3. Convergence Behavior of the APA Class Of Algorithms

In this section we analyze the convergence behavior of the NLMS-OCF algorithm and the
algorithms equivalent to NLMS-OCF such as the Affine Projection Algorithm (APA), the Partial
Rank Algorithm (PRA) and the Generalized Optimal Block Algorithm (GOBA). In the sequel,
we will refer to this entire class of algorithms as affine projection algorithms, since APA is the
earliest among these algorithms and since the name APA is more widely used in the existing
literature than the other names. We use the weight update equation of the NLMS-OCF algorithm
for our analysis, since it is more general than in the other algorithms and since the NLMS-OCF
update equation is conducive to the analysis that follows. However, the convergence results that
we derive here are applicable to the entire class of affine projection algorithms, allowing for
arbitrary delay between input vectors.

While a wide range of analysis has been done on the convergence behavior of the NLMS
algorithm [4, 5], the convergence behavior of APA has not received as much attention to date.
Some results are available on the steady-state behavior (characterized by misadjustment) of APA
[20, 40, 41]. In this chapter, we analyze the convergence behavior of APA and derive the
necessary and sufficient conditions for the convergence of the APA class of algorithms, as well
as an expression for the mean-squared error. Furthermore, we study the improvement in
performance with the number of vectors used for adaptation. The steady-state behavior is also
analyzed. The analysis is done using a simple model for the input signal vector. In addition to the
usual independence assumption [1], the angular orientation of the input vectors is assumed to be
discrete. While these assumptions are rarely satisfied by real-life data, they render the
convergence analysis tractable. Furthermore, we show that simulation results match our
analytical results when the data ("pretty much") satisfies the independence assumption. The
limitations imposed by the assumptions used, as well as by the simplifications made in our
analysis, are also discussed. Not unexpectedly, our analytical results deviate from the simulation
results when the data grossly violates the assumptions; however, the general performance
characteristics predicted by our analysis still hold. Thus, our results serve as useful design

guidelines.
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3.1 Convergence Analysis of the Affine Projection Algorithm Class

The convergence analysis is done based on the following assumptions on the signals and the
underlying system:
(A1) The signal vector§x, phave zero mean, and are independent and identically distributed

(i.i.d.) with covariance matrix

R = EJx,x" |= VAV (3.1)
where A =diag(),,A,,...A,) and V=(v, v, .. v,). Here, A,A,,...,A, are the
eigenvalues ofR and v,,v,,...,v, are the corresponding orthonormal eigenvectors

(VHV =1 ) That is,V is a unitary matrix.

(A2) There exists a true adaptive filter weight of dimensionN such that the corresponding

error signal

— OH
en_dn_w Xn
EEn

(3.2)

inherits the properties of the measurement nejsevhich is a zero mean white noise of
varianceé® that is independent ¢k }.

(A3) The random vectok, is the product of three independent random variables that are i.i.d.

That is,
X, =S, IV, (3.38)
0
Pls, =+8 =
where %rn ~ 4| (3.3b)

T T
vV, =V, }=p " ®) i=12,...N.

D:DJEII:I

wherer, ~[x,| means that, has the same distribution as the norm of the true input

signal vectors.
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Assumption (A3), first introduced by Slock [4], leads to a simple distribution for the vectors

X, consistent with the actual first- and second-order statistics of the input signal. Assumption
(A3), as will be seen, makes the convergence analysis tractable. Under assumption (A3), the
weight update equation of APA can be modified. Singeare either parallel or orthogonal to

each other, the orthogonalization step to compdtefor k=12,...,M , becomes redundant.

Hence, (2.6), (2.7), and (2.9) can be rewritten as shown in (3.4), (3.5), and (3.6).

Wn+1 :Wn +I"lOXn +:U1Xn—D +"'+I’lMXn—MD (34)
0 e’ :
FS for k=0,if [x,]|20
= fie* ko
M, [-)7 for k=12,...,M,if x_,0Ox.p O <k (3.5)
EP(n kD n-kD
D :
D otherwise

e =d -w'x , and (3.6)
e =d _,-W'x . fork=12..M

(Using  (A3), w;'X, o = (Wn +t HoXo * i Xp o0t uk—lxn—(k—l)D)H Xnio =Wp X 4o, SINCE
X0 UX,.p Oi <k.Hence, (2.9b) can be modified to the form shown in (3.6).)

