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A study of the effects of spatially localized time-delayed feedback
schemes on spatio-temporal patterns

Jason Edward Czak

(ABSTRACT)

In typical attempts to control spatio-temporal chaos, spatially extended systems were sub-
jected to protocols that perturbed them as a whole, often overlooking the potential stabilizing
interaction between adjacent regions. We have shown that through the application of a time-
delayed feedback scheme to a specific localized region of a system periodic patterns can be
generated that are distinct from those observed when controlling the whole system. In this
thesis, we present the results of two interconnected studies:

1) Spatio-temporal patterns emerging from spatially localized time-delayed feedback pertur-
bations within transient chaotic states of the Gray-Scott reaction-diffusion system

2) Spatio-temporal patterns emerging from spatially localized time-delayed feedback pertur-
bations within chaotic states of the cubic complex Ginzburg-Landau equation

We present an investigation of two model systems: the Gray-Scott reaction-diffusion equa-
tion and the complex Ginzburg-Landau equation. Specifically we numerically study two
models characterized by exhibiting various chaotic regimes.

We first consider a comprehensive study of the Gray-Scott model highlighting key details
about different parameter space regimes and their relative proximity to the chaotic regime.
Through a systematic investigation of the effects of the model control parameters, time-
delayed feedback control strength parameters, perturbed region widths, and other quantities,
we show that novel patterns can be formed through the appropriate choice of perturbation
region and strength.

For the second study we use spatially localized time-delayed feedback on the one-dimensional
complex Ginzburg-Landau equation and demonstrate, through the numerical integration of
the resulting real and imaginary equations, the stabilization of novel periodic patterns within
three distinct chaotic regimes.

In these studies we have shown that selectively applying a time-delayed feedback scheme to
a specific spatially localized region of a chaotic system can bring forth periodic patterns that
are distinct from those observed when applying a perturbation to the whole system. De-
pending on the protocol used, these new patterns can emerge either in the perturbed or the
unperturbed region. The mechanism underlying the observed pattern generation is related
to the interplay between diffusion across the interfaces separating the different regions and
time-delayed feedback.

Research was sponsored by the Army Research Office and was accomplished under Grant
No. W911NF-17-1-0156.



A study of the effects of spatially localized time-delayed feedback
schemes on spatio-temporal patterns

Jason Edward Czak

(GENERAL AUDIENCE ABSTRACT)

In typical attempts to control spatio-temporal chaos, spatially extended systems were sub-
jected to protocols that perturbed them as a whole, often overlooking the potential stabilizing
interaction between adjacent regions. We have shown that through the application of a time-
delayed feedback scheme to a specific localized region of a system periodic patterns can be
generated that are distinct from those observed when controlling the whole system.

We present an investigation of two model systems: the Gray-Scott reaction-diffusion equa-
tion and the complex Ginzburg-Landau equation. We first consider a comprehensive study of
the Gray-Scott model highlighting key details about different parameter space regimes and
their relative proximity to the chaotic regime. Through a systematic investigation of the
effects of the model control parameters, time-delayed feedback control strength parameters,
perturbed region widths, and other quantities, we show that novel patterns can be formed
through the appropriate choice of perturbation region and strength.

For the second study we use spatially localized time-delayed feedback on the one-dimensional
complex Ginzburg-Landau equation and demonstrate, through the numerical integration of
the resulting real and imaginary equations, the stabilization of novel periodic patterns within
chaotic regimes.

In these studies we have shown that selectively applying a time-delayed feedback scheme to
a specific region of a chaotic system can generate periodic patterns that are distinct from
those observed when controlling the whole system. Depending on the protocol used, these
new patterns can emerge either in the perturbed or the unperturbed region. The mecha-
nism underlying the observed pattern generation is related to the interplay between diffusion
across the interfaces separating the different regions and time-delayed feedback.

Research was sponsored by the Army Research Office and was accomplished under Grant
No. W911NF-17-1-0156.
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Chapter 1

Introduction

1.1 Spatio-temporal patterns

We begin this dissertation with an introduction to spatio-temporal patterns to motivate the
later chapters. An overview of the remaining chapters is given at the end.

The formation of spatio-temporal patterns [1, 2] is ubiquitous in the physical world and
these patterns are found at scales ranging from the micro scale, magnon interactions within
time crystals [3], to the largest observed scales, as for example galaxy superclusters [4] or
the Sloan Great Wall [5].

Understanding the complexities of spatio-temporal patterns has been of keen interest to
physicists for centuries. Like the tessellation of hexagons found in Henri Bénard’s work
[6] on the stability of a thin fluid layer open to air and exposed to a vertical temperature
gradient, first explained by Rayleigh and further expanded upon by Pearson [1], the field of
observing and quantifying spatio-temporal patterns experiences developments as rich as the
patterns themselves.

Controlling and designing space-time patterns has numerous potential applications. The goal
is often either to design patterns and influence traveling waves or to move a chaotic system
to a steady state or to an oscillatory behavior [7, 8, 9, 10, 11, 12, 13]. Experimentally, this
control is achieved by exerting some external perturbation, involving for example modulated
light pulse or voltage variations [14] when designing optical systems. The two fundamental
keystones of chaos control protocols are the Ott-Grebogi-Yorke scheme [7] and time-delayed
feedback control [8].

The use of time-delayed feedback schemes has shown tremendous usefulness to experimen-
tal systems [15, 16, 17, 18, 19, 20]. Numerical simulations results have been used to guide
experimental findings. For instance numerical simulation results to guide laser control ex-
periments have been used for control of the unstable orbits of a CO2 laser with modulated
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losses by Bielawski et al [15]. The application of an adjustable time-delayed feedback routine
within a localized region of a rabbit heart was used to suppress an alternans rhythm type
cardiac arrhythmia [16]. The effects of time-delayed feedback on spatio-temporal structures
are well studied [21, 22, 23]. Studies explicitly focusing on the effects of spatially localized
time-delayed feedback perturbations are lacking in quantity. This prompts us to under-
take a study focusing on the effects of applying spatially localized perturbations to systems
exhibiting spatio-temporal patterns.

We can start with a simple definition of what a spatio-temporal pattern is in the broad
sense. A physical variable within a model can be represented as a spatio-temporal data set
when we have a system that changes properties across space and time. One easy example
to think of would be the formation of patterns from throwing a rock into a puddle. At the
moment of impact the ripples that form on the surface of the pond will create a pattern
across the spatial dimensions of the puddle that propagates outward as time moves forward.
The collection of individual snapshots of the pond will be the spatio-temporal representation
of the system.

1.2 Gray-Scott Reaction-Diffusion model

The Gray-Scott model system is a variant of the auto-catalytic Sel’kov model of glycolysis
[24], consequently named after Peter Gray and Peter K. Scott for their groundbreaking
work on ”Autocatalytic reactions in the isothermal continuous stirred tank reactor” [25]. As
claimed in their original body of work the model system is one of the simplest to exhibit
exotic behaviors, often observed in the form of various space-time patterns. As such this
model exhibits a wide range of spatio-temporal patterns in response to finite amplitude
perturbations.

The Gray-Scott model is a simple reaction-diffusion system that displays very rich and
complex space-time patterns in one and two space dimensions. The two-reaction scheme can
be expressed as [26]

U + 2V → 3V chemical reaction rate = k1uv
2, (1.1)

V → P chemical reaction rate = k2v, (1.2)

where we have k1 as the rate of converting U to V , and k2 the rate of decay of V to inert
product P . Using a mean field approximation to the chemical reactions above, we can express
the relation of the rates of the chemical steps to the inflow or outflow rates, or the Mass
Balance equations as:

du

dt
= −k1uv2 + kf (u0 − u) (1.3)

dv

dt
= k1uv

2 − k2v + kf (v0 − v) (1.4)
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The quantities u0 and v0 are the concentrations of u and v in the inlet stream. The quantity
kf is the inverse of the average time each molecule spends within the system, often labeled
as the mean residence time [25]. If the condition is applied that the inlet stream is a feed of
u only without v present, the second equation reduces to

dv

dt
= k1uv

2 − k2v − kfv = k1uv
2 − (k2 + kf )v. (1.5)

A reference to a steady state solution [26] is used to normalize the unit-less concentration
densities to 1 by dividing through by k1 giving

du

dt
= −uv2 +

kf
k1︸︷︷︸
A

( u0︸︷︷︸
1

−u) (1.6)

dv

dt
= uv2 − (

k2
k1︸︷︷︸
B

+
kf
k1︸︷︷︸
A

)v (1.7)

Therefore with this the cubic autocatalytic system in an open flow reactor is governed by
the reactions:

U + 2V −→ 3V, V −→ P, (1.8)

where the substrate U is continuously supplied. This form of the reaction is irreversible,
meaning that the inert product, P , will be removed by the outlet stream. The Gray-Scott
model is of the activation-substrate depletion type. Therefore, the two concentrations u and
v tend to vary opposite to one another. The corresponding deterministic kinetic equations
for the space- and time-dependent species concentration densities u(x, t) and v(x, t) with
diffusion is often cast in the following form

∂u

∂t
= Du∇2u− uv2 + A(1− u) (1.9)

∂v

∂t
= Dv∇2v + uv2 − (A+B)v (1.10)

with the species-dependent diffusion rates Du and Dv. We can see from equations 1.9 and
1.10 that A is the re-scaled U feed rate and A + B is the effective removal rate of V . The
parameter B represents the re-scaled rate of converting V to an inert product. The inflow
stream A, containing only substrate, acts to lower the overall activator concentration. For
the different ratios of the diffusion coefficients we see much different patterns forming for the
A,B parameter space [27]. For Du � Dv propagating pulses and pulse splittings dominate,
for Du & Dv a variety of regimes, including traveling pulses, spatio-temporal chaos, and
self-replicating patterns, are encountered. This will be further explored in Chapters 2 and
3.
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1.3 Complex Ginzburg-Landau equation

The complex Ginzburg-Landau equation (CGLe) is a well studied equation in the fields of
physics and mathematics. It can be used to model and describe a large number of phenomena
within the physical world. Some of the phenomena that can be quantitatively described
are second order phase transitions, superfluidity, superconductivity, and Rayleigh-Bénard
convection [1]. With this model being well studied, there is a collection of well written
resources going over the various details and applications of the complex Ginzburg-Landau
equation [28]. The cubic complex Ginzburg-Landau equation (CGLe) in one space dimension
is a nonlinear partial differential equation that reads as follows [29]:

∂Ac
∂t

= Ac + (1 + iα)
∂2

∂x2
Ac − (1 + iβ)|Ac|2Ac, (1.11)

where we have the complex field Ac(x, t) = ρ(x, t)eiφ(x,t) with modulus ρ(x, t) and phase
φ(x, t). We have α as the linear dispersion coefficient and β as the nonlinear dispersion
coefficient.

To apply integration schemes we can separate the complex field Ac(x, t) into its real and
imaginary components, Ac(x, t) = Ar(x, t) + iAi(x, t). We then can represent the equation
as two coupled partial differential equations given as:

∂

∂t
Ar = Ar +

∂2

∂x2
Ar − |Ac|2Ar − α

∂2

∂x2
Ai + β|Ac|2Ai, (1.12)

∂

∂t
Ai = Ai +

∂2

∂x2
Ai − |Ac|2Ai + α

∂2

∂x2
Ar − β|Ac|2Ar. (1.13)

The system exhibits a variety of different dynamic regimes. The attention of this work is
focused to within regimes that exhibits spatio-temporal chaos. The spatio-temporal chaotic
regimes are defect turbulence, or amplitude turbulence (AT), phase turbulence (PT), and
bi-chaos. Shown in previous works [30], the values of the linear and nonlinear dispersion
dictate the chaotic properties of the system. The complex Ginzburg-Landau equation will
be at the center of chapter 4 where we will explore in detail perturbation induced patterns.

1.4 Spatio-temporal chaos

Dynamical systems are systems whose state varies over time and can be represented by differ-
ential equations. The system can be expressed as a function describing the time dependency
of the points in space. In order for the system to be a deterministic dynamical system the
future and present state must be directly obtained from the past states. This is a way of
saying that there are no random fluctuations or noisy behavior within the system.
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Figure 1.1: The Gray-Scott model exhibits transient chaos where the lifetime of the chaotic
behavior depends on the size of the system [34]. The left figure shows that in a small system
transient chaos dies out quickly. In the larger system shown in the right figure, the chaotic
system persists for as long as the system’s temporal evolution is followed.

A way to define aperiodic in the sense we are about to use is when the long term or asymptotic
behavior of a trajectory will not settle down into periodic patterns, or to fixed points. In
simpler words the system will continue on without established order for all of time.

A system’s sensitivity is how much by changing one control parameter the system’s overall
trajectory changes. With some understanding of the above we can now define deterministic
chaos. Deterministic chaos is an aperiodic long term behavior observed within a deterministic
system that has a high level of sensitivity to initial system states or conditions [31, 32].

