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PREJ'ACE 

In spite ot the sensational success of statistical quality control in 

a wide Tariety ot industries, its use is still not yet generally accepted. 

The foundry industry is one in which this Taluable instrument has not yet 

received whole-hearted acclaim. 

It is hoped, that in some small way, this paper will assist in emphasiz-

ing the possible advantages that the use of statistical quality control ot-

ters to foundry practice. 

The particular application discussed on the following pages deals with 

only one phase ot foundry production - the centrifugal casting of iron pipe. 

The reader, as he follows the statistical methods contained herein, perhaps, 

can visualize other applications ot these same methods that would also be 

of benefit in foundry practice. 

It will be noted that statistical devices other than quality control 

have been used in this investigation. Tbsse additional statistical tools 

used in conjunction with quality control form a highly desirable combina-

tion, further defining the statistical nature of a process and hastening 

the establishment ot statistical quality control. 

During the course of this study, valuable assistance has been received 

from several members of tbe faculty of Virginia Polytechnic Institute, 

Blacksburg, Virginia, and from the employees ot the Lynchburg Foundry Com-

pany, Radford, Virginia. 

Prof. w. G. Ireson, Associate Professor ot Industrial Engineering, 

Virginia Polytechnic Institute, bas given liberally of his time and advice 

throughout the preparation of this thesis. Prof. Paul T. Norton, Jr., 
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Head of the Department of Industrial Engineering, Virginia Polytechnic In-

stitute, has also been instrumental in the completion ot this paper through 

his helpful cooperation and encouragement. 

The counsel ot Dr. Raj candra Bose, Head ot the Department of Statis-

tics, University of calcutta, Calcutta, India, and Dr. Boyd Harshbarger, 

Professor ot statistics, Virginia Polytechnic Institute, bas been influen-

tial in designing the statistical tests to analyze process variance. 

Mr. Samuel X. Cohen, Supervisor ot Standards, under whose direction 

production data was .made available, Mr. Thurmn Coleman, Production Manager, 

Mr. Arlie Weeks, and Mr. Elmer Musselman, deLavaud Foremen, all of the 

Lynchburg J'oun.clr,J Company, have been very cooperative during this investiga-

tion.. 

The author wishes to express his appreciation and gratitude tor the 

valuable assistance rendered by these men and others who have contributed 

so generously of time and ettort to the preparation ot this thesis. 





Table I 

Table II 

Table III 

Table IV 

J'igure 1 

!Pigure 2 

J'igure 3A. 

J'igQH 3B 

J'igure 3C 

!Pigure 3D 

l!'igure 3E 

!Pigure 4 

Figure 5 

l!'igure 6 

LIST OF TABI&S ill> J'IGORBS 

Tables 

Weights ot 6" B&S 150 Super-deLavaud Pipe CoJll-
prisillg Grand. Lot 

Weights ot 6" B&S 150 Super-del.avaud Pipe 

l!'requenoy Diatributiona 

Determination ot Nor•l Oune 

J'igures 

Operation ot deLavaud Pipe Casting Machine 

.ATerage and Range Obarta ot Past Data 

l!'requency Distribution ot 6" B&S 150 Produced 
by Shift No. 1 - Machine No. 1 

:rreq11.enc7 Distribution ot 6• B&S 150 Produced 
by Shift No. 1 - Machine No. 2 

l!'requency Distribution ot 6" B&S 150 Produced 
by Shift No. 2 - lla.ohim No. l 

J'requanoy Distribution ot 6" B&:S 150 Prodmed 
by Shift No. 2 - Ila.chine No. 2 

?requency Distribution ot 6" B&S 150 Super-
deta-rau4 Pipe ( Oo.111.posi te ot Figs. 3A, 3B, 
3C and 3D) 

Distribution "A": Nor.aal .Frequmcy Distribu-
tion With fat 456, Including of Olasa 100 
Production 

Distribution "B": Nornal Frequency Distribu-
tion With! at 453, Including~ of Class 100 
Production 

D1str1butig_n "0": Normal Frequency Distribu-
tion with X at 453, No Class 100 Production 

Page No. 

25-28 

50-35 

37 

41 

11 

38,39 

46 

52 

54 

56 



TBS APPLIClA.TION OF STATISTIOAL QPALITY CON'mOL 

TO THI CENTRll'UGAl, CASTING OF mw PIPB 

In 1922, a revolutionary improvement in foundry and metallurgical 

methods was introduced to the United States. The production ot deLavaud 

Centrifugally Cast pipe answered a need tor a pipe that would withstand 

rough handling in shipping and installation and that would provide addi-

tional properties that .modern usage required. The particular properties 

that characterize deLavaud pipe result trom the distinctive method ot pro-

duction. The superior metal structure of' a :f'iner and closer grain makes 

possible an improved tensile strength, greater ductility and unusually 

high impact strength. The deeign ot the deLavaud machine allows absolute 

concentricity and uniformity ot both wall thickness and density. Subse-

quent improvements in the mentioned properties led to what is now known 

as Super-deLavaud pipe. 

'!'his is an eD.m.ple ot technical research having been applied to 

raise the standard of' casting properties. Many such technological changes 

have been forthcoming in the last tew decades. This scientific betterment 

has not only resulted in the improve.mm. t ot production and services but 

has also necessitated similar advancemmt in the administration ot such 

production and services. An illustration of' this condition is the present 

ampbasis being placed on constancy ot product quality. The development ot 

statistical quality control has made it possible to increase the etticien-

cy ot modern production methods by controlling the quality between eco-

nomical limitations. Heretofore, it tbe etticiency ot the method ot pro-

duction was to be increased, ettorts were concentrated upon improved de-

sign or methods based on past experience or experimentation. "The tact 



is that the pri.lr.ar,y need in the foundry industry today is not so much new 

metallurgical discoveries, as the application ot existillg technical know-
1 ledge to control operations and casting properties within narrow limits." 

The Lynchburg l'Oundry Company in Radtord, Virginia, has been tor sev-

eral years active in the successful production ot Super-deLavaud pipe. 

Throughout the years ot production, various innovations baTe been applied 

to the production ot deLavaud pipe so that, at the present time, the 

physical properties ot the pipe are unquestionable. However, though it 

is rare that a pipe tails to meet the tests imposed upon it, the variation 

in the weight ot pipe does not seem to be controlled as closely as possi-

ble. ETen though quality is restricted by mini.mum speciticatio.ns, it can-

not be allowed to vary unoontrolled above that minimum it production is 

to be economical. It 1s th.eretore ot Talue to investigate the possibili-

ties ot more closely oontrolling the weight ot pipe. In order to attack 

this problem logically, the present quality level must be deterJl'lined, the 

nature ot the present Tariation disclosed, an optimwn quality level set 

forth, and the method ot approaching that desired level of quality must 

be outlined. To obtain the necessary intora tion and achieve a logical 

solution, the methods of statistical quality oontrol 11111 be used. 

Statistical quality control is one ot the .more recent tools ot 

management that has allowed administrational adv~es to keep pace with 

technological cha.Dge. Although quality control was introduced back in the 

early l920's by Walter E. Shewhl.rt and his associates at Bell Telephone 

1 Barding, E. w., "Quality Control in the J'oundey," Ce.nadian Metals and 
lletallurgioal Industries, Toronto, Westman Publications Ltd., Vol. 8, 
No. 6, PP• 39-46, (August 1944). 



Laboratories, it has only recently acquired popular industrial acclaim. 

During World War II, quality control gained limited but enthusiastic ac-

ceptance. The government was instrumental in dissemim.ting the nature 

and know-how ot quality control by conducting short courses at various 

universities throughout the country. These courses gave a>me 1900 at-

tendants the bare essentials ot quality control. 

Tbe interest in and general acceptance ot statistical quality con-

trol has been due to the spectacular success that has accompanied almost 

every application. There have been some notable failures. These fail-

ures, however, have been due to the improper administration ot the 

system. Either .management has tailed to introduce quality control at the 

level ot the 11>rker or the system has been conducted by those who lack a 

sutf'icient -work~ knowledge ot quality control. 

Fortunately, the success ot quality contro 1 in the practical appli-

cation does not depend upon an extensive knowledge ot its complex mathe-

.aatical foundation. This characteristic is not strange nor illogical 

when one recalls development of the electrical tield made in ignorance 

ot the electron or the "•h1'" ot electrical phenomena. It is, however, 

important to keep in mind that the essentials ot a 110rking knowledge ot 

statistical quality control are mathematically justifiable. 

Savings resultiJJg from the use of' statistical quality control have 

been most noticeable in those industries mass producing finished products 

am raw materials. However, many business organizatiollS active in job 

lot production are numbered among those realiziJJg profits from quality 

control. 

In the operation of a tound17 there is some .mass production 
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regardless ot the size of the foundry. It the touadry is small and of the 

job lot type, they are at least interested in the production ot molten 

.metal ia quantity. o.n a larger seale not only the raw .material but also 

the finished product is .mass produced. }Jost of tbe statistical work done 

b7 foundries. has been to control the qwality ot molten metal. '!'he 

articles that hs.Te appeu-ed oa this subject otter valuable suggestions 

that would be ot assistance ia the control of ,metallurgical properties. 

Aside trom this basic 1.ntara tion, the authors have .expressed. the opinion 

that further statistical a.pplieations in the foundry 1110uld be of great 

benefit. Iva-. E. w. Harding of tbs International Meehallite Metal co. Ltd. 

of canada states2 that statistical. methods "can eventually be applied to 

.other factors if.L easting production, sueh as detectives oontrol, sand con-

trol, etc., as experience is gained with the system." Mr. E. M. Schrock 

expresses the profitableness ot statistical. analysis. 3 "We are eon.vincM 

that through the expand.ins ue o:t (statistical} programs ot this type, 

metallurgical progress will be greatly expedited and thousands, yes, 

milliou ot dollars saved in operating costs." Although these mea pout 

1.ke •Y ::tor :turther applications ot statistical control in the foundry, 

little m'terial bas been published dealing with speeitic statistical 0011-

trol ot the finished foundry product. 

It a foundry is not engaged in repetitive pmduetion ot like castings, 

quality control can be ot greatest assistance in controlling the qWility 

2 Barding, E. w., "Q,ual1ty Control in the Foundry," Canadian. Metals an4 
Metallurgical Industries, Toronto, West.man Publications Ltd., Vol. 61 
No. a, PP• 39-46, {August 1944). 

3 Shrock, E. M., "Statistical Analysis of Metallurgical Problems," Metal 
Progress, August 1940. 



ot tu 4ee1ret -t•rial ltl.uu. ni• 1a at to aq thl. t the ue of aa-
tist1ea wal.4 .a.et 'be et 'beaet1t. 1a ooaaU1ng the p!'oduet1oa ot jo'b lot 

caattng. 'Ille aae of ••tiatioel .-tJ&ocle o"11er "2llu. qalit1 .oatrel wlll.4 

N,of uaistuoe 1a. 4etend.a1ng oJtiaa tou.41"7 u.d ae.Uugieal oOJMlltiou. 

au tou.biea that pa4uee like out111gs; llGt oalf 1a -.u lots, wolll4 'be 

able • atu4U't1se pred.u.etioa 'bJ tae lateral tte• ue · of tua.11 'ty •atrol. · 

It •• 'beea •tea. tllat tae eoatrel •t •tallm-gieal propetS.. • 1a 

ftulrt•• •• aee ••re 11laa aatiataotor,. fte JUJ'PN• of 11111 pa}Mt:r 1a 

to 1.n41oate, 1a s••:raJ., that the aaoeeae oaa be ened.84 to other touilr, 

operattou u.i a,-.1t1Nll)', tllat atatiat1Nl qul.Ur ••trol oaa 1Mt u-

strue.aw 1a ooatrelli.ag the wigln ot S\tper-4.e1..a.Tau.t pipe u4 will NrTe 

u,«: IM4•'''- •lh,·•tllu toalll:ry proltl-.. to llhieh ata,1atieal aet!lou u. 

a.pplioable. 

fte aolutioa ot the JNl>l• of eoatrollillg · tae wight of pipe by ata-

tiatioal .mtllela 1111.ll haft ......:1. :,ou1 lale ••Matt.es. All iaTeatiptio.n. ot 

the ••tia'ttoal Mtee of tae process will 41eolon tlt.oae t•tm'•• ot the 

p1'0eeae that lal-celY uatnltate to eueaa n.rtatioa. ·fta taewlectge of the 

nl&ti ft Tariaaeea Will 1Mt of ftl• 1a • aoea:tnt1111 11.tu:re 1ap1'0.,....at et-

torte llh111'8 they Will do tae ••• •oa. Thia elimiates oostl)'· ex:per1Mll•-

t1oa u4 the rel1ame u.poa :,ast u;pe:riece llhieh one tiMa, 1a th.is ooa-

aeotioa, 1411148 to ernuou ooaclu.aiou. fte p1'0eeaa aoa•1'0l is gaiaet, 

the pipe may 'be prodaee& elose:r to the miaimua weigllt, th.u providing a AT• 

ing to the consumer and w the p4uoe:r. Th• pre.-e ot a quality coat:rol 

program also has the desirous ett .. t ot er-.t1,ag sr•tar ouw.me:r coD.tH.••• 

111 the product wh8ll. the proof ot oonsta.at quality is eTH.ct. 
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DBSCRIPl'ION OF THE CASTING 

OF DELA.VA.UD CBNTRll'OOA.L PIPE 

Statiatical quality control aids the prediction of future occurremea 

through the use of past data. Thia past data must necessarily be chosen 

with care it the results are to be satisfactory. It has been stated t:tat 

the problem. under consideration is one ot weight reduction. The data chosen 

must reflect accurately the statistical m.ture of the wight Tariation. 