To analyze the convergence behavior of (3.4), firstly, the weight adaptation is rewritten in

terms of the weight error vectok,, where w_ =w° —w_. Using this notation together with
(3.2), we can rewrit& ase =w!'x,_, +¢£,_,. Combining this result with (3.4) and (3.5), the
adaptation equation in error form can be obtained as:

O

_ n ]D n- JD —€ —IDX -ID
W, — i —’; = (37)
n ]D n- JD 10J, Xn—IDXn—ID

where J, [1{0,12,...,M }is a set ofM + Ior fewer indiceg for which thex,_,, are orthogonal
to each other, sincg;, = @r jOJ,. Equation (3.7) is in a form suitable for convergence

analysis. In the absence of noisg (3.7) becomes a homogeneous difference equation, whose
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convergence can be studied. However, with measurement noise, convergence per se is not

possible; we need to study convergence in the mean and convergence in the mean square. We

say that the weights converge in the mean if the expectation of the weight-error wector

approaches zero as the number of iteratioregpproaches infinity. Convergence in the mean

square means that the steady-state value of the cova[iar(w"én) of the weight error vector is

finite. If these two forms of convergence are satisfied, then the APA algorithm is said to be

stable. We begin the convergence analysis with the computation of the weight error vector

covariance.
Using (3.7), the covariance of the weight error vegiqris given by:

— XXt O 0O oy xH
COV(Wn+1) = E% -y [H %anr -3 r;l—lD n-ID %
ioXn-p B O X

n—IDXn—ID

(3.8)

u H
-E /~_1 EH-J’DXn—iD %\-IH % /7 X n-p Xn-p
H n
T, XepXepE O I, Xn 0 Xn-D

If the dependency ofv, on past measurement noise is neglected, usingthiatof zero mean,

the last two terms of the above expression vanish. Furthermore, if we héwgedépendency of

w, on the past input vectors that appear in the first term of the above expression and use (A2) to

simplify the second term, we can rewrite (3.8) as

D
n ]D n- JD 7T ID ID
covWw,,,,) = ;u Bk Zu Zuip Xy
n ]D n- JD 0 a7, n ID n-ID
H
EB_2 2 X-ipXn-jp H
gn—jD
I | n- JD n-jD

(3.9)

X iD
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Using (A3), we can rewrite the outer- to inner-product ratios as follows:

H H
Xn—jDXn—jD — Sn—jD I’n—jDVn—jDVn—jD I’n—jDSn—jD
H 2
. . 2 2
Xn—jDXn—JD Sn_jDrn_]-D Vn—jD” (310)
— H
- Vn—jDVn—jD

wherev _, is one of{v,,v,,...v, } Note that the above result is independent of the norm of

X,-ip - Now, substituting (3.10) into (3.9) we get,
- _ P N _ y
COV(Wn+1) =E - ; KV ioVi-ip EpOV(Wn)ﬂ - Z HVi_ipVi-ip
JUJn |:| |:| 10J,

E2
ey

Sinceg, is independent ok, andr is independent of, from (A2) and (A3) respectively, we

(3.11)

2 1 H
8n—jD| 2 Vn—jDVn—jD
r.n—jD

can rewrite (3.11) as

conn ) =€l - ¥ vl Sou - 3 i e B v 612)
0 0 -0 fr

n

where

X X
K, = gcmj 0J,0—+2"2 =y, v} %D{LZ,...,N}. (3.13)

n-jD“*n-jD

Let us define the diagonal elements of the transformed covariance M&tco(W )V as

A, fori=1,2,...N. Thatis,
[VHc:ov(v’\'/n)V]“:viHc:ov(v’\'/n)vi =X, (3.14)

Note that this does not mean that cow, )V is a diagonal matrix.

