M olecular Mechanics Simulations of I nstabilitiesin 3D
Defor mations of Gold Nanospecimens

Alejandro Andres Pacheco Sanjuan

Dissertation submitted to the faculty of the
Virginia Polytechnic Institute and State University
in partial fulfillment of the requirements for tdegree of

Doctor of Philosophy
In
Engineering Mechanics

Romesh C. Batra, Chair
Michael W. Hyer
Diana Farkas
Scott L. Hendricks
Layne T. Watson
Mark S. Cramer

January 27, 2009
Blacksburg, VA

Keywords:local instability criteria; global instability cetia; molecular mechanics; average
and local stress and strain tensors.

Copyright 2009, Alejandro Andres Pacheco Sanjuan



M olecular M echanics Simulations of I nstabilitiesin 3D
Defor mations of Gold Nanospecimens

Alejandro Andres Pacheco Sanjuan

ABSTRACT

We use molecular mechanics (MM) simulations wita tight-binding (TB) potential to study
local and global instabilities in initially defefiee finite specimens of gold crystals deformed in
shear, simple shear, tension/compression, simplasia®/compression, and triaxial
tension/compression. The criteria used to deleméatal instabilities in a system include the
following: (i) a second order spatial derivative of the disptea® field having large values
relative to its average value in the body) the minimum eigenvalue of the Hessian of the
potential energy of an atom becoming nonpositiué, §nd structural changes represented by a
high value of the common neighborhood parametespAcimen becomes globally unstable
when its potential energy decreases significanith @ small increase in its deformations. It is
found that the three criteria for local instabiliye satisfied essentially simultaneously at the
same atomic position. Deformations of a specimenqaite different when it is deformed with
some bounding surfaces free from external forcespg®sed to essential boundary conditions
prescribed on all bounding surfaces. It is founat the initial unloaded configuration (or the
reference configuration) of the minimum potentiaéegy has significant in-plane stresses on the
bounding surfaces and nonzero normal stressestatioin points. In tensile/compressive
deformations of a rectangular prismatic nanobarileél stress defined as the average axial
stress when the average axial stress vs. the avesaml strain curve exhibits a sharp
discontinuity depends upon the specimen size; dasimesult holds for simulations of shear
deformations. Specimens deformed with essentiahtdary conditions on all bounding surfaces
experience instabilities at a higher value of therage strain than identical specimens deformed
similarly but with one or more pairs of oppositeubding surfaces traction free. For the former

set of deformations, the response of a specimen farithe onset of instability is the same as that



of a hyperelastic body with the strain energy dstifrom the TB potential and deformations
obeying the Cauchy-Born rule. Specimens with stmaion free bounding surfaces experience
local instabilities prior to the onset of a glohaktability but the two instabilities occur

simultaneously in specimens with essential boundanmyditions prescribed on all bounding
surfaces. It is believed that because of residtralsses in the reference configuration, the

average axial stress at yield in compression islyyeae-half of that in tension.
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Chapter 1

I ntroduction

1.1 Mechanical properties of materials at nanoscale

The mechanical properties of materials with onenore dimensions of the order of nanometers
are of great interest due to their potential useeagorcements in fabricating composites for
structural applications and also in the developnodnglectrical, thermal and optical systems.
Materials at the nanoscale have special featutegedemostly with the prominent influence of

stresses induced in free surfaces and the restheakes developed in the interior of the body.

The environment around atoms located near $teéaces differs considerably from that
around atoms located in the interior. If a perfesistal is divided by an imaginary plane and
atoms from one side are removed, the atoms sittimgthe dividing plane will not have
counterparts on the opposite side; this will lea@ treorganization of the interatomic forces. To
counteract the attraction force of atoms in theriot, the interatomic distance between atoms
near the outer layers will change to generate fofoe the system to be in equilibrium. The
components of these forces projected on the digigiane will generate in-plane stresses on the
free surface (surface tension), and the free seimflagy not stay plane. These in-plane stresses
induce stresses in the interior of the body.

The influence of surface and residual stresa@sbe important on the mechanical properties
of a nanoscale structure. For instance, as thescsestion of a nanowire decreases the
interatomic space also decreases as compared toténatomic space in a perfect crystal. The
influence of this change increases with a decrgag@nensions of the structure up to the point
of causing local yielding in the material due tghhicompressive stresses developed at interior
atoms (Diao et al., 2006). This variation in theeratomic forces leads to a spatial variation in
the mechanical properties of the material suchtsaglastic constants. It has been observed in

molecular mechanics/molecular dynamics (MM/MD) diations that in-plane tensile stresses on



the bounding surfaces generate compressive notreakss in the interior of a nanowire (Diao et
al., 2004; Zhang et al., 2008).

Diao et al. (2004) have performed MM simulai®f tensile deformations of gold nanowires
to study the effect of free surfaces on their maat# properties. They used the modified
embedded atom method potential (MEAM) (Baskes, 19Be gold specimens of square cross
section were oriented in the [1,0,0] and [1,1,¥ktallographic directions. The effective Young's
modulusk and Poisson’s ratio for different cross secticaaralas were computed. For nanowires
oriented in the [1,0,0] direction with a thicknessre than 3 nm values & equaled 42.3 GPa
which equalsk for the bulk material. However, for nanowires lghan 1.83 nm thicke
increased to 127 GPa. The local virial stress tewss computed in the initial unloaded relaxed
configuration. It was found that in-plane tensiteesses are generated in nanowire’s bounding
surfaces and compressive stresses in the intémor2 nm thick wires, values & at the four
corners of the cross section were 3.5 times ofgfabs$nterior points. For nanowires in the [1,0,0]
direction, the magnitude of the compressive statgaterior points exceeded 1.6 GPa which is
the yield stress in compression for a bulk matefile variation of only the axial stress was
shown at different stages of the deformation.

Gall et al. (2004) have studied the effectreé surfaces in rhombic nanowires and multishell
wires. The rhombic nanowires had [1,1,0] axes ¢aitton and {1,1,1} side surfaces while the
multishell wires were composed of a single atorhigic surrounded by a helix of six atoms. MD
simulations of tensile loading using the EAM potainivere performed until yield signified by a
sharp discontinuity in the average axial stressame axial strain curve. Young’'s modulus of a
multishell wire was found to be greater than thfaa ohombic nanowire. For a 0.7 nm diameter
multishell wire the computed average axial yieleéss and the average axial yield strain were 13
GPa and 14% respectively. For a 2.2 nm diametembio nanowire the average axial yield
stress and the average axial yield strain were 8 & 7% respectively. The authors explained
that the {1,1,1} surfaces contract without the amilon of an external load generating
compressive stresses in the interior of the witge €ffect of surface stresses is negligible for
macroscopic bodies but is significant for specimieasging diameter 10 nm or less. Gall et al.
(2004) pointed out that the initially compressiveesses are responsible for the experimentally
observed asymmetry in the yield stress for smallmgiter specimens undergoing tensile and

compressive loading. In a tension test the exteloads overcome the internal compressive
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stress and finally the wire fails under tensiorthAlgh free surfaces contribute to the generation
of internal compressive stresses that increasesttbagth of the structure under tension, points
with high compressive stresses and other geometggularities are potential sites for the
nucleation of instabilities.

Diao et al. (2006) studied the effect of feeefaces on the yielding of gold nanowires and
proposed that unstable points are those whereedwvied shear stress (RSS) reaches a critical
value, and dislocations will nucleate there. Isotred MD simulations of tension and
compression tests for gold specimens of squares csestion with [1,0,0] and [1,1,1] axial
orientation were performed. The temperature of ghecimens was set tokK and periodic
boundary conditions were used in the length dioectThe length of the representative volume
element was approximately three times the thickméghe nanowires. Due to in-plane tensile
surface stresses the nanowires created from acperigstalline structure are not in equilibrium.
Under no external loads the nanowire changes méigiration and its overall dimensions are
modified until the minimum potential energy configtion is reached. This process is called
relaxation. For [1,0,0] nanowires less than 2.45 thiok local yielding was observed upon
relaxation. An increasing value of the axial straimposed after relaxation caused the cross
sectional area to decrease. Asymmetry in the ysldss for tension and compression was
obtained for nanowires oriented in the [1,0,0] clien: ~-4.8% and ~-0.7 GPa for the average
axial yield strain and the average axial yield streespectively, under compression, and ~10%
and 4 GPa for the average axial yield strain apdhtlerage axial yield stress, respectively, under
tension for a sample 4 nm thick. For 4 nm thickavaines oriented in the [1,1,1] direction the
average axial yield stress in tension and compessas ~5 GPa. The yielding was attributed to
the nucleation and propagation of {1,1,1} [1,1,4rtml dislocations from the edges of the
nanowires. The Schmidt factor for a bulk matertaha onset of yield for the most favorable slip
system in the [1,0,0] nanowires is larger in corapi@n than that in tension causing the [1,0,0]
nanowire to yield at a lower value of the axiabss in compression than that in tension. On the
other hand the Schmidt factor for the most favaatip system in the [1,1,1] nanowires is larger
in tension than that in compression but the residompressive stresses counteract this effect
producing an equal value of the yield stress isitBmand compression. Even though Diao et al.
(2006) found that the critical RSS does not chamgareciably with the cross sectional area of

the nanowire and that it can be used as a critéaothe nucleation of defects Liu et al. (2007)
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and Miller and Rodney (2008) have stated that in MMl MD simulations of mechanical
deformations the slip system with the highest RSi$ot always activated at the yield point.
Zhang et al. (2008) proposed a theoretical ehtml explain the influence of surface stresses
upon elastic properties and the asymmetry in tleddystrength in tension and compression
observed experimentally in nanowires. Using thedmelasticity theory, they found analytical
expressions for the effective Young's modulus, istra stresses, and the yield stress in
tension/compression for an isotropic nanowire watftircular cross section and unit length.
Effects of surface stresses and initial stresse® wensidered. They found that the effective
Young’'s modulus and in general the elastic constahthe nanowire do not depend upon the
residual stresses. Assuming the von Mises yieltbroon, they derived an expression for the
yield stress in tension and compression which skdaWat the initial stress is responsible for the
asymmetry observed in the yield stress in tensiwh @mpression. It was also found that the
influence of the elastic properties of the surfand of the initial stresses on the effective etasti
properties of a nanowire and the yield stress vaassthe radius of the nanowire increases. They
suggested using the same methodology to studyffeet ®f surface stresses in nanowires of
different cross sections, anisotropic materials daifterent yield criteria. Even though the
influence of residual stresses appears to be exqudy this simplified model the assumptions of

the material beingsotropic and residual stresses being uniform ateealistic for a nanowire.

1.2 Global and local instabilities in atomic systems

In a homogeneous continuous body, a strong singularassociated with either the deformation
gradient or the displacement becoming discontin@ausss a surface passing through a material
point (e.g., see Truesdell and Noll, 1992). Thegsiarity is called weak when both
displacements and their first-order derivatives ematinuous everywhere in the body but a
second or a higher-order derivative of the disptaaat is discontinuous at one or more points of
the body. The initiation of a weak singularity afoint is synonymous with an acceleration
wave not propagating through that point (Hill, 1R62his is equivalent to the acoustic tensor

evaluated at that point having a zero eigenvalwemull determinant. Van Vliet et al. (2003) and



Steinmann et al. (2007), amongst others, have isedcharacterize local instabilities in an
atomic system.

The potential energy of a system of atomssigally assumed to depend upon the current
interatomic distances and the relative angles bemvedomic bonds. From a continuum point of
view, this is tantamount to assuming that an apypatgy defined strain energy density depends
upon the state of deformation in the present condiion, or equivalently, the material response
is elastic (Truesdell and Noll, 1992). The mateoaiectivity is satisfied since interatomic
distances and changes in angles between atomicsbanel invariant with respect to
superimposed rigid body motions.

The hypothesis of the acoustic tensor becorsingular at the onset of a local instability is
equivalent to assuming that the matrix of instaataus values of elasticities, defined as the
second-order derivatives of the strain energy dgngih respect to the Green-St. Venant strain
tensor, ceases to be positive-definite. In the photheory the acoustic tensor is called the
dynamical matrix and is a concept for discreteeyst However, in continuum mechanics the
acoustic tensor is defined at every point in thetioomum and is a continuous function of the
deformation gradient. For discrete systems Lu amédng (2006) have used an atomistic
counterpart of the continuum acoustic tensor, datlee atomic acoustic tensor, to study the
nucleation of local instabilities. It is equivaldantrequiring that the energy of every atom in the
system in equilibrium be convex for variations afsgion vectors of other atoms given by a
mono-mode perturbation.

The configuration of a system in equilibriusnglobally stable if its potential energy in that
configuration is the minimum. Kitamura et al. (2@ studied delamination of a nano-film from
a substrate and found that the displacement athwthee minimum eigenvalue of the Hessian of
the potential energy of the system vanished equdladat which the load-displacement curve
became discontinuous (the displacement abruptiseased under the applied load). The same
criterion has been used to analyze strengths offtlms and cracked bodies (Kitamura et al.,
2004b).

Instabilities in an atomic system have alserbstudied by the normal mode analysis
(Dmitriev et al., 2005) which exploits symmetridstiee system to reduce the number of degrees
of freedom (d.o.f.). For a system having no spaiahmetries, the normal mode analysis is

equivalent to the method used by Kitamura et &042, b). For a system having no symmetries,

-5-



the reduction in the number of d.o.f. is not pogsi@he implementation of a criterion which
includes all d.o.f. is prohibitive for a large syist because of difficulties in finding an eigenvalue
of aN, X N, sparse matrix whend, is the number of d.o.f. after the elimination Bfpaescribed
displacements. Moreover, modal analysis shows nhyt iostabilities related to the constituent
material but also structural instabilities that arffuenced by the magnitude of external loads
and the type of constraints. Thus a local critefi@ips characterize material instabilities and
determine the permissible loading capacity of aesgs

Regions where deformations of an atomic systiest become unstable have also been
identified by using geometric measures of the laamic structure. For example, for a face-
centered cubic (FCC) crystal Kelchner et al. (1998¢d the centrosymmetry parameter that
measures relative positions between six pairs afas atoms situated on opposite sides of the
atom whose centrosymmetric parameter is being leabmi  Other quantities used include the
slip vector (Zimmerman et al.,, 2001), the atomiadaotation angle (Li et al., 2006), the
common neighborhood parameter (CNP)szuki et al., 2007 and invariants of the
infinitesimal strain tensor (Pasianot et al., 193%8rtley and Mishin (2005) computed the local
deformation gradient by employing the least squarethod (LSM) and the Cauchy-Born rule,
and used contour plots of components of the Nysadteto identify screw and edge dislocations
in a system of copper atoms. Since the integratfothe Nye tensor over an area enclosed by
Burger’s circuit equals the Burger vector, Hartéd Mishin (2005) asserted that this technique
identifies well dislocations. Zimmerman et al. (2DOused the slip vector for identifying
dislocations and finding an approximation of Butg&ector.

Here we use the tight-binding (TB) potentiadaVMM simulations of different mechanical
tests to study deformations of a system of gold) @oms, and use (i) second-order gradients of
the displacement field, (ii) the CNP (Tsuzuki et 2D07), (iii) and eigenvalues of the Hessian of
the local potential energy to characterize the bofdocal instabilities. We also investigate
whether or not these three criteria are satisfiediléaneously at a point. Deformations simulated
include shear, simple shear, tension/compressidnsanple tension/compression of specimens
of different sizes and aspect ratios. A MM codeitaulate these deformations and subroutines

to calculate stresses and strains have been dedelop



We find the local Hessian of the TB potenbal considering the bond energy between an
atom and other atoms included in its first shelhefghbors. The first shell of neighbors of an
atom contains atoms located within one atomic dcdrom it.

Values of the first- and the second-order ldisgment gradients are found by using the
modified smoothed particle hydrodynamics (MSPH)hodt(Zhang and Batra, 2004). Values of
the average Cauchy stress tensor are computediy fosir definitions of the average stress
tensor. The local Cauchy stress tensor is compiatiémiving Hardy’'s method (Hardy, 1981).
The von Mises stress and the maximum shear sttegeraic positions where instabilities were
predicted by the vanishing of eigenvalues of thesdib of the local energy are found to be
much larger than their average values in the spatirdnstable points (atoms) are located, in
general, beneath free surfaces in zones with hirgssgradients. For simple tensile/compressive
deformations of nanorods the average axial yiefkstis found to increase with a decrease in the
specimen size but local stresses are found to hsidmrably high in certain zones in large
samples.

Average stresses and strains for the simparstteformations are also compared with those
deduced by assuming that the Cauchy-Born rule epplind the response of the atomic system is
equivalent to that of a hyperelastic body with Htein energy density deduced from the TB
potential and the Cauchy-Born rule.

For deformations simulated here the globakhinitity of the system is characterized either by
a sharp discontinuity in the average stress-avestigan curve or the strain energy density of the

system ceasing to be a minimum.



Chapter 2

Review of basic quantities

2.1 Interatomic forces and many-body potentials

Considerable work has been devoted to the developaieaccurate expressions for interatomic
forces in metals. Many currently used approacheesaribe deformations of solids are based on
first principle (ab-initio) calculations and expeental data for their mechanical and thermal
properties. Besides the interaction between agdaatoms in a two body potential, many-body

potentials take into account the environment arcesch atom and how this affects interatomic
forces. These potentials include the Finnis-Singtaitential (Finnis and Sinclair, 1984), the

embedded atom method (EAM) potential (Baskes and,1884; Voter and Chen, 1987), the

effective medium theory (EMT) potential (Jacobse¢nak, 1987), the glue models potential

(Ercolessi et al., 1988), and the tight-binding (Ti®tential (Cleri and Rosato, 1993). In this

work, we use the TB potential to represent thermateenergy and interatomic forces in an

atomic system.

The functional form of the TB potential is:

_ N p (i) N U]
v =_ Zgzex _ZD{__1] +Z|v| ex| —P{——l] . (2.1)
J=1 ro J:]' rO .

In Eq. (2.1), V) equals the potential energy of atdn the total number of atoms in the system,
ro the first-neighbor distanceag/x/é, whereag is the lattice parameter){” the magnitude of

the position vector between atornandj, andd, D, P andM are constants characterizing a
material. These constants are obtained by the nmation of an error function containing
differences between the experimentally obtainedenatproperties and predictions of the TB
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potential. For a FCC crystal in equilibrium at Galdd oriented with the coordinate axes [1,0,0],
[0,1,0] and [0,0,1] (see Fig. 2.1), parameters usdte fitting procedure for these constants are
(Cleri and Rosato, 1993): the cohesive enafgythe lattice parametey, the elastic constants,
and the equilibrium equations.

For a linear elastic material the strain epelgnsity\\, is given by

W, = (%)Cawfaﬂ% ’ (2.2)

whereC,z5,are elastic constants anél,; components of the infinitesimal strain tensor (the
summation on repeated indices is implied). In Veigtotation the three independent elastic

constants for a FCC material aé”@l-—-cm:, 612 ~C,,,, and C,, ~ C,,,,. With the coordinate

axes aligned along [1,0,0], [0,1,0] and [0,0,1] $tress-strain relation is

Oy §11 §12 (212 0 0 0 €11

O,, C, C; C, O 0 0 [|€2

Os3| _ C. Cp» Cy 0 0 0 |)&s 2.3)
oy, 0 0 o ¢, O 0 || '
oz |0 0 0 0 C, O |és

Oy) |0 O 0O 0 O 644_ €23

Equations satisfied to find constants in the TBeptl are summarized below:
(i). Cohesive energy for atomV") =V,

(i). First neighbor distanag : I, = aO/x/E

(iif). The equilibrium conditions:

= i—% =0,0=123.

j#i
in

f®

a

Here fis the component of the total force on atoatong theX,-coordinate axis and." the

component along th&,-coordinate axis of the position vector betweenmato and j. The
subscripte signifies that the quantity is evaluated in thaiklgyium configuration.

(iv). The elastic constants:



QY is the volume assigned to atarim the equilibrium configuration.
Values of material parameters for gold (Au) derivemin the fitting procedure are (Cleri and

Rosato, 1993):
M = 0.2061 eV = 1.7900 eV,p = 10.2290D = 4.0360f,= 2.8850A.

Experimental values of elastic constants used & dbmputation of parameters in the TB
potential are summarized in Table 2.1. In the le@dumn the experimental value and the

prediction from the TB of the bulk moduluB & (611 + 2612)/3) are also included.

T [00]

Fig. 2.1. Schematic sketch of the equilibrium configuratadra FCC unit cell.
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Table 2.1: Experimental values of quantities used to deterroorestants for the TB potential: the cohesive energ

(Vo), the lattice parameterd) and the elastic constant€(;,C,,,C,,). The experimental value of the bulk
modulus B) and that predicted from the TB potential are astuded (Cleri and Rosato, 1993).

~ ~ —~

_VC 8 C11 C12 C44 B

(eV) A (GPa) (GPa) (GPa) (GPa)
Experiments  3.779 4.079 187 155 45 165
TB potential - - 187 154 45 166

The TB potential has been successfully used toachenize the mechanical behavior of Au
nanowires (Ju et al.,, 2004; Lee et al.,, 2006, Uimle 2005). Pu et al. (2007) used three
semiempirical potentials, namely, Vorter and Chef1'987) EAM potential, the glue model
potential of Ercolessi et al. (1988), and the TBeptial. They compared results of MD
simulations for a tension test on an Au cluster posed of 256 atoms using the glue model
potential, the TB potential, and the EAM potentiBthe accuracy of a potential was determined
by comparing predictions of the potential energyhia relaxed configuration and of the ultimate
force at the breaking point with results obtaingduling the density functional theory (DFT),
which were taken as the reference values. The fatrtiee breaking point for an atomic chain of
Au atoms was found experimentally by Rubio-Bollingg al. (2001) to be 1.5 + 0.3 nN.
Predictions from the TB potential were found to emgwell with the DFT results and the
experimental data. The EAM and the glue model mi@ks overestimated the value of the
potential energy of the systems in the initial egufation (no external load applied) and also
showed an initial shape of the specimen not ineagemt with the DFT calculations. It was
concluded that these two potentials are not adedqoatescribe the energetics of systems with a
large number of under-coordinated atoms.

