.21 0.63

Transmitted 83.9 80.9 0.90 0.98

Table 3.2. Power and amplitudes of modal components at 2495Hz for even modes µ=0 and 2

µ=2µ=0
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In order to again gain further insight into the noise control mechanisms involved, a modal

analysis is carried out where the amplitude of the reflected and transmitted waves are computed

for each of the incident modes independently.  This analysis is presented in Figures 3.10(a)

through 3.10(d).  For example, Figure 3.10(a) shows the incident µ=0 mode amplitude, 1A 0D = ,

and the resulting transmitted, 0
0tA , and reflected, 0

0rA , wave amplitudes for mode µ=0, while

Figure 3.10(b) shows the resulting transmitted, 0
2tA , and reflected, 0

2rA , wave amplitudes for

mode µ=2 due to the disturbance mode µ=0.  Figures 3.10(c) and 3.10(d) show the same

analysis for the case of the disturbance consisting of only the µ=2 mode.

(a) (b)

(c) (d)

Figure 3.10. Modal amplitude vectors at 2495 Hz; (a) and (b) disturbance consists of µ=0 mode;

(c) and (d) disturbance consists of µ=2 mode only
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Considering the case in which the disturbance is comprised of the µ=0 mode only, Figure

3.10(a)-(b), it is clear that most of the incident wave energy, 0DA , is transmitted in the µ=0

component of the transmitted wave, termed 0
0tA .  However, there has been a small amount of

energy reflected in the µ=0 component of the reflected wave, 0
0RA , and some spill of energy into

both the transmitted and reflected components of the µ=2 mode, 0
2tA and 0

0rA  respectively.  This

behavior illustrates what is already known about the sound attenuation at this frequency from

Figure 3.8(b).  Namely, that for a disturbance comprised of the µ=0 mode only, there is very

little transmission loss at 2495 Hz.

Figure 3.10(c)-(d) depict the case in which the disturbance is comprised of the µ=2 mode

only, 2DA .  From these plots, it is evident that a small portion of the incident wave energy has

spilled into the transmitted and reflected components of the µ=0 mode, 2
0tA  and 2

0rA

respectively.  In addition, it can be seen that most of the incident wave energy is reflected in the

µ=2 component of the reflected wave, 2
2rA .  This explains the reason there is sound attenuation

at 2495 Hz for a disturbance comprised of only the µ=2 mode, as seen in Figure 3.8(b).

Like the odd modes case, these plots show that there are two mechanisms involved in the

modal reconstruction of the incident modes.  First, the incident wave energy is in part reflected

back to the source, and second there is some energy spilled into the other higher-order modes.

This spilled energy will propagate both upstream and downstream as transmitted and reflected

waves respectively.  The upstream component contributes to the total transmitted sound power.

These results also suggest that there is more energy spilled from the low-order mode µ=0 into

the higher-order mode µ=2 than vice-versa, i.e. 2
0t

0
2t AA > .

As mentioned before, the suppression of a particular mode is due to the combination of

the spilled-over contributions from the various incident modes.  This is demonstrated in Figure

3.9(b) as vector sums indicated as dashed lines.  For example, the resulting transmitted µ=2

mode, AT2 is due to the vector sum of the spill of the µ=0 mode into the µ=2 mode, 0
2tA , and the
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transmitted component due to the same µ=2 mode, 2
2tA , i.e. 2

2t
0
2t2T AAA

rrr
+= .  However, in this

case the two components 0
2tA

r
 and 2

2tA
r

 are nearly in phase and their contributions do not cancel

each other, as was the case for the odd mode disturbances in Figure 3.6.  Further investigation in

later sections will show that various system parameters affect the spill-over / addition behavior.

All Disturbance Modes

In the two previous sections, the suppression of the even and odd disturbance modes has

been studied in detail, but independently.  For the sake of completeness, the analysis of the HQ

tube system is extended to include all of the even and odd cut-on disturbance modes in the

frequency range of interest.  The same system geometric parameters are used with h=25.4 cm,

S=1.27 cm, L=12.7 cm, l=10.16 cm, and xc=25.0 cm.  Resulting in cut-on frequencies for the

µ=0, 1, 2, 3, and 4 modes of 0, 675.2, 1350, 2026, and 2701 Hz, respectively.  The first five

modes, µ=0, 1, 2, 3, and 4, are assumed to be present in the incident disturbance field with equal

amplitude, AD0=AD1= AD2= AD3= AD4=1.  The resulting transmission loss characteristic is shown

in Figure 3.11.

Figure 3.11. Transmission loss (dB) versus frequency (Hz) for HQ system comprised of all six

cut-off disturbance modes µ=0, 1, 2, 3, and 4
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At 1111 Hz, the transmission loss is 6.7 dB due to the attenuation of both the plane wave,

µ=0, and the first higher-order, µ=1, modes.  Centered around 2400 Hz, is a band of attenuation

with a peak of 2.0 dB.  At this frequency, this reduction is due to the attenuation of the first four

modes, µ=0, 1, 2,and 3.  This band of attenuation is studied by plotting the complex amplitudes

of the transmitted waves for each mode for the frequency of 2400 Hz, this is shown in Figure

3.12.