! In the case of PRA, no approximation is involved in this step, sincés independent of the

input vectors used for adaptation.
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With the above notation, the pre- and post-multiplication of (3.13)/bgnd v, respectively

results in
~ O o ,_\0 W
A :E%in_ _VKVEEPOV( n)lj_ Z_Vkkawi%
O X, O O gKn O (3.15)
1 U U
+ =2 OE HE ‘H V VH .
IJ E |:r2 0] E)| %;n k¥ k SII H
From the orthonormality of the, 's,
b, if iOK
.H H - i n 316
v k;nvkvk 0, ifioK,. (3.16)
Using the above result, (3.15) can be rewritten as
Y H ~ A HD H_l_
Avi =V COV(Wn)Vi DZ,UVka EPOV(W ) HV\V [V,
R, 0 K, 0 H
-EEMH co\Ww,, )E_Zuv vy g % 0y A,y EPOV(W v,
H EES 15 (3.17)

& EB_HEE’ D; Vi D’|
-7, B m)e o, e e e ok,

The probability P(i 0 Kn) is the same as the probability of drawing (with replacement) the ball

markedi, at least once i'M + frials, from a collection oN balls marked 1,2,.N, where the

probability of drawing the ball markgds p, . Hence

P(iOK,)=1-(-p)"". (3.18)

By substituting (3.18) into (3.17), we get
A =@-aB W, + 1% EB—§3 (3.19)

wherea =1(2- @) and B, =1-(1- p )" ™.
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The following observations can be made from (3.19):

Observation 1:0<pi <2 is a necessary and sufficient condition for the APA class to be

stable.Let us first look at the mean-squared convergence. The @rrorthe output estimate is
given by
e =WH'x +¢ . (3.20)
Using (A2), the mean-squared ergr= E(ene;) in the output estimate can be written as
2
& =&+ Egfiux,| B
= &% +tr[R cov(w, )]

=& +tr[vEv* cov(@, )] (3.21)
=& +tr[z V7 co@, V]

N ~
:§°+Z.Ai A

~H
Wn Xn

From (3.21), we see that the mean-squared error conver@gsdbnverges. Iff O (0,2) and the
input signal is sufficiently rich |, # Ofor anyi), then @ 1(01] and 0<(1-apB)<1; this
guarantees the convergenceXyf in (22). If T0(0,2), thena <0 and (1-af,)=1; hence A,

does not converge. Thus, provided ] (0,2) and the input is sufficiently rich, the steady state
solution of (3.21) is given by

imA, =P ¢seflh (3.22)
nee 2= O°C

Combining (3.21) and (3.22), the steady-state (final) mean-squared error is given by

E = EO%J’ Z—HH E@%@r(R)% o0 (3.23)

Using (3.21), the finiteness of the steady-state mean-squared error implies the finiteness of

cov(vT/n) in steady state. That v(vT/n) is asymptotically stable. Thus, for sufficiently rich

inputs, g O (0,2) is a necessary and sufficient condition for convergence in mean square.
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Now we analyze the convergence in the mean. After we neglect the dependencerothe

past input vectors, taking expectation on both sides of (3.7) results in:
E(W,.)=EW,)- EEU Y VW, @ (3.24)
KOK,

Here we used (3.13) to replace the outer- to inner-product ratiosvyith, and used (A2) to
conclude that the expected value of the term wjtlvanishes.
Define vectorp, as the representation d&(W,) in terms of the orthonormal vectors

{vi,v,,...v}. Thatis
p, =V"EW,). (3.25)
Therefore,

P, =VIE(W,)=EW"w,). (3.26)

Using this notation, pre-multiplication of (3.24) by results in

pn+1,i = pn,i - E%V:—' ;Vkviwn@ (327)
k n

Using (3.16) and (3.18), (3.27) can be rewritten as
Poy; = (=18 )P, - (3.28)

From (3.28) we see that,; converges to zero if and only fif- i3,| <1. For sufficiently rich
inputs, we have0< B < 1 HenceHD(O,Z) is a sufficient condition forp,; to converge.
Consequently, ifﬂD(O,Z), p, converges to zero exponentially m&pproaches infinity. Since
{V;,V,,....v} forms an orthonormal basitE(W, )| =[p,|. Hence,E(W,) converges to zero as

n approaches infinity. In other words, APA is an asymptotically unbiased estimator of the
weights. ThusHD(O,Z) is a sufficient condition for convergence in mean. Combining the
conditions for mean and mean-squared converge@eegi <2 is a necessary and sufficient

condition for the APA class to be stable.
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Observation 2:The misadjustment of the APA class is independent afsMg (3.23), the

misadjustment, defined as the ratio of excess mean-squared error to minimum mean-squared
error, equals
0
$u —§

_ __H 1
=5 —Z_HE@r—Z@r(R) (3.29)

Note the independence of (3.29)Mf In fact, it is the same as the misadjustment of the NLMS

algorithm (NLMS is the special case of APA with= 0) with the samégi . The independence of
(3.29) ofM is, perhaps, due to the fact that we neglected dependemcemf past measurement

noise while going from (3.8) to (3.9). Simulation results indicate a "weak" dependence of
misadjustment oM. Later, we will show that the convergence rate improves with increlbing

Thus, APA provides a way to increase the convergence rate without compromising too much on
misadjustment and, hence, the steady state mean-squared error of APA. This is yet another
advantage, so far unreported, of APA over NLMS.

