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ABSTRACT: In the vSM extended by adding an eV-scale sterile state, the (3 + 1) model, the
sterile-active level crossing entails the MSW resonance, here referred as the sterile-active (SA)
resonance. In this paper, we construct an effective theory of SA resonance which involves
only the sterile-active mixing angles and Am3;, thanks to the given environment of high
matter potential which freezes the vSM oscillations. We give our first attempt at an analytic
treatment of the effective theory to illuminate the global picture of the SA resonance at a
glance. We formulate a perturbative framework in which the structure of “texture zeros” of the
S matrix in the flavor space and the suppression by the small parameters sinf;4 (j = 1,2,3)
allows us to reveal the flavor—event-type hierarchy of the resonance-effect strength in the
probabilities. We have shown that the cascade events dominantly comes from the three paths
through P(ve = ve), P(Ve — Ve), and P(v, — Ur), and a three-component fit is suggested
to disentangle the SA resonance generation mechanisms.
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1 Introduction

There had been considerable amount of efforts devoted to understand the physics of neutrino
flavor transformation [1, 2] in the standard three-flavor neutrino system in the neutrino-mass-
embedded Standard Model (¥SM). Thanks to the numerous works done in this context, by
now, we feel that we have achieved a reasonable success in understanding the phenomena
caused by the three neutrino system in vacuum and in matter. See, for example, refs. [3-5]
and the references cited therein.

Possible existence of the SM gauge singlet neutral lepton, the sterile neutrino, signals
opening of the new regime. In particular its eV-scale mass version has a long history since
the first experimental claim by the LSND collaboration as an interpretation of the v, excess
in their stopped pion source experiment [6]. It was followed by the MiniBooNE experiment
which uses the booster beam and observed an excess in the both v, and 7, appearance
channels, which is amount to the total significance of 4.7¢ CL [7]. This reference reports
that the confidence level of the combined LSND and MiniBooNE excesses is as high as 6.00.
The sterile neutrino interpretation of the excess, however, suffers from the tension between
the mixing parameter regions preferred by the appearance and disappearance channels, see
e.g., refs. [8-10], and in the mass region [11]. Moreover, there are tensions with cosmological
observations, although in this case, new interactions within the sterile sector might alleviate
these issues, see e.g., refs. [12, 13].

Another types of the neutrino anomalies are also discussed. The authors of ref. [14]
raised the issue of possible discrepancy between the re-calculated reactor anti-neutrino v,
flux [15, 16] and the experimentally measured value, the “reactor anti-neutrino anomaly”.
It appears that the latter is smaller by ~5% level. This discrepancy may be relieved by
adopting the new measurement of the beta decay spectrum reported in ref. [17]. It might
largely settle the issue, see e.g., ref. [18]. However, recently, an improved version of the Ga
source experiment BEST [19] reported 4o level deficit of v, flux from the *'Cr source.



The reader may have noticed that our description of sterile search as well as referencing
on sterile neutrino physics is minimal, missing almost all the enormous number of references.
For more extensive reviews to see the progress in the sterile neutrino analyses, and the
description of relevant experiments which are mentioned only briefly or totally omitted above,
we quote refs. [8-10] and the references cited therein. As a guide for reaching the further
references beyond, we just cite ref. [20].

What is the charm of the sterile neutrino hypothesis? By being a SM gauge singlet
fermion, if this is a physical reality, it is likely to be the first alien particle which comes from
outside the ¥vSM. If so it will bring us valuable informations on physics beyond the vSM.
However, as it stands, interpretation of the various anomalies mentioned above by the sterile
neutrino hypothesis is far from established. Then, what should we do? For the time being
we should make every possible test of the sterile neutrino hypothesis by taking the various
concrete model, for example, the three active plus one sterile neutrinos model, the (3 4 1)
model. In this context it is of great value that the two new experiments for sterile search are
either underway or coming soon, JSNS2 (an improved LSND-like setting at JPARC) [21],
and the Short-Baseline Neutrino Program at Fermilab [22].

In this paper we discuss yet another way of searching for the sterile neutrinos of eV-scale
masses by using the resonance enhancement in matter, aiming at contributing to improved
understanding of the phenomena. Our knowledge of the neutrino flavor transformation
developed in the vSM tells us [23, 24] that an eV-scale massive sterile neutrino and some
of the active ones have the level crossing at 1-10 TeV energies in the earth, producing the
MSW resonance [25, 26] or the matter-enhanced vacuum oscillations [27]. Importantly, the
resonance can be detectable in Neutrino Telescopes, IceCube [28] and KM3Net [29]. In
fact, the authors of ref. [24] were the first to propose search for the “sterile-active resonance”
at a Neutrino Telescope. The experimental search for the resonance has been pioneered
by the IceCube group [30], who progressed to the eight years data [31], and very recently
accumulated almost eleven years of data set [32, 33]. In parallel, many authors contributed
to understanding physics of the resonance [23, 24, 34-43].

It is useful to introduce some simple terminologies because of their frequent usage in
the rest of this paper. We use the term “SA resonance” for the sterile-active resonance with
eV-scale massive sterile neutrino. For the sterile-active resonance region, the kinematical
region where the SA resonance resides, we simply use “SA resonance region”, or “SA region”
for short. The limiting procedure to the SA resonance region is denoted as the “SA limit”.
These concepts will be explained in more details in sections 3 and 4.

In this paper, we make our first attempt at analytic treatment of the SA resonance
to facilitate a “global overview at a glance” by taking the (3 4+ 1) model as a prototype.
Foreseeing the progress to come in another ten years, it naturally suggests us to start working
toward the multi-flavor and multi-event-type analyses with much more precise measurement
to be available. The key feature of our treatment is to take into account the fact that
the SA resonance moves around under the environment that the huge matter potential
overwhelms the active three neutrino transformations, letting the ¥SM oscillation to freeze.
This feature allows us to construct an effective theory of SA resonance, which involves only
the sterile-active mixing angles and Am3,;.



We treat the neutrino and anti-neutrino channels in the same footing, and analyze all
the flavor oscillation channels at once, the novel feature of the analytic framework for the
SA resonance, which has never been tried to our knowledge. With simple calculations it
allows us to extract some interesting characteristic features of the resonance including the
channel-dependent varying strengths of the resonance effect. As it offers the global bird-eye
view of the SA resonance complex, it would allow us to give suggestions for the future Neutrino
Telescope search. We assume the readers’ familiarity with the ¥SM neutrino oscillations at a
reasonable level, but beyond that our description will be pedagogical and self-contained.

2 The (3 + 1) model

We start by defining the (3 + 1) model. Though well studied as the simplest extension of the
vSM with a single sterile state added, this section is meant to fix our notations and explain
the necessary change in the convention for the flavor mixing matrices in section 2.1.

The neutrino evolution in the system of three active and one sterile neutrinos in matter,
the (3 + 1) model, can be described by the Schrodinger equation in the flavor basis

0 0 0 0 a(r) 00 0

d 1 0Am3, 0 0 t 0 00 O 1

T’ T e g o amg, o |Yenn | g g0 o | (VT 2ETE0Y
0 0 0 Am? 0 00 b(x)

(2.1)
where Amj;, = mj2 — m? with the Latin indices 4,7 denote the mass squared differences
between the j-th and i-th eigenstate of neutrinos (i,j = 1,2, 3,4). In this paper we assume
that m? > m? (k = 1,2,3).

In eq. (2.1), U(z41) denotes the 4 x 4 flavor mixing matrix which relates the flavor basis to
the mass eigenstate basis as Vgayor = U(341)Vmass In vacuum. Following the standard notation,
we define Uis 1y as a simple 4 x 4 extension of the ¥SM 3 x 3 flavor mixing matrix [44]

Usx3)lppc of the Particle Data Group (PDG) [45] convention:

U(3+1)‘PDG
=U34(034,034)U24(024,024)U14(014) U23(023) U13(613,0) U12(612) |ppcc
10 0 0 1 0 0 0 C14 00 S14
o1 0 0 0 e Oe sy || 0 100 [U@,Xg)pm 0]
100 ey eMsy (|0 0 10 0 010 0 1|’
00 —eP315gy C34 0 —e'P2459, 0 co4 —514 00 c14
(2.2)

where the usual abbreviated notations are used, ¢;; = cos0;; and s;; = sin 6;;. Therefore, the
sterile and active states mixing angles and the CP phases are defined by eq. (2.2) throughout
this paper. The Schrédinger equation eq. (2.1) with use of U1y in eq. (2.2) defines the
(3 4+ 1) model. We are left with defining the matter potential to place the (3 + 1) model
in matter, which we do immediately below.



The functions a(z) and b(x) in eq. (2.1) denote the Wolfenstein matter potentials [25]
due to charged current (CC) and neutral current (NC) reactions, respectively,

Yep E
= 2V2GpN.E ~1.52 x 1074 c 2
a(z) = 2v/2Gp 52 x 10 (gcm—3> (GeV) eve,

b(z) = V2GEN,E = % (%”) a, (2.3)

where G is the Fermi constant. N, and IV,, are the electron and neutron number densities
in matter. p and Y, denote, respectively, the matter density and number of electrons per
nucleon in matter. These quantities except for G are, in principle, position dependent.
But for simplicity and transparency of our discussion in this paper we use the uniform
matter density approximation.

2.1 ATM convention of the flavor mixing matrix

For convenience in using the existing formulas in the later part, starting in section 4, we
switch to the so called ATM convention [46] of the flavor mixing matrix. For this purpose we
make the phase transformations of the states and the Hamiltonian in eq. (2.1),

v — diag[1, 1, e ™, 1y = v|aru

Hzi1)lepe — diag[1, 1,7 1 H ) |eoe diag(1,1,e,1] = Hyz 1) |ar (2.4)

by which the Schrodinger equation remains the same form as in eq. (2.1), but now Uz 1)|ppa
is replaced by Uz;1)|arm = diag[1, 1, e 1] Uis+1)lppc diag[l, 1,e",1]. Of course, by being
the rephasing of the wave function, there is no change in the observables. For simplicity
of the notations we consistently abbreviate |,y symbols hereafter because we exclusively
use the ATM convention U matrices in the rest of this paper. To appeal the feature that
H (3+1)| arm 18 the flavor-basis Hamiltonian we simply denote it as Haayor-

If we write

U(3+1)‘ATM = UsterileUactives
Usterile = U34(034, 934)U24(024, 024)U14(614),
Usctive = Ua3(623,90)U13(013)U12(612), (2.5)

the explicit form of the U matrices in eq. (2.5), which are all of the ATM convention, are

given by
(10 0 0
01 0 0
Usy(6 = )
34(034, $34) 00 eat o-iloon) gy,
100 —i(0+30) g0y 34
(1 0 0 o cia 00 s14
0 ¢ 0 sgue i 0 100
Uz (0 = , U4(014) = 2.6
24(624, P24) 0 0 ) 0 14(614) 0 01 0 (2.6)
_0 —824€i¢24 0 C24 —S14 00 C14



1 0 0 0 c13 05130
0  co3 €993 0 0 100
Us3(6a3,0) = . , U:2(012) =

23( 23 ) 0 —8_25823 co3 O 13( 13) —s5130c130
_0 0 0 1 0O 001
[ 12 51200
— 00

Ur2(012) = 312 0(1)2 10 (2.7)
0 001

The ATM convention flavor mixing matrix has been utilized e.g., in refs. [46-48].

3 Sterile-active (SA) resonance

It has been known since the early days [23, 24| that in the (34 1) model the sterile state which
feels the matter potential with about a half strength of the v,.’s (in an appropriate phase
convention, see eq. (2.1)) can produce new resonances at ~ 10TeV for the sterile neutrino
mass of eV scale. Each one of the resonances is dubbed as the sterile-acvtive (SA) resonance
in this paper. Given the energy scale of ~ 10TeV,! the most sensitive apparatus which
can serve for its detection would be Neutrino Telescopes, IceCube [28] and KM3Net [29].
Recently, the IceCube group reported the data from almost eleven years of search for the SA
resonance [32, 33]. Interestingly they see a closed contour at 95% CL in sin? 2654 — Am3;
plane, centered at sin”26y4 = 0.16 and Am32; = 3.5eV?2, which may drop hints about possible
structure. This feature certainly motivated us to pursue this investigation, although it is in
tension with the results from the other experiments, such as MINOS+ [49]. In this paper
we aim at providing a hopefully comprehensive, bird-eye view of such resonance in the
(34 1) model. A best hope would be that our study is able to give useful suggestions to
formulate the experimental search strategy for the SA resonance in the coming precision
era of the measurement.

The structure of the SA resonance in the (3 4+ 1) model can be revealed by drawing the
superficial level crossing diagram, see figure 1. In this figure, the flavor state mass-squared
(2Ex eigenvalues of H3 1) in eq. (2.1)) are plotted as a function of the matter potential by
ignoring the flavor mixing, Uz,1) = 1. The left and right panels of figure 1 corresponds to
the case of normal mass ordering (NMO) and inverted mass ordering (IMO), respectively. In
the superficial level crossing diagram, therefore, the lines actually cross with each other, the
feature lost when the flavor mixing is tuned on. While the term “superficial” is attached to
indicate unrealistic feature of the diagram, we will learn shortly about its utility.

