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IV. INTRODUCTION

One source of torques on nearecerth satellites is due to the
‘mmmmn of the earth's magnetic eddy curvents induced in the
electrically conducting parts of & spinning satellite. The geomage
netic £ield induces eddy curremts within the rotating conducting shellj
these in turn produce a torque. Estimates of this torque are given
for various satellites in references 1 to 4. These estimates consider
only the effect of the component of torque which reduces the rotation.
Tt 1s demonstrated in reference 5 that there also exists a component
of torque normal to the spin vector; this will tend to change the
airection of the spin vector.

At present, the litersture on this subject desls primarily with
spheres end sphericel shells (see refs. 5 end 6).

A5 & sstellite travels in its orbit about the earth, the magnetic
field which the satellite encounters will very considerably. In refere
ence 7, equations ere presented, and sn IRM-T0b computer progrem is
deseribed, for mmerically evaluating the decay or damping of the spin
motion due to eddy-current torques. However, only the torque component
parsllel to the spin axis, vhich damps the opin, is considered in

It is seen that the problem of determining the effect of torgues
due to megnetically induced eddy currents is of two paris: first; the
caleulation or messurensnt of the torque, on the setellite, due to &
known magnetic field; and second, the c&culatiag of the torques and
thelr effect on the angular motions of the satellite while the vehicle
is in orbit eround the earth. |
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This thesis presents studies on both parts of this problem.

First; the cases for a cylinder rotating ebout its cemterline,.
and shout en axie nomal to ite centerline eve studied. The latter
case is of interest because many cylindrical setellites tumble after
injection into érbit.e Fext, thin cones and frustums of cones ave
investigated; equations ave derived for the induced curremts within
the shell, from which the torques follow. A method is described for
MW&W@%&S&&%MW@%&%%&Ws This
mmamwamnxumm»agmwwmmﬁm mm
case studied, equations ave derived for the current density throughout
the body end for the total resultent torque.

Expressions are derived and presented for the average torgues &m
to eddy currents while the satellite is in orbit around the carth; and,
 the resulting time history of the spinning motion is studied.

Becanze of the rether large number of symbols necessary end the
natural division of the problem into two parts; the anslysis is pree '
sented in this manner; cach part has its separate Met of symbolss
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Be . Symbols for Pert II of cnalyels
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&y By ?t 5

square mutrdx, defined by equation (14)
squarve matrlx, defised in esuation (b)

coefficlont of elgevector |
square matrls, defined by equation (34)
pounre motrix, Sefined by equation (52)

‘elemonts of B(l,)

elgenvertor
2700000y Toplorion Base

rognetic £10ld yector

1dentity matydx

posirn poment 52 inertia of setellite
unlt vectors PEt .
tateraction constent (s0e o3 (1))
mmx‘a gravitation constent
pexiod of satellite oxbit

kP

poni-lotus reoohiss of orhis

transformation matriz (with sudscript)
o |
elesonts of A matrlx
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iate tho probles mmemyg 1% 10 nocevsnsy
Fisvt to 245t the equations end the boundsry

Maswell's oquetions describe the mgnatic and electric flolds inside
2nd cutolds the cylinder (oo vefe, b nd 6) The amalysis s

b ) ggm pear updtys Also, for spdn sates
sormble for mot mmw, mmﬁu $£ield due o the inducel

MEM%%% g o

Vele ﬁ e | (&) 1

tionory oxes, the electrie £1614 cad be written (vefs b) sas

Feves (E x ) &

whiore V%w,m #,mwmmwwama fiold, 16 &b
@x")x&i aa%a




T=dE | ()
The force per unit volume is then
Faclx® ¢

and the torque is calculsted by integrating the differentiel torque
i =7 xdF | (6)
~m9wmmyww&mmmmmmwmm (ar ¢lecw
tric £ield) normel to the surface vanich at the surface. This condie
tion, together with the induced fie}.é, is sufficient to determine &
and VR completely. |

| Equation (3) is well suited for calculating the electric field in
symetrically spinning cylinders, inasmich es the boundary conditfon
cen be readily epplied in this case to determine @ it will be used
in the my of both symetrically spioning thin-wall and thickeyall
cylinders. Hovever, in calculsbing the electric field in thinewall
- tumbling cylinders and spinning cones, equation (3) is not so well
sulted, and it becomes convenlient to use a siresm functlion to solve
equations (1) and (2) simultensously.

B. SYINITPRICALLY SPINNING
is first cbtained for the thin-wall chells. The solution for the
thick-vall cylinder is then derived, snd a
two solubionss
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To study the case of o symetrically spinning cpen~ended cylinder,
Cartesien and cylindrical coordinate systems ave first set up es shown
in figure 1. The Zeaxls is set up along the center line of the cyle
inder, end the Xeaxis is defined in such & wey thet H ldes in the
X;% plene and forne en angle A with the Zeaxis. The quentities §,
T; end @ can then be written ss

H=n{Tein A+ Ecos N
= bU, sin A cos 0 = Wy oin A sin @ + Ty, cos 2) (n

aﬁ ok 4 ifzz | (3)

&=up B

E=w+ ¢ Mor(S, coo A = T, sin A cos 0) (10)

SEHAL ()
 Belwy0,2) = Br(2040s2) = 0 (12)

1. ThineWoll Cose
For a thinsumll open-cnded cylindrical shell, the radiel ka:
of flow will be negligitle by compericon with the clremferential and '

‘ﬁﬂmmm@ﬁﬁmwrér& and » = ry. The problem,

therefore, can be considered to be primerily dependent on 0 end 2.
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Since the cylinder can then be cut along en clement and developed onto
o plane, the problen my be treated as tvo-dinensional, with 0 ea
the sbeciese and 2 8 the ordinete, vhere r is teken to be the
“average” radius. Only & strip of the plene one period in width need
be considered. A potential field w iammmmmmm
and adjusted to make the longitudinal components of the total field
Wa@mmmmswmmmwmmmwmmm
of the cylinder, The potentisl then 1s (vef. 6)