SinceV given by Eq. (2.1) is essentially zero fdt > 5.5A , the summation in Eq. (2.1) is

carried out for those values jofor which r @ < 6A to reduce the computational cost. Thus, only
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atoms lying within a distance of 6A from ataroontribute to the potential energy of atarie
note that the TB potential and its first derivasivare continuous at the cut off radius of 6A
within the accuracy of the computing machine.
An often used interatomic potential in the MAMD literature is the EAM. The functional
form of the EAM potential (Baskes and Daw, 1984t&r@nd Chen, 1987) is
N
w03 e Lafo| 24
j#i
In Eq. (2.4) F is the embedding energy of atdmp describes contributions to the electron
density of atom due to atomj, and ®is a pairwise potential describing interactions ago
neighboring atoms.
The potential energy of a system of atoms equals the sum of the enétygf all atoms in

the system. That is

v :év“) (2.5)

The interaction force vecté’ between atomsand]j equals the negative of the gradient of

the potential energy with respect to componentsefelative position vectaf?, or

N (@) (1) (ij)
g0 = |V Vg (2.6)

Here and below, the indexranges from 1 to 3, andi!”’ equals the component 8 along the

X, -coordinate direction of a rectangular Cartesiaordmate system.

2.2 The atomic stress tensor

There have been several efforts to identify contimwguantities such as stresses and strains in
atomistic simulations (Tsai, 1979; Hardy, 1981; kajs1988; Zhou, 2003; Ogata et al., 2004;
Shen and Atluri, 2004; Delph, 2005; Heinz, 2007{l&et al., 2008; Zimmerman et al., 2009).

Starting from statistical mechanics principles, mjuges such as temperature, velocity,
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displacement, pressure, interatomic forces andnateenergy have been used to describe a
system of particles (atoms). Concepts like tempeeatkinetic energy, interatomic force,
moment of inertia, pressure and linear momentumeweategrated by Clausius (1870) into a
guantity known as the virial (from the Latin wowts meaning energy, force). The virial is a
starting point for defining the virial stress tensshich will be related in the following
paragraphs with the volume average of the Cauchgstensor.

For a system comprised Nfatoms at O K, the average valugg, of components of the

Cauchy stress tensor can be computed by usingldigon

1 I (u) (IJ)
aﬁ ZQT ZZ fa ! (27)

i=1 j=1
j#i

whereQ' equals the volume occupied by the system.

The virial stress tensor was adopted as amnsidn of the concept of pressure tensor given in

statistical mechanics. The general expression Her absolute pressune for a group ofN
particles interacting with each other under a pid€N, having average kinetic ener{;ly‘:k>rand

contained in a vessel of volun@'is given by (Heinz, 2007)

i 2
p=- SQT Zzar(m rt +3Q—T<Ek>r' (2.8)

k=1 j=1

j<k .

where ( )Tindicates the average value of a quantity overreogef timet. For an ideal gas in

which there is no interaction among particles ekdep perfect elastic collisions, the term

corresponding to the internal enerdyanishes and the final result is the relation leemvthe
pressure in the system and the average kineticg;er(ErQrover a time period

The first term on the right hand side of E28], containing the derivative of the internal
energy with respect to the relative distance betwgaticles, is known as the internal virial. Eq.

(2.8) can be rearranged as the averaged value aftigrnal virial and twice the kinetic energy:
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(2.9)

Z Z ax)rm im(k)v(k) 7
a J

k=1 k=1
J

/\II

T

wherem® and v® are the mass and the velocity vector of atorespectively. The negative of
this quantity-p, is the pressure that the system exerts on whtlseocontainer. The pressure of

the system of particles is also defined as onetthiithe trace of the average pressure tefisor

_1
= §traceéﬂ ), (2.10)
where
=L S 0043 mBy oy
Mo alrs kz_l s kElm V, Vg : (2.11)

In Eq. (2.11) the internal virial is expressed ermis of internal forces to emphasize the
dependence of the pressure tensor on the interaioteractions. The virial stress tenser is

defined as the negative of the average pressusereire., g o5 =1 o (Heinz, 2007). Values

of componentsr,, of the average virial stress tensor are given by

* 1 N N
o :—T<—z £ 00 =3 mdy oy
Q k=1 k=1 r
(K)p (kl) N
ZZ oV _Ta _Zm(k)v(k)v(k) ]
oS oor (k) r(kJ) B (2.12)

j2k r

Equation (2.12) gives components of the avenagal stress tensor. The local virial stress

tensoiy is given by (Cormier et al., 2001)

(i) (i)
o = L[ o 0y0 4 Z oV To Ty (2.13)
aB o® a 'p 16r‘”) r () !
J

j#i .
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whereQ® equals the volume of the region associated withat It is important to note that the
pressure and the stress tensor have two partst avipiah takes into account the internal forces
and the other part that contains the linear momnmerttiithe system of particles. The second term
on the right hand-side of Eq. (2.12) involving tleasor product between the linear momentum
of a particle and its velocity has been questidmgdnany authors (e.g., Zhou, 2003; Shen and
Atluri, 2004). They argue that the linear momentoinparticles crossing the surface of a control
volume is not related to the Cauchy stress tengfinedl in continuum mechanics. This
controversy does not affect our results since weysstatic problems.

Using the local virial stress tensor, and eitthe hydrodynamic equivalence based on
localization functions (Irving and Kirkwood, 1950ardy, 1981; Lutsko, 1988; Shen and Atluri,
2004), or the hyperelastic assumption for the nedtbehavior at the atomic scale (Szefer, 2004;
Delph, 2005), or the direct computation of the titat vector (Tsai, 1979; Sun et al., 2006), or
the principle of virtual work (Zhou, 2003), one ctamd an approximation of the local Cauchy
stress tensor defined at each atomic position. Kewehese techniques give different values of
the local Cauchy stress tensor.

In an attempt to describe continuum quantitieterms of properties of a discrete group of
particles, Irving and Kirkwood (1950) introducecetboncept of a point function stress. As for
the virial stress, this stress tensor has two dmrttons: a kinetic contribution that comes from
the linear momentum transferred per unit time dueht microscopic (atomic) velocities as
viewed from a coordinate system moving with the rmascopic (continuum) velocity at a given
point R in space; the other term is the contribution af thternal forces to the stress tensor
(internal virial). In this process they introduced localization function¥(r) to compute
continuum quantities at a given poRtn the domain as the summation of contributionsaxth
particle to that property. The localization funatiohosen by Irving and Kirkwood is Dirac’s
delta functiord(r) withr =r® - R,

Hardy (1981) has pointed out following diffites in implementing the expression for the
local stress tensor proposed by Irving and Kirkw@b@b0): () the validity of the conservation
laws for the equivalent continuum appears to depend particular ensemble averagé), the
obtained formula for the configurational part oé tbtress tensor contains an infinite series that

needs to be truncated, and)(the difficulty in evaluating an expression thaintains Dirac’s
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delta function. Hardy (1981) proposed to replace®s delta function by a localization function
¥ ( the units of this function are FLthat satisfies following conditions (Root et &Q003):

(i). W(r“) - R) has a global maximum af’ = R.
(). W[-R)-0asf®-R - .
(iii). LIJ(r“) - R) is smooth and non-negative.

v). [W(r®-R)do=1.

Following Hardy’'s approach, the linear momamtdensityp at the positiorR in a given
continuum domain at timehas the form

p(R,t) = ZN:m("v("lP(r o R) : (2.14)
i=1

The partial differentiation of both sides of Eq.1®) with respect to time gives an equation
similar to the balance of linear momentum in camtim mechanics. For quasi-static problems
the contribution of inertia forces to the linear mentum equation is neglected. Thus, in the
absence of body forces, the equilibrium equatioaaah material point requires the divergence
of the Cauchy stress tensor to be zero. The dinemyef the Cauchy stress tensor represents the
internal force per unit volume (force density) agtat a material point. Taking into account the
total force f © on each particle (atom), the following equivalehbetween the force density in

the continuum and the atomic system holds:
N . .
dvo=2 m=3 tOW(r0-R). (2.15)
oR =
Since the internal force on a particle comes fras imteraction with other particles, i.e.,

N ..

fO=3 10 @ is the force between particlésand j), and by Newton’s third law,
=1
j#i

f W =—fU) Eq. (2.15) can be written as
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3 0o -)-wp ). 19

dive =

N

LS

The bond functiorB" (R) between two atorisandj is defined as (Hardy, 1981)

B (R)= l_IJ(Ar(ii) +r@ - R)d)l , (2.17)

O ey

and represents the fraction of the atomic bond &éetwatoms andj that is contained in a
representative volume defined around each mataoiak R ; only properties of particles (atoms)

inside this representative volume are utilized &fire continuum quantities &. Taking the

derivative of W(Ar @ +r® - R) with respect ta. we get

GW(Ar(”) +r) - R) I alP(/]r‘”) +r) - R)

(2.18)
04 OR
Integrating both sides of Eq. (2.18) with respedt fromA = 0 toA = 1, we get
. _ =100
Lp(r@) _R)_l_p(r(l) _R):_r(u)_aB (R) (2.19)
OR
Substitution from Eq. (2.19) into Eq. (2.16) gives
0 1SS iy BY(R)
— [b=-= f @ty 22 VY
oR 2 ,Z:;‘JZ; OR (2.20)

j#i
The solution of Eq. (2.20) has the general ferms® +¢©, wheres™® is a particular solution

and ¢Jis a solution of the homogeneous equatioric®’) = 0. A particular solution of Eq.
(2.20) can be derived as follows:

9 o = _EZN:ZN: iy 9BY(R)
oR 254 oR
J#i
0 () 1N (in (i) g (i)
1 1 1 —_
=T +522r Of9BW(R)|=0, (2.21)

i=1 j=1
j#i
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o® :—EZN:ZN:r(‘“ 0 f MBI (R) (2.22)
295 1=
j#i
Wajnryb et al. (1995) established the unigseref the configurational part of the local stress
tensor and concluded that it must satisfy followoogditions:
(). The divergence of the stress tensor must be equletinternal force per unit volume at
every point in the domain (in the dynamic casetiernal force includes the inertia force).
(i). The stress tensor must produce the correct cotitibto the equilibrium pressure of the
system (see Eq. (2.9)).
(iif). The configurational part of the stress tensor rhassymmetric.
(iv). The stress tensor must be a translationally aradiooally invariant function of the position
vectorR and the atomic position vectd?.
(v). The stress tensor must be invariant under all petions of particle indices.
(vi). The stress tensor must be independent of partitdgaictions such that when particles are

linearly arrayed, the direction of the traction tga shall be parallel to the linear array.

Wajnryb et al. (1995) have proved that #f’ to satisfy these conditions it must be

identically zero, and therefore = ¢” . Thus the Cauchy stress tensor for quasi-statiblems
is given by
1NN -
=== 0 fOBI(R) (2.23)
2333
jZi
Using Hardy’s method Zimmerman et al. (2004) coradahe local Cauchy stress tensor with
the local virial stress tensor and analyzed thiei@mice of two different localization functions. A
system of 3072 copper (Cu) atoms with energetissri@ed by the EAM potential was analyzed
under zero external loads and simple tensile defbams. Periodic boundary conditions were
applied on all bounding surfaces. The size of thecsnen was 8 x 8 x 12 unit cells. Two
localization functions were used: a radial stepcfiom and a cubic function. The averaging

volumeQ® in Eq. (2.13) for each atomic position was talkebé a sphere of radias; different
values oR. were also utilized. It was shown that values ef @auchy stress computed with the

step function decreased to zero as the radiusechv¥kraging volume increased and fluctuations
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in the normal stress components were significanRfoequal to the lattice parameter. However,

the amplitude of the fluctuations was effectivelyppressed to zero by using the cubic spline
function as the localization function. The authaftso obtained the oscillatory behavior while
computing normal stresses near free surfaces WweHdcal expression of the virial stress (Eq.
(2.13)). Even though oscillations are present wtamputing stresses near free surfaces Hardy's
approach reduces the wave length of the oscillateomd keeps the mean value of the normal
stress close to zero. The authors stated that iherdower limit for the spatial resolution when
trying to validate the equivalence between a grafipatoms and a continuum, and this
connection cannot be made for a very small atorpgtesn. When the representative volume
increases, i.e., when more particles are used ngpate properties at a given material point,
components of the Cauchy stress tensor computddabyy’s method converge to the average
values given by Eq. (2.12) for every choice ofltealization function.

Webb et al. (2008) have computed the stresd éiround an edge dislocation embedded in an
elastic material. The EAM potential for aluminum svased in MM simulations of the edge
dislocation in a cylindrical specimen. The radifighe cylinder was set to 40 nm and its length
to 4 nm. Displacement boundary conditions consisteth this type of imperfection in an
anisotropic crystal were prescribed on the lateuaiace of the cylinder while periodic boundary
conditions were enforced along the cylinder axise Bpecimen was oriented with the {0,0,1}
family of crystalline planes parallel to the cooralie planes such that the Y-axis was parallel to
the cylinder axis and the X-axis parallel to Buigefector. The stress tensor at each atom was
computed by defining a representative cylindricalume. Thegy, distribution was obtained by
using Eq. (2.23) with radial step functions andutsscompared with analytical solutions from
the linear elasticity theory. The two distributionfss,, agreed well with each other at points far
from the core of the imperfection. Close to thee¢dine solution from the linear elasticity theory

diverges while stress components computed fronMidesimulation results converged to zero.

2.3 The atomic deformation gradient

We recall that the interaction among atoms is @efiby the interatomic potential that depends

on interatomic distances. By assuming continuityhef displacement field, one can estimate a
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mapping of the initial relative position vect®) between atoms andj to the final relative

position vectorr ) by using the atomic deformation gradient’ as
r = FORD | (2.24)

Eq. (2.24) states the Cauchy-Born rule. The coityirassumption implies that the displacement
and other properties can be described by continfimdions. Here and below a repeated Greek
index implies summation over the range (1, 2, 3}hef index. One can find an approximate
value of F® by using the Least Squares Method (LSM), i.e.nbgimizing the residuakER
defined by

S () (i) _ ()2
— I ) _ .\
ER_;‘FW Rg™ =1a| (2.25)
whereNc is the number of atoms whose distance from atgress than or equal to the cut-off
radius of 6 A. Equations for components of the defiion gradientr ® are obtained by

equating the partial derivatives &R with respect ofr () to zero. That is

£R — (i) S (i) p(ij) & (i) p(ij) —
F0 2| Fa __1(R/3' Ry )‘Z_l(ra' RY)|=0, (2.26)

ap };i };i

Thus
-1

0 — | N () pi) (., i) pi)

i) — 1] 1) 1) 1)
Faw - Z(Rﬁ Rw ) Z(ra Rﬁ )

= o1
(2.27)

Zimmerman et al. (2009) have used Eq. (2.27) tdyasadeformations of a one dimensional
(1D) atom chain, a biaxially stretched film, an@ tanoindentation of a layer of a FCC metal.
They also computedurl(F ®). For a continuously differentiable displacemantdf the curl(
F®) should vanish everywhere. For the three problatsglied, thecurl(F®) vanished

everywhere except in zones of highly inhomogeneafisrmations.

The second order partial derivatives’ estimated by
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' = FORD + %G§}¢R}}1’jo’ (2.28)
have also been considered for the descriptioneotidformation field. These can be computed by
minimizing the residual defined by the differenevizeen the left and the right hand sides of Eq.
(2.28).

Hartley and Mishin (2005) computed the locefodmation gradient by employing the LSM
and the Cauchy-Born rule, and used contour plotoofponents of the Nye tensor orl( F @
)) to identify screw and edge dislocations in atexysof copper atoms. Since the integration of
the Nye tensor over an area enclosed by a closeditcequals Burger’s vector, Hartley and
Mishin (2005) asserted that this technique idezdifivell dislocations.

In the next chapter the MSPH method will beddticed to compute first and higher order
gradients of the displacement field. It will als@ lexplained how approximations of the

deformation gradient can be used to find local avetaged strain measures.
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Chapter 3

MM simulations and deter mination of macroscopic variables

3.1 Molecular mechanics simul ations

The MM simulations address homothermal static ae&tions at O K of an atomic system. We
start the numerical simulation by assigning théiahposition vectorX,”) of each atom in the
system in a perfect lattice configuration (cf. R3gl). Without applying any external force, each
atom is allowed to move freely till the potentialeegy of the system has reached a local
minimum by using the conjugate gradient (CG) withrranted descent technique of Hager and
Zhang (2005). The minimization procedure is stapptien the magnitude of each component
of the gradient of the internal energy at everyraio the system equals at most 1REV/A
(this value is very small as compared to the intenic force between an atom and its nearest
neighbor). The position vector of an atom in ttdkxed configuration is denoted by, and
this configuration is taken as the reference caméiggon. This is similar to annealing a specimen
before conducting a mechanical test. However, fom@osize structure, this relaxation process
may induce residual stresses whereas the anneatowess is designed to eliminate them.
Moreover the annealing process involves raisingstfstem’s temperature to the re-crystalization
temperature which is not intended in the presemkwo

For three cubic specimens of gold orientedhwrlystallographic planes of the {1,0,0} family
and different number of atoms, Fig. 3.2 shows tgation with the number of iterations in the
CG method of the total energy fraction for the xat#gon process. The energy fraction equals the
ratio of the total potential energy)s in the current iteration to thatvj in the initial
configuration. The general trend is that as the sizthe sample increases the total potential
energy fraction decreases. For the specimen wi80 34oms the total potential energy in the
relaxed configuration differs by ~ 0.37% from tirathe initial configuration. Fig. 3.3 shows the
variation with the number of iterations of the maem of the gradient of the total potential

energy during the relaxation process. A vanishingmof the gradient of the total potential
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energy is an indication that all particles (atomsthe specimen have reached a local equilibrium
position. The rate at which the norm of the gratiedrthe potential energy decreases depends on
the number of particles in the system; the larberdize of the specimen the greater the number
of iterations needed to reach a local equilibrium.

Subsequently, after each increment in thecpitesd displacements of atoms on the bounding
surfaces of the body, the total potential enerdgaally minimized, i.e., the system is allowed to
locally equilibrate after every load step. Theramin the potential energy of the system from
that in the reference configuration equals theirsteaergy required to deform the body or the
system of atoms. The process is continued till atmn the bounding surface have been
displaced by the prescribed amount. The procedusammarized in Fig. 3.4.

In problems studied here, either an atom baumding surface has a displacement component
prescribed or the corresponding traction comporenull in the sense that the corresponding

component of the external force applied at thanasozero.

Initial Configuration Relaxed Configuration Unrelaxed Configuration
¢(Xr)
VR
: Apply
Relaxation incremental

displacements
Relaxation

Deformed
Configuration

o ‘

Fig. 3.1. Schematics of the initial, the relaxed (referen¢bg unrelaxed deformed, and the current (defoymed
configurations of an atomic system.
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Fig. 3.2. For the minimization of the total potential enengith the CG method and for three cubic samples of
different sizes, variation with the number of itemas of the ratio of the total potential energy in the current
iteration to the total potential energyin the initial configuration.

10 » ; ;

— No. atoms = 3480
10 ——No. atoms =7813 | |
— No. atoms = 58825

max-norm Grad [eV/A]

No. iterations

Fig. 3.3. For the minimization of the total potential enengith the CG method, variation with the number of
iterations of the max-norm of the gradient of th&k potential energy of three cubic samples ded#nt sizes.
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Fig. 3.4. Schematics of the numerical procedure in MM sitioiles. NLS and Is stand for the predefined total
number of load steps and the current load step eumdspectively.

3.2 Determination of Macroscopic Variables

3.2.1 Strains

Mott et al. (1992) studied 3D deformations of aonait system, and interpolated displacements
using continuous piecewise-linear basis functioefindd on a Delaunay tessellation of the
atomic positions. Falk (1999) used the finite-diéfece method to compute infinitesimal strains
using relative displacements between two neighlgoatoms. Zimmerman et al. (2009) used Eq.
(2.27) to find displacement gradients from possiai atoms in the current and the reference
configurations.

We employ the ouified smoothed particle hydrodynami@glSPH) method (Zhang and Batra,
2004) to compute the spatial distribution of thdéodmation gradienF and the second-order
partial derivativess of displacements from positions of atoms in therent and the reference

configurations. The MSPH method offers the advamtafygiving a good approximation of a
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function and its derivatives without relying on &sh or any other geometrical construction. As
will be explained below, the accuracy of the appr@tion can also be improved.

The Cauchy-Born ruleSfakgold, 1950;Born and Huang, 1954; Ericksen, 2008, and
references cited therein) states that for a crysiél a simple Bravais lattice, relative position
vectorsr™ and R between atoms andj in the current and the reference configuratiores ar
related byrW=FORW whereF" is the deformation gradient at the position of afom the
reference configuration. To partially account fimnlocal interactions in continuum mechanics,
Kouznetsova et al. (2002) also conside@euh the kinematic description of the deformatidie
propose to use components of the tel&tw characterize local instabilities in an atonystem.

In the MSPH method a continuously differengafunction ¢(X) (e.g., the position vector
component!) is first expanded in terms of the Taylor seriBhe three-term Taylor series

approximation of ¢(X) at the point &(6,86,8) in the neighborhood of the point
X=X0= (Xl(i),XZ(i),Xg(i)) is

5), 0p(X Y h). 1 9%g(x® i i
¢(5)=¢(X())+¢g§<—s))(fa‘Xfr))”gm(@‘sz))(fﬁ‘xé)) 3.0)

To evaluate the functiof(X) and its first- and second-order derivatives atpbimt X, we
multiply both sides of Eq. (3.1) by a non-negatkernel functionW(/X-¢/ ,h) with compact
support, and by its first- and second-order deireat W,,(/X-&/ ,h) and W,4/X-§/ ,h); here

_ _0AW . . . .
W’a‘awafa anoW,L,ﬁ—a %Ega{g , andh is the smoothing length that determines the sizief

compact support of the kernel functiti The magnitude oh usually equals three times the

atomic spacing. For a 3D problem one needs at teasatoms within the compact support of
W(X-& ,h). We integrate the resulting equations with resped over the volum@f occupied

by the system in the reference configuration, emplimmic positions as integration points, and

volumes associated with them as the correspondigights to obtain a set of ten algebraic
equations forg(X), @,(X) and @,,4X). Setting #(X)=r{ gives values oF andG at the point

X®. Unless the functioW(/X-& ,h) is a constant over its compact support, the infteeof
displacements of atofnon values of andG at the pointX® occupied by atom depends upon

the relative values of(/X-&/,h) at locations of atomsandj. For a 3D problem, one needs to
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solve three systems of ten simultaneous lineabadge equations to find displacemerfsandG
at a point.

