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V. INTRODUCTION 
In the analysis of vibration problems the knowledge of 

the natural frequencies, and in particular the fundamental 

frequency, is of paramount importance. In many cases the 

mode shapes are required, but if any single item is needed 

for proper analysis it is the spectrum. of frequencies. Only 

through a proper knowledge of these frequencies can an effec-

tive design be made 1n1ich will prevent critical conditions 

of heavy vibration from occurring. 

In the more simple eases the governing differential 

equation can be solved directly giving a frequency equation 

for the determination of the natural frequencies. However, 

as the problem becomes more involved one is faced with the 

necessity of going to approximate methods for a solution. 

Probably the best know is the energy method of Rayleigh-

Ritz or its alternate form suggested by Galerkin. A mini-

~ization process similar to Rayleigh's method by using 

Lagrange multipliers has been found effective 1n some vi-

bration problems. The governing differential equation has 

been attacked directly using finite difference, collocation 

and iterative procedures. All of these methods possess 

their own unique advantages and disadvantages. While the 

energy methods do give bounds to the frequency the re~uire-

ment that the geometric boundary conditions be sa tisf:led 

by the assumed mode shape hampers the effectiveness of the 

method. Finite differences require a preehosen grid size. 
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Collocation can approximate poorly for a small number of 

terms in the assumed deflection function, whereas iterative 

procedures can be quite lengthy. The purpose of this disser-

tation is to provide -rhe engineer with still another method 

for the approximate determ1.n~tion of fre0uP.neies -- the method 

of integrc:1.l ecp.1H t.::.on~. In parttcul0r, the a.ppli8a tion is made 

to the plate vibration problem. 

Undoubtedly, the integral equation approach has its own 

unique disadvantages not the least of which may be the solu-

tion of the isoleted force static problem. On the other hand 

this might be less of a real disadvantage than it would seem 

on the surface, inesmuch as the static solution has value in 

its own right and is, in general, part of the design ;:,.na lysis 

anyw&y. The major advantage is that the int0.gra.l equation 

approach does not require that the approximating functions 

satisfy the geometric boundary conditions. Once the integral 

equation is formulated the sa tisfe.ction of the boundary con-

ditions is inherent in the equation itself. No little success 

has been achieved using this approach in the study of the 

vibration of bars1 although the method has not become wide-

•A.S.Melyakovetskii,"Integral equation cf free vibration of a 
curved bar" Dokladi Akademi1 Nauk SSSR July •52. 
J .L.Bogdanoff & J .E.Goldberg,''Applicat!on of Volterra Linear 
Integral Equations of Numerical Solution of Beam Vibration 
Problemstt Univ. of Illinois, April 1953. 
L.Kraus,"lntegral Equations of Thin Walled Beams with Open 
Warp-Free Sections 11-Ingineur-Arch. ,June 1960. 
w.T.White,uon the Integral Equation Approach to Problems or 
Vibrating Beamstt, Journal of the Franklin Institute, 1948. 



spread in this country. The main body of mathematical 

literature, merely calls attention to the correctness of ex-

tending the one dimensional theory to dimensions of higher 

order but does nothing by way of application. It 1s hoped 

that this dissertation may partly fill a gap in the litera-

tur·e of v1.bration analysis by extending and applying a power-

ful tool of ana.lysis to the thin pla.te vibration problem. 

The understanding of integral equations, for an approach 

to vibration analysis, is made simpler by the fact that 

the nature of the vibration problem is such that the resulting 

governing integral equation 1s of a mathematically elementary 

kind. Integral equations attracted attention as an analytical 

tool about the turn of the twentieth century when Vito 

Volterra, Ivar Fredholm, David Hilbert and Erhard Schmidt 

within the space of a few short years, concentrated their 

attention on the investigation and development of the theory 

of functional equations which contained the unknown function 

not only explicitly but also under the integral sign. It 

was during the 1930's and later that N.I. Musk.l-iel1shv1119 

s.o. Mikhlin, and D.I. Sherman concentrated their efforts 

on the application of integral equation methods to elas-

ticity problems. v.n. Kupradze applied intPgral equations 

in electromagnetic studies and N.E. Koch1n used integral 

equation methods in his studies in fluid mechanics. During 

the last ten years the literature of application or integral 



equations to engineering problems has filled out considerably 

but as ·was mentloned previously the bulk of application has 

been for thc,se problems which are mathematicc1.lly governed 

by the one-dimensional, line.9.r integral eqU:'1 tion. 
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VI• MATHEMATICS OF SYMMETRIC INTEGRAL EQUATIONS 

In this chapter that part of the mathematics or integral 

equations which is pertinent to the thin plate vibration 

problem will be discussed. As will be shown in the next chap-

ter the integral equation which governs thin plate vibrations 

is of the Fredholm type of the second kind. It is homogeneous 

and contains a symmetric kernel, (or one that can be made 

symmetric). The discussions here, therefore, will be limited 

to linear, homogeneous, Fredholm integral equations of the 

second kind with symmetric kernels. Much of the material in 

this chapter is the two-dimensional extension of Tricomi 1 s one 

dimensional development.* The nomenclature is generally his. 

6,1 ~igenvalues apd eigenfunctions of a symmetric kern§l• 

The particular type of integral equation describing free 

vibration may be written 

(1) 

where K (x,y;r,s) = K (r,s;x,y) is the kernel of the integral 
equation. Supposing that the kernel is of the form. 

W\ 

\< (~." ·) "", ~-=- -~ -,=,i. lY., "\ Q. (~ s\ 
,l=\ \ ' 

(2) 

and further that K (x,y;r,s) is quadratically integrable then 

. - --- ---- -- - - - - -. - ---F.G.Tricomi, "Integral Equations", Inter:seience Publishers, 
1957 
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equation (1) reduces to a set of m homogeneous, linear simul-

taneous equations. Such kernels are called P1ncherle-Goursat 

kernels. 

By letting 
(3) 

"" q>()(. ,, - j>. -r. (1', ~-= 0. 
t \) l= \ l l 

(4) 

Multiplying by G h(x,y) and integre.ting over the basic area 

yields 

) '-\ (,., '\\ q>( 11., d J\ -\ i\) \\ &-, '\)C~\ ( 1-., '\) cl fl..= 0 
(5) 

and letting _ \----n /. , r.."\ ( '\. \ a.."~ - ) r-) ,~.") '-¥\\_ 'I(.,"\) 0 t\ 
the reduction is complete a.nd 

(6) 

Equations (6) represent a system of m homogeneous, 

linear equation in the m unknowns,~ m• To each~ m of (6) 

there will correspond a solution of (4) and therefore of (1), 

for distinct~'~. The set of equations, (6), will give ·Q.. 

nontrivial solution of (1) if the determinant of the system 

is zero. The non-trivial solutions of (1) are the eigenfunc-

tions and the eigenvalues. These are called the eigen-



functions and eigenvalues of the kernel K (x,y;r,s). From 
the study or the determinantal equation 1n ~an important part 
of the basic Fredholm theorem can be stated, If = )\o is 

a root of multiplicity m 1 of the determinantal equation 
D ( X) = o, then the homogeneous equation 

has r linearly independent non-trivial solutions, called 

eigenfunctions, where r, the index of the eigenvalue, satis-

fies the condition l r m. 
It will be evident when the integral equation for the 

vibration or thin elastic plates is formulated that these 
eigenvalues are those commonly accepted as such (i.e. pro-
portional to the natural frequency of the plate). 