Observation 3:The convergence behavior of the mean-squared effofor the noiseless

case, viz.£° =0, is exponentialas given in (3.35). We begin the analysis by making a few
assumptions on initial conditions. Assume thaamuiori information on the system is available
and hence the typical initial estimate for the weightg,=0, is used. We use the maximum

entropy assumption for the optimal weights [4]. Thatvi8, has equal components along alll

eigenvectors oR. For example,

2 _z0
wo= a5 vy | (3.30)
tr(R)
wherea? is the variance of the output sigrihl and1,, =[L 1 .- 1]7, satisfies the maximum

entropy assumption. For these values of the optimal weightand the initial estimatav,,

assumingg® = 0

co(#,) = E[@,w! )= wow?" = e

VAR IAVAS (3.31)

Using the fact tha¥ is unitary, it follows that
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2
ad

tr (R)

V" corw, )V = 1,14 . (3.32)

The above is a matrix Witbj/tr (R) as all its entries. Hence, using (17), we get
Ay =02 tr(R) Oi . (3.33)
Solving (3.19), using (3.33) as the initial condition, and substituting the solution in (3.21), we get

the mean-squared error as

2
Ud

£ = 2/\ 1-aB) v ®) (3.34)

From (A3), A /tr(R) = p,, so that we can rewrite (3.34) as follows

N

£, = aéz L-aB ) p. (3.35)

Hence, (3.35) describes the theoretical convergence behavior of the APA class of algorithms
under noise-free conditions.

Observation 4:APA converges faster than NLMS; as more input vectors are used, the

convergence rate itself improves whereas the rate of this improvement decrease$3.19),

we see that the rate of convergence depends on the (aetaﬁi), whereq = ;7(2— H)s 1 and

B, =1- (- p)"" <1. Note that the values af , and hence the convergence rates, are the same
for step sizesi and2-p for g (0,2). However, from (3.19), the misadjustment increases as
[ increases. In view of this, it is better to use a step BiEE(O,l]. As we can see from (3.19),
faster convergence occurs for values(]of aBi) closer to O (equivalently and B, closer to 1).
Hence, we wantr =1 for fast convergence. Equivalently, =1 is the optimum step size value
for fastest convergence. Furthermore, increasing the number of input vidters) used for
adaptation increases the convergence rate, sinoﬁM asl) increasesp; gets closer to 1. This

explains the faster convergence of APA over NLMS. Figure 3.1 shows a plot of the convergence

rate factor(l—a,Bi) for different values o¥l and different values op, , with 7 =1.
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Figure 3.1 Dependence of the convergence rate fact(jr— aﬁi) onM.

It is evident from this plot that the convergence rate factor has an exponential dependence on

M. That is(l—a,Bi) behaves like)" for somen, < 1 Hence, for large enough valuesnpfwith

P, denoting the total probability mass associated with the largest ofy,th€3.35) can be
approximated as

£, = a2 (maxy)" (3.36)

Equivalently,

En,dB = 1O|OglO O-g r‘_)i + 10Mn loglO(maxrl| ) (337)

Thus, for large enough, the slope of the learning curve (plot showing mean-squared error in dB
versus iteration number) depends lineariywbnf we next define the time to (reach) steady state,
T, as a performance index of the algorithm, the rate at which the performance improves

diminishes adV increases. This explains the phenomenon that Gay and Tavathia observed in

their simulation results [19].
Observation 51f the input is white, the learning curve is linear and the mean-squared error

drops by 20 dB in aboluiN /(M +1) iterations.Assume that the input,, to the adaptive filter is

white and thafir =1. Since the input is white, all thg 's are equal. That is,
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0 =% fori=12,...N. (3.38)

Therefore, the convergence rate factor for white noise, corresponding 19 is

(t-ap)=H-1 HM (3.39)

