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Nonlinear Dynamics of Circular Plates under Electrical Loadings for Capacitive
Micromachined Ultrasonic Transducers (CMUTS)
Gregory W. Vogl
(ABSTRACT)

We created an analytical reduced-order model (macromodel) for an electrically actuated
circular plate with an in-plane residual stress for applications in capacitive micromachined
ultrasonic transducers (CMUTSs). After establishing the equations governing the plate, we
discretized the system by using a Galerkin approach. The distributed-parameter equations
were then reduced to a finite system of ordinary-differential equations in time.

We solved these equations for the equilibrium states due to a general electric potential
and determined the natural frequencies of the axisymmetric modes for the stable deflected
position. As expected, the fundamental natural frequency generally decreases as the electric
forcing increases, reaching a value of zero at pull-in. However, strain-hardening effects can
cause the frequencies to increase with voltage. The macromodel was validated by using data
from experiments and simulations performed on silicon-based microelectromechanical systems
(MEMS). For example, the pull-in voltages differed by about 1% from values produced by
full 3-D MEMS simulations.

The macromodel was then used to investigate the response of an electrostatically actuated
clamped circular plate to a primary resonance excitation of its first axisymmetric mode. The
method of multiple scales was used to derive a semi-analytical expression for the equilibrium
amplitude of vibration. The plate was found to always transition from a hardening-type to
a softening-type behavior as the DC voltage increases towards pull-in.

Because the response of CMUTs is highly influenced by the boundary conditions, an
updated reduced-order model was created to account for more realistic boundary conditions.
The electrode was still considered to be infinitesimally thin, but the electrode was allowed
to have general inner and outer radii. The updated reduced-order model was used to show
how sensitive the pull-in voltage is with respect to the boundary conditions. The boundary
parameters were extracted by matching the pull-in voltages from the macromodel to those

from finite element method (FEM) simulations for CMUTs with varying outer and inner radii.



The static behavior of the updated macromodel was validated because the pull-in voltages
for the macromodel and FEM simulations were very close to each other and the extracted
boundary parameters were physically realistic.

A macromodel for CMUTs was then created that includes both the boundary effects and
an electrode of finite thickness. Matching conditions ensured the continuity of displacements,
slopes, forces, and moments from the composite to the non-composite regime of the CMUT.
We attempted to validate this model with results from FEM simulations. In general, the
center deflections from the macromodel fell below those from the FEM simulation, espe-
cially for relatively high residual stresses, but the first natural frequencies that accompany
the deflections were very close to those from the FEM simulations. Furthermore, the forced
vibration characteristics also compared well with the macromodel predictions for an experi-
mental case in which the primary resonance curve bends to the right because the CMUT is
a hardening-type system.

The reduced-order model accounts for geometric nonlinear hardening, residual stresses,
and boundary conditions related to the CMUT post, allows for general design variables, and
is robust up to the pull-in instability. However, even more general boundary conditions need
to be incorporated into the model for it to be a more effective design tool for capacitive

micromachined ultrasonic transducers.
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Chapter 1

Introduction and Literature Review

1.1 Motivation

Microplates are commonly piezoelectrically or electrostatically actuated for various resonance
applications. For example, piezoelectric resonance applications have ranged from micropumps
(Saggere et al., 2000) and micromachined ultrasonic transducers (Per¢in and Khuri-Yakub,
2001) to fluid density sensors (Crescini et al., 1998). Micromachined ultrasonic transduc-
ers (MUTSs) have many applications, such as generating and detecting ultrasound for 3-D
imaging (Caronti et al., 2002b). Electrostatic (or capacitive) actuation has been used more
extensively than piezoelectric actuation for MUTSs, with capacitive micromachined ultrasonic
transducers (CMUTS) created for both air (Caliano et al., 2000; Caronti et al., 2002b; Ergun
et al., 2002; Haller and Khuri-Yakub, 1994, 1996; Huang et al., 2003a,b; Ladabaum et al.,
1995; Oppenheim et al., 2003; Suzuki et al., 1989; Yaralioglu et al., 2003) and immersion
applications (Huang et al., 2002; Jin et al., 1998b; Xuecheng Jin et al., 2001).

MUTs based on electrostatic actuation are more advantageous than piezoelectrically ac-
tuated transducers. First, piezoelectric materials have mechanical impedances much larger
than the acoustic impedance of air, making piezoelectric air transducers inefficient (Lad-
abaum et al., 1995). On the other hand, the mechanical impedances of thin membranes in
electrostatic devices are much smaller than those of fluids in a wide frequency range. Con-
sequently, electrostatic actuation enables better coupling with air and converts otherwise

resonant CMUTs into wideband frequency transducers for immersion applications in which



Gregory W. Vogl Chapter 1 Introduction and Literature Review 2

acoustical loading overdamps the membranes (Huang et al., 2003b). Second, CMUTSs can be
produced with standard integrated circuit (IC) processes with an accuracy that is difficult
to attain with lead zirconium titanate transducers (PZTs) (Eccardt et al., 1996). Therefore,
CMUTs have the advantages of IC processing technology, like parallel processing and batch
fabrication (Ergun et al., 2002). It is then easier to make transducer arrays from CMUTs
than from PZTs. CMUTs can also operate in a temperature range wider than that in which
piezoelectric devices can operate (Eccardt et al., 1996). In general, micromachined transduc-
ers with electrostatic actuation can have low impedance mismatch, low energy density, and
low cost relative to piezoelectric transducers (Caliano et al., 2000).

Furthermore, circular microplates are commonly electrically actuated in CMUTs utilized
in both air (Caronti et al., 2002b; Haller and Khuri-Yakub, 1994, 1996; Hansen et al., 2000;
Huang et al., 2003a; Jin et al., 1998a; Ladabaum et al., 1995; Yaralioglu et al., 2001, 2003)
and liquids (Ergun et al., 2002; Jin et al., 1998a; Ladabaum et al., 1996; Xuecheng Jin
et al., 2001). The circular microplate is typically composed of a single silicon crystal or
silicon nitride (SiNi) and is suspended above a heavily doped silicon bulk material, as seen in
Figure 1.1(a). When a bias voltage is applied between a deposited conductive material (the
top electrode) on the microplate and the bulk base (the bottom electrode), the attractive
electrostatic forces cause the microplate to deflect downward. If a small alternating voltage
is added to the bias voltage, relatively large displacements can be created when the frequency
is near resonance, causing significant sound generation (Ladabaum et al., 1995), especially
when multiple cells are used in an array, such as the device in Figure 1.1(b).

The CMUT converts electrical energy into mechanical energy and vice versa (Yaralioglu
et al., 2003), and a good design requires a large displacement from the bias voltage for
efficient energy coupling between the circular microplate and the air (Haller and Khuri-
Yakub, 1994). The microplate can also be deflected by ambient pressure if the cavity beneath
the microplate is vacuum sealed (Huang et al., 2003a), which is necessary for immersion
applications. However, optimum energy coupling is achieved when the plate is near the
structural instability known as ‘pull-in’ (Yaralioglu et al., 2003), where the largest stable
plate deflection occurs. Beyond this point, the plate snaps onto the substrate.

Many resonance applications demand better understanding of CMUT behaviors, espe-
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Voltage
Aluminum top electrode T

SiNipostI Silicon nitride membrane I

Silicon wafer substrate
(bottom electrode)

i

(a) Typical electrostatic cell (b) Cell array (from Teng and Hariz (2006))
Figure 1.1: Schematics of a few CMUT devices.

cially near the ‘pull-in’ instability. Most researchers use finite element method (FEM) sim-
ulations, analytical plate or membrane models, or lumped-element models to analyze res-
onating circular microstructures. These approaches have their respective flaws. Most FEM
simulations are computationally inefficient or breakdown near pull-in of electrostatically ac-
tuated structures, and membrane models ignore plate bending, which is needed for bending-
dominated microstructures. Furthermore, analytical plate or plate-membrane models usually
ignore nonlinearities (Yu and Balachandran, 2005), such as those created by large plate de-
flections, so linear theories may produce inaccurate results. Then, a geometrically nonlinear

elastic analysis needs to be utilized (Li and Aluru, 2001).

1.2 Literature Review of CMUTs

A brief review follows of the various recent investigations of CMUTs.

1.2.1 Experimental Investigations

There are many cells in a transducer array, and the elements are used to make CMUT arrays.
The basic physical structure of an immersion CMUT is a solid silicon plate, with fluid on
either one or both sides, that is bonded to a solid integrated circuit silicon plate. Many
applications, especially immersion imaging applications, require improved CMUTSs in terms
of individual device performance and array behavior. Cross coupling between elements is one

of the most important factors affecting the performance of an imaging array (Larson, 1981).
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Xuecheng Jin et al. (2001) experimentally characterized a 275-ymx 5600-pum 1-D CMUT
array element and the results were found to be in agreement with theoretical predictions from
an equivalent circuit model. The transducer had a 0.28-fm/ vHz displacement sensitivity as
a receiver and produced 5 kPa/V of output pressure with a 100% fractional bandwidth at 3
MHz as a transmitter with a 35 bias voltage. Xuecheng Jin et al. also observed Lamb waves
propagating in the silicon wafer and Stoneley-type waves propagating at the fluid-silicon
wafer interface. Lamb waves, which refer to the elastic modes of propagation in a solid plate
with free boundaries, were excited by the stresses applied on the silicon surface at the edges
where the CMUT membranes are anchored, while Stoneley waves traveled along the front
surface of the CMUT arrays in all media.

Caliano et al. (2002) changed an active piezoelectric array into a CMUT array by sim-
ply adding a polarization voltage and using components normally employed in a commercial
echographic system, like Technos (ESAOTE S.p.A.). Using low temperature, surface micro-
machined technology, the researchers produced a 64-element CMUT array transducer that
can operate as both a linear array at 3.5 MHz and a phased array at 7 MHz due to the
inherently large bandwidth. The SiNi circular membranes are about 50 um in diameter
and the electrode gap is nominally 0.4 pym. Both of the electrodes (and their interconnec-
tions that link each transducer cell in parallel with its neighbor cells) and the fixed bottom
metalization are patterned by optical lithography and wet etching. Parasitic capacitance
was reduced by patterning the top interconnections such that the overlap with the bottom
electrode interconnections was avoided.

Noble et al. (2002) fabricated a CMUT array in a low temperature, PECVD silicon nitride
process and showed successful control and uniformity in the design parameters, like intrin-
sic membrane stress, resulting in a less-than-5% variation in the capacitances of deflected
CMUT membranes. Amplifiers with gains between two (2) and ten (10) were then success-
fully employed for “post-processing” CMUTs directly onto analog electronics. Resistive and
capacitive feedback circuits were integrated with typical 1 mm CMUTs and evaluated. Full
PSpice (Cadence Design Systems, Inc.) simulations were also generated and used to ensure
the lowest noise in the amplifier while attempting to maximize feedback components and

gain, amplifier bandwidth up to 10 MHz, and stability against power supply variations. No-
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ble et al. achieved a fully integrated device with a normal 1.3 MHz center frequency and
100% bandwidth and a good 70:1 signal-to-noise ratio.

Mills and Smith (2003) applied CMUT technology to medical ultrasound imaging. They
created real-time in-vivo images of a carotid artery using an immersed CMUT linear array
and compared them to images from a PZT array. The CMUT array had a —6 dB bandwidth
of 110%, which is greater than the typical bandwidths of 70-80% for piezoelectric ceramic-
based probes. Mills and Smith also found out that the CMUT array had a slightly better
axial resolution than the PZT array, but the PZT array had a greater sensitivity. The results
support their hypothesis that CMUTs are showing real potential in terms of improved axial

resolution and extremely broad bandwidth operation.

1.2.2 FEM Simulations

Eccardt et al. (1996) built arrays of hexagonally-shaped transducers with 0.4 pm-thick polysil-
icon membranes of 40 pm-sidelength and an effective gap of 0.45 pm. One phased array con-
sisted of 30 x 30 membranes that were all electrically excited, while another test structure
array of 38 membranes was not phased with most membranes being excited only through
fluid coupling with the few excited membranes. The transducers were driven by an AC volt-
age of 1 V with a DC offset of 21 V in either water or low-viscosity oil. FEM simulations
from ANSYS agreed with the experimental results except for an experimental peak due to
standing waves between the surface and the liquid level of 7 mm. Their arrays in water had
resonance frequencies around 10 MHz and bandwidths of about 10 MHz.

Bozkurt et al. (1998) used FEM simulations and normal mode theory to investigate the
radiation of energy from a 1.0 pm-thick circular silicon nitride membrane to the surrounding
silicon wafer, which is claimed to be the main loss mechanism of a CMUT. They used a lossy
medium (Cerjan et al., 1985) of considerable length outside of the membrane to absorb the
radiation energy. This energy is coupled to the propagating modes of the silicon wafer at
the membrane-substrate junction, and for the frequency range of interest (1-3.5 MHz), the
only propagating modes are the two lowest-order antisymmetric and symmetric Lamb wave
modes. Bozkurt et al. found out that the dominant mode is the antisymmetric mode, which

carries 90% of the total radiated power. The symmetric Lamb wave becomes more important,
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but still not dominant, at higher frequencies.

The electrostatic force should be applied only where it is most effective, such as at the cen-
ter of a circular membrane. Electrode patterning has been used for selective mode excitation
of resonators (Prak et al., 1992) and in the optimization of capacitive pressure transducers
and microphones (Voorthuyzen et al., 1991). Bozkurt et al. (1999) used electrode patterning
in FEM simulations with ANSYS to optimize the performance of a circular membrane with
a centered circular electrode. They found out that the bandwidth of the optimally metal-
ized transducer is twice that of the fully metalized device, with the electrode radius ranging
between 40 and 50% of the membrane radius.

Bayram et al. (2001) performed FEM simulations with ANSYS to determine how sizes
and locations of embedded, centered electrodes affect the collapse voltage of a circular SiNi
membrane for possible applications in CMUTs. They determined that the collapse voltage
increases in proportion to the metal thickness for constant membrane thickness. For thin
electrodes, the collapse voltage decreases monotonically as the plate moves closer to the
membrane bottom, but for thicker electrodes, the collapse voltage decrease is not monotonic
because an intermediate maximum value exists. The collapse voltage also increases asymp-
totically as the outer electrode radius decreases, but decreases initially for electrodes of finite
thickness. In fact, most of the increase is after the outer electrode radius has decreased by
more than half. Specifically, Bayram et al. found out that, if the outer radius of the electrode
is half of the radius of the membrane, the collapse voltage is only 15% larger than that for
the fully-metalized membrane.

Bayram et al. (2003) applied voltages between the collapse and snapback voltages. In
this operation regime, the center of the membrane was always in contact with the substrate.
Their FEM simulations showed that a CMUT operating in the new regime between collapse
and snapback voltages possesses a coupling coefficient (k:%) higher than a CMUT operating
in the conventional regime below its collapse voltage. For their collapsed circular membrane,
Bayram et al. found out that the average k% value for a large AC signal (100 £30V) is 0.3 in
the conventional regime and 0.6 in the new regime. This increase of 100% is advantageous for
the CMUT as both a receiver and a trasmitter, because there could be increases in sensitivity,

peak output pressure, and total acoustic energy through operation in the new regime.
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1.2.3 Analytical Plate or Membrane Models

Ladabaum et al. (1996) created an equivalent circuit model of the MUT in order to facilitate
design. As first suggested by Mason (1948), the mechanical impedance of a membrane with
no damping is found and then inserted into a transformer equivalent circuit. Ladabaum
et al. used the same type of equation for membrane motion as Mason that includes plate and
membrane terms, being based on the assumption that the tension generated by membrane
displacement is small compared to the tension. They solved the equation of motion for
a clamped circular membrane undergoing harmonic motion using Bessel functions and then
determined the mechanical impedance, which is the ratio of pressure to the average membrane
speed. After approximating the MUT as a parallel plate capacitor, Ladabaum et al. finally
created the electrical equivalent circuit of the MUT. They demonstrated that immersion
MUTSs can transmit ultrasound in water from 1 to 20 MHz and can send and receive airborne
ultrasound at 6 MHz.

Ahrens et al. (2002) fabricated CMUTSs that have conductive polysilicon membranes above
a structured sacrificial layer. They used an electrical circuit equivalent for model simulation.
Nearly all of the publications dealing with equivalent circuits for this kind of CMUT rely
on the equation of motion introduced by Mason (1948), which relies on assumptions such
as small deflections at the operating point. Ahrens et al. solved Mason’s model in terms
of Bessel functions for the shape function of a circular membrane that undergoes harmonic
excitation. The shape function was used to find the membrane impedance, being necessary
for the equivalent circuit. In order to use the model for non-circular membranes, they equated
areas and boundary conditions for the square and hexagonal membranes with the circular
membranes. Then, they performed experiments to obtain the transducer impedances for
square, hexagonal, and circular membranes as a function of frequency. The DC voltages
ranged from 15 to 18 V, the AC voltage was 1 V, and the frequencies ranged from 1 to
4.5 MHz. Ahrens et al. found good agreement in terms of the resonance frequencies with
experimental values for the circular and hexagonal membranes, concluding that the equivalent

circuit is a powerful tool in analyzing the impact of basic design and process parameters.



Gregory W. Vogl Chapter 1 Introduction and Literature Review 8

1.2.4 Lumped-Element Models

Eccardt et al. (1997) treated the membrane as a plate with a spring and derived an analytical
expression for the electromechanical coupling factor, showing that low parasitic capacitances
lead to higher coupling factors. In fact, coupling factors like those of piezoelectric transducers
(k ~ 0.7) are achievable only at static deflections near pull-in. They also showed that the
noise factor depends significantly on the phase angle of the transducer impedance, which is
mainly dominated by the coupling factor and the mechanical quality factor ). A high cou-
pling factor increases transmitter sensitivity and decreases transmitter electrical energy loss
and receiver noise. Eccardt et al. generated pulses using previously fabricated arrays (Ec-
cardt et al., 1996) and found out that, with a DC voltage of 16 V and an AC voltage of
9 V, the large 30 x 30 array produces a sound pressure of 500 Pa at a distance of 20 mm.
Thus, micromachined capacitive transducers can produce almost the same sound pressure as
piezoelectric transducers of similar size. They also found out that an extra 0.8 pm-thick alu-
minum electrode on a 0.4 pm-thick polysilicon membrane more than doubles the resonance
frequencies through membrane stiffening (Eccardt et al., 1997).

Ladabaum et al. (1998) fabricated MUTs with 0.6 ym-thick SiNi hexagonal membranes for
both air and water transmission. The air-coupled transducer was excited with a bias voltage
of 30 V and an AC voltage of 16 V at 2.3 MHz. The receiver was 1 cm from the transmitter
and a 1.9 mm aluminum slab was between the two transducers. A transducer dynamic range
of 110 dB was observed. A vacuum-sealed pair of transducers was also operated 0.5 cm
apart in water with frequencies from 1 to 20 MHz, with a measured 60 dB signal-to-noise
ratio at 3 MHz. Ladabaum et al. also developed an equivalent circuit model for circular
membranes by assuming small signals and ignoring electrical fringing fields. The membrane
tension was also assumed to be uniform and independent of displacement and dissipation was
ignored. Ladabaum et al. then solved for the mechanical impedance of the circular membrane,
which is necessary for the equivalent circuit model. They fit the theory to the experiment
by adding a loss term to the circuit model, allowing the experiment to validate the theory.
The aluminum transmission experiments showed that MUTs are feasible for such practical

air-coupled applications as nondestructive testing, and the water transmission experiments
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showed that MUTs have the potential to approach the performance of piezoelectrics in liquids.

1.2.5 Other Models

Pergin and Khuri-Yakub (2001) fabricated a novel ultrasonic transducer composed of 2-D
arrays of 100 pm-diameter, 0.3 pm-thick clamped silicon-nitride circular microplates that
are actuated by 0.3 pm-thick annular coatings of piezoelectric zinc oxide. The devices have
operating resonance frequencies ranging from 0.45 to 4.5 MHz. The ring shape of the piezo-
electric necessitated the use of either the finite element method or complex analytical models
for analysis. Per¢in and Khuri-Yakub initially used finite element analysis to optimize the
transducer design, but later used classical thin plate theory and Mindlin plate theory to
derive two-dimensional plate equations for a step-wise laminated circular plate (Pergin and
Khuri-Yakub, 2002). Ultrasonic transmission was demonstrated in air and water. They dis-
covered that the third mode has a relatively small coupling to the surrounding medium but
still a relatively large displacement, and thus this mode is more suitable for fluid ejection
applications (Per¢in and Khuri-Yakub, 2001).

Lohfink et al. (2003) derived a 1D nonlinear model for CMUT arrays from FEM simula-
tions using piston radiator and plate capacitance theory. Their model is 1D in the sense that
membrane displacement of a CMUT cell is the product of the membrane center displacement
(as a function of time) and a constant shape function (as a function of radius). For an array
of parallel driven cells, the acoustical parameters were derived as a complex mechanical fluid
impedance depending on the membrane shape form. The real and imaginary parts corre-
spond to damping and an additional mass, respectively. These terms along with parameters
resulting from FEM simulations were included in their 1D model, which is two coupled differ-
ential equations (a force balance and a current balance equation). Lohfink et al. solved them
with MATLAB and Simulink and found out that, for the transmit case, the sound pressures
obtained with the nonlinear model could be three times those obtained with the comparable

linear model.
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1.3 Dissertation Objectives

Analysis through reduced-order modeling is atypical for electrostatically actuated circular
plates. As previously stated, many researchers use FEM simulations, analytical membrane
models, or lumped-element models to analyze resonating circular microstructures. These
approaches have their respective flaws. Most FEM simulations are computationally inefficient
or breakdown near pull-in of electrostatically actuated structures, and membrane models
ignore plate bending, which is needed for bending-dominated microstructures.

Because of the numerous applications of CMUTSs, we will investigate the dynamics of elec-
trostatically actuated circular plates with an analytical reduced-order model (macromodel).

Consequently, one objective is to model CMUTs with a reduced-order model that
e accounts for residual stresses,
e allows for general material and geometric design variables,

e allows for large deformations by including the first geometric nonlinearity of the von

Karman type,

e allows for general boundary conditions that affect the CMUT static and dynamic re-

sponses,

e accounts for stress-dependent boundary conditions,
e is robust up to the pull-in instability, and

e is general enough to be an effective design tool.

Consequently, the proposed reduced-order model captures the complex multi-energy-
domain physics in a relatively simple and compact model. After the macromodel is developed,
the method of multiple scales is used to derive a semi-analytical expression for the steady-
state amplitude of vibration for primary resonance excitation of the first axisymmetric mode.

Therefore, we wish to use the macromodel to

e calculate the CMUTSs resonance frequencies at equilibrium,



Gregory W. Vogl Chapter 1 Introduction and Literature Review 11

e approximate the responses of CMUTSs excited by primary resonance excitations,

e investigate the transitions, if any, in system behavior as the DC voltage increases to-

wards pull-in, and

e calculate the amplitudes of vibrations up to the pull-in instability.

1.4 Dissertation Outline

The organization of the Dissertation is as follows:

In Chapter 2, we present a new approach to the modeling and simulation of CMUTs
under the effects of in-plane residual loading, the inherent electrostatic forces, and pressure
differences. The nonlinear governing equations are derived for a circular plate with an infini-
tesimally thin electrode; thus include the first geometric nonlinearity of the von Karmén type.

In Chapter 3, we nondimensionalize the governing equations, establish the boundary
conditions for a clamped-clamped plate, and discretize the system by using a Galerkin ap-
proach. The distributed-parameter equations are then reduced to a finite system of ordinary-
differential equations in time. We solve these equations for the equilibrium states due to a
general electric potential and determine the natural frequencies of the axisymmetric modes
for the stable deflected positions. As expected, the fundamental natural frequency gener-
ally decreases as the bias voltage increases, reaching a value of zero at pull-in. However,
strain-hardening effects can cause the frequencies to increase with voltage. The macromodel
is validated by using data from experiments and simulations performed on silicon-based mi-
croelectromechanical systems (MEMS). For example, the pull-in voltages differ by about 1%
from values produced by full 3-D MEMS simulations.

In Chapter 4, the macromodel is used to investigate the response of an electrostatically
actuated clamped circular plate to a primary resonance excitation of its first axisymmetric
mode. The method of multiple scales is used to derive a semi-analytical expression for the
equilibrium amplitude of vibration. Furthermore, expressions for the possible inflection point
and saddle-node bifurcations on the frequency-response curve are derived.