An interesting aspect of chaos is that is it typically defined with reference to a never ending
time window. By a practical standpoint an experiment to test the full extent of chaos would
require infinite amount of time. As expressed in [33] a well defined separation of time scales
is needed to observe chaos. If we can define an internal system characteristic time tsys, we
use this as a unit of time. After some time the appearance of chaotic behavior occurs where
we can define the average life time of these chaotic signals as TC , or the chaotic time. For the
observation of chaotic behavior it is required that TC >> tsys. For the standard or sustained
chaos the value of TC =∞, whereas for transient chaos it is finite.

A more readily understandable explanation of the above definition of chaos is to use specific
examples within the Gray-Scott and complex Ginzburg-Landau equation models. The first
Fig. 1.1 displays the transient nature of the Gray-Scott model’s chaotic regime, showing
that for different spatial lattice sizes the chaotic behavior diminishes after some lifetime
related to the system size [34] and initial perturbation. Fig. 1.2 shows that for the complex
Ginzburg-Landau equation highly diverging trajectories result from slight changes in initial
conditions, a behavior typical for chaos.
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Figure 1.2: The complex Ginzburg-Landau equation system exhibits sustained chaos. The
system was subjected to initial conditions with an inhomogeneous initial state with different
widths. We have ht = 0.01, whereas the grid size hx = 0.25. Left: initial inhomogeneous
width = 8, right: initial inhomogeneous width = 16. A large sensitivity to the initial
condition is observed.

1.5 Overview

In this Chapter the models and a brief introduction to chaos were given. We also presented
the motivation for our study: applying spatially localized perturbations to systems exhibiting
spatio-temporal patterns with a focus on creating novel patterns. The main focus has been
on systems with chaotic regimes due to their ubiquity in real physical systems [35, 36, 37].
The following chapters will build up the background and framework needed to understand
and appreciate the significance of using a spatially localized setting to create novel patterns
within chaotic systems.

In Chapter 2 we give a formal introduction to the specific methods and protocols used
to numerically investigate and manipulate chaotic systems. The iteration methods used,
discretization schemes, perturbation routines, and analysis techniques will be explored and
explained.

In Chapter 3 the first model, the Gray-Scott model, will be thoroughly explained and the
key findings will be shown. In Chapter 4 the second system, the complex Ginzburg-Landau
equation, will be discussed along similar lines.

In Chapter 5 the method applied to the two systems to create novel patterns will be sum-
marized and implications to other chaos producing systems will be discussed. Futures areas
of potential research will be discussed in the context of localized perturbations.



Chapter 2

Numerical Methods and Models Used

2.1 Introduction

In this chapter the methods and techniques used within the works of chapters 3 and 4 will be
explained in detail with emphasis on what is necessary to understand and explore the main
results of those chapters. The Gray-Scott reaction-diffusion model will be used to explore
and explain the different methods.

2.2 Discretization methods

The systems being dealt with are represented as nonlinear differential equations. A simple
example, using one of the nonlinear systems being studied, gives an introduction to the
methods. For the case of the Gray-Scott model finite-difference methods (FDM) can be
employed to integrate the rate laws to find the concentration densities of u and v at later
times. From equations 1.9 and 1.10 the one-dimensional case can be expressed as

∂

∂t
u(x, t) = Du∇2(x, t)− u(x, t)v(x, t)2 + A[1− u(x, t)] , (2.1)

∂

∂t
v(x, t) = Dv∇2v(x, t) + u(x, t)v(x, t)2 − (A+B)v(x, t). (2.2)

The system can be represented by using a low order finite-difference method. The one-
dimensional case is fairly straightforward to discretize and appears as follows:

U t+1
i − U t

i

ht
= Du

U t
i+1 + U t

i−1 − 2U t
i

h2x
− (U t

i )(V
t
i )2 + A(1− U t

i ), (2.3)

7
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V t+1
i − V t

i

ht
= Dv

V t
i+1 + V t

i−1 − 2V t
i

h2x
+ (U t

i )(V
t
i )2 − (A+B)V t

i ). (2.4)

To find the future time step the equation can be arranged in the following Euler’s method
form

U t+1
i = U t

i + ht

(
Du

U t
i+1 + U t

i−1 − 2U t
i

h2x
− (U t

i )(V
t
i )2 + A(1− U t

i )

)
, (2.5)

V t+1
i = V t

i + ht

(
Dv

V t
i+1 + V t

i−1 − 2V t
i

h2x
+ (U t

i )(V
t
i )2 − (A+B)V t

i )

)
. (2.6)

In the above, ht is equal to the time step size, with a lower value providing a more accurate
estimation of the next step. hx is the mesh step size. The temporal evolution of the system
can be determined in this way. However, Euler’s method has both large local and global
error accumulation [38].

2.2.1 The Runge-Kutta method

The Runge-Kutta method is a standard method and numerical tool used by mathematicians
and physicists, originally developed by German mathematicians Carl Runge and Wilhelm
Kutta. In the forth order rendition of the method the next value is determined by the present
value at a given time plus the weighted average of four increments, where each increment is
the product of the size of the interval and an estimated step change value specified by the
function representing the system [38].

yn+1 = yn +
1

6
(k1 + 2k2 + 2k3 + k4) . (2.7)

k1 = hf(tn, yn), (2.8)

k2 = hf

(
tn +

h

2
, yn +

k1
2

)
, (2.9)

k3 = hf

(
tn +

h

2
, yn +

k2
2

)
, (2.10)

k4 = hf (tn + h, yn + k3) . (2.11)

We can see in Figures 2.1 and 2.2 the drastic difference in error between the Euler and
Runge-Kutta methods, with the Runge-Kutta method having several orders of magnitude
less error than Euler’s method [38].
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Figure 2.1: Space-time plot for the Gray-Scott model for Du/Dv = 2, with Du = 2 × 10−5,
A = 0.0234, and B = 0.05. Upper left panel: Euler’s method with ht = 0.05, upper
right panel: Euler’s method with ht = 0.00005. Bottom panel: Runge-Kutta method with
ht = 0.05. Due to the symmetric perturbation at t = 0, the space-time plot should be
symmetric with respect to the middle of the system.
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Figure 2.2: Space-time plot with asymmetric initial state for the Gray-Scott model for
Du/Dv = 2, with Du = 2 × 10−5, A = 0.0234, and B = 0.05. The Runge-Kutta method is
used for all these plots. Top: ht = 0.05, bottom left: ht = 0.025 bottom right: ht = 0.0125.
Using an asymmetric initial perturbation, the distinction between the different time steps in
Runge-Kutta methods can be seen, and need for a careful discussion of the discretization of
the diffusion term, see the next section, is apparent.
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2.2.2 Discretization of the diffusion term

The process of diffusion is the way that substances move from one part of a system to
another, often as a result of molecular motion [39]. When applying numerical integration
techniques, the way the term is treated affects the dynamics of the system. The lower the
number of sampling points the more inconsistent the motion will be. With an insufficient
number of points the approximation of the diffusing behavior will be overestimated at the
local steps. The goal is to work with a diffusion order that is computationally feasible and
that doesn’t overestimate the local calculation and maintains the integrity at the boundaries.
Additionally the number of sampling points needs to be low enough so that values at and
near the toroidal bounds will not over propagate asymmetries, due to low number difference
errors [40]. The number of local points used for the discretization of the diffusion term
gives the order of the term. Higher order finite difference terms are obtained through Taylor
expansions. It should be noted that the technique outlined in this section is adapted only
for a central sampling of points. We can Taylor expand about the points with a step size h
as shown in table 2.1.

Table 2.1: Taylor series expansions

Point

1 f(x+ h) = f(x) + hf ′(x) + h2

2
f ′′(x) + h3

6
f ′′′(x) + h4

24
f iv(x)

-1 f(x− h) = f(x)− hf ′(x) + h2

2
f ′′(x)− h3

6
f ′′′(x) + h4

24
f iv(x)

2 f(x+ 2h) = f(x) + 2hf ′(x) + (2h)2

2
f ′′(x) + (2h)3

6
f ′′′(x) + 24 h4

24
f iv(x)

-2 f(x− 2h) = f(x)− 2hf ′(x) + (2h)2

2
f ′′(x)− (2h)3

6
f ′′′(x) + 24 h4

24
f iv(x)

The three-point centered-difference formula [40] can be given as

f(x+ h) + f(x− h)− 2f(x) = h2f ′′(x) +
h4

12
f iv(x). (2.12)

We can rearrange to find the three-point centered-difference for the second derivative term

f ′′(x) =
f(x+ h) + f(x− h)− 2f(x)

h2
− h2

12
f iv(x). (2.13)

We see through equation 2.13 that the error term is h2

12
f iv(x) which is second order in h,

therefore making this a second order correction. If we want the approximation to have less
error we need to use more points. This will allow us to cancel terms to a higher order in h.
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We can express the second derivative using a five-point centered-difference stencil as

f ′′(x) ≈ c2f(x+ 2h) + c1f(x+ h) + c0f(x) + c−1f(x− h) + c−2f(x− 2h). (2.14)

Using the Taylor expansion in equation 2.14 we can now write our five-point second derivative
term in the form of the following matrix

1 1 1 1 1
2 1 0 −1 −2
4
2

1
2

0 1
2

4
2

8
6

1
6

0 −1
6
−8

6
16
24

1
24

0 1
24

16
24



c2
c1
c0
c−1
c−2

 =
1

h2


0
0
1
0
0

 . (2.15)

We can then solve the matrix equation 2.15 to find the coefficients. The larger the amount
of stencil points the more terms cancel, giving us the error terms to a higher order in h. This
method can be extended to any order correction. Below in the table 2.2 up to eighth order
is shown for a central finite difference scheme. The step size used is h, and the orders are
expanded about an arbitrary point x. The effects of accumulated errors due to approximation
methods on smaller vs larger lattice sizes show that for smaller sized lattices the differences
are more pronounced. The calculation differences between diffusion approximation orders
are still apparent for larger lattice sizes. To ensure that results are consistent and without
computational artifacts, results were systematically checked using different diffusion orders
and models. For the vast majority of trajectory results the order of the diffusion will not have
any noticeable effect, but in the chaotic regimes the small differences accumulate significantly,
altering the resulting patterns.

Key features to notice within Fig. 2.3 are the differences in slope of the propagation edge
of the growing pattern, and the center pattern at early times. For the results of 2nd and
4th order the early patterns and edge propagation speeds are noticeably different. The
simulations for 6th and 8th order show the same propagation speed and early configurations
center pattern. These results show a noticeable inconsistency between the two lower order
models, which gives doubt to the accurate portrayal of observed chaotic patterns. One
likely explanation is that the lower order models give a much higher step overemphasis
between two neighboring points. The higher the order corrections the more there will be an
overreach of sampling points at the boundaries. The larger number of sampling points at
the boundaries tend to propagate the asymmetries associated with the periodic boundary
conditions at a faster rate. Due to concerns dealing with boundary error propagation and
computational complexity, the 8th order correction is the highest used for results presented in
this dissertation. To mitigate any errors associated with the models used, the aforementioned
systematic checks were used for the main results.
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Figure 2.3: Results for the fourth order Runge-Kutta method with different diffusion cor-
rection orders and a lattice of 512 mesh points. Top left: 2nd order correction, top right:
4th order, bottom left: 6th order, bottom right: 8th order. The pattern changes between
different orders of the discretization of the diffusion term. For the 6th and 8th order cases,
the patterns are identical at earlier times, but there are still differences at later times.
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Table 2.2: Diffusion higher order correction terms

Order

2 f(x−h)−2f(x)+f(x+h)
h2

4 −f(x−2h)+16f(x−h)−30f(x)+16f(x+h)−f(x+h)
12h2

6 2f(x−3h)−27f(x−2h)+270f(x−1h)−490f(x)+270f(x+1h)−27f(x+2h)+2f(x+3h)
180h2

8 −9f(x−4h)+128f(x−3h)−1008f(x−2h)+8064f(x−1h)−14350f(x)+8064f(x+1h)−1008f(x+2h)+128f(x+3h)−9f(x+4h)
5040h2



2.3. Gray-Scott Model Parameter Space 15

2.3 Gray-Scott Model Parameter Space

The necessity to investigate the model parameter spaces will be outlined in this section.
The scaling between the diffusion rates and reaction dynamics plays a significant role in the
model dynamics. Specifically, variation in the length scale of diffusion noticeably impacts
the features of the resulting parameter spaces. The results will be presented for a high
diffusion and a low diffusion scenario. First, the effects of the adjustable parameters for a
high diffusion scenario will be surveyed. The high diffusion results will focus on a regime
where the model exhibits branching behavior. The remaining analysis will focus on the very
low diffusion length scale, on the order of 10−5. This length scale has been more thoroughly
studied by other authors and exhibits a large observable chaotic regime. [12, 27, 41, 42].