We use the following cubic spline kernel fuont

(l—ésr‘#és3 ,s<1
2 4

W(s) :$ %(2—3)3 1<s<2
0, otherwise (3 2)

s X-d_r (3.3)

Other techniques like the LSM or the LSM imgmction with smoothing functions (Gullett
et al., 2008) can also be used to find valuggdft the location of atorn

FromF® at the poink®, we evaluate there the Almansi-Hamel strain teg8drom

Eap = U 2)(% -Fa '1)%) : (3.4)

wheres , is the Kronecker delta. The volume averaged vaiyenf this tensor for the system is

defined by

1 oY
Eaﬁ_Q_TIEHﬁ(X)dQ_ZFEGﬁ s (35)

Q i=1

where o™ and Q" equal, respectively, the volume assigned to dtamd the total volume of the
system in the deformed configuration. We sétequal to the Voronoi volume associated with
atomi. An approximation of the Voronoi volume is givien (e.g., see Lin et al., 2005)

ie“(r(ii))‘l

: AT 3=
i) — 3 - J#
QY = 3 &, = kv Ne

z(r(ij))‘2 . (3.6)

j=1
j#i

HereNe equals the number of atoms in the neighborhoadarhi for whichr ™ < (v3/2)a,, ag

the lattice parameter, and we set the con®tant0.55. This value ok, was found by computing
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the Voronoi volume of an atom at the centroid &f $pecimen, and equating it to the volume
given by Eq. (3.6).

3.2.2 Average stresses

For a continuous body, the average value over velanof the Cauchy stress tensor defined by

1

Oop :Ej.aaﬁdQ , (3.7)
Q

can be written as

1 1
5 = 5 [ Pad 8= [ 70,02
Q Q

:ij.(gawxﬁ ),(,, dQ - %J.Jawxﬁdg’ (3.8)

Q Q

e}

where x; 4 =ax%(¢ =dg. Using the divergence theorem on the first temthe right hand side

of Eq. (3.8), and the balance of linear momentuth wull body forces, we get

0,,%N,dS,

t xﬂdS, (3.9)

wheren is a unit outward normal to the boundaxy of o, andt = n[& is the surface traction.
Thus the average Cauchy stress tensor multipliethéywolume of the region occupied by the
body equals the first moment of tractions actinglenbounding surfaces of the body.

For a discrete system, Eq. (3.9) can be write

1 ib“ (i) ¢ ()
Oop =— ) X3 fa"
QT 7 (3.10)
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whereNy equals the number of atoms on the bounding sudht®e region whose deformations
are being studied.
Assuming that the volume assigned to each &dhe same, Eq. (2.7) becomes

7 13
0/3 NZZ

i=1

N -
IJ) (u) = sz(rl)' (3.11)
i=1

ﬂ..Mz

where

iy ('J)
”/3 Q(l) Z fa
J¢|

is the dipole force tensor (Potirniche et al., 20Bfwever, for a finite size specimen, Eq. (3.11)
is approximately valid since the volume assignedrt@tom on the bounding surface equals %z of
that assigned to an atom in the interior of theybddso, the volume of an atom at a vertex of

the region is taken to equal 1/8 of that for aeriior atom.

3.2.3 Local stresses

Eq. (2.23) derived by Hardy for the local Cauchsess$ is used here. A spherical averaging
volume with radius =&, is defined at each atomic position. The cubicgpfunction defined by

Eq. (3.2) is used as the localization functionwlis found that for the evaluation of the 1D
integral in the bond function a 5-point Gauss qaade rule was sufficient. Results computed

with eight integration points differed from thoséwfive integration points by less than 0.1%.
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Chapter 4

| nstabilitiesin shear and simple shear deformations of gold crystals

4.1 Introduction

An important problem in structural analysis is theestigation of the stability and the failure of
the structure under external loads. From the maopse point of view, a structural element can
be considered to have failed when stresses onstedia material point have just reached the
level to make its deformation inelastic and theamat point cannot return to its original state
upon complete unloading of the structure. For segarstress or strain distribution, the concept
of a yield surface is frequently used to estabfighfailure condition. The yielding of a material
is a process closely related to deformations aatbmic level.

In an atomic system, the onset of an irrebésdeformation is termed material instability
(Wang et al., 1995; Van Vliet et al., 2003). A dligo criterion determines the critical level of
strains at which a lattice becomes structurallytalls.

Born (1940) proposed that a perfect crystadtiscturally stable under applied mechanical

loads if the quadratic fornc,,4,a, is always non-negative (convexity condition). Hgrare

generalized strains (e.g., components of the G&serenant strain tensor,, are strain-
dependent elastic moduliCf, =0%//dq,0q5), V is crystal's internal energydq, represents a

virtual increment im|,, and indicesa and g range over the number of linearly independent
generalized strains. The necessary and sufficientlitions for the convexity of the internal

energyV are (Milstein et al., 2005) that all eigenvaldgsf the matrixC be positive, i.e.,

Ca/;dladlﬂ >0 A >0 (4.1)
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Born’s criterion has been used extensivelanalyze the stability of a perfect crystal. For
example, Milstein et al. (2005) used this criterioranalyze the stability of a perfect FCC crystal
deformed in uniaxial tension in the [1,1,1] directi Djohari et al. (2006) have used Born’s
criterion to analyze the stability of FCC crystatgented in the [1,1,0] direction and subjected to
tensile loading. They found that the ideal crys&ahained stable up to the maximum average
axial stress on the linear part of the theorete#dl stress-axial strain curve.

Wang et al. (1995) postulated a criterion Hasae the positive definiteness of an elastic
stiffnessB that is the sum of the elastic constants te@sand a fourth rank tensor that depends
only on external loads. They assumed that thelisyadsf a homogeneous crystal does not only
depend on material properties but also on the ep@kternal loads. They also explained that the
stability of a lattice under a given load may bdedmined by imagining that the lattice
undergoes a virtual displacement with internalsstes and applied tractions held constant. If the
work done by the applied loads exceeds the incrieage internal energy, then there will be an
excess of work done available to cause displacesntergrow, and the lattice shall be considered
unstable.

Using different approaches, Hill (1962) andcéri(1976) introduced the concept of the
acoustic tensor to characterize material stabilidill (1962) used the acoustic tensor

AW, K) = (CappWaw, + 04, )ksk, to define the stability of a homogeneous mediuraretC is the

apyy
isothermal elastic moduliw the polarization vector and the wave vector. If there is a pair of

vectorsw and k such thata(w,k)is negative, then the medium is unstable sincenjiies the

existence of a negative frequency, i.e., the execgeof an elastic wave with continuously

increasing amplitude. The stability criterion isrsuarized as

Nwin = min (CaﬂWWaW¢+Uﬂy)k/3ky>O' (4.2)

min
[K[=2jw[=1
Following a different reasoning, Rice (197@tsd that whenA(w,k)is negative then the

velocity field is discontinuous across the planenmad to the wave vectar. For w parallel tc,

there will be an instability in the form of a shéand.

-31-



The concept of the acoustic tensor has betanéed to atomic systems as a criterion for
dislocation nucleation. Following Hill (1962), Vaflient et al. (2003) used the criterion (4.2) for
studying the stability of a representative volurnenposed of a number of discrete particles and
termed it the/l criterion. They postulated that a local instabpilititiates at the spatial position
where A vanishes. They performed MD simulations for theindrical and the spherical
indentation of defect free copper and aluminum dilmredicted locations of instabilities and
compared them with changes in the coordination rexmdd unstable regions. For the 2D
indentation problems with a circular cylindricatlenter and the 3D indentation problems with a
spherical indenter, the instability first occur@docations beneath the contact surface that were

not on the axis of the indenter.

Lu and Zhang (2006) have proposed that thmiatacoustic tenso®" defined by
b (aY Ne Ne . aZV(i)
Q;}(n)—ZZ(r(J) Dﬁ)ar(ij)ar[gkn(r(kl) Dﬁ) (4.3)

be used instead of th& criterion to characterize local instabilities.Hq. (4.3),nis an arbitrary
unit vector. Thus, an atom is stable in the prepesition if and only if all eigenvalues o®®
there are positive. Equivalently, the position asf atom is unstable if def’] = 0. All

eigenvalues oR" will be positive if and only if the potential emgr\V’ of atomi is a convex

function of the relative position vectors betwedanai and all other atoms. Lu and Zhang
(2006) used this criterion to predict instabilitiescarbon nanotubes using MM simulations to
analyze their deformations. The authors emphagizaticthe atomic acoustic tensor is a quantity
that does not rely on any continuum concept suctheistress or the tensor of elastic constants
making it suitable for the analysis of instabikti@ discrete systems.

Steinmann et al. (2007) have used MD simutatito study simple shearing and uniaxial
tensile deformations of an FCC crystal orientechwite {1,1,1} plane. They related the local
instability with the loss of the ellipticity expresd by the Legendre—Hadamard condition
(Truesdell and Noll, 1992). The acoustic ten@aat a material point of a continuous system is

given by
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QN = Livi Ny N, (4.4)
where

L i :%’ (4.5)

is the elasticity matrix evaluated at the preseaiti of F, P is the first Piola-Kirchhoff stress
tensor, and the unit vecton gives the direction of propagation of the distind® in the
reference configuration. An eigenvector@fis parallel to the disturbance vector. Steinmann e
al. (2007) found that the strain at which the deteant of Q vanished coincided with that at
which deformations departed from those dictatedHgy prescribed boundary conditions. The
effect of boundary conditions on the bounding stefa was suppressed by prescribing
displacements of atoms near the boundaries soothat atoms in the interior did not interact
with under-coordinated atoms (the coordination nenib the total number of nearest neighbors
of a central atom, and equals 12 for an FCC crydtar the Au crystal this can be generally
satisfied by prescribing displacements of atom&iwi6A of the bounding planes.

Based on the first law of thermodynamics aaltl fequations of dislocation dynamics derived
by Acharya (2003), Miller and Acharya (2004) hawegented a criterion for homogeneous
dislocation nucleation. They deduced an expredsiothe quantity that is the work conjugate of
the dislocation motion and identified eurl(6) as the work conjugate of the dislocation
nucleation rate. They postulated that the drivimge for the nucleation of dislocations with

density p, equals-m [turl(s) 0 Where the unit vectom points in the direction of Burger’'s vector
and the unit vector is perpendicular to the plane containing dislarei Thus dislocations
nucleate if

N, =|merjk‘7ik,j|r| 2 Nt » (4.6)
where gy is the permutation symbol amdi:is a material property. The criterion was testgd b
performing MM simulations for the 2D indentation défect-free hexagonal aluminum and
nickel lattices, and uniaxial stretching of an allam hexagonal lattice containing an initial
void. This criterion predicted accurately defdotsned in these numerical simulations.

Liu et al. (2007) performed MD simulationstbé bending of aluminum strips and analyzed

conditions for instabilities to occur with the foling three criteria: the critical RSS, Hill's
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elastic stability criterion (the1 criterion), and a stress-gradient based critefidiler and
Acharya, 2004). Predictions from these criteria eveompared with the structure of the
nucleated dislocations given by a geometric factomputed using the difference between the
relative position vectors in the reference and ¢heent configurations of each atom and its
nearest neighbors. In all simulations, slip systevith the largest RSS were not activated. The
authors found that thd criterion predicted instabilities even in the uftdmed configuration.

The principal reason for this behavior is thatdtress and the elastic moddlj, are defined for

a bulk material. For an atomic system, the eneggistribution observed on a free surface is not
taken into account. The authors showed the stneslemt based criterion was able to predict
dislocations where the RSS criterion failed. Howetlee evaluation of gradients of the Cauchy
stress tensor near free surfaces may not be aeciita¢ authors have pointed out that currently
there is no accurate criterion for dislocation eation from free surfaces.

Recently Miller and Rodney (2008) performedndiations of 2D and 3D indentation
problems for FCC crystals. They proposed thatniteation of instability at an atomic position is
not necessarily due to deformations in the neighbod of that point but is the result of
deformations at several atoms surrounding the drese stability is being studied. Furthermore,
they showed that a vanishing eigenvalue of the idiessf the d.o.f. of atoms within a region
surrounding an atom implied the nucleation of lanatability at the atom.

In the remainder of this chapter we use thepdEntial and MM simulations to study shear
and simple shear deformations of a system of Amst@nd use (i) second-order gradients of the
displacement field, (ii) the CNP (Tsuzuki et aD0Z), and (iii) eigenvalues of the Hessian of the
local potential energy to characterize the onsébadl instabilities. We also investigate whether
or not these three criteria are met simultaneoathy point. We find the local Hessian of the TB
potential by considering the bond energy betweeatam and other atoms included in the first
shell of neighbors. The first shell of neighborsiteans atoms located within one atomic spacing
of the atom whose stability is being investigated.

Values of the first- and the second-order ldisgment gradients are found by using the
MSPH method (Zhang and Batra, 2004). Values of dlierage Cauchy stress tensor are
computed by using four definitions of the averaggess tensor. Hardy's Eq. (2.23) is used to
compute components of the Cauchy stress tens@chtaomic position. The von Mises stress,

the maximum shear stress and eigenvalues of tla @auchy stress tensor are also computed
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and their values at unstable atoms compared to\thkies for atoms in the rest of the specimen.
Average stresses and strains for the simple shefarmdations are also compared with those
deduced by assuming that the Cauchy-Born rule eppili the onset of a global instability and
the response of the atomic system is equivalenhdb of a hyperelastic body with the strain

energy density equal to that given by the TB paaént

4.2 Stress and strain tensors for simple shearing defor mations

Consider a system of atoms with a simple Bravaicéa deformed homogeneously by the

deformation gradient

1 ki O
[F(ks)]{o 1 0}, 4.7)
0 0 1
for which
0 ki /2 0
_ 2
[e(ky)] {kso/z kSOIZ ﬂ, 4.8)

whereks is a positive constant. Assuming that the oveesponse of the system of atoms is

equivalent to that of a simple hyperelastic matevith the strain energy density, defined by

\RVAY)

W,(F)=>~,
(F) 250

(4.9)

where Q¥ is the volume associated with atérim the reference configuration arﬁQ(F? =Qf
i=1

is the volume occupied by the body in the referecaefiguration. The first Piola-Kirchhoff

stress tensop is given by

— W, _ 0 [xoVv®
P_a_o_a_F{Z:l:Q_g)}’ (4.10)
or equivalently by
5 _wvw 1 av@oar™ ar;ik) N 11 av® (ik) R(ik)
For _;kzﬂ QR or®™ ary(ik) 0F s _i,%:l%(g o or @ R (4.11)
k#i i£k



For simple shear deformations, we get

- N1 1 av©® 4.12
Pel- Q0 1@ gk [ ks )] (#.12)
ik
where
RGO +k RO RE +k RGO RED +Kk ROV
O . .
Rg(k) Rg/k) Rgizk)

(i )2 = pik) pik) (ik) 2k )2
(r' ) = RyVRYY + 2k R +3Kkg (Ry' ) :

RIO = RIMRIV RIO =RIMRIO | From expression (4.12) of the first Piola-Kinclif stress

tensor, we obtain the following expression for @aichy stress tensor:

N
— 1 1 6V (ik)
[otkol= Y i S o). (4.13)
i,k=1
ik
where
RE¥ +k RY +kg (RSyk) +k R ) RIO +Kk,RED R +k RO
[e““ (ks)] = ROV +k R R{W R
ik ik ik ik
R +k REY R{ RUX

Here we have sen® =Jol) =Q sinces =detF]=1. We note thatr and av® /ar™® also
depend uporks. Thus, one can not characterize the dependeneeupion ks simply from the

expression fol@<ik>(ks)J.
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Fig. 4.1. Atomic systems A, B, and C in reference configora having 3480, 7813 and 58825 atoms, respegtivel
used to study shear and simple shear deformatidingigtances in A).
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4.3 Smulation of deformations

4.3.1 Shear test

We simulate the shear test on cubic Au crystalispats of three different sizes. The system A
with side ~32 A contains 3480 atoms, the systemitB gide ~50 Ahas 7813 atoms, and the
system C with side ~100 A has 58825 atoms. In eask, atoms are located in planes parallel
to the coordinate planes {1,0,0}, {0,1,0} and {@,p,as shown in Fig. 4.1. After finding the
initial relaxed configuration, atoms on the botteurface Y = ¥, are constrained from moving
in all directions. For atoms on the top surfacer ¥max the Y- and the Z- displacements are
prescribed to be zero and the X-displacement iscpitged in increments of 0.0025 A. The
magnitude of the incremental X-displacement wasduhlf the potential energy of the deformed
configuration could not be minimized in a preassymumber of iterations. There are no
external surface tractions applied on the remairicwg bounding faces. A schematic of the
problem being studied is exhibited in Fig. 4.2awhich atoms enclosed in red boxes have

prescribed displacements.

4.3.2 Simple shear test

The simulation of the simple shear test (cf. Fi@bs differs from that of the shear test described
above only in boundary conditions prescribed onltbending surfaces. In this case, the three
components of displacement are prescribed on alundiog surfaces so that
x=X+k.Y,y=Y,z=Z, where (X, y, z) are coordinates of the atom endbformed configuration
that in the reference configuration was locate{Xaty, Z). Only interior atoms are allowed to
move during the minimization of the potential energf the system. The nondimensional
constanks = tan(y) is increased in increments of 0.0G85nduce additional deformations of the
body.
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Fig. 4.2. (a) Reference configuration of a gold specimen tloe shear test. (b) Reference and deformed
configurations of a gold specimen for the simpleahtest. Displacements of atoms enclosed in regdare
prescribed.

4.4 Average stresses and strains from results of numerical simulations.

4.4.1 Shear test

Fig. 4.3 shows the variation with the shear angté the average components of the Cauchy
stress tensor defined by Egs. (2.7) and (3.10gallg, the two equations should give the same
values of stress components. Results plottedgn4=8 for the three systems reveal that, in each
case, the shear stregg and the normal stress, are dominant, and their values computed from
Egs. (2.7) and (3.10) are nearly equal to eachrothethermore, the evolution @k, with the
shear angley is qualitatively similar for the three specimefecall that the average stress

defined by Eg. (3.10) is computed from forces aositmpns of atoms at the boundaries. In Table
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4.1 we have listed, for the three specimens, vabfethe maximum shear stregs,, the
maximum von Mises streseyv, Gy and oyv at yield, and values of the angleat the
proportionality limit and at the yield point. We teothat the von Mises stress defined as
1
V2

is proportional to the second invariant of the Gaustress tensor. The yielding of the material is

_ 2
Ow = \/(011_022)2 + (022 _033)2 + (033 _011)2 +6(012 +0132+0232)’

identified by a drop in the shear stregg with an increase in the shear angléhe variation of
Gy With y is linear fory < vinear While values ofoy, and gy, are negligible as compared to those of
Oy Up toy = Vyiew Where the first discontinuity in the shear stressthe shear angle curve
appears. The number of atoms in the system béutdies affects significantly values of the
yield stress and the yield strain. Because of théesused to plot results it is not easy to detmea
Vinear IN the stress vgy curves. Whereas, valuesygf.ar for specimens B and C differ by ~ 6%,
Vyield for specimen C is nearly 72% of that for specirBe®imilarly, the shear stress at yield and
the maximum shear stress for specimen C equalyn@&8@fo of those for specimen B. The
simulation of the shear and the simple shear deftoms in larger specimens should give
converged values of the yield stress and the maxiishear stress.

We hypothesize that @at= yyield there is a critical density of unstable atomshsa the local
atomic structure changes noticeably, dislocationgirate, and the body subsequently deforms
plastically. If we adopt Considére’s (1888) criteriaccording to which a system becomes
globally unstable at the peak in the load (or egjeintly the shear stress for the problem being
studied), then the global and the local instabditinitiate at different values of the shear steain

should be evident from results of specimen C sunz@adin Table 4.1 and depicted in Fig. 4.3e.

For this specimeRyieiq= 0.084, ando™= 2.408 GPa occurs at= 0.102. For specimen C there

are two discontinuities in the shear stregs/s.y curve, the first corresponding to the yielding of
the material and the second corresponding to thieaglinstability. However, for specimens A

and B only one sharp discontinuity in thg vs.y curve is observed. Thus whether yielding is
followed by the global instability or the two occsimultaneously depends upon the number of

atoms in the system studied.
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Table 4.1: Values of theshear modulus, the maximum shear stress, the streas st yield, the von Mises stress,
the shear strain at the proportional limit, andghear strain at yield computed from results ofsthear test.

Specimen  Yiinear Yyield o3 Ty e A Cus
(rad) (rad) (GPa) (GPa) (GPa) (GPa) (GPa)
A 0.044 0.121 3.562 3.562 6.230 6.230 32.229
B 0.037 0.116 3.285 3.285 5.750 5.740 31.077
C 0.035 0.084 2.315 2.408 4.030 4.180 28.264

Values of the shear moduﬁ§4, based on the average shear stress, and obtainkakby

regression of the shear stress — the shear angle tr points up toyinear, €qual 32.23 GPa,
31.08 GPa and 28.26 GPa for systems A, B, andgpeotively. SinCjinear< 0.044,ks=y. We

note that elastic constants for Au were used td fialues of parameters in the TB potential

given by Eq. (2.1). Accordingly, we should haveanted 644equal to 45 GPa. The difference

in the computed and the ideal valueé)j4is partly due to changes in lattice parameter aitpo
near bounding surfaces that occur during the rélaxaf the initial configuration; cf. Fig. 4.4a.
Also in-plane stresses in bounding planes induessés in the interior of the specimen.

Only at points close to the centroid of thedmen the lattice parametarequals 4.079 A,
that is, the value for a pristine Au crystal. Tbméate the effect of inhomogeneous
deformations of atoms near free surfaces, we coeniat value 0\644 based on the shear stress

averaged over a spherical representative volum&)®Rradius R around specimen’s centroid.