°

b= L (Anmnnwnnmna) (cngmma-%mh-«) {13)
n=0

Equation {10) thus becomes

E = ey c™Mor sin A cos G*'u;:é(ﬁnsinnﬁ*aacwm}) @nwhgﬁ
*&,,
»&ﬁnsinh;-*) G x;an(ﬁgmsnamsnaiﬁnﬁ) ( ainh-%%

4+ D, cosh ;""‘% | ()

‘ The radial components have been dropped in equetion (1%) for thie thine
wall case; thus, equations (12) ere satisfied sutomstically. In ovder
to patisfy the boundary conddtion (11), it is necessary thet the fivet
temm of equation (14) concel the First summtion et z = % &, for a1l
Cwalues of €. This reguires that all the coefficients be zero excoplt
By end Cy, 65 cnly the cos © tern of the havnonic does nob vanich
ldentically. Then
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0 = «c*Mr gin A cos ﬁ«é%&-m& emsnég

| e*lerPain A |
Byy ® e (15)
coch 3;..
- 2r

 Substituting equation (15) into equation (13) gives thamtma; 88

sfwx “
#(0,2) = 102510 N €05 O (16)
mﬁh ia? :

The electric field is then
wah 3—

E(8,2) = = Uye™0r sin A cos © (1 -

&
sivh &

an@:%masmﬁw {17)

m

The electric field having been determined, the current follows
{mmedistely by equetion (4). The torque is then calculated by

o Eeet [Ex@ExBa (18)

here Vs voluse, Bquattons (7), (8), and (17) ere éummm& into
the integrand of equetion (15). The Tesulting vector expression in tems
of Wy Ugs end T, is then referred to the X,Y,% system in tems of
T, 7, ma K. The result s then integrated over the surface of the
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with respect to r is replaced by elmply multiplying by the thicke
ness T.) The finad result is ’

T = qoe=tptn aain}\,r}ké »%maﬁmmﬁm Py (19)

The factor 1*?%%@1@&5%%%%%@%
sormalized with respect to the torque per unlt length of & similar
cylindrical shell pf infinite length, is plotted as e funckion of finew
'ness robio in rigm 2. It is seen from this figure thet the torque
per unit length incresses repidly with fivenmess ratio wp to @ ratio of
stely 5, after viich the torque per unit length is & veak funce
 tion of fineness Tetlo, The torgue, simllerly nommalized, is shown in
figure 3. | |

The conventional stream function ¥, Wﬂﬁmmmm
vithin the cylindrical chell, is defined by

jgeag = oF, S
af‘g.gga-ama Al
9z . '

Dimensionelly, this definition corresponds to @ umtt thickness. Them
by equation (17) L

mh;;

#9,2) = =00~ 2010 A 510 01 = e ()

ccshl--

The curmut paths, or streamlines, ere given by lines of constent ¢
end are shown in figures 4(a), 4(b), ana k(c) for fineness ratios of 2,
L, and 8, mwctim:f‘ The meppling for x < &, < 2x will be imieal
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to that shown for 0§6§x‘ The values of ¥ have been normalized
by dividing by the meximum value. The direction of the flow depends,
of course, on the relative direction of the spin vector end the spplied

- magnetic field vector and thus is not indicated. Comparison of these

figures shows physically why the torgue per unit length veries as it
does with fineness ratio. As the fincness yatio is incressed, the cure

rent paths become more nearly straight and parallel, except near the

~ endsj thue, in the limiting case of an infinite cylinder, the stremm-

lines ere parallel. »

In the preceding snalysis the problem of the torque end eddy cure
rents produced by & conducting cylindrical shell splmning in & mag-
netic field has been studied on the besis of thinewall approximations.
Exact so‘mtim;s to the problenm for a thickewall cylinder will now be
derived because of f;heir intrinsic interest and also to substentiate
the thinewall treatment end to find its limitetions.

2+ ThickeWall Cese
In order to determine the electric field within a thickewall
cylinder, equations (10) to (12) ere agein employed. The cylindrical
harmonte may be written as (ref. 6)

o s

%(?’Le;g) “Z‘ L(Amn ginh kmnz. A % c'oah kmz)(cm sin nd + an@ﬁﬁ ﬂg) ‘
mn 4
Zn(kﬂnr) + Z(An gin nd + Bn cos nﬁ)(cng 4 Dn)(Enrn + Fnr«»n)’
n

+ C, log, r. (22)
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. V.

Za(kem) = Burdn(on®) + Fn¥o(limr) (25)

Cend Ju( ) emd Yy( ) eve Bessel functions of order n of the first
it sacond kinds, respectively. Por simplietty, A will be teken to
‘be =/2. From physical considerstions it is spparent thet only the
component of the magnetic field normel to the spin exis is effective

v in m&g & current; therefore, this restriction on A will be
inconsequential, By using equations (10) end (22), the camponemts of
the electric field vector within the conductor can be written es

30
e

£33

s 2“ Z(Am sinh k2 + Bpy cosh k2 )(C,, 5in no + D, cos n8)zi(k, r)
B - A ¢
+ Z(amam nd + B, cos 09)(Cyz + DB - Fr ™ )n + g‘-’- (2t)
o ) ‘
3%
Fo ™30

e %Z Z(am, sith ks + B cosh Ym#)(Can cos 0 = Dy sin n@)nly(kmpyr)
mon ‘ ’

+ ‘:’Z“ﬂ cos 19 = By sin n9)(Cyz + n,,)(ﬁnrn*? SO (@)
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Egﬁs%z?-c%ms&

km(%m cosh k2 + Bm sinh kmal(cm sin n0 + Dy, cos nd)

X
LIS
o

%{kmr} *gﬂn(.&n sin nd + Bn cos n@)(gnrﬁ & an.m} % colm cos ©
B .