In figure 1 the vertical line shows the vacuum, point of the zero matter potential, and
therefore the right (left) side of vertical line is the neutrino (anti-neutrino) channel. In the
case of NMO (left panel), in the neutrino channel, in addition to the 1-2 and 1-3 level
crossings which correspond to the solar and atmospheric resonances in the ¥SM, there exists
the unique SA resonance, associated with the 14 level crossing. In the anti-neutrino channel,
there are two sterile-active resonances which correspond to the 2-4 and 3—4 level crossings.
In the case of IMO (right panel), the feature of the SA resonance is essentially the same

'At E =10TeV, a/Am3, ~ 1.27 for Am3; =3 éV?, p =5 g/cm®. See eq. (4.1).
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Figure 1. The superficial level crossing diagram without flavor mixing in the (3 + 1) model. See the
text for more information. The distance between the lines and the relative size between Am3; and
Am3,, for example, are very exaggerated.

as the NMO case, apart from exchanging the role of 2-4 and 34 level crossings, as can be
seen in the right panel of figure 1. Therefore, in this paper we confine ourselves into the
case of NMO, apart from brief remarks of possible interests in the case of IMO at the end
of section 11. A mild preference of the NMO over the IMO is reported in the atmospheric
neutrino observation [50, 51] and the accelerator long-baseline experiments [52-54]. A tension
between T2K and NOvA on the favorable region on CP also affects to what extent the NMO
is preferred over IMO, see e.g., refs. [55-58] in addition to the above.

Here is the utility of the superficial level crossing diagram. In the “real level crossing
diagram”? with flavor mixing turned on, the atmospheric-scale resonance correspond to the
2-3 level crossing in the NMO, but to the 1-3 level crossing in the IMO, see e.g. figure 1
in ref. [48]. But, the mixing angle which describes the resonance, after elevated to the
matter-affected version, is #13 in the both NMO and IMO. This fact can be understood by
the superficial level crossing diagram which says that the atmospheric-scale crossing is always
between the level 1 and 3, and hence the diagonalization must be performed by Uj3(60:3), as
done e.g., in refs. [47, 48].3 Or, in other word, the superficial level crossing diagram dictates
how the Hamiltonian is to be diagonalized.

4 Effective theory of sterile-active (SA) resonance

4.1 Freezing the vSM oscillations in the sterile-active resonance region

Now we focus our discussion to the kinematical region where we could observe the effect
of the sterile-active resonance, the “SA resonance”, with eV-scale massive sterile neutrino.

2This is the one usually called the level crossing diagram, which however might be better denoted as the
“level nearing diagram” as the levels never cross to each other.

3In the treatment in refs. [47, 48], Ua3(023,9) can be rotated away from the Hamiltonian and therefore
cannot govern the dynamical properties such as the MSW resonances. This is consistent with our argument that
generically the matter-affected atmospheric resonance angle should be ;3 irrespective of the mass orderings.
On the other hand, it should be emphasized that the difference in the participating eigenvalues into the
atmospheric-scale resonance between the NMO and IMO matters because the eigenvalue difference, A3 — A2 or
Az — A1, affects the discussion of adiabaticity.



Again for simplicity, we denote the kinematical region where the SA resonance resides,
a/Am3, ~ b/Am3, ~ 1, as the “SA resonance region”, hereafter.

That is, the matter effect is comparable to the effect of vacuum sterile neutrino oscillation,
so that the SA resonance enhancement can take place. For an eV-scale sterile neutrino mass
and the relevant matter density p = 5 g/cm?® in the Earth, we obtain the reference neutrino
energy of ~ 10TeV:

-1

a Am?, P ( E >
— = 1.27 . 4.1
Ami, <3ev2> (5Og/mn3 10 TeV (4.1)

In eq. (4.1) we have used the reference values of Am3, consistent with the 95% CL closed

contour reported in refs. [32, 33]. Notice that b/a = 3 in a charge-neutral medium, so that

b/Am3, is also of order unity.

Then, by restricting our interest into the SA resonance region, abstracting out a much
simpler theory from the (3 + 1) model is naturally suggested. As Am32;/a ~ 6.3 x 107% <« 1,
the vSM flavor transformation is heavily suppressed. The freezing the vSM oscillation effect
greatly simplifies the theory.

To implement the strong matter effect background in the (3 + 1) model in an analytic
fashion, we call for the Denton et al. (DMP) perturbation theory [48] to embed it into the
active 3 x 3 subspace of the (3 + 1) model. However, we will argue later (see section 4.4)
that taking this particular model is not essential.

4.2 Embedding DMP into the active neutrino part of the (3 + 1) model

We define H,tive, the active basis Hamiltonian, as Hctive = U:terileHﬂavorUsterﬂel

0 0 0 0 a000
1 0Am3;, 0 0 i 0000
Hac ive — S o Uac ive U,
e T 9F ™elo 0 Am2, 0 active T 1 9 0
0 0 0 Ami 0000
a000 a000
1 0000 0000
gt ljJr i Us erile — 4.2
Tog | Usterile | g g g o | Cstert 0000 (42)
000D 0000

In the first line in eq. (4.2), the active 3 x 3 part is nothing but the flavor basis Hamiltonian
in the vSM. In DMP [48], therefore, Hactive can be written by using the diagonalized bar
basis Hamiltonian H (3 x 3) in the vSM as

Hictive = U2z (023, 6)U13(013)U12(012) Am2, | Ur2(012)"U13(013)"Ua3 (623, 9)
95
1o+ L.
+ﬁUsterﬂed1ag (a,0,0,b) Usterile — ﬁdlag (a,0,0,0), (4.3)



with H(3 x 3) given by*

)\1 00 0 0 —sin 512

_ 1 Am?2, ~

H(3 X 3) = 2F 0 X O |+ 66128128(9 s—013) 2F 0 N O~ cos 019 . (4.4)
0 0 /\3 —sin 012 COS 012 0

In this paper we introduce a unified nomenclature in which the matter-affected mixing
angles are denoted as gij, corresponding to the vacuum angle 6;;. Therefore, in eqgs. (4.3)
and (4.4), 613 and 615 (¢ and © in the original reference [48]) denote the matter-affected
013 and 09, respectively. A; (i = 1,2,3) are the eigenvalues of the unperturbed part of
the Hamiltonian, and S (Brs—6rs) = sin(§13 — 013). € is the unique expansion parameter in
the DMP perturbation theory

Am21

2 Y
Amren

Am?en = Amgl — 5%2Am§1, (4.5)

defined by using Am2,, the “renormalized” atmospheric Am?, as used in ref. [47].

ren’

Then, the flavor basis Hamiltonian of the (3 + 1) model can be obtained from H,ctive
m (43> as Hﬁavor = sterileI{active[]Jr

sterile?

Hiavor = sterile{U23(923,5)U13(913)U12(912) Am2, | U2(012)"U13(013) "Ua3 (623, 6)
95
_ L diag(a,0,0 0)}UT + L diag (a,0,0, ) (4.6)
2E 1 g (17 ] sterlle 2E 1 g CL, ) Y ) .

with H (3 x 3) given in eq. (4.4) and Ugerie defined in eq. (2.5).

4.3 Limiting procedure to the SA resonance region: an effective theory

We implement explicitly freezing of the vSM oscillation effect by the huge matter potential
Amgl/a ~ 1073 <« 1. The behavior of 513 and 512 in the SA resonance region can be
illuminated by the asymptotic behavior of the matter-affected mixing angles at a,b — 4o0.
It is known in DMP that the both 63 and 612 approach qulckly to the asymptotic values,
015 = 019 = % in the neutrino channel (a — +00), and 015 = 015 = 0 in the anti-neutrino
channel (a — —o0). The asymptotic value is reached at around YepE ~ 100 (g/cm?)GeV
for 913, and even faster for ;2. See figure 1 in ref. [48].

The asymptotic behavior of 013 and 512 implies that the 1-3 and 1-2 rotations in the
Hamiltonian in eq. (4.6) become just the discrete rotations in the neutrino channel,

0010 0100 0 010
~ 0 100 ~ —-1000 ~ ~ -1 0 00
Uq3(8 Ui(012) — Ui5(013)U12(60
13(613) — 1000l 12(612) 0010l 13(613)U12(012) — 0 —100l’
0 001 0001 0 001
@)

“If not familiar to the form in eq. (4.3) with eq. (4.4) in DMP, see e.g., ref. [60].



and Uy3(013)*Uya(612)* — diag[1,1,1,1] in the anti-neutrino channel. By inserting eq. (4.7)
into eq. (4.6), we have reached the effective Hamiltonian for describing the SA resonance

in the neutrino channel,

(A3 — a) 0 0 0
H _ LU _ 0 633)\1 + 8%3/\2 €i5623823()\2 — )\1) 0 UT
flavor o sterile 0 6_i6623823(A2 _ )\1) S%g)\l + C%g)\Q 0 sterile
0 0 0 Am?,
..
+ﬁdlag (a,0,0,b), (4.8)

where Ugterile = Usa(034, 034)U24 (024, 924)U14(614) as defined in eq. (2.5). Similarly, in the
anti-neutrino channel we obtain

AL+ \a! 0 0 0
o _ i - 0 'C%3>\2 + 833)\3 671’5623823(A3 — /\2) 0 [ x ]T
flavor 2F sterile 0 616623823(/\3 — )\2) 8%3)\2 + C%3>\3 0 sterile
0 0 0 Am?,
1
+ﬁdiag(—\a|,0,0,—|b\). (49)

In reaching eqs. (4.8) and (4.9) we have ignored the terms of order eAm2,, = Am2,. Notice
that our notation is such that a and b in eq. (2.3) are positive definite for the earth matter.
However, to prevent any misunderstanding, we denote them as —|a| and —|b| in discussions
of the anti-neutrino channel.

It is interesting to note that the Hamiltonian in eqgs. (4.8) and (4.9) have the structure
akin to the flavor basis Hamiltonian in the vSM, apart from its 4 x 4 extension and inclusion
of the NC matter potential. If we plug in the Hamiltonian (4.8), or (4.9), into the Schrédinger
equation in eq. (2.1), we call this theory as the effective theory of SA resonance.

The DMP eigenvalues that appear in eqgs. (4.8), or (4.9), simplify in the SA limit as

2

ren

) 2 2
A2 = (c13 + €879) Amye,

A\l = ec2yAm

Az = a+ (875 + esiy) Ampe, (4.10)
in the neutrino channel, and

A= (8%3 + 68%2)Am?en - ‘a|

Ao = EC%QAmfen

A3 = Ay = (6%3 + 65%2)Am?en (411)

in the anti-neutrino channel.
) and
they can be neglected compared to Am3, in the same approximation as we made in taking

In the neutrino channel (4.10), A1, A2 and (A3 —a) are all order ~ Am2,, (or eAm?

ren

the SA limit. The same statement holds for the anti-neutrino channel as A\; + |a| ~ Am2,,

see eq. (4.11). But, up to now we have kept them, considering the possibility that such small
quantity could be needed to resolve a subtle point.
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4.4 Some remarks on validity of the effective theory of SA resonance etc

Now, we point out that our derivation of the effective theory of SA resonance is valid without
relying on the particular way presented above, using DMP as the embedded ¥SM description.
The derivation works as far as the validity of the SA limit is ensured. Namely, it goes through
for much wider classes of the vSM description as far as the approximation 513 =015 = 5(0)
in the neutrino (anti-neutrino) channel holds. In fact we suspect that the SA limit can be
justified in the treatment of the three-flavor system [61], even though the algebra to show
its validity might be slightly complicated.

We note, however, that what is good for our derivation with DMP is that we can
estimate quite easily how large the sub-asymptotic corrections are, by using the analytic
expressions given in ref. [48]. In the neutrino channel the deviation from ¢;3 = ¢j2 = 0
occurs, in the leading order,

2

C13 = 013813%7 C12 = 6012812%, (4.12)
where we have ignored the quantities of order O[(Am2,, /a)?] and O[¢?] for ¢13 and ¢p2,
respectively. For the anti-neutrino channel the above sub-asymptotic correction is for s13. As
indicated in eq. (4.12), the way of approaching to the asymptotic is quite different between
¢13 and 2. For ¢13 smallness of (Am?2,, /a) matters, and for ¢12 smallness of e. Numerically
Cla = ec12512(513/c23) = 2.07 x 1073, and in the SA resonance region (Am2,/a) ~ 1073
Therefore, if the future measurement in the SA resonance region reaches the accuracy of
~ 1073 level, one has to keep such corrections in the matter-affected mixing angles in taking
the SA limit.

Without seeing any subtlety, in our subsequent treatment of the SA resonance effective

2

2, terms in the matrix part in egs. (4.8)

theory, we propose to ignore these order ~ Am
and (4.9) to solve the system, which is to be done in sections 6 and 8. Then, the Hamiltonian
becomes diag[0, 0,0, Am3,] in its matrix structure. One might wonder whether it could be
derived by taking the naive limit Am3; > Am?, — 0 (k = 2,3) from the beginning. If
so the lengthy discussion of the SA limit turned out to be empty. However, one should
notice that this naive limit effectively implies that all the ¥SM (or the active neutrino space)
mixing angles vanish. On the other hand, in our SA limit 513 = 512 = g in the neutrino
channel. As we will see in the next section 5, the naive limit misses the correct physical
state structure in the neutrino channel.