~.2 Hilbert Scb!Didt Tbeorem, This important theorem, 
usually stated in itr one dimensional form, becomes the 
following 1n the two dimensional case. If f (x,y) can be 

written 1n the fol'lll 

where g(r,s) 1s quadratically integrable and K (x,y;r,s) 
is symmetric and quadratically integrable then f (x,y) 

can also be represented by its unifor~1:r and absolutely 

convergent Fourier series with respect to the orthonormal 

(8) 



00 

(-i-1'\}~ ~' G.~ <P\.\~."\\ 
where a.'n-=- \ \ + l'#., "') 4>\\ l~, '1) d c!,. 

Iterated kernels. - . ' ----·--·- Given the integral equation 

assume a solution<\> 10 (x,y) as a first approximation to 

the first eigenfunction and call the second approximation 

<:p 11 (x,y) g:i.ven by 

(9) 

(10) 

~. (x, "I\=)-.,\ 'I-. ( 1-1 "I>'",~ <\>,. ( '", ,\ A t,.. . en l 
Substituting t\> 11 (x,y) into equ,qtion (10) we get 4 12 (x,y) 

* in the form 

or 

where ~(x,y;r,s) = \~ K(x,y;t,u) K (t,u;r,s) dtdu 

O::mtinuing in this manner an approximation to <ti, (x,y) can . - - - - - - - - - - - - - - - - - - - - - - - - - - - -The differential variables constituting dA will be specified 
-whene,,er it is not clear frc-rr1 ~he context what they are. 



be arrived at in the form 

<\>,""'(,., "\) = \ ~"'"' l~. ".) .-, s) ~.J. ~s) J _. J s ( "'-' = ... ) c14 > 

where Km,(x,y;r,s)= ~\ K (x,y;t,u)Km,.1(t,u;r,s)dtdu. (15) 
Km(x,y;r,s) is called the mth iterated kernel. For the jth 

eigenfunction (14) becomes 

'\\-= ~: ... l~ '\;. ";~) <\>.io l~, s\ ~-;. l '-"; "-,"\ .. •) (16) 

providedc\?j 0 (x,y) is not orthogonal to 4>j<x,y). 

6.4 A Bou.pd for the Eigenvalues. It can now be seen that 

the defining equation for the mth iterated kernel is of the 

same structure as equation (8) where g(r,s)=Km-1(t,u;r,s). 

(This being the case Kzn(x,y;r,s) can be represented by 

00 

'<w. (~,'\i ~,~\= ~, o...~(~,s\ <\,"'l"",,\ (17) 

where 

But 

(19) 
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fror:1 the discussion of section 6 .3. Hence 

-\N\. 

a.."'(t'\s\-= \~ ~"'b-,s\ c20> 
and so 

(21) 

Now associate x,y with r,s respectively and integrate over 

the a:rea where 

CD -~ :;l ~\. ~\..(~ "\) 4')~ c~,S. '> 
5.s an absolute e.nd uniformly convergent series in the basic 

area r~s a consequence of Mercer• s theorem (stated in the 

next section). The result is 

)( \'.: .... (~,'f,ll,"1\J><d':\; ~. ~~\) ~=(ll-,'\\c\.-c\'\. (22) 

Due to the orthonormal1ty of the\~h) prescribed by the 
Hilbert-Schmidt theorem 

' - - - - • - - - w • -

Note that Kn(r,s;x,y) = K:n_(x,y;r,s)due to symmetry. 



Finally define the "trace" of the Kernel as 

(24) 

yielding 

In the non-degenerate physical vibration problem the e:tgenvalues, 

which are proportional to the natural frecuencies, are ordered 

in increa. .sing magnitude O >., A. 'L < "' · )\~ • • • • By neg-

lecting the eigenvalues of index ereater than 1 a lower boun,d 

to the true eigenvalue is obtained from the relation 

An expres!,ion for an upper bound can be deduced from 

(25) by forming the quotient 

--

(26) 

As before, neglecting the higher indexed eigenvalues gives 

--



or 

The validity of this can be seen by expanding the series 

of eq. (25') • 

--

The terms discarded in the denominator are sna ller than 
those discarded in the numerator so that actually the 

bracket is greater than one. 

(27) 

It can be seen then, that by neglecting the eigen-

values of index greater than 1 expression (27) gives an 
upper bond. Hence, the true value of the first eigenvalue 

satisfies the inequality. 

(28) 
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Of course the magnitude of m and j for which (28) gives a 

good approximation depends on the degree of separation of 

the eigenvalues. 

6,5' Mercers Theorem: If a continuous, symmetric and quad-

ratically integrable kernel K (x,y;r,s) has only pcsitive 

eigenvalues, then the series 

converges absolutely a.nd uniformly to the value of the 

kernel K(x,y ;r, s), in the basic area. As a consequence 

of this theorem equations (26)(27) and (28) can be used 

even for "'= 1 because 

Hence 

,q.6. Method of Colloeat;ton. Given the homogeneous, linear 



integral equation where K (x,y;r,s) 1s symmetric or non-

symmetric: 

Assume a solution of the form 

""' 
(~/l) -=- a.._ c%> ("') '\\ • 

(30) 

(31) 

Substituting the assumed function into the integral equation 

yields 

or 

If,now, this equation is forced to be satisfied at m spec1fic 

sets of values of (x,y) there will result m simultaneous, 

homogeneous equations in a1 of the form 

1M. 

'"~ ( c."';. - \,"''-1 a~ -= o 

where 

(35) 
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For a nontrivial solution the determinant of the coefficients 

a1 must be zero. This yields a mth order determinantal 

equation in~, the solution of which gives m values or~ 
corresponding to the first m eigenvalues. 

6 17 , Method of S;µpgessive Approximations, Given the homo• 

geneous, linear integral equation where K (x 1y;r,s) is 

symmetric or non-symmetric~ 

(36) 

Assume a function q:> 10 (x,y) where the subscript zero means 

the first approximation to the first eigenfun.ction ~, (x,y) 

associated with eigenvalue 1 and 4> 10 (x,y) is not ortho-

gonal to c\> 1 (x,y). Now obtain the second approximation by 

evaluating the integral 

c\> .. (~,,\-= \ ~(x,'\; t-,s\ .\>,0 ('r,>) c\ ~-
Obtain the third approximation by evaluating the integral 

Cf, ... t~.,\ = \ 'f=. (1<,. '\; .-,s\ <\> .,( ,·-.s''l a "'. 
Continuing in this manner one obtains 

and 
~.- <,., .,\ =-\ 'IC (~. '1 ; 'r, s) c%> , ... -, ( ... ,,\ a 11... 

c\\""~' &.,~= ) \<.(~,"\1 ~t:>\ 4>,~ (""',s\ a~-

(,37) 

(38) 
(39) 
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This convergent process will yield 

from equation (36). Thus 

d> ,-. l1--. ") 
4\_ ... , t~.J) 

(40) 

(41) 

Obviously tr this process is truncated at any step the re-

sulting ratio will give an approximate value of~ 1 provided 

the ratio is not a function of (x,y). If for any two succes-

sive ratios the value is the same constant then~ 1 is exact. 

Furthermore, this process vdll converge to the true eigen ... 

valu~ from above. 

6 .8 Detepnina tion of Subseguent Eigenvalue,s., Each or the 

three methods for determining the first eigenvalue as dis-

cussed in previous sections can be used to find the higher 

indexed eigenvalues provided the eigenvalues are distinct. 

From equation (29) a lower bound for any eigenvalue 

h is obtained provided 1 through )\ h-l are known 
and all eigenvalues are distinct. As a matter of fact the 

discussion of Section 6.4 is available for the determination 

of subsequent eigenvalues as long as all lower indexed 

eigenvalues are known and distinct. Unfortunately, the 

computational difficulties for finding the upper bound, 



increase considerably with the index of the eigenvalue. 