2.3.1 Branching in a high diffusion case

The effects of the activator feed and inhibitor outflow can be understood by analyzing the
system within a robust branching regime for Du/Dv = 100, with Du = 1, hx = 0.2 and
ht = 0.01. Using the baseline parameter values from Parekh, Kumar, and Kulkarni [43]
(A = 0.03 and B = 0.059), we can survey the effect of the two parameters by making
changes in the values of A and B around this point. The system was subjected to initial
conditions with an inhomogeneous initial state with (u, v) = (0.5, 0.25) in a small central
region and (u, v) = (1, 0) otherwise. Based on our numerical investigations we find that the
increase of the substrate inflow rate promotes pulse splitting. Increasing the conversion rate
of the activator to an inert product causes the branching behavior to be suppressed. The
results outlined in Figures 2.4, 2.5 and 2.6 show the importance of cataloging the effects of
the system’s adjustable parameters. For the two sets of A values shown in Figures 2.5 and
2.6, it is visible that the effect of B on the pulse splitting behavior is to delay the onset of
branching behavior. The way that the overall branching behavior changes across different A
and B values for the high diffusion parameter space hints at the existence of more types of
patterns.
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Figure 2.4: Systems with B = 0.059 and different values of A. The number of branches
increases for increasing A. Top left: A = 0.02, top right: A = 0.03, bottom left: A = 0.04,
bottom right: A = 0.06.
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Figure 2.5: Systems with A = 0.03 and different values of B. The number of branches
decreases for increasing B. Top left: B = 0.05, top right: B = 0.059, bottom left: B = 0.06,
bottom right: B = 0.08. The number of branches decreases for higher values of B.
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Figure 2.6: Systems with A = 0.04 and different values of B. The number of branches
decreases for increasing B. Top left: B = 0.05, top right: B = 0.059, bottom left: B = 0.06,
bottom right: B = 0.08. With a higher A value the effect of increasing B is diminished.
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2.3.2 Parameter space survey for the low diffusion case

One of the first things to investigate for a chaos producing model is the parameter space.
The system is surveyed using numerical results combined with theoretical curves obtained
through linear analysis and bifurcation theory. There are two main adjustable parameters
for the Gray-Scott model, the feed rate A and the activator conversion rate B. The total
sum of the substrate feed rate and the activator conversion rate is the activator removal rate,
A + B. The Gray-Scott model is of the activation-substrate depletion type. Therefore, the
two concentrations u and v tend to vary opposite to one another.

The Gray-Scott model is well studied and has well known and defined chaotic regimes for
particular diffusion value ranges and ratios that can be used as a baseline. A method to
control the chaotic behavior requires a high level of precision in the computational results.
The requirement of high precision results necessitates using the techniques discussed in
Section 2.2. In this way, we build a thorough parameter space around the chaotic regime to
ensure that the most subtle effect of perturbation routines can be detected.

In our work the system was first surveyed using an Euler integration scheme for Du/Dv = 2,
with Du = 2 × 10−5 and Dv = 10−5 with hx = 2.5

256
as previously investigated by Kyrychko

et al. [12]. The spatial discretization was chosen to be consistent with previous works
[12, 27, 41, 42]. The ratios between the reaction terms and the diffusion terms in the Gray-
Scott model have a direct impact on which patterns are formed. The time scale for iterative
steps needs to be below a certain threshold or the diffusion term will be grossly overestimated,
giving unstable solutions. This condition for stability for the forward Euler’s method [44, 45]
is

ht <
h2x

2Dv

. (2.16)

The time step used, ht = 0.05, yields a stable solution for both the Euler’s and Runge-
Kutta forth order methods. The stability index use by Mazin et al. [27] is equivalent to our
equation 2.16.

In our study the system was numerically integrated using a Runge-Kutta fourth order method
with an eighth order diffusion term on 256, 512 and 1024 sized lattices to ensure consistency
of results. The system was subjected to initial conditions with an inhomogeneous initial
state with (u, v) = (0.5, 0.25) in a small central region and (u, v) = (1, 0) otherwise. The
central width was varied to ensure the observed regimes were not an artifact of the initial
perturbation. For the results presented here a width of 0.625 is used. Other initial conditions
were also surveyed to ensure that the parameter space found was consistent across different
initial conditions. The initial conditions investigated included off symmetric inhomogeneous
initial state regions, along with random initial configurations. The effects of the values ofA
were investigated using values ranging from 0 to 0.05, in dividing units of 0.0002. Likewise
the values of B where systematically investigated in a range from 0.035 to 0.055. The results
were observed and placed into different behavior types using observed differences and existing
literature in the field [12, 41, 42]. The parameter space regime zone edges were tabulated
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for both the lower and upper threshold of each regime. The general behavior of the different
parameter space regimes was consistent across lattice sizes greater than 256.

The Gray-Scott model exhibits a rich parameter space of various patterns. Surveying the
Gray-Scott parameter space allows a proper distinction between different observed patterns
and establishment of regime boundaries. This gives a benchmark to guide pattern creation
by establishing what types of behavior belongs to different regimes. The application of
perturbations will be used to mimic elements of behavior of one regime in a selected localized
region to target a pattern formation type. The following overview of the four main groups
of patterns surrounding transient chaos is done in preparation of that study.

2.3.3 Parameter space overview

The Gray-Scott model parameter space for low diffusion shown in Fig. 2.7 is focused on
highlighting transient chaos and the surroundings regimes. Following the results of linear
stability analysis conduced by Mazin et al. and Kyrychko et al. [12, 27] the lower limit of
the Hopf bifurcation curve is given by

AHopf =
1

2

(√
B − 2B −

√
B(1− 4

√
B)

)
. (2.17)

We can see within Fig. 2.7 that the boundary of the Hopf bifurcation serves, as expected
from the results of Mazin et al. [27] as the upper limit of the chaotic regime. One main
distinction to note of the parameter space obtained through our numerical simulations is
that the boundary of chaotic behavior moves further from the Hopf bifurcation line for
larger values of the system parameters A and B. This shows that the interplay between
the reaction terms and diffusion rates shifts the behavior of the system for larger reaction
parameters away from linearized predictions. Each of the regimes presented in Fig. 2.7 will
be explained below.

2.3.4 Regime 1

As shown in the four panels of Fig. 2.8 the the system in this regime either undergoes
a complete conversion to substrate, u, or forms a propagating pulse of substrate-activator
propagation. The initial perturbation region slowly decays to a constant value. This value is
dependent upon the concentrations of the activator inflow rate. For lower values of activator
conversion rate, B, the larger values of substrate feed rate give a faster rate of propagation
toward the edges. This is shown in Fig. 2.8 in the top two panels. As the substrate feed
strength increases, the propagation speed of the lines increases, giving a scenario where the
lines interact and reflect at the boundaries. When the activator conversion rate is sufficiently
high, the effective spread of diffusion is suppressed, causing the traveling lines to propagate
forward in parallel straight lines as shown in the bottom two panels of the space-time plots
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Figure 2.7: The different dynamic regimes encountered for Du/Dv = 2, with Du = 2× 10−5

and Dv = 10−5, and an inhomogeneous initial state with (u, v) = (0.5, 0.25) in a small central
region and (u, v) = (1, 0) otherwise. The width of the system is L = 10, and 1024 grid points
are used for the spatial discretization. The point (0.05, 0.0234), highlighted in the figure, is
used for the majority of the main results in chapter 3. The dashed line is the lower range of
the Hopf bifurcation, as given in equation 2.17.
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Figure 2.8: Space-time plot for the Gray-Scott model for Du/Dv = 2, with Du = 2 × 10−5,
and ht = 0.05. Top left: A = 0.015, B = 0.05, top right: A=0.017, B=0.05, bottom left:
A = 0.0222, B = 0.056 bottom right: A = 0.02282, B = 0.056.

in Fig. 2.8. The general behavior of this regime is that the system fills with substrate, u,
to a trivial steady steady state of (u, v) = (1, 0), and is often associated with a saddle-node
bifurcation [27].

2.3.5 Regime 2

In the regime designated by a 2 in Fig. 2.7, the system forms a series of traveling pulses.
These traveling pulses evolve temporally to fill the entire lattice. As the substrate feed rate
rises for a given activator conversion rate, these lines interact to form dense structures as
shown in the behavior change between the top right and bottom left panels in Fig. 2.9.
The regime boarders regime 1 and starts for higher substrate values above a threshold value
of activator conversion rate. This transition is an indication of this regime consisting of
Turing patterns [46]. When the activator conversion rate becomes high enough, the increase



2.3. Gray-Scott Model Parameter Space 23

t

0 2.5 5.0 7.5 10

0.5 x 104

1.0 x 104

1.5 x 104

2.0 x 104

0.2

0.4

0.6

0.8

1.0

x

t

0 2.5 5.0 7.5 10

0.5 x 104

1.0 x 104

1.5 x 104

2.0 x 104

0.2

0.4

0.6

0.8

1.0

x

t

0 2.5 5.0 7.5 10

0.5 x 104

1.0 x 104

1.5 x 104

2.0 x 104

0.2

0.4

0.6

0.8

1.0

x

t

0 2.5 5.0 7.5 10

0.5 x 104

1.0 x 104

1.5 x 104

2.0 x 104

0.2

0.4

0.6

0.8

1.0

x

Figure 2.9: Space-time plot for the Gray-Scott model for Du/Dv = 2, with Du = 2 × 10−5,
and ht = 0.05. Top left: A = 0.0268, B = 0.056, top right: A = 0.0269, B = 0.0555, bottom
left: A = 0.0274, B = 0.0555, bottom right: A = 0.0234, B = 0.051.

in substrate feed rate causes a situation where regions form with high values of substrate
surrounded by high values of activator that cycle back and forth. An example of this is
shown in the bottom right panel of Fig. 2.9.

2.3.6 Regime 3

The third regime is a spatio-temporal chaos regime that results from the interaction between
a Hopf instability and a Turing instability [27, 41, 42]. This state is a transient chaotic
regime. The chaotic behavior has a lifetime related to the square of the lattice size [34]. The
general behavior sees the appearance and disappearance of small regions where the densities
u and v take on values close to those of the trivial steady state. The chaos regime has a
narrow crescent shaped band dictated by the interactions between stability curves [27, 41, 42].
The region defined by the results of numerical studies shows a consistent overlap with the
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Figure 2.10: Space-time plot for the Gray-Scott model for Du/Dv = 2, with Du = 2× 10−5,
and ht = 0.05. Top left: A = 0.0234, B = 0.05, top right: A = 0.024, B = 0.05. Bottom
left: A = 0.025, B = 0.05, bottom right: A = 0.0252, B = 0.05.

predicted upper extent of chaos given by the Hopf bifurcation curve shown in Fig. 2.7. The
behavior of the chaos depends on the values of the parameters. We can see this from the
bottom two panels of Fig. 2.10, with a closer proximity to the steady state regime for the
right panel.

2.3.7 Regime 4

The final regime shown in Fig. 2.11 is achieved when the activator flow stream is maintained
above a certain value for a given outflow value. The system then reaches a steady state like
solution of uniform constant value where both substrate and activator coexist in a nontrivial
state. The coexisting condition has a significant effect when using a perturbation technique,
perturbing a region of the system to this steady state can induce patterns in other regions.
This state can be viewed as a mutual coexistence of co-propagating substrate and activator.
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Figure 2.11: Space-time plot for the Gray-Scott model for Du/Dv = 2, with Du = 2× 10−5,
and ht = 0.05. Left: A = 0.029, B = 0.05 right: A = 0.034, B = 0.05.
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2.4 Time-delayed feedback scheme

Using the aforementioned Gray-Scott model we can express the reaction part as

f(u, v) = −uv2 + A(1− u),

g(u, v) = uv2 − (A+B)v.

We can write the differential equations with a control-type perturbation [12] incorporated
as:

∂

∂t

(
u
v

)
=

(
f(u, v)
g(u, v)

)
+

(
Du 0
0 Dv

)
∇2

(
u
v

)
+K

(
u(t− τ)− u(t)

0

)
,

where we have K as the control strength which can be either positive or negative. The delay
time is given as τ . Using the numerical solving techniques from the previous section the
system history of the concentration density of u(x, t) can be stored to apply a feedback to
the current time iteration. Within the framework of the Runge-Kutta fourth order iteration
scheme the control is applied after the sequence is completed.

u(t+ 1) = u(t) +
1

6
(u1 + 2u2 + 2u3 + u4) +K (u(t− τ)− u(t)) . (2.18)

Here we have 1
6

(u1 + 2u2 + 2u3 + u4) as the weighted average of four increments used in the
Runge–Kutta method. To avoid confusion the value of u that is used for the perturbation is
taken at the past time step, without any Runge–Kutta term influences. Taking the Runge-
Kutta method corrected u(x, t) would be using a value estimate as part of the perturbation
routine. The effects on the time-delayed feedback perturbation for the Gray-Scott model is
shown in Fig. 2.12 with K > 0, sending the system into the nontrivial steady state, and
K < 0, taking the system into the mutual coexistence steady state.

