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NOMENCLATURE

radial coordinate from the center of the plate
rotation of the middle surface of the ﬁlate
stress function ,

outer radius of the plate

inner radius of the plate

plate thickness

modulus of Elasticity

Poisson's ratio

flexural rigidity of the plate (Eh3/12(1-v2))

appliedlload'

vertical stress resultant

Horizontal stress resultant

parametric quantities

trans formed dependent variables

parameter related to F in the case of v less
than 1/3

parameter related tovF in the case of v greater
than 1/3

transformed independent variables

boundary-layer coordinate in the vicinity of the
outer edge of the plate

boundary-layer coordinate in the vicinity of the
inner edge of the-plate

circumferential and radial stress resultants

circumferential and radial moment resultants

circumferential and radial direct stresses respec-
tively

circumferential and radial bending stresses

respectively



U, W radial and transverse displacements respectively

~ tilde, placed over a variable to indicate that
the variable applies in the vicinity of the
outer edge of the plate

= double bar, placed over a variable to indicate
that the variable applies in the vicinity of
the inner edge of the plate

Plus miscellaneous symbols defined in the text.



CHAPTER I

INTRODUCTION AND REVIEW OF THE LITERATURE

We consider the problem of the rotationally symmetric
deformations of a thin circular plate with a central rigid inclusion
of finite radius. The plate is deformed due to a load which acts
normal to the plane of the rigid inclusion at its center, and the
outer edge of the plate is considered to be clamped such that it
undergoes no rotation or displacement. The plate is initially flat,
of constant thickness and consists of a uniform elastic material.

We assume that the strains in the plate are small but allow for the
possibility of finite rotations and displacements.

With regard to the mathematical formulation of the problem
we begin with the basic differential equations due to E. Reissner in
the form as presented in (1). In a more recent paper (2) Reissner
presents a new theory where certain terms in his original equations,
as given in (1), are considered to be insignificant and are omitted.
Herein we determine from an order of magnitude analysis that these
terms are important if the deformations are large, and furthermore,
it is observed that without these terms in the basic differential
equations certain inconsistencies arise in the problem under
consideration (see chapter V).

The first approximations to the Reissner equations (1) are
derived by an order of magnitude analysis in the separate cases of
small and large finite deformations. We find, as is well known, that
the first approximations in the case of small finite deformations
correspond to the von Karman equations (3).

It is the purpose of this dissertation to solve the von Karman
equations for the limiting cases of deformation which exist within
their range of validity and, in addition, to investigate the case of

large finite deformations when the deformations are exceedingly large.
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Solutions to the von Karman equations in the form of
perturbation expansions in powers of a small parameter are obtained
in the limiting cases of infinitesimal and increasingly large
deformations. With regard to the case of infinitesimal deformations
the classical linearized bending theory is improved upon herein by
accounting for the coupling between the bending and stretching of the
plate's middle surface. Two terms in the expansion for the dependent
variable representing the bending of the plate are obtained; the
second of which gives a correction due to the stretching of the
middle surface of the plate. As long as the maximum deflection of
the plate does not exceed approximately one-half of its thickness,
the correction for the stretching of the middle surface is negligible
for this problem. The expansion for the dependent variable which '
represents the stretching of the plate's middle surface is found to
one term. Both expansions are uniformly valid over the extent of the
plate.

For significant increases in deformation above the range just
discussed the stretching and bending effects are equally important
although the latter are confined to narrow boundary-layer zones at the
edges of the plate. In this case the analysis of the von Karman
equations by perturbation methods leads to a singular perturbation
problem in that the interior region of the plate and its edge zones
must be investigated individually. Perturbation expansions are obtained
which apply separately in these regions of the plate.

Solutions for the first two and, in one case, the first three
terms in the expansions of the dependent variables are obtained in
closed form. It is found that the expansions which apply in the
interior region of the plate, which we refer to as membrane expansions,
take one of three possible forms depending on whether Poisson's ratio v
is less than, greater than, or equal to 1/3. In the case when v is
equal to 1/3 the algebraic complexities are greatly reduced; in this
case we obtain three terms of the expansions. The theory of 'Matched

Asymptotic Expansions", as popularized by Van Dyke (4) in fluid
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mechanics problems, is utilized here in order to determine the
necessary conditions, in addition to those provided at the boundaries
of the plate, for evaluating the constants of integration in the
solution. )

Numerical results for the transverse displacement and maximum
radial stress are compared to data obtained from the numerical
integration of Reissner's equations as presented by other authors (5);
and the agreement is very good.

The work most closely related to the above phase of the
investigation is that recently conducted by Hart and Evans (5) who
investigated the same physical problem as we are concerned with in
the case of large deformations. They also attacked the problem by a
perturbation analysis of the von Karman equations and obtained a ‘
power series solution for the first terms in the perturbation expansions
of the dependent variables. However, as evidenced in their report, as
well as herein, one term expansions are not adequate over a large
range of deformations. A major part of their work is concerned with
the numerical integration of the Reissner equations and we draw upon
their numerical data to verify our results, as mentioned above.

The only other known work dealing with the same geometry and
loading as in this investigation is due to Hamada and Seguchi (6) who
solve the von Karman equations by a numerical iteration procedure.

It is appropriate to note Fhat Schwerin (7)yin his analysis
of a centrally loaded circular membrane, encountered the same basic
differential equation as that which governs the first term of one of
the membrane expansions herein. His closed form solution, which we
draw upon, failed to exist for values of Poisson's ratio v greater than
1/3. Later Jahsman, Field and Holmes (8) observed that a certain
variable in Schwerin's solution need not be real to yield real
solutions. This led to the solution for v greater than 1/3. However,
it has not been reported that both forms of these solutions become
indeterminate when v is set equal to 1/3 and, more importantly, it has not

been shown that a third form of solution exists, which is extremely
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less complicated than the other two, in the case of v equal to 1/3.
This third form of solution which we present is important due to its
simplicity along with the fact that for many engineering materials v
1is approximately equal to 1/3.

The concluding part of this investigation deals with the
problem of exceedingly large deformations such that the von Karman
equations are no longer valid. As indicated by Reissner (2) this
occurs when sine and cosine terms in the variable B, which represents
the rotation of the middle surface of the plate, can no longer be
approximated by peglecting terms of third order and higher in their
series expansions. '

Our aim is to formulate the first approximations to Reissner's
equations in the case of large rotations and then derive the differenéial
equations on the first terms of perturbation expansions of the
dependent variables. A singular perturbation problem arises again as
expected. The differential equations of the boundary-layer zones and
the interior region are given, as well as the conditions, above those
provided at the boundaries, which are required for evaluating the
constants of integration. These are obtained by employing the theory
of '"Matched Asymptotic Expansions'. The solution of this problem
requires numerical integration since an analytical solution can not be

obtained. For this reason results are not presented in this case.
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CHAPTER II

FORMULATION OF THE PROBLEM

Starting with the '"full'" Reissner equations an order of
magnitude analysis is performed in this chapter to determine the
first approximations to these equations for the separate cases of
small finite and large finite deformations. The resulting equations
contain two arbitrary parameters which are introduced at the
beginning of the order of magnitude analysis. One of these
parameters remains unspecified in magnitude and is used as a
perturbation parameter to obtain solutions to the equations of the
first approximations in terms of perturbation expansions. Thus we
obtain solutions for the limiting cases of deformation that exist
within the frameworks of the theories for small finite and large
finite deformations. In this chapter we limit ourselves to the
derivation of the basic differential equations for the first
approximations and the formulation of the boundary conditions.

A. Governing Equations

E. Reissner's equations (1) for finite deformations of axially

symmetric thin plates are,

g_zé + 1 gé cosésiné ﬁrsiné Vcos-g

-2 - - -2 - - = "7 (2.1a)
dr r dr r Dr

and

2= - -
d_.g[_’__i__?_f (cos B- vr g'ésinB) -l»E (1-cosB) =

dr r dr r dr r

( s—“‘M@ + LB omy iy (2.1b)

r dr
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In these equations E represents the rotation of the middle
surface during the deformation, ¥ is a stress function defined as
the product of the radial coordinate r and the horizontal stress
resultant H, and the quantities E, h and y stand for the modulus of
Elasticity, the plate thickness and Poisson's ratio respectively (see
Figure 1). V is the vertical stress resultant, For this problem,
(see Figure 2), it follows from Statics that, .

v = £, (2.2)

2nr

where P is the load applied to the inclusion. The quantity D is
defined to be, '

3
D = —B ___ . 2.3)

12(1-v2)

Once é and ¥ are known the stresses and displacements are determinable
by direct calculation using the expressions in section A.2 of the
appendix. Figure (1) showing the element in the undeformed and

deformed positions, contains certain of the above quantities, and others
for later reference, Figure (2) shows the plate and rigid inclusion.,

The letters a and b stand for the outer and inner radii of the plate,

Equations (2.1) are valid for all ranges of deformation as long
as the strains are small compared to unity. We consider these equations
for the cases of small finite and large finite deformations under the
assumption of small strains. The classical case of infinitesimal
deformations is treated as a limiting case of the small finite deformation
theory.

First non-dimensionalize the equations by setting,

¥ = BY (2.4)
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PLATE ELEMENT IN THE UNDEFORMED AND DEFORMED
POSITION
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and

where ¥, B and r are new dimensionless variables.
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(2.5)

(2.6)

B and b are

parametric quantities to be determined in the course of the analysis and

a is the outer radius of the plate,

Substituting (2.2), (2.4), (2.5)

“and (2.6) into (2.1) gives us,

gfg_i_ ggg) n(8) _ A 2sin Pa_cos (8B)
- (2.7a)
2 r dr 2nDBr
Gr
1
and
d2w+ 1 Qﬁ -1 (cosz(ﬁﬁ) - 5?92 sin(88)) ¥ + LE(l-cosﬁﬁ) =
er r dr r2 vorar r
(M lﬁ—gcos(ﬁﬁ)) (2.7b)
2xD k
in which we have let,
2 Ba 2 akEh |
A > and - o= X : | (2.8a,b)
2 2
A" and L° are related through the parameter (a/h) by,
2
A2 = (a/n)? QQ—?‘J. (2.9)
L

which follows from (2.8) by eliminating B.
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1. Small finite deformations

Let us assume the parameters B and § are chosen such that ¥
and B are of order unity. Using the symbols f<< 1 and £>> 1, or
equivalently the terms '"small" and "large', to imply that the function
f is approaching zero or infinity respectively let us examine first
the case where § is small i.e. B<< 1. Replacing the trigonometric
terms in (2.7b) by their series expansions and neglecting terms of

order § and higher, the first approximation to (2.7b) becomes,

2 2 2.2 |
d 1 d L
;;?‘*TE?"%*':@‘EL)‘ 0 (2.10)

as long as we assume that either

Pa

5 < 1 (2.11a)
2nxD A\
or
Ea 5 = oqy.* (2.11b)
2xD A

The last term in (2.10) is retained for further examination since the -
order of magnitude of L2 has not been specified. Following the

classical procedure we look for the order of magnitude for L2 which

leads to the least degenerate first approximation to (2.7b). This occurs
when the quantfty 62L2 is of order unity since BZ will then remain in

the first approximation. Therefore, let us set 62L2 equal to some

*A function £(8) is said to be of order g(5) as b tends to zero if
0 < 1im|ﬂ%l<oo as p tends to zero., Symbolically we write f = 0(g).
In this definition we assume that the limit of If/gl exists.,
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constant, preferably unity for convenience. Thus we assume,

5L = 1, | (2.12)

or

L = 1/5 . (2.13)

Equation (2.13) shows that:'L2 is large when 52 is small. Therefore,

in this part of the analysis we assume

s> 1. (2.14)

In view of (2.12) the first approximation to (2.7b) becomes,

2 2
dy, 1L dv_ ¥y B .
" + =5 7 + 5= 0. (2.15)

It remains to investigate (2.7a). By replacing the trigonometric
functions with their series expansions and neglecting higher order

terms the first approximation to (2.7a) for small § becomes,

dp, 1 48 p _A4p _ _ pa (2.16)
drz r dr r2 r 2nDbr ° ‘

The last two terms in this equation are retained for further examination.

Equations (2.15) and (2.16) represent the first approximations
to Reissner's equations for the case of small finite deformations. The
two arbitrary parameters B and §, or equivalently xz and §, remain
to be determined. One of these, 5, has been restricted to be smail, but
the other one, %.2, is completely arbitrary in magnitude., Thus the temrm
in (2.16) containing hz may or may not be significant, Clearly when xz
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is of order unity the term under discussion is significant. The
determination of the parameters 5 and hz is postponed to chapters III
and IV where (2.15) and (2.16) are solved in terms of perturbation
expansions. Let us note fhat these equations correspond to the von
Karman equations (3) as can easily be shown by converting them to the

variables 5, E, and r and using (2.8).

2. Large finite deformations

For this case we assume E is of order unity. Therefore in (2.5)

let us set

5§ = 1. (2.17)

The basic differential equations (2.7) now become,

dzg + 1 dB8 cosBsinfB KZWSinB Pa cosf
—_ - - = , (2.18a)
2 r dr 2 r 2nDr
dr r
and,
dzw‘+ 1 dv _ _1 (co 2, _ r dg sinB) ¥ + L2 (1- y =
;—7 -~ 4 2 cos B VT 3¢ inB o cosf
T r
($inBeosB | v 4B o5y Pa_ . (2.18b)
2 r dr 2
T 27 DA

Assuming B is chosen such that ¥ is of order unity, a plausible first
approximation to (2.18a) occurs only if we assume that Xz and the
quantity Pa/2xD simultaneously grow indefinitely large such that their
ratio is of order unity. 1In order to guarantee that this assumption
holds we set

2 Pa
N= 7o . (2.19)
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Substituting (2.19) into (2.18) it follows that,

ﬁé + -1 4B _ cosBsinf A2 ysing o . xzcosg (2.202)

2 r dr 2 r T .20a
dr r

and

9.2_3‘1' 1 ﬂ 1 2 gé Lz
) + g - 3 (cos"B - vr 3= sinP)¥ + —(1-cosp) =

r r

sinBcosP _y_dB
2 T ar eo%® 4 (2.20b)

Equations (2.20) represent the first approximations to (2.7) for
the case when %.2 is large. Further examination of these equations is

delayed to chapter V.

8. Boundary Conditions

At the inner and outer edges of the plate the slope, B, and
radial displacement, denoted by U, must vanish (see Figure 2), 1In view

of (2.5) and (2.6) the boundary condition on B becomes
B = 0 at r = b/a and r = 1, (2.21)

From (A.45) of section A.2 of the appendix, the radial displacement

in terms of B, ¥ and r is,

- . _ )
U = fﬁg(d—“ -y (B sinp + X cosP)) . (2.22)
dr 2xr r

Using (2.4), (2.5) and (2.6) gives us,



21~

rB A4A¥ v PsinB3

= (— g T YcosBB) ). (2.23)

The right hand side of (2.23) must vanish at r = b/a and r = 1,

In view of (2.21) the boundary condition on U becomes,

oW, (2.24)

at r =b/a and r = 1. By virtue of (2.21) it is noted that the values
of the trigonometric terms are independent of § at the boundaries of the
plate, and therefore (2.24) applies for the cases of small finite and

large finite deformations.
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CHAPTER III
INFINITESIMAL DEFORMATIONS

The limiting case of small finite deformations, where the
deformations are considered to be infinitesimal, encompasses the
classical linearized bending theory of plates. The classical
theory is based on the assumption that the deformations are so
small that the stretching of the middle surface of the plate is
negligible and that only bending effects are important. In terms of
the governing equations of the previous chapter this is equivalent
to discarding (2.15) and assuming that kz in (2.16) is small such
that the term containing hz may be neglected.

In this chapter we investigate the case of infinitesimal
deformations by finding perturbation type solutions to (2.15) and
(2.16) for small Kz. By considering both equations, i.e. (2.15) as
well as (2.16), the stretching of the middle surface of the plate,
although small, is accounted for. Two terms in the expansion for B
are obtained, the second of which accounts for the coupling of the
stretching and bending effects. The expansion for ¥ is found to
one term. Higher order terms in the expansions follow directly but the

algebra becomes exceedingly lengthy.

A. Determination of the Parameters

Thus far the restrictions on the parameters for the small
finite deformation theory are that d<<1, L2>>1 and that either (2.1la)
or (2.11b) hold true. Also L and ® are related according to (2.13).
In view of (2.9) we observe that one can have either,

A2<<l (a/h)? = oq1) (3.1a)
or

A2 = 0q1) (a/m)? = o?) (3.1b)
or

N>l a/h = 0(L%) (3.1¢)
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for L2>>1. As just mentioned the case for infinitesimal deformations
corresponds to K2<<1.

In order for the load P to appear in the first approximation
to (2.16) for small XZ we must have the quantity (Pa/2xDd) of order
unity. Therefore let us set this quantity equal to some constant which

we choase to be 4 for later convenience. Thus we set,

Pa  _

From (3.2) it follows that,

Pa
6 = 87‘[D ’ (3-3)

and upon substituting (2.3) into (3.3) we get,

5 8rakh

From (3.4), (2.13), (2.9) and (2.8) we determine that,

_p@am?i2aab | | (3.4)

12 - ¢ 8§aEh > X (3.5)
P(a/h)” 12(1-v°)
and, )

6 2,.3

\2 = P (a/h) (12(3-2,)) , (3.6)
(8rakEh)
2 2

_ (Ba/m)12(-v9)y2 1
B = ( 81 ) aEh ° (.7

Hence the parameters for the infinitesimal deformation theory are

known.