From results plotted in Fig. 4.4b, it can be obsdrthat for small SRVs computed valueﬁmqai1

are close to that for a pristine crystal. Howewgth an increase in the value of R, the value of

the shear modulus saturates to a value of 28.26 GPa
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The evolution of the average values of comptnef the Almansi-Hamel strain tensor with
the shear anglg is plotted in Fig. 4.5. For each one of the thegstems, and foy < yyieq the
variation of the average shear strain compoagmwith y is linear while values of,, ands, are
negligibly small. The evolution of the average nalstrainssy and &, for the three specimens
are essentially similar, but their magnitudes deseewith an increase in the number of atoms in
the system studied. The difference in the maximataes of the axial or the normal strains from
system A to system C is about 40%. Prior to yigjds), and&, are negative bug is positive.
For specimen C magnitudes of normal strains areoappately an order of magnitude smaller
than that ofs,. Subsequent to the system becoming globally blestatress components exhibit
oscillations with an increase ynreasons for these oscillations are not obvious.

The evolution with the shear angleof stresses and strains plotted in Figs. 4.3 abd 4
suggests that for a given valueypthe shear stress,and the shear stragg, have higher values
than the other two shear stresses and the otheshear strains, respectively. Wheregsand
0, have negligible values until the discontinuitytire stresses §t= yyiels appears, the normal
stressayy is compressive and its magnitude is about 20% aff di the shear stressy. Thus
compressive normal tractions need to be appliethéotop and the bottom surfaces. In the
absence of these normal tractions, the height efsiecimen will increase. It confirms the
Poynting effect in nonlinear elasticity (Poyntidi§09).
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4.4.2 Simple shear test

Figs. 4.6 and 4.7 depict, respectively, evolutianih the shear angle of the average stresses
and strains for the three specimens. In Table £Zhawve summarized for the three specimens
values of the shear stress, the von Mises stradsth@ shear angleat the proportionality limit
and at the yield point. Magnitudes of all three poassive normal stresses increase with an
increase iry and are comparable to the magnitudesgf This is because all bounding planes are
restricted from moving in normal directions. Thnghe absence of normal tractions applied to
the bounding planes, the cube will expand. Asth& shear test, the material exhibits the
Poynting (1909) effect.

Fig. 4.6 also exhibits average values of ttiess components computed from Egs. (2.7),
(3.10) and (4.13); the three sets of values agiteemach other unty = Vyieis. At Y = Vyield Stress
components computed for the equivalent hypereldsttty do not show any sudden drop, and
the slope of thexy vs.y curve continues to increase. One may say thahyperelastic body
exhibits a hardening effect in the sense thataitgyént modulus continues to increase with an
increase iry. The close agreement between stresses computed from results of MM simulations
and the analytic expression verifies our code, and validates the MM results. Evolutions of strains
plotted in Fig. 4.7 reveal that Egs. (3.5) and X4g8/e nearly the same values of strain
components.

The value ofgj? derived from results of the simple shear defornmetiis nearly four times

that from the shear test results. Even for systewit 58825 atoms, the two values of the yield
stress differ noticeably. The main difference lestw the tests is the presence of four free
surfaces in the shear deformations and no freasiih the simple shear deformations. For the
simple shear test involving displacements presdrire all bounding surfaces, the onset of local
instabilities is delayed, that increases the ysttdss.

The slope of the average shear stgsgs. the shear anglecurve fory < Vinear gives values
for the shear modulus,, equal to 51.64 GPa, 49.88 GPa and 46.40 GPa foinsges A, B, and
C respectively. These values are closer to the B& tBan those derived from simulations of the
shear test, and converge to this value with areas® in the number of atoms in the system. As

shown in Fig. 4.4b, the computed value@jffor SRVs of different radii centered at specimen’s

centroid is nearly constant and equals 45.5 GPa.
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Table 4.2: Values of theshear modulus, the maximum shear stress, the streas st yield, the von Mises stress,
the shear strain at the proportional limit, andghear strain at yield computed from results ofsingple shear test.

Specimen  Yiinear Yyield o3 Ty e A Cus
(rad) (rad) (GPa) (GPa) (GPa) (GPa) (GPa)
A 0.050 0.173 10.780 10.780 20.220 20.220 51.644
B 0.043 0.165 9.944 9.944 18.390 18.390 49.883
C 0.040 0.162 9.170 9.170 17.190 17.190 46.401

4.5 Comparison between different measures of the average Cauchy stress tensor

In Fig. 4.8 we have plotted the evolution of tiverage shear stresg, for system B computed
with the following four definitions: the configuiahal part of the virial stress tensor (Eq. (2.7)),
the total force acting on atoms at the boundindases (Eq. (3.10)), the average local stress
tensor (Eqg. (3.11)), and the mechanics of mateaigsoach (the tangential force per unit surface
area). It is evident that all these stresses agiie each other. During the computation of
average stresses from the virial and the locaksttensors, all atoms in the system, including
those with prescribed displacements, were congidémehe limit of very large number of atoms
in the system, using only active or all atoms ie ttomputation of stresses should give
essentially the same results. We note that theageeshear stress computed from the total
tangential force acting on the top and the bottarfases agrees well with that obtained by using
Egs. (2.7), (3.10) and (3.11).

For both shear and simple shear tests, vadfighe shear modulus and the yield stress
determined with different ways of finding averadeesses are summarized in Table 4.3. It is
clear that these methods give nearly the same valtithe shear modulus and the yield stress.

However, their values for the shear and the sirapéar tests are different.
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Table 4.3: Comparison of the shear modulus and the yieldsstcomputed with different averaged stresses for
system B.

Shea Simple shes
SheaLmodqus Yield stress SheaLmodqus Yield stress
Method g;4 J%i/ed (é;;4 O.)Zl;‘ldd
(GPa) (GPa) (GPa) (GPa)
Eq. (3.10) 31.375 3.304 52.802 9.857
Eq. (2.7) 31.077 3.285 49.883 9.944
Eqg. (3.11) 30.346 3.254 49,904 10.187
Force/Area 30.399 3.304 51.272 10.383

4.6 Analysis of instabilities

4.6.1 Instability criteria

4.6.1.1 Local instability

We assume that an atom is stable at the positlbif its potential energy® there is the
minimum. Recall that while finding the relaxed tigaration of a system of atoms, the sum of
potential energies of all atoms is minimized. Thiigs possible that the overall system is in
stable equilibrium, but one or more atoms are eitheeutral or unstable equilibrium positions.
An alternative criterion for local stabilitg the following. An atom in its present positien i
stable provided that an acceleration wave can jgatpathrough that point. Since the wave
speed is proportional to an eigenvalue of the aatensor, one can ascertain the local stability
of an atom by finding eigenvalues of the acoustitsor evaluated in the deformed configuration

of the atomic system.
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For simulations of the shear and the simpésaslkleformations described above, we compute
Q" after every increment in the prescribed displacesjeand find the unit vectof that
minimizes eigenvalues Qf?". If the lowest eigenvalue o) ® is nonpositive then the atom is
unstable in the present position. Note that the vector ncan be expressed in terms of the

longitude and the latitude angles @s[cosg cosd, cosgsing,sing] . Thus we need to find angles
andé in the rangen<6<2n and-r/2< ¢ < 7/ 2 that minimize eigenvalues @f’. We accomplish

this by evaluating the determinant &" on a grid of 1800 points obtained by dividing the

ranges fow andé into equal segments of lengih3o.
In an attempt to correlate the onset of loagadtabilities with highly inhomogeneous

deformations near the specimen boundaries, we peoffat an atornbecomes unstable when

the energy/) due to atoms in the SRV WitR=(\/§/2)aoceases to be positive definite; atoms

in the SRV of R= (\/5/2)80are usually referred to as those within the firslisof atomi. For a

pristine FCC crystal the number of atoms in thstfehell of an atom equals 12. This criterion is
motivated by the form of the interatomic TB potehind the observation that the contribution
to the local energy from these atoms is more ti&6 8f that due to all atoms in the system, and
this is so even when an atom is close to a freaseire.g., see Fig. 4.9 in which the energy of

atomi due to contributions from atoms in shells 1, n8 4 are plotted. Shells 2, 3 and 4 are
SRVs withR approximately equal t(3/2)(x/§/2)a0,\/1_3a0, and (5/2)(\/?3/2)30 A respectively.
Thus an atom becomes unstable when the local Hess#ix
HO =—62V(i)
K or or ® (4.14)
has a nonpositive eigenvalue. In Eq. (4.14) atanthe first shell of atomare consideredrhe
condition for local stability is thereforain{A”} >0, where A is an eigenvalue af © .

In order to find a correlation, if any, betweatoms that become locally unstable and also

have a relatively large value of the CNP we complogeCNP for atonn from

N 2

> (r (i +qu))

k=1

Nf

h_ 1
CNP() = =%
foj=1

(4.15)
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whereN;; is the number of common neighbors between aiocanslj, andN; equals the number
of atoms in the first shell of atomFor a perfect crystal the value of the CNP fagrginterior
atom is essentially zero; it exceeds 20 for atombaunding surfaces, and is greater than 2 at
atoms located at positions of crystallographic disfe

We alsoexplore a correlation between regions of locatabiities and relatively large

values of one or more component<of
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Fig. 4.9. Variation of the local energy at the centroid ofteyn C due to contributions of different number of
neighboring atoms. The blue line is the % of thaltenergy due only to atoms in shell 1; other earare for atoms
in shells 2, 3 and 4; (a) shear test, (b) sirspkar test.
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4.6.1.2 Global instability

As in continuum mechanics, the configuration ofystesm comprised of a collection of atoms is
globally stable if the potential energy of the systin that configuration is the minimum. The
potential energy equals the strain energy of dedtion less the work done by external forces.
For boundary conditions considered here (i.e.,eeittisplacements or null surface tractions
prescribed), the potential energy of the systemalsqiis strain energy which for the discrete
system being studied equals the sum of the streergg of all atoms in it.

For the potential energy of the system toHgerhinimum, the Hessian matrix with elements
equaling second derivatives of the potential enes respect to relative position vectors
between atoms in the current configuration and uatedl at their current positions must be
positive definite. Equivalently, all eigenvaluestbfs Hessian matrix must be positive. When
computing eigenvalues of the Hessian matrix, rond eolumns corresponding to atoms with
prescribed displacements are eliminated to getréldeced Hessian matrix. With each atom
having three d.o.f., the size of the reduced Hessiatrix equal8Na x 3Na whereNa equals the
number of active atoms in the system being studi€dus the system of atoms will become
globally unstable when at least one eigenvalu@é®féduced Hessian matrix equals zero.

In terms of the Consideére criterion (1888) slygstem will become globally unstable when the
load (which for the shear and the simple shearrdeftions implies the shear stress in the plane

of deformation) becomes the maximum.

4.7 Results of numerical simulations

4.7.1 Local instabilities

4.7.1.1 Shear test

The local instability criterion in terms of the riimum eigenvalue of the local acoustic tensor
Q" becoming nonpositive predicted instabilities faradl values of the shear angle when no

discontinuity in a stress-strain curve or a changée curvature of the local energy vs. the shear

angle curve was observed. Fig. 4.10a shows vamiatith the shear angle of the minimum value
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of the determinant 0§ ® for any atom in system B. Atoms where instab#itfist occurred are
located close to the free surfaces X mp@nd X = Xpax Of the system.

We note that the strain energy density vetBasshear angle curve in Fig. 4.10a exhibits a

discontinuity at the value of the shear angle ihatuch larger than the one where @] = 0.
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Fig. 4.10. Variations with the shear angjeof the total strain energy density (blue curve) #me minimum value of
the determinant of the atomic acoustic ter@8rfor system B; (a) shear test, and (b) simple isteesa.
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Fig. 4.11a exhibits the evolution of the minim eigenvalue of the local Hessielf’ among
all atoms in the system where displacements arenestribed. This value remains positive until
y=0.066, 0.053 and 0.042, respectively, for syst&mB, and C, when the minimum eigenvalue
of H" becomes negative and stays negative during subsedeformations for at least one atom
in the specimen. Fig. 4.11b shows evolution offthetion of atoms that have become unstable.
This percentage increases rapidly for system C.ifitrease in the number of unstable atoms is
similar for specimens A and B. The dashed vertinaks correspond to the shear angle values at
which the global instability ensues. It is cleaattfor each one of the three specimens only about
8% of atoms have become unstable just prior tootget of the global instability, and this
number has increased to nearly 30% for systemsdBCarand ~50% for system A at the end of
the sharp discontinuity in the strain energy dgnssty curve.

Fig. 4.12 shows, for system C, distributiohshe minimum eigenvalue ¢i®) and the CNP.
Figs. 4.12a and b correspond to the strain levanatbcal instabilities were detected firstyat
0.042. Only atomic positions where the local ingitgtcondition has been satisfied are depicted
in Figs. 4.12a, c, e, g and t. Similarly, only atomith high values of the CNP are exhibited in
Figs. 4.12b, d, f, h and u. The eight blue pointEig. 4.12a are diametrically opposite to each
other and are in regions where the atomic vol@feis greater than its value in the reference
configuration; i.e., def"”] > 1. In Fig. 4.12b only atoms at the boundingfates have large
values of the CNP.

Figures 4.12c and d correspond to the shege afi 0.0872 that is just prior to the occurrence
of the first discontinuity in the,, - y curve; at this point the number of unstable atdras
increased mainly in the four corners and in theaog the bottom surfaces (planes parallel to the
xz-plane). It can be observed that unstable atomesim 10 sub-volumes symmetrically
distributed with respect to planes passing thrainghdiagonals of the xy-plane. If one excludes
atoms on the bounding surfaces, then there is somaéle correlation between atoms having
large values of the CNP and those where the miniraig@nvalue of the local Hessian matrix is
nonpositive. Figs. 4.12e and f correspond to treasangle of 0.0921 that is just after the first
steep drop in theyy - y curve; it can be observed that on the cornersY,m, X=0and Y =0,

X = Xmax groups of new unstable atoms have appeared. Tieseatoms are located on

crystallographic planes {1,1,1} of high density wééhe shear deformation is
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(a) and (b)y = 0.0426, (c) and (d)= 0.0872, (e) and (f§j = 0.0921, (g) and (h)=0.102, (t) and (uy = 0.1069

accommodated by changing the stacking sequendeiaorystal. As for the previous case these
atomic positions correlate well with the interidoms exhibited in Fig. 4.12f where the CNP has
relatively high values. Figs. 4.12g and h corresbto the shear angle of 0.102 just prior to the
system becoming globally unstable when the mostqaroced drop in theyy, - y curve occurs.
Between the instants of = 0.0921 andy = 0.102 considerably more atoms have become
unstable. Figs. 4.12t and u are for the shear afdlel069 that is just after the sharp drop in the
Oxy - Y curve when nearly 30% of atoms in the system Hse@me unstable. Atoms with
nonpositive values of the minimum eigenvalue of ltteal Hessian matriti?’ and those with
large values of the CNP are similarly situated, tradr numbers are essentially equal. We have
not investigated if a large value of the CNP cquoggls to a higher magnitude of the negative
eigenvalue oH®" . However, results presented in Fig. 4.12 impbt there is a good correlation

between locations of unstable atoms and those paviarge value of the CNP.
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For the system C, Fig. 4.13 exhibits atevith a large value of| G || defined by
Iol= (amad{[c,,| ).

Here ma>(‘Gaﬁy‘ ) equals the maximum value of any one of the 27 ayapts ofG at any point

in the system, and it is multiplied by the lattijgarametera to get a nondimensional number.
Results plotted ifrigs. 4.13a and b correspondyte 0.0872 ang = 0.0921 respectively; that is
instants immediately preceding and following thestfidrop in the shear stress-shear angle
curves. Results plotted in Figs. 4.12c-f also espond to these strain levels. Figs. 4.13c and d
are fory = 0.102 ang/ = 0.1069 respectively, the same values of thersirggle for which results
are depicted in Figs. 4.12g,h and t,u. We notertégibns with a large value ¢fG|| have high
inhomogeneous deformations.

Atoms evinced in Figs. 4.13c and d havingrgdavalue of|| G| when compared with those
included in Figs. 4.12g, h and t,u suggest thapsti@nd locations of geometric regions of high
values of||G||, large values of the CNP, and nonpositive valife® minimum eigenvalue of
H® are essentially identical. Thus any one of théseet criteria can be used to characterize a
local instability. Each one of these three methpdsdicts that atoms on a bounding plane
become unstable first. However, the local instgbdoes not seem to propagate from atoms on
the boundaries to those in the interior of the calmee the interior unstable atoms are not

necessarily bonded to those on the bounding sweiface
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Fig. 4.13. Distribution ofHGH for the shear test in system C; Y& 0.0872, (b)y = 0.0921, (cy = 0.102, and (dy
=0.1069.

Fig. 4.14 shows the variation of the derivetwith respect tg of the expected value|<G || >
of |G| computed from a kernel approximation of the prdligbdensity function of its
distribution at each load step. From the probabdiensity functions (not shown) fgr= 0.0227
andy = 0.0426, the distributions dfG|| in the specimen are essentially zero and the ¢agpec
values are 0.0104 and 0.0138 respectively. Betwlsese two configurations the change in the
expected value with respectyod<||G || >/dy, is only 0.171. From the probability densities fo
y = 0.0872 ang = 0.0921 which correspond to distributions show¥igs. 4.12c and f, dkG ||
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>/dy = 0.755 which is substantially higher than 0.173imilarly, betweery = 0.102 andy =

0.1069, d4|G || >/dy = 6.26. Thus a large value of [i& || >/dy also signifies that a major part
of the system has undergone severe inhomogenedasmdéons, and has become locally

unstable.

12 i i i i 1

10! 1

j

I

8 ;‘r

i

|

6 I

d(d )

dy 4- |
? 1
2_ ”( -

/

o © °

O’m = o © O @] © 7
_2 S S S SO R e S S S S S W

0] 0.02 0.4 0.06 0.08 0.1

Shear angle y[rad]

Fig. 4.14. Variation with the shear ang{eof d<||G||>/dy for the shear test on system C.

In Fig. 4.15a,c,e we have plotted incremedisplacements in going from the configuration
just prior to the system vyielding to the configuwatat yield, and in Fig. 4.15b,d,f incremental
displacements in going from the yielded state ®ithmediately next configuration. In order to
clearly show results incremental displacements iy ainstable atoms are shown in Fig.
4.15b,d,f. Prior to the initiation of yielding, silacements of all atoms except a few near the
corners are approximately of the order of the immetal displacements imposed on the surface
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Y = Ymax NoO slip system is activated prior to yieldingtbé material. However, in going from
the state just before yielding to the one justrajielding, several atoms that have become
unstable undergo displacements in all three doastivhose magnitude is an order of magnitude
higher than that of the imposed incremental dispiaent. Because of the enormous number of
atoms becoming unstable it is almost impossiblefital Burger's vectors and classify
dislocations into different categories. By closkigking at the direction and the magnitude of
displacements, e.g. see red and light blue fringdsg. 4.15d, one can identify planes across
which slip has occurred. There are many such placeoss which atoms have slid in opposite
directions.
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Fig. 4.15. For the shear test on system C, distributions ef ¢hangeAu,, Au, and Au, in the displacement
components on (a, ¢, e) the bounding surfaces inggblom the configuration just before yielding tbat
corresponding to yielding ay = 0.084 and (b, d, f) at in going from the yieldmhfiguration to that at = 0.0921 (
incremental displacements in A ).
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4.7.1.2 Smple shear test

For the simple shear test, nonpositive valuehefriinimum eigenvalue o®” were found at

atoms close to the bounding surfaces just pritiheécsystem becoming globally unstable. None
of the local instability criteria is satisfied fealues of the shear angjeghat are noticeably less
than the one where the system becomes globallpbiest

Fig. 4.16a exhibits the evolution of the minim eigenvalue of the local Hessi#lf’ . Unlike
in the shear test, no pronounced local inhomogesedccur before the onset of the global
instability. It could be due to the fact that desgments prescribed on all bounding surfaces
constrain deformations of all interior atoms. Thestflocal instability at four atoms occurs
simultaneously just prior to the onset of the gloibatability aty = 0.155, and the relative
positions of the four atoms and the shear straithatonset of the instability are essentially
independent of the specimen size. Nearly 40% arhatbecome unstableat 0.1752, 0.1675
and 0.1644 for specimens A, B, and C respectivély. 4.16a also shows the evolution of the
minimum eigenvalue of the local Hessian for thedrgtastic material. Although the minimum
eigenvalue of the Hessian decreases with an irergaghe shear strain, it does not become
negative. Since the shear stress vs. the sheam stirve for the hyperelastic material basically
coincides with that derived from the MM simulatidiisthe onset of instabilities, it is reasonable
to conclude that the Cauchy-Born rule used to éetine strain energy density from the atomic

potential holds for averaged quantities till thigiation of instabilities.
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Fig. 4.17a shows locations of the four atavhere local instabilities ensue for the system C
aty = 0.155. In Figs. 4.17a, ¢ and e positions of amgtable atoms are exhibited. ¥t 0.1655
two geometrically opposite columns of unstable admave formed (cf. Fig. 4.17c). After the
next load stepy = 0.1703, a considerable number of atoms disetbaiver atomic planes in the
interior of the system have become unstable. Tdath local and global instabilities occur
almost simultaneously in the simple shear testhmiinitiation of local instabilities precedes that
of the global instability by a large value of theear strain in the shear test having four outf si
bounding surfaces free of external forces.

