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(ABSTRACT)

Numerical optimization procedures have been employed for the design of air-
foils in transonic flow based on the transonic small-disturbance (TSD) and Euler
equations. A sequential approximation optimization technique was implemented for
solving the design problem of lift maximization with wave drag and area constraints.
A simple linear approximation was utilized for the approximation of the lift. Ac-
curate approximations for sensitivity derivatives of the wave drag were obtained
through the utilization of Nixon’s coordinate straining approach. A modification
of the Euler surface boundary conditions was implemented in order to efficiently
compute design sensitivities without recreating the grid. Our design procedures
experienced convergence problems for some TSD solutions, where the wave drag
was found not to vary smoothly with the design parameters and consequently cre-
ate local optimum problems. A procedure interchanging the role of the objective
function and constraint, initially minimizing drag with a constraint on the lift was
found to be effective in producing converged designs, usually in approximately 10
global iterations. This procedure was also shown to be robust and efficient for cases
where the drag varied smoothly, such as with the Euler solutions. The direct lift
maximization with move limits which were fixed absolute values rather than frac-
tions of the design variables, was also found to be a reliable and efficient procedure

for designs based upon the Euler equations.
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1. INTRODUCTION

Efficient transonic flow analysis methods were introduced by Murman and
Cole! and Jameson? in the early 1970’s. Since that time, in addition to the evolu-
tion of sophisticated analysis procedures for the transonic flow regime, a variety of
numerical aerodynamic design methods have been developed. These can be broadly
categorized as inverse 1 methods, Irl’g‘r‘pwgg_igglhoptimization methods and shock-free de-
sigqvjpgi}}ois_, such as the hodograph method and fictitous gas approach. Among
these methods, currently two classes including inverse methods and numerical op-
timization methods are widely used as practical aerodynamic design tools. In the
inverse design methods, a distribution of flow variables, usually pressure or veloc-
ity, is specified along the arc length of the airfoil, and the solution of the governing
equations is used iteratively, to determine the corresponding airfoil shape. In nu-
merical optimization procedures, a sequence of transonic flow analyses is performed
over specified geometric shapes and this information is utilized to determine the ge-
ometric design variables which optimize a specific objective function, (usually based
upon performance).

Before describing the general overview of the present study, a brief review of
various methods in these two catagories will be helpful to understand the motivation
and the current position of this study in the latter category. Good surveys of various
aerodynamic design methods are provided by Holst et al.3 and Slooff*. Most of the
aerodynamic design methods were reviewed and their usefulness and limitations

were summarized. Portions of the review presented here, especially for inverse

methods, relies on information from those surveys.
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Early work in the development of inverse design methods for the transonic
flow regime started with transonic small disturbance(TSD) theory. These include
Steger and Klineberg® and Shankar et al.® for two-dimensional airfoil design, and
Forsey and Carr reported by Lock? and Shankar®® for three-dimensional wing de-
sign. Most of the methods were generally not well developed, in particular in the
limited geometric capabilities and the almost common lack of control of closure.
The closure problem in airfoil design refers to the fact that a prescribed pressure
or velocity distribution does not necessarily result in a closed airfoil trailing edge.
However these methods showed two different basic approaches for the inverse meth-
ods, i.e. iterative-Dirichlet and iterative-Neuman (residual-correction) types, and
provided the background for the next development of inverse design methods with
full potential theory.

The inverse design methods based on full potential theory can be distinguished
by two approaches. One class of methods follows the classic approach described by
Lighthill’®, In this method the airfoil corresponding to a target pressure distribu-
tion is obtained as the solution to a Dirichlet problem. The boundary conditions are
linearized about a given approximate geometry being sought and the distribution of
surface potential is obtained by integration of the target velocity(pressure) distribu-
tion. Then the inverse problem is solved as a sequence of Dirichlet boundary-value
problems for the velocity potential with geometry corrections based on calculated
normal velocity distribution after each Dirichlet step.

The first reported effort to solve the full potential transonic inverse airfoil prob-
lem based on this approach is that of Tranen!!. He applied the complete equations
to the inverse problem by modifying the conformal mapping relaxation solution

technique of Garabedian and Kornl? to use the Dirichlet boundary conditions.
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Since this technique maps the computational grid to match the airfoil surface, Tra-
nen was forced to applied the boundary conditions at the surface of some assumed
airfoil. As a result the shape computed after the relaxation process converged was
not completely compatable with the input pressure distribution. Thus he required
a direct analysis to check the resulting pressure distribution for adjusting the sur-
face displacement. The inverse and direct analysis were repeated alternatively to
achieve convergence. This method is basically improperly formulated and there is
no guarantee for convergence. A similar approach to that of Tranen was taken by
Volpe!® and Arlinger!* for inverse methods for two-element airfoil systems.

A distinctly different approach has been taken by Carlson!5:6, Instead of using
a body conforming finite-difference mesh in the circle plane, he used Cartesian coor-
dinates in the physical plane with the body not aligned with the mesh. The surface
boundary conditions then were applied using special, complicated finite-difference
expressions. The mixed boundary value problem was solved with the leading-edge
shape or a greater portion of the airfoil fixed and the pressure prescribed over the re-
maining portion. Unlike the previous methods, this approach determined the airfoil
shape simultaneously with the flow-field solution since the geometry was updated
periodically during the relaxation sweeps rather than determined after a complete
convergence. Airfoil closure was controlled in an ad hoc manner by changing the
airfoil nose until the desired trailing-edge gap was obtained. The procedure was
found to be economical.

As was first described by Lighthill for the incompressible problem, constraints
arise for this category of inverse methods. Two constraints arise from the require-
ment that the airfoil profile be closed(or have a specified trailing-edge thickness).
A third constraint requires that the prescribed pressure distribution be compati-

ble with the specified free-stream velocity. Failure in satisfying these constraints
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can result in an ill-posed Dirichlet problem and/or failure in obtaining the desired
trailing-edge gap. The main advantage of the Dirichlet type methods is rapid con-
vergence, provided appropriate auxiliary algebraic constraints are satisfied. In many
published procedures, these constraints are obviously not taken into account.

In all of the early compressible low methods based on the iterative Dirichlet
type approach, as pointed out by Volpe and Melnik!?, the actual pressure com-
puted on the surface of airfoils designed does not generally agree with the target
pressure within arbitrary small tolerance, because not all the constraints on the in-
verse problem are specified. Volpe and Melnik!® discussed the importance of those
constraints rigorously and addressed a method in which the target pressure distri-
butions satisfies all the constraints and, therefore, the problem is well posed and
has complete control over closure problem, at least for two dimensions.

The first inverse method based on the iterative Dirichlet approach for three-
dimensional potential flows is that of Hennel®. It can be considered as the three di-
mension equivalent of Tranen’s!! two-dimensional method and only addressed con-
straint issues in an ad hoc fashion using a modified version of the Jameson-Caughey
FLO-22 wing code?®. Another iterative Dirichlet scheme for three-dimensional in-
verse design was performed by Shankar?! which used a modified FLO-30 finite vol-
ume wing-fuselage analysis code?2. Carlson’s method!®:1® has been also extended
to the three-dimensional transonic wing design in more generalized curvilinear grid
system in Refs. 23-25. A modified version of FLO-30 is used and a viscous boundary
layer correction is considered.

Another inverse design approach, often called residual-correction type, is to
use a sequence of Neuman-type direct solutions. Here the pressure(or velocity)
distribution on an airfoil surface and its force characteristics are computed and then

compared to the desired target pressure(or velocity) and/or forces. The differences
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between computed and target values, usually called the residuals, are then used in
some geometry correction procedure to modify the airfoil contour, and this process
is repeated as long as desired. The main advantage of the residual-correction type
is its simplicity. Only a small investment of effort is required, since any existing
transonic analysis code can be used without modification. The main disadvantage
is the lack of guarantee that the iteration will converge with the residual reduced to
arbitrary small levels. It also used relatively more computation time compared to
the iterative-Dirichlet type approach. However, these methods do not necessarily
converge for arbitrarily prescribed pressure distributions.

A residual-correction type of approach to the two-dimensional transonic inverse
airfoil problem has been developed by Davis2®, which utilized Jameson’s full poten-
tial code FLO-6. A transonic small disturbance wavy-wall formula is utilized for
the surface modification which is driven by the residual. This approach is limited
to small local modifications of existing pressure distributions. An advantage is that
only modest development effort is needed to obtain a working code since any anal-
ysis code can be retained in its original form and only a simple geometry correction
routine must be developed.

An approach somewhat similar to that of Davis has been performed at the NLR
in the Netherlands, as reported in Ref. 27. This system combines the geometry
modification routine based on the two-dimensinal version of the subsonic thin wing
inverse code of Ref. 28 and an inverse supersonic wavy-wall formulation with the
Boestoel TRAFS?° analysis method. The method was used for the design of two-
dimensional airfoils in transonic flow with control on closure. For the design of an
airfoil with a weak shock, approximatly 10 iterations which includes 10 exact flow

field analyses by TRAF'S is needed to obtain convergence to engineering accuracy.
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McFadden®° also solved the inverse problem with the use of an direct analysis
method. A modified version of the Bauer-Garabedian-Korn-Jameson(BGKJ) circle

31 and a functional relationship involving the mapping

plane relaxation program
and the velocity distribution along the airfoil surface between the physical and com-
putational planes are used in an iterative sequence. The method has basically no
control over closure. This method is extended for three-dimensional wings in tran-
sonic flows by Garabedian and McFadden32—34, The method utilizes a version of
the FLO-22 analysis code?® in combination with a relationship between geometry
correction and the pressure residual which considers the effects of curvature and
slope modifications. Continuous modifications were made to add the design capa-
bility for wing leading-edge regions and to expand the design range of configurations
by Malone et al.3%:36

Most of the previous efforts in the inverse methods are based on the full poten-
tial analysis. Although the potential-flow design procedures are useful and effective
as practical design tools due to their reasonable computational resources needed,
they have a limitation of the isentropic flow assumption, which leads to an incor-
rect treatment of shock waves. Recently, the inverse methods gradually broaden
their capability to handle this rotational effects and even viscous effects. One of
the inverse methods based on the Euler analysis has been studied by Giles and
Thompkins3’—3°, The method describes the Newton solution methods for the Eu-
ler equations on an intrinsic streamline grid. Other approaches were taken by the
research group in ONERA, with Ref. 40 for two-dimensional cascades and ducts,
Ref. 41 for axisymmetric nacelles and Ref. 42 for three-dimensional nozzle and

jets. This method uses the pseudo-unsteady approach for solving the Euler equa-

tions with a special treatment of the slip conditions on a solid wall based on a
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characteristic relation method. The Navier-Stokes equations have been also suc-
cessfuly implemented in the inverse method in Refs. 43 and 44 which are based on

the modified Garabedian-McFadden residual-correction design algorithm.

Besides the inverse methods mentioned so far and the numerical optimization
methods to be reviewed later, there are several other design approaches in transonic
flow regime. One of those is the hodograph method. This method makes use of
the fact that the partial differential equations of compressible potential flow are
linear when the equations are transformed from the physical plane to the hodograph
plane and, thus, linear superposition of fundamental solutions of the hodograph
equations can be used for constructing more complex solutions. Since the first
successful computation of transonic potential flow about airfoil-like shapes using
the hodograph method by Nieuwland*®, many studies, e.g., Refs. 12, 46-52 have
been shown that this method could be used to design airfoils with superior transonic
performance characteristics with the work of Garabedian and Korn!2 and Boerstoel
and Huizing*” most well known. The methods generally yield excellent results
of high accuracy. Very recently a general belief which had been considered as a
major drawback of the hodograph method, that the method can only be applied to
two-dimensional steady flow problems, appears to be broken and the method was
extended to three-dimensional problem in Refs. 53 and 54. Nevertheless, they are
not very practical tools for transonic design because they involve complex mappings
and require complicated input conditions which are difficult to formulate in general.

The other special approach is the fictitious gas idea by Sobieczky?5—62. The
method is based on the concept of the elliptic continuation of the subsonic part of
a mixed subsonic/supersonic flow field into the supersonic zone by utilizing a direct

potential-flow analysis with a modified pressure-density relation. The fictitious gas
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flow is first calculated for a given body geometry using this modified potential-flow
anaysis method and then the correct supersonic flow inside the region of the sonic
surfaces is calculated using the solution on the sonic surface as the initial data. In
this way the body contour inside the sonic surface could be modified, hence, the
method is considered as a shock-free redesign method®®. This approach is much
easier to implement than the hodograph method. However, the important point to
note is that the redesign problem does not always have a useful solution and the
initial value problem for supersonic domain in three dimensions is considered to be
ill-posed58:®1, The method, generally, is a viable tool for the shock free redesign of a
given wing in the final stages of the aerodynamic design process. However, because
of the fact that a suitable basic shape is required from the outset, additional tools

such as described earlier are necessary to complete the aerodynamic design.

A large branch of design methods in the transonic regime utilizes numerical op-
timization methods. These methods utilize direct aerodynamic analysis along with a
numerical optimization algorithm, to optimize a specified function of aerodynamic
performance. The main issues in developing numerical optimization procedures
are the selection of design variables, objective function, constraints, particular flow
analysis methods and numerical optimization algorithms.

The method of specifying the geometry to be designed and corresponding design
variables, is of utmost importance. The choice should be generally directed towards
describing a sufficiently wide class of practical solutions and also reducing the com-
putational effort required for exact flow analyses by effectively defining the geometry
designed. The first applications of numerical optimization to transonic flow design

63—-65

problems, as performed by Hicks, Murman and Vanderplaats using simple

polynomial expressions for the geometry definition. In later applications®®—7°, the
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concept of shape functions describing local geomtry modifications was utilized. A
simple polynomial which has the same form of thickness distribution for NACA
four-digit airfoils has been used first to define symmetric airfoils by Hicks et al.5®
The coefficients of the polynomial are treated as design variables. This idea is
extended to the several piecewise polynomial representations for both upper and
lower surfaces of the airfoil in Refs. 64 and 65. In Ref. 66, a shape function idea
is introduced where the airfoil geometry is represented by the superposition of a
baseline airfoil and these shape functions. However, still polynomials are selected
to be used as the shape functions. Using arbitrary polynomials to define an air-
foil is quite inefficient since the polynomials have basic restrictions in representing
various geometric shapes so that the true optimum may be biased. If higher-order
polynomials are utilized to avoid this problem, then the computational time will be
increased due to the increse of the number of corresponding design variables. The
same idea of utilizing simple mathematical bumps, e.g., sine, exponential or poly-
nomials, were employed in three-dimensional wing design in Refs. 69,70 and 79. In
Refs. 67 and 68, Vanderplaats takes four existing airfoils as shape functions and the
geometry of airfoil is determined by the linear superposition of these four airfoils.
The idea is very successful and the results showed that complicated geometries can
be generated with much less computational effort mainly due to the reduction of the
number of design variables. A more sophisticated and refined idea for shape func-
tions can be found in Refs. 71-73. There, Aidala et al.”! developed several improved
shape functions which were more aerodynamic, unlike the physically meaningless
bumps or polynomials used in the previous studies. They chose a base airfoil and
analyzed it to obtain a baseline pressure distribution. Then this baseline pressure
distribution was modified several times in a way that each modification had its own

specific aerodynamic function such as smoothing upper surface shock or moving it

INTRODUCTION 9



forward or aft etc. Using an inverse method, modified airfoil shapes were obtained
corresponding to those modified pressure distributions by specifying them as target
pressures. Finally, thickness distributions of both the base and modified airfoils
were calculated and then substracted each other to result in corresponding shape
functions. In application to actual design problem, by selecting necessary shape
functions for each particular design problem, they could substantially reduce the
computational effort.

In general, the shape functions and design variables are selected carefully for
each individual design problem. The formulation of the present study was also set
up with considering this fact, thus it does not preclude implementation of more
improved shape function idea such as that of Aidala et al.”!

The selection of the objective function and constraints defines the optimization
problem. In two-dimensional transonic applications®3—68, typically wave drag has
been selected as the objective function, subject to constraints, e.g., minimum cross-
sectional area, minimum lift and/or maximum pitching moment. Also lift has been
maximized subject to constraints on wave drag and airfoil area®”:8. The latter was
also chosen for the present study since the selection of the same problem will give
us a good comparison of performance between different optimization procedures.

Some problems in using numerical optimization methods are associated with
nonuniqueness of the solution or local optima. These effects have been partly im-
proved by adding more constraints, using improved objective functions, improved
design variables and applying more effective optimization algorithms. In three-
dimensional wing design cases, attempts to directly minimize wave drag have been
made in Refs. 69 and 74-76. Nonuniqueness effects were present and even more
severe than two-dimensional cases. The primary reason for this failure appears to

be the inaccuracies in the drag calculations may act on numerically generated noise
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which relays incorrect gradient information to the optimization process. Some ex-
ample design problems where inaccurate calculations produced erroneous designs
are discussed in Ref. 78. A way to circumvent this problem is to use alternative
types of objective functions. One candidate, which is most frequently used for three-
dimensional wing design problem, is a pressure distribution type of objective func-
tion based on the difference between target pressure and actual computed pressure.
However, if this type of objective function is used, one of the important advantages
of numerical optimization approach over the inverse method, which is freedom to
select a clear design objective for aerodynamic designers instead of handling the
more indirect pressure distribution, is lost. Furthermore the inverse method can
perform the same work with much less computational effort.