(26)
mmmmmmm mmmﬁa&%%mb&mc First the
requirenent of equation (m that the longitudinal comporent of the
electric £161d venish et the ends is a;:g}lie& to equation (26). By
symetry By, = O« Also, only the cos 0 terns can have pontrivial
coefficients, thet is, Dy = By = 0 (n £ 1) epd Gy = Ay = 0. Next,
the requirement of equation (12) thet the redisl component of the elec
tric field venish at the Kﬁam end outside surfaces is spplied to |
equation (24). This condition gives G, - 0y €, =¥y = 0, end

2Mkgnre) = Zh{lrs) = 0 (21 |

Dauattons (27) yiela the characteriotic equation which deternines the

eigenvalues I, end also ﬁ. The nethod of eveluating them will
be discussed presentlys By letting Dy =1 and dropping the a

 subscript, equations (22), (24), (25), and (26) ere reduced to

olz,0,2) 2& hpsih ks cos 0 Z () (28)

B wj; By s1sh gz cos © Z(kz) (29
mﬁ “ ’ '
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By = = ) Ay sz kg sln 0 2 () (50)
=l |
E, “Z% cosh kyz cos 8 Z;(k,r) = e"lior cos © (31)
m=l

n order to eveluste k, end fﬁ‘—’i,egmtm (27) is expanded by means
of equetion (23) end then 2](kx) is veplaced by X 2.(kx) = £ Zy(kx).
The following two equations are thue obtained:

Em[km%fkmrﬂ -, %;Jl{%ﬂri)] * ?m[kmyo(ka!’i) - %{ fl{kmri)] =0 (32)
nm[ifmﬁo(k&rﬁ) - 'i‘{; Jlgkmro}] + I"m[%%‘%%} . %{,‘ ’1‘%"@’] =0 (33)

- Hlimimeting % betvecn equations (32) end (33) gives the charactere
istie equation for the Ky velues
todoke) = k= i) Kol = 5 3y ()

. . (34)
¥ (7)== N kxg) kY lkrm) - =Y (km) |
One mm of solving equation (34) is %o mxrite it as
roTollre) = J1(kr,) & Kprydo(lry) = 3y (kyry) (35) '

Yra¥ollato) = Yalkare)  Ei%liry) = %lkgm)

Tow define P(z) vy
‘ ﬂa(x) bl 51(3‘)

P(x) = - =)




w2l -
Thus, the characteristic equation may be written as
Pligry) = Pligry) ' (37)

A plot of the variation of P(x) vith x vhich is epplicsble for
all cases can be made. To detemmine the elgenvalues for s cylinder
" with s given i/r, @ ) is plotted es & function of X. mms- e
 sections of @5- ) with P(x) sstisfy equation (37) end, therefore,
| aiw the desired eigenvalues ky = &~ Buch & plot is shown in figure 5.
The 014 1ine is for P{x} end mmmaa for P(0.5x) or |
31»9.5* In this example, the first three eigenvalues given by the
intmeaﬁm ave seen to be Iy = L.b2, 6:53 and 12,65, vhere o
 1s escumed to be unity. mmmmwmﬁrswwmmm
wmz ri/i*g are shown in figure 6.
 After the eigenvalues have been determined, Fo/B, is given

é“‘ﬂkm’a)v ” , {58)

fhe vertetion of the first fev values of F /B, with rfe, s chom
in figure 7. The stagular polnts occur where B, becomes zero while
E, remiss finites ‘ |
The Ay mmméemmwaaﬁnmmmumm}m
 equation (31) and using the orthogonality properties of Bessel functions:



. eonvergence of

‘/;i T Zlfkml‘)ﬁr

aJ; [31(%‘3]

i

| é Zo(teyr) "o
™ i ; (!g})

Ty g {zl(kmr) -

The a, velues are thus nondimensional end ere functlons only of

ry/r, for m given m. It 1s noted thet B, end F, need not be
separately determined; only their ratio Fu/E, need be found. Substis
tuting equation (39) into equations (28) to (31) gives |

&

&(r,0,2) = ¢, cos © %Qm,k>
, mw 52 cogh =

£, = clior, con e}d %ﬁ—%‘,zgw ()

2y (i) (k1)

Eg = 0&"’1‘@ w— gin 8 -——-%zl(kmr) (53) o
By = «c"wry cos 8| Z= zﬁa w—fg_fzﬂw} (%)

Tue electric £1eld is, therefore, deternined within the cylinder. The
these sumetions is generelly good. ” ,

The procedive for deternining the torque is essentially the same
28 outlined before for the thinewell cylindricel shell. The result is
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- 1 ¥s h
T = noe™n%sin A %lra&{%;- Es, - (3;‘-) }
i)

9

vhere U/2r, is the fineness ratio, k! is the eigenvalue nondimens
sionalized with respect to r,, that is, K} = r k), and §, is defined

i
v g_ﬁ j; . .le(kmrwx -—{ﬁ zz(kmrl]

Tote that again, for large values of the finencss ratio 3/
 torque per walt m:mum@mmwmfma ratios
mmmmt 1&@&3&%&&1&%&%&%&&@

: ri/rq is figure 8 for various fineness ratios. (The product
se""-’n?wr*‘ mmmmmﬁm} Figure 9 is & cyoss plot showlng:
m%mnawmﬂﬁm&mrwﬁtmmswafmt&mﬁm
| ratlo for varicus ri[rg values, The f»—-m 1.0 curve 18 mmm to

Ty
mmfwmmmm;mmmmmﬁma,

(16)

Ca , ,
The mﬁm‘tﬁ systens used in the anslysis of the tumbling eylinder
 eve shown in figure 10, The & 1, { cooriinate systen, with the ualt
vectors § &, end S, ismmmm'mgfmmmg
cylinder, with the fexis parellel to the spin exis end th feaxis
mmgummmmﬂmwnw inthe &, {plene. e
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‘X, ¥, % cyotos vith unit vectors 1, Jp end E fs fized in the cylinder
with the origin et the center of the cylinder, the Xeoxis being alined
with the feexis, end is rotetod ¥rom tho spoce-fized eystes by the
sngle @ In eddition, o poler cooniinete systan , 0, & with undt
vootors T, Wgy and ¥, i fixed in tho cynder, O being measured
from the Xeaxls, e in figure 1. , -
Now, bocsuse only the normol compovent of VX J is offective 4n
f»,umamwmmeW&ﬁgwmm(ﬂ
m(h)gszMam_,' : ‘
3, a7,