In Chapter 5, the frequency-response equation from Chapter 4 is used to investigate

the nonlinear behavior of the CMUT plate. The plate is found to always transition from
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a hardening-type to a softening-type behavior as the DC voltage increases towards pull-in.
Also, at least three modes are found necessary in the reduced-order model to characterize
the responses of air-immersed CMUTs to primary resonance excitations. Furthermore, de-
sign curves are generated to approximate the effective nonlinearity and hence determine the
transition from hardening- to softening-type for any system parameters for the common case
of zero pressure difference across the CMUT plate.

In Chapter 6, non-clamped boundary conditions are incorporated into the macromodel
for it to be a more effective design tool for CMUTs. We assume that the boundary force and
moment affect the slope of the plate at the boundary in a linear manner. The electrode is still
considered to be infinitesimally thin, but the electrode is allowed to have general inner and
outer radii. The Galerkin approach is then utilized with an additional static solution. The
updated reduced-order model is then used to show the sensitivity of the pull-in voltage to the
boundary conditions. Boundary parameters are extracted by matching the pull-in voltages
of the macromodel to those obtained from FEM simulations for CMUTs with varying outer
and inner radii. The static behavior of the updated macromodel is validated in that the
pull-in voltages for the macromodel and FEM simulations are very close to each other and
the extracted boundary parameters are physically realistic.

In Chapter 7, a macromodel for CMUTs is created that includes boundary effects and
finite-thickness electrodes. Matching conditions ensure the continuity of displacements, slopes,
forces, and moments from the composite to the non-composite regime of the CMUT. We at-
tempt to validate this model with results from FEM simulations. In general, the center
deflections obtained with the macromodel fall below those obtained from the FEM simula-
tion, especially for relatively high residual stresses, but the predicted first natural frequencies
that accompany the deflections are very close to those obtained with the FEM simulations.
Furthermore, the forced vibration characteristics predicted with the macromodel compare
well with those obtained experimentally in which the primary resonance curve bends to the
right because the effective nonlinearity of the particular CMUT is of the hardening-type.

Finally, we present a summary of the work in Chapter 8 along with conclusions and

recommendations for future work.



Chapter 2

General von Karman Formulation
of Circular Plates under
Electrostatic and Residual Stress

Loadings

2.1 Basic Assumptions

The derivation in this chapter is for a homogeneous and isotropic von Kdrman plate. We
first list the assumptions underlying the Kirchhoff classical plate theory (CPT) and the von
Karman plate theory. The Kirchhoff plate theory assumptions are (Ventsel and Krautham-
mer, 2001):

e The deflection of the midplane is small compared with the thickness of the plate. The
slope of the deflected surface is therefore very small and the square of the slope is

negligible in comparison to unity.
e The midplane remains unstrained subsequent to bending.
e A straight line (filament) initially normal to the midplane remains straight and normal

to that surface during the deformation.

13
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e The stress o, normal to the midplane is small compared with the other stress compo-

nents and may be neglected in the stress-strain relations.

For the von Karman plate theory, the deflection is on the order of the plate thickness, though
it is still smaller than the other plate dimensions. Consequently, the first and second assump-

tions in the CPT do not hold anymore, but the other assumptions still hold.

2.2 Problem Formulation

Figure 2.1: An undeformed plate with a Cartesian coordinate frame.

We derive the governing equations that depend on cylindrical coordinates by first deriving
the equations using Cartesian coordinates and then making variable transformations between
the two coordinate sets. The flat plate seen in Figure 2.1 has a density p and a thickness h

and the following displacement field (Ventsel and Krauthammer, 2001):

uz(z,y, 2,t) = uo(z,y,t) — zg—zj (2.1a)
uy(z,y, 2, t) = vo(z,y,t) — Z(Z_Z (2.1b)
uy(x,y, z,t) = w(z,y,t) (2.1c)

where ug, vg, and w are the displacements of the midplane at time ¢ in the x—, y—, and z—
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directions, respectively, and u;, u,, and u, constitute the displacement field of the medium.

The three general nonlinear strains according to von Karman are

Ouy, 1 (0Ou, 2

2
€yy = %—7“;1’ % (%z;z>2 (2.2b)
S (R T
which reduce to
€xx = % — ZZQTZJ + % (%)2 (2.3a)
€ = %—1; - z%’ v (%’)2 (2.3b)
€xy = %(%Jr%) —z%Jr%g—:g—Z (2.3c)

after substitution of the displacement field equations, Equations (2.1). We note that €, €.,
and €, are identically zero because of the thin-plate theory displacements in Equations (2.1).

The principle of virtual displacements can be expressed as
oW =0 (2.4)

where §W is the total virtual work done by external and internal forces for any admissible
virtual displacements (Ventsel and Krauthammer, 2001): the strain energy, kinetic energy,

and work done by the external loads. In Cartesian coordinates, this principle becomes

T h
oW = / / /2h (Ozal€sz + Oyyleyy + 2 04yl ) dzdadydt
o JaJ-L

T h
_ /0 /Q / * p (it Bty + 1y 011y + 11,011, dedadydt

b
2
vk
—/ / / . (qz0usz + qyduy + q0u,) dzdzdydt = 0 (2.5)
0o JaJ-&

for the thin plate, where g, gy, and g, are the external volumetric forces and surface tractions,
T is the final time, 2 denotes the undeformed plate domain, and the overdot represents

differentiation with respect to time.
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We define
3
Nz :/ Opw A2 (2.6a)
-
%
Nyy :/ Oy dz (2.6b)
Nyy —/ Oy dz (2.6¢)
.
3
My, :/ Opw 2d2 (2.6d)
3
My, —/ Oy zdz (2.6e)
My :/ Oy zdz (2.61)
-3

where N ., Nyy, and Ny, are the in-plane forces and M, M,y,, and M,, are the out-of-plane

moments. Upon substitution of Equations (2.3) and (2.6) into Equation (2.5), the principle

of virtual displacements becomes

/T / ~ [(90u0 N owdswY 6w
o Jal N\ ox Ox Oz 92
0dvg  Ow Idw 9% dw
I ( oy Oy oy ) oy
LN Odug n 0dvg 8(5w8_w n 8_w86_w B 9% 6w
WA\ oy Ox Oor Oy Ox Oy Y oxoy
Coe. L. e ow 00w Ow Odw
—Iy (UO5UQ + 0900y + wéw) — I (% o + 8_y 3y )

- (Qx5u0 — My——

0w Odw

M, ——

=+ Qy5v0 — My ay

+ Qz5w> ]dzdydt =0
Ox
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where Iy = ph is the mass per area, I, = % ph? is the rotary inertia, and
3
Qz = / 4z dz (2.8a)
Qy :/ Ly dz (2.8Db)
Q- :/ N q.dz (28(})
M, :/ Lz zdz (2.8d)

M, :/ § qy 2 dz (2.8¢)
—32

To account explicitly for surface tractions along the bounding curve(s) of the medium, we

let
Qz = Qo + Q50° (x) (2.9a
Qy — Qy + Q6% (x) (2.9b
Q. — Q. +Q55%(x)

M, — M, + M55 (x)

My, — My, + M, §°(x) (2.9e

where the Dirac delta function §°(x) has dimensions of inverse length and magnitudes given
by
s 0, &S s
55 () = where / (@) 65 (@) dady — / f(@)ds (2.10)
Q S

o0, €S

for a sufficiently smooth scalar function f(x), and S is the curve(s) bounding the plate in
the z-y plane. We note that the surface tractions along the upper and lower surfaces of the

plate are implicitly accounted for in @, @y, and Q.. Equation (2.7) then becomes, with
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some rearranging,
T
/ / (Naws Nuy) - Vouo + (Nays N, - Voo
0 Q
ow ow ow ow
Nyp—,Npy—) - Nypy—, Nyy—) -
+( a2 g ggyax) Vow + ( WGy yyay) Vw
Odw Odw
_(mey Mmy) : Va_ib‘ - (Mxya Myy) ' va_y
e oo . ow Ow .
— Iy (4p0tg + Doty + wow) — I [ =—, — | - Vow
oz’ Oy
— (Qzdug + Qyévy + Q.0w) + (M, My) - Vw | dedydt
T
+/ / — (Q50ug + Q5 6vo + QT 6w) + (Mg, MJ) - Véw|dSdt = 0 (2.11)
0 S

where V is the spatial gradient. In order to transfer derivatives away from du, dv, and dw,

we use Green’s theorem expressed as

/f-ngQ:/gf-ndS—/gV-fdQ
Q S Q

(2.12)

where f(x) and g(x) are vector and scalar functions, respectively, and n is the outward

normal vector to S. We apply Green’s theorem to each vector product in Equation (2.11) or



Gregory W. Vogl Chapter 2 Circular Plates under Electrostatic Loadings 19

integrate by parts to obtain

/(Nxx’ ny) - Voug df2 :/ dug (Nxxa Na:y) -ndS
Q s

ONgz  ONgy

—/ﬂ(5u0< o + 3y )dQ (2.13a)
/(ny,N ) V5U0 d$) = /(51)0 Y yy)-ndS’
ONgy . ONy,

/Q 57)0( 4 S )dﬂ (2.13b)

ow ow ow ow
/Q <Nm o waa > - Vow dQ) = /611) ( w2y Nggya > -ndS
[ ow\ 9 ow\ |
ow ow ow ow
Nl’ _7N Q N{E —’N B — .
/Q( y@y yy8 ) -Vow d /(510( y(‘)y yy@y) ndS

I ow d ow\ |

odw (%w
/Q (Mo M) V52 a0 = [ S (0, M) - maS
0dw (OMyy =~ OMy,
—/ - ( et o, )dQ (2.13¢)
/ (Mo, Myy) - V22 a0 = [ 2% (ar,, My, -nds
Q oy 8
96w (OMy, DM,
/Qay ( 5l t )dQ (2.13f)

T
/ (it0Bito + o850 -+ o) dt — [itoduo + o500 + wow]]
0

T
—/ (tigdug + Vpdvy + Wow) dt (2.13g)
0
8w (9w L[ O0w Ow
0% 82
/(5w (8 2ty 2>dQ (2.13h)
/(Mm,My)-Véw dQ:/aw (M., M,) - ndS
Q S
oM,  OM, .
—/Qéw( o+ 3 )dQ (2.131)

Before substitution of Equations (2.13) into Equation (2.11), we combine Equations (2.13e)
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and (2.13f) with some rearranging to obtain

Odw Odw

/Q[(Mm,sz)-V o+ (Mg, M) - V52 a0

Odw Odw
/[83} (Mgg, Mgy) + — 2 (Myy, M, )] ndS

/ OMyy = OMyy OMyy, OMy,
— + : +
o\ Oz oy Oz 0y

) - Vow dS2 (2.14)

Then, we use Green’s theorem for the last integral in Equation (2.14) and obtain

Odw Odw

/Q[(MM,MM)-VWqL(Mw,Myy)-Va—y a0

dow dow
_/S [% (Mw,Mggy)Jra—y(Mwy,Myy)] ndS

B OMys OM,, OM,, 0M,,
/S&U( Ox + oy = Ox * Oy ndS

0’ Myw | My _ 9*M,y,
+/Q(5w( R v )dQ (2.15)

We also integrate Equation (2.13h) with respect to time and, after integration of the resulting

right-hand side by parts, obtain

/ /<aw 8w) Vo dQdt = [/(m (Zw g—w>-nd5’]T

0
ow O %0 0% g
//5w( )-ndet— /5w(8x2+3y)d9

// (?)21;2 gl )Zth (2.16)

2.3 General Governing Equations

We substitute Equations (2.13), (2.15), and (2.16) into Equation (2.11), assume no initial or
final plate motion, and consequently set the resulting terms evaluated from ¢t =0 tot =T

equal to zero. We also set the coefficients of du, dv, and dw in the resulting area integrands
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equal to zero for admissible variations and obtain

ONg  ONgy

dus 4 B — Ipiig +Q, =0 in Q (2.17a)
ov aggy + 8]8\2’9 —Iytp+Qy=0 in Q (2.17b)
s g (M) + 55 (N ) + 52 (Vg ) + 3 (V)

+ ag\é” - 28(;%? + 62];’”’ — Ipw + Izg—; (g%) + %)

rot (GEr ) =0 ma (217¢)

Either the coefficients of du, dv, dw, § %—g’, and § g—lyu in the resulting boundary integrands are

zero for admissible variations or the variations themselves are zero; that is,

(Nywy Noy) - n=Q5  or dup=0 on S (2.18a)
(Ngy, Nyy) -n = Qi or dvp=0 on S (2.18Db)
ow ow 0M, oM. 0w
N:c:v_ Nx a - — Mx I a0
( oz TNy T ey Ty T MeThy,
ow ow  OM, oM, o
Nyy— 4+ Nypye— + —2 4 Z Y 4 M4 Tp— ) -n=Q°
y8x+ yy8y+ Ox + Oy + y+28y> n=0Q:
or dw=0 on S (2.18c)
S ow
(Myg, Myy) -0 =DM, or 58— =0 on S (2.18d)
x
(Myy, Myy) -m = Mys or 52—1; =0 on S (2.18e)

2.4 Special Governing Equations

2.4.1 Stress-Strain Relations

We consider the homogeneous and isotropic plate to be governed by linear stress-strain rela-
tions with a residual uniform and constant stress 7; that is,

E
Opy = —1 — 1/2 (€xx + Uny) +7 (2193‘)

E
Oy = T (€yy + Vegg) + T (2.19b)

Oy = 2Geyy (2.19¢)
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where G = m is the shear modulus. Substituting Equations (2.19) into Equations (2.6),
we obtain
> E
Nyo :/ﬁ - (6m +veyy) dz + Th (2.20a)
2
> E
/ﬁ T2 (€yy + Vegg)dz+Th (2.20Db)
:/ 2Gezy dz (2.20c)
3
B £
—/ LT (€gx + Veyy) 2d2 (2.20d)
3
> E
My, = /% T2 (eyy + Vege) 2dz (2.20e)
%
/ . 2Geyy zdz (2.20f)
3

Substituting the expressions for €, €y, and €z, from Equations (2.3) into Equations (2.20),

_ FEh Ooug 1 [0w 2
Nm——l_ﬂ{%*a(a—x)“

we have

} +7h (2.21a)

o B

(2282 e
My, = — D (22 2+ %%’) (2.21d)
M,, = D@2 ~ o+ u%f) (2.21e)
My, = —D(1—v) O*w (2.21f)

0xdy

where D = #}iﬂ) is the plate flexural rigidity.

2.4.2 Equation of Motion

When the in-plane natural frequencies are large compared with the transverse natural fre-

quencies, the in-plane inertia terms in Equations (2.17a) and (2.17b) can be neglected (Ventsel
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and Krauthammer, 2001). We also assume that the influence of the in-plane external forces is

relatively small and therefore neglect @, and @,. Equations (2.17a) and (2.17b) then become

ONy  ONg,
ONzy ~ ONyy _
5 gy =0 (2.22D)

We then introduce an Airy stress function ® associated with the deformation that satisfies

these two equations by letting

0?®
0?®
0’®

The only equation of motion left to satisfy is Equation (2.17c). We neglect the rotary and
in-plane inertia terms as well as the moments (M, and M,) due to external forces, substi-
tute Equations (2.23) and our moment expressions given by Equations (2.21d)-(2.21f) into

Equation (2.17¢), add a linear damping term, and obtain
0%® 0%w B 0?’® 9w n 0?® 9w
0x? 0y? 0xdy 0xdy  Oy? Ox?

DV*w + phti + 2c = ThV*w + Q,, + (2.24)

2.4.3 Compatibility Equation

We now derive the compatibility equation that will enable Equation (2.24) to be solved for

the deflection. First, we write the expressions for Ng., Ny,, and N, in matrix form as

Na::r: 1 v 0 Crx Th
Eh
Nyy = —1 — V2 v 1 0 eyy + Th (225)
Ny 0 0 52| (e 0
where
dug 1 [0w\?
or = — + = — 2.2
¢ Oz * 2 (8:10) (2.26a)
Ovg 1(0w 2
= — + == 2.26b
o 8y+2(3y) (2.26b)

Oug Ovg 8w8_w
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Equations (2.26) satisfy

2 2 2 2 2 2 2
0%epe aeyy_Bemy_(8w> O%w O*w (2.97)

Oy? + Ox? oxdy ~ \0zdy)  Ox2 dy?

To convert this compatibility equation to one that governs ®, we first invert Equation (2.25)

to obtain
Crz 1 —v 0 Ny —Th
1
ew (=~ Fn | TV 1 0 Ny, —Th (2.28)
ey 0 0 2(1+4v) Ngy

Substituting Equations (2.23) into Equation (2.28), then substituting the outcome into Equa-

tion (2.27), and rearranging the result, we rewrite the compatibility equation as
9w \> 0w o>
i P (2.29)
0x0y 0x? Oy?

2.5 Governing Equations for CMUTs

Vi® = Eh

The previous derivation of the equation of motion, Equation (2.24), and its corresponding
compatibility equation, Equation (2.29), for a linear, homogeneous and isotropic plate was
accomplished using a Cartesian coordinate system. However, we desire to use a polar coor-

dinate system defined by

2= g2 gy (2.30a)

tanf = y/x, 0 € [0,2m) (2.30b)

to analyze the CMUT of Figure 2.2. Thus, we let @, in Equation (2.24) include the external

force due to the electrostatic field and obtain the two governing equations in polar coordinates

as
% ow ‘. 10 [0wdd 2|0 (10wod O?w 02%
G ‘a—<a—a—) e [a_ (z%%) - —ame—afae]
1 (020820 2wd*d\ . en. o~ eb3(f)
+§<87ﬁ2 502 T 502 (w) + 7hV w+F+—2(d_w)2 (2.31)

1o —Eh| (zoms — - et
v "M \Faro0 ~=an) o \For T o0

2. ~\2 2, - 2,
(18w 18w) 3w<18w+ lﬁw)] (2.32)
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Figure 2.2: A schematic of electric actuation of a CMUT.

where the hat denotes a dimensional quantity, @ is the downward deflection, d is the stress
function, p is the material mass density, £ is Young’s modulus, D is the plate flexural
rigidity that was already defined, d is the effective gap distance between the top and bottom
electrodes, €g is the electric permittivity of the medium in the gap between the plate and
electrode, ¢ is a damping coefficient, 7 is the residual stress, F is an additional downward
pressure, and f)(f) is the applied voltage. Furthermore, we note that the electric forcing term
in Equation (2.31) is a parallel-plate approximation to the capacitance with fringing fields

ignored for a small aspect ratio (d < R) of the capacitor (Pelesko, 2001).



Chapter 3

Static Plate Deflections and Linear

Vibrations

3.1 Problem Formulation

Equations (2.31) and (2.32) will be solved to yield the axisymmetric plate deflection for the

clamped circular plate. The boundary conditions are

w(R,t) =0, % =0, w(0,1) is bounded (3.1a)
P
29(R,t d(R,t L
PR _ v IR _ o 40,4 is bounded (3.1b)

or? R Or
which render the motion axisymmetric under an axisymmetric forcing F(f,f). The bihar-

monic operator V* then involves only radial derivatives and becomes

. 2 10\
4— —_
V= <8f2+f8f>

For convenience, we nondimensionalize the general equations according to

1/2 1/2
L > o Ph A . _ (Dph)
r=Rr, t=R <_D> t, w=duw, C——R2 c,
. Dd 9 p 2Dd? . D 2 2
F — ﬁF; v (t) —= 60R4 v (t), T = ﬁT’ @ = Ehd @ (32)

and transform the axisymmetric forms of Equations (2.31) and (2.32) into

0w ow s B0 [(0wod T0 [ Ow v2(t)
W‘FQCE—FVQU—?E (Wa>+;a (TW>+F(T,t)+(1——w)2 (33)

26
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and

respectively, where the nondimensional parameter 3 is defined as
B =12(1 — v*)d*/h? (3.5)

Furthermore, the nondimensional boundary conditions become

w(l,t) =0, 8“’;;” — 0, w(0,) is bounded, (3.6a)
O?*®(1,t)  09(1,t) :
572 Vg = 0, ®(0,t) is bounded (3.6b)

3.2 Reduced-Order Model

We approximate w(r,t) as

N
w(r,t) = > nm(t)dm(r) (3.7)
m=1

where ¢, (r) is the mth shape function, ,,(t) is the mth generalized coordinate for the mth
shape function, and N is the number of chosen shape functions. As N approaches infinity,
the approximation in Equation (3.7) becomes exact, if the chosen shape functions form a
complete set.

We choose the shape functions ¢,,(r) to be the axisymmetric modes of the linear un-
damped case (8 = 0) with zero residual stress (7 = 0) and no external forcing (F(r,t) =

v(t) = 0). For this case, ¢, () is the mth eigenmode given by the eigenvalue problem
Viom = Qtom (3.8)

and the corresponding clamped boundary conditions, where 2, is the nondimensional reso-

nance frequency for ¢,,(r). The solution of this eigenvalue problem can be expressed as

(1) = Jo(rvQm)  To(rv/Qm)
" Jo(Vm)  Io(vm)

(3.9)
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where Jy is the Bessel function of the first kind, I is the modified Bessel function of the first
kind (O’Neil, 1995), and the mode shapes are chosen to be orthonormal; that is,

/0 r b (F) b (F) A = G (3.10)

where 0,,, 1s the Kronecker delta.

Next, substitution of Equation (3.7) into Equation (3.4) yields

N
1
VIR === ) imindind, (3.11)

m,n=1
where the prime denotes differentiation with respect to the space variable r. The solution of

Equations (3.6b) and (3.11) is

O(r,t) = Y ()00 (t)Ymn(r) (3.12)
where (Nayfeh and Pai, 2004)

_ 1 TRy T 1¢£n¢% 7‘1—|—1/
ar /0 EomOndl+ 7 / e & / Eprn @ dE (3.13)

for mn=1,2,... ,N.
We then substitute Equations (3.7), (3.8), and (3.12) into Equation (3.3) and obtain

N
S (i + 26 + QL) S = Z R CIRTE
m=1

mn,p 1

N
+7 Z N (d)ﬁ'n + %(blm) + F(r,t) + v (1 - mebz) (3.14)
m=1

where the overdot denotes differentiation with respect to the time variable ¢. Finally, we

2
multiply Equation (3.14) with (1 — ZZ]\LI m@-) , multiply every term by r¢,(r), integrate
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the outcome over r € [0, 1], use the orthonormality condition (3.10), and obtain

N 1
g + 2ctg + Qmg = 2> (Fim + 27 + Q2m) i / ThiPmPqdr

im=1 0
N 1
32 (i + 20+ Qi) ity [ 1010500 =
i\jm=1 0
N 1 N 1
ﬂ(— S it [ Gidntindrt2 Y ity [ (Gida) drntiyir
m,n,p=1 0 i,m,n,p=1 0
N 1 N 1
— D T / (¢i¢j¢q)’¢;¢;pdr>—r§jnm / r @ Sydr
,J,m,n,p=1 0 m=1 0
N 1 N 1
+2r » 77i77m/ r@h, (Gidg) dr —7 > 77i77j77m/ ¢, (Gidhidq) dr
i,m=1 0 ijm=1 0

1 N 1 N 1 1
—i—/ Frogdr —2 Z 77i/ Froip.dr + Z niNj / Fréipj dr +v(t) / rogdr (3.15)
0 — Jo 0 0

ij=1
where ¢ = 1,2,... ,N. Consequently, the discretizations for w(r,t) and ®(r,t) in Equa-
tions (3.7) and (3.12), respectively, have rendered the general nonlinear partial-differential
equations (3.3) and (3.4) and associated boundary conditions into the system of N coupled

nonlinear ordinary-differential equations (3.15).

/
mn?

According to our definitions for ¢,, and ¥ the integrals in Equation (3.15) can be
evaluated once a function F(r,t) is chosen. Then, once all 7,,(t) are determined by solving

Equations (3.15), the deflection w(r,t) is given approximately by Equation (3.7).