For example, forming the ratio leading to equation {27) 

and neglecting eigenvalues 
A '-).-.. \ :2~ '\.'- = ,A\ + /\ - --

Letting Vl= )....,/'/\ .·. ~i.= \?A, the following equation, from. 
\ ' 

which 2 can be found, results: 
-~ 

~-..+(1-A-.-X:>)'_;-+-.._ t-...,_ >-.., 0 
Even the simple case of 'W\ = l this equation contains the 

traces A2 and A4 which, in general are computationally in• 

volved as can be seen from the definition of the iterated 

kernel in section 6.3. 

(42) 

When using the method of collocation to determine sub-

sequent eigenvalues the number of terms in the assumed 

solution equal to the index of the desired eigenvalue are 

taken. This yields a determinantal equation of the proper 

order and has the added advantage of approximating all lower 
eigenvalues at the same time. It is to be noted that as 

more and more terms are taken 1n the assumed solution 

(eigenfUnction) the lower indexed eigenvalues are increas-

ingly more accurate. However, no statement can be made 

as to whether the estimate 1s an upper or lower bound. 
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Successive approximations can be used for finding the 

mth eigenvalue by obtaining a new kernel from which the 

(m-1) eigenfunctions corresponding to the (m-1) eigenvalues 
"' have been eliminated. In other words, if successive approxi-

h ma.tions is applied to the integral equation 

~(1-. '\)- A~\('(,-.,'\ i 'f-, ">) c\>l Y, ~) cl~= 0 

where K' (x,y;r,s) = K (x,y;r,s) - c\:>,(~ .. '-\) ~,t~,~\ 
~, 

the second eigenvalue,~ 2 is obtained. The rationale for 

this comes as a consequence of Mercer•s theorem. For, if 

it is true that 
CQ 

\<_(){,'\) = ~' q,"' l~.'\) ~" l~\S\ 

(44) 

(45) 

(46) 

then, in forming K•(.x,y;r,s), the problem reduces to one of 

finding the first eigenvalue of the kernel K'(x,y;r,s) which 

is the second eigenvalue of K(x,y;r,s). This process can 

be carried out as far as desired, each time removing the 

previous eigenfunctions from the kernel. It must be remem-

bered that because the eigenfunctions can be, at best, 

approximated the more accurate the approximation is the more 

exact will be the subsequent eigenvalues and eigenfunctions. 

Note that the corrected kernel K•(x,y;r,s) is symmetric and 

quadratically integrable so that all theory applicable to 

symmetric kernels is applicable to K1 (x,y;r,s). Because 



of the expansion of the kernel in the series 
CIC) 

K(~, ~; r, s.') = ~, <~,,'> 4>"' (~,~) 

~"' 
the method, just describf1dt of determining subsequent eigen-

values is valid only for symmetric kernels. If the kernel 

is not symmetric care must be taken tnat the successive 

approximations for the higher niodes do not converge to the 

first mode. This will be assured if the first approximation 

to the mth mode is made orthogonal to all previous modes but 

not to the mth mode. 

6 .9 Eigenfunction§-

Having found the eigenvalues of the kernel K1 (x,y;r,s) 

from a study of the 0 trace 0 the associated eigenfunctions 

(ie.solutions of equation (l)) are available from the system 

of eauations {6). It is to be noted that inasmuch as the 

system (6) is homogeneous the eigenfunctions will be deter-

mined only to within an undetermined constant. 

When the eigenvalue has been determined by the method 

of collocation an approximation to the associated eigen-

function can be obtained by solving the set of homogeneous 

equations (34) for the a~s. Substitution into (31) will 

yield an approximation to within a.n arbitrary constant of 

the true eigenfunction. 

Successive approx1mations give continually more 



accurate eigenfunctions as the process proceeds. As a 

matter of fact, we can say that 

4', (~.~ = (~.~)-

6,10 Symmetr;fiable Kernels 

Some of the previous discussion has required symmetric 

kernels. In many vibration problems the kernel of the in-
tegral equation while not, in itself symmetric, is one of 

which can be easily made so. 

Let :;he kernel of the integral equation 

be of the form 

where ~(x,y;r,s) is a symmetric function. Now make the 

substitution 

This gives the new integral equation 

where 

(l+8) 



which is obviously symmetric. 

An eigenvalue of (49) is also an eigenvalue of (47) 
and the eigenfunctions are related by the transformation 

equation. 

6,11 Summary 

This chapter has described the mathematical methods 

of integral equations pertinent to the plate vibration 

problem. The three basic methods available for eigenvalue 

determination are: (a) using the trace of the kernel which 

in addition to giving an approximate value of the eigenvalue 

also provides upper and lower bounds, (b) the method of 

collocation and (c) the method of successive approximations. 

All three methods will be used in later chapters but in 

general, if only the first eigenvalue (principal frequency) 

is desired method (a) has distinct computational advantage. 

Recalling that the trace of the kernel K(x,y;r,s) is given 

by the expression A \ v ( \. \ t\. 
i\""'--:= ) 1' '- )'.l '\ ) ~, "\ ) f"' 

it will be seen that the association of x with randy with 
s considerably simplifies the computations of Am, especially 

if the eigenvalue is being determined from A1• 

For subsequent eigenvalues the method of collocation 

has merit, as one can simply take more terms in the assumed 

series of functions. Indeed, if the nth eigenvalue is de-

sired the first n terms of the assumed function are take:..,. 



Obtaining the eigenfunctions associated with the 

eigenvalues is a smnewhat more difficult task. Except for 

the computational difficulty the method of successive 

approximations seems to be the best. The other two methods 

necessitate the solution of a system of homogeneous simul-

taneous eauations. 

No attempt has been made, in discussing the theory, 

to prove the theorems cited or establish the convergence 

of series involved as this can be found in any modern book 

on integral eauations. 



VII. FORMULATION OF' '£HE PROBLEM 

Z,l Fotmulation of the integra~ egua~ion. 
Given a thin, elastic plate restrained so that there 

is no general translation of the plate let it be required 

to obtain the integral equation governing the free vibration. 

Assume that the plate is vibrating in a normal mode. Under 

this latter assumption the deflection at any point (x,y) is 

given by Z (x,y, ) = w- (x,y) cos i 1' • Now define the 

Green•s function for the plate as that static deflection 

at (x,y) due to a unit load at (r,s) as shown in Fig. l. 

Fig. 1. A thin elastic plate subjected to a 
normal force. 

The inertia load acting on an element of area drds 1s 

- l t c ~. 1,) l( ( .. , s') ,i--,\!, 1 i 
where t(r,s) is the thickness function and~ (r,s) is the 

mass density. From assuming a normal mode vibration this 



expression becomes 

The deflection at (x,y) due to this infinitesimal inertia 

load is obtained simply by multiplying it by Green•s func-

tion. Furthermore>the deflection at (x,y) due to all 

inertia loads 1s obtained by superposition. Hence 

(50) 

from which 

(51) 

Equation {51) is the governing integral equation for 

the free vibration of any flat, thin, elastic plate res-

trained against general translation. 

2e2 The sz,nmetric integral equation 

If one sets~~= f\. and K(x,y;r,s) = t(r,s) (r,s) 
9 (x,y;r,s) in equation (51) the governing integral 
equation becomes 

which is a homogeneous Fredholm equation. By Maxwell's 

reciprocal theorem the Green' s function ~(x ,Y ;r, s) is 

symmetric, which is to say~ (x,y;r,s) = G.<r,s;x,y). 

(52) 
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However, K(x,y;r,s) is not symmetric. It C8n be made so by 

following the method of section 6.10. 

