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Wagqgar Asrar® and Ali H. Nayfeh

Department of Engineering Science and Mechanics, Virginia Polytechnic Institute and State University,

Blacksburg, Virginia 24061
(Received 20 June 1984; accepted 16 October 1984)

The method of multiple scales is used to determine three partial differential equations describing
the modulation of the amplitude and complex wavenumbers of three-dimensonal (3-D) waves
propagating in two-dimensional (2-D) heated liquid layers. These equations are solved
numerically along the characteristics subject to the condition that the ratio of the complex group
velocities in the streamwise and transverse directions be real. A new criterion for the most
dangerous frequency is proposed. For an n factor of 9, F = 25X 10~ is found to be the most
dangerous frequency for the Blasius flow. Three-dimensional waves yield lower # factors than 2-
D waves, irrespective of the heating distribution. For a power-law heating distribution of the form
T=T, + Ax", one cannot make a general statement on the effect of N on the stability.
Numerical results are presented that show the n factor to increase with an increase or a decrease in

N.

I. INTRODUCTION

The effects of heating/cooling on the stability of bound-
ary layers were investigated by Linke' and Liepmann and
Fila.> DiPrima and Dunn® quote unpublished results of
McIntosh indicating large increases in the minimum critical
Reynolds number for heated liquid boundary layers. Haupt-
mann* also predicted strong stabilization in water for small
heating.

Wazzan, Okamura, and Smith>° conducted extensive
analytical studies of the stability of uniformly heated and
cooled water boundary layers. They formulated the 2-D sta-
bility problem by taking into account the viscosity and tem-
perature variations of the basic flow but neglecting the tem-
perature and viscosity disturbances. The result is a
fourth-order modified Orr-Sommerfeld equation. They
showed that cooling destabilizes and heating stabilizes water
boundary layers. Potter and Graber’ also obtained similar
results for plane Poiseuille flow. Lowell and Reshotko (e.g.,
Ref. 8) reformulated the 2-D stability problem and included
the temperature and viscosity disturbances, thereby obtain-
ing a sixth-order system. Lowell and Reshotko found that
their sixth-order system yields neutral stability curves and
growth rates that are sufficiently close to those obtained us-
ing the fourth-order system of Wazzan et al. The stabilizing
effect of small uniform increases in the wall temperature of
water boundary layers was confirmed experimentally by
Strazisar, Reshotko, and Prahl® and Barker.'® Barker found
that the transition Reynolds number for water flowing in a
tube can be increased from 10X 10° to 42 X 10° by increasing
the wall temperature by 7 °C. The results of Strazisar et al.®
show that, as the wall temperature increases, the critical
Reynolds number increases, the growth rates decrease, and
the range of frequencies undergoing amplification decreases.
These results qualitatively agree with all the parallel re-
sults.>” Including the nonparallel terms in the stability anal-

*) Present address: Department of Mechanical Engineering, Yarmouk Uni-
versity, Irbid, Jordan.
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ysis'! yields results that quantitatively agree with the experi-
mental data.

Since the flow over the portion of the body upstream of
the critical Reynolds number is stable and does not need
heating, one needs to heat only the portions downstream of
the critical Reynolds number. This suggests the use of non-
uniform wall heating. This led Strazisar and Reshotko'? to
examine experimentally the effects of two types of nonuni-
form wall heating: step changes in the wall temperature of
magnitude AT occurring at a location x,, and power-law
temperature distributions of the form T, — 7, = Ax" for
positive and negative values of N, where T'is the temperature
and the subscripts w and e refer to the wall and boundary-
layer edge, respectively. In the power law case, Strazisar and
Reshotko kept the wall temperature difference T, (x,) — T,
at some reference location x, fixed, while varying the expo-
nent N. They made all their measurements at x,, which cor-
responds to a displacement-thickness Reynolds number of
800. They found that decreasing N is stabilizing because for
all frequencies the case N < 0 results in growth rates that are
lower than the case N = 0, which in turn results in growth
rates that are lower than the case N > 0. These results could
not be explained by the parallel stability analyses that calcu-
late the mean flow using self-similar boundary-layer codes.
Nayfeh and El-Hady'? showed that the stabilizing influence
of decreasing N at x, can be explained only if the mean flow
is calculated using nonsimilar boundary-layer codes. Al-
though the growth rates and range of frequencies undergo-
ing amplification decrease at x, by decreasing N, we show in
the present paper that the influence of decreasing N on the
stability is not universal because the integrated growth rates
(n factors) may increase or decrease with increasing N, de-
pending on the position of the reference location x, relative
to branches I and II of the neutral stability curve. Moreover,
we propose a method for calculating the most dangerous
frequency; that is, the frequency that might be responsible
for triggering large growth rates and eventually transition.

il. PROBLEM FORMULATION
The fluid density p*, viscosity coefficient u*, and ther-
mal conductivity «* are assumed to be functions of tempera-
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ture, which depends on the spatial coordinates. Nondimen-
sional variables areintroduced using L * = (2v*x*/U*)"/%as
the length scale, where x* is the surface distance and v* is the
local edge kinematic viscosity, the local edge velocity U ¥ as
the velocity scale, and the free stream values of viscosity,
specific heat, and thermal conductivity as the reference val-
ues for the fluid properties. The quantities with an asterisk
are dimensional.