'l.'O select intelligently the pertinent data and 1D disregard that which is 

impertinent, an understandillg of the method of production will be of ut-

most ftlue. In following ti. method of production ll)ec1al notice should 

be giTen to features which are likely to cause process variation. Thia 

knowledge not only allows a logical selection of data., but also is essential 

in the interpretation of such data. 

The functioning of the deIA'ftud •chine has been described ably by 

Mr. !'rank G. Carrington, Co.uultant., 1n the 1944 Spring 1aaue of The Iron 

Worker, a quarterly publication of The Lynchburg J'oundry Company. Mr. 

C&rr1ngton has had considerable experience with the centrit'ugal casting 

ot iron pipe, both as a production .man and as a designer in this country 

and in :rrance. 

Description .!!!!_ Functioning deLaYIUld lfaab.ine 

"'l'O one tuiliar with the older sand cast shops., the striking 

features ot the deLanucl Process ee 'the centritugal casting .machines in 

action and the extant to which scientific control is carried. The machine 

1• .made up of the bed or track., with 'the ladle and trough fixed to it, 

and a •ter box carrying the JBOld, which tra'Hls back am forth on the 
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track. This lengthwise .movement is given by the travel cylinder. The 

mold is a steel tube bored to the outside shape ot the pipe, which is spun 

on rollers 1n the •ter box by the motor mounted on top. The water box 

tor.ms the water jacket tor cooling the outside of the mold. The ladle is 

tilted by the .mechanically driven lifting bar to give an accurately con-

trolled rate of tlow into the chute and trough. 

As the name implies, centrifugal force is set up in the molten metal 

when it is spun in the JOOld. This not only throws out impurities and pre-

vents blow holes and shrink cavities but also shapes the .ll'.l8tal into a tube. 

In this way no core is required except a small one to close the bell end 

of the mold and to shape the socket. 

The casting operation is begun with the machine ladle tull ot iron, 

the water box moved torward to uncover the trough, and the bell core tixed 

in place (J'igure lA). The water box is then moved back until the trough 

will discharge at the bell. As s,on as pouring has begun and the space be-

tween the mold and the bell core tilled {Figure lB), the water box and 

mold begin moving forward again so that the stream ot metal winds like a 

ribbon around the inside or the mold (Figure lC). This continues until the 

trough spout has come out of the mold, when the pipe is completely cast 

(Figure lD). About 30 seoonds are required to convert the molten .metal in 

the ladle into a pipe. 

By the time the spinning .mold can be stopped, the pipe will have 

solidified. The bell core fastener can then be removed, a puller or grapple 

is tastened 1n the pipe, and by moving the water box toward the ladle, the 

.mold will be stripped oft. As the pipe is uncovered, skids are shoved un-

der to support it (Figure lE). Whm co.m.pletely out ot the mold, it is 
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rollell to one side, so that the water box ean be moved. forward tor the 

next bell core. Then, with the machine ladle a.gain :tilled, the easting 

ot another pipe can be begun. Thirt1 to :forty ot the smaller sizes will 

be cast per hour.• 

Description !! Possible Causes .2!, Process Variation 

From Mr. carrington•a description ot the deI.avaud .machiJLe, it may be 

seen the.t the production may be attlicted with several sources ot variance. 

It is important in the establishment of quality control that recognitiOA 

be made ot all possible sources of process variation. The tollo'Wi.ng vari-

ables are ottered as possible sources ot assignable cau.ses that are con-

tributing or ma:, contribute to the lack ot quality control. The effective 

magnitude of assignable eaues on pl'Ooess variance is discussed on suc-

ceeding pages in the analysis ot variauce. 

Possible causes ot variation will be discussed in the sequence in 

which they are likely to occur from the raw material to the finished pro-

duct. 

The cheai.cal analysis of the molten metal is bei.ng controlled by the 

standard practice of weighing each eonstituent to iuure correct com.posi-

tion of the final blend. Tbe I.ynch.btrg Foundry goes still further by eon-

tl"Oll1ng the moisture present in the cupola by air conditioning be:tore the 

air enters the blowers. This last re:t.l.nemGt was installed as a result ot 

noted pl"Operty variation due to the cbanging atmospheric .moisture. The 

control o:t conditions in the cupola serTes t1110 :tunctions. The correct con-

atituents instre th.at the final quality of the cast pipe will m.eet certain 

physical requirements. The correct percentage of constituents aud the 



teaiperature et the .m.oltea iron also influence the fluidity of the iro11. In. 

centrifugal eaniJig, the tludity ot the molten iron l!IU.8t not nry signifi-

cantly it the weight of eaeh pipe is to remaia constant under constant 

re.tes ot machiAe .opera'ttoa. As the cut pi:pe pxod.aoed seldom tail in their 

pb:,sical propvties, the question ot tJ. uid1 ty demands the most atteation. 

!he degree ot fluidity ay be caused to vary by, (l) changing the content 

ot the earbo.u equ:1Taleat, earbon, or phoaphoru, an.ct by {2) chugi.11g the 

t-.pentu:re of the molten metal, or (3) a eo.mbillation of both. 

When the moltea m&tal leaves the cupola, i't is transported 1n a trans-

fer ladle to the detanud uehiaes by .means ot an industrial truck. At the 

casti.ng .rriachi.ae.s, the tr&.naf er ladle mu.st wa1 t un.ti l it is ready to be 

••4~ .'fbere ta- »eiuuaarily a Tariation in the time that the ladle must re-

main idle. Tb.is variation in time ccu.1settue:atly caues a. variation in the 

temperature at which the iron is pou.Nd into the aehine lad.le. l?reviw.s 
0 experien.ee indieates th&t the taaperature .lllQ' vary as aueh u 40 F during 

the use ot .a aingle transfer ladle. The optiaum pouring tempenture ts 

cel181dered to be alH)at 2560°7. If the temperature ia excessively above 

\he opt.imum, aea sorap .11111' be added to the transfer ladle to cool it don. 

The imn, beiag within the aceepted temperature range, is then poured 

trea the transfer ladle 1nto the achine ladle. The capacit1 ot each •-

chine ladle is aligb.tly in excess ot that requtrea. to pour ollEl pipe of any 

given size. !he •cida.e ladle is tilted at a certain. rate to insure even 

distribution ot •tel throughout the entire leugth ot pipe. The tilting 

of the maehiae ladle is regw.ated by .means ot a rheostat. I:t', in the 

opaio:a o:t' the tore.man., the iloa has higher than optiJmmt tluidi ty, on the 

basis at: .. the temperature, the tilting is slowed down. If, on the other 
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llu.d, the inn is considerably below that ot the optimwa f'laidi-q,., the 

tilting ot the la4le 1s Speeded u.p. 

Here we a.re controated by the first ot three Ta.riatiou that may be 

intl'f>dueed by aaehine regulation. 'flt&ee are possible maehine regu.lationa 

a.n4 all ot them .ma:, or may aot be used at oJ'le time to correct tor improper 

tlui4ity. 

1'1.ere are two other :machine coJLtrola tat .llll.J' be exft'Cieed by the 

tore.am., both having to do w1 th the Jl'IOTemen.t of the mold:. '1'.b.e speed ot 

rotation of the Jl'IOld 1IJa"f be regulated by a rheostat similar to that con-

trolling the tilt of' the mehi.ae ladle. If' the iron is jwtged to be quite 

fluid., the speed of' rotation is increased., and it the iron is .not fluid 

enoug11:, the ep,uwt of rotation ie decreased. In a4dition to the control ot 

the speed ot revolution, the travel of the mold my also 'be regulated b7 a 

r.heostat. If' the iron has h1gb. tlu1d1 ty., the travel is increased; if' the 

fluidity is low., the travel 1a 4.eereaN4. The co.ntrol ot the .l!lll!I.Chiae 

ladle, speed of rotation ot the mold, and. travel of the mold are the o.!'lly 

mechanical regulations available to the forenaa to vary the weight ot pipe 

that the macbiae will prodace. 

There· is another possible cause ot irresula:d ty th.at would ordinarily 

escape notice. lfb.e .mold traffl of the three ma.chiaes is powered by one 

hydraulic system. Due to the tact that ther• is only o.ue system, varia-

tiou in preaaure, depscU.ng upon t!le relative .IIIOTNl.&t ot the ma.chines, 

are likely to cause similar vari.atiou 111 the rate of travel of' the mold. 

Aside trom the above mecb.aJ:lieal ea.uae ot variation., there are 1eY-

enl bWnan factors that attect the weight of the pipe procluced. Human 

error; .may be introduced. in the perso.a of the head core.man. The head 



eorem.n -.tehes the pouring ot the bell e.114 of the pipe. When the molten 

iron has filled the space between the .mold and bell core and starts to 

protnde beyond the core, tbs head coreman signals the .machine operator 

to begin the mold travel. The judgment ot the head coreman is, of course, 

subject to wide variation, even though he is constantly into:med by an in-

spector as to the wall thickness of the last pipe made. The .machine 

operator does not have regulatory control over the variation ot .machine 

.movement but he is o.nly able to start and stop the .maohim. Nevertheless, 

his judgment ma:y be responsible tar the variation 1.n weight ot both the 

bell and spigot ends ot the pipe. If he does .not react immediately to the 

signal ot tl:s head coreman, the bell will be heavy. It he stops the .machine 

'too aeon when the spigot is being formed, a heavy spigot will result. 

Atter leaving the .machine and before entering the annealing oTen, the 

pipe 1s transported to the weighing seal.es by means of an overhead crane. 

Possible sou.roe ot error is equally :,resent in the weight inspection as it 

is 1n any m.ethod of inspection. It is i.mperati ve if quality control is to 

be successful, that the means ot inspecting be cheeked periodically to as-

sure correctness of readings. 

These various features all oonceivably influence the final weight of 

pipe either directly or indirectly. Certainly, it is rare that all ot the 

sources ot variance atteet the weight ot pipe adversely at the same time. 

It may also be true that the ea.uses of variability do .not all act independ-

ently, but may interact to cause weight variation. It is undoubtedly true 

that all variances are ditteret1t in their ettective magnitucle. When the sta-

tistical data has been collected and evaluated, the characteristics of some 

ot the causes ot variation may reveal themselves. 



ESTAm.IBmiEliT OF STATISTICAL QUALITY OO?miOL 

De:t'inition !?1_ .!!!.. Process Control Limits 

"A phenomenon will said to be controlled when, th.rough the use of 

past experience, we oan predict, at least within 11.mits, .bow the phe.no.me-

.non may be expected to vary in the tu ture. Here 1 t is understood that 

prediction within limits .means that we can state, at least approximately, 

the probability that the observed phenomena will fall w1 thin the given 

limits."* '!'he best prediction of future weight variance may be af:t'orded 

by the co•pilation or s~f'ieient past data; the nature ot which will be 

representative of all pipe that will be produced, providing there is no 

'basic change in the process. It this prediction denotes lack of sta-

tistical process control, the data may- also indicate a .method of estab-

lishing desired control. All data contained in this paper is taan from. 

the past production records ot 6 inch, bell and spigot, Class 150, Super-

deLavau.d pipe, ( 6" :a&S 150), which represents the largest portion of this 

company's pipe production. The data ot other pipe sizes and classes is 

not included because of the lim.1 tat ion of time and space, and because the 

method of calculation would be repetitious. The general conclusions 

drawn trom the statistical study of 6" B&.S 150 may well be applied to the 

production of pipe of' other sizes and classes. It is not to be interred 

* Shewbart, w. A., "Economie Control ot Quality ot Manutaetured Product," 
D. Van Nordstrand Company, Inc., New York, 1931, p. 6. 



that the statistical investigation ot the p?-odu.etion. ot remaining types ot 

delafl.Ud pipe would not be been eial. SO.eh investigation perhaps might 

disclose characteristics peculiar to a certain type ot pipe. 