Figs. 4.17b, d and f show distributions of @NP for specimen C at= 0.155, 0.1655 and
0.1703 respectively. For shear angles of 0.155 @A655 atoms that become unstable are
located close to the bounding surfaces (CNP ~ 2@y@ diametrically opposite corners where
detF®”] > 1 locally. The CNP parameter also has the shigh value for those atoms on
bounding surfaces where no instability was detectefier the occurrence of the global
instability the distribution of unstable atoms &bates well with the distribution of values of the
CNP. No major change in the structure of the systes predicted by the CNP prior to the onset
of the global instability. The presence of planésimstable atoms before the occurrence of the

global instability is not observed in the simpleahdeformation.
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distribution of the mimin eigenvalue of the local Hessian and the CNP in
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Fig. 4.17. For the simple shear test

system C; (a) and (ly)



Figs. 4.18a and b show the distribution||@ || for specimen C ay = 0.1655 and 0.1703
respectively. As for the shear deformations theimam value of|| G|| occurs at points located
mainly near the bounding surfaces. From the prdibaliensity functions of||G|| for strain
levels just before and just after the occurrencéhefglobal instability, the expected values are
0.0120 and 0.0948 respectively. Thus|@| >/dy has a very large value of 17.25 when the
global instability occurs. Fig. 4.19 shows the éwolwith the shear angle of G || >/dy and

confirms that it is essentially zero till the onsétn global instability when it increases rapidly.
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Fig. 4.18. Distribution of |G| for the simple shear test in system C;(&)0.1655, and (by = 0.1703.
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Fig. 4.19. Variation with the shear angjeof d<||G||>/dy for the simple shear test on system C

4.8 Global instabilities

The variations with the shear angleof system’s strain energy density for the sheat the
simple shear deformations are shown in Fig. 4.2aGhé simple shear deformations the energy
continuously increases up to a point where the alldbstability occurs. For the shear

deformations, slight changes in the curvature ef ¢émergy vs. the shear anglecurve are

observed due to the presence of unstable atoms.
For specimens A and B deformed in shear tleeggncontinuously increases with no major

changes in the curvature of the energyywsurve. For specimen C at= 0.0921 the presence of
two diametrically opposite columns of unstable adjef. Figs. 4.12e, f) is reflected in a small
change of curvature in the energy ysurve. Subsequently, the energy continuously asze

till y=0.102 where a sudden drop in the energy occutstee system becomes unstable.
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Recalling results depicted in Figs. 4.11 arid4dwe conclude that the shear strain at the onset
of the global instability equals that at which trexcentage of atoms becoming unstable increases
the most, and the energy of the system drops radtige

For the system of Au atoms deformed in singblear (Fig. 4.20b) the strain energy density
increases monotonically til = 0.1675 when it suddenly drops by a large amdemt.the three
specimens differences among the strain levels attiset of the global instability are not as

pronounced as it is for the shear deformations.
In an attempt to see if the minimum eigenvalllg of the Hessian matrild suddenly jumps
at the onset of a global instability, we have @dtin Figs. 4.21a and b the evolution of the

change inA;, with respect toy for the two types of deformation of specimen Be3# two plots

H
reveal that indeeod/‘m%y increases noticeably witlf when the system becomes globally

H
unstable. Whereas the evolution with the sheadeaonf d’]m%y is oscillatory for shear

deformations, it is smooth for the simple sheaodwetions.
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4.9 Distributions of local stresses for the shear tests

Values of the Cauchy stress tensor at each atoositign were computed following the method
proposed by Hardy (Eq. 2.23). For specimen C, £&2 shows distributions o, oxy andoywm

in the reference configuration. The effect of theface tension in bounding surfaces of the
specimen is reflected in nonvanishing values ofitiiteal local stresses. The distribution @

in Fig. 4.22a shows a compressive stress of ~ & & the centroid of the specimey; equals
zero on free surfaces perpendicular to the X-amésteas a maximum tensile value of ~1.8 GPa
on the remaining four surfaces. Similar distribnSovere obtained fas,, andc,, components.
The shear stress,, is zero everywhere in the specimen except at edgesllel to the Z-axis
where it has a magnitude of ~ 0.9 GPa. The didtohwf the von Mises stress depicted in Fig.
4.22c shows that the highest values of ~ 2 GParasent on free surfaces angly = 0.2 GPa at
the specimen centroid. Even though the distributibstresses in the reference configuration is
qualitatively the same for all three cubic specimeheir magnitudes differ. For the three
specimens, Table 4.4 summarizes relative changieeitotal volume, the relative change in the
total potential energy, the average axial strairafge in length per unit initial length) in the X-
direction, andoy induced at the specimen centroid, in going from ihitial perfect lattice
configuration to the unloaded relaxed (referenaaifiguration. The total volume of a specimen
was computed by adding the atomic volumes giveRdpy3.6. In the reference configuration the

initially plane bounding surfaces of a cubic spesinbecome curved.

Table 4.4: During the relaxation of the initial unloaded feet cubic specimen, relative change in the totéaéiptial
energy V), relative change in the total volum@'}, the average axial straig = &y = &) and the axial stress, at
the centroid of the cubic specimens.

AV AQ"
Specimen Vi QF ‘ o
(eVvieV) (A3A3 (AJR) (GPa)
A 3.763e-3 -2.021E-2 -2.081E-2 -1.6
B 2.549e-3 -1.486E-2 -1.713E-2 -1.5
C 1.044e-3 -6.923E-3 -1.036E-2 -0.5
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Fig. 4.22. For specimen C, distribution in the reference igurhtion of stresses on the mid-section;dg) (b) oyy;
() ovm-
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Fig. 4.23. For specimen C, distributions of componentsliofs) on the bounding surfaces and on the mid-section Z
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The change in the total potential energy gp@cimen during the minimization of its potential
energy is not significant for any one of the thspecimens; it is ~ 0.37% for the specimen with
3480 atoms and only ~ 0.1% for the specimen witB258atoms. The reduction, ~ 2%, in the
total volume is noticeable for the smallest sangdeeompared to ~ 0.7% for the largest sample.
The axial strain along each centroidal line of acamen is more than ~1%,; the largest specimen
C has the minimum values of the volumetric andakial strains. These geometrical changes
are accompanied by the development of residuadsstse For the smallest samplecd,= ~ -1.6
GPa at the centroid, angy = ~ -0.5 GPa at the centroid of the largest speti@e We have
plotted the x-, the y- and the z-components of aJiM(i Figs. 4.23a,b, 4.23c,d and 4.23e,f
respectively. It is clear that except for poinesanthe bounding surfaces, dty(s nearly zero
everywhere attesting to the equilibrium of the refee configuration. The gradients of stresses
from their values at atomic positions were compitethe MSPH method.

Figs. 4.24a and b show distributionso@f on bounding surfaces for = 0.0872 andy =
0.0921 respectively. At = 0.0872, the shear stress varies from ~ -0.516GP&.6 GPa; on free
surfaces initially parallel to the YZ-coordinateapé the shear stress is almost uniform and
equals ~ 0.25 GPa. Towards the edge Y = 0 the Stiess increases to ~2.6 GPa along atomic
positions parallel to the Z-axis. At the four camen these planes the shear stress is negative
and equals ~ -0.5 GPa. The locations of these wegahlues ofcy, also coincide with the
locations of four columns of unstable atoms showirig. 4.12c. The maximum values of the
shear stress occur at points on the edges whetablmstoms are located (see green fringes
along the Z-axis). Values of the shear stress 6§ &PRa also occur on the two planes parallel to
the shear XY-plane. In this case high values of dtress occur along the diagonal of the
specimen; these decrease towards the edges toGB&25

The shear stress on planes (Y mnYand Y = Ypnax in Fig. 4.24a) with prescribed
displacements is high at edges parallel to theiZ-&@n these planes the shear stress decreases

for atoms with increasing X-coordinate. The strdisdribution aty = "

is symmetric with
respect to the diagonal of the YZ-plane. During dhep in the averagey, —y curve the stress
levels on bounding surfaces remain essentially amgéd but the symmetry in the stress
distribution observed in the previous load stepost (cf. Fig. 4.24b). New regions around the

center of the two XZ-planes with negative valuethefshear stress have formed. The
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Fig. 4.24. For the shear test, distribution of thg component of the local Cauchy stress tensor orbthumding
surfaces, the mid-section and at unstable poirgpdétimen C; (a), (c) and (gy 0.0872; (b), (d) and (f) = 0.0921.
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distribution of oxy on the XY-plane remains essentially unaffected thg nucleation of
instabilities.

Figs. 4.24c and d show, respectively, theritistion of 4, on the plane Z = 50A foy =
0.0872 andy = 0.0921. The details of the distribution of theear stress in the interior of the
specimen before the occurrence of instabilitiesdmgicted in Fig. 4.24c. A diagonal (yellow
color) band of high shear stress between ~3.6 a#@ 6Pa is apparent. The valuecgf near
the corners equals ~5.2 GPa. We note that indiebilnucleated at atomic positions in these
regions of high values of the shear stress. Sulesgiyuaty = 0.0921, there are two regions near
the opposite corners whergy, ~ 5 GPa. However, at the center of the specinsgnyvaries
between ~3.1 and ~3.6 GPa. The stress distribigiomt symmetric about the diagonal AB in
Fig. 4.24d.

Figs. 4.24e and f show the distributionogf at unstable points when= 0.0872 and/ =
0.0921 respectively. For the atoms showf) has at least one negative eigenvalue in the
configuration after the drop in the averagg—vy curve ¢ = 0.0921). Stresses are also computed
for the same group of atoms in the configuratiomesponding ta = 0.0872. Fig. 4.24e depicts
that oy, has very high values of ~5.2 GPa at points pwotheir becoming unstable. After the
nucleation of instabilitiesg,, there decreases to ~3.6 GPa. On planes of highiatensity
depicted in this figure the stress drops from ~GBa (yellow fringes) to ~2.6 GPa (green
fringes). Thus the shear stress at atoms decreasey) the nucleation of instabilities there.
However, the shear stress in other regions mayeaser due to the redistribution of the
interatomic forces. Resuls plotted in Fig. 4.3elympat the specimen can still support tangential
tractions after the nucleation of instabilitiessome regions. After the first discontinuity in the
averagesy, —y curve in Fig. 4.3e at = 0.0872, the average shear stress increasesheplboint
where both the averagg, —y curve and théV - y curve exhibit sharp discontinuities wat=
0.102 and several more atoms have become ungtébliegs. 4.12t and 4.12u).

Fory = 0.0872, Fig. 4.25a depicts the distributionogf on the bounding surfaces. Four
regions can be distinguished; they are symmetyiachfitributed by pairs and located parallel to
the Z-axis. There are two diametrically oppositgiors wheres,y is tensile and in the other two
diametrically opposite regionsy, is compressive. On planes parallel to the YZ arel Xz-
planescyy changes gradually from tensile (~6 GPa) along afge garallel to the Z-axis to

compressive (~ -6 GPa) on the opposite edge. Omsliear XY-planesyy at the center varies

-79-



between ~0.42 and ~1.80 GPa. Fig. 4.25b showsatiat the nucleation of instabilities the
symmetry in the distribution afyy is lost but its values remain essentially unchdnge
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Fig. 4.25. For the shear test, distribution of thg component of the local Cauchy stress tensor orbthunding
surfaces, the mid-section and at unstable poirgpétimen C; (a), (c) and (g¥ 0.0872; (b), (d) and (f) = 0.0921.

-81-



Fig. 4.25c shows the distribution @f, on the section Z = 50A when= 0.0872. It is clear
that high compressive values (~ -9 GPa)ogf do not occur at points on planes with the
prescribed boundary conditions as we might expatirbtwo diametrically opposite regions at
the corners of the mid-section. The magnitude ofip@ssivesy, decreases as one goes towards
the center. High tensile stresses are locatediatspon the two free surfaces parallel to the YZ-
plane. The distribution and values @f, aty = 0.0921, shown in Fig. 4.26d, do not change
noticeably from those at= 0.0872 except in regions where defects nucleate.

The distributions o,y at unstable points for= 0.0872 and = 0.0921 are depicted in Figs.
4.25e and f respectively. Compressive stresse® GPa, at the unstable points decrease after the
nucleation of instabilities to -2 GPa; however, thagnitude of they, compressive stress does
not decrease at all unstable points. Groups of stwith tensiles,, remain unchanged, and the
value ofcyy, does not decrease during the nucleation of irligtabi

Figs. 4.26a and c show that, at interior itite value o6y, is close to zero prior to the drop
in the averagexy —y curve but that at points on the four edges pdrailéhe Y-axis equals ~1
GPa. These atoms are located on opposite edgde ispecimen. Atoms on two edges have
negativeoy; (light blue ~ -0.9 GPa), and those on the other édges have positive values of the
same magnitude. Figs. 4.26¢c and e show that atnilesection and at the atomic positions
where instabilities nucleats, -~ 0 aty =y"®. After the nucleation of instabilities other regs
with nonzero values afy; appear in the specimen. For instance, regionsayith~1.5 GPa and
~-1.5 GPa can be seen in Fig. 4.26f.
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Fig. 4.26. For the shear test, distribution of thg component of the local Cauchy stress tensor orbthumding
surfaces, the mid-section and at unstable poingpétimen C; (a), (c) and (ey 0.0872; (b), (d) and (f) = 0.0921.
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The distributions ofym and Znax are depicted in Figs. 4.27 and 4.28 respectivieljce the
maximum shear stress equals the absolute valudeeditference between the minimum and the
maximum eigenvalues of the Cauchy stress tensamtedd by P and B respectively. The
distributions ofoyy and 2yax are very similar to each other just before and ediately after the
nucleation of instabilities. The highest valuestloé two stresses are located at points near
corners of the mid-section (Z = 50 A) parallel he shear XY-plane. After the instabilities have
nucleated two new regions of atoms with high valoésyw and Zn.x appear on the mid-
section. From the distributions 6fy and Zax on unstable points depicted in Figs. 4.27e,f and
Figs. 4.28e,f it is not clear if the nucleationimdtabilities is accompanied by the reduction ia th
magnitudes in these two stresses. A close lookoattp with high values o6y, and 2nyax
reveals that, during the nucleation of instab#iti®, drops from ~9.5 GPa to 8 GPa, ang.=
from ~10.5 GPa to ~9 GPa. However, higher valegg € ~9.95 GPa andtgax= ~11.45 GPa)
of these stresses occur at other points afterubkation of instabilities.

Figures 4.29a and b show in more detail tiséridution ofoym on planes of unstable points
fory = 0.0872 ang = 0.0921 respectively. At points with high valwssyy, such as point 3 in
Fig. 4.29, the value afym drops from ~9 to ~8 GPa during the nucleationnstabilities; for
point 2 the value obyy drops from 8.74 to 7.59 GPa. These two points hlsee very high
compressive principal stresses; -11.42 GPa an@#1GPa for points 3 and 2 respectively. New
unstable points in the interior of the specimerptanes of high density were not observed. On
planes of unstable atoms, points with moderateeglf oyy experience a decrease diy
during the nucleation of instabilities. For examme point 1 in Fig. 4.2%yv drops from 6.67
GPa to 3.36 GPa; point 1 also has a high valueoofpcessive stresses ~ -8 GPa at the yield
point. Values of stresses at points 1, 2 and 3rbefnd after the drop in the averagg—y curve

are summarized in Table 4.5
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o,,[GPa]

c,,[GPa) 9.958
9,958 9.101
9.101 8.244
8.244 7.386
7.386 6.529
6.529 5672
5672 4.815
4.815 3.958
3.958 3101
3.101 5043
2.243 :

1.386
1,386
0520 0.529

o,,[GPa]

9.958
9.101
8.244
7.386
6.529
5.672
4.815
3.958
3.101
2.243
1.386
0.529

Fig. 4.27. For the shear test, distribution of thg, on the bounding surfaces, the mid-section andhstiable points
in specimen C; (a), (c) and (g¥ 0.0872; (b), (d) and (f) = 0.0921.
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2t [GPa]

11.458
10.472
9.485
8.499
7.513
6.526
5.540
4.553
3.567
2.581
1.594
0.608

Y
2:, . [GPa]
11.458
27, [GPa] 10.472
11458 9.485
10.472 8.499
9485 7.513
8.499 6.526
7.513 5,540
6526 4.553
5.540 3.567
4.553 2,581
3.567
2581 5.508
1594
0.608
21, _[GPa]
2r,_[GPa) 11.458
11.458 10.472
10.472 9.485
9.485 8.499
8.499 7.513
7513 6.526
6.526 5.540
5540 4,553
4553 3.567
3.567 2.581
2,581 1.594
1.594 0.608
0.608

Fig. 4.28. For the shear test, distribution of the,& on the bounding surfaces, the mid-section andnatable
points in specimen C; (a), (c) and {e3 0.0872; (b), (d) and (f) = 0.0921.
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Fig. 4.29. For the shear test, distribution of thg, at unstable points in specimen C;{a& 0.0872; (b = 0.0921.
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Table 4.5: From results of the shear test on specimen @egabdf oy, oym, 2tmax and principal stresses,, and
P; at points 1, 2, and 3 depicted in Fig. 4.29.

Stress
Pre-instability = Post-instability ~Pre-instability — Post-instability ~Pre-instability — Post-instability

(GPa) Point 1 Point 1 Point 2 Point 2 Point 3 Point 3

Tum 6.672 3.364 8.741 7.594 9.038 7.968
Ty 3.747 1.186 4.043 3.864 4.646 3.512
Py -8.004 -3.641 -10.075 -8.386 -11.424 -9.900
P 3.079 11701 4.733 -3.884 5,691 4.105
Ps -0.411 0.243 -0.215 0.381 -1.004 -0.813

2 ax 7.593 3.884 10.075 8.767 10.419 9.087

4.10 Distributions of local stresses for the simple shear tests

Fig. 4.30 depicts, for specimen C, the distributanthe mid-section of different stresses for
configurations corresponding o= y*® andy = 0.1703. Fig. 4.30a shows the distributiorsgf
aty =y In this configuration a band of high shear stssses the XY-shear plane along the
diagonal. Values oy, range from ~10 GPa at the center of the band tGP& at points near the
extremities of the band. At points on the boundingaces the shear stress varies between ~1.5
and 6 GPa. The average valuesgfobtained in section 4.4.2 is 9.170 GPa (cf. T4kl which
agrees with the average of the distribution ofltieal values ob,y presented in Fig. 4.30a. After
the nucleation of instabilities spatial symmetriieshe stress distribution are lost and values of
the shear stress at most places drop to ~1.5 GP&i@: 4.30b). Negative values of, at some
points are also observed after the nucleationgifbilities.

Fig. 4.30c depicts the distribution of thermal stresss,, aty = y"*. Values ofc,y are
uniformly distributed on the mid-section and equ8l GPa. Smaller values between ~-0.7 and
~0.9 GPa occur on the bounding surfaces initiadiyaflel to the YZ-plane. Values of, < -10
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GPa occur at the specimen corners that are closerfiaces parallel to the XZ-coordinate planes.
We recall that the average value @f in Fig. 4.6f at the yield point is ~ -8 GPa. Aftire
nucleation of instabilities (cf. Fig. 4.30d) thetially high compressive stress at the center ef th
section drop to values between ~1 GPa and ~ -3 &Rhhigh tensile stresses (~ 4 GPa) are
generated at points on bounding surfaces initgisallel to the YZ-plane.

Fig. 4.30e exhibits the distribution of theeahstress,, aty = y"*". This component of the
Cauchy stress tensor has negligible values fonsti#p to the yield point; a similar distribution
was observed for the componesnt. After the nucleation of instabilities magnitudefsthese
shear stresses increase at some points to 4 GRsagevvalues afy, andoy, are also close to
zero fory < 0.1655 (cf. Fig. 4.6e).

The distributions 06ym and Zmax in the specimen at the yield point are depictedFigs.
4.30g and 4.30i respectively. These two distrimgiare identical buttgax is slightly greater
thanoymw. High values, ~17 GPa, ok are observed along the diagonal of the shear plane.
Outside the bandyw varies between ~14 GPa and ~16 GPa. Smaller vak@s at points on
bounding surfaces with a minimum value of ~5 GPadges parallel to the Z-axis. The rather
high values obym and Znax are observed in two regions close to the cornéresrevg,y| is also
large.
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Fig. 4.30. Contd.
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Fig. 4.30. For the simple shear test, distributionsgf oyy, 6y, oym and 2Zmax 0N the mid-section of specimen C; (a),
(c), (e), (9) and (iy = 0.1655; (b), (d), (f), (h) and ()= 0.1703.
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Chapter 5
| nstabilitiesin tensile and compressive defor mations

5.1 Introduction

In this chapter we study instabilities in tensiledacompressive deformations of square gold
specimens. Two types of boundary conditions aresidened: one in which all atoms on the end
faces are constrained to move axially only, anddtieer in which only their axial motion is
prescribed but they are free to move in transvensetions. The former set of deformations are
called tensile/compressive and the latter simphsike/compressive. The average stresses and
strains are computed and the influence of the Fengdith (L/H) ratio on the average axial yield
stress is delineated. The correlations, if anywben distributions of internal stresses and

material instabilities are investigated. Local sées are computed by using Hardy's Eq. (2.23).

5.2 Smulation of deformations

We simulate tensile and compressive deformation8wtrystals having a fixed square cross
section but different lengths. The width H of speens is ~37 A and their lengths range from
~37 A for L/IH = 1 to ~742 A for L/H = 20; the numbef atoms in a specimen is listed in Table
5.1. In each case the specimen is oriented withctt@dinate planes {1,0,0}, {0,1,0} and
{0,0,1}. For the tension/compression tests, atomshe reference configuration located on
planes Y = Yun and Y = Yyax are constrained from moving in the X- and the i&clions while
the Y-displacement is prescribed in increments.@850A. For the simple tension/compression
tests, atoms on planes Y syand Y = Ynax and located along the centroidal line parallehi
X-axis are constrained from moving in the Z-direnti atoms located along the centroidal line
parallel to the Z-axis are constrained from movimghe X-direction. Thus all cross sections of a
specimen are allowed to expand or contract. Theasgkacement is prescribed in increments of

0.25 A. Once a discontinuity in the strain energpsity vs. the axial strain curve is observed the
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simulations are restarted from the immediately @déty displacement increment with the
prescribed Y-displacement increment reduced to0.There are no external forces applied on
the four lateral surfaces.

Table5.1: Aspect ratios, number of atoms, and lengths e€ispens tested in tension and compression.