The direct solution for the accuracy problem is to increase the accuracy of
computations by developing more efficient algorithms and/or more increasing mesh
points. The study of Cosentino and Holst®® demonstrates clearly that this is true.
TWING, the analysis program developed at NASA Ames Research Center by Holst

81, uses a fully implicit approximate factorization for solving the full

and Thomas
potential equation. This algorithm has a fast convergence rate so that very stringent
convergence criterion can be utilized without much increase in computing time. This
improves the precision of the wave drag computation dramatically and removes
all the previous problems associated with directly minimizing wave drag as the
objective function.

Most of previous work in developing numerical optimization procedures are
based on the transonic potential-flow analysis. Although recently several appli-
cations of the inverse methods with the Euler or Navier-Stokes analysis methods

have been addressed, similar efforts have not been implemented using numerical

optimization methods in transonic design problems. A major reason for this may
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be that the coupling of a more sophisticated transonic flow analysis methods with
a numereical optimization algorithm produces prohibitive computational costs. In
the present study, two different analysis codes will be utilized. One is the simplest
but more approximate transonic small-disturbance(TSD) analysis and the other is
a more exact inviscid Euler analysis.

Another issue in developing numerical optimization procedures is the choice
of the particular optimization algorithm and the related special optimization tech-
niques which can be more efficient when the algorithm is coupled with complex
analysis methods. Unlike the various choices in analysis codes, most of previous
work in this area, in particular, with transonic flow analysis codes, has utilized
the optimizer CONMIN®? which is based on the feasible direction method. There
may not be any specific reason for this, but only because the program can be
easily used and is widely available. So far, no comprehensive studies of perfor-
mance for various optimizers have been performed for transonic design optimization
problems. A few groups are utilizing different optimizer such as QNDIF&3(Quasi-
Newton method with DIFferent approximations to the derivatives) by Kennelly®*
and Cosentino and Holst®" and NEWSUMT-A87 which is based on the penalty func-
tion method with constraint approximations by Joh et al.8% In the present study,
the optimizer NEWSUMT-A will be utilized for transonic airfoil optimization based
on the successful demonstrations of its implementation in multi-disciplinary wing
design problems®%:°°, It may be noted that some exploratory attempts have been
made to apply one of the state-of-art optimization algorithms, evolution theory, to
a three-dimensional wing design problem as reported by Gregg and Misegades®®.
Results indicate that the algorithm is simple to implement, efficient and relatively
insensitive to the number of design variables. However it needs care in determining

geometry modifications used during the optimization for a reasonable wing design.
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Also the weighting factors to be used in the processing function should be carefully
determined to obtain truly optimized wings.

In addition to the selection of a specific numerical optimization algorithm,
there are methods to improve the efficiency of these problems by more effectively
interfacing an optimization program with an analysis program, as implemented in
Refs. 68 and 85. This technique, which is very popular in structural optimization,
is called sequential approrimate optimsization. In this technique, the approximate
transonic flow analyses are utilized during portions of the optimization process and
many of necessary exact analyses can be saved. In Ref. 68, the data base approach
can also be used to speed-up the convergence on numerical optimization, where all
preceding analysis data are stored and reused to construct higher-order derivative-
based approximations to the objective function and constraints. The sequential
approximate optimization is also adopted in the present study for improving the

efficiency.

After a review of the two major categories in transonic aerodynamic design
methods, some comments on the relative strengths and weaknesses of both meth-
ods are appropriate. Refs. 77 and 91 address this issue. The major weakness of the
inverse methods is that they require the use of considerable design experience in
order to effectively specify the pressure distribution and must deal with the closure
problem associated with the fact that an arbitrary pressure distribution may not
result in a closed airfoil shape. Moreover, even if the target pressure distribution
results in physically realistic geometry, it takes considerable experience to spec-
ify aerodynamically desirable pressure distributions since this prescribed pressure
distribution should improve the aerodynamic performance such as reducing drag

or increasing lift-to-drag ratio. Another weakness of the inverse methods is that
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constraints are difficult to impose. Again, this is due to the fact that aerodynamic
designers may not have sufficient intuition and experience in how a specific pressure
distribution relates to the constraints. Extensive investigation of inherent problems
of inverse methods such as physically unrealistic geometry, existence of solutions
and body closure is presented in Refs. 3,4 and 18.

The difficulty of integrating the inverse methods with other engineering disci-
plines is also one of their major weaknesses. As an example, consider wing design
problems involving composite materials and active controls, where there is a close
coupling of aerodynamics, structures and control theory. When more than one dis-
cipline is involved, experience-based methods, such as inverse approaches, become
less attractive. This is in part due to the limited experience of the designer over the
wide range of design space of several disciplines, and is also due to the difficulty in
developing problem-specific, inverse method software for more than one discipline.

Nevertheless, inverse methods have proved to be very useful, ¢.f., Ruppert and

92 and most widely used as practical design tools primarily due to

Goldhammer
their computational efficiency.

Numerical optimization methods, while giving promise to find an optimal airfoil
based on specified performance criteria and subject to specified constraints, are less
widely used. The methods tend to be computationally costly, and the selection
of the appropriate objective function for a two-dimensional design, within a three-
dimensional wing flow field is not obvious. Furthermore the methods are sometimes
hampered by the appearance of local, rather than global optima.

In general, despite their potential, numerical optimization methods are not
commonly used in most aspects of aircraft design, e.g., Ashley®3. However, in

the future this situation will change since the development of new generations of

computers will surely make optimization methods more practical.
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Numerical optimization methods still retain several important advantages over
inverse methods. One of these is their automated design capability which does not
require much design experience. Another advantage is that design objectives and
constraints can be clearly and freely specified with these methods. For example,
objective functions can be selected with constraints suitable for multi-point designs.
"An example of a two-point design problem directed towards the design of airfoils
with low drag creep can be found in Ref. 66. The three-dimensional applications of
multi-point designs can be found in Refs. 94-96. The primary geometries are deter-
mined by one design point with the optimization used to minimize drag at a second
condition. The ability to include various constraints enables the numerical opti-
mization methods handle more complicated design problems, especially those of a
multi-disciplinary nature. For example, when the methods are used within a hierar-
chal framework, c.f., Sobieszczanski-Sobieski®?, they tend to preserve the autonomy
of each discipline. Studies in simultaneous aerodynamic-structural design®9:°° bear
this out. In Ref. 90, the wing planform shape and the internal structural sizes for
a forward-swept, all composite, transport wing are determined by numerical opti-
mization. Through the use of a modular sensitivity analysis, each discipline utilizes
the appropriate individual analysis codes, t.e., finite-element for the structure and
vortex-lattice for the (low-speed) aerodynamics, while including the complete cou-
pling of the disciplines with a single optimization loop, minimizing the overall wing
weight. This research, which only considered planform effects, with a prescribed

airfoil shape, formed the motivation for the present work.

We considered the design of transonic airfoils by numerical optimization meth-

1.63

ods beginning with the work of Hicks et al.°® using a transonic small-disturbance

code for the airfoil analysis. The airfoil geometry was approximated by a piecewise
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polynomial distribution with 11 coefficients as design variables. They considered
several design problems including a transonic lift maximization at My, = 0.75, with
a constraint on the wave drag, C4 < 0.004 and a constraint on the non-dimensional
airfoil cross-sectional area ratio, A > 0.075. Results were obtained for this case
after an optimization involving 143 iterations.

Computational efficiency issues for airfoil design with optimization has been
studied by Vanderplaats and Hicks®? and Vanderplaats®®. In Ref. 67, the idea of
utilizing shape functions for the airfoil geometry was introduced. Designing the air-
foil as a superposition of 4 existing airfoil shapes resulted in improved efficiency of
the transonic lift maximization problem, requiring 70 complete full-potential global
iterations. In Ref. 68, the efficiency issue was further studied using a sequential op-
timization technique and data base approach. The same transonic lift maximization
problem now required 44 global iterations.

The objective of the present effort is to develop efficient numerical optimization
procedures for the design of two-dimensional airfoils at transonic speeds, using as
few complete transonic analyses as possible. It is also hoped that the methods that

are developed here, will be of sufficient computational efficiency to eventually allow

their use within the larger framework of multi-disciplinary wing designs. A prelim-
inary study for this effort is reported in Ref. 85, where some special treatments
were developed for design optimization based upon the transonic small-disturbance
equations. In this study, these ideas will be amplified and improved and the ap-
plicability of the methods examined in detail to the more accurate Euler equation

analysis.

The detailed formulation of the design problem considered in the present study

is described in the following two chapters, the formulation of design problem in
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Chapter 2 and formulation for transonic flow analysis in Chapter 3. The design
formulation in Chapter 2 discusses the selection of objective function, constraints
and specific optimization algorithm(optimizer). The sequential approximate opti-
mization technique is also described in this chapter.

In Chapter 3, the two transonic codes, transonic small disturbance(TSD) and
Euler which will be coupled with the optimization algorithm, are described. A de-
tailed discussion is presented about the advantage of the TSD boundary conditions
and the necessary modification of the Euler boundary conditions for implementing
those methods in the design optimization problem considered here.

In Chapter 4, the approximations of the lift objective function and wave-drag
constraint are considered, which play a very important role in the approximate
optimization. Several candidates for the approximation methods are tested. Two
selected approximations which are the linear approximation for lift and the method
of strained coordinates for wave drag are discussed.

The design results based on the TSD method are presented in Chapter 5. The
first trial of design with conventional tight move limit strategy which resulted in
local optima is investigated. The cause was found to be the noisy behavior of
wave drag constraint which resulted from the poor nose-geometry interpolation. A
new design strategy is suggested to overcome this local optimum problem, which is
interchanging the role of objective function and constraint. A third strategy which
is the design with absolute move limits is also tested.

In Chapter 6, the design procedures developed with the TSD method in Chap-
ter 5 are applied and evaluated with the Euler analysis method. Interchanging the
role of objective function and constraint is proven to be still an effective strategy
for the design based on the Euler solutions where the drag has a smooth behavior

with respect to the design parameters. The direct lift maximization with absolute
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move limits also works well for designs based on the Euler analysis method. The
complete convergence histories for both strategies are presented.

Final conclusions are included in Chapter 7. The important findings and results
exhibited during the development of the design optimization procedures in transonic

flow regime are summarized in this chapter.
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2. DESIGN FORMULATION

This chapter describes the specific design problem which will be solved for the
present study. The formulation of this design problem includes the selection of de-
sign objective function, constraints, design parameters, specific flow analysis method
and optimization algorithm. All of these issues are discussed in this chapter except
the flow analysis method which will be discussed in Chapter 3. In addition, the
implementation of a sequential approximation optimization which is a special tech-
nique to improve the efficiency of the design optimization process is also described

in this chapter.

2.1 Design Problem

The design problem considered is that of lift maximization subject to con-
straints on wave drag and airfoil cross-sectional area. The problem is formally
stated as

maximize Ci(X)

(2.1
such that Cd(x-) S Cd: ’

A(X) 2 Amin,
where X is the vector of design parameters X = (X1, Xa,...,Xn)7T specifying the
airfoil geometry, Cy is the drag coefficient due to wave drag, Cy, is the prescribed
upper limit on wave drag, A is the airfoil cross-sectional area non-dimensionalized
by ¢2, with c the airfoil chord and A, is the minimum required area. The design
is performed at a free-stream Mach number of My, = 0.75 and zero angle of attack

a=0.
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This type of problem has been solved first by Vanderplaats and Hicks®? with
a full potential code, requiring 70 complete exact analyses. In Ref. 68, the same
problem required 44 exact analyses with a sequential optimization technique and
data base approach where all the previous design information is stored and reused
for constructing higher-order approximations.

Here, this problem will be solved by utilizing two different codes, one a more
approximate transonic small disturbance(TSD) analysis and the second, a more
exact inviscid Euler analysis. However, due to the different approximations in the
two analyses, particularly the neglect of entropy jumps across the shock waves, the
wave drag values are found to be different, with the TSD result at a lower level. In
order to develop somewhat similar designs between the Euler and TSD methods it
was found necessary to utilize a larger value of Cy, in Eq. 2.1 for the Euler designs.
Specifically, a Cy, value of 0.004 for the TSD method and 0.01 for the Euler method

were selected. For both analyses, the same value of A,,;n, 0.075 was used.

2.2 Shape functions and Design Variables

Vanderplaats and Hicks®? utilized shape functions to significantly reduce the
computational effort of airfoil design optimization, especially when compared to
their previous studies using a piecewise polynomial representation®—%¢, The spe-
cific form introduced in Ref. 67 is used here, where the non-dimensional airfoil
ordinates are considered to be a linear combination of ordinates of existing airfoils

as
N+2

z
Y = Z; x:v: (%), (2:2)
where Y = y/c with y being the airfoil ordinate and ¢ the airfoil chord length. The

specified shape functions Y; are functions of the non-dimensional abscissa z/¢. The
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parameters X; are the design variables and N is the number of independent design
variables. For the design process considered here, four shape functions, N = 4,

corresponding to the following airfoil shapes were considered:

Yy, : NACA 2412,
Y, : NACA®64; —412,
Ys : NACA®65,—415,
Ys : NACA64,A215.

The coordinates are defined at 52 points along the upper and lower surfaces. A
cubic spline interpolation based on the arc-length of the airfoil with a periodic
boundary condition is used for generating the continuous geometric data of these
shape functions. There are two additional shape functions to impose the boundary
conditions at the trailing edge of the airfoil. These are Yy +1 = +z/c on the upper
surface and zero on the lower surface, and Yy42 = —z/c on the lower surface and
zero on the upper surface. These six shape functions are presented in Fig. 1. For the
design problem based on the TSD analysis, the trailing-edge thickness is specified

to be 0.25 percent of the chord length as

(Yr.8.) = ( ((z//f:))'; > T.E.
- (om).

For the design problem based on the Euler method, zero trailing-edge thickness is

(2.3a)

specified as
(Yr.g) = (g) : (2.3b)

These boundary conditions fix the values of the coefficients Xn4; and Xy 49

in terms of X;,...,Xn. If we rewrite Eq. 2.2 in matrix form including the above
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boundary conditions at the trailing edge as

. %)
e X2
: Y11 Y12] :

P L Fo, 2.4
(YT.E.) [Y21 Va2 X~ (24)
XN+1

XN+2)

where Y1 and Y>; contain the first four shape function data and Y;2 and Y32 contain
two additional shape function data. Y2; and Y3, correspond to the ordinates of
both upper and lower trailing edge points. Since the vector of design variables
X = (X1, X2,...,Xn)7 is defined by the optimization program, the unknowns are

now (Xn+1, Xn+2)7. These can be solved by

X1
(ﬁz::) = [ Y22]_1 (YTE) - [ Y22]—1 [ Y21] X2 (2.5)
XN

Thus the designs considered here utilize four independent design variables. How-
ever, the methods implemented here will not preclude the use of additional design

variables or different shape functions.

2.8 Optimization Method

When a design optimization is coupled with an expensive numerical analysis
code, most of the cost of the optimization is associated with the exact analyses and
sensitivity calculations. It is, therefore, relatively less important to consider the
efficiency of the optimizer in the selection of a specific optimizer. In general, it is
more important to emphasize reliability and robustness. The specific optimizer used

for the present study is the general purpose optimization program NEWSUMT-A®%7.
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Some studies have indicated that the NEWSUMT-A is relatively reliable and robust

compared with other optimizers®8.

NEWSUMT-A

This program is a general purpose optimization program which is the modi-
fied version of NEWSUMT®® by adding constraint approximations and move-limit
strategy. It is based on a quadratic extended interior penalty function and Newton
method for unconstrained minimization. The one dimensional minimizations are
carried out using the Golden Section method. The program provides the user with

several approximation-switching and move limit strategies.

2.4 Sequential Approzimation Optimization

The optimization process usually requires evaluating the objective function and
constraints hundreds or thousands of times. Even with the most efficient transonic
flow analysis code, the cost of the process may be prohibitive if the analysis code and
an optimization algorithm are linked together directly so that full analyses are made
for all the function evaluations during the design process. Instead, the sequential
approximation algorithm® is utilized here. This approach replaces the original
objective function and constraints with approximations based upon nominal values
and derivatives at an initial point. Additionally, move limits are used to prevent
the design from moving cutside the bound of validity of the approximations. The
approximated design problem is given then as :

maximize C) (X)

d (2.6)
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where subscript a refer to the approximation, A X represents move limits imposed to
guarantee the accuracy of the approximation and X is the initial design. Since A,
the cross-sectional area, is a linear function of design variables X, no approximation
is needed.

Each approximate optimization problem is solved until an optimum is found.
Then a new approximation is constructed there based on the new exact analysis
and sensitivity data, and the design optimization process is repeated until conver-
gence is achieved. The flowchart for the design process employing the sequential
approximation optimization is presented in Fig. 2. An approximate optimization is
typically referred to as an optimization cycle, and this is also the terminology used
here.