FortWl.8.tely, the I,Jnchbug Foadr,- COmpany has recorded the weight ot 

each pipe, the thicmesa dimensions at ee.eh bell and spigot, the hour ot 

the clay when the pipe •• made, the .machine on which the pipe was pro-

duced, the number of detects and the res.Ha ot eaeh iefect. Beoaase this 

discussion ia concerned with the CGntrol Of night, only that data per-

taining to the weight ot pipe shall be used ia the primary analysis. ,, 

Table I shows the individual. weights 1l1 the samples tuea from the produc-

tion ot 6" B&S 150 pipe on machine No. l tor the months ot Sepieaber ant 

To determiae the present state ot weight control by use ot the attil-

able data, the mid point or average aight ot pipe uoumt wJnch production 

is centered mat be t'ound.. It is ao1i enough to kaow oni,, this ee.atn.l 

tend.enoy; tlle ertent ot Ta.r1at1on from. the average .must also be l•rned. 

The use ot the average or i qual.1 ty control cna.rt Will give this im:oma-

tton, The avenge weip't of all 6" :B&S 150 pipe production or the average 

of the i)Opula.tio11 (X) is estima.te4 by the average ot the sample or auagroup 

avenges (X) • Because the only variatioa shown by the i chart is betweu 

subgroup aYerages, it must be supplemented by another control eu.rt that 

indicates th.e variation occurring wi'thin subgroups. tither the range (R) 

chart or the standard devie:Uoa ( <r) cllut will g1 ve this information. 

'?11e choice betw&en the use of the rage chart and the standud deviation 

e~t depends upon the intended size of the subgroup. When using sub-

groupa oentaini.ng t:rom one 1io ten s:peei.m.ens, the accuracy ot both charts 



1a OOJ'llJMU'&ltl.e. A'ieTe tile nlitpaJ aize et w•, th•· a444l4,aeouaq ot the 

atauan n•iaUu &1lan 111UTUta the .ad.cl1,1ou1 aeoeaau, ...iea1a•1ou. 
-

A.a 11:Lll N 41•c-• ),el.ow, 'the a111tgroup nz• te N uet· i.a ft••• ft.ea• 

ton., "11• rug• (ll) tan -, be •• With rea80Jl8.llle aaave6 aeovaq. 

918 ll CIJJan· :baa ·- .Ui·U•Jlal a4TGkge; .it 18 •n .11N.11iqfa.l M the 

wrker. 

'!Ile ,:4flem1Mtloa of ··'Ul• aize &11111 Mtlaoi ot aelu-.iA:IA et nbpaupa 

...-~.•• .tJl!.,iallJ ... niahe4 ••Jut te :ta,11:M •lldie• .l •---•• la de-
4 ftae4 u -. .,..._, of u.-.a, witlwl which ft:riatiou are NlieTei to N 4• 

to ao.-..tpa'ble UU.N .... 0Jll7. tae Ot. tlae esaeatial fMVU"e8 •t tu 
....,.3. ca~ ••W ia to eeaJc a.p the 1Mpeeti.e• daa bt,o ratioJl&l·•u'b-

...,.,l!i&n.1._, w elauU, tile ouenei ,ftl.aea ta• a-..,upa,, withill 

•t•ll 'fUi&tlo•• 11111 tor -,,t••h8'··~U be eou1dere4 to M iae to 

•• aaaipa'ble olla.ace eauea •Alt, lnn 'betwea wllu ·tlt.ee 11111·'b• d.ltter-

.-••. t,..;;:to,u819aa14,e ..,.. •. ... ,~;re•••• ,ta aauicl•ei · ,eaat l»le. •· 

9ae eaiee of n.'bgreup aelectio• to •••'bliah 1Jlitial OOJltl'Gl eharts otte•-

ti.118• ia ame er i.as ulld. tru, 'beeauae ot tlle lack flt . . iJ&:atna tioa affOIUld.-

Ug,•• eoa41Ueu •t pa41ldti.4JJl,at .-U.• ti.a tlult any b.41T14Wll er ll"•P 

ot pipe w.s p1."MIMe4. a awea .alM»Ye, tu p:nar., com terattoa ill. tae 

•••tkla et. aUgl'Gupa alleul.4 • u attempt ,o lla.Te m1Jlillml varia.tioJl w1"11-

in subgroups and maximum variatiu N'lwea aabgroupa. Witll 1ih1a 1Jl m1D4 

the subgroups are selected at thl 'begimwag ot •""1"1 Jloa.r, u there is DO 

illdication that any other mBthod ot ael.eatien WDuld gift a greater varia-

tion bet118en subgroups or a lesser n.riatioa w1 ,hia au'bgl"mpa. 

4 Control Oba.rt Method ot Contwll1Ag Qwal.1 t7 During P.roduc ,1oa, Alleriau 
War Standard, Zl.3-1942, p. 38. 



9le .., .. ,,.,. * n'banap: aat .. be ••- witJI. oou14eftt:l.oa tor tlle 

ate: ot pl'NUt1oa aa4 the peaailtle ia'\tr.ftl et . time wf.'"'1.D. 1dl1oh · u u• 

•i&Ml>l• oaue Jllip.t •• · iatrect•• w the po••••• It •• ltea tout tllat 

1111.ea aaltgrov.piag 1a -.et ea. tile n4e et pnuot 1ea, the uae ot t:reqaeat 

8111111 n.bpeu.pa 11J11Nt ettioieat tor iet .. tiag treable. Yorth••• 

..i,eaae, et oaloalat1.- ta au.ac:rea, aiH et tiYe 1a uae4. 

letoN the eoatnl l1a1ta are eatabl1u.ecl, it 1a wll to be a•re ot 

the p.-....._.t 1111.poaecl apet1t1eatiua •• eea'U'itqal.17 cut iron pipe. 

]'ecle:ral 8pff1t1oat1oa et Pipe, Water, cast Iron (Bell &114 Spigot), Ho. 

n-P-dl apeoities tat tlle llltiglt.t of• siDgle tull-le.ngth pipe shall N 

l••• tbu. the DM1Ml ta'INlatel wigllt bJ' •re tlaan 5 per out an.4 tllat 

-. •ta1 weight ot a.a, ooauaot • ut awe tho 2 per oeat u4er the 

total wight. !he·.8Nl1Ml. wlpt tor 6" lltS 1!50 pipe 18 "° 
pou4s. 'lhis aean.s that . • , nagle tw.l.-1U8"h Jipe shall be leas thaa 

f.3'1 pouu ul tllat the.,.,._.... weigllt ot pipe 11l a.a, 8111.:paent will not H 

1'8.ble I pr••••• the data 11l au~pa ot tiff klaa at the begiDD.iag . 

ot eaell hour et ,ro4aeU.a• tra ••h11le Bo. 1 w.1cll Hn•• as a basis tar 

the ealeulaUoa of tlle oaavel limita oa "11.• i aa4 R ollarta. Oolwnu s, , 
u4 6 et ftlale I ha.Te bea oaloulate4 u tollcnre: 



!he calculation of oontrol limits is 'basecl. up0n the first 50 sub-

groups. !ehese subgroups comprise w.tat is termed the gl'e114 lot. It is de-

sirable to have at lea.st 25 subgroups in the gru4 let. Because there is 

sufficient data w constitute 50 subgroups am because the reliability ot 

calculatiou mar be improved, the control limits are established on the 

basis ot the first 50 subgroups, each ot which atst represent the process 

in a state of control. 

Oalculation ot control limits: 

Trial No. l 

- I.X x--- N 

where N is the 11um.ber of subgroups in the grand lot. 

-
-- 2511'1.6 

50 

: 462.35 

x: 462.55 

i- IR -'"'i 

1105 = "To" 
: 22.10 

Lirnits for i": 
Upper Control Limit, (UCL) : X + Aj. 

: 462.35 + .57?{22.10) 

: 4'15.10 



-tower Control Limit, (LCL) : X - A.j. 
: 462.35 - .577(22.10) 

: 449.60 

For factor¾ see Table B Appendix. 

Lim1 ts tor R: 

-(UCL) : D4R 

: 2.114(22.10) 

: 46.72 

(LCL) : D,j 

: 0{22.10) 

= () 

A comparison ot the values of X w1 th which the control limits were 

calculated and the control limits themselves indicates that the X of sub-

groups l, 3, 4, 6, 9, 10., 15., 19., 24, 25, 34, 42., 47, 48 and 50 tell 

either above or below the control limits ot 'l':rial No. l. It the control 

limits are to be meaningful they .mu.st be established by subgroups that rep-

resent control. The out of control subgroups., there:t'ore, are discarded and 

suDg1'0ups 51 to 65 added. The control limits are then reea.lculated. 

Trial No. 2 

= :rx 
X :-,;-

- 250'1'7.2 
- 50 

: 461.54 



- - 'I.R R--N 

- 1102 - so'"" 

: 22.04 

Li.mits tor X: 

Limits tor Rt 

(UCL) = X + .&.j 
: 461.54 + .577(22.04) 

= 4'14.26 

{LCL) : i'-y 
: 461.54 - .577(22.04) 

-(UOL) = Dlt 

: 2.114(22.04) 

: 46.59 

(LCL) : Dj. 

: 0(22.04) 

= 0 

In Trial No. 2, subgroups 51 e.n.d 61 are out ot control. '?hey a.re dis-

carded ad aibgl'oups 67 and 69 are added to replace them. Subgroups 66 and 

68 are not consiiered because they 110uld be obviously ou:t; ot oon.trol 0.11 

either the X or R chart. 



=- 1:.i' x--,-

: 411.91 

ll- - .!J!.. - . 
-1141 --GO 

= 22.ta 

Liait• fer X; 

:tJ.aiu tor.a: 

• (t101.) :.:X +y 
: 411.93 + .5'17(28.98) 

: fr'15.15 

<I.CL> = x-y. 
: 411.93 - .5?'1(18.92) 

(UCL) : D4ri 

: 8.114(11.92) 

(lCl.) = y 
: 0(28.92) 

=o 



Sub-
Group 
No. 

l 

2 

5 

4 

es 

6 

7 

8 

9 

10 

ll 

12 

13 

14 

15 

16 

1'7 

18 

TABt1C I. --- Weights of 6" B&S 150 Super-del..avaud Pipe 

Comprising Grand Lot 

(Weig)J.t given in pounds) 

Measurement on each of 5 Ave~e Range Standard 
pipe per subgroup X a Deviation 

(T 

coo 500 494 496 494 496.8 6 
,_, __ ,.._ 

450 460 456 450 440 451.2 20 6.76 

436 420 438 460 462 443.2 40 .......... 
4'10 442 442 4,40 440 446.8 30 ------
468 46.2 4'12 4'16 454 466.4 22 7.7'1, 

4'10 500 482 486 484 484.4 30 ~-... ----
480 462 458 460 468 465.6 22 7.94 

450 460 450 450 460 454.0 10 4:.90 

452 450 448 448 446 448.8 6 ..... _ .. __ 

450 450 452 442 '"2 447.2 10 ----· 
470 4'10 468 468 464 467.2 10 3.71 

462 456 462 458 450 457.6 12 4.45 

470 470 468 460 464 466.4 10 5.88 

472 460 462 460 4'12 465.2 12 5.60 

472 4'14 48(.) 500 489 485.0 28 ------
4'12 460 440 446 452 454.0 12 ll.17 

452 452 456 478 452 458.0 26 10.12 

458 462 488 454 462 464.8 34 ll.9"1 
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f.llUI I. - .. lpu •ta•_. l.lO -,.r-n1&ftat ftpe (ooaUJUNI) 

llea.•m---t oa ea& •t. I A•~ ..... 8'aa4u4 
a.., pipe per...,. .. X :a DeTlatS.• ... ff 

19 .. •• '86 ... .. .., ... 4,1 -----
ao - 461 411 4.61 .. .... ao ,.a 
a tN ,,1 486 - ftff) ..... 18 1 ••• 

• .f.51, "' .. .. 4H 418., 16 1.81 

II '58 f,ff) . ., . .. .f.M 4".8 11 , .• 
8' ''' .. ,, IIO •• ft,O 48-i.O 18 

____ .,,.,.. 

• .. .. 480 Ill , . ''°·" SI ----· ; 

a, .. .. .,. 4,90 ftf8 Ml.I 18 ,.u 
17 4.60 6'18 .. .f.U 460 .aa.o - a.11 
18 "' .f.76 Ml fN ... ,.,.a K 12.H .. "° 411 '" ... 480 '61.6 M 9.ft 

so 460 4.60 .f.18 "' .f.11 "56.fr 18 ,., . 
Sl "° .. 490 ,,a .,, .,a.a II ,.11 

II ..... ... 4M 4H "' .f.19.1 M , .• 
ss 4.60 4,80 •• .. "' .f.68.8 - ,.,a 
M .. ft'IG - 188 .. ,,, .. 58 -----
31 ltO ..,. "'8 ft'IO "'° ., •• o 8 1.11 .. .f.'10 ftfl .f.'8 fill .. .f.H.O 16 , ... ., "8 .. .. eo 411 .f.M.G 18 '·" 
18 '58 "° .. .. .. .... ' 1.11 