Length
L/H No. of atoms A)
1 3430 ~37
3 9928 ~110
5 16787 ~188
10 32671 ~367
20 65883 ~742

5.3 Average stresses and strains from numerical simulations

5.3.1 Tension/compression

For different L/H ratios Fig. 5.1a,b shows the atidn with the average axial strairffchange in
length per unit initial length) of the average \eduwf o, and oy, components of the Cauchy
stress tensor computed using Eq. (2.7). It is eleskthat the variation with of the averageyy
stress is the same for LH3. For L/H = 1 all normal stresses are of the sarder of magnitude
showing a very different behavior as compared &b tbr samples having L/H 3. For a square
Cross sectiorns,; equalsoxc. Note that atoms on the end faces are constramedove axially
only; thus these cross sections do not change. &vitincrease in L/H, the average values,of
ands,, decrease and are nearly 14 the average value ofy. The average values of all shear
stresses are negligible till discontinuities in tg vs. € curve occur. Subsequent to the
occurrence of these discontinuities, values ofllesbaar stresses may not be very small and are
comparable to the values of the local normal st®#s regions close to edges and vertices of the
specimen. In Table 5.2 we have listed, for différefH ratios, average values ofy ande at
yield identified by a sharp drop in the averageahsiress for an infinitesimal increase in the
average axial strain. Values of the axial yieléssrand the corresponding axial strain for &/H

3 for tension are ~ 6.2 GPa and ~ 9.8%, respeygtitwever, values of the axial stress and the
axial strain at the yield point in compression fdH=1 and 20 differ noticeably from those for
L/H = 3, 5 and 10.
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Fig. 5.1. Evolution with the average axial strairof the average values of components of the Castiegs tensor
for the tension/compression tests for different kditlos. (a)s,y; (b) ox.
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For the same L/H ratio asymmetry in the yigliibss in tension and compression is apparent
from values listed in Table 5.2 as was also foupdiao et al. (2004, 2006), and Zhang et al.
(2008). This asymmetry is attributed to initial estses in the reference configurations of
specimens. The internal compressive stresses idduycthe surface tension cause a local critical
stress in compression to be reached at a smalien $evel than that in an initially stress free
specimen. Whereas the average axial stress vavénage axial strain curve is essentially linear
in tension that in compression is nonlinear. Fag #pecimen with L/H=20, we have not
examined closely details of deformation fields $oextain if any other instability (e.g., buckling)
initiated up to an average axial strain of 3.245%.

Fig. 5.2 depictsyy vs. € curves by computing average values of stressésdeiinition (2.7)
of the virial stress, Eq. (3.10) for the first mamef forces on bounding surfaces, and the
mechanics of materials approach (force/area) irchvforces along the Y- direction of atoms on
an end face of the specimen have been considehedthfee values are in good agreement with
each other. The average values of stresses daveoaigy information about their local values.

Fig. 5.4 shows the variation with the averagel strain of the strain energy density. g
versuse curves show a discontinuity at the strain levebmhthe energy density for the entire
system decreases noticeably. The variation of titansenergy density for L/H = 1 is different
from that for specimens with L/H 3.
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Fig. 5.2. Comparison of three measures of the Cauchy stees®r for L/H=10 in tension/compression tests; Eq.
(2.7), EqQ. (3.10) and the mechanics of materiats@gch (force/area).

Table 5.2: Values of the average axial stress and the aveagige strain at the yield point for specimens with
different L/H ratios deformed in tension and conggien.

Tension Compression
ield ield ield ield
HH Iy £y Iy £y

(GPa) (%) (GPa) (%)
1 7.317 9.597 -3.698 -7.789
3 6.481 9.745 -1.783 -6.182
5 6.344 9.809 -1.788 -6.764
10 6.256 9.883 -1.704 -5.460
20 6.242 9.942 -1.209 -3.245
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Fig. 5.4. Variation with the average axial strairf the strain energy density in tension/compressists.
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The evolution of the average values of nore@hponents of the Almansi-Hamel strain
tensor with the average axial strain for a specimith L/H=10 is plotted in Fig. 5.3; curves for
exx VS. ¢ andex vs. ¢ overlap each other. The equalitysofndey, suggests that, on the average,
effects of geometric nonlinearities can be negtecte to the yield point. Normal strains in the
transverse direction have opposite sign to thahenaxial direction showing Poisson’s effect.
The averaged components of the shear strains gtigibke. A similar behavior is observed for

other values of L/H> 3.

5.3.2 Simple tension/compression

For different L/H ratios, Fig. 5.5 shows the vaoat with ¢ of the average value afyy
component of the Cauchy stress tensor found bygusm (2.7). In agreement with results for
the tension/compression simulations reported irsecion 5.3.1, it is observed that the variation
with ¢ of the average value @, is the same for specimens with LH3. However, for the
simple tension/compression simulations, the averajaees ofc,, and ox are negligible as
compared to the average valuess@f The applied boundary conditions allow atoms anehd
faces to move freely in the X- and the Z-directiocmnsequently, edge effects are negligible and
averaged values @f; andoy are very small.

As in the tension/compression tests the aeevagies of all shear stresses are negligible up to
the discontinuity in thes,y vs. ¢ curves. In Table 5.3 we have listed, for differ&nft ratios,
values of the averagsy stress and the average axial strain at the yigilatpValues of the axial
yield stress and the average axial strain at ymld 0> L/H > 3 for the simple tension case are
~ 5 GPa and ~ 8% respectively; the correspondatges for the tension test are ~ 6.2 GPa and
~ 9.8%. In simple compression, a dependence aixta yield stress and the average axial strain
at yield on the L/H ratio is also observed. Foriweg value of L/H, the yield stress in simple
tension is higher than that in simple compressiRetause of residual stresses in the reference
configuration, the difference in the yield stressimple tension and simple compression cannot

be attributed to the Bauschinger effect.
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Fig. 5.5. For different values of L/H, evolution with theerage axial strain of the average value of, component
of the Cauchy stress tensor for the simple tenstonpression tests.

For simulations of the simple tension anddimeple compression deformations of the sample
with L/H = 10, we have plotted in Figs. 5.6 througl®, incremental displacements in going
from the configuration just prior to the systemlgieg to the configuration in which it yields,
and incremental displacements in going from theldg@ state to the immediately next
configuration. In order to clearly show resultsramental displacements of only unstable atoms
are displayed in Figs. 5.7 and 5.9. Prior to theation of yielding, displacements of all atoms
in the transverse directions equal nearly one-tentthat in the axial direction. However, in
going from the yielded state to the next configoratseveral atoms that have become unstable
undergo displacements in all three directions whosgnitude is of the order of the lattice
parameter. Since several atoms have become umstaid an arduous task to find Burger’s

vectors and classify dislocations into differenegmries.
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Fig. 5.6. For the simple tension test, distributions of tharges in the components of the displacement dielthe
bounding surfaces at= 8.08% in the specimen with L/H=10; (&); (b) Auy; () Au,. (Displacements in A)
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Fig. 5.7. For the simple tension test, distributions of di@anges in the components of the displacement &eld
points where instabilities have initiatedeat 8.15% in the specimen with L/H=10; (@&); (b) Auy; (C) Au,.
(Displacements in A)
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Fig. 5.8. For the simple compression test, distributionshef ¢hanges in the components of the displacemeldt fi
on the bounding surfaceset -5.15%; (a)Auy; (b) Auy; (C) Au,. (Displacements in A)
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Fig. 5.9. For the simple compression test, distributionthefchanges in the components of the displaceneddtet
points where instabilities have initiatedeat -5.16%; (a)Au,; (b) Auy; (C) Au,. (Displacements in A)
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As evidenced from results exhibited in Figl(h.a good agreement between three measures
of average stresses is found but in this case thenere scatter in data from the first moment of
forces on bounding surfaces than that from therative methods. The number of atoms on
bounding surfaces with nonvanishing forces is lems compared to that in the
tension/compression simulations. With more of satdms the scatter in the data will decrease,
e.g. see results of the shear test for specimdot@g in Fig. 4.3.

For L/H = 10, the evolution of the averagemakr components of the Almansi-Hamel strain
tensor with the average axial strain is plottedrig. 5.11. Curves foe. vS. & ande,; VS. €
overlap each other, angy is almost equal te till the specimen yields. Thus the effect of
geometric nonlinearities can be ignored until theddypoint.

For an FCC material the effective Young’s madun the loading direction [0,1,0] is given

by

— C-5121 +§1261£ ~ 26122 .
C,+Cyp,

E

From the elastic constants of gold at 0 K listedable 2.1, Young’'s modulus in the Y-direction
is found to equal 46.5 GPa. For the computatior dfom results of the MM simulations a
representative lengthylwas defined around the mid-section of each spetiffiee average axial
stress - the average axial strain curves obtaigedking contributions of atoms inside the length
Ly were used to findE. The simple tension/compression tests were peddrap toe = 1% and
the slopes of the stress-strain curves were cordpbyelinear regression. For the specimen
having L/H = 10, Fig. 5.12a shows the variationhwlit/a (recall thata is the lattice parameter)
of E in simple tension and compression. Fgfal< 10 the value dE varies between 46.8 GPa
and 47.9 GPa; the difference between the maximudrtiaa minimum values d& is only 2.3%.
For 10 < lg/a < 40 the value dE equals ~ 47.1 GPa. Foy/a > 40 a small increase in the values
of E is found. Boundary effects are reflected in changfethe distribution of interatomic forces
but their influence along the axial direction gagsto 1 or 1.5 times the value of specimen’s
width in agreement with Saint-Venant’s principldnéflcomputed value 47.1 GPabin the Y-
direction is only 1.3% higher than the 46.5 GPaigtd from elastic constants of the material.

Recalling Eqg. (2.3) and the result that therage values afyx ando,, equal zero, we get
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For the specimen with L/H = 10, Fig. 5.12b exhiltits variation o¥ with Ly/a. For 10 < k/a <

30, the computed value 0.478vw#agrees well with 0.453 obtained from vaIuesCEgj and 612
listed in Table 2.1.

We note thaE andv can be computed from the average values of sgesgkstrains, and not
from the plots of local values ofy, &,y andex since the stress state locally is not that of xiala
tension/compression.

Results exhibited in Fig. 5.13 reveal that thaation with the average axial strain of the strai
energy density for 3 L/H < 20 is essentially independent of the aspect tdth However, the
yield stress in simple compression depends notigegdon the value of L/H.

In Fig. 5.14 we have plotted the averagaelasti@ss vs. the average axial strain during
unloading from two configurations — one just beftire drop in the average axial stress vs. the
average axial strain curve and the other just #fisrdrop. When the specimen is unloaded from
the configuration just before the average axi@sstrdrops noticeably, the average axial stress vs.
the average axial strain curve during unloadinglaps that during loading suggesting that the
specimen deformed elastically. However, when thecisnen is unloaded by reversing the
direction of prescribed axial incremental displaeats from the configuration just after the
severe drop in the axial stress or the strain gneegsity, there is a residual average axial strain
at zero average axial stress. It confirms thasgiecimen deformed plastically during the instant

the average stress dropped.
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Fig. 5.10. For L/H=10, comparison between different measufeth@ average Cauchy stress tensor in the simple
tension/compression tests, (Eq. 2.7), (Eq. 3.18)tha mechanics of materials approach (force/area).
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Fig. 5.11. For L/H=10, evolution with the average axial straiof the average values of normal components of the

Almansi-Hamel strain tensor for the simple tenstonipression tests. Curves fgx vs. € ande,, vs. € overlap each
other.
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Fig. 5.12. For L/H=10, variation with the averaging lengthy)lin simple tension and compression of (a) the
effective Young’s modulus E, and (b) Poisson’sarati
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Fig. 5.13. Variation with the average axial straimf the strain energy density in simple tension/pogssion tests.
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Fig. 5.14. For L/H=10, variation with the average axial straiof the average axial stress for loading and urigad
paths in simple tension.
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5.4 Analysis of local instabilities

5.4.1 Simple tension/compression

For different values of L/H, Fig. 5.15 exhibits tBeolution of the minimum eigenvalue of the
local HessiarH®” among all atoms in the system for simple tensieforessive deformations.
For simple compression, the minimum eigenvalueinantisly decreases and remains positive
until the strain level where the sharp drop indlierage stress - average strain curve occurs. The

strain levels at which local instabilities, sigetfi by the minimum eigenvalue b’ becoming
negative, appear correspondsﬁt’;ﬁeld(see Table 5.3). No local instability occurred ptio this

strain level. However, for simple tensile deforioas, and for all values of L/H considered here,
a group of atoms in each of the eight corners efsdimple become unstable at an average axial
strain of ~ 6% when curves in Fig. 5.15 exhibit tingt discontinuity. The minimum eigenvalue
remains negative and continuously decreases upB#h average axial strain; at this strain level
the discontinuities in the average axial stressthes.average axial strain curves also occur (cf.
Fig. 5.5).

Values ofsgf'd listed in Table 5.3 correspond to the initiatiortleé second sharp drop in the

magnitude of the minimum eigenvaluet8f). For both simple tensile and simple compressive

inst
£yy

deformations, < ‘sj;e'd‘ for the five values of L/H considered here. THE equals the

average axial strain when the first discontinunythe average axial vs. the average axial strain

curve appears.
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Fig. 5.15. For simulations with different values of L/H, vation with the average axial stragnof the minimum
eigenvalue of the local Hessit!’ in simple tensile/compressive deformations.

Table 5.3: Values of the average axial stress and the avexaige strain at the yield point for specimens with
different L/H ratios deformed in simple tension aminpression.

Simple tension Simple compression
ield ield ield ield
LH oy oy
(GPa) (%) (GPa) (%)
1 5.134 7.928 -2.498 -8.345
3 5.050 8.119 -1.784 -6.643
5 4.996 8.117 -1.810 -6.897
10 4.990 8.086 -1.671 -5.157
20 4.618 7.584 -1.387 -3.874
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For L/H = 10, Fig. 5.16 shows distributsoof the minimum eigenvalue bf" , the CNP

parameter an¢|G|| for simple compression atslightly less thara‘j;e'd and ate slightly greater

than £ . Negative eigenvalues & occur at points located in planes {1,1,1} of higlomic

density. The unstable atoms are not distributednsgimncally about the mid-section, Y = L/2, of
the specimen (see Fig. 5.16b). Fig. 5.16d disptlagdistribution of the CNP ata little greater

than&jf'd. The CNP equals either zero or has very smalleght stable points but has large

values at generally the same atomic positions wtiezdocal instability was predicted by the

negative eigenvalues dfi®). At ¢ a little less thasy, *values of the CNP parameter are

y
negligible everywhere except at some points locatethe bounding surfaces.

Fig. 5.16e exhibits the distribution G| ate slightly less thas),"'*. High values of|G||

occur at points close to the lateral surfaces angdoats located near the end faces where
displacements are prescribed. Valued|Gfl vanish at points in the interior of the specimen

whose distance from the end faces exceeds ~3%A the width of the sample. Fera little

yield

greater tharg,,

high values of|G|| occur at the same atomic positions where the mimm

eigenvalue oH"is negative (cf. Fig. 5.16f).
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MIN EIGENVALUE

0.750
0.673
0.595
0518
0.441
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NORM G
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0.005

Fig. 5.16. For the simple compression test, distribution @& thinimum eigenvalue of the local Hessian, the CNP

and HGH in the specimen with L/H=10; (a) minimum eigenvgki= -5.15%; (b) minimum eigenvalug = -5.16%;
(c) CNP on the mid-section X = 18 A= -5.15%; (d) CNPg = -5.16%; (e)HGH on the mid-section X = 18 &, = -

5.15%; and (f)HGH at unstable points, = -5.16%; In Fig. (d) atoms on the bounding swefhave been removed to
clearly depict values of the CNP at unstable pdimtse interior of the specimen.
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5.4.2 Tension/compression

Fig. 5.17 depicts, for L/H=10, distributions of tmeinimum eigenvalue oH® , the CNP
parameter and|G|| for the compressive deformations. The distribigiasf unstable points
predicted by the minimum eigenvaluel$f) becoming negative differ from those observed for
simple compressive deformations shown in Fig. 5.18milarly, the distribution of points in
Figs. 5.17e and 5.16e with high valued|6f| ate slightly less tharrf,’;',eld for compression and
simple compression are quite different. We redadt the only difference between compressive
and simple compressive simulations is in the bogndanditions at the two end faces. Park et
al. (2006) performed MD simulations of tensile amwnpressive deformations of gold, copper
and nickel nanowires with different crystallograplrientations. However, their results cannot

be compared with the present ones because ofaredféicts included in Park et al.’s work.
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Fig. 5.17. For the compression test, distribution of the mimmeigenvalue of the local Hessian, the CNP Hﬁﬂi

in the specimen with L/H=10; (a) minimum eigenvalgie -5.46%; (b) minimum eigenvalue = -5.52%; (c) CNP
on the mid-section, X = 18 A,= -5.46%; (d) CNPs = -5.52%; (¢)|G| on the mid-section, X = 18 A,= -5.46%;
and (f) HGH at unstable pointg; = -5.52%; In Fig. (d) atoms on bounding surfacagehbeen removed to clearly
show values of the CNP at unstable points in theriior of the specimen.
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Fig. 5.18 depicts, for L/H=10, distributionsthe minimum eigenvalue ¢4®, the CNP and
||G]| for simple tensile deformations. Atslightly less tharfg;e'd there are only very few atoms
near the eight vertices of the specimen that hacerne unstable. However,egust greater than
E;’;dd several atoms have become unstable. The distributfounstable points has a serrated

pattern along specimen’s Y-centroidal line formgdatoms located on planes of high atomic
density. The instabilities under compression amapk compression do not propagate through
the entire length of the specimen. A similar sedapattern was reported by Liang and Zhou
(2004) who performed MD simulations of tensile aefations of copper nanowires at 300 K
with specimens having the same crystallographentaitions as in the present work.

In a uniaxial stress state, the RSS on a panealso,cosg cosA whereg, ¢ andi equal the

magnitude of the axial stress, the angle betweemdinmal to the slip plane and the loading axis,
and the angle between the slip direction and thditg axis, respectively. The Schmidt factor,

cos¢ cosA , is a geometric factor ranging from O to 0.5. Tingher the Schmidt factor the higher

the probability for a slip system to be activat€tdle Schmidt law states that the slip will occur
on a plane in a given direction when the RSS exxeenhaterial-dependent critical value. We
have not used this criterion to find planes on Wlslip may occur.

The distribution of unstable points predicteg the nonvanishing values of the CNP also
coincides with the distribution predicted by thenmium eigenvalue of the local Hessian (see

Figs. 5.18b and 5.18d) becoming negative. Theiligton of ||G|| depicted in Fig. 5.18e shows

yield

vy values of

patterns symmetric with respect to the Y-centroloed of the specimen. At=¢
|G|l increase from almost zero at the centroidal lintne specimen to ~0.07 at atoms located on
the traction free lateral surfaces. The regionkigh values of|G|| located at points close to the

end faces of the specimen observed in compressidrsiaple compression are not present in

yield

specimens deformed in tension. Aslightly greater thare;,,

high values of{|G|| occur at

numerous points where the minimum eigenvaluid bfis negative.
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Fig. 5.18. For the simple tension test, distribution of thenimum eigenvalue of the local Hessian, the CNP and

HGH in the specimen with L/H=10; (a) minimum eigenwedwhere = 8.08%; (b) minimum eigenvalues wher

8.15%; (c) CNP on the mid-section X = 184k 8.08%; (d) CNPs = 8.15%; ()G on the mid-section X = 18 A,

¢ = 8.08%; and (d‘GH at unstable pointg, = 8.15%; in Fig. (d) atoms on the bounding surfaaee been removed
to clearly show values of the CNP at unstable gdimthe interior of the specimen.
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5.5 Local stressdistributions

5.5.1 Simple compression

For L/H=10, Figs. 5.19 through Fig. 5.23 show, sgely, distributions obyy, Gy, Oxy, Gum

andtmax ate = E)Y;e'd =-5.15% and = -5.16% that just exceed%vy;dd :

The distribution o0&,y on bounding surfaces in Fig. 5.19& &t -5.15% is tensile even though
overall deformations are compressive. The maximae; 0.896 GPa, of the tensile axial stress
equals the magnitude, 0.807 GPa, of the compressiia stress at the specimen centroid. The
distribution of 6y, on the bounding surfaces is symmetric about theetitentroidal planes.
Values ofoyy at points on the edges and at points in the miofitee bounding surface are quite
large. At a slightly larger value of the axial gtréhat just exceeds the axial strain at yieldueal
of oyy on the bounding surfaces are nearly uniform ancletji322 GPa. The axial stresg is
still tensile on the surface; however, its values eompressive at the interior points of the
specimen. Values afy, at the eight corners and at points on the fouesdge not exorbitantly
high as compared to those at the interior poirts.aF3D rectangular body comprised of a linear
elastic material, one expects at least one comparfethe Cauchy stress to have very large
values at the vertices and at points on the corners

Fore = -5.15%, Fig. 5.19c¢ shows the distributionsgfon the mid-sectiongyy is compressive
and nearly uniform in the interior of the sampléhmwalues between -2.510 and -2.935 GPa.
Near the free surfaces the stress changes frontivee¢a positive values in a very short distance
of ~ 4A. Two groups of atoms having smaller comgirgs stress than that in atoms at the center
of the specimen are symmetrically located at aadis# of ~L/4 from each end of the specimen.
Close to the end faces, the compressive stresssmadl group of atoms forming a dark blue
circle in the figure equals -3.361 GPa which is entiran twice the average valueay§ in the

specimen.

yield

In Fig. 5.19d we have displayed the distitnof oy, on the mid-section when= &5,

The tensile axial stress on the free lateral serae Zna increases from ~0.7 GPasat £)," to

~1.3 GPa just after the nucleation of instabilitiBsus the onset of instabilities does not decrease

stresses everywhere. The axial stress at pointshenend faces where displacements are
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prescribed remains essentially unchanged with dl Sn@ease ine from -5.15 to -5.16%.
However, at points in the interior of the specimiég axial stress drops from -2.7 GPa to -1.7

GPa. The size of regions of high compressive stieslose to the edges present in Fig. 5.19c¢

yield
yy

atoms withdgyy| = ~1.5 GPa near the center of the specimen ase ¢b the end faces.

corresponding t@ = ¢ is diminished in Fig. 5.19d but there are still tamall groups of
A closer view of the stress level at unstagments after the specimen has yielded is given in
Figs. 5.19e and f. These points correspond to atpositions where the minimum eigenvalue of

H® is negative. Unstable points are located far ftbentwo end faces and are concentrated near

the center of the specimen on planes of high atamitsity. Ate = ¢/

vy » in every one of the

rhombic forms of unstable atoms, the axial streggenrly uniform and equals ~ -2.7 GPa at the
center and changes rapidly from compressive tadléefts atoms close to the free surfaces. For
atoms at the center a drop in the stress level ta.# GPa is observed after yielding. The
reduction in the magnitude of the compressive stiasthe interior is accompanied by an

increase in the tensile stress at atoms on thestndaces.
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Fig. 5.19. For simulations of the simple compressive defoiomat of the specimen with L/H = 10, distribution of
oy, component of the local Cauchy stress tensor oh)(&he bounding surfaces, (c, d) the mid-sectiors, 18 A,
and (e, f) at points where instabilities have at&d; for Figs. (a), (c) and (e} -5.15%; and for (b), (d) and @)=

-5.16%.
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Fig. 5.20 depicts distributions 6fx on different planes ag = -5.15% and -5.16%. From
results plotted in Fig. 5.20a and those in previousfigurations not included here, we conclude

that till e = ;"¢ the distribution ofx is symmetric with respect to the three centrojiahes.