The remaining work to implement a sequential approximation algorithm in-
cludes the selection of exact analysis methods and development of accurate approx-
imation methods. In the next chapter, the transonic flow analysis codes used for
evaluating the objective function and constraints will be described. An important
part of implementing a sequential approximation algorithm involves the approx-
imation of the objective function and constraints. It has been found that these
approximations play a crucial role in the design process. The procedures developed

for approximating the lift and drag appear in detail in Chapter 4.
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3. ANALYTICAL FORMULATION

When analysis methods are considered to be selected for coupling with an
optimization approach, a trade off is often made between the complexity of the
mathematical model for the flow of interest and the cost of calculation. In this
chapter, some consideration on this trade off is made through a brief review of all
the numerical transonic flow analysis methods. Two specific analysis methods se-
lected for the present study based on the transonic small-disturbance equation and
the Euler equations, are discussed in more detail especially in connection with the
nature of boundary conditions when those methods are coupled with an optimiza-
tion algorithm. An approximate treatment of boundary conditions for the Euler
analysis method in order to alleviate the computational effort caused in coupling

with a design optimization is also presented.

8.1 Governing Equations

The Navier-Stokes equations are generally accepted as the basic equations gov-
erning most fluid dynamic phenomena. The equations are capable of representing
mathematically the physical phenomena encountered in transonic flows, includ-
ing mixed subsonic-supersonic flow, shock waves, boundary layers, and separation.
However, if shock waves are relatively weak so that the flow is well behaved and
attached, then there are no significant viscous effects due to flow separation and it
is possible to neglect the viscous terms entirely. This approximation leads to the
Euler equations. The Euler equations in Cartesian coordinates can be written in

vector form as
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where Q represents the conservative quantities and F' and G are flux vectors in the

z- and y- directions respectively,

p pu pv
_ | pu _ | put+p | euv
Q = PV ’ F = pUY ) G = pvz + p N (3.1(1)
peo . puho pvho

and for a perfect gas

p (w2 + %)
p={(-1) (peo——z—) ,

hO = eO+£’
p

(3.18)

where p, p,u,v,eo and hg represents the pressure, density, Cartesian velocity com-
ponents, total energy and total enthalpy and -« represents the ratio of specific heats.
As boundary conditions, the tangency condition of no flow through a solid body and
characteristic-based far field conditions are imposed to solve the Euler equations.
Additionally the Kutta condition is also imposed to model the real viscous flow for
lifting body cases. The Euler equations are the most accurate mathematical form
of equations in the inviscid flow. The flow can be rotational.

If the ﬂov.v is adiabatic and non-heat conducting, then the only mechanism for
producing entropy changes in an inviscid fluid is through the presence of a shock
wave. However, as long as the shock wave is sufficiently weak, approximately with
a local Mach number smaller than 1.3 upstream of the shock wave, the entropy
production can be negligible. Furthermore, if the flow at infinity is uniform, then
by Crocco’s theorem the assumption of isentropy leads directly to the irrotational

flow. The main advantage of irrotational flow is that a velocity potential can be
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introduced so that a system of Euler equations reduces to a single equation with the
only unknown being the velocity potential. Once the velocity potential is known,
all the other flow quantities can be calculated according to the relations expressed
with the velocity potential.

Final simplification for transonic flow can be made by assuming small distur-
bances and a Mach number close to unity. For the flow over a thin airfoil where
the free stream is only slightly disturbed, the transonic small disturbance(TSD)
equation can be systematically derived from the full potential equation. Suppose
that the body profile is given in the form of y = Y (z) = 6 f(z), where § is a small
parameter. If we expand the solution in powers of 6 under the assumption that
1— M2 =~ O(6%/3) in the transonic range where My, =~ 1, and retain only the lead-
ing term, we obtain the TSD equation.!?® The typical form of the TSD equation

may be written either in physical variables

("“)MK@Z] +®,, =0, (3.20)

z

0 -m2)e.

or in similarity variables

[K¢z_ (7;1)452] + ¢35 = 0, (3.2b)

where ®,¢ are, respectively, the physically and transonically scaled pertubation

potentials defined as
* = cUs(c+®+...) = cUs(z+6*M"¢+..), (3.3)

and ®* is the total potential, é is usually taken as the maximum thickness of airfoil,
¢ is the airfoil chord, M, is the free-stream Mach number, z and y are the Cartesian

coordinates and

g = 6/3M7 (3.4)
1—- M2
K = W ) (305)
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where K is the transonic similarity parameter. Both the exponents m and n ba-
sically modify or tune-up the small-disturbance theory to provide more accurate
approximation of solutions to the full potentail equation over a wide range of My,
and 6. This TSD equation is the simplest equation that can describe a transonic
flow. In addition to the governing equation, the boundary conditions at both sur-
face and far field must also be applied. The linearized form of the surface boundary
condition applied to the axis y = O instead of the airfoil surface is consistent with
the TSD approximations. For the lifting case, the circulation must be imposed and
determined by satisfying the Kutta condition.

For the present study, two different analysis methods are selected. The first
is a more approximate and consequently more simple and efficient numerical flow
anlysis method, which is based upon the transonic small disturbance equation.
The other is the more exact inviscid flow analysis method based upon the Euler
equations for the validation of the procedures developed first. Although the actual
results of our design studies will depend upon the specific form of the analysis
method chosen, it is expected that most of the conclusions on relative computational
efficiency obtained with a simple numerical analysis method can be applied to more

complicated analyses.

3.2 Transonic Small Disturbance(TSD) Analysis

Since our primary emphasis for the first effort was placed on the efficiency, the
transonic small disturbance method was selected. One reason to use the simple
transonic analysis code af first is basically to relieve the computationl burden since
it usually requires huge number of repeated runnings of the analysis code to de-
velop a design optimization procedure. The efficiency of the TSD analysis over full

potential theory is mainly due to its linearized surface boundary condition. Since
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this boundary condition is applied to the z-axis not curved surface of the body, a
complicated body conforming grid system need not to be generated to apply the
boundary condition. The other reason is that it is also hoped that the methods de-
veloped here would be sufficiently efficient as to be employed within the much more
complex framework of a multi-disciplinary aircraft design. Thus efficiency is the
most crucial factor. Although the TSD method is the simplest theory for transonic
flow, it still retains the capability to simulate the most important features of the
transonic flow such as mixed nonlinear type of flow, shock waves and even wave drag
prediction. Clearly, Eq. 3.2b has the form locally either of hyperbolic type, repre-
senting supersonic flow ¢, > K/ (v + 1), or of a elliptic type, representing subsonic
flow ¢, < K/ (v + 1). If we introduce conservative discretizations into Eq. 3.2, the
solution will satisfy the weak form and consequently discontinuities in the solution
will be correctly captured. In the exact invscid flow theory(Euler equations), it is
well known that wave drag results from the entropy production by the shock waves.
In the TSD equation, it is also possible to approximate the wave drag by first-order
entropy production through weak shocks from the first-order theory 1°!. Thus the
TSD equation can efficiently simulate the mixed elliptic -hyperbolic type flow with
shock waves through which the wave drag can be evaluated.

The TSD equation contains some sacrifices in accuracy due to the assumption of
thin airfoils during the derivation. For example, in the immediate neighbourhood of
blunt leading edges, the solution will be inaccurate because the pertubation velocity
is of the same order as the free stream velocity. With this assumption, there is
some simplification of the governing equation. In addition, much more attractive
advantage accrues in the application of boundary conditions. The surface boundary
condition on the airfoil surface y = Y (z) is expanded to be

s

[ _dy
dy

(z,0) = = 0<z/e<1. (3.6)
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This surface boundary condition for two-dimensional problems is applied along the
z—axis not on the actual surface of the airfoil. Thus the numerical problem is
greatly simplified since complex body aligned mappings will not be needed for the
application of boundary conditions. A simple Cartesian grid system is enough to
perform the TSD calculation. This results in significant reductions in computational
effort particularly in the design problems with changing body geometries. The initial
grid system can be fixed and utilized repeatedly throughout the whole design process
for different body geometries designed consecutively. In particular the computer

program TSFOIL9%:103 i35 ysed for the TSD analyses.

8.8 TSD Simulation - TSFOIL

8.8.1 Description of TSFOIL

TSFOIL!°%193 j5 a program for solving the two-dimensional transonic small
disturbance equation for lifting airfoils. It predicts main nonlinear features of tran-
sonic flow and also has various numerical options including wave drag calculation.
The similarity notation(Eq. 3.2b) is adopted to properly scale the variables and
to provide consistency with the theory developed. Three scaling rules by Cole,
Spreiter and Krupp are provided in the program; The Krupp scaling is used actu-
ally for the present study, where K = 7/4, n = 3/4 and m = 1/2. A successive
line over relaxation(SLOR) algorithm is used to solve the system of finite differ-
ence equations which are in the form of fully conservative to guarantee that the
correct shock jumps are calculated. The default Krupp mesh is used, which is a
Cartesian mesh with the clustering near the leading and trailing edge of the airfoil
as shown in Fig. 3. Mesh refinement technique(20 x 14 on the coarse, 39 x 28 on

the medium and 77 X 56 on the final mesh) is used to accelerate the convergence.
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An exact analysis of the transonic flow around an airfoil requires approximately 10
— 15 CPU seconds on IBM 3090 with optimization level 3. It was not attempted
to enhance the convergence of TSFOIL by converting the solution algorithm to
AF (Approximate Factorization)104:19% or adopting the multigrid techniques!06:107,

More details about TSFOIL can be found in Refs. 102 and 103.

8.4 Analysis Using the Euler Equations

The assumption of potential flow implies that the flow is irrotational. This is
not strictly correct when shock waves are present. An exact description of transonic
inviscid flow requires the solution of the Euler equations subject to appropriate
surface and far field boundary conditions.

The treatment of the far field condition is usually based on the introduction
of Riemann invariants for a one dimensional flow normal to the boundary©8. Let
subscripts co and I denote far field and interior of the computational domain.
Assuming that the flow is subsonic at infinity, we introduce fixed and extrapolated

Riemann invariants

20

- _ 2ay
RI = 4y + y—1 ’ (3'8)

corresponding to incoming and outgoing characteristics. These may be added and

substracted to give

i = %(R;*+R;o), (3.9)

7—-1 -
a = —4—(R;“ - R3), (3.10)

where % and a are the actual normal velocity component and speed of sound to be

specified in the far field. At an outflow boundary, the tangential velocity component
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and entropy are extrapolated from the interior, while at an inflow boundary they
are specified as having free stream values. These four quantites provide a complete
definition of the flow in the far field. If the flow is supersonic, all the flow quantities
are specified at an inflow boundary, and they are extrapolated from the interior at
an outflow boundary.

The surface boundary conditions for the Euler equations, representing no flow

through the solid surface may be expressed as
V-4 =0, (3.11a)
or
v(z, Y)=Y'(z)u(z,Y), 0<z/c<1, (3.11b)

where V is the velocity, i is the unit normal vector at the surface and a prime
denotes differentiation with respect to z. The only contribution to the flux balance

comes from the pressure. The other three conditions are usually

dp

5. = 0 (3.12)
dp

> =0, (3.13)
8h,

5. = 0. (3.14)

Sometimes the normal pressure gradient can be estimated from the integration of

09 and zero entropy gradient can be used instead

the normal momentum equation!
of Eq. 3.13. These surface boundary conditions for Euler equations are applied
on the curved surface of the body, not just on the slit lying in the z—axis as was
done for the TSD analysis. This requires that the discretization of the field must
conform to the surface boundary so that the boundary conditions can be accurately

imposed. It introduces, besides the complexity of the equations, a more complicated

problem, where a boundary-conforming grid system should be generated.
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8.5 Modified Euler Boundary Conditions for Asrfoil Design

3.5.1 Background

As mentioned in the previous section, the Euler equations require a body con-
forming grid system. This adds more complexity to the design problem with the
Euler method compared to the one with the TSD method in two aspects. First, in
each design iteration, new sets of grid systems corresponding to both the nominal
and perturbed geometries of the design are generated for exact analyses and sensi-
tivity calculations. This is not a trivial work especially for the design optimization
problem where the body geometry is constantly changing. Secondly, since the grid
system is changing due to the change of body geometry, it would be complicated to
calculate the sensitivities of solution at fixed grid points of computational domain.
The latter is very true particularly in the implementation of the method of strained
coordinates which needs sensitivities of the solution on the body surfaces for the
Euler analysis method(discussed in section 4.3). The computational burden of re-
generating the grid for each geometry is reduced by assuming that design changes
proceed slowly and for a specified number of cycles, consider the grid to be fixed to
a baseline airfoil geometry. Then the surface boundary condition would have to be
altered to allow a small amount of mass transpiration through the surface to ap-
proximately account for the changing geometry. This procedure fits in well with the
sequential approximate optimization algorithm used in the design process, which
imposes move limits on the design. For each optimization cycle a baseline geometry
will define the grid and the grid will be kept fixed throughout the approximate
optimization cycle. As will be discussed later in Chapters 5 and 6, approximately
10 cycles will be used to obtain converged designs, so that the grid will be changed
only a corresponding 10 times. This greatly reduces the computational effort for the

Euler designs. The details of the derivation of the boundary condition now follows.
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3.5.2 Modification of the Euler Boundary Conditions

Let the subscripts b and p refer to the baseline airfoil and perturbed airfoil

respectively. The exact surface boundary condition for the baseline airfoil is

Vs - fip 0, (3.15)

and for the perturbed airfoil

Vp-fi, = 0. (3.16)

Now we try to solve the flow around the perturbed geometry using the baseline
grid. Since we utilize the grid system which was generated according to the surface
condition of Eq. 3.15, we need some values for the flux across the original baseline
grid surface which will not be zero.

If we denote the airfoil geometry function as Y (z), then the body surface

equation for the baseline airfoil is written by
F(z,y) = y-Y(2), (3.17)

and the normal velocity at Y, becomes

an = Vb N ﬁb
1

= ——— (»—wYy), (3.18)

\1+ Y2

since the unit normal vector at the surface Y} defined by

s _ VF
© T IVE
1 A
= ———(%1+17),
1+ Y

(3.19)
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where 7 and j are unit vectors in the Cartesian coordinates. On the other hand,

Eq. 3.16 can be written for the perturbed airfoil Y, as

2 = Y(z). (3.20)

Now, if we expand the velocity at the baseline airfoil surface about the perturbed

airfoil surface, then

v

v =vp+(30) (Yo—Yp)+..., (3.21a)
Yy
)
1u,,=up+(51;-) (Vo= Yp) +.... (3.21b)
14

Substituting these equations into Eq. 3.18 and neglecting higher order terms, we

can obtain an approximate expression for the normal velocity at the surface Y} as

Vay = ——2— (¥, - Y}). (3.22)

1+Y?

The tangential velocity at the surface Y} is

th = Vb * fb
1
S (ub + vbe/) , (3.23)
1+ Y2
where &} is the unit tangential vector at the surface Y; defined by
a 1 4 "~
b = ———=(+Y,). (3-24)
1+Y)?

Similarily, using Eqs. 3.20, 3.21 and neglecting higher order terms, we can approx-

imate the tangential velocity at the surface Y3 by

Vi, = (“p + ”pYb' )

L
\1+Y?
" (3.25)
——— (1+1\Y}).

V1+Y?
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Eliminating u, from Eq. 3.22 and Eq. 3.25 leads to the following modified boundary

condition at the surface Y3,

Vi,

Voy = WY—; Y, - v). (3.26)

Thus, the modified boundary conditions which account for mass transpiration at

the surface of a baseline geometry may be written as:

P = Pb,
PV = (pVi)s ,
(3.27)
pVn = (PVn)b ’
VZ4v2
peo = | P PVt V)]
-1 2 b

where p; is evaluated from integration of the normal momentum equation, p, and
(pV:)s are extrapolated from field points and (pVy)s calculated from Eq. 3.26. The

specific analysis code used for the Euler calculations is FLOMG!10:111,

8.6 Euler Simulation - FLOMG

8.6.1 Description of FLOMG

FLOMG is a program for solving the two dimensional Navier-Stokes equa-
tions developed by Swanson and Turkell1%:111, However, here, it was utilized only
in the inviscid, Euler solver mode. The finite volume formulation for space dis-
cretization is used with the addition of artificial dissipative terms. The program

12 in conjunction with multi-

adapted Jameson’s multistage time-stepping scheme!
grid algorithms!!3 to produce a rapid convergence. Various devices are employed in
the program to improve the rate of convergence such as a local time step with con-

stant CFL number throughout whole computational domains, an enthalpy damping
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in which a forcing term is proportional to the difference of the total enthalpy be-
tween local and free stream and an implicit residual smoothing technique !4, In
the analyses for the present study, a W-cycle full multigrid method is used with five
multigrid levels(14 x 2, 28 x 4, 56 x 8, 112 X 16 and 224 x 32 cells). Fifty multigrid
cycles are first run on a mesh with 112 x 16 cells. This is used as the starting point
for a multigrid run of 200 cycles on the 224 X 32 cell mesh. The grid system used
for the present study is the C-type hyperbolic grid (Fig. 4). A CFL number of 7.5,
no enthalpy damping and the five stage Runge-Kutta type time-stepping are used
also. The CPU time taken in an exact analysis for our flow problem with Mach

number 0.75 and zero angle of attack is approximately 40 seconds on a CRAY-2S.