Figure 3.12. Transmitted modal amplitude vectors at 2400 Hz for disturbance comprised of µ=0,

1, 2, 3, and 4 modes

In this figure, the complex modal amplitudes, in black, red, blue, and green colors are

used to represent the µ=0, 1, 2, and 3 modes respectively and should not be confused with the

color scheme used in previous sections to represent incident, transmitted, and reflected wave

amplitudes.  It is clear that there is a reduction in the magnitude of the modal amplitudes, see

Table 3.3.  This reduction in magnitude leads to the attenuation of power.  In addition, it can be

seen that there is a change in phase of the complex amplitudes.
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Power (dB) Magnitude of Modal Amplitude

µ=0µ=0 µ=1µ=1 µ=2µ=2 µ=3µ=3 µ=0µ=0 µ=1µ=1 µ=2µ=2 µ=3µ=3

Disturbance 84.9 81.7 81.1 79.5 1.00 1.00 1.00 1.00

Reflected 71.3 76.1 77.1 80.5 0.21 0.61 0.60 1.25

Transmitted 83.9 78.5 80.9 71.5 1.01 0.45 0.70 0.48

Table 3.3. Power and amplitudes of modal components at 2400Hz for modes µ=0, 1, 2, and 3

It is important to study how the array of HQ tubes produces this reduction in the

disturbance modal amplitudes.  In order to accomplish this, a modal analysis is performed in

which the transmitted modes are computed for each of the incident modes independently.  This

analysis is presented in Figures 3.13(a) through 3.13(d).  For example, Figure 3.13(a) shows the

incident µ=0 mode (black solid line) amplitude, 1A 0D = , and the resulting transmitted wave

amplitudes, 0
0tA  and, 0

2tA , for mode µ=0 and µ=2, while Figure 3.13(b) shows the resulting

transmitted wave amplitudes, 2
0tA  and 2

2tA , for mode µ=0 and µ=2 due to the disturbance mode

µ=2 (blue solid line).  Figures 3.13(c) and 3.13(d) show the same analysis for the case of the

disturbance consisting of the µ=1 and µ=3 mode respectively.  It should be noted that at this

frequency the µ=4 mode is not cut-on.
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(a) (b)

(c) (d)

Figure 3.13. Transmitted modal amplitude vectors at 2400 Hz with disturbance consisting of

mode; (a) µ=0, (b) µ=2, (c) µ=1, and (d) µ=3

Again, from these plots it can be seen that there are two mechanisms in the reduction of

the incident modes.  A part of the incident energy is reflected back to the source, and secondly

there is some energy spilled into the other higher-order modes.  The suppression of a mode is due

to the combination of the spilled-over contributions from the various incident modes.  This is

demonstrated in Figure 3.14 which illustrates the suppression of the µ=3 disturbance mode, AT3.

The resulting transmitted wave of the µ=3 mode is due to the vector sum of the spill of the µ=1

mode into the µ=3 mode, 1
3tA , and the transmitted component due to the same µ=3 mode, 3

3tA .
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Thus, the net transmitted wave for the µ=3 mode is 3
3t

1
3t3T AAA +=  which is indicated as a

vector sum in a solid line in Figure 3.14.

Figure 3.14. Modal suppression of transmitted mode µ=3 at 2400 Hz, disturbance consists of

µ=0, 1, 2, 3, and 4 modes

3.2 Parametric Studies

This section continues to describe the noise reduction mechanisms involved in the

attenuation of higher-order mode acoustic disturbances.  This is accomplished by examining the

system transmission loss characteristics by changing geometric parameters such as tube length,

distance between interfaces, cross-sectional area, axial position, and the number of tube arrays.

The number of modes included in the Green’s functions was 130, including the plane-wave

mode, or Ng=129.

Tube Geometric Parameters: Axial Location, Length, Interface Distance, and Area

The attenuation of higher-order mode acoustic disturbances has been attributed to the

reflection of energy, the spill of energy between modes, and the reconstruction of components in

each mode.  Since the phase of each mode changes as it propagates down the duct, system

geometric parameters exist which influence the modally restructured magnitudes and phases to

optimally recombine, resulting in the minimum overall transmitted amplitude.  Such influential
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system characteristics are tube axial position (xc), length (L), distance between interfaces (l), and

area (S).