TAl3L'& I. --- Weights ot &• BlrS 150 Su.per-deLan.ud Pipe (continued) 

Sal)- Meaaurement on eaeh ot 5 A.T8£&P Ra.rlc• Standard. 
Groap pipe per aW>g:mup X R Devie.tioa 

No. CY 

39 450 458 452 462 450 454.4 lB 4.80 

40 460 460 470 460 468 463.6 10 4.46 

41 460 448 4ll2 460 4f2 462.4 24 8.98 

42 450 468 460 446 420 448.8 48 ------
43 478 4'12 454 460 450 462.8 28 10.63 

44 464 466 440 450 458 455.6 26 9.58 

45 486 460 452 454 462 462.8 34 12.l'/ 

46 448 49() 4'/0 460 452 460.0 22 9.01 

47 450 460 448 450 440 447.6 10 .......... 
48 448 456 444 440 44a 446.0 16 

____ ,_. 

4i> 460 458 464 462 458 460.4 6 2.33 

50 450 430 440 436 421 435.4 29 ------
51 440 430 440 442 430 436.4 12 ------
52 464 450 478 452 456 460.0 28 10.20 

53 484 446 462 468 474 466.8 38 12.69 

54 458 458 4,60 462 466 460.8 8 2.99 

55 500 488 458 454 470 474.0 46 17.57 

56 450 4'10 458 456 470 460.8 20 7.96 

57 468 434 450 450 452 450.8 34 10.78 

58 450 462 460 460 454 457.2 12 4.49 



'?ABIJI I. --- Weights ot 6" B&S Super-d.t.avaui Pipe (oontinue4) 

Sub- Measurement en each ot 5 Ave!,&.ge 'Range Standar4 
Group pipe per subgroup :x R Deviation 
No. fl' 

59 440 458 4'/2 442 458 454.0 52 ll.80 

60 450 484 468 476 490 4'13.6 40 15.94 

61 4'12 476 474 472 480 4'14.8 8 ------
62 462 480 468 450 442 460.4 38 13.35 

63 476 452 474 4'18 464 468.8 26 9.68 

64 440 438 436 480 460 400.S 44 16.95 

65 460 458 4'18 472 4'14 468.4 20 7.94 

66 482 484. 452 434 440 458.4 50 ------
67 446 462 482 460 476 465.2 36 12.69 

68 4'16 490 492 506 522 497.2 46 ------
69 480 472 460 452 462 465.2 28 9.77 



The calculation ot the trial 00.n:trol 11.mits baset upon 50 subgroups, 

all ot which are 1n control, iruiioates that the average ot all 6" B&S 150 

pipe produced on achine No. 1 is about 461.95 pounds. 'fhia is the best 

estimate that can be made of the production average witlloat further sampl-

ing. A.s stated earlier, the R ch.art is here used in pre:ferenee to the 

standard deviation (a) chart because the relative accuracy o:f '1le two is 

believed to not be s1gnit1cantly different. However, to assure this con-

tention, comparison is made of '1le t• estim.ates of 0' 1 (standard deviation 

ot the population) by the. use of R and by the use ot er. 
I -Estimation of O' by use of R: 

-R ..,., __ 
V - 2 d 

Estimation ot o by use ot o: 

tor subgroup values ot o see Table I. 

rt _, __ 
V - 2 e 

8.538 "' : .840?: lv.16 

It is seen that tile two estimates ot cr'a.re not greatly different. 

The ettective ditter&Aee of the two n.lues may be better appreciated by 

eomparing the calculations ot the X control limits based. OD.Ra.Di on er. 
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'.BUt,I II~ -- W.ipta et 6• JlrS 1M Sllpw-4.X..ffl4 Pipe 

(Weight giTea 1a pou.4a) 

KeaaUJ."M.eat •• ••ll of 5 .A.Tqap 
pipe pa augro11.p X 

"" "86 - .. 460 fill.I ,, . .. ,.,. - •• ,, ... 
•• 411 •• us 418 ... , .... ... .. ... , .f.18 ••·• 
.we 4ilO '58 •• 4IO 461.8 .... ffl .. ,,. '88 ,.,. .. . ,, •• ,, . ..,, ,, . ,,, .. 
"8 '88 ''° '98 486 ""·' 
"" Ml .. ... .... "8.8 

440 GI .. 418 "' "1.1 

488 "2 4M '10 d8 .... , ,,. _, •• '58 "'° 411.1 .. .. "" • ... .o.e 
4M 4h .. •• ... "81.0 .. •• .. MB "' .. ,.a 
•• ,,, ,,e - ,,. ,,s.a 
UI lie ,,a 911 ., .,., 
'81 f.81 4'8 fa 418 .. , ... .. .. ... UC, .. .. .. 
'58 448 460 450 '58 454.8 

Bu.ge 
Jl 

' 
M 

II 

M 

• 
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18 
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18 
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11 
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18 .,. 
II 
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'fA.m.JB II. --- 'leights ot 6" B&S 150 SUper-deLan.ud Pipe (coatiaed) 

S.b- Measvem.eat oa ea.eh ot 5 Av~• b.uge 
Groo.p pipe per subgro\lp X R 

Mo. 

'11 460 462 458 450 450 456.0 12 

'12 450 442 418 450 454 450.8 l& 
'13 480 466 468 .fl1S 4.'12 472.8 14 

'14 454 460 4,6() 460 458 456.4 10 

'15 452 470 472 454 458 461.2 20 

96 4'12 460 440 456 441 454.0. 12 

'l"I 488 4'10 4'12 460 448 4611.6 40 

'18 479 4?4 470 452 4fi 461.8 " 
'19 454 456 446 440 438 446.8 18 

80 478 450 440 448 452 ~.& S8 

81 -tl/4 4'11 480 462 458 469.2 22 

82 4132 440 458 470 460 452.0 38 

83 448 486 444 44.0 448 446.0 10 

84 486 4'2 460 us 4$8 455.6 26 

85 440 442 444 460 458 448.8 20 

86 460 448 470 480 4'10 465.6 32 

8'1 4fj0 442 450 448 448 44'1.6 8 

88 4110 '50 4iO 448 448 455.2 21 

89 500 4'14 4'10 4l16 450 474.0 50 

90 464 4'14 490 464 450 4o8 .• 4 40 



'!ABLE tt ........ Weights of 6" B&S UO Super-del.aft.ttd Pipe (c,ontiaue4) 

Su.b- 1/Ieaat re.men t OD. ea.ell ot 5 AYe,taae b»,ge 
Group pipe per subgroup X R :No. 

91 W) 4'10 454 456 440 4511.6 50 

92 460 '54 468 460 460 460.4 14 

93 4ll0 4iO 480 460 462 4&4.4 50 

94 510 466 44ft 440 438 459.6 72 

95 464 452 442 440 4'12 454.0 Z2 

96 454,, 452 464 464 440 454 .. 8 M, 

9'1 450 4'10 452 470 450 458.4 20 

98 G.i 4C8 s.w 462 uo 4515.6 132 

99 440 44& 450 440 446 443.a 10 

100 470 4'10 424 414 450 453.6 46 

101 450 ~2 450 460 448 446.0 18 

102 452 450 458 456 458 454.8 8 

10:5 44.0 48e 4'10 468 442 460 .. 0 40 

104 462 472 460 460 452 461.2 20 

105 440 448 448 470 46() 453.2 so 
10& 474 458 442 432 436 448.4 41 

10'1 ue 404 +lO 442 442 451.2 38 
' 

108 450 458 4$2 4$0 448 44'1.6 28 

109 448 -458 460 4'10 460 468.0 • 
uo 4,,0 4'10 4ll2 450 4'f0 466.4 22 



.... 
..,. n. - 11etpta •t ,. -.. ao ...._. .... et.a..., n,- .(._ti....,l .. _ ..__..atea•eotl .... .,.. ..... ... pt,epen~p ,Jl ... 

111 ... .. •2 .. ... .... 11 

112 '80 ... .... "" Mfr "''·· 80 

ua .. ... .. .. .. ..... JO 
' llfa ,,a .. ., 468 ,48() ·-··· -
111 ... .. ,,a ., . .... ,,a.a li 

116 .,a 678 .. .,. '" ., •• o u 
u, "" 468 4158 ,,a ""° 461 •. 6 • . 
DI ·, ... .. .. .ICM) .. 08ft.O H 

119 ... .. 460 462 -461 ea.a 16 

l.80 "° . :fill .. .... , .. .,., 16 
. ·.1»1 .. .. .. 896 -4116 "8.8 K 

118 4IO 4.18 Mfr ''° 468 t58.Q " 
111 fafl) .. ... «iO 440 •••a 18 

lM "' .... .. .. •• ""•o 18 

11G ... Ml :400 66' •a 461.I -• 
·:111 466 "' .., .. 464 -MO.a N 

,ll'I ••• •o ·MG NS .,, "88.a .. 
la8 :.616 .... .. ., -440 "'•• ao 

189 aa ,&fl) 468 .... .. .a.• 11 

.iao ... f,,S . , .. .. "''·' -. 



....... 
TABt.11 II. -- Weia)n• of&• BIS l51· 81l:,U-4eta•wl·?»tt- (•att.a11H) 

Meaarwt oa ••ll of 5 A ..... Bue• 
Gl'OQ pi:,e per •1:t&re•t X :a ... 
131 400 470 4.52 4M 460. 469.1 20 

111 ea 4H 41'8 •• .. e1.a 6 

111 466 4168 ., 480 .. .,., -
1N 4'16 4'8 .,. 471 460 4i&S.6 31 

180 461. 460 ea 466 "52 "56.0 10 

lH ... 670 4M 458 Ml 46a.l 12 

:l;6f 464 4168 414·. '68 4'10 "'·8 16 
I• la - ..... .... ."66 "'8. 463.& 31 

a, 468 4'8 488 4IO "8 4,f.0.8. 28 

14.0 "'8) ',> ... 4M .... ... 460.0 21 

l.e ... "50 '61 MS 460.0 ' 
14.8 "'° 4.l50 460 460 451 ea.4 • 
14.1 4'10 "" 460 .,, 4'62 468.0 80 

16' .. 461 .. 448 ... '68.8 12 

146 460 .. ., MO· 466 '46.8 M 

1'6 "8 460 ... 458 4'16 4".8 18 

14'1 .. 4M .... "' 458 "'·' 20 

168 ~·· "'°· "' 440 468 "'6.8 18 

1,, .. "° .. 4iO 4'10 4M.4t 30 

lG8 "° Ml 460 '66 "" 466.4 • 



TA.BlJ!l I.I. --- Weights of 6" B&S 150 Super-deL&'ftU.i Pipe (eon.ttnued) 

Sub- Measurement on each ot 5 Ave!_&ge Range 
Group pipe per subgroup X R 
Bo. 

151 444 440 442 45() 450 445.2 10 

152 460 460 452 462 4.,0 460.8 18 

153 462 460 4'10 462 4'12 465.2 12 

154 440 4'12 480 460 448 460.0 40 

155 464 470 454 460 460 461.6 16 

156 478 472 452 458 454 462.8 26 

157 4'14 45() 464 460 4'10 463.6 24 

158 516 500 494 490 480 496.0 36 

159 456 458 46() 456 4'12 460.4 16 

160 450 440 470 462 454 455.2 so 
161 440 470 460 478 4'12 464.0 38 

162 422 432 440 442 434 434.0 20 

163 450 466 460 469 468 462.6 19 

164 4'12 4'10 460 470 474 469.2 14 

165 460 484 480 468 470 4'12.4 24 

166 468 480 462 460 460 466.0 20 

167 448 452 448 460 464 454.4 16 

168 440 442 444 440 4'i'O 447.2 30 

169 460 464 448 450 410 446.4 50 

1'10 432 462 404 400 470 433.6 66 
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00ntrol limits ot i by ue of R. (Previously ce.l.oulated on page 24.) 

UOL = 4-,5.15 

LOL: 448.69 

00.n.trol limi ta ot X by use ot r. -
UCL = X + ',_O' 

: 461.93 + 1.596(8,538) 

:: 475.56 -
LeL: i-A.ia 

: 461.93 - 1.596(8.5:58) 

fte abOTe comparison proves that the use ot i in the oe.l.eulation ot 

coaml limi 1UJ in this case is warraated. Thereto re, the i' u4 R ctarts are 

used as or1g1ully stated. 