3.3 Notation Simplification of System Equations

We now simplify the notation of Equation (3.15) before using it to analyze the forced vibra-

tions of the clamped circular plate. We let

1
Youn (1) = P1un(r) + T Pama(r) (3.16)
where
1 r 1 o
Prmn(r) = @/0 §¢$n¢;d§+£/ %é /3 (3.17a)

1
prnr) =5 [ ttndlde (317b)
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Equation (3.15) then becomes

(ﬁq + 2cnq + anq) -2 (77m + 2¢nm + Q?Mm) i Aimg +

1+v

(nm + 2¢nm + annm) ninjBijmq =0 — TIm"In"lp (Clmnpq + — 1= CZmnpq)

1+v
+ 277177m77n77p (Dlzmnpq + 1_ D21mnpq> - ninjnmnnnp (Elijmnpq

1+v
+ 1_ E21jmﬂpg>] - Tanmq + QTnianimq - Tninjanijmq + Iq
—2n3Jiqg + ini Kijq + v2(t)Lq (3.18)

where
1 1 1
Aimq :/0 r¢i¢m¢qdr7 Bijmq:/o r¢i¢j¢m¢qdra Clmnpq:/o ¢:1¢lmsolnpd7na
1 1
C2mnpq :/0 ¢:1¢/m902npd7"a Dlimnpq :/0 (¢i¢q)/¢;n‘;01npdr7
1 1
Daimnpq = /0 (9i¢q)' DrnP2npdrs Etijmnpg = /O (61¢70q) Prnpdr,
1 1
Esijmnpq = /0 ($1¢j0q) Srapanpdr, Fmg = /O T @ Pdrs

Gimg = /1 Tdn (Cf’z‘ﬁbq),d’"v Hijmg = /1 Tﬁb;n (¢i¢j¢q)/drv Iy = /1 Froqdr,
’ 1 (i 1 ’

Jiqg = /0 Froip.dr, K;jq = /0 Froipjpqedr, Ly = /0 Tdgdr (3.19)
for ¢ =1,2,...,N, and the summation signs have been removed in Equation (3.18) for no-
tation simplification. Therefore, all terms in Equation (3.18) are created by summing over
their respective lower-case Latin indices (excluding ¢ ), which range from 1 to N. Further-
more, because all integrands in Equations (3.19) are known explictly after a function F(r,t)
is chosen, the integrals can be evaluated numerically one time and saved for future use. Thus,
the variables with upper-case Latin names in Equation (3.18) are known.

Finally, we simplify the form of Equation (3.18) by putting the N coupled equations

(¢g=1,2,...,N) in matrix form. We collect all 7;(¢) into a column vector n(t); that is,

n(t) = {m (@), n2(t),..., nn(t)} (3.20)
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and then rearrange Equation (3.18) to obtain

M (n)i) + 2¢M (n)) + N(n)n = P(n) + v*(t) L (3.21)

where
M(n) = [Mys(n)] = [0gs — 215 Aisq + 10 Bijsq) (3.22a)
N(n) = [Ngs(m)] = [Q264s — 2Q02m; Aisq + Q2nin; Bijsg] (3.22b)

1+v

P(n) ={Pn)}= {ﬂ

— mTIn"lp (Clmnpq + CZmnpq)

1+v
+ 277177m77n77p (Dlzmnpq + 1_ D21mnpq>

1+v
= TN InTp (Ell]mnpq + 1— EQz]mnpq)]
- 7—77’rn-F:mq + QTnianimq - Tninjanijmq
+ 1y — 2niJig + Uianijq} (3.22¢)

L={L,} (3.22d)

and d4s is the Kronecker delta. Also, the summation signs have been removed in Equa-
tions (3.22) for notation simplification, as in Equation (3.18). Hence, once all 7,,(t) are
determined by solving the nonlinear matrix equation (3.21), the plate deflection w(r,t) is

given approximately by Equation (3.7).

3.4 Static Behavior Under Electrostatic Actuation

By letting both 7,,(¢) and v(¢) be independent of time, setting all time derivatives equal
to zero, and letting the function F(r,t) be zero, we reduce Equations (3.15) to a system of
coupled algebraic equations. Once we choose values for the parameters G, v, 7, N and the
time-independent electric potential v, we can solve for all time-independent 7,, to obtain
the static deflection from Equation (3.7). For example, Figure 3.1 shows variation of the
maximum static deflection wpyay (at r = 0) with the electric forcing v? for 3 = 1.0, v = 0.25,
7 = 0, and various values of N. The solid branches in Figure 3.1 are stable whereas the

dashed branches are unstable.
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Figure 3.1: Deflection at the plate center versus electric forcing.

Upon comparison of the curves in Figure 3.1, we conclude that using three modes for
discretizing w(r, t) can be sufficient to model adequately the static deflection of the clamped
circular plate over its stable physical range. Clearly, the solution converges as the number
of modes increases. In fact, the curve for six modes (N = 6) was not plotted in Figure 3.1
because it could not be distinguished from the curve for five modes (N = 5). Furthermore,
the unstable solution approaches the approximate physical deflection limit of w = 1, where
the circular plate center almost contacts the electrode, from the right as IV increases. Also,
the slope of all curves becomes infinite at the pull-in point, as expected, when the voltage v

approaches the critical nondimensional pull-in voltage wvp;.

3.5 Validation of Pull-in Values

Now that we have modeled the static deflection, we validate the model with experimental
data. Osterberg (1995) measured the pull-in voltage op; for various radii R of clamped
circular plates made of silicon. These MEMS have a thickness h of about 3 pm with an
initial, undeformed gap width d of about 1 um. Osterberg developed a statistics-based model
to approximate 9p; and solved for the optimal statistical coefficients by fitting his model to

the experimental data. We fit our physics-based model to the experimental data by solving
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for the values of F, 7, v, d, and h that minimize the objective function

— i (@;nodel(E,%, v,d, h) — 02P )2
=1

5 (3.23)

where the 52-,17;““61, and ;" are the respective experimental standard deviations, model
pull-in values, and experimental pull-in values for the 14 different experimental radii. We
found the global minimum of W for d = 1.014 pum, h = 3.01 um, E = 150.6 GPa, v = 0.0436,
and 7 = 7.82 MPa. The pull-in voltages from this optimum model are displayed in Figure
3.2 along with the experimental data. Standard deviation bars for the experimental data are
also shown in the figure. The average percentage deviation of the optimum values from the
experimental values is 2.54%. The optimum fit (dashed curve) from the reduced-order model

matches fairly well the experimental data curve (solid curve) in Figure 3.2 for all radii.

80
— Experiment
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60 ' '
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Figure 3.2: Variation of the pull-in voltage with the plate radius obtained experimentally

(Osterberg, 1995) and theoretically using the optimum macromodel.

Because Osterberg’s values are based on his beam analysis, it seems reasonable that our
optimum values for clamped circular plates do not match fully with his beam-dependent
values. Furthermore, instead of letting v vary, Osterberg set v = 0.06 or v = 0.32 in his
numerical simulations. Because the optimum value of 0.0436 for v is much closer to 0.06 than
to 0.32, the optimum v seems to be physically reasonable. Consequently, our reduced-order
model is adequate for determining the material properties (Young’s modulus F, Poisson’s

ratio v, and residual stress 7) and geometric properties (thickness h and gap width d) of the



Gregory W. Vogl Chapter 3 Plate Deflections and Natural Frequencies 34

system through use of the experimental pull-in data.

The reduced-order model pull-in values are also comparable to those obtained from full
3-D electromechanical simulations. For a clamped circular plate with d =1 ym, h = 20 pm,
E =169 GPa, and v = 0.3, we use our macromodel and Osterberg’s model to calculate the
pull-in voltage 9p; for both 7 = 0 and 7 = 500 MPa. The results are given in Table 3.1 along
with the pull-in voltages from CoSolve-EM simulations (Osterberg, 1995). The macromodel
pull-in values deviate by 1.2% from the full 3-D simulation values produced by CoSolve-EM.
Most of the deviation between the macromodel and simulation values might be caused by
the parallel-plate approximation assumed for the capacitance. Specifically, the macromodel
pull-in values are lower than the simulation values because the total electrostatic force is
overestimated due to the parallel-plate approximation. Yet, even with the parallel-plate
approximation, the macromodel accurately predicts the pull-in voltage of a clamped circular

plate under an electrostatic actuation.

Table 3.1: Comparison between model and simulation pull-in voltages.

T i (V) O (V) Op (V) A% A%
(MPa) Osterberg  Vogl  CoSolve between between
[O] [V] [C] Oand C VandC

0 313 315 319 2.0 1.2

500 362 364 369 1.8 1.2

3.6 Natural Frequencies

In this section, we determine the natural frequencies of the axisymmetric modes of the de-
flected plate due to an electrostatic actuation. First, we perturb each coefficient function

Nm(t) with a harmonic term e“! from its equilibrium value 7y, such that
N (t) = 75t + Eme” (3.24)

where &,,, is the mode shape corresponding to the frequency w. Then, substituting Equation

(3.24) into the reduced-order model (3.15) yields an eigenvalue problem for the N unique
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frequencies and modes of vibration for the stable deformed state.

Figure 3.3 shows variation of the first three nondimensional axisymmetric natural fre-
quencies associated with the stable deflected equilibrium for a given system. A close-up of
the fundamental natural frequency is also included. The fundamental natural frequency de-
creases as the electric forcing v increases, reaching a value of zero at pull-in, as seen in Figure
3.3(b). The fundamental natural frequency is zero at pull-in because the general restoring
force of the clamped plate is negated by the equal and opposite force from the electrode at
pull-in. However, the frequencies do not always decrease monotonically to zero as pull-in is
approached. The effect of the first geometric nonlinearity of the von Kdrman type is related
to (3, as seen in Equation (3.3). Not only do the pull-in voltages increase with (3, but the
frequencies can also increase with voltage due to strain hardening, as seen in Figure 3.4.

1::}} | w3 (a) 175 | (b)

15.0
60 12.5

Wi Wy wy 10.0
40 75
20 W, 2.0 |
P 2.5
0 ‘

- . 0.0°
0 5] 10 15 20 0 5 10 15 20
v2 v?

Figure 3.3: (a) The first three natural frequencies and (b) the fundamental natural frequency

versus electric forcing for 3 =1, v = 0.25, 7 = 0, and F(r,t) = 0.

The reduced-order model has one main computational advantage over other models with
respect to the calculation of the natural frequencies. As with the model developed by Younis
et al. (2003), the natural frequencies near pull-in can be calculated from the reduced-order
model as easily as those well before pull-in. Consequently, the reduced-order model is robust
because it does not suffer from numerical stiffness when calculating the natural frequencies.
The computational time is then relatively low compared to other methods, such as the shoot-
ing method (Nayfeh and Balachandran, 1995), which is used by Faris et al. (2002) to solve

an eigenvalue problem for a clamped circular plate.
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Figure 3.4: Fundamental natural frequency for various (¢ with v = 0.25, 7 = 0, and

F(r,t)=0.



Chapter 4

Nonlinear Resonance Theory

4.1 Primary Resonance of First Mode

We now investigate the response of the clamped CMUT to a primary resonance excitation of

the first mode, the main mode of excitation for CMUTs. Hence, we let the voltage v(t) be
v(t) = xo + x3 cos(wyt) (4.1)
where the forcing frequency wy is defined as
w=wy+0o (4.2)

and the detuning parameter o represents how far the forcing frequency is from the first
natural frequency w; of the plate around its deformed equilibrium state. Physically, the
parameters xo and xs are associated with the DC and AC voltage components, respectively.
The nondimensional DC voltage xg causes the plate to deform towards the fixed electrode,

and the first frequency w; is then determined for the deflected equilibrium.

4.2 Method of Multiple Scales

Different techniques can be used to solve the nonlinear matrix equation (3.21) with the forcing
in Equation (4.1). For example, after all necessary parameters are chosen, a straightforward

numerical integration can be used to solve the matrix equation for the generalized vector

37
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n(t). The approximate deflection w(r,t) for a specific system is then known according to
Equation (3.7). While correct, this computational method needs to be repeated if the geo-
metric, material, or forcing parameters change. In contrast, the method of multiple scales
(MMS) (Nayfeh, 1973, 1981) can be used to yield uniformly valid approximate solutions for
general parameters, which might be useful for design purposes of CMUTs.

The main goal of the method of multiple scales is to derive an asymptotically uniform
solution of a given problem. For some problems, a naturally small parameter ¢ causes the
solution m to be a perturbation from the equilibrium solution 1, for zero e. In this spirit, we

seek an asymptotic expansion in the form
n(t;€) = ng + eny(t; €) + €na(t; €) + €03t €) + O(e?) (4.3)

where € is a small bookkeeping parameter that we created to keep track of the order of the
different terms. The solution should also be uniform in the sense that every m; is bounded

for all time ¢.

4.2.1 Scaling and Balancing

Somehow, the parameter € modifies the functional dependence of n; on time ¢. This fact is
revealed in the analytical solutions of many benchmark problems (like oscillations of linear
systems with small damping), where terms like et and €?t appear. Following the method of
multiple scales, we use this as inspiration to create multiple time scales that depend on e.

We let
To=t, Ty =c¢€t, Ty= €2t, . (4.4)
and let the solution (4.3) depend explicitly on these time scales; that is,

’f](t, 6) =T + 6"71(1107 T17 T27 .- ) + 62"72(T07 T17 T27 .. )
+en3(To, T, Ty, ...) + O(e*) (4.5)
Every m; is of O(1) and depends on € only implicitly through the time scales.

When we substitute Equation (4.5) into Equation (3.21), the ordinary-differential matrix

equation will become a partial-differential matrix equation with respect to the time scales



Gregory W. Vogl Chapter 4 Nonlinear Resonance Theory 39

in Equations (4.4). Terms of O(1), O(e), O(€?), etc. will also be seen peppered throughout
the matrix equation. To render its solution to be asymptotic, we will generate an equation
for each order of € by equating terms of like order on both sides of the matrix equation.
All equations will then be solved sequentially in increasing order of €, and at some order,
modulation equations will be derived that govern the temporal evolution of 1;. At this order,
the damping, nonlinearities, and forcing terms “balance” each other, which means that n will
be uniform (as required).

However, balancing only occurs if terms are scaled correctly. For our problem, we scale

coefficients and functions a priori as
2 3 2
c—e‘c, x3—€x3, and o — €0 (4.6)

such that the system to be solved becomes

M(n)iy +262cM (m)n + N(n)n = P(n) +v*(t)L (4.7)
where
v(t) = xo + € x3 cos(wyt) (4.8)
and
w=w + €0 (4.9)

With the scaled system in Equations (4.7)-(4.9), our modulation equations will be obtained
at O(e?). Consequently, we can produce a second-order uniform approximation of Equa-
tion (4.7). We then truncate the solution in Equation (4.5) a priori at O(e?) and neglect

time scales T3, T}, etc. to obtain the approximation that we seek; that is,

n(t;e) = ng + eny(To, T1, To) + €ny(To, T1, T) + €n5(To, T1, Tp) (4.10)

~
approximation to be solved

We are almost ready to substitute Equations (4.8) and (4.10) into Equation (4.7) and
derive our modulation equations that govern the solution 7 and reveal how the plate responds
to a primary excitation. Before we do so, we need to make sure that v(¢) is a function of

the time scales (and not time ¢) so that Equation (4.7) will become a partial-differential
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equation. By using the time scales in Equations (4.4), we combine ¢ and ¢ and rearrange

v(t) in Equation (4.8) to be
1/ . . ‘ ‘
'U(t) — XO + 63X3§ (6ZO'T267,U.)1T0 + e*lO’TgeflwlT()) (4'11)

where an exponential form of the cosine function has been used to simplify future use of the

equation. Furthermore, because every function now depends on the time scales Ty, 11, and

T5, the time derivative operator % is transformed into

d 0 dly 0 dIh 0 dI}

d oT, dt | oT dat | Ty dt
= D() + 6D1 + 62D2 (412)

according to the chain rule of differentiation where D; = %. Moreover, the operator j—; is

transformed into

2 d(d
— = —( =) = (Do + €Dy + €2Dy)?
dt? dt(dt> (Do +€D1 +€'Ds)
= D? 4 2eD1 Dy + €%(D3? 4 2D D) + O(€%) (4.13)

4.2.2 Ordered System of Equations

MMS is now used to investigate the primary resonance of the first mode. We substitute the
voltage v(t) from Equation (4.11) into Equation (4.7), expand all matrices and vectors that

are functions of 7 in Taylor series, collect coefficients of like powers of € up to O(e?), and
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obtain the following equations:

0o(1) Nong — Py —x2L =0 (4.14)
O(e) : Mo Dgny + Nomy + Ni(ny)mg— Pimy; =0 (4.15)
O(€%) : Mo Dgny + Nomy + Ni(ny) ng — Prmy = —2Mo DoD1my

— My(my) Dgmy — Nu(my) iy — Na(my, 1) mo + Pa(ny,my) (4.16)
O(®):  MyDgns+ Nomg + Ni(ns) ng — Prms = —2¢Mo Domy

— 2My DoD1ny — My Dinyy — 2My Do Dany — Mi(my) Diny
— 2Mi(my) DoDimy — Mi(ng) Dgny — Ma(ny,m1) Dy

= Ni(m1) m2 — Ni(mz) my — Na(n1,m1) 11 — 2N2(n1,m2) Mo
— N3(n1,m1,m1) 19 + 2P2(n1,m2) + P3(ny,m1,71)

+ X0X3 (eiUTQ 6iw1To + e—ia’Tze—iwlTo) L (417)

where 0 is the zero vector of length N,

Mo = M(ng), No=N(ng), Po=P(n) (4.18a)
M () = [%—n]\{wz] O, Ni(z) = [g—fxi&] 0, P = [Py] = [21;;] O (4.18Db)
Msy(z,y) = [%%mzy]] , No(z,y) = [%;;é\; ,yJ] (4.18c)
Py(z,y) = {Po(2,y)} = {% ;;g;jwz J} O (4.184)
N3(z,y,z) = [%%wi%zk] ’ (4.18e)

0
Ps(z,y,z) = {Py(z,y,2)} = léami—&miyjzk] , (4.18f)

0
and v; is the ith component of a general vector v. We note that Einstein’s summation
convention is used in Equations (4.18).

Before solving the ordered equations (4.14)-(4.17), we rearrange the left-hand sides of the
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equations of O(e) and greater. By definition,
Ni(z) mo = [?)—sz] o
ON ON ON
= {8—mno}$1 + {8_7727’0}332 +oot {an—N??o}mN
ON ON ON
(G} (T} (]
Therefore, for a general n;,
Ni(n;) mo = Qo m; (4.19)
where
Qo = [{2—7]7\17770} {2_57\27770} {%no}]" (4.20)
Our ordered equations are then rewritten as O
o(1) : Nomo—Po—xgL =0 (4.21)
O(e) : Mo Dgny + Romy =0 (4.22)
O(") : Mo Diin + Romy = —2My DoDymy — Mi(my) Dgmy
— Ni(m1) 11 — Na(n1,m1) 1m0 + Pa(n1,71) (4.23)
O() : Mo Dins + Romy = —2cMo Dony — 2My DoD1my — Mo Din,
— 2Mo DoDamy — Mi(m1) Dgna — 2Mi(11) DoDimy
— Mi(ny) Dgny — Ma(ny,m1) Dgmy — Ni(ny) ms
— Ni(n2) my — Na(ny,m1) 11 — 2N2(n1,m2) Mo
= N3(m1,m1,m1) Mo + 2P2(n1,m2) + P3(ny,m1,m1)
+ XoX3 (ei"TQeiwlTO + e_iaTQG_iw1T0> L (4.24)

where Ry = Ny — P1 + Q.

4.2.3 Solutions of Ordered Equations

We now solve the ordered equations (4.21)-(4.24) sequentially, starting with the O(1) equa-

tion. The equations are solved symbolically here and numerical solutions will be generated

afterwards.



Gregory W. Vogl Chapter 4 Nonlinear Resonance Theory 43

o)

If xo is less than its pull-in value xgi, the nondimensional DC voltage o causes the
CMUT plate to reach a new static equilibrium state after the plate deforms towards the
bottom electrode. Because Equation (4.21) is a nonlinear matrix equation, we assume at this
point that a numerical solution of 1, is known for the static equilibrium and move on to solve

the O(e) equation with this assumed solution.

O(e)

The O(e) equation, Equation (4.22), can be rearranged as
Dgmy +Somy =0 (4.25)

where Sy = M, 'Ry and is determined by using the O(1) solution n,. Seeking solutions of
Equation (4.25) in the form n; = A(T1,Tz)e™T°p, we obtain the eigenvalue problem

Sop =w’p (4.26)

Collecting the real eigenvalues w%, w% e w?v and associated real eigenvectors p;, po, ...,

Py, which represent the undamped natural frequencies and mode shapes around the deflected

configuration, respectively, we obtain

N

m=> (Ak(Th Ty)e Topy, + Ay (T, Tz)e_i‘”kTopk) (4.27)
k=1

according to the superposition principle, where Ay is a complex measure of the vibration
amplitude of the kth mode and the overbar denotes the complex conjugate of an expression.

Now, because in the presence of damping all of the modes that are not directly or indirectly
excited decay with time (Nayfeh, 2000; Nayfeh and Mook, 1979), the dynamical long-term
solution of the O(e) equation consists of the modes that are only excited directly or indirectly
(via internal resonance). In other words, if the k&th mode is not excited, then Ay = 0 ast — oo.
Assuming that no mode is involved in an internal resonance with the directly excited first
mode, we conclude that Ay = 0 for k # 1 after a long time. Therefore, the solution a priori

of Equation (4.25) is

ny = A(Th, To)e Top, + A(Ty, Tp)e ' Top, (4.28)
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Because w; and p; are known, we only need to solve for A(Ty,T») to determine n;. Two
partial-differential equations (one at O(e?) and one at O(e?)) are used to determine A because

it is a function of two time scales.

O(€?)
Substituting Equation (4.28) into Equation (4.22), we obtain

Mo Diny + Romy = —2iw1 D1 Ae™ 0 My py + 2iw; Dy Ae™ 110 My p,
+ w%AQe%mToMl (p1) Py + w%;ﬁef%wlToMl (p) p; + QW%AAMl (py) Py
_ A262z‘w1ToN1 (pl) P — A26—2iw1T0N1 (pl) P — QAANl (pl) Py

. A2€2iw1TON2(p1’p1) Ny — A2e_2i”1TON2(P1,p1) Mo — QAANQ (pl,pl) Mo

+ A% Py(py, py) + A% 110 Py(py, py) + 2AAPs(py, py) (4.29)

We want to solve for n,, but we need to make sure that the solution is uniform. Therefore,
we need to eliminate secular terms from m,. The terms that cause secular terms have fre-
quencies identical to those of the left-hand homogeneous system, which are wy, ws, ... and
wy. Because we have assumed no internal resonances, the only terms that lead to secular
terms are the right-hand terms in Equation (4.29) associated with w;, containing e®170 or
e~1To  Consequently, the terms that produce secular terms are proportional to the vec-
tor —2iw1 D1 A My p; and its complex conjugate. A uniform solution for 7, only exists if
the terms that produce secular terms are orthogonal to the conjugate @; of the nontrivial

solution w; of the adjoint homogeneous problem corresponding to wy; that is,
WIM uy = Ry uy (4.30)

where a star superscript denotes the transpose of a matrix conjugate; that is, X* = X7T.
Because all matrices are real, X* = X7 and the adjoint homogeneous problem corresponding

to wy is
wiMd u; = RE uy (4.31)

For the terms that produce secular terms to be orthogonal to @; (that is, u1), the coefficient
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of the vector My p,; must be zero; that is,
DlA =0 = A(Tl, Tg) = A(Tg) (4.32)
Then, the O(€e?) equation becomes

Mo D§my + Romy = wi A% 0 My (py) py + wi A% 210 M (py) py
+ 20 AAM, (py) py — A2 TNy (p,) p, — A%e 2“1 TO Ny (p,) p,
— 2AAN)(py) p; — A’** O Ny(py, py) my — AT Ny(py, p1) g
— 2AAN,(py, 1)y + A% Py(py, py) + A%e > T0 Py(py, py)

+ 2AAP;(py, p1) (4.33)

The solution of Equation (4.33) consists of a homogeneous part and a particular part. We
“lump” the homogeneous solution for 7, with the homogeneous solution for n;, since they

are of the same form, which leaves us with the particular solution for n,; that is,
ny = A2e?1Toz) 4 A2e72nToy) 4 AAz, (4.34)
where

z1 = [Ro — 4w M) " H{wiMi(p;) p1 — Ni(p1) P1 — Na(p1,P1) o + P2(p1,p1)}  (4.35a)

zy =2 Ry H{wiMi(p,) py — Ni(p1) Py — Na(p1,p1) Mo + Pa(p1, 1)} (4.35Db)

O(e®)

As with 15, a uniform solution for n; only exists if the terms that produce secular terms

of the O(€®) equation are orthogonal to the nontrivial solution u; of the adjoint homoge-
neous equation (4.31). When we substitute our solutions for 1y, 7, and 7, into the O(e3)
equation, use Equation (4.32), collect terms proportional to 170, and make the vector sum

be orthogonal to u;, we find that the solvability condition is

(ug-v1) A 4 c(ur-v1) A+ (ug - v9) A2A + (xoup - L) 23 =0 (4.36)
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where

v] = — 2iw1 My p; (4.37a)
vy = wi My (21) Py + wiMi(22) Py + 3wi Ma(py, p1) Py — Ni(21) Py

— Ni(22) p1 — 3Na(py, p1) P1 + 4wi Mi(py) 21 — Ni(py) 21

— N1(py) 22 — 2Na(py, 21) Mg — 2N2(Py, 22) M9 — 3N3(P1, P1,P1) Mo

+2P3(py, 21) + 2P2(py, z2) + 3P3(py, P1,P1) (4.37b)

and the prime superscript denotes differentiation with respect to Th, such that A’ = DyA.
Because the eigenvector w; is known to within an arbitrary constant chosen at our disposal,

we normalize u; such that
u vy =1
and hence rewrite Equation (4.36) as
A+ cA+ (ug -v9) A2A+ (xouy - L) e T2y3 =0 (4.38)
Finally, we rearrange Equation (4.38) as
A+ cA — diog A%A + %iagei”Tz x3 =0 (4.39)

where a7 and as are real and defined as

1
o] = Zz’ul - V9 (4.40a)

Qg = — 21 xXoui - L (4.40b)

Equation (4.39) governs the temporal evolution of the complex quantity A(T5). At this
point, we have solutions for n,, m;, and n,, where both n; and 71, are functions of the
unknown quantity A(7%). Once Equation (4.39) is solved for A(T5), a second-order (and

large-time) approximate solution of n(¢; €) is known according to Equation (4.10) as

n(t;€) = no + eny (To, To) + E2772(TOa ) +--- (4.41)
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4.2.4 Modulation Equations

It is convenient to solve for A(T%) after converting the complex solvability condition (4.39)

to two coupled real equations. To this end, we let
1 .
A(Ty) = Sa(Tp)e "™ (4.42)

where a(T) and 0(T3) are real functions. The O(e) solution n; in Equation (4.28) and the

O(€?) solution 7, in Equation (4.34) can then be expressed as
1, = a(Ty) cos(w1 Ty + 0(T3)) py (4.43)
and
1, 1
n, = 50 (Tg)(cos(ZwlTo F20(Ty)) 21 + §z2) (4.44)

respectively. The functions a(73) and 6(73) then represent the respective amplitude and

phase of m;. Then, n(t; €) becomes

n(t:e) = mg +ea(Ty) cos (wiTh +0(T3) ) py

1 1
+ §€2CL2(T2) [COS <2wng + 20(T2)) z1+ 522} + 0(63) (445)

Now, because € is a bookkeeping parameter, it is at our disposal and we are allowed to absorb
€ into a by letting ea — a, such that a is now a small quantity. In other words, we let € equal

one, with the understanding that a is small. With this choice, the solution n(¢) becomes

n(t) = no + a(13) cos (wlTo + G(Tz)) P

+ %a,2(T2) [cos <2w1To + 29(T2)> z1+ %@} + 0(03) (4.46)

If a is sufficiently small and |p;| = 1, then the functions a(73) and 6(T3) represent the
respective amplitude and phase of the fundamental response of the clamped circular plate.