(3.40)
(m+1)
1
=a?H- —H
‘0 NO
Hence, the mean-squared error in dB can be written as
&,45 =10l0g,, 02 +10n(M +1) IoglOEL 1 E

(3.41)

=10log,, 0] - 4343%
Thus the learning curve for a white input is linear and the mean squared error drops by about
20 dB in 5N /(M +1) iterations for I =1. This also means that longer filters exhibit slower
convergence. This observation also corroborates the idea that the convergence rate can be
improved by starting with a smaller number of taps in the adaptive filter and then gradually
increasing the number of taps until the desired order is reached. A similar idea was exploited to
accelerate the convergence of LMS [18].

Observation 6:NLMS is the special case of APA with MO=If M = 0O, thenf, = p, and

difference equation (3.19), which describes the behaviéfpyiofbecomes

hw =-ap ), +@ EEH—Qo (3.42)

Similarly the NLMS mean-squared error convergence behavior is given by
N

£, =07y (L-ap)'p. (3.43)

1=1
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These results match the earlier results derived for NLMS under the same assumptions [4]. From
Observation 5, the learning curve of NLMS drops by 20 dB in abbutiterations forfr =1.

This result conforms to Rupp's observation on the convergence speed of NLMS [20].
A Special Comment for PRAhe partial rank algorithm attempts to reduce the complexity of

APA by adapting the weights once evey + sdmples instead of every sample. Hence the
analysis above givesnutatis mutandisthe results for PRA. The diagonal elements of the
transformed covariance matrix of the weight estimation error, defined in (3.14), become for
PRA:

~ H‘n,i ’ if ((n +1))M+l #0
Anati = gl_aﬁi ))Tn’i +H250E@r£2%“ if ((n+1))rv|+1 . (3.44)

where((n)),, denotesnmoduloM. The mean-squared erréf of PRA is thus given by

On O

En = O-s (1_ aBi pi 1 (345)

where [X[]denotes the largest integer that is less than or egual to

3.2 Verification Using Simulation

In this section, we demonstrate the validity of the analytical results presented in Section 3.1
and also discuss limitations introduced by the assumptions. Simulation and theoretical results
corresponding to three different types of signals, viz. white, reasonably colored, and highly
colored, are shown. The reasonably and highly colored signals are generated as a Gaussian first-
order autoregressive process with a pole at 0.25 and 0.95, respectively. The system to be
identified has a 32-point long impulse response computed according to (3.30) for each case and
hence the impulse response satisfies the maximum entropy assumption. The delay line of the
adaptive filter is initialized with true data values (soft initialization) in all simulations and

w, =0 is used as the initial estimate for the weights. The measurement noise is assumed to be

absent, i.e.£°= 0 unless noted otherwise. The simulation results shown are obtained by

ensemble averaging over 100 independent trials of the experiment.
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Figure 3.2 shows the results obtained using a white input signal. The weight updates are
performed with 11 input vectors (i.eM =10). The steady-state MSE is limited in simulation to
around —325 dB because of the quantization errors introduced in the calculations. We see that the
theoretical result, as given by (3.35), is very close to the simulated resulDvheéd2, and that
there is an appreciable deviation between the theoretical and simulated resul wheiThis
Is because of the independence assumption that we used in the analysis. The input vectors used
for a particular weight update are truly independent wben 32, while this is not true when
D = 1. This is an advantage of NLMS-OCF, which allows . 1

0
-50t a 1
qoof N M
150t \ 1
-200f '
-250f v

WMSE in dB

300} B B o
-350}
400}t

450+

_500 . . . .
a 100 200 300 400 500

[teration Mumber

Figure 3.2 Learning Curves of APA for White Input Using 1=1.0
(a) Simulated with D=1, (b) Simulated withD=32, and (c) Theoretical.
(Input: White Noise, System: FIR(31),&° =0, and M=10)

The results obtained using the reasonably colored signal as input are shown in Figure 3.3.
The simulation result is closer to the theoretical result when32 than whe = 1, since the
input vectors used for weight updates are more nearly independentDvheB2 than when
D=1.
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Figure 3.3 Learning Curves of APA for Reasonably Colored Input Usingi =1.0
(a) Simulated with D=1, (b) Simulated withD=32, and (c) Theoretical.
(Input: AR(1), pole at 0.25, System: FIR(31)£° =0, and M=10)

Results, for the highly colored signal as input, similar to the results shown in Figures 3.2 and
3.3, are shown in Figure 3.4. We see that there is a larger deviation between the theoretical and
simulation results in this case than in the white noise and reasonably colored case. One would
expect this behavior, since the highly correlated input violates the independence assumption

more strongly than the other two inputs.