The graphical presentation of the control limits and the loCfltion ot 

the subgroup ave:nges anti ranges is food on the control charts 111, ~igure 2. 

Although the information given by the control charts is a repetition ot the 

data in Table I and the results ot calculation, it is an overall picture 

lent:ing speed and accu.:ra.cy to the in.terpretation of tl:l.e uta. Those sub-

groups Which are out of control when the trial control 11.mits were oalcu-

1.ated do not appear on the chart and those subgroups tbat were the final 

basis et calculation have been numbered consecutively, 1-00. The control 

limits have been extended and subgroups 51-170 have been plotted in the or-

der ot production. !he data far sul>g10ups 51-170 appear in 'fable II. The 

plottb.g of these additional subgroups a:t'tords a comprehensive picture ot 

the actual variation obtaining in the process. 



J'requencz Distributions g!_Production 

Because the assurance with which control limits may be used depends up .. 

on the degree ot congruency with which the distribution of the population that 

is being investigated approx:lm.ates a nomal distribution, it follows that it 

is important to plot the trequency distribution ot the population in question. 

Figures 3A, 3B, 30, and 3D are histograms ot frequency distributions 

taken under tour ditterent operating conditions. Figure 3E is a consolidation 

of the tirst four distributions representing the trequency distrimtion ot the 

entire production. If Figure 3E had been the only distribution plotted, it 

-.,u1d not necessarily follow that the minor distributions in Figures 3A., 3B, 

3C, and 3D would approxim.te the .normal curve. Therein lies the reason tor 

plotting the first four distributions. lfigures 3A., 3B, 30, and 3D each rep--

resent the individual weights ot 730 pipe taken from a different interval ot 

production than were the pipe used in the calculation of the control limits. 

Table III showa the actual distribution represented in the five figures. 

TABLE III .. Frequency Distributions 

Shift l Shift 2 Total 

Cella Mach. l Mach. 2 Ma.Ch. l Mach. 2 

515--525 3 0 l 1 5 
505-515 5 3 l 0 9 
495-505 12 5 12 3 32 

17 17 22 16 '12 
4'15-485 100 55 99 50 304 
465-~75 175 140 155 157 627 
'5~ 213 244 215 230 902 

134 199 151 175 659 
435-445 59 62 66 71 258 
425-'35 10 3 5 25 '3 
-ilG-4.25 l l 2 l 5 

l l 0 1 3 
395-4.05 0 0 l 0 l 

Total 730 '130 730 '130 2920 







A normal curve appears on each figure representi.Dg the frequency dis-

tribution that would occur when plotting an infinite number ot individual 

pipe taken trom an infinite number o::r subgroups, 99.7 per cent ot whose 

aTeragea would tall w1 thin the ± 30" control liJllit• shown 1n Figure 2, pro-

viding that the data were continuous. To plot the normal curve, a transi-

tion is made of the normal equation 

dy =-~l-• 
O' /2T1' 

dx 

where y is the probability of x lying within the range x to x - dx, where 

x is the deviation :trom the mean (X - X). The transition is accomplished 

by changing the actual units into standard deviation units. It Z repre-

sents the nWD.ber of standard deviation units from the aTerage, then 

Z = .! and O' = 1. Tb8 noral equation then becomes O' 

c1y:_1_. 
2 lr 

z2 
2 

dx 

The integration ot this equation between the limits ot O and Z gives the 

probability ot a Talu.e ot z lyi.Dg within those limits. Table C in the ap-

pendix gives the probability ot a value of Z lying within the limits Oto Z 

tor di:tterent values ot z. It the theoretical frequencies can be calcu-

lated tor each cell of' the histogram ot obserTed trequencies, it shall then 

be possible to draw the normal curve through those points. For a 8Ulple 

size ot n, the theoretical class trequ.ency (t0 ) tor any class whose 
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mid-point is a distance X - X/a' tro.m the observed a-verage (X) is 

t 0 : nOi y where Ci is the class interva.l and y is the 
O' 

-value ill Table C in the appendix. '!'he use of this equation is illustrated 

in the following table: 

Class 
Mid 

Point 

400 
410 
420 
430 
440 
450 
460 
470 
480 
490 
500 
510 
520 

TABLE IV: Determillation ot Normal Curve 

nei - 730(10) = 71 85 
CY - 10.16 • 

x-x x-i' "1 
O' 

-61.9 -6.09 .0000 
-51.9 -5.11 .0000 
-41.9 -4.12 .0009 
-31.9 -3.14 .0029 
-21.9 -2.16 .0387 
-11.9 -1.17 .2012 
- 1.9 - .19 .3918 

8.1 .80 .2897 
18.l 1.78 .0818 
28.l 2.77 .0086 
38.l 3.'15 .0004 
48.l 4.73 .0000 
58.1 5.72 .0000 

The values t 0 are then plotted to form the normal curve. 

tc 

0 
0 
2 

28 
145 
282 
208 

59 
6 
0 
0 
0 
0 













Iategretation !!t. Control Charts 

.!!!Jr•quenoy Distributions 

The control charts and the data of Table I and II are taken :tram. onl.7 

one ot the t• JIii.Chines (aclu.ue No. l) tbat is u.sed in the making of a• 
B&S 150 pipe, this being the only 1nf0rll1At1on available e.t that time. Thia 

might••• to restrict the illf'onia.t1on obtained regarding 6" B8rB 150 pipe 

production in general. Ia utioipation e't this possible diserepanoy 

samples of production were taken at later dates from. both .aaehines and both -shifts aw!. the statistics, i' and R, of those samples calculated. Bach of -
the statistics checked. did not practically di:tter t'rom the i' and i used to 

~ter.mine the control limits iA Figure 2. Therefore, u1 eonclusiou drawn -ftem 1che ehartin, of the preduetion ot maehim Mo .. 1, based. o• i' and i, MY 

be said to lie trae of 6" :a&S 150 pipe production on .ma.chine No. 2. 

'!be general into:matio.a derived from the control ch.arts and :trequan.07 

distributions .ma1 be smaect a.p u follows: 

1. The process is out of control. -i. The i' ot the process remains approximately at 462 poums. 

3. The distrilH.ltion a;ppreaohes the Jl()l'lllal curve. 'fb.a:t is, the distri-

bution is Wlimo4al; the mo4e ooincius with the arithmetic .meu; thee is 

.no appreciable skewness and the eurve is monotonic. 

When the control 11.m.its ot the X an4 R charts are extended am suatua-

qu.eat data plotted, seTeral aTerages and ranges ot subgroups are seen to 

t-3.l ioth above aad below the eo.atrol limits. '!'he frequency distributiom 

also alee light of the tact that production is extendinc aeyond the nomal 

distribution. This apparent lack of control wifortunat'8ly cannot 1:>e as-

signed to any particular cause of variation on the basis of' the evidence 



shown. The location ot the subgroup averages do not oontor.m to any pat'iern 

of occurrence that can be associated with any particular cause of Tariation. 

Rather, their loea.tion see.ma to be quite randomized. Even it' there were 

ev14eAee of trena.s in varie:tion, their cause would be undetermiJlable be-

cause the operating conditions prevailing at that time vottld not be k:novm.. 

Although, the indieation of lack of control is present, suogroups 51 

to 170 ha.Te a central tendency corresponding to the X caloulated troa the 

first 50 subgroups of the gram lot. This tem.deney is substantiated. by 

the trequeney distributions of all operating conditions. 

It seems highly probable that the production can. be brought under con-

trol witho11t great expense. It would be purely guesswork to describe at 

this point what. shou.l.4 be done 1n order tha:t coJJ.trol can be achieved. 

Ollly after the relative effects of the causes of variation have been 

evaluated Will it be possible to say tle.t this or that source or variation 

should be re4uce« or al1miaate4 to b:r,ing the production into control. 'l'h• 

analysis of tmse causes of variations shall be considered later. 

However, at this point 1"t is ad:tisable to assume that the production 

can be controlled am to oow consider at what level quality sh&uld be co.a-

tNlled and What further restrietioas, it any, should be imposeil on per• 

missable variation. Federal Speoifica.ticms ei ted earlier dictate that the -Xot production carmot be below 461 pounds. The Specifications also stated 

that the weight ot uy one 6" &ta 150 pipe could not be less than 437 pounds. 

'this dou aot meu ti.at a production level must be maintained that allows 

no individual pipe to tall below 437 pounds, as shall be seen presently. 

Under prevailing conditions a certain number of pipe are falling below 437 
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pounds. The pipe of leas than minim.um weight cannot be considered as re-

jects because light weight pipe then belong to Class 100 and still retain 

their sales value. The question then arises, is it more advantageous to 

establish control at a level that will produ, e only Class 150 pipe or 'VIOuld 

it be better to allow a certain percentage ot Class 100 pipe to be made in 

the lower range ot Class 150 production? To answer this qua stion, the per-

centage ot Class 100 that results in the lower range ot Class 150 pipe must 

be determined. This percentage can be calculated from the past data used 

to establish the control limits. 

The lower control limit ot the X cm.rt is 448.69 pounds. This is the 

lower limit tor averages or X - ~. To find the percentage of Class 100 
X 

= I pipe produced the lower limit tor individuals 1s X - 3a' • 

Lower Control L1m.1 t = x - 3cr'' 

: 461.93 

: 4.32.41 

3(9.84) 

To ti.Jld the percentage ot pipe that are produced between 437 and 432.41 

pounds use is made ot the Camp-Meidell inequality. The use of this inequali-

ty is justified by the nature ot the frequency distribution ot the produc-

tion. It is obvious that the normal equation cannot be used because the ob-

served :frequency does not conform even approximately to the normal curve. 

The Camp-Meidell inequality is 
l P:1-

2.25 t 2 



.._n P ia 'Ille pro1Mllt111ty ,ta »,ia' tall1JI& w1,hta tla:e µ..tt• ± t, •••art 
4lff1attoa u1t1. The amer ot 1te.D.4ar4 cleTiatioa un.Us NtwNa '62 peuta 

(i) u4 4.S'l powad.a 1• 

t :X•i:@-461 
0' 1 9.84 

t =·2.5' 
p = 1---1 __ _ 

a 2.25(2.5') 

= .9Sll 

Th.la pere•tage reprea•t• the .11WD.ber ot pipe nose wigb.t will 11• 'be-

wee.11 the liaita of i ± (461 ... ffl). The pt:NUtage of pipe -~• wight ia 
lilt tllaa 4-S? JOW:14• ·1s theretore 1 · - a 3u or , ••• ·.!Ids oalew.atioa er: a 
theoretioal peroe.a.tage ia all.811111 larger 'tllaa tile actual peroe.aiage u 

Tee.l.M bJ pro4aoti oa reoo:rte. ooueqa.etl.J', the Olus 100 pipe predm ti• 

sllall 'ie oe.uiterecl to lte ·IJ ef tll•,. 
,~ ., , 'a 

tor &• llrB 100 pipe 1a at pNaeat altou 94.ul to the aulll>er ot Gla•• 100 

pii,e that are pretaeecl 1a ti. lowc- ruge ot Cl.a•• 150 pipe. J.seaiag tJat 

tile 481111Jll will r-ia ooute.at, tile ooatrol ot qWllit7 at U1 leTel unlt 

»t ,.... aN tliu. · • et ,11'' tal.lJ.Jlg 'bel• .f.l't JeU4•• 

ft• ruv1otieu tat wt aeeea•il7 be plaeed. 0.11 tiie leftl et tual.1-
ty indicate three possible d1s'tr1~1ou ot pro&lettoa. 

Distributio.11 != Let 1 t be uaUll4 tllat proclaetia 1• eoi.trolle4 wiihia 

the three s1.- lWta sho1111 1Jl fl.pre "a aJl4 tJat IJ o:t the preaot1u w1U -' ·., ' ,, ' ..... 
be allowed to tall below 437 poul.a. !o ••t me.11t will X tlll.11 be 1•8ff4? 

The number ot standard deTiatia ulta 'betwea % aa4 61'1 ,oals w1114 N 



-X-X X % tr' and the area under the norml curve below - 110uld be ~-er' 

x-x o-' : - 1.88 

Thi tigure - 1.88 is obtained trom a table :fb r areas under the normal 

cune. 

X : 43'1 

o-': 10.16 

x = 1.eac10.16) + 43'1 

X: 456.10 

This is an ettective reduction ot the production weight average ot ap-

proxlmately 5.8 pounds per pipe. On the basis ot present costs am average 

.monthly production, this lcnrerug of the average weight w:, uld make possible 

the tollowi.ng monthly saving: 

cost of iron = 150.00 per ton including the cost of material, 
aelting, anl shipping. 