Eq. (52) :ts then transformed into a symmetric, homo-

geneous Fredholm equation where the h that yield :9_ non-

triv:tal solution are the eigenvalues which are proportional 

to the natural frea"J1-:::ncier1, as mentioned 9revicusly at the 

end of section r: .. 
I.) • • .r. • 

.LJ.3_ Boundary: cpndi,tionJ3 

Or.e of the advantages of th~ integral equation approach 

to th~ solution of vibrations problems is that once the 

governtng integral enuH tion is formulated the boun.dary con-

dition~. must be satisfied irn1smuch as the Green's function 

is derived from the static defJ.ection problem. This quality 

i[; particularly vr-sllw ble \l."hen successive approximations or 

collocc .. tion is used for the solution of the integr:::.1 equation. 

The a::: !::UWec1 function need not satisfy the bou.ndary ccndi tions 

because the Green's function does, This can be a distinct 

advantage over the populc:_r method of Rayleigh-Hitz in those 

cases v.'here the sa ti sf action of the boundary conditions leads 

to a rathE.::r cumbersome assumed deflection function. 

z.4 The physical problem 

Bacause the integral equation was derived from the 

JJ!-J.ysical vibration pTcblem in which the vibration w~s assumed 

to be non-degenerate and because then the natural fre-

quencies of the physical vibration problem are positive, 

real, distinct and ordered in increasing magnitude so 
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also must the eigenvalues of the integral equation be posi-

tive, real, distinct and ordered, Furthermore, there are 

eigenfunctions associated with each eigenvalue as a conse-

quence or the basic Fredholm theorem mentioned in section 

6.1. These eigenfunctions are the solutions of the 

governing Fredholm integral equation and hence represent 

the mode shape of the plate. 
2,~ Degenerate eigepvaluea 

In the previous discussion distinct eigenvalues were 
postulated, Eigenvalues are said to be distinct if the 

eigenfunction associated with a particular eigenvalue is 

uniquely determined with a multiplicative factor. On the 

other hand, if there are r linearly independent eigen-

functions associated with a particular eigenvalue then the 

eigenvalue has multiplicity m and is of a degenerate case. 

From the basic Fredholm Theorem stated in sec. 6.1 
r m. It can be seen that multiple roots of a frequency 

equation give eigenvalues of a degenerate case. 

If the symmetric modes are desired (these modes are 
non-degenerate and the Green's function is constructed 

for this case then the determination of eigenvalues beyond 

the first will result in a spectrum of distinct and or• 

-de»e4 eigenvalues (and hence frequencies) corresponding 

to the symmetric modes. On the other hand when the non-

symmetric modes are desired the discussion of sec. 6.8 
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includes a very real difficulty. When equation (29) is 

used to determine subsequent eigenvalues and the eigen-

values are of a degenerate case it is not know which one 

is being found. This difficulty 1s inherent in the plate 

problem. The frequency of a vibrating rectangular l)late 

is given by 

and the spectrum of degenerate frequencies can only be 

written in ordered form if the frequencies are determined 

from all combinations of m, n and then ordered. For 

example, if the dimensions of the plate are such that 

a2 = 3b2 then the three combinations m = 1, n = 3; 
m = 4, n = 2 and m = 5, n = 1 all give a frequency of 

-C,-'8""- lo/," 
"t" - "T o"" v ttt-. 

In the bulk of what follows the results will apply 

only to symmetric modes. 



VIII. ELEMENTARY EXAMPLES 

~.1 The simply supported rectangular plate, 

Fig. 2. A simply supported rectangular plate. 

Eqtn. (51) becomes, for the case of uniform mass 

density and thickness, 

G.. 

w-<i<,"\\: t £(.. )
0 

~\I-,'\\ .. ,~ ...,.( .. ,s) ,h c\~. 
(53) 

The Green's function for a simply supported, rectangular 

plate is given in the Navier series form as 

Substituting in the governing equation yields 

(55) 



"~t 'l. where 'X,-= "' -' • Interchanging summation and integration 
1' a.,\:, 0 

yields 

~
er.. \, i.TI>r ~1{.- .:."lt"-.. '>-Wa 

CID CID ( St._ a:-S,\~ •-~ :$,\"' - ,S\"' - I 

w-c--.,"\-::.}.. ) '" bl , - \,,..r ( ~, ~> d~ a~ .. c 56 > 
0 0 ltA'..~ +h,) 1 

Solving by successive approximations and choosing W:.(x,y)=l 

the resulting expression for ~,(x,y) becomes 

-s, .... n-. $,"' :i,,.~ 
C)O Clo \,. { I -,. a,_ ,. 

..,.h l,-, \)"' < i .,.~ l1- • •• '-1<\ \,-co, i""') ( ','-..-<.½) r-· ( ,7) 

For even valued 1 and j this expression vanishes while for 

odd values 1 and j, (1- Cos 11f )=(1 - Cos jT )=2. Hence 

OC> CD '\--.I.~'-~ ~l.1-'I. C:.lt~ llT"' (58) "- ,, - ---- ,-.J +t-'5 '51"' - s,~ -' 
I\ ' \) - ' I C. l ,t \._O.. "b Q.. 't:,, 

Likewise .... (x,y) is obtained as 

(59) 

.. (60) 
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For the fundamental frequency we take i = j = 1 from which 

\ -= ~\_ t .l.~ + ! ---1~-l\~t 
I\, o.-\_G. 1> "Tl~,\~ 

(61) 

If further successive approximations are performed, such 

as determining '-"';~ .. , etc., the successive ratios would be 
) 

hence there would be no use to carry the cycling any further. 

Due to the uniformity of the convergence of successive approxi-

mations it is clear that if two successive ratios are identical 

the exact value of )\. has been found. Another point of 

ir..terest is that successive approximations will always con• 

verge from above, thus yielding at any cycle an upper bound. 

Finally it is to be noted that "'-'i,_ represents the approximate 

wave shape of eigenfunction of the plate vibrating in the 

first mode (where i-=- j = 1). 

A very rapid way of determining the fundamental eigen-

value would be by using the trace of the kernel: 

(62) 
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and ~,-=~thence the value for~, (the fundamental fre-
' 

quency) when i = j = 1 is the same value as found by 

successive approximations, namely 

(63) 

To illustrate the use of the shortened kernel (see 

section 6.8) for determining higher order eigenvalues con-

sider the final approximations to 1..u, (x,y) as the eigen-

function (in this case '-F,~(x,y), normalize it, and form 

the new kernel 

The first eigenvalue of this new, shortened kernel will 

b3 the second eigenvalue of the original kernel. 



and the normalized eigenfunction becomes 

<\?, (1-,"\) = ~:\:ii s,"' n-: ~'"' ll~. 

Hence 

--
and the shortened kernel is 

L¼~+~'\~ • 

It can be seen that K1 (x,y;i·,s) is simply the original 

series with the i = j = 1 term removed. 

For the sake of brevity the second eigenvalue was 

determined using the trace of the kernel. Let b< a, 

then for the fundamental eigenvalue of K'(x,y;r,s) the 

trace is, when 1=2, j=l (if a> b use 1=1, j=2) 

(67) 

(68) 

(69} 

(70) 
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from which 

The use of successive approximations would have given us a 

convenient second eigenfunction associated with the second 

eigenvalue and the process could have been repeated by 

eliminating the modes for which i=j=l and i-2, j=l. 

8,2 The simply supported right iso§celes triangular pla,1! 

---7 
6)-IP(~-~,G.-\-) 

I 
I 

Fig. 3. Simply supported right isosceles triangular 
plate. 