2.4.1 Past time delay feedback scheme

Similar to the time-delayed feedback scheme a perturbation is applied after a certain number
of time steps has taken place. For this perturbation the feedback value is fixed based upon
a set time in the system’s history, representative of a smaller reaction chamber coupled to a
larger steady state bath held at a constant condition. Within the field of chemistry similar
experimental setups have been used for systems of internally coupled chemical oscillators
[47, 48]. The form of the perturbation equation is

∂

∂t

(
u
v

)
=

(
f(u, v)
g(u, v)

)
+

(
Du 0
0 Dv

)
∇2

(
u
v

)
+K

(
u(T )− u(t)

0

)
. (2.19)

Like the preceding equation 2.18 we have K as the control strength which can be either
positive or negative, whereas T is the time at which the system concentration is stored. For
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Figure 2.12: Space-time plot for the Gray-Scott model for Du/Dv = 2, with Du = 2× 10−5

and Dv = 10−5, A = 0.024, and B = 0.05. The system is perturbed starting at 6, 000, with
the delay value τ = 0.5, or ten iteration steps backward. Left: K = 0.03, right: K = −0.03.
For a positive perturbation shown on the left the system enters the trivial state where u = 1.
When the perturbation strength is negative, as shown on the right, the entire region enters
a nontrivial state with u 6= 0 and v 6= 0, encompassing the behavior of the fourth parameter
space regime.

the Gray-Scott model this type of perturbation has a direct effect on branching behavior.
The changes for the branching behavior can be either suppressing or enhancing as shown in
Figures 2.13 and 2.14 respectively. The effects of this technique on the chaotic regime will
be shown in the Chapter 3.
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Figure 2.13: Space-time plot for the Gray-Scott model for Du/Dv = 100, with Du = 1, A =
0.03, and B = 0.059. The system is perturbed starting at t = 700. Top left: unperturbed
system, top right: K = −0.0001, bottom left: K = −0.0002, bottom right: K = −0.0003.
The substrate concentration density at t = 700 is used for the perturbation. For negative K,
the effect is suppressing the branching behavior in an effect similar to that observed when
increasing the activator reaction rate.
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Figure 2.14: Space-time plot for the Gray-Scott model for Du/Dv = 100, with Du = 1,
A = 0.03, and B = 0.059, the system is perturbed starting at t = 700. Top left: unperturbed
system, top right: K = 0.0001, bottom left: K = 0.0002, bottom right: K = 0.0005.
The substrate concentration density at t = 700 is used for the perturbation. For positive K,
the effect is enhancing the branching behavior.
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2.5 Data analysis techniques

To understand and manipulate a system, a method to quantitatively explain and characterize
different behaviors is necessary. In this section we will outline some of the tools that are
used to characterize the systems and quantify novel pattern behavior.

2.5.1 Fourier analysis

The definition of the Fourier transform is given as

f(ν) = Ft[f(t)](ν) =

∫ ∞
−∞

f(t)e−2πiνtdt (2.20)

The discrete Fourier transform can be written as

Fn =
N−1∑
m=0

Fme
−2πim/N (2.21)

where N is the total number of discrete data points in the set. This is used within the
framework of a Mathematica code to characterize the periodic patterns formed when applying
time-delayed perturbations to the systems. The higher the number of data points the higher
the resolution of the obtained Fourier peaks. The spectral resolution spacing is given by

∆ν =
1

np(TStep)ht
(2.22)

A smaller interval between data output will be useful here, given that the minimal resolution
depends on how small the data output step size is. ht is the integration step size and np
is the number of data points in the data set. The value TStep is the number of iteration
steps between recorded data values. For the case of the perturbed models, the time after
periodic patterns are starting to form is the start time for calculating the Fourier transform.
The results can be quickly analyzed indicating periodic behavior to undergo more thorough
analysis. These automated methods can be used to quickly tabulate subtle perturbation
effects.

2.5.2 Analysis of periodic patterns

Having multiple methods give the same quantitative features ensures and verifies that the
results are consistent and their interpretation is logical. When working with a system in a
way that is uncharted, often the unexpected occurs, and a good way to be able to progress
is to find or create different modeling tools and methods. The first tool employed for dealing
with periodic or periodic appearing patterns is the Fourier transform mentioned in section
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2.5.1. The method is standard in the field and is a good first point of attack when dealing
with structures that may have a degree of periodicity.

When dealing with chaos, messy and unexpected patterns require additional analytic tech-
niques to be developed. One such method is through taking the peak to peak values by
using a function that finds extrema as shown in Fig. 2.15 and the corresponding Table 2.3.
The first point marked with a red dot in Figure 2.15 is the start for the data tabulation as
shown in Table 2.3. The first column down is distance between the first marked point and
the following marked points. The same structure follows for the second and onward points
within the table. We see that after 9 points the pattern repeats which is the repeat period
of the structure. The green points along the diagonal give the consistent impression that the
entire structure has the same repeat period.

The Fourier data is shown in Fig. 2.16 for the same data used in Fig. 2.15. The highest
Fourier peak is at 1380.6. The lowest frequency observable peak is at 2803, which would
be nearest to the peak to peak patterns we are observing. This peak value is different from
the value of 2767.5 obtained from analyzing the time series peak to peak separations. The
combination of different modes creates the observed repeating periodic patterns. The effects
of the subtle changes of the different Fourier peaks is difficult to understand for discrete data
without observing the overall period of the pattern. The created patterns have main Fourier
peaks that change inconsistently across different parameter values. The main Fourier peak
may change abruptly, while the observed overall pattern has a subtle and consistent change
across different parameter values. The peak to peak analysis technique gives a consistent
benchmark to compare the periodic structures that are formed.
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Figure 2.15: Time series plot for the Gray-Scott model for Du/Dv = 2, with Du = 2× 10−5,
and ht = 0.05. The center point of a perturbation produced periodic pattern. The plot
shows the maxima and minima of the time series of concentration u. The numbered plot
points 1 and 6, and 10 and 15 form repeating pairs of patterns.
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Table 2.3: From the markings in the Fig. 2.15, the first column is the separations from
the first peak. We can see that the entries along the diagonal starting at the red point and
ending at the blue point are equal to the repeat period.

1 2 3 4 5 6
2 351.25 0
3 641.75 290.5 0
4 820.25 469 178.5 0
5 982.75 631.5 341 162.5 0
6 1475.5 1124.25 833.75 655.25 492.75 0
7 1841.75 1490.5 1200 1021.5 859 366.25
8 2123.75 1772.5 1482 1303.5 1141 648.25
9 2304.25 1953 1662.5 1484 1321.5 828.75
10 2767.5 2416.25 2125.75 1947.25 1784.75 1292
11 3118.75 2767.5 2477 2298.5 2136 1643.25
12 3409.25 3058 2767.5 2589 2426.5 1933.75
13 3587.75 3236.5 2946 2767.5 2605 2112.25
14 3750.25 3399 3108.5 2930 2767.5 2274.75
15 4242.75 3891.5 3601 3422.5 3260 2767.5
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Figure 2.16: Fourier analysis plot for the Gray-Scott model for Du/Dv = 2, with Du =
2× 10−5, and ht = 0.05. For the right panel the x-axis shows the frequency domain with the
two highest peaks shown with the corresponding periods. The period of the Fourier lowest
frequency peak shown in the right panel is at 2803.04. This main peak is different from the
value of 2767.5 obtained from analyzing the time series peak to peak separations.

The methods outlined in sections 2.5.1 and 2.5.2 together indicate that the perturbation
induced patterns have characteristics showing that they are the result of several different
interacting modes. Applying spatially localized perturbations to chaotic systems is uncharted
territory and often gives intuitively unexpected results. The development and continual
checking of analytic tools is required to explain and express observed results in a quantitative
manner.



Chapter 3

Gray-Scott Reaction-Diffusion System

Parts of this chapter were adapted from our publication: Jason Czak and Michel Pleim-
ling,“Spatiotemporal patterns emerging from a spatially localized time-delayed feedback scheme,”
Phys. Rev. E 104, 064213 (2021) [49]. “Copyright (2021) by the American Physical Soci-
ety.” We gratefully acknowledge funding from the Army Research Office through Grant No.
W911NF-17-1-0156. My contributions to this work are as follows: co-designing the research
question, reviewing relevant literature, coding and implementing the time-delayed feedback
schemes, generating all data, analyzing and interpreting the generated data, discussing the
data in the context of earlier work, co-writing and editing the work.

3.1 Introduction

Spatio-temporal patterns [1, 2] are ubiquitous in nature and are found at scales ranging
from the very small, bacterial colonies [50] and developmental biology [51], to the very large,
as for example galaxy superclusters [4] or the Sloan Great Wall [5]. The spontaneous for-
mation of patterns, a hallmark of systems far from equilibrium, has captivated the interest
of researchers from a vast variety of disciplines. Common to many mechanisms yielding
space-time patterns is the closeness to an instability (for example a chemical or hydrody-
namics instability). Chemical reaction-diffusion systems [52] have been at the center of the
investigations of pattern formation since Turing’s seminal work [53], as they underpin many
phenomena observed in nature and allow for both numerical and analytical approaches when
cast in terms of coupled partial differential equations. Very rich space-time patterns, from
chemical oscillations and Turing patterns [26] to spatio-temporal chaos [33], can be found in
reaction-diffusion systems in open flow reactors that keep the systems far from equilibrium.

Controlling and designing space-time patterns has many potential applications. The goal is
often either to design patterns and influence traveling waves [54, 55, 56, 57, 58] or to move

35
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a chaotic system to a steady state or to an oscillatory behavior [7, 8, 9, 10, 11, 12, 13].
Experimentally, this control is achieved by exerting some external perturbation, involving
for example photochemical energy transfer or temperature variations when dealing with
chemical systems. Successful control protocols include the Ott-Grebogi-Yorke scheme [7] as
well as time-delayed feedback control [8].

In this chapter we demonstrate that new space-time patterns can be generated in systems
with (transient) chaos when using spatially localized invasive perturbations in the form of a
time-delayed feedback scheme applied to a specified region of the system. We illustrate this
through the creation in the one-dimensional Gray-Scott model of novel spatially localized
time-dependent patterns. Our work differs both in the goals and in the scheme from other
studies aiming at control of (transient) chaos in a spatially extended system. For example,
in [12] time-delayed feedback control was used in order to control the transient chaos [33]
regime and replace it in the whole system with other types of dynamic behavior, whereas
for the pinning control of spatio-temporal chaos [59], a finite number of spatial pinning
sites, arranged in optimal ways, are controlled in order to drive the whole system into a
homogeneous steady state. Controlling the whole system or a finite number of specially
arranged pinning sites does not result in the formation of new space-time patterns in a
specified spatial region.

One remarkable finding of our work is that patterns can be stabilized locally that have
periods orders of magnitude longer than the delay time used for the spatially localized
perturbations. This is very different to reported [60, 61, 62] stabilizations of complex spatio-
temporal dynamics near a subcritical Hopf bifurcation using global feedback control as for
these systems the time delay is a multiple of the period of the newly stabilized periodic
pattern. In our systems with spatially localized perturbations it is the interplay between time
delay and spatial boundaries separating perturbed and unperturbed regions that generates
the long-period patterns discussed in the following study.

The chapter is organized in the following way. In chapter 3.2 we briefly remind the reader
about some relevant aspects of the Gray-Scott model before discussing the application of
time-delayed feedback scheme to this type of reaction-diffusion systems. Chapter 3.3 presents
the novel space-time patterns that emerge when applying in the chaotic regime the time-
delayed feedback scheme to part of the system only. Two scenarios are discussed, leading in
one case to perfect periodic patterns, whereas in the other case the pattern is impacted by
noise generated from diffusion across the boundaries separating the perturbed and unper-
turbed regions. Chapter 3.4 presents the effects of noise on the system along with additional
patterns that can be formed. In chapter 3.5 we conclude and provide an outlook on broader
applications of the scheme discussed in this work.
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3.2 Model and Method

The Gray-Scott model [25] is a reaction-diffusion system that displays very rich and complex
space-time patterns in one [27, 41, 42, 63, 64, 65] and two [66, 67, 68] space dimensions. This
cubic autocatalytic system in an open flow reactor is governed by the reactions

U + 2V −→ 3V , V −→ P , (3.1)

where the substrate U is continuously supplied and the inert product P is removed. As
outlined in chapter 2 the corresponding deterministic kinetic equations for the space- and
time-dependent species concentrations u(x, t) and v(x, t) are often cast in the form

∂u

∂t
= Du∇2u− uv2 + A(1− u) (3.2)

∂v

∂t
= Dv∇2v + uv2 − (A+B)v (3.3)

with the species-dependent diffusion rates Du and Dv as well as the rate B of converting
V into the inert product and the rate A of feeding U into the reactor and of removing the
different species from the reactor. Whereas for Du � Dv propagating pulses and pulse
splittings dominate, for Du & Dv a variety of regimes, including traveling pulses, spatio-
temporal chaos, and self-replicating patterns, are encountered, depending on the values of
the rates A and B.