Monthly production= 8000 - 6" B&S 150 

8000<5 •8 ) = 23.2 tons saved per .month 
2000 

23.2 ('50.00) = tJ.l.60 save4 per month 

This saving can be realized by simply bringil@ the present process into 

oo.ntrol a.ad lowering the average weight to 456.10 powula 111 thou.t basically 

changing the aethod ot promotion. The normal treque.ncy distribution result-

ing troa control at this level is shown graphically in J'ig1re 4. 

Distributio.n !_: It it wre practical, 451 pounds would be the optimum 

arithmetic mean ot productio.n. Although 451 pounds is the mia:hrom shipping 

weight, it 110uld llOt be practical to set X at 451 pounds because it the 





production aTerage were to YarY slightly downward, the minimum specification 

would not be met. Therefore, i:f X were placed at 453 pounds and the produc-

tion controlled, continual meeting of the minimwn specification would be as-

sured. Locating! at 453 pounds and still allow1ng o:f production to :fall 

below 437 pounds would necessarily mean a reduction in the standard deT1a-

t1on and a couequent narrowing o:f control limits. 

x-I - -1 as a' - • 

43'1- '!-53: -l.88 
0-

-'= _16 : 8 51 V • 

1.88 

Reducing the standard deTiation trom 10.16 to 8.51 and lowerillg the 

aTerage :from 462 to 453 pounds would result in the following monthlJ aaTiJlg: 

462 -453: 9 pounds saTed per pipe 

80~ 9) : 36 tona saved per month 

36($50.00): $1800 saTed per month 

Proper re-eng1neer1ng ot the production method should be able to ettect 

a reduction 1n cr'tro.m 10.16 to 8.51. This d1.8tr1bution is shown graphicall)' 

in Figure 5. 

Distribution _£: In "this case it is assumed that the production ot Class 

100 pipe .in the lower range Class 150 pipe production is undesirable, but X 
1s to remain at 453 pound.a. Thia condition represents a further reduction 

1n the atandar4 deviation than is necesSlll"J in Distribution B. 

I- X = 3cr' 





a'•: 453 - 43'1 
3 
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There is no additional saving in this case than there was in Distri bu-

tion "B" because both quality levels are the same with X at 453 pouods. 

Distribution "C" is shown graphically in Figure 6. 

The tht"ee distributio.ns gi van represent three degrees of production im-

provement. Distribution "A" involves discovering and reducing the causes 

ot excess variation to the extent tmt all subgroup averages will lie with• 

in the control limits shown in Figure 2. Attar control had been accomplished, 

-X 110uld then be lowered to 456.10 pounds. An improvement ot this type would 

require the lee.at expense ot the three distributions. Distribution "B" rep-

resents, in this writer's opinion, the most econoaical condition ot produc-

tion. The only possible feature tbat .might meet with opposition is the tact 

that it Class 100 pipe were to be produced it would be mcessary to store 

the pipe 1a anticipation ot future d .. Dd. Ho•ntr, it is felt tmt the ex-

pense ot storage would be conslderably less than the expense necessary to 

control the distribution as closely as is indicated by Distribution "C". 

It is questionable llb.etl:Jer or not it would be possible to control allot 

the variables that enter into the produ: tion ot centrifugal cast iron pipe 

so that the distribution 110uld conform to Distribution "C". It is certain-

ly true that it the control at these variables is possible the expense ot 

re-engineering to achieve such control would be high. The logical sequence 

to acquire optimum control would be to tir st control production as 

described by Distribution "A" and then attempt the reduction ot the standard 

deviation so that production would contorm to Distribution "B". 
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The 1Aterpretat1on of the data. used to establish the initial control 

11.mi ts and the o baen-ed frequency distribu ti ona las 'been 'the basis tor de-

termining U:l.e desired prod.uct:iDn variation and leTal o'f qWillity. The prob-

lem ot how to achieve this desired control still remains. 
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ANALYSIS OF VARIANCE 

The intor.mation gained from the interpretation ot the control ebarts 

indicates that the production ct 6" B&S 150 pipe lacks control. The 

factors that ay contribute to that lack of control have been discussed. 

The information of the control charts also indicate that the average 

weight should be revised downward am, it possible, the standard deviation 

should be reduced. 

The primary consideration should be an effort to bring production in-

to statistical control • .A.tter control has been achieved, .maJ.lipulation ot 

production average and standard deviation should follow. 

It bas been seen that location of subgroup averages and ranges do .not 

disclose any significant regula.rity which evidences the characteristic of 

any particular cause of process variation. Production improvement by the 

reduction or Tariation may be approached 1n several W&FS. Improve.meats may 

'be inaugurated by attaold.agt:bat particular source ot variation that seems 

to be the lee.st costly to control. Improvements may be established because 

in the light ot past experience it is ttfeJ.ttt that a certain variation is 

largely responsible tor total process variation. Both or these approaches 

are non-scientific which in this particular case is likely to lead to in-

correct conclusions and in the long run may prove u, be uneeonomical. At 

most, such an approach is not positive. Because statistical devices are 

available that should With a certain degree or assurity indicate the rela-

tive effect of various sources of process variation, several of such tests 

are here used to disclose the source ot major variation. 

It seems advisable at this point to review the possible sources ot 



ftriatioa. ft ... taotors are u toll.ewe: 

1. Shifts 

2. llaohiua 

4. Temperatures 

5. Hydraulic P:reaaurea 

:laOll ot the a'beTe tac~• -, 4Uter 1a •1 'Iller aeu.a or T&r1a'b111"7. 
. . 

hr 8Dllple, Shift I a.u4 Ditt II aigb.t ,Utter ai&.Ditieu.tly 1a IN>th .meaa 

aD4 variability, or tlley migllt l:la.ft iclctical •au u& at.ill clitter iA 

T&riuilitf or tlte)' a1gb.t be 14-tioal llitk l'Npeft te ..... amt T&rialtili-

--· r. 4eter.mi.u 1dt.1cta. taetor aeatr11Ntu lar&el.7 'te pl"04uotion Tarialilil1-

ty, 41tftreaoe 1a ua.a.aa4 ..-u,taM.litJ ft8lll4 both be teated., 111th -,_.1. 

beiDg plaoei on relatin Tariulllities. 

A aaapl.e of ao pi)e lau •• aeleotei at raaA• ma ••h et the t'W 

shifts w , .. ,:. * aipttieuee lteWMA Shift I &.Ill 8llit" II. 

Sllitt I 

"° .. 
414 
la 
"80 

"° .. .. ... , 
••· "° 488 
•o 
4'18 ,.,, 

Shift II 

,,o ., . ,,a ,,. 
4'PG •• 4'10 
ftf8 
'51 
.f.60 
468 
461 
468 ,,o 
'58 



440 
464 
464 
454 
464 

~Xi : 1240 

Xi: 62.0 

l.Xi_ 2 : 79184 

-60-

468 
460 
458 
496 
460 

:!~ = 1302 

: 65.l 

'1. Xp_ 2 : 85916 

l:~ - ¼)2 : lXl - (!!)2 '1(X2 -¼)2 : J¼ -(~ 2 
n n 

: 2304 : 1155.8 

As all the weights ot all pipe are between 400 and 499, 400 is sub-

tracted trom each individual weight to ease calculation. 

Test tor signiticant ditterence in variability: 

F : 1:(~ - Xi) 2 : 2304 
1(¾ _ ~) 2 1155.8 

: 1.99 

P: .05 
F Table Talue tor 19 degrees ot freedom is 2.16. (For F Tables see 

19 degrees ot freedom 

any text on statistical methods. See Appendix II.) As the calculated value 

ot 1.99 is less than 2.16, it may be concluded that Shifts I and II do not 

ditter signiticantly in variability. This means the probability is less than 

one in twenty that the t110 samples representing the production o:1" two shifts 

came from populations having different ste.Diard deviations. 

Test tor significant difference in .means. 

t = -;:.::.::.::.=.::.=.=.===============-=-=-==-=-=-==--
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• 62.0 - 65.l - -,_-_-_ ---_-_-_ -------_ -----...,.-_-_ -_ -----_ -_ -_-_ 

: l.027 

Because the two sam.ples do not differ significantly in variability, 

n1 + n2 - 2 degrees ot treedo.m. may be used in obtaining the value to be com-

pared trom the t Table. '!'here are no values appearing in the t Table tor 

degrees of freedom 31 to~. 'fhe t Table Talue tor J ! :.:;es of treed.om. I 
is 1. 960. As the value calculated aboTe is less than the table value, 

Shifts I al'1d II do not differ aigaiticantly in .means. 

The weights of the individual pipe selecte4 tor ,eats of signifiea.n.ce 

ot the factors, machines, head-core.men, tempera.tu.re and pressure were .wn 
chosen at random. They were selected Wlder all possible combi.nations of 

the several :taotors. Tbe tabulation is shoWA below. 

Machine l !&Chiae 2 
--- . 

A B 0 A B C 

T 
E H 450 460 452 460 440 480 
M I 
p G '"' 452 446 460 444 466 
JI: 1:I 
R 
A 
T L 432 4$2 454 442 460 456 
u 0 --

R w 4'18 462 448 4'14 454 448 
E 

Temperatures are divided into two ranges, "lligh" and "Low." The '1liigh" 

tanperatu.rea represent the first pipe poured from ea.ch of twel Te transter 



lad.lea. !Jae·~ tapeatarea rep:reNllt the lut plip potared :tro• each ot 

twlTe tl"a.D8ter la41•. Ditte:re.at hydraulic prealRIMa' oie 4uipate4 •• 

C.D41t1ou 

A - oooura 11hea 'both aohines are 
.IIOTiJlg 40• 

B - oooura ~- oae ••Mae 18 _,.,._ 
1.ng don and the 
other ••hin.e 1• 
.mo'ri.ng up. 

C - oooura when oae ••M• ia mv-
1.ng ion and the 
other 1• atatioaa17. 

It 18 aotioed. tlllt the factor "hea4-oor8UA" baa Hen len out. 9lil 

etteot ot •heacl-ooNaen" u4 ••c)daea" are 'both toud in the taotor "•• 

ohiua, • ai.ace eaoh regular head-coreman works oa o.alJ on maoldne • 

.. 
Teat• . .!!!. Sie!it.• \ · · .... •• ~o~• 
Machi» l !9:chine 2 

61() 
466 
411 ,,. 
462 
"46 

"" "8 
4l40 
4"· 
460 
454 

460 
452 

'° 462 
460 
460 
.411 

"'' 480 
46& 
456 
44.8 



x;_: 52.00 

IXi2 : 34056 

1(X1 -¼)2 =~Xi2 -(~2 
n 

: 1608 
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X : 60.l"l 2 
1 x2 2 = 44628 

2.(x2 - x2)2 = 'l.~2 -(J.x:i) 2 
n 

: 827.7 

Test for significant difference in variability: 

: l.94 

P: .05 
1l'he F Table Talue tor 11 degrees ot freedom is 2.82. As the oal-

ll degrees of freedom 

culated value is less tban the value trom the table, there is no significant 

difference between the variability of the JD1ehines. 

Test tor significant difference 1n .means: 

t: 1.825 

'!'he t Table value for I~ \.;:ees of ~eedom I is 2.074. The means of 

.machines are not s1gn.ttiean t]Jt d1 fteren t. 

Tests !!?!, Sigaj.ticant ·· Ditteren.ee Betwen 'femperatures 

Rip Temperature 

450 
466 

Low Temperature 

432 
4'18 



452 
446 
440 
444 
460 
452 
460 
460 
480 
460 

J.Xg : 676 

-4.Ei: 56.33 

~4i12 : 39472 

454 
448 
460 
454 
462 
462 
442 
474 
456 
448 

2.x,,_ : 670 

Xi, :: 55.83 

,: 'Xi, 2 : 39212 

'i. (1ti - fir) 2 : IXs. 2 - (I¾:/~ z (1x. _ ~) 2 : Ilj_ 2 _ (1."X..J 2 

n 

: 1590.'l 

Test tor significant di:tterenee in variability: 

: 1.297 

1803.7 
1390.7 

P: .05 
If.be "I 'f&l>le value tor ll <lepee.s ot treeclo.m 

ll degrees of freedom 

: 1803.7 

culated valu.e is less than the va.lue from the table, there is no significant 

difference betweea the variability' or temperatures. 

Test tor significant ditterence in means: 

t = .1016 



..:ae ... 

!lie ... :ftld,e· 'ftllle· ·ter t !a •a;!:eea of treeclom J 1. a.o,4. .A.a the oaloa-

late4 ftlue is l•n tblla tile ftllle taa U.. ta'ble,, tlllH la•• aiga1t1eu.-. 

41ttera.ce be~. the •an• of t•peraturea. 