As e. matter of interest consider the fundamental 

eigenvalue (a.nd hence frequency) of the simply supported 

right isosceles triangular plate. The Green's function 

for this case can be deduced from that for the simply 

supported square plate by a method of images. If two 

equal and opposite concentrated loads are applied as 

shown in the figure the hypothenuse will have no deflec-

tion and no moment which is the requirement for a simply 

supported edge. By superposition the Green's function 
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Substitution in the governing integral equation gives 

(72) 

Using the trace of the kernel to determine the funda-

mental frequency and realizing that the fundamental frequency 

will occur when 1=1, j=2 and 1=2, j=l first write 

(73) 

(74) 

'i,. 

Integration yields A,-,~. But ~,= ~', so that 
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p.3 _Tip3 Circular Plat~. Clapipect.A.L~.he Boundyz_ 

Given a homogeneous elastic pJa te clamped around the 

outer boundary let it be required to find the fundamental 

frequency of free vibration. For this case the governing 

integral equation (51) becomes 

The Green's function is given, in general, for a circular 

plate by 

co 

~(~,e; f ,~)-== ~o + 3,\<""'-Cos. \M. 9 .. (77) 

Due to the symmetry of the principal mode the 9dependent term 

'1tlill vanish under the integration.hence, consider only R0 for 

the case of the clamped boundary condition on the radius "a"• 

For this 

l!o:: ~'t>\_(..-"'+r'"'> \03: + ; ... ~( .,_'-+f')(o.1 - ..-'-) 1 '7 f 
(78) 

1<b-: ~l:, t-~\6.l.-\-~)( ~-\"1.)1 

Note that the kernel of the governing equation is not 

symmetric due to the presence of the variable ''(' ", but 

this kernel is one which is :reac:f.ly syrmnetrified ( see section 



6.10). Let 

and 

then the integral equation becomes, by virtue of this 

trannformat1on and the symmetry of the principal mode of 

vibration 
. ~L 

c\>(Y),lt \!.,_~ ~'fr-(>-,~\<\> l\', "') .1 \' <l't' = 1.mt i'-\~t,-8) 4>(~') C79l 
t> O 0 

where K(r, f) is given by 

(80) 

(81) 

r(k.r .._ f · (G.'-+ ~''>(c..'\.-f ""\ \ r.- 1 + l L ( t" +~\..) \o'\ ;:_ -t "2. Q..-a. ct:,(f) v tl f J • 
Assuming an approximation to the deflection of the form 
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the method of collocation can be applled by evaluating the 

following integral 

,t,.( .. \; ~/-- ( ( ( .. "+f '-) lo'i:. + (a.."-.. :~~~') \re I ( ... >-_'?'\ l. df 
(82) 

Integrating and simplifying 

where 

Equation (83) satisfies the geometric boundary conditions; 

Forcing the equation to be satisfied at a specific point, 

say at r = a/2, results in an approximation to the fi.rst 

eigenvalue. ; 

But 

(84) 
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and the approximation to the modal sh~pe is 

* This problem has been solved by the Rayleigh-Ritz method 

using two terms in the a:;sumed modal shape with the resul-

ting frequency of 

The modul shape assumed was--. s 
w--('<\ = c, (o..~-t""l..) + c: ... ( 6.~-l"'t..). 

A comparison of the approxiia te primnr)r modal shapes 

between the Rayleigh-Ritz and integral equation methods is 

shewn graphically in Fig. 4. 
Consider now a solution fer the fundamental frequency 

using the trace of the kernel. The }::ernel, as before, is 

given as 

Kl'<' :\. = ~•, ... ~..,._,,, l.\\o !: +(!>.."'-i-f~~(.~-'"'~)1 
\..: ,~) ait't> l'~ :+f > , "2.o.~ 

-- -- - --- -- - - - - - - - - - - - - - - - - - --•s. Timoshenko - Vibration Problems in Engineering, pg. 430. 
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(87) 

.. '\8 
in ~,-=-;,._ .... "~• This not only has given a good approxi• 
ma.tion to the fundamental frequency but has the added bene-

fit cf being a lower bound of all possible approximate 

values of the fundamental frequency. 

It is to be remembered that because the terms eon~ 

taining 8 in the series soluti0n for the static deflection 

were discarded the resulting solution of the integral 

equation for Hny and all 0ig2nV•cJ.lU·2s will be only those ior 

symmetrtc vibrational mod.es (i.e., those modes of vibratj.on 

which have ''!OdBl cjrcles) • 



IX. THE CANTILEVER PLATE 
21 1 Constant Thickness. plate 

In this chapter the circular cantilever plate and in 

particular the stepped plate will be discussed. First, con-

sider the uniform cantilever plate. Due to the axial symmetry 

of the integral equation consider, as in 8.3, only that part 

of the static isolated force solution which is independent 

of 0 • Hence 

The boundary conditions are (see Fig.;) 

l dW"',1 --. -:::0 
d"" ~=-'b 

J.--_,._------~- \-

Fig. 5. Circular ring plate clamped on inner boundary 
subjected to concentrated normal force. 



where (r) represents the deflection for 'o r f 
and \J"" 'l. (r) represents the deflection for f \'" a... The 

continuity conditions are, at '"" =), 

~""', ~W'. "'-"", = \A.I"" 'a. - = _'L 

ci"" d'"' 

\ J 'w-, '"'" ~.1 == \d u-, + y_ ~~"\ 
c1~..... c1'"' l A""..... Y' c1~ .\ 

SubstitutingV(r) into these conditions and evaluating 

the four constants gives 

ur -=- P f (\o~~.._\t 1.:(•~)+ f ""+ ~,1 - "2. \,l. \c, l~( ~} 
1 \lo"ff''Vs l 1

\ l 

4 ,-.,_-1-r'" + "l.,: (•,~:)\o'i 1-1.: (~\ \ .--.. \o'.\ + \.'" \o~ 1 \ 

p ~. 1. { -a.(, • .,, (89) 
........ s '" ,n, s \.(I;'"-~)\ l (~)4- ..... + \,l-l-"l. b \on; l G. \ .-., ) 

+fl- +'r,. + "l. ,,•-(•~-",,) \o 1 ;.-1-l. ( 'F-.,') \ ~-.\o~ ¾; + \ 0 'i l) 
r~""~~ 

Note Symmetry in rand f. 



212 Tbe Case of b = Q. Defore considering, any further, 

the general case consider, for the moment, the case where 

b = o. The Green•s function then becomes 

(90) 

The governing integral eauation (51) becomes, as in the 

case of the circular plate clamped around the outer edge, 

:-i.T\ 0,. 

-c~= lit~'"\ \ 9(r 1~ w-(~) d~ d"" (91) 
C) • 

(92) 

To make the kernel symmetric use the transformation 

Then 

(93) 
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Substituting the Green's function, as defined, into this 

integral ecuation yields 

where 

Now, apply the method of collocation assuming a function 

of the form 

(95) 

Evaluation of equation (94) using only the first term of 

series (95) yields 

Satisfying this equation at r = a gives a fundamental 

frequency of 



where a Poisson ratio )I== 0.3 was used. Taking the 

first two terms of series (95) and evaluating (94) gives 

(97) 

Satisfying equation (97) at r = a and r = a/2 and 

evaluating the resulting determinant (2nd order) will yield 

the first two frequencies as 

The first solution of this problem was suggested by 

Southwell* who obtained it directly from the differen-

tial equation of motion. He developed the frequency 

equation in terms of various Bessel :functio.':'l.s n.nd solved 

it gra.ph:!.cally for a value of \1:: 0.3 for Poisson's ratio. 