B. Perturbation Expansions

Substituting (3.2) into (2.16) and rewriting (2.15) gives us
the following basic differential equations for the infinitesimal

deformation theory:



-24-

2 2
d_%.,.lﬂﬁ_%-l\_l"ﬁ._é. , (3.8a)
dr r dr b r r
and,
2 2
9——;-U+lﬂ-%-+é-=o, (3.8b)
dr r dr r 2r :

where the parameter kz in (3.8a) is considered to be small. These
equations can be simplified by the following transformations which
were used by Schwerin (7) in a membrane analysis of a similar problem.

Letting p, F and @ be new variables we set,

r? = 3 (3.9)

y = B (3.10),
and, 2

8 = Q_Qr”_). ) (3.11)

where F and @ are considered to be functions of rz. Substituting
(3.9), (3.10) and (3.11) into (3.8) gives us the following equations
where primes indicate differentiation with respect to p:

a" - ..):._.;p. ==l , (3.12a)
4p P
and,
a2
F" + = = 0. (3.12b)
8p

We now consider (3.12) as the basic differential equations.
The relations between the original dependent variables é and ¥ and

the new dependent variables F and & are,

B =22 ‘ (3.13)
and
= 2E, (3.14)

which follow by combining (2.4) through (2.6) with (3.10) and (3.11).
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Following the usual procedure we assume that the variables Q

and F can be expanded in the form,

2 . . .
a=a + ale+ aze + , (3.15a)
. and,
2 ...
F = Fo + F1€+ er + , (3.15b)

where € is a small parameter and the coefficients of € and its powers
are of order unity and independent of €. We assume that the expansions
become asymptotic to the exact solution as € tends to zero. Let us

assume,
€ = xz. (3.16)

1]
Substituting (3.15) and (3.16) into (3.12) and equating the coefficients
of successive powers of € to zero results in the following sets of

equations:

Zeroth order equations,

(3.17a)

a" = - =

° P

’.

and

Fg+—°—= 0. (3.17b)

a - =0, : (3.18a)

1

and

ol _o. (3.18b)
4p

"
F1 +

Before solving these equations we discuss the boundary conditions as

it is most expedient to apply them during the integration process.
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1. Boundary conditions
From (2.21), (3.11) and (3.15a) the condition of zero edge

rotation is met by setting,

a =a =0, (3.19a,b)

at p = (b/a)2 and p = 1. The condition for zero radial displacement
at the edges is given by (2.24). Substituting (3.9) and (3.10) into
(2.24) gives us,

v 1+V E=
F (—-—2 )p 0. (3.20)

Inserting (3.15b) into (3.20) gives us the following conditions which
must hold at p = (b/a)2 and p = 1:

F' - (l;i_l) EQ =0 (3.21a)
o 2 p ’ :
and,
P} - (1—;—1) b R (3.21b)
P

2. Solutions

Here we solve (3.17) and (3.18a) to give us the first two terms
in (3.15a) and the first term of (3.15b). Higher order terms in both
(3.15a) and (3.15b) could be obtained but algebraic difficulties make
it unattractive to do so. Our primary interest is to determine the
amount of non-linearity in a plot of the transverse displacement W
versus the applied load P, and since this non-linear effect is primarily
accounted for by the second term of (3.15a) we do not need to proceed
any further in the analysis.

Using the method of quadratures the solution to (3.17a) is

easily found to be,
a, = - plnp + p + Clp + 02 , (3.22)

where C1 and 02 are constants of integration. Applying (3.19a) at
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p = (b/a)2 and p = 1 we determine that,

Cp==(C,+1), A (3.23a)
and,
2 2 2
c, = (b/a)“1n(b/a)® - (b/a) (c, + 1)7 (3.23b)

Solving the above two equations simultaneously gives us,

2 2
c, = 1+ (b/a) (1;1b/a) =1 (3.24a)
(b/a)” -1
T /ain/a) '
c, - n(o/a)” (3.24b)
1 - (b/a)

To solve (3.17b) let us first make use of (3.23a) and express '
ao in the following form:
a = 02(1 - p) - plnp . (3.25)

Substituting (3.25) into (3.17b) and integrating by the method of

quadratures we find that,

2 2
Fo = C4 + C3p + klp + kzp + k31np + kap;np + ksp lnp +

k6p1n2p + k7p21n2p , (3.26)

where c3 and Ch are constants of integration and,

, |
k, = (€, - C,)/4, | (3.27a)
2
k, = (6C, - 2C,° - 7)/32, (3.27b)
k. = C.2/8 (3.27¢)
3 =6 /8 .
2
k, = (¢,7 - )4, (3.27d)
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and,

ko = G702, - ¢, /4 + ®/a)* (-2¢,7

+ 6¢2 - 7)/32 +
€2 /8)1n(b/a)? + ((®/a)?(c,? - C,)/4)n(b/a)? +

((b/a)“(-zc2 + 3)/16)1n(b/a)> + (b/a)z(C2/8)1n2(b/a)2 -

kg = (-2C, + 3)/16, (3.27e)
ke = C,/8, (3.27£)
. and,
k, = =1/16. | (3.27g)
Applying (3.21a) at p = (b/a)2 and p = 1 we determine that,
2
2 k,, = (a/b)‘k
Cy =) 11 — (3.28a)
l-v 1 - (a/b)
and,
k,, = k
2 11 8
C, =(=—) , (3.28b)
b TV /b2 .
where,
2
kg = Q- cz)/a + (1+ V) (-1oc2 +14C, - 7)/64, (3.29a)
and,
K, = G5 @m’k - Ky » (3.29b)
in which,
kg = (b/a)z(-cz2 + 2C, - 2)/8 + (a/b)2022/8 + (022/4)1n(b/a)2 +
(b/a)zln(b/a)z(l - cz)/a + (02/8)1n2(b/a)2 -
(®/a)*1a’ @ /a)%) /s (3.29¢)

((b/a)*/16)1n% (b/a)? . (3.29d)
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This completes the solution for the zeroth order equations (3.17).

The first order term al is determined in a similar fashion.

Substituting (3.25) and (3.26) into (3.18a) and integrating by the

method of quadratures again gives us,

2 3 2
al = C6 + CSP + k35p + k36p + k37p + kzslnp + k38p1np + k39p lnp +
3 2 2, 2 3, 2 3, .3
k40p lnp + k&lpln p+ k&ZP In p+ k43p 1In pt+ k44p In"p +

2. 3 3 2 '
k45p In"p + k29p1n p+ k461n P (3.30)

where C_ and C, are constants of integration and, .

5 6

k46 = - k16/2, (3.31a)
ks = k572, (3.31b)
kyy = ks /3, | (3.31c)
Ky = (kgq = ky,)/3, (3.31d)
Ky = (2kyy = 3ky5) /4, | (3.31e)
K,y = Kpg= 3Ky (3.31f)
k.0 -'(3k31 - 2y, + 2k34)/9, (3.31g)
Kyg = (2kyy = 2kg, + 3k,5) /4, _ ' (3.31h)

koo = k.. - 2k, + 6k (3.311)

38 13 28 29’



in

in

k= (Oky, = 3kg) + 2kyy = 2ky,)/27,
kye = (4kyp = 2kqo + 2kg, = 3k23)/8,
k3g = = Okyg * 2kyg = ki3

which,

kg, = kpu /2,

kyz = (Zkyy = 3kp ) /4,

k3p = kyy = 3ky3s

kgy = (2k;g = 2k,, + 3k, ) /4,

k3p = kyg = 2kyy * bky3;

kyg = kyo/3s

kyg = k17/2

ky, = (bk g = 2k g + 2kyy = 3ky,)/8,
ko = k14 = kgt 2ky; = Bkyg,

kys = = ki = Koo

which,

ky, = - ko /b,

Kpy = = K /b

(3.31j)
(3.31k)
(3.311)
(3.32a)
(3.32b5
(3.32c3
(3.32d)
(3.32e)
(3.32£)
(3.32g)
(3.32h)
(3.321)
(3.325)
(3.33a)

(3.33b)
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ky, = = (Cok, + k) /4, < (3.33¢)
kyy = (Cpk, = Coky = k) /4, (3.33d)
kyp = ( = kg + Coke)/h, ’ | (3.33¢)
kg = = (Cokg + k))/4, (3.33£)
kjg = (Cokg = ky = Cy = Cyle,)/4, (3.33g)
K, = (Cpk, = C, = Cyk;)/4, (3.33h)
kjg = Coks/4, (3.331)
kyg = - czkzla, (3.333)
ky, = (Cky = Coky = czc3)/4, (3.33k)
kyg = (0203 + Cok, = cch)/a, . (3.331)
and
ki, = 0204/4. (3.33m)

The constants C and C. are determined by setting (3.30) equal

to zero for p =1 and p = (b/a)z, according to (3.19b), and solving the

resulting equations simultaneously for C5 and C6' Upon doing so

we get,
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c =(k36(b/a)2((b/a)2-1) + k37(b/a)2((b/a)4-1) + kzsln(b/a)z +
kyg(d/a) 1n(b/a)% + k39(b/a)“1n<b/a>2 + Ky (0/a)°1n/a)? +

k“(b/a)?'lnz(b/a)2 +.k42(b/a)41n2(b/a)2 + k43(b/a)61n2(b/a)2 +

k (b/a)61n3(b/a)2 + k (b/a)41n3(b/a)2 + k (b/a)21n3(b/a)2 +
A 45 29
2 2 2
k,ln (b/a)c ) /((b/a)"-1) , (3.34a)
and,
Cg = - (C6 + k35 + k36 + k37) (3.34b)
This concludes the solution for al.

C. Stresses, displacements and other physical quantities.

The stresses, displacements, stress and moment resultants follow by
direct calculation by substituting the expansions (3.15) into the formulas
given in section (A.2) of the appendix, and using (3.25), (3.26), (3.30)
and the numerous expressions above for the constants. In order to deter-
mine the expansion for the transverse displacement W we must evaluate an
indefinite integral involving the quantity & and we consider this next.
Substituting (3.15a) into ( A.49) and keeping only the first two terms

of the expansion for a we get,

p
(@ + a €)dp:
L _ o "%
2 ; 0 s (3.35)
where L is given by (3.5). Letting W and W1 be defined by,
pPagdp
W =J -_— ., (3.36a)
° P
and,
p
aldp
Wl =j. '—;)— , (3.36b)



we get,

2WL
p, o + wle. (3.37)

. Substituting (3.25) and (3.30) into (3.36a) and (3.36b) respectively
and performing the indicated integration gives us,

W, =Cy(lnp - p) + p = plnp + C, (3.38)
and,

2 3 2 2
Wl k47p + k48p + k49p + C61np + k501n o+ kSIpInp + kszp inp +

3 2 2. 2 3,2 3
k53p lnp + ksapln p+ kSSP 1n p+ k56p In p+ k29p1n p +

kg p 1n’p + kgpolnp + kyglnp + Cg, (3.39)
where C7 and CS are constants of integration and,

k47 = CS + k35 - k38 + 2k41 - 6k29, (3.40a)
k48 = (4k36 - 2k39 + 2k42 - 3k45)/8,‘ (3.400b)
k49 = (9k37 - 3kao + 2k43 - 2k44)/27, (3.40c)
kg = k25/2, (3.40d)
k51 = kgg - 2k41 + 6k29, (3.AOe)
ke, = (2k39 - 2k42 + 3k45)/4, (3.40f%)
kog = (3k, = 2k, 4 + 2k“)/9, (3.40g)
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k54 = k41 - 3k29, (3.40h)

ks = (2k,, = 3k, 5 ) /4, (3.401)

k57 = k45/2, (3.40k)

keg = k,0/3, (3.401)
and,

To evaluate C7 and C8 we imagine that the outer edge of the plate
is fixed in space, as illustrated in Figure (2), and that the rigid
inclusion moves vertically relative to the outer edge. Therefore we
set W equal to zero at p = 1. From (3.37) we see that W6 and wl must

accordingly vanish at p = 1 which provides the necessary conditions for

finding C7 and C8' Applying these conditions, we get,

C7 = C2 -1, (3.41a)
and,

C8 = - k47 - k48 - k49, (3.42b)

which concludes the solution for W. A plot of W, as given by (3.37),
versus the applied load P is given in Figures (5) through (8) in
Chapter VI.
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CHAPTER IV

SMALL FINITE DEFORMATIONS

In this chapter we consider the equations of the small finite
deformation theory in the case when the deformations are becoming
increasingly large. Here we are interested in finding perturbation
type solutions to (2.15) and (2.16), the von Karman equations, for

large values of Kz.

First we solve (2.15) and (2.16) by means of a straightforward
perturbation scheme. It is found that the derivatives vanish from oné
of the equations of the first approximations to the von Karman '
equations and thus two boundary conditions must be abandoned in the !
first approximations. This of course implies that the straightforward
or membrane expansions, as we shall call them, must be restricted to

the interior region of the plate away from its edges.

The edge zones of the plate, where boundary-layers exist,
are investigated by transforming the von Karman equations to a system
of boundary-layer coordinates. Separate perturbation expansions are
obtained in the vicinity of each edge of the plate. We shall refer

to these as boundary-layer expansions.

After exhausting the boundary conditions on the problem one
finds that a number of constants of integration remain undetermined
in the boundary-layer expansions. These constants, as well as the
ones in the membrane expansions, are determined by matching the
boundary-layer and membrane expansions according to the theory of

Matched Asymptotic Expansions (4).

It is found that the membrane expansions are in terms of either
trigonometric, hyperbolic or polynomial functions depending on whether
Poisson's ratio v is respectively less than, greater than or equal
to 1/3. The first two aforementioned cases are significantly

more complicated than the last in that they contain an additional
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variable which is related transcendentally to the independent variable,
For v equal to 1/3 only powers of the independent variable appear.
Membrane and boundary-layer expansions for the dependent variables

are found for all three ranges of vy but in calculating the stresses
and displacements we concern ourselves only with the less complicated
case for y equal to 1/3. Three-term expansions are found for the

case of v equal to 1/3; two-term expansions are found for the other

two cases.,

A. Determination of the Parameters

The restrictions on the parameters § and L2 for the small
finite deformation theory are that § << 1 and L2>> 1. Furthermore
-either (2,11a) or (2.11b) must hold. In view of (3.1) we see that
the magnitude of k? is unrestricted. Dividing (2.16) by A2 gives us,

2
1 d°Bg 1 d8 B B8 Pa 1
=+ - =) - = - = 4.1
KZ er r r r2 r ¢ Znth) br ( )

It is clear from physical considerations that the stretching of the
middle surface of the plate is significant for large deformations

and consequently the above term containing ¥, which is directly related
to the stretching, must remain in the first approximation to (2.16).
Therefore in view of (4.1) we determine that the limiting case for
increasingly large deformations corresponds to the case for

XZ >> 1. Furthermore we assume that the quantity (Pa/ZnDkz) on the
right hand side of (4.1) satisfies (2.1la) and that this quantity

and © approach zero simultaneously such that their ratio is of order

unity. To guarantee this set,

5 = (—27) (/4) (4.2)

2nDN
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where the factor of 1/4 is added for convenience. Using (2.13)
it follows from (4.2) that

2 PaL '
A 8xD ° (4.3)

Substituting in (4.3) for kz and L from (2.8) and making use of
(2.3) we determine that,

o 2/3 173
B = (5) (akh) . (4.4)

Substituting (4.4) back into (2.8) and using (2.3) again, L2 and Kz

are determined to be,

2/3
L2 - (Bn;Eh) R (4.5)
and,
2 2/3
A = & (SnZEh) 12(1-v2.). .6)

From (2.13) and (4.5) we get,

1/3

P
5 = G .7)

B. Membrane Expansions

Using (4.2), the basic differential equations (2.15) and
(2.16) become,

2 2 2
dB, 1 d_B __ A _ _4A
d 2 + r dr 2 r r ’ (4.8a)
r r
and,

2 2
M+_l{_%-%+§_ = 0. (4.8b)
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These equations are simplified following Schwerin (7) by letting

2
F
y - K2 .9
(Zgrzt

B = T ’ (4.10)
and,

2 =5, (4.11)
where F, @ and p are new variables. The relations between the
original and new variables are,

B o= 2, (4.12)

r
§ = RaE (4.13)
r
and,
-2 2
r = ap, , (4.14)

which follow by combining (2.4) through (2.6) with (4.9) through (4.11).
Substituting (4.9), (4.10) and (4.11) into (4.8) we get,

2 2 :
o - = g"‘ R (4.15a)
bp P
and,
o2
F'+ S = 0, (4.15b)
8p

where primes indicate differentiation with respect to p. Equations
(4.15) are considered to be the basic differential equations for the
analysis of chapter IV,

Following the usual procedure we assume that the variables

a and F can be expanded in the form,
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2
a = a + ale + a,e + oo oo oy (4.16a)
and’
2
F = F +Fe+Fye + - - o) (4.16b)

where ¢ is a small parameter and the cbefficients of € and its powers
are of order unity and independent of ¢. The appropriate choice for

€ is not obvious at this point. However, in the course of the
boundary-layer analysis of section C of this chapter, it is obvious

that the boundary-layer expansions should be in powers of (1/N ). Let
us assume that the same perturbation parameter also is appropriate for
(4.16). Later we verify that this is the correct choice for ¢ by

virtue of the fact that the boundary-layer and membrane expansions match.

Therefore let us set

1/3
e = 1 = &2y T_(/a) (4.17)

/2

1
a2@-v%)

in which we have used (4.6).