Numerical results were computed using the two symmetrically located HQ tubes as

shown in Figure 2.3.  The baseline dimensions of this system are h=25.4 cm, S= 1.27 cm,

L=12.7 cm, l=10.16 cm, and xc=25.0 cm.  Resulting in cut-on frequencies for the µ=0, 1, 2, 3,

and 4 modes of 0, 675.2, 1350, 2026, and 2701 Hz, respectively.  The first five modes, µ=0, 1, 2,

3, and 4, are assumed to be present in the incident disturbance field with equal amplitude,

AD0=AD1= AD2= AD3= AD4=1.  The number of modes included in the Green’s functions were

Ng=129.

Effect of Axial Position

In Figure 3.15(a), the transmission loss characteristic is shown versus the axial position xc

of the HQ tube for a frequency of 2400 Hz.  The transmission loss for a range of frequencies, 0-

3000 Hz is presented in Figure 3.15(b).  Clearly, the distance xc has a significant influence on the

attenuation of specific modes.  For instance, there exists a location xc,opt which is optimum for the

attenuation of all five of the disturbance modes.  In addition, the optimal location repeats

periodically down the duct.  Figure 3.15 (b) shows that the frequency of maximum attenuation is

insensitive of the axial position of the HQ tubes.

The reason for having an optimal axial location for the HQ tubes is that the relative phase

between the modes changes as they propagate along the duct because of their different axial

wavenumbers.  This implies that at some position along the duct the phase of the modes is such

that leads to the best recombination of the spill of energy between the modes and minimum net

transmitted power.  Again this behavior should be contrasted to the case of controlling a single

mode where the reduction is independent of the axial position of the HQ tubes.
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(a)

(b)

Figure 3.15. Transmission loss (dB) versus tube axial location, xc (m), with disturbance

comprised of µ=0, 1, 2, 3, and 4 modes at (a) 2400 Hz and (b) 0-3000 Hz

Figure 3.16 shows the modal components of the transmitted wave amplitudes at 2400 Hz

for a unit modal amplitude of the incident modes, µ=0, 1, 2, 3, and 4, and for the range of values

of the tube axial location, i.e. xc=0 to 0.29 m.  The range of modal amplitudes corresponding to

the range of xc values are indicated by the curve connecting the two vectors associated to the
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lower and upper values of the range.  This figure shows that the magnitude and phase of the

modes are greatly affected by the tube axial location.

Figure 3.16. Transmitted modal amplitude vectors at 2400 Hz for xc=0 - 0.29 m and disturbance

comprised of µ=0, 1, 2, 3, and 4 modes

Effect of Tube Length

The influence of the length of the HQ tube, L, for all five disturbance modes, is shown in

Figure 3.17 for a frequency of 2400 Hz in Figure 3.17(a) and for the range of frequencies 0-3000

Hz in Figure 3.17(b).  These results show that the HQ tube length is also a very important

parameter on the attenuation of multiple higher-order modes.  In addition, this attenuation

repeats periodically, with a period of 0.143 m.  It is interesting to note that considering this

periodicity in space as a wavelength, it corresponds to a frequency of approximately 2400 Hz.

This result is quite logical because the attenuation occurs near the HQ tube resonance

frequencies and a change in the length of the tube results in a shift of the resonance frequencies.

For example, a tube length of L=0.13 m results in the second tube resonance to be near 2400 Hz

(kL=2π) and thus this resonance is responsible for the sound attenuation.  By changing the tube

length to L+∆ where ∆=2π/k, the fourth resonance is now near 2400 Hz and thus is responsible

for the attenuation.  Within the range of tube lengths studied, maximum attenuation of

approximately 2.0 dB is achieved with a tube length of 0.1284 m at 2400 Hz.  Figure 3.17(b)
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shows that changing the tube length results in a change in the frequency of maximum

attenuation.  It is clear to identify the bands of attenuation for the 1st, 2nd, etc., tube resonances.

(a)

(b)

Figure 3.17. Transmission loss (dB) versus tube length, L (m), with disturbance comprised of

µ=0, 1, 2, 3, and 4 modes at (a) 2400 Hz and (b) 0-3000 Hz

Figure 3.18 shows the modal breakdown analysis at 2400 Hz for a unit modal amplitude

of the incident modes and for a range of values of the tube length, i.e. L=0.1054 – 0.1754 m.

1st resonance

2nd
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This figure shows that the magnitude and phase of the modes created by the spill of energy

mechanism is greatly affected by the tube length.

(a) (b)

(c) (d)

Figure 3.18. Transmitted modal amplitude vectors at 2400 Hz for L=0.1054 – 0.1754 m and

disturbance consisting of modes; (a) µ=0, (b) µ=1, (c) µ=2, and (d) µ=3

Effect of Interface Distance

The influence of the interface distance of the HQ tube, l, for the disturbance comprised of µ=0,

1, 2, 3, and 4 modes, is shown in Figure 3.19 for a frequency of 2400 Hz in Figure 3.19(a) and

for the range of frequencies 0-3000 Hz in Figure 3.19(b).  The HQ tube interface distance,

constrained by the system geometry as 2S< l >L, also influences the attenuation of higher-order
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modes.  Within the range of tube interface lengths studied, maximum attenuation of

approximately 2.1 dB is achieved with a tube length of 0.0874 m at 2400 Hz.  Figure 3.18(b)

shows that the frequency of maximum attenuation is insensitive of the interface distance of the

HQ tubes.