0

-50F

-100F
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-200F

MSE in dB

-250F

-300¢

-350

0 500 1000 1500
[teration Mumber

Figure 3.4 Learning Curves of APA for Highly Colored Input Using £1=1.0
(a) Simulated with D=1, (b) Simulated withD=32, and (c) Theoretical.
(Input: AR(1), pole at 0.95, System: FIR(31)£° =0, andM=10)
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From Figures 3.2 through 3.4 we note that the convergence fd thel case does not
depend on the color of the input signal; curve a reaches -130 dB at iteration 500. Ber 32e
case convergence is faster than b= 1, with dependence on the color of the input for the
highly colored input causing some slowing down in convergence.

The independence assumption of the input vectors is used to claim that the weight estimate

w,, is independent of the input vectoxs, for all k<n. The dependence of, on the past

input vectors can also be reduced by using a smaller value for the step size. Due to this reason,
we expect the simulation results to be in better agreement with the theoretical results for smaller
step size values. This, in fact, is true, as can be seen from comparing the results in Figures 3.3
and 3.5, which are obtained using the reasonably colored signal. For identical valuepmit

signal, and system, the theoretical result is matched better by the simulation resuft wit

than wheni = 1. Also, note that the convergence rate is slower with 0.1 than withg = 1.
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Figure 3.5 Learning Curves of APA for Reasonably Colored Input Usingiz =0.1
(a) Simulated with D=1, (b) Simulated withD=32, and (c) Theoretical.
(Input: AR(1), pole at 0.25, System: FIR(31)£° =0, and M=10)

The simulation results and theoretical results for the highly colored input signal are
shown in Figure 3.6. Here also the simulation result Rith 32 is closer to the theoretical result
than the simulation result witD = 1. We see that there is a large deviation between the

theoretical and simulation results in this case (even with a small vajué. dthis is again due to
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the strong dependency between input vectors used for successive adaptations. Hence the weight

estimatew,, is not really independent of the input vectoss Note in this case, wherg is

small, that eventually the convergence ratelfor 1 exceeds that f@ = 32. Recall that for fast

convergenced = 1.0 is optimal, and that in Figures 3.2 through 3.4 the convergenbe=f@2

is faster than foD = 1. The latter behavior is not universal, as the results in Figure 3.6 illustrate.
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Figure 3.6 Learning Curves of APA for Highly Colored Input Using 1 =0.01
(a) Simulated with D=1, (b) Simulated withD=32, and (b) Theoretical.
(Input: AR(1), pole at 0.95, System: FIR(31)£° =0, andM=10)

Figure 3.7 shows the simulation results obtained by using a different number of vectors
(M+1) for adaptation. The highly colored signal is used as the input. Whilé fo0 the steady
state is projected to be reached in about 14000 iterations, the steady state is reddhed for
and 8 in about 1600 and 1200 iterations respectively. Thus the improvement in time-to-steady-

state T, achieved by increasinyl from 2 to 8 is less than the improvement achieved by
increasingM from 0 to 2. This confirms Observation 4 from the analytical results Tthe

improvement rate diminishes Bsincreases. It is worthwhile to point out that the characteristic
predicted by our analysis holds even though the highly-colored input signal does not conform to

our assumptions on the data.
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Figure 3.7 Simulated Learning Curves of APA for Highly Colored Input — VariousM
(@) M=0 (NLMS), (b) M=2, and (c)M=8.
(Input: AR(1), pole at 0.95, System: FIR(31)£° =0, =1.0, andD=1)