A. Basic flow

We restrict our attention to time-independent 2-D
boundary layer flows that are slightly nonparallel; that is,
the transverse velocity is small compared with the stream-
wise component and all mean flow quantities are slowly
varying functions of the streamwise position x. Then, the
basic flow is governed by the following nondimensional set
of equations:

Z_fzo, (2)

(8ng) 3(,;;/)=0, (3)

055
G-

where U and V are the velocity components in the x and y
directions, Pis the pressure, H is the total enthalpy, c, is the

specific heat at constant pressure, Pr is the Prandt]l number,
and the subscript e refers to conditions at the edge of the
boundary layer.

The solution of Eqs. (1)—{4) subject to the appropriate
boundary conditions yields the basic flow which can be ex-
pressed as

U, =Uxw), V.=eVfxp) W, =0,

P, =P,x,), T, =T,xp) ()
where

x,=¢€x, €=1/R and R=L*U*/v}. (6)

B. Disturbance equations

Since the effect of temperature perturbations on the sta-
bility results is negligible,® we consider the temperature pro-
file obtained by solving the energy equation for the basic flow
and do not consider the energy equation in deriving the dis-
turbance equations. Small disturbances are introduced and
superimposed on the basic flow so that the total-flow quanti-
ties can be expressed as

Q= Q.(xpp) + glx,p.251 ) {7)

where Q represents U, ¥, W, and P, the subscript s refers to
the basic state, and the lower cases u, v, w, p refer to the
disturbance quantities.

Substituting the total-flow quantities into the Navier—
Stokes equations, subtracting the basic-flow terms, and lin-
earizing the resulting equations, we obtain the following dis-
turbance equations:

Ju Ju au, Ju au, du 3Us)
MLy T ey, O w, 2
p(at ox F 6x+ 6y vay t Saz+w oz
dp { [ (c?u M aw) 3[ (Bu av)] J (8w )”
= ——+ s a A s\ T - W T ’ 8
8x s ax +¢9y 9z +3y'u 6y+8x +az 3x+ @
v v av, b av, av c?V,)
. Us— s 0+ s W
’(at+ piihy b R L vl
R R bR )| R e s oo B
» TR M ety e Taltla t % £ ®l
(aw+U dw 3W w <9W w 3Ws)
ot * dx dx ay ay * oz oz
A BT e
32+ dz az+ +6y+¢92 +8x A 6x+az +3y'us Bz+6y ’ (10
du v  dw
—_—t =+ —=0.
+3y+ e (11)

These equations need to be supplemented by boundary
conditions. The no-slip and no-penetration boundary condi-
tions demand the vanishing of the disturbance velocities at
the wall; that is,

u=v=w=0 aty=0. {12)

Moreover, all disturbances must decay away from the wall;
that is,

u, v, w, p—0 asy—oo. (13)
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I
lll. METHOD OF ANALYSIS

Using the method of multiple scales,'*!> we seek a first-
order uniform expansion for the disturbance quantities «, v,
w, p in the traveling harmonic waveform,

14,15

qlx.p,z,t) = [golX1,y521s11)

+ €qy(x0:21,1) +
where z; = €z, t, = €t, and

-]exp (i6), (14)
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a0 a0 a0
—=alx,z))y —=Bx,z), —= —0w.
ax ( 1 1) Bz ( 1 l) a ¢
Here a is the wavenumber component in the x direction, B is
the wavenumber component in the z direction, and w is the

nondimensional frequency. Using the chain rule, we have

(15)

9 cal Ll 16
ax 30 o (16a)
d .3 P

9_p9 .9 16b
dz ﬂ80+ 9z, (16b)
9 a P

9 0l 9. 16
ax- %t (160)

For a spatial stability analysis, a and S are complex and w is
real; @, and 3, then represent the wavenumber components,
and —ea; and — f; represent the growth rates in the
streamwise and spanwise directions, respectively. For a tem-
poral stability analysis, @ and B are real and represent the
wavenumber components in the streamwise and spanwise
directions; w is complex, with a real part that represents the
frequency and an imaginary part that represents the growth
rate.

Substituting Egs. (14)-(16) into Egs. (8}(13) and equat-
ing each of the coefficients of €’ and €* on both sides, we have
two sets of problems. These are called the zeroth-order and
the first-order problems, respectively.