(a)

(b)

Figure 3.19. Transmission loss (dB) versus interface distance, l (m), with disturbance comprised

of µ=0, 1, 2, 3, and 4 modes at (a) 2400 Hz and (b) 0-3000 Hz

l (m)

 (
m

)



Lori A. Brady Chapter 3 – Numerical Analysis 61

Figure 3.20 shows the modal breakdown analysis at 2400 Hz for a unit modal amplitude

of the incident modes and for a range of values of the tube interface distance, i.e. l=0.0254 –

0.1254 m.  Again, this type of analysis, shows that the magnitude and phase of the modes created

by the spill of energy mechanism is greatly affected by the tube interface distance.

(a) (b)

(c) (d)
Figure 3.20. Transmitted modal amplitude vectors at 2400 Hz for l=0.0254 – 0.1254 m and

disturbance consisting of modes; (a) µ=0, (b) µ=1, (c) µ=2, and (d) µ=3

Effect of Tube Area

The last parameter, for the single-array HQ tube system, to be studied is the cross-

sectional area of the side-tubes, S, for the disturbance comprised of µ=0, 1, 2, 3, and 4 modes.

This analysis is shown as a function of area ratio (AR), where AR=2S/h, in Figure 3.21 for a
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frequency of 2400 Hz in Figure 3.21(a) and for the range of frequencies 0-3000 Hz in Figure

3.21(b).  Within the range of tube cross-sectional areas studied, maximum attenuation of

approximately 2.0 dB is achieved with an AR of 11.8% at 2400 Hz.  It should be kept in mind,

that in the modeling of the side-tube dynamics, the pressure distribution within the tubes was

assumed to consist of planes waves only.  This method is therefore limited to frequencies well

below the first cut-off frequency of the transverse modes in the side-tubes, S2c .

(a)

(b)

Figure 3.21. Transmission loss (dB) versus tube area ratio, AR (%), with disturbance comprised

of µ=0, 1, 2, 3, and 4 modes at (a) 2400 Hz and (b) 0-3000 Hz
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Figure 3.22 shows the modal breakdown analysis at 2400 Hz for a unit modal amplitude

of the incident modes and for a range of values of the tube cross-sectional area, i.e. S=0.001 –

0.011 m.  Again, this figure shows that the magnitude and phase of the modes created by the spill

of energy mechanism is greatly affected by the tube cross-sectional area.

(a) (b)

(c) (d)

Figure 3.22. Transmitted modal amplitude vectors at 2400 Hz for S=0.001 – 0.011 m and

disturbance consisting of modes; (a) µ=0, (b) µ=1, (c) µ=2, and (d) µ=3

3.3 Tubes in Series

Now that the basic attenuation characteristics and behaviors, for a single-array HQ tube

system, have been studied, it is of interest to extend this analysis to include two HQ tube arrays.
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Specifically, it is of primary concern to learn whether or not there are attenuation benefits with

the addition of a second array of tubes.  In general, the addition of a second tube array increases

the complexity of the system.  It then becomes more difficult to choose system geometric

parameters to optimize specific sound attenuation behaviors.  In this case, it is assumed that the

second array of tubes has the same cross-sectional area, tube length, and interface distance as the

first array.  There is then only the separation distance, xc2, between the two arrays that is

optimized.

To explore this, numerical results were computed using the two symmetrically located

HQ tubes in series, as shown in Figure 2.9.  The dimensions of this system are h=25.4 cm, S=

S2=1.27 cm, L= L2=12.7 cm, l=l2=10.16 cm, xc=25.0 cm, and xc2=6.54 cm.  Resulting in cut-on

frequencies for the µ=0, 1, 2, 3, and 4 modes of 0, 675.2, 1350, 2026, and 2701 Hz, respectively.

The first five modes, µ=0, 1, 2, 3, and 4, are assumed to be present in the incident disturbance

field with equal amplitude, AD0=AD1= AD2= AD3= AD4=1.  The number of modes included in the

Green’s functions were Ng=129.  Figure 3.23 shows a transmission loss comparison between a

system comprised of only a single array and one comprised of two HQ tube arrays.