Substituting (4.15) into (4.16) we determine the following
sets of governing equations for the first three terms in the membrane

expansions,

Zeroth order equations

0 O ’
4p 1 (4.18a)
a;
Fg + = = 0 - o (4.18b)
8p

First order equations

Ff:d+ FJ’1 = 0 (4.19a)



acgi
F; + _-— = 0 (4.19b)
4p

Second order equations

2 " - - ' =
4p’al - o, F, = Fa, - Fpa, 0 ‘ (4.20a)
foxo + alz
F! + = 0 (4.20b)
2 2
8p

These equations can be simplified by making use of the algebraic
relationships between the variables as given by (4.18a), (4.19a) and
(4.20a). We get the following three differential equations:

Zeroth order

2
"y £ o
Fo + 2 0 . (4.21)
(o]

First order

4F1

N ——=

FJ F3 0 (4.22)
(o]

Second order

2
4F Ko aa"
'« —2 & .1 _ 00 * (4.23)
2 3 2 F
F 8p o
o

The zeroth order equation (4.21) is non-linear, the other two equations
are linear, It remains to solve these three equations to obtain
three-term membrane expansions. For two-term expansions we must solve

only the first two equatioms.
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Herein we show that (4.21) possesses three different forms
of solution, which are obtained by the method of quadratures,
depending on whether the constant of integration in its first integral
is assumed to be positive, negative or zero. It is shown later that
these forms of solution correspond respectively to the cases where
Poisson's ratio y is greater than, less than or equal to 1/3. Two
forms of the solution have been reported previously in the literature.
In an analysis of a circular membrane problem Schwerin (7) determined
the solution to (4.21) for the case where y is less than 1/3. Later
W. E, Jahsman, F., A, Field and A, M. C. Holmes (8) recognized that a -
certain variable in Schwerin's solution need not be real to yield real
solutions, This led to the solution for y greater than 1/3. However
it has not been reported that a third form of solution exists, namely
the one corresponding to y equal to 1/3. This solution is very important
due to its simplicity coupled with the fact that for many engineering
materials y is approximately equal to 1/3.

The first integral to (4.21) is found by reproducing the steps
of Schwerin., First write (4.21) in the form,

daF' + 282 . . (4.24)
o FZ
(o]

Multiplying this by 2F; and expressing each term of the resulting

expression in differential form gives us,

d(F;)z + d(;—“) = 0. ' (4.25)
(o}

Integrating this we determine the first integral to (4.21) to be,

32 A Ly a2 |
(F)) - 4A° | (4.26)
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where éAz is a convenient form for the constant of integration. We
now consider separately the cases when the minus and plus sign in
(4.26) holds and also the ‘case when AO is zero., Later, in section D
of this chapter, it is shown that these cases apply when v is less
than, greater than and equal to 1/3 respectively.

1. Membrane expansions for y less than 1/3

In this section we solve (4.21) and (4.22) in order to determine
two-term membrane expansions for y less than 1/3. Assuming that the

minus sign in (4.26) holds we write

W2_ 4 _ ;.2 '
(Fo) Fo 4A° . (4.27)

Solving for Fé we find that,

F' = 2A -1 . (4.28)
o o AZF

o o

Multiplying each side of (4.28) by Ai gives us,

2 3 1

AFo = A |2
A"F
oo

-1 . (4.29)

Let us introduce a new variable y defined by the following equation:

Ap - sin(7/2). (4.30)

Substituting (4.30) into (4.29) it is easy to show that,

(sin2(7/2))' = 2A3 cot(y/2), ‘ (4.31)



which can be written as,

2 .
d(sin”y/2) _ 3 ‘
dsin 2/2) It = 2Adp - (4.32)

Expanding the above differential gives us,

(stny/2) & = 224 ‘ (4.33)

This is easily integrated giving us,

B
Z- - 22 0.2, (4.34)

where (-BO/A) is a convenient form for the constant of integration.

Rearranging (4.34) gives the following relation between y and p:

-

3
hAop = 7y - giny + Bo . (4.35)

Thus the function Fo is therefore expressed through the parameter y
by (4.30) and (4.35), with Ao and Bo to be determined later from the
matching conditions. From (4.18a) and (4.30) we get,

4A§p
o, == . (4.36)
sin” (7/2)

We now turn to the solution of (4.22). First Ff is replaced

by the expression,

(FlFl)! - F"F'
Fpe—2t ol (4.37)
[o}




which follows from the identity,

IRy o " et
(FOFI) FoFl + F Fl . (4.38)

Therefore (4.22) becomes,

'
(F'F!)' - F'F! - AFIFO (%.39)
o'l o'l P . *
o

Next Fg is replaced by the quantity -2/F§ which follows from (4.21).
This gives us, ”

Fi 2F1F;
(F'F)' + 2(—= - ——) = 0. (4.40) .
ol F2 3
[o]

The term in the last set of parenthesis is identically equal to (Flng)'.

Therefore the first integral becomes,

F
1
U ' — = .
FF) + 2 2 A, _ (4.41)
o

where A1 is a cgnstant of integration. Replacing (1/F ) in the above

equation by (—-—) from (4.21) and dividing by (F ) results in,

F! F F" A
'r'l" 1 o - 1 — (4.42)
o (D ) -

The left hand side of the above equation is identically equal to
(FllFé)" Hence we see that,

G = . (4.43)
F, (F;)z



Integrating this gives F1 in terms of the known quantity Fé as,

A
1
- '
F) = (F))( —— dp+B)), (4.44)
)
where B, is a constant of integration. For future reference we note

1
that the above solution for F'1 does not depend on the explicit

solution for FO or its derivative, It only requires that Fo be governed
by (4.21).

To evaluate the indefinite integral let us express Fé in the

form,
F; = 2Aocot(7/2). (4.45)

which follows from substituting (4.30) into (4.31). From (4.35) we
find that,

dp > . | (4.46)

Substituting (4.45) and (4.46) into (4.44) and performing the integration

F, is found to be,

1
A
2A4

(o)

2
Q-+ sin"y _ 37cot7/2) + ZAOB

2 4 coty/2 . (4.47)
8sin“y/2

F =

1 1

With F, known @, is easily determined from (4.19a), i.e.

1 1

cxO
a, = -(F—o)pl . (4.48)
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Thus the second terms of the membrane expansions are known.

The

constants Al and Bl are determined later from matching(see Section D).

2. Membrane expansions for y greater than 1/3

The first two terms in the membrane expansions for y greater

than 1/3 are found in this section. Returning to (4.26) we assume

that the plus sign applies and (4.26) becomes,

12 _ & - 2
(F}) P IS

Solving this for F; we get,

F;'ZAo 21 + 1.,
VAF
o0

Multiplying each side of (4.50) by Ag gives us

AEF‘; = 2A2 21 + 1.
AF
o o

We introduce a new variable E by setting
2 2 =
AOFO sinh”(5/2).

Substituting (4.52) into (4.51) it follows that,

(sinh2(5/2))- ZAg coth(g/Z),

which can be written as,

(4.49) .

(4.50)

(4.51)

(4.52)

(4.53)



47~

2 -
d(sinh™ (B/2 3
, = 2A7dp. (4.54)
coth'\(@/2) o°P .

Carrying out the differential we get,

sinh?(8/2) L = a24p, | (4.55)

From a table of integrals we find that,

.S_i%}_l_ﬁ - -% = A2p+ Bo/lb (‘0.56) '

where (BO/A) is a convenient form for the constant of integration.

Rearranging (4.56) we have the following relation between p and g:

3 —
4A°p sinhg - § - Bo‘ (4.57)

Thus F° is known from (4.52) and (4.57) through the parameter E.
From (4.18a) it follows that a, is known.

To determine F1 we refer to (4.44) and the comment following it.

Combining (4.52) and (4.53) we determine that,

F! = oncoth(872), (4.58)

and the following differential comes from (4.57):

cosh5 -1

dp = (———
P 4A
o

) db . ‘ (4.59)

Substituting (4.58) and (4.59) into (4.44) we find that,

A
R 2&1\_5__ °°th 5/2)y 24 B coth§/2.  (4.60)
2A 8sinh 5/2
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From (4.19a) al is known. Thus the two-term membrane expansions
for v greater than 1/3.are known in terms of the constants of

integration. These constants are determined by matching.

3. Membrane expansions for y equal to 1/3.

In this section we determine the first three terms in the
membrane expansions for y equal to 1/3. The constant Ai in (4.26) is

assumed to be zero and therefore we have,

M2 - %— - 0. (4.61)
[o}

It follows from (4,61) that,

1/2,, .
F/°F! 2, | | (4.62)

or equivalently,

3/2

) .
3 Fo ) =2, (4.63)

Integrating this gives us,

2 .3/2
3 Fo =2p, (4.64)
where we have assumed that the constant of integration is zero.
Therefore Fo is determined to take the following simple form,
' 2/3
Fo (3p) . (4.65)

From (4.18a) we get,

a = -P—m | (4.66)



This completes the solution for the zeroth order terms in (4.16).

Later when we apply the matching principle we verify that the constants
which we have assumed to be zero in (4.61) and (4.64) are such if, and
only if, v is equal to 1/3.

Referring to (4.44) and the discussion following it, and making
use of (h.65),F1 is easily determined to be,

@ A, 43 2, -1/
1.'1 - 5 P +(-:;1-73 o . (4.67)
Letting,
(3)4/3A1 28, '
k, = and k, = (4.68)
1 10 2 (3)1/3
equation (4.67) can be written as,
4/3 -1/3
Fl = klp + kzp | (4.69)

where kl and kz are considered to be new constants of integration.
The function oy is known by virtue of (4.19a), (4.69), (4.66) and (4.65).
Thus the first order terms of the membrane expansions are known in

terms of k1 and k2 to be evaluated later by matching.

The second order terms of the expansions are found by first
substituting the known quantities Fo’ ao’ ag and.a1 into the right hand
side of (4.23) to give us,

4F -10/3 -5/3 -2
w2 . o2 __ 242 32
270 L (ky + k5 p +2gk,p )+ e (4.70)
o

Comparison of (4.22) and (4.23) shows that both equations have the same

homogeneous solution. Therefore the complete solution for Fz becomes,
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4/3 a3 MAEE 2k p1/3 k2 p o3
Fpmkyp *lyp - T+ = - a0
(3) 4(3)
4.71)
where k3 and k4 are constants of integration to be evaluated by matching,

and the last four terms above represent the particular solution to
(4.70). From (4.20a) @, is given in terms of known quantities and thus

the solution for the second order terms in (4.16) is complete.

C. Boundary-Layer Expansions

As discussed at the beginning of the chapter, the membrane
expansions must be restricted to the interior of the plate since the
equations governing the terms of these expansions, namely (4.18), (4.19)
and (4.20) do not yield a sufficient number of constants of integration,
In this section we determine two systems of boundary-layer equations
which apply separately to the inner and outer edge zones of the plate,
These equations are solved in terms of perturbation expansions which
we shall call boundary-layer expansions. After imposing the boundary
conditions on the problem certain constants in the boundary-layer
expansions remain undetermined. These constants; as well as those in
the membrane expansions, are determined later from the matching

principle (see section D).

1. Boundary-layer expansions for the vicinity of the outer

edge of the plate.

a. Boundary-layer coordinate system and equations

Assuming that the boundary-layers are confined to narrow
zones at the edges of the plate let us introduce a new outer edge
boundary-layer coordinate y which remains of order unity as the widths

of the boundary-layers shrink to zero with increasing N?. Set,
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M '%, (4.72)
1/ N\%)
where the exponent n is to be determined. Rearranging (4.72) we have,
2" ' '

p = 1= @A/ N)n . (4.73)
For convenience let,

T = (125, (4.74)
and note that

T 1, (4.75)
Substituting (4.74) into (4.73) we get,

p = l-1'n . (4.76)
Next the basic differential equations (4.15) are transformed to the
coordinate N through (4.76) to give us,

2 2n-1 2n-1
T T

da R
- + = 0, (4.77a)
an?  4-t? (-t )

+ 12 = 0. (4.77b)
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To determine n let us follow the classical procedure and look
for the value which leads to the least degenerate form for the first
approximations to (4.77) for small t. Inspection of (4.77a) indicates
that the term containing the product of F and @ will remain in the
first approximations if n is chosen to be 1/2. Therefore let us set,

n = 1/2, , (4.78)

and the basic differential equations (4.77) for the outer edge

boundary-layer become,

2
da R + —2L - 0, (4.79a)

an®  4@-en)?  (Am€n)

and

dF, <@ = 0, (4.79b)

where we have introduced a new quantity ¢ which is defined as,

e = <12, : (4.80)
Combining (4.80) and (4.74) we determine that,

e = 1/ . ' (4.81)

From (4.6) it follows that,

1/3

8iaEh (h/a)

( ) » (4.82)
P 7 q2a-v2)t/2




and in view of (4.75) and (4.80) we see that
€<<1. (4.83)
From the above relations the following expression for p is obtained.
p= l-en. (4.84)

Replacing the quantities (l-eq )"2 and (l-en )-1 in (4.79) with their

series expansions and neglecting higher order terms gives us,

2
d—9‘2- - I;H (1+2en +3;;-2 nz) + (l+eq +¢ nz) + 0(e3) = 0, (4.85a)
dn

and

2 2.2
.d_.g + s_g_ + 0 = o. (4.85b)
dn

Equations (4.85) represent the basic differential equations for
the outer edge boundary-layer. These are to be solved in terms of
perturbation expansions for small €. Therefore let us assume the
functions F and & can be represented by the following expansions which
become asymptotic to the exact solution as ¢ tends to zero:

2 L] L] L]
a = aj + a, € + aze + ) _ (4.86a)

>

and

: 2
F = Fo + Fle + er + o0 (4.86b)

The parameter ¢ is defined by (4.82). Substituting (4.86) into (4.85)

and equating the coefficients of successive powers of ¢ to zero we get



the following sets of equations for three-term boundary-layer expansions:

Zeroth order,

d%zo Fazo ‘
2-T+1 = 0, (4.87a)
dn
and
d2F° .
2 = 0. (4.87b)
dn
1
First order,
d%a, Fa +Fa nF o
; - =L 4 Lo . 20 2+ n = 0, . (4.88a)
dn
and
d2F1
— = 0 | . (4.88b)
dn
Second order,
2
da 2
—2_1 : . L 2
anl (o, + Fjay + Fa)) = =5~ Foy + Fae) = 5= Fagbn =0,
(4.89a)
and
d2P2 ai
—+t3 = 0. (4.89b)
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The solution to these equations is straightforward. However
since it is most expedient to apply the boundary conditions during the
integration process we postpone the solution until after a discussion

of the boundary conditions.

b., Boundary Conditions

From (2.21) and (4.10) it follows that the condition of
zero slope is met by setting

=q, =q, =0 (4.90a,b,c)

2 3

at the outer edge of the plate where p=1, or equivalently =0, as seen '

from (4.14) and (4.84). The condition for zero radial displacement at

the outer edge is expressed by (2.24). Substituting (4.9) and (4.11) into
(2.24) we determine that the following condition must hold at the outer
edge of the plate:

F' - -Q‘%)—’i - 0. (4.91)

By transforming (4.91) to the boundary-layer coordinate n by means of
(4.84) and setting n equal to zero we get,

dF vy, o
an teCTIF = 0. (4.92)

Substituting (4.86b) into (4.92) one finds that the following conditions
must be imposed at N = 0:

dFo B
a;‘-— = 0, (4. 93a)



-56-

dF
1 1+V
an + 2 )I-‘o o, (4.93b)
and
dF
2 1+V
an + ( 2 )F1 0. (4.93c)

* Thus (4.90) and (4.93) represent the boundary conditions at the
outer edge of the plate.

c. Solutions to the boundary-layer equations

The solution to the system of equations (4.87), (4.88) and
(4.89) is begun by first solving (4.87b) subject to (4.93a), and then
substituting the result into (4.87a). The resulting expression for
(4.87a) subsequently is solved by elementary methods. After applying
the boundary condition (4.90a) on a, it is clear that a total of two
constants of integration remain undetermined in the solutions to
(4.87). One of these constants is set equal to zero by the
requirement of finiteness since it multiplies an exponential term to
a positive power in the coordinate n . Thus the solutions to the
zeroth order equations contain one undetermined constant, which we

call C,, after exhausting the boundary and finiteness conditions.

1
Substituting the known results for a and F_ into (4.88),
the same process as described above is used to sqlve for Fl and a .
Here again we are left with another undetermined constant which we
denote as C2 after exhausting the boundary conditions and applying a
finiteness condition. With ao’ Fo’ a., and F, known the solutions for

1 1

F, and @, are found from (4.89) in a straightforward manner. As in the

2 2
previous cases one constant of integrationm, C3, remains undetermined,

The solutions for Fo, ao' Fl’ etc., in terms of the

undetermined constants Cl, Cz, and c3 are found to be:
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Zeroth order,

F, = C, (4.94a)
and
. =€, /2
a = (4/C3)(1-e ). (4.94b)
P, = cz-(1+v)cfn/;. | (4.95a)
and '
G, = =4C,/CT = 2(1-v) n /C] + oG/ (4c,/c} + c, 0 /C)
+ GnnAED) + (3-v) n2/(c)). C (4.95b)
Second order,
F, = Cy + (6/C7 = (1+v)C,/2) 0 - n2/c? + (16/cf)e-(cl/2)n
-(2/c§)e-cln. (4.96a)
and
@, =K, +Kn + x3n2 + e-(CI/Z)? K,+ Ko+ K¢ nz + K, n3 + Kq n“)
-(24/c}°)e-cln + (1/c;°)e-(3cllz)n, (4.96b)
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where,

K
4 9
K2 - 2(1-V)C2/C1 - 24/C1n
8 2 2

' 4 2, .4 2,.6
Ka 403/c1 + 8(1-v )/c1 - 4c2/c1 - 9/C

+ (19-2v-5v2)/(16Ci) ,

Ke

K, = =(3-0)CJ06D) + (19-2v-5v2Y(96C) - 1/(3C])
and

Kg = (-9 + 6y = v')/128 .