From Fig. 5.20a it is also observed tla at points on the bounding plane, X = 36 A, is
negligible as compared to the maximum value, ~1P@,®foyy at other points. The condition of
zero traction and hence zero normal stress shoalddbsfied on this plane. However, the
computed values df. on this plane are not exactly zero because ibtsperfectly flat in the
reference configuration obtained after the minimaaof the potential energy.

Fig. 5.20c shows the distribution ®f on the mid-section, X = 18 A. Values 6 in the
interior of the specimen range from -0.436 to -0.GPa; these values are one-fifth of those of
oyy at the same locations. Valuesogf change along the Z-direction from compressive formes
in the interior to tensile for atoms on the freeace. The distributions afy, in Figs. 5.20e and f
for atoms that have become unstable are very sifioitaconfigurations just before and just after
the discontinuity in the stress-strain curve. Thégrn on each one of the rhombic planes is not
uniform but is symmetric with respect to the ceilab axes of the planes. Even though the
number of unstable points in the configuration &t -516% is more than that in the
configuration ate = —-515% the general distribution and the magnitude,@femain essentially

unchanged.
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Fig. 5.20. For simulations of the simple compressive defoiomat of the specimen with L/H = 10, distribution of
64 component of the local Cauchy stress tensor oh)(the bounding surfaces, (c, d) the mid-sectiom, 18 A,
and (e, f) at points where instabilities have at&d; for Figs. (a), (c) and (e} -5.15%; and for (b), (d) and @)=
-5.16%.
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Fore = - 5.15% and — 5.16% distributions of the shé@ssoc,y are depicted in Fig. 5.21.
Values ofoy, are close to zero except at points located ortvtleeend faces of the specimen.
These atomic positions with nonzero values,gfare located along edges parallel to the Z-axis.
The same behavior is observed for distributionss,efand 6, components except that the
nonzero values are along edges parallel to thend-the X-axis respectively. From Figs. 5.21e
and f, we conclude that even at atoms that haverbeanstable values of shear stresses for the
present choice of the coordinate planes remairigiblgl as compared to values®f.

To compare stress levels at different paimthie specimen and their relation, if any, with th
nucleation of instabilities, values of the von Misgtress and the maximum shear stress were
computed. These two quantities are compared wehytald stress of the material in simple
tension/compression to formulate a yield criteriorthe continuum theory. The distributions of
oym depicted in Figs. 5.22a and b show values ranfyjorg 1.31 to 1.76 GPa at points on the
four lateral surfaces. Values around 0.5 GPa bedark after the nucleation of instabilities are
observed on edges along the Y-axis and at the owfethe specimen. Maximum values of
owm , ~ 2.67 GPa, occur on planes where boundary tiondiare applied. After the drop in the
average axial stress - the average axial strawvecualues obyy at points on the two end faces
vary between 2.0 and 2.4 GPa. The valuegfis almost constant at points in the interior of the
specimen prior to the nucleation of instabilitieslat ranges from 2.0 to 2.22 GPa except for
atoms located close to the end faces. Near théaged there are groups of atoms having values
of oym between 0.63 and 1.31 GPa. However, atoms witkdhee stress level as that in atoms at
the center enclose these regions. After the drojhénaverage axial stress - the average axial
strain curve values afyy at most points in the interior of the specimenyJsetween 1.0 and 2.0
GPa. The lowest value, ~ 0.18 GPag@ is found at the same group of atoms close to tle tw

end faces as was observed for the configuratidrbpfere the nucleation of instabilities.
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Fig. 5.21. For simulations of the simple compressive deforamatiof the specimen with L/H = 10, distribution of
oxy component of the local Cauchy stress tensor oh)(&he bounding surfaces, (c, d) the mid-sectiors, 18 A,
and (e, f) at points where instabilities have at&d; for Figs. (a), (c) and (e} -5.15%; and for (b), (d) and @)=

-5.16%.
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Fig. 5.22. For simulations of the simple compressive defoiomat of the specimen with L/H = 10, distribution of
oym Stress on (a, b) the bounding surfaces, (c, djridesection, X = 18 A, and (e, f) at points wharstabilities
have initiated; for Figs. (a), (c) and ¥ -5.15%; and for (b), (d) and @)= -5.16%.
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Of special interest are atoms on four linelba to the Y-axis with a high value ef as
compared to that at the remaining atoms in theismet These lines are located three atomic
layers below the lateral free surfaces and atomthem have a stress level between ~2.22 and
~2.44 GPa. From fringe plots of Figs. 5.22e andefsge that values of,u at points on these
lines (orange dots in the planar surfaces) dromfr02.7 GPa to ~ 1.3 GPa whehi$ increased
from 5.15% to 5.16%; after the nucleation of ingitds oy at atoms in the interior of the
specimen equals ~ 1.3 GPa. Even though the valagoat atoms on these four lines is higher
than that at atoms in the interior of the specirttendifference between the two values is less
than the difference between the valuessaf at atoms in the interior of the specimen and at
atoms located on the end surfaces where boundaditmms are applied. We note that none of
the atoms on surfaces with prescribed displacem&htse the highest values of\ occur
become unstable. Atoms that become unstable aatetb@way from the end faces by at least
1/10" of the length of the specimen.

Figs. 5.23a and b depict, for= -5.15% anc = -5.16%, the distribution oftgax in the
specimen, i.e., the absolute value of the diffeeebhetween the minimum and the maximum
eigenvalues of the Cauchy stress tensor at eachi@foosition. The distribution of tgax IS
uniform over the four lateral surfaces with valuaaging from 1.1 to 2.0 GPa. The value of
2tmax peaks at ~ 2.75 GPa for atoms located on the twis &ces of the specimen. Fig. 5.23c
shows, prior to the nucleation of instabilitieslues of 2.« between 2.0 and 2.3 GPa for atoms
around the centroidal line parallel to the Y-a¥tsom the fringe plots on the mid-section X =
18A reported in Fig. 5.23c we notice two lines fiatdo the Y-axis on whichma is the same as
that on the two end faces. These atoms of highrstiezss are located on a square band that
surrounds the interior of the specimen. The sh@ass at atoms located/2 from the free
surface (e.g., yellow regions close to the lateuafaces) nearly equals that at atoms at the center
of the specimen.

Figs. 5.23e and f depict the distribution2efax at atoms just before and immediately after
their becoming unstable. After the nucleation ctafilities 2.« drops from ~2.75 to ~1.8 GPa
for points that had maximum values af.& prior to their becoming unstable and from ~2.1 to
~1.13 GPa for points at the specimen center. Asalsasobserved in the distributionsag§ and

ovwm, Stresses at most atoms in the system decreasé¢haftencleation of instabilities.
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Contrary to the distribution of the maximumlues of oym prior to the occurrence of
instabilities, the distribution oftg.x shows that the maximum values of shear stresseg ot
regions where instabilities nucleate. Valuesmf.2at points on the free surfaces are nearl§ 1/4

of the maximum values at atoms just below the $wg#aces.
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2t __[GPa]

2.754
2022
2.291
2058
1.828
1.596
1.365
1.133
0.902
0.670
0.439
0.207

2t [GPa]

2754
2522
2291
2.059
1.828
1.596
1.365
1.133
0.902
0.670
0.439
0.207

Fig. 5.23. For simulations of the simple compressive defdiona of the specimen with L/H = 10, distributioh o
2tmax Stress on (a, b) the bounding surfaces, (c, djridesection, X = 18 A, and (e, f) at points wharstabilities
have initiated; for Figs. (a), (c) and &¥F -5.15%; and for (b), (d) and ) -5.16%.
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5.5.2 Simple tension

For L/H = 10, Fig. 5.24 exhibits the distributiof @, in configurations corresponding to=
8.08% ande = 8.15%. In contrast to the distribution ef, for simple compression, the
distribution ofoyy in Fig. 5.24a for simple tension on the laterafates is uniform along the Y-
direction, andbyy =~ 4.93 GPa. Smaller values, ~3.2 GPagfccur at points near the edges.
At points near the two end faceg, equals 1/8 of its maximum value at points on the lateral
surfaces. Subsequent to the initiation of instaedj the distribution oy, displayed in Fig.
5.24b is nonuniform anely, on the lateral surfaces has dropped from ~ 4.9tGRP&3 GPa.

Fig. 5.24c depicts the distribution®f, on the mid-section, X = 18 A, when= 8.08%. The
magnitude ofoy, increases from ~ 0.5 GPa at the centroid of tlezisgen to ~ 4.93 GPa at
points on the free lateral surfaces. An initialpngressive stress of ~ -1.5 GPa at points on the
centroidal axis in the reference configuration gemto tensile stress with increasing axial
deformations. The magnitude of the in-plane tensitess at atoms on the traction free lateral
surfaces increases from ~ 1.8 GPa & 0% to ~ 4.5 GPa at = 8.08%. Fringe plots ofyy
exhibited in Fig. 5.24d reveal that at points abtite center of the specimery is relaxed from
~ 2.8 GPa before the nucleation of instabilities~tdl.4 GPa just after the nucleation of
instabilities; for atoms on free surfaces this @un inoyy is from ~ 4.5 GPa to ~ 2.6 GPa.

From the distributions afyy, on planes of atoms that become unstable duringhéé load
step, shown in Fig. 5.24f, it is clear that theahstress increases from ~ 2.8 GPa at the center to
~ 4.5 GPa at points on the free surfaces. Thigfiereint from that in the simple compressive
deformations where a high gradientigy occurs at points close to the lateral free sudfaitee to
the difference in the signs of the axial stressnfm@ssive at the center and tensile at points on
the free surfaces). During the nucleation of ibditées at these atoms,y drops by ~ 40%; e.qg.
compare fringe plots in Figs. 5.24e and f.

The distribution ofoyxx depicted in Fig. 5.25a is similar to the one obseérin simple
compressive deformations. On lateral surfaces, B, 36 A, the value ob,y is negligible,
consistent with the boundary conditions of nulctian on these surfaces. However, at lateral
surfaces, Z = 0, 36 Ay =~ 2.25 GPa. From the fringe plots of Fig. 5.25caih e noticed that
oxx at the specimen centroid is compressive and ignihade equals that of the tensile stress at

points on traction-free surfaces, Z = 0, 36 A.eAfthe occurrence of local instabilities the
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symmetry in the distribution afy is lost but the magnitude ofx remains essentially unchanged
even at atoms that have become unstable (see5if,d and Figs. 5.25e,f). At a point in the
specimers,; andoyy are equal tile = 8.05%; subsequently no major qualitative chammgesir in

627 aNdoyy.
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c,,[GPa] o, [GPa]
4.932 4932
4254 4254
3.575 3575
2.897 2897
2219 2219
1541 1.541
0.862 0.862
0.184 0.184
0.494 -0.494
1172 4472
-1.851 -1.851
2529 2529
¢ d
o, [GPa] o, [GPa]
4.932 4.932
4254 i
3575 3575
2697 2.897
2219
1541 T5e1
0.862 0563
0.184
47
1172 e
<1:851 -1.851
2529 2529
f
5, [GPal ,[GPa]
4.932 4.952
4254 4.254
3575 gggg
2.897 v
2219 1541
Lodd 0.862
0.862 5ics
0184 -0.494
-0.494 1472
1172 -1.851
=1.851 2529
2529

Fig. 5.24. For simulations of the simple tensile deformatiafighe specimen with L/H = 10, distribution 6§,
component of the local Cauchy stress tensor oh)(the bounding surfaces, (c, d) the mid-sectior; ¥8 A, and
(e, f) at points where instabilities have initigtéor Figs. (a), (c) and (&) = 8.08%; and for (b), (d) and ()=
8.15%.
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o, [GPa]
2252 o.{CPa]
1.855 2.252
1.458 1.855
1.062 1.458
0665 1.062
0.268 0.865
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0595 0.129
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-1.319 0.923
-1.716 j -312
218 2113

o, [GPal
2252 o, [GPa]
1.855 2.252
1458 1.855
1,062
1
0.260 0.665

-0.129 e

0526 :
Soa 0.129
1319 -0.526
1716 -0.923
2113 -1.319
1716
2113

e
o.[GPa] o, [GPa
1.855 148
1.458 ioes
1.062 0.665
0.665 0268
0.268 horc
-0.129 0526
0526 0973
0923 Ry
-1319 -1.716
-1.716 2113
2113

Fig. 5.25. For simulations of the simple tensile deformatia@fighe specimen with L/H = 10, distribution 6§,
component of the local Cauchy stress tensor oh)(the bounding surfaces, (c, d) the mid-sectior; ¥8 A, and
(e, f) at points where instabilities have initigtéar Figs. (a), (c) and (e = 8.08%; and for (b), (d) and (f)=
8.15%.
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As for simple compressive deformations valoks,y are negligibly small tiII£=£§iye'd, ie.,

8.08%, except at atoms along the four vertical sggeallel to the Z-axis (cf. Figs. 5.26a and c).
After the occurrence of local instabilities the magde ofoy, reaches a maximum of ~ 0.76 GPa
at some points located close to the bounding sesfac

The distribution ofoyy on the bounding surfaces is depicted in Figs. &.@@d b; it is
essentially uniform on these surfaces prior tortheleation of instabilities with values ranging
from ~ 2.22 to ~ 4.61 GPa. Fringe plots of Fig.76.8how that on the mid-section, X = 18 A,
values ofoym at points near the end faces of the specimenighehthan those at points on its
lateral surfaces. Two groups of atoms, startindp whee third layer from the end faces, have the
maximum value ~ 5.57 GPa oy it rapidly decreases to ~ 4.3 GPa, and staylsattvialue on
atoms near the longitudinal centroidal axis of $pecimen. At points near the center, values of
oym vary between ~ 4.3 GPa and ~ 3.8 GPa along ttemd-the X-axes. A high gradient in the
values ofoym is found at points close to the free lateral stefawhile that at points near the
center is moderate. The distributionogf, at points where instabilities have initiated, dégd in
Fig. 5.27e, shows the presence of four lines ahatwithoyw = ~ 5.57 GPa which is nearly the
same as at points close to the edges of the mitbsedt these points, after the nucleation of
instabilities, thesyy drops to ~2 GPa; a similar drop in the stress leeelrs at all atoms in the
rhombic planes of unstable atoms shown in Fig.f5\%/2 note that none of the atoms with high
values ofoyy located at the end faces become unstable.

The distributions of @y in Fig. 5.28a-f are similar to those 6fy in Fig. 5.27a-f. For

establishing a relation, if any, between the stlegsl and the nucleation of instabilities, we note
that the maximum values afax andoyw at £=£) at points that have become unstable are

different for simple tension and simple compressiBar simple compression, the maximum
values of 2.« andoyy are 2.75 and 2.33 GPa, respectively. For simplsid@, 2.« andoym
equal 5.95 and 5.57 GPa respectively. There idfareince of ~100% between these values,

showing that for this specific case

(Tmax)tension: - 2(fmax)compressionand (SVM)tension: - 2©VM)compression
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Fig. 5.26. For simulations of the simple tensile deformati@fishe specimen with L/H = 10, distribution of,
component of the local Cauchy stress tensor oh)(the bounding surfaces, (c, d) the mid-sectiors; X8 A, and
(e, f) at points where instabilities have initigtéor Figs. (a), (c) and (&) = 8.08%; and for (b), (d) and &)=

8.15%.
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o,,,[GPa]
5.569
5092
4615
4.138
3.661
3.184
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o,,[GPa]
5560
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4615
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3661
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2706
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0321
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5.569
5.092
4615
4.138
3.661
3.184
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2.229
1.752
1.275
0.798
0.321

o, [GPa]

5.569
5.092
4615
4.138
3.661
3.184
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2.229
1.752
1.275
0.798
0.321

o, [GPa]

5.569
5.092
4.615
4.138
3.661
3.184
2706
2229
1.752
1.275
0.798
0.321

Fig. 5.27. For simulations of the simple tensile deformatiofishe specimen with L/H = 10, distribution @fyy on
(a, b) the bounding surfaces, (c, d) the mid-sactio= 18 A, and (e, f) at points where instatéfitihave initiated;

for Figs. (a), (c) and (&)= 8.08%; and for (b), (d) and @)= 8.15%.
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21, [GPa]
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5.438 5948
4.927 5.438
4.417 4.927
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2.885 3.396
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0.843 1.354
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‘ d
2, IGPa]
5.948 21, [GPa]
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4.927 5.438
4.417 4.927
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2.885 3.396
2375 2.885
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1.354 1.864
0.843 1.354
0.333 0.843
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2t,.,IGPa) 21, [GPa]
5.948 5.948
5438 5.438
4927 4.927
4.417 4.417
3.906 3.906
3.396 3.396
2885 2.885
1354 1.354
0.843 0843
0333 0.333

Fig. 5.28. For simulations of the simple tensile deformationghe specimen with L/H = 10, distribution af,g on
(a, b) the bounding surfaces, (c, d) the mid-sactio= 18 A, and (e, f) at points where instatéfitihave initiated;
for Figs. (a), (c) and (&)= 8.08%; and for (b), (d) and )= 8.15%.
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5.6 Effect of the aspect ratio L/H

5.6.1 Simple tension

For simple tension and L/H = 5, 10 and 20, Fig894&, b, and c exhibit distributions &, on
the centroidal axis at various values of the aweragal straine. Fore < 83;6"’, oyy changes

rapidly at points close to the end faces, Y mn¥and Y = Yna and saturates to a constant value
at the center. A4 =0, i.e., the reference configuratiasy, is close to zero at points near the two
end faces but it is compressive at other pointthercentroidal axis; the maximum magnitude of
oy = ~ 1.7 GPa is at points whose distance from titefaces equals 20 A. At points near the
center of the specimesy, = ~ -1.2 GPa for the three L/H values. Tdjgat a point increases

with an increase in the deformation.sAt~ 1%, the stress at points near the end faces becomes
tensile. Ate= 4%, oyy is positive (tensile) at all points on the centediexis. TiII£=££e'd, the

qualitative and the quantitative evolutions ®f are the same for L/H = 5, 10 and 20. The
material yields at =~8% with a stress level af,, = ~2.8 GPa at the center for L/H = 5 and 10
andoyy = ~2.4 GPa for L/H = 20.

The black curve in Figs. 5.29a, b, ¢ givesdrstribution ofsy, on the centroidal axis far
slightly greater thaﬁj;e'd. After the nucleation of local instabilities inethspecimen, the

distribution of 6,y becomes asymmetric about the plane Y = Ildg; decreases by different
amounts at various points on the centroidal axd isdistribution depends upon the value of
L/H. We recall that the distribution of unstablgnds in the specimen is not the same for all L/H
ratios.

Fig. 5.30a shows, for L/H=10, the variationsgf on the centroidal line Y = L/2, Z = H/2. At
£ =0, oyy is compressive at points away from the laterad Barfaces. As the axial deformation

increasesoyy in the cross section becomes positives At 5%, oy, > 0 everywhere on the
centroidal line. Foe< 83;“, the distribution obyy on the centroidal line is symmetric about X =

H/2. The variation ofo,, on the centroidal axis Y = L/2, X = H/2 is similey that on the
centroidal axis Y = L/2, Z = H/2.
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Fig. 5.29. Contd.
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Fig. 5.29. For simulations of the simple tensile deformatiomariation with the average axial strainof oy
component of the local Cauchy stress tensor aloagéntroidal axis; (a) L/H =5, (b) L/H = 10 amj [/H = 20.
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Fig. 5.30. For L/H=10, variation with the axial strainof thec,, component of the local Cauchy stress tensor along
the X-centroidal line; (a) simple tension, andglmple compression.
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Figures 5.31a, b, and c depict distributiongree mid-surfaces X = H/2 of, at £:£§iye'd for

L/H = 5, 10 and 20 respectively. The three distitms are qualitatively similar in that the
maximum tensile stress ~5 GPa occurs at pointh®tateral surfaces, and the minimum tensile
stress ~2.8 GPa at points on and near the cealics.

Figures 5.32a and b depict, for four differeafues of L/H, distributions afyx andoy, on the
centroidal axis for the four specimens in configiares corresponding te = 0 andé‘zafye'd.

From Fig. 5.32a we see that the distributiorsgfon the centroidal axis is similar for the four
specimens. At = 0, oy, equals zero at atoms close to the end faces aralripressive at other
points.

With an increase in the axial tensile straiy,switches from compressive to tensile at points
on the centroidal axis. Howevery, at points on the centroidal axis stays compressite its

magnitude increasing with an increase.ifror L/H = 20, at the specimen centroigy = - 0.7
GPa,oyy = - 1.35 GPa when= 0, andoy = - 1.5 GPagy, = 2.5 GPa whea=¢£,"". Whereas,

initially, oxx = 02z~ 0.50,y at the specimen centroid, at yieldiog| = pz,| ~ 0.6 5,y. Note that in

the reference configuration the three normal sté®sse compressive but in the deformed

configuration corresponding H)=£)¥'ye'd, oxx ando,; are compressive budty is tensile.
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Fig. 5.31. For simulations of the simple tensile deformatiodsstribution of the local Cauchy stress tensor
componenty, on the mid- section X = H/2 &= Eg'ydd; (@) L/H =5, (b) L/H = 10, and (c) L/H = 20.
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Fig. 5.32. For simple tensile deformations&t= 0 and€ :é')},/;,eld, variation of the local Cauchy stressggandoy
along the Y-centroidal line; (&),y, and (b)oxx.
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5.6.2 Simple compression

At different strain levels for L/H = 5, 10 and 20g&. 5.33a, b, and c show, respectively,
distributions ofcyy, along the centroidal line parallel to the Y-ax®r different values of the
axial straine, distributions of 6y, on the centroidal line parallel to the Y-axis grelitatively
and quantitatively similar to each other for L/Fb~=10 and 20. As for the case of simple tension,
ate = 0, byy| is maximum at points situated at a distance 6&~2om the free surfaces Y =p¥,

and Y = Ynax The compressive stress at these points contihuowseases with an increase in
the axial deformation up ®©= Eyy;,e'd. For L/H = 5, ate =~ -3% , a concavity in the distribution
of oyy at the center of the specimen is observed. Thédl soncavity, not observed for L/H = 10
and 20, becomes more pronounced with increasingEssive deformation. Afth&| >~5% |,
loyy| at points on the centroidal line for the specimgth L/H = 5 does not increase appreciably;

in Fig. 5.33a curves fo|l€| >~ 6% almost overlap each other until the yield pointdached. At

yield

W ‘ the variation ob,y with Y depends upon the specimen size. We have

] just greater tha*f

not investigated the buckling instability in anytbése specimens.