Figure 3.23. Transmission loss (dB) versus frequency (Hz) for both single and double tube-array

systems with disturbance comprised of µ=0, 1, 2, 3, and 4 modes and xc2=0.0654 m

In the single array system, there is attenuation of 6.7 dB at 1111 Hz.  In the double array

system, the peak attenuation has shifted to 1140 Hz and increased to 10.5 dB.  In addition, in

Double Array
Single Array

10.5 dB

6.7 dB

15.5 dB
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both systems, there is a band of attenuation centered on approximately 2400 Hz.  In the single

array system, this band has a peak transmission loss of 2.0 dB where as in the double array

system there is 15.5 dB of noise reduction at 2413 Hz.  The reduction at this frequency, is further

studied by computing the complex amplitudes of the transmitted waves for each mode, as a

function of the separation distance, xc2.  The results are  shown below in Figure 3.24.  This figure

shows that the magnitude and phase of the modes are greatly affected by the separation distance

of the two HQ tube arrays.  Most importantly, these results show that adding more arrays of HQ

tubes can lead to significant improvement of the attenuation of multiple higher-order modes.

Figure 3.24. Transmitted modal amplitude vectors at 2413 Hz for double array HQ system with

disturbance comprised of µ=0, 1, 2, 3, and 4 modes and xc2=0.0254 - 0.0654 m
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Chapter 4 – Conclusions

4.1 Summary

Although the concept of a HQ tube was envisioned by Herschel back in the early 19th

century [8], all of the analytical modeling concepts to date, have been limited to one-dimensional

sound fields [8-16].  In this thesis, the main goal was to present an analytical modeling technique

which would model the effects of Herschel-Quincke (HQ) tubes in the presence of multiple

higher-order modes in a two-dimensional duct.  This analytical method involved modeling the

tube-duct interfaces as finite piston sources, which couple the acoustic field inside the main duct

with the acoustic field within the HQ tubes.  The acoustic field within the HQ tubes is assumed

to consist of plane waves only and the acoustic field within the main duct is modeled using a

higher-order mode Green’s function technique.

A number of modeling simplifications were derived.  These simplifications included a

closed form solution for the higher-order mode model in the absence of fluid flow.  A

comparison with the classical plane-wave theory was also made, in which the one-dimensional

model was proven to be a special case of the new higher-order model.  Assuming a single-mode

in both the disturbance and Green’s function, the derivation of a transcendental equation allowed

for the prediction of the frequencies of maximum attenuation and an additional derivation

indicated attenuation at the cut-off frequencies of the modes.

The model proved that the HQ tubes were effective for reducing both the plane-wave and

higher-order modes.  The mechanisms associated with the reduction of multiple higher-order

modes involve both reflection of the incident wave (as in the case of plane-waves) as well as

spill of energy into other higher-order modes.  The recombination of the energy spilled between

the various modes present results in destructive interference and thus sound attenuation.  This is

the most important noise control mechanism of the HQ tubes in the presence of multiple modes.

This noise control mechanism has been investigated using simple disturbance configurations.
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The destructive interference effect is greatly affected by the relative magnitude and phase

between the modes.  Parametric studies have been performed to determine the influence of

various system geometric parameters, such as the tube axial position, length, distance between

interfaces, and cross-sectional area.  It was determined that there is an optimum axial location for

the maximum attenuation of all of the modes that repeats periodically down the duct.  At this

location, the phase of the modes leads to the best recombination of the spill of energy between

modes and minimum net transmitted power.  Logically, the HQ tube length is directly associated

with the tube resonance frequencies and thus the frequencies of attenuation in the duct.  Any

change in tube length will change these frequencies of attenuation.  The interface distance, while

not influencing the overall transmission loss to a great degree can still be optimized.  The tube

cross-sectional area is limited in size by the modeling technique.  This model assumes that the

pressure distribution within the tubes consists of plane-waves only.  Therefore, the model is

limited to frequencies well below the first cut-off frequency of the side-tube transverse mode.  In

practice the side-tube area is limited to an area ratio of approximately 10%.  In the parametric

studies presented, the optimum area was found to have an area ratio of approximately 10%.

The addition of a second HQ tube array does indeed increase the attenuation benefits

dramatically.  Here, it was assumed that the second array of HQ tubes had the same geometry as

the first array, which simplifies the study.  However, a true optimization would involve the

design of both the first and second array parameters.  This however, is beyond the scope of this

thesis.  In general, the HQ system can be optimized to have unique attenuation characteristics as

a function of frequency such as in noise control applications with multiple resonant frequencies.

Nevertheless, the attenuation benefits need to be weighed against the cost and size constraints

with the addition of more HQ tubes.

4.2 Future Research

An interesting extension of HQ tube design, for the suppression of higher-order modes,

might include active control of an aspect of tube geometry in order to attain optimum attenuation

of sound at a range of frequencies.  For instance, in some noise control applications, it may be

feasible to adjust the length of the HQ tube.  Proof of the feasibility of this concept is shown in
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Figure 4.1, where attenuation is shown for a range of frequencies, 2150 - 2550 Hz, for a

disturbance again comprised of the µ=0, 1, 2, 3, and 4 modes.