The first two frequencies were reported as 
-=-"3~ t) = 

' o..~ o ) "\"''l. a.'" '/ 'kt · 

i • - - - - - - - - - - - - - - - - - - - - - -
R.V.Southwell-"Free Transver-se Vibration of a Circular Disc 
Clamped at its Centre",Proc.Royal Soc.of London,Vol.10,1922. 



By vm .. y or comparison with existing methods consider 

the first twofrecuencies using the Rayleigh-Ritz method 

with two terms of series (95). Note that series (95) satis• 

fies the geometric boundary conditions. 

For the application of Rayleigh-Ritz the potential and 

kinetic energies in polar coordinates are needed, which are 

given by the expressions 

(98) 

Substituting these expressions in the energy balance 

where, for a normal mode vibration, \....r (r) = (r)c.os i1' 
yields 

ro... { ( al.W"o .1. ~""'"~ _ -2.h-v'-cll.\A7o • .l. dw-o 
lo L 6'~:a.-\- v- d-r - ) '- . I a\-"L ch· 

-~~tl.J:-}rdT =o .. (99) 

If '-"'o is chosen as an exact mode shape equation (99) 

will be satisfied. For an approximate mode shape such as 

series (95')the Ctt must be adjusted to give the left side 

of equation (99) its minimum value. Hence 

o \0-.l ra"-'"o i dw-~l.. r '.\ d~Wo .1. ~W"o 
c>c~)o l\.--a-;:-1..+~ d'C-w)-'l..\_\-'1) d"C'-. \-

- ~~«t w-"L1'r-c\'" -=-(:) 
0 0 

(100) 



Choosing two terms and substituting in (100) yields 

(for '\> -= .3 ) freauencies of 

This comparison of the freouencies as determined by the 

Rayleigh-Ritz and integral equation approach indicates 

that with an assumed function which is very approximate 

the use of Green's function acting on the assumed function 

will yield frequencies which better approximate the true 

value than does the Rayleigh-Ritz method. To put it 

another way, if the Rayleigh-Ritz method is to approximate 

the true frequencies to as good a degree as the integral 

equation approach more terms will have to be taken in the 

assumed series (95) or a function which more accurately 

approximates the true modal shape will have to be taken. 

In either case the computational work will be increased 

considerably. The choice of series (95) was made so that 

a comparison could be made betwoen the integral equation 

approach and Rayleigh-Ritz operating on the same function. 

Consider the first and second approximate mode shapes 

for the circular plate clamped at b = o. The solution of 



the integral equation by collocation gives two simultaneous 

equations in C1 and c2 • They are 
c,(,-.-2."3q"3~0.--)+ C"l.Ck.(1-.,o,, )\°'-~)= o 

C, (2.-.SP-2.~o:'\ + C1-o..L\- .Co7'\"\-~c.q'')-== 0. 

Solving these equations in terms of c1 and substituting 
gfV8S f O'r ~-::: r/o.. > ,. ) 

W-t ( ~\-= ::S .'\\ C \ t \\S"-. \°!."l.. \o, k -\o. oo~C\'-\ k-\_ .oo,q3 k.S" )k.~ 

The modal shapes are plotted in Figs. 6 and 7. 

(101) 

(102) 

The fundamental frequency can be obtained using the 

trace of the kernel, with little difficulty, in this case. 

From before the following equations are used: 

~,-= ).._\c:::(r,~') d"" 
0 . 
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which gives an approximation for 

This is a lower bound and compares favorably to 

Southwell's results. 

A more accurate value can be determined from eqtn 

(28) with m = 2, repeated here 1 

By definition 

and due to the symmetry of the kernel A can be rewritten 
2 

1..\>'"): K"-('",':;') d) c103) 

where 



Again due to the symmetry of K(r, \ ) consider, in eqtn 

(103) t only one region or definition of K(r, f ) say 

o '(- • This accounts for the 2 in eqtn (103) Sub-

stituting the value of the kernel found previously into 

eqtn (103) and evaluating the following integral 

t...._ 2 Cd\-\: ~'l'";.,~1 ~+I:~(~)+\'\.,.;-~ 
+ t'-(~\~ '2.f\oq ! + f'S l~v\ \oq f. l ~p 

0.,.. \+" ) J • \+" ) .) > (104) 

yields 

which tightens the lower bound to the fundamental fre• 

quency a little. 

9.3 The Case for bf o. 
Consider now the general case of b, o. The deter• 

mination of the trace of the kernel is as follows: 

K(,\v\-== ~r~'r'b"\.-"t..~ l'~)('<''-"'~)-~"1 b"&. \o\ 

_ 4-: \,-..(\!f)\r\o'\: + \"" \b , .. t \ \ (105') 



,\,= ~'"(~)(.._"-.\,."~ - ,,.:' \..._(~) \.,, - .,:' \,'" \ o'\ t 
- ~: (C.. ... '"-b")+ f (-i. ... '-+ ~\.'-\ \ • 

Letting ! = 'S 

gives a lower bound approximation to ~, > 
~ll~+(~\1 

-F,= t.(';:)\l1-1'")""-"-1' ... ,oi-a~l+~1.\o~~ + ,'-.. 'f"- ½1'04+~ ... -+ t 
A plot of equation (107) is shown in Fig. 8. 

(106) 

(107) 

It can be 

seen that for~= 0 the value of the fundamental frequency is 
precisely the same as that for the uniform plate clamped at 

the center. As~ increases (i.e. the ring plate gets 

narrower) the fundamental frequency increases rapidlf be• 

coming infinite at~= 1. 
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Pig. 8. Pundaaental trequenc,- CVYe tor ring plate clamped 

on inner boundary. 
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2•4 The circular stepped-plate clamped at the centre, 

For the circular, cantilevered, stepped plate the methods 

of the preceding sections are completely applicable. When 

determining the fundamental frequency from the trace of the 

1'cernel the determination of Green's functions can be simpli-

fied by taking advantage of the structure of K(r,r). In 
general, the Green's function would be obtained from the 

statical deflection of a point at "r" due to a unit load 

at tt f "• A look at Fig. 9 reveals that this :results in 

six separate deflection functions satisfyi.:ng the six 

regions. 

p 

t. 

Fig. 9. A circular stepped plate clamped at the 
centre subjected to a concentrated normal 
force. 



However, the meaning of 9 (r ,r) is the deflection at "r" 

due to a unit load at "r0 • This reduces the number of 

separate solutions to two, satisfying two regicns 

The integral equation, for a homogeneous plate whose 

thickness changes from t 1 to t 2 , is given by 

o."'d (1c-,~\~ 3~7r"'D, ~'"", ~;) 
( y-} ~~::: ~"}.7\1)\ \t~ (-r,~ .... \ . 

To use the trace of the kernel for the determination 

of the fundamental frequency evaluate the integral 

(109) 



The solution of the isolated force statical problem yields 

Gi C ... , .. J = e;: s \_ (. ... c,---\-----'" C ·:: +--.\ + l t-;::, ..... \ + -::: l ,--.)\) 
(110) 

6-l ........ ... V, s \- 2 .!-6---l'(, ..... ') .. ... + -z.l ( ~)( \-l. '·~ <. -t "l. ,.., c.) 1 

- 8 f (,-\f\) \o, l- - 8 o\..1{,-~) ( ~) \ o{ 

- 8 0:: c'-(1-,,.\( ~)(,- "2 \ o'\ c.) \ o'\ ',-,_) 

where 

C 

Then /\;= ~l-"(--\ + + ---~w~+ ... )-1-:~(1-"''>111 .. , 
0 

0.. 

+ ,;s l-1.,'-(,-.)\!,"(, .... ) -t l,,. Ho'"(~\(\- "2. \°'le.+ L .._ 
c.. 