(ﬂ?xﬁ)r»g&ugnm%sm&muma o

The contimity requirasent (oge '(a» reduces to
‘ v ¥ o - w& &?z ‘ - 3
Veds &39 i S-;- 4] : | : (18)

mwmmm,mwmumwm
J,=0 @«z:}) L)y
MWWMMMWuWWM&W W;:' :
‘%WmﬂWW,MW%MWww'
o otroem functions With & ctvesn function ¢ &_eﬁm&m&fm(m;’_ o
g (20))s ' S i Y
Byae(vxd), G0
.:mM;WWm(k?) - v
Fy P

%tﬁ#m'&%ﬁmlmﬁﬁma ‘53”



Solving equation (51) yields

¥ = oc"Myoydnin A cos u sin O

L

4»2‘ (Ansinnsﬁhmﬁsl cnszm;’gﬁ*nnm?) (52)

Only the sin O component of the harmonic part of ¥ will not vanish
when the boundary condition is mpplied; therefore, A, = 0 (n > 1)

end B, = 0. By symmetry Cp = O. The current density is thes cale
calated by equations (50) and (52), under the condition that the lon-
gitudinel component vanich umm (eq. (43)), and AyD, i thereby
determined. ﬂnwmgtmmumnarﬁcﬂmcmmtsmnm__
to be

cosh %

¥8,2) = oc* wrdain A cos 1 |1 - sin © (53)

cosh £

%

T = o™ orsin A cos u wg» pin 9 - {54)

cosh =

-’ ntmlmreninlmu 1&«%&5& cop O ' (55)
coth o

The torgue resulting from this current is

gurxﬂah%ﬁmlgl?@u%m%)mu (+I sin A cos u + K cos ?&}
6
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Expressed in spoce-fixed axes,
i’am'ah%sinx@h@.-%tmh -g-ro)é-‘é'l sin A cos®y
'..fé’eccehainueosui»%cmhmsau) (5?}

Avereging this tordue avound one revolution gives sivply

Tay = £ 0021 sin r-”lr(l - 22 tamn %) (Jé’l sin A + & cos ?9(53)

Comparison of equation (58) for a tumbling cylinder with equation (19)
for a symmetrically spinning cylinder shows the two Wim’ to be
identical except for a factor of 1/2 in the case of the tumbling cylinder
because of the simusoidal veriation of the current. Also, it is seen
from equations (21)and (5) that the stresmlines ave identiesl. |

D. THIN-WALLED CONES AND CONIC FRUSTUMS

In studying the megnetic torgues on thin-wnlled symetrically
gpinndng cones and cone frustums, coordinate systens are seb up as showm
in figure 11. Cortesisn and polar coordinates are oriented as before,
the Zeaxio being porallel to &, the X, Z plane containing H, © being
measured in the X, Y plane from the X-axis, and » being measured normal
to the Z-axis. The origin iz placed at the vertex of the cone. The cone
half-angle is §. In addition, p is defined s the distonce from the
vertex to a point on the cone, and unit vectors 'u}; end u, are defined
normal to p snd W, and perallel to p, respectively.

As before, only the component of V X J normal to the surface is
considered. Equation (1) gives
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(& x '535 = »ge™Mw gin A cos f sin O (59)_

vhich is the governing equation for a tonlcal surface.

As with the cylinder, the cone or cone frustum is & developable
surface and can be rolled out on a plm; therefore, the problem becomes
a hmm&arysvam problem in & sector of an anmulus or of & cirele ina
plane. The polar coordinates in the plane are the radial distance p
and the cemtral angle v, which is related o the angle 0 by the
eguation

vebaing | (c0)
(e equation is readily verified by moting that a cireumferential
distance (o sin ¢)6 on the cone becomes pv in the plane.)
Tn polar coordinates, the Iaplacien of the stream function is
given by |
Ve'é' = ai.Zq. —ﬁ—«b 32
- P

s0 that equation (59) now becomes, with the aid of equation (60),

2y Y 1 Py Loy sin , |
+ + =oc W einAcos feing  (61)
3% pdp sty 267 '

As in the cese of symetricelly spimning cylinders, only the sin @ tem
of V¥ remains after the boundary conditions have been epplied. :
Accordingly, the solution of eguation (61) is escumed to be of the

forn

¥(ps 8) = sin ¢ 2(p) (62)
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Substituting this expression into equation (61) and rewriting gives

2 )
PELL o & | e5Pd 1 = oo™l sin A cos f o2 (63}
apa ap :

The result is seen o be sn equidimensionsl equation. Substituting
the solution for f£(p) into equation (G2) gives

uwm ¢ ¢
#p, 0) = pipe > (p + 3°%¢ 8 4 pymose ) (64)

svhere A and B are to be deternined.
The two conponents of current density are

% = Je(ﬁ; ﬁ}

-l :
. oe"ws sin ) cos ¢ 5in © (2;:+Ar.:a:z¢ cse f =1 _posedp e:ma#-—:z.

A @6025
(63)

»n-m}imgiﬂ 8
pslnﬁaﬁ "p(ﬁ: )

“‘m-lw_m}mééos%(ﬁ_’mcw¢nl*m-ueﬁwl)
b - ese”P
(66)
In applying these equations to a cone, the boundery conditions are
that Jp =0 at the end p = p, end that the current demsity remains
finite throughout the cone. By the lstter condition B = 0, and the

former glves

%*é%csf: ér""lw{}
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For o cone frustum, it 15 required that J, = 0 at both mﬁs,’p#ﬁéa
and p = ppe Thus |

ot 0™ 8 e foag (60a)

%*%mé 31y g0 ~sc -1 _ (65b)

Simltwemw solution of these two equotions gives

p;csc g - 1% 0Py 5 ¢-1
p;se: ¢ - i%ueeﬁ # 1 %u-csc g - 1%@@ g~1
e ese f -1 ese fm 1 :
e:ﬁczé 1apb~cse -2 éam{; I :b ese P - 1 (650)
Pa Py =Py | Py

A =

(692)

B

Substitution of the curmx’s expressions (egs. ((B) and (66)} inte at;ua-
tien (18) glves the torque

-~ wge-2hR sin A cosed sin # ( Aptee g+2

L= ru

~esc§¢ csc g + 2
m-csc d«:»a o “
(~I cos A+ & sin ) - {70)
»cse:éd-a o | ‘ |

T4 15 seen that the soluticn in the foru given here cantsins & sine
gxﬁarii;y for cscP=%2 or ¢ =% 30°% Thic ic due to the homogens
part of the solution becoming identical with the irhomogenscus part. The
solution for this case moy be obtained by introducing & transformation
voxdable w defined by




(11)

vhence

afr

2% % ar
S 23
With these expressions, equation (63) gives, for § = % 309,
2
fé-kram"lhwsmh-éﬁe?"