A short comment is ready for the related work of the DMP-type treatment of the (3 + 1)
model [62]. The authors discuss the effect of eV-scale sterile neutrino in the three active
neutrino oscillation regime, E < a few tens of GeV in ref. [62]. Whereas in this paper we
address physics of the SA resonance at around E ~ 10 TeV. Each one of these two works

covers the different kinematical regions which are complementary to each other.

4.5 How accurate is the effective theory of SA resonance?

It may be worthwhile to do a numerical test to know how accurate is the SA resonance
effective theory after taking the SA limit and diag[0,0,0, Am?,] structure in the Hamiltonian.
In figure 2, in the upper block with six panels, the equi-contours of the probability P(vg —
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Figure 2. Presented in the upper six panels are the equi-contours of the probabilities in the L — E
space, computed using the (3 + 1) model numerical code. From left to right P(v, — v,), P(v, — ve),
and P(v. — 1,), and its anti-neutrino counterparts are drawn. Notice that the scale of the color
variation is much different in P(v, — v.) in the middle panel. In the lower six panels the fractional
difference F' defined in eq. (4.13), an indicator for the difference between the numerical code and the
SA resonance effective theory results, are shown. See the text for more details. To guide the eye
we have inserted 0.01%, 0.1%, and 1% contours. We have used Am?, = 1 eV?, the matter density
p=25.5 g/crn?’7 and 014 = O34 = 034 = 10 degree.
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Vo) |num-code computed using the (3 4+ 1) model numerical code are presented in the L — F
(baseline-energy) space. This code includes the active neutrino mixing effect as well. In the
lower six-panel block, to show the accuracy of the probability P(vg — vq)|efith computed
by the SA resonance effective theory, the fractional difference F,

P(VB — Vo) |num-code — P(Vﬁ — Vo) |eff-th
P(”ﬂ — Va)’num-code
is presented. In each block the upper three panels are for the neutrino channel, and the

F = , (4.13)

lower ones for the anti-neutrino channel. In each three panels, from left to right, P(v, — v,),
P(v, — v.), and P(v. — 1), and its anti-neutrino counterparts are displayed in focusing
around the SA resonance region.

In the disappearance channels, P(v, — v,) and P(ve — v,), the deviation from unity of
the probability can be large, ~ O(1), and the agreement is generally good. For P(v, — v)
(and its anti-neutrino counterpart) the agreement is ~ 1073 or better in most of the entire
region of the L — E space in figure 2. For P(v, — v,) the agreement is better than ~ 1072
in the SA resonance region E > 1TeV assuming 1eV? < Am3; < 10eV2. For P(v, — v.) the
situation is different. This probability is small, ~ 1072, due to suppression by a factor s2,s3,
(s2,) at off peak in the neutrino (anti-neutrino) channel, see tables 1 and 2 in section 10.1. In
most of the SA region the agreement is better than ~ 1072, but we observe a layer structure
in part of which the agreement is worse.’

The effective theory works with the accuracy at a level of 1%, or better, globally in the
region of our interest. Then, it would be worthwhile to think about implementing the SA
resonance effective theory into a numerical code, as it can accommodate variation of the earth
matter density. This is an alternative way to utilize the effective theory without recourse
to the further approximations to be discussed after section 6.

In this paper we work under the uniform density approximation. Therefore, we cannot
treat e.g., the shell structure of the earth, such as the crust, mantle, and core. However, we
can introduce adiabatic density variation into our effective theory and then we could discuss
the aspect of parametric enhancement of the SA resonance in our framework, as initiated
in ref. [40]. For introductory discussions of the parametric enhancement we quote ref. [4],
and for the extensive references including the originals refs. [4, 63].

5 State space of the sterile-active (SA) resonance effective theory

In the (3 + 1) model, the relation between the flavor and mass eigenstates are given in
vacuum by

Vavor = UsterileUactiveVmass
= U34(034, 34)U24 (624, p24)U14(614)U23(023, 0)U13(613)U12(012) Vmass- (5.1)

In matter, with the approximation of the leading-order DMP for the active sector, the flavor
state-matter eigenstate relation is given by (denoting the latter as the “bar” state)

Viavor = U34 (034, $34)Usa (024, d24)U14(614)Uas (03, 8)U13(013)U12(012) Pmass (5.2)

5Tt is well known that if the probability itself is tiny the fractional difference can become large, even larger

than unity. It happens, typically, when a small-amplitude variations of the two probabilities are off phase to
each other. Dividing by a small number, the values of the fractional difference could be over-amplified, giving
a misleading impression, which should not be trusted at a face value as an indicator of relative accuracy.
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where §ij denotes the matter-affected mixing angles. Note that we have used the ATM
convention for the ¥SM part of the flavor mixing matrix in the both egs. (5.1) and (5.2).
In the above discussion we have taken the neutrino channel, but the similar relation can
be written down for the flavor and matter eigenstates in the anti-neutrino system. It just
requires the replacement Uy;(6;;) — [Uij(8;;)]* in vacuum, and in matter U;j(8;;) — [Us;(635)]*
and the sign changes in the matter potentials a and b.
To obtain the effective theory for the SA resonance from the (3 4+ 1) model, we take

the SA limit. In the neutrino system

Ve 0 010] [
y o _ _ 1000/ |p
V“ = Usa(034, 934) U4 (024, $24) Ur4(614) U3 (023, 6) 0 —100 Dj,
vg 0 001]| |
U3
~ o~ ~ o~ ~ — (023171 + €i582352)
= Usa(034, $34)U24(024, $24)U14(014) (5.3)

e Vo301 — cosi
vy
where we have used that in the SA limit eq. (4.7).

In section 6.3 we will perform the 1-4 rotation to diagonalize the right-most 1-4 level
crossing in the superficial level crossing diagram in figure 1. From the physical state structure
illuminated in eq. (5.3), the 514 rotation acts onto the physical 3 and v4 states. If we turn
the superficial diagram to the “real level crossing diagram” in which all the level crossings
are diagonalized (an example in the vSM is displayed in figure 1 in ref. [48]), we are solving
the physical 3—4 level crossing.

In the anti-neutrino system, as the matter-affected 513 and 512 effectively vanish, so that
U13(013)*Uy2(612)* — 1 = diag[1,1,1,1]. Therefore, in the anti-neutrino system no reshuffling
of the matter-eigenstates (as in eq. (5.3)) occur.

6 Analysis of SA resonance effective theory: neutrino channel

We have confirmed in section 4.5 that the effective theory of SA resonance can describe the
resonance to a 1% level accuracy. But, our goal in this paper is one step further, developing
an analytic framework to handle the effective theory which allows us to obtain the global
bird-eye view of the all-channel aspects of the SA resonance. We will carry out this task in
sections 6—7 and 89 for the neutrino and anti-neutrino channels, respectively.

We diagonalize the dominant part of the Hamiltonian by rotating it with the resonance
angles. Here, we mean by the “resonance angle” the matter-effect-modified version of one of the
mixing angles originally defined in vacuum. Such matter-affected mixing angle first appeared
in the treatment of the MSW resonance enhancement of solar neutrino transformation [25, 26].
Which vacuum angle is to be elevated to the resonance angle is dictated by the superficial level
crossing diagram, see figure 1, as we have discussed in section 3. To our understanding, this
is nothing but the principle employed in the ¥SM to construct the atmospheric [47, 64—67]
and the solar-resonance [68] perturbation theories. It has been inherited to the DMP and
AKT theories [48, 69] which possess validities for the both solar and atmospheric resonances.
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6.1 Effective Hamiltonian and introducing the tilde basis

In the neutrino channel, following the discussion in section 4, we take the Hamiltonian

000 O
000 0 ; ; ;
2F Hpayor = U3a(034, 034)U24(024, 024)U14(614) 000 0 U14(014)"U24(624624) U3 (634034)

000 Am2,
a000
0000

6.1
+ 0000 ( )

0000b

to diagonalize. To avoid frequent appearance of the cumbersome factor (1/2F), we often
write down the expression of 2F times Hamiltonian here and in what follows in this paper.

The state space of the SA resonance effective theory is non-trivial after the SA limit is
taken, through which the 1-3 and 1-2 level crossings both “crash”. Therefore, we use the
generic artificial state labels i = 1,2, 3,4 with the eigenvalues );, and pay attention to how
they are related to the energy eigenstates of the (34 1) model. In this context, the important
key feature is mentioned in section 5: we will perform the 1-4 state rotation in the artificial
basis but it is the 3—4 rotation in the physical space, as illuminated in eq. (5.3).

Even after an enormous simplification of treating the matter-affected ¥SM part, a still
remaining complexity of Hgayor Suggests introduction of the “tilde basis”,

H= Us4(034, $34)t Havor Usa (034, ¢34), to diagonalize the dominant part of the Hamilto-
nian. We note that the way we define the tilde basis may not be unique. However, this is
the natural choice if we remember our experiences in refs. [47, 48], in which we have rotated
away the outmost Us3 (a3, d) rotation matrix from the Hamiltonian to define the tilde basis.
In our present case, however, the Usy (034, ¢34) does rotate the matter potential part of the

Hamiltonian, yet still keeping it in a reasonably simple form.5
Our tilde-basis Hamiltonian then reads
2EH =Us4(034,634) T (2E Hotayor ) Usa (034, d34)
(sﬂAmﬁl—i—a) 0 0 624c14514Am?11
_ 0 s3,¢2,Am2, 0 0
0 0 s3,b 0
Co4C14514AM3, 0 0 (cBycisAmi,+ci,b)
0 ei¢24524014314Am21 0 0
i €7i¢24824014814Am4211 0 0 €7i¢24c245240%4Am21
0 0 0 —67i(5+¢34)634834b
0 ei¢246248246%4Am21 —Bi(6+¢34)634834b 0
=2EH+2EH,, (6.2)

where we have denoted 2EH in a decomposed form into QEFIU and 2EH 1, the second and
third lines in eq. (6.2), respectively, expecting diagonalization of 2E Hy by the 1-4 rotation.

%We note that in DMP with non-unitarity incorporated [70], H includes the terms of Uss rotated mat-

ter potential.
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6.2 Lack of the universal expansion parameter

Before proceeding to the diagonalization of Hy, we remark on some special feature of the
perturbative framework, lack of the universal expansion parameter. This remark applies
also to the anti-neutrino channel. In many of the perturbative frameworks to treat the vSM
including DMP [48], there exists a universal expansion parameter Am3,/Am3; ~ 0.03 by
which smallness of the correction terms is ensured, irrespective of the values of the mixing
angles. In such theories one can address convergence of the perturbative series, see e.g.,
ref. [71]. Whereas in our framework, if we do not assume smallness of the sterile mixing
angles, every element in 2FH is of the same order of magnitude. It means that Hy and H;
have similar sizes to each other, so that, in general, perturbative smallness of the correction
induced by H, is not guaranteed.

Despite an apparent drawback of our analytic framework we will proceed to formulate
the perturbation theory. This is a theoretically sound framework in the sense that unitarity
is obeyed in order by order in perturbation theory. Then, the obvious question would be:
is such a framework useful? In the light of our objective of this study, and appealing the
smallness of the sterile mixing angles, ;4 (j = 1 — 3), we answer the question in the positive.
In fact, the rather severe constraints on them are derived by the various phenomenological
analyses [8, 33, 49, 72, 73]. In our qualitative discussions later, we often refer a rough guideline
for the suppression factor we tentatively choose, for brevity, sj; ~ 0.1 for all j .7 We will
present an organized discussion in section 10.1 of in what sense our framework is useful, and
to what extent it can illuminate the global and qualitative features of the SA resonance.

6.3 Diagonalization of ﬁo by the 1-4 rotation: from the tilde to bar bases

We have introduced the unified notation of the matter-affected mixing angles as §Z-j corre-
sponding to the vacuum angle 6;;. Therefore, the rotation matrices with the matter-affected
mixing angles and phases have the same forms as in vacuum, eq. (2.6), but (64, ¢;4) replaced
by (§j4, 514) where ] = 1,2,32 that iS, U14(§14), U24(§24,(524), and U34(§34,¢~534), where
C14 = COS 514 and S14 = sin 514, etc. Notice that § stays as it is, because it entered into our
formulas due to change into the ATM convention of the U matrix.

Then, it is easy to diagonalize 2F Hy to reach to the diagonalized basis which we call
the “bar” basis:

A 0 0 0

_ ~ - ~ 0 X 0 0
2FEHy = Uyy(614) 12 EHoU14(014) = B 6.3
0 14( 14) 0 14( 14) O O )\3 0 ) ( )

00 0 N\

A brief comment is ready on our rough guideline s;4 ~ 0.1. Of course, one can improve the discussion
to implement the bounds on sterile mixing angles obtained by various analyses assuming the (3 4+ 1) model.
However, at present, the preferred regions for the sterile neutrino interpretation by the various measurement
did not appear to converge. The bound is sometimes derived under the treatment of “one angle at one time”
approach. Therefore, we prefer to stay on qualitative remarks based on the above rough guideline, as it is in
harmony with the level of qualitative validity of our analysis framework.
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where the eigenvalues are given by

_ 1 .
A= 5 { (sTa+c34cty) A+ (a+c3,0) — \/[(6340%4 —s1y)Amj, — (a_0§4b)]2+(02431112914Am4211)2 }»

I .2 2 2
A2 =s54c1,Amy;y

5\3:S§4b,
3 1 2 2 2 2 2 \/ 2 2 2 2 2 1112 ; 2 )2
)\425 (s1atcaacis) Amiy +(a+tez )+ [(cq4cty —s14) Amiy —(a—c3,b)]" +(c248in2014Ami, )" 5.
(6.4)

Note that Ay > A3. The diagonalization condition leads to

cos 2514 _ (0340%4 - 5%4)Am4211 - ia - C§4b) ,

\/[(0340%4 —s1,)Am3; — (a — C§4b)] + (co48in 2‘914Am4211)
3 in 201, Am3
sin 201, = 24 T 1My (6.5)

\/[(0540%4 — s1,)Am3; — (a — 0345)]2 + (c24sin 2914Am§1)2

The behavior of the matter-affected 514 implies a resonant enhancement at around the
resonance point (c3,c3, — s34)Am3, = (a — c3,b).