8.6.2 Implementation of Modified Euler Boundary Conditions in FLOMG

The technique of applying the surface boundary conditions in FLOMG is based
upon reflection. In implementing reflection, the body surface lies on the cell inter-
faces between the first cells above the surface and some fictitious cells interior to the
body(Fig. 5a). The body surface values of the flow variables are evaluated as the
average of the values in the cells on the two sides of the face. Values of the primitive
variables at cell centers of the sublayer are assigned using the reflection process. It
is also assumed that the density and tangential velocity are even functions of the
normal distance above the body while the normal velocity is assumed to be an odd
function of the normal distance. The density and tangential velocity at the sublayer
cell centers are set equal fo their respective values at the first cell centers above the
body while the normal velocity is set equal to the negative of its value at those cell
centers. In FLOMG, the normal pressure gradient is evaluated by the integration

09

of the normal momentum equation®® as

(2% + ¥)Pnlboay = [p(uyn — vzq) (vzee — uyee)
(3.28)

+(zeTn + Yeyn)peli=2
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where (&,7n) is the generalized curvilinear coordinate system and z¢,ye, Ty, yn, Teg
and y¢¢ are metric derivatives between the curvilinear and Cartesian coordinate sys-
tems. The reflection process for implementing the modified Euler surface boundary

conditions based on Eqs. 3.26-3.28 is

Pr = p2,
(PVe)1 = (pVi)2,
(3.29)
(an)l = _(an)z + 2(an)b ’
p | pVi+V?)
(neo)1 = + )
~¥—1 2 1
where
1 =2py — p2,
(th)z ’ ! (3.290:)
V, = —"— -Y).
(p "-)b 1 +Yb’Yp’ (Yp b)

To evaluate p, we first evaluate p, by applying Eq. 3.28 to the surface of perturbed
geometry Yy, since this equation is only valid for the solid surface. Then the pressure

at the baseline grid surface Y, can be obtained by using Taylor series expansion as

Py = pp+ Pylp (M6 —np) - (3.30)

This value of p, is needed to balance the fluxes in the evaluation of quantities at

cell center 2 in Fig. 5c.
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4. LIFT AND DRAG APPROXIMATIONS

The transonic airfoil design problem considered here is expected to be highly
nonlinear. This is because the lift and wave drag will be nonlinear functions of the
design variables even if the aerodynamic analysis is linear, but the transonic flow
analysis considered here is highly nonlinear due to the presence of shock waves. As
mentioned in Chapter 2, the sequential approximation optimization is a very good
choice for this type of a nonlinear constrained optimization problem which involves
expensive objective function and constraint evaluations. However, in order to suc-
cessfully implement the sequential approximation optimization technique for the
design problem considered here, the selection of sufficiently accurate approximation
methods for both the objective function and constraints is necessary. In this chap-
ter, several approximation methods for lift and wave drag are tested. The linear
approximation for lift and the method of strained coordinates for wave drag are
finally selected. In particular, the basic idea and specific implementaion procedures

of the method of strained coordinates are described in detail.

4.1 Linear Approzimation of Lift

A linear approximation for the lift, which is the simplest derivative-based ap-
proximation and most frequently used in the approximate optimization is consid-
ered first. If the linear approximations are employed for both objective function
and constraints, the problem considered here turns to a sequential linear program-
ming(SLP) problem. This would be very attractive in the aspect of utilizing a
very robust and efficient optimizer since LP packages are usually more reliable than

the nonlinear optimization packages and also readily available to most computer
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users through system library packages now. A large part of the computational cost
associated with the optimization process itself can be saved, in comparison with
nonlinear programming, even though the total design cost can not be predicted
before performing actual designs, since it also should account for the number of
design iterations required for convergence. The reformulated linear problem is also
much easier to handle in aspects such as checking the convergence or controlling
move limits, etc. Consequently, if the approximation is proven to be accurate in
the wide range of the design space, then the convergence of the sequential linear
programming will be very efficient. However this would not be true for the problem
considered here because the problem involves highly nonlinear transonic flow with
shock waves, which especially affects the wave drag constraint.

The linear approximation for lift is expressed by Taylor series expansion as

0 N0
Cl == Cl + Z —6X (Xt Xi ) ’ (41)
1=1 b

where C7 is the lift coefficient evaluated with the initial design parameters X7, ...,

X2. The sensitivity derivatives, C;/8X; is evaluated using forward finite differ-

ences here as

oC; Ci(..., X2+ AX;,...)-Ci(...,X?,...)
oxX; AX; ’

i=1,...,4 (4.1a)

where A X7 is a small perturbed amount of X;, which is taken as 0.01. The effec-
tiveness of the lift approximation based on both the TSD and Euler solutions are
indicated in Tables la and 2a. In both tables, CP and 8C;/3X; for ¢ = 1,...,4
are numerically evaluated using Eq. 4.1a. Eq. 4.1 is used to approximate C; at
a number of different values of design variables ranging from 0.5% to 2.0% of the

initial design. Comparisons between the approximate lift coefficient and the exact
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values for the TSD solutions indicate that the approximation is well-behaved, with
errors of less than 2% when the design variables vary by as much as 2%. Note the
2% change in the design variables corresponds to a 4.2% increase in the maximum
thickness of the airfoil. The linear approximation based on the Euler solutions shows
much higher accuracy, with errors of less than 0.5% when the design variables vary
by as much as 2%. Thus the linear approximation is selected to be utilized for the

lift approximation.

4.2 Linear and Higher Order Approzsmation of Drag

4.2.1 Linear Approrsmation of Drag

The linear approximation for the wave drag is also denoted by Taylor series

expansion

1.9cy

X, (X: — X7?). (4.2)

Cq=CJ+

i=1

The good agreement shown in the lift approximation is not repeated for the drag
approximation. In Tables 1b and 2b, the results of four C4 approximations labelled
Cq—1,...,C4q — 4 varying over the same range of design variables as in Table 1a
or 2a are presented. The linear drag approximation based on the TSD solutions ,
denoted C4 — 1 in Table 1b, does not correlate closely with the exact results, with
errors of as much as 25% when the design variables change by 2%. The linear drag
approximation using the Euler solutions shows better correlations with the exact
results in Table 2b. However the approximation still does not seem to have small
errors enough to be employed in the approximate optimization, which are as much

as 15 % in 2% changes of design variables. This result was not unexpected.
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4.2.2 Higher Order Approximation of Drag

It is natural to consider higher order derivative-based approximations to obtain
higher approximation accuracy. The quadratic approximation for wave drag is

obtained by including the quadratic terms in the Taylor series expansion

4
— 60d
1=1
(4.3)
PSS TO (p xoyx, - x9)
23 j=1 8X:0X; A ’

However the cost of evaluating all the second-derivative sensitivities increases dra-
matically for the design problem considered here (in each design iteration, 15 exact
analyses are needed to construct a complete quadratic approximation).

Vanderplaats®® overcame this computational burden by employing a global
sense of approximation reusing all of the previous design information. His approxi-
mation method is basically different from the usual derivative-based approximation
in terms of how the sensitivity derivatives are evaluated. He considers Eq. 4.3
as a quadratic polynomial approximation, with the sensitivity derivatives in Eq.
4.3 considered as unknown coefficients of the quadratic polynomial. The previous
analysis data are used with curve-fitting procedures to determine the sensitivity
derivatives in Eq. 4.3.

These approximate polynomials are also updated during the optimization. At
the initial stage of the design, where the number of analyses is less than the num-
ber of unknowns in Eq. 4.3, only fewer coefficients are calculated. As the design
iteration proceeds, if more than 15 designs are available, a weighted least squares
fit is used in which designs nearest the nominal are weighted most heavily.

In the present study, the idea of polynomial-based global approximations also
will be considered, but with different forms. The previous design information will

not be used here.
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The next approach considered is a global sense of approximation based on the

quadratic polynomial of Cg4 in terms of C;.
Cy=Ao+ A1 C1+ A, C}, (4.4)

where the parameters Ap, A1 and A; were determined from a least-squares fit to
C; and Cy data about the initial design X° and four perturbed designs about the
initial state of each design variable. This method, denoted C4 — 2 in Tables 1b and
2b, actually degraded from the approximation in Eq. 4.2.

Next, the effect of shock movement on the drag coefficient was attempted to

be considered. A linear approximation of the shock location was assumed, z, as

4 oz,
~ 0X;
1=1

along with a globally quadratic drag approximation

(X; — X7?), (4.5a)

0
$3=$e+

Ca= Ao+ A1 Ci+ A C} + Az z,. (4.5b)

The coefficients Ag,..., A3 were determined as in Eq. 4.4. This method, denoted

Cgq — 3 in Tables 1b and 2b, also did not produce acceptable approximations.

4.8 Drag Approzimation Using Coordinate Straining

Since the simplest methods do not appear to be adequate for the approximation
of wave-drag in the nonlinear transonic regime, and since shock-wave movement
obviously must play an important role in the design process, another approximation
method employing the method of strained coordinates has been implemented. The
approach utilized here was introduced by Nixon!15:116 for perturbations of transonic
flows with shock waves, and has been applied for airfoil approximations by Stahara
et al.!'7 In this method, the perturbations are made in a strained coordinated
system where the shock remains fixed. This approach is utilized to approximate
the flow velocities. The wave drag is then calculated from the exact expression with

the approximate flow velocities.
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4.8.1 Linear Approzimation of Solution

The basic hypothesis underlying the procedure is that a range of solutions in
the vicinity of a previously calculated or base solution can be approximated to first

order accuracy in the incremental change of the varied parameter by the relation

Q= Qo+ Q,AX, (4.6)

where Q, is a linearized unit perturbation solution, @ is the approximate solution
for conditions differing from those of the base solution Qo by AX which is an amount
of change in the parameter X. If the parameter X corresponds to some arbitrary
flow quantity or geometry, then Q, is a sensitivity derivative of the solution with
respect to these quantites. In the present study, we change the geometry of the
airfoil which is defined by four geometric parameters during the optimization and
calculate the corresponding solution. Thus Eq. 4.6 can be extented to the four

parameter pertubation with the form of

Q_—Q°+ 24 : (X-—XQ) (47)
o0X; i v/ )
i=1

Comparing with Eq. 4.1 or Eq. 4.2 shows that this is a linear approximation of
solution instead of more global quantities C; or C3. Usually in the structural opti-
mization, it is also a popular alternative to find this kind of sntervening variables
that make the approximated function more linear when the direct linear approxi-
mations are not accurate satisfactorily!!8.

This simple procedure, on the other hand, only works directly for continuous
flows for which the perturbation changes does not alter the solution domain. For
discontinuous flow such as the present transonic flow including shock waves, coordi-

nate straining is necessary to account additionally for movement of discontinuities

due to the parameter change.
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4.3.2 Coordinate Straining

The concept of employing coordinate straining to remove nonuniformities from
pertubation solutions of nonlinear problems is well established and originally sug-
gested by Lighthill'!®, The first application of the concept of coordinate straining
to the present transonic flow perturbation was done by Nixon!15:116, The funda-
mental idea of solution approximation using coordinate straining is illustrated in
Fig 6. The two different graphs can be regarded as related nonlinear flow solutions
separated by a nominal change in some geometric or flow parameter. We observe
that the perturbation between two solutions is small everywhere except in the region
between the two shock waves(the top picture in Fig. 6). This clearly invalidates
the pertubation technique around that region. Thus, the procedure is to strain the
coordinates of one of the two solutions in such a fashion that the shock waves align
and then determine the sensitivity of the solution(the second picture). The approx-
imate solution is, then, extrapolated based on both the sensitivity and the given
amount of pertubation through another coordinate straining (the third picture).
In the figure, only a single shock wave is considered. However the procedure can
be straightforwardly extented to the multiple shock waves as well as high gradient

locations such as stagnation points, maximum suction pressure points, etc.

4.3.8 Approzimation Procedure with the TSD Simulation

When the TSD analysis is involved in the approximation with the method of
strained coordinates, the flow velocities are first approximated and then the wave
drag is calculated from the exact expression with the approximate flow velocities.
Coordinate straining uses the axial position of the shock wave on the airfoil, z; and

the height of the tip of the shock wave above the airfoil, y;. When z, changes by
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Az, and y; changes by Ay:, the coordinates (z,y) of each point in the flow field are

changed by Az and Ay given by

Az = s(z) Az, (4.8a)
Ay =L Ay,. (4.8b)
Yt
For the TSD analysis, following Ref. 114, the straining function s(z) is taken as
z(c — z)
= —_— 4.9
s(z) (e —z) (4.9)

which is valid for 0 < z < ¢ and is equal to zero otherwise.
The strained coordinates are used first in the process of calculating finite-
difference sensitivity derivatives according to the following steps:
1. The i-th design variable is perturbed by AX; and the corresponding Az,
and Ay; are calculated from a new solution of the flow field and used to

approximate the shock sensitivities

oz, Az,

X ~ AX;’ (4.10a)
Ayt Ay
ox: = AX, (4.106)

2. The flow-field sensitivities are approximated, using Az and Ay from Egs.
4.8a and 4.8b, in terms of the axial velocity for the nominal design u° and

the axial velocity for the perturbed flow field u as

ou ( )_ 1
ax, \»Y = Ax,

The strained coordinates are used again in approximating the flow at a new

[u(z + Az,y + Ay) — u%(z,)]. (4.11)

design point X as follows: First the new shock location and shock-tip position are

calculated by a linear approximation

4
oz, o
Az, = ; 3% (X; - X9, (4.12a)
Ay = ; :;’(f' (X: — X9). (4.12b)
1=1 b

LIFT AND DRAG APPROXIMATIONS 46



Values of Az and Ay are calculated from Egs. 4.8a and 4.8b and then the axial

velocity u is estimated from

ou(z,

Y)
X, (X: — X?). (4.13)

u(z + Az,y + Ay) = u°(z,v) +Z

The pressure coefficient may then computed from the velocities, which for the

transonic small-disturbance scaling used here, is
Cp(z,y) = —2 62/3Mo—03/4 u(z,y), (4.14)

where 6 is the nominal airfoil thickness, and M, is the free-stream Mach number.
Finally the wave drag coefficient is determined from a contour integral of the jump

in pressure across the shock, which may be written as!©?:

(v+1)

Cy == —55/3M°_°3/4
g shock

[u]® dy, (4.15)
where  is the ratio of specific heats and [u] is the jump in u across the shock.

4.3.4 Approzimation Procedure with the Fuler Simulation

For the Euler analysis a different implementation of the method of strained
coordinates is utilized. First, since the wave drag is calculated by integrating sur-
face pressures, only the solution at the body surface needs to be approximated.
The coordinate straining in y-direction is not necessary. Furthermore, accurate
solutions for the Euler wave drag were obtained by approximating the surface pres-
sures directly, rather than computing from the flow field. Thus the surface pressure
sensitivity was calculated as

op

B_X;[x’Yb(z)] = X (p[a: + Az,Yy(z + Az)] — po[z:,Yb(z)]) , (4.16)
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where Az is the amount of coordinate straining. The approximate surface pressure

is then estimated from

dp|z, Y (z)]

e (X: - X?). (4.17)

plz + Az, Y (z + Az)] = p°[z, Ya(z)] + Z

i=1

The pressure on the perturbed geometry can be approximated by using Taylor series

expansion about this pressure on the baseline geometry and then the wave drag

coefficient is determined from the integration of the approximate surface pressure
force in z direction.

The non-uniqueness of the straining function has been discussed in Refs. 115-

117. Here, several tests was made to select the best straining function in terms

of approximation accuracy for the Euler analysis. The linear piecewise continu-

ous straining appeared to be most accurate and well-behaved. This has been also

pointed out with the full potential method in Ref. 117. The linear piecewise con-

tinuous function is given by

s(z) — z/z, ;0<z< z,,
(<) {(c—:z:)/(c—a:a) ;zs<z<e, (4.18)

where z, is the location of shock wave.

4.8.5 Approzimation Results

The results of the coordinate-straining approximation on the drag coefficient
with the TSD solutions are tabulated in Table 1b, under the heading of Cy—4. It is
seen to significantly improve the wave drag approximation, with errors of less than
3% for changes in design variables of 2%. The effect of this approximation on the
airfoil pressure distribution is shown in Fig. 7a. The baseline surface Cp distribu-
tion for design variables X° = (0.5, 0.5, —0.5, 0.5)7 along with the approximate

coordinate-straining result and the exact result for a 2% change in design variables
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to X = (0.51, 0.51, —0.49, 0.51)T are plotted. The results with the Euler solu-
tions are presented in Table 2b. Here errors are slightly larger than the case of the
TSD solutions, which is less than 7% for changes in design variables of 2%. The
approximation of pressure distribution with the Euler solutions is plotted in Fig.
7b, which also has a good agreement with the exact pressure distribution. The
coordinate straining approximations have been utilized in the design results which

will be presented in the following two chapters.