In this work we restrict ourselves to the ratio Du/Dv = 2 which is known to yield (transient)
chaotic space-time patterns as a result of an inhomogeneous initial state. We follow previ-
ously published work and select as initial state the state with (u, v) = (0.5, 0.25) in a small
central region and (u, v) = (1, 0) everywhere else. The resulting dynamic phase diagram and
the corresponding space-time plots for u are shown in Fig. 3.1. The regimes outlined in
chapter two are briefly summarized. Regime 1 is characterized by individual traveling pulses
that either die out quickly, yielding the trivial steady state (u, v) = (1, 0), or continue to
propagate. In regime 2, pulse splitting results in the generation of additional lines and the
formation of domains that evolve temporally. Regime 3 is the transient chaotic regime that
results from the interaction between a Hopf instability and a Turing instability [27, 41, 42].
This transient chaotic regime, which sees the appearance and disappearance of small regions
where the densities u and v take on values close to those of the trivial steady state, is confined
to a rather narrow region in parameter space. Finally, for large inflow rates A the system
settles into a non-trivial steady state with u 6= 0 and v 6= 0 (regime 4).

The left panel in Fig. 3.2 shows more clearly the transient chaotic regime that emerges for
Du/Dv = 2, A = 0.0234, and B = 0.05. The controlled patterns obtained in [12], where
time-delayed feedback control was applied to the system as a whole, included a non-trivial
steady state with u 6= 0 and v 6= 0, shown in the right panel of Fig. 3.2 for the same
parameter values as for the left panel, as well as coarsening patterns and traveling waves.
As discussed in the following, when applying a time-delayed feedback scheme to only parts
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Figure 3.1: The different dynamic regimes encountered for Du/Dv = 2, with Du = 2× 10−5

and Dv = 10−5, and an inhomogeneous initial state with (u, v) = (0.5, 0.25) in a small central
region and (u, v) = (1, 0) otherwise. Space-time plots for u are obtained through numerical
integration of the discretized versions of Eqs. (3.2) and (3.3), using periodic boundary
conditions. The time increment is chosen as ht = 0.05. The width of the system is L = 10,
and 1024 grid points are used for the spatial discretization.
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Figure 3.2: (Left) Spatio-temporal chaos in the one-dimensional Gray-Scott model that
results from an inhomogeneous initial state. Shown is u(x, t). The parameters are Du/Dv =
2, A = 0.0234, and B = 0.05. The initial state is (u, v) = (1, 0), with the exception of the
region in the middle where (u, v) = (0.5, 0.25). (Right) When controlling the whole system
using time-delayed feedback control, spatio-temporal chaos is suppressed and a non-trivial
steady state with u 6= 0 and v 6= 0 can be stabilized [12]. The perturbation, which starts at
t = 6, 000, is characterized by the strength K = −0.02 and the delay time τ = 0.5.

of the system, spatially localized ordered patterns can be stabilized. These patterns are not
encountered when controlling the whole system [12].

In our protocol of perturbing the substrate in a spatially localized way, Eq. (2) is replaced
in some region C with

∂u(x, t)

∂t
= Du∇2u(x, t)− u(x, t)v(x, t)2 + A(1− u(x, t))

+K (u(x, t− τ)− u(x, t)) (3.4)

with the perturbation strength K and the delay time τ . We present below numerical results
for the value τ = 0.5. When the region C is the whole system, we of course recover the
situation studied in [12].

Kyrychko et al. [12] pointed out that the effective perturbation strength is |K|τ when this
scheme is applied to the system as a whole. In our work we perturb the system only locally,
and, while the effective control strength is still provided by |K|τ , different local patterns
are stabilized depending on the sign of K. As a result, additional constraints are imposed
on the values of the delay time for which these patterns can be stabilized. For K = −0.03,
which is the negative value we focus on in the following, periodic patterns are stabilized in
the unperturbed region for 0.45 < τ < 1.75. For K = 0.025, the positive value explored
later in this work, we observe the appearance of approximate periodic patterns for a very
wide range of delay times, with 0.45 < τ < 10, where τ = 10 is the longest delay time that
we investigated.
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Applying periodic boundary conditions, the discretized versions of the differential equations
given above are integrated using the fourth order Runge-Kutta algorithm and an eighth order
finite difference method for the diffusion terms. This results in a very stable integration
scheme. Still, the symmetry imposed by the initial condition used for Fig. 3.2 is lost in the
chaotic regime at very long times (for t of the order of 1.5× 104 in the left panel of Fig. 3.2)
due to the accumulation of numerical errors. We checked that the loss of right-left symmetry
sets in much earlier when using a lower order discretization of the diffusion term.

3.3 Results

The two scenarios discussed in the following for the one-dimensional Gray-Scott model have
in common that we let the system shown in the left panel of Fig. 3.2 evolve for some time
and then perturb in a specified region the substrate using time-delayed feedback. For the
first case discussed below, we show that applying a perturbation to a broad region the system
with K < 0 may yield in the unperturbed region a perfectly periodic pattern. On the other
hand, if the feedback strength parameter is positive, K > 0, then noisy repeating patterns
can be stabilized in the perturbed region, where the noise results from diffusion across the
boundary separating the perturbed from the unperturbed, and therefore chaotic, region.

3.3.1 K < 0

As shown in the right panel of Fig. 3.2, controlling the whole system with K < 0 results in
the suppression of spatio-temporal chaos everywhere and in the global stabilization of the
non-trivial steady state. This is the only non-chaotic regime that can be stabilized globally
for negative K [12]. Restricting this protocol to a part of the system suppresses chaos only
locally so that this non-trivial steady state is not established everywhere. Instead, as shown
in the top left panel of Fig. 3.3, in the unperturbed region the system spontaneously organizes
into a perfectly periodic structure, dominated by periodically appearing space-time regions,
shown as red triangles, where the trivial steady state (u, v) = (1, 0) is approximated. This
periodic pattern has a remarkably long period T ≈ 2, 700, almost four orders of magnitude
larger than the delay time τ = 0.5 used in the feedback. Inspection of the time-dependent
species concentration u in the middle of the unperturbed region, see Fig. 3.4, reveals that
within one period the concentration u displays two pronounced maxima, corresponding to
two red triangles in the space-time plot. As shown in Fig. 3.5 the amplitude |au| of the
Fourier transform of u(t) in this part of the system also reveals this complex periodic pattern
and exhibits as a function of the frequency f sharp peaks at the relevant frequencies.

The emergence of this periodic pattern is independent of the location of the unperturbed
region. The top right panel in Fig. 3.3 shows that the same structure emerges when the
unperturbed region is off-center. However, the time needed to establish the pattern can
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Figure 3.3: (Top left) Using time-delayed feedback for species U everywhere in the system
with the exception of the central region of width Wun = 0.625 induces a periodic pattern in
the unperturbed region. The period of the resulting oscillations in the unperturbed region
is many orders of magnitude larger than the delay time τ = 0.5. For this plot the strength
K = −0.03 was used and the perturbation started at t = 6, 000. (Top right) The same as
in the top left panel, but now the unperturbed region has been shifted by 0.83 to the right
when compared to the case on the left. The time needed to establish the periodic pattern
depends on the state of the system at the location of the unperturbed region just before the
localized time-delayed feedback scheme sets in. (Bottom) The same as in the top left panel,
but now with the perturbation starting at t = 7, 500. Even so the state at the onset of the
perturbation differs from that at t = 6, 000, the same periodic pattern is stabilized. For all
figures the parameter values are Du/Dv = 2, A = 0.0234, and B = 0.05.
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Figure 3.4: Time-dependent concentration u in the middle of the unperturbed region for the
three perturbation times tp = 6, 000 (black lines), tp = 7, 500 (red lines), and tp = 60, 000
(dashed blue lines), see top left and bottom panels in Fig. 3.3 for the corresponding space-
time plots: (a) t between 65,000 and 70,000; (b) t between 95,000 and 100,000. When
applying the time-delayed feedback outside of the middle region, the species concentration
after some transient behavior (visible for tp = 60, 000 in panel (a)) locks into a periodic
pattern with a period T ≈ 2, 700. This periodic pattern, once established, is independent of
the perturbation time, the only difference being an overall time shift as the periodic pattern
sets in at different times for the different perturbation times. The parameters used in this
figure are the same as in Fig. 3.3.
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Figure 3.5: Frequency-dependent amplitude of the Fourier transform of the time-dependent
concentration u in the middle of the unperturbed region of width Wun = 0.625, see Fig. 3.4
for the corresponding time series. The very sharp peaks in the Fourier transform indicate
that within the unperturbed region the pattern is repeated perfectly. The shown data for
three different perturbation times (tp = 6, 000, tp = 7, 500, and tp = 60, 000) exhibit the same
prevailing frequencies, as revealed by the identical positions of the peaks. This indicates that
the emerging periodic pattern is robust and independent of the perturbation time.
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vary substantially, which reveals a dependence on the state of the unperturbed region at the
moment the perturbation sets in. The width Wun of the unperturbed region is a relevant
quantity, as the perfect periodic pattern is not observed for all widths of the unperturbed
region. Indeed, for Wun & 1.1, the unperturbed region maintains the chaotic property of
the original system. On the other hand, if Wun . 0.2, spatial and temporal inhomogeneities
die out in the unperturbed region and the system as a whole is pushed into the non-trivial
steady state. The range of widths Wun of the unperturbed region for which periodic patterns
can be induced is independent of the linear extent of the system.

We also remark, see the bottom panel in Fig. 3.3 as well as the corresponding time-dependent
concentration in Fig. 3.4, that the emerging pattern is independent of the perturbation time
itself (provided that chaotic behavior is present when the perturbation sets in). This is
clearly visible in Fig. 3.4 when comparing the time-dependent concentrations for different
perturbation times. The observed overall time shift is a consequence of the fact that the
periodic patterns set in at different times for the different situations.

Fig. 3.6 explores how the period T of the repeating pattern changes when the system
parameters are changed. In the main image we show the period as function of the feedback
strength K, keeping the other parameters constant at the values used for Figures 3.3, 3.4,
and 3.5. In the two insets, we show how the period changes when varying the flow rate
A (lower left inset) or the rate B to produce the inert product (upper right inset), while
keeping all other parameters constant. These plots also provide an indication of the extent
to which the parameters can be varied around our standard set K = −0.03, A = 0.0234, and
B = 0.5 while still generating a periodic pattern. Increasing the rate B yields a substantial
increase of the period. On the other hand changing the flow rate A yields changes in the
form of an approximate linear decrease for increasing A. Keeping A and B constant while
merely changing the value of K means that any change to the period is exclusively due to
the details of the feedback scheme. It is then interesting to note that an increase of the
magnitude of K increases the time between successive repetitions of the pattern. We also
remark that values |K| < 0.028 do not allow to stabilize the periodic pattern, but that
instead chaotic patterns persist in the unperturbed region. On the flip side, large negative
values, with K < −0.042, tend to destabilize the periodic pattern, once established, resulting
in an intermittent behavior where time intervals with repeating patterns are interrupted by
time intervals where the behavior is no longer fully periodic. Therefore outside of the interval
−0.042 < K < −0.028 no period can be measured due to the absence of repeating patterns.

At first look it might seem that the periodic pattern emerging in the unperturbed region is
mainly a consequence of exposing a region of the right size to a fixed boundary condition
provided by the adjacent steady-state region. A closer inspection, however, reveals that the
feedback scheme is the necessary ingredient to generate periodic patterns. This is illustrated
in Fig. 3.7 for the system with our standard parameters. With the feedback scheme in place,
the pattern remains perfectly periodic for as long as we follow the time evolution of the system
(left panel). In the right panel, we remove the time-delayed feedback (by setting K = 0)
at t = 25, 000, indicated by the dashed horizontal line. Without the continuous application
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Figure 3.6: Dependence of the period T of the repeating pattern when changing the feedback
strength K (main image), the flow rate A (lower left inset) or the rate B of converting V
into an inert product (upper right inset). We explore the parameter range around the values
K = −0.03, A = 0.0234, and B = 0.5, used in the Figures 3.3, 3.4, and 3.5, and indicated
by the red dot in each panel. For each plot, two parameters are kept constant, as indicated
in the panels, and the third is varied. As for the earlier figures, Du/Dv = 2, whereas the
width of the unperturbed region is Wun = 0.625.
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Figure 3.7: (Left) The same system as in the left panel of Fig. 3.2 in the time interval
between t = 20, 000 and t = 45, 000. (Right) The same system, but now with the time-
delayed feedback switched off at t = 25, 000, indicated by the dashed line. This results in
the loss of the periodic pattern in the unperturbed region.
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Figure 3.8: Space-time plot where at t = 6, 000 we change in the ’perturbed’ region the value
of A from 0.0234 to 0.03, which drives that part of the system into the non-trivial steady
state. This protocol, however, does not yield a periodic pattern in the ’unperturbed’ region.
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Figure 3.9: A zoom into the periodic pattern from the left panel of Fig. 3.7 that reveals
complex pattern in the perturbed part of the system close to the boundaries (indicated by
the vertical dashed lines) with the unperturbed part. Without these features extending into
the perturbed part, periodic pattern can not be established in the unperturbed region.

of the time-delayed feedback, the periodic pattern is immediately lost and replaced by the
random appearance of small red triangles in the space-time plot. The absence of periodic
pattern is also noted in Fig. 3.8 where instead of switching on the time-delayed feedback
scheme at t = 6, 000 we make in the same region an instantaneous change of A from 0.0234
to 0.03, a value for which an unperturbed system settles into the global non-trivial steady
state, see Fig. 3.1. Clearly, periodic patterns are not emerging when patching together a
chaotic region with a region that displays a steady state, i.e. when imposing on the chaotic
region fixed boundary conditions that result from the adjacent steady-state region.