The eve..luation of this integ:ra.1, when'J.:; ~' leads to 

where 

+ i;: t L '$ \,-n\ \o ":, "J - l\-·l"(.~ \( ,_,..\ \ 0 '\..._ -g 

+ l. i"L(,-"'')(,-1.~\(,-~~\-i. 
ti. 

+ l~~: .,,~\ t,-~"> +\(~\( ,-~"\ \ 

- 2 ·l C~"\C ,-~l,-~·'> J 1 

(112) 

Now the fundamental frequency can be approximated by the 

inverse of the trace of the kernel. Hence, 

or 

(113) 



A plot of equation (113) is shown in Fig. lO. These 

curves have been plotted for various values of k, the ratio 

of outside plate thickness to the inside plate thickness. The 

bounds are formed by the curve fork= 1 where the frequency 

1s given for a homogeneous plate clamped at the center and 

the curve fork= O where the inside plate thickness has be• 

come infinitely large resulting in a cantilevered ring. 

It is to be remarked again that the fundamental fre-

quency determined here 1s a lower bound to all possible funda" 

mental frequencies. In w~rking through the development of the 

trace of the kernel it was found that~ truly significant 

saving in effort was realized by taking advantage of the spec-

ialized structure of the kernel K (r,r). Of course, this will 

limit the generality of the static deflection functions which 

have applicability in their own right. A word about the 

Green's function as the solution to a static deflection prob. 

lem is in order here. The Green's function developed from 

section 9, 1 represents the deflection of a circular _canti• 

lever plate subjected to a uniform, concentric ring loading 

of unit total magnitude. The deflection at any point '•rn 

in the plate under the action of any total magnitude of 

load will be given by the developed Green's function mul-

tiplied by the total magnitude of load. On the other hand, 

the Green's function developed for section 9.4 gives only 

the deflections under the ring loading where the total 

magnitude of load is unity. 
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= 30,--------------,----,.~--'T-----, 
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Fig. 10. Fundamental frequency wave for a circular stepped 

plate clamped at centre. 



Although the collocation method was not attempted for 

the stepped plate it should be noted, for completeness, that 

the procedure can also be significantly simplified when 

applied to the plate of variable thickness. If, instead of 

developing a general Green's function for the plate, it is 

recognized that the integral equation will be collocated at 

2pecific values of "r" then one can develop the Green•s 

function (and hence the kernel) for separate unit loads at 

the collocation points. This technique has been applied 

to the determination of frequencies for the beam of variable 
• c:rossect:i.on. In this reference a tabular procedure was used·. 

and results were shown to compare favorably with those ob-

ta.tned by Myklestad•s method. 

Finally, a word should be said about the generality of 

the traee given by (112). For the problem considered here 

the only thing that changed across the step in the plate 

was the thickness. If instead of or in addition to the 

change in thickness the material changed thus changing 

the flexural rigidity n, of the plate by more than the 

thickness effect (i.e. change in modulus of elasticity) 

equation (112) is still applicable provided the proper 

values of Poisson's ratio 1 \), is used as well as the 

- - - . - - - - - - - . 
~.Chicural and E.Suppiger 1 11A Tabular Collocation Method 
for Beam Vibration"-ASME Paper No. 60 - WA-76, 1960. 
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thickness ratio, k, which would no longer be a simple 

cube root of n = 0~/2. The density change could also be 
' accounted for in the same way. One change that cannot be 

accounted for in equation (112) is that of Poisson's ratio. 

Poisson's ratio was considered constant in constructing 

Green• s function and hence V is intermixed in ecua tions 

(110). 



X. THE CLAMPED ELLIPTIC PLATE 

j 
Fig. 11. Clamped elliptic plate subjected to 

normal force. 

Consider as a final example of frequency determina .. 

tion using the theory of integral equations a thin, homo-

geneous, elliptic plate clamped around its outer boundary. 

For this case the application of D'Alembert•s Principal, 

assuming normal mode vibrations leads to the integral 

equation in elliptic coordinates 
ol. 1f" 

w-(i',°l)= icti ... L L 9(t ,'1..>~,&) w-(~,s) d N..~.&\. 
The transformation equations necessary to carry the rec-

tangular coordinates into elliptic coordinates are 

X = C cos\... f cos vt_ x0 e C. Go~"'~ Co5 

y = c:. s,"' '-'. ss,"' "\. y O = c. -s,"' h <! -s.,"' t 
c2= o....,_-'ol..) o 

(114) 

and the bounding curve is given by~ =- 0( • The element of 

area dA in elliptic coordinates becomes 

(115) 
The solution of the isolated force problem for a clamped 



• elliptic plate is given by H • .M. Sengupta as 

where a complete listing of the coefficients is given 

in the reference cited. The Green's function, now, 

is simply the deflection function quoted above when 

P = 1. As in the case of the circular plate the kernel 

• "On the bending of an elastic plate-I", H.M.Sengupta, 
Bull. of Calcutta Mathematical Society, Vol. 41-1949, 
pp 163-172. 

(116) 
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of the integral equation (114) will be unsymmetrical. To 

symmetrify the kernel let 

Then the kernel of the symmetric integral equation 

(117) 

will be given by 

\( ( f,"l) (3,S)= l ( .... 1. ... t\+,..:-s')( ... h~"i\-~,.:"I.)\ <,' (i'. "l; ~l \;) 

and 

As before, define the trace of the kernel by the in-

tegral 

ol. " 
t\~ \0 \0 'f: ('f'. ;-'{,"l\ d 1 d "t: 

Choosing only those terms from the general Green's 

function, for which 1 = O yields 

Upon substituting the values of the-V 0 ( ~\ 

' 



and A0 from those given in the reference and simplifying 

One should again note that the part of the Green•s 

function remaining when 1 = O satisfies the boundary 

at;= IJ( namely, that 

~(1': "l.il.3, 'ii)=~ Gt('f', "li ~, h) = o 
which, of course, it must in order to be useful for the 

present purposes. 

The trace of the kernel then results from an evalua-

tion of the integral 

ti._ ,r 
,- ) } ( ._, ... f' + sa.!',\ \ ll. ( i'- ot\ c.os\.:i f H l 't'-ot) Cos 2 "l_ 

O C 

(119) 

Hence 
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The approxiffiation to the~fundamental frequency now becomes 

O'r 

1/i ktc.~ '" 
,-= ~,: "°'' 

~~1T"t> 
' - &tc~A, 

(121) 

Experimental frequencies for the clamped elliptical 

plate seem scarce, in the literature, but a single value was 
• found in a paper by W .H. Hoppmann II. Hoppmann reports a 

value of 460 cps for the experimental fun.damental frequency 

of an unstiffened clamped elliptical plate with the following 

propertiest 

Major axis 11 2/16 in 

Minor axes= 5 19/32 in 

E::: 107 psi 

V :: 0.35 
t = 0,065 in. 

Density= 0.096 lb/in 3 

Equation (120) and (121), using Hoppmann•s values, would 

result in a frequency of 372 cps. This is about 19% below 

the experimental value. Hoppmann applied the Rayleigh-

Ritz method to obtain a theoretical freouency and reports 

a calculated fundamental freauency of 585 cps which 1s 

about 27% above the experimental value, using two terms 

- -- . - - - - - - ----- --
W.H.Hoppmann II ttFlexural vibration of orthogonally stif• 
fened circular & elliptical plates"-Proceedings of the 3rd 
U.S.National Congress of Applied Mechanics, 1958, ppg.181-
187. 



in the assumed deflection function. 