4.8.6 Discussion of Wave Drag from the TSD and Euler Codes.

In the transonic flow regime, the inviscid drag consists of wave drag and in-
duced drag. In the two-dimensional airfoil design problem based on the inviscid
analysis, wave drag is the only component of drag. The current Euler analysis
code, FLOMG evaluates the wave drag by integrating the pressure distribution on
an airfoil. For the Euler equations, it is well known that this wave drag results from

120

the entropy production by the shock waves*“". For the full-potential flow which

includes isentropic shock waves, wave drag is known to be the consequence of nor-

121 Tt is possible to calculate wave

mal momentum jump across the shock waves
drag in the TSD theory Ly estimating the first-order entropy production through a
weak shock. This has been done by introducing a systematic asymtotic expansion
procedure to the Euler equations in Ref. 122. The wave drag evaluation in the
TSFOIL program is also based on this procedure. Thus, the actual wave drag val-
ues calculated from the Euler and TSD codes are much different, where the small
disturbance solution usually predicts a considerably lower wave drag!©?:122, This
difference can be considered as mainly due to the higher-order effect to the approx-
imation of the entropy production across the shock waves. Table 1b and 2b also
demonstrates the lower prediction of wave drag by the TSD solution while the lift

calulations are somewhat similar. This affects the selection of wave drag constraint

value in the present design problem, which was already mentioned in Chapter 2.
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5. DESIGN BASED ON THE TSD EQUATIONS

In this chapter, several optimization strategies are considered for the transonic
airfoil design problem of maximizing lift with constraints on wave drag and airfoil
cross-sectional area as given by Eq. 2.1. The transonic small-disturbance analy-
sis(TSFOIL) is involved in all of the designs. The design condition is at a free-stream
Mach number of My, = ().;75 and zero angle of attack, @ = 0. The minimum non-
dimensional area is taken to be A:n = 0.75 and the wave drag constraint is taken
to be Cy4; = 0.004.

In all of the designs, a sequential approximation optimization algorithm is
utilized. From a baseline analysis using the TSFOIL program and sensitivity com-
putations, the lift coefficient with Eq. 4.1 and the wave-drag coefficient using Eqs.
4.8-4.15 are approximated. For the case of 4 design variables, this step requires 5
exact analyses from TSFOIL. The sensitivities are fixed until the process using the
optimization code NEWSUMT-A converges. This step constitutes one complete
design cycle. Then a new baseline analysis is performed to compute new sensitivi-
ties and the optimization process is repeated. This process continues until a global
convergence is achieved. Note that NEWSUMT-A requires numerous approximate
drag analyses, which involve coordinate straining. No additional exact analyses
are required during the optimization. As a result, the bulk of the computational
time is associated with the 5 calculations by TSFOIL for the baseline analysis and
sensitivities per design cycle.

The various optimization strategies implemented are discussed next.
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5.1 Strategy A: Approximate Optimization with Tight Move Limits

The first optimization strategy employed consists of imposing tight move limits
in the approximate optimization procedure. The move limits constrain the maxi-
mum amount that any of the design variables may change during a design cycle.
These limits are set in order to keep the approximations of the objective function and
constraints within a desired accuracy. The results of applying this strategy to the
design problem starting from an initial design vector of X° = (0.5, 0.5, —0.5, 0.5)7
are tabulated in Table 3a. “Initial interpolations” in the title of Table 3a implies
that the default cubic spline interpolation routine in TSFOIL was used to generate
the continuous geometric data for airfoils designed during optimization process. It
is specially noted here because this interpolation routine will be replaced with a new
one later due to its poor performance around the leading edge. More details are dis-
cussed in Section 5.3. Here initially 5% move limits were imposed in order to keep
the error in the drag approximation to within 10%. The solution ceased to improve
after 27 iterations and the move limits were tightened to 2.5%. At 60 iterations the

move limits were further reduced to 1.25% and the solution was considered to be

converged. As can be seen from the table, the airfoil lift coefficient was increased
from 0.530 to 0.559 while the wave-drag coefficient was reduced from .0058 to the
prescribed .0040 and the airfoil area ratio remained at the prescribed value of 0.075.
Although the optimization appeared to be successful, the convergence required too
large a number of global iterations.

Next, the same strategy was employed, but from a different set of initial con-
ditions. The results for X° = (0.8, —0.4, 0.7, —0.3)7 are tabulated in Table 3b.
As can be seen, a completely different design was obtained. This design was only

able to achieve a C; of 0.4055 while maintaining a C4 of 0.0040 and an A of 0.075.
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In order to examine whether this second solution was simply a local maximum,
the following was considered: We denote the first converged solution as X! and the

second as X2, and defined an intermediate design state
X=X?+¢X - X7, (5.1)

where the parameter £ may be considered the proportional distance of the interme-
diate design between X2 and X!. Both approximate and exact value were computed
for the lift and wave-drag coefficients for intermediate designs with 0 < ¢ < 1. The
results are plotted in Fig. 8. From the upper chart in Fig. 8, it can be seen that
the lift coefficient is well-behaved between design state 2 and state 1, exhibiting no
local maxima or minima. In the lower chart, it was found that the culprit is the
drag-coefficient constraint, which exhibits a very notsy behavior about Cy = 0.0040.
Thus we can see that if we are at design state 2, the optimizer would prevent us
from moving toward state 1, since that would be a direction of increasing drag.
An optimization strategy considered to alleviate this problem is discussed in the

following section.

5.2 Strategy B: Drag Minimization followed by Lift Mazimszation

A useful strategy to avoid the problems associated with the drag constraint
was found and consisted of interchanging the roles of the drag contraint with the
lift objective function. It was noticed that design problems of minimizing drag with
a constraint on the lift were well behaved. In order to solve the design problem
formulated in this study, the following strategy was adopted: first the wave-drag
coefficient was minimized with a constraint on the lift coefficient of C; > 0.5 and

cross-sectional area ratio A > 0.075; then, when C4 was below 0.004 it was reverted
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back to the original design formulation of maximizing C; with constraints of Cyg <
0.004 and A > 0.075.

The results of this strategy were very good. It was found that during the
drag minimization phase, very large move limits, as large as 500% could be used
without any adverse effects. During the lift maximization phase, move limits of
5% were imposed. This strategy seemed to be robust, and the solutions did not
depend upon the initial data. The first case, starting from an initial design vector
of X° = (0.5, 0.5, —0.5, O.S)T is tabulated in Table 4a. It took 4 design cycles to
reduce the drag coefficient from 0.0059 to 0.0020 while keeping the lift coefficient
fixed at 0.5 and the area ratio at 0.075. Then it is seen to take 3 more iterations, for
a total of 7 iterations to increase the lift coefficient to 0.596 while keeping Cy < 0.004
and A > 0.075. The second case of X° = (0.8, —0.4, 0.7, —0.3)T was tabulated
in Table 4b. This case took more iterations than the first since the initial design
was farther apart from the optimum, but it ended up with the nearly the same final
design to the first case.

In order to illustrate that these designs are not anomalies, four other different

initial design vectors were considered, far removed from the case discussed in the pre-
vious paragraph. Those are X° = (1.0, 0.0, 0.0, 0.0)T, X° = (0.0, 1.0, 0.0, 0.0)7,
X° = (0.0, 0.0, 0.8, 0.0)T and X° = (0.0, 0.0, 0.0, 1.0)7. (Note that an initial
design vector of (0.0, 0.0, 1.0, 0.0)T corresponds to a thick airfoil which caused
convergence problems with TSFOIL). The design results for these cases are tabu-
lated in Tables 4c—4f. In all cases convergence to nearly the same design result was
obtained in 9-11 global iterations. A plot of this very efficient convergence history

with the strategy B is presented in Fig. 9 for the case of X° = (1.0, 0.0, 0.0, 0.0)T.
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5.8 Designs with Smooth Leading Edge Geometries.

After successful design results using the strategy B were obtained, a careful
investigation of the TSD solutions was made to determine the cause of the noisy
drag calculation. It was found that the spline interpolation routine in the TSFOIL
program generated an irregular airfoil leading-edge geometry. This poor nose ge-
ometry resulted because the interpolation was carried out separately for the upper
surface and lower surface of the airfoil. Although this should not be important in
the TSD solutions, which lose their validity at the leading edge, it clearly affected
wave drag calculations and generated noise. The original routine was replaced with
a more effective interpolation based on a periodic cubic spline interpolation of the
arc-length of the airfoil and consequently fairly smooth nose shapes were generated.

Next, using this new geometry interpolation, new designs were attempted again
with the strategy A which directly maximized the lift with tight move limits. The
results for the first two initial conditions are tabulated in Tables 5a and 5b. For
both initial conditions more than 40 design iterations were performed. However
the global convergences were not achieved and design processes still proceeded.

The tight move limits slowed down the convergence of the optimization process in

these cases. Fig. 10 shows the objective function and constraint behavior for the
intermediate designs between the 40th designs of both initial condition cases. The
noise of wave drag constraint was reduced considerably but not removed completely.
Thus, the design process may eventually encounter a local optimum. We did not
try to reach full convergernce for these cases because the design process already took
more than 40 design cycles which are too many iterations for the purpose of the
present study.

The designs with the strategy B were also attempted using the new interpola-

tions. Tables 6a—6f represent the design results. Here, 200% move limits were used

DESIGN BASED ON THE TSD EQUATIONS 54



for the first initial condition of X° = (0.5, 0.5, —0.5, 0.5)7 initially during the drag
minimization phase, but the same move limits of 500 % were used for the other five
cases. During the lift maximization phase, move limits of 20% were imposed in-
stead of 5% used before. Again, this was just for getting faster convergence since
the small move limits in the lift maximization simply slowed down the convergence
of optimization process. In all cases, convergence to nearly the same design result
was obtained in 5-13 design cycles. The convergence histories for the last four ini-
tial condition cases were plotted in Figs. 11a~11d. For the same cases, the pressure
coefficients and the corresponding airfoil shapes of the initial and final designs were
plotted in Figs. 12a-12d. The designs appear to be physically reasonable, with a
weakened shock wave and lift increased through aft camber. Generally, the design
results of this strategy were still very good with new geometry interpolations. The
solutions did not depend upon the initial data and the strategy seemed to be robust
and efficient. This will be examined in detail again for the designs with the Euler

equation analysis in the next chapter.

5.4 Strategy C: Approrimate Optimization with Absolute Move Limits

On the basis of the success of the previous design strategy, the first design
strategy of approximate optimization with tight move limits was reconsidered. This
is the conventional strategy, where the move limits are imposed in order to keep
the approximations with very high accuracy. This strategy, did not work when a
constraint has notse, as observed the wave drag to be, resulting in solutions trapped
in local optima. However, as can be seen from Tables 5a and 5b, this strategy works
much better for the design problems with reduced noise in the wave drag constraint.
The problem in these design cases is that slow convergence resulted simply from

the tight move limits themselves. Therefore, it was suggested to increase move
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limits to get faster convergence. This already has been demonstrated in the designs
with the strategy B which is the drag minimization followed by lift maximization
during the lift maximization phase, as shown in Tables 6a—6f. On the other hand,
further experience in the designs using the direct lift maximization with large move
limits indicated that if the percentage value of move limits were imposed on the
present design problem, the design process was not very robust and sometimes
easily produced slow convergence even with large percentage move limits. The
problem is due to design variables which need to change their sign. Some examples
showing this difficulty are presented in Ref. 85 where some of the design variables
approached zero without changing their sign due to using percentage based move
limits. Thus it was suggested to use move limits which were fixed absolute values
rather than percentages of the design variables. This idea was tested and found to
be effective to produce more reliable designs. Remaining work was to determine
how large move limits could be imposed in order to achieve as fast convergence as
possible. After several tests with different values of move limits, it was found that
an absolute move limit of 0.5 could be used initially without any adverse effect. The
move limits were then reduced to 0.25 and/or 0.125 when no further improvement
in the objective function was obtained. The design results using this procedure
for the last four initial condition cases are tabulated in Tables 7a—7d. The second
case shown in Table 7b corresponding to initial condition X° = (0.0, 1.0, 0.0, 0.0)T
could not be started with absolute move limits. For this case a constraint relaxation
strategy was adopted whereby the full Cq4 < 0.004 constraint was replaced by the
constraint Cg < 0.024 for the first iteration. Some convergence difficulties with
TSFOIL using this approach were experienced in the vicinity of the airfoil leading
edge. When we proceeded design process by one more iteration following the last

designs shown in Tables 7a-7d, the exact analysis for the new design could not be
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performed due to the convergence problem of TSFOIL. Thus the design process
with the strategy C ceased actually before the global convergence was achieved.
However, based on these design iterations obtained by far, the solution was close
to convergence. The convergence histories for the four design cases are plotted in
Figs. 13a-13d. This strategy appears to be efficient but slightly less robust than the
strategy B. This strategy will be examined in more detail with the Euler analysis
method in the next chapter.

For the TSD designs, each exact airfoil analysis using the program TSFOIL
required 10-15 CPU seconds on the IBM 3090 at V. P. I. & S. U., with 5 anal-
yses needed per design cycle. The approximate optimization using the program
NEWSUMT-A required 10-12 CPU seconds on the same computer. Thus for a
typical case requiring say 8 design cycles, the total design process required approx-
imately 600 CPU seconds, with 500 CPU seconds for the exact airfoil analyses and

100 CPU seconds in the optimization program.
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6. DESIGN BASED ON THE EULER EQUATIONS

In the previous chapter, several design strategies have been considered for the
problem of lift maximization with wave drag and area constraints based on the TSD
analysis. Among those, two successful strategies, strategy B, drag minimization fol-
lowed by lift maximization and strategy C, approximate optimization with absolute
move limits, are applied to the same type of design problem with the Euler analy-
sis method(FLOMG) in this chapter. The objective of this work is to validate the
strategies developed with a simple transonic analysis method using more accurate
anaysis method. Most of the conclusions on computational efficiency obtained from
the design based on a simple numerical analysis method are expected to hold for
the design with a more sophisticated analysis even though the actual design results
will be depend on the specific form of analysis method employed.

The designs are performed at the same conditions of a free-stream Mach number
of My, = 0.75 and zero angle of attack, @ = 0. The minimum non-dimensional area
is also taken to be Apin == 0.75. However, the wave drag constraint value is changed
to 0.01 for the Euler design due to the differences in wave drag prediction between
the TSD and Euler methods. The original value of 0.004 was found to be too
stringent for the design problem with the Euler analysis. In the next section, we
will discuss the selection of the wave drag constraint value. Global convergence will
be closely examined for the Euler designs, with strategy B and strategy C in the

subsequent sections.
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6.1 Selection of Wave Drag Constraint Value.

At first, designs using the Euler analysis method were attempted for the exact
same design problem as the TSD design where the wave drag constraint was Cg <
0.004. The designs seemed to have much smaller values of C; compared to the
previous TSD designs. This was found due to the fact that the wave drag constraint
value of 0.004 was too stringent for the Euler designs. In Table 8, a sample of some
of these results presented where the exact Euler analyses were performed to obtain
the values of lift and drag coefficients for several intermediate design cases taken
from the TSD designs in Table 6¢c. It can be seen that the TSD analysis predicts
much lower wave drag than the Euler while the lift has similar values. This has been
mentioned previously in Chapter 4 and it is due to the fact that the entropy jumps
across the shock waves in TSD theory are neglected. In order to develop somewhat
similar designs between the Euler and TSD methods, it was found necessary to
utilize a larger value of the wave drag constraint for the Euler designs. The value of
0.01 selected for the Euler designs, roughly produces airfoil designs with the same

optimum C as was achieved for the TSD designs.

6.2 Application of the Strategy B

The strategy B was applied to the designs with the Euler analysis method.
Table 9a represents the complete design history for the first case starting from
X° = (1.0, 0.0, 0.0, 0.0)T. During the initial drag minimization phase, the lift
constraint of C; > 0.5 and 500% move limits were used, which were same as the
corresponding TSD case. It took four design cycles to reduce the drag coefficient
approximately by half from 0.0118 to 0.0057. In the lift maximization phase, 50%

move limits were utilized initially, which were larger than the value of 20% used
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in the TSD design. The move limits were selected on the basis of getting faster
convergence. A large improvement in the lift coefficient to a value of C; = 0.7136
was achieved with about 2% violation of wave drag constraint in the first four iter-
ations. After that the move limits were reduced by half twice and slightly improved
design of C; = 0.7084 with 0.26% violation of wave drag, the 11th design, was ob-
tained in four more iterations. Actually it is difficult to know whether this design
is a real improvement without considering both the objective function improvement
and constraint violations simultaneously. Usually when a design is in the initial
stage, the sufficiently large improvement in the objective function can be achieved
to still make improvement even with accounting for the loss due to the the viola-
tion of the constraints. The true improvement of the designs are relatively easy
to determine in this case. However, as the design approaches to the optimum, the
improvement in the objective function becomes smaller, so that even small violation
of the constraints have a large effect against the improvement of the objective func-
tion. In this case, the true improvement of designs is hard to determine without
estimating the true objective function improvement which already accounted for the
loss due to constraint violations.

The equivalent lift coefficient, Cj.q,. in Table 9a is based on this idea. It is a
relevent estimated lift coefficient when all of the violated constraints are brought
to be critical. Lagrange multipliers are used to estimate these equivalent lift coef-
ficients, since they represent the amount of change in the objective function due to
the unit change in a constraint at an optimum. Kuhn-Tucker conditions are used
to compute the Lagrange multipliers. Details about computing the equivalent lift
coefficient are described in Appendix A.