The simulation results with white noise input, for different valuelslods shown in Figure
3.8, corroborate Observation 5. While the theoretical predictions for the slope of the learning
curves forM = 0, 2, and 8, using (42), are 0.14, 0.41, and 1.2 dBl/iteration respectively, the
corresponding slopes estimated from the simulation results are about 0.17, 0.42, and 1.3
dB/iteration respectively. It is interesting to note that APA provides an improvement in
convergence rate not only for colored input, but also for white input. Even when the delay is
chosen to be unity, with white input, the convergence rate of APA improves as the number of
vectors used for adaptation increases. This shows that APA is not merely a decorrelating
algorithm, since the decorrelating-algorithm interpretation [20] suggests that APA will not
converge faster than NLMS when the input is white, which cannot be decorrelated any further by
APA.
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Figure 3.8 Simulated Learning Curves of APA for White Input — VariousM
(@) M=0 (NLMS), (b) M=2, and (c)M=8.
(Input: White Noise, System: FIR(31),&° =0, 1=1.0, andD=1)

Observation 2 suggested that APA provides a way to improve the convergence rate without
compromising on misadjustment. The following experiment corroborates this observation.

Figure 3.9a shows the learning curve of NLMS with a step gizef 0.25. We see that the
algorithm takes about 8000 iterations to converge. The misadjus#nien®.2062 for this case.
An improvement in convergence can be achieved either by using a larger value of sfesize

by using the affine projection algorithm (that is, by using more input vectors for the weight

update). Figures 3.9b and 3.9c show the learning curves obtained by using NLMB with

and by using APA wittM = 2 (andfz = 0.25), respectively. In both these cases we see faster
convergence than for NLMS witly = 0.25. It is evident that their individual convergence rates
are nearly comparable, while the resulting misadjustments are quite different. NLMJ with

has a misadjustmem of 1.1164 while APA withM = 2 has a misadjustme® of 0.2904. In

other words, the steady-state error of APA with= 2 is at least 2 dB less than the steady state

error of NLMS with 1 = 1, while their convergence rates are comparable. APAMvithl (not
shown, to avoid clutter) has a misadjustngaf 0.2269 and converges almost as fast as NLMS
with g = 1. We note that the (experimental) misadjustment has some dependeie on

(misadjustment increases dd increases). However, the misadjustment has a stronger
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dependence on step size thanMnThis suggests that it would be better to use APA to get

improved convergence than to use NLMS with large step size.
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Figure 3.9 Simulated Learning Curves of APA
Misadjustment/Convergence Rate Trade-Off:
(@ M=0 (NLMS) and 1 =0.25, (b)M=0 (NLMS) and g =1.0, (c)M=2 and 1 =0.25.

(Input: AR(1), pole at 0.95, System: FIR(31)£° =10, and D=32)

Figure 3.10 depicts the dependence of experimental misadjustmemM. ddere, the
misadjustments for different values Mfand different step-size constarfisare shown. We see
that the dependence & increases as the step-size is increased. For small values of step-size,
the misadjustment does not change much with This supports our hypothesis that the
misadjustment, shown in (32), is independeri¥lptince we neglected the dependence pfon
past measurement noise while going from (11) to (12). As the step-size is decreased, the
dependence oW, on past measurement noise decreases and, hence, neglecting this dependence

does not introduce "too much" error. Thus, our Observation 2 that the misadjustment for APA

does not depend dvi holds as long as the data and parameters satisfy our assumptions.
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Figure 3.10 Dependence of Misadjustment on Stepsize
() p=0.001, (b)z=0.01, (c)1=0.1, (d) £ =0.5, and (e) =1.0.
(Input: AR(1), pole at 0.95, System: FIR(31)£° =10, and D=32)

3.3 Conclusion

The APA class of algorithms provides an improvement in convergence rate over NLMS,
especially for colored input signals. We analyzed the convergence behavior of APA based on the
simplifying assumptions that the input vectors are independent and have a discrete angular
orientation. A theoretical expression for the convergence behavior of the mean-squared error is
derived. As the signal color and/or step-sizes tend towards satisfying the independence
assumption the simulated results tend to the theoretical results, while there is a mismatch
otherwise. The convergence rate is exponential and it improves with an increase in the number of
input signal vectors used for adaptation. However,réite of improvement in time-to-steady-
state diminishes as the number of input vectors used for adaptation increases.

While we show that, in theory, the misadjustment of the APA class is independent of the
number of vectors used for adaptation, simulation results show a weak dependence. Thus APA
provides a way to increase the convergence rate without compromising (too much) on
misadjustment. For white input the mean squared error drops by 20 dB in &N:bqﬁ(m +1)
iterations, whereN is the number of taps in the adaptive filter ands the number of vectors

used for adaptation. Simulation results corroborate our findings.
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