4 2,6 2, , 4 10
= -4c3/c1 + acz/c1 - 8(1l-y )/c1 + 32/01.

4
--§C§Aﬂ£§§- 12/cf + c3/ci - (3-v)c,/(2¢))

= -c2/(8c) - (3-v)C, /e + 2/c8 + (19-2v-5v%) /(32¢)

(4.96¢)
(4.96d)
(4.96e)

(4.96f£)
(6.963;
(4.96h)

(4.961)

(4.963)

This completes the solution for the three-term boundary-layer

expansions for the vicinity of the outer edge of the plate.

The missing

conditions for evaluating the undetermined constants are supplied later

by the matching principle (see section D).

2. Boundary-layer expansions for the vicinity of the inner

edge of the plate.

a. Boundary-layer coordinate system and equations




The expansions for the vicinity of the inner edge of
the plate are obtained in identical fashion to the above section.
Consequently we present only the important steps for the sake of

brevity.

First a new inner edge boundary-layer coordinate {

is introduced by the following:
= b%/a’+ et , (6.97)

which is analogous to (4.84). The parameter ¢ is given by (4.82).
Substituting (4.97) into (4.15), the basic differential equations for

the boundary-layer zone at the inner edge of the plate become, '

2 4 6 8 2 2 L4 6
L. D@ -2 et +3D €)) + A -@ et + & (eL)?

d¢
+0() = o0, (4.98a)
and
9_2.§+ s‘:;;ﬁ (g)" +0(3) = 0. (4.98b)
d¢

These equations are solved in terms of perturbation
expansions by assuming that the dependent variables @ and F can be

expanded in the following way:
Q= o +ae+aE+ : 4.99a)
o 1€ 26 ¢ o o, (. a
and

F = r°+re+rzez+.... _ (4.99b)

1
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Substituting (4.99) into (4.98) the following equations

are obtained:

Zeroth order,

d2a° Fézo a 4 a 2
— (E) + (E) = 0, (4.100a)
df
and
dZFo .
— - 0. (4.100b)
dg
First order, '
d20:1 4 Foal + Fla ¢t a 6 a 4 0 4.101
2T TE T T @R WS » (4.1012)
and
d2F1
— = 0. (4.101b)
dg
Second order,
2
d a, i (£)4 Foaz + Flal + F200 . (g)e t Foal + F'lczzo i 2(5)8 CZF .
at 2 b 4 b 2 4°b oo
a 6
+ (;) { = 0, (4.102a)
and
dzrz a 4 ag
5+ (F) 5 0. (4.102b)
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b. Boundary conditions

Following the same steps as before we find that the
following conditions must be satisfied at p = bzlaz, or equivalently
at ¢ = 0:

a, = a =a, = o, ) | . (4.103a,b,c)
and

dF

o

EE- = 0, (4.104a)

dF 2 !

1 _Aty a -

at ( 2 )(b) Fo o, (4.104b)
and

dF

—2 _lty, 820

¢. Solutions to the boundary-layer equations

The solutions to (4.100), (4.101) and (4.102), subject to
the boundary conditions (4.103) and (4.104), and finiteness conditions,

are found to be:

Zeroth order,

(4.105a)

and

-, /) /%

a -(Miﬂﬂﬂ%be ). (4.105b)
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First order,

F, = Cg+(ev)C(a/) t/2, (4.106a)
and
' ' ' 2
-(C, /2) (a/b) .
ay = -4cg(b/a)i/c + 2(-v) L /Ch + e c@%ahfmz
CHC L/ - (3 ) - (v (alm) g iec,)) (4.106b)

Second order,

P, = Cg+(6(b/a)2/c] +(1+v) (a/b) Cg/2) ¢ - t2/c)
2 2
-(C,/2)(a/b)C -C, (a/b)t
+ (6(/a)/ch) ¢ - @/t e 1078
and
s =(€,/2)(a/m)% .
@, = Kg+ ch + K t“+ e , (K, + K13§ + Ky, 4
2
-C, (a/b)“t
+ K¢ §3 + K g“ )- (24(b/a)6/cio) e *
2
-(3c, /2) (a/b) %
+ (/)% e 4 . (4.107b)

where Ca, CS and C6 are undetermined constants of integration analogous

to Cl’ C2 and C3, and
Ky = ~4(b/a)’c /Cy + 4(v/a)7CE/c) - 8Q1-vD) /)P /cy + 32(b/a)°/c;”,
(4.107¢)

4

Ry = ~2(1-)C//C) = 24(b/a)“cz, (4.107d)
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Ky, = 6/a)2/c) - a-v*)@my’sc (4.107¢)

Ky, = bo/a)%c /cy + 8b/a)2 (- /c) - av/a)icl/ct - 9(v/a)®rc,®,
(4.107£)

K3 --5c§/(w2)- 12(b/a)“/cz + c6/c2 + (3-v)c;®2) + (19-2v-5v2)/(1602).

(4.107g)
Ky, --cg(a/b)?(&b + (3-v) (a/b)zcsl(@ + 2(b/a)2/02 +

(19-2v-5v%) (/) 2/(3262) (4.107h)

1

K = (3-v)c5(a/b)“/(lﬂcz)+ (19-2v-5v2)(a/b)IV(%Ca)-l/(BCZ) (4.1071)
and
2 6 -
Kjg = (<9 + 6v-v )(a/b) /128, (4.1073)

The conditions for evaluating CA’ C. and C6 are determined

5
from the matching principle (see Section D).

D. Matching

The undetermined constants in the membrane and boundary-layer
expansions are evaluated in this section. The necessary equations for
determining these constants are obtained by utiliéing the theory of
"Matched Asymptotic Expansions' which has been popularized by
M. Van Dyke (4) in fluid mechanics problems. Basically the theory assumes
the existence of an overlap domain where both representations (in this
case, the membrane and boundary-layer expansions) of a given variable
are valid. From this assumption M. Van Dyke formulates the following
Asymptotic Matching Principle:



The m-term inner expansion of (the n-term outer expansion)
= the n-term outer expansion of (the m-term inner

expansion)
where, by definition,

Outer expansion: The asymptotic expansion for ¢ tending

to zero with outer variables fixed.

Outer variables: Dimensionless independent and dependent
variables based upon the primary reference quantities

in the problem. ,

Inner expansion: The asymptotic expansion for ¢ tending to

zero with inner variables fixed.

Inner variables: Dimensionless independent and dependent
variables stretched (transformed) by appropriate
functions of ¢ so as to be of order unity in the region

of nonuniformity of the outer expansion.

Here m and n are any two integers. According to these definitions we
see that the membrane and boundary-layer expansions correspond to outer
and inner expansions respectively and, in addition, that p 1s an outer
variable while 1 and { are inner variables. We use the terms "inner"
"

and "outer" and the corresponding terms "boundary-layer'" and "membrane

interchangeably in this chapter.

Since there are three outer expansions, one for each of the
three ranges of y which we consider,the matching process is accordingly
divided into three parts. First we consider the simpler case where 4
is equal to 1/3.
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1. Poisson's ratio equal to 1/3.

Here we determine the constants k1 through k4
. in (4.69) and (4.71) and the constants C1 through C_ of the
boundary-layer expansions for the case. when y is equal to 1/3.

appearing

6

Furthermore we prove that the constants arising in the integration of
(4.21) are zero, as we have assumed, if, and only if, Poisson's ratio
is 1/3.

a, Matching conditions for the variable F

First the outer edge boundary-layer and membrane
expansions for the variable F are matched. Following Van Dyke let us '

write,

Three-term outer expansion for F:

G2 + e o 1,571 +
2 (o 5P 32 2/7 b 2k et
-2p a3y - 819 ) (4.108)
See (4.65), (4.69) and (4.71).
Three-term outer expansion written in inner variables:
P a-en? ¢ e a-en® 1, 0-en1 ) 4
& (k3(1-en)“/3 + ka(l-en)-lla- @A a-en? +

1/3

2k, k, e 21323 2 e ™ He (7% - 819) (6109

See (4.84).
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Expanded for small ¢:

3% ¢ 23 kptky) + 2 (-3)2/3 2/ - 4k n/3 + k,n/3
iy * kg = O3 4 200,137 16 )2/ -819) (4.110)

Three-term_inner expansion of the three-term outer expansion

(3)2/3+ e (-21/(3) /+ k* k, ) + e (-n /(3) 3, akln/3 + kzﬂ/3
+ kgt k, - (3 3)1/3 2/7 + 2k k) /(3) 2/3, k§/(a(3)2/3)-8/9) (4.111)

Next we write:

Three=-term inner expansion for F:

o] + € (€pm (+vICI2) + eyt (6/C2 = (vIC,/2)m - n2/ch
-(C,/2)n -C. "
+ (16/cf)e 1 -(2/C§)e 1y (4.112)

See (4.94a), (4.95a) and (4.96a).

Three-term inner expansion written in outer variables:

cf + €(C,- (1+v)Ci(1-pV(2€))+ ez(c3 + (6lcf - (1+v)C,/2) (1-p)/e

-(C,/2)(1-p) /e -C. (1-p)/e
-(l-p)2/@20‘15+(16/cg)e 1 -(zlcf)e 1P ) (4.113)

See (4.84).
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Expanded for small €:

Ci +e(C2-(1+v)Ci(1-pY(2e))+ 62(05+(6/Cf - (1+v)C,/2)(1-p) /e
-(1-pf9(62C?)) + exponentielly small terms* (4.114)

Three-term outer expansion of the three-term inner expansion:

C3 + e(Cy=(HVICT (1-9/(20))+ € (Gt (6/C3-(14v)Cy/2) (1-p) /e

-(1-pl/(ee) . %.115)

According to the matching principle (4.111) and (4.115), in
terms of a common variable, should agree to appropriate orders of €.
Rewriting (4.115) in terms of n by means of (4.84) and equating the
resulting expression to (4.111) we get,

c2re(c,- (1+v)CE n/2) + € (G4 (6/C3- (1Hv)C, /2)n -nP/chy =

/3 /

2/ + ky+ ky) + e (-112/(3)"

% -0/ 34k n/3 kN3

\1/3.2
+ kgt k, = (3)

Equating the coefficients of like powers of € on each side of (4.116)

we determine from the zero order powers that,

c, = 3, (4.117)

. A
A function f(¢) is said to be exponentially small if f/eN tends

to zero as ¢ tends to zero for any N greater than zero.

K217 + 2k1k2/(3)2/3- @/(4(3)2/3) -8/9) (4.116)



Equating the coefficients of the first order terms in ¢ from (4.116)
one finds that the following two equations must hold:

(l+v)C§/2 - 2/()173, (4.118)
and

C2 = kl + kz (4.119)
Substituting (4.117) into (4.118) and simplifying, we observe that
(4.118) is satisfied if, and only if, v is equal to 1/3. We conclude
therefore that the analysis of section B, part 3, where certain constants
of integration were assumed to be equal to zero, is valid 1f, and only'

if, v is equal to 1/3.

Equating the coefficients of ez in (4.116) one
determines that the following relations must hold:

C. = k.t k, - (3)1/3kf/7.+ 2k1k2/(3)2’3-k§K4(3)2’3)-8/9, (4.120)

3 = kgt k,
5
6/C3 = (1+v)Cy/2 = -4k /3 + ky/3, (4.121)
and
-1/ct = -1/¢3)4/3. | (6.122)

Equation (4.122) represents an identity obtainable from (4.117) and
consequently must be discarded. Thus (4.117), (4.119), (4.120) and
(4.121)give us four conditions for evaluating the constants. By
matching the inner edge boundary-layer and membrane expansions for F

an analogous set of equations is determined. .They are:
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1/3 2/3

c, = T/, ' (46.123)
c5 = kl(b/a)8/3+ kz(b/a)'2’3, (6.124)
c. = k,b/a)83% K, b/a)"2/3- 313 W2 wbrayts7
6 3 4 1
+ 2k1k2(b/a)2/3/(3)2/3- kg(b/a)-8/3/(4(3)2/3)-8/9, (4.125)
and
2/3

6(b/a)2/c +(+v) b/a) e, /2 = ke /) 313k, 0/2) B3 3. (4126)

In view of (4.117) and (4.123) the constants C1 and Ca
are known. This leaves a total of eight constants still to be
determined and we have at this point six equations, (4.119) through
(4.121) and (4.124) through (4.126), for determining them. Normally
we would expect to obtain the required additional two conditions from
matching the variable . However, upon doing so, we find that this
leads to the same equations which we have already established.
Therefore we must match another variable, such as the radial
displacement for instance, and see if we obtain equations which are

independent of those already established.

b. Matching conditions for the radial displacement U.

First we match the outer edge boundary-layer and
membrane expansions of the radial displacement U in nondimensional
form. From section A.20f the appendix we have the following

nondimensional expression for the radial displacement:

ng - p1/2 (p' - (l;ztx) ﬁ)_ (4.127)
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In order to obtain a three-term outer expansion for the quantity
EhU/2B let us write (4.127) as,

Eu 172 (F+ Fle +Fye” - W ¢ 47

2
2B 1 2 €+ Fye)) , (4.128)

1

where the functions F, F, and F, in (4.128) are given by (4.65),
(4.69) and (4.71) respectively. Making these substitutions and

setting v equal to 1/3 the following expansion is obtained:

Three-term outer expansion for EhU/2B:

e (2k,p>8/3-1,)p73/%) + € (21c3p°/8/3 - kap-5/6-4k§p3/2/(7(3)2/3)
-2k k0" /0/(3)% % o Mo ?Y + 167 2021y, @129

We observe that the zeroth order term in € has vanished from the above
expansion, Expressing (4.129) in terms of the inner variable n by
means of (4.84) and expanding the resulting expression for small ¢

we obtain:

Three-term inner expansion of the three-term outer expansion:

/3

e(2k1/3-k2)+62(-5k1n/9-5k2n/6+2k3/3~k4-4kf/(7(3)2 )

5/3,

-2k, k, /(3) k§/(2(3)2/ 3 & 16/27) : (4.130)

Next we find the three-~term inner expansion of the
quantity EhU/2B. This is accomplished by first converting (4.127) to
inner variables by means of (4.84). We get,
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1/2 F

ldF 2
*3 (1-¢n)

EbU o _(1-en) (6= ) » (4.131)

where we have set y equal to 1/3 and it is understood that the inner
' representation of the function F applies. Substituting the formal
expansion for F as given by (4.86b) into (4.131) we get,

2
EhU _ -(1..6,‘)1/2 1 dFo . dFl e sz -2. F +eF1+e FZ) . %.132)
2B € dn dn dn 3 (l-€n)

By virtue of (4.94a) it is seen that the above derivative of F, is
zero and consequently the term in (4.132) containing 1/ vanishes,
Replacing (1-~(=,q)1/2 and (l-en)-1 by their series expansions for small
€ we arrive at the following three-term inner expansion for EhU/2B in
terms of Fo, Fl’ F2 and their derivatives, and, in addition, the
quantity dF3/dn .

2
EhU .2.-.d_Fl+ (-nF°-2F1+IldF1-dF2)+€2(-nF°
2B 30 dy € 3 3 2 dn dn 4
nF 2 dF, 2F dF, dF
o—l,n_1__2,1_2_ _3
BT T * 3 an " I ) (4.133)

Before proceeding further we must digress momentarily
and calculate dF3/dn which represents the derivative of the third
order term of (4.86b). From (4.86b) and (4.85b) the governing equation

on F, is determined to be,

3
2
d°F xa
3 ol 1 2 -
a 2 + e + 3 o 0 (4.134)

Substituting in (4.134) for a, and @, from (4.94b) and (4.95b), and

setting v equal to 1/3 wherever it appears, givesus,
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—_— aczlcf-sn/(ac‘l')- ((eczlci’)-(w/s-czlcl)(n/c‘l‘)

+@n ) e + (4c,/CT + (C,/C,-8/3) (1 /CH)
"

-C
20900y 1. (4.135)
The first integral to (4.135) is easily found to be,

cn

dF3 1

E— = 402 n/C:-&n 2/(3§.‘)'(4C2/C1)e

6 5 -(01/2)11
-(16/3-02/01)(4/01 + 29 /Cl)e |

: -(C,/2
+(16C2/CZ)e 1/2m

-C.1M
6 5 1
-(c2/cl-8/3) (1/c1 + n/cl)e

-C 'q
3 3 2 2 1
-(Z@e)/cy + 2n /ci- n7/C))e

-(C1/2)'q

+(2/(3a§))(16/ci+8 N /c§+z n 2/C1)e +C» (4.136)

where c7 is a constant of integration which we determine immediately.

As determined from (4.92) and (4.86b), dF3/dn must satisfy the following
condition at N = 0 for y equal to 1/3:

34 -:2; F. = 0. (4.137)

Substituting (4.96a) and (4.136) into (4.137) and setting g equal to

zero we find that,

7
c, -15c2/c1 - 2c3/3. (4.138)



Thus df3/dﬂ is known in terms of the original constants Cl, CZ’ and
C3.
Having determined dF3/dn the outer representation of

* (4.133) can now be obtained. The steps are as follows:

(a.) Substitute (4.9a), (4.95a), (4.96a) and (4.136)
into (4.133).

(b.) Rewrite the resulting expression in terms of the

outer variable p by means of (4.84), and then

(c.) Expand the result for small ¢ and neglect terms of

exponential order.

The result of all of this, rewritten in terms of %, gives us the
following expansion for EhU/2B in which we have used (4.117).