A. The zeroth-order problem
The zerothi-order problem is
L{uovowy) = pslicuy + Dvy + iBwe) + v,Dp = 0,
L(t40,00,Wo0:P0)
=ip(— o +aU, +BW,u,
+ p0oDU, + iap, — (1/R ) [iap(iaru, + sDy,
+ iBswo) — Bu(aw, + Puy) + Du,Du,
+ p,D *ug + ia(voDu; + p,Dug)] =0,
L(6,00,W0sP0)
=ip(— o +aU, + BW, ), + Dp,
— (I/R)[iap, (Duy, + iawe) + iasuoDy,
+ iasp,Duy + rDu, Dy + ru, D *v, + iBswoDu,
+ iBsp Dw, + iBu(iBve + Dw,y)] =0,

(17)

(18)

(19)
and
L (10,00,W0,P0)
=p;[{{ — o + aU; + BW)w, + voDw, ]

+ iBpo — (1/R ) [iap,(iaw, + iBu,) + Dy, Dw,

+ 1, D *wy + iDu B, + iBu + iBu, Dy,

+ iBu(iasuy + sDvy + iBrweg)] =0,
Ug=Uy=wy=0 aty=0,

(20)
(21)
UV Wo,po—0 a8 y—co0, (22)
wheres=A,/p,,r=(2 +s), and D =d /dy.

The homogeneous sixth-order system of Eqs. (17)—22)
represents an eigenvalue problem. For a given basic flow and
four of the six parameters «,, ;, 8,, B;, @,, and w;, we can
calculate the other two as eigenvalues.
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Equations {17)~(20) can be written as a set of six first-
order equations that can be numerically integrated over the
region of interest. To this end, we define

Zyy=uy Zy=Du, Zy=uv, (23a)
Zy=poy Zos=Wy Zo=Dwy (23b)
This enables us to rewrite Eqgs. (17)(22) as
6
DZ, — z A;Zy =0 fori=123.,6 (24)
j=1
Zy=2y=2Zy=0 aty=0, (25)
Z,,—0 as "y—o0, (26)

where (4;;) is a 6 X 6 variable-coefficient matrix which is de-
fined in Appendix A. The 4;; are also slowly varying func-
tions of x, and z,.

The solution of Eqs. (24)—{26) can be written as

Zy = A xpz,h)6i(x,2,) fori=1.2,...,6, (27)

where A4 is an unknown function at this level of approxima-
tion. It is determined by imposing the solvability condition
at the next level of approximation.'

B. The ﬁrst-order problem

Substituting Egs. (14)-{16) into Egs. (8)—{13) and equat-
ing the coefficients of € on both sides, we obtain

Ly(uyvpwy) =1, {28a)
Lofuyviwipy) = I, (28b)
Li(uyvpwypy) = I, {28¢c)
Ly(uy,v,wyp) =1, (284d)
upvpw, =0 aty=0, (28¢)
UV pwp—0  as y—co, (28)

where the operators L,, L,, L;, and L, are defined in Egs.
(17)+20) and the inhomogeneous terms I, I,, I, and I, have
contributions from the nonparallel effects of the basic flow
and the variation of the eigenfunctions along the streamwise
and spanwise directions. They are defined in Appendix B.

Equations (28) can be cast into a set of six first-order
equations by defining

Zy=u,, Zy,=Du, Zj;=v, (29a)
Zy,=p, Zis=w, Zg=Dw,. (29b)
The result is
6
DZ,, —jglAij Z,;,=D, %4;+Ei —g;il-f-E g—:~+G,- ,
(30)
Zy=2Z3=2=0 aty=0, (31)
Z,,—0 as y—>oo, (32)

where D,, E,, F,, and G, are functions of the basic-flow
quantities, the eigenfunctions of the zeroth-order problem,
and the streamwise and spanwise derivatives of these quanti-
ties. They are defined in Appendix B.

Since the homogeneous part of the first-order problem
has a nontrivial solution, the inhomogeneous first-order
problem has a solution only if the inhomogeneous parts are
orthogonal to every solution of the adjoint homogeneous

W. Asrar and A. H. Nayfeh 1265



problem.” This is the solvability or the consistency condi-
tion which must be satisfied by the first-order problem.
C. Solvability condition

We use the concept of adjoint to arrive at the solvability
condition for the first-order problem. The adjoint problem
can be defined as follows: the zeroth-order homogeneous
system of equations (24} can be rewritten in matrix form as

{DZy} — [41{Z,} =0, (33)

where [Z,} is a column vector whose elements are the Z ,, .
We multiply Eq. (33) from the left by { W}, where { W } is
the adjoint column vector, and obtain

(WTHDZ} — {(WT}[41{Z,} =0. (34a)
Integrating Eq. (34a) by parts from y =0to y = «, we ob-
tain

(WTYZo} 15 — f T (DWT) 4+ (WT)14 1){Zo}dy =0,

(34b)

We now define the adjoint equation by setting the coefficient
of {Z,} in the integrand equal to zero. The result is

(DWT} +{(WT}[4] =0,
or
{(DW}+[4T){Ww}=0. (35)

The boundary conditions for the adjoint system can be ob-
tained as follows. Using Eq. (35), we obtain from Eq. (34b)
that