The solution of this equation is

fmg-—m'lw sin A (we2“+ ARV 4 Be2¥)

= -g oe=lo sin A (p‘-’loge p+ A2+ Bp"a) (72)
The stream function is thus given by
V(p, 8) = -g:ue”lm sin A gin © (pelage p+ A%+ 39"2) (73)

and the current density components are

B

Jolp, 0) = -fé-cc’lm ein A sin @ [9(1 + logg p) + 280 = 239"3] (7h)

~ Jolp, 9) a»{im‘lmsmhm 0 (p 1egep+w*ao'3j (75)

As before, these equations are epplied to & cone, and t_ha constante
gre found to be
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A= = logy £y
B=20

Iikewise, for a frustum, the constante are
p o Db 108 Py - P 106, 0
gak - pbh
bk
B = 2a.0n (1080 £ = logg op)

L
Pa” =Py

The resultant torque is then

L %wc’eh%sinlf{z’&(logeg 3> +3ho

o -:-Bp"ajl (T cos A =k gin A) (76)

E. SERIES OF CONE FRUSTUMS

If a series of n conic frustums are Joined end to end, as in
figure 12, equations (6%), (65), and (66) epply in each section, end it
remains only i:o‘ determine the A end B for each section in order to
define fully the current and hence the torque. At the joint, the radial
component of current must be continmuous, and the circumferential come
ponent mmtalso ve continuous as otherwise a vortex line would be formed;
with resulting Snfinite cusl of current along the jolnt. Therefore, the
conditions for detemmining the constante are that the respective cone
ponents of current ave contimwous ot the joints, and that ab an open end
the radial component vanishes, or that, if the end is closed by & cone,
the current remains finite. With the notation for the ends of each
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section es shown in figure 12, these conditions can be written for the
Junctions as

39(%}3: 8) = Jg(ﬁn{a}_jai 8) (Wa)
Ja(pﬂ?&; 0) = J’a(?m'l sat 8) (770)
By using equations (65) snd (66), equations (77) become

Antyp * Bﬂ”nb* e = Ag1®a,e * Botabost,e * Snean (78a)

‘(

Ay = By + £ Ar1Pot1,e ” mxbml,a Tmy,e  (TO0)

ese ﬁn-l én _
Tt (158)
~csc § -1 . ¢
B co
L (79v)
b « eseld
il (19¢)
*na & - cﬁcad
2ppg cos iy ,
e g i
% w csc®g
n
and - Bt hnb nb’ ond fn’b are similarly defined. The two parts of

equetion (78) give, by sddition end subtraction
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Con + Loy + Ty ;
By + - L s i (8ov)

In the application of these equetions, it is important to note that, :&u
proceeding from one end #f the frustum series to the other, if the
opendng angle of & cone with radius increasing with the distance along
the body is considered positive, the opening engle of a cone with radius
decreasing s 2 incresses must be negative, and vice #arsa. This
sign convention is mmim escunmed by the equetions.

Equations (80) furnish 2m - 2 of the equations necessary for the
determination of the 2m constants. In order to set up the remaining
two equations, it 1s necessery to consider the following three cases,

- each of which must be treated separately:

1. Both ends closed: in this case, finiteness reguires that
B, =0 . (81a)
Ay=0 (81v)

Equation (8la) provides an initlel vlaue from vhich successive B,
values can be calculated by the recurrence equation (80b). ILikewise
the A, valucs can be determined by equations (0a) and (81b).

2+ Ome end open and one end closed:s at the closed end,
finitencss requires that

Bl=0
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and,; a8t the open end; the roguirement that the longitudinel cure
rent vanish gives cquation (60b) applied to the mth segment.
Thus, the B, wvanlues can egain be calculated by recurrence,
after vhich equation (63b) gives A, and the A, values can
then e detemined sinilerly.
%+ Both ends weﬁ: yﬁhe. ham:dary conditions for this case

are that the radial component of the current vanich at each end,
50 that equations (68a) end (68b) are spplied to the first and
lest seguments, respectively. Next A, and B, are expressed by
linear relations in A; end By, respectively, obtained by suce
cessive use of equations (80a) and (80b). Eguations (68a) ena (6Sb)
now become & palr of simltaneous equations in A, and B, -ao _'
that these two can be found. The others then follow __

' The constents In the current equations having been determined, the

flow is completely defined and the torque follows Ly swming the cone

tributions of ell the sections, each being determined by equation (70).

F. GENERAL THINSWALL BODY OF REVOLUTION

The next step is to apply the theory developed for series of
Prustums to the case of a contimious body of revolvtior (figs 13)
having o5 generetrix an srbitrery curve, say rs r(z), vhich has &
plecewise contimuous first derivative ar/dz. Iniidally, however, it
vill be assumod that dr/dz 1is contimuous throughout the length of
the body | |

Tne body is considerad as mede up of & Memwwm‘bms:
Joined; therefore, equations (0) spply. Bauation (20) 15 mow
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rewritten in the following fom (for a resson that will be immediately
eppavent)
Anv1pe1,e = Anfob = %[(%h - Cuy,a) * (Fny = fm.l’a)] (82)

If the body is considered to be continuocusly curved,

Ay = by + =28

®obl,a * Bop * o Ay

With these expressions, eguation (82) becomes, in the limit
ﬁ[a{z)A(z)] » %[dt:(s) + mz)} (@3)