Three-term outer expansion of the three-term inner expansion:

/3 /3 5/3)€2 (4.139)

-2/ Per(sc,1 (3 2-2c,1/3-11(3)
According to the matching principle (4.130) and (4.139) must agree to
appropriate orders of €. Thus for the zeroth order terms in ¢ to
agree we must have

_2/(3)2/3

= 2k1/3-k2.. (4.140)
By combining (4.19) and (4.21) it is easy to show that (4.140) represents
an identity obtainable from known results and therefore it must be
discarded. By equating the second order terms in (4.130) and (4.139)

the following two equations are obtained:
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5/3 ' '
-5k1/9-5k2/6 --202/3-1/(3) , (4.141)

and,

2k3/3-k4-4kf/(7(3)2/3)-2k1k2/(3)5/ 3 ki/(2(3)2/‘3 +16/27 =

sc,/(3)*/2. (6.142)

Equation (4.141) can be obtained by combining (4.119) and (4.121) and
hence it must be discarded. We find that (4.142) is independent of any
previous relations and hence it represents our seventh condition for

determining the constants,

The eighth and final equation is obtained similarly by
matching the inner edge boundary-layer and membrane expansions for the

quantity EhU/2B. Upon doing so our final independent equation becomes,

-1/3

- al /30y 21y /)3 ()%

5/3 -5/3

2k3(b/a) /3 - ka(b/a)

/ /

+ kg(b/a)-11/3/(2(3)2/3)+16(b/a)-1/27 - -s,cs(b/a)'5 31343 (4.143)
Summarizing, we have shown that the solutions for Fo’

& Fl,oo-, @, of Section B, part 3, are valid if, and only if, y is

equal to 1/3; and have established the necessary conditions for

evaluating the constants of the corresponding three-term boundary-layer

and membrane expansions.,

c. Solutions for the constants of integration

From (4.117) and (4.123) we have,

Cl - (3)1/3, (4.144)



and,

c, = 313 72273, (4.145)

‘ Solving (4.119), (4.121), (4.124) and (4.126) simultaneously we get,

10/3 10/3

4/3 /3)/(1-(b/a)

c, = -(3)1/3(1 + 5(b/a) ""/3 + 2(b/a) ), (4.146)

c, = -3 wrayt 572y 3 32(072)" 107313y 1 - 172y %73y, (6.147)

4/3 10/3

k, = -3+ /243y (- b72) 1073, ‘ | (6.148)

and,

-2/3 10/3

ky = =(2)(3) /2y 3+ b/a)2y 1 (1- (b/a) 1073y (4.149)

Solving (4.142) and (4.143) simultaneously gives us,
ky = @i (b/a) >3- /0) 3y (9P + 2k iy (0 12) P o 1a) M3/

%212 w1a)73- 10y 1 By 2 (3 3-16(012) " 3- @12) Yy 127

5/3

+5/0) >3 (0,400 /3Py i) 3= 1)) 213, 4.150)

and

5/3

)/(3)5/3

/3-(b/a)

k, = (éki((b/a)3-(b/a)5/3)+2k1k2((b/a)-1

2 (w/a) >3- /12) 312316 (v12) >3- (b 12y 1y 127

-5(c, /) e 0/a) "% 1% 1¢v/a) - 010)7%, s
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For evaluating C3 and C6 we use (4.120) and (4.125).

2. Poisson's ratio less than 1/3.

Herein we develop the necessary conditions for evaluating
the constants Ao’ Bo, A1 and B1 of section B, part 1, and Cl’ C2, Ca and
CSOf the boundary-layer expansions for the case when y is less than
1/3. The resulting system of equations is found to contain certain
transcendental relationships which preclude a closed form solution.
However it is not difficult to '"solve' the equations by numerical
methods and this is demonstrated in section A.l of the appendix. At
the conclusion of the section herein we verify that the analysis of

section B, part 1 is valid if, and only if, Poisson's ratio is 1/3.

a. Matching conditions for the variable F

The outer edge boundary-layer and membrane expansions

are matched first. From (4.30) and (4.47) let us write the

Two-term outer expansion for F:

2 A 2
sin” (7/2) +e ( 1 a+ sin"y - 37cot)/2)+ oA B
2 o]

2 4
A 24 8sin"y/2

1cot:7/2) . (4.152)

Clearly the application of the matching principle becomes more
complicated than before due to the presence of the parameter ¥ in the

above expansion,

In order to follow the step by step procedure used
previously the outer variable 7 must be put in terms of the inner
variable f and therein lies the problem. From (4.35) and (4.84) we
see that y and y are related by the following equation:



-77-

3 .
4Ao(1-en) = y-giny + Bo . (4.153)

This cannot be inverted in closed form. However since we are looking
for the inner representation of (4.152) in powers of ¢ as € tends to

zero, it suffices to determine y in the following form:
| 2
7= 70+ 71€ + 726 + oo (4.154)

where Y00 710 70 etc. are functions of y and independent of €. To
determine the functions Yo 710 79s €t first substitute (4.154) into
(4.153) and group the argument of the sine function as indicated below.

3 2 . L] - . ) .' ) |
4A_(l-en) =7yt 7€+ 7,6 + sin(y +e(7,+7,¢ + N+B . (4.155)

Using the trigonometric identity for the sine of a sum of two arguments

(4.155) can be written as,
4A3-&A3en =y t+y.e+y ez+ eee=giny cos (e(7,+7,et...))
o o o'l 2 o 1 /2% °°° A

‘3037051n(€(7i+72€ +...)) + Bo. (4.156)

Next we replace the trigonometric functions involving ¢ with their

series representations and neglect higher order terms to get,
3,,3 2 22
4AJ-4A_en = 7ty € +7,€ -sin(y ) (1-7]€"/2)
2) 3
=cos(y )(7,€ + 7,€)+ B+ 0(e™). (4.157)

Equating coefficients of like powers of ¢ from each side of (4.157)
we get the following:
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3
AAO-BO = 7o-sin7°, (4.158)
<43y =y (1-cosy ) (4.159)
o 1 o’? ¢
2
71
72(1-cosyo)+ ?r-sinyo = 0, ( (4.160)

The first equation shows 7 is a constant which we later identify as
being the value of y at the outer edge of the plate. From the last two

equations we get,

-&Agn
' Sl » (4.161)
1 1 cosy
and
8A:sin7°1]2
(l-cosyo)
Therefore the expansion for y takes the form,
4A2 ne 8Ags iny n 2€2 3
7 = 75" ecosy) " + 0(e”). (4.163)
o

(l-cosyo)

By setting 1 equal to zero in (4.163) we identify 7, a8 being the value
of y at the outer edge of the plate. Denoting this value of y by Var
(4.158) and (4.163) can be written as,

3
4bA - B =7y, - siny, (4.164)
and
&Ag ne 8A23 iny 1 252 3
r=7 + 0(¢”). (4.165)

a (l-cosya) - 3

(1-cosya)
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By substituting (4.165) into (4.152) and expanding the trigonometric
functions in the same fashion as shown in going from (4.155) to (4.157)

we determine the

Two-term inner expansion of the two-term outer expansion:

81n2(7 /2) ZAOsinyaﬂ Al sinzya
———2—9——-+ € ~( (l-cosy ) = (1+ 2
A a 24 8sin (7a/2)
3yacoc(7a/2) . ‘
- - ) + 2 Bieotr, /) (4.166)

From (4.94a) and (4.95a) we next determine the

Two-term inner expansion for F:

¢+ ¢ (C,-(hy)Ein /2y (4.167)
Writing (4.167) in terms of the outer variable p from (4.84), expanding
the result for small ¢, and rewriting the resulting expression in terms

of y we get the

Two-term outer expansion of the two-term inner expansion:

¢3 + € (C,(1+v)CEn /2) | (4.168)

According to the matching principle (4.166) and (4.168) must agree to

appropriate orders of ¢, Thus we must have,

ci = sin® (78/2)/A§ (6.169)



which follows by equating the zeroth order terms in €« From the first

order terms in ¢ we get the following two equations:

A sin27a 37a°°t(7a/2)
c, = 4( 1+ 7 - 7 ) + ZAOBlcot(ya/Z), (4.170)
2A 8sin”(y _/2)
() a
and
L9 2A°sin7a
(b+v001/2 = (I:;;;;:y (4.171)
In view of (4.47) it follows that (4.170) can be expressed as,
C2 = Fl(ya), (4.172)

where Fl(ya) represents the value of the function Fl at the outer edge
of the plate, Using the identity,

sin2(7/2) = (l-cosy)/2, (4.173)
and (4.169), equation (4.171) can be written in the form,

Adsiny_ - (1+V)(1-cosy,)?/8 = 0. (6.174)

. Summarizing the results obtained thus far, we have,

2 2 2
C; = sin" (7,/2)/A_ , (4.175)
442 - B =y - sin 4.176
o~ B, =7, g0 (4.176)

Az sin7a - (}+v)(1-cosya)2/8 =0, (6.177)



and ,
C, =F. () » (4.178)
" which follow from (4.169), (4.164), (4.174) and (4.172).

A similar process at the inner edge of the plate yields

analogous equations. They are,

cZ = sin2(7b/2)/A§ . (4.179)
443 (b/a)%- B_ = 7, -siny (4.180)
o o b b? ¢
3 -2 2 l
A sinyb-(r+v)(b/a) (l-cosyb) /8 =0 (4.181)
and
CS = Fl(yb), (4.182)

where % and P1(7b) represent the values of y and F, at the inner edge

1
of the plate respectively.

The above eight equations contain ten unknowns, two of
which, Al and Bl’
expression for Fl.

are obtained in the same fashion as before in section 1, part b, by

do not appear explicitly as they are contained in the

Thus two additional equations are required. These

matching the expansions for the radial displacement.

b. Matching conditions for the radial displacement U.

First we match the membrane and outer edge boundary-layer
expansions for the nondimensional form of the radial displacement,
EhU/2B. From (4.127), the two-term outer expansion for this quantity

can be expressed formally as,
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5%% o2 P!+ Fle - L%sz (F+ F o) (4.183)

whete it is understood that F and Fl are given by (4.30) and (4.47).

" For determining the derivatives in (4. 183), let us write,

_dEdy _ siny &
Fo " @ 9 wl 9 (4.184)

where we have used (4.30). The derivative dy/dp is found from (4.35)

to be,
o . -
5 = Tcosy ° (4.185)

Therefore (4.184) becomes,

2Aosin7
' R enense——
FO Tocosy  * (4.186)

The derivative of F1 is most easily evaluated by using (4.41) in the

following form:

1 1
F, = —= - . (4.187)
1 g o
o oo
From (4.30) and (4.186) we can write (4.187) as,
Al(l-cosy) A (l-cosy)F
F! =

'(4.188)
1 24 siny (s iny)uln (7/2)

Using the identity,

sin(7/2) = (1-cosy)2/a, (4.189)
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(4.188) becomes,

A, (1-cosy) 4A3 F
P! - L .o 1 (4.190)
1 ZAosiny siny(l-cosy) °* * ‘

Substituting (4.186) and (4.190) into (4.183) gives us the

Two-term outer expansion for the quantity EhU/2B:

1/2, 2hosiny REIN (gnzylz) e (A1(1'°°37) )
P l-cosy 2 A2_ 2A siny
oP °

3

4A°F . '
o1 a+y)F1

siny(1-cosy) 2p ) (4.191)

In order to find the inner representation of (4.191) let us first
expand the trigonometric functions therein, as demonstrated below for

sin y. From (4.165) we determine that,

3
aAocos(ya)n €
1-c037a

siny = sinya - + 0(€2)- (4.192)

The above expansion is substituted in (4.191) when siny occurs in the
numerator of a term. For the case when siny appears in the denominator

we factor (4.192) as,

3
4A°cos(7a)qe

2 .
siny (l-cosy ) +0(e)) (4.193)

siny = sin78 (1 -

and then use the series expansion for one over the quantity in brackets,
Thus we obtain,

3
4Aocos(7a)n€
sinya(l-cosya)

(siny) ™! = ety )7! (1 + + 0(c2)) . (4.194)
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Wherever powers of p appear we use (4.84) and expand accordingly.

In this way we arrive at the

Two-term inner expansion of the two-term outer expansiong

. 8A§q (l-v)Aosinyaq A (1-c037 )
€ ( - - -
(1_c0878)2 Q1 cosya) 2A sin7
4A F () (1+v)F,(7,)
sinya(l-cosya) - 2 ’

in which the zeroth order terms in ¢ vanish.

(4.195)

The two-term inner expansion for EhU/2B is obtained

exactly as before in section 1, part b except that we do not set v

equal to 1/3. The following result, in terms of F, EF
their derivatives, is obtained:

F
E%% = - (dﬂ )F )<+ ( ‘...l F ( ) F +
dF dF
1 2
TE Tw e

, and

(4.196)

where it is understood that F.» F. and F2 are given by (4.94a), (4.95a)

1

and (%.96a)., Making these substitutions in (4.196) we get the

Two-term inner expansion for the quantity EhU[ZB:

2, 2 -
-6, m A G TC /2 -epn
S & 4 =5 -3 )
1 1 ¢, c]

(4.197)



where the zeroth order term in (4.197) has vanished. The outer
reﬁresentation of (4.197) is obtained by expressing it in terms of
the outer variable p by means of (4.84) and expanding the result for
. small e. Upon doing so, and rewriting the result in terms of q,

we get the,

Two-term outer expansion of the two-term inner expansion:

e (-6/C2 + 2 /¢ - a-vDycEy /uy, (4.198)

Note that the outer representations of the last two terms in (4.197)
are of exponential order and consequently these terms do not enter 1nt9
(4.198). According to the matching principle (4.195) and (4.198) must

agree, Thus the following two equations must hold:
8A%/(1-cosy )2-(1-v)A siny_ /(1-cosy ) = 2/C2-(1-v®)C2/4,  (4.199)
o 7a 0®174 7a 1 VIR *
and

A, (1-cosy ) /(2A sin7,) = 4ASF, (7)) /(sin7 (1 = cosy,))-(W+W)F, (7,) /2=
5
-6/C] (4.200)

From (4.169), (4.171) and (4.173) it can be shown that (4.199) represents
an identity based on previous results and therefore it is discarded.
Thus (4.200) represents the ninth condition for determining the constants,

The tenth and final condition is obtained similarly by
matching the two-term inner edge boundary~layer and membrane expansions
for EhU/2B, We find that the tenth condition is given by

Al(l-cosyb)/(ZAosinyb)-4A2F1(7b)/(sinyb(l-cosyb))-(b+v)(b/a)-zFl(yb)IZ-

6(b/a)2/co. , ‘ (4.201)
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Summarizing, the ten conditions for determining the constants
are given by (4.175) through (4.182), (4.200), and (4.201) where the
quantity F, contained therein is given by (4.47). As mentioned
previously the procedure for solving these equations is given in
Section A.1l of the appendix.

From (4.176), (4.177), (4.180) and (4.181) it is easy to
show that the maximum value of Poisson's ratio admitted by the solutions
in section B, part 1, is y equal to 1/3. From the second and last of
the above mentioned equations we get,

(b/a)z ) sinya (1 - cosyb)2

(4.202)
sinyb Qa - cosya)2 .

Eliminating Bo between (4.176) and (4.180), and using (4.181) gives us,

2 ) sin7a .
(b/a)” =1 -( ) = (r
) 1+ a- cosya)2

a7 " (sinya - sinyb)).

(4.203)
A limiting process on (4.202) shows that the ratio (b/a) approaches zero
as 7y, approaches zero. Therefore, in (4.203) let us set (b/a) and 28

equal to zero and solve the resulting expression for (1 + v)/2 to get,

1+ v
2

siny (y_ - siny )
= a2 2 (4.204)

2
(- cosya)

Equation (4.204) may be viewed as an expression defining Poisson's ratio
v as a function of g For values of 7q which lead to meaningful values
for v, i.e. for 0 £ 7a < %, the right hand side of (4.204) assumes a
maximum value of 2/3 which represents its limit as 75 approaches zero.
Thus we conclude that the maximum value of v allowed by the solution of
section B, part 1, is 1/3. However it can be shown that the solution
under discussion becomes indeterminate at v equal to 1/3 and therefore

must be restricted to values of v less than 1/3.
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3. Poisson's ratio greater than 1/3

The conditions for determining the constants Ao, Bo’ Al and

. B1 of section B, part 2, and Cl, Cz, C4 and C5 of the boundary-layer
expansions for the case when v is greater than 1/3, are presented in
this section. Since the matching process follows the above section step
by step we shall present only the results for the sake of brevity.