Finally very tight move limits of 2% were imposed and the design improvement

was ceased in a total 25 iterations which resulted in C; = 0.7143. For most design
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purposes, the design achieved after 8 iterations corresponding to the 50% move
limits considered to be acceptable as a final design. However, we felt that it was
important to take this design to convergence in order to compare this strategy with
other strategies. The complete convergence details are in Table 9a.

We consider the effect of varying initial conditions using this strategy and the
results are presented in Tables 9b-9d. We did not attempt to take any of these cases
to complete converge. The convergence history for the first 8 global iterations of
the case in Table 9a is plotted in Fig. 14a. The other three initial-condition designs
were also run with 50% move limits and the results were tabulated in Tables 9b-9d.
The strategy of drag minimization followed by lift maximization was found to be
as robust and efficient for the design based on the Euler method as it was for the
TSD method. As shown in Tables 9a-9d, four different initial conditions yielded
nearly the same final design in 8-12 design cycles. The convergence histories for the
other three design cases are plotted in Figs. 14b-14d. The pressure distributions
and corresponding airfoil shapes of the initial and final designs are shown in Figs.
15a-15d.

One important issue in the previous TSD designs with the strategy B was the
noisy behavior of wave drag constraint. Here this issue was tested again with the
Euler solutions. The initial and 8th designs from the Table 9a were taken to generate
intermediate designs using Eq. 5.1. The exact Euler analyses were performed for
these intermediate designs and the results were plotted in Fig. 16. Here, unlike the

TSD solutions, we cannot, find any noise in the wave drag calculations.
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6.3 Application of the Strategy C

Next, it was attempted to directly maximize the lift with move limits which
were fixed absolute values of the design variables, as utilized in the strategy C for
the TSD designs. The complete design history for the first case, starting from
X° = (1.0, 0.0, 0.0, 0.0)7 is tabulated in Table 10a. Initially a large improvement
in the lift coefficient could be achieved to a value of C; = 0.7051 using move limits of
0.5 for the first 10 iterations. After that move limits were reduced by half twice and
a slightly improved value of C; = 0.7073 was obtained in 6 more iterations. Finally
very tight move limits of 0.02 were imposed which after 36 iterations resulted in
C; = 0.7134. In this strategy, more global iterations were required for the final
refined design compared to 25 iterations on the strategy B. Here, also, the design
achieved after 9 iterations, corresponding to the 0.5 move limits, was considered to
be acceptable as a final design. The convergence history for these 9 global iterations
is plotted in Fig. 17a. The other three initial-condition designs were run with 0.5
move limits and the results were tabulated in Tables 10b—10d. All cases did converge
to approximately the same design result in 9-10 global iterations. The constraint
relaxation, utilized to start design for the second initial-condition case in the TSD
designs, was not necessary, here, in the Euler designs with this strategy. This
strategy was as robust as the strategy B in the Euler designs even though it seemed
to be less efficient for getting the final refined design. The convergence histories for
those three design cases are plotted in Figs. 17b-17d. The pressure distributions
and corresponding airfoil shapes of the initial and final designs are shown in Figs.
18a-18d. The wiggles in the pressure distribution behind the shock wave on the
upper surface are due to surface wiggles in corresponding area, and maybe are

unavoidable when an airfoil is defined by superposing several shape functions with
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different slopes. These wiggles can be seen more clearly in Fig. 19 which has an
enlarged y-scale for the airfoil geometry of the final design in Table 10a.

For the Euler designs, each exact airfoil analysis using the program FLOMG
required approximately 40 CPU seconds on the CRAY 2S at NASA Langley, with 5
analyses needed per design cycle. The approximate optimization using the program
NEWSUMT-A required 40-60 CPU seconds on the IBM 3090 at V. P. 1. & S. U. The
additional computer time associated with the approximate optimization of the Euler
design is partly related to the more complicated wave drag calculation compared
to that used for the TSD design. Thus for a typical case requiring say 8 design
cycles, the total design process required approximately 1600 CPU seconds on the
CRAY 2S for the exact airfoil analyses and 400 CPU seconds on the IBM 3090 in

the optimization program.
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7. CONCLUSIONS

Numerical optimization procedures have been considered for the design of tran-
sonic airfoils based on the transonic small-disturbance (TSD) and Euler equations.
In order to achieve the goal of reliably producing design results utilizing few ex-
act flow-field analyses, a sequential approximate optimization procedure has been
implemented. A key ingredient in this procedure is to accurately approximate the
wave drag.

A crucial ingredient of this approach was the utilization of Nixon’s coordi-
nate straining technique in obtaining accurate approximations to the wave drag.
A modification of the surface boundary conditions was implemented in order to
efficiently compute sensitivity derivatives without the need for remeshing with the
Euler analysis.

The airfoil design problem considered here consisted of maximizing the lift
with constraints on the wave drag and area. It was found that when the computed
drag did not vary smoothly with the design parameters, the optimization process
produced local extrema. A procedure interchanging the role of the objective function
and constraint, initially minimizing drag with a constraint on the lift was found to
be effective in producing converged designs. This procedure was also proven to be
robust and efficient for cases where the drag varied smoothly, such as with the Euler
solutions. The direct lift maximization with move limits which were fixed absolute
values of the design variables, was also found to be a reliable and efficient procedure
for designs based upon the Euler equations.

A recommendation for future work would involve the extention of these meth-
ods to the Navier-Stokes equations. Also the implementaion of these approaches
within a complete three-dimensinal body design and eventually a multi-disciplinary

design remains to be investigated.
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TABLES

Table la.

Lift Linear Approximation — TSD.

change

Design Parameters

Ci

%

X

X

X3

X4 Linear | Exact

0.0

0.5

0.5

-0.5

0.5

0.5341

0.5

0.5025

0.5025

-0.4975

0.5025 | 0.5472 | 0.5471

-0.5

0.4975

0.4975

-0.5025

0.4975]0.5210 | 0.5216

1.0

0.5050

0.5050

-0.4950

0.5050 | 0.5602 | 0.5614

-1.0

0.4950

0.4950

-0.5050

0.4950 | 0.5080 | 0.5098

1.5

0.5075

0.5075

-0.4925

0.50750.5733 | 0.5762

-1.5

0.4925

0.4925

-0.5075

0.4925 | 0.4949 | 0.4987

2.0

0.5100

0.5100

-0.4900

0.5100 | 0.5864 | 0.5918

-2.0

0.4900

0.4900

-0.5100

0.4900 | 0.4818 | 0.4881

Table 1b. Drag Approximations — TSD.

%

change*

Drag Coefficient

Cgy-1

C4-2

Cg4-3 Cyq-4

Exact

0.0

0.00511

0.5

0.00584

0.00585

0.00584 | 0.00579

0.00585

-0.5

0.00439

0.00336

0.00343 | 0.00447

0.00436

1.0

0.00656

0.00555

0.00563 | 0.00654

0.00657

-1.0

0.00367

0.00059

0.00081 | 0.00396

0.00400

1.5

0.00728 | 0.00422

0.00446 | 0.00736

0.00755

-1.5

0.00295

-.00323

-.00277 | 0.00346

0.00342

2.0

0.00800

0.00186

0.00234 | 0.00827

0.00845

-2.0

0.0022

3| -.00808

-.00730 | 0.00302

0.00295

* Design variables the same as in Table 1a.

Cgj-1: linear approximation; C4-2: quadratic polynomial
in C;; C4-3: quadratic polynomial in C; and linear in shock
position; C4-4: strained coordinate approximation
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TABLES

Table 2a.

Lift Linear Approximation — Euler.

change

Design Parameters

Ci

%

X1

X2

X3 X4

Linear | Exact

0.0

0.5

0.5

-0.5 0.5

0.4878

0.5

0.5025

0.5025

-0.4975| 0.5025

0.4942 | 0.4948

-0.5

0.4975

0.4975

-0.5025| 0.4975

0.4813 ( 0.4809

1.0

0.5050

0.5050

-0.4950| 0.5050

0.5006 | 0.5016

-1.0

0.4950

0.4950

-0.5050| 0.4950

0.4749|0.4737

1.5

0.5075

0.5075

-0.4925| 0.5075

0.5070 | 0.5086

-1.5

0.4925

0.4925

-0.5075| 0.4925

0.4685 | 0.4667

2.0

0.5100

0.5100

-0.4900| 0.5100

0.5134|0.5153

-2.0

0.4900

0.4900

-0.5100| 0.4900

0.4621 | 0.4598

Table 2b. Drag Approximations — Euler.

%

change*

Drag Coefficient

Cy-1

Cg4-2 Cg4-3

Cgq-4

Exact

0.0

0.00787

0.5

0.00866

0.00869 | 0.00868

0.00870

0.00854

-0.5

0.00708

0.00567 | 0.00618

0.00718

0.00724

1.0

0.00946

0.00815 | 0.00861

0.00957

0.00923

-1.0

0.00628

0.00213 | 0.00360

0.00652

0.00664

1.5

0.01029

0.00625 | 0.00766

0.01049

0.00996

-1.5

0.00549

-.00277 | 0.00014

0.00590

0.00607

2.0

0.01104

0.00300 | 0.00583

0.01149

0.01072

-2.0

0.00470

-.00901 | -.00420

0.00533

0.00553

* Design variables the same as in Table 2a.

Cg4-1: linear approximation; C4-2: quadratic polynomial
in Cy; C4-3: quadratic polynomial in C; and linear in shock
position; Cg4-4: strained coordinate approximation
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Table 3a.

TSD Design Strategy A : Approximate Op-
timization with Tight Move Limits — initial condition 1,
initial interpolations.

Design Design Parameters

cycle Xl X2 X3 X4 Cl Cd A
0 0.5 0.5 [-0.5 0.5 |]0.52960.0059 |0.0805
1 0.510| 0.498|-0.524| 0.490]0.4954 | 0.0040|0.0779
27 0.400| 0.750(-0.649| 0.481]0.5385 (0.0040|0.0750
60 0.301.| 0.891|-0.763| 0.565]0.5542 | 0.0040|0.0750
71 0.280( 0.934|-0.805| 0.591|0.5592|0.0040(0.0750

Table 3b. TSD Design Strategy A : Approximate Op-
timization with Tight Move Limits — initial condition 2,
initial interpolation.

Design Design Parameters

cycle X X2 X3 X4 C Ca A
0 0.8 -04 0.7 |-0.3 0.4418 (0.0061 | 0.0739
1 0.837|-0.426| 0.659(-0.281|0.4081 (0.0038 | 0.0729
9 1.093-0.483| 0.504|-0.273|0.4061 | 0.0041 | 0.0750
11 1.114|-0.487( 0.491|-0.275]0.4049|0.0040 | 0.0750
15 1.122-0.487| 0.487|-0.277]0.4055|0.0040|0.0750
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Table 4a. TSD Design Strategy B : Drag Minimization
followed by Lift Maximization — initial condition 1, initial
interpolations.
Design Design Parameters
cycle X, X, X3 X4 Ch Ca A
0 0.5 0.5 [-0.5 0.5 0.5296 | 0.0059 | 0.0805
1 -0.021 | 1.041(-0.705| 0.658|0.5793 | 0.0046 | 0.0750
2 0.052( 0.965|-0.862| 0.811]0.5027|0.0025|0.0750
3 0.073| 1.048|-1.030| 0.895]0.5011|0.0021|0.0750
4 0.056| 1.087(-1.088| 0.934|0.5009 (0.0020|0.0750
*5 0.058 | 1.142(-1.058| 0.888|0.5601 |0.0039 |0.0775
6 0.058| 1.199(-1.067| 0.845|0.5815|0.0042|0.0768
7 0.059| 1.259(-1.086| 0.803|0.5956 |0.0041 | 0.0754

* begin lift maximization.
Table 4b. TSD Design Strategy B : Drag Minimization
followed by Lift Maximization - initial condition 2, initial

interpolations.
Design Design Parameters
cycle X, X, X3 X4 C Cq A
0 0.8 -04 0.7 -0.3 0.4418 | 0.0061 | 0.0739
1 1.433| 0.260|-0.495 | -0.144 | 0.6033 | 0.0108 | 0.0750
2 0.099| 0.431| 0.003| 0.332]|0.5164 |0.0066 | 0.0750
3 0.248| 0.348|-0.013 | 0.290]0.4945|0.0052|0.0750
4 0.370| 0.355(-0.081| 0.251]0.5027|0.0049|0.0750
5 0.560| 0.539(-0.484 | 0.348]0.5161 | 0.0040|0.0750
6 0.454| 0.742|-0.725( 0.517]0.5236|0.0036 | 0.0750
7 0.335| 0.864(-0.948 | 0.740]0.4926 | 0.0024 | 0.0750
8 0.167( 0.922]|-0.877| 0.763]0.5029 | 0.0025 | 0.0750
9 0.084| 1.019|-1.002| 0.881]0.4966 |0.0021 | 0.0750
*10 0.086| 1.069(-0.973| 0.837]|0.5553|0.0040(0.0776
11 0.087( 1.123]-0.989| 0.795]0.5654 | 0.0038|0.0761
12 0.091| 1.179|-1.010| 0.759]0.5803]0.00390.0750
13 0.090| 1.222|-1.045| 0.761]0.5924 |0.0041 (0.0750

* begin lift maximization.
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Table 4c. TSD Design Strategy B : Drag Minimization
followed by Lift Maximization — initial condition 3, initial
interpolations.
Design Design Parameters
cycle X, X2 X3 X4 Ci Cq A
0 1.0 0.0 0.0 0.0 0.5874(0.0127|0.0822
1 1.003| 0.100| -0.068 | -0.086 | 0.5245 | 0.0063 [ 0.0750
2 0.879| 0.196|-0.194 | 0.065]0.5022|0.0050|0.0750
3 0.643| 0.429(-0.410| 0.293]0.4997|0.0038 | 0.0750
4 0.380| 0.663|-0.610 | 0.519]0.5000|0.0030|0.0750
5 0.295| 0.923(-0.969 | 0.748|0.5067 [ 0.0026 | 0.0750
6 0.063| 1.047|-1.016 | 0.890|0.5022 | 0.0022|0.0750
*7 0.064| 1.099(-0.999 | 0.863|0.5629|0.0040 | 0.0781
8 0.065| 1.154(-1.017 | 0.828]0.5782|0.0040(0.0771
9 0.066| 1.212|-1.043| 0.797]0.5920 | 0.0040(0.0761
10 0.067| 1.272(-1.078 | 0.776]0.6062 [ 0.0040|0.0752

* begin lift maximization.

Table 4d. TSD Design Strategy B : Drag Minimization
followed by Lift Maximization — initial condition 4, initial

interpolations.

Design Design Parameters

cycle X; X2 X3 X4 C Cq A
0 0.0 1.0 0.0 0.0 1.0554 | 0.0468 | 0.0772
1 0.052( 0.914]-0.100]| 0.1000.8493(0.0260|0.0750
2 0.132| 0.705|-0.272| 0.364]0.5840(0.0072|0.0750
3 0.791| 0.768]-1.126| 0.614|0.5077(0.0044|0.0750
4 0.396 | 0.857|-0.950| 0.697]0.5026 |0.0028 | 0.0750
5 0.198( 0.986(-1.022| 0.832]0.5007|0.0023|0.0750
*6 0.200| 1.035(-1.006 | 0.801]0.5532]0.0039|0.0775
7 0.200( 1.087|-1.019| 0.764|0.5682|0.0040|0.0765
8 0.197| 1.141|-1.033 | 0.727]0.5814|0.0040|0.0753
9 0.193| 1.152|-1.033! 0.718]0.5841|0.0040|0.0750

* begin lift maximization.
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Table 4e.

TSD Design Strategy B : Drag Minimization

followed by Lift Maximization — initial condition 5, initial
interpolations.

Design

Design Parameters

cycle X1 X, X3 X4 Ci Cq A
0 0.0 0.0 0.8 0.0 0.6811|0.0342|0.0787
1 0.087| 0.037( 0.625| 0.038]0.5448 | 0.0155|0.0753
2 0.520( 0.221| 0.145| 0.009]0.5501 |0.0079|0.0750
3 1.076 | 0.279(-0.366 | 0.009]0.5483|0.0071|0.0750
4 0.935( 0.160(-0.184 ( 0.037]0.5000]0.0051|0.0750
5 0.712| 0.354|-0.340( 0.224]0.4991 | 0.0041 | 0.0750
6 0.491 | 0.582|-0.544 | 0.431]0.5027|0.0033(0.0750
7 0.395| 0.708|-0.683 | 0.550]0.5031|0.0031|0.0750
8 0.280| 0.822|-0.806 | 0.671|0.5004 | 0.0027 | 0.0750
9 0.222| 0.908|-0.909  0.760]0.4993 |0.0024 | 0.0750
10 0.181| 1.016(-1.067 | 0.866|0.4998 [ 0.0022|0.0750

*11 0.180( 1.220|-1.125| 0.770]0.5913 | 0.0040 | 0.0753

Table 4f. TSD Design Strategy B : Drag Minimization
followed by Lift Maximization — initial condition 6, initial

interpolations.