{WT{Z}l =0,
or
[WiZo + WoZoy + W3Zoy + + + WeZosl|s = 0.
(36)

Since Z ;,, —0 as y— 0, the terms evaluated at infinity in Eq.
(36) vanish if

W,—0 as y—w. (37)
Then using Egs. (25}, we find that Eq. (36) becomes
[szoz + Wlps + WGZO6]y= 0o =0. (38)

We define the adjoint boundary conditions at y = O such that
each of the coefficients of Z,,, Z,,, and Z,,; in Eq. (38) vanish-
es independently; that is,

=W,=Wy;=0 at y=0. (39)

Therefore the adjoint problem is defined by Eq. (35) subject
to the boundary conditions (37) and (39).

Having defined the adjoint problem, we return to the
inhomogeneous problem. We multiply the matrix form of
Eq. (30) from the left by { W7 }, integrate the result by parts
from y =0 to y = 0, use the definition of the adjoint and
Egs. (31) and (32), and obtain the solvability condition

[[iwnw) 2 dy+f (WTIE) Sy

+ [T & dy+f (WT}(G}dy=0,
(40)
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where {D }, {E }, {F}, and {G } are column vectors whose
components are the D,, E,, F;, and G,.

D. Amplitude-modulation equation

Substituting Egs. (27) into Eq. (40} yields the following
amplitude-modulation equation:

BA (9A oA

el A,
& —— ar, 6 1‘|‘83 7z, 1
or
94 o4 a4
94 _ha, 41
o, o, T, e
where

Wy =8:/81 ©p =8:/8, M =h/g, (42)
and g,, g,, and g, are defined in Appendix C. Equation (41)
describes the modulation of the amplitude function 4 with
Xy, Z, and ¢,. Here, o, and wg are the components of the
complex group velocity in the x and z directions, respective-
ly. The functions g,, g,, and g; are given in quadratures in
terms of the basic flow, the eigenvalues and the eigenfunc-
tions of the zeroth-order problem, and the eigenfunctions of
the adjoint problem. The function 4, is given in quadrature
in terms of the basic flow, the adjoint eigenfunctions, the
variation of the basic-flow quantities with the streamwise
and spanwise directions, the nonparallel flow terms, and the
variation of the eigenfunctions and eigenvalues of the zeroth-
order problem in the streamwise and spanwise directions. It
is defined in Appendix C.

E. Wavenumber modulation equations

The evaluation of £, demands the evaluation of the de-
rivatives of the eigenfunctions of the zeroth-order problem.
To this end we replace Z ,; by &;, the zeroth-order eigenfunc-
tions, in Eqs. (24)—(26), differentiate the resulting expressions
with respect to x,, and arrive at

9 da B
(8x,) j;A,,(ag,ax,)_zE —a——+zF 3, +H,, (43)

subject to the boundary conditions

9%, 95 _%s_ ay=o0, (44)
dx, x, Jx,
a
i —0 as y—0. (45)
ox,
Similarly, differentiating Eqgs. (24)—(26) with respect to z,
yields
a J a
o(B)-g4(B)-w g enZom
9z, = a9z, 3 azl
(46)
subject to the boundary conditions
9% _ 9 _9s _ at y=0, 47)
9z, dz;, 9z,
a
En —0 as y oo, (48)
9z,
where the E; and F; are given in Appendix B and
W. Asrar and A. H. Nayfeh 1266



6
im Hz,' = z aAim

m=1 QAZ{ lapg

H,; =

im.

04 em,
me1 ax 1 lap
Since the homogeneous parts of Egs. (43)—{48) have non-
trivial solutions, the inhomogeneous systems (43)—45) and
(46)—{48) have solutions only if solvability conditions are sat-
isfied. Application of these conditions yields

da an
= h,, 49
* ax, “s ox, 2 (49)
and
da ap
X Lo, 2 —h, 50
Da dz, “s 3z, (50

where £, and h; reflect the effects of nonparallelism in the
streamwise and spanwise directions, respectively. They are
given in Appendix C.

If the phase angle 6 is assumed to be continuously dif-
ferentiable, then it follows from Eqgs. (15) that

2% _ da_ 30 _ 3B
dzdx 8z, xdz  Ox,
and hence
a _9B (51)
dz, Ix,
Therefore Egs. (49) and (50) can be rewritten as
da da
Rl —=h,, 52
Ve ox, + s dz, 2 (52
ap ap
-— ——=h,. 53
@a ax, + 9 dz, (53)

For this formulation to represent a physical problem, Nay-
feh'®!” showed that w, /o, must be a real quantity. Dividing
Egs. (52) and (53) by w,,, we have

da ﬂ’_).‘?ﬁ s 54
ax, + (wa 9z, o, 34
9B (w_ﬁ)a_ﬂ —hs 55
ax, + w, )32, o, 3)

These two equations represent a Cauchy problem in x, and
z,.