As in the previous case we find that the system of equations
herein is transcendental in nature. This of course precludes a closed
form solution and the equations must be '"solved" by numerical methods.’
Such methods would closely parallel those given in section A.1 of the
appendix and we therefore do not attempt to solve the equations given |

below.

a. Matching conditions for the variable F

By matching the two-term outer edge boundary-layer and
membrane expansions for F we find that the following conditions must
hold:

c"l’ = sinhz(ga/Z)/Ai , ' (4.205)

A stk - (1+ V(A - cosh5)?/8 = 0, (4.206)
and

c, = rl(ga) , ‘ (4.207)

where 5; represents the value of 8 at the outer edge of the plate,

The function Fl in (4.207) is given by (4.60) and the symbol Fl(g;) of

course stands for the value of F1 at the outer edge of the plate,

In arriving at the equations above we obtain one other equation which we

use in finding the constants. 1It.is,
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3 , - -
4A- + B = sinhd -3, (4.208)

which is also obtainable from (4.57).
From matching the two-term inner edge boundary-layer and
" membrane expansions for F we obtain four more conditions which are

similar to the above. They are,

2 2 - 2
C, = sinh (6b/2)/Ao , (4.209)
3 - 2 -2
A sinhsb - (1+v)@@a/h)y Q- coshsb) /8 =0, (4.210)
C5 = Fl(Bb) ’ (4.211?
and
3 2 - =
4Ao(b/a) +B_=sinhd, -5 ’ (4.212)

in which'gb represents the value of & at the inner edge of the plate.

b. Matching conditions for the radial displacement U

The final two equations for finding the constants are
obtained by matching the expansions for the radial displacement U.
From matching the outer edge boundary-layer and membrane expansions we

find that,

- 6/cf - 4A2F1{58)/((1 - coshB) sinhd)) - ((1 + W)/2F,(,) -

A Q - cosﬂéa)/(on sinﬁéa) , (4.213)

and by matching the inner edge boundary-layer and membrane expansions

we get,
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3

5 Flfgg)/((l - coshgg) sinh€£) -

6(b/a)2/CZ = 4A

(L + v)/2) (a/b)?F (B,) = A (1 - coshB)/(2A_ sinhB,).  (4.214)

Thus the ten equations above provide the necessary conditions

for finding the eight constants of integration and the values of'ga
and'gb. By going through an analysis similar to that at the conclusion
of the previous section it can be shown that the analysis of section B,

part 2, is applicable only for v greater than 1/3.

E. Summary

We have found solutions to (2.15) and (2.16) in the form of '
perturbation expansions which apply separately in the boundary-layer
and interior regions of the plate when the deformations are large.

The solutions for the interior region of the plate take one of three
possible forms depending on whether Poisson's ratio v is less than,
greater than or‘equal to 1/3 whereas the solutions for the boundary-
layer zones do not change in form.

The conditions for finding the constants of integration in the
expansions are derived, and in one case, where v equals 1/3, closed
form expressions are obtained for the constants. For the case when v
is less than 1/3 the necessary (approximate) numerical solution for
the constants is given in the appendix (see section A.l), whereas for
the remaining case of v greater than 1/3 the solution is not shown.

Three terms are found for the boundary-layer expansions. The
membrane expansions are found to two terms except for the case where v
is equal to 1/3 where we obtain three terms of the expansions. These

results are next summarized in more detail.
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1. Poisson's ratio less than 1/3

The expansions for the dependent variables @ and F, which
' are given in terms of the physical variables B and ¥ by (4.12) and (4.13)

respectively, are as follows:

a. Membrane expansions

o = 4hlp/sin®(7/2) + € (3A,7p cos(7/2)/(2 sin’(y/2)) -
4 2 6
2A1p/(sin (r/2)) - A,p 8in"y/(4 8in"(7/2)) -

8478 peos (7/2) /sin’(7/2) )+ 0(e’) (4.215)
and

F = sin2(7/2)/A§ +e '(Al/(zA‘;) + A sin27/(16Az sin®(7/2)) -

1

3,7 cot(7/2)/(8A:;) + 24 B, cot(r/2))+ 0¢e?). (4.216)

The above are obtained from (4.36), (4.48), (4.30) and (4.47). The
independent variable p is related to the parameter y by (4.35) and p
is found in terms of the radial coordinate ;.through (4.11) and (2.6).

b. Boundary-lavyer exbansions

For the outer edge boundary-layer zones we have the
following expansions for a@ and F which follow from (4.94) and (4.95),
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-(C,/2)
Q= (A/Ci)(l -e 1 ﬂ) +e(- QCZ/CZ{ - 2(1 - v)q/Ci +
4 3 2 2 - (€ /2.
(462/01 + Czq/C1 + (3 - v)n/(ZCl) + (3 - v)y /(401)) e )
2
+ 0(e?) , (46.217)
and
2 2 2
F=C +e(C,- (1+v)Cn/2)+ (") . (4.218)

In the above equations p and n are related by (4.84). From (4.105) and

(4.106) the following expansions are obtained which apply in the boundhry-

layer zone at the inner edge of the plate.

-(04/2)(a/b)2§

Q= (alcz)(b/a)2(1 -e )y + € (- ACS(b/a)Z/CZ +

2(1 - WL /C + (uc (b/a)2/c, + €L /Ch - (3 = WL/ (2c?) -

.2
-(C,/2)(a/b)"¢
G- wamiiiecyre LTy +oEdy (4.219)
and,
F = CZ + € (C5 + (1 + v)CZ(a/b)ZQ/Z )+ 0(52) , (4.220)

where p and { are related by (4.97). The constants Ao’ Cl, CZ’ Ca,

C5 appearing above, as well as Bo’ are found according to the method
described in section A.1 of the appendix. The stresses, displacements,
etc, are found by using the formulas of section A.2 of the appendix

and by following the same procedure which is discussed {n part 3

below.
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2. Poisson's ratio greater than 1/3

a. Membrane expansions

First we list the membrane expansions which follow from
(4.52), (4.18a), (4.19a) and (4.60). They are,

a = AAgp/sinhz(g/Z) + € (3A1€p cosh(6/2)/(2 sinhs(g/Z)) -
. b= Y~ . 6 =
2A1p/31nh (6/2) - Alp sinh“6/(4 sinh (6/2)) -
5 = R P~ | 2
8A0B1p cosh(6/2)/sinh™(8/2)) + 0(e°), (4.221)

and,

F = sinhz(B/z)/Af; + € (A1/<2Ag) + A sinhz'é/(leAg sinh?(5/2)) -

1
3.5 coth(8/2)/(8A0) + 24 B, coth(§/2)) + 0(e?y. (4.222)

The independent variable p and the parameter § are related through (4.57).

b. Boundary-layer expansions

The boundary-layer expansions for the case under discussion
coincide with those given by (4.217) through (4.220). However, the
_ 1’ By TL
and 5, are to be determined by solving (4.205) through (4.214). Stresses,

constants appearing in those equations, as well as Ao’ Bo’ A

displacements, etc. follow according to the discussion at the conclusion

of the following section.

3. Poisson's ratio equal to 1/3

As we recall the expansions are found to three terms for v
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equal to 1/3. Since the third terms in the expansions are very
lengthy we do not write these terms explicitly, but simply refer to the

appropriate expressions for them which appear in previous sections.

a. Membrane expansions

First we find from (4.19a), (4.65), (4.66) and (4.67)

that @, takes the form,

1

ap == blkpp + e P, (4.223)

and from (4.20a) we get,

2 "
a, = (4pa - aF - a F,)/F . (4.224)

Therefore we can write,

a = 4p! 3132 + € (= w0 + 107221 + Fay + 06
| (4.225)

in which @, is calculated from (4.224) with the aid of (4.65), (4.66),
(4.223), (4.69) and (4.71). For the variable F we have,

o713y + &%, + 0, (4.226)

/3 /3

F= G2+ e 4k,

in which FZ is given by (4.71).

b. Boundary-layer expansions

The boundary-layer expansions for the vicinity of the
outer edge of the plate are identical to (4.217) and (4.218) except

that we attach the third term to the expansions. Thus let us simply
indicate that,



a -ao+a e+ €2+ 0(e3) , (4.227)

1 2

and ,

F=F +Fe+F
o

. 2(-:2 +0(e) , (4.228)

where Qs Gy Oy Fo’ F1 and F2 are given by (4.94b), (4.95b), (4.96b),
(4.9a), (4.95a) and (4.96a) respectively with v equal to 1/3.

For the vicinity of the inner edge of the plate we of course
have the same type of expansions as shown in (4.227) and (4.228) except
that the terms a s s etc., are given by (4.105b), (4.106b), (4.107b),-
(4.105a), (4.106a) and (4.107a) respectively.

The constants which appear in the expressions in this sectio?
are known in closed form and these are given by (4.144) through (4.151)

and by (4.120) and (4.125).

¢, Composite Expansions

In making numerical computations for the stresses, etc. it
is convenient to work with expansions which are uniformly valid over
the total extent of the plate (see Van Dyke (4) p. 83 ). This
eliminates the problem of having to average the results of the boundary-
layer and membrane expansions in the regions of the plate slightly
away from its edges where it is not clear which expansion shouid be used.
Thus we construct from the boundary-layer and membrane expansions what
is referred to as a composite expansion which is uniformly valid.
Letting the subscript '"c'" stand for '"composite expansion' we determine
from sections (a) and (b) above that the three-term composite expansion

for F becomes,



2 4/3
( k3p + kap

v - G2 + e Klpala +kyp -1/3y .

-1/3

1/3 2 2 1/3 2 -4/3

3217 + 2 kot 1Y 1323 -

-C. (1-p)/e 6. ~(C,/2)(1-p)/e

6 1 + (16/c e -

8/9 - (2/Cl)e

: -Ca(a/b) (p-(b/a) )/ e

' (2/C6 (b/a) e +

4)

2 2
-(C,/2)(a/b)“(p-(b/a)") /e '
(16/c2)(b/a)“e 4 P )y + 0(3) , (4.229)

which is written in terms of the variable p by means of (4.84) and '

(4.97). The three-term composite expansion for @ becomes,

1/3 -(C,/2)(-p)/e

a, = @1 - wicye -

2 =, /2) (a/b)? (p-(b/a) %) /e
(4/04)(b/a) e +

4/3 -(c,/2)(1-p)/e

)13 + e +

€ (- 4p + 1,2

- (¢, /2) (a/b)? (p-(b/a)z)/e
4/3 1/3

6, ) + &2 (4F /(9p) - 4F, /((3) ) -

-C, (1-p) /e -(3C. /2) (1-0) /€
32/¢(3)103 173y _ (za/clo) 1 + (ycio 1 pIE
-C, (a/b)2(p-(b/a)2) /e
24(b/a)6/(010)e 4 P +

10 - (36,12 (/) (- (b/a)?) /e
(b/a) /C e +

-(¢,/2)(-p)/e - (€, /2) (a/b) (p= (b /a)?) /e

3
oqe + 0,8 )+ 0(e7),

(4.230)
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in which we have expressed all quantities in terms of p. The quantities

Fl and FZ above are given by (4.69) and (4.71) and ¢1, 55 ¢3 and ¢4 are

given by,

o, = 4cz/c§4+ ¢, (1-p)/(C2e) + 2(1-p)?/ (3¢, €%) + 4(1-p)/(3CTe),

(4.2313)

6, = 40, 0/a)’ [0} + (o = BIDD/(Che) - 2a/m) o - Bl (3c,Eh)
2., 2 | .
- 4(p - (b/a)7)(3C€) _ (4.231b)

¢

- 4 4 2,6 10
A 403/01 + 64/(901) - 402/01 - 9/c1 +

1- 2,5 9 3 4
-(—;-Q)- (- sczl(acl) - 12/c1 + c3/c1 - aczl(acl) +
2 .
3 1 - 2, 4 3
10/(9¢2) ) + 1—-;591— ( - co/(8c}) - 20,/(3¢)) +
3
2/¢3 + s/¢9chy ) + L= ¢ - ¢ /(6c?) + 5/(a70)) -
€

1/(30;) ) - - p)“/(lSea) , (4.231c¢)

and ,
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0, = b(o/a)’c /cy + 64(/a)?/(5C}) - 4(bla)7Ca/cy -

2
9(v/2)®/c;° +-19=1§121-1 ( - 5c§/(ac2) - 120/a)%/c] +
2.2
3 4 3 -(b/a 2 2.4
Co/C) + 4C4/(3C;) + 10/(9C)) )+ 19—125—)-2—-( - 2/ sra)’c)) +
205/(302) + 2(b/a)2/cf + 5/((b/a)29Ci) ) +

2
4

2.3
(o - (g/a) ) (c5/((b/a)46c

) + 5/((b/a)“27ca) -
€ .

1/3¢)) )+ (p - (/a)")*/(e*18(0/2)%). (4.231d)

d. Stresses and displacements

In section A.2 of the appendix we see that the expressions
for the radial and circumferential bending and direct stresses are given
in terms of F, @ and their first derivatives and the same is true for
the radial displacement U. Thus, for these quantities their calcula-
tion is straight-forward. However, in order to calculate the transverse
displacement W it is necessary to evaluate an integral function of «
as seen from (A.49). The most efficient manner for determining W is
to integrate separately the boundary-layer and membrane expansions for
a. This results in separate expansions for W in the interior and
both boundary-layer zones of the plate. Upon doing this we find in the

boundary-layer zone near the outer edge of the plate that,
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2 3 -(C1/2)(1 - p)le.
(WL/a) = € (= 2(1 - p)/(Cj€e) - (4/C))e ) +
¢ (26,01 - /() - 201 - P/ (acte?) +
-(C./2)(1-p)e
(66, /C3 + €, (1 = p)/(Ce) + 21 - )2/ (3c%e)e 1 Y
3
X + 0¢e?) (4.232)

which follows by substituting the first two terms of (4.227) into (AA9),
integrating in terms of n, and then expressing the results in terms of p.
The quantity X is a constant of integration. In the same fashion we
obtain an analogous expression for the displacement in the inner

edge boundary-layer zone. It is,

2., 2 2 3. ~(C,/2)(a/0)Xp-0/a)?) /e
(WL/a) = € (2(p - (b/a)")/(C,€) + (4(b/a) /ca)e )

+ (- 20,0p - B/ /Che) - 260 - /DR /n)2eD)

+ (- 6C5(b/a)2/CZ - Cs(p-(b/a)z)/(CZG) +

-(¢,12) a/b)? (p- (o)) e

2(p - /a)HH?/(3cte’))e ) +

3 .
Y+ 0Ce™) , (4.233)
in which Y is a constant of integration. .
In the interior region of the plate W is obtained by
substituting (4.226) into (A4A9) and integrating in terms of p. We
get,
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2,1/3

- zklp/(3)4/3) +

(WL/a) = (2)(3p)1/3 + € ik2/(3p )

e (4k§p5/3/21 - kg/(6p5/3) + ka/(3p2)1/3 -
2,0/ D2y + 2 + 0¥y (4.2%)

in which Z stands for the constant of integration.

We determine X in (4.23.2) by setting W as given by
(4.232) equal to zero at p = 1 since the plate is considered to be
fixed at its outer edge. Upon doing so it follows that,

3 2,5, -
X = 4e/C] - 6C,e”/C] ", (4.235)

The constants Y and Z are found by first matching (4.232) and (4.234),
which gives us Z, after which we then match (4.233) and (4.234) to obtain

Y. The results of this are,
Y = 203 w/a)23 1) + e2/5 - 2k1(b/a)2/(3)“/3 +

10/3

k2/(31/3(b/a)“/3)) + e2( - 6cz/cf + 4k§((b/a) -1)/21 +
kg(l - (/a) 193y /6 4 ka((b/a)'4/3-1)/(3)1/3 +
2,01 - /)24, | (4.2%)

and,

2
z=-23Y3 4 2¢/3 + 2 - 6c2/cf - 4k§/21 + 1y /6 -

k‘./(s)l/3 + 2k3/(3)4/3) . (4.237)
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From (4.232), (4.233), and (4.234) we next obtain a
composite expansion for WL/a which is uniformly valid. In terms of
p» we find that,

5 -,/ -p /e
(WL/G)C = (WL/a)m + € ((-4/(:1)3 +

2 2
-(C,/2)(a/b)" (p-(b/a)“) /e
/e blay%e ’ ) +

- -(C./2)(1-p) /e
€2 ((60,/C2 + €, (1-p)/ (Che) + 2(1-py?/(3c3ePyye ! P .

(65 (b/a)2/c; - Colp-(bla)?)/(Che) +

2 2
-(C,/2)(a/b)“(p-(b/a)“) /e
2(p-(o/a) )2/ (3¢ (b/a)?ePy)e & P 3

)+ 0(e) ,
(4.238)
where the subscript '"m" stands for '"membrane," and (WL/a)ul stands

for the expression on the right hand side of (4.234).
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CHAPTER V
LARGE FINITE DEFORMATIONS

In this chapter we consider (2.20) as the basic differential
equations for the deformations. These equations are to be used when
the magnitude of deformation is so large that (2.15) and (2.16),
which represent the von Karman equations, are no longer valid or, as

pointed out by Reissner (2), when the approximations

sinB =B and cosB =1 - 52/2

are no longer adequate,

We concern ourselves with finding perturbation type solutions
to (2.20) for large kz. As closed form solutions are not obtainable
here we limit ourselves to one-term expansions; or equivalently we
consider only the first approximations to (2.20).

The analysis is similar to that of the previous chapter in
that a singular perturbation problem results. The basic differential
equations for the membrane and boundary-layer regions of the plate, and
the conditions determined from matcping are derived. These equations
are discussed in terms of a numerical integration procedure although
the actual integration is not performed. However, no difficulties are

foreseen in a numerical integration process.

A. Determination of the Parameters

From (2.19) and (2.3) we have,

A2 - Er%iﬁ (-:‘;)2 1201 - V2. | (5.1)

It follows from (2.8) and (5.1) that,

P A
B = 2 (5.2)

and,
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12 = E{:ﬂ , (5.3)

and we recall from (2.17) that & is equal to unity.

" B. Membrane Expansions

The first approximations to (2.20) for large kz follow by
inspection. However for conciseness we introduce the following perturba-

tion expansions for B and ¥. Let us set,
2
B = Bo + By + ﬁze + 00, (5.4a).
~and
2 ,
dr-uro+dr1e+dr2e + 0., (5.4b)

and assume that,
€ = 1/A. (5.5)
By expanding the trigonometric functions in (2.20) as follows,

sin B = sin Bo + eBl cos Bo + 0(62) , (5.6a)
and,
cos B = cos Bo - GBI sin Bo + 0(62) , (5.6b)

and substituting these in (2.20a) we determine the first approximation
to (2.20a) to be,

w; sin Bo = cos Bo , _ . (5.7)

or,

wb = cot Bo . ‘ (5.8)

The first approximation to (2.20b) follows similarly. The quantity L2
in (2.20b) is to be considered to be of order unity or small, (or else
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the first approximation to (2.20b) would imply that B is small which is
contrary to our assumptions) and therefore the first approximation
to (2.20b) becomes,

2
v dav dB - 2
o.,1 o 1 2 - o L - -
drz + * ac :E (cos Bo vr o= sin Bo)wb + o (1 - cos Bo)
sin B_cos B dg
o o, VvV_o
rz T I cos Bo . (5.9)

Before proceeding further, let us note that the terms on the
right hand side of (5.9), which are neglected in the more recent theory
of Reissner (2), become significant in the case of large finite deform;-
tions and therefore should be retained in the theory.