Design Design Parameters

cycle X1 X2 X3 X4 C Cq A
0 0.0 0.0 0.0 1.0 |0.5860|0.0279|0.0996
1 0.087| 0.097(-0.026 | 0.807]|0.52910.0172(0.0926
2 0.280| 0.472|-0.153 | 0.306|0.5232|0.0053|0.0750
3 0.865| 0.705|-0.921 | 0.399]0.5530|0.0057 | 0.0750
4 0.433| 0.701|-0.693 | 0.534|0.5060 | 0.0032 | 0.0750
5 0.311| 0.786|-0.761| 0.636|0.5005 | 0.0028 | 0.0750
6 0.169| 1.004|-1.016 | 0.836]0.5048 |0.0023|0.0750
*7 0.170| 1.054(-0.999 | 0.809]0.5627|0.0042|0.0779
8 0.170( 1.107]-1.019| 0.771]0.5693 | 0.0039|0.0762
9 0.169| 1.162|-1.038 | 0.738]0.5837|0.0040|0.0752
10 0.166| 1.174(-1.039( 0.729]0.5871 |0.0040|0.0750

* begin lift maximization.
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Table 5a.

TSD Design Strategy A : Approximate Op-
timization with Tight Move Limits — initial condition 1.

Design Design Parameters

cycle X1 X2 X3 X4 Cl Cd A
0 0.5 0.5 [-0.5 0.5 ]0.5341(0.0051 | 0.0805
1 0.501. | 0.525(-0.520| 0.476|0.5185|0.0040 | 0.0782
10 0.483| 0.748(-0.667| 0.431]0.5660|0.0040 | 0.0750
20 0.355| 0.977|-0.891| 0.580|0.5944 | 0.0040|0.0750
30 0.245| 1.172|-1.081| 0.706]0.6194 | 0.0040 | 0.0750
40 0.163| 1.359(-1.277| 0.8230.6453|0.0040|0.0750
Table 5b. TSD Design Strategy A : Approximate Op-

timization with Tight Move Limits - initial condition 2.

Design Design Parameters

cycle X1 X2 X3 X4 Cl Od A
0 0.8 -04 0.7 -0.3 0.4190(0.0044 | 0.0739
1 0.841|-0.421| 0.670(-0.283|0.4112|0.0041 |0.0744
10 1.104|-0.372| 0.438|-0.303]0.4301|0.0040 | 0.0750
20 1.173|-0.313| 0.299|-0.268|0.4359 | 0.0040 | 0.0750
30 1.159|-0.248( 0.215|-0.224|0.4434|0.0040|0.0750
40 1.135(-0.200| 0.166|-0.193]0.4490(0.0040|0.0750
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Table 6a.

TSD Design Strategy B : Drag Minimization
followed by Lift Maximization — initial condition 1.

Design Design Parameters

cycle X X2 X3 X4 C Ca A
0 0.5 0.5 |-0.5 0.5 [0.5341|0.0051 | 0.0805
1 0.024 | 1.500(-1.394| 0.943]0.6548|0.0037 (0.0750
2 |-0.100| 1.543(-1.796| 1.408|0.5456 |0.0013|0.0750
3 -0.080 | 1.484|-1.912| 1.550]0.4970|0.0006|0.0750
*4 -0.066 | 1.781|-1.827| 1.240]0.6771|0.0037|0.0763
5 -0.079 | 1.958|-1.963| 1.234|0.7257|0.0041|0.0750

* begin lift maximization.

Table 6b. TSD Design Strategy B : Drag Minimization
followed by Lift Maximization — initial condition 2.

Design Design Parameters

cycle X, Xo X3 X4 Ci Ca A
0 0.8 |(-04 0.7 |(-0.3 ]0.4190|0.0044 |0.0739
1 1.236(-0.137| 0.192|-0.3510.5250|0.0068 | 0.0750
2 1.139 | -0.039 | 0.024 | -0.181 | 0.4995 | 0.0053 | 0.0750
3 0.897| 0.119|-0.052 | -0.029 | 0.5042 | 0.0046 | 0.0750
4 0.87&| 0.197|-0.183 | 0.055]0.5025 | 0.0041 | 0.0750
5 0.724| 0.349|-0.337| 0.216]0.5017 | 0.0035 | 0.0750
6 |-0.080| 1.386|-1.573 | 1.293|0.5245|0.0012|0.0750
7 |-0.177| 1.525(-1.870| 1.558|0.5044|0.0007 | 0.0755
*8 |1-0.148 | 1.830|-1.807 | 1.246|0.6868|0.0037 | 0.0760
9 |-0.173| 2.047|-1.991| 1.270|0.7428|0.0042|0.0750

* begin lift maximization.
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Table 6c¢.
followed by Lift Maximization - initial condition 3.

TSD Design Strategy B : Drag Minimization

Design Design Parameters

cycle X, X2 X3 X4 C Cy A
0 1.0 0.0 0.0 0.0 ]0.5656|0.0103 (0.0822
1 1.024| 0.100(-0.075|-0.096 | 0.5195 | 0.0054 | 0.0750
2 0.773| 0.280(-0.244 | 0.137|0.5041|0.0038 | 0.0750
3 0.631| 0.417|-0.393 | 0.295]0.4999 | 0.0032 | 0.0750
4 0.504 | 0.516|-0.476 | 0.404|0.4989 |0.0028 | 0.0750
5 0.41&| 0.650(-0.648 | 0.5420.5005|0.0025|0.0750
6 0.071| 1.038(-1.072| 0.945]0.5080|0.0017 |0.0750
7 0.08C | 1.308(-1.614| 1.261]0.5124|0.0011|0.0750
8 0.001| 1.475(-1.938 | 1.516]0.5049|0.0006 [ 0.0750
*9 0.001| 1.770(-1.863 | 1.215]0.6696 | 0.0034|0.0750
10 0.001( 1.876(-1.940( 1.209]|0.70780.0041|0.0750

* begin lift maximization.

Table 6d. TSD Design Strategy B : Drag Minimization
followed by Lift Maximization — initial condition 4.

Design Design Parameters

cycle X1 X2 X3 X4 C (oF] A
0 0.0 1.0 0.0 0.0 1.0676 | 0.0459 | 0.0771
1 0.085| 0.880|-0.100 | 0.100]0.8285 (0.0228 | 0.0750
2 0.499| 0.819(-0.598 [ 0.296 |0.6385|0.0061 | 0.0751
3 0.503 | 0.751(-0.836| 0.578]0.5220 (0.0028 |0.0750
4 -0.037 | 0.989]-0.903 | 0.905|0.5054 |0.0020|0.0750
5 0.035| 1.205(-1.373| 1.141|0.5085 (0.0013|0.0750
6 |-0.025( 1.469|-1.887| 1.493|0.5069 | 0.0007|0.0750
*7 1-0.022| 1.762(-1.812| 1.194]0.6760 | 0.0036 | 0.0755
8 |-0.025| 1.878|-1.889| 1.179|0.7149|0.0042|0.0750

* begin lift maximization.
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Table Be.
followed by Lift Maximization — initial condition 5.

TSD Design Strategy B : Drag Minimization

Design Design Parameters
cycle X, X2 X3 X4 Ci Cq A
0 0.0 0.0 0.8 0.0 |0.6491(0.0297)|0.0786
1 0.099| 0.088| 0.596| 0.014]0.5509(0.0145(0.0753
2 0.594| 0.199( 0.131(-0.021|0.5421|0.0066 | 0.0750
3 1.036| 0.286|-0.376 | 0.046|0.5351|0.0052|0.0750
4 0.681| 0.382|-0.375| 0.263]0.49780.0033 | 0.0750
5 0.501| 0.502|-0.446 | 0.389|0.4996 | 0.0029 | 0.0750
6 0.428| 0.747|-0.817 | 0.625]0.5070|0.0024 | 0.0750
7 0.198 | 0.878|-0.898 | 0.793|0.5007 | 0.0019 | 0.0750
8 0.173| 0.976|-1.060 | 0.896|0.5026 | 0.0017 | 0.0750
9 0.064| 1.173|-1.257 | 1.133(0.4997 |0.0014 | 0.0750
10 0.058 | 1.502|-1.991 | 1.502(0.5192|0.0007 |0.0750
*11 0.066 | 1.802(-1.977| 1.250[0.6762 |0.0036 | 0.0750
12 0.053| 1.842|-1.962| 1.213]0.6979|0.0041|0.0750
13 0.043| 1.904|-2.068 | 1.279]0.7034 |0.0041|0.0750

* begin lift maximization.
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Table 6f. TSD Design Strategy B : Drag Minimization
followed by Lift Maximization — initial condition 6.

Design Design Parameters

cycle X, X, X3 X4 Ci Cq A
0 0.0 0.0 0.0 1.0 |0.5534|0.0242|0.0996
1 0.098 | 0.100(-0.028 | 0.796|0.5111|0.0146 (0.0924
2 0.504 | 0.422|-0.167 | 0.174]0.5464 | 0.0051|0.0750
3 0.686| 0.484(-0.500( 0.303]0.5188|0.0037 | 0.0750
4 0.001.( 0.981|-0.880| 0.858]0.5155(0.0022 |0.0750
5 0.002( 1.062(-1.082( 0.992]0.5032|0.0016|0.0750
6 0.005 | 1.198(-1.352( 1.150]|0.5034|0.0012|0.0750
7 0.006 | 1.327|-1.627 | 1.320|0.5024 | 0.0009|0.0750
8 -0.005| 1.458|-1.902| 1.500|0.5031 |0.0007|0.0750
*9 -0.005 | 1.896|-2.027| 1.284(0.6962 | 0.0038|0.0750
10 |[-0.006| 1.923|-2.033( 1.270|0.7091|0.0040|0.0750

* begin lift maximization.
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Table 7a. TSD Design Strategy C : Approximate Op-
timization with Absolute Move Limits — initial condition
3.
Design Design Parameters
cycle X1 X, X3 X, C Cq A
0 1.0 0.0 0.0 0.0 0.5656 | 0.0103 | 0.0822
1 1.123| 0.347|-0.491| 0.041]0.5594 | 0.0061 | 0.0750
2 0.640| 0.524(-0.452| 0.263]0.5450(0.0043|0.0750
3 0.51& | 0.881(-0.844 | 0.473|0.5966 | 0.0045 | 0.0750
4 0.032| 1.257(-1.000| 0.737]0.6407 | 0.0044|0.0750
5 0.155( 1.381|-1.249| 0.785]0.6649 | 0.0046 [ 0.0750
6 -0.006 | 1.524|-1.374| 0.929]0.6672|0.0041 | 0.0750
7 -0.099 | 1.667|-1.504 | 1.024]0.6853|0.0041|0.0750
8 -0.224 1.916(-1.752| 1.179]0.7218|0.0041|0.0750

Table 7b. TSD Design Strategy C : Approximate Op-
timization with Absolute Move Limits — initial condition

4.

Design Design Parameters

cycle X1 X2 X3 X4 C Ca A
0 0.0 1.0 0.0 0.0 1.0676 | 0.0459 | 0.0771
1 1.262 | 0.537|-0.500| 0.500]0.3825|0.0001 | 0.0641
2 0.504.( 0.923]-0.942| 0.549|0.5868 [ 0.0042|0.0750
3 0.034( 1.299]-1.045| 0.747]0.6512 | 0.0045|0.0750
4 0.111| 1.441(-1.294| 0.818|0.6746 | 0.0047|0.0750
5 -0.040| 1.570(-1.426 | 0.974|0.6685 | 0.0039 | 0.0750
6 -0.191| 1.790|-1.592 | 1.092|0.7059|0.0042|0.0750
7 -0.265 | 1.917|-1.734 | 1.194|0.7176 | 0.0040|0.0750
8 -0.332 | 2.035|-1.841| 1.264|0.7360 |0.0040|0.0750
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Table 7c. TSD Design Strategy C : Approximate Op-
timization with Absolute Move Limits — initial condition
5.
Design Design Parameters
cycle X, X2 X3 X4 o] Cyq A
0 0.0 0.0 0.8 0.0 |0.6491|0.0297|0.0786
1 0.419| 0.018| 0.301| 0.096 | 0.4497 [ 0.0045|0.0750
2 0.912| 0.339(-0.199 | -0.067 | 0.5953 | 0.0072|0.0750
3 0.945( 0.551|-0.696 | 0.231]0.5659|0.0056 | 0.0750
4 0.447| 0.749(-0.639 | 0.433]0.5661|0.0041 (0.0750
5 0.311| 1.150|-1.060 | 0.649|0.6303 | 0.0045 | 0.0750
6 |-0.058| 1.558|-1.371| 0.942|0.6744 (0.0042|0.0750
7 -0.238 | 1.859-1.657 | 1.141|0.7139(0.0042|0.0750
8 -0.539 | 2.340(-2.069 | 1.423]0.79220.0041|0.0750
Table 7d. TSD Design Strategy C : Approximate Op-
timization with Absolute Move Limits — initial condition
6.
Design Design Parameters
cycle X X, X3 X4 Ci Cq A
0 0.0 0.0 0.0 1.0 0.5534 [ 0.0242 | 0.0996
1 0.489| 0.500|-0.497 | 0.503|0.5284 (0.0048 |0.0802
2 0.623| 0.961(-0.994 | 0.473]0.6252|0.0053 | 0.0750
3 0.124| 1.242(-1.003| 0.676|0.6546 |0.0048 ( 0.0750
4 0.066| 1.621(-1.500| 0.9210.7035|0.0047 (0.0750
5 -0.434 | 2.077|-1.749| 1.224]0.7638]0.0042|0.0750
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Table 8. Comparison of Lift and Drag Predicted by the
TSD and Euler Analysis.

Design Design Parameters Ch Ca

No. *| X, X X3 X4 TSD | Euler | TSD | Euler

0 1.0 0.0 0.0 0.0 |0.5656|0.4891]0.01027 (0.01177

4 0.504| 0.516 | -0.476 | 0.404|0.4989|0.4725|0.00284 | 0.00537

8 0.001| 1.475|-1.938 | 1.516|0.5049|0.4683 [ 0.00063 | 0.00197

10 0.001| 1.876|-1.940| 1.209|0.7078|0.6161 | 0.00414 | 0.00739

* selected from the design results in Table 6c¢.
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Table 9a.

Euler Design Strategy B : Drag Minimization
followed by Lift Maximization — initial condition 3.

Move | Design Design Parameters **
Limits | cycle X1 X, X3 X4 C; Cq A Cleqv
0 1.0 0.0 0.0 0.0 .48912].011768 | 0.0810
1 0.827| 0.100]| 0.094|-0.088|.49602 | .009069 | 0.0750
500% 2 0.555| 0.331(-0.108 | 0.157|.49838 | .007961 | 0.0750
3 0.325| 0.558|-0.346 | 0.405|.49742|.006879 | 0.0750
4 |-0.313| 1.150(-0.923 | 1.040].49438|.005745|0.0750
*5 |-0.270| 1.645(-1.231 | 0.927|.65665 |.009951 | 0.0750
6 |-0.375| 1.924(-1.549| 1.110|.68561 |.009783|0.0750
50% 7 |-0.480| 2.067|-1.665| 1.200|.70255|.010024|0.0750
Ag |-0.632| 2.218|-1.777| 1.319]|.71358|.010223|0.0750|.70617
9 |-0.721| 2.277]-1.822| 1.390|.71068 | .010204 | 0.0750|.70358
10 |-0.679| 2.252|-1.822| 1.375].70759|.010026|0.0750 | .70669
25%| 411 |-0.729| 2.303|-1.870| 1.425|.70838|.010026|0.0750|.70746
12 |-0.792| 2.350|-1.905| 1.474].70806|.010084 |0.0750|.70484
12.5% 13 |-0.729| 2.295|-1.860| 1.421|.70698|.010019 |0.0750|.70660
14 |-0.721| 2.302|-1.877| 1.426].70759|.009973|0.0750 | .70864
15 |-0.717| 2.307|-1.885| 1.426|.70899 |.009979|0.0750|.70980
16 |-0.712| 2.309(-1.888 | 1.424|.70995 | .009985|0.0750|.71054
17 -0.711 | 2.317|-1.900| 1.429]|.71090|.009979|0.0750|.71173
18 |-0.713| 2.327(-1.913| 1.435].71208|.009985 |0.0750|.71267
2% 19 |-0.711| 2.328|-1.914| 1.434|.71275|.009994 (0.0750|.71297
20 |-0.711| 2.331|-1.918 | 1.435|.71307(.009994 | 0.0750|.71333
21 |-0.710| 2.331|-1.918| 1.434|.71335|.009996 (0.0750|.71349
22 |-0.719 | 2.344|-1.931 | 1.446|.71384|.009999|0.0750|.71388
23 |-0.725| 2.351(-1.939( 1.452|.71404 (.010001|0.0750|.71402
24 |-0.736| 2.365|-1.954 | 1.465|.71427(.009998 |0.0750|.71435
25 |-0.736| 2.365|-1.953| 1.465].71439|.010002|0.0750].71432

*  Dbegin lift maximization.