The subscripts ore no longer needed, s A, e, ¢, and £ axe conw
timwous functions of z. Bquetion (83) may be integrated directly to
give

ame) = - LD L ooy + LATIE

or

-

-y L@ +2(0) el +e(a) |
A(z) = a7X(z) {a(ONO)-*e - 22 .""J (&)

Bimllerly

B(z) - bal‘a) [b(G)B(O) * C(Q) ; £(0) & e{z) ;fcz) (86)
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The quantities a, b, ¢, and ¥ are defined by equations {79) as
functions of p and @, These are defined in tems of r(z) by the
gecmetry of the problem, as shown in figure 13, as

p=zx|/1+ (%)'2 &7

$ - o[ (@)

Other needed relations thet follow from figure 13 are

cseaﬁ' =14 (gi)é

The constants A(0) snd B(0) are determined in the same mammer
g that outlined for the Joined frustums; in order to salisfy the cone
dition that no current flows out the ends. The functions A(z) and
B(z) thus evalusted sre substituted into equations (64), (65), and (66)
0 obtain the strean function and current components., The torque them
follows ss

T = xoe2nus | i M[Q + A(z)p®%C #a B(z)p™"¢ éﬂ]ﬁﬂ
/0 b - cocP (89)

© In gemeral, this integral would heve to be evalusted mmerically. Any

discontinmuities in the slope are accounted for merely by treating the
discontinuity e a juncture in a series of frustums.



A. ECPACE FIXED DIPOLE FIELD

The torque due to eddy currents acting on a satellite is shown by
Vinti; reference 5; to be

H=k@xH) x8 , (1)

vhere K is a constant for the satellite spinning sbout e given body
axis. (Small variations of K due to effects such as change of
conductivity with satellite temperature sre neglected in this thesis.)
Equation (1) can be revritten es

ﬁuﬁ[’ﬁﬁ-&f?}*%‘ | (2)

or in matrixz notetion, ic expressed by

- . 8

i, -l e 8 EE B,

My s K| EM - (% + £7) B2,

M, KT, R, -(1F+n?)

- — (3

For reasonable configurations, the time required for the spin %o

decrease to one-half 1ts original value due to eddy current torques

is on the order of one hundred days (refs. 1 through 5). Hence,

during & dey, the chenge in spin rate 1s on the order of one percenmb,

end during & single orbit, roughly two bours, the spin vector is very

nearly constants Thus, integrating the torque with respect to time

over one orbit and dividing by the period gives the averoge torque

ecting on the patellite as




M, =& E%‘aﬁu‘: P[:ﬁ E?]*ﬁ?&bggi'a (%)
2"&‘?‘?9 5. il P * '

where the dyad 3" nay be expressed by a matyiz, AY, es

- (ny‘? + 1 2) HH, 85
A' = fr EH ' (2,2 + foi) BH, at
ER BB, - (82 +82)

It iz next necessary to eveluste the elements uf. At.

The geomsgnetic fiecld is assuzed to be a dipole field snd the t1lt
of the axie of the dipole with respect to the spin axis of the earth is
neglected, so that the field 1s not & function of longitude and times
The magnetic field is thersby & function of position of the satellite,
which is given by the classical orbit relations.

A Cartssisn coondinate system is defined, with the zeaxis along the
dipole axis end the x-axis passing through the ascending node of the
intersection of the orbit plane with the ge :
The y-oxis then completes the orthogonal coordinate system, as shown in
figure 1%, .The orbit plane is described with respect to this system
by the angle of inclination to the geomagnetlc eguator, i, m the
argment of the perigee; %« The porition of the sntellite 1n\its orbit
is given by the orbit sngle 0, or by the longitude § eond colstitude V
within the coordinate system chosen.

mmmmemmwammammwstm p are

Br“as:os ‘ (5&)

8 sin ¥

S A e
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wgmcmianmtea
Hy 3 ein ¥ cos ¥ cos §
L) = & (5einycosvoing (6)
9 3eos® ¢ =1

Orbit mechanics give ﬂze equations

5»»«‘/;?, (7

£ = (8)
1+ €cos © :

The angles ¥ and § are glvea by

cos ¥ = sin 1 sin (0 + 1) (o)

mﬁn@im(a%q) (m)

e variable of integration in equation (&) ie changed to 0, thus

‘ﬁ”%ﬁygm“%f%%“?&fﬁﬁ% (13.)

LRSS 8 |

Aw-\%;;‘{ HH - (5,7 + BP) 8 r
IH, B H - (82 + 1)

e

dae
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mnémw (8), (9), =nd (10) ere used, after extensive monipulse
tlon, in equation (6) to express the components of H a8 functions
. of © eand the orbit parameters p, €, 1, end 7. These mmsim
are substituted into equation (12) and the integration performed. It
is found that the first and third order eccentricity terms vanishj; the
second end fourth order terms, in part, contain the factors cos 29
end by, respectively. When terms only of zero order in eccemtricity
are retained, the A' patrix is found to reduce to

o2z 5@
A? 5 v e = A1) (13)
P ,
P‘m(x) 0 ) ]
Ali) s | O B(i) 8(1)
o 8(i) (1)
' :% - %cwaﬁ) o 0 ]
= |0 (:«% -. 1%@0321 + %cos"‘:i) @gein}icwi)
| 3 1934 e 1oa0..2 o3 a%
_‘G (%i@iew) (lﬁ + agccs 4 }éena )
(1k)
Figuve 15 ghovs the elements of Afi) es a f‘umt?an if inclination, i.
2
The orbital period is replaced by wmrPXRn , end the €

tom neglected, so that equation (4) for the wm.ge torque due to e&ﬂar
currvents becomes

‘ Ks® |
» o ; lﬁ
(o) «;g&(i) Y ( )
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This torque may be added to other torques, for axesple, due to
gravitation gradients, in order to study the motion of a satellite.

In the present thesis, however, the only external torque considered is
that due to eddy currents.