Upon use of Equation (4.42), the solvability condition becomes

a +iab + ca —iaa® + iagei"TQ_ioxg =0 (4.47)



Gregory W. Vogl Chapter 4 Nonlinear Resonance Theory 48

For this complex-valued equation to hold, its real and imaginary parts must balance each
other, respectively. The equation governing the amplitude a(7%) corresponds to the real part

and the equation governing the phase 6(1%) corresponds to the imaginary part; that is,

Re(Eq.(4.47)) : a = —ca+ azxssin(cTz —0) (4.48)

Im(Eq.(4.47)) : 0 = apa? — 226 cos(oTy — 0)

. (4.49)

for nonzero amplitude a(73).
These modulation equations are nonautonomous because they depend explicitly on the

time scale T5. To determine an autonomous set of modulation equations, we let
V(Tz) = 0(12) — oT> (4.50)

and transform Equations (4.48) and (4.49) into

a = — ca— asxzsin(y) (4.51)
o = ana? — o — 22X3°05(7) (4.52)
a

respectively.

4.3 Frequency-Response (F-R) Equation

The equations governing the equilibrium values ae, and 7., are found by setting a’ = 0 and
7' = 0 in the modulation equations. Thus, at the (dynamic) equilibrium of the primary

resonance excitation of the first mode,

0= —ca— azxssin(y) (4.53a)
0= aa®—o— %‘M (4.53b)

These coupled equations can be used to find how the amplitude a varies with frequency
through the detuning parameter o. By using the fact that sin(ve,)? + cos(veq)? = 1, we

combine the equilibrium equations and obtain

agq{c2 + (0 — alazq)2} % (4.54)
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which is called the frequency-response (F-R) equation. The curve that satisfies the F-R equa-
tion is called the frequency-response curve and a point on it is stable if all of the eigenvalues
of the Jacobian matrix of Equations (4.51) and (4.52) evaluated at that point are in the left-
half side of the complex plane. It follows from Equations (4.51) and (4.52) that the Jacobian

matrix J at an F-R point is

J = %((11 %_(}y ] _ [ —C &eq(ﬂ — Oélagq) (4 55)
| ey a8y - 2= '
ga oy Jlr-r 201 g + ¢
The eigenvalues A\; and Ay of J are then
A de = —c =+ ¢—(a — ana2,)(o — 3a1a2,) (4.56)

If Re(A1) < 0 and Re()A2) < 0 for a given equilibrium point (¢, acq) on the F-R curve, then
the point is stable. If Re(A;) > 0 and/or Re(A2) > 0, then the point is unstable.

4.3.1 Nonlinear Resonance

The nonlinear resonance frequency occurs at the peak of the F-R curve, which is where the
equilibrium amplitude a., is & maximum in the o — a¢, plane. Inspection of the frequency-

response equation (4.54) reveals that a., is maximized when

o —aral, =0 (4.57)

2

The F-R equation then reduces to 02aeq

= a3x3, which means that the nonlinear resonance

amplitude a,, is

e}
e = 12218 (4.58)
c
for positive ¢ and x3. The value of ¢ for nonlinear resonance is then
2.2
1o
o=aial, = H12X3 (4.59)

c2
according to Equation (4.57). Therefore, the nonlinear resonance frequency wy,. is

2.2
oo
Wy = w1 + alafw =w] + 16—22X?’ (4.60)
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according to our definition of wy in Equation (4.9) with € being set equal to one.

In summary, when only the first mode is excited by a primary resonance excitation, the
clamped circular plate resonates nonlinearly at the frequency wy, with a first-order amplitude
anr, according to the solution for n(¢) in Equation (4.46). We also note that a,, must be

sufficiently small in order for terms of O(a?) and higher to be neglected in the solution.

4.3.2 Inflection Point

For sufficiently small forcing 3, the amplitude a.q is a single-valued function of the detuning
parameter . The F-R curve has a “camel’s hump” with a peak occuring at the nonlinear
resonance point. However, as the forcing parameter xs increases, the camel’s hump bends
either to the left (softening) or to the right (hardening). At a critical value x§", the camel’s
hump loses its single-valuedness (one a4 for one o) for x3 < x5 and is multi-valued (three
acq for one o) for certain o when x3 > x§'. Therefore, an inflection point exists on the F-R
curve when x3 = x§', being the transition point between single- and multi-valuedness. In
this section, we seek expressions for the inflection point in the o — a., plane and the critical
X3 that causes the inflection point.

We begin seeking the inflection point by using the F-R equation (4.54) to create a function
f(a) as

fla) = a*{c® + (aa® + 0)*} — a3x3 (4.61)

According to the F-R equation, f(acq) = 0. Now, because the F-R curve is on the verge of
multi-valuedness at the inflection point, f(a) must have a triple root there, such that the one
root for x3 < x5 bifurcates into three roots for x3 > x§". For the triple root to exist at the
inflection point, the first and second derivatives of f(a) must be zero when a = a.q; that is,
f'(aeq) = f"(aeq) = 0.

The three equations (f(aeq) = 0, f'(aeq) = 0, and f"(aeq) = 0) can be solved for the
three unknowns (aeq, 0, and x3) at the inflection point. Specifically, the two derivative
equations (f'(aeq) = 0 and f”(aeq) = 0) can be solved for aey, and o at the inflection point,
and then these values can be substituted into the third equation (f(aeq) = 0) to yield the

critical x3. Using the Solve command in Mathematica, we solve f'(aeq) = 0 and f”(aeq) =0



Gregory W. Vogl Chapter 4 Nonlinear Resonance Theory 51

for positive ae, and real o to find the inflection point at

(0, eq) = <\/§ csgn(ay), %) (4.62)

where sgn(x) gives the sign of a real, nonzero number z. After substitution of the inflection

point into f(aeq) = 0, the critical x3 is found to satisfy

2 8c3
X3 33 || a?

Thus, an inflection occurs at the point in Equation (4.62) when Equation (4.63) is satisfied.

(4.63)

4.3.3 Softening or Hardening

A simple way to determine whether the F-R curve bends to the left (softening) or to the right
(hardening) is to determine how the F-R curve behaves locally around the inflection point
(4.62). Because f(a) has a triple root at the inflection point, o is locally a cubic function of
aeq with no linear and quadratic terms; that is, 0’ (aeq) = 0 and 0”(aeq) = 0. Consequently, to
determine whether the effective nonlinearity of the plate is softening or hardening, we inspect

the triple derivative o) (@eq) at the inflection point; that is,
03 (aeq) >0 = softening and  0®(ae,) <0 = hardening

Therefore, we need to determine the sign of o to know whether the nonlinearity is softening
or hardening.

To determine o(® (ae,) at the inflection point, we operate on the F-R equation (4.54)
with #%q, where o is taken to be an implicit function of a.,. Then, we use the fact that
0'(aeq) = 0" (aeq) = 0 to reduce the problem into a single equation in the single unknown

o) (ae,) at the inflection point (4.62) whose solution is

241/2/3 02 o
o (aeq) = —Tll (4.64)

at the inflection point. Consequently, the sign of 0(3)(aeq) only depends on a7 as

a1 <0 = softening and «a; >0 = hardening (4.65)
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4.3.4 Saddle-Node Bifurcations

As x3 increases beyond the critical value satisfying Equation (4.63), the F-R curve becomes
multi-valued, with two saddle-node bifurcations instead of an inflection point. The saddle-
node bifurcations satisfy the F-R equation (4.54) and 0'(aeq) = 0. To use the latter equation,
we differentiate Equation (4.54) with respect to a.q, where o is taken to be an implicit function

of aeq, set 0’ (aeq) = 0, and obtain the other equation that the saddle-node bifurcations satisfy:
2{62 + (0’ — Otlagq)2} — 4a1azq(o- —_ alan) = 0 (4.66)

for nonzero a.,. Later, we will solve the F-R equation (4.54) and the additional equation (4.66)
numerically to find the values of a., and o at the saddle-node bifurcations for various system

parameters.



Chapter 5

Nonlinear Resonance Results

5.1 Numerical Results

In this chapter, we investigate the primary resonance excitation of the first mode of the
clamped CMUT plate. By using the frequency-response equation (4.54), we can plot the
equilibrium vibration amplitude a4 versus the forcing frequency wy; that is, we can create F-R
curves for general system parameters. The nonlinear resonance frequency wy, and amplitude
anr and possible saddle-node bifurcations are known according to equations presented in the
previous chapter. Furthermore, the softening or hardening type of the effective nonlinearity
due to the DC voltage xo is determined according to the conditions (4.65), and the critical AC

voltage amplitude x§" for the onset of multi-valuedness is known according to Equation (4.63).

5.1.1 Frequency-Response Curves

We begin by choosing system parameters and plotting F-R curves for various amplitudes
x3 of the AC voltage. Figure 5.1 contains representative plots of the equilibrium vibration
amplitude aq (a, for short) versus forcing frequency wy. For any given system, a critical
X5 exists, such that the F-R curve is single-valued for x3 < x§', as in Figure 5.1(a). The
response is purely stable, being represented by a solid curve, and the nonlinear resonance point
is located by a circle. At the critical value x§", the single-valuedness is about to break down,

as in Figure 5.1(b). An inflection point exists, denoted by the dot. For x3 > x§", the curve is

53



Gregory W. Vogl Chapter 5 Nonlinear Resonance Results 54

partially multi-valued, as seen in Figure 5.1(c). Two saddle-node bifurcations, also denoted
by dots, now exist and the curve between them is unstable (dashed). Accordingly, hysteresis
exists associated with jumps at the saddle-node bifurcations as the forcing frequency wy
is slowly varied. As one follows the F-R curve by slowly increasing/decreasing the forcing
frequency wy, the vibration amplitude a will jump down/up at a saddle-node bifurcation.
The rapid changes in amplitude due to small changes in forcing frequency are indicated by

the dashed arrows in Figure 5.1(c).
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(a) Single-valued response (x3 < x5 ) (b) Response with inflection point (x3 = x5")
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0.20 | 0.20 |
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a a [
0.10 0.10 F
0.05 0.05 |
(c) Multi-valued response (x3 > x5 ) (d) Responses for various xs

Figure 5.1: F-R curves for 8 = 100, v = 0.1, 7 = 1, F(r,t) = 0, x3 = 0.5, ¢ = 2, and
(a) x3 =5, (b) x3 =x§ =7.98, (c) x3 = 10, and (d) various values of xs3.

The evolution of the vibration amplitude with increasing x3 can be seen in Figure 5.1(d).
As the AC forcing amplitude y3 increases for the given system, a increases and the F-R curve
bends to the right (hardening). Eventually, the F-R curve becomes multi-valued accompanied
with hysteresis. We note that due to the conditions (4.65), the effective nonlinearity a; =

157.5 > 0 and hence the system behavior is of is of the hardening type. The nonlinear
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resonance frequency wy, is then always greater than the first natural undamped frequency
w1, according to Equation (4.60), as seen in Figure 5.1(c).

Because «; is independent of x3, the nonlinearity type (softening/hardening) is indepen-
dent of x3. The softening and hardening type only depends on the voltage through the DC
component Yo, which affects the equilibrium. Consequently, as we increase o and the plate
deflects more towards the fixed electrode, the plate’s nonlinear behavior, like that in Fig-
ure 5.1, becomes less hardening and eventually becomes softening. In fact, for the clamped
circular plate with electrostatic actuation, the system behavior does transition from harden-
ing to softening as xo increases. For example, Figure 5.2 contains representative plots of a
versus wy for a system with softening behavior. The chosen system parameters are the same

as those for Figure 5.1, except that x3 = 25, which is greater than yZ = 0.5 for Figure 5.1.
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(a) Single-valued response (x3 < x5 )

(b) Response with inflection point (x3 = x5 )
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(d) Responses for various x3

(¢) Multi-valued response (xs > x5 )

Figure 5.2: F-R curves for 3 = 100, v = 0.1, 7 = 1, F(r,t) = 0, x3 = 25, ¢ = 2, and

(a) x3 = 0.5, (b) x3 = x§" = 0.720, (c) x3 = 0.9, and (d) various values of x3.

Characteristics similar to those in Figure 5.2 are exhibited in Figure 5.1 for increasing
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X3, except that the nonlinear behavior is softening rather than hardening. Once again, as
the forcing amplitude x5 increases, the F-R curve eventually becomes multi-valued accom-
panied with hysteresis and jumps, as seen in Figure 5.2(d). In this case, the nonlinearity
type is softening instead of hardening because a; = —138.9, which is now negative. The
nonlinear resonance frequency wy, is then always smaller than the frequency w; according
to Equation (4.60), as seen in Figure 5.2(c). Consequently, as one follows the F-R curve by
slowly increasing/decreasing the forcing frequency wy, the amplitude ¢ will jump up/down

at a saddle-node bifurcation.

5.1.2 Force-Response Curves

Jumps in the response amplitude may also be seen in a force-response (Force-R) curve, which
depicts how the vibration amplitude a changes with the amplitude y3 of the AC forcing for
a fixed forcing frequency wy, or alternatively, a fixed detuning parameter o. Representative
Force-R curves are shown in Figures 5.3(b) and 5.3(d) for the systems of 5.3(a) and 5.3(c),
respectively. Jumps (depicted as arrows) occur in Figure 5.3(b) because o is greater than
the critical value for the inflection point (4.62) of the hardening-type system, and amplitude
jumps occur in Figure 5.3(d) because o is less than the critical inflection point value of the
softening-type system. Conversely, if the chosen forcing frequency w; does not deviate far
enough from the natural frequency w for either system type, then no jumps in the vibration

amplitude will occur.

5.1.3 Transition from Hardening- to Softening-Type Nonlinearity

As we increase the DC voltage X, the clamped CMUT plate transitions from a hardening-type
to a softening-type system. For example, this transition is seen in the backbone (bold) curve
in Figure 5.4. The backbone curve tracks the nonlinear resonance frequency from its position
for zero xo (denoted with a circle) up to pull-in (not seen in the figure). Initially, we only
have hardening-type systems (a; > 0), with the tracked nonlinear resonance point heading
north-east. However, at the turnaround point (denoted by a dot), the nonlinear resonance
point begins to head north-west. As we increase x¢ to 3.36 (denoted by an asterisk), we find

that there is neither hardening nor softening behavior because a; = 0. Hence, the system
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Figure 5.3: Frequency-response and force-response curves for the system with § = 100,

v=0.1,7=1, F(r,t) =0, c =2, and either (a)-(b) x3 = 0.5 or (c)-(d) x2 = 25.

is locally linear and the F-R curve is not bent for that case. However, as we increase the
DC voltage xo beyond 3.36, we find that the nonlinearity of the system becomes softening
(a1 < 0), with the F-R curve being bent to the left, like that for xo = 3.61. Softening remains
until pull-in is reached.

The same transition from hardening to softening behavior is also exhibited in Figure 5.5.
The frequency ratio wy, /w; is plotted versus the DC forcing x in Figure 5.5(a). For zero xo,
the frequency ratio wy,,/w is always equal to one because ag = 0 when yo = 0 according to
Equation (4.40b), which means that w,, = w; according to Equation (4.60). Then, wy, /w1
increases as xo increases because the system is of the hardening type (i.e., ay is initially
positive), as seen in Figure 5.5(b). However, this trend ends when the maximum of wy, /wy
is reached (denoted by a vertical dash). The frequency ratio begins to head back to one, and

as Xo increases beyond 3.36, the nonlinearity type becomes softening and wy,,./w; decreases
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Figure 5.4: Progression from hardening to softening behavior as xo increases for 8 = 100,

v=01,7=1, F(r,t) =0, c=0.25, and x3 = 0.25.

below one, or alternatively, a; < 0, as seen in Figure 5.5(b). We note that the circle, dot,
and asterisk of Figure 5.5(a) are analogous to those on the backbone curve in Figure 5.4.
Furthermore, we note that the turnaround point does not generally occur at the maximum
of wyy /w1, as in Figure 5.5(a).

The DC voltage x¢ at the transition point (a1 = 0) from a hardening-type to a softening-
type system depends on the parameters. The dependence on § for v = 0.1, 7 = 1, and
F(r,t) = 0 is seen in Figure 5.6. For example, when 5 = 100, the system being studied is that
of Figure 5.5. The system behavior changes from hardening to softening as xq is increased.
Eventually, the plate is pulled into the “brick wall” (the bottom electrode). In fact, a; — —o0
and as — 0o as the pull-in limit is approached, which means that the nonlinear resonance
amplitude and frequency become increasingly sensitive to the amplitude 3 of the AC forcing
according to Equations (4.58) and (4.60), respectively. Consequently, x3 must approach zero

to maintain finite responses as the plate approaches pull-in.
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Figure 5.5: (a) Change in wy,/w; from being greater than one (hardening) to being less than
one (softening) and (b) change in «; from positive (hardening) to negative (softening) as xo

increases for § =100, v =0.1, 7 =1, F(r,t) =0, ¢ = 0.25, and x3 = 0.25.
5.2 Numerical Convergence

Thus far, we have found that stable deflections converge sufficiently with five axisymmetric
modes. However, in order for the reduced-order model to be of any use, the equilibrium
amplitude a also has to converge as the number N of modes increases. This means that the
system parameters o and ag in Equation (4.54) and the first undamped natural frequency wq

must all be sufficiently close to their limits so that the F-R curve is sufficiently converged.

5.2.1 Zero Pressure Difference

We calculated a1, ag, and wy as functions of xq for various combinations of system parameters

with different values of N. Because the reduced-order model is intended for analysis of
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Figure 5.6: Hardening and softening regions for v = 0.1, 7 = 1, and F(r,t) = 0.

CMUTs, we choose (nondimensional) system parameters feasible for typical CMUTs. We
focus on modeling air transducers by restricting the nondimensional residual stress 7 to be
less than the nondimensional parameter 3, where (3 is as high as 100. For simplicity, we also
let Poisson’s ratio v equal to 0.2 and let F'(r,t) = 0 (no pressure difference across the plate).
Results for a combination of parameters are shown in Figure 5.7. As pull-in is approached,
the respective curves in Figures 5.7(a)-(c) generally deviate from each other. However, three
modes seem to be sufficient to characterize the dynamic-related quantities oy, ao, and wy
for most of the range of xo up to pull-in. In fact, the curves for three and four modes are
hardly distinguishable. At X% = 13, which is about 87% of the critical value for pull-in, the
frequency-response curves in Figure 5.7(d) are basically converged for three modes.
However, when the geometric nonlinearity increases by increasing 3 from 1 (in Figure 5.7)
to 100 (in Figure 5.8), at least four modes may be needed to sufficiently characterize the
steady-state dynamics for most of the range up to pull-in. The curves in Figure 5.8 for four
and fives modes are barely distinguishable, and at x3 = 28, which is about 84% of the critical

value for pull-in, the F-R curves in Figure 5.8(d) are basically converged for four modes.
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Figure 5.7: Parameter and response curves for 3 = 1, v = 0.2, 7 = 1, and F(r,t) = 0 obtained

with different number of modes.

5.2.2 Positive Pressure Difference

The previous analysis was for systems with zero pressure difference across the plate, but
advantageous pressure differences exist in many CMUTs. For instance, when a vacuum is
created under the plate and the pressure from a fluid acts on its top, the electromechanical
coupling increases due to the plate deflection, making the system more efficient for conversion
of electrical energy to mechanical energy (Huang et al., 2003a). We would like the macro-
model to be applicable for such situations. In this spirit, we let F(r,t) be constant and
test convergence for feasible cases, one of which is seen in Figure 5.9. For all four values
of F', four modes are sufficient for convergence for most of the range up to the respective
pull-in. However, as F' increases, the curves deviate more and five modes become necessary

for convergence.
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Figure 5.8: Parameter and response curves for § = 100, v = 0.2, 7 = 1, and F(r,t) = 0

obtained with different number of modes.

In general, at least three (N = 3) modes should be used in the reduced-order model
(3.21) to characterize the responses of clamped circular plates used in air-immersed CMUTs
to primary resonance excitations. In fact, three modes were used to generate the curves in
Figures 5.1-5.6. Consequently, the error in the approximate equilibrium solution (4.46) is
mainly due to truncation at a certain order of a in the method of multiple scales, instead
of being due to the truncation of the number N of modes in the reduced-order model. In
practice, however, the nondimensional amplitude a will be sufficiently small, such that the

number N of modes primarily limits the accuracy of the approximate amplitudes.
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Figure 5.9: First undamped natural frequency for 8 = 50, v = 0.2, 7 = 50, and (for paired
curves from left to right) F(r,t) = 150, F(r,t) = 100, F(r,t) = 50, or F(r,t) = 0 obtained

with four and five modes.

5.3 Design Curves for Zero Pressure Difference

Thus far, we have examined the behavior of the primary resonance excitation for the system
with 3 =100, v = 0.1, 7 = 1, and F(r,t) = 0. For example, as the DC forcing y( increases
from zero, the system transitions from a hardening-type (a1 > 0) to a softening-type (a; < 0)
system up to pull-in. However, for design purposes, it might be instructive to know when the
system is of the hardening- or the softening-type for any system parameters for the common
case of zero pressure difference (F(r,t) = 0) across the plate.

First, we determine how the curve a; = 0 in Figure 5.6 changes as the residual stress 7
varies. Figure 5.10(a) shows transition curves from hardening-to-softening behavior for vari-
ous values of 7. These curves resemble the curve shown in Figure 5.6. Clearly, the transition
value X{" increases/decreases as 7 increases/decreases. This trend makes sense because the
pull-in values X} " also increase with 7. In fact, an approximate scaling seems to exist among

the transition curves. The maxima of the curves are denoted by dots and seem to fall approx-
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imately on a straight line, as evidenced by the dashed curve in the Figure 5.10(a). Because
both of the pull-in and transition values increase with 7, we scale the transition values with
respect to the pull-in values for all curves in order to visualize any possible scalings. These
scaled transition curves are seen in Figure 5.10(b). The maximum of X{"/ ng‘ is about 71.0%
for most curves, even though this maximum occurs for different values of 5. Again, it appears

that an approximate scaling exists somehow.
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Figure 5.10: (a) Transition curves (a3 = 0) and (b) scaled transition curves for » = 0.1 and

various values of 7.