!Nta .!?.!:,. S1ga1t1oa.a., l)ittera.oe Am5 

A 
4H 
466 
aa 
4'18 
460 
4.51 
"61 
4.68 

2: XJ.: 462 

f_.. : 5'1.?5 

•x a .... -, .. , 
A :A. -

I(X.A. - XA) 2 : 12,5.5 

P.Naaurea 

Jt --~ 4" 
4.54 
4.4B 
460 

"° 462 

"'" 
~x..:: 4:56 

X,: 54.50 

t~~·=a..-
1:. (XB - XBl'- • '118 

! 
440 

"" 460 
4.54 
'80 
"66 
456 
448 

l:l:c:"8 

f'c : 56.00 

1:..-zo• • 28118' 

'I(Xo - ic)2 • 1160 

:seoaae 1n tllta can.: there are three Nmpl,ea 1:U'MIIMI ot t• a.a ill. the 

peirtna --•)• ••-' • aipU'Uuaew· .... ••-- " laal.let DY the 

anal.1st.• ot ftl"ianoe. 

W1 thia groa:pa na of aqu.rea: 

. 1: (~ - ~.._) 1 + l.(X. - ~)1 + i.(X«, - ~) 2 : 315!.50 

Between g:NllJ8 •• ot aqaaru: 

f • f_.. ~1
;. "!95! = ,,:oa . 
3 . 

.a ... (;_ - r)" + •B(!':a' .... r)I + Jio(~ - w)• = c.ss 



Test tor signif'ioant ditterenoe in variability: 

J' = Within. groups sum of s 

_ 42.53 / 2 
- 315S.5 /' 21 

: .1409 

P: .05 
The 11' '1'8.ble value i'or 2 degrees of freedom is 19.44. The variabili-

21 d.6grees ot tl"HdOm 

ty of the three groups does not differ sigfl1t1ean.tly. 

Test for signifieant difference in means: 

x -x A B 
tAB : --;================================ 

%(XA - XA) 2 + I.(~ - ~) 2 
( l l ) -+-

nA na 
: .544 

The t '!'able n.lu• tor I i4 \;:.ea of treed011l 11• 2.145. Preasurea A 

arul B do .not differ signitieantly in means. It is not necessary to compare 

Pressure A and C or Pressure B am C beeaus e 1 t is evident tram the data 

that they too will not differ sigu.itiea.n:tly in meu.s. 

Interpretation 2! Tests Significance 

None ot the sou.roes of variation differs significantly in either means 

or variability. ID. all eases the factors causing production variation were 

tested at the 5" (P = .05} leTel. Therefore, it .may be said tbat the prob-

ability in each ease is less tban l in 20 that the samples representing &J'lJ 

one of the facto rs came from popu.la ti ons ha. ving different means and 



variability. This still does not answer the question as 1x> which tactor is 

the largest contributor to total production variation. It one ot the 

tactors had evidenced significant difference, that tactor would have been 

the predOJninant influence in total production variation. 

It is not surprising that none of the tactors examined exhibits sig-

nificant difference. Attention is called to the control chart which 

showed lack ot control but that lack of control was not great. Those sub-

group averages which tell outside ot the upper and lower control limits 

may well have been the additive effect ot several sources of variation. 

To detennine which ot the sources ot variation has the greatest et-

tect, use is .made ot the analysis ot variance. 

Sum ot squares: 

Pressures: 

IXA2 '1..~2 'I.'Xa2 (1:X)2 
-+-+---- = 

nA Ile n 

2 2 2 2 
462 - 436 - 448 1346 - 42.3 -8 24 

Machines: 

IX12 i.~2 2 (~x) --+-- -
nl n2 n 

6242 + 722 
2 2 

1346 - 400.1 -12 24 

Temperatures: 

'£.~2 (zxf 
-+---- = 

11r. n 



2 2 
676 + 670 

12 

Total 

2 
1346 

24 1.4 

z 1:i.i 2 +zx21 2 +1:¾12 2 ••••••••. +tx46 - x2 
n 

--

Source of Variation Swn ot Squares 

AJJK>ng Pressures 42.3 

Betften Machines 400.l 

Bet1'8en Temperatures 1.4 

Krror 2752.0 

Total 3195.8 

78684 13462 : 
24 

Degrees ot 
Freedom 

2 

1 

l 

19 

23 

3195.8 

Mean Square 

21.2 

400.l 

1.4 

144.8 

-----
By this mean• ot COl'lparing n.riance, it is aeen that the source ot 

variation which has the largest mean square is "Machines." Thia indicates 

that the variation in the production process is caused tor the most part 

by the source ot n.riation that has been designated as "Machines.• It is 

interesting to note that the n.riation caused by temperature change is re-

sponsible tor only a very s.aall part ot the total n.riation. 

"Machines," however, inclu:le two possible sources ot variation, ma-

chines and head-corem.en. By turther use of the t and F tests, it may be 

possible to determine which of these factors predominates. 

A sample ot 30 pipe is chosen trom each ot the two machines. The pipe 

from each of the two .machines was made under the direction ot the relief 



hea.d-coreman., so that any ditterenoe noted between the t., samples shall 

be due to .machine dtrterence alone. 

:Y..achine l 

440 
432 
460 
448 
456 
468 
454 
4'10 
448 
450 
464 
476 
482 
4'18 
4'76 

464 
472 
448 
446 
472 
476 
430 
464 
460 
464 
456 
464, 
454 
464 
454 

~Xi :: 1760 

Xi : 58.6'1 

%.~ 2 : 108856 

%(~ -xi) 2 : 5602.7 

Machine 2 

464 
46-i 
462 
442 
460 
460 
458 
460 
454 
446 
458 
438 
446 
462 
442 

440 
458 
454 
462 
460 
470 
474 
4'10 
470 
458 
450 
452 
454 
444 
430 

~x2 = 1622 

x2 : 54.o, 

X 2 = 91908 
2 

1.(~ - ¼) 2 = 4211, 

Test ot significant ditference between vu1a. bili ties: 

_ I(Xi_ - x1) 2 _ 5602.7 
F - - 2 • 1:(x2 - x.,) 4W.9 

: l.33 

P:: .05 
The F Table value tor 29 degrees of freedom is 1.84. As the ca.lcu-

29 4egrees of treed.om 

lated value is less than the table value, there is no signitioant dittereace 

between the va.riabilities Gt the two machines. 



Test ter significant ditf'ere:n.ce between means; 

Xi-¼ t=---------------
:E{Xi_ -~ 2 +1:(x2 - 'iJ 2 

lli +n2-2 

t: 1.369 

'fhe t !able value to~ I P ; .o5 _ d I is l.t60. There is oo 
00 u.egrees ot .1..1.-ee om. 

significant ditf'eren.ce between the means of the two machines. 

In the tollowi..ng tests, the ettect ot &.J31 .machine difference has 'been 

elimim ted by taking tvc samples ot 30 pipe from one .maehim with each ot 

the tWI> samples having been •de by one of t1!10 head-eoremen. 

Head-eorema.n l 

440 
432 
460 
448 
436 
468 
454 
470 
448 
458 
464 
4'16 
482 
4'18 
476 

464 
472 
448 
446 
472 
476 
450 
464 
460 
4'4 
456 
454 
454 
464 
454 

%~: 1"160 

·~ :: 58.6, 

'I x1 2 : 108856 

X (Jti - X1) 2 : 5602.'1 

Head-coreman 2 

446 
470 
472 
440 
464 
446 
442 
460 
442 
458 
470 
462 
464 
460 
448 

440. 
458 
440 
410 
424 
426 
454 
456 
440 
432 
442 
436 
470 
442 
424 

J:.X2 : 1358 

x2 = @.2, 

z x2 2 = 68300 

l:.(X2 - ~)2 : 6827.9 



Test tor signiticut ditterenee between variabilities: 

l:(x2 - ¼) 2 6827. 9 
F :-----: 

1:(Xi -Xi) 2 5602.7 

: l.219 
P: .05 

The F Table value tor .89 degrees ot freedom. is l.86. 1.'he head-
29 degrees of freedom. 

coremen do not ditter significantly with respect to variability. 

Test tor significant difference between me&DJ!I: 

: 3.545 

The t Table value tor IP= ·05 is 1.960. The beacl.-
00 degrees of freedom. 

coremen do ditter sign.if'iC&lltly 1n means. 

The two preceding tests have given added meaning to the previous con-

clusion that ma.chines and head-coremen were causing the major portion ot 

total variation. It Jm!lY' now be stated that the samples taken from the 

various combimtions of production features causi.Q,g variation, indicate 

that the head-oorem.en are responsible to a greater degree tor tl'.le varia-

tion in the final weight of 6" B&S 150 pipe than is any other single tactor. 

'!'he negative illf'ormation derived trom tbl analysis of variance is ot 

equal importa.o.ee,. Attention is again called to the slightness of ettect 

that Ta.r1at1on in the temperature ot the mlten metal :bas on the final 

weight ot the pipe. 
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The tests used in arriYing at the above conclusions are valid for the 

samples considered. Hffever, due to the nature of production it is dit• 

ficult during production to achieve adequate data ot such a positive nature 

as to alleviate all suspicion of the final conolusions. To assure eoaplete 

validity., the data should be eXpa.11ded and each reading should be taken so 

that the conditions under which 1t occurred can be accurately described. 



_.,..., 
1PA' .,.,,, 

·'••••ti1t,l,,al 1-JlYMtiaa••• ot, 'll•· ,n4•~·•' 6" * l.lO Jife•llft.• 

tiffl...._ •••.....,_.,. tor Mn'9at1Y•·••''••·ia wt.r • __.1 .... atnl 

OM:r tile _,,.., Of pt.pe ~Uoa. rlle NlY•ti&f.•p ma eJ.90 1MJ.•te4 

,., leli-1.,8".U8Me tJaat QY,,8'1all.;. Hrt.,Mti:t'fl· ••t:1.fe.: .!111,4 fol.le• • cell• 

•ni tll, tuJJ.tr at a 4eaire4 l,eYel. fiMt oatU. e(., .,_.,,...__. •• 1• aiYu 

below. 

1. -~1• aktitt¥M ~ti etMJll: .. •1a& prouoUoa i.w a 

•••• et oen-.1 .at,-. _..eat awnp ot 461.,.,.., * .,tal.ftl"ia'Uu 

-• •• re411••• ft• a.aalf•il•et .. Yui.u.e. ga.M .the ~t1Ye l!Mllitud,ea et 

••--. •t Ya:riaU• $llat, fU:'e Us'Hd l>el.ow.ia• .. •• .. •U.a&.,-tt .. t:...,. 

1., ..... ,~--

a. -.0i1a1, .. 

a. ~ulio F"•""' .............. 
M tu .._.., ot ,._,.,_, la_._.._.,,.~ 'tffl t•-•••~,.~JD\\1~ • 
tu to-.1 variation, it is log1oal w pr•-- that oa.trol ot. t)wJ u• 

._..,:, ot .. "IUt«#•• "4,U. ~t~•• w~ ~,:.t,,a Ya:riati.oa. DR1aa 

-..,Nlll'.l.C•·.., ,,._.,,, _..,,.,,.re~"9• .-.. ,~ •--•• The ... ..- ot 

•'-•I0--4 i-.1-a pipe -U,"JN. ~J•jecl 'bf a•--- 4fl'1M.lltd.Oh .1B41-

•t•• -.,. tM, ....,,._ -.. lit •~'- begia -- ,..-.i •t the aJA.. '.&18 

el.I.mi•"- tu .U•• .t.· ,u,Wi,a 1-~c\"°"' ltr ••• i.u-oo.-u •. Vatortu-

atel.7., •'Qe •~---•·"8.~-·•·•a.~,~ o,.~ . ..-.1-, l>utaa,., 

-. . ..-. • '- tiaq4',tiu o:t. ti.- ge~~" .i+-= _. .- o,l>aerYed. tat thta 

a@,.,....,l 1• 41•~.IIIOH, ... it 18• u.ed.1 wt• .. n-.11; tlll.t the 



ins d•v1cewill not &e mown until statistical ual.7s1s indiea.tes that the 

improvement .bas etteetively re4uoed total variability. 4lh1e oprcvea eon• 

trol is ~inly a step in thed1rect10ll toward achieving statistical 

qu.ll~J control. It is possible that the iaorporatieA ot this simple de-

Yice will result 1.n the centrol of quality witain the preset± 3 sigma 

limits and even substaat1ally redl.lee tlle staad'8.'.ri tena:Uon. 

a •. ehoe•e !!. o;etima ,EoduotioA ~verye: t'mly a.ner a state ot que.lity 

ooatrol has been reached should u attempt be .made to lower the weight 

average. Distribution B 4isoassed 0a page 51 a.D1 shaW:n graphically in 

J'igu:re 5, ;page 54, seems to deseribe at least approi:iatel.y theopti:Jaumor 

~iaed-at popule:tion of 6tt B&S 150. pipe production. To geiA statiatieal 

control under the conditiona ot Distribution B, the avei'age weight (X) 

must be lowered from its present location ot 462 p0WlQ.S to 453 pounds and. 

the s~. 4e:t"1ati.on mut be ,reduced. from 10.16 to s.51. lt shou.ltl J1.<ril. -be ditticu.lt te lower X ·DY ruetting the rate ot ma.chine laile tilt, mGld 

travel or mold rotation. Jttfectag a :reducti® in standard deviation .may 

be:more d1tticul.1... !he timing device reterNd to above show.4 reduoe the 

sutriciot. It th.ts is the ease, theu ·et'tort ehoul.4 be directed to re4u.ee 

the variatic.a eauae<l oy tlle maehines., provicU . .ug, ot eourse,, U•t the ira.ria-

tion ca.used by tu laead-eoremea baa been re4uce4 to a practical JniaimWll. 