Figure 4.1 Transmission loss (dB) versus frequency (Hz) with optimized HQ tube length, L (cm),

at each frequency and disturbance comprised of µ=0, 1, 2, 3, and 4 modes

In this plot, the transmission loss has been optimized at each frequency by allowing the

tube length to vary.  Over this 400 Hz frequency range, substantial attenuation is achieved, for

example 7.4 dB reduction is seen at 2200 Hz, 10 dB at 2280 Hz, and 4.5 dB at 2500 Hz.  This

broad band reduction is accomplished by varying the HQ tube length from 12.4 - 13.4 cm, a

change in tube length of only 1.0 cm.

However, the next logical development of this work is to include three-dimensional ducts

with even more complex sound fields.  Even with an increase in the sound field and system

configuration complexity, the modeling technique would remain the same.  Define the acoustic

fields within the main-duct and side-tubes, assume that the tube-duct interfaces are finite piston

sources, and couple the system by matching the acoustic pressures and particle velocities at the

interfaces.  It should also be kept in mind that this modeling technique can be extended to other

systems, i.e. Helmholtz resonators, making modeling of complex sound fields within ducts easy

to incorporate.

L=13.4

L=13.2

L=12.4
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Appendix A – Duct Acoustics

In this appendix, the theory describing two-dimensional duct acoustics is presented.

Consider the two-dimensional infinite waveguide of height h as shown in Figure A.1.  The

boundaries at y=0 and y=h are assumed to be rigid, which results in a sound field consisting of

standing waves in the y-direction.  The absence of boundaries along the x-axis allows acoustic

energy to propagate and results in a sound field pattern consisting of traveling or evanescent

waves [1].  With the defined waveguide geometry and boundary conditions, an expression of the

acoustic pressure distribution will be derived as a solution to the acoustic wave equation.

 h

y
x

Disturbance
Field

( )t,rPD
r

Rigid-wall
boundaries

Figure A. 1. Two-dimensional infinite duct

In rectangular coordinates, the two-dimensional acoustic wave equation is a function of

two spatial and one temporal variable.  The equation of motion and boundary conditions are

given by:
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where p(x,y,t) is the acoustic pressure distribution and c is the wavespeed.  In addition to the

partial differential equation as shown in Equation (A.1a), the acoustic pressure must satisfy the

rigid boundary conditions as given in Equation (A.1b).
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By assuming simple harmonic waves of the form:

( ) tie)y,x(Pt,y,xp ω= (A.2)

and substituting Equation (A.2) into Equations (A.1a) and (A.1b), the resulting expressions are:
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where the expression given in Equation (A.3a) is known as the time-independent Helmholtz

equation, ck ω= is the free-field wavenumber, and ω is the frequency in radians per second.

The solution to the Helmholtz equation is obtained using a separation of variables technique,

which assumes a solution of the form:

( ) ( ) ( )yYxXy,xP = (A.4)

where X(x) and Y(y) are simply the spatial solutions in the x and y-directions, respectively.  The

Helmholtz equation is thus simplified to:
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Since the first and second terms in the previous equation are a function of only the x and y

variables, each of these terms must be equal to a constant.  As a result, the partial differential

equation can be separated into the following pair of second order differential equations:

( ) ( ) ( ) ( ) 0yY
dy
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0xXk

dx

xXd 2
2

2
2
x2

2

=+=+ µκ (A.6a,b)
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where 2
xk and 2

µκ  are the constants and are related by:

222
x kk =+ µκ (A.7)

The solution to the X(x) component of the pressure expression is:

( ) xik)(
1

xik)(
1

xx eKeKxX −−+ += (A.8)

where the first and second terms represent positive and negative x-direction propagation waves

with wavenumber kx, and )(
1K +  and )(

1K −  are unknown constants.  The solution to the Y(y)

component is conveniently given by:

( ) ( ) ( )ysinKycosKyY 32 µµ κκ += (A.9)

where K2, and K3 are constants of integration.  The boundary conditions at y=0 and y=h can be

applied that leads to K3=0 and:

( ) ,...2,1,0,
h

0hsin ==⇒= µ
µπ

κκ µµ (A.10)

Thus, the y-component of the pressure is given as:

( ) ( )ycosKyY 2 µκ= (A.11)

Moreover, the axial wavenumber kx can be solved by replacing Equation (A.10) into Equation

(A.7) to give:

222
x kk µκ−±= (A.12)
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The propagation characteristics of the modes are given by the axial wavenumber kx,

which is given by:







<−−

>−
=

µµ

µµ

κκ

κκ

k,ki

k,k
k

2

22

x (A.13)

A mode will propagate for k>κµ and will decay when k<κµ.  The frequency at which this change

in propagation characteristic occurs is termed the cut-off frequency for mode µ.  It is given for

µκ=k yielding:

( ) ...3,2,1,0,
h

c
srad == µµ

π
ω µ (A.14)

The solution for the spatial pressure distribution can now be rewritten as:

( ) ( ) ( ) ,...2,1,0,yeKyeKy,xP xik
5

xik
4

xx =+= − µκΦκΦ µµ (A.15)

where (.)µΦ  is defined as the µth acoustic mode or eigenfunction given as:

( ) ( )ycosyk µµ κΦ = (A.16)

The first and second terms in Equation (A.15) represent positive and negative x-direction

propagating modes, respectively.  The eigenfunctions can be described in terms of even and odd

modes.  Even modes (µ=0, 2, 4, …) are symmetric about the centerline of the duct, y=h/2, while

odd modes (µ=1, 3, 5, …) are anti-symmetric about y=h/2.  This characteristic will be useful in

both simplifying and understanding analytical developments in Chapter 2 of this thesis.
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Equation (A.2) can now be fully expressed in general form as the sum of a set of ND

modes propagating in the positive x-direction as:
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ω
µµµ κΦ

r
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where Aµ  is the complex amplitude of  the µth mode (with µ=0 representing the plane-wave

mode).  The sound field includes standing waves in the y-direction and travelling waves in the x-

direction.



76

Appendix B – Plane Wave Analysis

In this appendix, the plane-wave acoustic theory for the Herschel-Quincke tube system is

presented.  This theory is considered because it is the traditional method used to describe the

sound field in such a system and many publications can be found which use this basic analysis

technique [10-16].  It is important to remark that this analysis is limited to one-dimensional

sound fields only, i.e. plane waves.  Moreover, this plane-wave analysis will be compared to the

higher-order mode model, as developed in Chapter 2 when applied to the plane-wave case.

For clarity the following traditional plane-wave analysis will be presented verbatim from

the publication by Selamet, et. al. [12].

“The geometry of a Herschel-Quincke tube is shown in Fig.1, along with the

nomenclature used here: A is the cross-sectional area, C the amplitude of pressure

oscillations, and the subscripts + and – denote propagation in the positive and

negative directions, respectively.  From pressure equality at junctions I and II,

,CCCCCC 332211 −+−+−+ +=+=+ (1)
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3ik

3
ik

3
ik

2
ik
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and conservation of volumetric flow

( ) ( ) ( ) ,CCACCACCA 333222111 −+−+−+ −+−=− (3)

( ) ( ) ( )3322 ik
3

ik
33

ik
2

ik
22444 eCeCAeCeCACCA llll

−
−

+−
−

+−+ −+−=− . (4)

Equations (1) – (4) represent six equations and eight unknowns.  Specifying the

termination properties provides an additional equation, which allows the ratio of

any two fluctuating pressure components to be determined.  The transmission

loss is then obtained from the ratio of the incident and transmitted waves as
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Figure B.1. Geometry and nomenclature for Quincke tube derivations.

For an anechoic termination no reflected waves are present in the exit

duct.  Combining C4-=0 and A4=A1 with Eqs. (1) – (4) and rearranging yields the

ratio of incident and transmitted waves as
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In terms of Eq. (5), the transmission loss is then given by
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… For cases where l2≠l3, Eq. (8) yields resonances for

0AA 3322 =+ αα , (11)

provided that A1+A2φ2+A3φ3≠0 at the same frequency.  Inserting Eq. (7) into Eq.

(11) and simplifying gives
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for the resonance locations.”

For a direct comparison with the higher-order mode model, two aspects of the models

need to be addressed: geometry and nomenclature differences.  The higher-order mode model

incorporates two identical tubes, which are symmetrically located about the duct axis as

compared to one used in the plane-wave model.  To compensate for this, the same plane-wave

analysis can be carried out with a HQ tube with twice the area, i.e. A3=2S.  Thus, due the linear

nature of these equation sets it can be shown that one or two tubes in the plane-wave model does

not make a difference.  However, this is not the case when incorporating higher-order modes.

Additionally, in the higher-order mode model, the main-duct is assumed to be of constant

cross-sectional area h.  Thus, the cross sectional areas in the plane wave model need to be set to

A1=A2=A4,=h.  The notation for both the distance between side-tube junctions and for the side

tube itself for both models are related as l2=l and l3=L, respectively.  The final difference in

notation refers to the complex pressure amplitudes of the incident and transmitted waves.  These

can be reconciled as C1+= D
0A  and C4+= T

0A .
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Taking these notation differences into account, the expression as derived by Selamet, et.

al. [12] for transmission loss can be rewritten (using the higher order model nomenclature) for a

direct comparison with the higher-order mode model when applied to the plane-wave case.  After

some lengthy, but straightforward manipulation, the expression for transmission loss shown in

Equation (8) can be expressed with the substitution of Equation (7) as:

( )
( )( )

h

S2
AR,

e1

e
AR

e1

e
4

AR
e1e1

ee2e1ARe1
4

log10TL

2

ikL2

ikL

ik2

ik

2
ikl2ik2

ikLikikL2ikL2

10

L

=










−
+

−

+








−−
−++−

=

−

−

−

−

−−

−−−−

l

l

l

l

(B.1)