By the same 1-4 rotation we obtain 2EH; as

0 App A3 0
A 0 0 Ay

2FEH; = Uya(614) 2EH U14(614) = , 6.6
1 14(014) 1U14(614) A 0 0 Ay (6.6)
0 Ayg Ass 0
where the non-vanishing A;; elements are given by
Ajg = €259, (514014814 — 5140240%4) Am3, = A3,
Az = 09303 c34534b = Ay,
Agy = e P25y, (514614814 + 5146246%4) Am3, = A,
Agy = —6_1(54_4)34)514034534() = AZ3, (67)

in which hermiticity A;; = A%, is used to simplify the presentation.

6.4 Computation of the flavor basis S matrix

For calculating the S matrix elements we utilize the well-known perturbative formulation,
which we will sketch below. With Hy and H; at hand in eqs. (6.3) and (6.6) it is straightforward
to compute the bar basis S matrix in the neutrino channel. The similar computation can be
done in the anti-neutrino channel with Hy and H; given in eqs. (8.11) and (8.15).
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6.4.1 Calculation of the bar-basis S matrix to first order

To calculate S matrix we define Q(x) as
Q(z) = 073 (z).
Using i%g = H(x)S, Q(z) obeys the evolution equation

id%sz(x) — ()

where

H, = eiﬁoxﬁ(l)efiflox‘
Then, Q(x) can be computed perturbatively as
Q) = 1+ (=) /O " da Hy (o) + (—i)? /O " d Hy () /0 " A H )
and the S matrix is given by
S(z) = e_iHOIQ(a:).

For simplicity of the expressions we use the notation (j = 1,2,3,4)

N
h, = L
7 9R’
which leads to
eFir 0 0
tifow _ 0 e*hr g 0
T 0 0 eFh
0 0 0 eFihaz

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

As Q = 1 in the leading order, the minus sign choice in eq. (6.14) is nothing but the

zeroth-order bar-basis S matrix S(z)©).

Then, H; can be calculated as

H, = eiﬁoxHu)e—iﬁox

0 A1267i(h27h1)x Algefi(hgfhl)x 0

1 A2lei(h27h1)x 0 O A24€7’i(h47h2)x

- ﬁ Aglei(h“*hl)x 0 0 A34€7i(h47h3)z
0 A426i(h47h2){£ A43ei(h47h3)w O
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Using eq. (6.11) one can easily calculate Q(z) to first order, and then the first-order S matrix as

S(x)(l) = e*iHOIQ(x)(l)

7ih2z7€7ihlz 7ih317€7ihlz

0 At (ha=h1) Az ha=h1) 0
e—’L‘hQ.’L‘ie—ihl.’L‘ e—ih4m7€—ih2.'z
_ L A [ha=h1) 0 0 Az (ha—ha)
e—thgw_p—ihjx e—thqx _o—ihgx
2B\ A sy 0 R =Ty
O A42 efzh4z_efzh2z A43 efzh4z_efzh3z O

(ha—h2) (ha—h3)
0o S sl g
I O
=lgh o o g | (6.16)
31 34
0o S sY o
: (o (1) a() _ [am]T*
Notice that S(x)'") matrix elements satisfy the relation Sij {Sji } , where the T'x
operation stands for the transformation only on A;; — AJZ (hermitian conjugation, see
eq. (6.7)), with the kinematical part (e~"i® — e=%i®)/(h; — h;) untouched. It implies that
the generalized T' invariance, or T-violation only by the complex number, see e.g., ref. [74].

6.4.2 From the bar basis to the flavor basis: neutrino channel

The bar-basis Hamiltonian is related to the tilde-basis one as H = U14(§14)TFI U14(§14),
and the tilde basis to the flavor basis as H = Us4 (034, ¢34)" HavorUsa (634, #34). Then, the
bar-basis to flavor-basis relation is given by

H = U14(014) Usa (034, ¢34)" Htavor Usa (834, 34) U14(614),
Hipavor = Usa (034, ¢34)Ur4(014) HU14(614) Usa (034, d34)". (6.17)

The same relation holds for the S matrix:

Stavor = Usa (034, $34)U14(014)SU14(014) Uz (034, d34) 1. (6.18)

Given the zeroth and the first-order bar basis S matrices (the minus sign choice in
eq. (6.14), and in eq. (6.16)), it is now straightforward to compute the flavor basis S matrix
by performing the two rotations that appear in eq. (6.18). It is customary to use the Greek
characters for the subscript of the flavor-basis S matrix elements, which we follow for the
active neutrino species. For the sterile state we use the capital-S for simplicity. To second
order, the flavor-basis S matrix has the following structure:

s 0 s s 0 i) S Sty @ 0 82 s

P I (R B I el I B e (6.19)
S0 s S| | s k) S sW || SR s 51 s '
SO o W S<o> s s 5 S(l) 52 58 5 S()

To know the qualitative features of neutrino flavor transformation we need, in most of
the channels, the S elements up to the first order. For convenience for the readers who want
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to follow the calculation we collect the expressions of the flavor basis S matrix elements up
to the first order in appendix A. But, as 5,%2 = éi) = 0, the second order elements are
required when we discuss the v, — v, and v, — v, channels. Taking the v, — v, channel as
an example, a sketchy description of how to compute the second-order flavor basis S matrix
and the expression of Sf;i) are given in appendix B. One may still ask why zeros only in Sl(&l)
and Séflg). The answer is that the structure of diagonal zero in S (a:)(l) matrix is preserved
by the 1-4 and 34 rotations only in the first 2 x 2 sub-matrix.

Now, we are ready to compute the oscillation probabilities in all the flavor oscillation
channels. Before proceeding to this task, we make a general remark that all the probabilities
computed respect T-invariance despite that the phases d and ¢34 show up in the ample
place in the S matrix elements, as can be seen in appendix A. More comments on this

T-invariance will be given in section 10.3.

7 Sterile-active resonance in the neutrino channel: probabilities

In this section we prefer to focus on the flavor channels which are most relevant for the
observation of the SA resonance effects in Neutrino Telescopes. In energy region of £ = 1-
10 TeV, v, and v, constitute the dominant component of the atmospheric neutrinos [75]. Sub-
leading v, and v, component is estimated to be about 10% or less [76, 77]. The latter reference
used the MCEq code [78] to solve for the neutrino fluxes analytically. For our qualitative
discussions in this paper we assume the flavor ratio (ve + 7.)/(total neutrino flux) = 10%
level (the rest is v, + 7,) in the energy region E ~ 1TeV, see figure 4 in ref. [77].

In below we refer the terminology, “track events” and “cascade events”, to classify the
event topology. See ref. [43] for concise explanation of these experimental terminology, and
for a recent comprehensive discussion of the cascade events.

We note that it is unlikely that v, and v, (or, v, and 7,.) components can be separated
in an event-by-event basis in the IceCube experiment, at least for now. Therefore, a more
elaborate discussion is needed to know how our separate neutrino anti-neutrino treatment
could make a realistic sense. See section 9.3 and tables 1 and 2.

7.1 Track events and P(v, — v,): neutrino channel

Here, we first discuss the survival probability P(v,, — v,,) to know how many v, survives in the
earth matter, hoping that it may reveal the features useful to understand the characteristics
(0) (2)

of the experimental data. As discussed above S, = Sy + S,jt, no first-order contribution.
We notice that SL(B = e~ ™2% and refer appendix B for S,(i) Then, we obtain the probability

to second order

P(vy — ) =[SO + 2Re [{50}" 2]

2
c 3 2 (Amj 1 . o (ho — hy)x
=1 4834 (614614814 — 5140240%4) ( 2E41> (h2 — h1)2 sz ( 2 . 1)
2
5 c 2 (Am] 1 o (ha — ho)x
_ 4334 (314014814 + 014024c%4> ( 2E41> (h4 — h2)2 sin2 ( 4 ; 2) '
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Notice that all the eigenvalues are of the similar order \; ~ Am?,, see eq. (6.4), as we are
working in the SA resonance region, Am3,/2Eh; = Am?,/\; ~ 1. Then the kinematical
factors in eq. (7.1) are of order unity. As we stated in section 6.1, for the purpose of rough
estimations, we will assume smallness of the sterile mixing angles, s;j4 ~ 0.1 for all j =1,2,3.
Then, the second order correction terms in eq. (7.1) are suppressed by s3, ~ 10~2 under our
assumption even at the resonance peak. Therefore our treatment predicts that, practically, v,
travels in the Earth matter nearly unaffected. It suggests that the track events in Neutrino
Telescopes in the neutrino channel may not be a good probe of the SA resonance effects.

The absence of Ség), SSL) and Sg(B in the zeroth-order S matrix in eq. (6.19) implies that

the other v,-row probabilities, P(v, = vx) (X =e,7,S5), take the form of |S§L|2 It leads
to the similar s3, (or higher) suppressions. See appendix C for the expressions of P(v,, — v)
and P(v, — v;). In section 10.1 with tables 1 and 2, we will give a more systematic discussion
of the suppressions by smallness of the sterile mixing angles.

7.2 Cascade events via P(v, — v.) and P(v, — vx): neutrino channel

Assuming the atmospheric neutrino flux of v, entering the earth, the cascade events may
occur via P(v, — ve) or P(v, — v;). But, the estimation based on appendix C tells us that
P(v, — ve) is suppressed by s3,, and P(v, — v,) by s3,53, on resonance. See table 1. These
v, initialed cascade events would therefore be suppressed to a 1% level (at the probability)
assuming Soq4 ~ s3q4 ~ 0.1.

As mentioned above the atmospheric neutrino flux in the 1-10 TeV region includes 10%
level v.. With this parent v, the cascade events can occur through the oscillations

P(ve > ve) =[SO = 1 —sin? 2By sin® 11 10T.
2 (ha — M)z

P(ve — vy) = |SO? = 2, sin? 20,4 sin 5 ,

(7.2)

where we have restricted to the leading order expressions.® For the expression of P(v, — ve)
with the second-order corrections, see eq. (C.5) in appendix C.2.

It is obvious that the probabilities in all these three channels, including P(v. — vg),
enjoy the SA resonance enhancement described by the matter affected 014. Notice that
P(ve — ve) in eq. (7.2) has no suppression factor due to the sterile mixing angles on
resonance, whereas P(v, — v;) is suppressed by s3,. Therefore, in the neutrino channel,
the dominant contribution to the cascade events comes from the atmospheric v, flux with
resonance enhanced P(ve — 1) in eq. (7.2), which produce 10% level contribution in flux
times P(ve — ve).

8P(ve = vs) = ¢34 sin® 2014 sin’ w Given that P(ve — v,) is of second order, it is easy to observe

that P(ve — v:) + P(ve — vs) cancels the second term in P(re — ve) in eq. (7.2), guaranteeing the
zeroth-order unitarity. The ve-row unitarity to the first order is shown to hold in appendix C.2.
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8 Analysis of SA resonance effective theory: anti-neutrino channel

In the anti-neutrino channel the Hamiltonian takes the form

2E‘I——Tﬂavor
000 O
=Us34(034,034)" U4 (624,024)*U14(614) 000 0 [U14(614)*]"[U24(624624) "] [U34(034034)"]
000 Am?2,
“la|00 0
0O 00 O
(8.1)
0 00 O
0 00 bl

As in the neutrino case we move to the tilde basis H = [Usa (034, $34)*]T Havor Usa (034, d34)*:

(S%4Ami1—|a|) €7i¢24824614814Am4211 0 024614814Am4211
- €924 554014814AM3; 83414 Am, 0 €i¢540248246%4Am4211
0 0 —s34/0] e 0 ?34) 3554 |b)|
coac14814AM3; €T 2o 5042 Am3, e 0P g 554 |b] (c34ct, AmT; —c24]b))
(8.2)

8.1 Diagonalization of the Hamiltonian: local resonance approximation

An important characteristics of the anti-neutrino channels in our SA resonance effective
theory, as compared to the neutrino channel, is that it has the two resonance enhancements
at the 2-4 and 3-4 crossings, as indicated by the superficial level crossing diagram in figure 1.
The structure is akin to the one in the neutrino channel in the vSM (NMO). We thus follow
DMP [48], which does the atmospheric 1-3 rotation first and then the solar 1-2 rotation
second. That is, diagonalize the high-energy crossing first and then low-energy one. Thus
we do the 2—4 rotation first, and then the 3—4.