As the eccentricity of the ellipse goes to zero so 

does the value for "c". If this limiting case is considered, 

using equations (120) and (121), the expression for the 

fundamental freouency is precisely the same as that given 

for the clamped circular plate as previously determined. 

The deviation of the calculated value from the experi• 

mental value cannot be attributed solely to the approximate 

nature of the method involved. To a greater extent the de-

viation is explained by the fa.ct that only n=O terms, in 

Sengupta.'s solution, were used in constructing Green's 

function. It was not deemed feasible to carry out the 

solution for more terms of Sengupta's series. The experi-

mental elliptic plate, considered here, had a major-minor 

axis ratio of 2/1 which can be considered a fairly large 

eccentr:i.ci ty. As the eccentricity decreases for various 

elliptic plates it can be reasonably assumed that the de-

viation from the actual frecuency will decrease inasmuch 

as the solution ceveloped here becomes tha.t for a circle 

when the eccentricity becomes zero. 

A plot of equation (121) is shown in Fig. 12. The 

plot indicates that even for moderate eccentricities the 

frequency differs little from that for a circular plate. 
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• This has been noted by H.B, Keller in a paper deriving 

upper and lower bounds for the fundamental eigenvalue or 
clamped nearly circular plates. As has been mentioned 

previously the prediction er;uation (121) can be expected 

to yield values closer to the actual as the eccentricity 

decreases and conversely, as the eccentricity gets 

larger the prediction increases in error. This line or 
thinking would account for the reverse curvature as the 

eccentricity becomes larger than o.6 and moves toward 

unity. As a matter of fact the equation (121) will yield 

a value for,,~~ ~t/2e"' o of 0.707 at an eccentricity 

of 1.0. If a curve (shown dotted, in Fig. 12) is drawn 

through the experimental point and joining smoothly with 

the curve of equation (121) (below an eccentricity of 0.6) 

the resulting curve would probably be closer to the shape 

of the true frequency variation. 

* - - - - - - - - - - - -
H.B.Keller "Lowest Eigenvalue of a Nearly Circular 
Region", Quarterly of Applied Mathematics Vol. XII, 
pg. 141. 

- -



XI, SQMMARY AND CONCLUSION§ 

An approach is made to the determination of the eigen-

values and eigenfunctions of a thin, elastic plate vibrating 

1n free normal vibrations. From these eigenvalues and 

eigenfunctions the spectrum of resonant frequencies and the 

mode shapes can be determined. The approach is made through 

the analysis of a symmetric Fredholm; integral equation of 

the second kind. Three methods of obtaining the eigenvalues 

and eigenfunctions from the integral equation governing the 

free vibration of the plate are described and applied. The 

approach 1s then made to the solution of circular cantilever 

plates and the clamped elliptical plate. Results are ob• 

tained and compared, where possible, with existing experi-

mental or analytical data. 

The power of the method of integral equations for sol• 

ving the plate vibration problem rests on the satisfaction 

of the boundary conditions by the very nature of the kernel 

of the integral equation. The disadvantage lies in the 

fact that, to develop the kernel, the static isolated force 

problem must first be solved. However, the solution of the 

static isolated force problem has value in its own right 
and as more and more of these problems are solved this disad-

vantage will decrease in degree. 

The use of the trace of the kernel for evaluating the 

eigenvalue seems to be successful for fundamental eigen-



values. For subsequent eigenvalues the integrations in-

volved may lead to a computational complexity which will 

damage its efficiency. A real value of this method is the 

convergence to the true value from below• yielding a lower 
bound. The method of collocation has value for the deter-

mination of both eigenvalues and eigenfunctions. As more 

terms are taken in the assumed deflection function conver-

gence to the true value will result although not monotoni-
k cally. Successive approximations is useful particularly ~ 

when the kernel is given as a series of sine and cosine 

products. Here, as in the method of collocation the eigon• 

function is a direct result of the approximation. 

The results obtained here indicate that the accuracy of 

the integral equation approach compares favorably with that 

obtained using Rayleigh's method. When the trace of the ker-

nel is used to determine the eigenvalue it was shown and 

frequently restated that a lower bound value is obtained. 

It 1s known that Rayleigh's method yields an upper bound 

although a lower bound value can be obtained as can an upper 

bound value from the integral equation approach. Using the 

two methods in conjunction a convenient bracket of the true 

eigenvalue can be obtained. 

The case of degenerate vibration was not considered in 

depth as the main application was to symmetric vibration. 
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AN INTEGRAL EQUATION APPROACH 

TO VIBRATING PLATES 

by 

Charles L. Best 

ABSTRACT 

A knowledge of the natural frequencies of a vibrating 

plate is of great importance if an effective design 1s to 

be made which will prevent critical conditions of heavy 

vibration from occurring. Those frequencies which are 

associated with the symmetric modes are especially impor-

tant. Many approximate methods have been devised to 

determine these natural frequencies. 

In this dissertation a method of frequency determina-

tion is suggested through an integral equation approach. 

The plate vibration problem is formulated as a problem in 

the solution of a homogeneous, linear Fredholm integral 

equation of the second kind 1n which the kernel is either 

symmetric or can be made so by a convenient transformation. 

The integral equation, as formulated, satisfies the boun-

dary conditions in that it includes Green's function of 

the plate which is a solution of the isolated force 

problem. Three approximate methods for solving the in-

tegral equation are described mathematically and then 

applied to three elementary examples. The three methods 



used ares 1) method of successive approximation, 2) method 

of collocation and 3) the trace or the kernel. It 1s shaw-n 

that using the trace of the kernel always gives a lower 

bound to the frequency and is particularly useful for the 

determination of the fundamental frequency. 

After solving the three elementary problems the inte-

gral equation approach is made to the uniform circular can-

tilever plate where the frequency is approximated both by 

collocation and by the use of the trace of the kernel. The 

first and second approximate mode shapes are then derived 

and shown graphically. The results are seen to compare favor-

ably vith results obtained from the Rayleigh-Ritz method. 

Finally, the fundamental frequency is determined for 

the circular, stepped cantilever plate and the clamped 

elliptical plate. For the stepped plate fundamental 

frequency curves are drawn for varicus positions and mag-

nitudes of the step. The fundamental frequency curve of 

the clamped elliptical plate 1s drawn as a function of the 

eccentricity of the ellipse. A frequency obtained from 

experiment is reported along with a calculated value 

determined from the Rayleigh-Ritz method. It 1s seen that 

the integral equation approach is about 19% below the ex-

perimental value whereas the Rayleigh-Ritz method gives a 

fundamental frequency about 27~ above the experimental 

value. 



The main disadvantage or the integral equation approach 
is the necessary solution or the isolated force problem tor 
the construction ot Green's function. However, as many or 
these problems have already been solved and more will be 

solved in the future this disadvantage will decrease 1n 

degree. 


	0001
	0002
	0003
	0004
	0005
	0006
	0007
	0008
	0009
	0010
	0011
	0012
	0013
	0014
	0015
	0016
	0017
	0018
	0019
	0020
	0021
	0022
	0023
	0024
	0025
	0026
	0027
	0028
	0029
	0030
	0031
	0032
	0033
	0034
	0035
	0036
	0037
	0038
	0039
	0040
	0041
	0042
	0043
	0044
	0045
	0046
	0047
	0048
	0049
	0050
	0051
	0052
	0053
	0054
	0055
	0056
	0057
	0058
	0059
	0060
	0061
	0062
	0063
	0064
	0065
	0066
	0067
	0068
	0069
	0070
	0071
	0072
	0073
	0074
	0075
	0076
	0077
	0078
	0079
	0080
	0081
	0082
	0083
	0084
	0085