A Cauchy problem needs initial data specified on an
initial curve that is not a characteristic but intersects one of
the characteristics. This initial data should satisfy the disper-
sion relationship and the condition wz/w, being real at a
particular x and z location. The initial data are taken to be
Bx,=az,) =Pz )onz; =7

IV. NUMERICAL PROCEDURE

The zeroth-order problem given by Eqs. (24)—(26) con-
stitutes an eigenvalue problem. For a given mean flow the
dispersion relationship is

o =owlaB,R). (56)
The eigenvalues are determined numerically, in general, by
integrating the system of Eqs. (24) in the transverse direction
and imposing the boundary condition (25) and (26). The
boundary conditions at y = 0 present no difficulties, but the
boundary conditions (26) are reformulated in the numerical

1267 Phys. Fluids, Vol. 28, No. 5, May 1985

procedure that we use. Instead of applying the boundary
conditions (26) numerically, which is very expensive and not
very accurate, we determine an analytic solution to Egs. (24)
outside the boundary layer, apply these boundary condi-
tions, and replace them with three other conditions at a finite
value of y just outside the boundary layer. We reformulate
the boundary conditions for both the zeroth-order problem
and its adjoint following Ragab and Nayfeh.'®

To solve the two-point boundary value problem given
by Egs. (24)—{(26), we use the code SUPORT developed by Scott
and Watts.'” The integration procedure consists of the su-
perposition of a set of linearly independent solutions coupled
with an orthonormalization procedure that ensures the lin-
ear independence of the individual solution vectors. The
boundary-value problem is converted into an initial value
problem. The boundary conditions at y = y_,, are known.
These three conditions eliminate three of the six linearly in-
dependent solutions. The remaining three solutions are then
integrated through the boundary layer. Linear combinations
of these three solutions do not satisfy, in general, the bound-
ary conditions at y = O unless the parameters o, , 5, and R
are chosen so that the dispersion relation (56) is satisfied. A
simple Newton—Raphson procedure is used to iterate on the
eigenvalues (two of the parameters 0, , 0;, @,, @;, B,, 5;, and
R given the other parameters) to satisfy the boundary condi-
tions at y = 0.

V. METHOD OF DETERMINING THE MOST UNSTABLE
DISTURBANCE

The most unstable disturbance is determined by solving
the Cauchy problem defined by Egs. (54) and (55) that govern
the variation of the wavenumbers in the streamwise and
spanwise directions. Their characteristics are given by

dx, _ 1, 4z, _ % (57)
ds ds o,

Along these characteristics, Egs. (54) and (55) become
do _ by dB_ By (58)

b4
ds o, d o,

Equations (58) show that if the wavenumber modulation
equations were homogeneous, the wavenumbers would be
constant along each characteristic obtained by integrating
Eqgs. (57). This would be the case for a “parallel boundary
layer.” Since the boundary layer is not “parallel” and all
flow quantities are slowly varying functions of the stream-
wise and spanwise positions, the resulting wavenumber mo-
dulation equations are inhomogeneous, in general, and need
to be numerically integrated with the dispersion relation (56)
as a constraint subject to initial conditions on a given curve
which intersects a characteristic curve. The initial condi-
tions are given in the form

Blx,=a7)=Br) (59

The general solution of the characteristic Egs. (57) can
be written as

x,=5+c¢, z =f (%’9—) dt + c,, (60)

xlar)=a, zlar1)=r,

W. Asrar and A. H. Nayfeh 1267



where ¢, and ¢, are constants. Applying the initial conditions
(59) and the choice s = a at the initial curve, we obtain x, = s
and ¢, = 7. Hence

X =8, z1=f (gﬂ—)dt+7'. (61)
a \W,

To proceed further, we need to determine the partial
derivatives of @ and £ and hence the partial derivatives of the
&; with respect to x, and z, along the characteristics. It fol-
lows from Eq. (58b) and the initial condition (59c) that

ﬂ=f (;”i) dt + Bylr). (62)

Moreover, it follows from Eq. (61b) that

ez | (Z_ﬂ) dr (63)

Since
P _(B) 5 ()0
ox, Js /ox, arlox,’
and
O _q 9T _ _
x, = Ix @,
it follows from Eqs. (51) and (63) that
b/ @
ﬁ:.ﬁ:.”i_(_i)ﬂ{)m, (64)
Jdz, Ox, o, @,

Then, it follows from Eq. (55) that
aB

——=P8sl7). (65)
dz,
Substituting Eq. (64) into Eq. (54) yields
2
da _ hy _ (ﬁ’f_) h3+(w_ﬁ)36(7-), (66)
ax 1 Dy (O a

These partial derivatives can now be used to solve Eqgs. (43)-
(48) and hence determine 3¢, /dx, and 35, /Jz,, which in turn
are used to determine 4,. Then, for a monochromatic fre-
quency, Eq. (41) can be rewritten along the characteristic as

%’;‘- - (-a’:—') 4. (67)