It should be noticed that our procedure implicitly assumes that the diagonalization can
be done one by one, the local resonance approximation. We warn that this approximation
may not hold in a good accuracy, given that the two resonances can overlap in a good fraction
of the parameter space so that they may interact with each other. But, this is the situation
we never met in the vSM neutrino propagation, as the atmospheric 1-3 and the solar 1-2
resonances are far apart to each other. While finding a way to overcome the local resonance
approximation is a burning request it eludes us at this moment. Then, one may ask: in what
sense our analytic approach useful? We will answer this question in section 10.
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8.2 Diagonalization of H by the 2—4 and then 3—4 rotations

We proceed to perform first the 2—4 rotation. We decompose H into ﬁfo and H 1,

(5%4Am4211 — lal) 0 0 0
BT — 0 83,03, Am3; 0 €' eays94¢1,Ami,
0 0 —s3,1b| 0
0 e~ epsauct Amy; 0 (cByct Amy — c3y|b])
0 e P2 824014314Am?11 0 624614814Am?11
6i¢24 324014314Am4211 0 0 0
0 0 0 ei(6+¢34)634834|b|
c24C14514AM% 0 e_i(6+¢34)034534\bl 0
=2EH, + 2EH], (8.3)

where the last line defines the two matrices in the first and second lines in eq. (8.3).

We diagonalize the 2-4 subspace of Hy by the 24 rotation to the hat-basis H, by using
U24(§24, 524), the rotation matrix in matter, which is defined in eq. (2.6) but the vacuum
parameters (624, ¢24) replaced by the matter-affected ones (524, 524).

MO 0 0

A o k=~ 0 X0 0
2EHy = [Uss(B24, do4) |1 2EHoUss (B4, dos)* = 2 (8.4)

0 0 A3 0

00 0 )\

The eigenvalues can be obtained as in the usual eigenvalue problem of the 2—4 crossing as

5\1 = (5%4Am4211 - |a]) )

<1 ‘
A = 2{(0%4Am4211 —c3,0b]) — \/[cos 20943, Am2, — c§4\b”2 + (sin 29240%4Am?11)2},

5\3 = _S§4|b|7

. 1 ‘

Ay = 2{( 1AMy, — c3,00]) + \/[cos 20242, Am3, — ¢2,|b|]* + (sin 2024c%4Am§11)2}7 (8.5)

taking 5\4 > 5\2. The diagonalization condition determines the cosine and sine of 2524:
[cos 20248, Ami; — c34[b]]
\/[cos 20243, Am3, — c§4]b”2 + (sin 29246%4Am?11)2
sin 20242, Am?,

\/[cos 20242, Am2, — ¢3,b]]% + (sin 2004¢2, Am3,)’

cos 2524 =

I

sin 2524 = 5 (86)

which describes the resonance at cos2694c?,Am3; = c,|b|.
It may be better to mention that, as in the case of neutrino channel, there is a 4 sign
ambiguity in cos 2694. The real and the imaginary parts of the diagonalization condition lead to

sin 2024¢2, Am2, cos(das — Pos)

tan 2524 ==
[COS 2(9240%4Am4211 - C§4|b|]

y and sin(<524 — (ﬁ24) = 0, (8.7)

— 23 —



which means cos(¢as — ¢24) = £1. In the above, in eq. (8.6), we have taken the plus sign,
which leads to Ay > Ao. If we took the minus sign the eigenvalue ordering reverses. With the
plus (minus) solution Ay — —oco (Ay — finite) as |b| — 4o00. Therefore, we confirm that the
plus sign solution is physical. We will return to the implication of the relationship between
the matter-affected and the original phases in section 10.3.

By the same 2—4 rotation fll transforms to ﬁl as

0 A 0 Ay
A oy 0 dg 0
QEH, = [Upy(024, b2a)*| [ 2EH  Ups (024, hoa)* = | 720 = 72 7 |, (8.8)
0 Az 0 Az
Ay 0 Ag 0
where the non-vanishing /L-j elements are given by
1412 = —€_i¢24614814 sin(§24 — 024)Am?11 = A;l,

1 n 2 1
A14 = C14S514 COS(024 — 924)Am41 = A41,
N - e —i(s ; .
Agy = —Fogei®22e=H +¢34)034834‘b‘ = A3,

Azy = Gge’ 0T e34534|0] = A, (8.9)

where we have used 005(524 — ¢24) = 1, or <;~524 — ¢oq4 = 0.
Now, we perform the final 3-4 rotation. We re-decompose H as

MO 0 0 0 A, 0 Ay
. 00X 0 0 Asy 0 Ays 0 . .
QOEH = N . =9FEH, + 2EH,. 8.10
00 As Al Tl 0 4 0 0 ot ! (8.10)
0 0 Ags M Ay 0 0 0

This procedure is necessary to give the 3—4 level crossing an enhanced, usually “resonant”,
character. We make a 3—4 rotation with the matter-affected angle 634 to diagonalize the
3-4 subspace of Hy:

M 000
_ T = + ., | 0A 00
2EHy = [Usa(034, $34) "1 2E HoUs4 (034, p34)" = g ; (8.11)
0 0 A3 0
00 0 M
where the eigenvalues can be obtained from the 3—4 eigenvalue equation as
5\1 = 5\17
Ay = Ao,
3 L 3 3 3.2 ~ 2
A3 = 5 ()\3 -+ )\4) — \/()\4 — /\3) + (624 sin 2934|b‘) ,
_ 1( « N - - -
Ay = 2{()\3 + )\4) + \/()\4 — /\3)2 + (624 sin 2934|b‘)2}. (8.12)
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The eigenvalues in the hat basis are given in eq. (8.5). The diagonalization condition
determines the matter-affected mixing angle 034 as

~ A=A
cos 2034 = = = (M1 3) ,
\/(/\4 — )\3)2 + (524 sin 2934|b|)2
~ Coyq 8in 2034]b
sin 203, = Ca 510 20340 (8.13)

V= A+ (Gassin 2004

Similarly to the 2-4 diagonalization, there exists the 4 sign problem on cos(q534 — ¢34)
attached on cos260s4. Here we solve it without assuming the asymptotic behavior of the
eigenvalues. Through the diagonalization procedure the eigenvalues can be obtained as

i(5+34) i(6+¢34)

e o
A3 = C3y A3 + 5340 — € 34534 Az — € 34534 A43

;\4 = §§45\3 + 5?))45\4 +e (6+¢34)034834A34 +e (6+¢34)034534A43 (8'14)

If we use the plus sign for cos 2034, as taken in eq. (8.13), we recover the eigenvalues eq. (8.12).

But if we place a minus sign on cos 2054, A3 in eq. (8.14) becomes A4 in eq. (8.12), and vice

versa. But, physically it must be the case that A4 > A3, as one can confirm by drawing the “real

level crossing diagram”. Thus, we must choose the plus sign on cos 2534, as done in eq. (8.13).
By the same 3-4 rotation Hj in eq. (8.10) transforms to Hj as

2EH) = [Usa (034, 034) | 2B Usy (034, d34)*

0 Ay —e_i(6+$34)§34z‘114 Caa Ay
A = A i(04+¢34) 3 A
_ | ~21~ A . OA C34A23 2 534423 . (8.15)
—e! O+ sa) 50, Ay c34A32 0 0
CsaAg e~ 0+031) 55, Agy 0 0

where the A; ij clements are given in eq. (8.9).

The qualitative behaviors of 64 and 34 which can be read off from eqgs. (8.6) and (8.13)
are as follow: at the small-|b| region (|b| < Am2,) fa4 ~ 04 and 34 ~ 0. Then, moving
toward positive asymptotically large |b| (|b] > Am3,), 624 behaves as g4 — T— 5,and 034
behaves as 0 — 534]max — 0, where §34|n[1aX ~ 30 degree. 534 does not reach to ” because
sin 2034 cannot vanish, see eq. (8.13). Notice that the \b\ — 00 behavior of 34 is dlﬂerent from
the one of 024, as sin 2034 ~ 0 due to ¢g4 =~ 0 there. 024 describe the usual MSW resonance
and 034 shows the typical behavior of the enhanced “vacuum oscillation”. Despite our picture
of local resonance approximation, the “one by one” diagonalization procedure in fact keeps
influence of the 24 diagonalization onto the 3—4. Thus, our treatment retain, at least partly,
some “interaction” between the two overlapping resonances.

8.3 Computation of the flavor basis S matrix and the probability: anti-neutrino
channel

With Hy and H; at hand in egs. (8.11) and (8.15) it is easy to repeat the computation of
the bar basis S matrix in the anti-neutrino channel. Calculation of the bar-basis S matrix
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elements can be done as described in section 6.4.1. The zeroth order S matrix takes the
same form as in eq. (6.14) with the minus sign choice, but the eigenvalues /_\j replaced by
the ones given in eq. (8.12). The first order S matrix can be calculated by the same method
that leads us to eq. (6.16) in the neutrino channel. In the anti-neutrino channel S(z)®
has the following matrix structure

0 Sia S13 S

_ - So1 0 Sy3 S

S (1): —ZH(O)rQ (1): _21 A 23 024 ) 3.16

(@ =iV — |2 D S S (8.16)
Si1 Sz 00

For convenience of the readers who want to verify the calculations, we present the explicit
forms of the bar-basis (as well as the flavor-basis, see below) S matrix elements in appendix D.

Similarly to the treatment in section 6.4.2 in the neutrino channel, the flavor-basis
S matrix can be computed using the relation between the bar- and flavor-bases in the
anti-neutrino channel as

Stavor = Usa(034,034)*Usa (024,24)* Usa (O34, 834)* S[Usa (034, 034)*]T [Una (024, d24) 1 [Usa (B34, 834) ]

(8.17)
It can be shown that the flavor-basis S matrix in the anti-neutrino channel has the following
structure, to first order, as

0 1

@Wo o0 o 0 55 s& sty

0 Si S SU| | sk 5(” S S C 1

0 S(O) Sg) 55(3«7) + S(l) S(l) ng) S(l) ( ’ )
0 0 1

0 5050 s8] |50 s s )

The most notable feature of the S matrix in eq. (8.18) is that, in the leading order, v, row
(and column) decouples from the remaining part of the S matrix. This is the feature which is
pointed out and extensively used in the analyses done in refs. [35, 36].”

Now, the computation of the flavor-basis S matrix elements can be done straightforwardly.
Then, one can calculate the probability as we have done in the neutrino channel. To make our
presentation compact as much as possible, we summarize the bar-basis and the flavor basis
S matrices in the anti-neutrino channel in appendix D, and the results of the probabilities
in several relevant channels in appendix E.

We are ready to discuss the probability in the physically relevant channels, as was done
in section 7 for the neutrino channels. Most naturally we start from the 7, disappearance
probability P(7, — 1,), which is studied most vigorously in the literature for its importance
in the experimental analysis for the SA resonance. See [24, 32-41], and the references
cited therein.

90f course, omission of the v. row should not be applied to the neutrino channel, as we lose the chance of
illuminating the resonance-enhanced P(ve — v.), see eq. (7.2).
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9 Sterile-active resonance in the anti-neutrino channel: probabilities

9.1 Track events and P(v, — v,): anti-neutrino channel

Most probably the highest sensitivity channel in the neutrino observation in the ice or deep
ocean would be the “track” event caused by muon, either created by v, interaction in the
detector, or produced in the nearby detector in the earth and penetrating the detector volume.
As the atmospheric (anti-) neutrino flux in the TeV region is dominated by v, and v, we
focus on P(v, — v,) first. The probability reads

P, —vy)

= |02+ 2Re |(S)* 551

2

A 207 9205 [o o oo(ha—ho)z 5
= 1—33,sin® 2634 sin —sin? 20y, {034 sin? (2) 433, sin

5 (hs —th)aj}

14

—5in 2034594 5in 2094 $in 2034 +—
S111 4034824 S111 L4024 S111 2034 ok

1 hs—h ha—h ha—h
x{ [(534—554534)81112 7( 3 2)$—|—§%45§4{sin2 7( 1 3)gu—sinQ 7( 4 Z)x}]
(hs—hs) 2 2

1 C S5,C i (h4_h2)$ 2 : (h4_h3)l‘ . (hg—hg)fb
- m [(634 _334034) sin? 5 +S§4S§4{Sln2 — —gin? — }] }

(9.1)
The first line in eq. (9.1) comes from the zeroth order S,S(L) matrix elements. On the resonance
peak, this leading contribution carry no suppression factor by the smallness of the sterile
mixing angles, as the both 64 and 634 are elevated to the matter enhanced 6724 and 534.
This is the “bona fide” IceCube resonance enhancement in the SA resonance region. On the
contrary, at off-peak, the leading term in P(v, — ,) has the suppression factor s3,, and
the first-order terms s3,s%,. See table 2. For the definitions of the terms on- and off-peak,
though customary, see section 10.1 and appendix F.

Track events can also be generated by utilizing 10% level atmospheric v, flux and the
conversion probability P(v, — ). Due to T-invariance (see section 10.3), the conversion
probability is equal to P(v, — 7.), which is given in eq. (E.2). As Sé?) = 0, the lowest-
order term in the probability is of second order, and is given by ]Sé})|2. Then, there is
a characteristic suppression factor s?,, which makes this contribution smaller by ~ 1073
(including 0.1 flux fraction) compared to the v, flux originated contribution.