Because of the apparent scaling, an attempt was made to relate the hardening-to-softening
transition curves for non-zero 7 to the transition curve for zero 7. We attempted to find
equations that would enable one to approximate a transition curve for non-zero 7 by using

the transition curve for zero 7. Inspired by the dashed line in Figure 5.10(a), we let

B = <1 + %)ﬂlm and X} = (1 + 5—T2>X3T|TO, (5.1)
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where (8|,—0, X{"|r=0) is any point on the transition curve for zero 7 and §; and d2 are
constants yet to be determined. A transition curve for general stress 7 can by drawn by
using these linear expansion rules once the transition curve for zero 7 is known. We note
that both the transition curve for zero 7 and every J; are functions of v.

The constants §; and d were determined first for v = 0.1 through use of a least-squares fit
between predictions from the mapping in Equations (5.1) and actual transition curve values
for 7 = 10, 20, 30, 40, and 50. Positive 7 values were used because the residual stresses
in MEMS (hundreds of MPas) can be precisely controlled (Ladabaum et al., 1998) and are
usually tensile. Many data points on the zero-7 transition curve were chosen and used in
Equations (5.1) to predict points on the non-zero 7 curves for fitting purposes. The sum of
the squares of errors between predicted and actual X{" values on the non-zero 7 curves was

then minimized. A local minimum is found at
(51 =13.18 and (52 = 15.47 (5.2)

for v = 0.1. The transition curves used for the minimization are shown in Figure 5.11(a)
along with the data points (squares) for 7 = 0 and the optimal predicted points (dots) for the
non-zero 7 hardening-to-softening transition curves, which were created by using the d; from
Equations (5.2) in the mapping equations (5.1). As seen in the figure, the predicted transition
values X{" match the actual transition values fairly well. In fact, the maximum error between
predicted and actual transition values X{" is about 0.75 in magnitude. Compared to the usual
sizes of X" in Figure 5.11(a), the absolute error is small.

Several transition curves and their respective predicted curves for v = 0.1 are shown
in Figure 5.11(b). The values of 7 are 75, 100, and 125, which are all outside the range
7 € [0,50] that was used to determine the parameters d; and d2 for the linear expansion
rules (5.1). Furthermore, the values of 3 in Figure 5.11(b) are well outside the range in
Figure 5.11(a) used for fitting purposes. Despite the relatively large values for 7 and [,
the predicted curves seem to approximate the actual hardening-to-softening transition curves
fairly well, especially for relatively large (.

To get a better approximation of the transition curves for larger 7, one could increase the

range of 7 used in the minimization scheme to find the optimal d;. Furthermore, one could
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Figure 5.11: (a) Data points (squares) and predicted points (dots) near transition curves of
varying 7 used for parameter extraction and (b) several transition curves (solid) and respective

predicted curves (dashed) for v = 0.1 and F(r,t) = 0.

change the mapping in Equations (5.1), perhaps by adding parabolic and cubic terms to scale
the transition values for zero 7. However, we leave our scheme alone, since it is mainly used
here for illustrative purposes. We have shown that the transition curves are approximately
related linearly through the expansion rules in Equations (5.1). In other words, the transition
curve for zero 7 is scaled approximately linearly as 7 changes.

The dependence of the transition curves on Poisson’s ratio v can also be estimated. Thus
far, we have kept v constant at 0.1 and varied 7. Now, we use similar fitting schemes to
determine the values of §; and d2 for other values of v. Figure 5.12(a) shows the zero-7
transition curves for several values of v € [0,0.5], and Figures 5.12(b) and 5.12(c) show the
variations of §; and d with v. After choosing a value for v, one can use its associated zero-r

curve in Figure 5.12(a) and its associated values of d; and d2 to create the hardening-to-
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softening transition curve for a given 7 from the linear expansion rules (5.1).
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Figure 5.12: (a) Zero-7 transition curves for various v, (b) d; versus v, and (c) d2 versus v.



Chapter 6

Boundary Effects on Static Plate

Behavior

6.1 Motivation

The previous problem formulation was based on clamped boundary conditions. However, as

seen in Figure 6.1, the boundary of an actual CMUT may not be clamped.
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Figure 6.1: (a) An atomic force microscopy (AFM) image of a circular CMUT cell and (b)
an AFM scan line of the deflected CMUT (adapted from Yaralioglu et al. (2001)).

In fact, the dynamics of CMUTs are highly influenced by the boundary conditions. Most

68
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analytical CMUT models assume that the outer edge of the midplane is fixed and clamped
for simplicity. For non-clamped outer edges, analytical models are usually abandoned for a
finite-element approach. In contrast, we update our reduced-order model to account for the

coupling of the plate and boundary.

6.2 Boundary Conditions

As seen in Figure 6.2, we assume that the boundary force N, and moment M,., cause the plate
boundary to displace horizontally (w = 0) and rotationally (%—1;’ # 0 in general). Moreover, we

assume that the force and moment affect the slope linearly such that the boundary conditions

for w are
w=0 at r=1 (6.1a)
8_11) = —k1Ny + koM, at r=1 (Glb)
or
where
10 10%®
Ny = IB[;E—’_T_QW + 7 (6.2&)
M. __82_w+3 6_w_|_182_w (62b)
e or2  r\ or r 062 '

and k1 and ko are non-negative constants. We also need conditions for the stress function ®.
For simplicity, we assume that the residual stress acts at the boundary, which means that

N, = 7 and
10 100
ror 12002

Also, since ® is known to within an arbitrary function of time (Nayfeh and Pai, 2004), we

=0at r=1 (6.3)

only need to solve for 9®/9r. Thus, the axisymmetric boundary conditions are

w=0 atr=1 (6.4a)
L - KJ?;T‘;’ at r=1 (6.4D)
(Z_(f = at r=1 (6.4c)
w<oo and P<oo at r=0 (6.4d)
where K, = 15_1,;2” and Ky = 145521/'
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Figure 6.2: Boundary conditions for the updated macromodel.

6.3 Galerkin Approach for Axisymmetric Motion

For axisymmetric motion, Equations (6.4) need to be solved with the two governing equations,

repeated here for convenience:

0*w Ow 4 B0 [Owdd 0 [ Ow v (t)
o2 Tl TV Y=gy (W%) o (a—) TR e (69
4 . _lazw 3w
Ve = r Or? Or (6.6)

Once again, we use a Galerkin approach to find approximate solutions. However, an additional
static deflection is included because of the non-clamped boundary conditions. Accordingly,

we approximate w(r,t) as

w(r,t) = ws(r) + > 1 (t)dm (r) (6.7)

where w;(r) is given by

Viw, =0 vV re(0,1) (6.8a)

ws =0 at r=1 (6.8b)

wh = —K, — Kow” at r=1 (6.8¢)
ws < 00 at =20 (6.8d)
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Also, we choose the shape functions ¢,,(r) to be the axisymmetric modes of the linear un-
damped and unforced plate. It follows from Equation (6.5) that the governing equation

is
W+ Viw =0 (6.9)

Thus, ¢,,,(r) is the mth shape function; it is the solution of

Vb — wim = 0 v e (0,1) (6.10a)
¢m =0 at r=1 (6.10b)

¢, = —Kagl at r=1 (6.10c)

bm < 00 at =0 (6.10d)

In Equation (6.7), n,,(t) is the mth generalized coordinate for the mth shape function and
wm, i the corresponding frequency. Consequently, Equation (6.7) satisfies the conditions for

w(r,t) in Equations (6.4) and the equation of motion (6.9).

6.3.1 Static Deflection

Solving Equations (6.8) yields the static deflection
ws(r) = K1(1 —1r?) (6.11)
where K = %
6.3.2 Shape Functions
The general solution of Equations (6.10a) that is bounded at the origin can be expressed as

¢m(7') = Cljn(amT) + C2In(am7') (6.12)

where a,;, = \/wy,, and ¢; and co are determined by the boundary conditions. Imposing the

boundary conditions, Equations (6.10b) and (6.10c), we obtain

In(0m) In(am) ] { c1 } _ { 0 } (6.13)
I (o) + am Ko J) (o) I (am) + am Ko Il (auy) 2 0
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A nontrivial solution requires that the determinant of the matrix is zero; that is,
[Jn(cum) I}, () — In(oum) Iy (0um) | + am Ko [Jn (o)1) (0un) — In(am) ) (am)] =0 (6.14)

Given Ky, one can find all oy, (and hence all w,,) required for the Galerkin approach.

Figure 6.3 shows the values for the axisymmetric modes. According to Equation (6.10c), the

TR IR NI ST R R

16

Figure 6.3: K5 versus ., for the axisymmetric modes. Solid dots represent the o, for the

given K5 of a dashed line.

Ky = 0 case represents a sliding-clamped boundary for ¢,,(r). As the clamped condition
loosens with increasing Ko, the natural frequencies decrease as seen in Figure 6.3. The first

six axisymmetric modes for various Ky values are seen in Figure 6.4.

6.3.3 Stress Function

Like the plate deflection w(r,t), the stress function ®(r,¢) also needs to be discretized and
solved to within arbitrary generalized coordinates 7;(¢). We begin by noting that Equa-

tion (6.6) becomes

3 2 2
P Po 19 1(aw> (6.15)

"8 e rar . 2\ar
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Figure 6.4: (a) ¢1(r), (b) ¢a(r), etc. for various Ky values.
for axisymmetric motion (Nayfeh and Pai, 2004). Substitution of Equation (6.7) into Equa-
tion (6.15) yields

oo e 100 1,

—=|w

57 T T o~ 3 | W)+ D mer) (6.16)

r

Consequently, we seek the solution of ® in the form

N
D(r,t) = @s(r) + Z N ($)Tm (r) + Z M (8) 11 () Yran () (6.17)
m=1
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We substitute Equation (6.17) into Equation (6.16), collect terms for general n;, and obtain

1 1
ro + @) -~ = —§(w;)2 (6.18a)
1
T+ T =~ = —wldh, (6.18b)
1 1
Tw%n + @/)Zm - ;w;rm - _§¢Im¢;1 (6180)

for m,n=1,2,... N. It follows from Equations (6.4) that the boundary conditions are

P =0 at r=1 with &; <oo at =0 (6.19a)
I =0at r=1 with I';;, <oo at r=0 (6.19b)
Y, =0 at r=1 with ¥,, <oo at r=0 (6.19¢)

The three systems of Equations (6.18) and (6.19) are of the same form:

NI . 200
f=0at r=1 (6.20D)
f<ooat r=0 (6.20c)

where

f=% and g = —%(wéf (6.21a)
f=Tn and g = —w)¢l, (6.21D)
f=%mn and g = _%¢'Im¢);1 (6.21c)

respectively. To solve Equations (6.20), we let v = f” and rewrite Equation (6.20a) as
" / 1
rv’ + v —=f=g(r) (6.22)
r

Using the method of variation of parameters and noting that two linear independent solutions
of the homogeneous form of Equation (6.22) are r and !, we express the general solution

of Equation (6.20a) as

f'=c(r)r+e(r)r ! (6.23)
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We then follow an approach similar to that of Nayfeh and Pai (2004) and express the solution
of Equations (6.20) as

r T T r 1
=g [ 8- o [oede+ [ oleeds (6:24)

Finally, substitution of Equations (6.21) into Equation (6.24) and application of Equa-
tion (6.11) yields

Pl = EK% (r— r?’) (6.25a)
o Y _ﬁ Yy ! 2

U= [ dde =<2 [ eofie i [ e (6.25b)
;T TCZ);nQS;@ 1 TR ro[! Y,
v = =5 [ 2Bt - [ eonnae = [ cononie (6.25¢)

Consequently, having solved Equation (6.6) and its associated boundary conditions, we ex-

press the partial derivative 9®/9r required for the first governing equation (6.5) as

0P N N
- / / /

6.4 Updated Reduced-Order Model

We substitute Equations (6.7) and (6.26) into Equation (6.5) and obtain

. . B o
(iim + 261+ @2m) Sm = =5 [ (W + M) (B + T + Tt |
o -2
o 7 (W + mmd) | + B 8) + 02 (1)1 = (w0, + nom) | (6.27)
forg =1, 2,..., N with the summation signs for m and n removed for notation simplification.

Next, we rearrange Equation (6.27) and rewrite it as

. . 0
(nm =+ 2¢nm, + Wgnnm) Gm = ga [f + N fm + D fmn + nmnnnpfmnp]

F 20 g+ ] + B, 2) +07(0)[1 — (4 )| (6.28)
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where

f=w,® (6.292)

fm =Wl + ¢l @ (6.29Db)
frn = Wby, + 6,1, (6.29¢)
frmnp = Yinn®p (6.29d)
g =ru, (6.29)
Im =T, (6.29f)

2

)

for m, n, p = 1,2,...N. Then, we multiply Equation (6.28) with [1 — (ws + DY dm)
multiply every term by r¢,, integrate the outcome over r € [0, 1], and obtain after much

rearranging

(Fim + 2¢Tm + Wi Nim) [Amq + NiAimg + mnjAz'jmq}
=p [Bq + NmBmg + Mmlin Bmng + MmnlpBmnpg + Nillmn1p Bimnpg
+ ninjnmnnaniijPQ}
+ 7 [Cq + 1 Cmg + 1iMm Cimg + ninjnmcijmq}

+ Iq + niJiq + 'r]ianijq + 1)2 (t)Lq (630)
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where

Ay = /0 1 (1 — ws)? rmydr (6.31a)
Apg = — 2 /0 "1 = ws) résmydr (6.31b)
Asima = /0 i bmbadr (6.31¢)
—/lf 1—w8)2¢q]/dr (6.31d)
/ f [(L = w)? 6] dr + 2 / FI(1 = w,) 6moy) d (6.31¢)

By == [ [(1—ws> o) e 42 [ (1 we) bl
— / 1 f [Dmdndy) dr (6.31f)

Brunga = / o [(1 — w2 ) dr + 2 / Frn [(1 = w,) 6] dr

- /O f [Buop]’ dr (6.31¢)
- s [(1 = w2) b6 dr — / fn [Bibptal dr (6.31h)
B =~ | o 93636 dr (6.313)
Cy=- / 1g[(l—ws> %}’dr (6.31j)

1 1
Im 1 — wy)? dr + 2/ g[(1 — ws) pmay] dr (6.31k)
0

1

ol
/O 1gm (1 —ws) gicdg) dr — / 1g[¢i¢m¢q]/dr (6.311)
- o

Cijmg = ¢z¢j¢q (6.31m)
I, —/ F (1 —ws)* rogdr (6.31n)
° 1
Jig =— 2/ F (1 —ws) rdipedr (6.310)
. 0
K’L’jq :/0 F’I“qbi¢j¢qd’l“ (631}))

1
L, :/ rdgdr (6.31q)
0
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We collect all of the n,,(t) into a column vector n(t), rearrange Equation (6.30), and obtain

M (n)#) + 2¢M ()7 + N(n)n = P(n) +v*(t) L (6.32)

where
M(n) = [Mgm(n)] = [(Amq + i Aimg + 10 Aijmqg)] (6.33a)
N(n) = [Ngm(n)] = [Wgn(Amq + 1i Aimg + 1iM; Aijmg)] (6.33b)

P(n) ={Py(n)} = {ﬁ(Bq + N Bmg + MmN Bmng + M nMp Bmnpq
+ Ni M T Bimnpg + M7 T M lp Bijmnpq )
+ 7(Cq + 1mCimq + 1iMmCimg + 1:71j1m Cijmy)
(I + iig + min; Kisa) } (6.33¢)

L={L,} (6.33d)

with Einstein’s convention holding only within pairs of parentheses.
Once all of the 7,,(t) are determined by solving the nonlinear matrix equation (6.32), the

plate deflection w(r,t) is given approximately by Equation (6.7).

6.5 Static Behavior Under Electrostatic Actuation

Figure 6.5 shows the axisymmetric deflections at pull-in for various values of K; and Ko
and some chosen parameters. As seen in Figures 6.5(a), 6.5(c), and 6.5(e), the plate deflects
more as K7 increases. This behavior is expected, since a larger K1 means that the stress at
the plate boundary causes a greater static deflection ws(r), as seen in Equation (6.11). The
greater deflections also lead to lower pull-in voltages, as seen in Figures 6.5(b), 6.5(d), and
6.5(f).

As seen in Figures 6.5(b), 6.5(d), and 6.5(f), the pull-in curves shift leftward with K for
all K7; that is, the plate becomes more sensitive to voltage as K5 increases. This happens
because, as K» increases towards its limit of 1/v = 1/0.1 = 10, every ¢; transitions from

being a sliding-clamped to a sliding-simply-supported mode, seen especially in Figure 6.5(a).
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Figure 6.5: Center deflection w(0) versus electric forcing v? in (b), (d), and (f) with the dots
denoting pull-in points. The corresponding deflections w(r) at pull-in are plotted in (a), (c),
and (e). For all values of K; and K, Equation (6.7) was solved with N =2, 8 =1, v = 0.1,
T =1, and F(r,t) =0.

6.6 First Validation of Static Behavior of Updated Macro-

model

Bayram et al. (2001) performed FEM simulations with ANSYS to determine how sizes and
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locations of embedded, centered electrodes affect the collapse voltage of a circular silicon-
nitride membrane for possible applications in CMUTs. We can apply the updated reduced-
order model for the case in which the electrode is of zero thickness. Figure 6.6 shows cross-
sectional views of the axisymmetric CMUT for FEM and reduced-order modelings. Because
the CMUT studied by Bayram et al. had no residual stress, the parameter K; is zero. Thus,
the only unknown model parameter is K5. It will be found using some of the results from

Bayram et al. and then it will be used in the macromodel to predict their remaining numerical

results.
50 um |
(a) Fout | (b)
. = lin= Vacuum ‘
- \ top electrode K=0 I
in t 1 \ 1"~ ¢ 1um
Metal Plate |'- | de$ - K,=?
‘ d. Silicon Nitride | | Vacuum %
g| R ; | Tum
1] ‘ bottom electrode |
s Silicon Substrate |

Figure 6.6: (a) A schematic of a CMUT with an electrode of variable size and position for
FEM simulation (from Bayram et al. (2001)) and (b) a schematic of a similar CMUT with

an electrode of zero thickness for reduced-order model simulation.

To find Ky, we first use Figure 6.6(b) to modify the macromodel. If the parallel plate

assumption still holds, the electrostatic forcing term is modified in Equation (6.5) such that

0*w ow 4 B0 (0wod 70 ([ 0w v (t)
o Ty TV =T <55> o (a_> TR FH T e (639
where

1, Tin < T < Tout
H(r) = (6.35)

0, elsewhere

with 7, and rout being nondimensionalized with respect to R for this function. The modified

Heaviside function H(r) ensures that the electric forcing is only applied to the portion of the
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plate that is covered by the electrode. Consequently, the macromodel is the same except that
Tout
L,= / roqdr (6.36)
Tin
To ensure that the parallel plate assumption holds, we need to make sure that d < (rout — Tin)-

Because d ~ 1 um, we let
(Tout - Tin) > 20 pm (637)

6.6.1 Fit of Macromodel

With the material parameters listed in Table 6.1, Bayram et al. (2001) performed FEM
simulations of the configuration in Figure 6.6(a). They predicted the pull-in voltages for an
upper electrode with no thickness (t¢ = 0) and no inner radius (rj, = 0) but with variable
outer radius royt. Because the electrode has no thickness, it does not contribute any additional
stiffness to the plate. Consequently, the macromodel can be used in this case, as seen in
Figure 6.6(b). In fact, only the material properties for SizN4 and Vacuum in Table 6.1 are
required. As a result, the reduced-order model uses the parameters 8 = 15.43, v = 0.263,
7 =0, and F(r,t) = 0.

Table 6.1: Material parameters used by Bayram et al. (2001) in their FEM simulations.

Material SigNy  Vacuum Si Al Au
Young’s 320 169 67.6 80.6
Modulus (GPa)
Density (kg/m3) 3270 2332 2700 19700
Poisson’s ratio 0.263 0.3555 0.4205
Relative 5.7 1 11.8
Permittivity

We determined that K2 = 0.016 by matching the macromodel pull-in voltage at royt =
50 pm to the corresponding FEM result. The largest outer radius was used for parameter

extraction because the parallel-plate approximation is most valid for a fully-metalized plate.
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Figure 6.7 contains macromodel predictions for the extracted K2 and its limiting cases of

sliding-clamped (K3 = 0) and sliding-simply-supported (K = 1/v) boundary conditions. As

250 T T T T T T
L (a) — FEM |
i frout%‘ s Kp=0 i
- - -Ky=0.016 | |
200 Kg=40 ]
W T e e .
00F e ]
50 I I I | I I | I I | I I | I I | I I |
20 25 30 35 40 45 50
Fout (LM)
b) | 50 um | (©
77‘.§ N 7 //,/
NN
\\\ N i’ o SOSY i i
7
NN - / N
Ium N ‘////// /
——— K2:0
- —K2f2-816 =0 Ki=0 Ki=0 Ki=0
—— =4 1= K>=0 0<Ky<1v Ky <1/
Silicon Substrate

Figure 6.7: (a) Pull-in voltage versus electrode outer radius for K; = 0 and various Ky
with the system parameters from Bayram et al. (2001), (b) plate deflections at pull-in for
Tout = 35 pm, and (c) schematics of the boundary conditions for the three different regimes

for K1 = 0.

seen in Figure 6.7(a), the pull-in voltages for the macromodel and FEM are very close to each
other, even at royt = 20 pm. The pull-in curves for Ko = 0 are close to those for Ko = 0.016,

but can deviate by as much as 2.5%. On the other hand, the plate deflections at pull-in
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for Ko = 0 and Ko = 0.016 in Figure 6.7(b) are visually indistinguishable. Therefore, it is
important to model the boundary conditions as not being clamped in order to yield correct
pull-in values, even if the plate may appear to be clamped.

Bayram et al. (2001) also predicted the pull-in voltages for an upper electrode with no
thickness (t, = 0) and a variable inner radius 7, but with a fixed outer radius (royt = 50 pm).
Using the reduced-order model with Ky = 0.016, we predict the pull-in voltages for vary-
ing rin, as seen in Figure 6.8(a). In this case, the macromodel results do not match the FEM
results as well as in the previous case for varying outer radius. However, the pull-in voltages
match to within 1% up to ry, = 15 pm, as shown in Figure 6.8(c). The difference in accuracy
between the two cases is caused by the difference in forcing, since the first case is for a circular
electrode while the second case is for an annular electrode. The parallel-plate approximation
is less valid for the annular electrode than for the circular one because the annular electrode
has greater edge effects, which have been ignored in the macromodel but accounted for in

the FEM simulations.

6.6.2 Physical Validation of Boundary Condition

Even though the macromodel and FEM results match well when K5 = 0.016, this number
needs to be shown to be physically realistic for the given case. Otherwise, the physics of the
macromodel are not validated. Consequently, we now find an approximation of K.

As seen in Figure 6.9, we approximate the circular CMUT post as a locally-straight
clamped cantilever with thickness ¢,,st and depth b. The plate force N and moment M are
applied at a height L. For the given CMUT (see Figure 6.6(b)), we have %tpost <L< %tpost.
Next, we assume that linear beam theory (Ugural and Fenster, 1995) applies to the cantilever
and obtain

ow N NL? ML
or 2FpostIpost  EpostIpost

at # =R (6.38)

where the hat distinguishes a dimensional quantity from its nondimensional counterpart,

3

Dost - The force and moment exerted

Epost is Young’s modulus for the post, and o5 = %bt

on the approximated post by the plate are given by N = N,.b and M = —M,.b, respectively.
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Figure 6.8: (a) Pull-in voltage versus electrode inner radius for K; = 0 and various Ko
with the system parameters from Bayram et al. (2001), (b) plate deflections at pull-in for

rin = 15 pm, and (c) percentage errors of macromodel pull-in voltages from FEM results.

Hence
o 6N, L2 12M,,. L
b O M "2 ot f=R (6.39)
or EPOSttpost EPOSttpost
Furthermore, by letting L = 0, We obtain
ow PN PN R
= k1N + koM, at 7 =R (6.40)

or
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- Rﬁ plate  post

i

Figure 6.9: Approximation of the CMUT post as a cantilever.

where
- 6
ki~ ——mm 6.41a
! Eposttpost ( )
- 12
ko "% ———— 6.41b
? EpOStt%ost ( )

Next, we nondimensionalize Equation (6.40) according to Equations (3.2) and the relations

- D
Rir =25 Ner (6.42a)
- Dd
Mrr = ﬁMrr (642]3)
to obtain
ow
— = —k1Npp + koM, at r=1 (643)
or
where
6D
kh~——— 6.44
! Eposttposth ( a)
12D
ko % ————— 6.44b
? EPOSttf)ostR ( )

Equations (6.44) are the needed expressions for the parameters k; and k2 in Equation (6.1b).