To determine the most unstable disturbance, we deter-
mine the dimensional frequency w* and the real part of the
dimensional spanwise wavenumber 8 * such that the » factor
is a maximum. To this end, for a given w*, we selectaf * and
let By(r) =B ¥ in Eq. (59¢) and numerically integrate Eqgs.
(58), {61), and (67). The initial values for B,, a,, and a; are
determined by solving the zeroth-order eigenvalue problem
and imposing the condition that wz /@, must be real. Then, s
is incremented by As and new values for x,, z,,  and B are
calculated from

x,=s5+4s, z;,=wg/0,)As+ T, (68)
a= aold + (h2/wa )AS, B = Bold + (hS/wa )AS. (69)

a

The zeroth-order eigenvalue problem is solved at the new
location to check whether the predicted values of a and B
satisfy the eigenvalue problem and the condition that wg /@,
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must be real. If these conditions are not satisfied, the step size
As is reduced until they are satisfied. Then, the » factor is
calculated as

n= — f [a,. + (%z—) B — Re(R};;a)] ds. (70)

The process is repeated for other values of 8 * and »*. Reed
and Nayfeh?® defined the most dangerous frequency and
spanwise wavenumber (values that might be responsible for
triggering large growth rates and eventually transition) to be
the values that maximize n. Alternatively, we define the
most dangerous frequency and spanwise wavenumber to be
the values that make » exceed a critical value in the shortest
possible distance.

VI. RESULTS AND DISCUSSION

Numerical results were obtained for the flow over a flat
plate. The boundary layer equations were solved using the
Transition Analysis Program System (TAPS).?! In all calcu-
lations U, = 13.58 m/sec, T, = 296.9°K, p, = 0.9965 g/cc,
K. = 0.0091676 cP, and the Reynolds number per meter
(RPM) = 14.76 X 10°.

A. Unheated case

Table I shows the results for.the unheated case. In each
case w* is kept at a constant. To calculate the most danger-
ous frequency we proceed as follows. For flows over a flat
plate we assume that transition corresponds to a given value
of n, say 9. Keeping this in mind the most dangerous fre-
quency should be defined as the one that gives n = 9 in the
shortest possible distance along the plate. Based on this con-
dition, Table I shows that the most dangerous frequency is
F~24.9x107% corresponding to a dimensional frequency
»*~5000 Hz; R, in all tables is the Reynolds number based
on the surface distance x and is defined as R, = U *x*/v*.
These results compare very well with those of Saric*? who
found that F = 25X 1076 is the most dangerous frequency
for a flat plate. A sample plot of the variation of the » factor
with distance is shown in Fig. 1.

It is interesting to note that F = 12.46 X 10~° gives n
factors greater than 20 if the integration is carried out along
amuch larger distance on the plate. Had we based the defini-
tion of the most dangerous frequency on the maximum value
of n, irrespective of how far the disturbance travels to reach
this value,?® the results would have been erroneous. Since
transition on a flat plate is assumed to occur when n reaches

TABLE I. Variation of n factor with frequency for unheated case.

o* Fx10~¢ n R, x10°¢
2500 12.46 18.50 9.28
2500 12.46 9.00 5.25
4500 22.42 9.00 3.23
4900 24.44 9.00 3.14
4950 24.68 9.00 3.13
5000 24.93 9.00 3.13
5100 25.43 9.00 3.15
5200 25.93 9.00 3.15
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FIG. 1. Variation of the n factor with distance for the Blasius flow.

9, there is no point in performing any calculations once this
critical value is reached for any frequency. Consequently the
modified definition of the most critical frequency should be
used.

Next, an investigation is considered into the influence
of 3-D disturbances with different dimensional wavelengths
in the spanwise direction. In all the cases considered, the
resulting n factors are equal to or less than those obtained for
2-D disturbances as shown in Table II. Introduction of 3-D
disturbances reduces the wavenumber as well as the growth
rates. The stronger the three dimensionality is, the lower the
growth rates.

B. Heated case

Next, we evaluate the influence of power-law wall heat-
ing on the stability of the flow past a flat plate. The wall
temperature is varied as T, =T, + Ax™, keeping
AT=T,—T,=556°C at x=10.71 cm for all N. The
temperature distribution along the length of the plate is
shown in Fig. 2. The exponent N varies between — 1.0 and
1.0. Since the wall overheat is a function of the streamwise
position, we use nonsimilar boundary-layer codes to solve
for the mean-flow quantities. This was shown to be a require-

TABLE II. Effect of three-dimensional disturbances for unheated case.

o* FXx10~¢ B* n R, =10"%
4900 24.44 1.0e — 04 9.35 3.26
4900 24.44 3.0e 4~ 00 9.16 3.26
4900 2444 5.0e + 00 8.76 3.26
5000 24,93 1.0e - 04 9.35 3.26
5000 2493 1.0e — 01 9.35 3.26
5000 2493 3.0e - 01 9.35 3.26
5000 24.93 5.0e — 01 9.35 3.26
5000 2493 1.0e 4- 01 6.16 3.12
5000 2493 1.5¢ 4- 01 3.09 2.46