Therefore, it appears that the dominant mechanism for producing the SA resonance
effect is by utilizing 90% level atmospheric 7, flux with the disappearance channel probability
P(v, — v,). This is the “golden channel” for the SA resonance, which has been analyzed
by many authors as mentioned above.

9.2 Cascade events, P(v, — v;) and P(v. — .): anti-neutrino channel

We first examine the scenario of utilizing the 90% level dominant atmospheric 7, flux and
P(v, — vx) (X = e, 7) which are appropriate for generating the cascade events. Due to
the structure of the S matrix in eq. (8.18), P(v, — v.) starts at the second order, and is
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suppressed by s?,. Therefore, the contribution is small, ~ 1% level. On the other hand,
P(v, — v7) has a promising feature. As shown in eq. (E.1), see appendix E, its leading-order
term include the one with no suppression factor (on-peak) as

5 (9.2)

P(i, — ;) = c3,55, sin” 2034 sin
Therefore, the atmospheric v, flux with P(7, — ;) would offer a sensitive probe for the
SA resonance search with using the cascade events.

Finally we examine the cascade events that caused by 10%-level atmospheric v, flux and
P(v. — vx) (X = e, 7). We note that P(v, — v, ) starts at the second order, and suppressed
by s%, ~ 1072, Therefore, the dominant contribution to cascade events is from the original 7,
flux without modification (no SA resonance effect) of the oscillation, P(ve — ) = |S£2) =1

)

up to the second-order corrections which is computed as in eq. (E.3).

9.3 Three origins of the cascade events and their possible separation

Our discussions on the origin of the cascade events in sections 7.2 and 9.2 reveal an interesting
feature which may leads to deeper understanding of physics in the SA resonance region.

¢ In the neutrino channel the cascade events dominantly come from the 10%-level atmo-
spheric v, flux and the unsuppressed P(v. — 1) in eq. (7.2). The SA resonance effect
causes depletion of the number of events in the resonance affected region.

e In the anti-neutrino channel the cascade events have the two origins, one from the
dominant 90%-level v, flux which is converted to v, see eq. (9.2). The SA resonance
effect produces an enhancement of the event number distribution. The other way of
yielding the cascade events is to utilize 10% v, flux which is practically unaffected by
the SA resonance, as P(v, — 7,) = 1 in a good approximation.

Thus, it may be possible to do a three-component fit of the data of the cascade events
which differ in the various factors: (1) number of events with the azimuthal angle dependence,
and (2) enhancement, depletion, and/or having no effect in the event number distribution
by the SA resonance effects. If feasible with the real data, the three-component cascade
analysis could establish the nature of the enhancement as manifestation of the SA resonance.
At the same time it offers another tool to diagnose atmospheric neutrinos in the multi-TeV
energy regions, even though an event by event discrimination of the neutrino vs. anti-neutrino
induced events would not be tenable.

10 Interesting characteristic features of our analytic framework

So far we have formulated the SA resonance effective theory, and given its first analytic
treatment. Due to its novel approach, however, the framework shows the mixed features,
intriguing, unexpected, and some not completely understood. It would be worthwhile to
present clarifying discussions on the so far poorly understood aspects of the framework with
its interesting new features, to facilitate the better analytic treatment to emerge.
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v channel ‘ On resonance peak | Off peak, leading (higher) ‘ Next to leading order

Py, —vy,) (7.1) s3, s3, 0thx2nd
P(v, — ve) (C.1) 53,4 52,83, (1st order)?
P(v, —v;) (C.2) 3,53, 53,53, (1st order)?
P(ve — ve) (C.5) no suppression 52,83, 53,52, 51, Othx2nd
P(ve — v7) (C.3) s3, 52,53, Othx1st

Table 1. In some of the oscillation channels relevant for our discussions, the suppression factors on
the probabilities due to the sterile mixing angles s;4 = sinf;4 (j = 1,2, 3) are tabulated. The factors
are given, at on-resonance peak and off-resonance peak, separately. Only the least severe suppression
factor is quoted in each category. In the disappearance channels, we count how many powers of s;4 is
placed on each portion of 1 — P(v, — v4). In the first column, the oscillation channel is given with
the equation number for the probability expression. This table 1 is for the neutrino channel.

Anti-v channel ‘ On resonance peak ‘ Off peak, leading (higher) ‘ Next to leading order

P(v, — v,) (9.1) | no suppression 53, or %, (s3,53,) Othx1st
P(v, — v;) (E.1) | no suppression 53,83, Othx1st
P(v, — v.) (E.2) 52, 52, (1st order)?
P(ve — ) (E.3) 52, 52, Othx2nd
P — v;) (EA4) s2, 52,83, (1st order)?

Table 2. The same as in table 1, but for the anti-neutrino channels.

10.1 Sterile mixing angle suppression of the probability

As we noted our framework lacks the universal expansion parameter such as € ~ Am3, /Am3,.
On the other hand, the suppression by the sterile mixing angles does occur in a channel
dependent and/or (perturbative) order dependent manner. For phenomenology discussions,
it is important to understand the rich varieties of the way how the sj4 =sinf;s (j =1,2,3)
suppression takes place. In tables 1 and 2, therefore, we give a compact summary of the s;4
suppression of the probability in the neutrino and anti-neutrino channels, respectively.

The various clarifying comments are needed to understand the contents of tables 1 and 2.
In the disappearance channels, we count how many powers of sj4 is placed on each term of
1 — P(vq — Vo). The suppression factor is different depending upon we are “on-resonance
peak” or “off-resonance peak”. Simply all the relevant mixing angles becomes matter-affected
and close to the maximal at on-resonance. The suppression factor at on-resonance peak
is given in the second column of tables 1 and 2. The nomenclatures on- and off-peak are
customary (we believe), but otherwise it will be explained more explicitly in appendix F. In
the third column the suppression factor at off-peak is tabulated in the leading-order and the
correction terms in parenthesis, in the sense of perturbation theory formulated in section 8.3.
In many cases the suppression factors for the leading- and next to leading-order are identical,
and the factor in parenthesis is abbreviated in such case.

The fourth column is a little involved. It is to describe the nature of the next to leading
order contribution to the probability. Typically they are the interference terms between
the zeroth and the first-order terms, denoted as “Othx1st”. When the first-order term is

— 29 —



absent in the particular channel, it takes the form “Othx2nd”. Sometimes it occurs that the
zeroth-order S matrix element vanishes, see egs. (6.19) and (8.18). In that case the leading
order term is given by the first-order S matrix element squared, denoted as “(1st order)?”. In
this case the fourth column shows the nature of the leading-order term, and the suppression
factor always exists even at on-resonance peak.

To focus on the dominant structure of the SA resonance we have colored the unsuppressed
(blue) and sﬁ—suppressed (cyan) to emphasize that they will be the dominant observables
in the foreseeable feature, assuming s;4 ~ 0.1. Obviously, the majority of the colored items
are at on-resonance peak, as indicated in the second columns of tables 1 and 2. These are
nothing but the principal target of our phenomenology discussions that are borne out from
our analytic treatment of the SA resonance effective theory.

Here are some features that are worth to be highlighted (See tables 1 and 2):

e There exist only three channels with the unsuppressed SA resonance effect at on-peak,
P(ve — v.), P(v, — v,), and P(v, — v;), which include the unique neutrino channel
Ve — Ve and the unique appearance one v, — v, in the anti-neutrino.

o There exist a sharp contrast between P(v, — v,) and P(v, — ). In the former the
resonance effect is nearly invisible, which can be understood by s3, suppression at on-
and off-peak, as it comes from the second-order corrections.

o Another interesting contrast is the both unsuppressed resonance effects in P(v, — v,)
and P(v,, — v;), and a big disparity between P(v, — v,) and P(v, — v;). Essentially
no effect in P(v, — v,) because of s3,s3, suppression at on- and off-peak.

We remark that the features emphasized above may have been closely related with the ones
mentioned in the various analyses done previously. The authors of ref. [39] observed that
P(v, — v7) can be enhanced if the both 64 and 634 are nonzero, and raised the possibility
of cascade analysis which shed light to the f34 measurement due to the spectral distortion.
The authors of ref. [43] paid attention to the features described in the third item above,
and described the strategy of joint analysis of the ,-induced track events and cascade due
to the v, appearance. Given that our framework offers a simple bird-eye view of the SA
resonance enhancement with the varying strengths, we hope, it can contribute to further
advance formulation of the strategy for exploration of the sterile sector. Our own proposal
is already described in section 9.3.

10.2 Mechanism of sterile mixing angle suppression

As we observe, the pattern of s;j4 suppression is not simple and the oscillation-channel
dependent, as shown in tables 1 and 2. It depends on the flavor structure of the S matrix,
such as distribution of zeros in the zeroth- and first-order S matrices, see egs. (6.19) and (8.18).
It also comes from the elements of the Hamiltonian, and alternative choice of picking up ssq4
(or not) from the final rotation to obtain the flavor basis S matrix.

Here, we discuss only one example to give a feeling on how many s;4 power suppression
comes about at on-peak leading, off-peak leading, and off-peak higher order terms in P (v, —
v,). At on-peak the first line in eq. (9.1) is unsuppressed by the vacuum sterile mixing
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angles, as they are replaced by the matter affected angles, which are enhanced on peak. In
the off-peak leading order term, s§4 or s3, suppression appear, see second and third terms
in the first line. In the off-peak first order terms, the second to the fifth lines in eq. (9.1),
are suppressed by the pre-factor

SN 26034594 Sin 2094 sin 2034
(C%4Am31)2 |b]

2,Am3, — 3, |bl]” + (sin 2024, Am3,)? \/(:\4 — X\3)2 + (Coa sin 2034]b])?
(10.1)

) .92 1
= sin” 26034 sin” 2094 =
34 243 [cos 2024c¢

in which we have used the expressions of sin 2654 and sin 2034 given in eqs. (8.6) and (8.13),
respectively. We note that, the kinematical factors, the second line in eq. (10.1), are of
order unity in the SA resonance region. Therefore, the first order terms in P(v, — ;) is
suppressed by the factor s3,s3, ~ 107, assuming that sgq = s34 ~ 0.1.

We may make a comment on the leading-order term in P(rv. — v,) in eq. (C.3). In
the both zeroth- and first-order terms in the probability, we have the identical suppression
factor s%, at on-resonance peak. It appears that this occurs by accident, as explained in
appendix F.1. In general, the off-peak leading and higher-order terms have different s;4 power
suppressions, but in many cases they have the identical-in-total s;4 suppression.

10.3 T-invariance of the probability

At the end of section 6 we have remarked that the probability in the neutrino channel respects
T-invariance. Our computation of the anti-neutrino probability shows the same feature. For
this to be true, it must overcome presence of the additional phases from the matter-affected 094
and 534 rotations which involve the new matter-affected phases ¢~524 and gz~534. (Notice that there
is 10 ¢14 in our convention.) However, we have learnt in section 8 that the diagonalization of
the Hamiltonian by the 2—4 and 3—4 rotations requires 524 = ¢p24 and 534 = ¢34. That is, the
effects of the extra phases are systematically cancelled by their vacuum counterparts.

Notice that the dynamical (q~5j4) or the built-in in theory (¢;4) phases appear independently
to each other in the bar-basis and flavor-basis S matrices, as one can easily confirm in
appendix D. But, when one computes the oscillation probability, they disappear thanks to
the relation (%4 = ¢4, and all the probabilities becomes free from the phases. Thus, complete
cancellation between the phases is highly nontrivial feature. T-invariance of the probability
is partially displayed in appendices C and E.'°

Nonetheless, a careful reader may ask whether this property is the artifact of our
treatment. That is, the 2-4 and 3-4 level crossings are diagonalized one by one without
treating them fully “interacting” even though they overlap. It is a tantalizing question to
settle, whether T-invariance is the general feature of the effective theory of SA resonance, or
it holds only because of our treatment which is based on the local resonance approximation.

OWithout the phases the oscillation probability is invariant under 7', the time reversal. Another characteri-
zation of T-invariance is that the probability does not involve odd power of x [79]. In a recent analysis this
property is utilized to evaluate the sensitivity to T-violation in the next-generation long-baseline neutrino
experiments [80]. The T-even property is evident in the probabilities given in appendices C and E.
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11 Concluding remarks

In this paper we have created the sterile-active (SA) resonance effective theory by taking into
account the environments of high matter potential, a,b ~ Am?, ~ 10eV2 > Amj3,, freezing
the vSM oscillations in the relevant kinematical region. We believe that the effective theory
itself retains all the important properties of the SA resonance that are built-in in the (3 + 1)
model. Then, we have given our first attempt at an analytic treatment of the theory to
illuminate the global, qualitative features of the SA resonance. To our knowledge this is done
for the first time in the manner that covers the both neutrino and anti-neutrino channels
in the same footing, and illuminates the flavor- and event-type dependent hierarchy of the
SA resonance in the probabilities. The variety of features of the s;4 = sin 64 suppression of
the probabilities provides the core of such phenomenology discussions, revealing the flavor
channel structure of the “track” and “cascade” events.

We have described each steps of our analysis in a self-contained way, such that every
interested reader can follow. As our physics focus is on the global and qualitative multi-flavor
properties of the SA resonance, we carried out only a spot check of the numerical accuracy
of our analytic formulas. Globally, the agreement is about ~1-2 % level in comparison
to the numerical calculation using the effective theory Hamiltonian, which is sufficient for
our use in this paper.