A

**  Clequ. : Equivalent Value of Cj.
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starting point for reduced move limits.
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Table 9b. Euler Design Strategy B : Drag Minimization
followed by Lift Maximization - initial condition 4.

Design Design Parameters

cycle X1 X, X3 X4 Ci Cq A
0 0.0 1.0 0.0 0.0 |0.6977|0.0266|0.0759
1 0.100| 0.624| 0.100| 0.100|0.5827|0.0165|0.0750
2 0.307| 0.481(-0.244 | 0.378|0.4846 | 0.0068 | 0.0750
3 0.152| 0.777|-0.600| 0.627|0.4992 (0.0061|0.0750
4 |-0.00&| 0.936(-0.762 | 0.796|0.4984 |0.0058 (0.0750
5 -0.093 | 1.031|-0.861| 1.890]0.4996 | 0.0056 | 0.0750
6 -0.260 | 1.164|-0.973 | 1.036[0.4982 (0.0056 |0.0750
*7 -0.254 | 1.657|-1.268 | 0.939]0.6565 | 0.0097|0.0750
8 -0.331( 1.822|-1.425| 1.031|0.6783|0.0099|0.0750
9 -0.401 | 1.956|-1.563 | 1.121|0.6921 |0.0100|0.0750
10 -0.552 | 2.148-1.728 | 1.259(0.7098(0.0101 | 0.0750
11 -0.640| 2.233|-1.801 | 1.337|0.7127|0.0101|0.0750

* begin lift maximization.
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TABLES

Table 9c¢.

followed by Lift Maximization — initial condition 5.

Euler Design Strategy B : Drag Minimization

Design Design Parameters

cycle X1 X, X3 X4 C Ca A
0 0.0 0.0 1.0 0.0 |0.5050(0.0467(0.0967
1 0.100|-0.056 | 0.634| 0.100]0.4146(0.0112|0.0750
2 0.567| 0.189| 0.172]-0.019 | 0.5044 | 0.0100|0.0750
3 0.637| 0.260|-0.040 | 0.077]0.4989 |0.0084 [ 0.0750
4 0.445| 0.427(-0.200 | 0.263|0.49780.0075(0.0750
5 0.061| 0.739|-0.472| 0.656]0.4962 | 0.0066 | 0.0750
6 |-0.111| 0.949|-0.701 | 0.810]0.4999 (0.0062 | 0.0750
7 -0.214| 1.127(-0.938 | 0.992]0.4997 [ 0.0056 | 0.0750
8 |-0.272| 1.221(-1.057 | 1.084]0.4999(0.0055 |0.0750
*9 |-0.278| 1.729|-1.329| 0.964|0.6704 |0.0100 | 0.0750
10 |[-0.412| 1.979(-1.592| 1.140(0.6933|0.0099(0.0750
11 -0.558 | 2.154(-1.730| 1.261|0.7111(0.0102|0.0750
12 |-0.649| 2.237(-1.803 | 1.344(0.7121|0.0101(0.0750

* begin lift maximization.
Table 9d. Euler Design Strategy B : Drag Minimization
followed by Lift Maximization — initial condition 6.

Design Design Parameters
cycle X1 Xz X3 X4 Cz Cd A
0 0.0 0.0 0.0 1.0 0.3558 ( 0.0165 | 0.0984
1 0.200| 0.200| 0.200| 0.481]0.50450.0303 |0.0980
2 0.424| 0.336(-0.524 | 0.669]0.3727|0.0027 |0.0750
3 0.169| 0.817|-0.640| 0.622|0.5102|0.0064 | 0.0750
4 |-0.180( 1.070|-0.882| 0.953]|0.4946|0.0055 | 0.0750
*5 -0.178 | 1.560|-1.179| 0.865|0.6490|0.0098|0.0750
-0.222 ] 1.677(-1.299| 0.928]0.6649 |0.0099 | 0.0750
-0.280 | 1.777(-1.391| 0.990]0.6764 | 0.0100 | 0.0750
-0.409 | 1.982|-1.591| 1.134]0.6959|0.0100 0.0750
-0.558 | 2.148|-1.721| 1.257|0.7105|0.0102 | 0.0750
10 |-0.630| 2.206|-1.772| 1.322|0.7090|0.0101 | 0.0750

* begin lift maximization.

93



Table 10a. Euler Design Strategy C : Approximate Op-
timization with Absolute Move Limits — initial condition
3.
Move | Design Design Parameters **
Limits | cycle X1 X2 X3 X4 C Ca A Clego.
0 1.0 0.0 0.0 0.0 .48912|.011768 | 0.0810
1 0.652| 0.500(-0.220| 0.057].56529|.010919|0.0750
2 0.239| 1.000|-0.672 | 0.455|.60127|.010031|0.0750
3 0.071| 1.267|-0.923| 0.634].62789|.009978|0.0750
0.5 4 |-0.078| 1.470(-1.098 | 0.772|.64813(.010042|0.0750
5 |-0.227 | 1.635|-1.227 | 0.894|.66244|.010129(0.0750
6 |-0.341| 1.792(-1.380| 1.018].67371|.009992|0.0750
7 |-0.434| 1.956(-1.553 | 1.137|.68770|.009898|0.0750
8 |-0.514( 2.082|-1.675| 1.226|.69950.009951 |0.0750
49 |-0.605| 2.159(-1.722| 1.288|.70507|.010117|0.0750]|.70143
10 |-0.677| 2.199|-1.749| 1.342|.70144(.010089 |0.0750].69855
11 |-0.665| 2.232(-1.805| 1.362|.70542(.009989|0.0750|.70581
0.25 12 |-0.721| 2.292|-1.858 | 1.415|.70795|.010031 |0.0750|.70684
A13 |-0.768 | 2.340|-1.907 | 1.465|.70768|.010012|0.0750|.70723
14 |-0.811( 2.367|-1.924| 1.495(.70710|.010064 | 0.0750 | .70464
0.125| 2415 |-0.784| 2.360|-1.931| 1.486|.70734|.009989|0.0750.70776
16 |-0.810| 2.379|-1.942| 1.504|.70790|.010040|0.0750|.70632
17 |-0.77& | 2.365|-1.942| 1.488|.70809 |.009970|0.0750|.70932
18 |-0.777| 2.372|-1.950 | 1.490].70953|.009984 | 0.0750].71022
19 |-0.777| 2.377(-1.957| 1.492].71030|.009988 0.0750|.71077
20 |-0.777| 2.381(-1.962 | 1.494|.71092|.009992|0.0750|.71127
21 |-0.778| 2.385|-1.967 | 1.497|.71133|.009993|0.0750|.71157
22 |-0.779| 2.389|-1.973 | 1.500(.71170|.009994 |0.0750|.71197
0.02 23 |-0.780| 2.393|-1.978 | 1.503(.71202(.009994 |0.0750|.71226
24 |[-0.781( 2.397|-1.982| 1.505(.71226.009994|0.0750|.71250
25 |-0.783 | 2.401|-1.987| 1.509(.71250(.009995|0.0750(.71273
26 |[-0.784 | 2.405|-1.992| 1.512|.71272|.009996|0.0750|.71290
27 |-0.786| 2.408|-1.997 | 1.515|.71287|.009997|0.0750|.71304

TABLES

continued in the next page
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* %

Move | Design Design Parameters

Limits | cycle X1 X2 X3 X4 C Ca A Clego.
28 |-0.788| 2.412|-2.001| 1.518].71297 (.009997|0.0750|.71312
29 |-0.790| 2.415(-2.005| 1.521|.71310(.009997 [0.0750|.71323
30 |[-0.792( 2.419|-2.009( 1.524].71322|.009998 | 0.0750].71331
31 |-0.795| 2.422(-2.013| 1.527|.71324|.009998 (0.0750|.71335
32 |-0.797| 2.425|-2.017| 1.530|.71331|.009998 [ 0.0750|.71341
33 |-0.799| 2.428|-2.020| 1.533|.71335(.009998|0.0750|.71342
34 |-0.801| 2.432|-2.024( 1.537].71335|.009998 | 0.0750|.71345
35 |-0.804| 2.435|-2.028| 1.540].71336|.009998 | 0.0750|.71345
36 |-0.807| 2.438|-2.032( 1.543|.71343(.010000|0.0750|.71339

A starting point for reduced move limits.

**  Clequ. : Equivalent Value of Cj.

TABLES

Table 10b. Euler Design Strategy C: Approximate Op-
timization with Absolute Move Limits — initial condition

4,

Design Design Parameters

cycle X, X, X3 X4 C C4 A
0 0.0 1.0 0.0 0.0 0.6977 | 0.0266 | 0.0759
1 0.289| 0.686|-0.460 | 0.448|0.5197|0.0074 |0.0750
2 0.177( 1.080|-0.746 | 0.517|0.6067 | 0.0099|0.0750
3 0.043| 1.314|-0.970| 0.666|0.6324 | 0.0100 | 0.0750
4 -0.140| 1.593|-1.227| 0.855|0.6606 | 0.0100(0.0750
5 -0.306 | 1.796|-1.402| 1.007|0.6774|0.0100 | 0.0750
6 -0.445| 1.993|-1.588 | 1.153]0.6939|0.01000.0750
7 -0.542 | 2.107|-1.687 | 1.242]0.7023(0.0100|0.0750
8 -0.636 | 2.194(-1.759| 1.323]0.7055|0.0101|0.0750
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TABLES

Table 10c.

Euler Design Strategy C: Approximate Op-
timization with Absolute Move Limits — initial condition

5.
Design Design Parameters
cycle X, X, X3 X4 Ci Cq A
0 0.0 0.0 1.0 0.0 0.5050 | 0.0467 | 0.0967
1 0.486 | -0.285 | 0.500| 0.091]0.3613|0.0050|0.0750
2 0.639| 0.212| 0.096 | -0.021 [ 0.5105 | 0.0097 | 0.0750
3 0.541| 0.478|-0.180( 0.125]0.5440(0.0099|0.0750
4 0.424| 0.744|-0.460| 0.292]0.5728 | 0.0098 | 0.0750
5 0.212( 1.094(-0.780| 0.511]0.6120(0.0100|0.0750
6 |-0.091| 1.459|-1.067| 0.760|0.6486 |0.0102|0.0750
7 |-0.244| 1.665|-1.264 | 0.922]0.6633|0.0100|0.0750
8 |-0.488| 2.026|-1.615| 1.189|0.6936 |0.0099|0.0750
9 -0.578 | 2.135|-1.708 ( 1.271]0.7024 | 0.0100|0.0750
10 -0.650 | 2.208|-1.774 | 1.339|0.7049(0.0100|0.0750

Table 10d. Euler Design Strategy C: Approximate Op-
timization with Absolute Move Limits — initial condition

6.
Design Design Parameters
cycle X1 Xs X3 X4 C Cq4 A
0 0.0 0.0 0.0 1.0 0.3558 [ 0.0165 | 0.0984
1 0.474| 0.500(-0.449| 0.500|0.5110|0.0103 | 0.0822
2 0.324| 1.000|-0.679| 0.392]0.6164 | 0.0108 | 0.0750
3 0.043| 1.372(-1.041| 0.692]0.6417|0.0100(0.0750
4 -0.150| 1.574|-1.186| 0.837]0.6603 |0.0102(0.0750
5 -0.310| 1.798|-1.403| 1.010]0.6770|0.0100(0.0750
6 -0.417 | 1.974|-1.584| 1.140|0.6920|0.0099 | 0.0750
7 -0.510| 2.111(-1.714| 1.239]0.7041|0.0100|0.0750
8 -0.591| 2.179(-1.754 | 1.292]0.7097|0.0101 | 0.0750
9 |[-0.664| 2.255|-1.833| 1.372]0.7090|0.0100|0.0750
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FIGURES

< Shape 1 : NACA 2412

< Shape 2 : NACA 64,-412
< Shape 3 : NACA 65,-415

< Shape 4 : NACA 64,A215

Yus = Xx/¢

Shape 5
Yis = 0
yus = D

Figure 1. Six Shape Functions
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FIGURES

Initial Design
Xinit.

¢ Xo = Xinit

Xo =Xn

Nominal Design
Xo

'

Exact Analyses and
Sensitivity Calculation

(TSFOIL or FLOMG)

'

Approximate Optimization

X

Optimization

(NEWSUMT-A)

Cl apprx.

Approximate

Analyses

Cd apprx.

No

Convergence

Xn

New Design

Figure 2. Flowchart of Approximate Optimization
Design Procedure.
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Figure 3. Close-Up View of TSFOIL Cartesian Mesh
77 x 57, NACA2412.
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WALA

\\\\\\\\\

Figure 4. Close-Up View of FLOMG Hyperbolic Type C-Grid
224 x 32 cells, NACA2412.
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Figure 5a. Sublayer

Figure 5b. Notations for Modified
Euler Boundary Conditions

Vny=-Vn, +

= eOl(an,th, pl,pl)

Figure 5c. Reflection procedure for Implementing
Modified Euler Boundary Conditions.
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Figure 6. Method of Strained Coordinates
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Figure 15b. Euler Design Results (Table 9b) : Strategy B,
Drag Minimization followed by Lift maximization.
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Figure 15c. Euler Design Results (Table 9¢) : Strategy B,
Drag Minimization followed by Lift maximization.
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Approximate Optimization with Absolute Move Limits.
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Figure 18b. Euler Design Results (Table 10b) : Strategy C,
Approximate Optimization with Absolute Move Limits.
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APPENDIX A. ESTIMATION OF EQUIVALENT LIFT
COEFFICIENT

A.1 Kuhn-Tucker Conditions

The typical optimization problem which includes inequality constraints only is

minimize f(X)
~ (A.1)
such that g¢;(X) >0 J=1,...,n
where f is the objective function, g; is the j-th inequality constraint of which total
number is ny and X is the vector of n design variables X = (X, Xo,...,X5)7.

The necessary conditions for a minimum known as Kuhn-Tucker conditions for the

problem (A.1) may be as follows:

A point X is a local minimum of the problem (A.1) only if a set of non-

negative A; may be found such that

g

8gJ .
E = =1,...,
aX. = ox; PESeeen (4.2)
2. Aj =0 if j — th constraint is not active.

A.2 Computing the Lagrange Multipliers and Equivalent Lift Coefficient

The Kuhn-Tucker conditions are often used to check whether a candidate min-
imum point satisfies the necessary conditions. However, more valuable thing in
practical applications is that the conditions can be used for estimating the sensi-
tivity of the optimum solution to small changes in the problem definition. The

equivalent lift coefficient used for the global convergence checking in chapter 6 also
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were calculated following this application. In both cases the Lagrange multipliers
at a given point are needed to calculate.

Eq. A.2 in matrix form is

g—NA=0, (A.3)
where g is the gradient vector of f, and the matrix bf N is defined by

0X;

ngj ij=1,...,r 1=1,...,n (A.4)

with the total r active constraints. Typically r is less than n, so that Eq. A.3 is
overdetermined with n equations and r unknowns. We assume that the gradients
of the constraints are linearly independent so that N is of rank r. If the Kuhn-
Tucker conditions are satisfied exactly, then only single solution exists. In this case,
a subset of r equations from n equations can be selected to solve for the Lagrange
multipliers. However this approach may be susceptible to amplification of errors.
Instead a least-squares approach can be used to solve the equations. If we define a

resiual vector u as

u=Nl\-g, (A.5)

a least squares solution of Eq. A.4 will minimize the square of the Euclidean norm

of the residual with respect to A

la|? = (NX)T(NX)
(A.6)
= ATNTNX - 22TNTg + gTg.
Differentiating Eq. A.6 with respect to each one of the Lagrange multipliers to

minimize |[u||? leads

A= (NTN)"!NTg. (A.7)

The design problem considered in the present study can be written, from Eq.

2.1, as:
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maximize Cj(X)
such that Cg4, — C4(X) >0 (A.8)
A(X) — Amin 20,
where X is the vector of design parameters X = (X3, X3,...,Xn)7T specifying the
airfoil geometry, Cq4 is the drag coefficient due to wave drag, Cg, is the prescribed
upper limit on wave drag, A is the airfoil cross-sectional area non-dimensionalized
by ¢2, with c the airfoil chord and Ay is the minimum required area.
Since this problem has 4 design variables and two active constraints in each

approximate design cycle, the gradient vector g and the matrix N are respectively,

_aC, 18X, _8Cy/0X, 0AJdX,

[ -aci/8x, | —acujox, a4)ax.
8= | _aci/axs |* N= | —acy/oxs 04/8Xs (4-9)

—3C, 19X ~8C4/0Xs 9A)X,4

In each design cycle, an optimum solution is obtained based on the approxima-
tions constructed there. Suppose we found small amount of constraint violations,
after performed an exact analysis at the end of each approximate optimization.
Then the equivalent lift coefficient to consider small changes in the problem defini-

tion due to those violations can be estimated as
Cleqv. =C1— A1AC; — A2AA, (A.].O)

where C; is the lift coefficient obtained by the exact analysis, AC; is the amount
of the violation in the wave drag constraint and AA in the area constraint and
both A; and A, are the Lagrange multipliers corresponding to wave drag and area
constraints respectively. More details and useful examples in the applications of

Lagrange multipliers are well provided in Haftka et al.1!®
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