Furthermore, because D = 125}131,2) and E = E since the plate and post are both made
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of the same material, we have

h3
ki~ ———— 6.45
L™ 9 Rdtyost (6.452)
h3
ko A ——— (6.45b)
Rt}%ost

Then, using the parameters in Table 6.1, we find that k3 ~ 0.02. Finally, because Ky =

ko
1+kov?

we can approximate Ko as ks; that is,
K2 ~ 0.02

which is close to the extracted value of 0.016. Consequently, the updated macromodel is
validated for this case because (1) the pull-in voltages for the macromodel and FEM are very

close to each other when Ky = 0.016 and (2) the extracted K» is physically realistic.

6.7 Second Validation of Static Behavior of Updated Macro-

model

Bozkurt et al. (1999) also performed FEM simulations with ANSYS to determine how sizes
of centered electrodes affect the collapse voltage and device performance of CMUTs. Once
again, we can apply the updated reduced-order model for this case in which the electrode is
of zero thickness. Figure 6.10 shows cross-sectional views of the axisymmetric CMUT. Since
Bozkurt et al. (1999) did not include residual stresses, K is zero. Thus, the only unknown

model parameter is K.

6.7.1 Fit of Macromodel

We used the material parameters in Table 6.1 for the CMUT of Figure 6.10 with full met-
alization of the plate and matched the center deflections from the FEM and macromodel
deflections, resulting in K9 = 0.047. For a bias voltage of 230 V, the deflections at the FEM
iterations are seen in Figure 6.11 along with the macromodel result. The converged FEM and
macromodel deflections are very similar, including the non-zero slope at the plate boundary.

Even though the two curves deviate by as much as 7%, the maximum absolute difference is
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Figure 6.10: (a) A schematic of a CMUT with an electrode of variable size for FEM simulation
(from Bozkurt et al. (1999)) and (b) a schematic of a similar CMUT with an electrode of

zero thickness for reduced-order model simulation.

less than 0.01 pm, which is much less than the gap distance of 1 ym. In contrast, for the
case of zero boundary slope (i.e., Ko = 0), the deviations between the converged FEM and
macromodel deflections reach almost 25%. Still worse, when the electrostatic term is addi-
tionally regarded as that for a purely parallel plate, the ‘Analytic’ deflection deviates even

more from the FEM and macromodel results.
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Figure 6.11: Deflection profiles for the CMUT studied by Bayram et al. (2001). The ‘Analytic’
profile is a special case, and the results of each FEM iteration and the macromodel are for

full metalization of the plate with a bias voltage of 230 V.



Chapter 7

Effects of Electrode on CMUT

Dynamics

7.1 Motivation

The model used thus far contains an electrode of infinitesimal thickness. However, actual
CMUT electrodes have finite thicknesses that may considerably influence the plate behavior,
such as its deflections and frequencies. In this chapter, we formulate and investigate a realistic

model for CMUTSs that accounts for the effects of the electrode on the plate response.

7.2 Governing Equations for Composite Part of CMUT

7.2.1 CMUT Schematic

As seen in Figure 7.1, the plate and electrode have their own Young’s moduli, densities,
and Poisson’s ratios denoted with the ‘p’ and ‘e’ subscripts, respectively. Furthermore, the
electrode has inner and outer radii of ry, and 7oy, respectively.

7.2.2 Stress-Strain Relations

We now create a composite equation to govern the part of the CMUT containing the electrode.

First, we rewrite the stress-strain relations in Equations (2.19) without the residual uniform
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i lout

Figure 7.1: A schematic of an axisymmetric CMUT with an electrode of finite thickness and

variable radii.

stress as
Ozx €xx
oy ¢ = Q)9 €y (7.1)
Oy €zy

where [Q)] is a piecewise function defined as

1 0
@ = 7 J_«prg v 10 V —hp/2<26 hy/2 (7.2a)
0 0 1-y
[ 1 1 0
and [Q] = % ve 1 0 V —hp/2—he6 2z < —hp/2 (7.2b)
0 0 1-r
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We also rewrite Equations (2.3) in matrix form as

Oug 1 (dw)? 2w
€xz Ox + 2 (8:0) e
2
— dvg 1 (0w _ Pw
€y ( — Y oy T2 (8;,) 29\ a2 (7.3)
1 (dug | dug 10w dw QPw
€xy 2 < Oy + 8:13) + 2 0z Oy 0zxdy

which is valid for the whole composite (that is, —h,/2 — he 6 2 6 hp/2) and is simplified in

notation as

€z e kx
€yy ( = egy +2z4 ky (7.4)
€ay Egy Kay
Next, we modify Equations (2.6) as
Ny hp Ozx
2
N, b= / S oy e (7.5)
—2—he
ny Ozy
and
M, hp Ozx
=
= zdz 7.6
Myy /_ b, Tyy (7.6)
M, Oy

to account for the finite plate thickness. We then let the vectors in Equations (7.1), (7.4),
(7.5), and (7.6) be represented by bold letters and obtain

o =[Qle (7.7a)
e=€e’+zk (7.7b)
22
N = odz (7.7c)
z1z2
M = / ozdz (7.7d)
21

where z; = —h,/2 — he and zp = hy/2. Manipulation of Equations (7.7) yields
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where

([A], [B], [D]) = / ClQ1 (L2, 22) de (7.9)

7.2.3 Equation of Motion

The equations of motion, Equations (2.17), are still valid for the non-composite regime but
are not valid for the composite regime of the CMUT because of the asymmetry across the
midplane, as seen in Figure 7.1. If the electrode had been included in the formulation,

Equations (2.17) and (2.18) would have been

8?;” + aja\;fy — Lgiio + I g; Zw +Q,=0 in Q (7.10a)
82{::” + agj’y — Lgio + I 86:2 (‘;w +Q,=0 inQ (7.10Db)
a% (ngw) + ;j (wa%> + a% (Nmyg—z> + a% (Nyyg_j>

+I2§—; (?9% + ?;2) +Q:+ (8(;\3{“" 8;)\53’) =0 in Q (7.10c)

and

(Ngzy Npy) -m=Q3F  or dup=0 on S (7.11a)

(Nay, Nyy) -n = Qi or dvp=0 on § (7.11Db)

ow ow  OMz, OMyy . ow
(N:m:% + nya—y + O + ay + M, — I1’LL0+IQB—,
Oow ow  OMyy = OMy, ow 5
or dw=0 on S (7.11c)
(Myz, Myy) -n = Mf or 6(‘;_10 =0 on S (7.11d)
i
ow
_ S _
(Mzy, Myy) -m =M,  or 68_@/ =0 on S (7.11e)

where the CMUT density p is a function of z, I.g = fzzf p(2) dz = pphp+ pehe is the composite

mass per area, and

(I1,15) = /,22 p(z) (z, 22) dz (7.12)

1
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Therefore, terms with I; appear in the equations of motion and boundary conditions when
the electrode is taken into account. However, we neglect these terms in addition to those al-
ready neglected in the previous formulation, which means that Equations (7.10a) and (7.10b)
are identical to the first two approximate equations of motion, Equations (2.22), for motion
in the z-y plane. Consequently, a stress function is used again to solve Equations (2.22). We
introduce an Airy stress function ® associated with the deformation that satisfies these two

equations by letting

2
2
N=(N, ¢ = (37%’ (7.13)
9%®
wa T Ozdy

The only equation of motion left to satisfy is Equation (7.10c). For negligible rotary

inertia terms and in-plane volumetric forces, Equation (7.10c) becomes

0 ow 0 ow 0 ow 0 ow
oz (N%) oy (Nw%) T (nya—y) oy (Nyya—y)

My 2 M, M
9 L 23 vy 9 ny
Ox O0xdy oy

+ + Qz — eﬁ"ll.) (7.14)

Through manipulation of Equation (7.8), we find out that

€0 [A*]  [B] N
= (7.15)
M — BT DY | |k
where
[A*] = [A]7 (7.16a)
[B*] = —[A] (B (7.16b)
[D*] = [D] — [B][A]![B] (7.16c)

Before substituting for M from Equation (7.15) into Equation (7.14), we evaluate the inte-
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grals in Equation (7.9) and rewrite the matrices [A], [B], and [D] as

[Al= | A;p A 0 (7.17a)

[B] = | Biz B 0 (7.17b)

[D]= | D12 Dn 0 (7.17¢)

where
ELh E.h
Aqq = p'"p e’"e 1
11 1—V§+1—V62 (7.18a)
E hoy, Eohev,
Apg = 227D e .18b
12 1—u§+1—u§ (7.18b)
Eche(hp + he)
Bll = — pr% (718C)
Eehe(hp + he)v,
Bu=-— 26((1p_ Vz)e) - = Bue (7.18d)
E,h3 Eche(4h2 + 6hohy + 3h2)
Dy = —22 S 1
N Rao) 12(1 — 12) (7.18¢)
E h3y, Eohe(4h2 + 6hohy, + 3h2)v,
Dyy = — PP cel e e’p p/7e 18f
2T 12(1-02) + 12(1 — 12) (7.18%)

We then substitute for M from Equation (7.15) into Equation (7.14), use all necessary
definitions, and obtain

0?® 0%w _9 0?® 0*w n 0%® 0%w
Oy? 0x2 0xdy 0xdy  0x2 Oy?

F
Igt) 4+ DegViw = ( ) — FQV4<I> + Q- (7.19)
1

where

A11B?, — 2A15B11B1s + A1 B,
A} - A%,

Deg = D1y — (7.20)
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is the composite plate flexural rigidity and

A2
Fy = Ay — A_12 (7.21a)
11
A2B
Fy = j = — B (7.21b)
11

Finally, we add a linear damping term to Equation (7.19) with the same coefficient as that
for the non-composite part of the CMUT and let @), be the external forces due to a pressure
difference F' and the electrostatic field to obtain
0w ow 0%® 0w 0?® 9*w  0°® 9w
2¢— + DegViw = —2
ey TRV W (83/2 Ox? Oxdy Oxdy + Ox2 6y2>

TR ot
F_, €ov2(t)
— =V*®o+F t _—

I,

(7.22)

7.2.4 Compatibility Equation

The compatibility equation (2.29) is valid for the non-composite part of the CMUT, but is
not valid for the composite part. In contrast, Equation (2.27) is valid for the composite part

of the CMUT and is restated here for convenience:

2 2 2 2 2 2 2
8em+8eyy_(9exy: 0w _Bwf)w (7.23)
Oy? Ox2 Oxdy Oxdy 0x? Oy?
where
ou 1/ 0w\>
— o 20, o (2"
Cor = €ax = 5 + 5 ((91’) (7.24a)
ov 1/ 0w)>
— 0 0, (2"
Cyy = €y = 3y + 5 (8y) (7.24b)
ey =260, = Oug | Ovy | Owdw (7.24c)

W 9y | Oz Oz dy
We substitute for €2 from Equation (7.15) into Equation (7.23), use all necessary definitions,

and obtain

Vid = Fy

2 2 2 2
<a“’> Owow! | pyt (7.25)

0xdy B Wﬁ_gﬂ

which is the compatibility equation for the composite part of the CMUT.
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7.2.5 Nondimensional Forms

Therefore, the dimensional equations that govern the composite part of the CMUT are Equa-

tions (7.22) and (7.25), which are

[P0 00 a (0200 920 S 0% 0%
52 ot Y YT\ 952 932 T “9207 0207 | 022 072
Fycya o - 02 (t)
) vE ¥ Ry o 07 2
Flv + (m,y,t) + 2(d — UA))2 (7 6&)
a 0%\ 9% 0% .
ip = F - F,V4ig .26b
Ve=F\gia5) " amap| TRV (7.26b)

respectively, in which the hat denotes a dimensional variable. Once again, we nondimension-

alize these two equations according to Equations (3.2) and obtain

G (S L 2050
— 1BV + F(z,y,t) + (11{—(2)2 (7.273)
vie=m [(86;;2)2 - gjfﬁ 8;;; +mViw (7.27b)
where

frer = I;_f (7.28a)

Drat = DJSH (7.28b)

" % (7.28¢)

2= E% (7.28d)

7.3 Problem Formulation for Composite Model

7.3.1 Governing Equations in Composite Regime

For simplicity, we let the non-composite and composite regimes be R, = R U R and R, =

(Tin, Tout), Tespectively, where RIL = (0, i) and RO = (rout, 1). Thus, the axisymmetric
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forms of Equations (7.27) are

0*w ow 4 B O [(Owod 4 v2(t)
Irelw + 2C§ + Drelv w = ?E <EW> - ’}/1ﬂv P + F(T, t) + m (729&)
1g =y (LTWOW G
Vi = ( 2 Dy + 1 Viw (7.29b)

which apply for only r € R.. Equation (7.29b) can be integrated for axisymmetric motions

o_, (1o oo\ [ 1 owY 0110 ( dw
_rﬁr r or r@r -7 2\ Or 717“5’7’ r Or T@r

+ fe(t) V reRe (7.30)

to obtain

which is similar to Equation (6.15) for the non-composite part of the CMUT, except for the

time-dependent function of integration.

7.3.2 Governing Equations in Non-Composite Regime

If we had used Equation (7.13) instead of Equations (2.23) to derive the governing equations
for the non-composite part of the CMUT, Equations (3.3) and (3.4) would have been replaced
by

O*w ow 4 B 0 (Owod
a6 g V=g (G ) Fe (7312)
1 0%w dw
4 P —_———_———
Vie= - o5 (7.31b)

respectively, which apply for only r € R,.. We note that the electric forcing term has been
removed because the electrode does not exist in the non-composite regime of the CMUT.

Furthermore, Equation (7.31b) can be integrated for axisymmetric motions to obtain

o108 [ od 10w\ ., o
0= "or [; or (TE>] T2 (W) thuelt) ¥ 1€ o (732
8 1 6 a(b 1 aw > out out
@_TE[?E (a—)] =3 (a—> (1) ¥ e e (7320)

Therefore, the composite equations, Equations (7.29), differ from the non-composite equa-
tions in that Equations (7.29) have modified mass and stiffness terms along with extra cou-

pling from additional biharmonic terms.
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7.3.3 Matching Conditions

Solution of Equations (7.29) and (7.31) requires matching conditions between the composite

and non-composite regimes at the interfaces r = rj, and r = royt. At each matching boundary,

we let
w” =w" (7.33a)
w\ w\ *

(%) = (%) (7.33b)

(Nrr)_ = (N’r'r)+ (733C)

(Mrr)_ = (Mrr)+ (733d)

(Qnet)_ = (Qnet)+ (7336)

e =07 (7.33f)

where the ‘minus’ and ‘plus’ superscripts denote variables to the left and right, respectively,

of the matching boundary radius value, and

oM, M,, — M, ow
Qnet = = + % + Nrr

o - - (7.34)

is the net vertical shear force per length for axisymmetric motion (Nayfeh and Pai, 2004).
Equations (7.33a) and (7.33b) ensure the continuity of displacements and slopes from one
regime to another, while Equations (7.33c)-(7.33e) ensure the continuity of forces and mo-
ments across each matching boundary, even though the stresses may be discontinuous. Fi-
nally, Equation (7.33f) ensures continuity in the integrated compatibility function defined in
Equations (7.30) and (7.32).

To evaluate the matching conditions, we need expressions for N,.., M., and Myy for each

regime of the CMUT. For the non-composite regime,

_ B[0®  10°®
Ner = r (37" TR (7.35)
Pw v ow 10%w
M, = — [W + - <W + ;W>] (7.35D)

Yorr T\ or T v o8

2 2
M%:—[ 8w+1<3w+18w>] (7.35¢)
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For the composite regime, Equation (7.35a) applies but Equations (7.35b) and (7.35¢) do not.
Instead, M,, and Myy are found from Equation (7.15) through use of polar transformations.

Accordingly, the dimensional moments M,, and My are

- 0% | ve (O | 10%0 Fy (00 10°0\ FR0%
Mrr—‘Deff[W ; <W+%W> 7\or o) mom (TP
- 0% 1(ob  18% R1(0d  10°0 0*d
M%——Deff[”effWW(%WW) _EF<§+FW> sz (7300)

where Deg is defined in Equation (7.20), F; and F; are defined in Equations (7.21), and
 A(B} + BYy) — A%, D1y + Ay (—2B11Bia + A11D1a)

Veff = 7.37a
ft _All(B%1 + B%Q) + A%1D11 + Alg(QBllBlg — A12D11) ( )
A11B11 — A12B1o
F3; = (7.37Db)
A} - Al
Finally, we nondimensionalize Equations (7.36) to obtain
B[0P  10°0

N’I”I’ - r or + r 802 (738&)
My — Dy | L0 Yot (0w WAL Ny — s T2 (7.38b)

e I N R T2 et T N2 '
Mg = — Dyl |V 5’2_w+1 8_w+182_w — Ny +h 582—@ (7.38¢)

06 — rel | Veff Or2 r\ or r 062 Y1iNVpr eff Or2 .

for the composite regime, where 7, is defined in Equation (7.28¢c) and heg is defined by

F:

Reft = 73 (7.39)

7.3.4 Boundary Conditions

Solution of Equations (7.29) and (7.31) also requires boundary conditions at » = 0 and
r = 1. Equations (6.4) were used previously for the updated non-composite model. For the

composite model, we let the axisymmetric boundary conditions be

w=20 at r=1 7.40a
ow 9w
A ‘G i
or 2 or2

(

at r=1 (7.40b
Nyp=717 atr=1 (
(

w< oo and & < 0 at =20
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7.3.5 Problem Formulation

For convenience, we gather the composite model equations for axisymmetric motion in this

section. First, the equation of motion is

Pw  Ow . B0 [0wdd
g + 205 + D=2 (GRS} P
2
_ 1 v:(t)
MnBV <I>+—(1_w)2 VoreR
Pw _ow _, B0 [0wdd
and W_‘_QCE—{_V w = ?E (EE) —|—F(’l“,t) V ore R

and the compatibility equation is

4 182w8w 4
Vi =, (_r—5r2 o +mViw ) ¥V ref
4 1 9%w Ow
and V (I)____T'_’r’2 o V r e Rye

or its integrated form

}—i—fc(t) YV refR

o_-, ] L(owYy 9110 ( dw
=7 2\ Or fylrf)r rOr " or

1 (9w 2 in in

0=- 5 (E) + nc(t) VYV re %nc

1 8w > out out

and @ = — 5 (E) + ne (t) \V/ r e éRnc

o_,2[10 (00
77«87“ r Or rar

The matching equations at the interfaces r = ri, and r = rout are

w” =w"

(&) - ()
(Nrp)™ = (Nr) ™
(M)~ = (Myr) ™

(Qnet>_ = (Qnet)+
0 =071

(7.41a)

(7.41b)

(7.42a)

(7.42D)

(7.43a)

(7.43Db)

(7.43c¢)

(7.44)
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where
aMrr M — MGO ow
net — Nrr a 9 1 4
@net 5 T . + N vV re(0,1) (7.46a)
8 0P
Ny = — ,1 .46b
- vV re(0,1) (7.46b)
Pw  Veg Ow 9P
Mrr = - Dre a9 e Nrr a0 c 4
1<8Q+r8>+hff ’YlﬁarQ VreR (7.46¢)
v ow
M,, = e .46d
<8r2 r@r) VreR (7.46d)
Pw 10w 0%
Mg = — D . | Nrr (S .9 C 4
00 rel (Veff 52 T ar) Y1 Npr + hegt 8 52 VreR (7.46e)
Pw 10w
Mpg = — (l/ W + ;E> vV ore R (746f)
for axisymmetric motions. Finally, the boundary conditions are
w=0 atr=1 (7.47a)
ow 0%w
— =K, — Ko—— t r=1 7.47b
or > or2 ar ( )
Nyp=71 at r=1 (7.47c)
w<oo and P<oo at r=0 (7.47d)

Thus, the equation of motion, Equations (7.41), will be solved in conjunction with the
compatibility equation, Equations (7.42) or Equations (7.43), subject to Equations (7.45) for

matching at r = ry, and r = roy and Equations (7.47) for boundary conditions.

7.4 Galerkin Approach for Axisymmetric Motion

7.4.1 Approximate Solutions

Once again, we approximate w(r,t) and ®(r,t) as

N
w(r,t) = ws(r) + Y 1 (t)m(r) (7.48)
m]; N
B(r,t) = Du(r) + Y mmnETm(r) + > 1 (800 (£) i (7) (7.48b)
m=1 m,n=1

where n,,,(t) is the mth generalized coordinate for the mth shape function.
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7.4.2 Solution of Static Terms
We let wy(r) and ®4(r) solve
DyaViw, = — 31 8VA®, ¥V r e R, (7.49a)
and V4w, =0 V re R (7.49b)
with the compatibility equation, which is
Vid, = (—%w’s'w’s + 71V4ws> vV oreR. (7.50a)
and Vi®, = — %wgw; YV r€ Rne (7.50b)

The functions ws(r) and ®s(r) also satisfy the matching equations, Equations (7.45), at

r = riy, and r = roy and the boundary conditions from Equations (7.47), which are

ws =0 at r=1
wh=—-K, — Ky, atr=1
e, =7 atr=1

ws < oo and &, < oo at r=0

To solve for wy(r) and ®4(r), we find their general forms for each regime of the CMUT.

First, when Equation (7.50a) is substituted into Equation (7.49a), we obtain

K
Viw, = T4w;’w; vV oreX.

where the parameter Ky is

77208
Ky= 020
Dyl + 7323

The general series solution of Equation (7.52) is
o .
wg(r) = Zcirl vV oreR
i=0

where

0 L i=1,3,5...
¢ = . .
LKAV =468,

C2 ,i:2

i—1 jG=1)(i—j)d;d;_; .
ijll J( 11‘%((2‘—]2))2 QA2

(7.52)

(7.53)

(7.54)

(7.55a)

(7.55b)
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which yields

K, K} 7K}
w, = cg + cor? + 1—60%r4 + i%cgrﬁ + 368§4C%T8 + - (7.56)
Second, the general solution of Equation (7.49b) is
ws =ng+ner’ +nglnr +narlnr V r € Re (7.57)

However, this general solution applies for the inner non-composite regime R% and the outer

non-composite regime RO . Accordingly, we let

ws = +ndr? +nPlnr +nfr?inr vV oreRe (7.58a)

wy = nd™ + ng"r? 4 ng® Inr + " r?lnr ¥V r € RO (7.58D)

Thus, only two parameters (co and c2) need to be solved for the composite regime, while

eight parameters need to be solved, in general, for the non-composite regime. However, if

there is no inner radius, then there are only four parameters for the non-composite regime.
We also need the general expression for ®.. First, we substitute Equation (7.52) into

Equation (7.50a) to obtain

K
Vie, = —TBw;'w; vV reR. (7.59)
where the parameter K5 is
DrelK4
K = 7.60
° 713 (7.60)

Consequently, the compatibility equation for the composite regime has the same form as

Equation (7.43b) for the non-composite regime; that is,
n " 1 !/
O; =rd; + @ — ;<I>S =g(r) (7.61)

where

w2+ f VreR
24 fin Vrenn (7.62)

2 t t
+fo Y e RO

nc
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Once again, the method of variation of parameters is used to obtain @/, as

;) T " 9(5) 1 "
o =5 [ Lae— 5 [ a@edc (7.63)

where p; is a constant.

Substituting the general solutions given in Equations (7.54), (7.57), and (7.63) into the
matching and boundary conditions, we determine the unknown parameter p; along with the
other parameters. For example, Figure 7.2 shows the static deflection ws for a CMUT made
of a silicon nitride plate and an aluminum electrode (see material properties in Table 6.1) that
has an applied boundary stress of 100 MPa. The electrode does not have a hole (ry, = 0), but
its thickness he and outer radius 7oyt vary. Consequently, we solve for the nine parameters

out out out

9ut ngUt, ng™t, p1, fe and fU) using nine matching and boundary conditions,

out
) n2

(COa Co, nO
because Equation (7.45c¢) is already satisfied by Equation (7.63). As seen in Figure 7.2, the

static deflection wg hardly changes with increasing stiffness and electrode size.