This should be compared with the expression found in Chapter 2 of this thesis, specifically

Equation (2.51).  These expressions are identical.  Therefore, it is demonstrated that the plane-

wave analysis is indeed a special case of the higher-order mode model developed in this thesis.
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Appendix C – The Green’s Function

In this appendix, the derivation of the Green’s function is presented.  The Green’s

function is used in the modeling of the HQ tubes as piston sources at the tube-duct interfaces, as

presented in Section 2.1 of this thesis.  Thus, to model the HQ tubes it is necessary to know the

sound field within the duct for a simple-source located within the duct.  The Green’s function

represents this sound field [17].

The sound field generated by a simple source located at a position (x0,y0) in a two-

dimensional infinite duct has to satisfy the following differential equation:
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δδ C.1

and the rigid-wall boundary conditions.  In Equation (C.1), G(.) is the Green’s function which is

the solution to the non-homogenous time-independent form of the acoustic wave equation forced

by a Dirac delta function.  The homogenous solution to the wave equation yielded the acoustic

mode shapes and eigenvalues which were derived in detail in Appendix A.  Here the Green’s

function is expressed as a linear combination of the acoustic modes.  The boundary conditions

are thus satisfied automatically.  Then, the Green’s function solution is assumed to have the

form:

( ) ( )∑=
n

nn yxFG Φ C.2

which is a summation of a series of eigenfunctions and the function Fn(x) representing the

variation along the duct of the pressure.  By inserting Equation (C.2) into Equation (C.1),

multiplying by ( )y'nΦ , and integrating over the duct cross-section, Equation (C.1) becomes:
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in which care is taken to distinguish between the summation orders in the previous integral.  This

is accomplished using the notation n’ to indicate the summation order of the eigenfunction which

is multiplied through the equation.  Using the orthogonality properties of the modes, the integrals

on the left-hand side in Equation (C.3) become :

( ) ( )

( ) ( )

( )∫

∫

∫

∫

















===

==

≠=

=
h

0

h

0

h

0
n

2

h

o
'nn

'nn

0'nn,hdy

'nn,
2

h
dyycos

'nn,0dyycosycos

dyyy κ

κκ

ΦΦ C.4

and:
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Using the shifting property of the Dirac delta function [18], the integral on the right-hand side in

Equation (C.3) becomes:

( ) ( ) ( )0'n'n

h

0
0 ydyyyy ΦΦδ =−∫ C.6

Therefore, Equation (C.3) can be reduced to an ordinary differential equation of the form:
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where:

2
n

22
x kkk −= C.8

Due to the discontinuity at x0, the solution to the differential equation shown in Equation (C.7)

will be  different at each side of x0.  On the positive side of x0, i.e. x>x0, the solution will be of

the form ( )0x xxike −− .  On the negative side of x0, i.e. x<x0, the solution will take the form

( )0x xxike − .  Since the overall solution must be continuous across x0, it can be written as:

( ) 0x xxik
n CexF −−= C.9

where the constant C must be determined such that 00 xxxx −=−  for x>x0 and xxxx 00 −=−

for x<x0.  Therefore, Fn(x) has a discontinuity in slope across x=x0 and the magnitude of this

discontinuity, namely C, can be found by taking the limit as α→0 in the integral over x from x0-

α to x0+α  of Equation (C.7):
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which reduces to:
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and in the limit to:
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For x0+α the slope of the solution is αxik
xCeik −−  and similarly for x0-α the slope of the solutions

is αxik
xCeik − .  Therefore, Equation (C.12) becomes ( ) xn0n k2yiC ΛΦ−=  yielding the solution

to Fn(x) as:
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and the full solution to the Green’s function as:
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This Green’s function solution represents the sound field within the duct for a simple

source also located within the duct.  In order to model the HQ tubes, the tube-duct interfaces are

described as piston sources. The sound field generated by a piston source is computed by

integrating the Green’s function over the cross-section of the piston.

In this integration, each piston source is modeled locally with coordinate ξi as shown in

Figure C.1 for three possible integration scenarios.  When the observation and source location

are the same, as is the case with 11G
~

, the integration is carried out as follows:
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where the limits of integration have been changed to twice the limit from 0 to S/2 and is valid as

long as 01 >−ξ , which is always true.

The second integration case occurs when the source is upstream of the observation

location, for example 21G
~

 is given as:
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which is valid as long as l>ξ1.

The third possible integration case occurs when the source is downstream of the

observation location, for example 34G
~

 is given as:
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which is valid as long as l>ξ4..

Thus from the symmetry of the problem, there are really only two cases to consider and

the integrated Green’s functions can be written in general form as:
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Figure C.1. Integration of Green’s functions; (a) piston source local coordinate

system and (b) examples of integrated Green’s function notation
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