A zoom of the space-time pattern that results from using locally the time-delayed feedback
scheme, see Fig. 3.9, reveals the formation of a transition region that straddles the boundary
separating the perturbed and unperturbed regions. These features die out further away from
the boundary which results in the local establishment of the homogeneous steady state. It
is the presence of the diffusion term that, in conjunction with the time-delayed feedback,
generates the formation of this transition region necessary for the emergence of periodic
patterns with periods orders of magnitude larger than the delay time.

3.3.2 K > 0

A second protocol for perturbing only part of the system is explored in Figures 3.10 and
3.11. We choose the same parameter values as for the results presented above, with the one
change that the strength K = 0.025 is now positive. Using these parameter values for a
time-delayed feedback control of the whole system, one observes that the system is pushed
into the trivial steady state with (u, v) = (1, 0). However, applying this scheme to only
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Figure 3.10: Time-delayed feedback applied to only a part of the system with K > 0 yields
non-trivial patterns in the perturbed region, while spatio-temporal chaos persists in the
unperturbed region. The values of the rates and of the delay time used for these panels are
the same as for the panels in Fig. 3.2, with the exception of the strength which is K = 0.025.
The width W of the perturbed region is W = 0.625 in the left panel, while in the right panel
half of the system is subjected to time-delayed feedback scheme.

part of the system yields a very different behavior, as shown in Fig. 3.10. Whereas in the
unperturbed region spatio-temporal chaos persists, in the perturbed region an approximate
periodic pattern is established where successive maxima are separated by a time interval
T ≈ 440, which is three orders of magnitude larger than the delay time. One way to look at
this pattern is a succession of pulses that are generated at both interfaces with the chaotic
regime, which acts as provider of a temporally fluctuating boundary condition. These pulses,
after progressing through the perturbed region, undergo pair annihilation upon encounter.
Inspection of the Fourier transform, see Fig. 3.11, reveals the imperfect oscillations in the
form of a wide noisy peak at a frequency close to f = 0.0023, but the imperfect nature of the
repeating pattern is also readily seen from the time-dependent species concentration shown
in the inset.

The two panels in Fig. 3.10 differ by the width of the perturbed region. In fact, the
approximate periodic pattern is observed for most widths, with the exception of very small
regions (W . 0.3), for which no persisting regular pattern can be established, and very
large regions (L −W . 0.3) which end up in the trivial steady state, similar to the fully
controlled system. It follows that for this case the range of widths for which approximate
periodic pattern emerge in the perturbed region scales linearly with the system size. The
formation of this pattern needs a strength K > 0.015, as for very small K a regular pattern
can not be stabilized and the system remains in the chaotic regime. For cases that result
in the imperfect oscillations, the average time elapsed between successive maxima depends
slightly on the value of K.
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Figure 3.11: Frequency-dependent amplitude of the Fourier transform of the time-dependent
concentration u in the middle of the perturbed region, see the left panel in Fig. 3.10 for the
corresponding space-time plot. The time series u(t) shown in the inset reveals an imperfect
repeating pattern with successive maxima separated by a time interval T ≈ 440.
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3.4 Additional pattern formations

The results obtained for this section will use the following parameters: Du/Dv = 2, A =
0.0234, and B = 0.05, unless otherwise stated. The initial state chosen has (u, v) = (0.5, 0.25)
in a small central region and (u, v) = (1, 0) everywhere else.

3.4.1 Noise effects

In our protocol of perturbing the substrate in a spatially localized way, Equation 3.4 is
replaced in some region C with

∂u(x, t)

∂t
= Du∇2u(x, t)− u(x, t)v(x, t)2 + A(1− u(x, t))

+K (u(x, t− τ)− u(x, t)) +Nsη(x, t), (3.5)

where η(x, t) is noise from a square distribution [−0.25, 0.25] with strength Ns [69, 70, 71,
72, 73].

The noise shown in Equation 3.5, which acts as perturbation, is applied to the chaotic state
of the Gray-Scott model system. The effect of noise applied to the system is shown in Figures
3.12, 3.13, 3.14 and 3.15. The general behavior of the system with noise is the formation
of larger domains of substrate and activator regions, shown in Figures 3.12 and 3.13. The
effect applied to a local region as shown in Fig. 3.13 does not extend beyond the boundary
region. These regions abruptly stop at the zone boundaries due to concentrations greater
than unity being quickly washed out by the substrate feed A. The observed effects quickly
dissipate once the application of the noise perturbation is ceased, as shown in Fig. 3.14.
With the additional application of the time-delayed feedback the noise initially hinders the
formation of periodic patterns as shown in Fig. 3.15. The system needs a longer time to
form periodic structures once the noise is ceased. The period and structure of the periodic
pattern are unaffected by the application of noise.

3.4.2 Two separate perturbation regions

As we have seen in the earlier sections a localized perturbation in the form of a time-delayed
feedback can form periodic structures. In this section we investigate the effect of having
two spatially separated regions or wells with perturbations applied in each. The parameter
Ws is the separation between the center of the two wells. The well separations needs to be
above a certain value as otherwise the regions will interact and just form one large region.
The effect of varying the separation between two unperturbed regions gives different initial
configurations for the separate wells. As shown in Fig. 3.16 the individual wells have
distinct pattern onset times related to their initial state. The periodic patterns formed over
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Figure 3.12: The effect of rectangular noise on the system starting at a set time t =12,500
and continuing onward. Left: Ns = 0.5, right: Ns = 1. We see a general trend for a large
noise strength that the substrate domains become larger and form rougher edges.

long times shown in Fig. 3.17 are identical for wells with the same surrounding perturbation
strength. Individual wells have periodic patterns related to their surrounding perturbation
regions, shown in Figures 3.18 and 3.19. The periodic patterns formed have distinct peak
to peak pattern while maintaining nearly indistinguishable Fourier peaks as shown in the
bottom panels of Fig. 3.19. The results for the two well system further strengthen that
the periodic patterns depend upon the K values used as discussed in Section 3.3.1. Even in
cases with a very limited perturbation region as shown in Fig. 3.20 periodic patterns will
be formed. The patterns will be formed so long as the width is above a certain threshold
otherwise the regions will interact. The same general results hold true for positive K values
as shown in Fig. 3.21, where we see that the different wells have structures depending upon
the perturbation strength applied.

3.4.3 Past time delay feedback

The methods outlined in Section 2.4.1 can be applied to the Gray-Scott chaotic regime. For
positive values of feedback as shown in Fig. 3.22 the set time feedback shows the formation
of periodic structures. As the run time increases the periodic structures formed break down
as shown in Fig. 3.23.

3.5 Conclusions and outlook

Systems with transient chaos can be forced into different dynamic regimes through an exter-
nal intervention. Protocols proposed for this include spatially arranged pinning sides as well
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Figure 3.13: The effect of noise, applied locally to a region with width W , starting at a
set time t = 12, 500 and continuing onward. The noise strength value is Ns = 1 for all the
results. Top Left: W = 0.625, top right: W = 1.25, bottom left: W = 2.5, bottom right:
W = 5. The main effect here is that for larger regions with noise the merging structure size
increases.
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Figure 3.14: The effect of noise on the system starting at a different times and continuing
for varying amounts of time. The noise strength value is Ns = 1 for all the results. Top left:
starting time t = 5, 000, ending time t = 7, 500. Top right: starting time t = 5, 000, ending
time t = 10, 000. Bottom left: starting time t = 12, 500, ending time t = 15, 000. Bottom
right: starting time t = 12, 500, ending time t = 17, 500. The results consistently show that
once the application of noise is stopped the system returns to the same behavior as before
the noise was applied.
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Figure 3.15: Effect of noise in systems with time-delayed feedback applied at t = 6, 000 time
steps for the inside region for the left panel and outside region for the right panel. Left:
K = 0.025, noise starting time t = 7, 500, ending time t = 12, 500. Right: K = −0.03,
noise starting time t = 7, 500, ending time t = 12, 500. The noise acts as an new initial
condition for the chaotic behavior and the same resulting periodic patterns are formed after
long enough time spans.
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Figure 3.16: The effect of time delayed feedback on two spatially separated regions within
the same system. A negative time delayed feedback perturbation of strength K = −0.03
is applied to the system at t = 10, 000 for all regions excluding the two wells. The size of
both unperturbed regions is equal at Wu = 0.625 with a varying separation between the two
wells. Left Ws = 1.953125, right: Ws = 3.90625. The initial configurations at the start of the
perturbation are different for the two wells yielding different times before periodic patterns
are formed.
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Figure 3.17: The right panel of Fig. 3.16 is explored for long times. A negative time-delayed
feedback perturbation of strength K = −0.03 is applied to the system at t = 10, 000 for
all regions excluding the two wells. Bottom left: Fourier transform data for the left well
for starting time t = 50, 000, ending time t = 100, 000. Bottom right: Fourier transform
data for the right well for starting time t = 50, 000, ending time t = 100, 000. The periodic
structures are formed at different times due to their the different local configurations at the
onset of the perturbation. The resulting periodic pattern and Fourier peaks are the same.
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Figure 3.18: A negative time-delayed feedback perturbation is applied to the system at
t = 10, 000 for all regions excluding the two wells. The strength of the perturbation varies.
The left half of the plot has K = −0.029, right half K = −0.03. Visually the results are
difficult to distinguish from 3.17, so a more detailed analysis needs to be conducted, as shown
in Fig. 3.19.

as time-delayed feedback control. The latter method has been applied in the past [12] to the
one-dimensional Gray-Scott model as a whole in order to generate other global dynamics.

In this Chapter we have shown that applying time-delayed feedback to only part of the
system may create novel spatially localized space-time pattern. We discussed two cases, one
leading to perfect periodic pattern in the unperturbed part of the system, the other leading
to imperfect oscillations in the perturbed region. The creation of these patterns turns out
to be robust and is encountered for a broad range of system parameters. Our study reveals
that the needed ingredient is the diffusion across the boundaries separating the perturbed
and unperturbed regimes which yields a transition region, straddling the boundary, that is
necessary to stabilize the spatially localized oscillations.

As shown in earlier work, in order to stabilize complex spatio-temporal dynamics near a
subcritical Hopf bifurcation using time-delayed feedback control, the delay time τ has to
be chosen as a multiple of the period of the periodic pattern to be stabilized [60, 61, 62].
This is very different from what we have discussed in this work as a local time-delayed
perturbation stabilizes spatially localized patterns with periods orders of magnitude larger
than the delay time. It is the interplay between time delay and boundaries separating
perturbed and unperturbed regions that is the driving mechanism for the generation of
these patterns with very long periods.

Our scheme is not restricted to the one-dimensional Gray-Scott model and similar results
can be obtained in other situations as well as in other systems, including systems with
truly chaotic behavior like the complex Ginzburg-Landau model [75] shown in chapter 4.
Fig. 3.24 illustrates this for the two-dimensional Gray-Scott model where new patterns are
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Figure 3.19: The top panel: Fourier transform data of the left and right well shown in Fig
3.18. In the top panels the two Fourier transforms are nearly identical. Some of the Fourier
peaks are different which shifts the total period significantly. The bottom left panel shows
the peak to peak separation at 2761.25. The bottom right panel shows the right well peak
to peak separation at 2767.5. The right well shows the same peak to peak separation given
for both identical wells in Fig. 3.17, clearly indicating that the peak to peak separation is
tied to the control strength as shown in Fig. 3.6.
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Figure 3.20: A negative time-delayed feedback perturbation is applied to the system at
t = 10, 000 for the two wells. The strength of the perturbation is K = −0.03. The center
region has an induced periodic pattern formed with the same structure and period as Figures
3.3 and 3.17, having the same K value.
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Figure 3.21: A positive time-delayed feedback perturbation is applied to the system at
t = 10, 000 for the two wells. The strength of the perturbation is different for the two
regions. Left: K = 0.05, Right: K = 0.025.
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Figure 3.22: A positive past or set time feedback perturbation is applied to the system at
T = 10, 000. The strength of the perturbation is K = 0.04. Top: space-time plot, bottom:
time series plot of center region. For up to t = 30, 000 the system displays periodic-like
patterns with a consistent period of ∼ 2, 800.
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Figure 3.23: A positive past or set time feedback perturbation is applied to the system at
T = 10, 000. The strength of the perturbation K = 0.04. A long time plot of the same
scenario as Fig. 3.22. The apparent perfect periodic pattern breaks down after long enough
times.