CR (b)
03 ] 03l ]
Ws 0.2 | 1 i ]
> ? no electrode ] s 02 i no electrode ]
[ | — he:OZ um ] r =0.2um 1
|| — = 0.6 um ] " | — = 0.6 um 1
0.0 L I L L L L L L L L L L L L L L L L L L L L L O.O F - - - - | - - - - | - - ) ) ) ) ) ) ) ) ) . ) B
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0
r r

Figure 7.2: w; versus r for various he with (a) 7out = 0.35 and (b) roy = 0.7 with no inner elec-
trode radius (7i, = 0). For all cases, h, = 1.0 um, R = 50 pm, d = 1.05 pm, E, = 320 GPa,
E. = 67.6 GPa, v, = 0.263, v = 0.3555, 7 = 100 MPa, K, = 0.8, and Ky = 0.2.
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7.4.3 Dynamic Solutions

We choose the shape functions ¢,,(r) to be the axisymmetric modes of the linear undamped

and unforced cases of Equations (7.41), which are

Lgt + DyqViw =0 V r e R, (7.64a)

and W+ Viw =0 V r € Ry (7.64b)
Thus, ¢,(r) is the mth shape function that is a solution of

Dre1v4¢)m - IreIQ$n¢m =0 Vre §Rc (765&)

and Vi, — 2.0, =0 V 7€ Rye (7.65b)

where ,, is the natural frequency corresponding to ¢, (r). The solution of Equations (7.65)
is
c1Jo(rAV Q) + colo(rAvV Q) + 3Yo(rAvV Q) + caKo(rAV Q) , 7€ Re
Om = n1Jo(rv/ Q) + n2lo(rv/ Q) + nsYo(rv Q) + naKo(rv/Q) , reRn (7.66)
n5Jo(rvVQm) + nelo(rv/Qm) + n7Yo (rv/ Q) + ngKo(rv/ Q) , r € Rou

where A = ¢ %, Jo and Yy are the respective zero-order Bessel functions of the first and
second kinds, and Iy and K, are the respective modified zero-order Bessel functions of the
first and second kinds (O’Neil, 1995).

For the boundary conditions (7.47) to be satisfied by w(r,t) given in Equation (7.48a) for
arbitrary 7, (t), each ¢, (r) must satisfy the boundary conditions

¢Gm =0 at r=1 (7.67a)
¢ = —Kad!  at r=1 (7.67b)
Om < 00 at r=0 (7.67¢)

We note that the boundary condition (7.47¢) is not yet satisfied but will be satisfied later.

Because w(r,t) needs to satisfy the matching conditions (7.45), we let each ¢, (r) satisfy
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the linear parts of the matching conditions. Consequently,

P = Pm (7.6%a)

— +
(8;5;”) = (62:1) (7.68D)
(M)~ = (M) " (7.68¢)
(Qhet)” = (Qhet)™ (7.68d)

at the interfaces r = ry, and r = 7oy, Where

aM:’!‘ + M:’r' - M;@

Qrt = o . vV re(0,1) (7.69a)
M* = — D (6;?;“ ”:ff ag;n) Y reRe (7.69b)
M= — (f)gfgn + %?ﬁ”) Y 7€ Rue (7.69¢)
Mjy = — Dyq <ueff % %6;]’77) VoreR (7.69d)
and Myy = — (1/ 3;?;1 %ag:l> YV ore R (7.69¢)

The mode shapes are orthogonal with respect to the plate mass and are orthonormalized

at our discretion; that is,

1
/ P ToauT (1) b ()b ()l = Gy (7.70)
0
where
Irel , T € §Rc
Iemur(r) = (7.71)
1 , reRye

Every mode shape ¢,,(r) can now be determined with its associated modal frequency €,,.
First, substitution of Equation (7.66) into Equations (7.67) and (7.68) results in a set of ten
or six linear homogeneous equations in the unknown coefficients of ¢,,(r), depending upon
whether or not the electrode has a hole. As usual, the characteristic equation that enables
solvability of the equation set can be solved for every modal frequency ,,,. For every €,,,
the resulting equation set has a rank of nine(five), but ten(six) unknowns still remain to be

determined for ¢, (r). Finally, the orthonormal condition (Equation (7.70)) with m = n gives
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the extra condition needed to determine ¢,,(r). For example, Figure 7.3 shows the first three
modes for the same CMUT of Figure 7.2. Comparing Figures 7.2 and 7.3, we see that the
electrode can affect any mode shape ¢; much more than the static deflection wy, especially
for larger electrodes.

Table 7.1 shows the first six modal frequencies for the CMUT of Figure 7.2 with various
electrode thicknesses (he = 0, 0.2, 0.4, 0.6, or 0.8 pm) and radii (rout = 0.35 or 0.70). The
first modal frequency initially decreases with increasing electrode thickness (because of the
increased mass) but then increases (due to the increased composite flexural rigidity). Both
effects are greater for the larger electrode, whose values are bolded in Table 7.1, with {2y
decreasing from its initial value of 1.48 MHz to 1.43 MHz for h, = 0.4 pm and rising to 1.50
MHz for he = 0.8 pym. The initial frequency decreases for all modes, even though this effect
is not seen for modes higher than the second in Table 7.1 because of the jump in he from 0

to 0.2. However, the latter frequency increase is surely evident, especially for higher modes.

Table 7.1: Modal frequencies for the CMUT of Figure 7.3 with various electrode thicknesses

and radii.
he (pm)
0 0.2 0.4 0.6 0.8
Tout Tout Tout Tout Tout
N/A 0.35 0.70 0.35 0.70 0.35 0.70 0.35 0.70
Q) (MHz 1.48 1.46 1.44 1.45 1.43 1.46 1.46 1.46 1.50

6.27 6.25 6.30 | 6.32 6.48 6.47 || 6.75 6.67 || 7.05

14.71 || 14.73 || 14.79 || 14.91 || 15.26 || 15.20 || 16.01 || 15.56 || 16.97

42.65 || 42.78 || 42.95 || 43.55 || 44.43 || 44.78 || 46.67 || 46.22 || 49.25

(MHz)
(MHz)
(MHz)
Q4 (MHz) | 26.82 || 26.91 || 27.01 || 27.35 || 28.01 || 27.96 || 29.61 | 28.59 | 31.54
(MHz)
(MHz)

62.18 || 62.38 || 62.60 || 63.34 || 64.70 || 64.87 || 68.05 || 66.81 | 72.29

At this point, the approximate solution for w(r,t) in Equation (7.48a) satisfies the bound-
ary conditions in Equations (7.47a), (7.47b), and (7.47d) for general n,,(t). However, Equa-
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0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 7.3: ¢; versus r for various he with (a) 7oyt = 0.35 and (b) royy = 0.7 with no inner elec-
trode radius (i, = 0). For all cases, h, = 1.0 pm, R = 50 pm, d = 1.05 um, E;, = 320 GPa,
E. = 67.6 GPa, v = 0.263, v = 0.3555, 7 = 100 MPa, K, = 0.8, and K, = 0.2.

tion (7.47c) is still not satisfied. To satisfy this equation, we need the general expression for
0®/0r, which is a solution of the following compatibility equation for the CMUT:

e P 100

"ors T orr Y or

=g(r,t) (7.72)
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where

=2
|—=

2 {-

2 war 14 (8]} + 5elt), e

€ v

glrt) = —L(2uy 4 , rERD (7.73)
35+ g L TRy

according to Equations (7.43) and (7.44). The method of variation of parameters is used to

obtain 0®/Jr as

0 r [Tg(& 1) 1 [
e 5/0 Tdf — 5/0 g(&,t)dE +pr(t)r (7.74)

Using Equation (7.47c) to determine p;(t), we obtain

00 T 9.1, ' [
R / e o / (6, 1)¢d + 5 /0 g(&,t)¢ds (7.75)

Consequently, all of the boundary conditions in Equations (7.47) are satisfied by the approx-
imate solution for w(r,t) and its associated 0®/0r.
Using the condition that g(r,t) is continuous at r = i, and r = royt, we solve for f(t),

in(¢), and fOU(t) and obtain

g(r,t) = Gs(r) +n:()Gi(r) +n:(8)n; () Gij (r) (7.76)

for the Galerkin approach, where Einstein’s convention holds in Equation (7.76),

¢

—2 (w))? +myer [ (rwl)]) + Fo(rim), € Re

Gs =1 —1(w)? , T ERD (7.77a)
— 2 (W) + Fy(rin) — Fu(rout) , e Rout

( —pwld] +myer [L(rd))']) + Filrw), € Re

Gi=1{ —uwld , reRn (7.77b)
—wi@l + Fi(rin) — Fi(Tout) , T € RO
— B¢ + Fij(Tin) , reRe

Gij = —30i¢) , TERD (7.77¢)
— 50 + Fij(rin) — Fij(row) , 7€ Roe*

\
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and
F, = 722_ 1 (wg)2 — 71727«[1 (r wg)/]/ (7.784a)
T
1 /
Fi = (y2 — 1) wigj — 71727'[; (r ¢§)'] (7.78b)
-1
Fy = Lo=4¢) (7.78¢)
Substitution of Equation (7.76) into Equation (7.75) yields
8(1) / / /
5, = Ba(r) +m@Li(r) + mi(t)n; ()i (r) (7.79)
where
1 T 1
T TG L / r /
v = grog | e g [ Guoeat g | cuoeas (7som)
1 T 1
p_ T [G) i/ . f/ .
ri= -5 [ - [Cauose+§ [ o (7.500)
1 T 1
p T [T GE(©) _i/ 3 f/ 3
b= -5 [ Tae-5 [ au@eie g [ G (7.800)
7.5 Reduced-Order Composite Model
Equations (7.41) can be combined into
O*w ow 4 B O [Owdd
ICMUT(T)W_F QCE + DCMUT(T’)V w = ;E (EE)
+ F(r,t) + H (r)| — ﬁv4<1>+ﬂ (7.81)
T CMUT\T i1 1= w)? .
where IcyuT(r) is defined in Equation (7.71) and
Drela re §RC
Demur(r) = (7.82a)
1, re Ry
1, reR
Heomur(r) = (7.82b)
0, re€ Ry
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We substitute Equations (7.48a) and (7.79) into Equation (7.81) and obtain

(IcMUT fim, + 2 €m) dm + Demut 1m Vi ém

0
= B0 1wl + ) (B 4 1+ M) | + F 1)

+ Hoor {189 +02(0[1 = (0 + mé) ]} (7.83)

forq=1, 2,..., N with the summations signs for m and n removed for notation simplifica-
tion.

Next, to determine a reduced-order composite model, we rearrange Equation (7.83) as

(IeMUT Tim + 2 €7m) ém + Domur Viw
_ B9

T ror

+ Homur {—%ﬁv‘l@ + 2(t) [1 — (Ws + Nmdm) ]2} (7.84)

[f + N fm + D fmn + nmnnnpfmnp] + F(T7 t)

where f, fm, fmn, and fmnp and defined in Equations (6.29). Next, according to Equa-
tion (7.42a), we have

2
i oip | (FEEE AT e) e,
CMUT =

(7.85)
0 , T E Rne

Equations (7.48a) and (7.65a) are then used in Equation (7.85) to obtain

Hemur V0@ = Homur [Rs(7) +mi(8) Ri(r) + ni (8 (¢) R ()] (7.86)
where

Ry = — %wgw; + v172 Viw, (7.87a)
Ri= =2 (! + wld!) + i (7.87b)
Rij = — %@/% (7.87c)

2
Then, we multiply Equation (7.84) with [1 — (ws + nmqu)] , multiply every term by r¢,,
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integrate the outcome over r € [0, 1], and obtain
Tim [A:@q + Th'A;kmq + ninjA;‘jmq] +2cim |:Amq + niAimq + nininjmq]
1
+ / (1 — w)2 Dcyvurr ¢qv4w dr = [Bq + ntmq + nmnannq
0

+ N Mp Brnpg + 0mMnMp Bimnpq + ninjnmnnanijmnpq}

-mnpB |:Tq + M Ting + M Lmng + N e Lmnpg + mnmnninimnpq]

+ Iy + nidiq + ninj Kijq + v*(t) Ly (7.88)
where

1
Ab, = /0 Iomut (1 = ws)? 7dmpgdr (7.89a)
img = — 2/01 Icvut (1 — ws) réidpmpqdr (7.89b)
Alimg = /01 IcnmuT i) jPmpgdr (7.89¢c)
T, = / (1 — ws)? Ryrdydr (7.89d)
Ty = / (1= w)? Ry — 2 (1 = w,) Ryrome,| dr (7.89€)
Ty = / ‘Tout (1= w)? Ry — 2 (1= w,) Ryt budyy + Rormonoy| dr  (7.89%)
Trnnpa = / (R dndbpdy — 2 (1 — wy) Rupntdpby] dr (7.89g)
Tonmpa = [ R ayy dr (7.89h)
L, = / rqdr (7.891)

and all of the other indexed parameters were already defined in Equations (6.31).
To complete the reduced-order composite model, we must determine the remaining inte-

gral term in Equation (7.88). To this end, we first write the integral as
1 1
/ (1 — w)? Domur 7 ¢ Viw dr = / Deyvut 7 ¢gViw dr
0 0

1 1
-2 / wDoymuT T g Vi dr + / w? Doyt T ¢ Viw dr (7.90)
0 0
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Now, the equation of motion in Equation (7.84) needs to be satisfied along with the matching
conditions in Equations (7.45) and the boundary conditions in Equations (7.47). Thus far,
the boundary conditions are satisfied, but the matching conditions are only partially satisfied
through the shape functions. Specifically, the matching conditions for the shape functions in
Equations (7.68) do not include the nonlinearities present in the full matching conditions.
To satisfy the matching conditions, we need to incorporate them into Equation (7.88).
To do so, we use the first integral on the right-hand side in Equation (7.90), which can be

broken into parts as

1 Tin
/ Doyur r ¢gViw dr = / 7 ¢gViw dr
0 0
Tout 1
+ Dyl r ¢ Viwdr + / r ¢ Viwdr (7.91)
Tin Tout

Through two successive integrations by parts, the general form of the integrals on the right-

hand side of Equation (7.91) can be shown to be

b ™10 ow
/ra T¢qv4wd7‘ — /Ta ra’r ( ar ) ( ¢q) dT‘—i—QO(T‘a,T‘b,t) (792)

where
o[10 ( ow 9 (o) ||
O(ra,rp,t) = {TE [;E < o ) ] bg — (T‘E> by } (7.93)
for general r, and ry,. Consequently, Equation (7.91) is rearranged into
10 ow
/ Demurr ¢gViwdr —/ DCMUT - ( ) (r ¢q) dr
SO(O, Tin, t) + Dyl So(rin’ Tout t) + So(routa 1, t) (794)

Every derivative of ¢4 in Equation (7.93) is known, but the derivatives of w(r,t) depend on

the matching conditions, which we use to show that, after much rearranging,

/ Demvut gV wal?"—/ Devur 1(;9 ( 6w) (r ¢q)

+ By(7in,t) — By(Tout, ) — l% <8w aw)] (7.95)

r=1
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where
0P 02
By(r,t) = B |v19(r,t) dg + & (heffﬁ - TVlw)
0
+ ¢, Dyt (1 = viegr) — (1 — )] a—‘: (7.96)

which accounts for the nonlinear matching conditions. Substitution of Equation (7.95) into

Equation (7.90) yields

1
/ (1 — w)*Domur 7 ¢ Viw dr
0

1
= / Dceyvur 19 (ra—w) (rqb;)’ +w(w— 2)r¢qV4w] dr
0

or

r Or

ow O*w
+ By(Tin, t) — Bg(rout, t) — [¢g (E + W) ] . (7.97)
Finally, for the Galerkin approach, Equation (7.97) is
1
/ (1 - w)2 Dcyvur r ¢qv4w dr = Uq + niUiq + ﬂﬂ’]jUijq + ninjnkUijkq
0
+ [Wq(rin) - Wq(rout)] + ni[Wiq(Tin) - Wiq(rout)]
+ ninj [VVz‘jq(Tin) - I/Vijq(rout)] (798)
where
! 1 "/ AY 4
U, = 5 DCMUT[; (rws) (r <z5q) + ws (ws —2) 7 gV ws] dr
— |6 (b +ud)]] (7.992)

1
Uig = /0 Demur [% (re}) (r ‘biz)/

2 (ws — 1) 1 i g Vi + wy (ws — 2) 7 ¢qv4¢i] dr — [qx] (6 + ¢;’)] ( | (7:99b)

r=

Uijq = /01 Demur [1 ¢i ¢ ¢g Viws +2 (ws — 1) 7 ¢ gV 5] dr (7.99¢)
Uijkg = /01 Domur T ¢ ¢ dg Vi dr (7.99d)
Wy = 011 64 G + hen 9, @, — rn 2] + 6, [Dea (1 = wer) = (L= )], (7.99)
Wi, =0 [vl ¢q Gi + heg ¢, T — rwp’qr;'} + ¢ [Dret (1 = vegr) — (1 — 15)] & (7.99f)
Wisg = B[ 6, Gij + het 6,45 — eyl (7.99)
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When Equation (7.98) is substituted into Equation (7.88), we obtain
Tim. |:A;nq + NGy + ninjA:jmq} +2cnm [Amq + N5 Aimg + MM Aijmg
+ Uq +niUiq + 1injUsjq + 1inineUsjing
= [Wy(rout) = Wy(rin)] + ni[Wig(rout) — Wig(rin)]
+ 01 [(Wijq(Tout) — Wijq(Tin)]
+ 5 [Bq + NmBmg + M1 Brmng + MmNntlp Bmnpg
+ NiNm Tl Bimnpg + NN Nm I p Bijmnpg
—%ﬂ%+%EM+W%ﬂm+mwwﬂwm+wmmWMmq
+ Iy + midiq + ninj Kijq + v*(t) Ly (7.100)
We collect all of the 7,,(t) into a column vector n(t), rearrange Equation (7.100), and obtain
M*(m)ii + 2eM ()i + N*(m)n = P*(n) + v*(t) L* (7.101)
where
M(n) = [Mgm(n)
M*(n) = [Mgy ()] = [Ajng + 1iAGng + 175 Aijmg] (7.102b)
N*(1) = [Ny (m)
P*(n) = {Py(m)} = {Wy(roue) = Walrin)] + miWig(row) = Wig(rin)]

+ 1 [Wijq(rout) — Wijq(rin)] — Uy

] = [Amq + niAimq + nininjmq] (7102&)

| = [Umq + 1iUimq + 11 Uijmg] (7.102¢)

+ B(Bq + 1mBmg + M1 Bmng + Nm Tty Bmnpq
+ N T Bimnpq + 1iN57m N Bijmnpq)
—mpB (Tq + MmTimg + MmMnTmng + MmMnMpLmnpg
=+ ninmﬁnnpﬂmnpq> + I+ miJig + nianijq} (7.102d)
L* ={Ly} (7.102e)
with Einstein’s convention holding for all terms.

Once all of the n,,(t) are determined by solving the reduced-order composite model,

Equation (7.101), the CMUT deflection w(r,t) is given approximately by Equation (7.48a).
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7.6 Validation of Composite Macromodel

7.6.1 Validation of Deflections and First Natural Frequency

Yaralioglu et al. (2001) performed FEM simulations of a circular silicon-nitride plate that
is mounted with a centered aluminum electrode, in order to determine how the residual
stress and Young’s modulus affect the deflection. A circular cross section of the CMUT used
for the simulation is shown in Figure 7.4(a), and the material properties of the CMUT are
listed in Table 7.2. For Figure 7.4(a), w = 46 pym, t = 0.88 pym, g = 0.113 pm, and the
aluminum electrode has a thickness of 0.30 ym and a diameter half that of the silicon-nitride
plate. Furthermore, the CMUT is sealed with a vacuum underneath, meaning that a net

pressure exists over the CMUT, which was assumed to be 1 atm (101.325 kPa) for the FEM

simulations.
(a) a.{umr'n n electrode si!ion nitride membrane 23 um (b)
i) = 115pm —
e mnn T
/P K2 =2

® 0.83m
Silicon Nitride ~ K;=? H

i Vacuum
Au =0
X < U , has a positive value

Figure 7.4: (a) A schematic of the CMUT for FEM simulation (from Yaralioglu et al. (2001))

and (b) a schematic of a similar CMUT for composite macromodel simulation.

Table 7.2: Material parameters used by Yaralioglu et al. (2001) in their FEM simulations.

Material Young’s Poisson’s  density
modulus (GPa)  ratio  (kg/m?)

Silicon Nitride 100—400 0.263 3270
Aluminum 67.6 0.355 2700
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We apply the composite macromodel for this case, as seen in Figure 7.4(b), by choos-
ing appropriate values for the parameters Ko and K,. Based on the FEM results in Fig-
ure 7.5 for varying residual stress 7 and Young’s modulus Ej, only two points are required
to independently determine Ky and K,. Using a gap width of 1 um (to allow for a de-
flection larger than g), we fitted the macromodel to the FEM simulation at the red square
(7 =0 MPa, E, = 100 GPa) and obtained K = 0.01 and at the red circle (7 = 400 MPa,
E, = 400 GPa) and obtained K, = 0.0117.

—— FEM
—— Macromodel //l,// ,’l"' > 400

4 300

4 200

1 100

center displacement (nm)

Figure 7.5: Deflection at the center of the CMUT as a function of residual stress and the
plate’s Young’s modulus. The FEM results were adapted from Yaralioglu et al. (2001) and
the composite macromodel was fitted to yield Ky = 0.01 and K, = 0.011 7.

In general, the center deflections from the macromodel fall below those from the FEM
simulation, with the largest differences between the two data sets occuring at higher residual
stresses and reaching more than 50% in relative error. However, the first natural frequencies

that accompany the deflections in Figure 7.5 are close to those obtained with the FEM



Gregory W. Vogl Chapter 7 Electrode Effects 118

simulations, as seen in Figure 7.6. Once again, the largest error between the two frequency

sets occurs at higher residual stresses, but is only 2.5% at most.

— FEM
— Macromodel
1 —— <3 :
-~ 5 -
L q‘ ':::.E
N L 200
T 9 .I,:
S < "- : > >
‘5’, 232
& 7 3
>
5 i
s b
350
400 250
300 o~ 150
Ep (GPa) 100 %0 T (MPa)

Figure 7.6: First natural frequency of the CMUT as a function of residual stress and the
plate’s Young’s modulus. The FEM results were adapted from Yaralioglu et al. (2001) and

K5 =0.01 and K, = 0.011 7 are used in the composite macromodel.

The large errors in the deflection at higher stresses may be due to several factors. First,
even though numerical convergence was achieved, perhaps the large errors are due to the
Galerkin approach. Figure 7.7 shows the ratio of the nondimensional stress 7 to the relative
plate flexural rigidity Dye. The relative errors from Figure 7.5 are smallest(largest) when
T/Dye is small(large). When 7/D, is at its largest value of about 15, the first term on
the right-hand side of Equations (7.41) dominates over the biharmonic plate term on the
left-hand side. Therefore, perhaps most of the error for large relative stresses occurs because
the modes used in the Galerkin model do not include the in-plane stress, which dominates

the physics for this case. Second, because the macromodel and FEM frequencies match very
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400

Figure 7.7: Ratio of nondimensional stress to relative plate flexural rigidity of the composite

regime for the CMUT investigated by Yaralioglu et al. (2001).

well, it appears that the macromodel captures the physics well. And since the deflections
for this case are fairly uncoupled from the frequencies (due to a lack of electric forcing),
perhaps most of the error in the deflection occurs because the assumed boundary conditions
for Jw/Or, which highly affect the plate deflection, are too simplistic and ignore significant
boundary effects that are captured in the FEM simulations.

Thus, the composite macromodel may be used to approximate the CMUT frequencies due
to the residual and atmospheric forces within the physical ranges for the residual stress and
Young’s modulus in Figure 7.5, which are fairly representative of actual CMUT ranges (Lad-
abaum et al., 1998). However, the composite macromodel might not be useful as an effective
modeling tool with the current boundary conditions because the deflections may be severely
underestimated. By fitting the FEM results to experimental data, Yaralioglu et al. deter-
mined that 7 = 124.5 MPa and E, = 255.4 GPa for a given experimental CMUT. Using these
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values in the macromodel, we determined the deflection of the CMUT to compare it with
the experimental data, of which a typical experimental deflection is seen in Figure 7.8. The
macromodel deflection matches the actual behavior, despite the asymmetry of the typical
experimental curve. In fact, out of ten trials, the average experimental deflection at the plate

center was about 50 nm, which is close to the predicted value of about 49 nm.

height

position

Figure 7.8: Experimental and predicted deflections of the CMUT. The experimental re-
sults were adapted from Yaralioglu et al. (2001) and the composite macromodel used

7 = 124.5 MPa and E}, = 255.4 GPa.