It is well known thet for spimning satellites, because of internel
dissipation of kinetic emergy of rotation, the only steble axis of
votation is the exis of maximm momentun (vef. 8). Hence, the angulm'
momentum of the satellite is simply I, (), end the equetion of the
gpin motion of the satellite becomes

Ly @ = -0 & (16)
P

The solution fom

@ = @ o) v

is substituted into egquation (16}, whence
AD) @ =2 B0
or
(ag5) = 21) &g =0 (x7)

vhich 1s simply e matrix clgemvalue problam. Byuetion (17) hos none
triﬂal solutions only if

oA 0 0
ﬁatl(é.(i) ~AI[=l0  B-n B =0 (1)
6 B  7=A



-2

It is noted that the z~coponent is uncoupled from the ye- and 2

nents, that 1s, all terms in the first column and first row
vanish, except (o = A}, vhich sinplifies the problem considerably.
The three solutions of equation (18) sre

e )

By, B o )
2 2

The edgenvalues are plotted in figure 16 es a function of orbital
inclination. '

The components of the corresponding unit elgenvectors ave the
minors of aet,ﬁ(i} u?\I] cbtained by woving scross a row; and
norsalizing, and are

e =0
o
e;.{(r.»;,egam%“/‘? :2” (20)
B
: %“Ba*%"””“jm §

B ol
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The matrix (&(i) - AI) is seen to be aymatr:c, hence the eigenw

vectors are orthogonals This affords s considerable simplification

to the celculations. Since e, colncides with the x-axis, then e
end e; are cbtained by roteting J and K, respectively, t&mugh
some engle, X, a& shown in figure 17. Hence

] 0
e = cos X ande}w - pin X (21)
+ gin X cos X |

A comparison of equations (20) and (21) shovs that

T =%
end the angle of rotation, X, is shown ss & funciion of orbitel inclinae
tion in figure 18. Finally, the api:: vector nay be written as a linear
combination of the solutions to equation (16)

O}‘ - -
@ = asee wr + pptpe lg’f + &595'6 }\37 _ (25}
here
T = E-E» 2 t {2h)
P

The a4 's are the components of % expressed in the e system,
and con be written as |



. 4 _ >
8 1 0 0 %o
&y = |0 cos X gin X my{) (25)
93 Q wgin X cos X m%

Thug far, it has been mesumed, for simplicity, that the geamagnetic
field is a ﬁipola with ﬁhe axis alcmg the earth's spin sxis. mz&w ;
eration is nov given to the effects produced by tilting the dipole
axis with respect to the earth's spin sxis.

The geomagnetic field of the earth is approximsted by a dlpole
field, vith the dipole axis tilted 179, with respect to the earth's

‘spin mﬁ»(!‘ﬁfﬁ ?)i

In order to include the effect of the 11t of the magnetic dipole
field, wvith respoct to the earth's spin exis, it is necessary to define
three coordinate systems. The spece fixed, or inertial system, Xy ¥p %
is oriented with thgzxuaﬁﬂ along the esrth's opin axis, snd the xp=
axis elong the intersection of the satellite orblt plane with the
equator, thus the xp-axis passes through the ascending node. The
corth fized exis system, X ¥ 2y 18 oriented go that the z -exis
ie along the earth's epin axis end the xpoxis passes through the
intersection of the equator with the geomagnetic eguator. Finally,

the geomagnetic axls system, Xy ¥y %y, 18 defined, with the zyeaxis
elong the axis of the peomagnetic dipole, and the xg-azm pessing
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equator. Several engles are defined: iy denotes the orbital inclina- '
tion with respect to the earth's equator and iy the orbital mlimﬁon
ﬁthremettothagwm&ﬁcmﬁer; B iamwglemmmxv
and xpeaxesy v is the angle between the e~ and xp-axes; and l,’_gia o
the $11% of the dipole £ield with respect to the earth's spin exis,
thet 1s, the engle betwsea oz and % These ere shown in figure 19,
It s seen that these angles are all relsted, in the spherical trie

angle, ABC. The purpose of each coordinate systen is as follows:

The inertial coordinate systes provides the necessary ﬁm& '

:mfem‘nce, a5 the aﬁh&r coordinate systems rotate with the aam

The enalysis of the previous section ves referenced to the geomsgnet
coordinete systen. The earthefixed system serves es an intermediate
coordinete systen by vhich Buler angle rotetions nre made in trense
forming fm tha inertial to the gecmagnetic coordinate system, and
is further necessitated by the requivement that %%, wvhich is the
£pin rate of earth, is constent. | |

As is scen from figure 19, the Zp ¥g 7y System is abtained
by rotating the X7 yr oy scystem ebout the zeaxis through the angle i,
thus

'J!E | cos n sin i x|

0
¥p= (¥p) = |=simp  esp 0| (yp) =T X (26)
Zn o L8] il

Z

I

vhere T, is the transfom metrix showa.



w46 =

The =y ¥y oy system is cbtained by roteting the Xp ¥p 7 systenm,
first ebout the xp-axis by the $ilt engle {, and then sbout the zr-axis
by the engle vi

p—

e cos veginv 1 0 0 =
0 cosf gin e )

|0 -sin§ cos § Ty

Xg=(yy) = |sinv cos v
Zy 0 0

—

T o O )

- T, T K | (21
Equations (26) and (27) yield
 Eem,n T ()

The components of the vector in the inertial coordinate systen aro
given in terms cftm components in the gecmagnetic coordinate systenm
by solving equation (28) for Xy. mmwmm&mm
formation (T, Tp T,) s obteined by reversing the rotetions end théir
s , b

XI = ﬁ.‘,‘g Q»g ?ﬂ"?xﬁ | | (29)

The folloving epproximations are now made:
1. The earth rotates a negligible smount during one orbitel
period of the satellite. | "
2, The sumation of sngular inpulges over one day moy be
epproximated by imtegrations :
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3. The satellite spin vector does mot change significently
in one day. |
The first two epproximetions are allowed by the relatively small verise
tion in the geomegnetic inclination of the orbit 1, end the corree
sponding smell veristions of the metrix eleents of Agy), Guring e

‘satellite orbital period. Typleally, a nesrecarth satellite orbits

the earth sbout 15 tines per day, so that the earth rotates sbout
2° per orbit, end the
sbout &° per orbits. The third spproximstion was dlscussed and used in
chapter VII; section &; end is repeated becsuse of its use here. Any

errors introduced by these assurptions would be expected o average out
over & time lepse of several days. |