60 Chapter 3. Gray-Scott Reaction-Diffusion System

y

0 2.5 5.0

2.5

5.0

0.2

0.4

0.6

0.8

1.0

x

y

0 2.5 5.0

2.5

5.0

0.2

0.4

0.6

0.8

1.0

x

y

0 2.5 5.0

2.5

5.0

0.2

0.4

0.6

0.8

1.0

x

y

0 2.5 5.0

2.5

5.0

0.2

0.4

0.6

0.8

1.0

x

Figure 3.24: Some snapshots for the two-dimensional Gray-Scott model with periodic bound-
ary conditions and an inhomogeneous initial state with (u, v) = (0.5, 0.25) in a small square
central region and (u, v) = (1, 0) everywhere else. The common parameters are A = 0.0238
and B = 0.05, whereas the time increment is ht = 0.05. (Top) The unperturbed system at
t = 5, 000 (left) and the system subjected to global control with K = −0.25 at t = 5, 000
(right). (Bottom) The system at t = 5, 000 (left) and at t = 18, 750 (right) for the case where,
with the exception of a small square region of size 0.3125×0.3125, indicated by dashed lines,
the system is subjected to spatially localized perturbation with strength K = −0.25. Both
for global and spatially localized perturbations, time-delayed feedback is switched on at
t = 250.
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locally created in the central region that is unperturbed.

Time-delayed feedback has been used experimentally to stabilize unstable periodic orbits of
chaotic systems [76, 77, 78, 79, 80], but we are not aware of an attempt to do this in a spatially
localized way as discussed in this work. As we have shown, new spatially localized pattern
can be stabilized through spatially localized time-delayed feedback. We hope that our work
paves the way for experimental implementations of this scheme and for the investigation of
the resulting spatially localized patterns.



Chapter 4

Complex Ginzburg-Landau equation

4.1 Model and Method

The one-dimensional cubic complex Ginzburg-Landau equation (CGLe) is a nonlinear partial
differential equation that reads as follows [29]:

∂Ac
∂t

= Ac + (1 + iα)
∂2

∂x2
Ac − (1 + iβ)|Ac|2Ac, (4.1)

where we have the complex field Ac(x, t) = ρ(x, t)eiφ(x,t) with a modulus ρ(x, t) and phase
φ(x, t). We have α as the linear dispersion coefficient and β as the nonlinear dispersion
coefficient.

All simulations presented in the following were performed with a Runge–Kutta 4th order
scheme, with an 8th order diffusion term, with time step size ht = 0.01, and the grid size
hx = 0.25. In order to apply integration schemes we can separate the complex field Ac(x, t)
into its real and imaginary components, Ac(x, t) = Ar(x, t)+iAi(x, t). We then can represent
the equation as two coupled partial differential equations given as:

∂

∂t
Ar = Ar +

∂2

∂x2
Ar − |Ac|2Ar − α

∂2

∂x2
Ai + β|Ac|2Ai, (4.2)

∂

∂t
Ai = Ai +

∂2

∂x2
Ai − |Ac|2Ai + α

∂2

∂x2
Ar − β|Ac|2Ar. (4.3)

The system exhibits a variety of different dynamic regimes, but for this study we restrict
our attention to regimes that exhibit spatio-temporal chaos. Throughout this article we
will focus on defect turbulence, or amplitude turbulence (AT), phase turbulence (PT), and
bi-chaos [30, 90]. One of the important features of this parameter space shown by Shraiman
et al. and Boccaletti et al. is the Benjamin-Feir-Newel (BFN) line. This line gives a limit

62
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for which stability of plane wave solutions can be analytically studied [30, 90]. Below this
line the plane wave solutions admitted by Eq. 4.1 can be represented in the following form

Aq =
√

1− q2ei(qx+ωt) (4.4)

where q is the wave-number with bounds −1 ≤ q ≤ 1. The temporal frequency is given by
ω = −β−(α−β)q2. At the boundary of the Benjamin-Feir-Newel line, αβ = −1, the system
transitions into phase turbulence. In our protocol of perturbing the system in a spatially
localized way, the perturbation is applied to the real component of the system where Eq. 4.2
is replaced in some region C with the following form

∂

∂t
Ar(x, t) = Ar(x, t) +

∂2

∂x2
Ar(x, t)− |Ac|2Ar(x, t)− α

∂2

∂x2
Ai(x, t) + β|Ac|2Ai(x, t)

+K (Ar(x, t− τ)− Ar(x, t)) . (4.5)

K is the perturbation strength which can be either positive or negative. τ is the time delay.
Throughout this Chapter the numerical results presented use for the time delay τ = 0.25.
Several values of τ where investigated yielding the same resulting patterns.

The system has been subjected to different forms of control in previous works [29, 30]. These
previous studies primarily dealt with determining the number of localized controllers needed
for control. These controllers were found to be related to the number of independent spatial
correlation lengths [30]. The majority of works on controlling the complex Ginzburg-Landau
equation employ a form of control utilizing elements of plane wave solutions. The results
from Chapter 3 on the Gray-Scott model show that simple global and localized feedback
perturbations can form periodic structures. The methods and results in this Chapter will
build upon the concept of spatially localized control.

4.2 Results

The three scenarios discussed in this chapter are for the one-dimensional complex Ginzburg-
Landau equation (CGLe). They have in common that they evolve in time unperturbed until
chaotic behavior is reached. Then a perturbation is applied in a specified region for the
real component of the field in the form of time-delayed feedback, see Equation 4.5. For the
general cases of having K > 0 the perturbed real component is able to effectively dictate the
behavior of the system through the coupled nature of the real and imaginary components
of the equation. Likewise, for the case with K < 0 the system responds to the perturbation
along the real field component. It is noteworthy that the values of the real part of the
amplitude and the amplitude magnitude increase greatly with increasing negative K values.
The results presented in this chapter are for the K > 0 case. The perturbation onset time
was systematically varied giving the same qualitative behavior of the generated patterns
observed for all cases studied. The result robustness of the amplitude and phase turbulence
regimes for vastly different onset times will be presented in their respective sections.
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Figure 4.1: (Left) Amplitude turbulence (α=2.1, β=-1.2) with no control applied. (Right)
Time-delayed feedback scheme applied globally across the whole system at t = 200 with the
value of K = 0.1. The modulus |Ac| is shown in the plot.
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Figure 4.2: (Left) Phase Turbulence (α=2.1, β=-0.75) with no control applied. (Right)
Time-delayed feedback scheme applied globally across the whole system at t=200 with the
value of K = 0.1. The modulus |Ac| is shown in the plot.
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Figure 4.3: (Left) Bi-chaos (α=1, β=-1.2) form of chaos with no control applied. (Right)
Time-delayed feedback scheme applied globally across the whole system at t=200 with the
value of K = 0.1. The modulus |Ac| is shown in the plot.

For a uniform global perturbation applied across the whole system we can see in Figs. 4.1,
4.2, and 4.3 that in all three regions the system will form repeating plane wave-like patterns.
These patterns require appropriate choices of K and τ . Similar to the Gray-Scott model the
general control strength applied is proportional to Kτ within appropriate limits [12]. It is
interesting and noteworthy to point out that, unlike for results obtained for uniformly placed
local controllers, a globally applied spatially uniform time-delayed feedback perturbation
shifts the systems into behaviors similar to that observed in regimes along the parameter
space. This can be seen by comparing the right panel of Fig. 4.1 with the left panel of
Fig. 4.2. The amplitude turbulence regime with a global perturbation has a plane wave-like
result with elements of the wavy or branch like patterns of phase turbulence visible across
the system. This result falls in line with the findings on the transitions between the chaotic
regimes from other published works [74, 81]. The phase turbulence regime exhibits bands
of unstable plane waves across the entire region space. The effects within bi-chaos form a
series of uniform plane waves as shown in the right panel of Fig. 4.3.

4.2.1 Amplitude Turbulence

As shown in the right panel of Fig. 4.1, controlling defect chaos for the whole system results in
plane wavelike patterns with irregular structures showing some resemblance of the patterns
produced by unperturbed phase turbulence. The introduction of an unperturbed central
region produces a directional stabilizing effect on the system which in turn produces regular
periodic patterns in both the unperturbed center and perturbed outer region. Within the
periodic pattern producing ranges of K we see that the peak-to-peak period increases for
rising K values. We can see in Fig. 4.4 that the controlled region starts with an effect similar
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to the global control with irregularly structured plane waves. The center unperturbed region
interacts with the plane wave region at the boundary to produce regular periodic structures
along space and time. The system experiences similar periodic patterns for certain continuous
ranges of K and τ values shown in Figs. 4.4 and 4.5. The remarkable feature is that for
different perturbation onset times and system run times, the system with identical K values
forms similar periodic structures that have the same period. This feature is shown in Figs.
4.4, 4.5, 4.6, 4.7 and quantified in Figs. 4.8, 4.9 through the peak to peak pattern similarity
and the same Fourier peaks across drastically different time scales. The Fourier analysis
and time series results focus on the values of the real components at the center points,
while noting that the same quantitative behavior is displayed for imaginary component,
phase, and amplitude values as well. The slight differences between the periodic structures
across different times scales indicate that there is a minor dependency on the perturbation
onset time. These structures maintain the same period while having slight differences in
the peak to peak patterns. These differences are due to the initial values of the real and
imaginary part values at the onset of the perturbation. One way to interpret these results
is that the perturbed region pushes the system to a plane wave producing regime. The
system’s chaotic nature is partially suppressed and the interaction between the perturbed
and unperturbed regions creates a stabilizing effect on both regions. The time-delayed
feedback then propagates this stabilizing effect across the entire system.
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Figure 4.4: Using time-delayed feedback for the real component of the complex amplitude
Ac everywhere in the system with the exception of the central region of width Wun = 7.5 for
amplitude turbulence (α=2.1, β=-1.2). For this plot the strength K = 0.25 and delay time
τ = 0.25 were used and the perturbation started at t = 200. Top left: amplitude, top right:
phase, bottom left: imaginary part, bottom right: real part.
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Figure 4.5: Using time-delayed feedback for the real component of the complex amplitude
Ac everywhere in the system with the exception of the central region of width Wun = 7.5 for
amplitude turbulence (α=2.1, β=-1.2). For this plot the strength K = 0.27 and delay time
τ = 0.25 were used and the perturbation started at t = 200. Top left: amplitude, top right:
phase, bottom left: imaginary part, bottom right: real part.
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Figure 4.6: Using time-delayed feedback for the real component of the complex amplitude
Ac everywhere in the system with the exception of the central region of width Wun = 7.5
for amplitude turbulence (α=2.1, β=-1.2). For this plot the strength K = 0.25 and delay
time τ = 0.25 were used and the perturbation started at t = 2, 000. Top left: amplitude,
top right: phase, bottom left: imaginary part, bottom right: real part.
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Figure 4.7: Using time-delayed feedback for the the real component of the complex amplitude
Ac everywhere in the system with the exception of the central region of width Wun = 7.5 for
amplitude turbulence (α=2.1, β=-1.2). For this plot the strength K = 0.27 and delay time
τ = 0.25 were used and the perturbation started at t = 200. Top left: amplitude, top right:
phase, bottom left: imaginary part, bottom right: real part.
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Figure 4.8: Time-dependent real component of the complex amplitude Ac in the middle
of the unperturbed region for amplitude turbulence (α=2.1, β=-1.2) with K = 0.25 (red
lines), K = 0.27 (blue lines), with the unperturbed region width Wun = 7.5. The top and
bottom represent significantly different perturbation onset times. Top: t = 200, bottom:
t = 2, 000, see figures 4.4, 4.5 and figures 4.6, 4.7, respectively. For both values of K two
different time intervals are shown, illustrating the consistency of the periodic patterns over
time. When applying the time-delayed feedback outside of the middle region, the system
maintains similar periodic pattern for continuous ranges of K values.



72 Chapter 4. Complex Ginzburg-Landau equation

Figure 4.9: Frequency-dependent amplitude of the Fourier transform of the time-dependent
real component of the complex amplitude Ac for K = 0.25 (red) and K = 0.27 (blue) for
amplitude turbulence (α=2.1, β=-1.2) with unperturbed region width Wun = 7.5. Top:
perturbation applied at t = 200, bottom: perturbation applied at t = 2, 000. The system
period depends on the strength K of the perturbation.
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4.2.2 Phase Turbulence

As shown in the right panel of Fig. 4.2, controlling phase turbulence with time-delayed feed-
back across the whole system results in plane wave patterns. The introduction of unperturbed
regions produces a robust stabilizing effect on the system which in turn produces regular
periodic patterns. These patterns form in both the unperturbed center and perturbed outer
region. The patterns produced by localized perturbation are shown in Fig. 4.10. Unlike
amplitude turbulence, phase turbulence exhibits pattern formation across broader ranges of
K values and window widths with up to over half of the total lattice size. The larger the
uncontrolled region is, the higher the control strength must be for the surrounding controlled
region. The transition to periodic patterns occurs much earlier after perturbation onset than
within the amplitude turbulence regime. This is shown in Figs. 4.10, 4.11, 4.12, 4.13. The
periods of the repeat structures formed within the center region increases for increasing value
of K, as shown in Figs. 4.14 and 4.15. Much like for the amplitude turbulence with different
perturbation onset times and system run times, the systems in the phase turbulence regime
with identical K values and different onset times forms similar periodic structures with the
exact same period. This feature is quantified in Figs. 4.14, 4.15 through the peak to peak
pattern similarity and the same Fourier peaks. This further indicates that periodic pattern
formation from spatially localized time delay is a consistent method when appropriately
applied to chaotic systems.