7.6.2 Validation of Pull-in Voltages

Caronti et al. (2004) performed FEM simulations to determine the deflections and pull-
in voltages of a circular silicon-nitride plate that has an embedded aluminum electrode of

varying radius. A circular cross section of the CMUT used for the simulation is shown in
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Figure 7.9 and the material properties of the CMUT are listed in Table 7.3.

25 um

€.  topelectrode

. &

Symmetry axis

Figure 7.9: A schematic of the CMUT for FEM simulation (from Caronti et al. (2004)).

Table 7.3: Material parameters used by Caronti et al. (2004) in their FEM simulations.

Material Young’s Poisson’s  density
modulus (GPa) ratio (kg/m?)

Silicon Nitride 280 0.26 3200
Aluminum 67.6 0.35 2700

Because the membrane for the FEM simulation had no tensile stress, we let K, = 0 in
the composite macromodel. We found out that when Ky = 0.04 both of the resulting plate
center deflections for a bias voltage of 80 V and the collapse voltages are very similar to those
of the FEM simulation, as seen in Figure 7.10. As the normalized electrode radius decreases,
the CMUT initially deflects more and the pull-in voltage initially decreases. These effects
are due to the decrease in the overall CMUT stiffness for smaller electrodes. However, as the
electrode becomes even smaller, the deflection magnitude eventually reaches a maximum and
then decreases. Likewise, the pull-in voltage eventually reaches a minimum with decreasing
electrode size. These effects are due to the decrease in the electrostatic force for a smaller
electrode. As shown in Figure 7.11(b), the deflection increases and then decreases in mag-
nitude as the electrode size decreases. In contrast, for an electrode of zero thickness, the

plate deflection will always decrease in magnitude as the electrode becomes smaller, as seen
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Figure 7.10: (a) Deflection at the center of the CMUT for a bias voltage of 80 V and (b) pull-
in voltages as a function of the normalized electrode radius. The FEM results were adapted

from Caronti et al. (2004) and the composite macromodel was fitted to yield Ky = 0.04 for
K, =0.

in Figure 7.11(a), because there is no electrode stiffness to affect the deflection.

7.6.3 Validation of Nonlinear Dynamics

The forced vibration characteristics obtained with the macromodel predictions are in good
agreement with experimental data from Yaralioglu et al. (2001). First, in order to predict the
amplitudes of vibration, we need to choose a damping coefficient. When ¢ = 304 Pas/m, the
vibration response compares well to the experimental curve, as seen in Figure 7.12. First, the
experimental and predicted resonance frequencies are both about 7.54 MHz. Second, both

resonance curves bend to the right because the CMUT is a hardening-type system (ag > 0).
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Figure 7.11: Displacement profile of the CMUT with a bias voltage of 80 V for (a) the

electrode of zero thickness and (b) the 0.25 pm-thick electrode.

Despite the agreement between theory and experiment, the chosen damping coeflicient must
be physically realistic. Because the operating frequencies are in the megahertz range, the
wavelength (~ 50 ym) of sound irradiated into the air is on the order of the active area of
the CMUT (~ 50 pm). However, if the active area was much larger, the radiation impedance

would be reduced to a pure resistive load (Caronti et al., 2002a); that is,
2 ¢ ™ Pair Cair (7.103)

where p,i; is the density of air and c,j; is the speed of sound in air. For normal CMUT oper-
ating conditions, the specific acoustic impedance of air (pair Cair) is about 400 Pas/m (White,
1994), which means that ¢ ~ 200 Pas/m. Consequently, the fitted value of 304 Pas/m is

plausible.
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Figure 7.12: Amplitude of vibration versus driving frequency for the CMUT of Figure 7.4(a)
with 7 = 124.5 MPa and E, = 255.4 GPa. The FEM results were adapted from Yaralioglu
et al. (2001) and 7 =124.5 MPa, E, = 255.4 GPa, and ¢ = 304 Pas/m are used in the

composite macromodel.



Chapter 8

Summary, Conclusions, and

Recommendations for Future Work

In this chapter, we summarize the work presented in this Dissertation and present concluding

remarks and recommendations for future work.

8.1 Summary and Conclusions

8.1.1 A Model of CMUTSs under In-Plane and Electrostatic Forcings

We presented a new approach to the modeling and simulation of capacitive micromachined
ultrasonic transducers (CMUTSs) under the effects of in-plane loading, the inherent electro-
static forces, and pressure differences. The nonlinear governing equations were derived for a
plate with an infinitesimally thin electrode and included the first geometric nonlinearity of
the von Kéarméan type. The electrostatic term was regarded as a parallel-plate approximation
and modes for a clamped-clamped case were then used in a Galerkin approach to obtain the
governing system of differential equations. An approximate solution for the case of primary
resonance excitation was then developed through utilization of the method of multiple scales
(MMS).

For the first time, the axisymmetric nonlinear behavior of a vibrating CMUT was cap-

tured. Because of the use of MMS, nonlinear frequency-response curves can be generated
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without resorting to finite element method (FEM) simulations. In fact, the transition of the
CMUT from a hardening- to softening-type system up to pull-in was shown by the approx-
imate solution. Furthermore, the static solution was also validated with experimental data
and various design curves were generated to show how the reduced-order model can be used

as an effective design tool.

8.1.2 An Updated Model with More Realistic Boundary Conditions

Because the response of CMUTs is highly influenced by the boundary conditions, an updated
reduced-order model was developed to account for more realistic boundary conditions. In-
stead of using clamped-clamped conditions, we let the boundary force and moment affect the
slope of the plate at the boundary in a linear manner. The electrode was still considered
to be infinitesimally thin, but the electrode was allowed to have general inner and outer
radii. The Galerkin approach was then utilized with an additional static solution and modes
that transition from being sliding-clamped to sliding-simply-supported modes through the
change of a boundary parameter. The resulting updated reduced-order model could be used
to investigate the axisymmetric motion of CMUTSs with relatively thin electrodes.

The updated reduced-order model was used to show the sensitivity of the pull-in voltage
to the boundary conditions. The boundary parameters were extracted by matching the pull-
in voltages from the macromodel to those from FEM simulations for CMUTs with varying
outer and inner radii. The static behavior of the updated macromodel was validated because
the pull-in voltages for the macromodel and FEM simulations were very close to each other

and the extracted boundary parameters were physically realistic.

8.1.3 A Model of CMUTSs that Accounts for Electrode Effects

A macromodel for CMUTs was then developed by including boundary effects and finite-
thickness electrodes. First, we derived the equations governing the composite and non-
composite regimes of the CMUT. This approach requires matching conditions between the
composite and non-composite regimes at the interfaces of the inner and outer electrode bound-
aries. The matching conditions used ensure the continuity of displacements, slopes, forces,

and moments from one regime to another, even though the internal stresses may be discon-
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tinuous across the interfaces. Second, the Galerkin approach was used as before with the
more realistic boundary conditions for the plate of the CMUT to obtain a comprehensive
macromodel.

We attempted to validate this model with results from FEM simulations. For example, we
used the variation of the center deflections of the CMUT with residual stress and the plate’s
Young’s modulus to extract the two boundary parameters for the reduced-order model. In
general, the center deflections obtained with the macromodel fell below those from the FEM
simulation, especially for relatively high residual stresses, but the first natural frequencies
that accompany the deflections were very close to those from the FEM simulations. There-
fore, the composite macromodel might not be useful as an effective modeling tool with the
current boundary conditions because the deflections may be severely underestimated. On
the other hand, without the electrode effects included in the model, the CMUT deflection,
pull-in voltages, and other characteristics are severely misrepresented. Furthermore, without
a residual stress, the pull-in voltages and deflections obtained with the macromodel were
close to FEM simulations for a CMUT with an embedded electrode. The forced vibration
characteristics predicted with the macromodel also compared well with experimental data in
which the primary resonance curve bends to the right because the CMUT is a hardening-type

system.

8.2 Recommendations for Future Work

We recommend that the following work be done to advance the models presented in this

Dissertation:

e The boundary conditions need to be updated to include nonlinear relationships between
the plate forces and moments and boundary slope. Furthermore, the boundary should
be allowed to deflect downward, perhaps linearly with forces and moments as a start of

the investigation.

e Perhaps shear-deformation theory needs to be used, especially if models are desired

that truly capture the details of how the CMUT frequencies change with electrode size.
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e To account for electrostatic fringing fields, the parallel-plate approximation could be
replaced by an approximation that accounts for fringing effects to the first order, which

would allow the macromodel to better estimate CMUT behaviors for smaller electrodes.

e Experimental work needs to be conducted on CMUTSs to establish the softening- and
hardening-type regimes, characterize the static deflection, pull-in voltages and nonlinear

vibrations, and collect data that can be used to update the macromodel.

e After the macromodel is significantly improved and the vibration response of one CMUT
cell is better characterized, arrays of CMUTSs should be investigated with the macro-
model. The coupling of one cell to its neighbors could be achieved with linear ap-
proximations associated with behaviors at the plate boundaries. Consequently, non-
axisymmetric boundary conditions could be included to account for CMUT neighbor-

to-neighbor forcing.

e The first non-axisymmetric mode of vibration should be investigated, especially if the
CMUTs are modeled as arrays, and any internal resonances should be taken into account

with the method of multiple scales.

e The pressure difference across the composite plate should be coupled to the motion of

the CMUT to investigate the coupling between the CMUT and its fluid environment.



Bibliography

Ahrens, O., Buhrdorf, A., Hohlfeld, D., Tebje, L., and Binder, J. Fabrication of gap-optimized
CMUT. IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, 49(9):
1321-1329, 2002.

Bayram, B., Yaralioglu, G. G., Ergun, A. S., and Khuri-Yakub, B. T. Influence of the
electrode size and location on the performance of a CMUT. In Proceedings of the 2001
IEEFE Ultrasonics Symposium, volume 2, pages 949-952, 2001.

Bayram, B., Heggstrom, E., Yaralioglu, G. G., and Khuri-Yakub, B. T. A new regime
for operating capacitive micromachined ultrasonic transducers. IEEE Transactions on

Ultrasonics, Ferroelectrics, and Frequency Control, 50(9):1184-1190, 2003.

Bozkurt, A., Degertekin, F. L., Atalar, A., and Khuri-Yakub, B. T. Analytic modeling of
loss and cross-coupling in capacitive micromachined ultrasonic transducers. In Proceedings

of the 1998 IEEFE Ultrasonics Symposium, volume 2, pages 1025-1028, 1998.

Bozkurt, A., Ladabaum, I., Atalar, A., and Khuri-Yakub, B. T. Theory and analysis of
electrode size optimization for capacitive microfabricated ultrasonic transducers. IEEE

Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, 46(6):1364-1374, 1999.
Cadence Design Systems, Inc. PSpice. San Jose, CA.

Caliano, G., Galanello, F., Caronti, A., Carotenuto, R., and Pappalardo, M. Micromachined
ultrasonic transducers using silicon nitride membrane fabrication in PECVD technology.

In Proceedings of the 2000 IEEE Ultrasonics Symposium, volume 1, pages 963-968, 2000.

129



Gregory W. Vogl Bibliography 130

Caliano, G., Carotenuto, R., Caronti, A., and Pappalardo, M. ¢cMUT echographic probes:
design and fabrication process. In Proceedings of the 2002 IEEE Ultrasonics Symposium,
volume 2, pages 1067-1070, 2002.

Caronti, A., Caliano, G., Iula, A., and Pappalardo, M. An accurate model for capacitive
micromachined ultrasonic transducers. IEEE Transactions on Ultrasonics, Ferroelectrics,

and Frequency Control, 49(2):159-168, 2002a.

Caronti, A., Majjad, H., Ballandras, S., Caliano, G., Carotenuto, R., Tula, A., Foglietti, V.,
and Pappalardo, M. Vibration maps of capacitive micromachined ultrasonic transducers
by laser interferometry. IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency

Control, 49(3):289-292, 2002b.

Caronti, A., Carotenuto, R., Caliano, G., and Pappalardo, M. The effects of membrane
metallization in capacitive microfabricated ultrasonic transducers. Journal of the Acoustical

Society of America, 115(2):651-657, 2004.

Cerjan, C., Kosloff, D., Kosloff, R., and Reshef, M. A nonreflecting boundary condition for

discrete acoustic and elastic wave equations. Geophysics, 50(4):705-708, 1985.

Crescini, D., Marioli, D., and Taroni, A. Piezoelectric thick-film fluid density sensor based on
resonance vibration. In Proceedings of the 1998 IEEE Instrumentation and Measurement

Technology Conference, volume 2, pages 1368-1371, 1998.

Eccardt, P.-C., Niederer, K., Scheiter, T., and Hierold, C. Surface micromachined ultrasound
transducers in CMOS technology. In Proceedings of the 1996 IEEE Ultrasonics Symposium,
volume 2, pages 959-962, 1996.

Eccardt, P.-C., Niederer, K., and Fischer, B. Micromachined transducers for ultrasound
applications. In Proceedings of the 1997 IEEE Ultrasonics Symposium, volume 2, pages
1609-1618, 1997.

Ergun, A. S., Cheng, C.-H., Demirci, U., and Khuri-Yakub, B. T. Fabrication and characteri-

zation of 1-dimensional and 2-dimensional capacitive micromachined ultrasonic transducer



Gregory W. Vogl Bibliography 131

(CMUT) arrays for 2-dimensional and volumetric ultrasonic imaging. In Proceedings of the

Oceans 2002 IEEE/MTS Conference, volume 4, pages 2361-2367, 2002.
ESAOTE S.p.A. Technos. Genova, Italy.

Faris, W. F., Abdel-Rahman, E. M., and Nayfeh, A. H. Mechanical behavior of an electrosta-
tically actuated micropump. In Proceedings of the 43rd AIAA/ASME/ASCE/AHS/ASC
Structures, Structural Dynamics, and Materials Conference. AIAA Paper No. 2002-1303,
2002.

Haller, M. I. and Khuri-Yakub, B. T. A surface micromachined electrostatic ultrasonic air
transducer. In Proceedings of the 1994 IEEE Ultrasonics Symposium, volume 2, pages
124144, 1994.

Haller, M. I. and Khuri-Yakub, B. T. A surface micromachined electrostatic ultrasonic air
transducer. IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, 43

(1):1-6, 1996.

Hansen, S. T., Turo, A., Degertekin, F. L., and Khuri-Yakub, B. T. Characterization of
capacitive micromachined ultrasonic transducers in air using optical measurements. In

Proceedings of the 2000 IEEFE Ultrasonics Symposium, volume 1, pages 947-950, 2000.

Huang, Y., Ergun, A. S., Haeggstrom, E., and Khuri-Yakub, B. T. Fabrication of capaci-
tive micromachined ultrasonic transducers (CMUTSs) using wafer bonding technology for
low frequency (10 kHz - 150 kHz) sonar applications. In Proceedings of the Oceans 2002
IEEE/MTS Conference, volume 4, pages 2322-2327, 2002.

Huang, Y., Ergun, A. S., Heggstrom, E., Badi, M. H., and Khuri-Yakub, B. T. Fabricating
capacitive micromachined ultrasonic transducers with wafer-bonding technology. Journal

of Microelectromechanical Systems, 12(2):128-137, 2003a.

Huang, Y., Ergun, A. S., Haeggstrom, E., and Khuri-Yakub, B. T. New fabrication process for
capacitive micromachined ultrasonic transducers. In Proceedings of the 16th Annual IEEE

International Conference on Micro Electro Mechanical Systems, pages 522—-525, 2003b.



Gregory W. Vogl Bibliography 132

Jin, X., Ladabaum, I., and Khuri-Yakub, B. T. The microfabrication of capacitive ultrasonic

transducers. Journal of Microelectromechanical Systems, 7(3):295-302, 1998a.

Jin, X. C., Ladabaum, I., and Khuri-Yakub, B. T. Surface micromachined capacitive ul-
trasonic immersion transducers. In Proceedings of the 11th Annual IEEE International

Workshop on Micro Electro Mechanical Systems, pages 649-654, 1998b.

Ladabaum, I., Khuri-Yakub, B. T., Spoliansky, D., and Haller, M. I. Micromachined ul-
trasonic tranducers (MUTSs). In Proceedings of the 1995 IEEE Ultrasonics Symposium,
volume 1, pages 501-504, 1995.

Ladabaum, I., Jin, X., Soh, H. T., Pierre, F., Atalar, A., and Khuri-Yakub, B. T. Mi-
crofabricated ultrasonic transducers: Towards robust models and immersion devices. In

Proceedings of the 1996 IEEFE Ultrasonics Symposium, volume 1, pages 335-338, 1996.

Ladabaum, I., Xuecheng Jin, Soh, H. T., Atalar, A., and Khuri-Yakub, B. T. Surface mi-
cromachined capacitive ultrasonic transducers. IEEE Transactions on Ultrasonics, Ferro-

electrics, and Frequency Control, 45(3):678-690, 1998.

Larson, J. D. Non-ideal radiators in phased array transducers. In Proceedings of the 1981

IEEE Ultrasonics Symposium, pages 673—684, 1981.

Li, G. and Aluru, N. R. Linear, nonlinear, and mixed-regime analysis of electrostatic MEMS.

Sensors and Actuators A: Physical, 91(3):278-291, 2001.

Lohfink, A., Eccardt, P.-C., Benecke, W., and Meixner, H. Derivation of a 1D CMUT model
from FEM results for linear and nonlinear equivalent circuit simulation. In Proceedings of

the 2003 IEEE Ultrasonics Symposium, volume 1, pages 465—468, 2003.

Mason, W. P. Electromechanical Transducers and Wave Filters, pages 181-184. Van Nos-
trand, New York, 2nd edition, 1948.

Mills, D. M. and Smith, L. S. Real-time in-vivo imaging with capacitive micromachined
ultrasound transducer (cMUT) linear arrays. In Proceedings of the 2003 IEEE Ultrasonics

Symposium, volume 1, pages 568-571, 2003.



Gregory W. Vogl Bibliography 133

Nayfeh, A. H. Perturbation Methods, pages 228-236. Wiley, New York, 1973.

Nayfeh, A. H. Introduction to Perturbation Techniques, pages 122-127. Wiley, New York,
1981.

Nayfeh, A. H. Nonlinear Interactions: Analytical, Computational, and Experimental Methods,
page xvi. Wiley, New York, 2000.

Nayfeh, A. H. and Balachandran, B. Applied Nonlinear Dynamics: Analytical, Computa-
tional, and Fxperimental Methods, pages 449-454. Wiley, New York, 1995.

Nayfeh, A. H. and Mook, D. T. Nonlinear Oscillations, pages 366-367. Wiley, New York,
1979.

Nayfeh, A. H. and Pai, P. F. Linear and Nonlinear Structural Mechanics, pages 410, 502,
504, 505, 539. Wiley, New York, 2004.

Noble, R. A., Davies, R. R., King, D. O., Day, M. M., Jones, A. R. D., M¢Intosh, J. S.,
Hutchins, D. A., and Saul, P. Low-temperature micromachined ¢cMUTs with fully-
integrated analogue front-end electronics. In Proceedings of the 2002 IEEE Ultrasonics
Symposium, volume 2, pages 1045-1050, 2002.

O’Neil, P. V. Advanced Engineering Mathematics, pages 252, 258, 261. Brooks/Cole Pub-
lishing, California, 1995.

Oppenheim, I. J., Jain, A., and Greve, D. W. Electrical characterization of coupled and un-
coupled MEMS ultrasonic transducers. IEEE Transactions on Ultrasonics, Ferroelectrics,

and Frequency Control, 50(3):297-304, 2003.

Osterberg, P. M. Electrostatically Actuated Microelectromechanical Test Structures for Ma-
terial Property Measurement. PhD thesis, Massachusetts Institute of Technology, 1995.

Pelesko, J. A. Multiple solutions in electrostatic mems. In Proceedings of the 2001 Interna-

tional Conference on Modeling and Simulation of Microsystems, pages 290-293, 2001.

Percin, G. and Khuri-Yakub, B. T. Piezoelectrically actuated flextensional MUTs. In Pro-
ceedings of the 2001 IEEE Ultrasonics Symposium, volume 2, pages 903-906, 2001.



Gregory W. Vogl Bibliography 134

Pergin, G. and Khuri-Yakub, B. T. Piezoelectrically actuated flextensional micromachined
ultrasound transducers—I: Theory. IEEE Transactions on Ultrasonics, Ferroelectrics, and

Frequency Control, 49(5):573-584, 2002.

Prak, A., Elwenspoek, M., and Fluitman, J. H. J. Selective mode excitation and detection of
micromachined resonators. In Proceedings of the 5th Annual IEEE International Workshop

on Micro Electro Mechanical Systems, pages 220225, 1992.

Saggere, L., Hagood, N. W., Roberts, D. C., Li, H.-Q., Steyn, J. L., Turner, K., Carretero,
J. A., Yaglioglu, O., Su, Y.-H., Mlcak, R., Spearing, S. M., Breuer, K. S., and Schmidt,
M. A. Design, fabrication, and test of a piezoelectrically driven high flow rate micro-pump.
In Proceedings of the 12th IEEFE International Symposium on Applications of Ferroelectrics,
volume 1, pages 297-300, 2000.

Suzuki, K., Higuchi, K., and Tanigawa, H. A silicon electrostatic ultrasonic transducer. IEEE

Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, 36(6):620-627, 1989.

Teng, M. F. and Hariz, A. J. Characterisation and modelling of MEMS ultrasonic transducers.
In Proceedings of the 2006 International MEMS Conference, pages 949-954, 2006.

Ugural, A. C. and Fenster, S. K. Advanced Strength and Applied FElasticity, pages 194, 202,
219. Prentice-Hall PTR, New Jersey, 3rd edition, 1995.

Ventsel, E. and Krauthammer, T. Thin Plates and Shells: Theory, Analysis, and Applica-
tions, pages 7-8, 17, 40, 619. Marcel Dekker, Inc., New York, 2001.

Voorthuyzen, J. A., Sprenkels, A. J., Donk, A. G. H. V. D., Scheeper, P. R., and Bergveld,
P. Optimization of capacitive microphone and pressure sensor performance by capacitor-

electrode shaping. Sensors and Actuators A: Physical, 26:331-336, 1991.
White, F. M. Fluid Mechanics, pages 516, 701. McGraw-Hill, New York, 3rd edition, 1994.

Xuecheng Jin, Oralkan, 0., Degertekin, F. L., and Khuri-Yakub, B. T. Characterization of
one-dimensional capacitive micromachined ultrasonic immersion transducer arrays. IEEE

Transactions on Ultrasonics, Ferroelectrics, and Frequency Control, 48(3):750-760, 2001.



Gregory W. Vogl Bibliography 135

Yaralioglu, G. G., Ergun, A. S., Bayram, B., Marentis, T., and Khuri-Yakub, B. T. Residual
stress and Young’s modulus measurement of capacitive micromachined ultrasonic trans-
ducer membranes. In Proceedings of the 2001 IEEE Ultrasonics Symposium, volume 2,

pages 953-956, 2001.

Yaralioglu, G. G., Ergun, A. S., Bayram, B., Heggstrom, E., and Khuri-Yakub, B. T. Cal-
culation and measurement of electromechanical coupling coefficient of capacitive micro-
machined ultrasonic transducers. IEEE Transactions on Ultrasonics, Ferroelectrics, and

Frequency Control, 50(4):449-456, 2003.

Younis, M. I., Abdel-Rahman, E. M., and Nayfeh, A. H. A reduced-order model for electrically
actuated microbeam-based MEMS. Journal of Microelectromechanical Systems, 12(5):672—
680, 2003.

Yu, M. and Balachandran, B. Sensor diaphragm under initial tension: Linear analysis.

Ezperimental Mechanics, 45(2):123-129, 2005.



Vita

Gregory William Vogl received his B.S. and M.S. degrees in Engineering Science and Mechan-
ics from Virginia Polytechnic Institute and State University in 2000 and 2003, respectively.
He lived in Reston, Virginia most of his life, so attending Virginia Tech was only natural for
this Virginian who wanted to learn and apply physics, mathematics, and engineering. No de-
partment felt like home for Gregory until he entered the Engineering Science and Mechanics
Department.

For his Ph.D. degree in Engineering Mechanics, Gregory W. Vogl worked under the su-
pervision of Dr. Ali H. Nayfeh in the areas of nonlinear dynamics and vibrations, with appli-
cations to microelectromechanical systems. His research interests include small-scale physics,
nonlinear dynamics, and perturbation methods. Accordingly, Gregory W. Vogl will begin
working in 2007 as a Postdoctoral Fellow under Dr. Jon R. Pratt at the National Institute
of Standards and Technology (NIST) in Gaithersburg, Maryland. His postdoctoral research
will focus on the nonlinear dynamics within atomic force microscopy.

Gregory W. Vogl considers his graduate work as a blessing and hopes that his future

research will be even more rewarding.

AMDG

136