From (5.8) it follows that,

1 w;
sin Bo = ————=——— and cos Bo = — (5.10)

"1+z1r°2 \’14.11:02

Substituting (5.10) into (5.9) we get the following simplified equation

on ¥ :
o
2
acy v ¥ .2 ¥
0,1 o_g_'__lx;_(l-__o__):o (5.11)

2 7 ¢ dr [——————ﬂ
dr r 1 + woz

Thus to determine the first temm, w;, in the expansion for ¢n equation
(5.11) must be solved subject to certain conditions which we determine
later in section D. Upon determining @6, then Bo follows directly
from (5.8).

C. Boundary-Layer Expansions

1. Boundary-layer expansions for the vicinity of the outer edge

of the plate.
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a. Boundary-layer coordinate system and equations

Following the same procedure as in the previous chapter
~ we let,

r=1- ¢, : (5.12)
for the vicinity of the outer edge of the plate., The parameter € in

(5.12) is given by (5.5).
Let us assume that B and ¥ can be expanded in the form,

~ ~ ~ 2
B = Bo + Ble + Bze + : (5.13&?
and,
ur-wo+w1e+we2+- .., (5.13b)

1

where the tilde is used to indicate that the functions apply to the
vicinity of the outer edge of the plate., Substituting (5.12) and (5.13)
into (2.20), and expanding the trigonometric functions therein in a

form analogous to (5.6), we get the following basic differential equations

for the first approximations,

a%p .

o ~ ~
- wo sin Bo + cos Bo =0, (5.14a)

—2 .0, (5.14b)

b. Boundary conditions

Equations (5.14) are subject to the following boundary
conditions which follow from (2.21), (2.24), (5.12) and (5.13):

B =0, (5.15a)

(5.15b)
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at r = 1 or equivalently at = 0.

c. Solutions to the boundary-layer equations

The solution to (5.14b), subject to (5.15b) takes the

following form:

dfo = Cl ’ (5'16)

where C, is a constant of integration to be determined later (see

1
section D). Substituting (5.16) into (5.l4a) we get,

a’p_ . .
————— = '

5 C1 sin Bo + cos Bo 0. (5.17)
o -

Let us introduce a quantity 7 defined as,
. 4
-2

7 o (5.18)

Therefore, from (5.17) we get,

dy - -
o
an C1 sin Bo - cos Bo , | (5.19)
and multiplying this by 7 gives us,
; d7o ~ ~ ~
o E;— = 70(C1 sin Bo - cos Bo) . (5.20)

Replacing the quantity 7, On the right hand side of (5.20) by (5.18),
and multiplying the resulting equation by dn gives us;

7 d7° = (C1 sin BO - cos Bo)dBO , (5.21)

which can be written as,

d(;°2/2) = d( -Cl cos Bo - sin Eo) . (5.22)
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Integrating (5.22) and replacing 7 by the right hand side of (5.18)

we get,

EH-) = - 2C1 cos Bo - 2 sin Bo + ?Cz (5.23)
where C2 is a constant of integration which we determine in section D.
From (5.23) it follows that,

a8,
dn = , (5.24)

VZ(C2 - C1 cos Bo - sin Bo)

and therefore,

~

B '
o dBO
n = ‘+ C3 ’ (5025)
qZ(C2 - Cl_cos Bo - 8in Bo) .
in which 03 is a constant of integration. From (5.15a) it follows that
C, is zero. Therefore we get,

3

B

o
n= = —
d;(cz - C cosp - sin Bo)

Thus the quantity Bo is known as a function of n through the above

(5.26)

integral.

2. Boundary-layer expansions for the vicinity of the inner edge

of the plate.

a. Boundary-layer coordinate system and equations

Here we let,
r = (b/a) + e , (5.27)

and assume that we can expand B and ¥ as,
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= = = 2
g = Bo + Ble + Bze + 000, (5.28a)
and,
- o - 2 . L] .
¥ = Uy + i€+ Fpe” + s (5.28b)

where the double bar 1is used to indicate that the functions apply

in the vicinity of the inner edge of the plate. Substituting (5.27)
and (5.28) into (2.20), and using expansions for the trigonometric
terms therein similar to (5.6), we obtain the following first approx-
imations:

cos B =0 , (5.29a)

-—32 = 0. (5.29b)

b. Boundary conditions

The boundary conditions for §° and ﬁo are found by
substituting (5.27) and (5.28) into (2.21) and (2.24) to give us,

B, = o, (5.30a)
and

d%o

Y =0, (5.30b)

at r =b/aor =0.

c. Solutions to the boundary-layer equations

The solution to (5.29b), subject to (5.30b), becomes,

ﬁo =C,, (5.31)

in which Ca represents a constant of integration which we evaluate
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in section D. To solve (5.29a) we use the same procedure as in part (1)

for finding Bo' Omitting the details we obtain,

5

(o)

ol

d
¢ = - . (5.32)

Al

u;2§) (- CA cos Eo - sin Eo) + 2C5

is a constant of integration which we evaluate in section D.

where C5

In arriving at (5.32) equations (5.30a) and (5.31) have been used.

This concludes the analysis of the boundary-layer equations.

D. Matching

The conditions for determining Cl’ CZ’ C4 and CS’ as well as
the conditions on wb, are derived in this section. Clearly a total of
8ix conditions are required. These are obtained by matching the quanti-

ties ¥, B, and a nondimensional form of the radial displacement.

1. Matching conditions for the variable ¥

First the outer edge boundary-layer and membrane expansions
for 3 are matched. Since the membrane expansion for ¥ is not known in
closed form we represent the function ¥ by its Taylor series expansion.

Following the formal matching procedure we first write,

One-term outer expansion for ¥:

v () (5.33)

One-term outer expansion written in inner variables:

v - en) (5.34)

Expanded for small €:

ddfo 2
ﬁb(l) - e g (1) + 0(e™) (5.35)
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One-term inner expansion of the one-term outer expansion:

¥, (). (5.36)
. Next we write,

One-term inner expansion for wo:

C1 (5.37)

In view of (5.37) it is clear that (5.37) also represents the one-term
outer expansion of the one-term inner expansion for ¥. According to the

matching principle we therefore set,
wo(l) = C1 . (5.38)

Hence the constant C1 is equal to the value of wo at r=1, By a similar

process at the inner edge of the plate we find that
¥, (b/a) =C, , (5.39)

or C4 is equal to the value of wo at r = b/a. Therefore once (5.11) is

integrated (numerically) the constants C1 and Ca are known.

2. Matching conditions for the variable B

The outer edge boundary-layer and membrane expansions for B8

are matched first. The process is basically the same as in the preceding

section.

One-term outer expansion for B:

B, (r) (5.40)

One-term outer expansion written in inner variables:

Bo(l - ) (5.41)
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Expanded for small €:

dg_(1)

B (1) - 52— + 0(e”) (5.42)

One-term inner expansion of the one-term outer expansion:

Bo(l) . (5.43)
Following the usual procedure we next write,

One-term inner expansion for B:

B, () (5.44)

One-term inner expansion written in outer variables:

l -r
BO (——e-—-) (5.45)

By expanding (5.45) for small €, and rewriting the result in terms

of 1 for convenience, we get the,

One-term outer expansion of the one-term inner expansion:

lim B_(n) (5.46)

N >0

Equating (5.43) and (5.46) according to the matching principle we get,

B,(1) = lim B_(n) - (5.47)

N

By a similar process for the inner edge of the plate we determine that,

B,(b/a) = lim B (t) - . (5.48)

fwco
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Equations (5.47) and (5.48) can be expressed more conveniently in the

following'form:

—2 =0 at N = , (5.49)

—2 . at tew (5.50)

3. Matching conditions for the radial displacement

Here we match a non-dimensional form of the radial displacement
1

U. From (2.23) the radial displacement is given by,

vy ELB, yoosp)) (5.51)

where we have set & = 1. From (2.19) and (2.8), equation (5.51) takes
the following form,

(d"' Y (sin B+ ¥ cos B)) , (5.52)

and upon multiplying by (Eh/B) we get,

E%H =r (%% - % (sin B + ¥ cos B)) . (5.53)

The membrane and outer edge boundary-layer representations of (5.53) are
matched next. In view of the steps in going from (5.33) to (5.36), and
(5.40) to (5.42), we can immediately write the

One-term inner expansion of the one-term outer expansion:

dwo(l)

i - v(sinﬁo(l) + Wo(l) cosBo(l)) . (5.54)
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By using (5.12), and in view of (5.16), we determine the

One-term inner expansion:

v,
s - p
o v(sin Bo w; cos Bo) » (5.55)
Inspection of (5.55) shows we must next evaluate the term
d 1
3;-’ the derivative of the second term in (5.13b).
From (2.20b), (5.12), and (5.13) the governing equation on
¢i is determined to be,
v, @ dp . . B, - :
7 - an -\'dn wb sin Bo = -y EH— cos Bo . (5.56)

Using the fact that io is a constant, namely C1 by (5.16), we get,

a% P
1 _ y =2 (
2 dn 1

sin Bo - cos Bo) =0 . (5.57)
dn
Multiplying (5.57) by dn and expressing the result in differential
form gives us,
d?lrl - -
d (E;-) - vd (- C1 cos Bo - sin Bo )= 0. (5.58)

Upon integrating (5.58) we get,

a¥, - N

— =

an v (C1 cos Bo + sin Bo) k , (5.59)
where k is a constant of integration. From (2.24) and (5.12) the bound-

ary condition on $i takes the form,

a¥, . |
oW, =0, ' (5.60)
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at r = 1. In view of (5.15a) and (5.16) we see that k is equal to zero.
Therefore from (5.59) we can write,
dwl ~ ~
- E;- = V(C1 cos Bo + sin ﬁo) . | . (5.61)

Substituting (5.61) into (5.55) and using (5.16) we see that the one-
term inner expansion for (EhU/B) vanishes. Clearly this implies that

(5.54) must also vanish. Therefore we set,

Yoy

= v(sin B_(1) + ¥_(1) cos B_(1)) = O. ' (5.62)

Before proceeding further let us note, by comparison of
(5.62) and (5.53), that the boundary condition of zero radial displace-
ment at the outer edge of the plate carries over to the membrane expansion
in the first approximation. This particular feature of the problem also
occurred in Chapter IV, although much more markedly. There, the membrane
expansion gives zero radial displacement in the first approximation
everywhere, in addition to at the edges of the plate, as can be seen, for
example, by the absence of the zeroth order term from (4.129). From
physical considerations concerning the width of the boundary-layers
for increasing deformation, we expect that the boundary condition on U
should carry over here also; as it did. However, had we not retained
the terms on the right hand side of (5.9), the boundary condition on U
would not have carried over and hence we have further justification
for retaining the right hand side of (5.9). Clearly the matching
principle, which leads us to (5.62) is a powerful tool.

Returning to (5.62), and using (5.10), we obtain the following

condition on w;:

d¥
o 2
= - v" 1+ wb =0 , (5.63)

at r = 1, By matching the inner edge and membrane expansions for
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(EhU/B) we obtain a similar result. It is,

dwb a ’ 2
rrai ‘{)‘)v 1+dfo =0. (5.64)

Equations (5.63) and (5.64) provide the necessary conditions for the

numerical integration of (5.11).
Using (5.49) and (5.50) we are now able to evaluate the constants

02 and CS in (5.26) and (5.32). From (5.23) and (5.49) the following
equation is obtained,
0=- 2C1 cos Bo(m) - 2 sin Bo(m) + 2C2 . . (5.65)

Substituting (5.47) into (5.65) we get, upon rearranging,

c, = c1 cos 50(1) + gin 30(1). (5.66)

Using (5.10) and (5.38) gives us,

c, = ‘,1 + tlfoz(l) . (5.67)

Therefore once (5.11) is integrated C2 is known. By going through a

similar process we find that C5 is given by,

c, -f— (€, cos B (b/a) + sin B_(b/a)). (5.68)

Using (5.10) and (5.39) we get,

c, = (%) \,1 + dro(b/a)‘ . (5.69)

E. Summary for the Numerical Integration Process

1. Membrane expansions

The solution for wb in the interior region of the plate is
obtained by numerically integrating (5.11) over the interval (b/a)=<r<1
subject to the conditions that (5.63) and (5.64) are satisfied at r = 1
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and r = b/a respectively. Using (5.8) we then obtain Bo over the
interval (b/a) = r = 1. Thus the basic equations for the interior

region of the plate are the following:

2
av dy ¥ 2 ¥
o,1 "0 ‘o, 6L - — \ = :
drz + r dr B 1‘2 + r (1 2 ) 0’ (5‘11)
1+ ?lfo

v 5

a_r__ - v 1 + wo =0 (8t r = 1) » (5.63)
o . 2y 1+92=0 = b/ 64!
e @ v 5 (at r a) , (5.64)

and .

cotBo = 'dfo . ' (5-8)

2. .Boundary-layer expansions

a. Boundary-layer expansions for the vicinity of the outer

edge of the plate

The solution for wo, which we recall stands for the function
Wo in the vicinity of the outer edge of the plate, is obtained from
(5.16) and (5.38). We get,

o~

wo = C1 = w°(1) > (5.70)

where w°(1) Ffpresents the value of wo at r = 1 as obtained in part (1)
above. Thus wo, a constant, is known.

To determine~B° we evaluate the integrgl in (5.26) which,
by using (5.66) and (5.38), we can express as,
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Wl

~

dp

(o]

Vz (¥_(1)(cos B, (1) - cos Bo) + (sin B (1) - sin Bo)i

(5.71)
Therefore, since w;(1) and Bo(l) are considered to be known from part (1),

(5.71) gives the solution for Bo as a function of 7.

b. Boundary-layer expansions for the vicinity of the inner

edge of the plate

The function ?6, which stands for the function w; in the
vicinity of the inner edge of the plate, is obtained from (5.31) and
(5.39) as,

ﬁ; =C, =¥ (b/a) , (5.72)

in which wb(b/a) represents the value of w; at r = b/a as determined
from part 1. Hence, Eb, a constant, is known.

In order to obtain Bo we evaluate the following integral,

H

"

d
o

UZ (%) (wb(b/a)(cos Bo(b/a) - cos Eo) + (sin Bo(b/a) - sin So))
(5.73)
which follows from (5.32), (5.39) and (5.68). Since w;(b/a) and Bo(b/a)

are considered to be known from part (1), (5.73) gives us Eo as a

function of ¢ Thus, in theory, the problem is solved.
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CHAPTER VI

DISCUSSION OF RESULTS AND CONCLUSIONS

In Figures (3) and (4) we demonstrate the accuracy of the present
method, Here we compare the results of the large deformation analysis
of the von Karman equations as given in chapter IV with data from the
numerical integration of the Reissner equations which is presented by
Hart and Evans (5). Our résults are calculated from two-term expan-
sions of the pertinent quantities and are based on the analysis for the
case when Poisson's ratio is equal to 1/3. Hart and Evans used a value
of .3 for Poisson's ratio, however, as discussed below, the results are
practically insensitive to slight variations of Poisson's ratio and we
accordingly disregard any effect due to this difference.

With regard to Figure (3) we show the sum of the direct and
bending radial stresses at the inner edge of the plate where the maxi-
mum stress always occurs. Here the calculations are based on the bound-
ary-layer expansions which apply in the vicinity of the inner edge of
the plate. 1In all cases the agreement is seen to be very good. The
maximum transverse displacement to plate thickness ratios are indicated
for the.first and last points on each curve. With regard to the two
curves for b/a = .626 it is observed that the agreement is good even
when the maximum transverse displacement is less than one-half of the
plate thickness. Thus we conclude that the perturbation analysis of
the von Karman equations for large deformations is accurate., Further-
more it is clear that the von Karman theory itself gives an accurate
first approximation to the Reissner equations for the range of deforma-
tion shown in Figure (3). Unfortunately this latter point could not
be investigated more thoroughly since Hart and Evans did not consider
larger values of maximum transverse displacement to thickness ratios

than those shown in Figure (3).
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In Figure (4) we verify the accuracy of our solution as a
function of the radial coordinate,

Figures (5) through (8) serve to illustrate how the results of
the infinitesimal and large deformation analyses of the von Karman
equations, as given in chapters III and IV respectively, tend to merge
together, This occurs in a region where the expansions of the infini-
tesimal deformation analysis are beginning to diverge. In these figures
the term "first approximation' is used to indicate that the expansions
are found to one term; ''second approximation' implies that two terms of
the expansions are used, and so forth. The terms 'small deformations"
and '"large deformations' are used to refer to the analyses of chapters
III and IV respectively.

It is clear from these figures that the classical linearized
bending theory of plates, which is represented by the first approxima-
tion of the infinitesimal deformation analysis of chapter III, is no
longer valid when the maximum transverse displacement of the plate
exceeds approximately four-tenths of the plate thickness.

Figures (9) and (10) are included in order to show the stress
levels, as predicted by the large deformation analysis of the von
Karman equations, associated with the ranges of loads considered in
Figures (5) and (8). The classical linear theory is included also for
comparison.