Figure 5.30b shows, for L/H = 10, the variataf oy, along the centroidal line parallel to the
X- axis. The initially tensile stresses on the feeefaces X = ¥, and X = Xqax decrease and the
compressive stresses in the interior increase maiuatly tilleé =-515%. As o,y in the
specimen approaches the yield stress the rateasfgehofo,, with ¢ decreases at the specimen
centroid. However, gradients of stresses at pailise to the free surfaces remain essentially

unchanged. This differs substantially from thatensile deformations (see Fig. 5.30a).

Figures 5.34a, b, and ¢ depict the distriutit £ =€)

of oyy on the mid-section X = H/2

of specimens with L/H =5, 10 and 20 respectivé&lye distribution in the specimen of the axial
stress at the yield point for L/H = 5 is quite di#nt from that in specimens with L/H = 10 and
20. At the yield pointd),| at points on the lateral traction free surfacases from ~ 0.005 to ~
0.444 GPa; only small groups of atoms on the lhteaation free surfaces located at ~ 30 A
from the two loaded end faces have higher tensésss,, than that at atoms at the center of the
lateral surfaces. These high values of the tesgigss on the lateral surface are observed in those
cross-sections that have high values of compressiesses at interior points. For L/H = 10 and

L/H = 20 atoms on lateral surfaces with high pwesitvalues oy, are spread along the length of
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the specimen. At points far from the two loaded fwes, the distribution in the specimercgf
is nearly uniform. On a cross section the str@gschanges gradually from negative at the

centroid to positive at the free surface.
In Fig. 5.35 ate =0 and£=£)¥;e'd the variations ob,x andcy, along the Y-centroidal line

have been plotted for specimens with L/H = 3, 5ah@ 20. The distributions efyx andayy in
the reference configuration are similar for therf@pecimens. The maximum compressive
stresses occur at the same relative locations lagid values become uniform on the central
4/10" of the specimen length. However, at the yield pdime stress distribution depends upon
L/H. For L/H = 3 and 5 the stress distribution & ttentral portion of the specimen length is
nonuniform but for L/H = 10 and 20 it is uniformaMes ofo, andoyy in the central 4/10 of

the specimen length depend upon L/H; their mageguate the maximum for L/H = 3 and the
minimum for L/H = 20. Até =% | 6, = 0.460yy, 0.66yy, 0.856,y and 0.9y, for L/H = 20,

10, 5, and 3, respectively, whereasat 0, oy~ 0.50yy for each one of the four values of L/H.
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Fig. 5.33. Contd.
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Fig. 5.33. For simulation of the simple compressive deforomaj variation with the average axial straiof c,,
component of the local Cauchy stress tensor aloagéntroidal axis; (a) L/H =5, (b) L/H = 10, a@j L/H = 20.
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-2.287
-2.688
-3.089

Fig. 5.34. For simulations of the simple compressive deforomat distribution of thes,, component of the local

Cauchy stress tensor on the mid-section X = H&%ﬁf‘;’;,dd; (@) L/IH =5, (b) L/H =10, and (c) L/H = 20.
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Fig. 5.35. For simple compression deformations at Oandé'zé‘;,';,e'd, variation of the local Cauchy stressgg
ando,, along the Y-centroidal line; (&), and (b)oyx.
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5.7 Comparison of equivalent stresses at points where instabilities have initiated

5.7.1 Simple compression

For points where instabilities have initiated jaﬁew:fﬁd, i.e., points identified by negative

eigenvalues oH", stresses in the configuration fér=¢}""have been computed. For L/H = 5,

10 and 20, Figs. 5.36a, b, and c depict, respdgtidestributions of 2max On unstable points.
Large values, ~ 2.5 GPa, 6. at unstable points are observed on atoms thregddelow the
lateral free surfaces. These atoms are located theaedges of the specimen (corners of the
rhombic shape of unstable atoms) for the three fatibs. As the average axial strain increases
the number of these atoms increases around theersoof the specimen (see red arrows in
Fig.36). The yield point under compression is regcfor the lowest value df|[for the specimen
with L/H = 20. Even though there are differenceoagithe average axial yield stresses for the
three specimens, the maximum shear stress at pe#dbout the same (see Table 5.4). The
maximum value of the average axial yield stregerishe specimen with L/H = 5. It is clear from
the results exhibited in Fig. 5.36a that large galoftmax OCccur at points on the third and the
fourth layers of atoms located parallel to therktéraction free surfaces. Points in the interior
experience higher shear stresses as the strainineveases; this is evidenced by the increase in
the number of atoms in the orange band surroundiogis with high values ofpax It is
important to note that atoms with the maximum vadtighe shear stress are not located on the
traction free surfaces but beneath them.

For L/H =5, 10 and 20, Figs. 5.37a, b, antkpict distributions oéyy at unstable points. As
for the distributions of 2,ax the highest values of the von Mises stress occpoiats near the
four corners of the specimens that are on the tlaydr below the traction free surface. The
maximum value, ~ 2.23 GPa, 6§y is almost the same for specimens with L/H = 5 bl =
10. The maximum value, ~ 2.1 GPa, for L/H = 20slightly less than that for the other two

specimens.
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t, [GPa]
2754
2518
2.282
2.046
1810
1574
1338
1.102
0.866
0.630
0.394
0.158

Fig. 5.36. For simulations of the simple compressive deforomat the distribution of 2., at the unstable points

Whené‘:Eg}i,dd; (@) LIH =5, (b) L/H =10, and (c) L/H = 20. Redrows indicate points with high stress values.
Values ofoyy, oym and 2. at these points are summarized in Table 5.4. The &rrows indicate sections for
which an expanded view is provided.
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2675
2.448
2222
1.995
1.768
1.542
1.315
1.089
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0.635
0.409
0.182
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2537
2315
2.094
1.872
1.650
1.428
1.207
0.985
0.763
0.541
0.320
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J; 0.098
+

Fig. 5.37. For simuiauons o1 uie simnpie compressive ugiuviumgy uie uistiuuuon osyy on e unstable points
whené& =£‘3,’;,dd; (@) LIH =5, (b) L/H =10, and (c) L/H = 20. Redrows indicate points with high stress values.

Values ofoy, ,oum and Zn. at these points are summarized in Table 5.4. The &rrows indicate sections for
which an expanded view is provided.
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Table 5.4: For specimens with different L/H ratios deformedsimple compression, maximum valuestaF E)),'}i,dd

of o,y , oym and 2 for unstable atoms and the corresponding valueatéons on the centroidal axis. Points with
the maximum values are indicated by red arrowsds.F.36 and 5.37.

Maximum values at points

Maximum values on the centroidal line
L/H GOyy OvMm 2Tmax Oyy OovMm 2Tmax (ny)average
(GPa) (GPa) (GPa) (GPa) (GPa) (GPa) (GPa)
5 -2.772 2.276 2.555 -2.537 2.212 2.341 -1.810
10 -2.789 2.601 2.601 -2.533 2.087 2.131 -1.671
20 -2.584 2.097 2.422 -2.371 1.850 1.862 -1.387
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5.7.2 Simple tension

The distributions of 2« at £=£§iye'dfor simulations of the simple tensile deformatioofs

specimens with L/H = 5, 10 and 20 are depicted igs.F5.38a, b, and c. As for simple
compressive deformations, atoms with high valueshef maximum shear stress are near the
edges of the specimen (the corners of the rhomlaigcepof unstable atoms). Points with high
values oftmaxare located right beneath the lateral free surfdoesontrast to results for simple
compression, the pattern for the distribution oésses is the same for the three specimens. The
maximum value, ~5.9 GPa, of2xis also the same for the three specimens.

As the average axial stress increases, higlesaf 2.« occur at atoms located along the
diagonals of the cross section near the centdreo$pecimen. This distribution contrasts with the
one observed in simple compression where intetana having high stress levels form a closed
rectangular band. Values of2x decrease from 5.9 GPa at points on the edgesb{et8 and

3.9 GPa at the centroid of the specimen for L/H £#(band 20, respectively.
For L/H = 5, 10 and 20 a&d=£}*’, Figs. 5.39a, b, and c depict distributionscof; on

unstable atoms. The distribution efy is similar to that for 2n.x with large values at atoms
localized in clusters near the corners of the rhionpbanes of unstable atoms. The minimum
value of oy among values at unstable points does not occuheatatom at the specimen
centroid.

From the distributions afy and Znacfor simulations of the simple tensile deformatioves
note that the maximum stress levels are reachéldeasame locations in the three specimens;

these results are summarized in Table 5.5.
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5.471
4.951
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2.871
2.351
1.831
1.311
0.791
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) El
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Fig. 5.38. For simulations of the simple tensile deformatjodsstribution of 2.,,x on unstable points when

£=€3"% () LM =5, (b) LH = 10, and (c) L/H = 20. Redows indicate points with high stress valuesuéal

of oy, oym and Zna«at these points are summarized in Table 5.5. The afrows indicate sections for which an
expanded view is provided.
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5.092
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4.138
3.661
3.184
2706
2229
1.752
1.275
0.798
0.321
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5.000
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2.465
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Fig. 5.39. For simulations of the simple tensile deformatjodsstribution of oy, on unstable points when
Ezfg;dd; (@ L/IH =5, (b) L/H = 10, and (c) L/H = 20. Radrows indicate points with high stress values.u¢al

of oy, ,oym and 2. at these points are summarized in Table 5.5. T &rrows indicate sections for which an
expanded view is provided.
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Table 5.5: For specimens with different L/H ratios deformadsimple tension, maximum values &t= E)’,';,eld of

oy » oym and Zma for unstable atoms and the corresponding valueatons on the centroidal axis. Points with the
maximum values are indicated by red arrows in FBg38 and 5.39.

Maximum values at points

Maximum values on the centroidal line
L/H Oyy OvMm 2Tmax GOyy OvMm 2Tmax (ny)average
(GPa) (GPa) (GPa) (GPa) (GPa) (GPa) (GPa)
5 4.627 5.204 5.959 2.930 4.322 4.500 4.996
10 4579 5.155 5.905 2.839 4.285 4.295 4.990
20 4.281 4.865 5.586 2.436 3.907 3.907 4618
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Chapter 6

| nstabilitiesin tensile and compressive defor mations with prescribed
essential boundary conditions on bounding surfaces

We now study deformations of rectangular nanorodfordhed by prescribing normal
displacements on all bounding surfaces. As fordinmeple shear deformations, we compare
results from MM simulations with those of a hypastic body whose strain energy density is
derived from the TB potential and the Cauchy-Barter Recalling that Poisson’s ratio for an
Au specimen is ~ 0.47, for simplifying the analysi® consider isochoric deformations of the
unconstrained (or compressible) hyperelastic bdéiyr an incompressible hyperelastic body the
hydrostatic pressure cannot be determined sinctidns are not prescribed anywhere on the
boundary.

For a specimen deformed in tension/compresaiong the y-axis, Figs. 6.1a, 6.1b and 6.2
exhibit the evolution with the average axial straiof the average axial stresg,, the average
axial stressoy and the strain energy density obtained from MM dations of deformations.
Corresponding results from the analytical solutminthe boundary-value problem with the

deformation gradierft = diag{s, A2, As} wherek, =43 =1/, /2, are also exhibited. Hebe, A2

andlz are stretches along the x-, the y-, and the z;arspectively. It is clear that prior to the

onset of an instability indicated by a sharp drafhan infinitesimal increase @fin oyy, ox and

the strain energy density, results from MM simuas agree well with those from the analytical

solution for each one of the specimens with L/H,=18 and 20. We note that instabilities

occurred only when a specimen is deformed in tenisid no instabilities ensued when the same
specimen is deformed in compression.

Figure 6.3 depicts the variation with the &smain ¢ of the minimum eigenvalue of local
HessiarH®. Even though the minimum eigenvalueHf becomes negative in both tensile and
compressive deformations at= 0.1 and -0.06 no discontinuity in tbg, vs. e curve occurs at
these values of the average axial strain. Thusiihenum eigenvalue dfi” becoming negative
is not a good criterion for detecting a local iflity when essential boundary conditions are

prescribed on all bounding surfaces. However,aapstrop in the minimum eigenvalue lgf)
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occurs at = ~ 0.14 when the system becomes globally unstbiagnified by a noticeable drop

in the strain energy density.

Table 6.1: Values of the average axial stress and the averagéstrain at the yield point for tension/corrgsien
with essential boundary conditions prescribed drbalinding surfacesF(= diag{A, X, , Ag} wherely = X3 =
1/\/2) for different L/H ratios.

Tension Compression
ield ield ield ield
LH o) oy
(GPa) (%) (GPa) (%)
5 5.005 12.7 -2.449 11.3
10 5.017 12.7 -2.442 11.3
20 5.064 12.7 -2.425 11.3

For the three specimens with L/ H =5, 10 a6dwe have summarized in Table 6.1 values of
the average yield stress and the average yielth siwa the triaxial tensile and compressive
deformations. It is clear that for each specintla,yield stress in tension is nearly twice of that
in compression even though the average axial steigield are not that much different.

For the three cubic specimens whose shear and esigifar deformations were analyzed in
Chapter 4, we have studied triaxial tensile/compvesdeformations with MM simulations and
also analytically of the equivalent hyperelastidenial. The stretch in each coordinate direction
is assumed to be the same. MM simulation resultsgmted in Figs. 6.4 and 6.5 reveal that
systems A, B, and C become globally unstable atageeaxial strains of 3.8%, 3.7% and 3.5%
respectively. However, in thgy versuse and the strain energy density versusirves, oy, and

the strain energy density for the equivalent hylaste material monotonically increase with
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Fig. 6.1. Variation with the axial straine of the average components of the Cauchy stressortefor
tension/compression with essential boundary cambtiprescribed on all bounding surfaces=(diag{;, A, , As}
wherer; =iz = 1/\/2) for different L/H ratios. (ag,y; (b) ox.
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Fig. 6.3. For simulations with different values of L/H, vation with the average axial strainof the minimum
eigenvalue of the local Hessi&H’ in simple tensile/compressive deformations witheesial boundary conditions
prescribed on all bounding surfac&s<{diag{A1, A, ,As} wherei; =i; = 1/@).
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Fig. 6.4. For specimens A, B, and C, evolution with the ageraxial straim of the average value of, component
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Fig. 6.5. For specimens A, B, and C, variation with the hsteain ¢ of the strain energy density for hydrostatic
tension E =diag{ A, A2, As} Wherek; =X, =23).
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Chapter 7

Conclusions

7.1 General conclusionsregarding local and global instabilitiesin gold crystals

We have used molecular mechanics simulations \khtight-binding potential to study local
and global instabilities in initially defect-fre@amo-specimens of gold deformed in shear, simple
shear, tension/compression, simple tension/comipresand triaxial tension/compression. The
criteria used to delineate local instabilities un® the following: i) a second order spatial
derivative of the displacement field having larggues relative to its average value in the body,
(i) the minimum eigenvalue of the Hessian of the mdé energy of an atom becoming
nonpositive, and iif) structural changes represented by a high valuethef common
neighborhood parameter. The system’s configuraosaid to be globally unstable when its
potential energy is smaller than that in anotharimg configuration.

For the seven different size specimens studiatle 7.1 lists changes in the total energy, the
volumetric strain, and the axial strain inducedimigithe minimization of the potential energy of
their unloaded initial configurations. The volumecteases by ~1.5%, and the axial strain equals
~ -1.5%. Even though the starting configuration thetsbounding surfaces, the unloaded relaxed
configuration’s bounding surfaces are locally cavend atoms at the sharp eight corners of the
starting configuration are displaced noticeably. F.1 depicts the relation between the change
in the total potential energy and the change in the total volum® upon relaxation. This
relation is almost linear regardless of the aspa@ad of the specimen and the number of atoms in
it.

For the mechanical tests simulated, nameby stiear (S), the simple shear (SS), the simple
tension/compression (ST/SC), the axial tension/cesgion (AT/AC) with displacements
prescribed in all three directions on the end faeesl the triaxial tension/compression with
essential boundary conditions prescribed on alfapes, Table 7.2 summarizes at the instantof
the specimen yielding values of the von Mises si#gg, the maximum shear stregs,, and the
strain energy densitWy_ It is evident that values of these quantitiesdifferent specimens are

highly affected by the residual stresses inducathduhe minimization of the potential energy
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of the initial unloaded configuration. A generainclusion is that values @,y andtmax are
considerably higher when essential boundary camditare prescribed on all bounding surfaces
than when one or more of the bounding surfacefreeeof external loads.

Table 7.1: For specimens with different L/H ratios, the relatchange in the total potential enerdy,(the relative

change in the total volum&{), and the axial straire) induced during the minimization of the potentalergy of
the initial unloaded configuration.

AV AQT
N e
L/H - No. atoms Vi QIT
A) (A/A)
(evieV) | (A¥YA?
1 ~32 3480 3.763E-3 -2.021E{2 -2.081E-2
1 ~50 7813 2.549E-3 -1.486E{2 -1.713B-2
1 ~100 58825 1.044E-83 -6.923E{3 -1.036E-2
3 ~110 9928 2.616E-3 -1.531E{2 -1.589E-2
5 ~188 16787 2.369E-8 -1.518E(2 -1.518E-2
10 ~367 32671 2.197E-B8 -1.361El2 -1.469E-2
20 ~742 65883 2.105E-3 -1.316E}2 -1.430E-2
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Fig. 7.1. For specimens of different aspect ratios and hpdifferent number of atoms, variation of the patege
change in volume with the percentage change itotiaé potential energy during the relaxation praces

Table 7.2: At the yield point and for specimens with differérH ratios deformed in shear (S), simple she&)(S
simple tension/compression (ST/SC), axial tensmmfaression (AT/AC) with prescribed displacementghiree-

directions at the end faces, and triaxial tensibh)(the average von Mises stresg,, the average., and the
strain energy density.

OovMm Tmax Wo
L/H a't\(')?hs Test
(GPa) (GPa) (meV/A%)
1 3480 6.230(20.22)  3.581(10.932) 3.546(4.477)  B(SS
1 7813  5.750(18.390)  3.304(9.949) 2.959(3.869)  B(SS
1 58825  4.030(17.190) 2.322(9.288) 2.028(3.610) SPH(S
1 3480 4.569(2.498)  2.284(1.247) 1.165(0.879) ST(SC
3 9928 5.051(1.784)  2.525(0.894) 1.161(0.498) SJ(SC
5 16787  4.998(1.809)  2.499(0.905) 1.148(0.540) SJ(S
10 32671  4.982(1.671)  2.491(0.836) 1.129(0.335) SE)(
20 65883  4.618(1.387)  2.309(0.536)  0.988(0.220) SE(
5 16787 10.757(10.757) 5.378(1.711) 4.218(0.855) (AK)
10 32671 10.573(10.573) 5.286(1.629)  4.366(0.814)T(AL)
20 65883 10.621(10.621) 5.310(1.590) 4.555(0.795)T(AK)
1 3480 0.0 0.0 1.129 TT
1 7813 0.0 0.0 1.093 TT
1 58825 0.0 0.0 1.072 TT
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Fig. 7.2 shows the relation between the chandbe total potential energy upon relaxation
and the strain energy denslty at the yield point. Because only three specimen® wsed to
simulate deformations it is hard to draw any gelneoaclusion. However, for seven samples
used to study simple tension/compression, one earttst for simple tension the strain energy
density at yield is nearly independent of the reéathange in the potential energy of the body

during the initial relaxation process. For simptanpression, the strain energy density at yield

seems to approach a constant value with an incﬂe&% . The value of the strain energy
|

density at yield strongly depends upon the typgafbrmations induced in the specimen.

\‘}
l
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Simple tersion

N 1 Simple compression
1 Axial tension
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Hydrostatic tension
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A vEoO
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1 e
Ol‘ 234
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Fig. 7.2. For specimens with different aspect ratios, nunddeatoms and mechanical tests listed in Table the,
relation between the change in the total poteeti@rgy upon relaxation and the strain energy deMgitat the yield
point.
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Fig. 7.3 shows the relation between the chandbe total potential energy upon relaxation
and the average von Mises strasgy, at the yield point. Conclusions similar to those tioe

strain energy density can be drawndog .

25 ® Shear
B Sinmple shear
> Simple tension
20 | < Simple compression
| Axial ternsion
" 1 ¢ Axial conpression
— 15 ]
@
o
O,
°© 10 ]
o
O\ T S T R RS RN SO S SR
1 2 3 4

AVNI [eVieV] x 103

Fig. 7.3. For specimens with different aspect ratios, nundieatoms and mechanical tests listed in Table the,
relation between the change in the total poteetigrgy upon relaxation and the average von Misessstyy, at
the yield point.

Conclusions common to all types of deformatistudied are summarized below.

* A discontinuity in the average stress - averagarsturve does not imply that the system
has become globally unstable; however, a sharp idrte average stress does imply the
onset of a global instability.

» The three criteria for the initiation of a locaktability are met essentially simultaneously
at the same atomic positions.

* The average values of the Cauchy stresses derroad different definitions of the

Cauchy stress tensor agree well with each other.
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Large values obyy andtyax 0ccur on atoms located beneath the traction fuekaces,
and at atoms in the interior that have become blesta

For specimens with essential boundary conditionalbbounding surfaces, the local and
the global instabilities ensue at nearly the saateevof the average axial strain.

For specimens with some bounding surfaces tradtiee, the average strain at the
occurrence of a local instability is much less ttlihat at the initiation of a global
instability.

Values of the von Mises stress and the maximumrssieass at specimen’s yielding
depend upon the specimen size and boundary comslippoescribed on the bounding
surfaces.

For essential boundary conditions prescribed onbalinding surfaces of specimens
deformed in either simple shear or triaxial ten&iompression, the response of the
equivalent hyperelastic material matches well witht obtained from MM simulations.
However, instabilities seen in the MM simulations aot observed in deformations of
the hyperelastic material.

The response of a specimen in tension and compressivery different. This can be
attributed to the presence of nonuniformly distréal stresses in the reference

configuration.
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