L10r

.08

106~

.02

1.00
o}

FIG. 2. Temperature distributions.

ment by Nayfeh and El-Hady.'* The mean flow is obtained
using the TAPS code. The variation of the growth rates at
x, =10.71 cm with N is shown in Table III for
F=19.95x10"°, Inspection of Table III shows that de-
creasing N produces smaller growth rates and hence is stabi-
lizing, in agreement with the experimental results of Strazi-
sar and Reshotko!? and the analytical results of Nayfeh and
El-Hady.'® The stabilizing effect (decrease of growth rates
and range of frequencies undergoing amplification) pro-
duced by decreasing the exponent N at the reference location
can be explained as follows: As N decreases, Fig. 2 shows
that 4 Tincreases at all locations upstream of x,, resulting in
full velocity profiles and hence a more stable flow. There-
fore, the stabilizing effect at x, is the culmination of all up-
stream stabilizing effects. However, as NV decreases, AT de-
creases at all locations downstream of x,, resulting in less
full velocity profiles and hence a less stable flow. Conse-
quently, there exists a location x, downstream of x, such
that for x > x,. a distribution with a larger exponent will pro-
duce smaller growth rates and range of frequencies undergo-
ing amplification. Therefore, the effect of the exponent N on
the stability should be based on the integration of the growth
rates (n factor) rather than on the values of the growth rates
at a given location. In the present case, Fig. 3 shows the
variation of the n factors with distance for F = 24.44 X 107°,
It shows that the 7 factor for the case N = — 1.0is less than
that for the case N = 1.0 only at locations corresponding to
R, =2.4X 10°. Therefore, if the criterion for comparing the

TABLE III. Effect of exponent N on growth rates at x, = 10.71 cm.

N a
N=—10 —25le—04
N=—05 —0.54¢ — 03
N=05 —0.15¢ — 02
N=10 —0.17e— 02
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FIG. 3. Effect of exponent N on » factors.

effect of the exponent N on the stability is based on the maxi-
mum value of the n factor, or the value of # that exceeds a
given value in the shortest distance, then decreasing N is
destabilizing, which appears to contradict the conclusions of
Strazisar and Reshotko'? and Nayfeh and El-Hady."?

It should be emphasized that, if x, is greater than or
equal to or even slightly less than the streamwise position of
branch II of the neutral stability curve, decreasing N will
produce smaller values of # and hence is stabilizing. This is
the reason why Nayfeh and El-Hady,'? after calculating the
n factors for distributions corresponding to different values
of the exponent N, have arrived at the conclusion that de-
creasing N is stabilizing. As a test we changed x, to 25.0 cm
for the case @* = 4900, for which the branch II point occurs
at x = 27.5 cm, and calculated the effect of the exponent ¥
on the n factors. For this value of x,, Table IV shows that
decreasing ¥ is stabilizing, in agreement with the conclu-
sions of Strazisar and Reshotko'> and Nayfeh and El-
Hady."* Therefore the conclusion that decreasing or increas-
ing N is stabilizing actually depends on the location of the
reference point x, and is thus not universal.

Table V shows the calculated » factors for 3-D distur-
bances for F = 24.44 X 10~°. Also shown are the results of
the unheated case. It is clear from the data that 3-D distur-
bances result in lower growth rates for both unheated and

TABLE IV. Effect of exponent N on n factors for x, = 25 cm.

T, n R, X107¢
296.9 °K 9.36 3.26
A=821, N= -10 completely stable
A=906, N=—-05 3.04 3.69
A=10.00, N=00 4.40 3.48
A=11.04, N=05 5.56 3.26
A=1219, N=10 6.48 3.26
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TABLE V. Effect of heating on three dimensional disturbances.

B* T, n R, X10~°
1.0¢ — 04 296.6 9.36 3.26
3.0e + 00 296.6 9.16 3.26
5.0e + 00 296.6 9.01 3.40
1.0 — 04 A=100, N=00 4.40 3.48
1.0e + 00 A=100, N=00 4.37 3.40
1.0e — 04 A=1687, N=05 3.63 3.04
1.0e + 00 A=1687, N=05 3.61 3.12
3.0e + 00 A=1687, N=05 3.45 2.98
5.0¢ + 00 A=1687, N=05 3.12 2.98
1.0e — 04 A= 593, N=—05 552 3.83
1.0¢ + 00 A= 593, N=—05 547 3.83
1.0e — 04 A= 352, N=—10 6389 4.18
1.0 + 00 A= 35, N=—-10 684 4.18
1.0e — 04 A=2846, N=10 3.02 2.73
1.0¢ 4 00 A=2846, N=10 3.01 2.73

heated boundary layers over a flat plate, irrespective of the
wall overheat. The introduction of three dimensionality ac-
tually lowers the streamwise wavenumbers «, and the
streamwise growth rates — ¢;.