With regard to the analysis of chapter V, which applies when the
deformations are so large that the von Karman equations are no longer
valid, we have established the basic differential equations for the
boundary-layer zones and the interior region of the plate as well as
the conditions for determining the constants of integration. The
numerical integration of (5.11) is proposed for future work. Once this
is done we can determine the region where the von Karman theory is no
longer adequate and, in addition, obtain solutions of the related mem-

brane problem for very large deformations.
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The comment above concerning the fact that the solution as

given in chapter IV is practically insensitive to slight variations of
Poisson's ratio is quite evident if we examine the numerical values of
one of the dependent variables for different values of v. For instance,
| by evaluating Fo at the inner edge of the plate for v equal to 1/3, .3
and .25, we find that F, is equal to .613, .613 and .614 respectively.
Here we have arbitrarily taken b/a to be equal to .4. The latter two
values above are determined from (4.30) and by using Figures (A.1l) and

(A.2) of the appendix.
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APPENDIX

A.1 Evaluation of the Constants of Integration for the Case when

Poisson's Ratio is less than 1/3

In this section we describe the procedure for determining the
constants of integration, and two other related constants, for the
case when Poisson's ratio is less than 1/3. From (4.175) through
(4.182) and (4.200) and (4.201), we have ten equations to solve
for Ao’ Bo’ Al, Bl’ Cl’ CZ’ Ca, CS’ 7a and Ype The first four constants
appear in the membrane expansion, the next four in the boundary-layer
expansions, and 7q and 7b’ as we know, represent the values of y at
the outer and inner edges of the plate respectively.

Once Ao, Bo, 78 and 7, are known the remaining quantities above
are easily obtained as shown next. From (4,175), (4.179), (4.178),
(4.182), (4.200) and (4.201) respectively we see that,

Ci = sin2(78/2)/A§ , A (A.1)
c; = sin’(y,/2) /A%, , (A.2)

c, = All(zAg) (1+ sinz(ya)/(S sin2(78/2)) - 3yacot(7a/2)/4)-+
ZBlecot(ya/Z) , (A.3)
Cs = A /(287) (1 + s1n(7,)/(8 sin’ (7, /2)) - 3y, cot(y, /2)/4)+

ZBlecot(yb/Z) , | : (A.4)
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-6/Cf = Al(l - cosya)/(ZAosinya) - 02 (L + v)/2 +

hAzl(sinya(l - cosya)), , (A.5)

" and,
6(b/a)2/CZ = Al(l - cosyb)/(ZAosinyb) - Cské(l + v)/(2(b/a)2) +

483/ (siny, (1 - cosz))) (A.6)

where, in the last two equations, we have made use of the fact that

Fl(ya) and Fl(yb) are equal to C2 and C_ respectively as seen from

5
(4.178) and (4.182). Thus, from (A.1l) and (A.2) it is clear that
01 and Ca are known once we determine Yar 7y and Ao, and upon
' substituting these five quantities into (A.3) through (A.6) we are left
1 Bl' C2 and
Thus the only difficulty lies in solving for the quantities Ao’

with four linear algebraic equations for determining A
CS'
Bo’ 7, and 48 from the following four equations, which follow from
(4.176), (4.180), (4.177) and (4.181):

4A2 - Bo =7, " sinya . | . (A.7)
s3w/a)? - B =9 - siny (4.8)
o o b b’ '
A3 siny - (1 + v)(1 - cosy )2/8 =0, (4.9)
o a a
and
Ag sin - 1+ vQ - cosyb)Z/(S(b/a)z) =0 (A.10)

The transcendental nature of these equations of course prohibits
a closed form solution and we accordingly seek an approximate numerical
solution to them. By eliminating Ag and Bo from the above equations we

get the following expressions for the quantity (b/a)2:



-A.3-

/ 2 2 sinya ¢ ( 9
(b/a)” =1 - — y =7 = (8iny = 8iny )),
1+ v)Q1 - cosya)2 a b a b
(A.11)
and 2
. siny (1 - cosy, )
(b/a)? = —2 b . (A.12)

sinyb(l - cosya)2

The above two equations are programmed on a computer and by trial
and error we determine, for a given value of v, corresponding values of
7a and 7y which give the same values of (b/a)z, to some prescribed
degree of accuracy, from both equations. Thus we obtain a tabulation °
of corresponding values of (b/a), 7a and 28 for a given value of v. In
Figures (A.1l) and (A.2) we show the results of this process for four
values of v. In Figure (A.1) we plot (b/a) versus 28 while in Figure
(A.2) we plot (b/a) versus Vg Thus, for a given value of (b/a) and v,
one determines the corresponding values of 7a and 7 from these figures.,
Then by substituting (b/a), 7, and 7, into (A.7) and (A.8), Ao and Bo
are easily determined.

The trial and error procedure used in obtaining these curves is
greatly facilitated by the fact that we are able to establish bounds
on the admissible* values of 7a and 7y These bounds are determined by
observing the behavior of plots of (b/a) versus 7 with 7a fixed, from
both (A.11) and (A.12). 1In Figure (A.3) we show four sets or pairs of
curves, each pair corresponding to a different value of Ya* The upper
curve in each set is obtained from (A.11l), the lower curve from (A.12).
If the value of 74 is an admissible value then the curves in a set
will intersect each other and the values of Yar 7 and (b/a) at this

intersection point of course represent a solution to (A.ll) and (A.12).

*For a given value of v there are fixed ranges for the values of 7q and
% that satisfy (A.11) and (A.12). Values of 7q and 28 within these

ranges are called admissible values.
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If the curves of a set do not intersect one another then we know that
the value of 7, for that set is outside the range of admissible values.
The pair of curves for 7, = 1.0 in Figure (A.3) are seen to cross one
another at 7y X .6 and b/a 22 .46 and therefore these three corresponding
values give a solution to (A.11) and (A.12). Clearly the values of

1.5, 2.0, and 2.5 for 7, are not admissible. .

The important feature to be observed in Figure (A.3) is that the
tangents to each curve in a set, at b/a = 1.0, continually approach each
other as we move closer to an admissible value of 78. Therefore it
appears that a limiting condition exists when these tangents coincide
with each other. From (A.11) and (A.12) we find that the slope,
d(bﬁlyﬂyb, of the upper and lower curves in a set are given by, \

d(b/a) ) a sinya(l - cosyb)

d I (A.13)
v b(l + v)Q1 - cosya)2
and, 2
d(b/a a siny_(1 -cosx) _ a sinyacosyb(l - cosy,)
b2 = 2 2 2 , (A.14)
b b(1l - cosy,) 2b sin"y, (1 - cosy,)

respectively, Before setting (A.13) and (A.14) equal to one another we
observe from (A.12) that at (b/a) = 1.0, Yg = 7 Therefore, by letting
v stand for the value of 74 and 7, at b/a = 1.0, (A.13) and (A.14)

reduce to,

d(b[az - sin ¥
d7b (1 + v)(1 - cosy) ? (A.15)

and,

d(b/a) _ siny _ cosy
dyb (1 - cosy) 2siny (A.16)

By equating (A.15) to (A.16) we get the following equation which

represents a limiting condition on 7,
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cosy = 1 EVV . (A.17)

In order to interpret the meaning of (A.17) let us first set v
equal to .25 and solve for y. We find that y must be approximately .84.
" From Figure (A.3), for which v is equal to .25, we recall that a solution
to (A.11) and (A.12) is given by 7y = 1.0 and 7y = .6 (approximately).
Then obviously (A.17) does not give an upper limit to 7, Dor a lower
limit to 7y Accordingly we assume that (A.17) gives the maximum and minimum
admissible values for 7y and 7a respectively. Moreover this implies
that the ranges for admissible values of 7a and %o do not overlap ‘
although they have a common value which occurs when b/a is equal to 1.
Also 7, is always greater than 7b’ except of course when b/a is equal to
one. In addition it is apparent that as b/a decreases from unity, '
corresponding values of 7a and 7y steadily become further apart from
each other which leads us to suspect that the maximum value of 7a and
the minimum value of 7, occur simultaneously. As we recall (see (4.202)
and the comment following it) 7b assumes the value of zero when b/a is
equal to zero and this represents its minimum. Therefore in (A.1ll)
let us set %y and b/a equal to zero and rearrange the equation to the

following form:

1+ v, sin 7a(7a - 8in 73)
2

2 . (A.18)
(1 - cos 7.)
a
Equation (A.18) is viewed as a relation for determining the maximum
value of 7q for a given value of v. In Figure (A.4) we show a plot of
this equation.
Summarizing, the bounds on admissible values of 78 and 7b for a

given value of v are found as follows:

(a) The maximum value of 7q is obtained from (A.18), or more
conveniently from Figure (A.4); its minimum value is found
from (A.17).
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(b) The maximum value of 28 is found from (A.17); its minimum
value 1is zero.

. With these bounds the task of finding solutions to (A.11) and (A.12)
is simplified considerably. ’

A.2 Expressions for the Stresses and Displacements

In this section we give the expressions for the stresses and

displacements in terms of the dependent variables of chapters III and °

IV, namely ¢ and F.

(a) Direct stresses

The direct or in-plane circumferential and radial stresses

follow from equations (2.4) and (2.7) of ( ). There we see that

NG and Nr' the circumferential and radial stress resultants are given

by,
No= (A.19)
6 dr
and,
N_ = Vginf + H cosB , (A.20)

respectively, where the quantities %,é,v and H are defined in chapter
II.

Substituting in (A.19) for ¥ and r from (2.4) and (2.6),
and then using (3.9) and (3.10), or equivalently (4.9) and (4.11),

gives us,

2B F
NG =3 (F' - E;) s (A.21)

where we recall the prime'means differentiation with respect to p.
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Since B is equal to (XZD/a), as is seen from (2.8), we get,

2
2\D,., _ F_
NG —?-(F 2p) (A.22)
Using the definitions of V and H from chapter II, (A.20)
becomes,
Nr = —2: siné + ? cosp (A.23)

25 r
where P is the applied load (see Figure 2). By means of (2.4) through

(2.6) the above equation can be written as,

N, = £ s1a(o8) + £ cos(ep) | (a.26) ,

r 2rar

and for the case when  is small, we find that,

N =108, BY (A.25)

r 2nar ar °

The above approximation for small & is consistent with the derivation
of (2.15) and (2.16), which are the basic differential equations of
chapters III and IV. Therefore (A.25) is valid with respect to the
aforementioned chapters, although the exact expression given by (A.24)
should be used in conjunction with chapter V.

By using (3.9) through'(3.11), or equivalently (4.9) through
(4.11), (A.25) becomes,

-B (B8 o
N ap((B )So+F) - (A.26)

The first term in (A.26) is shown to be insignificant compared to
the quantity F. From (3.3), (2.8) and (2.9) the quantity (P§/B) can

be expressed as,

P5 25 h,2:
N (;) ’ (A.27a)
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which holds true for the analysis of chapter III. Therefore, as long

as we are considering a very thin plate such that (h/a)2 is small, we

can neglect the term in (A.26) containing (P5/B) compared to the quantity
F. We note that under some conditions though the term containing (P5/B)
may be significant., For the analysis of chapter IV we find that,

o . 8x8% , (A.27b)

which follows from (4.3) and (2.8). Since ® is considered to be small
in chapter IV the term in (A.26) containing (P5/B) may therefore be
neglected compared to F in this case without qualification. Thus,

in accordance with the above discussion, we have,

N ==, (A.28)

2
= M DF
Nr 2 - (A.29)
ap
The circumferential and radial direct stresses, UGD and 9.p
are obtained by dividing NG and Nr by the plate thickness h. Therefore
it follows that,
ZKZD F
Opn = —5—(F' - ) (A.30)
2 ’
6D a‘h 2p
and, 2
A DF
o%p = "3 . (A.31)
a hp
By substituting for D from (2.3), (A.30) and (A.31) become,
Oon = sz F
6D > 7 (F' - 2) (A.32)
6(1 - v°)(a/h) P

and,



-A.9-

2 .
N EF
o = . (A.33)
D 12Q1 - vz)(a/h)zp ‘

b. Bending stresses

The circumferential and radial bending stress resultants,

Me and Mr’ are found from (2.9) of (2) to be,
M= -p( &inB, 4B,y | (A.34)
r dr
and, ,
M_ = -D( ﬂ% + v gi%é) , (A.35)
dr r

where D is given by (2.3). From (2.5) and (2.6) the above equations

can be written as,

- - sin$§éz vd dB
Mg D ( T & dr) , (A.36)
and
M_=-p(2 98, vsin®B), (A.37)
b a dr ar

For small‘S, as considered in chapters III and IV, we get,

= - 5B vo dB
MG D( ar + a dt) , (A.38)
and,
- - 5 dg OB
Mr D( Pl + ar) . (A.39)

Substituting in the above two equations for B and r from (3.9) and
(3.11), or equivalently from (4.10) and (4.11), and using (2.13), (2.9)
and (2.3) gives us, '
Ehzh
(a/n)"(12(1 -

2,)372 Q- v)% - 2uva'y, (A.40)
v : :
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and, 2
Eh A Q '
Mr = 2 3. .3/2 ((1 - v)% - 20") . (A.41)
(a/h)“(12(1 - v°)) P
The circumferential and radial bending stresses, UGB and

o.p> are found from (A.40) and (A.41) by multiplying them by (6/h2).

Therefore,
6EA a
Opr =~ (- v) %+ 2va"), (A.42)
B @miaza - V) P
and,
6EN a 'y
Oy = (@A -v)y=-22"). (A.43)
B @myiaza - 432 o

c. Displacements

The radial and transverse displacements, U and W, are obtained

from (2.11) and (2.14) of (). For the radial displacement we have,

r
U=gp (Ng - W), (A.44)
and upon substituting (A.19) and (A.23) into the above expression we
get,
r o inB T -
U= %ﬁ (gg - v ( 2-§l%§ + g cosp )) . (A.45)

dr 2nr r

For the case when § is small, we use (A.21) and (A.28) to obtain,

2B ' 1+ v, F
=B - (S D) (4.46)

which we have expressed in terms of p. Since we have used (A.28) in
arriving at the equation above let us note that, in the case of
infinitesimal deformations as discussed in chapter III, the above
expression is valid only as long as (h/a)2 is small, i.e. the plate is
very thin. The given expression above applies without qualification

with regard to the range of deformations considered in chapter IV.
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Expressing U in terms of XZ by means of (2.8) we determine that,

2 1/2 .
A 1+
U= azo 7 (F'-(-—'f—v')g) (A.47)
(a/h)“6(1 - v°) P
The transverse displacement is given by
r
du = .=
W =| (1 +—)tanp dr. (A.48)
dr
For the case when Bis small we find that,
p
W) a4 (A.49)
a 2p P

which is obtained by a process similar to that in arriving at the final
expression for Nr' The derivative of U appearing in (A.48) vanishes
from (A.49) since it is found to be proportional to 62 with regard to
chapter IV and for chapter III we make the same assumption concerning

the ratio (h/a)2 as is included in the discussion following (A.27a).
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ASYMPTOTIC SOLUTIONS OF A CIRCULAR PLATE PROBLEM

by

Donald C. Tolefson
ABSTRACT

The rotationally symmetric small and large finite deformations
of an annular plate, clamped at its outside edge and containing a
central rigid inclusion to which a normal load is applied, are con=
sidered.

Perturbation techniques are applied to analyze the first
approximations to the Reissner equations for the separate cases of
small and large finite deformationms.

In the case of srall finite deformations, where the first
approximations to Reissner's equations correspond to the von Karman
equations, we examine the limiting cases of infinitesimal and increaé-
ingly large deformations. Perturbation expansions in terms of powers
of a small parameter are obtained for the dependent variables.

In the limiting case of infinitesimal deformations two terms
of the expansion of the dependent variable representing the bending
of the plate are obtained in closed form; the second of which arises
due to the coupling of the stretching and bending of the plate's
middle surface. This second term of the expansion becomes important
when the maximum transverse displacement of the plate begins to exceed
slightly less than one-half of the thickness of the plate., For this
part of the analysis of the von Karman equations the expansions are
uniformly valid over the extent of the plate.

In the case of increasingly large deformations the analysis
of the von Karman equations leads to a singular perturbation problem.

Here the edge zones, where boundary-layers have developed, and the



interior region of the plate are investigated individually. Separate
perturbation expansions are obtained in these regions of the plate.
The theory of 'Matched Asymptotic Expansions' is utilized here in

~ order to evalﬁate certain constants of integration which remain
undetermined after exhausting the boundary conditions on the problem.
Two and, in one case, three terms of the expansions are found in
closed form. It is found that for the special case where Poisson's
ratio is equal to 1/3 the results are extremely simple and here we
obtain three terms in the expansions. Numerical results for the
stresses and transverse displacement are compared with data obtained
from the numerical integration of the Reissner equations by other
authors and the agreement is very good.

Lastly we examine the case of large finite deformations where
the deformations have exceeded the range of validity of the von Karman
equations.

A perturbation analysis of the first approximations to Reissner's
equations for this case leads to a singular perturbation problem as
expected., The basic differential equations for the boundary-layer zones
and interior region of the plate are derived as well as the required
conditions, in addition to those provided at the edges of the plate,
for determining the constants of integration which arise in the analysis.
Closed form solutions for one of the dependent variables can not be
obtained here and numerical integration is required. For this reason
numerical results are not given.

In this latter part of the investigation we observe that the
first approximations to the original form of Reissner's equations con=-
tain certain terms which he neglects in his more recent theory. We,
therefore, conclude that these terms which are missing from his more
recent theory are important if the deformations are extremely large

and should be retained in this case,
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