Diatri bu.tiOB .B adm:i ttedlJ :prodo.4u a certaia pereentage ot pipe below 

,ae idividual Rdnimu.m we13b,:t of @? poun4s for 6" .13&:3 158 pipe. The 

light weight pipe the becoa &• .B&S 100 pipe. Aeeoriil'lg to past 



production records the dem.nd tor 6" BllrB 100 pipe •s only 3 per out ot 

the demand tor 6" BBtS 150 pipe. The production ot 6" BllrB 100 pipe as a 

portion ot 6" BllcS 150 pipe results 1n producing in anticipation ot d811181ld 

and is likely to present a p:roblem ot storage. The production ot 6" BllrB 

100 pipe 1n this manner woald lllTe aeTeral adn.ntagea. It does allow i' 
to be lowered to 453 pounds Without appreciably reducing the standard deTia-

t:lo.n.. {Distribution. C describes the co.D.ditio.n.a under which X would be at 

453 pounds without producing any Class 100 pipe.) It 6" B&S 100 pipe were 

produced as the lowr portion ot the 6" B&S 150 pipe production, the setup 

expense tor a short run to specitically supply a BJDall lot ot 6" B&S 100 

would be elimiJlated. J'Or these reaao.us, the author believes tl'llt the ex-

pcae ot storage would be oo.us14ere.bly leas than the savillgs to be realized 

by the adoption ot Distribution B as the quali'ty goal tor the production ot 

6" B&S 150 pipe. 

3. Maintain.:!!!_ control charts: The etteot ot any improvement or new 

aasi8nable cause ot variation can only be evaluated by noting its i.ntluance 

on the produot10Jl average and standard deviation. This is one advantage ot 

the continuous use ot the control charts. Alao llhen the tim.e interTal be-

tween actual production and the plotting of points on the control charts ia 

small, it is very likely that variations on tbl control charts m.y definite-

ly be correlated With actm.l conditions causing such Ta.riations. 

It should be remanbered that the control charts constructed in the 

tirst part of this paper to establish initial oontrol 11JD.1ts do not 

necessarily represent the best practice ot selecting during pro-

duction. J'Or example, a chart -.,uld probabl7 be ueded tor Moh machine 
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and in order to secure .1118.Ximum variation between subgroups and minimum varia-

tion within subgroups some other aamplillg scheme besides the order or produc-

tion might be applicable. 

The advantages or statistical quality control illustrated in this paper 

will be greatly increased when the charts are used 1n conjunction 1f1.t h pro-

duction. 

Thia particular application or statistical quality control baa bean con-

cerned exclusively with 6" B&S 150 pipe. The possibility or imprOTiDg quality 

by weight reduction and the savings resulting rrom such wight reduction have 

been denx>nstrated. The .methods or this inTestigation may be applied to other 

sizes and classes or pipe production thus duplicati.ng the advantages set 

forth herein, and it is hoped that this initial study may aerTe as an intro-

duction tor the uae or statistical quality control in toundry operations 

other than the production ot Super-deLa.nud Centritugally cast Iron Pipe. 
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Glossary ot Symbols 

= a multiplier ot i to determine the_d1stanca trom the central line to 
3-sisna control limits on an X chart. 

A2 = a .multiplier ot i to determine the_distance tro.m. the central line to 
3-sigma control limits on an X chart. 

D3 = a multiplier ot i to determine the 3-sigma lo118r control limit on a 
chart tor R. 

D4 : a multiplier ot ii to determine the 3-si@Pl& upper CX)ntrol limit on a 
chart tor R. 

LOL = lower control limit on a control chart. 

n = number ot pieces or obaerTed Taluas 1n any gl.ven sample or subgroup. 

N = number ot subgroups 1n a lot or sub-lot. 

R = the range, tbe dittere.nce between the largest value and the smallast 
ttlue. 

i: the &Terage ot a eat ot ranges. 

OOL = upper control limit on a control cJ:art. 

X = a number representing a value ot some fllriable; in statistical quality 
control, X is usually the value ot so.me quality characteristic. 

X = (bar X), the average (arithmetic mean) ot tw:> or more X values. -X = ( double bar X) , the average ot i' values, an e sti.aa ta ot x. 
_, 
X = (bar X prime), the true universe average. 

Cl = (sigma), the standard deviation ot a set ot numbers, the root mean 
aquare deviation about the average. 

er = (bar sigma), the average ot a set ot er values. 

a': (sigma prime), the known or eati.aated 'ftlue ot universe standard devia-
tion. 
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APJ?KNDIX I~I 

TABIJC A --- Dimensions and Weights ot Standard Bell and Spigot Super-deI.avaud Pipe 
Stamard Water Bell 

.__ ... ·. Thiekna.u wr=f.··.· .. -""".SSI~ 
A 'II . . O C~ Norr11na1 L.ay11\13 la.OC)t~ 

Class Dimensions in Inches Nominal Laying Length 
or Max-
1.mum Aver- 12-Foot Length 18-l!'oot Length 
Work- age 
ing A B 0 D Thick- Weight Weight Weight Weight 
Preas- ness or Pipe Per Foot ot Pipe Per Foot 
ure Poum.s Includ- Pounds Includ-, 

ing Bell ing Bell 

150 3.80 4.60 .30 3.00 .33 140 11.8 
250 3.80 4.60 .30 3.00 .36 155 12.8 

150 4.80 5.60 .30 3.00 .34 195 16.4 285 15.9 
250 4.80 5.60 .30 3.00 .38 220 18.4 325 17.9 

150 6.90 7.70 .375 3.50 .37 315 26.3 460 25.5 
250 6.90 7.70 .375 3.50 .43 350 29.3 515 28.5 • 
150 9.05 9.85 .375 4.00 .42 475 39.4 690 38.3 
200 9.05 9.85 .375 4.00 .46 510 42.4 745 41.3 
250 9.05 9.85 .375 4.00 .50 545 45.5 800 44.3 

.0 
I 
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A --- Dimensions and Weights ot Standard Bell and Spigot Super-deLaTaud Pipe 
Standard Water Bell (Continued) 

Class Dimensions in Inches Nominal Laying Length 
or Max-
imwn J\Ter- 12-l'oot Length 18-Foot Length 
Work- age 
ing J\ B C D Thick- Weight Weight Wei@Jlt Weight 
Press- ness ot Pipe Per Foot ot Pipe Per Foot 
ure Pounds Includ- Pounds Includ-

ing Bell ing Bell 

150 ll.10 11.90 .375 4.00 .47 640 53.3 935 51.8 
200 11.10 ll.90 .375 4.00 .52 700 58.3 1025 56.8 
250 11.10 11.90 .375 4.00 .57 760 63.3 1115 61.9 

150 13.20 14.00 .375 4.00 .50 810 67.4 1180 65.6 
200 13.20 14.00 .375 4.00 .57 905 75.4 1325 73.7 
250 13.20 14.00 .375 4.00 .62 990 82.5 1450 80.7 

g 
I 
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APPJl:NDIX III (Continued) 

TA.BI.11: B --- :ractors tor Oo.mputing Control Chart Lines, 
S-11 Samples• 

Chart tor Anr- Chart tor sta.ncl- Chart tor Ranges 
ages ard DeTiations 

J'aotors tor Oon• J'actor tar Oen• !'actor tor J'actora tor 
trol Limits tral Line Oeatral Control 

Lina Limits 

Ai Aa 02 42 D3 D 4 

3.'159 1.880 o.5642 1.128 0 3.268 
2.394' 1.023 0.'1236 1.693 0 2.5'14 
1.880 0.'129 0.79'19 2.059 0 2.282 
1.596 0.5'1'1 0.840'1 2.326 0 2.11, 
1 • .uo 0.'83 0.8686 2.534 0 2.00, 
1.2'1'1 0.419 0.8882 2.'104 o.076 1.924 
1.1'15 0.3'13 0.9027 2.84'1 o.136 1.864 
1.094 0.337 0.9139 2.970 0.184' 1.816 
1.028 0.308 0.9228 3.078 0.223 1.7'1'1 
0.9'13 0.285 0.9300 3.1'13 0.259 1.7'4 
0.925 0.266 0.9359 3.258 0.284, l.'11'1 o.ee, 0.249 0.9410 3.336 0.308 1.692 
0.848 0.235 o.9es 3.40'1 0.329 l.6'11 
0.817 0.223 0.9490 3.4'12 0.348 1.652 

* l'Or camplete table of taotora tor camput1ng control cm.rt lines see, 

American War Standards Zl..l-1941 and Zl.2-1941, "Guide tor Quality Con-
trol and Control Chart Method ot Anal.7zing Data," American Standards 
Aaaooiation, New York, 1941., p. 50. 



.APPENDIX III (Continued) 

TABLB o - OMiDatea at the Normal Distribution Cune 

1 -iZ2 X -X 
Values ot 7 = t,'.iJT · 9 tor Various Values ot Z where z = ""'cY 

" "i{:t 

z .oo .01 .oa' .03 ·°' .05 .06 .o, .08 .09 

o.o .3989'8 .398928 .398863 .398'163 .398621 .St8"4 .39828D .39'1966 .39'7668 .397310 
0.1 .39&953 .396536 .396080 .395585 .396052 .3K4'19 .393868 .393219 .392531 .391806 
o.a .391043 .3902',2 .389404 .388529 .38'161'1 .386668 .385683 .~63 .383606 .382515 
0.3 .181188 .380186 .3'f901l .3'1'1801 .3'1663'1 .3'15240 .3?3911 .3'12548 .3'11154 .369'128 o., .3682'10 .366'182 .36&26S .363714 .362135 .360'52'1 .358890 .35'1225 .355533 .353812 
o.e .358065 .S50292 .3"81t9$ .346668 .3"818 .3429-M .341046 .339].U .35'1180 .335213 
0.6 .AU85 .331215 .3291&( .32'1133 .325062 .3229'12 .320864. .31873'1 .316593 .314'32 
0.7 .312854 .310060 .30'1851 .305627 .303389 .301137 .2988'12 .296595 .294305 .29200& 
o.s .289692 .287369 .285036 .282694 .280344. .2'1'1985 .275618 .273244 .2'10864 .2684'1'1 
0.9 .266085 .263688 .261286 .258881 .2564'11 .264059 .251644 .249228 .246809 .244590 

1.0 .2419'11 .239551 .237132 .234714 .23229'1 .229882 .227470 .225060 .222653 .220251 
1.1 .217852 .21M68 .213069 .210686 .208308 .205936 .203571 .201214 .198863 .196520 
1.2 .194186 .191860 .189543 .18'1235 .184937 .182649 .180371 .178104 .175847 .1'13602 
1.3 .1'11369 .16914'1 .166937 .164740 .162555 .160383 .158225 .156080 .153948 .151831 
1.4 .14972'1 .14'1639 .145564, .1'3505 .141"60 .139431 .137417 .135418 .133435 .131468 
1.5 .l.29518 .l.27583 .125665 .123763 .1218'18 .120009 .118157 .116323 .ll"505 .112704 
1.6 .110921 .109155 .107406 .1056'15 .103961 .102265 .100586 .098925 .097282 .09565? 
1.7 .094049 .092459 .090887 .089333 .08'1'196 .0862'1'1 .084'176 .083293 .081828 .080380 
1.8 .078950 .077538 .0761'3 .074766 .073407 .072066 .070'/40 .069"33 .068144 .066871 
1.9 .065616 .064378 .063157 .061952 .060765 .059595 .058441 .057304 .05618:s .055079 

2.0 .053991 .052919 .051864 .050824 .049800 .048'192 .047800 .046823 .045861 .044915 
2.1 .043984 .043067 .042166 .041280 .040408 .039550 .038'10'1 .037878 .037063 .036262 
2.2 .035475 .034701 .033941 .033194 .032460 .031740 .031032 .030337 .029655 .028985 
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