Bquation (15) gives the average torque on the satellite as it
moves in a fixed orbit through a fixed megnetic fleld. However, relative
to the gecmagnetic cmxﬂimta system, vhich now turns, the satellite
does not move in & plsne. These approximations permit the use of
equation (15) to express the torque in tems of the osculating plene
in the geomognetic coordinate system; it is necessary only to reference
the vectors ta the geomagnetie coordinate systén:

| 2 ,
7, 7¢ T, {(py = - g M) Ty T T, (D (>0)
vhence

2
{Mepz =~ f'%" Bag ) (D1 (52)



viere Bt ) s given by
5@1’““) STy T TayAdy T,T 7, (32)

end is seen to be simply the similarity transfornm of A(ly) from the
geonagnetic coordinste eystem to the inertial coordinate system. The
mm&mmqmistmmttmaa

@@z“”““"““ (‘x&(‘“}xﬁ”

ks "“E By ) | (33)

The matrix B(iy), vhich nov takes the plece of A fy)s 1o

Biy =z § By @ ()

The integration indicated in'émimn (Eﬁs} ves acconplished mumerically.
The matrix B(ly ) beinga mim-my tramfm of A(ly)s vhich is
sywaric, is elso symetric, hence its mgral, 5(11), is aymm::.
The byp end by, (hence by and y’wymm) terns eve found
to be only & :mactiaaz of & percent of the larggar terms in the mtrix* ;
end may be considered to be negligible. The mﬁnina, predouinent,
mabrix e:%ﬁmxzﬁs bll’ hga, bﬁ, and b25 (= 13333 are plotted as fuzmtim
csf irs the imlmmm of the orbit p:z.ane to the equtor, in ﬁ@uﬂa 2@&

Emtim (33) can be used to cmuw:e the &aﬁy-m torque due
to eddy eurmuta ﬁm & ayiming satemm» m tim histary of isha eﬁ‘feet.
of this torque éanwée‘bemﬁm&byt}:a sane amlysisasma&inm
previous section; equations (15) through (25) eve mamely eppliceble
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vhen the elements of B(iy) are substituted for the elements of
A(iy)e The elgenvalues of s(z;), A5 Ay, 803 Ay are shown in
ﬁgumzlasafmctianof iy und the angle X_[ mthe
eigenvectors of B(iy) end the space-fixed coordinste axes is
showa in figure 22, also a8 & function of ‘iI"

C. DNumerical Example
In order to illustrate the application of the theory developed

in this thesis, the spin decay of a typical satellite is caloulateds
For the celeulations, the following mumbers are used:

I = 2.0 X 107 gawen®

K = 50 dynesca-sec/ganss®

P = 113 By

i = 52°

& = 03131

Avgument of perigee = 142.3°

The spin vector is considered to be initislly tengent to the orbit st

the perigee.
The initisl spin vector, expressed in the space ﬁxe@ coordinate
systen 1s thus

sin 142.3° 0.612
- OB Lhé.}" cos 52° ) = @y ( 0.487
- cos 142.3° gin 52° 0.624
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It is seen from figure 9 that for 1y = 529, X = L€C, so that by
equation (25)

e

e, = 0 cos h@? sin 46O | @y = mp( 768
ay 0 -sin 46° cos LUE° 083

p—

From equation (24)

. .,.wm...&%t - 1,06 % 10~T © (sec)
2,0 x 107 115

= 0,916 x 102 ¢ (daye)

The eigenvalues for 1y = 52° are shown by figure 8 to be
| ?\1 = 1026

ka = 1»5"‘
’&5 ® .1&12‘

The equation for the spin vector, equation (23), thus becomes

1 0 4] .
?z‘z/ma = 0,612 {0 He~+OMOt | 0.788¢ 0.69% Y e L0ntt + 0,083 (~.T19) e "’m“*
] ~«T19 695
0.612 G |0 ,
- o a“»mﬁt " G'ﬁw e"bﬂl&l‘t 4 { - Qﬁﬂ gﬁ;m&ﬁ
0 v567 058 |

The time history of the spin vector is thus glven explicitly by this

equation.
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VIII. CONCLUSIONS

A study hos been made of the torque due to eddy currents induced
by the geamsgnetic field on e spimning satellite.

In the first part of the study, en enalysis was made of the eddy
curreﬁt'a induced by & known applied magnetic field on the following
spinning shapes:

1. Thinewall symretrically spimning cylinder

2, whick-wall symmetrically spinning cylinder

3+ Thinewall tumbling cylinder

%+ Thinewsll cone s:na cone frustum

S« Joined thinewall cone frustums, and

6. Ceneral thinewall body of revolution.
From the current expressions, the torques are calculated. Fipures
shoving the variation of torque with fineness ratio end thickness retio
are presented for thine end thickewall cylinders.

In the second pert of the study, an enalysis ves made of the
torque due to induced eddy currents wvhich set on the spinning satellite
vhile in s neaveearth orbit. The earth's magnetic field was sssumed to
be thet of a space«fixed dipole, and the equation fci the averags
torque vas derived. This analysis choved the varistion of the torque
with the orbit parameters. The time history of the spin vector subject
to this torque has been investipgated. It was found that, for the
general case, the spin vector can be resolved into three orthogonal
components which are exponentially derped, but ot three different rates.
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The effcct of the 1111 of the geomogretic dipole eaxis on the torgue
vas next consldered; and the rem:ltingbgm history of thé satellite
deteruined. The results of this spalysls weve found to be qu.iitatively
similer to those chtsincd from the preceding analysie, waich Aid not
consider the tilt.

Quantitative results of the axalyses exe presented in graphicel

form.
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Figure 2.- Normalized torque per unit length as a function of fineness ratio for spinning
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Figure k.- Current paths for spinning thin-wall cylinder.
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Figure 12.- Series of cone frustums.
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Figure 1h4.- Coordinate systems for noninclined dipole.
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Figure 15.- Elements of A (1) matrix as a function
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