11.1 Brief summary of our phenomenological discussion

Foreseeing the progress in the KM3Net [29] construction and the further development of the
“IceCube-Gen2” [28] project, with capabilities of detecting the SA resonance, it is now an
urgent question to ask which set of the experimental observables could testify in a robust
way that the SA resonance is discovered. In this paper we tried to give a partial answer to
this question. The resonance will leave the trace in the various flavor channels, so that the
multi-channel, multi-event type analysis will be crucial. We hope that the feature of the
global and qualitative multi-flavor properties of the SA resonance uncovered in our framework
can boost the move toward such advanced observations.

In this paper we have made a few observations by utilizing our framework:

¢ In the neutrino channel the track events may not be a good probe of the SA resonance
effects. Instead, the cascade events from the sub-dominant 10% level atmospheric v,
flux with the resonance enhanced, s;j4 unsuppressed P(ve — ve) in eq. (7.2) could give
the clear observable signature of the SA resonance.

o In the anti-neutrino channel the track events with the dominant 7, atmospheric flux
would provide the best opportunity with the SA resonance enhanced, unsuppressed
P(v, — v,), as analyzed by the many authors. At the same time, , atmospheric flux
origin cascade events through P(v, — ;) in eq. (9.2) have the similar SA resonance-
enhanced feature, which provide the promising chance for the future observation of the
cascade events.

o As stated above, the cascade events have the three origins: they can be produced by
the 90%-level fraction atmospheric v, flux with P(v, — v,), in which the SA resonance
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effect enhances the number of events. They also come from the 10%-level atmospheric v,
(and 7,) flux through P(v. — v.) and P (v, — V), in the former (latter) the resonance
effect deplete (does not affect) the number of events. A possibility of three component
fit is suggested to distinguish between these three components.

11.2 Theoretical aspect of our framework: status summary

We have found that our analytic treatment of the effective theory of SA resonance enables us to
draw a global and qualitative overview of the SA resonance in the (34 1) model. Moreover, we
have argued that its construction can be done even beyond the DMP-embedding approximation
of the vSM part, as far as we stay in the region Am2,/a ~ 1073 < 1.

However, we have encountered the various theoretical issues in developing our analytic
treatment. They include: (1) In the both neutrino and anti-neutrino channels, decomposition
of the Hamiltonian into the zeroth and first order terms is not done in reference to the
universal expansion parameter, such as Am3, /Am3;, because it is not available in this theory.
Then, there is no guarantee that the first-order correction is smaller than the zeroth order
term. (2) In the anti-neutrino channel, there exist the two SA resonances, corresponding
to the 2—4 and 3—4 level crossings, which overlap in a wide range in the parameter space.
Then, the one by one diagonalization method which we have employed in our treatment
may not be a good approximation.

At this stage, we are not able to answer all these questions completely. We briefly state
here what we did and what should be done. For the problem (1) we feel we have presented
a reasonable solution: using the structure of flavor space “texture zeros” of the S matrix
and the suppression by the small parameters s;4 =sinfj4 (j = 1,2, 3), we can elucidate the
hierarchy of the probabilities, in which oscillation channel the effect of the SA resonance is
large or small. Look at tables 1 and 2: the blue- and cyan-colored items are unsuppressed
and least severely suppressed terms, respectively, where we tentatively set sj4 = 0.1 for all
j = 1-3 for brevity. In the case that the suppression is not universal, our analytic formulas
offer the estimate of such effect for the given sj4. Thus our analytic framework can identify
the “large” effects, offering a basis for phenomenology discussions.

How to handle the dynamics of the overlapping two MSW resonances in an analytic fashion
is a difficult problem to solve. It never occurs in the ¥SM neutrino propagation, with the
atmospheric 1-3 and the solar 1-2 resonances being positioned far apart to each other. Clearly,
we need a new, powerful diagonalization procedure for such system. Possible candidates
would include the exact method [61, 81] and the fast converging “rotation” method [82].
When a good candidate theory is identified we can ask a further question of whether it
embodies powerfulness and a reasonable simplicity in treating the effective theory of SA
resonance. Our attitude in this paper is that before such a satisfactory solution is uncovered,
the “one by one” procedure may be considered as a way of approximating the combined
effects of the two overlapping resonances.

In this paper we have confined ourselves into the case of NMO, the normal mass ordering.
Which change do we expect if we discuss the IMO? As indicated in figure 1 the visible
change in the level crossing diagram is an exchange between the second and third states.
It means that there is no significant change between the IMO and NMO, except that the
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crossing involving the fourth state occurs (from left most part, |a|, |b] — oo) first in the 34
and then 2—4 levels in the IMO. Then, if necessary, one can repeat the anti-neutrino analysis
by doing the 3—4 rotation first and then 2—4. Our attitude not to enter into this task is
that the IMO discussion is crucial if we address the mass ordering determination by using
the SA resonance. Since it requires elaborate analysis of the accurately measured data set,
we can wait until this situation becomes realistic.

A Flavor basis S matrix elements in the neutrino channels

First we give a note for compact presentation of the S matrix elements, in general. The
computed results of the S matrix elements in the k-th order satisfies Sg;,) = [S(Q}T*, where
T operation is introduced in section 6.4.1. It is taking hermitian conjugate'! leaving
the kinematical factor (e~* — e~hi%) /(h; — h;) untouched. This reflects the generalized
T-invariance [74].

The non-vanishing Sgg matrix elements in the zeroth-order in the neutrino channels

are given by:

Y Y
S = (5146 T G e Zhw) ;

S(O) _ efihgaz’

H
SO = e + 53, (5%4€_Zh4x + 5%46_1h1x) :
0 2 _—ih 2 ~2 _—ih ~2 _—ih
Ség, = 8346 v + 634 (0146 v + 5146 g 11) . (A].)

50 — ez’(5+¢34)534514§14 (e—z‘hu _ e—z‘hlz> _ [S(O)]T*’

eT Te

Ség*) = 3414314 (e—ih4z _ e—ih1w> _ [ g(;)}T*’
57(-(352 _ e—i(6+¢34)634834 [_e—ih:),;t + (E%4€_ih4$ + §%4e_ih1$)} _ [Sgl)}T* (A.Q)

The non-vanishing SS,B) matrix elements are given, using the 51(]1

in eq. (6.16), as

)

matrix elements given

S'g') = ei(6+¢34)034834 (—5145';5&) +5145'§111)> +€7i(5+¢34)034834 <—§14g%) +514§4(1§)) )

Sgls) = —6i<6+¢34)034834 (—§145‘§i) +514§§411)) —e_i(6+¢34)634834 (—/§14§8§) +514S£:13)) . (AB)

S’éll) = <514§§§)+§145‘§§)) = {S&%)} T*,
S =ca4 (5145%)+§14§£:15)) = {SQ} "
I G (gMgg)JrgMgg)) _ [ go)} T*,

. _ _ T
S[(l/%') =00 gy <—§14S§i)+51455411)) = [Sﬁ?}] ,

Tx*
"Here is an example to prevent misunderstanding of the T operation: Sg‘) = {SP(LIT)} implies that

Sf}q—) = ei(6+¢34)834 (—g14géi) +E14gé}1)>, and SS.L) = e_i(5+¢34)534 (—:;MSS) +g1454g)).
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_ _ T+
Sils) =c34 <—§14S§P+514S§411)) = [S(S(H ;
. . _ — . _ _ T*
SU) = gi(0H0s4) [eZ<5+¢34>c§4 (_gMSLg&) +5145§31)) i) 2 (_gmsg)%msg))] _ {Sg;)} .
(A.4)

B Second order computation of the S matrix

To compute the S matrix to second order, one can just follow the same method as the first
order calculation of the flavor-basis S matrix described in sections 6.4.1 and 6.4.2. To obtain
Q) we compute the third term in eq. (6.11) using the expression of H; in eq. (6.10), with
paying attention to the matrix multiplication. The S matrix is then given by eq. (6.12). By
performing the two rotations as in (6.18), we reach the second order flavor-basis S matrix.

We just quote here the result which is necessary to compute the second order term of
P(v, — v,) as done in eq. (7.1):

Spil =553 =

AgiAyy [ e7ther—emihe (—iff)eihﬂ] Azg Ay [eih“—eihﬂ (—iz)e~thae
pph

@B [ (ha—h)? i (ha—ha) (2E)? (ha—h2)®>  (ha—ha) |’
(B.1)

where the A;; elements are given in eq. (6.7).

C The oscillation probability in the neutrino channel

In sections C (neutrino channel) and E (anti-neutrino channel), the explicit expressions of
the probabilities in some of the flavor oscillation channels are presented. When we mention
about unitarity in the v,-row (V4-row) we often implies about first- or second-order unitarity,
as unitarity in the zeroth order has been proven in all the channels.

C.1 The oscillation probability in the v, row

P(v, — v,) is given to second order in eq. (7.1) in section 7.1. The leading second-order
probabilities in the remaining three channels are given below:

Py, —ve) = ‘Sé}lj,)‘Q

2
Am} o _ 9 1 (he—hy)e
:334< 2E41> |:4C%4 (614614814—8146240%4> (h2 z )2 Sln2( 2 5 1)
— 1
2. (3 = 2 1 . o (hg—ho)x
+432, (314014514—{—014@24@%4) e s1n2( 4 . 2)
—2sin 26014 (514014514 —§14CQ4C%4> <§14014514+514024c%4)
1 { .9 (ha—h2)x 5 (ha—h1)z . o (hQ_hl)xH
. St — s +sin® ——= 4 .
(hy —h1)(ha—h2) 2 2 5
(C.1)
P(Vu%yT):‘Sﬁb)‘z
2
Am? " - _ 2 1 (hQ—hl)x
— 2 2 41 2 _ 9 9
_824334< 2F ) |:4814 (014014814 814624014) (h2-h1)2 sin 5
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1 .92 (h4—h2)l’
h4—h2)2 Sin 5

od ([~ ~ 2\ (~ ~ 2
+25in 26014 (014014814 — 814024014) (814014814 + 014024014)

2
2 (= ~ 2
+4ci4 (814614814 + 614624614) (

X
(ha —h1) (hs — ha) 2 2 2

The expression of P(v, — vg) is proportional to P(v, — v;):
P(v, — vs) = (c34/s34)P(v, — v;). One can prove the v,-row unitarity using
these results.

C.2 The oscillation probability in the v, row

Among the probabilities in the v, row, only P(v. — v;) and P(v, — vg) possess the
first-order corrections:

~ ha—h
Plve—v,)= 3§4sin2 20, 4sin? M

in2og, 1 o (ha=hg)x . o (ha—hi)x . 5 (hs—h)x
+C§43§45m229142E(hg_hl){—sm2(43)+sm2(421)+sm2(321)}
in297,, 1 .o (ha—hg)x . o(ha—hi)z . 5(hz—hi)x
_0343345111229142]5(]14hs){sm2( 2 5 3) —|—s1n2( 4 5 ) —sm2( 3 . 1) }
(C.3)
2 (ha—h1)z

P(ve—vs)=c3,sin?20145in

—c3,53,8in? 2514ﬁ (ha—hn

b1 ){—SiHZ(h42h3)x+sin2(h42h1)x+sm

. (h32h1)$}

+C§4S§4Sin2 2914 o (h4_h3)

{sin2 (ha=hs)x +sin? (ha=h1)x —sin? (hs—h1)x }
2 2 2
(C.4)
The expression of P(v, — ;) in eq. (C.3) is, in fact, very peculiar in the sense that the zeroth-
order and first-order terms have comparable sizes because they have the same suppression
factor s3,. This feature occurs in an accidental way, as explained in appendix F.1.

The corrections to P(v. — v,) starts at the second order:
P(ve—ve)
=1S@ P +2Re[{SW} 52|

~ ha—h
=1—sin?26,4sin> %

AmZ, ) 2

~2 2 (~ ~ 2 \2
_4614824(014614514—814024614) ( °F

1 _ - —
Pt P2 g, L (el o ()]
2— 11
3 ~ AmZ\>
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X (h4—1hz)2 Ff@inz @ G {s in2 {4 ;hl)x gin2 2 _th)x H

—sin?2014¢2,52, (2bE>2 (hg—lhl)Z [cism (h3_2h1>$ +2, {Sin2 (h4—2h3)33 _in? (hy —2h1)x H
—sin®2014¢3,53, (5;) 2 (,lrlflg)z [3?481112 M —&, {sin2 (s ;h1)$ _sin2 13 ;hl)“" H
+554 (5140148144—5140240%4)2 (AZmE?H ) 2 (ha ! ) +¢34C3,5%, (2127> i (h41hg) }xsin(h4—h1)x

~ Am?
+2sin2914s§4c§4{(sf4 0340?4)sm2914+sm2014024cos2014 ( 2mE41)
1 ~2 (h4—h2)$ ~ . 2—h1 }
X §2,8in? == 4 ¢
{(h4—h2)(h2—h1){ H 2 17
~
_{ 514 4 Cl4 }Sm 2 (ha )5‘7}
(ha—h1)(he—h1) = (ha—h1)(ha—hs)
onr b \? 1 , (h4h) 5 (ha—hy)x
—2sin?2014¢3,4554 <2E> [(h4—h3)(h3—h1) {§214SIH223+614SIH 321}
—{ S + iy }sin2 (h“_hl)x} . (C.5)
(ha—h1) (hs—hn) | (ha—hn)(ha—hg) 2

P(ve — v,,) starts from the second order, and by T-invariance, P(ve — v,) = P(v, — ve),

whose latter is given in (C.1). P(v. — v,) has the interesting resonance-enhanced zeroth-order
term, see eq. (7.2), but we have computed the second order terms to complete table 1. We have
verified unitarity in the v.-row in the zeroth order in section 7.2. Since the first-order terms in
P(ve — v;) and P(v. — vg) add up to zero, as can be seen in egs. (C.3) and (C.4), unitarity
in the ve-row holds to first order. The second order unitarity is left for the readers’ exercise.