VII. CONCLUDING REMARKS

We have analyzed the 3-D stability of 2-D boundary-
layer flows. Numerical results are presented for the case of
heated water boundary layers.

A modified definition for determining the critical fre-
quency has been suggested. The critical frequency is the one
that gives n = n,,, where n,, corresponds to transition, in the
shortest possible distance on the body. This definition has
been used to obtain the most dangerous frequency for the
Blasius boundary layer.

Three dimensional disturbances have been studied. The
results show that 2-D waves are more critical and yield high-
er n factors than 3-D waves for heated and unheated bound-
ary layers.

The effect of power-law heating distributions in a water
boundary layer on the n factors has been evaluated. The re-
sults show that the stability strongly depends on the actual
heat distribution.
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APPENDIX A: COMPONENTS OF MATRIX A

All 4; = 0 except the following:

A, =10,

A2l = (R /l"s)( - iwps + iaUsps) + (a2 +B2)9

A22 = _D.us/lusr

Ay =(R /#s)V)SDUs —iaDp,/R + iap,(s + I)Dps/Rps]
A,,=iaR /u,,
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Ay = —ia,

Asy= — Dp,/p;,

Ass = —ip,

A41 = [ - ZIaD/l's + i’a.ux(DPs/Ps )]/R;

Ayp= —iau /R,

Ap= —ip,(—w+aU,) - {pla*+ B+ rD(Dp,/p,)]

+ ’[D.usts /ps — Hs (Dps /ps )2]}/R’
|

A45 = lﬂ (r”sts/ps - ZD/“S )/R!

A= —iPu,/R,

A= 1.0,

A63 = = IB[D”s/ﬂs - (S + 1)Dps/p:]’
=iBR /u,,

ol ip,R(~ o +aU,)/p, +a*+B7,

A66 - _D/‘s/.us

APPENDIX B: INHOMOGENEITIES FOR FIRST-ORDER PROBLEM

au aw aps
I, = —p,(P*e _0)_
! P (c?xl t a9z, “o Jx,
I = p(a"°+Ua“°+V‘9“°+u aU)+Wa—”9 9Py (2,“ Fo 4 2y 1ug 9% 4 2igruy s Oy
2 at, dx, F) % ox, * dz, ax, * oax, o Oax % ox, X,
aA, A,
i, 240 4 iauy 2t ian, P 4 gy 9% 4 2, T | % L)
* dx, Jx, ox, ax, dx,dy dy dx, 8 X, x, dz,
B | 9, v, P, | .. dw, Bw, Ao Juy 8,8)
- - s s s 2 s s
o T Gy ax, T Gyax, T Ty, TP Gy T e G DB B o
v v, v, v ) 1 ( du, 2 av, Pu
L=—p|22+U 22+V, =22 + —| iavy — + iap, — + i —2 + -
> ”(at1+ “ax, ey g 0 gx, s Gy TS ax+ ax, " ox oy
Fu 9A; Qu, OA; dw FPw 8,8 ay v, Pw
/15 0 Yo 0 +/‘t (] +l ; +l . ~o +l . 0 0
Yy ax, @ o Gyaz, TG B G B s
w, aw, w, dp 1 . Oy . da B c?ﬁ , Jw,
I,= — L LU 47, ")———2———[—w(1a——+ — + 2ip, + A — 2iap, —2
4 Ps( at, + dx, + dy dz; R N ox, * ox ,+ w 9z, 3z, ot dx,
aﬁ , alus ) auo . uo N .
X gy, — iBu, —iBA,) + 22 — jau, — iak
b = a, B ip e —ia, S2) o P g, — i)+ 8 — s, — i
3%, v, ( aus) A, . . . ]
=0 —A)+ = - = O — 2iu B — 2iu, — 2iBA,)|,
+ dy dz, # ) dz, dy + dz, (= 240, — 2 b1,)
r
L& 94, APPENDIX C: COEFFICIENTS OF MODULATION
D, =13 —=bm> EQUATIONS
m=1 @
s, AA
3 nm o SR
E=—1 ¥ 5 &= ("ﬂ Wi+ W = p. £ )
s A ’
Fo=—i Y —=%n., RU,
=1 9B gz=f [P; [W2(§1+ §4)+ W;sgs]
G,=Gs=0, o  u, U,
v
Gmpi( Lo, By, B — Wit~ oUW d,
Ix, ox, dy
= RW,
+w, %L ag‘)tu,)- 8= (— Wits + 5‘)@,
' dz,  p, Ox, 0 s
G _ (agl éla_ps_g;i) h=3 [ 6, w,a
3 x, p, dx, 3z, 0
F:)4 a & (o4,
G=—,( 3y, % ) h, = f - W.dy,
A p al+ ay+§3 % 2 m;‘;] s o, aﬁé ly
6 o0
R By ey 150 e $ [ ma
B \ 7 Ox d  ps 9z nm=1do 0z lap
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