4.2.3 Bi-chaos

As shown in the right panel of Fig. 4.3, controlling bi-chaos for the whole system results in
the formation of plane waves much like for the phase turbulence regime. The system with a
unperturbed region exhibits a few behaviors similar to those in other regimes. Like amplitude
turbulence, bi-chaos has a limited range of perturbation region widths that produce regular
periodic patterns. After the application of time-delayed perturbations short lived plane wave
pattern form along the outer edges. These plane wave patterns interact with the center region
over larger time scales changing the periodic patterns observed within the center. We see
a stark change in the center pattern at t > 3, 000 shown in Figs. 4.18 and 4.19. Shown in
Figs. 4.16, 4.17, 4.18 and 4.19, the system undergoes this transition across longer times. The
top panels in Figs. 4.20 and 4.21 show well defined periodic structures for low perturbation
onset times, with limited duration. The bottom panels in Figs. 4.20 and 4.21 show that
the periodic behavior changes to imperfect repeating patterns. When comparing Figs. 4.16
and 4.17 with Figs. 4.18 and 4.19, we see a clear transition within the unperturbed center
for large times. This shows an interesting feature of bi-chaos, namely that the perturbation
induced early time repeating patterns are not consistent for long times. It additionally
shows that the time for the long term repeat behavior to form can vary depending on the
perturbation onset times.
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Figure 4.10: Using time-delayed feedback for the real component of the complex amplitude
Ac everywhere in the system with the exception of the central region of width Wun = 12.5
for phase turbulence (α=2.1, β=-0.75). For this plot the strength K = 0.3 and delay time
τ = 0.25 were used and the perturbation started at t = 200. Top left: amplitude, top right:
phase, bottom left: imaginary part, bottom right: real part.
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Figure 4.11: Using time-delayed feedback for the real component of the complex amplitude
Ac everywhere in the system with the exception of the central region of width Wun = 12.5
for phase turbulence (α=2.1, β=-0.75). For this plot the strength K = 0.35 and delay time
τ = 0.25 were used and the perturbation started at t = 200. Top left: amplitude, top right:
phase, bottom left: imaginary part, bottom right: real part.
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Figure 4.12: Using time-delayed feedback for the real component of the complex amplitude
Ac everywhere in the system with the exception of the central region of width Wun = 12.5
for phase turbulence (α=2.1,β=-0.75). For this plot the strength K = 0.3 and delay time
τ = 0.25 were used and the perturbation started at t = 2, 000. Top left: amplitude, top
right: phase, bottom left: imaginary part, bottom right: real part.
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Figure 4.13: Using time-delayed feedback for the real component of the complex amplitude
Ac everywhere in the system with the exception of the central region of width Wun = 12.5
for phase turbulence (α=2.1, β=-0.75). For this plot the strength K = 0.35 and delay time
τ = 0.25 were used and the perturbation started at t = 2, 000. Top left: amplitude, top
right: phase, bottom left: imaginary part, bottom right: real part.
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Figure 4.14: Time-dependent real component of the complex amplitude Ac in the middle
of the unperturbed region for phase turbulence (α=2.1, β=-0.75) with K = 0.3 (red lines),
K = 0.35 (blue lines), with the unperturbed region width Wun = 12.5. The top and bottom
represent significantly different perturbation onset times. Top: t = 200, bottom: t = 2, 000,
see figures 4.10, 4.11 and figures 4.12, 4.13, respectively. For both values of K two different
time intervals are shown, illustrating the consistency of the periodic patterns over time.
When applying the time-delayed feedback outside of the middle region, the system maintains
similar periodic pattern for continuous ranges of K values.
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Figure 4.15: Frequency-dependent amplitude of the Fourier transform of the time-dependent
real component of the complex amplitude Ac for K = 0.3 (red) and K = 0.35 (blue) for phase
turbulence (α=2.1, β=-0.75) with unperturbed region width Wun = 12.5. Top: perturbation
applied at t = 200, bottom: perturbation applied at t = 2, 000. The system period depends
on the strength K of the perturbation.
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Figure 4.16: Using time-delayed feedback for the real component of the complex amplitude
Ac everywhere in the system with the exception of the central region of width Wun = 12.5
for bi-chaos (α=1, β=-1.2). For this plot the strength K = 0.3 and delay time τ = 0.25 were
used and the perturbation started at t = 200. Top left: amplitude, top right: phase, bottom
left: imaginary part, bottom right: real part.
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Figure 4.17: Using time-delayed feedback for the real component of the complex amplitude
Ac everywhere in the system with the exception of the central region of width Wun = 12.5
for bi-chaos (α=1, β=-1.2). For this plot the strength K = 0.35 and delay time τ = 0.25
were used and the perturbation started at t = 200. Top left: amplitude, top right: phase,
bottom left: imaginary part, bottom right: real part.
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Figure 4.18: Using time-delayed feedback for the real component of the complex amplitude
Ac everywhere in the system with the exception of the central region of width Wun = 12.5
for bi-chaos (α=1, β=-1.2). For this plot the strength K = 0.3 and delay time τ = 0.25
were used and the perturbation started at t = 2, 000. Top left: amplitude, top right: phase,
bottom left: imaginary part, bottom right: real part.
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Figure 4.19: Using time-delayed feedback for the real component of the complex amplitude
Ac everywhere in the system with the exception of the central region of width Wun = 12.5
for bi-chaos, (α=1, β=-1.2). For this plot the strength K = 0.35 and delay time τ = 0.25
were used and the perturbation started at t = 2, 000. Top left: amplitude, top right: phase,
bottom left: imaginary part, bottom right: real part.
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Figure 4.20: Time-dependent real component of the complex amplitude Ac in the middle
of the unperturbed region for bi-chaos (α=1, β=-1.2) with K = 0.3 (red lines), K = 0.35
(blue lines), with the unperturbed region width Wun = 12.5. The top and bottom represent
significantly different perturbation onset times. Top: t = 200, bottom: t = 2, 000, see
figures, 4.16, 4.17 and figures: 4.18, 4.19, respectively. For both values of K two different
time intervals are shown. In stark contract to the results obtained for the amplitude and
phase turbulence, the system shows significantly different periodic structures for different
onset times and time length scales. When applying the time-delayed feedback outside of
the middle region, the system maintains similar periodic pattern for continuous ranges of K
values.
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Figure 4.21: Frequency-dependent amplitude of the Fourier transform of the time-dependent
real component of the complex amplitude Ac for K = 0.3 (red) and K = 0.35 (blue) for
bi-chaos (α = 1, β = −1.2) with unperturbed region width Wun = 12.5. Top: perturbation
applied at t = 200, bottom: perturbation applied at t = 2, 000. The system period depends
on the strength K of the perturbation For early perturbation and lower running times the
system forms periodic repeating patterns. For longer time runs the system transitions into
imperfect repeating pattern with a consistent highest Fourier peak.
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4.3 Conclusions and outlook

In this chapter we have shown numerically that applying a time-delayed feedback scheme
to only part of the system can stabilize spatially localized periodic space-time patterns for
for a chaotic system described by the complex Ginzburg-Landau equation. We discussed
three cases, corresponding to amplitude turbulence, phase turbulence and bi-chaos. Using
localized perturbations we have shown that we can take behavior from different regimes [74]
and impose similar behavior in isolated spatial regions.

The results presented show that the interplay between diffusion across the boundaries sep-
arating the perturbed and unperturbed regions yields transition regions. These transition
regions interact with time-delayed feedback perturbations to form and sustain periodic cy-
cles. The values of the linear and nonlinear dispersion play a significant role for applying
perturbations. For amplitude turbulence the closer the dispersion values are to the Benjamin-
Feir-Newell limit, (αβ = −1), the more robust the system is for perturbation producing pa-
rameters. Phase turbulence has close proximity to the Benjamin-Feir-Newell limit and stable
plane wave solutions. This is a plausible explanation to the broad range of system widths
and perturbation strengths that generate periodic structures. For bi-chaos the parameter
space location is between different chaotic regimes [30, 84]. The second shift in long-term
behavior after a perturbation is applied can be a result of the competing dynamics between
the phase and amplitude.

The use of time-delayed feedback has been shown experimentally to stabilize unstable pe-
riodic orbits of chaotic systems [76, 77, 78, 79, 80]. As we have shown, localized patterns
can be stabilized through spatially localized time-delayed feedback within chaotic systems.
The results presented here aim to start building the guiding framework for experiments to
investigate the interactions of different spatially localized regions within chaotic parameter
spaces.



Chapter 5

Conclusions and perspectives

The purpose of this study was to increase the understanding of the effects of applying
spatially localized perturbations to systems exhibiting spatio-temporal patterns. The main
focus has been on systems with chaotic regimes. We presented two studies investigating
the effects of spatially localized perturbations on chaos producing models. Chapter 2 is
focused on the analysis techniques necessary to understand the core results of the model
specific Chapters 3 and 4. Chapter 3 presented the spatio-temporal patterns emerging from
a spatially localized time-delayed feedback scheme for transient chaos within the framework
of the the Gray-Scott model. Chapter 4 presented novel spatio-temporal patterns emerging
from a spatially localized time-delayed feedback scheme for sustained chaos using the one-
dimensional cubic complex Ginzburg-Landau equation.

We have shown that applying time-delayed feedback to only part of a chaos producing
system may create novel spatially localized space-time patterns. We discussed two models
with several cases for each model. The method presented works for both transient and
sustained chaos. In general the surrounding behavior regimes within the models parameter
space will determine where the perturbation is most impactfully applied. In this context,
enhancing the substrate flow rate for the Gray-Scott model will take the system to a mutual
coexistence regime of behavior. This can be accomplished by either changing the substrate
flow parameter or using a time-delayed feedback on the substrate. Changing the substrate
flow value without applying feedback will not give fluctuating interactions across the region
boundaries. This feature of time-delayed feedback perturbations gives a self stabilizing effect
to the system which allows the formation of perfect periodic patterns.

For the Gray-Scott model we discussed two cases, one leading to perfect periodic pattern
in the unperturbed part of the system, the other leading to imperfect oscillations in the
perturbed region. The creation of these patterns turns out to be robust and is encountered
for a broad range of system parameters. Our study reveals that the needed ingredient
is the diffusion across the boundaries separating the perturbed and unperturbed regimes
which yields a transition region, straddling the boundary, that is necessary to stabilize the
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spatially localized oscillations.

For the cubic complex Ginzburg-Landau equation we discussed three parameter space regimes,
two leading to consistent periodic patterns in the unperturbed part of the system, the other
leading to imperfect oscillations in the unperturbed region. For one of the perturbed param-
eter space regimes, phase turbulence, the creation of patterns turns out to be robust and
is encountered for a broad range of system parameters. For two of the regimes, amplitude
turbulence and bi-chaos, the perturbation region width has limited ranges for which peri-
odic patterns will form. As with the transient chaos the diffusion induced transition region
plays a vital role in stabilization of periodic patterns. The values of the linear and nonlinear
dispersions play a significant role for applying perturbations. For amplitude turbulence the
closer the dispersion values are to the Benjamin-Feir-Newel line, the more robust the system
is for perturbation producing parameters. Phase turbulence has close proximity to plane
wave producing regimes. This is a plausible explanation to the broad range of system widths
and perturbation strengths that generate periodic structures. For bi-chaos the parameter
space location is between chaotic regimes [30, 84]. The competing dynamics between the
phase and amplitude is a likely cause of the imperfect repeating patterns.

Time-delayed feedback has been used experimentally to stabilize unstable periodic orbits of
chaotic systems [76, 77, 78, 79, 80]. Our work on using time-delayed feedback in a spatially
localized framework is a novel contribution to the field. We hope that our work on creating
spatio-temporal patterns from a spatially localized time-delayed feedback scheme paves the
way for experimental awareness and implementations of this scheme and for the investigation
of the resulting spatially localized patterns. Potential future areas of research could be
utilizing spatially localized perturbations in other chaos producing models such as the Swift-
Hohenberg equation [85]. Another area of potential future study is quantifying the impact of
site localized perturbations on the stability curves that define the parameter space features
of spatially extended systems.
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057201 2021

[4] F. X. Hu, G. X. Wu, G. X. Song, Q. R. Yuan, and S. Okamura, Astrophys. Space Sci.
302, 43 (2006).
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