D Flavor basis S matrix elements in the anti-neutrino channels

D.1 The bar-basis S matrix elements

The expressions of non-vanishing S matrix elements are given by

Am?}l e*’ihzw _ €7ih1w
95F  (ha— )

B ~ ) B AmQ 6—ih3x —e
U0+034) 01y 514534 cOS(Oa4 — Oa4) 2E41 (h3 — h1)

Amil e*’ih4x _ 67““33

Sip = —e "¢y 514 5in(0ag — B24) =[Sy,

—thix

S = — = [S51]7*,

Sia = G Oy — 0 =[Sy

14 = 1451434 €05(024 — 024) — (=) [Su]™,

_ ~ . bl e —thsz _ e—ihga}
Gy — _iba gi(0463) = 1G]

23 er—e C34534524C34 50 °E  (hs — ho) [ 32] )

_ L~ . bl e —ihgqx _ e*ihgz
Soy = —et(P3a—d34) ida4 = [Gyo]T* D.1
b4 = —e ¢ ca1534824530 5 (s = ) [Sa]" ", (D.1)

where the explicit expressions of flij elements are implemented.
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D.2 Flavor basis S matrix elements: Zeroth and first order

In the anti-neutrino channel, the notation such as Sj; is necessary for the S matrix element
describing v, — v,. However, for simplicity we just denote it as S, with understanding
that we discuss the anti-neutrino channels in this and the other particular sections that

(0)

are devoted to the anti-neutrinos. The non-vanishing zeroth-order S op Matrix elements are

given below. In the presentation given below, for simplicity of the expressions, we implement
eti(d2a—21) — Fi(dsa—dsa) — 1.

=,
S(O)_ [C € zh2L+s 4(C346 Zh4.L+S e—’th‘L):I7

0 ~2 —i ~2 —ih:
S§ )—034 (8346 m“‘—i—c 4€ Zhd””)—i—sm [52 —thew —|—c (6346 zh49”—|—5346 ’hﬂ)]

+8in26034C4C34534 (6_1h4z — e—zh3z)

bl
~2 ih4:E ~2 72’h3:v 2 ~2 7ih2x ~2 ~2 7Z-h427 ~2 72’]1312
Sss =53, (554 +c34e )34 [S54e +¢34 (c34e +534€ )]

fefih”). (D.2)

7Sin2934524’534’5v34 (67”7'4z

SfLOT) = ei%“e’i(‘”‘m) {034§24534§34 (eﬂ'h” —e*ih”) +834C24594 [fe*ih”Jr (E§4e*ih”+§§4e*ih3m)] }
= [S‘F#]T* )
Sl%) _ b2 {—534§24E34§34 (e—ihuc _e—ihax) ¥ CasTraos [_e—ihgac_,’_ (E§4€—ih4x+§§4e—ih3x)] }
= [SSM]T*v
Sios) =0+ 0a4) {034534 [§g4€7ih2m+@g4g§4 —85,)e T 4(3,53, *534)672'}1312]
+COS2934524534§34 (e—ih4w_e—ih31‘) } = [SS’T]T* . (D3)

(1)

The non-vanishing S of
in eq. (D.1), as

g(1)

matrix elements are given, using the Sij matrix elements given

Si)=e —idag, C24524 { l(6+¢“)834523+034524 } +e ¢24C24S24 { —i(+a0) 534532 +034S42}
S = (52,C24524334 — C34534524C34) {6i(6+¢34)67i$24 Sas o0+ 90) it Ssa }

— (34534524534 +53,C24524C34) {671‘%24 Spa+ei® Sy } ,
Sss = (34024524534 +C34534524C34) {6i(5+¢34)€_i$24 5’23+6_i(6+¢34)6i$24 Ss2 }

+ (34534524534 —C34C24524C34) {6_’%4 Soq+€'94 S5 } . (D.4)

Q i T*
Séi):524512+§24671¢24{ i(6+34) 334S1g—|—034514} |:S;(Lle):| ;

S = _o—i(6+a1) gidas

):|T*

—i(5+¢34)(

534524512+ (C34C34— 534C24534) S13+€ €34534+8534C24C34) S14

TE )

- [5(1
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~ Tx
W) idma = &6 . " NG - - M
Sed = —€'% 034594512 — € OT93) (534834 +34C24534) S13— (534534 — C34024C34) S14. = S| s

S&L) =C34Ca4 {534532 +e'O0tPs5, G0 }

+eT P20+ aa) [ei‘f’z“ $34C34 { —e 70T 0a0) 55, Sao +C3aSun }

_ e iP2a 834:934 { 7€i(5+¢34),§34§23+534§24 }}
T
1
5]

Sélﬁ =—e 0To) 53,5, {534§32+ei(5+¢34)§34§42}

+egge 10 [ei%‘lz& { —e P30 5y, Sao + 834 Suo }

—ihaa 2 i(64+dsa)> & L~ & 1T
—€ 524{*6 534523+034524H = {Sﬂs} ,

(1) _ _—i(s i(5 —ig: ~ o~ 2~ =\ &
Sgl=e H(01034) & 10+ daa) g2 (34534C24524534 — C54524C34) Sa3

—i(o+ i S~ ~ 2~ ~\g&
+e (0 dau)gidz (34534C24524534+534524C34) S32

—ig: ~ o~ o~ 2~ o~ & i¢: =~ o~ 2= =g [ _[gl)
— e 1924 (3485404524034 +C54524534) Soa —€??* (C34534C24524C34 — 534524534) Sao } = [STS

E The oscillation probability in the anti-neutrino channel

The matrix structure of the S matrix is given in eq. (8.18), from which the higher order
correction terms have the characteristic patterns. In the 7, row channels, the three channels,
P(v, —»v,), P(v, = v;) and P(v, — vg), have first-order corrections. Whereas P(v, — vc)
starts at the leading second order expression. In the 7, row channels, P(, — 7,) has no
first order, but the second-order correction. P(v. — v,), P(Ve — Ur), and P(U. — Us),
start at the leading second order terms.

E.1 The oscillation probability in the v, row

The expression of P(v, — v,,) is given in eq. (9.1) to first order. We only show the probabilities
of the other two channels, with P(v, — vg) not shown.

P(,— ;) =853 P+2Re | (55))* 553 |
2 (ha—hs)zx
2

ha—h 9 .
27( 1 5 2)36—1-8345111

=3,55,51n%2034sin

453, sin? 2924{5§4sin 5 — 2,32, sin 5

9 (ha—ha)z 2 (h4—h3)l‘}

B Sin B) S1n B

+634834§24Sin2§24sin2§34{008253481112 (h47h3)x +-si 2 (h47h2):v in? (h3h2)m}

~ . an . o~ ~ Y1 b
+C§4834824 sm2934 l:(63481n2924cg4—834824C082(92481n2034) %

X m —sin +sin B

1 {Sin2 (h4—2h3)$ -2 (h4—2h2)$ .2 (hg—hz)ir}
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e~ ~ ~ A b
- (034sm20243§4+334324 c082924sm2934) 1ol

2F
1 .2 (h4—h3)$ - 92 (h4—h2)$ .92 (hg—hg)l‘
X (ha—ha) {sm 5 +sin 5 Sin 5
PNy B ~ .o ~ b
+034S§4SII]2924 {(—034034 sm2924+834324sm2034cos2924) %

1 ~9 . 2(h4—h3)x ~9 . 2(h4—h2)1‘ ~9 . Q(hg—hz)ic
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~ . Y o 3 0. 0. b
_ <0345§4 sin2694+ 5345245126034 0082624) %

~ . ha—h 2 . ha—h 2 . hs—h
{(1+c§4)51n2(422)x—s§4sm2(423)234—3223481112(322)35}].

Lt
(ha—h2)
(E.1)
P(Du_ﬂje):’SgL)F
. Am2 27, ) ~ 1 . ha—h
=sin22014 (272‘“) {03481n2(924—924)(hz_hl)g st( : 9 2
1 . 9 (hs—hi)x
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1 . 9 (ha—hi)zx
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~2 A4 2.0
+SQ4C34COS (924—924)

~ o~ 2 . ~ 1
_6245245348111(924—4924)COS(924—924)m
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2 2 2

With the expression of P(7, — vg) (computed but not shown), unitarity in the first
order, P(v, — v,)M) 4+ P(, — v,)M) + P(p, — p5)M) = 0, is explicitly verified.

E.2 The oscillation probability in the v, row

Due to T invariance, P(v, — v,) = P(V, — Ue), and hence it is already computed in the above,
eq. (E.2). Here, we present only P(ve — ) and P(v, — U;), leaving P(ve — Ug) not shown.
P(ve — ve) has the second-order correction, and the rest start at the second order. Unitarity
to the second-order, P(, — 7)) 4+ P(v, — ,)? + P(v, — ,)? + P(v. — v5)? =0,
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is explicitly verified.
P(5e— ) =| S *+2Re [(80)* S|

2
Am3 ~ 1 ha—h
=1- < ;2‘41> sin2 2914 l:Sin2(924—924) SiIl2 ( 2 1)$

(ha—h1)? 2
~ N 1 . (hg—hl)l‘ . 1 . (h4—h1).%’ }}
2 2 2 2 2
024 —0 .
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(E.3)
P(ﬂe—Wr):ISﬁ)\Q
2
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F Understanding tables 1 and 2

One can identify the two types of physically relevant region for the SA resonance. They
are characterized as “on-peak” and “off-peak” around the SA resonance. To explain what
we mean by on-peak and off-peak, we take the 3—4 resonance with the expression of the
matter-affected angle given in eq. (8.13). By on-peak we mean (Ag — A3)% < (¢4 sin 2034|b])2
so that sin 2034 ~ 1. In contrast, by off-peak we mean (Mg — A3)2 > (Ca4 sin 2034/b|)2 so that
sin 2034 in the numerator of sin 2534 can act as a suppression factor, as explained in eq. (10.1)
using the expression of P(v, — 1,).12

At off-peak of the SA resonance, generally speaking, the probability has the two terms,
the leading and the next to leading order terms. In the simplest case they are the zeroth-order

121f we evaluate the matter-affected angles at the edge of off-peak (Mg — A3)? = (Caa sin 2034]b|)?, tan 2054 = 1.
It means 014 = 7/8, or 52, = 0.15, which means that 52, can provide further suppression factor at off-peak.
However, in our estimate given in tables 1 and 2, we disregard this suppression to give a conservative estimate.
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term, and the interference between zeroth and first-order terms. In some cases, P(v, — v,)
and P(ve — V) in the neutrino channel, the interference terms are the one between the
zeroth and second-order terms, due to the absence of the first-order S matrix elements, as
shown in eq. (6.19). We note here that the terminology of the zeroth, first, and second orders
refers the perturbation series as formulated in section 6.4.1. In the exceptional cases, the
leading term of the probability takes the form of the first-order amplitude squared. These
are the cases of P(v, — v.) and P(v, — v;) in the neutrino channel, and P(v, — v.) and

P(ve — v;) in the anti-neutrino channel. It occurs because S’ég) = SSB) = 0 in the neutrino

2) = $2) = 0 in the anti-neutrino channel, as can be seen in eqs. (6.19)

channel, and Sé
and (8.18), respectively.

Though a line by line explanation is possible in each channel, it would become too lengthy,
and the simplest way to confirm the results of tables 1 and 2 is to follow the similar analysis as
we have done in P(v, — 1,). If one executes this exercise one will found that the pre-factors
in P(v, — v,) have richer varieties. There exist four pre-factors in the interference terms in
eq. (E.1), but each of them has the two clusters of terms with the suppression factors s3,s3,

and s3,s34. In such cases only the least suppression factor is tabulated in tables 1 and 2.

F.1 A strange-looking case

The seemingly strange-looking feature in P(v. — v, ), the zeroth- and first-order terms have
the same suppression factor s3, as given in eq. (C.3), occurs by accident. The zeroth-order
flavor basis S matrix element Sﬁg) picks up the factor e*i(5+¢’34)334 which comes from the
3—4 rotation that needed to transform the bar-basis S matrix to the flavor-basis one as in
eq. (6.18). On the other hand, Sg) =c3 (5145'&) + §14§§i)) does not pick up that s34, but
instead the both 5':%) and 5&) have s34 that comes from As; and Asy in Hi, see (6.7). That is,
S34 In Sﬁg) and s34 in Sﬂle have the different origins, but they are the same s34, and hence the
both zeroth- and first-order (interference) parts of the probability have the identical factor s3,.
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